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Dynamics of Mean-Field Fermi Systems
with Nonzero Pairing

Stefano Marcantoni, Marcello Porta and Julien Sabin

Abstract. We study the dynamics of many-body Fermi systems, for a
class of initial data which are close to quasi-free states exhibiting a non-
vanishing pairing matrix. We focus on the mean-field scaling, which for
fermionic systems is naturally coupled with a semiclassical scaling. Un-
der the assumption that the initial datum enjoys a suitable semiclassical
structure, we give a rigorous derivation of the time-dependent Hartree-
Fock-Bogoliubov equation, a nonlinear effective evolution equation for the
generalized one-particle density matrix of the system, as the number of
particles goes to infinity. Our result holds for all macroscopic times, and
provides bounds for the rate of convergence.
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1. Introduction

Let us consider a system of N � 1 quantum particles in R
3, with M internal

degrees of freedom, or spins. At zero temperature, the state of the system
is denoted by the wave function ψN ∈ L2((R3 × {1, . . . , M})N ), under the
normalization condition

‖ψN‖2
2 :=

∑

σ1,...,σN

∫
dx1 . . . dxN |ψN (x1, . . . ,xN )|2 = 1, (1.1)

where x = (x, σ) with x ∈ R
3 the position label and σ ∈ {1, . . . , M} the spin

label. We shall restrict the attention to fermionic particles, which correspond
to antisymmetric wave functions:

ψN (x1, . . .xN ) = sgn(π)ψN (xπ(1), . . .xπ(N)), (1.2)

where π is a permutation of the particle labels {1, . . . , N}. We shall denote by
L2

a((R
3×{1, . . . , M})N ) the set of all antisymmetric wave functions in L2((R3×

{1, . . . , M})N ). A simple example of fermionic wave functions is provided by
Slater determinants, defined as antisymmetric tensor products of orthonormal
functions in L2(R3 × {1, . . . , M}):

ψSlater(x1, . . .xN ) =
1√
N !

∑

π∈SN

sgn(π)f1(xπ(1)) · · · fN (xπ(N)), (1.3)

with 〈fi, fj〉 = δij , and where SN is the set of permutations of {1, 2, . . . , N}.
These wave functions encode the least amount of correlations between the
particles, besides the requirement of antisymmetry.

Let us now introduce the many-body Hamiltonian, which generates the
dynamics of the system. A typical class of non-relativistic Hamiltonians is
given by:

Htrap
N =

N∑

j=1

(−Δj + Vtrap(xj)) + λ
N∑

i<j

V (xi − xj), (1.4)

where Vtrap is a confining potential, and V is the two-body interaction, with
coupling constant λ. We choose units such that the Planck constant is � = 1
and the mass of the particles is m = 1/2. Here Δj is the Laplacian with respect
to the coordinate xj (it does not involve the spin). The ground state energy,
which physically corresponds to the energy of the system at zero temperature,
is given by:

EN = inf
ψN ∈L2

a((R
3×{1,...,M})N )

〈ψN ,HNψN 〉
‖ψN‖2

2

. (1.5)

Let ψN be a minimizer of Htrap
N . Clearly, ψN is a stationary state for the

quantum dynamics generated by Htrap
N . In order to observe a non-trivial evo-

lution, we turn off the external potential, and evolve the state according to
the time-dependent Schrödinger equation:
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i∂τψN,τ =

⎛

⎝−
N∑

j=1

Δj + λ

N∑

i<j

V (xi − xj)

⎞

⎠ψN,τ , ψN,0 = ψN , (1.6)

where τ ∈ R is the time variable. In physical applications, it is extremely hard
to obtain quantitative understanding on the ground state of the system or on
the solution of the Schrödinger equation, for realistic values of the number
of particles N . One is therefore interested in approximate descriptions, which
depend on much fewer degrees of freedom, and which allow to capture the
collective behaviour of the system on a macroscopic scale. The price to pay
for the reduction in dimensionality is that the laws of motion for the effective
theories are typically nonlinear. The paradigmatic scaling regime in which such
effective nonlinear description is expected to arise is the mean-field scaling.
In this setting, the potential Vtrap in (1.4) confines the system in a region
whose volume is of order 1 in N , and the coupling constant λ is chosen to
guarantee the balance between the kinetic and the interaction energy. Due to
the growth as N5/3 of the kinetic energy in the ground state of the Fermi
gas (a general lower bound compatible with this growth can be proved using
the Lieb-Thirring inequality, see e.g. [37]), the natural choice for the coupling
constant is λ = N−1/3.

In this scaling regime, the equilibrium and the dynamical properties of
the system are expected to be well captured by Hartree-Fock theory, defined as
the restriction of the space of fermionic wave functions to the subsets of Slater
determinants (1.3). The advantage in considering this class of states is that
they behave as Gaussian states, in the sense that their higher order correlation
functions can be algorithmically retrieved from single particle information, in
analogy with Gaussian distributions that are completely characterized by their
covariance. More precisely, given ψN ∈ L2

a((R
3 × {1, . . . , M})N ) we define its

k-particle density matrix as the linear operator on L2((R3 × {1, . . . , M})k)
with integral kernel:

γ
(k)
N (x1, . . . ,xk;y1, . . . ,yk)

=
(

N
k

)∫
dzk+1 · · · dzN ψN (x1, . . . ,xk, zk+1, . . . , zN )

· ψN (y1, . . . ,yk, zk+1, . . . , zN ), (1.7)

with the notation:
∫

dz f(z) =
M∑

σ=1

∫

R3
dz f(z, σ). (1.8)

The k-particle density matrix is important because it allows to compute expec-
tation values of k-particle observables; it plays the same role as the k-particle
marginal in classical statistical mechanics. For Slater determinants, it turns out
that all k-particle density matrices are determined by the one-particle density
matrix. Let ωN be the one-particle density matrix of a Slater determinant
(1.3), which is equal to:
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ωN =
N∑

i=1

|fi〉〈fi|; (1.9)

in particular, observe that ωN is a rank-N orthogonal projector. The k-particle
density matrix of a Slater determinant can be computed starting from the one-
particle density matrix (1.9) via the application of the fermionic Wick’s rule:

γ
(k)
N (x1, . . . ,xk;y1, . . . ,yk) =

1
k!

∑

π∈Sk

sgn(π)
k∏

i=1

ωN (xi;yπ(k)); (1.10)

thus, all the information about the state described by a Slater determinant is
encoded in the one-particle density matrix ωN . For instance, the energy of a
Slater determinant is a functional of the one-particle density matrix only:

〈ψSlater,H
trap
N ψSlater〉 = tr(−Δ + Vext)ωN

+
1

2N1/3

∫
dxdy V (x − y)

(
ρ(x)ρ(y) − |ωN (x;y)|2)

=: EHF
N (ωN ), (1.11)

with ρ(x) = ωN (x;x) the density of particles at x; EHF
N (ωN ) is called the

Hartree-Fock energy functional.
Hartree-Fock theory can also be used to investigate the dynamical prop-

erties of the system. Observe preliminarily that, in this confined setting, the
relevant time scale of the system is τ ∝ N−1/3. This is due to the fact that
the typical kinetic energy per particle grows as N2/3, and hence the classical
velocity of the particles is of order N1/3. Thus, for times τ of order N−1/3,
particles are expected to cover a distance of order 1, which has to be under-
stood as the diameter of the region in space occupied by the initial datum.
For this reason, τ ∝ N−1/3 is the time-scale for a macroscopic change of the
system. From now on, we will write τ = N−1/3t, and we will be interested in
studying the dynamics of the system for times t of order 1 in N . Recalling that
at time t = 0 the external potential is turned off, the Schrödinger equation in
the rescaled time variable reads:

iε∂tψN,t =

⎛

⎝−
N∑

j=1

ε2Δj +
1
N

N∑

i<j

V (xi − xj)

⎞

⎠ψN,t, ψN,0 = ψN ,

(1.12)

where ε = N−1/3 has the role of an effective Planck constant. Since ε becomes
vanishingly small in the limit of large N , Eq. (1.12) shows that the fermionic
mean-field can be understood as the coupling of the usual mean-field with a
semiclassical scaling. If one assumes that the state of the system is a Slater
determinant for all times, then the one-particle density matrix of the system
evolves according to the time-dependent Hartree-Fock equation:

iε∂tωN,t = [hHF(t), ωN,t], ωN,0 = ωN , (1.13)

where the Hartree-Fock Hamiltonian reads hHF(t) = −ε2Δ + N−1V ∗ ρt − Xt.
Explicitly, ρt(x) = ωN,t(x;x), N−1V ∗ρt is the spatial convolution between the
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density and the potential, and Xt is the linear operator with integral kernel
given by Xt(x;y) = N−1V (x − y)ωN,t(x;y).

Of course, the restriction to the set of Slater determinants is a nontrivial
assumption, and it is a natural mathematical question to understand when
such approximation is justified. Concerning the equilibrium problem, the va-
lidity of the Hartree-Fock approximation for the ground state of many-body
fermionic systems has been proved in [1] for large atoms and molecules, and it
has been extended to high density Coulomb systems (jellium) in [27]. More re-
cently, there has been substantial progress in the development of nonperturba-
tive methods to go beyond the Hartree-Fock approximation, and in particular
to determine the large N asymptotics of the correlation energy, defined as the
difference between the many-body ground state energy minus the Hartree-Fock
ground state energy; see [7–9,16,17,30].

Concerning quantum dynamics, the first derivation of the time-dependent
Hartree-Fock equation (1.13) in the mean-field/semiclassical scaling has been
obtained in [22], for analytic potentials and for short times. More recently, in
[11] (and later in [38] with a different method), this result has been generalized
to a much larger class of potentials and to all times. The result of [11] holds
in the sense of convergence of density matrices. Convergence in the L2-sense
for a special class of initial data has been obtained in [10], using the rigorous
bosonization methods of [7–9]. The result of [11] has been extended to pseudo-
relativistic fermions in [12] and to mixed states in [6]. In the mean-field regime
without semiclassical scaling, the derivation of the time-dependent Hartree-
Fock equation has been obtained in [5], for bounded potentials, and in [26], for
Coulomb potentials (see also [2]). See [13] for a review. Concerning unbounded
potentials in the mean-field/semiclassical scaling, the time-dependent Hartree-
Fock equation for particles interacting through a Coulomb potential has been
derived in [39], under the assumption that a suitable semiclassical structure
of the initial datum propagates along the flow of the Hartree-Fock equation.
In [18], a stronger version of this semiclassical structure, suitable for mixed
states, has been proved to propagate along the Hartree-Fock flow for a class of
singular potentials. This allows to extend the derivation of the Hartree-Fock
equation to singular potentials, also including the Coulomb potential for short
times t (vanishing as N → ∞). Finally, we mention the recent work [25], where
the derivation of [11] has been generalized to the case of extended Fermi gases
at high density, for bounded potentials.

Slater determinants are a special example of quasi-free states. In general,
a quasi-free state is a state for which all correlation functions can be computed
according to the Wick rule. If one works in the grand-canonical ensemble and
relaxes the constraint that the number of particles is fixed, there exist other
quantum states at zero temperature besides Slater determinants which are
quasi-free. In order to introduce them, we will use the notations of second
quantization and of the Fock space, introduced in detail in Sect. 2.

A pure state is described by a vector in the Fock space, ψ ∈ F =
C ⊕ ⊕

n≥1 L2
a((R

3 × {1, . . . , M})n), with ‖ψ‖F = 1. In general, the vector
ψ corresponds to a superposition of states with different particle numbers.
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The one-particle density matrix of ψ can be expressed in Fock space as:

γ
(1)
ψ (x;y) = 〈ψ, a∗

yaxψ〉, (1.14)

with ax and a∗
y the operator-valued distributions associated with the usual

fermionic creation and annihilation operators, whose definition will be recalled
in Sect. 2. Since the state ψ does not have in general a definite particle number
(it can be a superposition of states with different number of particles), we can
also introduce a nontrivial pairing matrix:

π
(1)
ψ (x;y) = 〈ψ, ayaxψ〉. (1.15)

We shall denote by N the average number of particles of the state, defined
as N = tr γ

(1)
ψ . In this more general setting, quasi-free states are completely

determined by γ
(1)
ψ ≡ ωN and π

(1)
ψ ≡ αN , via a generalization of the Wick’s

rule (1.10); see Sect. 2.3. Furthermore, as discussed in Sect. 2.3, it turns out
that the one-particle density matrix and the pairing matrix of a pure quasi-free
state satisfy the constraints:

0 ≤ ωN ≤ 1, αT
N = −αN , ωN (1 − ωN ) = αNα∗

N , ωNαN − αNωN = 0,

(1.16)

where OT and O denote the transposition and the complex conjugation of the
operator O, namely O = (OT )∗. Next, let us introduce the second quantization
of the Hamiltonian Htrap

N ,

Htrap
N = 0 ⊕

⊕

n≥1

⎛

⎝
n∑

j=1

(−Δj + Vext(xj)) +
1

N1/3

n∑

i<j

V (xi − xj)

⎞

⎠ . (1.17)

The energy of a quasi-free state ψ is completely specified by ωN and αN . We
have:

〈ψ,Htrap
N ψ〉 = tr (−Δ + Vtrap)ωN +

1
2N1/3

∫
dxdy V (x − y)

(
ρ(x)ρ(y)

−|ωN (x;y)|2 + |αN (x;y)|2)

=: EHFB
N (ωN , αN ), (1.18)

where EHFB
N (ωN , αN ) is called the Hartree-Fock-Bogoliubov (HFB) functional.

This functional plays an important role in physics, for instance in the Bardeen-
Cooper-Schrieffer (BCS) theory of superconductivity and in superfluidity. It
differs from the Hartree-Fock functional (1.11) because of the presence of the
last term, taking into account the energy of Cooper pairs. In general, it is a
difficult problem to determine whether the ground state of the HFB functional
is attained in correspondence with a nonzero pairing matrix; a necessary con-
dition for this to happen is that the potential is non-positive. See [4,32] for
mathematical reviews of BCS theory and of the Hartree-Fock-Bogoliubov ap-
proximation, as well as [3,15,28,33–36] for recent results about existence and
properties of HFB/BCS minimizers and occurrence of pairing in the ground
state.
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Let us now consider the many-body evolution of an initial quasi-free state,
after removing the external trap. The quantum dynamics of the system in Fock
space, parametrized by the macroscopic time variable t, is defined as

iε∂tψt = HNψt, ψ0 = ψ, (1.19)

with HN given by:

HN = 0 ⊕
⊕

n≥1

⎛

⎝−
n∑

j=1

ε2Δj +
1

2N

n∑

i<j

V (xi − xj)

⎞

⎠ . (1.20)

Similarly to the case of Hartree-Fock theory, if one assumes that the state
remains quasi-free for all times, one obtains the following coupled nonlinear
evolution equations for the one-particle density matrix and for the pairing
matrix, which generalize (1.13) to the case in which the number of particles is
not fixed:

iε∂tωN,t =
[
hHF(t), ωN,t

]
+ Πtα

∗
N,t − αN,tΠ∗

t

iε∂tαN,t = hHF(t)αN,t + αN,thHF(t) + Πt

(
1 − ωN,t

) − ωN,tΠt,
(1.21)

where Πt a linear operator with integral kernel given by Πt(x,y) :=
1
N V (x − y)αN,t(x,y). The equation (1.21) for the pair (ωN,t, αN,t) is called
the Hartree-Fock-Bogoliubov (HFB) equation.

HFB theory is expected to be a good approximation of many-body quan-
tum mechanics in the mean-field regime, for many-body systems with attrac-
tive interactions. However, in contrast to the Hartree-Fock case, until now there
has been no rigorous proof of the validity of the HFB approximation from the
many-body Schrödinger equation, neither at equilibrium nor for quantum dy-
namics. See [14] for the proof of well-posedness of the fermionic HFB equation,
and for the derivation of the HFB equation (1.21) via the Dirac-Frenkel prin-
ciple. See also [29] for the proof of blow-up at finite time of the relativistic
fermionic HFB equation. The rigorous connection between the HFB dynamics
and other nonlinear effective models has also been discussed in the litera-
ture. For instance, in [31] it has been shown that, in the low density regime,
the dynamics of the macroscopic variations of the pair density in BCS the-
ory can be approximated by the time-dependent Gross-Pitaevskii equation, as
the evolution of a condensate of pairs. Furthermore, the work [24] discussed
the incompatibility between the HFB dynamics and the Ginzburg-Landau dy-
namics, as a purely nonlinear phenomenon. Finally, a very recent work [19]
obtained a classical equation describing solutions to the HFB equation (1.21)
as ε → 0.

In this paper, we prove the validity of the Hartree-Fock-Bogoliubov equa-
tion (1.21) for bounded and regular enough interaction potentials, in the mean-
field regime. We shall consider the many-body dynamics of initial data ψ ∈ F
that are approximated by a suitable class of quasi-free states with one-particle
density matrix ωN and with pairing matrix αN , with N = tr ωN . We shall
suppose that:
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supp∈R3
1

1+|p|‖[ωN , eip·x̂]‖HS ≤ CN1/3, ‖[ωN , ε∇]‖HS ≤ CN1/3,

‖[αN , ε∇]‖HS ≤ CN, ‖αN‖HS ≤ CN1/3, (1.22)

where ‖ · ‖HS indicates the Hilbert-Schmidt norm, ‖O‖2
HS = tr |O|2. We shall

suppose that the initial datum ψ is close, in a suitable sense to be specified
below, to a quasi-free state parametrized by ωN , αN , satisfying the bounds
(1.22). In particular:

‖γ
(1)
ψ − ωN‖HS � N1/2, ‖π

(1)
ψ − αN‖HS � N1/3, (1.23)

that is, ‖γ
(1)
ψ − ωN‖HS/N1/2 and ‖π

(1)
ψ − αN‖HS/N1/3 converge to zero as

N → ∞.
The estimates (1.22) encode the semiclassical structure of the initial da-

tum, and are expected to hold for quasi-free states at low energy. For αN = 0,
similar estimates play a key role in the derivation of the time-dependent
Hartree-Fock equation in the mean-field/semiclassical scaling [11]. It is not
difficult to check them for the coherent-states approximation of confined equi-
librium states at zero temperature, see e.g. Appendix A.2 in [25]. These esti-
mates can be proved to hold for the ground state of confined, non-interacting
systems [23].1

The novelty with respect to [11] are the last two estimates in (1.22). The
third estimate can be shown to be related to the kinetic energy of αN . Instead,
the last estimate captures the fact that we are looking at initial data that are
close to Slater determinants, since ‖αN‖2

HS = tr ωN (1 − ωN ), and ‖αN‖2
HS ≤

CN2/3 while trωN = N . Informally, this class of initial data can be viewed as
obtained from Slater determinants after introducing a local smoothing of the
distribution of the occupation number around the Fermi energy. The smallness
of ‖αN‖HS plays an important role in our proof; it is an interesting question to
understand whether the derivation of the HFB equation extends to initial data
with larger ‖αN‖HS. In Appendix A we prove the validity of bounds analogous
to (1.22) for all translation-invariant quasi-free states on the torus of side 2π at
low enough energy (actually, for this class of states the third estimate in (1.22)
holds with N replaced by N1/3). Furthermore, we discuss a class of natural
states for which the bounds hold, obtained from a smearing of the characteristic
function of the Fermi ball, in an order 1 neighbourhood of the Fermi surface
(while the Fermi momentum is of order N1/3). If translation-invariance is
assumed, the lowest energy state of the HFB functional on the torus turns out
to be the free Fermi gas, which in particular has αN = 0. This is ultimately a
consequence of the existence of a spectral gap for the relative kinetic energy
at the Fermi level, due to the finite volume of the torus. Thus, for confined
translation-invariant states, the condition αN �= 0 implies that the state is
an excited state. In general, we do not know whether the ground state of the
HFB functional is attained in correspondence with a nonzero pairing matrix.
Numerical investigations, see e.g. [36], suggest that the minimizer of the HFB

1The bounds of [23] are in trace norm, but the adaptation to the Hilbert-Schmidt case is
straightforward. We thank the Referee for pointing this out.
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functional is indeed attained in correspondence with a small nonzero pairing
matrix. Finally, let us mention that the persistence of translation-invariance
for the ground state of the BCS functional has been discussed in [21], in the
thermodynamic limit. There it is shown that translation-invariance persists in
two-dimensions, and also in three-dimensions in the case of vanishing angular
momentum.

Let us denote by γ
(1)
N,t and π

(1)
N,t the many-body evolution of the one-

particle density matrix and of the pairing matrix associated with the solution
of (1.19), and by ωN,t, αN,t the solution of Eqs. (1.21). In this work, we prove
that the many-body dynamics of γ

(1)
N,t, π

(1)
N,t stay close to the solution of the

HFB equation, in the sense that:

‖γ
(1)
N,t − ωN,t‖HS � C(t)N1/2, ‖π

(1)
N,t − αN,t‖HS � C(t)N1/3 ∀t ∈ R,

(1.24)

where the function C(t) grows as a double exponential in time, and it is inde-
pendent of N . For initial data such that ‖ωN‖HS � N1/2 and ‖αN‖HS � N1/3,
which are allowed by our assumptions, the bounds (1.24) imply that the dif-
ference between the many-body dynamics and the HFB dynamics at the level
of the one-particle density matrix is much smaller than the individual con-
tributions. With a slight abuse of terminology, we say that our result is a
derivation of HFB in the sense of convergence of density matrices, even if we
do not prove any existence of a limiting object as N → +∞. More gener-
ally, our result also extends to higher order density matrices. For instance, we
are able to prove that the two-particle density matrix γ

(2)
N,t, an operator on

L2((R3 × {1, . . . , M})2), can be approximated as:

γ
(2)
N,t(x1,x2;y1,y2) � ωN,t(x2;y1)ωN,t(x1;y2) − ωN,t(x1;y1)ωN,t(x2;y2)

+αN,t(y2;y1)αN,t(x1;x2). (1.25)

in the HS topology.
The method of proof is based on an extension of the technique of [11]. As

in [11], a key role is played by the fluctuation dynamics, a unitary evolution
in Fock space that does not preserve the number of particles, and that allows
to understand the distance between the many-body state and the reference
quasi-free states in term of particle excitations over a suitable time-dependent
Fock space vacuum. With respect to the Hartree-Fock case, however, in the
present setting the control of the fluctuation dynamics is considerably more
involved, due to the more complex structure of the effective evolution equa-
tion (1.21), and to the fact that ωN is not an orthogonal projection. Also, the
propagation of the semiclassical structure (1.22) along the HFB flow is more
involved than in the HF case. Let us point out that the proof could be simpli-
fied, at the cost of assuming a stronger notion of semiclassical structure (1.22),
replacing in (1.22) the Hilbert-Schmidt norm by the square root of the trace
norm, similarly to [11]. Furthermore, with this stronger notion of semiclassi-
cal structure we could also prove that the Hartree-Fock-Bogoliubov dynamics
cannot be distinguished from the Hartree-Bogoliubov (HB) dynamics, given
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by Eqs. (1.21) after neglecting all terms involving the operators Xt and Πt: the
distance between the solutions of the HFB and HB evolutions can be proved to
be smaller than the estimate quantifying the distance between many-body and
HFB dynamics (1.24). Since we have not been able to verify the trace-norm
semiclassical structure for interesting quasi-free states with nonzero pairing,
we prefer to work under the weaker semiclassical structure given by (1.22).

In order to deal with the weaker form of semiclassical structure (1.22), we
introduce a suitable auxiliary fluctuation dynamics, as already done in the case
of fermionic mixed states (without pairing) [6]. The growth of fluctuations over
this new dynamics can be controlled relying only on (1.22); furthermore, the
auxiliary dynamics and the fluctuation dynamics can be proved to be close in
norm. Then, a bootstrap argument allows to control the growth of fluctuations
on the original fluctuation dynamics, and ultimately to prove convergence of
the many-body dynamics to the HFB evolution.

The paper is organized as follows. In Sect. 2 we review the formalism of
second quantization, we recall useful estimates in Fock space, we introduce
the Bogoliubov transformations and the quasi-free states. In Sect. 3 we state
our main result, Theorem 3.3, about the derivation of the time-dependent
HFB equation from the many-body dynamics in the semiclassical/mean-field
regime. The rest of the paper is devoted to the proof of Theorem 3.3. In Sect. 4
we introduce the fluctuation dynamics, and prove a key identity for the growth
of fluctuations, Proposition 4.1; in Proposition 4.3 we prove the propagation
of the semiclassical structure (1.22), and we use it to control the growth of
fluctuations on the auxiliary fluctuation dynamics, Proposition 4.5. Then, in
Proposition 4.6 we prove norm-closeness of the auxiliary fluctuation dynamics
and of the full fluctuation dynamics, and we use this result to prove a bound on
the growth of fluctuations on the full fluctuation dynamics, Proposition 4.7.
In Sect. 5 we put everything together and we prove Theorem 3.3. Finally,
in Appendix A we prove the validity of the estimates (1.22) for translation-
invariant quasi-free states with low energy.

2. Fock Space, Bogoliubov Transformations and Quasi-Free
States

2.1. Fock Space

Let h = L2(R3×{1, . . . , M}), with M ∈ N, be the single-particle Hilbert space.
Let F be the fermionic Fock space over h,

F = C ⊕
⊕

n≥1

h∧n .

Vectors in the Fock space correspond to infinite sequences of functions (ψ(n))n

with ψ(n) ∈ h∧n. We shall use the notation

ψ(n) ≡ ψ(n)(x1, . . . ,xn), (2.1)

where x = (x, σ) with x ∈ R
3 and σ ∈ {1, . . . , M}. A simple example of vector

in F is the vacuum state, Ω = (1, 0, . . . , 0, . . .). Given ψ1, ψ2 ∈ F , we introduce
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the Fock space scalar product as:

〈ψ1, ψ2〉 =
∑

n≥0

〈ψ(n)
1 , ψ

(n)
2 〉h⊗n

=
∑

n≥0

∫
dx1 . . . dxn ψ

(n)
1 (x1, . . . ,xn)ψ(n)

2 (x1, . . . ,xn),

where we recall the notation
∫

dx f(x) :=
∑M

σ=1

∫
R3 dx f(x, σ). Equipped with

this natural inner product, the Fock space F is a Hilbert space. We denote
by ‖ · ‖ the norm induced by this inner product, and with a slight abuse of
notation we shall use the same notation to denote the operator norm of linear
operators acting on F .

It is convenient to introduce creation and annihilation operators on F .
Let f ∈ h. We define the creation operator a∗(f) and the annihilation operator
a(f) as

(
a∗(f)ψ

)(n)
(x1, . . . ,xn) :=

1√
n

n∑

j=1

(−1)j−1f(xj)ψ
(n−1)(x1, . . . ,xj−1,xj+1, . . . ,xn)

(a(f)ψ)(n) (x1, . . . ,xn) :=
√

n + 1

∫
dx f(x) ψ(n+1)(x,x1, . . . ,xn),

for any ψ ∈ F . These definitions imply that a(f)Ω = 0.
Also, it turns out that a∗(f) = a(f)∗ and one can check that the canonical

anticommutation relations hold true:

{a(f), a(g)} = {a∗(f), a∗(g)} = 0, {a(f), a∗(g)} = 〈f, g〉h.
Due to these relations, one has ‖a(f)‖ ≤ ‖f‖2, ‖a∗(f)‖ ≤ ‖f‖2. We will also
make use of operator-valued distributions a∗

x and ax, in terms of which:

a∗(f) =
∫

dx f(x) a∗
x, a(f) =

∫
dx f(x) ax.

Note that the integrals denote the action of the distribution rather than inte-
gration with respect to the Lebesgue measure. The creation and annihilation
operators can be used to define the second quantization of observables. To
begin, consider the number operator N , acting on a given Fock space vector
as (Nψ)(n) = nψ(n). In terms of the operator-valued distributions, it can be
written as:

N =
∫

dx a∗
xax.

The average number of particles over a state ψ is then:

N = 〈ψ,Nψ〉. (2.2)

More generally, for a given one-particle operator O on h we define its second
quantization dΓ(O) as the operator on the Fock space acting as follows:

dΓ(O) �F(n)=
n∑

j=1

O(j)
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where O(j) = 1⊗(n−j) ⊗ O ⊗ 1⊗(j−1), and the symbol �F(n) indicates the re-
striction to the n-particle subspace F (n). If O has the integral kernel O(x;y),
we can represent dΓ(O) as:

dΓ(O) =
∫

dxdyO(x;y)a∗
xay.

In the next lemma we collect some bounds for the second quantization of one-
particle operators, that will play an important role in the rest of the paper.
Here and in the following, we denote by ‖ · ‖ the operator norm, by ‖ · ‖HS the
Hilbert-Schmidt norm and by ‖ ·‖tr the trace norm. We refer the reader to e.g.
[11, Lemma 3.1] for the proof.

Lemma 2.1 (Estimates for Fock space operators). Let O be a bounded operator
on h. We have, for any ψ ∈ F :

|〈ψ, dΓ(O)ψ〉| ≤ ‖O‖〈ψ,Nψ〉, ‖dΓ(O)ψ‖ ≤ ‖O‖ ‖Nψ‖ .

Let O be a Hilbert-Schmidt operator. We have, for any ψ ∈ F :

‖dΓ(O)ψ‖ ≤ ‖O‖HS

∥∥∥N 1/2ψ
∥∥∥

∥∥∥∥
∫

dxdx′ O(x;x′)axax′ψ

∥∥∥∥ ≤ ‖O‖HS

∥∥∥N 1/2ψ
∥∥∥

∥∥∥∥
∫

dxdx′ O(x;x′)a∗
xa∗

x′ψ

∥∥∥∥ ≤ 2‖O‖HS

∥∥∥(N + 1)1/2ψ
∥∥∥ .

Let O be a trace class operator. We have, for any ψ ∈ F :
‖dΓ(O)ψ‖ ≤ 2 ‖O‖tr ‖ψ‖

∥∥∥∥
∫

dxdyO(x;x′)axax′ψ

∥∥∥∥ ≤ 2 ‖O‖tr ‖ψ‖
∥∥∥∥
∫

dxdyO(x;x′)a∗
xa∗

x′ψ

∥∥∥∥ ≤ 2 ‖O‖tr ‖ψ‖.

Given a state ψ ∈ F , we define its one-particle density matrix as the
non-negative trace class operator γ

(1)
N on h with integral kernel:

γ
(1)
N (x;y) = 〈ψ, a∗

yaxψ〉. (2.3)

Thus, by (2.2), N = tr γ
(1)
N . Furthermore, given a one-particle observable O,

we have:

〈ψ, dΓ(O)ψ〉 =
∫

dxdyO(x;y) 〈ψ, a∗
xayψ〉 = trOγ

(1)
N . (2.4)

Also, we define the pairing matrix as the operator π
(1)
N on h with integral

kernel:

π
(1)
N (x;y) = 〈ψ, ayaxψ〉. (2.5)

In the special case in which the vector ψ in an N -particle state, Nψ = Nψ,
the pairing matrix π

(1)
N is trivially vanishing. In general, if the state ψ does not

have a definite number of particles, as it will be the case in the present work,
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π
(1)
N will be nonzero. From their definitions, the one-particle density matrix

and the pairing matrix satisfy:

0 ≤ γ
(1)
N ≤ 1, ‖π

(1)
N ‖ ≤ 1, π

(1)
N (x;y) = −π

(1)
N (y;x). (2.6)

Next, we lift the many-body Hamiltonian to the Fock space, as follows. We
define the Hamiltonian in Fock space as HN = 0 ⊕ ⊕

n≥1 H(n)
N , where

H(n)
N =

n∑

i=1

−ε2Δi +
1
N

n∑

i<j

V (xi − xj),

with V a real-valued and even function (further regularity assumptions will
follow). In terms of the operator-valued distributions, we can rewrite the Fock
space Hamiltonian as:

HN = ε2

∫
dx∇a∗

x∇ax +
1

2N

∫
dxdy V (x − y)a∗

xa∗
yayax. (2.7)

Finally, the time evolution of a state in the Fock space is defined as ψt =
e−iHN t/εψ. That is, each sector evolves according to the n-particle Schrödinger
equation,

iε∂tψ
(n)
t = H

(n)
N ψ

(n)
t , ψ

(n)
0 = ψ(n). (2.8)

2.2. Bogoliubov Transformations

Here, we shall give a brief introduction to the (fermionic) Bogoliubov trans-
formations, which will play a crucial role in our analysis. We refer the reader
to e.g. [20,40] for a more detailed introduction to the topic.

Given f, g ∈ h, let us define the operator A(f, g) as:

A(f, g) := a(f) + a∗(g), A∗(f, g) := (A(f, g))∗ = a∗(f) + a(g), (2.9)

where f denotes the usual complex conjugate of a function f on L2(R3 ×
{1, . . . , M}). That is:

A∗(f, g) = A(g, f). (2.10)

These operators can be viewed as generalizing the notion of creation and an-
nihilation operators, to which they reduce for g = 0. They satisfy the anticom-
mutation relations:

{A(f1, g1), A∗(f2, g2)} = 〈(f1, g1), (f2, g2)〉h⊕h. (2.11)

Notice that {A(f1, g1), A(f2, g2)}, {A∗(f1, g1), A∗(f2, g2)} do not vanish, in
general. A fermionic Bogoliubov transformation is a linear map ν : h ⊕ h →
h ⊕ h, such that, for all f1, f2, g1, g2 in h:

{
A(ν(f1, g1)), A∗(ν(f2, g2))

}
=

{
A(f1, g1), A∗(f2, g2)

}
, (2.12)

and such that, for all f, g in h:

A∗(ν(f, g)) = A(ν(g, f)). (2.13)

In other words, the operators B(f, g) = A(ν(f, g)) satisfy the same anticom-
mutation relations of A(f, g). The condition (2.12) is equivalent to ν∗ν = 1,
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while the condition (2.13) is equivalent to, calling C the complex conjugation
operator:

νC = Cν. (2.14)

From these relations, one deduces that ν is a Bogoliubov transformation if and
only if it has the form:

ν =
(

u v
v u

)
, (2.15)

where u, v are linear operators on h such that:

u∗u + v∗v = 1, u∗v + v∗u = 0

uu∗ + vvT = 1, uv∗ + vuT = 0,
(2.16)

with O = COC. We say that a Bogoliubov transformation is implementable if
there exists a unitary operator R on F such that:

R∗A(f, g)R = A(ν(f, g)), for all f, g ∈ h. (2.17)

It is well-known that a Bogoliubov transformation is implementable if and
only if v is a Hilbert-Schmidt operator; this fact goes under the name of Shale-
Stinespring condition. The operator R is called the implementor of the Bogoli-
ubov transformation; with a slight abuse of terminology, in the following we
will refer to R as the Bogoliubov transformation.

We shall extensively use the following transformation property of the
operator-valued distributions:

R∗axR = a(ux) + a∗(vx), R∗a∗
xR = a∗(ux) + a(vx), (2.18)

where ux := u(·;x). Furthermore, Eq. (2.17) implies that R∗ is the implemen-
tor of the Bogoliubov transformation associated with ν∗ ≡ ν−1. In particular,
the following relations hold:

RaxR∗ = a(u∗
x) + a∗(v∗

x), Ra∗
xR∗ = a∗(u∗

x) + a(v∗
x). (2.19)

2.3. Quasi-Free States and Hartree–Fock–Bogoliubov Equation

Given a normalized state ψ ∈ F , we define its generalized one-particle density
matrix Γψ as the operator on h ⊕ h such that:

〈(f1, g1),Γψ(f2, g2)〉h⊕h = 〈ψ,A∗(f2, g2)A(f1, g1)ψ〉F . (2.20)

A simple computation shows that Γψ can be expressed in terms of the one-
particle density matrix and of the pairing matrix as:

Γψ =

(
γ

(1)
N π

(1)
N

−Cπ
(1)
N C 1 − Cγ

(1)
N C

)
, (2.21)

where we used that π
(1)
N is antisymmetric (recall Eq. (2.6)).

Pure quasi-free states correspond to vectors in the Fock space of the form
RΩ, with R a Bogoliubov transformation. Suppose that 〈RΩ,NRΩ〉 = N . We
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shall denote by ωN and by αN the one-particle density matrix and the pairing
matrix of RΩ, respectively:

ΓRΩ =
(

ωN αN

−αN 1 − ωN

)
. (2.22)

The density matrix of RΩ can be easily represented in terms of the operators
u and v entering in the definition of ν, recall Eq. (2.15). We have:

ωN = v∗v, αN = v∗u. (2.23)

As a sanity check, notice that ωN ≤ 1 as a consequence of the first identity of
(2.16), while αT

N = −αN :

αT
N = α∗

N = u∗v = u∗v = −v∗u = −αN , (2.24)

where the fourth equality follows from the second identity of (2.16). One can
also check that the generalized one-particle density matrix of RΩ is a projec-
tion:

ΓRΩ = Γ2
RΩ. (2.25)

In particular, the following relations hold:

ωN (1 − ωN ) = αNα∗
N , ωNαN − αNωN = 0. (2.26)

Quasi-free states are completely determined by their generalized one-particle
density matrix: all correlation functions can be computed starting from the
one-particle density matrix and the pairing matrix via the Wick rule [40]. Let
us use the notation a� to denote the operators a and a∗. It turns out that:

〈
RΩ, a�1

x1
a�2
x2

· · · a�2j
x2j RΩ

〉
=

∑

π∈P2j

sgn(π)
〈
RΩ, a

�σ(1)
xσ(1)a

�σ(2)
xσ(2)RΩ

〉

· · ·
〈
RΩ, a

�σ(2j−1)
xσ(2j−1)a

�σ(2j)
xσ(2j)RΩ

〉
, (2.27)

where P2j is the set of pairings:

P2j =
{

σ ∈ S2j

∣∣ σ(2� − 1) < σ(2� + 1), � = 1, . . . , j − 1,

σ(2� − 1) < σ(2�), � = 1, . . . , j
}

, (2.28)

with S2j the set of permutations of 2j elements. The identity (2.27) can be
checked starting from the relation (2.18), combined with the canonical anti-
commutation relations and the property axΩ = 0.

We are interested in the many-body evolution of initial data close to
quasi-free states, generated by the Hamiltonian (2.7). It turns out that if one
assumes that the many-body evolution preserves quasi-freeness for all times,
one finds the following coupled evolution equations for the one-particle density
matrix and the pairing matrix:

iε∂tωN,t =
[
hHF(t), ωN,t

]
+ Πtα

∗
N,t − αN,tΠ∗

t ,

iε∂tαN,t = hHF(t)αN,t + αN,thHF(t) + Πt

(
1 − ωN,t

) − ωN,tΠt,
(2.29)
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where hHF(t) is the Hartree-Fock Hamiltonian,

hHF(t) = −ε2Δ + ρt ∗ V − Xt, (2.30)

with ρt the normalized density and Xt,Πt linear operators on h,

ρt(x) =
1
N

ωN,t(x;x), Xt(x;y) =
1
N

V (x − y)ωN,t(x;y),

Πt(x,y) :=
1
N

V (x − y)αN,t(x,y). (2.31)

See e.g. [14], for a derivation of (2.29) via the Dirac-Frenkel principle, which
gives a geometric interpretation to the reduction to the set of quasi-free states.
Thus, Eqs. (2.29) define the evolution of the generalized one-particle density
matrix:

ΓN,t =
(

ωN,t αN,t

α∗
N,t 1 − ωN,t

)
. (2.32)

One can rewrite Eqs. (2.29) as:

iε∂tΓN,t = [H(t),ΓN,t], (2.33)

with:

H(t) =
(

hHF(t) Πt

Π∗
t −hHF(t)

)
. (2.34)

That is, H(t) generates a unitary dynamics for ΓN,t. Hence, since ΓN = Γ2
N , re-

call Eq. (2.25), we also have ΓN,t = Γ2
N,t; in particular, the relations (2.26) hold

true for ωN,t and αN,t. Equation (2.33) is called the Hartree-Fock-Bogoliubov
equation, and it is used to describe interesting physical phenomena, such as the
time evolution of superconductors. The well-posedness of the HFB equation
(2.29) for a class of potentials that includes those considered in the present
work, is well-known; see e.g. [14]. The main goal of the present work will be
to give a rigorous derivation of the HFB equation starting from the full many-
body quantum dynamics.

3. Main Result

Before stating our main result, let us introduce the assumptions on the initial
data that we will consider in this work.

Assumption 3.1 (Assumptions on the initial datum). Let ΓN : h ⊕ h → h ⊕ h
be the generalized one-particle density matrix of a pure, quasi-free state:

ΓN =
(

ωN αN

α∗
N 1 − ωN

)
, 0 ≤ ΓN ≤ 1, ΓN = Γ2

N . (3.1)

We shall suppose that:

tr ωN = N, ‖αN‖HS ≤ CN1/3. (3.2)
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Furthermore, we shall suppose that ωN , αN satisfy the following commu-
tator estimates:

sup
p∈R3

1
1 + |p| ‖[ωN , eip·x̂]‖HS ≤ CN1/3, ‖[ωN , ε∇]‖HS ≤ CN1/3,

‖[αN , ε∇]‖HS ≤ CN. (3.3)

Remark 3.2. (i) We refer the reader to the introduction for a discussion of
these assumptions. As we will show in Appendix A, all the above as-
sumptions are satisfied for translation-invariant quasi-free states on a
finite torus, at low energy.

(ii) We shall refer to the commutator estimates in (3.3) as the semiclassical
structure of the initial datum.

The next theorem is the main result of the paper.

Theorem 3.3 (Main result). Let V ∈ L1(R3) such that

V (x) ∈ R, V (x) = V (−x),
∫

dp |V̂ (p)|(1 + |p|2) ≤ C. (3.4)

Let ωN , αN be the one-particle density matrix and the pairing matrix of a
quasi-free state satisfying Assumption 3.1. Let ψ = R0ξ with R0 the Bogoliubov
transformation associated to (ωN , αN ) and ξ ∈ F , ‖ξ‖ = 1, such that, for some
k ∈ N:

〈ψ,Nψ〉 = N, 〈ξ,N α(k)ξ〉 ≤ Ck (3.5)

with α(k) = (13/2)k if k is even and α(k) = (13/2)k + 3/2 if k is odd. Let
ψt = e−iHN t/εψ be the solution of the many-body Schrödinger equation, and
let Rt be the Bogoliubov transformation associated with the solution ωN,t, αN,t

of the Hartree-Fock-Bogoliubov equation (2.29). Then, for all t ≥ 0, and for
all j ≤ k:

〈ψt, a
�1
x1

. . . a
�2j
x2j ψt〉 = 〈RtΩ, a�1

x1
. . . a

�2j
x2j RtΩ〉 + E

�1,...,�2j

2j;t (x1, . . . ,x2j) (3.6)

where a�
x can be either ax or a∗

x, a�1
x1

. . . a
�2j
x2j is a normal-ordered monomial,

and ∫
dx1 . . . dx2j

∣∣E�1,...,�2j

2j;t (x1, . . . ,x2j)
∣∣2

≤ C(j) exp(d(j) exp c|t|)N j−2/3−max(1/3, p/6), (3.7)

where the constants C(j), d(j) depend on j and are independent of N and of t,
while p is equal to the absolute value of the difference of the number of creation
and annihilation operators in the left-hand side of (3.6).

Remark 3.4. (i) Theorem 3.3 proves convergence of the many-body
Schrödinger equation to the Hartree-Fock-Bogoliubov equation, in the
sense of closeness of density matrices, in the Hilbert-Schmidt topology.
In fact, the left-hand side of (3.7) is the Hilbert-Schmidt norm squared
of the operator E

�1,...,�2j

2j;t with integral kernel E
�1,...,�2j

2j;t (x1, . . . ,x2j). For
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the particular cases of the one-particle density matrix (j = 1, p = 0) and
of the pairing matrix (j = 1, p = 2), the theorem gives:

‖γ
(1)
ψ − ωN‖HS ≤ C exp(d exp(ct)),

‖π
(1)
ψ − αN‖HS ≤ C exp(d exp(ct)).

(3.8)

for some constants C, d, c independent of N . These bounds have to be
compared with the trivial estimates ‖ωN‖HS ≤ N1/2 and ‖αN‖HS ≤
CN1/3.

(ii) More generally, the Hilbert-Schmidt norm squared of the first term in
the right-hand side of (3.6) is much larger than the right-hand side of
(3.7) for all times of order 1. This can be seen writing it in terms of the
one-particle density matrix using the Wick rule. For instance:

〈RtΩ, a∗
x1

a∗
x2

ax3ax4RtΩ〉 = ωN,t(x3;x2)ωN,t(x4;x1)

− ωN,t(x3;x1)ωN,t(x4;x2)

+ αN,t(x1;x2)αN,t(x4;x3). (3.9)

If the bounds on ‖ωN‖HS and ‖αN‖HS are saturated, namely ‖αN‖2
HS ∼

N2/3 and ‖ωN‖2
HS ∼ N , they remain so even at later times t. Actually,

since ‖ωN‖2
HS = N −‖αN‖2

HS, it is enough to show that ‖αN,t‖2 stays ap-
proximately constant along the HFB flow; this can be done following the
proof of Proposition 4.3. Therefore, the largest contribution to the two-
particle density matrix of the quasi-free state comes from the terms with
the largest number of ωN,t. For gauge-invariant correlation functions, i.e.
with an equal number of creation and annihilation operators, the Hilbert-
Schmidt norm of the largest contribution is of order N j . In general, if
m is the number of annihilation operators, say smaller than the number
of creation operators m + p, the largest term has m = j − p/2 factors
ωN,t and p/2 factors αN,t. Thus, its Hilbert-Schmidt norm squared is of
order N j−p/6, which is much larger than the estimate for the error term
in (3.7).

Remark 3.5 (Resolution of the pairing terms). It is interesting to compare
the error term with the smallest contribution to the quasi-free approximation.
If the error is subleading, we say that the quasi-free approximation can be
fully resolved. Let us focus on gauge-invariant correlation functions (p = 0).
The smallest Wick pairing in Hilbert-Schmidt norm is the one that has the
largest number of contractions of “aa” or “a∗a∗” monomials, which correspond
to kernels of αN,t operators (or its complex conjugate). The number of such
contractions is less or equal than j − 1 if the number of “a” operators is odd,
and it is less or equal than j if the number of “a” operators is even. In the p = 0
case, the number of “a” operators is exactly j, therefore the Hilbert-Schmidt
norm squared of the Wick pairing with the largest number of α-contractions
is:

(N2/3)j−1 × N if j is odd

(N2/3)j if j is even.
(3.10)
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Comparing these estimates with the bound (3.7) for p = 0, we have that, for
N � 1:

(N2/3)j−1 × N � ‖E
�1,...,�2j

2j;t ‖2
HS if j = 1, 3

(N2/3)j � ‖E
�1,...,�2j

2j;t ‖2
HS if j = 2.

(3.11)

Therefore, all Wick pairings are individually much bigger than the error term,
and hence they can be resolved, for the j-particle density matrices up to j = 3.
More generally, it is clear that if p > 0 the bound (3.7) also allows to fully
resolve correlations of higher order.

Remark 3.6 (Comparison with the Hartree-Bogoliubov dynamics.). As men-
tioned in the Introduction, the proof of Theorem 3.3 could be simplified if one
replaces in the assumptions (3.2), (3.3) the Hilbert-Schmidt norm with the
square root of the trace norm. Furthermore, as for the case of N -particle states
[11], under these stronger assumptions it is possible to prove that neglecting
the exchange operators Xt, Πt in the Hartree-Fock-Bogoliubov equation (2.29)
does not deteriorate the error estimate (3.7) in the main result. Thus, for
this class of initial data, we cannot distinguish the Hartree-Fock-Bogoliubov
dynamics from the Hartree-Bogoliubov dynamics. We prefer to work under
weaker assumptions that we can verify in concrete cases, see Appendix A. For
this class of initial data, we do not know how to prove the indistinguishability
of the Hartree-Fock-Bogoliubov and Hartree-Bogoliubov dynamics.

The rest of the paper is devoted to the proof of Theorem 3.3.

4. The Fluctuation Dynamics

Suppose that (ωN,t, αN,t) solves the time-dependent Hartree-Fock-Bogoliubov
equation (2.29). Let us introduce the fluctuation dynamics as:

UN (t; s) := R∗
t e

−iHN (t−s)/εRs. (4.1)

The main goal of this section will be to prove an estimate for the evolution of
powers of the number operators N under the fluctuation dynamics. This will
be the key technical tool behind the proof of Theorem 3.3.

4.1. Growth of Fluctuations

The starting points is the following proposition.

Proposition 4.1 (Growth of fluctuations). Under the same assumptions of The-
orem 3.3, the following is true. For any ξ ∈ F , ‖ξ‖ = 1, and k ∈ N,

iε
d

dt

〈
UN (t; 0)ξ, (N + 1)kUN (t; 0)ξ

〉
= − 4i

N

k∑

j=1

Im

∫
dxdy V (x − y)

×
[〈

UN (t; 0)ξ, (N + 1)j−1a∗(ut,x)a(vt,y)a(ut,y)a(ut,x)(N + 1)k−jUN (t; 0)ξ
〉

+
〈
UN (t; 0)ξ, (N + 1)j−1a(vt,x)a(vt,y)a(ut,y)a(ut,x)(N + 1)k−jUN (t; 0)ξ

〉

+
〈
UN (t; 0)ξ, (N + 1)j−1a∗(ut,y)a

∗(vt,y)a
∗(vt,x)a(vt,x)(N + 1)k−jUN (t; 0)ξ

〉]
.

(4.2)
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Remark 4.2 The same identity holds true for the Hartree-Fock case [11], see
Proposition 3.3 there. There, the operators ut and vt are orthogonal, in the
sense that utvt = 0. Here, utvt �= 0, in general.

Proof To begin, we write the following identity that can be checked using
the explicit action of the Bogoliubov transformation (2.19) and the fact that
tr ωN,t = N :

RtNR∗
t = N − 2dΓ(ωN,t) + N +

∫
dxdy

(
a∗
xa∗

yαN,t(y,x) + axayαN,t(x,y)
)
.

(4.3)

Therefore, since UN (t; s) = R∗
t e

−iHN (t−s)/εRs, we have:

iε
d

dt

(
UN (t; 0)∗NUN (t; 0)

)
= iε

d

dt

(
R∗

0e
iHN t/εRtNR∗

t e
−iHN t/εR0

)

= iε
d

dt

(
R∗

0e
iHN t/ε

(
− 2dΓ(ωN,t)

+
(∫

dxdya∗
xa∗

yαN,t(y,x) + h.c.
))

e−iHN t/εR0

)

= R∗
0e

iHN t/ε

(
− 2dΓ(iε∂tωN,t)

+
(∫

dxdya∗
xa∗

y(iε∂tαN,t)(y,x) − h.c.
))

e−iHN t/εR0

+ R∗
0e

iHN t/ε

(
2
[
HN , dΓ(ωN,t)

]

−
(∫

dxdy
[
HN , a∗

xa∗
y

]
αN,t(y,x) − h.c.

))
e−iHN t/εR0 (4.4)

where we used that the first and the third term in (4.3) do not contribute
to the time derivative and the notation h.c. stands for hermitian conjugate.
Then, by unitarity of the Bogoliubov transformation:

iε
d

dt

(
UN (t; 0)∗NUN (t; 0)

)

= 2UN (t; 0)∗R∗
t

([
HN , dΓ(ωN,t)

]
− dΓ(iε∂tωN,t)

)
Rt UN (t; 0)

+UN (t; 0)∗R∗
t

(∫
dxdy

(
a∗
xa∗

y(iε∂tαN,t)(y,x)

−
[
HN , a∗

xa∗
y

]
αN,t(y,x)

)
− h.c.

)
Rt UN (t; 0). (4.5)
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In this expression, the terms involving the Laplacian cancel out exactly. Next,
let us consider the commutators involving the many-body interaction. Denot-
ing by VN the part of HN describing the potential, we compute:

2
∫

dxdy
[
VN , a∗

xay

]
ωN,t(x,y)

=
2
N

∫
dxdydzV (x − y)ωN,t(z,y) a∗

za
∗
xayax − h.c., (4.6)

and
∫

dxdy
[
VN , a∗

xa∗
y

]
αN,t(y,x) =

1

N

∫
dxdy V (x − y)αN,t(y,x) a∗

xa∗
y

+
2

N

∫
dxdydzV (x − y)αN,t(z,y) a∗

xa∗
ya∗

zax.

(4.7)

Therefore, focusing on the following term,

A := R∗
t

(
2
[
VN , dΓ(ωN,t)

]
−

(∫
dxdy

[
VN , a∗

xa∗
y

]
αN,t(y,x) − h.c.

))
Rt,

(4.8)

by Eqs. (4.6), (4.7), we have:

A =
2

N

∫
dxdy V (x − y)R∗

t

∫
dz

(
ωN,t(z,y)a∗

za
∗
xayax − αN,t(z,y)a∗

xa∗
ya∗

zax

)
Rt

− 1

N

∫
dxdy V (x − y)R∗

t

(
αN,t(y,x)a∗

xa∗
y

)
Rt − h.c. (4.9)

Let us denote by A2 and A4 the quadratic and the quartic terms in Eq. (4.9),

A2 := − 1
N

∫
dxdy V (x − y)αN,t(y,x)R∗

t a
∗
xa∗

yRt − h.c.

A4 :=
2
N

∫
dxdy V (x − y)

× R∗
t

∫
dz

(
ωN,t(z,y)a∗

za
∗
xayax − αN,t(z,y)a∗

xa∗
ya∗

zax

)
Rt − h.c. (4.10)

Consider A4. We rewrite it as:

A4 =
2

N

∫
dxdy V (x − y)R∗

t a∗
x

∫
dz

(
− ωN,t(z,y)a∗

z + αN,t(z,y)az

)
ayaxRt − h.c.

=
2

N

∫
dxdy V (x − y)R∗

t a∗
xRt ·

∫
dz

[
− ωN,t(z,y)

(
a∗(ut,z) + a(vt,z)

)

+αN,t(z,y)
(
a(ut,z) + a∗(vt,z)

)]
R∗

t ayaxRt − h.c.

Performing the z integration we obtain:
∫

dz
[

− ωN,t(z,y)
(
a∗(ut,z) + a(vt,z)

)
+ αN,t(z,y)

(
a(ut,z) + a∗(vt,z)

)]

=
∫

dz
∫

dr
[
a∗
r

(
− ut(r, z)ωN,t(z,y) + vt(r, z)αN,t(z,y)

)
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+ ar

(
− vt(r, z)ωN,t(z,y) + ut(r, z)αN,t(z,y)

)]

=
∫

dr
(
a∗
r

(
vtαN,t − utωN,t

)
(r,y) + ar

(
utαN,t − vtωN,t

)
(r,y)

)

= −a(vt,y). (4.11)

To prove the last identity we used that:

vtαN,t − utωN,t = vtv
T
t ut − utv

∗
t vt = vtv

T
t ut + vtu

T
t vt = vt(v

T
t ut + uT

t vt) = 0,

(4.12)

where: the first step follows from the representation of ωN,t and αN,t in terms
of ut and vt, Eq. (2.23); the second step follows from the second property in the
second line of (2.16); and the third step follows from the second property in the
first line of (2.16), after taking a complex conjugate. Equation (4.12) proves
the vanishing of the creation contribution to the right-hand side of (4.11). To
obtain the last identity in (4.11), we used:

utαN,t − vtωN,t = utv
T
t ut − vtv

∗
t vt

= −vtu
∗
t ut − vtv

∗
t vt = −vt(u∗

t ut + v∗
t vt) = −vt.

(4.13)

The first step follows from the representation of ωN,t and αN,t in terms of ut

and vt; the second step follows from the second property in the second equation
in (2.16), after taking a complex conjugate; the last step follows from the first
property in the first equation of (2.16). This concludes the check of (4.11).

Let us now go back to A4 in (4.11). Using (4.11), we have:

A4 = − 2
N

∫
dxdy V (x − y)R∗

t a
∗
xRta(vt,y)R∗

t ayaxRt − h.c.

= − 2
N

∫
dxdy V (x − y)(a∗(ut,x) + a(vt,x))

× a(vt,y)(a(ut,y) + a∗(vt,y))(a(ut,x) + a∗(vt,x)) − h.c., (4.14)

and expanding the products:

A4 = − 2
N

∫
dxdy V (x − y)

[
a∗(ut,x)a(vt,y)a∗(vt,y)a∗(vt,x)

+ a∗(ut,x)a(vt,y)a∗(vt,y)a(ut,x) + a∗(ut,x)a(vt,y)a(ut,y)a(ut,x)

+ a∗(ut,x)a(vt,y)a(ut,y)a∗(vt,x) + a(vt,x)a(vt,y)a∗(vt,y)a∗(vt,x)

+ a(vt,x)a(vt,y)a∗(vt,y)a(ut,x) + a(vt,x)a(vt,y)a(ut,y)a(ut,x)

+ a(vt,x)a(vt,y)a(ut,y)a∗(vt,x)
]

− h.c. (4.15)

The second and the fifth term in the right-hand side of (4.15) are self-adjoint,
and hence cancel with minus the hermitian conjugate. The sum of the first
and the sixth term is also self-adjoint (each one is the adjoint of the other),
so they cancel as well when subtracting the hermitian conjugate. In order to
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proceed, we put the remaining terms in the right-hand side into normal order.
We get:

A4 = − 2
N

∫
dxdy V (x − y)

[
a∗(ut,x)a(vt,y)a(ut,y)a(ut,x)

+ a∗(ut,x)a∗(vt,x)a(vt,y)a(ut,y) + a∗(ut,x)a(vt,y)αN,t(x,y)

− a∗(ut,x)a(ut,y)ωN,t(x,y) + a(vt,x)a(vt,y)a(ut,y)a(ut,x)

− a∗(vt,x)a(vt,x)a(vt,y)a(ut,y) + a(vt,x)a(vt,y)αN,t(x,y)

− a(vt,x)a(ut,y)ωN,t(x,y) + a(vt,y)a(ut,y)ωN,t(x,x)
]

− h.c. (4.16)

Using that V (x − y) = V (y − x), the second and the fourth term are self-
adjoint, and hence they cancel with minus their hermitian conjugates. Then,
we rewrite (4.16) as:

A4 = − 2
N

∫
dxdy V (x − y)

[
a∗(ut,x)a(vt,y)a(ut,y)a(ut,x)

+ a(vt,x)a(vt,y)a(ut,y)a(ut,x) − a∗(vt,x)a(vt,x)a(vt,y)a(ut,y)
]

− 2
∫

dxdy (a∗(ut,x) + a(vt,x))Πt(x;y)a(vt,y)

+ 2
∫

dxdy a(vt,x)Xt(x,y)a(ut,y)

− 2
∫

dy a(vt,y)(ρt ∗ V )(y)a(ut,y) − h.c. (4.17)

We claim that the quadratic terms appearing in (4.17) cancel out with A2 and
with the quadratic terms in Eq. (4.5). Consider the quadratic terms in Eq.
(4.5), minus the kinetic term. The sum of these terms, plus the term A2 in Eq.
(4.10), gives:

− R∗
t

(
dΓ(Ct) +

∫
dxdy a∗

xa∗
yDt(x;y)

)
Rt − h.c. (4.18)

where the operators Ct and Dt are:

Ct =
[
ρt ∗ V − Xt, ωN,t

]
+ Πtα

∗
N,t − αN,tΠ∗

t

Dt =
(
ρt ∗ V − Xt

)
αN,t + αN,t

(
ρt ∗ V − Xt

) − ΠtωN,t − ωN,tΠt;
(4.19)

these operators take into account the interaction part of the equations (2.29),
after subtracting the linear term in αN,t (thanks to A2). Let us now plug these
expressions in (4.18). Consider the contribution to (4.18) due to ρt ∗ V . We
have:

−R∗
t

(∫
dxdy a∗

x

(
(ρt ∗ V )(x) − (ρt ∗ V )(y)

)
ωN,t(x;y)ay

+
∫

dxdy a∗
x

(
(ρt ∗ V )(x) + (ρt ∗ V )(y)

)
αN,t(x;y)a∗

y

)
Rt − h.c.
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= −2R∗
t

(∫
dxdy a∗

x(ρt ∗ V )(x)ωN,t(x;y)ay

+
∫

dxdy a∗
x(ρt ∗ V )(x)αN,t(x;y)a∗

y

)
Rt − h.c. (4.20)

Acting with the Bogoliubov transformation, we get:

(4.20) = −2
∫

dxdy (a∗(ut,x) + a(vt,x))(ρt ∗ V )(x)

×ωN,t(x;y)(a(ut,y) + a∗(vt,y))

−2
∫

dxdy (a∗(ut,x) + a(vt,x))(ρt ∗ V )(x)

×αN,t(x;y)(a∗(ut,y) + a(vt,y)) − h.c.

= −2
∫

dx (a∗(ut,x) + a(vt,x))(ρt ∗ V )(x)

×(
a((utωt)x) + a∗((vtωt)x)

)

+2
∫

dx (a∗(ut,x) + a(vt,x))(ρt ∗ V )(x)

×(
a∗((utαt)x) + a((vtαt)x)

) − h.c. (4.21)

Using the relations (4.12), (4.13) we obtain:

(4.20) = −2
∫

dx (a∗(ut,x) + a(vt,x))(ρt ∗ V )(x)a∗(vt,x) − h.c.

= −2
∫

dx a∗(ut,x)(ρt ∗ V )(x)a∗(vt,x) − h.c. (4.22)

Consider now the terms in (4.19) corresponding to Xt. Their contribution to
(4.18) is:

R∗
t

(
dΓ(Xtωt) +

∫
dxdy a∗

xa∗
y(Xtαt)(x;y)

)
Rt

−R∗
t

(
dΓ(ωtXt) −

∫
dxdy a∗

xa∗
y(αtXt)(x;y)

)
Rt − h.c.

≡ 2R∗
t

(
dΓ(Xtωt) +

∫
dxdy a∗

xa∗
y(Xtαt)(x;y)

)
Rt − h.c.,

(4.23)

where we used the antisymmetry of αN,t. We have:

2R∗
t

(
dΓ(Xtωt) +

∫
dxdy a∗

xa∗
y(Xtαt)(x;y)

)
Rt

= 2

∫
dxdy (a∗(ut,x) + a(vt,x))(XtωN,t)(x;y)(a(ut,y) + a∗(vt,y))

+2

∫
dxdy (a∗(ut,x) + a(vt,x))(XtαN,t)(x;y)(a∗(ut,y) + a(vt,y))

= 2

∫
dxdz (a∗(ut,x) + a(vt,x))Xt(x; z)(a((utωt)z) + a∗((vtωt)z)
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−2

∫
dxdy (a∗(ut,x) + a(vt,x))Xt(x; z)(a∗((utαt)z) + a((vtαt)z).

(4.24)

Using the relations (4.12), (4.13), we get

2R∗
t

(
dΓ(Xtωt) +

∫
dxdy a∗

xa∗
y(Xtαt)(x;y)

)
Rt − h.c.

= 2
∫

dxdz (a∗(ut,x) + a(vt,x))Xt(x; z)a∗(vt,z) − h.c.

= 2
∫

dxdz a∗(ut,x)Xt(x; z)a∗(vt,z) − h.c. (4.25)

Finally, consider the terms corresponding to Πt in (4.19). Their contribution
to (4.18) is:

−R∗
t dΓ(Πtα

∗
t − αtΠ∗

t )Rt + R∗
t

∫
dxdy a∗

xa∗
y

(
Πtωt + ωtΠt

)
(x;y)Rt − h.c.

≡ 2R∗
t dΓ(Πtαt)Rt + 2R∗

t

∫
dxdy a∗

xa∗
y

(
Πtωt

)
(x;y)Rt − h.c., (4.26)

where we used the antisymmetry of αN,t and of Πt. We have:

2R∗
t

(
dΓ(Πtαt) +

∫
dxdy a∗

xa∗
y

(
Πtωt

)
(x;y)

)
Rt − h.c.

= 2

∫
dxdy (a∗(ut,x) + a(vt,x))

(
Πtαt

)
(x;y)(a(ut,y) + a∗(vt,y))

+2

∫
dxdy (a∗(ut,x) + a(vt,x))

(
Πtωt

)
(x;y)(a∗(ut,y) + a(vt,y))

= −2

∫
dxdz (a∗(ut,x) + a(vt,x))Πt(x; z)(a((utαt)z) + a∗((vtαt)z))

+2

∫
dxdz (a∗(ut,x) + a(vt,x))Πt(x; z)(a∗((utωt)z) + a((vtωt)z)).

(4.27)

Using again the relations (4.12), (4.13), we get:

2R∗
t

(
dΓ(Πtαt) +

∫
dxdy a∗

xa∗
y

(
Πtωt

)
(x;y)

)
Rt − h.c.

= 2
∫

dxdz (a∗(ut,x) + a(vt,x))Πt(x; z)a(vt,z) − h.c. (4.28)

Putting together (4.22), (4.25), (4.28), we obtained:

−R∗
t

(
dΓ(Ct) +

∫
dxdy a∗

xa∗
yDt(x;y)

)
Rt − h.c.

= −2
∫

dx a∗(ut,x)(ρt ∗ V )(x)a∗(vt,x) + 2
∫

dxdz a∗(ut,x)Xt(x; z)a∗(vt,z)

+2
∫

dxdz (a∗(ut,x) + a(vt,x))Πt(x; z)a(vt,z) − h.c. (4.29)
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Thus, as claimed, we found that the sum of the quadratic terms in (4.17) and
in (4.29) is vanishing. This implies:

iε
d

dt

(
UN (t; 0)∗NUN (t; 0)

)

= − 1
N

∫
dxdy V (x − y)UN (t; 0)∗

[
a∗(ut,x)a(vt,y)a(ut,y)a(ut,x) + a(vt,x)a(vt,y)a(ut,y)a(ut,x)

−a∗(vt,x)a(vt,x)a(vt,y)a(ut,y)
]
UN (t; 0) − h.c. (4.30)

The final statement, Eq. (4.2), follows from the identity:

iε
d

dt

(
UN (t; 0)∗(N + 1)kUN (t; 0)

)

=
k∑

j=1

UN (t; 0)∗(N + 1)j−1UN (t; 0)

×UN (t; 0)∗
[
iε

d

dt

(
UN (t; 0)∗NUN (t; 0)

)]
UN (t; 0)∗(N + 1)k−jUN (t; 0).

(4.31)

This concludes the proof of Proposition 4.1. �

4.2. Propagation of the Semiclassical Structure

In order to bound the growth of fluctuations, we will make crucial use of the
propagation of the semiclassical structure of Assumption 3.1 along the flow of
the HFB equation.

Proposition 4.3 (Propagation of the semiclassical structure). Under the same
assumptions on V as in Theorem 3.3, the following is true. Let (ωN,t, αN,t)
be the solution of the Hartree-Fock-Bogoliubov equation (2.29). Then, for all
times t ≥ 0:

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN,t

]∥∥
HS

+
∥∥[ε∇, ωN,t

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,t

]∥∥
HS

≤
(

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN

]∥∥
HS

+
∥∥[ε∇, ωN

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN

]∥∥
HS

+ |t|e Ct
Nε

1
Nε

‖αN‖HS

)
eC|t|. (4.32)

Furthermore,

‖ωN,t‖2
HS ≤ ‖ωN‖tr, ‖αN,t‖HS ≤ eC|t|/(Nε)‖αN‖HS. (4.33)

Remark 4.4 In particular, under the Assumption 3.1, the bound (4.32) allows
to propagate the estimates (3.2), (3.3) for all times:

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN,t

]∥∥
HS

≤ CeC|t|N
1
3 ,

∥∥[ε∇, ωN,t

]∥∥
HS

≤ CeC|t|N
1
3 ,

∥∥[ε∇, αN,t

]∥∥
HS

≤ CeC|t|N. (4.34)



Dynamics of Mean-Field Fermi Systems

Proof The proof is based on an extension of [11] from the Hartree-Fock equa-
tion to the Hartree-Fock-Bogoliubov equation. To begin, let us prove the in-
variance of the trace-norm of ωN,t. Since 0 ≤ ωN ≤ 1, we have:

‖ωN,t‖2
HS ≤ tr ωN,t. (4.35)

Then, from (2.29):

iε∂ttrωN,t = tr
(
Πtα

∗
N,t − αN,tΠ∗

t

)
(4.36)

where we used that the trace of the commutator is zero. Next, we rewrite:

tr Πtα
∗
N,t =

∫
dxdyΠt(x;y)α∗

N,t(y;x)

= − 1
N

∫
dxdy V (x − y)|αN,t(x;y)|2

(4.37)

thanks to the antisymmetry of αN,t. Being the right-hand side of Eq. (4.36)
equal to the imaginary part of tr Πtα

∗
N,t, and since the right-hand side of (4.37)

is real, we immediately conclude that tr ωN,t is constant in time. This proves
the first inequality in (4.33).

Next, let us prove the propagation of the commutator estimates. Let us
start by computing, using the HFB equation for ωN,t:

iε
d

dt

[
eip·x̂, ωN,t

]
=

[
eip·x̂,

[
hHF(t), ωN,t

]]
+

[
eip·x̂,Πtα

∗
N,t − αN,tΠ∗

t

]

=
[
hHF(t),

[
eip·x̂, ωN,t

]]
+

[
ωN,t,

[
hHF(t), eip·x̂]]

+
[
eip·x̂,Πtα

∗
N,t − αN,tΠ∗

t

]

=
[
hHF(t),

[
eip·x̂, ωN,t

]] − [
ωN,t,

[
ε2Δ, eip·x̂]]

− [
ωN,t,

[
Xt, e

ip·x̂]] +
[
eip·x̂,Πtα

∗
N,t − αN,tΠ∗

t

]
, (4.38)

where in the second step we used the Jacobi identity, and in the third step
we used that the direct term ρt ∗ V commutes with eip·x̂. Consider the term
involving the commutator with the Laplacian. Noticing that:

[
ε2Δ, eip·x̂] = iε∇ · εp eip·x̂ + eip·x̂εp · iε∇, (4.39)

we obtain:
[
ωN,t,

[
ε2Δ, eip·x̂]] =

[
ωN,t, iε∇

] · εp eip·x̂ + iε∇ · εp
[
ωN,t, e

ip·x̂]

+ εp eip·x̂ · [ωN,t, iε∇
]
+

[
ωN,t, e

ip·x̂]εp · iε∇.

(4.40)

The terms involving the gradient operator outside of the commutator, which
are unbounded, can be reabsorbed thanks to a suitable unitary conjugation,
together with the first term in the right-hand side of the last line of (4.38).
Consider the unitary groups U1(t; s) and U2(t; s), generated by the following
differential equations:

iε∂tU1(t, s) = A(t)U1(t, s), iε∂tU2(t, s) = B(t)U2(t, s), U1(s; s) = U2(s; s) = 1

(4.41)
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where:

A(t) = hHF(t) + iε2∇ · p, B(t) = hHF(t) − iε2∇ · p. (4.42)

We then get:

iε
d

dt

(
U∗
1 (t, 0)

[
eip·x̂, ωN,t

]
U2(t, 0)

)

= U∗
1 (t, 0)

(
− A(t)

[
eip·x̂, ωN,t

]
+

[
eip·x̂, ωN,t

]
B(t) + iε

d

dt

[
eip·x̂, ωN,t

])
U2(t, 0)

= U∗
1 (t, 0)

(
− [

ωN,t, iε∇
] · εp eip·x̂ − εp eip·x̂ · [ωN,t, iε∇

] − [
ωN,t,

[
Xt, e

ip·x̂]]

+
[
eip·x̂, Πtα

∗
N,t − αN,tΠ

∗
t

])
U2(t, 0). (4.43)

Integrating in time this identity, and using ‖U∗
1 (t, 0)

[
eip·x̂, ωN,t

]
U2(t, 0)‖HS =

‖[eip·x̂, ωN,t

]‖HS, we find:

∥∥[eip·x̂, ωN,t

]∥∥
HS

≤ ∥∥[eip·x̂, ωN,0

]∥∥
HS

+ 2|p|
∫ t

0

ds
∥∥[ε∇, ωN,s

]∥∥
HS

+
1
ε

∫ t

0

ds
∥∥[ωN,s,

[
Xs, e

ip·x̂]]∥∥
HS

+
1
ε

∫ t

0

ds
∥∥[eip·x̂,Πsα

∗
N,s − αN,sΠ∗

s

]∥∥
HS

. (4.44)

Next, it is useful to rewrite the direct term V ∗ ρs, the exchange term Xs and
the term Πs as, for x̂ = (x̂, σ̂), acting as (x̂f)(x, σ) = (x, σ)f(x, σ):

(V ∗ ρs)(x̂) =
1
N

∫
dq V̂ (q)ρ̂s(q, σ̂)eiq·x̂

Xs =
1
N

∫
dq V̂ (q)eiq·x̂ωN,se

−iq·x̂

Πs =
1
N

∫
dq V̂ (q)eiq·x̂αN,se

−iq·x̂,

(4.45)

where ρ̂s(q, σ) =
∫

dx eiq·xωN,s(x, σ;x, σ). Using these representations, and
recalling that ‖ωN,s‖ ≤ 1, ‖αN,s‖ ≤ 1 (as a consequence of (2.25) and of
unitarity of the HFB dynamics), one can bound the third and the fourth
terms in the right-hand side of Eq. (4.44) as:

∥∥[ωN,s,
[
Xs, e

ip·x̂]]∥∥
HS

≤ 2
N

∫
dq |V̂ (q)|∥∥[eip·x̂, ωN,s

]∥∥
HS

≤ C

N

∥∥[eip·x̂, ωN,s

]∥∥
HS

∥∥[eip·x̂,Πsα
∗
N,s − αN,sΠ∗

s

]∥∥
HS

≤ 4
N

∫
dq |V̂ (q)|∥∥αN,s

∥∥
HS

≤ C

N

∥∥αN,s

∥∥
HS

, (4.46)
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where we used the assumptions (3.4) on the potential. Therefore, plugging
these bounds in (4.44) we obtain:

∥∥[eip·x̂, ωN,t

]∥∥
HS

≤ ∥∥[eip·x̂, ωN,0

]∥∥
HS

+ C

∫ t

0

ds
(
|p|∥∥[ε∇, ωN,s

]∥∥
HS

+
1

Nε

∥∥[eip·x̂, ωN,s

]∥∥
HS

+
1

Nε
‖αN,s‖HS

)
. (4.47)

Consider now the commutator with the gradient in Eq. (4.47). We compute:

iε
d

dt

[
ε∇, ωN,t

]
=

[
ε∇,

[
hHF(t), ωN,t

]
+ Πtα

∗
N,t − αN,tΠ∗

t

]

=
[
hHF(t),

[
ε∇, ωN,t

]]
+

[
ωN,t,

[
hHF(t), ε∇]]

+
[
ε∇,Πtα

∗
N,t − αN,tΠ∗

t

]

=
[
hHF(t),

[
ε∇, ωN,t

]]
+

[
ωN,t,

[
V ∗ ρt, ε∇

]] − [
ωN,t,

[
Xt, ε∇

]]

+
[
ε∇,Πtα

∗
N,t − αN,tΠ∗

t

]
. (4.48)

In order to get rid of the first term, we conjugate the commutator with the
unitary group U3(t; s), generated by the differential equation:

iε∂tU3(t, s) = hHF(t)U3(t, s), U3(s; s) = 1. (4.49)

Then:

iε
d

dt

(
U∗

3 (t, 0)
[
ε∇, ωN,t

]
U3(t, 0)

)

= U∗
3 (t, 0)

([
ωN,t,

[
V ∗ ρt, ε∇

]] − [
ωN,t,

[
Xt, ε∇

]]

+
[
ε∇,Πtα

∗
N,t − αN,tΠ∗

t

])
U3(t, 0). (4.50)

Integrating in time, and using the invariance of the Hilbert-Schmidt norm
under unitary conjugations, we obtain:
∥∥[ε∇, ωN,t

]∥∥
HS

≤ ∥∥[ε∇, ωN

]∥∥
HS

+
1
ε

∫ t

0

ds
∥∥[ωN,s,

[
V ∗ ρs, ε∇

]]∥∥
HS

+
1
ε

∫ t

0

ds
∥∥[ωN,s,

[
Xs, ε∇

]]∥∥
HS

+
1
ε

∫ t

0

ds
∥∥[ε∇,Πsα

∗
N,s − αN,sΠ∗

s

]∥∥
HS

.

(4.51)

Consider the second term in Eq. (4.51). We have:
∥∥[ωN,s,

[
V ∗ ρs, ε∇

]]∥∥
HS

= ε
∥∥[ωN,s, ∇(V ∗ ρs)

]∥∥
HS

≤ ε
∑

σ

∫
dp |V̂ (p)||ρ̂s(p, σ)||p|∥∥[eip·x̂, ωN,s

]∥∥
HS

≤ ε

(∫
dq |V̂ (q)|(1 + |q|)2

)
sup

p

1

1 + |p|
∥∥[eip·x̂, ωN,s

]∥∥
HS

,

(4.52)
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where we used Eq. (4.45) and

|ρ̂s(p, σ)| ≤ 1
N

∑

σ

∫
dx ωN,t(x, σ;x, σ) = 1. (4.53)

Consider now the third term in Eq. (4.51). We have, thanks to the represen-
tation (4.45):

∥∥[ωN,s,
[
Xs, ε∇

]]∥∥
HS

≤ 1
N

∫
dq |V̂ (q)|∥∥[ωN,s,

[
eiq·x̂ωN,se

−iq·x̂, ε∇]]∥∥
HS

≤ 2
N

∫
dq |V̂ (q)|∥∥eiq·x̂[ωN,s, ε∇

]
e−iq·x̂∥∥

HS

≤ 2
N

∫
dq |V̂ (q)|∥∥[ε∇, ωN,s

]∥∥
HS

, (4.54)

where we used that e−iqx̂∇eiq·x̂ = ∇ + iq in the second line. Next, consider
the last term in Eq. (4.51). In order to estimate it, we shall use the following
identity:

[
ε∇, eiq·x̂αN,se

−iq·x̂α∗
N,s

] − [
ε∇, αN,se

iq·x̂α∗
N,se

−iq·x̂]

= eiq·x̂αN,se
−iq·x̂[ε∇, α∗

N,s

]
+

[
ε∇, eiq·x̂αN,se

−iq·x̂]α∗
N,s

− αN,s

[
ε∇, eiq·x̂α∗

N,se
−iq·x̂] − [

ε∇, αN,s

]
eiq·x̂α∗

N,se
−iq·x̂

= eiq·x̂αN,se
−iq·x̂[ε∇, α∗

N,s

]
+ eiq·x̂[ε∇, αN,s

]
e−iq·x̂α∗

N,s

− αN,se
iq·x̂[ε∇, α∗

N,s

]
e−iq·x̂ − [

ε∇, αN,s

]
eiq·x̂α∗

N,se
−iq·x̂.

(4.55)

Plugging this identity into the expression for the last term in Eq. (4.51), we
get:

∥∥[ε∇,Πsα
∗
N,s − αN,sΠ∗

s

]∥∥
HS

≤ 4
N

∫
dq |V̂ (q)|∥∥[ε∇, αN,s

]∥∥
HS

. (4.56)

Using the bounds (4.52), (4.54), (4.56) to estimate the right-hand side of (4.51),
we find:

∥∥[ε∇, ωN,t

]∥∥
HS

≤ ∥∥[ε∇, ωN

]∥∥
HS

+ C

∫ t

0

ds

(
sup

p

1
1 + |p|

∥∥[eip·x̂, ωN,s

]∥∥
HS

+
1

Nε

∥∥[ε∇, ωN,s

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,s

]∥∥
HS

)
. (4.57)

In order to close the Gronwall argument, we need to estimate the time deriv-
ative of the commutator of αN,s with the gradient. We compute:

iε
d

dt

[
ε∇, αN,t

]
=

[
ε∇, hHF(t)αN,t + αN,thHF(t) + Πt(1 − ωN,t) − ωN,tΠt

]

= hHF(t)
[
ε∇, αN,t

]
+

[
ε∇, hHF(t)

]
αN,t

+ αN,t

[
ε∇, hHF(t)

]
+

[
ε∇, αN,t

]
hHF(t)

+ Πt

[
ε∇, 1 − ωN,t

]
+

[
ε∇,Πt

]
(1 − ωN,t)



Dynamics of Mean-Field Fermi Systems

− ωN,t

[
ε∇,Πt

] − [
ε∇, ωN,t

]
Πt. (4.58)

The first and the fourth term can be reabsorbed thanks to a unitary con-
jugation of the commutator with U3(t; 0), recall the definition (4.49). Notice
that this time the relative sign between these terms is plus, and that the
fourth term comes with a complex conjugate. For this reason, we shall con-
sider U∗

3 (t; 0)
[
ε∇, αN,t

]
U3(t; 0), with U3(t; 0) := CU3(t; 0)C and C the complex

conjugation operator. We then have:

iε
d

dt

(
U∗

3 (t; 0)
[
ε∇, αN,t

]
U3(t; 0)

)

= U∗
3 (t; 0)

(
− hHF(t)

[
ε∇, αN,t

] − [
ε∇, αN,t

]
hHF(t)

+ iε
d

dt

[
ε∇, αN,t

])
U3(t; 0), (4.59)

and the first two terms cancel the first and the fourth term in Eq. (4.58). Thus,
integrating in time and using the invariance of the trace norm under unitary
conjugation, we get:

∥∥[ε∇, αN,t

]∥∥
HS

≤ ∥∥[ε∇, αN

]∥∥
HS

+
1

ε

∫ t

0

ds
∥∥[ε∇, hHF(s)

]
αN,s

∥∥
HS

+
1

ε

∫ t

0

ds
∥∥αN,s

[
ε∇, hHF(s)

]∥∥
HS

+
2

Nε

∫
dq |V̂ (q)|

∫ t

0

ds
(∥∥[ε∇, ωN,s

]∥∥
HS

+
∥∥[ε∇, αN,s

]∥∥
HS

)
.

(4.60)

Consider the second term. We have:
∥∥[ε∇, hHF(s)

]
αN,s

∥∥
HS

≤ ∥∥(ε∇ρs ∗ V )αN,s

∥∥
HS

+
∥∥[ε∇,Xs

]
αN,s

∥∥
HS

;

(4.61)

the first term is bounded as, setting ρ̂s(p) =
∑

σ ρ̂s(p, σ):
∥∥(ε∇ρs ∗ V )αN,s

∥∥
HS

≤ ‖(ερs ∗ ∇V )‖∞
∥∥αN,s

∥∥
HS

≤ ε

∫
dp |ρ̂s(p)||V̂ (p)|∥∥αN,s

∥∥
HS

≤ Cε
∥∥αN,s

∥∥
HS

, (4.62)

while the second term is bounded as:
∥∥[ε∇,Xs

]
αN,s

∥∥
HS

≤ 1
N

∫
dq |V̂ (q)|∥∥[ε∇, eiq·x̂ωN,se

−iq·x̂]αN,s

∥∥
HS

≤ 1
N

∫
dq |V̂ (q)|∥∥eiq·x̂[ε∇, ωN,s

]
e−iq·x̂∥∥

HS

≤ 1
N

∫
dq |V̂ (q)|∥∥[ε∇, ωN,s

]∥∥
HS

, (4.63)
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where in the second step we used that ‖αN,s‖ ≤ 1. Therefore, plugging the
bounds (4.62), (4.63) in the right-hand side of (4.61):

∥∥[ε∇, hHF(s)
]
αN,s

∥∥
HS

≤ Cε
∥∥αN,s

∥∥
HS

+
C

N

∥∥[ε∇, ωN,s

]∥∥
HS

, (4.64)

and the same estimate holds true for the third term in Eq. (4.60). Thus,
∥∥[ε∇, αN,t

]∥∥
HS

≤ ∥∥[ε∇, αN

]∥∥
HS

+ C

∫ t

0

ds
(∥∥αN,s

∥∥
HS

+
C

Nε

∥∥[ε∇, ωN,s

]∥∥
HS

+
C

Nε

∥∥[ε∇, αN,s

]∥∥
HS

)
. (4.65)

Putting together Eqs. (4.47), (4.57), (4.65), we have:

sup
1

1 + |p|
∥∥[eip·x̂, ωN,t

]∥∥
HS

+
∥∥[ε∇, ωN,t

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,t

]∥∥
HS

≤ sup
1

1 + |p|
∥∥[eip·x̂, ωN

]∥∥
HS

+
∥∥[ε∇, ωN

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN

]∥∥
HS

+ C

∫ t

0

ds
( 1

Nε

∥∥αN,s

∥∥
HS

+
∥∥[ε∇, ωN,s

]∥∥
HS

+ sup
1

1 + |p|
∥∥[eip·x̂, ωN,s

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,s

]∥∥
HS

)
. (4.66)

To conclude, let us consider ‖αN,t‖HS. We have:

iε
d

dt
U∗

3 (t; 0)αN,tU3(t; 0) = U∗
3 (t; 0)

(
Πt(1 − ωN,t) − ωN,tΠt

)
U3(t; 0).

(4.67)

Using the invariance of the norm under unitary conjugation:

‖αN,t‖HS ≤ ‖αN‖HS +
1
ε

∫ t

0

ds
(∥∥Πt(1 − ωN,t)

∥∥
HS

+
∥∥ωN,tΠt

∥∥
HS

)

≤ ‖αN‖HS +
2
ε

∫ t

0

ds ‖Πs‖HS. (4.68)

From the representation (4.45), we get:

‖Πs‖HS =
∥∥∥

1
N

∫
dp V̂ (p)eip·x̂αN,se

−ip·x̂
∥∥∥

HS

≤ 1
N

∫
dp |V̂ (p)|‖αN,s‖HS

≤ C

N
‖αN,s‖HS. (4.69)

Plugging this estimate in (4.68), we get:

‖αN,t‖HS ≤ ‖αN‖HS +
C

Nε

∫ t

0

ds ‖αN,s‖HS; (4.70)
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by Gronwall’s lemma,

‖αN,t‖HS ≤ e
Ct
Nε ‖αN‖HS, (4.71)

which proves the last inequality in (4.33). Coming back to (4.66), we obtained:

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN,t

]∥∥
HS

+
∥∥[ε∇, ωN,t

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,t

]∥∥
HS

≤ sup
p

1
1 + |p|

∥∥[eip·x̂, ωN

]∥∥
HS

+
∥∥[ε∇, ωN

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN

]∥∥
HS

+ |t|e Ct
Nε

1
Nε

‖αN‖HS

+ C

∫ t

0

ds
(∥∥[ε∇, ωN,s

]∥∥
HS

+ sup
p

1
1 + |p|

∥∥[eip·x̂, ωN,s

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,s

]∥∥
HS

)
. (4.72)

By Gronwall’s lemma:

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN,t

]∥∥
HS

+
∥∥[ε∇, ωN,t

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN,t

]∥∥
HS

≤
(

sup
p

1
1 + |p|

∥∥[eip·x̂, ωN

]∥∥
HS

+
∥∥[ε∇, ωN

]∥∥
HS

+
1

Nε

∥∥[ε∇, αN

]∥∥
HS

+ |t|e Ct
Nε

1
Nε

‖αN‖HS

)
eC|t|, (4.73)

which proves (4.32). This concludes the proof of Proposition 4.3. �

4.3. The Auxiliary Dynamics

In this section we shall introduce a new dynamics, called the auxiliary dy-
namics and denoted by ŨN (t; s), on which we will be able to control powers
of the number operator via a Gronwall-type inequality. Later, we will prove
that UN (t; s) and ŨN (t; s) are close, in a strong sense. In order to define the
auxiliary dynamics, let us denote by LN (t) the generator of the fluctuation
dynamics UN (t; s):

iε∂tUN (t; s) = LN (t)UN (t; s), UN (s; s) = 1. (4.74)

The generator LN (t) could be explicitly computed (proceeding as in [6]), but
this will not be needed in the present setting. Let us define the self-adjoint
operator:

L̃N (t) := LN (t) − 2
N

Re
∫

dxdy V (x − y)
(
a∗(ut,x)a(vt,y)a(ut,y)a(ut,x)

+ a∗(ut,y)a∗(vt,y)a∗(vt,x)a(vt,x)
)
. (4.75)

We define the auxiliary dynamics as the solution of the following differential
equation:

iε∂tŨN (t; s) = L̃N (t)ŨN (t; s), ŨN (s; s) = 1. (4.76)
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Comparing with Eq. (4.2), we have:

iε
d

dt

〈
ŨN (t; 0)ξ, (N + 1)kŨN (t; 0))ξ

〉
= − 4i

N

k∑

j=1

Im

∫
dxdy V (x − y)

×
〈
ŨN (t; 0)ξ, (N + 1)j−1a(vt,x)a(vt,y)a(ut,y)a(ut,x)(N + 1)k−jŨN (t; 0)ξ

〉
.

(4.77)

The next proposition allows to bound all powers of the number operator on
the auxiliary dynamics.

Proposition 4.5 (Bound on the growth of fluctuations on the auxiliary dynam-
ics). Under the same assumptions as Theorem 3.3, the following is true. There
exists constants C, c > 0 independent of N such that, for all k ∈ N, t ∈ R,
ξ ∈ F :

〈ŨN (t; 0)ξ, (N + 1)kŨN (t; 0)ξ〉 ≤ C(exp(k exp(c|t|)))〈ξ, (N + 1)kξ〉.
(4.78)

Proof Let us define:

Ik,j :=
1

N

∫
dxdy V (x − y)

×
〈
ŨN (t; 0)ξ, (N + 1)j−1a(vt,x)a(vt,y)a(ut,y)a(ut,x)(N + 1)k−jŨN (t; 0)ξ

〉
.

(4.79)

It is convenient to introduce the notation:

Bt,p :=
∫

dy e−ip·ya(vt,y)a(ut,y)

=
∫

dr1dr2 ar1ar2

(
vte

−ip·x̂u∗
t

)
(r1; r2). (4.80)

The operator vte
−ip·x̂u∗

t can be conveniently expressed in terms of ωN,t and
αN,t via the following key rewriting:

vte
−ip·x̂u∗

t = vt[ωt, e
−ip·x̂]u∗

t + utα
∗
t e

−ip·x̂u∗
t − vte

−ip·x̂αtv
T
t ; (4.81)

this identity can be checked opening the commutator in the right-hand side,
and using the properties (4.12), (4.13). In particular, using that ‖ut‖ ≤ 1,
‖vt‖ ≤ 1, we obtain the following estimate:

∥∥vte
−ip·x̂u∗

t

∥∥
HS

≤ ∥∥[ωt, e
−ip·x̂]

∥∥
HS

+ 2‖αt‖HS

≤ Cec|t|N1/3(1 + |p|), (4.82)

where the last step follows from Proposition 4.3, combined with Assumption
3.1. Thus, by Lemma 2.1 we have:

‖Bt,pξ‖ ≤ Cec|t|N1/3(1 + |p|)‖N 1/2ξ‖
‖B∗

t,pξ‖ ≤ Cec|t|N1/3(1 + |p|)‖(N + 1)1/2ξ‖ ∀ξ ∈ F . (4.83)
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Let us estimate Ik,j in Eq. (4.79). Inserting 1 = (N+5)k/2+1−j(N+5)−k/2−1+j ,
and using the Cauchy-Schwarz inequality together with the fact that [Bt,p,N ] =
2Bt,p, we get:

|Ik,j | ≤ 1
N

∫
dp |V̂ (p)|

∥∥∥(N + 5)k/2+1−j(N + 1)j−1ŨN (t; 0)ξ
∥∥∥

×
∥∥∥(N + 5)−k/2−1+jBt,pBt,−p(N + 1)k−jŨN (t; 0)ξ

∥∥∥

≤ C

N

∫
dp |V̂ (p)|

∥∥∥(N + 1)k/2ŨN (t; 0)ξ
∥∥∥
∥∥∥Bt,pBt,−p(N + 1)k/2−1ŨN (t; 0)ξ

∥∥∥.

(4.84)

Using twice the estimate (4.83), we have:
∥∥∥Bt,pBt,−p(N + 1)k/2−1ŨN (t; 0)ξ

∥∥∥

≤ Cec|t|Nε(1 + |p|)2
∥∥∥(N + 1)k/2ŨN (t; 0)ξ

∥∥∥, (4.85)

where in the last step we used the bound (4.82). Thus, we obtained:

|Ik,j | ≤ Cec|t|ε
∫

dp |V̂ (p)|(1 + |p|)2〈ŨN (t; 0)ξ, (N + 1)kŨN (t; 0)ξ〉

≤ Kec|t|ε〈ŨN (t; 0)ξ, (N + 1)kŨN (t; 0)ξ〉. (4.86)

In conclusion, thanks to the identity (4.77):
∣∣∣iε

d

dt

〈ŨN (t; 0)ξ, (N + 1)kŨN (t; 0)ξ
〉∣∣∣

≤ Ckec|t|ε〈ŨN (t; 0)ξ, (N + 1)kŨN (t; 0)ξ〉. (4.87)

The final claim, Eq. (4.78), follows from the application of Gronwall’s lemma.
�

We now prove that the fluctuation dynamics and the auxiliary dynamics
are close in norm.

Proposition 4.6 (Norm approximation for the fluctuation dynamics). Under
the same assumptions as Theorem 3.3, the following holds. For all ξ ∈ F and
for all times t ∈ R:

‖(UN (t; 0) − ŨN (t; 0))ξ‖ ≤ CN−1/3 exp(4 exp(c|t|))∥∥(N + 1)3/2ξ
∥∥. (4.88)

Proof The argument is similar to the proof of Proposition 4.5 in [6]. By uni-
tarity:

‖(UN (t; 0) − ŨN (t; 0))ξ‖ = ‖(1 − UN (t; 0)∗ŨN (t; 0))ξ‖, (4.89)

where:

1 − UN (t; 0)∗ŨN (t; 0)

= −
∫ t

0

ds ∂sUN (s; 0)∗ŨN (s; 0)

=
i

ε

∫ t

0

ds UN (s; 0)∗(−LN (s) + L̃N (s))ŨN (s; 0)
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= − 2i

εN

∫ t

0

ds UN (s; 0)∗
(
Re

∫
dxdy V (x − y)

(
a∗(us,x)a(vs,y)a(us,y)a(us,x)

+ a∗(us,y)a∗(vs,y)a∗(vs,x)a(vs,x)
))ŨN (s; 0), (4.90)

where the last step follows from Eq. (4.75). Plugging this identity in (4.89) we
obtain:

‖(UN (t; 0) − ŨN (t; 0))ξ‖

≤ 2
εN

∫ t

0

ds
∥∥∥
(
Re

∫
dxdy V (x − y)

(
a∗(us,x)a(vs,y)a(us,y)a(us,x)

+a∗(us,y)a∗(vs,y)a∗(vs,x)a(vs,x)
))ŨN (s; 0)ξ

∥∥∥. (4.91)

Consider the contribution due to the operator a∗(us,x)a(vs,y)a(us,y)a(us,x);
the other term is estimated in a similar way. We have:

I :=
1

εN

∫ t

0

ds
∥∥∥
∫

dxdy V (x − y)
(
a∗(us,x)a(vs,y)a(us,y)a(us,x)ŨN (s; 0)ξ

∥∥∥

≤ 1
εN

∫ t

0

ds

∫
dp |V̂ (p)|

∥∥∥dΓ(use
−ip·x̂u∗

s)Bs,pŨN (s; 0)ξ
∥∥∥, (4.92)

recall the notation (4.80). By Lemma 2.1, using that ‖use
−ip·x̂u∗

s‖ ≤ 1, we
obtain:

I ≤ 1
εN

∫ t

0

ds

∫
dp |V̂ (p)|

∥∥∥NBs,pŨN (s; 0)ξ
∥∥∥

≤ 1
εN

∫ t

0

ds

∫
dp |V̂ (p)|

∥∥∥Bs,pNŨN (s; 0)ξ
∥∥∥

≤ Cec|t|

N1/3

∫ t

0

ds ‖(N + 1)3/2ŨN (s; 0)ξ‖, (4.93)

where the last step follows from the bound (4.83). Thus, using Proposition 4.5
we find:

I ≤ Kec|t|

N1/3

∫ t

0

ds exp(3 exp(c|s|))‖(N + 1)3/2ξ‖

≤ K̃

N1/3
exp(4 exp(c|t|))‖(N + 1)3/2ξ‖. (4.94)

The other term contributing to the right-hand side of (4.91) can be estimated
in the same way. This concludes the proof of Proposition 4.6. �

4.4. Bound on the Growth of Fluctuations

We shall now use Proposition 4.5, 4.6, to estimate the growth of fluctuations
on the fluctuation dynamics UN (t; s). The next proposition is the main result
of Sect. 4.

Proposition 4.7 (Bounds for the growth of fluctuations). Under the same as-
sumptions as Theorem 3.3 the following holds true. For all k ∈ N there exists
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d(k) > 0 such that, for all ξ ∈ F , t ∈ R:

〈UN (t; 0)ξ, (N + 1)kUN (t; 0)ξ〉 ≤ exp(d(k) exp(c|t|))〈ξ, (N + 1)α(k)ξ〉,
(4.95)

with α(k) = (13/2)k for k even and α(k) = (13/2)k + 3/2 for k odd.

Proof Without loss of generality we suppose that k > 0, otherwise the state-
ment is trivial. The proof follows the argument of Sect. 4.3 of [6]. We claim
that for every k, n ∈ N there exists c(k) > 0 such that, for all ξ ∈ F :

〈UN (t; s)ξ, (N + 1)kUN (t; s)ξ〉
≤ N (k−(2/3)n)+e2(n+1)c|t| exp(2(n + 1)c(k) exp(c|t − s|))〈ξ, (N + 1)2k+3nξ〉,

(4.96)

with (·)+ the positive part. The claim (4.95) follows after choosing the smallest
n for which (k − (2/3)n)+ = 0, that is n = (3/2)k if k is even, or n =
(3/2)(k + 1/3) if k is odd.

We are left with proving (4.96). The proof is by induction. Without loss
of generality, we can suppose that k − (2/3)n ≥ −1/3. Let us check Eq. (4.96)
for n = 0. To begin, we claim that:

RtN kR∗
t ≤ Ck(N + N)k. (4.97)

Let us prove this inequality. We have, by Eq. (4.3):

RtN kR∗
t =

(
N − 2dΓ(ωN,t) + N +

∫
dxdy

(
a∗
xa∗

yαN,t(y,x) + axayαN,t(x,y)
) )k

≡
(
N + A0 + A2 + A−2 + N

)k
,

(4.98)

where A0 = −2dΓ(ωN,t), A2 =
∫

dxdya∗
xa∗

yαN,t(y,x) and A−2 = A∗
2. Observe

that:

NA0 = A0N , NA2 = A2(N + 2), NA−2 = A−2(N − 2). (4.99)

Also, thanks to Lemma 2.1:

‖Akϕ‖ ≤ BN1/2‖(N + 1)1/2ϕ‖, k = 0, 2,−2. (4.100)

Now, let us consider the terms proportional to N jN 	, with j + � ≤ k, in the
right-hand side of (4.98). Using (4.99), the general such term has the form:

N jAi1 · · · Aik−j−�
(N + c)	 (4.101)

for a suitable constant c. Recalling (4.99), we know that −2k ≤ c ≤ 2k. Then,
we estimate:

∣∣∣Nj〈ϕ, Ai1 · · · Aik−j−�
(N + c)�ϕ〉

∣∣∣

=
∣∣∣Nj

〈
(N + 4k)

k−j+�

2 ϕ, Ai1 · · · Aik−j−�
(N + 4k + c̃)−

k−j+�

2 (N + c)�ϕ
〉∣∣∣

≤ Nj
∥∥∥(N + 4k)

k−j+�

4 ϕ
∥∥∥
∥∥∥Ai1 · · · Aik−j−�

(N + 4k + c̃)−
k−j+�

4 (N + c)�ϕ
∥∥∥

≤ BkN
j+k−�

2

∥∥∥(N + 4k)
k−j+�

4 ϕ
∥∥∥
∥∥∥(N + 2k + 1)

k−j−�

2 (N + 2k)−
k−j+�

4 (N + 2k)�ϕ
∥∥∥

≤ B̃kN
j+k−�

2

∥∥∥(N + 4k)
k−j+�

4 ϕ
∥∥∥
2
. (4.102)
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In the first identity, we inserted 1 = (N + 4k)
k−j+�

2 (N + 4k)− k−j+�
2 before Ai1

and we moved the second operator after Aik−j−�
; in doing so, using (4.99) we

pick up an additive constant c̃, −2k ≤ c̃ ≤ 2k. Then, the second inequality
follows from repeated use of (4.100), and moving all the number operators to
the right. Therefore, we have:

〈Rtϕ,N kRtϕ〉 ≤ C̃k
∑

0≤j,	≤k

N
j+k−�

2 〈ϕ, (N + 4k)
k−j+�

2 ϕ〉

≤ Ck〈ϕ, (N + N + 4k)kϕ〉,
(4.103)

where we used that, for positive and commuting operators A,B, and for all
a, b ≥ 0, AaBb ≤ (A + B)a+b. Equation (4.103) implies (4.97) after a redefini-
tion of the overall constant.

Therefore,

〈UN (t; s)ξ, (N + 1)kUN (t; s)ξ〉 ≤ Ck〈Rsξ, (N + N)kRsξ〉
≤ C2k〈ξ, (N + 2N)kξ〉 (4.104)

where the first inequality follows from (4.97) and from the fact that the Hamil-
tonian commutes with the number operator, while the second is proved simi-
larly to (4.97). This establishes (4.96) for n = 0.

Suppose now that (4.96) holds for n ≥ 0, and let us prove it for n replaced
by n + 1, assuming that k − (2/3)(n + 1) ≥ −1/3. We start by writing:

〈UN (t; s)ξ, (N + 1)kUN (t; s)ξ〉
=

∥∥∥(N + 1)k/2UN (t; s)ξ
∥∥∥

2

≤
(∥∥∥(N + 1)k/2ŨN (t; s)ξ

∥∥∥ +
∥∥∥(N + 1)k/2

(
UN (t; s) − ŨN (t; s)

)
ξ
∥∥∥
)2

≤ 2〈ŨN (t; s)ξ, (N + 1)kŨN (t; s)ξ〉
+2〈(UN (t; s) − ŨN (t; s))ξ, (N + 1)k(UN (t; s) − ŨN (t; s))ξ〉

≡ I + II. (4.105)

The term I is estimated using Proposition 4.5:

|I| ≤ C(exp(k exp(c|t|)))〈ξ, (N + 1)kξ〉. (4.106)

To control the term II, we use that, setting ΔLN (t) = LN (t) − L̃N (t):

UN (t; s) − ŨN (t; s) =
1
iε

∫ t

s

ds′ UN (t; s′)ΔLN (s′)ŨN (s′; s). (4.107)

Plugging this identity in the expression for II, we have:

II =
2
ε2

∫ t

s

ds′
∫ t

s

ds′′〈UN (t; s′)ΔLN (s′)ŨN (s′; s)ξ,

(N + 1)kUN (t; s′′)ΔLN (s′′)ŨN (s′′; s)ξ〉, (4.108)

which we estimate as, by Cauchy-Schwarz inequality:

|II| ≤ 4|t − s|
ε2

∫ t

s

ds′〈UN (t; s′)ΔLN (s′)ŨN (s′; s)ξ,
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(N + 1)kUN (t; s′)ΔLN (s′)ŨN (s′; s)ξ〉. (4.109)

Now, by the inductive assumption (4.96), we have:

〈UN (t; s′)ΔLN (s′)ŨN (s′; s)ξ, (N + 1)kUN (t; s′)ΔLN (s′)ŨN (s′; s)ξ〉
≤ N (k−(2/3)n)+e2(n+1)c|t| exp(2(n + 1)c(k) exp(c|t − s′|))

× 〈ΔLN (s′)ŨN (s′; s)ξ, (N + 1)2k+3nΔLN (s′)ŨN (s′; s)ξ〉. (4.110)

In order to proceed, we rewrite the difference of the generators as ΔLN (s′) =
AN (s′) + A∗

N (s′), with

AN (s′) =
1
N

∫
dxdy V (x − y)

(
a∗(us′,x)a(vs′,y)a(us′,y)a(us′,x)

+ a∗(vs′,x)a(vs′,x)a(vs′,y)a(us′,y)
)
.

(4.111)

By the Cauchy-Schwarz inequality and using that NAN (s′) = AN (s′)(N − 2),
NA∗

N (s′) = A∗
N (s′)(N + 2):

〈ΔLN (s′)ŨN (s′; s)ξ, (N + 1)2k+3nΔLN (s′)ŨN (s′; s)ξ〉
≤ C

∥∥∥(N + 1)k+ 3n
2 AN (s′)ŨN (s′; s)ξ

∥∥∥
2

+ C
∥∥∥(N + 1)k+ 3n

2 A∗
N (s′)ŨN (s′; s)ξ

∥∥∥
2

≤ K
∥∥∥AN (s′)(N + 1)k+ 3n

2 ŨN (s′; s)ξ
∥∥∥

2

+ K
∥∥∥A∗

N (s′)(N + 1)k+ 3n
2 ŨN (s′; s)ξ

∥∥∥
2

. (4.112)

Both terms can be estimated as in the proof of Proposition 4.6. We find:

〈ΔLN (s′)ŨN (s′; s)ξ, (N + 1)2k+3nΔLN (s′)ŨN (s′; s)ξ〉

≤ Ce2c|s′|

N4/3

∥∥∥(N + 1)k+ 3(n+1)
2 ŨN (s′; s)ξ

∥∥∥
2

≤ Ce2c|s′|

N4/3
exp(c(k) exp(c|s′ − s|))

∥∥∥(N + 1)k+ 3(n+1)
2 ξ

∥∥∥
2

,

(4.113)

for a k-dependent constant c(k) (recall the condition k−(2/3)(n+1) ≥ −1/3).
The last step follows from the control of the growth of powers of the number
operator on the auxiliary dynamics, Proposition 4.5.

Plugging this estimate in (4.110), and recalling (4.109), we obtain:

|II| ≤ C|t − s|N (k−(2/3)n)+N−2/3e2(n+2)c|t| exp((2(n + 1) + 1)c(k) exp(c|t − s|))

×
∥∥∥(N + 1)k+ 3(n+1)

2 ξ
∥∥∥
2

≤ C|t − s|N (k−(2/3)(n+1))+e2(n+2)c|t| exp((2(n + 1) + 1)c(k) exp(c|t − s|))

×
∥∥∥(N + 1)k+ 3(n+1)

2 ξ
∥∥∥
2
. (4.114)

Putting together (4.106) and (4.114) we obtain, possibly for a larger c(k):

〈UN (t; s)ξ, (N + 1)kUN (t; s)ξ〉
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≤ N (k−(2/3)(n+1))+e2(n+2)c|t| exp(2(n + 2)c(k) exp(c|t − s|))
×
∥∥∥(N + 1)k+ 3(n+1)

2 ξ
∥∥∥

2

, (4.115)

which reproduces (4.96) with n replaced by n + 1. This concludes the proof of
Proposition 4.7. �

5. Proof of the Main Result

We are now ready to prove our main result, Theorem 3.3. We start by writing,
by unitarity of Rt, for j ≤ k:

〈ψt, a
�1
x1 · · · a�2j

x2j ψt〉 = 〈R∗
t ψt, R

∗
t a�1

x1Rt · · · R∗
t a

�2j
x2j RtR

∗
t ψt〉

= 〈UN (t; 0)ξ, (a�1(ut,x1) + a�1(vt,x1)
∗) · · · (a�2j (ut,x2j ) + a�2j (vt,x2j )

∗)UN (t; 0)ξ〉.
(5.1)

We then expand the products, and we put the result into normal order, using
the canonical anticommutation relations. We call “Wick contraction” any non-
trivial anticommutator appearing in this process. In doing this, we produce a
constant term, given by:

〈Ω, R∗
t a

�1
x1

Rt · · · R∗
t a

�2j
x2j RtΩ〉 (5.2)

which is equal to the first term in the right-hand side of (3.6). We are left
with estimating the remainder, E

�1,...,�2j

2j;t (x1, . . . ,x2j), which is associated to a
sum of normal-ordered monomials in the fermionic creation and annihilation
operators, each multiplying an integral kernel produced by � contractions, with
0 ≤ � ≤ j − 1. The general term contributing to the remainder is bounded as:

(
∏

n∈A

|αN,t(xn;xπ(n))|
)(

∏

r∈B

|ωN,t(xr;xπ(r))|
)

× ∣∣〈UN (t; 0)ξ, a�r1 (ηr1
xr1

) · · · a�r2j−2� (ηr2j−2�
xr2j−2�

)UN (t; 0)ξ〉∣∣, (5.3)

where: A,B are disjoint subsets of (1, 2, . . . , 2j) such that |A| + |B| = �; π is a
permutation of (1, . . . , 2j) such that

A ∩ π(A) = B ∩ π(B) = A ∩ π(B) = B ∩ π(A) = ∅; (5.4)

the labels r1, . . . , r2j−2	 are the labels of the operators that are not touched
by the pairings, that is:

(A ∪ π(A) ∪ B ∪ π(B)) ∪ (r1, . . . , r2j−2	) = (1, 2, . . . , 2j)

(A ∪ π(A) ∪ B ∪ π(B)) ∩ (r1, . . . , r2j−2	) = ∅;
(5.5)

the operators ηri are such that ‖ηri‖ ≤ 1 (they are either ut or vt). Let us now
estimate the Hilbert-Schmidt norm of the generic contribution. We have:
∫

dx1 . . . dx2j

( ∏

n∈A

|αN,t(xn;xπ(n))|2
)( ∏

r∈B

|ωN,t(xr;xπ(r))|2
)

× ∣∣〈UN (t; 0)ξ, a�r1 (ηr1
xr1

) · · · a�r2j−2� (ηr2j−2�
xr2j−2�

)UN (t; 0)ξ〉∣∣2
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= ‖αN,t‖2|A|
HS ‖ωN,t‖2|B|

HS

×
∫

dz1 . . . dz2j−2	

∣∣〈UN (t; 0)ξ, a�r1 (ηr1
z1

) · · · a�r2j−2� (ηr2j−2�
z2j−2�)UN (t; 0)ξ〉∣∣2.

(5.6)

Let us denote by m the number of creation operators in the scalar product,
0 ≤ m ≤ 2j − 2�. Being the monomial normal ordered, we easily get:

∫
dz1 . . . dz2j−2	

∣∣〈UN (t; 0)ξ, a�r1 (ηr1
z1

) · · · a�r2j−2� (ηr2j−2�
z2j−2�)UN (t; 0)ξ〉∣∣2

≤ ‖N m/2UN (t; 0)ξ‖2‖N j−	−m/2UN (t; 0)ξ‖2. (5.7)

The right-hand side of (5.7) can be bounded thanks to Proposition 4.7. We
get:

|(5.6)| ≤ ‖αN,t‖2|A|
HS ‖ωN,t‖2|B|

HS C2
2j exp(d(j) exp(c|t|)). (5.8)

Since ‖ωN,t‖2
HS ≤ N and ‖αN,t‖2

HS ≤ CN2/3, we obtain:

|(5.6)| ≤ N
2
3 |A|N |B|C2

2j exp(d(j) exp(c|t|)), (5.9)

and we recall that |A| + |B| = � ≤ j − 1. Let p be the absolute value of the
difference between the number of a’s and a∗’s in the left-hand side of (5.1). If
p = 0, it is possible to have |A| = 0 and |B| = j − 1. Using that the number of
terms contributing to E

�1,...,�2j

2j;t (x1, . . . ,x2j) is bounded by Cj(2j)!, we easily
get:

‖E
�1,...,�2j

2j,t ‖2
HS ≤ C(j)N j−1 exp(d(j) exp(c|t|)) if p = 0. (5.10)

Suppose now that p ≥ 2. Then, |B| ≤ j−p/2, and |A| ≤ (j−1)−|B|. Summing
over the allowed |A| and |B|, we obtain:

‖E
�1,...,�2j

2j,t ‖2
HS ≤ C(j)N j−2/3−p/6 exp(d(j) exp(c|t|)) if p ≥ 2. (5.11)

Putting together (5.10) and (5.11), the final claim (3.7) follows. This concludes
the proof of Theorem 3.3. �
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A. Check of Assumption 3.1 for Quasi-Free States of the Torus

Here, we shall check the validity of Assumption 3.1 for translation-invariant
fermionic states on the torus T

3 of side length 2π. We shall consider states
with Nσ particles with spin σ ∈ {↑, ↓}, N = N↑ + N↓. Let ωN , αN be the
one-particle density matrix and the pairing matrix of a pure quasi-free state.
Let ωN (x, σ; y, σ′), αN (x, σ; y, σ′) be the integral kernels of ωN , αN . For given
x, y, we also define:

ωN (x; y) =
(

ωN (x, ↑; y, ↑) ωN (x, ↑; y, ↓)
ωN (x, ↓; y, ↑) ωN (x, ↓; y, ↓)

)
,

αN (x; y) =
(

αN (x, ↑; y, ↑) αN (x, ↑; y, ↓)
αN (x, ↓; y, ↑) αN (x, ↓; y, ↓)

)
. (A.1)

Translation invariance means that:

ωN (x, σ; y, σ′) = ωN (x + a, σ; y + a, σ′) ∀a ∈ T
3. (A.2)

Therefore, the density is constant:

ρω(x, σ) := ωN (x, σ;x, σ) =
Nσ

(2π)3
, (A.3)

where the last identity follows from
∫
T3 dx ωN (x, σ;x, σ) = Nσ. We introduce

the Fourier symbol associated to ωN (x, σ; y, σ) as:

ω̂N (k, σ) =
∫

T3
dz eiz·kωN (z, σ; 0, σ), k ∈ Z

3. (A.4)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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It follows that 0 ≤ ω̂N (k, σ) ≤ 1 and that
∑

k∈Z3 ω̂N (k, σ) = Nσ. In terms of
this object, the kinetic energy can be written in momentum space as:

− tr ε2ΔωN =
∑

σ=↑,↓

∑

k∈Z3

ε2|k|2ω̂N (k, σ). (A.5)

A simple example of a translation-invariant state is the free Fermi gas:

ωFFG
N = 1(−ε2Δ ≤ μ), (A.6)

where μ has to be thought of as a diagonal matrix in spin space, (μf)(x, σ) =
μσf(x, σ). In this appendix we shall suppose that the Fermi ball is completely
filled:

Nσ =
∑

k:|k|≤kσ
F

1, (A.7)

for a suitable Fermi momentum kσ
F ∼ N

1/3
σ . Without loss of generality, we

shall suppose that (kσ
F )2 lies halfway between the highest |k|2 for k ∈ Bσ

F and
the smallest |k|2 for k /∈ Bσ

F :

dist(σ(−Δ), (kσ
F )2) =

1
2
. (A.8)

Given a general quasi-free state (ωN , αN ), its Hartree-Fock-Bogoliubov energy
is:

EHFB
N (ωN , αN ) = −tr ε2ΔωN +

1
2N

∫
dxdy V (x − y)ρω(x)ρω(y)

− 1
2N

∫
dxdy V (x − y)(|ωN (x;y)|2 − |αN (x;y)|2).

(A.9)

If the state is translation-invariant, the HFB functional can be written as:

EHFB
N (ωN , αN ) =

∑

σ

∑

k

ε2|k|2ω̂N (k, σ) +
N2V̂ (0)

2N

− 1
2N

∫
dxdy V (x − y)(|ωN (x;y)|2 − |αN (x;y)|2).

(A.10)

Notice that the direct energy is constant, for all translation-invariant states
with N particles. As in the rest of the paper, we shall assume that the state
is pure,

|α∗
N |2 = ωN (1 − ωN ). (A.11)

We shall be interested in the properties of quasi-free states which are energet-
ically close to the free Fermi gas.

Proposition A.1 (Bounds for αN ) Let V be bounded. Suppose that (ωN , αN ) is
a pure, quasi-free and translation-invariant state, and that:

EHFB
N (ωN , αN ) ≤ EHFB

N (ωFFG
N , 0) + CN1/3. (A.12)
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Then, there exists C > 0 such that:

‖αN‖2
HS ≤ CN2/3, ‖[ε∇, αN ]‖2

HS ≤ CN2/3. (A.13)

Remark A.2 Observe that the second bound in (A.13) is actually stronger than
the corresponding bound assumed in Eq. (3.3).

Proof Let us start by proving the first of (A.13). By translation invariance and
boundedness of the potential:

EHFB
N (ωN , αN ) ≥

∑

k,σ

ε2|k|2ω̂N (k, σ) +
NV̂ (0)

2
− C‖V ‖∞. (A.14)

The last term is a lower bound of the last line in (A.10). Consider the kinetic
energy. We rewrite it as:

∑

k,σ

ε2|k|2ω̂N (k, σ) =
∑

k,σ

ε2|k|2ω̂FFG
N (k, σ)

+
∑

k,σ

ε2|k|2(ω̂N (k, σ) − ω̂FFG
N (k, σ)), (A.15)

where ω̂FFG
N (k, σ) = χ(k ∈ Bσ

F ) with Bσ
F the Fermi ball of an Nσ-particle state.

Since both states have the same number of particles with given spin,

∑

k,σ

ε2|k|2ω̂N (k, σ) =
∑

k,σ

ε2|k|2ω̂FFG
N (k, σ)

+
∑

k,σ

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)).

(A.16)

Consider the last term in the right-hand side of Eq. (A.16). We rewrite it as:

∑

k,σ

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)) =

∑

σ,k∈Bσ
F

(ε2|k|2 − μσ)(ω̂N (k, σ) − 1)

+
∑

σ,k/∈Bσ
F

(ε2|k|2 − μσ)ω̂N (k, σ)

=
∑

σ,k∈Bσ
F

|ε2|k|2 − μσ|(1 − ω̂N (k, σ))

+
∑

σ,k/∈Bσ
F

|ε2|k|2 − μσ|ω̂N (k, σ).

(A.17)
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We bound below the right-hand side of (A.17) as:
∑

k,σ

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ))

≥
∑

σ,k∈Bσ
F

kσ
F −|k|≥C

|ε2|k|2 − μσ|(1 − ω̂N (k, σ))

+
∑

σ,k/∈Bσ
F

|k|−kσ
F ≥C

|ε2|k|2 − μσ|ω̂N (k, σ)

≥ Cε
∑

σ,k∈Bσ
F

kσ
F −|k|≥C

(1 − ω̂N (k, σ)) + Cε
∑

σ,k/∈Bσ
F

|k|−kσ
F ≥C

ω̂N (k, σ). (A.18)

Since:
∑

σ,k∈Bσ
F

kσ
F −|k|≥C

(1 − ω̂N (k, σ)) ≥
∑

σ,k∈Bσ
F

(1 − ω̂N (k, σ)) − CN2/3

= trωFFG
N (1 − ωN ) − CN2/3

∑

σ,k/∈Bσ
F

|k|−kσ
F ≥C

ω̂N (k, σ) ≥
∑

σ,k/∈Bσ
F

ω̂N (k, σ) − CN2/3

= tr (1 − ωFFG
N )ωN − CN2/3, (A.19)

we obtain the lower bound:
∑

k,σ

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)) ≥ Cεtr (1 − ωFFG

N )ωN − CN1/3.

(A.20)

Coming back to (A.14), we have:

EHFB
N (ωN , αN ) ≥

∑

k,σ

ε2|k|2ω̂FFG
N (k, σ) +

NV̂ (0)

2
+ Cεtr (1 − ωFFG

N )ωN − CN1/3

≥ EHFB
N (ωFFG

N , 0) + Cεtr (1 − ωFFG
N )ωN − CN1/3, (A.21)

where in the last step we used that the sum of the first two terms in the
right-hand side of the first line in (A.21) reproduces the Hartree energy of the
free Fermi gas, and we added and subtracted the exchange energy of the free
Fermi gas, which is bounded by a constant. Hence, assumption (A.12) and Eq.
(A.21) immediately imply the estimate:

tr (1 − ωFFG
N )ωN ≤ CN2/3. (A.22)

To conclude, we observe that:

‖αN‖2
HS = trωN (1 − ωN )

= trωFFG
N ωN (1 − ωN )ωFFG

N + tr (1 − ωFFG
N )ωN (1 − ωN )(1 − ωFFG

N )

≤ 2tr ωFFG
N (1 − ωN ); (A.23)
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combined with (A.22), this gives the first estimate in (A.13). Let us now prove
the second estimate in (A.13). We have:

‖[αN , ε∇]‖2
HS = tr[α∗

N , ε∇][αN , ε∇]

= tr(α∗
Nε∇ − ε∇α∗

N )(αNε∇ − ε∇αN )

= −2tr ε2Δ|α∗
N |2 + 2tr α∗

Nε∇αNε∇
≤ −4tr ε2Δ|α∗

N |2,

(A.24)

where the last step follows from Cauchy-Schwarz inequality for traces. Thus,
by Eq. (A.11):

‖[αN , ε∇]‖2
HS ≤ −4tr ε2ΔωN (1 − ωN ). (A.25)

The right-hand side of (A.25) can be bounded proceeding as for the first esti-
mate in (A.13). Consider the difference of the kinetic energies of ωN and ωFFG

N .
Proceeding as in (A.17):
∑

k,σ

ε2|k|2(ω̂N (k, σ) − ω̂FFG
N (k, σ)) =

∑

σ,k∈Bσ
F

|ε2|k|2 − μσ|(1 − ω̂N (k, σ))

+
∑

σ,k/∈Bσ
F

|ε2|k|2 − μσ|ω̂N (k, σ)

=
∑

σ,k

|ε2|k|2 − μσ|ω̂FFG
N (k, σ)(1 − ω̂N (k, σ))

+
∑

σ,k

|ε2|k|2 − μσ|(1 − ω̂FFG
N (k, σ))ω̂N (k, σ),

(A.26)

which we bound below by dropping the absolute values:
∑

k,σ

ε2|k|2(ω̂N (k, σ) − ω̂FFG
N (k, σ))

≥
∑

σ,k

ε2|k|2
(
ω̂FFG

N (k, σ)(1 − ω̂N (k, σ)) + (1 − ω̂FFG
N (k, σ))ω̂N (k, σ)

)

−2
∑

k,σ

μσ(1 − ω̂FFG
N (k, σ))ω̂N (k, σ). (A.27)

Next, we use that, similarly to (A.23):

− tr ε2ΔωN (1 − ωN ) = tr (iε∇)ωN (1 − ωN )(iε∇)∗

= tr (iε∇)ωFFG
N ωN (1 − ωN )ωFFG

N (iε∇)∗

+tr (iε∇)(1 − ωFFG
N )ωN (1 − ωN )(1 − ωFFG

N )(iε∇)∗

≤ tr (iε∇)ωFFG
N (1 − ωN )ωFFG

N (iε∇)∗

+tr (iε∇)(1 − ωFFG
N )ωN (1 − ωFFG

N )(iε∇)∗, (A.28)

where we used that [ωFFG
N , ε∇] = 0. Thus, we obtained:

− tr ε2ΔωN (1 − ωN ) ≤ −tr ε2Δ
(
ωFFG

N (1 − ωN ) + (1 − ωFFG
N )ωN

)
,

(A.29)
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where the right-hand side of (A.29) is what appears in the right-hand side of
(A.27). Hence, plugging this bound in (A.27), we get:

∑

k,σ

ε2|k|2(ω̂N (k, σ) − ω̂FFG
N (k, σ)) ≥ −tr ε2ΔωN (1 − ωN ) − 2tr μ(1 − ωFFG

N )ωN

≥ −tr ε2ΔωN (1 − ωN ) − CN2/3, (A.30)

where in the last step we used (A.22). Proceeding as in (A.20), (A.21), the
bound (A.30) implies:

EHFB
N (ωN , αN ) ≥ EHFB

N (ωFFG
N , 0) − tr ε2ΔωN (1 − ωN ) − CN2/3; (A.31)

combined with assumption (A.12), we obtain:

− tr ε2ΔωN (1 − ωN ) ≤ KN2/3. (A.32)

Recalling (A.25), the second bound in (A.13) follows. This concludes the proof
of Proposition A.1. �

The next proposition establishes the validity of the commutator estimates
for ωN in (3.3), in Hilbert-Schmidt norm, for translation-invariant states en-
ergetically close to the free Fermi gas. Notice that for a translation-invariant
state the second estimate in (3.3) is trivially true. The next proposition proves
the first estimate in (3.3).

Proposition A.3 (Bounds for ωN ). Let V be bounded. Suppose that (ωN , αN )
is a pure, quasi-free and translation-invariant state, and that:

EHFB
N (ωN , αN ) ≤ EHFB

N (ωFFG
N , 0) + CN1/3. (A.33)

Then, there exists C > 0 such that:

sup
p∈Z3

1
1 + |p| ‖[ωN , eip·x̂]‖2

HS ≤ CNε. (A.34)

Proof We start by observing:

tr |[eip·x̂, ωN ]|2 = tr(ω2
N + eip·x̂ω2

Ne−ip·x̂ − eip·x̂ωNe−ip·x̂ωN − ωNeip·x̂ωNe−ip·x̂)

≤ 2tr ωN (1 − eip·x̂ωNe−ip·x̂), (A.35)

where we used that 0 ≤ ωN ≤ 1, and the cyclicity of the trace. We will use
the energetic constraint (A.33) to show that:

trωN (1 − eip·x̂ωNe−ip·x̂) ≤ CNε(1 + |p|), (A.36)

which combined with (A.35) gives the final claim (for p = 0, this has been
obtained in the proof of Proposition A.1).

Let us denote by ω̂N,p(k, σ) the Fourier symbol of (eip·x̂ωNe−ip·x̂)(x, σ; y, σ),
that is ω̂N,p(k, σ) = ω̂N (k − p, σ). Since |ε2|k|2 − μσ| = ε2(|k| − kσ

F )(|k| + kσ
F )

and 0 ≤ ω̂N,p(k) ≤ 1, we have, from Eq. (A.18):
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∑

k,σ

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ))

≥ Cε
∑

σ,k∈Bσ
F

kσ
F −|k|≥C

ω̂N,p(k, σ)(1 − ω̂N (k, σ))

+ Cε
∑

σ,k/∈BF

|k|−kσ
F ≥C

(1 − ω̂N,−p(k, σ))ω̂N (k, σ)

≥ Cε
∑

σ,k∈Bσ
F

ω̂N,p(k, σ)(1 − ω̂N (k, σ))

+ Cε
∑

σ,k/∈Bσ
F

(1 − ω̂N,−p(k, σ))ω̂N (k, σ) − CN1/3. (A.37)

This implies:
∑

σ,k

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)) + CN1/3

≥ Cεtr ωFFG
N eip·x̂ωNe−ip·x̂(1 − ωN )

+ Cεtr (1 − ωFFG
N )ωN (1 − e−ip·x̂ωNeip·x̂)

= Cεtr ωFFG
N eip·x̂ωNe−ip·x̂(1 − ωN )

+ Cεtr eip·x̂(1 − ωFFG
N )ωNe−ip·x̂(1 − ωN )

= Cεtr eip·x̂ωNe−ip·x̂(1 − ωN ) − Cεtr
[
eip·x̂, ωFFG

N

]
ωNe−ip·x̂(1 − ωN ).

(A.38)

Therefore, we obtain the following lower bound:
∑

σ,k

(ε2|k|2 − μσ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)) + CN1/3

≥ Cεtr eip·x̂ωNe−ip·x̂(1 − ωN ) − Cε
∥∥[eip·x̂, ωFFG

N

]∥∥
tr

. (A.39)

Using that the direct energy of (ωN , αN ) and of (ωFFG
N , 0) are equal, and

the fact that the exchange energy and the pairing energy are bounded by a
constant, Eq. (A.39) gives:

EHFB
N (ωN , αN ) + CN1/3 ≥ EHFB

N (ωFFG
N , 0) − C‖V ‖∞

+ Cεtr eip·x̂ωNe−ip·x̂(1 − ωN )

− Cε
∥∥[eip·x̂, ωFFG

N

]∥∥
tr

. (A.40)

Thus, by the assumption (A.33), we get:

tr eip·x̂ωNe−ip·x̂(1 − ωN ) ≤ ∥∥[eip·x̂, ωFFG
N

]∥∥
tr

+ CN2/3

≤ CN2/3(1 + ε|p|), (A.41)

where the last inequality follows from an explicit computation of the trace
norm, see e.g. [11]. Combining this estimate with (A.35), we immediately get:

tr |[eip·x̂, ωN ]|2 ≤ KN2/3(1 + |p|), (A.42)
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which concludes the proof of (A.34). �

Remark A.4 We can construct examples of translation-invariant states
(ωN , αN ) with αN �= 0 satisfying the assumption (A.12) of Propositions A.1,
A.3, in the following way. For simplicity, suppose that N is even and N↑ =
N↓ = N/2. Let λ(k) be the restriction to Z

3 of an even, smooth, non-increasing
function 0 ≤ λ(k) ≤ 1, such that:

λ(k) = χ(k ∈ BF ) for ||k| − kF | > C (A.43)

and λ(k) smoothly interpolates between 1 and 0 for ||k| − kF | ≤ C. We shall
suppose that:

∑

k∈Z3

λ(k) =
N

2
. (A.44)

Then, we consider (ωN , αN ) such that (recall the representation (A.1)):

ωN =
(

ωN,↑↑ 0
0 ωN,↓↓

)
, αN =

(
0 αN,↑↓

αN,↓↑ 0

)
(A.45)

with (using the convention sign(↑) = +, sign(↓) = − and σ′ �= σ):

ωN,σσ =
∑

k∈Z3

λ(k)|fk〉〈fk|, αN,σσ′ = sign(σ)
∑

k∈Z3

√
λ(k)(1 − λ(k))|fk〉〈fk|.

(A.46)

We observe that 0 ≤ ωN ≤ 1, trωN = N , αT
N = −αN , and that:

(
ωN αN

α∗
N 1 − ωN

)2

=
(

ωN αN

α∗
N 1 − ωN

)
. (A.47)

Thus, (ωN , αN ) parametrizes a pure, quasi-free state, with nonzero pairing.
Let us estimate the HFB energy of such state. From (A.10), we have:

EHFB
N (ωN , αN ) ≤

∑

σ

∑

k

ε2|k|2ω̂N (k, σ) +
NV̂ (0)

2
+ C‖V ‖∞, (A.48)

where the last term is an upper bound for the exchange energy and for the
pairing energy. Next, we estimate:

∑

σ

∑

k

ε2|k|2ω̂N (k, σ) =
∑

σ

∑

k

ε2|k|2ω̂FFG
N (k, σ)

+
∑

σ

∑

k

ε2|k|2(ω̂N (k, σ) − ω̂FFG
N (k, σ))

=
∑

σ

∑

k

ε2|k|2ω̂FFG
N (k, σ)

+
∑

σ

∑

k

(ε2|k|2 − μ)(ω̂N (k, σ) − ω̂FFG
N (k, σ)),

(A.49)
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where in the last step we used that ωN and ωFFG
N have the same number of

particles with given spin. The first term in the right-hand side of (A.49) is the
kinetic energy of the free Fermi gas. The second term is bounded above as:

∑

σ

∑

k

(ε2|k|2 − μ)(ω̂N (k, σ) − ω̂FFG
N (k, σ))

= ε2
∑

σ

∑

k

(|k| + kF )(|k| − kF )(ω̂N (k, σ) − ω̂FFG
N (k, σ))

= ε2
∑

σ

∑

k:||k|−kF |≤C

(|k| + kF )(|k| − kF )(ω̂N (k, σ) − ω̂FFG
N (k, σ))

≤ Kε
∑

k:||k|−kF |≤C

1 ≤ K̃N1/3. (A.50)

Thus, recalling that the direct energy is the same for all translation-invariant
states with equal number of particles with a given spin, Eqs. (A.48), (A.50)
imply the bound

EHFB
N (ωN , αN ) ≤ EHFB

N (ωFFG
N , 0) + K̃N1/3 + 2‖V ‖∞, (A.51)

where the factor 2 takes into account the bound for the exchange energy of
the free Fermi gas. This concludes the check of (A.12).

Finally, we conclude the section by showing that the only translation-
invariant ground state of the HFB functional on the torus is the free Fermi
gas.

Proposition A.5 (Translation invariant ground state). Let V be bounded. Sup-
pose that (ωN , αN ) is a pure, quasi-free and translation-invariant state. Then,
for N large enough:

EHFB
N (ωN , αN ) ≥ EHFB

N (ωFFG
N , 0). (A.52)

Equality holds if and only if (ωN , αN ) = (ωFFG
N , 0).

Proof We introduce the notation:

Ex(ωN ) := − 1
2N

∫
dxdy V (x − y)|ωN (x;y)|2. (A.53)

Then, is it not difficult to see that:

EHFB
N (ωN , αN ) − EHFB

N (ωFFG
N , 0)

= trhω(ωN − ωFFG
N ) + Ex(ωN − ωFFG

N ) − Ex(αN )

= tr (hω − μ)(ωN − ωFFG
N ) + Ex(ωN − ωFFG

N ) − Ex(αN ) (A.54)

where hω = −ε2Δ − Xω, with Xω(x;y) = 1
N V (x − y)ωN (x;y), and where

we recall that μ has to be thought of as a diagonal matrix in spin state:
(μf)(x, σ) = μσf(x, σ). We will use the first term in the right-hand side to
control the other two. We write:

tr (hω − μ)(ωN − ωFFG
N )

= tr (hω − μ)1(hω − μ ≥ 0)(ωN − ωFFG
N )1(hω − μ ≥ 0)
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+ tr (hω − μ)1(hω − μ < 0)(ωN − ωFFG
N )1(hω − μ < 0). (A.55)

Since by assumption dist(σ(−Δ), kσ2
F ) = 1/2, and using the bound ‖Xω‖ ≤

C/N together with the fact that hω is invariant by translation and thus com-
mutes with −Δ, we have for N large enough:

ωFFG
N = 1(−ε2Δ − μ ≤ 0) ≡ 1(hω − μ ≤ 0). (A.56)

Thus, we can rewrite (A.55) as:

tr (hω − μ)(ωN − ωFFG
N )

= tr |hω − μ|(1 − ωFFG
N )ωN (1 − ωFFG

N )

+ tr |hω − μ|ωFFG
N (1 − ωN )ωFFG

N

= tr |hω − μ|
(
(ωN − ωFFG

N )2 + ωN (1 − ωN )
)
. (A.57)

Since:
∣∣∣Ex(ωN − ωFFG

N )
∣∣∣ ≤ ‖V ‖∞

2N
‖ωN − ωFFG

N ‖2
HS

∣∣∣Ex(αN )
∣∣∣ ≤ ‖V ‖∞

2N
‖αN‖2

HS =
‖V ‖∞
2N

tr ωN (1 − ωN ),

(A.58)

we obtain:

EHFB
N (ωN , αN ) − EHFB

N (ωFFG
N , 0)

≥ tr
(
|hω − μ| − ‖V ‖∞

N

)(
(ωN − ωFFG

N )2 + ωN (1 − ωN )
)
. (A.59)

Next, using that |hω − μ| ≥ Cε2, we finally get for N large enough:

EHFB
N (ωN , αN ) − EHFB

N (ωFFG
N , 0) ≥ Kε2tr

(
(ωN − ωFFG

N )2 + ωN (1 − ωN )
)

≥ 0.

(A.60)

The right-hand side is zero if and only if ωN = ωFFG
N (and hence αN = 0).

This concludes the proof of Proposition A.5. �
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