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1 Introduction

D-branes probing a singular Calabi-Yau geometry are described by supersymmetric quiver
gauge theories whose vacuum moduli space reproduces the local geometry of the singularity.
This correspondence between brane physics and singular geometry has been instrumental
in understanding both the structure of supersymmetric gauge theories and the resolution
of singularities.

The interest in establishing a dictionary between geometry and quiver gauge theories
is bi-directional: on the one hand, it answers the physical question: “What is the effective
physics seen by a brane at a singularity”. The fact that the answer is in the form of a quiver
gauge theory is surprisingly manageable and deep. Conversely, it tells us that singularities



can be tamed by considering not only the closed string degrees of freedom that traditionally
describe geometry, but by supplementing (or replacing) this information by open string
degrees of freedom. In short, the D-branes provide a spectroscopy of sorts to understand the
desingularization of a singular variety, with all its exceptional cycles.

For toric Calabi-Yau threefolds, a rich arsenal of techniques-including brane tilings, dimer
models and toric diagrams [1-4]-provides explicit, algorithmic constructions of the probe
brane theories.

Progress beyond the toric setting is substantially more limited [5-10]. Matrix-factorization
techniques have provided probe theories for specific non-toric hypersurface singularities,
including Reid’s pagodas and Laufer-type examples [10].

There is, however, no systematic method for constructing probe-brane theories of com-
pound Du Val singularities (¢cDV). These are the threefold analogs of classical ADE surface
singularities, and form a rich class of non-toric geometries that arise naturally in M-theory
and F-theory compactifications [10-13], where they engineer superconformal field theories in
various dimensions. While the geometric structure of cDV singularities has been extensively
studied [14-17], a unified approach to constructing their probe-brane theories that goes
beyond specific examples has been lacking.

In this paper, we accomplish that very goal. Our approach is algebraic rather than
combinatorial: following the logic of [18-23], we introduce a complex Higgs field ®(w) that
characterizes the cDV fibration structure. This Higgs field, valued in the Lie algebra of the
corresponding ADE group, efficiently encodes the threefold geometry: the fibration over the
base C,,, the resolution pattern of the ADE fiber, and the monodromy of vanishing cycles.

Our method applies to both monodromic and non-monodromic fibrations (see section 4.2
for the definitions), and to resolvable and non-resolvable singularities. More precisely, we
start from the three-dimensional (3d) N = 4 affine Dynkin quiver gauge theory on a D2-brane
probing the corresponding ADE surface singularity, and we introduce a background Higgs field
®(w) that encodes an N/ = 2 deformation of the probe theory, possibly involving monopole
operators in the superpotential. In the class of examples treated in this paper 3d mirror
symmetry allows us to rewrite the resulting theory in a standard infrared Lagrangian form,
with polynomial superpotential interactions. Under RG flow, the quiver undergoes a collapse
to a smaller effective quiver. This collapse matches the quiver-collapsing mechanism appearing
in Karmazyn’s mathematical description of ¢cDV threefolds [16, 24].

In order to exploit 3d mirror-symmetry techniques, we study D2-brane probes of cDV
singularities times a circle, rather than directly the four-dimensional N' = 1 theories engineered
by D3-brane probes. For a large class of cDV threefolds, the resulting three-dimensional N = 2
theory can be described as a deformation of a 3d N = 4 quiver gauge theory by monopole
superpotential terms determined by the profile of ®(w). These monopole deformations can
be systematically analyzed (see [25-27]) using local 3d mirror symmetry [28-31], allowing us
to trade monopole operators for polynomial interactions in elementary fields. The resulting
effective theory admits a standard Lagrangian description, and its Higgs branch moduli space
reproduces the cDV threefold. Upon decompactification (taking the circle radius to zero),
this construction recovers the four-dimensional physics of D3-branes probing the singularity.



We verify our construction by reproducing known results, confirming agreement with
existing techniques where available. Importantly, we successfully apply our method to
examples beyond the reach of previous approaches: 1) simple flops of length 2, representing
a general non-toric family parametrized by arbitrary polynomial base changes; 2) the non-
resolvable (Ag, Dy4) threefold, where standard techniques based on resolutions fail. These
examples demonstrate that our approach provides a systematic framework to construct probe
theories for ¢cDV singularities beyond the toric and resolvable regime.

The paper is organized as follows. Section 2 explains our strategy of working with D2-
branes and extracting four-dimensional (4d) physics through decompactification. Section 3
reviews 3d supersymmetric field theories and monopole superpotentials. In section 4, we
review the description of ¢cDV threefolds in terms of a Higgs field ®(w). Section 5 presents
our main construction for non-monodromic and monodromic fibrations. Section 6, section 7
and section 8 apply the method to examples. We conclude in section 9 with future directions.

2 D3-branes vs D2-branes probing CY3

In this paper we study three-dimensional theories on D2-branes probing cDV Calabi-Yau
threefold singularities. These theories are interesting in their own right, but they are also useful
because, in a suitable limit, they capture the geometric branch relevant to the four-dimensional
theories engineered by D3-branes probing the same singularities. This provides a practical
strategy to extract the geometry encoded by the probe theory while exploiting powerful
three-dimensional tools, in particular local mirror symmetry and monopole superpotential
deformations.

More concretely, start from a D3-brane probing a Calabi-Yau threefold singularity X.
Compactifying one worldvolume direction on a circle and performing T-duality along it
maps this configuration to a D2-brane probing X x S'. The resulting probe theory is a
three-dimensional N = 2 theory, which should be viewed as the circle reduction of the four-
dimensional D3-brane theory, possibly supplemented by genuinely three-dimensional effects.

The vacuum moduli space of 3d N' = 2 theories is notoriously more complex than
the 3d N = 4 case. In theories with only four supercharges, the distinction between the
Coulomb Branch (CB) and the Higgs Branch (HB) is less rigid: such branches can be lifted
by quantum corrections, or they may intersect in a way that prevents a clear-cut separation.
Furthermore, the U(1)r symmetry, which typically helps define these branches, can mix
with flavor symmetries along the RG flow.

However, for theories possessing a well-defined UV Lagrangian, we can employ a standard
working definition: the CB is parametrized by the scalar field ¢ in the vector multiplet together
with the dual photon ~, while the HB is parametrized by the VEVs of the matter fields.

The physical interpretation of the 3d Coulomb branch scalar differs on the two sides
of the T-duality. In Type IIB, before T-duality, the scalar o descends from the 4d photon
compactified on the circle: it is the Wilson line ¢ A4 around the compact direction, and hence
exhibits periodicity with period proportional to 1/R. After T-duality to Type ITA, the same
scalar o parametrizes the position of the D2-brane along the dual circle of radius r « o’/R.

In the limit » — 0 (corresponding to the 4d decompactification limit R — 00), these two
descriptions converge to the same conclusion: the Coulomb branch is forced to collapse. On



the IIB side, as R — oo, the Wilson line is frozen at zero. On the IIA side, as r — 0, the
dual circle shrinks and the D2-brane position loses its physical meaning, forcing (o) = 0.
Thus, in both descriptions, the decompactification limit naturally restricts the 3d dynamics
to the origin of the Coulomb branch.

Consequently, to recover the 4d D3-brane theory from the 3d D2-brane perspective, one
must work at the origin of the Coulomb branch. This restriction isolates the Higgs branch,
which remains robust under the compactification. Notably, the tree-level superpotential W,
being a holomorphic function of the chiral matter fields, remains unaltered in this transition.

It is conceivable that quantum effects might blur what we mean by the ‘origin’ of the
Coulomb branch. This indeed requires a more careful analysis. We do not expect instanton
corrections to trigger this since we are dealing with Abelian theories on simply connected
spaces, and having no Chern-Simons levels to confer gauge charges to monopoles, we do
not expect dressed monopole operators to alter our coordinates. In any case, we will see
that, a posteriori, treating this as a working assumption will yield the expected results
for our CY threefolds.

In summary, the three-dimensional D2-brane theory provides a useful route to the
geometric branch relevant for the four-dimensional D3-brane probe. The working assumption
throughout this paper is that, after taking the decompactification limit and restricting to
the origin of the Coulomb branch, the branch of vacua selected by the F-term equations
reproduces the Calabi-Yau threefold probed by the D3-brane.! In the class of examples
considered below, this is precisely the branch captured by the effective A/ = 2 theory obtained
from the D2-brane construction. Algebraically, this corresponds to the space of solutions
to the F-term equations derived from the superpotential,

Mup = {(Xi) | 0x,W =0}//G,

where G is the gauge group of the quiver. In all the examples analyzed in this paper, Mpugp
agrees with the cDV threefold geometry.

3 3d theories and monopole superpotentials

3.1 Supersymmetric 3d gauge theories

Before delving into our procedure, let us briefly explain the motivation for our indirect
approach of using 3d quiver gauge theories to ultimately build 4d theories on D3-probes.
Given the plethora of methods known since the early 2000’s for D3-branes at singularities,
this question is justified.

First, we remind the reader that most of the techniques known in the literature, such as
brane tilings, the fast inverse algorithms, exceptional collections (see [32] and the multitude
of references therein) are designed for and strictly limited to toric varieties. In contrast,
all of the cDV threefolds with isolated singularities (except for the conifold) are non-toric,
rendering all such methods powerless.

"We thank Amihay Hanany for pointing out to us the importance of understanding the interplay between
the 3d and 4d theories, and how the former by itself isn’t sufficient to fully isolate the CY geometry.



The abelian topological symmetry is enhanced to a non-abelian symmetry group cor-
responding to the ADE Lie algebra G [33-35]. In this enhancement, the topological U(1)r
generators span the Cartan subalgebra of G. More generally, whenever a quiver contains
a set of balanced nodes, the associated non-abelian topological symmetry corresponds to
the Lie algebra defined by the related Dynkin diagram. Furthermore, if one considers a
balanced sub-quiver within a larger balanced quiver, the corresponding symmetry is given
by the subalgebra associated with that subdiagram.

The monopole operators are labeled by their charges under the topological U(1)" symmetry.
In V' = 4 quiver gauge theories, these monopole operators reside in the same supermultiplet as
the conserved current of the non-abelian topological symmetry. Combined with the complex
scalar fields ¢; in the N/ = 4 vector multiplets, they assemble into an object transforming in the
adjoint representation of the Lie algebra G: the moment map u for the topological symmetry.

Basic example

Theory A. Let us consider a 3d N' =2 U(1) gauge theory with N + 1 flavors of positron/-
electron pairs (Q;, QZ) and no superpotential. There is an SU(N + 1) x SU(N + 1) flavor
symmetry that rotates the Q; and Q;, respectively. The diagonal SU (N +41)A has the moment
map defined by mesons, transforming in the adjoint of SU(N + 1)a:

M =Q; Q. (3.1)
We can add mass deformations that break the full flavor group to its diagonal as follows:
W =0Q -®-Q, (3.2)
where ® is a background, non-dynamical SU(N + 1)-valued Higgs field.

Theory B. Its mirror dual, which we name Theory B, is a linear quiver gauge theory
(see figure 1) with U(1)" gauge group, N + 1 bifundamentals ¢;, G, N + 1 singlets s; and

superpotential
N+1

Wp = siqidi- (3.3)
i=1

On this side, we can consider adding Polonyi terms, of the form
5Wdiag = (i)i S; (3.4)

where ® is a background diagonal matrix. Equally importantly, as we will explain later,
we can add monopole terms of the form

Winon = Por W—q (3.5)

where the notation will be explained shortly.

Theory B has an SU(N + 1) acting on the Coulomb Branch coordinates. In particular,
Theory B has a manifest topological U(1)¥ symmetry, which is expected to enhance to a
SU(N + 1) global symmetry in the IR.? The moment map for Theory B is given by p in

2The arguments for this are solid for N' = 4. However, the N' = 2 case requires more indirect checks, such
as identifying SU(N + 1) characters in the superconformal index [36, 37].



Q1 G2 qs3 gN-1 qN dN+1
q1 q2 q3 gN -1 N gN+1

Figure 1. Theory B. For each node i, 4 =1,..., N, there is a N' = 2 U(1) vector multiplet V;. Square
nodes denote flavor symmetries. Oriented lines between adjacent nodes represent bifundamental
chiral multiplets.

the adjoint of SU(N + 1), with u;; = s;, and the off-diagonal components are the monopole
operators with charges in one-to-one correspondence with the roots of the Ay Lie algebra
associated with the topological symmetry.

Let us now fix our conventions for monopole operators. A monopole operator is specified
by an N-tuplet of magnetic charges

m=(mq,...,my) € Z".

Now, we recall the results of [34, 38], that conclude that the IR R-charge of a monopole
operator w,; with magnetic charges m will be given by?

1 N
Alwa) = 5 D Imi = migal. (3.6)
=1

The monopole operators of interest, meaning those that lead to an enhanced global symmetry,
are those with A = 1. The only possible solutions are monopoles with a single cluster of

consecutive ones, regardless of the length. So, the simple ‘length-1" solutions are the following:

mP = (1,0,0,...,0) (3.7)

(3.8)

(3.9)

M =(0,...,0,1) (3.10)
N _— 900y 9 . .

These monopoles correspond to the simple roots of the enhanced flavor algebra. For ‘length-
2’ we have

m® = (0,...,1,1),

and so on up to length-N, filling out the rest of the positive root system of the enhanced
SU(N + 1).

To clarify the link between this basis of U(1)-charges, and the usual Dynkin labels for
the adjoint representation of Lie(G), we define the following basis g = () for the Cartan

3This applies to a balanced Abelian quiver.



subalgebra® h such that

This is the appropriate language to describe monopole operators charged w.r.t. a single gauge
node. Given this, we will refer to a monopole w, as the one charged under o only.

Mirror map. The mirror map works as follows:
M = QiQ; +— pij, Vi +— B, V. +— B, (3.16)

where Vi are the monopole operators of the U(1) theory, while B = ¢1q2...qn+1 and
B = ido . ..Gn+1 are the baryons of the second theory. The diagonal p; = s;, and the
off-diagonal f1;; are monopole operators pointing in the root space directions matching the
meson of the A-side.

The deformations (3.2) and (3.5) are also mapped into each other via the following
identifications:

Do D (3.17)
My < wq, (3.18)
where M, is the A-side meson that points along the a-root of SU(N + 1).

Let us now add to Theory B N + 1 singlets 7; and deform the superpotential (3.3)
to the following one

N+1 N+1
We =Y siidi— »_ siTi. (3.19)
i=1 i=1

It is a mass term for 7T; and s;. Integrating them out, one obtains a zero superpotential.
The new theory will be called Theory B’.
We can obtain the mirror dual of Theory B’, that we call Theory A’, by adding the dual
of the superpotential deformation to Theory A; on this side we then get the superpotential
N+1

W=->" T,QiQ; - (3.20)

i=1

Note, that W/ implies the chiral ring identification
(@) = (T3) - (3.21)
3.2 Monopole superpotentials

In the following, we will analyze three-dimensional theories whose superpotentials include
monopole operators. Since these operators are not functions of the fundamental fields, their
effect on the IR effective theory requires special care. To address this, we will employ the
techniques developed in [25-27].

In this section, we focus on elementary examples that will serve as building blocks for
deriving the effective superpotentials of the theories arising on D2-branes probing c¢DV
singularities.

4These o are often referred to as fundamental coweights, not to be confused with the coroots.



Building block I

Let us consider a 3d N = 2 supersymmetric U(1) gauge theory with two flavors and without
superpotential. This theory can be seen as the Theory B’, in the language below eq. (3.19),
with only one node. We deform this theory by adding a singlet ¢ and a superpotential
that includes monopole operators:

W = (@1 — ¢22) +w— + P(p)wy, (3.22)

where P(y) is a polynomial in ¢.

Its mirror can be found by taking the corresponding Theory A’ and adding to its
superpotential the dual of (3.22). One obtains a U(1) gauge theory with 2 flavors and
superpotential

W =-T1Q1Q1 — TrQ2Q2 + ¢(T1 — T») + P()Q1Q2 + Q2Q1 , (3.23)

where we have also used (3.21). The fields @2 and Q; are massive and can be integrated
out: their equations of motion give

Q:=T1Q1 and Q1 =TaQs. (3.24)
Plugging this into (3.23), one obtains the effective superpotential®
Weit = (P(p) = T1T2)Q1Q2 + (Tt — Ty) . (3.25)

One obtains a U(1) gauge theory with one flavor. Its mirror dual is an XYZ model, with
modified superpotential®

Wet = X(Y Z + P(p) — ThT) + p(T1 — Tb) . (3.26)

Building block IT

Let us now consider the generic Theory B’, i.e. a 3d abelian linear quiver with N nodes
with no superpotential. We add N singlets ¢; and we introduce the following superpotential
that includes monopole operators:

N

N N
. 5 1
W =" 0i(idi — Git1dit1) + )W, + (N > %‘) Waig, 5 (3:27)
i=1 i=1 i=1

where, as explained previously, w_,, refers to the monopole operator with charge —1 with
respect to the a; node and zero for the others; by apjgn, we denote the highest root of the
Ap algebra associated with the topological symmetry, omigh = a1 + -+ 4+ an, so that Wt aign
carries charge +1 under every node.

5We do not integrate out the massive fields 77 — 1% and . The reason for this choice will become clear
when this building block is applied in the following sections.

5In some of the cases analyzed in the following sections, the sign in front of ¢z, G2 in (3.22) will be + instead
of —. In such instances, it is sufficient to replace T with —T%.



The mirror of this deformed theory can be found by taking the corresponding Theory
A" and adding to its superpotential the dual of (3.27). One obtains a U(1) gauge theory
with N + 1 flavors and superpotential

N+1 N N i LN )
W==> TQiQi+> il —Tix1) + > Qit1Qi + (N > goi> Q1QN+1 - (3.28)
i=1

=1 =1 =1

Integrating out the massive fields QiH,Qi with ¢ = 1,..., N one obtains the effective
superpotential
1 . N
W = <N Y oi—TiTy... TN+1> Q1Qn+1+ > @i(T; — Tiga) - (3.29)
i=1 =1

Hence, we have a U(1) gauge theory with one flavor and superpotential (3.29). Its mirror
dual is an XYZ model, with modified superpotential

1 N N
Weg = X <YZ + N Zg&z —TT5.. -TN+1> + Z(pz(’fz — ﬂ+1) . (330)
i=1 1=1

4 cDV singularities and the Higgs field

4.1 Summary of cDV

In this paper we consider a class of Calabi-Yau (CY) threefolds, the compound Du Val (cDV)
singularities. They are hypersurfaces in C* of the form

Pg($,y7z)+w9(xay,zaw):07 (41>
with Pg(y, z) following the ADE classification:

Pa =22 +y?+ 27

Pp, =2+ 2> + 2",

Pg, = 2? +y3 + 24, (4.2)
P, =2 +y° +y2°,

Pp, =a2? +y3 + 25,

The first three monomials in (4.1) reconstruct the ADE singularity of type G. ADE singularities
Pg(x,y,z) = 0 are surface singularities whose resolutions replace the singular point with
a collection of holomorphic two-spheres intersecting according to the Dynkin diagram of
the associated ADE Lie algebra. With a slight abuse of notation, we will refer to these
exceptional spheres as the simple roots. Such surface singularities can also be deformed, by
adding further monomials to the surface equations.

The last term in (4.1) can actually be interpreted as a deformation of this singularity, in
which the coefficient of the added monomials depend on an additional complex coordinate
w. This gives rise to a one-parameter family of deformed G-singularities, fibered over a
complex plane C,: the fiber at w = 0 develops an ADE singularity, while at w # 0 the



ADE singularity is deformed. The singular point of the ALE fiber, over w = 0, corresponds
to the singular point of the threefold.

Depending on how the coefficients of the deformed ADE singularity vary with w, the
resolution of the threefold singularity to a smooth space may blow up either all or only a subset
of the simple roots. This phenomenon is referred to as a (partial) simultaneous resolution.
The roots that remain unresolved are conventionally indicated (or marked) in the Dynkin
diagram associated with the ADE algebra. For further details on these threefolds, see [39].

4.2 Higgs field

In a series of papers [18, 19, 21, 22|, these singularities have been described in terms of a Higgs
field ®(w).” This is a scalar field in the adjoint representation of the ADE algebra, depending
holomorphically on the complex coordinate w. Given such a field, one can reconstruct the
hypersurface equation, understand which roots are simultaneously resolved and compute
the corresponding Gopakumar-Vafa invariants.

For the A- and D-type cDV threefolds that we consider in this paper, the hypersurface
equations induced by ®(w) are

Ap: 2?4yt =det(zl,qq — )

det(z12, + B2) — Plaff2(® (4.3)
2 Vdetlelon + 0% ~ PRAT®) o brgyia) — g

D, : x4 zy

z

where ® is written as a matrix in the fundamental representation of A, or D, respectively.

As w varies, the Higgs field ®(w) takes values in a subalgebra £ of the ADE Lie algebra
(a detailed discussion of this construction can be found in [21], which we briefly summarize in
the following). The commutant H of £ — that is, the set of elements commuting with all of
L — is an abelian subalgebra contained in the Cartan subalgebra C.® By evaluating the roots
a on elements h € H, one can determine which simple roots are resolved: if a(h) # 0 for
some h € H C C, then the root « is a vanishing two-cycle that can be resolved in the (partial)
simultaneous resolution. The subalgebra £ is known as a Levi subalgebra, since it commutes
with an abelian subalgebra. This implies that the resolution of the threefold induced by ®
can be understood by identifying the Levi subalgebra to which it belongs.

The Levi subalgebra has the following form

L=PLioH (4.4)
A

where L, are simple algebras and H is the abelian commutant of £. We will choose the
following basis for H: take the basis af, ..., a) for the Cartan subalgebra of the ADE Lie
algebra of rank r, where o are defined by a;(aj) = d;j (a; i =1,...,7 are the simple roots);
then H = (af,...,a}) with a1,...,0, (k < r) the simple roots that are blown up in the
(partial) simultaneous resolution of the threefold.

One can define invariant coordinates on the Levi subalgebra as follows: for each simple
summand £y, take its Casimir invariants;” for the abelian part 7, take the linear coordinates

"See [23] for generalizations to four-folds.
8The reason for this is traced back to the M-theory origin of the field ® and it is explained in [19, 21].
9For an A,, summand, an element g € A, has invariant coordinates ox . = Trgf

,10,



with respect to the basis (af,...,af). A generic element ® € £ is then specified, up to gauge
transformations, by the values of these invariants, and we write ®(p) accordingly. As an
example, consider £ = Agl) ® Agz) @ (o). An element ® € £ can accordingly be split into
O =Py + Py + P3, with @15 € A%’Q and ®3 = czai. We then have: (i) invariant coordinate
01 = %tr (®3%) for the first A} summand, (ii) invariant coordinate go = %tr(@%) for the second
Ay summand, and (iii) invariant coordinate p3 = c3 (coefficient along oj) for the abelian part.

As explained in [21, 40], one can substitute ®(p) into (4.3) (for the A- and D-type cases;
analogous formulae exist for E-type cases) to obtain a family of deformed ADE surfaces with
a simultaneous resolution pattern determined by the Levi subalgebra to which ® belongs.
This family is fibered over the space parametrized by the invariants g of the Levi subalgebra
L. Specifying a base change 0, = fo(w) then yields a threefold with the same resolution
pattern as that of the original family.'’

Hence, a ®(w), and correspondingly a cDV threefold, is given by the choice of a colored
ADE Dynkin diagram (the resolution pattern), or equivalently a Levi subalgebra, and a
base change g, = fu(w).

In summary, a cDV threefold can be viewed as an ADE surface fibration over C,,, where
each simple root «; corresponds to a vanishing 2-sphere in the fiber over w = 0. As we move
around a closed loop encircling w = 0 in the base, there are two possible behaviors for these
spheres. The sphere associated with a; may return to itself after traversing the loop. In
this case, it extends globally as a holomorphic cycle in the threefold and can be resolved.
Alternatively, the sphere may undergo monodromy, mixing non-trivially with other spheres
as we encircle w = 0. In this case, it does not lift to a globally well-defined holomorphic
curve in the threefold. Geometries in which some spheres exhibit the latter behavior are
referred to as monodromic cDV threefolds, while those in which all spheres behave as in
the former case are called non-monodromic [41, 42].

The resolution pattern is thus encoded in a colored Dynkin diagram: white nodes
correspond to resolvable roots (globally defined spheres), while colored nodes correspond to
non-resolvable roots (spheres undergoing monodromy). Connected subdiagrams of colored
nodes correspond to simple summands of the Levi subalgebra L.

Algebraically, this structure is encoded in the Higgs field ®(w): a root « is colored if
and only if ® contains off-diagonal components — the step operators e+, — beyond just
Cartan elements. For example, ®(w) = e, + o(w)e_, contains step operators, indicating
that « is colored and undergoes monodromy. In contrast, ®(w) = o(w)a™* lies purely in the
Cartan, indicating that « is white (resolvable).

5 D2-brane probing a cDV threefold singularity

The central claim of this paper is that a broad class of ¢cDV threefold singularities can
be reconstructed as moduli spaces of suitably deformed three-dimensional probe theories.
More precisely, we start from the AN/ = 4 worldvolume theory of a D2-brane probing the

0More precisely, a base change is a holomorphic map f : Co,y — By, 04 = fa(w) (polynomial in all our
examples), from the w-plane to the space B, of Levi invariants, and the threefold is the pullback of the above
family along f. The corresponding Higgs field is ®(w) = (o = f(w)).
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corresponding undeformed ADE surface singularity, and we deform it by couplings determined
by the Higgs field ®(w) that encodes the threefold geometry.

In non-monodromic cases, where ®(w) lies in the Cartan subalgebra, the deformation is
expressed directly in terms of polynomial superpotential couplings. In monodromic cases, the
off-diagonal components of ®(w) generate monopole superpotential terms associated with
the corresponding colored Dynkin subdiagrams. The technical task is then to convert these
monopole deformations into an effective description with ordinary polynomial interactions by
means of local 3d mirror symmetry and ungauging/regauging [25, 43].

The outcome is an effective three-dimensional N' = 2 theory whose Higgs branch!!
reproduces the cDV threefold in the examples studied below. Upon restricting to the origin
of the Coulomb branch and taking the decompactification limit discussed in section 2, this
same branch is the one relevant to the four-dimensional D3-brane probe theory.

In order to derive the 3d N = 2 worldvolume theory on D2-branes probing ¢cDV threefold
singularities from the geometric data encoded in the Higgs field ®(w), we adopt the following
three-step strategy:

1. Start with the 3d N’ = 4 quiver for a D2-brane probing the ADE surface singularity.
2. Deform the superpotential using ®(w).

3. Integrate out massive fields to obtain the effective IR theory. The classical moduli space
of this 3d theory reproduces the probed cDV threefold. Upon decompactification to 4d,
this theory flows to the worldvolume theory of a D3-brane probing the same singularity.

For non-monodromic fibrations (all roots resolved), ® belongs to the Cartan subalgebra and
induces a simple deformation. For monodromic cases (colored nodes), ® contains nilpotent
elements that induce monopole operators in the superpotential.

Our analysis is formulated most concretely for cDV threefolds that admit an A- or D-type
description in terms of the Higgs field ®(w) and for which the associated probe theory can
be treated in terms of abelian quiver building blocks. In these cases the map from ®(w) to
a deformation of the D2-brane theory can be implemented explicitly.

As we will discuss in a moment, in monodromic cases our treatment relies on local
3d mirror symmetry and on isolating suitable balanced abelian subquivers. The resulting
effective description is therefore controlled in the class of examples in which this procedure
can be implemented explicitly. Our examples provide strong evidence that this prescription
captures the correct geometry, but we do not claim here a uniform derivation for arbitrary
non-abelian Levi blocks.

5.1 D2-brane probing an ADE singularity

We begin by reviewing the worldvolume theory on a D2-brane probing an ADE singularity.
It is a N = 4 3d supersymmetric quiver gauge theory.

"Throughout the paper, when referring to the Higgs branch of the 3d A = 2 theory, we implicitly mean
the branch that matches the moduli space of the corresponding 4d worldvolume theory on a D3-brane. As
discussed in section 2, the D2-brane description arises from compactifying the D3-brane on a circle; the
additional 3d Coulomb-branch directions associated with the circle are frozen when identifying the geometric
moduli space.
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Figure 2. A, theory. For each node i, i = 1,...,7 + 1, there is a N' =4 U(1) vector multiplet V;
containing a N' = 2 vector multiplet and an adjoint chiral ¢;. Pairs of oriented lines between adjacent
nodes represent bifundamental hypermultiplets (g;, G;).

The quiver has the shape of the affine Dynkin diagram of the corresponding ADE Lie
algebra [44]. The nodes of the quiver correspond to fractional D2-branes; the gauge group
at each node is U(n;), where n; is the dual Coxeter label of the i-th node in the associated
Dynkin diagram. Each pair of arrows connecting the nodes in the quiver is a bifundamental
hypermultiplet. As an example, figure 2 illustrates the A, quiver. In this case, the gauge group
is ([Ti—o U(1)) /U(1). The vector multiplet chiral fields ¢; are coupled to the hypermultiplets

(gi,G;) via the N = 4 superpotential

r+1
W= Z(%’ — ©i—1)4idi , (5.1)
i=1

with ¢,412 = 1. There is also a D-term potential that produces the D-term relations
|4il* + 1Gi—1* = |@i|* = lgi-11> = 0 i=1,...,r. (5.2)

The A, theory features r triplets of FI-parameters: the triplet can be separated in a
complex Fl-parameter that appears in the superpotential, and a real one that modifies the
relations (5.2); these can be regarded as mass parameters (i.e. background vector multiplets)
for the U(1)’ topological symmetry.

As we said above, for N' = 4 quiver gauge theories, monopole operators and the scalar
fields ¢; can be assembled into the moment map g for the topological symmetry. p is an object
transforming in the adjoint representation of the Lie algebra G. Under mirror symmetry, the
A, quiver is mapped to a U(1) gauge theory with r 4+ 1 flavors that has a manifest SU(r + 1)

mirror __
ij
the moment map p of the original theory to the moment map p

symmetry, with moment map p Qin. As we discussed above, mirror symmetry maps

mirror

in the dual theory.

5.2 Non-monodromic ADE fibrations

The theory of a D2-brane probing the threefold singularity X can be viewed as a deformation
of the theory describing a D2-brane probing the corresponding ADE surface singularity.
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This deformation is governed by the background Higgs field ®(w), which is non-dynamical
from our 3d point of view and should not be confused with the dynamical adjoint scalars
; in the quiver gauge theory.

Fractional branes and holomorphic volumes

To understand the superpotential deformation, we first recall the classic result of [42] (building
on earlier work [45-47]). Consider D5-branes wrapping 2-cycles in a fibered ADE geometry
over a base C,,. In the absence of background fields, the D5-branes give rise to an N' = 2 gauge
theory with FI parameters «; equal to the holomorphic volumes of the wrapped 2-cycles. When
a non-trivial fibration is introduced, a superpotential is generated in the worldvolume theory.

The key observation of [42] is that the BPS tension of domain walls, computed by
integrating the holomorphic three-form € = w A dw over a three-chain, determines the
superpotential:

Wi(p) = /w:so a(w) dw , (5.3)

where ¢ is the scalar field parametrizing the position of the fractional brane along the base,
and a(w) = [, §2() W 18 the holomorphic volume of the wrapped cycle at position w. Here w
denotes the holomorphic (2,0)-form of the ADE fiber. This formula implies that

ow
T =), (5.4)

i.e., the derivative of the superpotential reproduces the holomorphic volume of the wrapped
cycle at the brane’s position.

Conversely, if one wishes to engineer a gauge theory with a specified superpotential
W(p) = P(y), the fibration must be chosen such that a(w) = P’(w). This establishes a
direct dictionary between the geometric deformation of the ADE fiber and the superpotential
of the gauge theory.

In our setup, fractional D4-branes (arising from the D2-brane probe splitting into compo-
nents) wrap the vanishing spheres associated with each simple root «; of the ADE Dynkin
diagram. The Cachazo-Vafa formula (5.3) will guide our construction of the superpotential
deformation induced by the background Higgs field ®(w).

Deriving the deformation from ®(w)

We now formulate the basic proposal that translates the geometric data encoded in ®(w)
into a deformation of the D2-brane worldvolume superpotential. The proposal is motivated
by the holomorphic-volume formula (5.3), by the interpretation of the fractional branes as
branes wrapping the vanishing two-cycles of the ADE fiber, and by consistency with the
mirror-symmetry treatment of the monodromic examples discussed later on. In the examples
analyzed in this paper, this prescription reproduces the expected cDV geometry.

For balanced quivers (where each node has rank N; and 2N; flavors), consider isolating
a single fractional brane at node ¢ together with its 2/N; hypermultiplets. This subsystem
supports a U(N;) gauge group with A/ = 4 supersymmetry. The Coulomb branch of this
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subsystem possesses an SU (2) flavor symmetry — distinct from the SU(2N;) flavor symmetry
acting on the Higgs branch — which corresponds to the 8u(2),, subalgebra of G generated by

(€ais—ai ha; = [€a; —a,])-

The background Higgs field ®, which transforms in the adjoint representation of G, couples
to the fractional brane worldvolume theory through the moment map p,, associated to this
Coulomb branch flavor symmetry 31(2),,. In the non-monodromic case, where & lies entirely
in the Cartan subalgebra, this coupling involves only the Cartan part of p,,, namely ¢q,hq,,
where ¢, is the scalar field parametrizing the position of the fractional brane along the base.

The Higgs field admits a polynomial expansion

k
D(w) =Y Ppuw’, (5.5)
=0

where the brane’s position in the base is w = ¢;. The coupling between ®(p;) and the
moment map generates an induced superpotential in the worldvolume theory:

k 906 k 90(-2
oW; = : Dy, pa;) = L
Z(;éﬂﬁ( ¢ Ha) Z(:]EH

+1

K (D, ha,) (5.6)

where s denotes the Killing form. The factor (£ + 1)~! is chosen precisely to satisfy the
Cachazo-Vafa condition (5.3):

. k
8;% =D @i k(P ha,) = K (2(¢i): hay) = i (2(04)) (5.7)
i =0

where in the last step we have used the normalization of the Killing form for ADE algebras,
k(ha,hg) = a - .

This has a clear geometric interpretation: at a given value w in the base, the holomorphic
volume of the sphere «; in the deformed fiber is o;(®(w)). Since the fractional brane wrapping
«; sits at position w = ¢;, equation (5.7) correctly reproduces the holomorphic volume, in
agreement with [42].

In the following, we examine some well-known examples and verify that the proposed
deformation indeed reproduces the expected geometry in the moduli space.
Examples 1: conifold

We begin with the simplest and most familiar example, namely the conifold, given by the
hypersurface
w = 2% —w?. (5.8)

This threefold can be regarded as a family of deformed A; singularities, where w is the
deformation parameter. The corresponding ®(w) is the following 2 x 2 matrix [19]

D(w) = (w 0 ) = 2ua*. (5.9)

0 —w

Plugging this into (4.3) one reproduces correctly (5.8).
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Let us probe the conifold singularity by a D2-brane. According to what we have said in
this section, the resulting theory is the A; quiver gauge theory deformed by

oW1 = T a(®(p) = i (5.10)
W = —Za(®(02)) = —5. (5.11)

Here we have used that the fractional brane corresponding to the extended node in the affine
Dynkin diagram is wrapping as = —a.
Now, let us consider the complete deformed superpotential:

W = (o1 — 2)(q1d1 — @202) + 07 — 03 = o_(q1d1 — QG2 + ©4) (5.12)

where we have redefined ¢_ = 1 — @2 and ¢ = 1 + ¢2. Notice that this deformed super-
potential for the conifold was already introduced by Klebanov-Witten [48], as noticed in [42].

The fields ¢4 are massive. Integrating them out, we get a quiver gauge theory, with the
Aq quiver and zero superpotential, i.e. we obtain exactly the theory of a D-brane probing
the conifold.

We have verified that the moduli space reproduces the conifold geometry. This confirms
our prescription (5.5) in the simplest case where ®(w) contains only linear terms. The next
examples will test the method for higher-degree base changes.

Example 2: Reid’s pagodas as a family of deformed A; surfaces

Let us now consider the following three-fold, known as Reid’s pagoda:
w = 2% — w (5.13)

This is again a non-monodromic Aj-fibration (that reduces to the conifold for k£ = 1), whose
corresponding Higgs field is

O(w) = (wk 0 k) = 2wha* (5.14)

1 2 wn
W+ = P 1
SWo = ——22_(®(p2)) = 2 S (5.16)
kE+1 k172

We obtain, then an A; quiver with the superpotential

~ ~ 2 k+1 2 k+1
W = (¢1 — — : 5.17
(1 = p2)(@1qr = @22) + 3~ ¥ 1% (5.17)

This superpotential appeared in [41, 42] and we will rederive it in the following in a different
way, by considering the Reid’s Pagoda as a family of deformed Asx_; singularities (by
exchanging the roles of z and w in (5.13)).
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Let us check that the F-term moduli space is the CY threefold (5.13). The F-terms are

Op W =0 Q@1 — q2do + 205 =0

O, W =0 Q@1 — @i + 205 =0 (5.18)
OuW =0: (1 —92)Gi =0 1=1,2

OgW =0: (p1—¢2)q =0 i=1,2

The solutions are given by ¢s = ¢1 = ¢ and ¢2Go = q1G1 + 2¢*. The moduli space is then
given by defining gauge invariant combinations and finding the relations they need to satisfy.
Here we have the following four gauge invariants (plus the field ¢):

U = q1qe, V =qigo, X1 =qaq, X2 = @22 (5.19)

They satisfy the obvious relation UV = X; X5. Imposing the relation coming from the
F-term, i.e. Xo = X + 20F, we have

UV = X1 (X1 + 205, (5.20)

that can be brought in the form (5.13) by redefining the coordinates as X; = Z — ¢*.
Notice that ¢ plays the role of w. At a generic point of the moduli space p1 = w3 = ¢,
i.e. the fractional branes move (as a bound state) away from the origin at w = ¢, that
is consistent with the interpretation of the theory of D-branes probing an ADE surface
singularity fibered over the complex plane C,,.
This example demonstrates that our method correctly handles polynomial base changes

k41 reflecting the

o(w) = wF. Notice that the effective superpotential now contains terms ¢
degree of the base change. We will revisit this geometry in the next section from a different

perspective (as a monodromic Agi_1 fibration).

Examples 3: generalized conifold

The final example of non-monodromic fibration that we consider is the following hypersurface
equation
w = z(z —w)(z +w). (5.21)

This is a family of Ao deformed singularities.
The corresponding Higgs field is
w
o(w) = —w =w(2a] — a3). (5.22)
0

The induced superpotential deformations are

oW1 = Zran(®(e1)) = ¢t (5.23)
Ws = Zax(@(e2) = — 543, (5.24)
Wy = ~ 22 (01 (B(s)) + a2(2(25)) = ~ 363 (5.25)
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Figure 3. Graphic representation of partial simultaneous resolutions. Colored nodes correspond
to obstructed 2-cycles. Colored subdiagrams are identified with the subalgebras that compose the
Levi subalgebra associated with ®. Here we show examples of simple flops of length 1, 2, and a
non-resolvable Dy singularity. (a) The colouring of the A; diagram corresponds to the choice of Levi
Lo = Agl) ) A(13) @ (a3). (b) D4 diagram. Coloring corresponds to Lo = A(ll) @ A?) ® Af’) ® (af).
(c) Non-resolvable singularity. Here Lo = A§°> @ Agl) ) A§2) @ Ag?’).

We then obtain the As quiver with the following superpotential

3 1 1,

W = Z(%‘ — Yi—1)4iG; + 90% - 5@% — 5903- (5.26)
i=1

This is the same superpotential found in [42]. By simple computations, one shows that
the resulting moduli space reproduces the geometry (5.21), with ¢1 = w2 = 3 = @ that
correctly plays the role of w.

Unlike the previous A; cases, this example involves multiple roots, showing how different
fractional branes couple independently to different components of ®. The next section
addresses the more challenging monodromic cases where ® contains off-diagonal terms.

5.3 Monodromic ADE fibrations

In monodromic fibrations, some vanishing spheres of the ADE fiber do not extend to globally
defined holomorphic curves in the total space of the threefold. Equivalently, as one goes
around the singular point in the base, these spheres undergo non-trivial monodromy. This
data is encoded in a colored Dynkin diagram. We color the nodes of such curves, and leave
white those that will be small-resolvable curves in the threefold.

In terms of our Higgs field language, the way we will achieve this is by selecting a Levi
subalgebra of the semi-simple Lie algebra (see appendix A for two brief definitions). The
Higgs field will take non-zero entries along this Levi. Graphically, this is encoded as follows:
connected subdiagrams of colored nodes are the Dynkin diagrams of the simple summands
of the Levi (see figure 3).!2 These connected subdiagrams are related to subquivers of the
original ADE quiver, whose symmetry in their CB is given by the Levi summand.

2These diagrams involve the extended node of the original Dynkin diagram only when the corresponding
Levi subalgebra is maximal within the original Lie algebra (or within one of its maximal subalgebras). In
this paper, we primarily focus on cases where the coloring does not involve the extended node of the affine
Dynkin diagram. This node corresponds to a bound state of the (anti)-fractional branes wrapping the simple
roots plus an integral D2-brane. There also exist cDV Calabi-Yau threefolds in which the coloring involves the
extended nodes. In this case, the corresponding linear combination of exceptional cycles ceases to define an
independent curve in the threefold. Equivalently, this introduces a relation among the simple roots, thereby
eliminating one exceptional cycle from the resolution of the threefold.
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The distinction between colored and white nodes has an immediate consequence for the
probe theory. In the non-monodromic case, each white node corresponds to a fractional brane
wrapping a well-defined holomorphic sphere, and the deformation is naturally expressed
in terms of the corresponding scalar ¢; through the holomorphic-volume formula. In the
monodromic case, by contrast, the colored nodes do not correspond to independent holo-
morphic curves in the threefold. One should therefore not assign separate superpotential
deformations to the individual nodes. Rather, each connected colored subdiagram must be
treated as a single interacting block.

As we have said, the relevant algebraic structure is the Levi subalgebra selected by
the Higgs field ®(w). Each connected colored subquiver has a Coulomb-branch symmetry
given by the corresponding summand of the Levi subalgebra. The natural operator carrying
this symmetry data is the corresponding moment map pu, which transforms in the adjoint
representation of the relevant Levi summand. Although the Higgs field background ®(w)
takes values in the full ADE Lie algebra, its component along that Levi summand is the
one that couples to the corresponding colored block. The canonical gauge-invariant coupling
between the geometric data and the probe theory is therefore

W = £ (®(pem), 1) - (5.27)

The appearance of the ‘center of mass’ scalar p., = % >oit1 i (where ¢ runs over the
colored nodes corresponding to the Levi summand) reflects the fact that, in the presence of
monodromy, the corresponding fractional branes are no longer associated with independent
motions over the base. Rather, the ®-background binds them into a single sector, so that the
appropriate coordinate entering the deformation is the collective position of the block. In this
sense, (5.27) is the monodromic analogue of the Cartan deformation discussed in section 5.2:
the individual root volumes are replaced by the adjoint-valued moment map of the colored
subquiver, and the Cartan pairing is replaced by the full Killing-form contraction.

The extreme case is when all simple roots are colored, i.e. the Levi subalgebra coincides
with the full ADE algebra. When this happens, the resolution of the threefold contains
no holomorphic spheres. As a consequence, type IIA on this threefold does not admit
fractional branes. The ordinary D2-brane, however, remains, and its U(1) gauge group must
be preserved. This U(1) is naturally associated with the extended node of the quiver.

The simplest way to see this mechanism in action is to consider a colored block of type
A1, where the moment map can be written explicitly and the induced monopole deformation
is completely transparent. First, we put the D2-brane on A; x C. The worldvolume theory
is the quiver gauge theory in figure 4.

Then, we consider the following Higgs field:

01
o= ( ) =eqtwe_g, (5.28)
w 0

The corresponding Levi subalgebra is the A; algebra itself. The threefold equation is

w = 22 —w, ie. it is C3.
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Figure 4. A; theory. The A/ = 4 superpotential is given by (5.1) with r = 1.

q2
¥1 2

®1 ~
q2,q2
(1) (D) — () :
v 41, q1

q1

Figure 5. A; theory. Ungauging of the affine node.

According to what we have written above, this ® generates the following superpotential
deformation

SW = K(®(p1)a) = W_q + prwa  where Maz( 7! “Ja) (5.29)
W —P1

To deal with quivers with monopole superpotentials, one follows the prescription in [25]:
one isolates the abelian node relative to w, by ungauging the adjacent U(1); in our example,
this amounts to ungauging the extended node. The isolated theory can then be coupled back
to the rest of the quiver by gauging a subgroup of its flavor symmetry.

For the isolated (balanced) node, the theory is a 3d A/ = 4 supersymmetric U(1) gauge
theory with two flavors, and deformed superpotential

W = o1 (G — q2G2) + W_o + P14 (5.30)

i.e. we obtain the Building Block I in section 3.2. The effective theory has no U(1) and
a superpotential

Wo(flf) =XiV1iZ1+ o1 — T ) + i (11 —Td) . (5.31)

We now gauge the U(1) of the node 2 back and obtain a U(1) gauge theory with a given
number of singlets and superpotential

Weg = X1 (V121 + o1 — Th'T) + (01 — 2)(T1 — T3) . (5.32)

One can make a field redefinition (p1, @2, T1,T2) +— (A, B,T+,T-) in the following way:
A=p1+Y17Z1 —T1To, B= 1 — 2, Ty =T1+£T5. The superpotential can be then written as

Wer = X1A+ BT_ . (5.33)

Hence, X1, A, B,T_ are massive and we can integrate them out.
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Figure 6. C? theory.

The final theory has a quiver with one node and three loops, namely the quiver whose

moduli space is C3, in agreement with the ® in (5.28). The node corresponds to the D2-brane

that probes C? (originally it was the extended node of the A; affine Dynkin diagram).

In the next sections we study interesting monodromic cases.

5.4 Summary of the algorithm to get the effective 3d N’ = 2 theory

Given a ¢cDV threefold described by a Higgs field ®(w), our prescription is:

1. Start from the N' = 4 quiver gauge theory on a D2-brane probing the corresponding

undeformed ADE surface singularity.

. Determine the Levi decomposition encoded by ®(w), or equivalently the colored Dynkin
diagram specifying which roots are resolved and which ones are affected by monodromy.

. For each white node 4, the deformation is the polynomial term induced by the component
of ®(w) along the corresponding Cartan generator «, through the formula (5.6). This
component is read off from ®(w) and may vanish: a white node carries a deformation
only when ® has a nonzero entry along «;.

. For each connected colored subdiagram, identify the corresponding Coulomb-branch
moment map and add the superpotential deformation

oW = ﬁ(q)(wcm% /~L) s (534)

where ., is the center-of-mass scalar for the corresponding block. We do not currently
have a first-principles derivation of why the deformation depends on ¢, in precisely
this way. Nevertheless, the prescription is strongly supported a posteriori by the fact
that it reproduces the correct effective theories and moduli spaces in all the examples
analyzed in this paper.

. Use local 3d mirror symmetry, together with ungauging/regauging when needed, to
trade the monopole deformations for an effective theory with polynomial superpotential
in elementary fields.

. Compute the classical moduli space of the resulting N/ = 2 theory at the origin of
the Coulomb branch. In the examples studied in this paper, this reproduces the cDV
threefold probed by the D2-brane.
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Figure 7. A, partial simultaneous resolution.

The local mirror-symmetry procedure described above naturally produces an effective
superpotential Weg for the infrared theory. Its primary role in our construction is to encode
the F-term relations that define the geometric Higgs branch. In particular, Weg will not
always be written in the standard form of a quiver potential, namely as a sum of single-trace
terms corresponding to concatenations of arrows along closed paths in the quiver.

In the examples studied below, this issue arises in particular for the monodromic de-
scription of Reid’s pagodas and for simple flops of length two. In those cases, although the
superpotential obtained directly from the algorithm is not manifestly a quiver potential,
the resulting F-term relations can nevertheless be integrated to a new superpotential Wquiv
written in terms of admissible path concatenations. The two superpotentials lead to the
same F-term relations for the purposes of the moduli-space analysis, and therefore define
the same moduli space.

6 Reid’s pagodas

We now return to Reid’s Pagoda, studied earlier in section 5.2 as a non-monodromic Ay
fibration. Here we re-analyze the same geometry from a different perspective: as a monodromic
Aoy _1 fibration where most nodes are colored. This provides a highly non-trivial check of
our method.

The defining equation of the Reid’s Pagoda is

wv = 22 —w?. (6.1)

This is the same equation as (5.13), but with the roles of z and w exchanged. The equation (6.1)
can be seen as an Ag_1 singularity deformed at w # 0. It is already known that the resolution
of this manifold contains a single exceptional sphere. This immediately implies that most
of the nodes in the Asp_1 Dynkin diagram must be colored, as shown in figure 7. The
associated Levi subalgebra is

L=(o})® A &AL, (6.2)

and the Higgs field takes the following block diagonal form

)
= ( * @_) (6.3)
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Figure 8. Example with k=3. Ungauging of the two Levi blocks.

with the two blocks given by

0O 1 0 - 0
0 0 1
q>i - IR 0 )
0 -0 0 1
+w 0 0
i.e.
k—1 2k—1
d(w) = Z €ay, TWe—ay—..—ap 1 T Z Cam — We—qp 1 —..—agp_1 *
m=1 m=k+1

We notice that ¢ has no component along «f.
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Figure 9. Quiver for the effective theory of the Pagoday.

Following the algorithm outlined in section 5, the superpotential deformation splits into
two distinct contributions, each associated with a simple summand of the Levi subalgebra:

k—1 2k—1
W =k <<I> (&Z‘Pm> ,ML>+/<L<<I> (kil > <Pm> MR)
m=1 m=k-+1

k—1 k—1
ST ( > wm) S (6.6
m=1 m=1

m=k+1

2k—1 2k—1
1
+ § W—a,, = | 221 5 Pm | Wtagyi+...tasg—1

We see that each block of ® produces a deformation like in Building Block II, see (3.27). It
is then easy to work out the effective potential, by the ungauging/gauging procedure of [25] and
using the Building Block II in section 3.2. We obtain a quiver with two nodes (that originally
corresponded to the root «y and the extended node) depicted in figure 9 and superpotential

k—1
Wer =X1, (YLZL 27 Y em =TTy .Tk>

m=1

2k—1
+Xrg (YRZR — 5 Y om— Tip1Thya - .T%) (6.7)
m=k-+1

2k
+ ) (T — Tt
m=1

where we have also recoupled the fields ¢ and @or, (Tor+1 = Th).
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Looking at the superpotential (6.7), we notice several mass terms. In particular the
F-terms for ¢;’s imply the following relations

T = Trnt1 — 25 X1 T =Ty — 22X, m=1,...,k—1
Tim = Therms1 + 1 XR R Tyym = Top + 577 Xp m=1,....k—1
Tk+1 =T Top + Xr =Tk
Ty =Ty Ty — X = Toy
(6.8)
that can be solved as
Tjoj = "I T + L Ty, j=1,...k—1
Tiopjer = S22 T+ 557 T J=0,.. k=2 (6.9)

X, =Xgp =T —To

Integrating out the 4k massive fields X, Xp, T1,.. ., Th—1, Tht1, -, Tok—1, P15 - - - » P2k,
we obtain

k

J=0

1 kk—1
Weg = (Tk — Tox) (YLZL +YrZp — 2 <_1> [TUT+ (k—3- 1)T2k]) (6.10)
= (T), — Tox) (Yr.21, + YRZR — Qi(Tk, Tor,))

where we have called Qp (T}, Tox) the last term in the first row. Notice that Qy(T,T) = 2T*.
We are now ready to compute the classical moduli space. The F-term equations are

OnWest - Y71 + YrRZR — Qr(Tk, Tar) — (Tk — Tor) 01, Qi (Tk, Tox) = 0
01y, Wesr Y21 + YrZR — Qi(Tk, Tor) + (T — Tor) 01y, Qu(Th, Tor) = 0 (6.11)
Oy Weg Z;i (T, — To) =0
Oz, West Yi (T, — Tor) =0
These equations imply T}, = Ty, = T and'?
Y25+ YrZr —2TF = 0. (6.12)
Let us write down the hypersurface equation. The gauge invariants are
A1 EYLZL, AQEYRZR, B1 EYLZR, BQEYRZL, (613)
with relation B1By = A1As. Using (6.12), one obtains
B1By = A(—A; + 2TF) (6.14)

By redefining the variables as By = u, By = v, T = z, A} = —w + z* one obtains the defining
equation (6.1) of the kth Reid’s Pagoda.

13The last two equations seems to allow a branch with Z; = Y; = 0; however, the first two homogeneous
independent equations in Ty, Ter would give Ty, = Tor, = 0.
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If we consider the F-term equations of (6.7) for the fields T;’s and X, X, we see that
on the vacuum the fields ¢;’s satisfy

k—1 2k—1
k=P =T D Pm =g D, Pm=w. (6.15)
m=1 m=k+1

We can then correctly conclude that in a generic point of the moduli space, the branes
recombine into a normal brane; moreover, their location in the w-plane is given by the vev
for the corresponding fields ¢;.

We have derived the quiver and superpotential for a D-brane probing a Reid’s Pagoda
threefold singularity in two different ways: either by viewing the threefold equation as a
non-monodromic family of deformed A; singularities (section 5.2), or by viewing it as a
monodromic family of deformed Ag,_; singularities (in the present section). In both cases,
the resulting quiver is the same. Although the corresponding superpotentials take different
forms, they generate the same ideal of F-term equations.

In fact, the effective superpotential (6.10) is not manifestly of standard quiver-potential
form, in the sense that some of its terms are not written as concatenations of arrows along
closed paths. However, the corresponding F-term relations can be integrated to an equivalent
quiver potential,!* in the sense discussed at the end of section 5:

2
Wauv = (T = Tox) (Vi 21 + YRZR) = 1= (Th - Th) (6.16)
One can therefore use this equivalent form when interpreting the final theory as a quiver

gauge theory.

7 Simple flops of length 2

In this section we consider the effective theory on the worldvolume of a D2-brane probing
threefolds which admit a simple flop of length 2. The singularity has an exceptional locus
given by a single CPP!, analogous to the conifold, but — unlike the conifold — it does not
admit a toric description. A key distinction with the conifold is the length invariant £ of
the flop, in the sense of Kollar [49] and Katz-Morrison [39], which for simple threefold flops
measures the multiplicity of the exceptional CP! in the contraction.'® For the conifold ¢ = 1,
while in the present example we have ¢ = 2.

7.1 The geometry and the Higgs field

The threefold flops of length 2 are one-parameter Dy families, and hence belong to the class
of threefolds we are considering in this paper. They are described by the colored Dynkin
diagram in figure 10. The associated Levi subalgebra is

£=40" o A1 @ AL @ (a}) (7.1)

! That coincides with (5.17) obtained by considering the Pagoda’s threefold as a non-monodromic A;-family.

More precisely, if f : Y — X is the contraction and C' C Y is the exceptional curve, then the length ¢ is
the length of the scheme-theoretic fiber f~!(p) at the generic point of C, where p = f(C); equivalently, for
simple flops it coincides with the multiplicity of C in the scheme-theoretic exceptional fiber.
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Figure 10. Length 2 flop from the family of deformed D, singularities. In this construction length 2
flops are three-dimensional cuts in the family of deformed D, surfaces with small irreducible resolution.

The Higgs field is [21, 40]
o= €ay T 01€—a; + €ay + 026y + €45 + 0365 + Q4O‘Z ) (72)

where p; are the invariant coordinates of the Levi subalgebra. The threefold with a flop
of length 2 is obtained by the choice of a base change g; = p;(w), that makes the partial
invariant p; depend on the coordinate w.

Written in matrix form, the Higgs field is [19, 21]

os0 1 0 O 0O 0 0 O
01040 0|0 O O O
000 1 0o 0 0 1
B(w) = 0 0p3 O 0O 0 -1 0 (7.3)
000 O |—os—-01 0 O
000 O|—-1 —p4 0 O
000 -0 0 0 0 —p3
0 0p O 0O 0 -1 0

We now specialize to a class of threefold flops of length two that were studied in [21, 50],
and that is obtained by the following base change [21]:

o1(w) = crw,  o2(w) = cow, p3(w) =csw, p4(w) = cqw. (7.4)

The defining equation can be obtained by plugging (7.2) and (7.4) into (4.3). When we will
need a reference example in the family, we will take ¢y =4, co = ¢3 = 1 and ¢4 = 2; in this
case, the defining equation takes the following form:

22+ 2% — (2 + 4w) (167: w? + (2 + 4w — 4w2)2> =0. (7.5)

By construction it is a one-parameter family of deformed Dy singularities. There are four
point-like singularities: at the origin, where the fiber has a full D, singularity, and other
three points, where the fiber has an A; singularity.
7.2 Probing the threefold by a D2-brane
Let us begin from the superpotential of the Dy quiver:

3

3
W = ;tr [whORO] Zjo iR p), (7.6)

— 27 —



®o

®1

Figure 11. D, quiver gauge theory.

where (h(i), ﬁ(i)) are bifundamental hypers coupled to the vector multiplets associated to the
nodes in figure 11. ¥ and the ¢;’s are the adjoint chirals of the vector multiplets.
Following the algorithm outlined in section 5, the superpotential deformation generated
by the ®(w) in (7.2) splits into five distinct contributions: three are associated with the three
simple summands of the Levi subalgebra, the other two are due to the diagonal ®-component:

OW =Wy + 6Wo 4+ W3 + W4 + Wy, (7.7)
with
W1 = k(P (p1) , 1) = W_qy + 01(01)Wa, ,
Wy =k ((I) (@2) ) ,UQ) = W_q,y + 92(902)71}042 ’
W3 =k ((I) ((103) ) ,U/3) = W_qy + 93(903)21]043 ) (78)
(

oWy = %tr [\I'ﬁ hoc4a (I)(\I/))] = %tr [\I/Q4(\II)] )
)

~—

—900Q4(900)-

We now derive the effective superpotential. We ungauge the central node of the quiver.
After doing this, each colored node supports an abelian theory with monopole superpotential

W, = —goi(hgi)ﬁgi) + h;i)ﬁg)) + w_q, + 0i(pi)wa, (7.9)

Following the computation done in section 3.2 (Building Block I), the U(1) disappears in
the effective theory and we obtain an effective local superpotential

Westi = Xs(Yi Zi + 0i(9s) — 1(i)T2i)) - %(T1i) + TQi))
= —X; (det M; — 0:(¢s)) — @i tr M

(@) v~
with I, = h %) .

(7.10)
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Figure 12. Quiver of the effective N' = 2 theory that emerges in the IR, when monopole deformations
of (7.8) are turned on.

We now re-gauge the central node symmetry and we obtain the quiver in figure 12
with superpotential

West = itr [\If (2);)2Z + h(U)iL(O))] — 0o BB
i=1

, (7.11)
— Z; [X; (det IM; — 05(102)) + i tr M) + 5 tr [ oa (V)] — po04(p0)
In the specific example (7.4), this superpotential becomes
3
Werr =3 tr |0 (M + BORO) | = g AORO
= (7.12)
= X (det M; — cips) + @i tr M) + G tr T2 — cy07 .
i=1

We can integrate out the massive fields p; and X; (i = 1,2, 3), by using their F-term equations:

Ox;West =0 : Y = —Cij det M; (7.13)
Op;Wer =01 X; =L tray '
We obtain the effective superpotential:
3
We = tr [0 (3 + BORO) | — 0 BORO
= (7.14)
+ Z [C%trimi detimi] + c74t1"\I/2 — 04g0%,
i=1

whose fields are represented in the effective quiver in figure 12. We claim that these are
the quiver and the superpotential of a D2(D3)-brane probing the threefold we are analysing
in this section.
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We are now ready to work out the moduli space. For convenience, let us first write

M, =1 +M; and ¥ = os1 + W with  tr 9 =tr U = 0. (7.15)

The relations that one obtains from the superpotential (7.14) are:

3
ST+ A ORO 4 ey =0

OgWeg =0
i=1
— T 2Lign. —
Igp,West = 0 s M; =0
_ (o2 _ 1 gn2)
0, Wer = 0 pa+ L (36 — Jrm?) =0 (7.16)
OpoWest =0 RO RO 4 2¢c400 =0
D500 West = 0 (U — 1) D =0
O Weg =0 RO (U —pol)=0
Here we have also used the fact that det90t; = —tr m?.

There are no solutions to these equations, unless'® ¥ = 0 and t; = 0 (i=1,2,3). We
are then left with
det Eﬁt j

3
i=1 J

In [40] (section 5.2.3), the authors considered a set of relations formally identical to these.
Following their steps, one readily finds that the moduli space of the effective theory coincides
with the threefold given by equation (7.5). Let us briefly sketch the derivation below.

The moduli space is parametrized by ¢4 and the gauge invariants build up from RO 7 0)
and the traceless matrices ;. One chooses as a basis of gauge invariants

A; =tr [27)2027521] R B =tr [9)2095229523} , (7.18)

where we have defined My = L(O /O,
The invariants Ay, As, A3 and B are not independent, but A, As, A satisfy the lin-
ear relation

> A= —2ci¢] (7.19)

and they are also related to B by (see appendix A in [40])

A1A2A3 = — B? + 2Beyps (A1 + pa(cips +c1 — o — c3))

(7.20)
— pa(cads + c3As) (A1 +2¢597) — aAaAz(cipa + c1) — Acieacspl .

161f all ¢;’s are non-zero, the M’s are all proportional to ¥ with proportionality factor depending on t;
and ¢;; hence also tr 275212 depends on t; and ¢;. For generic ¢;’s one cannot solve both the third and the first
relations. The same is true if some t; is non-zero. Hence, all of them must vanish, and then also U must be
equal to zero.
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From now on, we set ¢; = 4, co = c3 = 1 and ¢4 = 2 as above. We write Ay in terms
of Ao and As by using the first relation, and make the following redefinition of the gauge
invariant coordinates:

Ay =5y +2z—4w(w-1)),

As =5 (—y+z—4dw(w—1)),
B=—iz+2w(z+2w),

D= D=

pi=w.
Plugging these redefinitions into equation (7.20), with the chosen values of the ¢;, we obtain

the defining equation (7.5) of the threefold under consideration.

Also in this case, the superpotential (7.14) obtained directly from the algorithm is not
manifestly a standard quiver potential. Nevertheless, its F-term relations admit an equivalent
presentation in terms of a quiver potential built from admissible path concatenations.

In particular, using the identity

tr I det M = é((tr M)* — tr(M?))

valid for any 2 x 2 matrix, we can replace the non-single-trace term in (7.14) by the cubic
quiver-potential term —3% tr(ﬁmf), up to a term proportional to (tr imi)?’. Since, as we have
seen above, the F-term equations imply t; = %tr M, = 0 on the geometric branch, the
superpotential (7.14) defines the same moduli-space relations as the superpotential

Wi = St (B0 HOR)] = o BORO = 3 L () + 5 07 -

that is single trace. As explained at the end of section 5, we are therefore free to pass to
this equivalent form when describing the infrared quiver theory.
8 D2-brane probing a non resolvable cDV singularity: (As, D4) three-fold

In this section we will apply our techniques to determine the effective theory of a D2-brane
probing threefolds with an isolated singularity that do not admit crepant resolutions.

8.1 Geometry and Higgs field ®
Let us consider the one parameter D4 family, also known as'” (As, D), given by the equation
P4z + B 4w =0 (8.1)

This threefold was studied in [20, 22] with the techniques of [18, 19, 21], so we have the
corresponding Higgs field ®. As explained in [22], ® belongs to a maximal subalgebra of the
Levi subalgebra. In this case the Levi subalgebra is the whole D4 Lie algebra, consistently

"Type IIB on this singularity engineers Argyres-Douglas theory of type (Asa, D).
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Figure 13. Non-resolvable singularity. The coloring of the diagram signals the obstruction to the
resolution of all the linearly independent 2-cycles.

with the fact that one cannot blow up any two-sphere. If ® were a generic element in £ = Dy,
the threefold would be smooth. Instead in this case,

deM=A"aa g Al g A cr=Dp,, (8.2)

where ag corresponds to the extra node in the extended Dynkin diagram (see figure 13).
This choice of M ensures that at w = 0, the singularity is isolated but non-resolvable.
The Higgs field in (8.2) can be written as

® = €q; T 01€—aq + €ay + 026 _ay + €03 + 0360y + €0 + 00€—qy » (83)

where p; are the invariant coordinates of the Levi subalgebra and «q is minus the highest
root. Written in matrix form, the Higgs field is [20]

01 0 0|0 g 0 O

000 0 0|=00 0O 0 0

0 0 0 1 0O 0 0 1

0 0 0|0 0 -1 0
d(w) = g (8.4)

0-10 0|0 —po1 0 O

100 O0|—-1 0 0 O

0 0 0 —g2| 0O 0 0 —p3

0 0 po 0|0 O -1 O

The particular threefold (8.1) is obtained by the base change
oi=cw (1=0,1,2,3) with 01202203:£, coz—% (8.5)

8.2 D2-brane probe theory

The Higgs field ®(w) in (8.4), which encodes the background geometry, induces a superpo-
tential deformation on the worldvolume theory of the probe D2-brane. This deformation
decomposes into four distinct contributions, each associated with a simple summand of the
maximal subalgebra M C Dy:

SW = 8Wy + 6Ws + W3 + Wy (8.6)
with
W, = (B (00) ) = e + a1t
Wa = k(P (p2) , p2) = W_ay + 02(P2)Was, (8.7)
W3 = £ (@ (p3) , #3) = W-ay + 03(¥3)Way ,
FWo = (0 (0) i) = 6o + c0ln e

with g;(w) given in (8.5).
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Figure 14. Effective D4 quiver describing the fields coupling to the residual gauge symmetry.

We now derive the effective superpotential. We ungauge the central node of the quiver:
afterwards, each colored node supports an abelian theory with monopole superpotential

Wom BB+ HORD) S oy b, =023 (8

Following the computation done in section 3.2 (Building Block I), the U(1) disappears and
we obtain an effective local superpotential

Wesis = Xi(Yi Zi + cipi — TOTY — (T + 1)

8.9
= —X; (det M; — 0i(pi)) — pitr M, (89)

(i) v~
with IM; = (Tl Yi )

Z TS
We now re-gauge the central node symmetry and we obtain the quiver in figure 14
with superpotential

(2

3
Wegr = tr [\If > m;
=0

3
+ (—XZ' (det M, — Cz‘SOi) + ((p4 — (p,‘) tr mz) . (8.10)
=0

Analogously to the flop of length two case, we can integrate out ¢; and X;, by using (7.13),
with now i = 0,1,2,3. We obtain'®

3 3
Weg = tr |fIJ Z EDL] + [c% tr M, det EDZZ}
; =0

()

zﬂ ; , (8.11)
— [\pzm P23t Y0 (B - L)
=0 =0 i=0

where in the second line we have used (7.15).

8 As in the length-two flop case, the effective superpotential can be replaced, for the purposes of the
moduli-space analysis, by an equivalent single-trace quiver potential leading to the same F-term relations on
the geometric branch.
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The relations that one obtains from the superpotential (8.11) are very similar to the
simple flop of length two cases studied above:

3
OgWer =0 = > M =0
=0
3
OpWeg =0 = Y t;=0 (8.12)
=0
0 - B gy
O Wer =0 = W — Z9M; =0
) 3t2 1 =9
atheﬁ":O : (,04—}-?;—%]_’“932]-:0

Let us explore the moduli space. The relations (8.12) imply ¥ = 0 and ¢; = 0 (i =
0,...,3).1 We are then left with the space parametrized by the four traceless matrices I;
and the singlet (4, subject to the relations

3
Z M; =0 and tr 2)52]2 = 2¢ip4 . (8.13)
=0

Out of four traceless 2 x 2 matrices we can construct the quadratic and the cubic invariants
qdij = tr {2)5212752]] and Cijk = tr {9521952]95%] , (814)
that are related by?’
1 Qi 9ij ik
i = —3 det | gij qj; qjk (8.15)
ik 95k dkk
The quadratic invariants satisfy ¢; = 2¢;¢p4 and Z?:o gij = 0 Vi. This reduces the number of
independent quadratic invariants to two. Let us take g2 and ¢35 as the independent ones. The

cubic invariants are all proportional to each others.?! Let us take c123 as the independent one.
We can then parametrize the moduli space by ¢4, q12, q13, c123 that satisfy the relation

1 % q12 q13
Clos = D) det | g2 & —q12 — Q13 — 304 (8.16)
Q@13 —q12 — 13 — 3P4 o
where we have used that (with the choice (8.5)) qi11 = ¢22 = ¢33 = %* and g3 = —q12 —

3., 22
413 — 3¢4-

97f ¥ and/or some of the ¢;’s are non-zero, it easy to check that the equations (8.12) have no solutions
(except for non generic values of ¢;, that do not include (8.5)).

20By expanding the traceless matrices 9M;’s in terms of the Pauli matrices, we can associate three-dimensional
vectors v; to them. We then have g;; = 2v; - v; and ¢ijk = 2iv; - (V5 X vg).

*'Let us see it in terms of the vectors v;’s. Since Y v; = 0, we have vy, - (viy X vi,) = viy - (Viy X (—vi; —
Viy — Vig)) = Vi; - (Vig X (—0s3)). Hence ¢; 4054 = —Ciyinig for any choice of the ordered quadruple (i1, 42,13, i4).

22This is obtained by taking the proper linear combination of the four relations Z?:o qi; = 0.
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If we now redefine the coordinates, according to
_ 1 _ i 1 1 _ i 1 1 _
€123 = 5%, Q12 = 3y + 32— 3w, 13 = —3Y + 32— 3w, P4 =W, (8.17)

then the equation (8.16) becomes (8.1), confirming once again that the moduli space coincides
with the probed threefold.??

9 Conclusions

In this paper we proposed a systematic probe-brane construction for a broad class of generically
non-toric cDV Calabi-Yau threefold singularities. The central input is the Higgs field ®(w),
which encodes the ADE fibration, its partial simultaneous resolution, and the monodromy
of vanishing cycles. Starting from the AN/ = 4 quiver theory on a D2-brane probing the
corresponding ADE surface singularity, we explained how ®(w) determines a deformation
of the probe theory. In non-monodromic cases this deformation is polynomial, while in
monodromic cases it involves monopole superpotentials associated with colored Dynkin
subdiagrams.

We made extensive use of 3d mirror symmetry, allowing us to replace the monopole
deformations by effective polynomial interactions in elementary fields. This yields a practical
Lagrangian description of the relevant geometric branch of the moduli space of the probe
theory. One aspect of the derivation deserves further clarification. In the monodromic case,
our prescription requires the deformation 0W = k(®(@em), 1), where e, is the center-of-
mass scalar of the Dynkin block being collapsed. At present, we do not have a first-principles
derivation of why the deformation should depend on ., precisely in this way. However, the
prescription is strongly supported by the fact that it reproduces the expected cDV geometry
in several non-trivial examples, including Reid’s pagodas, simple flops of length two, and
the non-resolvable (Ag, D4) threefold.

The present analysis should be viewed as a framework rather than as a complete clas-
sification. Concretely, our treatment is most explicit for A- and D-type fibrations and for
examples that can be reduced to abelian building blocks by mirror-symmetry techniques.
Extending the construction to more general non-abelian Levi sectors, and in particular to
E-type geometries, remains an important open problem. In fact, this setup complicates both
the identification of the appropriate monopole superpotential deformations and the procedure
for integrating out monopole operators through mirror symmetry.

The dictionary developed here between Higgs-field data ®(w) and probe-brane Lagrangians
offers a useful framework for the study of non-toric Calabi-Yau singularities and their
applications in string theory and M-theory.
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A Levi subalgebras

In this section, we will give two simple working definitions of Levi subalgebras, for reading
convenience. The first definition is only valid for s/, C, the second is general. Both are
equivalent, and are consequences of the more formal definition, which we will not give, in
terms of parabolics and radicals.

Definition 1: diagonal blocks. A Levi subalgebra of sl,,C consists in an algebra of block
diagonal matrices, i.e. for sl5C, one possible Levi subalgebra is given by all matrices of the form:

*x 000
*x 000
A=100x*x*0]| €sl5C (A1)
00x%x%0
0000 x

Defnition 2: centralizers. Given a semi-simple (diagonalizable) element x € g of a Lie
algebra, the centralizer [ C ¢, defined as

U:i={y e glly, 2] = 0} (A.2)

is a Levi subalgebra. For instance, in sl5C, the Levi subalgebra associated with the following

element:
mp 0 0 O 0
0 mg 0 O 0
z=|0 0 mo O 0 (A.3)
0 0 0 mg 0
0 0 0 0 —2m;—2me

consists in the subalgebra defined in the previous definition (A.1).
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