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Abstract

Recent theoretical and experimental advances have opened new perspectives on the

characterization of strongly correlated phases of matter, adding a new layer of understanding

based on concepts and tools borrowed from quantum information theory. We join the

effort by investigating, within dynamical mean-field theory and its cluster extension, the

local and quasilocal (i.e. short-range) quantum information content of salient landmarks

in the phase diagram of the two-dimensional Hubbard model, the cornerstone model for

the description of the physics of cuprate materials, and of a closely related model for

interacting topological states on the honeycomb lattice.

In the first part of the thesis, we focus on the dynamical mean-field theory solution of

the Kane-Mele-Hubbard model, at zero temperature. In the thermodynamic limit we

find evidence of an interaction-driven discontinuous quantum phase transition between

the Z2 quantum spin-Hall insulator and anisotropic antiferromagnetic solutions, with an

intermediate regime of coexistence of nontrivial topology and magnetic order.

A clear-cut interpretation of these results is given in terms of a rigorous quantification of

quantum and classical correlations contained in a single local orbital (which we refer to

as intra-orbital mutual information), providing a notion of "statistical distance" from the

Hartree-Fock description of the system. The resulting analysis complements the established

Green’s function based understanding of the relationship between dynamical and static

mean-field theories. In particular, we find the magnetic solutions of dynamical mean-field

theory to asymptotically approach the corresponding uncorrelated Hartree-Fock states, in

the strong coupling limit, in stark contrast with the paramagnetic Mott-Hubbard solution,

which in turn reveals a maximally correlated local spin-orbital pair at large interaction

strength. Furthermore, these findings cast some light on the relationship between Mott

localization and the possible development of nonlocal entanglement.

In the second part of the thesis, we provide an alternative view of both the interaction-

driven and density-driven paramagnetic Mott transitions in the two-dimensional Hubbard

model, in terms of rigorous measures of entanglement and correlation between two spatially

separated electronic orbitals, with no contribution from their environment. A space-resolved

analysis of cluster dynamical mean-field theory results elucidates the prominent role of

the nearest-neighbor entanglement in probing Mott localization: two traditional upper

bounds and two recently introduced lower bounds for its magnitude sharply increase at the
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metal-insulator transition, in contrast with the moderate variation found at all interaction

strengths that are sufficiently far from the transition point. At half-filling, the two-site

entanglement beyond nearest neighbors is shown to be quickly damped as the inter-site

distance is increased within the cluster, suggesting that Mott-Hubbard insulators may

follow an area law. However, the size of the simulated clusters does not allow a quantitative

analysis of the decay, so that a precise classification of the spatial entanglement properties

of the system is left for future study. In the presence of hole-doping, we show how the

pseudogap metal separating the Mott-Hubbard insulator from the hole-dominated Fermi

liquid features quasilocal entanglement properties that are strikingly similar to the localized

Mott phase, while it is separated from the low-entangled Fermi liquid by a discontinuous

jump in all the computed entanglement and correlation measures.

All the presented results ultimately resolve a conundrum of previous analyses based on the

single-site von Neumann entropy, which has been found to monotonically decrease when

the interaction is increased, defeating the purpose of capturing and understanding strong

electronic correlations with the aid of quantum information concepts. Both the intra-orbital

mutual information and the quasilocal two-site entanglement, on the other hand, recover

instead the distinctive character of Mott insulators and pseudogap metals as strongly

correlated many-body states, demonstrating its central role in future advancements in the

field of quantum materials.
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Preface

The field of strongly correlated electrons has been among the most lively in condensed

matter in the last few decades. A new era started with the discovery of high-temperature

superconductivity in a family of doped copper oxides, with the realization that the vicinity of

a Mott insulating state could be a central key to, at least partially, understand the pairing

mechanism and ultimately engineer materials with higher, possibly room-temperature

transition points. The two-dimensional Hubbard model, as a minimal description of the

relevant physics in these systems, has then turned into one of the most studied model

Hamiltonians, marking the history of many recent achievements in the field and leading

to the development of new concepts and methods. Among the various milestones, a

prominent spot is reserved to dynamical mean-field theory (DMFT) and its extensions,

bringing the first coherent description of interaction-driven metal-insulator transitions, in a

nonperturbative, field-theory based, treatment of the local dynamical correlations.

On the other hand, the recent explosion of interest in quantum information theory, mostly

projected towards the development of robust quantum computing schemes, has sprout an

abundance of new results in fundamental quantum mechanics, filling the gap between the

highly complex developments in the last decades of quantum field theory and the minimal

simplicity of the quantum systems that, so far, we are able to control. One of the greatest

achievements of the quantum information community has surely been the development of

a quantitative theory of entanglement detection, extended also to many-body systems.

Therein, the concept of bipartite and multipartite entanglement has proven to be of stark

relevance for the characterization of quantum phase transition, and the classification of

exotic phases, especially in absence of a clearly defined order parameter.

This thesis has been carried out in the effort of building a solid bridge between the two

disciplines (and hopefully the two communities), with the ultimate goal of reaching an

enhanced understanding of the role of strong correlations, and possibly entanglement,

in driving and/or probing the complex transformations that a many-electron system

undergoes when the (static) mean-field description breaks apart. Field-theory methods

have generally no direct access to many-body wavefunctions, making the connection to

quantum information concepts particularly hard.
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As virtually any PhD journey, these four years of work have been filled with discontinued

paths, continuous excitement with new ideas and a fair deal of hopping between different

projects. As a result, the two main pillars of this thesis are derived from research ideas

in principle not straightforwardly related to each other. Nevertheless, for my personal

taste and hopefully the reader delight, I decided to report them as a somewhat unitary

story, bound together by the fil rouge of importing quantum information insights into the

field of strongly correlated electrons. For this reason, an introductory chapter, perhaps

longer than usual, has been added, obviously discussing the common concepts and tools,

but also reporting some results that have been produced expressly for the thesis. It is

called ouverture and, as the name suggests, it is intended to be read before starting with

the main courses. The rest of the thesis is divided in two parts, made as independent

as possible on each other, as all the needed shared foundation has been included in the

ouverture.

The first part reports on our study of correlated topological phase transitions, in particular

the transformation of a quantum spin-Hall insulator into an antiferromagnetic Mott

insulator, on the minimal model Hamiltonian for interacting Dirac electrons. The single-

site DMFT results are compared with a standard Hartree-Fock theory and a quantum

information "distance" is defined to complement the traditional, Green’s function based,

understanding of the difference between the two descriptions.

The second part, in turn, extends the analysis to short-range nonlocal correlations, this

time analyzed in the Hubbard model on the square lattice. The results are obtained

within cluster dynamical mean-field theory (CDMFT), an extension of the single-site

theory, able to include nonlocal effects within small clusters. A careful review of some

entanglement measures for bipartite open quantum system is included, as we are interested

in the evaluation of correlations and entanglement between two electronic orbitals residing

on different lattice sites, without any contribution from the surrounding lattice. This

fairly specific request comes from a lesson taught by some recent works, which have

thoroughly analyzed the so-called local (single-site) von Neumann entropy. While this

quantity can indeed mark all the features in the phase diagram, along the interaction,

temperature and doping axes, its physical meaning has not been, in our opinion, fully

identified (or communicated), leading to an apparently misleading depiction of the Mott-

Hubbard transition. We show that two-site entanglement measures are indeed much more

revealing of the strongly correlated character that is universally attributed to paramagnetic

Mott insulators and pseudogap metals. In this light they represent "useful" entanglement

measures to be used in more involved models describing competing phenomena. Finally,

we amend the physical interpretation of the local entropy, connecting it with the notion of

local fluctuations and demonstrate how the local correlations are much better captured

by the intra-orbital mutual information, the same "distance" we have leveraged for the

topological transitions, mentioned above.
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OOuverture: correlated insulators

„ I �rst heard of it when Fowler was explaining it to

one of Rutherford's closest collaborators, who said

`very interesting' in a tone which implied that he

was not interested at all. Neither was I.

� Nevill Francis Mott

about Bloch-Wilson's theory of insulators

O.1 Failure of band theory

The band theory of solids [5�9] is the cornerstone of our understanding of the electronic

properties of crystalline materials. The main idea is that the properties of the electrons

in a solid can be approximated as those of a gas of e�ective fermionic quasiparticles,

which can tunnel between localized atomic orbitals for a relatively large lifetime (so that

they constitute coherent charge carriers), leading to a description of the system in terms

of delocalized single-particle states. For a given numberN of electrons in the solid,N

quasiparticles will populate these states according to the Fermi-Dirac thermal statistics

wich, at zero temperature, results in a �lling of theN=2 lowest-lying eigenstates, each

with two quasiparticles of opposite spins.

The underlying assumption of band theory is that the electron-electron repulsion is su�-

ciently screened (hence weak) as to ensure a one-to-one correspondence of the e�ective

fermions with the actual interacting electrons, so that the quasiparticle states (though not

being eigenstates of the many-body Hamiltonian) can be de�ned and labeled by the same

quantum numbers of the corresponding noninteracting reference state. Furthermore, their

motion is simply characterized by a renormalization of their physical properties, such as the

interaction-induced enhancement of the electronic e�ective mass. The phenomenological

introduction of these concepts is due to Landau [10], and the later formalization in the

framework of diagrammatic perturbation theory is known asFermi liquid theory [11�14].

The simplest approximation of Fermi liquid theory amounts to model the screened electron-

electron repulsion as an e�ective one-body potential, emerging from the interaction of a

single electron with theaveragede�ect of the presence of all the others. This amounts to

assume the lifetime of the quasiparticles as in�nite and neglect all the dynamical e�ects of

the electronic repulsion, hence de�ning what is called astatic mean-�eld approximation

of the many-body problem. The mean-�eld potential is added to the periodic potential
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introduced by the underlying lattice of positive charged ions, resulting overall in a spectrum

formed by continuous energy bands, possibly separated by gaps where no single-particle

eigenstates are present. According to Bloch's theorem, each of these eigenstates can be

written as a modulated plane wave [5]

 nk (r ) = unk (r )ei k �r ; (O.1)

wherek is the so-called crystalline momentum andn is a quantum number labeling the

modulating functionunk , that in turn has the same periodicity of the lattice. The energy

eigenvalue" nk associated to the nk eigenstate de�nes then-th band of the solid [7, 8].

The existence of these bands is the crucial element of the theory and has historically led

to a great number of successful predictions, paving the road for the understanding of the

physical properties of materials. Among these achievements, a fundamental role is assumed

by a criterion introduced by Wilson [6] for the classi�cation of the transport character of

solids: solids where the number of electrons completely �lls the highest occupied (valence)

band, leaving the next (conduction) band empty, will be insulators; solids that feature a

partially �lled conduction band will be metals; semiconductors are simply insulators with a

small gap, so that the conduction band can be populated by thermal excitations.

The band theory of solids has proven to be extremely successful in describing the qualitative

features of many solids. In particular, the development of density functional theory1,

especially in the Kohn-Sham formulation [16], and the continuous improvement of the

approximations for the exchange-correlation functional, has a�rmed the possibility to

compute band structures for real materials, in impressive agreement with experiments.

Yet, there are spectacular examples in which band theory completely fails to describe the

properties of materials, even on a qualitative level. Among these, a central role is played

by the so-called Mott insulators [17�20], materials that display all the phenomenology

of insulators, despite the electron count would suggest a partially �lled conduction band.

This discovery dates back to 1939, in the early stages of band theory, when it was reported

that transition-metal oxides displayed this behavior [21]. It became rapidly clear that

electron-electron interactions, which are either neglected or treated at the Fermi liquid

level in band theory calculations, were the most likely reason for its breakdown [17, 22].

However, the physical mechanism underlying the transformation of band metals into

interaction-induced insulators, has been debated since the early days, with the opposition

of two main ideas: one, proposed by Slater [22], identi�es the transition mechanism in the

nesting property of the Fermi surface (see section O.2 for a de�nition), that enables strong

1To be fair, density functional theory should not be regarded as any kind of mean-�eld approximation, but
rather as a highly sophisticated many-body method [15]. Nevertheless, many features of the practical
implementations are essentially akin to traditional band-theory and the two theories are in fact often
referred to as synonyms in the community.
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magnetic �uctuations ultimately leading to an instability towards Néel (antiferromagnetic,

AFM) ordering. The other, introduced by Mott [17], predicts the formation of localized

magnetic moments, of the Heisenberg type, at temperatures that are incompatible with

long range ordering and thus leading to a paramagnetic insulating state. Upon decreasing

the temperature, a paramagnetic Mott insulator would indeed order with a Néel transition

that cannot be driven by nesting, as the Fermi surface is absent in the high-temperature

Mott state. These observations can be considered as the beginning of the �eld of strongly

correlated electrons.

A turning point in the �eld has been the discovery of high-temperature superconductivity,

by doping a class of layered copper oxides (cuprates) [23] which, when not doped, are

almost two-dimensional antiferromagnetic Mott insulators. After the original proposal by

Anderson [24, 25], the idea that the understanding of high-temperature superconductivity

boils down to unveiling the physics of doping a Mott insulator [26] has been the main

guideline in the community.

In the following be brie�y discuss the simplest model that accounts for this physics, the

single-band Hubbard model [27�32], and we provide a concise description of some of its

properties. The purpose of the section is by no means a complete review of an immense

and diverse �eld, but simply to introduce some of the concepts that are essential to discuss

the original research reported in this thesis. For a review of the properties of the model

and the vast multitude of related computational methods we direct the reader to [33, 34]

O.2 The Hubbard model for interacting electrons

in localized orbitals

A simple derivation of the band theory of solids can be obtained by assuming the so-

called tight-binding approximation: recognizing that the electrons occupying the lower

energy levels in each atom are tightly bound to its nucleus and signi�cantly screen its

positive charge, we can model the so-called "outer" electrons as occupying largely extended

wavefunctions, that partially intersect with each other. The correspondingoverlap integral,

gives the probability amplitude for the tunneling between di�erent atoms and is consequently

calledhoppingamplitudet . We can then model a simple lattice of noninteracting electrons

as a series of on-site energies (equal for all sites if the lattice is homogeneous) and a sum

over all the possible hopping terms. In second quantization it reads

H0 =
X

i �

" i ni � +
X

hi j i

t i j c
y
i � cj � ; (O.2)

whereci � (cy
i � ) is the annihilation (creation) operator of an electron with spin� at the

site i of the lattice and ni � = cy
i � ci � is the corresponding number operator.

O.2 The Hubbard model for interacting electrons in localized orbitals 3



Formally, the hopping amplitudest i j can be obtained by computing explicit overlap integrals

between the Wannier functions, de�ned as the lattice Fourier transform of the Bloch waves

in Eq. O.1 [35]:

� nR(r ) /
X

k

e� i k �R nk (r ); (O.3)

whereR stands for any lattice vector. If the Wannier functions are su�ciently localized,

as it happens for thed and f orbitals in transition metals, the tight-binding approximation

provides a fairly good description of the material's band structure, often even with the

truncation of the hopping matrix at the nearest neighboring sites. In the Wannier basis,

the band index directly translates to a localized orbital.

Once the hopping integrals have been obtained, to consider a strongly correlated material,

i.e.a system in which the band theory of solids fails, a term accounting for the electron-

electron interaction must be added. In principle, in considering the interaction between

electrons sitting at di�erent lattice sites one has to include every term of the Coulomb

tensor, with elements

Ui jk l =
Z

dr1dr2� �
i (r2)� �

j (r1)Vee(r1 � r2)� k (r1)� l (r2); (O.4)

wherei , j , k and l represent in principle indices for all the site-orbital pairs in the lattice.

In the assumption of well-localized Wannier functions, and considering only one orbital

per site (as we will always do in this thesis), the calculation can be greatly simpli�ed

into considering only the so-called Hubbard terms, measuring the Coulomb repulsion of

electrons residing on the same lattice site [27�32]

Ui =
Z

dr1dr2j� i (r1)j2Vee(r1 � r2)j� i (r2)j2: (O.5)

Considering a lattice of all-equivalent sites and truncating the hopping amplitudes to

nearest neighbors we obtain the single-band Hubbard model:

H = � t
X

�

X

hi j i

�
cy

i � cj � + h :c:
�

+ U
X

i

ni " ni# � �
X

i �

ni � (O.6)

wheret is the (uniform) nearest-neighbor hopping amplitude,� is the chemical potential

and U is the aforementioned (uniform) local electronic repulsion. After its introduction,

the Hamiltonian in Eq. O.6 turned into a minimal but paradigmatic model to introduce the

e�ects of electron-electron repulsion in the tight-binding description of solids.

Despite its deceiving formal simplicity, the Hubbard model still de�es most of the attempts

to solve it, except for the one-dimensional case, where the BetheAnsatz [36] allows for an

analytical solution, and the limit of in�nite dimensions [37], where dynamical mean-�eld

theory (DMFT) [38] leads to a numerically exact solution of the model at any temperature

4 Chapter

O Ouverture: correlated insulators



and U=t ratio (see section O.3). In two and three dimensions, the model proves extremely

hard to solve due the intrinsic competition between the kinetic and interaction terms. We

can build an intuition around this point by examining two limiting cases, the noninteracting

(U = 0 ) and the atomic (t = 0 ) limits, where a simple analytical solution can be obtained

for any dimensionality.

For U = 0 , the Hubbard model becomes a simple tight-binding Hamiltonian, which can

always be diagonalized in momentum space (also for general hopping matrices, as in

Eq. O.2). Thus we can Fourier transform it in the form

H(k) =
X

k�

" k cy
k� ck� ; (O.7)

where the dispersion" k for a d-dimensional hypercubic lattice with only nearest-neighbor

hopping reads" k = � 2t
P

i cos(ki a), where i = 1 ; : : : d runs over the spatial coordinates

and a is the lattice spacing. Any eigenstate of the Hamiltonian is the direct product of

delocalized states of momentumk and it describes a metal for any number of electrons

except zero or those �lling the whole band. In particular, the system is metallic also when

the number of electrons equals the number of sites, corresponding to a half-�lled band.

In the opposite limit, t = 0 , the Hubbard model becomes a collection of disconnected

atoms (hence the name of atomic limit) and the model is trivially diagonal in real space.

Now every Fock state in the basis of the local occupations is an eigenstate and the ground

states are all those states that minimize the number ofdoublons, i.e.doubly occupied sites

hosting two electrons with opposite spins, as the creation of a doublon leads inevitably

to an energy cost ofU. At half-�lling, this implies a vanishing population of doublons,

as well as of empty sites (sometimes also calledholons), so that all the con�gurations

with one electron per site are degenerate ground states at zero energy, regardless of the

arrangement of the electronic spins. This state is trivially localized in each atomic orbital

and it can be considered as the extreme version of a Mott insulator.

The strikingly di�erent behavior in the two extreme noninteracting and atomic limits

provide us a �rst clue about the reason for the di�culties to solve exactly the Hubbard

model. The two terms are both extremely simple, but they are diagonal respectively in

momentum space and in real space, so that they describe naturally contrasting tendencies

and it is hard to envisage a simple picture to describe the outcome of their competition.

From a purely qualitative point of view, we can picture the evolution of the half-�lled

Hubbard model from the noninteracting limit by increasing the ratioU=t in terms of a

progressive reduction of doubly occupied sites. As the interaction grows, their dynamical

average will decrease from the noninteracting value, which at half-�lling can be easily

checked to be 1/4. During this process the electrons lose their mobility, as a consequence

of the increasing energetic cost for exciting a doublon/holon pair. While forU = 0 all the

O.2 The Hubbard model for interacting electrons in localized orbitals 5



hopping processes respecting Pauli principle are allowed, asU grows the processes that

create doubly occupied sites become less and less likely, so that at somecritical value of

U, for which the interaction is comparable with the kinetic energy of the electrons, the

electronic motion will become so energetically unfavorable that the electrons will become

fully localized, thus leading to an interaction-driven insulating state, whereas the electron

count would lead to a metallic system, according to the band theory of solids. This process,

that by no means requires the assumption of antiferromagnetic ordering, transforms a

metal into a insulator by the pure action of the Hubbard repulsionU, and for that reason

is traditionally called aMott-Hubbard transition. Based on the very general arguments we

discussed above, we can expect that the Mott-Hubbard transition takes place for a critical

value ofU proportional to the hopping amplitudet , or in other terms to the bare electronic

kinetic energy. In this view, we cannot expect that perturbation theory starting from either

of the two extreme limits is likely to describe this transition, as it takes place when the

two energy scales of the model are comparable. As a matter of fact, only nonperturbative

methods such as the dynamical mean-�eld theory [38] can access this kind of physics.

Once again, it is important to stress that the simple argument we discussed, as well as

the more concrete theoretical description that we will present in the next section, are

totally independent on the onset of long-range magnetic ordering. This is a very concrete

point given that a magnetic state, often with alternate Néel ordering, is observed at low

temperature in many Mott insulators, including the parent (undoped) compounds of high-

temperature superconductors. The Mott-Hubbard insulator that we described is instead

in principle free of any symmetry breaking and, in virtue of the local magnetic moments

that characterize its electronic con�guration, it is often simply called as paramagnetic

Mott insulator. The study of the transition from a nonmagnetic metal to a paramagnetic

Mott insulator has a fundamental value, as it provides a picture of theintrinsic e�ects of

electron-electron interactions, beyond any symmetry breaking mechanism. In fact, this

perspective has been widely assumed in the literature employing DMFT and related methods

and it has provided a powerful paradigm for the understanding of strongly correlations,

even beyond electronic systems [39�43]. Nevertheless, the study of the role of strong

correlations in symmetry-broken, antiferromagnetic states can in principle aid to pinpoint

the fundamental di�erence between the aforementioned mechanism proposed by Slater

[22], de�ning what we will call Slater insulators and Slater metal-insulator transitions, and a

mechanism based on the sole assumption of strong correlations that, as mentioned above,

relies on the notion of localized magnetic moments that order by means of superexchange

interactions of the Heisenberg type, so de�ning the concept of Mott-Heisenberg insulators.

In this thesis we will address both Mott-Hubbard and Mott-Heisenberg insulators for

the Kane-Mele-Hubbard model, providing a minimal description of topological insulators

on the honeycomb lattice, with a local electron repulsion modeled by the same on-site

term of Eq. O.5. We will also consider the paramagnetic metal-insulator transition for
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the two-dimensional Hubbard model (Eq. O.6, where the underlying lattice de�ning the

summations is hypercubic withd = 2 ). Therein we will address local and quasilocal

entanglement and correlation properties, at half-�lling and in presence of hole-doping,

completely discarding magnetic ordering.

Before delving into a brief introduction of DMFT and the way it captures the Mott-Hubbard

transition, we spend some words to further examine the connection between Mottness and

magnetism, elucidating some key aspects to distinguish Mott-Heisenberg insulators from

their simpler Slater description. This important discussion will be reprised in sections O.4

and O.5, analyzing the concept of correlation-induced local magnetic moments under the

lens of quantum information theory and building the foundation for a rigorous study of the

role of local �uctuations and correlations in Mott physics.

Indeed, for a half-�lled Hubbard model with only nearest-neighbour hoppings, on a hyper-

cubic lattice, the ground state is always antiferromagnetic (AFM) for every nonzero value

of U=t. We can spend a few lines to provide solid analytical arguments for this statement,

in the two regimes of weak-couplingU � t and strong couplingU � t .

In a weak-coupling regime, we can study the model using a mean-�eld Hartree-Fock

approximation. In particular we can decouple the interaction term as

U
X

i

ni " ni# ' U
X

i

ni " hni#i + U
X

i

hni " i ni# � U
X

i

hni " ihni#i ; (O.8)

amounting to a variational search for the optimal Slater determinant description of the

electronic ground state [9, 13, 14, 22]. If we de�ne the AFM order parameter as

m =
X

i

(� 1)Ri (ni " � ni#) (O.9)

we �nd that a solution with m 6= 0 is found for every value ofU and follows an exponential

law of the form m / e� �t=U . This state is insulating with a gap given byUm and it

describes a system with a small magnetization that changes sign each time we move of

one site along any direction. The same behavior is found in principle for any bipartite

lattice, i.e.a lattice which can be partitioned in two sublattices A and B such that all the

nearest-neighbor hopping amplitudes only connect sites of the A sublattice with those of

sublattice B and viceversa. In fact, the onset of this magnetic state can be seen as an

instability of the Fermi sea associated to the nesting of the Fermi surface at the reciprocal

vector Q = ( �; �; : : : ). This leads to a doubling of the unit-cell, associated with the

broken translational symmetry, and consequently leads to a folding of the single, metallic

band into two bands de�ned in the so-called reduced Brillouin zone [7, 8], separated by the

aforementioned gap. Hence, despite the origin of the magnetic ordering and the insulating

behavior is the presence of the interaction, the system can be described in terms of an
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e�ective band structure, where the gap is simply explained by the doubling of the unit-cell.

In this sense, the Slater mechanism for the metal-insulator transition does not require

a failure of band theory and arguably describes the state of the system only when the

interaction is indeed much smaller than the hopping.

In the strong-coupling limitU � t , the starting point is the atomic limit where, as we

mentioned above, we have a large manifold of degenerate ground states, all characterized

by one electron localized on each lattice site. We notice immediately that the only active

degree of freedom left is the spin on each site. In other words, our Hubbard model

becomes a spin model as the charge is, of course, completely localized. If the presence

of the hopping does not change this situation, the system remains insulating. Indeed,

as long ast � U, there is no way to induce charge �uctuations, whose energy cost is

larger than any possible kinetic gain. What a smallt can induce is instead a lifting of

the degeneracy: among the many degenerate ground states, only some will be favored

by a �nite hopping. A simple perturbative argument suggests that nearest-neighbor sites

gain an energyE0 = � 2t 2=U if they host electrons with opposite spin (with respect to

electrons with the same spin). This leads to the prediction of an antiferromagnetic ground

state for any bipartite lattice. Indeed, this result can be well formalized by deriving an

e�ective strong coupling Hamiltonian [44], which reads

H = J
X

hi j i

Si � Sj ; (O.10)

whereJ = 4 t 2=U is an the antiferromagnetic superexchange coupling [45, 46], andSi is

the quantum mechanical spin vector for thei-th site. Eq. O.10 can be recognized as an

Heisenberg model with positive coupling, obviously favoring opposite spin on neighbouring

sites. The model hence describes an insulator with localized spins that tend to align in

a AFM pattern (but do not order at high temperature). In this regime the insulating

behavior descends directly from the presence of a largeU, as a strong repulsion inherently

entails the formation of local momentsSi , and antiferromagnetism is expected only at

low temperatures. Indeed the high temperature state described by Eq. O.10 describes an

extreme Mott-Hubbard insulator, while the antiferromagnet at low temperature is our

de�nition of an extreme Mott-Heisenberg insulator. So, in both the two extreme limits

we �nd antiferromagnetism in the ground state, but with a radically di�erent origin and

arguably an underlying di�erence in the many-body quantum state. The two regimes are

connected continuously, hence the ground state is always an insulating antiferromagnet for

every nonzeroU=t. The critical temperature vanishes in both directions when we approach

the two limits, U = 0 and t = 0 , and it reaches its maximum value in the intermediate

coupling region.
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The discussed phenomenology might appear in contrast with the existence of a true

metal-insulator transition, as the metallic region expected at weak coupling is replaced by

a Slater antiferromagnetic state. However, the two pictures are overall compatible and a

complete phase diagram of the half-�lled Hubbard model features both phenomena. Even if

the ground state is always magnetic and insulating, the antiferromagnetic region is limited

to low temperatures, in particular in realistic con�gurations where the lattice and/or the

structure of the hopping amplitudes canfrustrate the magnetic ordering [47�50]. On the

other hand, the Mott-Hubbard transition can take place at higher temperatures, where

magnetism is no longer present and the above-described mechanism leading to charge

localization by formation of unordered magnetic moments can take place. Thus, the phase

diagram of the half-�lled Hubbard model in function of interactionU and temperature

T is expected to host at least an antiferromagnetic phase (with an internal evolution

from the Slater to the Mott-Heisenberg description as the interaction is increased) and a

nonmagnetic metallic phase, which is realized for smallU when the temperature exceeds

an exponentially small critical temperature, eventually transformed in a paramagnetic

insulator when the interaction reaches a critical valueUc and the metal is transformed by

the Mott-Hubbard mechanism.

O.3 Dynamical mean-�eld theory and the

Mott-Hubbard transition

The hunt for accurate solutions of the Hubbard model has been one of the main stories

in condensed matter theory after the discovery of high-temperature superconductivity in

doped layered Mott insulators. This search led to the development of new methods and

the improvement of many other approaches, substantially enhancing our ability to study

quantum many-body systems. Indeed, despite an exact solution of the Hubbard model in

two dimensions could not be obtained, a great amount of information has been gathered

in the e�ort. In this thesis we do not attempt to review this incredible e�ort and we limit

ourselves to refer the interested reader to recent reviews [33, 34].

Our focus is on a signi�cant success story, which is based on the development of dynamical

mean-�eld theory (DMFT). The history and the origin of DMFT may appear very far from

the two-dimensional Hubbard model as they are rooted in the study of the Hubbard model

in the limit of in�nite dimensions [37], where many aspects of the perturbation theory are

simpli�ed, yet the physical picture remains highly nontrivial.

As the name suggest, the simplest way to understand DMFT is to picture it as a dynamical

(in the sense of quantum �uctuations) version of the standard mean-�eld theory, where

the e�ect of the rest of the system on a single site is parameterized by a time-dependent

e�ective �eld (see left and middle panel in Fig. O.1). The key point making the theory

O.3 Dynamical mean-�eld theory and the Mott-Hubbard transition 9



Fig. O.1.: Pictorial view of the DMFT approximation. Starting from a lattice model (left panel),
DMFT builds an e�ective theory for a given site in which the e�ect of the rest of the
lattice is described in terms of a self-consistently determined bath, which acts like a
dynamical (frequency-dependent) �eld, as shown in the middle panel. The right panel
shows a discretized parametrization of the bath, de�ning the impurity Hamiltonian
solved in practical implementations based on exact diagonalization and similar methods.
Dashed lines indicate hybridization amplitudes connecting the noninteracting bath
levels to the correlated impurity (see Eq. O.15).

immensely more powerful than a static mean-�eld method is the dynamical nature of

the e�ective �eld, which makes even the e�ective local theory a nontrivial many-body

problem. The mean-�eldAnsatz and the equivalence with the lattice model are enforced by

a self-consistency condition on the Green's function. More precisely, we build an e�ective

local theory whose Green's function has to coincide with the local component of the lattice

Green's function, with the assumption of a momentum independent self-energy.

We now brie�y outline the relevant equations and ideas. As we mentioned above DMFT

de�nes an e�ective local theory for an arbitrary site "� " of the original lattice associated

with the e�ective action

Se� =
Z

d� d� 0cy
� � (� )G� 1

� (� � � 0)c� � (� 0) + U
Z

d�n �" (� )n�# (� ); (O.11)

where� and � 0 are imaginary time variables,cy
� � and c� � are Grassman �elds describing

creation and annihilation of fermions with spin� on site � , n� � = cy
� � c� � . The e�ective

action describes the (imaginary) time evolution of site� in the presence of the local

repulsion, which is controlled by the dynamical Weiss �eldG� 1
� (� � � 0), which contains

the e�ect of the rest of the lattice on site � . Similarly to a mean-�eld theory for classical

magnetic moments, the dynamical mean-�eld is determined by a self-consistency condition

which requires that the Green's function of the e�ective theory

Gimp(� ) = �h Tc� � (� )cy
� � (0) i Se� (O.12)

coincides with the local component of the lattice Green's function.
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