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WHAT IS THE PROBABILITY THAT A RANDOM SYMMETRIC TENSOR IS
CLOSE TO RANK-ONE?

ALBERTO CAZZANIGA, ANTONIO LERARIO, ANDREA ROSANA

ABSTRACT. We address the general problem of estimating the probability that a real symmetric tensor
is close to rank-one tensors. Using Weyl’s tube formula, we turn this question into a differential
geometric one involving the study of metric invariants of the real Veronese variety. More precisely,
we give an explicit formula for its reach and curvature coefficients with respect to the Bombieri—-Weyl
metric. These results are obtained using techniques from Random Matrix theory and an explicit
description of the second fundamental form of the Veronese variety in terms of GOE matrices. Our
findings give a complete solution to the original problem. In the case of rational normal curves it
leads to a simple formula describing explicitly exponential decay with respect to the degree of the
tensor.

1. INTRODUCTION

1.1. What is the probability that a random symmetric tensor is close to rank-one? Over
the last decades, symmetric tensors have been proven to be a very flexible and valuable tool in many
different contexts. In particular, rank—one approximation and tensor decomposition found applications
in machine learning ([AGH™14]), signal processing and image analysis ([SDLF*17], [Sak16, Ch.3, 4]),
chemistry ([SBGO04]), statistics ([McC87]), psychology and medical diagnostics ([Kro08, ALLFO0T7]),
phylogenetics ([Sak16, Ch.5], [Lan12]), and quantum computing ([GFE09]), to name a few. Motivated
by this, in this paper we address the following question:

“What is the probability for a real symmetric tensor to be “close” to rank-one?”

To make this question more precise, we need to introduce a natural notion of distance and a natural
probability measure on the space S%(n) of real symmetric tensors on R™ of order d. Recall first that this
is the subspace of (R")®¢ consisting of elements which are invariant under the action of the symmetric
group under permutation of the factors. The set Sf(n) of symmetric, rank-one tensors consists of the
set of elements T € S%(n) of the form T = +v ® - -- ® v for some v € R™.

The space of all tensors is endowed with the Frobenius scalar product, denoted by (-, -) p and defined
as follows. Letting {ei,...,e,} be the standard basis of R"™, then a basis for the space of tensors is
given by {e;, ® ---®e;, |1 <iy,...,iqg <n} and the Frobenius scalar product is obtained by declaring
this basis to be orthonormal. We still denote by (-, -)r the restriction of the Frobenius scalar product
to the space of symmetric tensors and we use the notation || - || g for the associated norm and distg(-, -)
for the induced distance function.

The choice of a scalar product on a finite-dimensional vector space naturally leads to the definition
of a Gaussian measure on it (this comes for free without introducing further structure). In the case
of our interest, the space of symmetric tensors with the Frobenius scalar product can be turned into
a Gaussian probability space by defining for every Borel set U C S%(n)

1
[ e (=311 an
]P’{T € U} = U . ;
L e (=51 an
Sd(n)

where dp denotes the integration with respect to the Lebesgue measure on S%(n). Notice that the

Frobenius scalar product has a natural invariance under the action of the orthogonal group on the space

of tensors and the resulting Gaussian probability distribution inherits this invariance (see Section 2.1).
1
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With this notation, the above question can be phrased more precisely as follows: we are required
to compute, for a given § > 0, the quantity:

(2) P {T € S%(n)

dist (T, S%(n)) < 5||T|F} '

Notice that we have turned the question into a conic problem that takes into account also the norm
of the tensor, as it is common procedure in numerical algebraic geometry [BC13].

Before proceeding, we discuss two examples of applications of the results of the current paper, more
precisely of Theorem E, which gives a closed formula for the probability in (2).

Example 1 (Real symmetric matrices). When d = 2 the space S?(n) can be naturally identified with
the space of n X n real symmetric matrices and the Frobenius scalar product is given by

(A, B)p = tr(AB).

In this case, by the Spectral Theorem, the set S?(n) of rank—one tensors coincides with the set of
matrices of the form A = +wvv?, for some v € R™. The space of symmetric matrices together with the
Gaussian distribution (1) is called by probabilists the Gaussian Orthogonal Ensemble, and denoted by
GOE(n) (see Section 2.1). Ordering the singular values of @ in increasing order, 01(Q) < - -+ < 0, (@),
by the Eckart—Young Theorem, the distance in the Frobenius norm between @ and S%(n) is given by

1

2

n—1
distr(Q, St (n)) = (Z Uk(Q)2>
k=1
In this case, using the fact that |Q|% = 01(Q)? + - - - + 0,,(Q)?, the probability in (2) equals

3) P{(l _ QI < an@)?},

therefore our question becomes of interest from the point of view of Random Matrix Theory. In this
case, we can apply Theorem E and obtain a closed formula for the probability in (3), for § < 1//2.
For instance:

) P{Qes)| - @NQl £ o@? ] = 5 (25T F(-3+148) + daretan (25 )

L
3203 646° 6
(5) =S e 0.

In the context of Random Matrix Theory, which is concerned with the study of the distribution of
the eigenvalues of random symmetric matrices, expressions like (4) are especially interesting. In fact,
most of the theory is focused on asymptotic results with the size of the matrices that goes to infinity
(see, for instance, [AGZ10, Chapter 3]) and very little is known on the distribution of the eigenvalues
of random matrices of fixed (small) size.

Example 2 (Geometric measure of entanglement). Quantum entanglement is one of the main topics
of research in quantum information theory, where it provides an important resource for quantum
computing. Recall that a d-partite pure (symmetric) state of a quantum system can be regarded as a
normalized (symmetric) tensor in the tensor product of d Hilbert spaces H = ®z:17-[k. A state |¢) € H
is called separable if it is a product state |¢p) = @¢_,[¢*)) with |[|¢p))|#, =1 for k = 1,...,d; it is
called entangled if it is not separable. In the language of tensors, separable pure states correspond to
rank-one tensors, while entangled states to tensors of higher rank.

A way to quantify the entaglement of a pure state, i.e. to measure how distant that state is from being
separable, is the geometric measure of entanglement, first introduced in [Shi95] (see also [HKWT09]
for symmetric states). For a pure symmetric state |¢) this is defined as [HQZ16]

(6) Ea(ly)) =1 omax o [WI®).
When the space is H = (R")®? endowed with the Euclidean norm, pure symmetric states are repre-
sented by a tensor T' € S%(n) with Frobenius norm 1 and (6) becomes

(7) Eg(T) =1— max [(T,2%%p|.
resSn—1
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In the tensor community, given 7' € S%(n) and z € S"~! the quantity
Tzt = (T, 2%

is known as the Generalized Rayleigh Quotient (GQR) [ZGO01]. The problem of maximizing the absolute
value of the GRQ over S”~! for a tensor T is equivalent to finding the best rank-one approximation
of T. Indeed, given z, € S"~! such that

(8) |Tzd| = max |[Tz?,

zesSn—1
we have that (Tx%)x®? is the best rank-one approximation of 7' and
(9) distro (T, 57 (n)) = ||IT||% — (T%)?,

see [QL17, Theorem 2.19]. When T represents a pure symmetric state as above, by definition ||T||p = 1
and (7) becomes

(10) Eg(T)=1- \/1 — dist% (T, S{(n)).

A bound on the distance of T from rank-one symmetric tensors implies a bound on the geometric
measure of entanglement of the pure symmetric state represented by 7T'. In particular, we see that

i {T e 84n), |T||r = 1 |distp(T, S4(n)) < 5} = P{EG(T) <1-1- 52} ,

where the left-hand side is equivalent to (2).
An alternative formulation of the geometric measure of entanglement sometimes used in quantum
computing [GFE09] is given as

Ea()) = —log, ( |<w|<1>>|2) |

max
2=[g)®ieH, [||)|I=1

With the same reasoning as before we obtain
(11) P {T €S, |T|r =1 ‘ distp (T, S(n)) < 5} =P {EG(T) < —log,(1 — 52)} .

We refer the reader to [GFE09] for a detailed discussion on how the knowledge of bounds such as (11)
might be relevant for quantum computing techniques and algorithms.

1.2. A geometric formulation of the problem using random polynomials. It will be useful
for us to identify symmetric tensors with homogeneous polynomials (and, for notational reasons, to
work with tensors on R"*! rather than on R™). More precisely, to every T € S%(n + 1) we associate
the homogeneous polynomial pr : R"*! — R defined by

(12) pr(z) = (T,2%%)p.
This gives a linear isomorphism
(13) ¢:84n+1) i>]R[:zco,...,gcn](d),

which, when d = 2, is the familiar identification between a symmetric matrix @) and the associated
quadratic form pg(x) = (x, Qz). The advantage of this approach is that it connects to well-studied
objects in the theory of random polynomials and it allows to give a neat description of the set of
rank—one tensors, under the linear isomorphism ¢.

First, we note that, under this identification, the Frobenius scalar product is given by the restriction
of the real part of the Bombieri-Weyl Hermitian product, defined on complex polynomials by

1 i N.—llz
(14) <p17p2>BW = n+1 / pl(Z)p2(Z)e I ||2d27
™ Ccn+l

where dz := (i/2)"dz0dZg . . . dz,dZ, is the Lebesgue measure (we show that the isomorphism (13) is
an isometry in Proposition 5). This defines the unique, up to multiples, Hermitian product on the
space of complex polynomials which is invariant under the action of the unitary group by change of
variables. The restriction of the real part of this Hermitian product to the space of real polynomials
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is still called the Bombieri-Weyl scalar product; the above unitary invariance implies its invariance
under the action of the orthogonal group by change of variables.

The space of homogeneous polynomials with the Gaussian measure obtained by pushworfard under
the linear isomorphism ¢ of the Gaussian measure (1) is sometimes called the Kostlan Ensemble or
the Shub—Smale Ensemble, see Remark 3.

Finally, under the map ¢ the set of rank—one tensors can be identified with the Veronese variety
Vn,a C Rlzo, ..., 2n](a) of signed d-th powers of linear forms. In fact, given a rank-one tensor 7' =

+v%? the corresponding homogeneous polynomial is
pr(z) = (#0122 p = (v, x)9,
which is the (signed) d-th power of the linear form = — (v, x).

At this point we are in the position of giving a more geometric formulation of our question above,
which therefore requires computing, for § > 0 small enough, the quantity:

P{p € Rlzo, .., aulia) | distsw (9, Vi) < 5|p|Bw}.

In this way, we can regard the above probability as the normalized volume of a tubular neighbourhood
of the intersection of the Veronese variety with the unit sphere in the Bombieri-Weyl norm. Thus, our
question becomes:

“What is the volume of a neighbourhood of the spherical Veronese variety?”

In this paper, exploiting Weyl’s Tube Formula, we derive an exact expression for the above volume, for
small enough neighbourhoods. Moreover, as a byproduct of our computations, we give a lower bound
on the size of the neighbourhood of the set of rank—one tensors that admit a unique best rank—one
approximation.

Remark 3. The properties of the Bombieri-Weyl distribution on the space of real (and complex) poly-
nomials have been intensively studied, starting from the influential works of A. Edelman, E. Kostlan,
M. Shub and S. Smale [EK95, SS93b, SS93a, SS93c|. The point of view of random tensors has been
adopted first by E. Horobet and J. Draisma in [DH16] and by P. Breiding in [Brel9] for the study of
the expected number of eigenvalues of a random symmetric tensor, with respect to the Bombieri—-Weyl
distribution. Under the identification between symmetric tensors and homogeneous polynomials, eigen-
values correspond to critical values of the restriction of the polynomial to the unit sphere. Eigenvectors
correspond to critical points of the polynomial: under the Veronese embedding these critical points
give rank—one tensors that are critical points of the distance function on the Veronese variety from
the given tensor. Among these critical points (which are rank—one tensors) the closest to the original
tensor are its best rank—one approximations. In [Brel9] the average number of such critical points is
computed. In this paper we will instead give the size and estimate the probability of the set of tensors
which admit a unique best rank—one approximation.

The use of Weyl’s Tube Formula is fairly standard for results of this type [BC13, BL22]: it allows to
deduce an ezxact expression, for € > 0 small enough, of the volume of an e-neighbourhood of a smooth
submanifold W of the sphere, or the euclidean space, as a function of some differential-geometric
quantities of W called its curvature coefficients. Our main contribution is the nontrivial computation
of the curvature coefficients of the spherical Veronese variety and the explicit quantification of the
above expression “for € > 0 small enough” for this variety, through the computation of its reach.

One could generalize this question to higher ranks by looking at secant varieties to the Veronese,
whose geometry has been intensively studied, see [CGO14] for a survey. We propose to investigate this
in future works.

We now describe the main ingredients and state the main results of our work in more detail.
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1.3. The spherical Veronese. The main object we consider in this work is the real spherical Veronese
variety V;, 4, which is the intersection of the Veronese variety in R[zo, ..., xn](d) ~ RN+ with the unit
sphere for the Bombieri—-Weyl norm:

de = Vn,d nsh.

Here N+1 = ("zd) is the dimension of the space of symmetric tensors, or equivalently, of homogeneous
polynomials. We regard the set V;, 4 as the image of the spherical Veronese embedding associated to
the Bombieri—-Weyl basis, or its double copy, depending on the parity of d. This embedding is the

smooth map v, 4 : S™ — SV given by
1
A’Vl d E
«a o

where a € Z’;ng satisfy ag + -+ + ap, = d, (Z) is the multinomial coefficient, and S™ is the euclidean
sphere in R"*1. Denoting 7y, 4(S™) by X,,.4, We see that

Vn,d - 2n,d U _En,d;

where 3, 4 = =%, 4 if d is odd and X, ¢ N (=X, 4) = 0 if d is even. For this reason, we will call ,, 4
the spherical Veronese surface, to distinguish it from the spherical Veronese variety V,, 4, in the case d
is even. In the projective picture, the difference between the two ceases to exist:

PV,.q:=P(Z,4) = P(V,.4) C RPY,

where RP? denotes the projectivization of the space of real homogeneous polynomials. Recall that
Y4 parametrizes the d—th powers of norm-1 linear forms on R"*! and, therefore, rank—one and norm-—
one tensors up to signs. Hence, the spherical Veronese surface X, 4 corresponds to an orbit for the
action of O(n+1) on homogenous polynomials by change of variables. Even more is true: when turning
3.4 into a Riemannian manifold with the metric induced by the Bombieri-Weyl scalar product, the
transitive action of O(n + 1) on %,, 4 is through isometries induced by isometries of SV, given the
invariance property of the Bombieri-Weyl structure. The immediate, yet crucial, consequence is that
the extrinsic geometry of the isometric embedding 3, 4 < S¥ is exactly the same at every point. The
same conclusion clearly holds for V;, 4 <= S N,

1.4. Weyl’s tube formula and the reach of an embedding. Let (M, g) be a Riemannian manifold
and M < M be an isometric embedding of a compact smooth submanifold. We can consider the set
of points in M at distance less than a given ¢ > 0 from M and call such a set a tubular neighbourhood
of M in M of radius ¢, denoted as U(M, ¢).

It is well known that for smooth compact embeddings M < M and small enough radii, the exponen-
tial map on the normal bundle provides a smooth parametrization of the tubular neighbourhood. This
description is what really underlies the celebrated “Weyl’s tube formula” ([Wey39]), which constitutes
one of the main tools to compute the volume of tubular neighbourhoods in a euclidean or spherical
ambient space. This formula expresses the volume as the linear combination

Vol(U(M,e)) = Z Kope(M)JN ste(e),
0<e<n, e even

where N is the dimension of the ambient space, n is the dimension of M and s := N — n is the
codimension of the embedding. The functions J’s do not depend on the specific submanifold M and
are explicitly known in both the euclidean and spherical cases. The most remarkable aspect of the
formula is that the coeflicients K’s are isometric invariants of the embedding and can be expressed
in terms of curvature, from which they are named curvature coefficients of the embedding. Remark
that nowadays Weyl’s tube formula has been re-interpreted in the more general framework of “integral
geometry”, which deals with integrals over a submanifold of polynomials in the entries of the second
fundamental form. R. Howard in [How93] showed how the above formula fits in this context and gave
a full characterization of the polynomials appearing in Weyl’s work.

In the case of the Veronese variety V,, 4 — S%, the tubular neighbourhood U(V;, 4,€) gives a
description of the norm-1 symmetric tensors that are e—close to a rank—1 tensor in the Bombieri-Weyl
metric, in the ambient sphere. As already pointed out, it follows that asking for the probability for
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a symmetric norm-1 tensor to be close to rank—1 boils down to computing the normalized volume of
this tubular neighbourhood.

For practical reasons, in the paper we will work with X, 4 instead of its “double” V,, 4. There are,
however, two technical issues to consider here. The first one is that there will be a factor of 2 to
be taken into account when switching from the Veronese surface 3, 4 to the rank—one variety V,, 4,
depending on the parity of d. The second one is that the intersection of a d—neighbourood of the set
of rank-one tensors with the unit sphere becomes an e-neighbourhood of V,, 4 in the unit sphere, with

e = arcsin(9).

This is why we will use the parameter “c” to formulate the results on the sphere and the parameter
“§” for the results in the vector space of tensors.

1.5. The reach of the Veronese variety. Our aim is to exploit Weyl’s tube formula to compute
the volume of U(V,, 4,€). This requires first of all the knowledge of the radii for which the above
expression holds. Since the formula is based on the parametrization through the normal exponential
map, the supremum of the radii for which this is a good parametrization, or at least a lower bound
on that, is what we need to understand to meaningfully use Weyl’s result. This quantity is usually
called the reach of the embedding M < M and in general computing it is a very difficult task, often
unfeasible since it requires to study not only how normal geodesics originating from every point of the
submanifold behave, but also how and when geodesics starting from different points cross each other,
in order to avoid overlappings in the image.

In our case, recalling the invariance property of V,, 4 < S under the action of the orthogonal group
O(n + 1), we do not need to study normal geodesics originating from any point, but it is enough to
choose a specific one and perform computations involving only geodesics originating from this chosen
one. This drastically reduces the complexity of the computation, allowing us to obtain the following
result, stated in a more detailed form in Theorem 22.

Theorem A (The reach of the spherical Veronese). The reach of the spherical Veronese variety
Vi.a = SN is given by

Vo) {g 2<d<5
P\Vn,d) =
TSyl tar 426

The same result holds for the reach of the Veronese surface ¥, 4 — SN.

Given the interpretation of the neighbourhood of the Veronese variety in terms of symmetric tensors
already discussed, this theorem has some interesting consequences. In fact, by [Fril3], the best rank-
one approximation of a symmetric tensor is still symmetric and, by construction, every real symmetric
tensor which is sufficiently close to rank—one tensors admits a unique best rank—one approximation
(see Corollary 24), therefore we can restate the result as follows.

Corollary B (Uniqueness of best rank—one approximations). Fvery symmetric tensor p at distance
less than sin(p(Vy,.q))|IpllBw from rank—one admits a unique best rank-one approzimation.

In particular, the normalized volume of a neighbourhood of the Veronese variety of radius p(V}, 4)
would therefore provide a lower bound for the probability that such tensors have a unique best rank—
one approximation. This bound can be explicitly computed by plugging in € = p(V,, 4) in Theorem
27.

Remark 4 (Bottlenecks width of the Veronese variety). From Theorem 22 it actually follows that the

width of the narrowest bottleneck of the Veronese variety is 5. Bottlenecks of algebraic varieties play

an important role in optimization problems. For a general algebraic variety, the number of bottlenecks
can be estimated using classical invariants such as Chern classes and polar classes [DREW20]. For a

general discussion on this subject see [DREW20, DREG22].
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1.6. The curvature coefficients of the Veronese variety. The other ingredient needed in Wey!’s
formula is the curvature properties of the embedding, in particular the Weingarten operator along
normal directions, which encodes the second fundamental form. Again by the invariance of the extrinsic
geometry of V,, 4 = S™, it is enough to compute this at a specific point, which we choose to be zd for
simplicity of computations.

Before stating our result, recall that we have denoted by GOE(n) the Gaussian Orthogonal Ensemble,
i.e. the set Sym(n,R) endowed with the Gaussian probability distribution coming from the Frobenius
scalar product, see Section 2.1 for more details.

Our main result on the extrinsic geometry of the embedding V;, 4 < S¥ is the following, and we
refer to Theorem 25 for a more comprehensive statement.

Theorem C (The normal bundle splitting). Let p € V, 4 and denote by L, the symmetric matric
representing second fundamental form of V,.a < SN along a normal direction n € N,V, 4. There
exists an orthogonal decomposition NV, g =W @& P such that the following statements hold:

(1) L, =0 for everyn € P;
(2) W with its induced Bombieri-Weyl metric is isometric to Sym(n) with the Frobenius one.

3
Moreover, if we pick n € W Gaussian, then L, ~ ﬁ(%) GOE(n).

This theorem could find applications going beyond the scope of this paper. It gives a full description
of the second fundamental form in terms of GOE(n) matrices. Using this description in Weyl’s tube
formula to compute the curvature coefficients of the spherical Veronese, the consequence is that the
computation of some integrals on the normal bundle depending on the second fundamental form boils
down to computing the expectation of a determinant involving GOE(n) matrices. This is reduced to
an easy, purely combinatorial computation (see Appendix C) and thus we obtain the following explicit
expressions for the curvature coefficients.

Theorem D (The curvature coefficients of the spherical Veronese). The curvature coefficients of the
Veronese variety Vi, q — S are as follows:

J - N
i .n d — 1 2 2n+27‘7 _F n —+ 1
KN —nsi(Via) = (_1)2d2< > ( 72l (% +1)
r

d 1) Tn+1— ) (X=2)
for 0 < j <mnandj even, and Kn_n1;(Vo,q) =0 otherwise.
We remark that similar results hold true for the projective Veronese variety, using the double covering

SN — RPY, and for the spherical Veronese surface.

Plugging these coefficients back in Weyl’s tube formula we also obtain the explicit expression of the
volume of the tubular neighbourhood for radii smaller than the reach (see Theorem 27), in particular
giving an answer to question stated at the beginning of the paper.

Theorem E (The probability of being close to rank—one). Let p be a random Bombieri-Weyl symmet-
ric tensor of order d on R"*! and Vi.a C Rlzo, . .. ,xn](d) ~ RN*1 be the Veronese variety of rank—one

tensors. For every 0 such that 0 < arcsin(d) < %1 /1+ 2= we have

P(disth(p,Vn)d) < 6||p||BW) = Z (_1)§d§ (—) 2"7]4’17]’7%

: d
0<j<n
j even
I (% + 1) I (%) / 16—52 tN-—ntj-1 ¢
T ({+1)T(n+1-jT (Nﬁg*") 0 (1+12)%
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We remark that the above expression, even if unpleasant, gives an exact formula for our probability.
In general this probability has an exponential decay in the codimension of V;, 4 < S for any n,d. In
the case of rational normal curves, there is only one summand in the above theorem, which can be
evaluated exactly, giving

(15) P (distpw (p, Vi.a) < 8||pllsw) = Vdo?~t,  for arcsin(6) < p(Vi.4).
In fact in this case N = d and, as one can easily verify,
¢£T pd—2 sd—1
/ i = 0
(1+12)% d—1

Once substituted in the above expression this immediately gives (15).

1.7. Acknowledgements. We wish to thank Paul Breiding and Sarah Eggleston for useful preliminary
comments on the first version of this paper and for pointing out a typo in our computation.

2. PRELIMINARIES

2.1. The Gaussian Orthogonal Ensemble and the Bombieri—Weyl distribution. In this sec-
tion, we point out the correspondence between the Gaussian Orthogonal Ensemble on the space of
symmetric matrices and the Bombieri—-Weyl distribution on the space of homogeneous polynomials.

Let Sym(n,R) be the space of symmetric n x n matrices with real entries and denote by E;; the
elementary matrix having all entries 0 except for the ij-th one being 1. Consider a random matrix
n

Q Z anElZ + Z El] + EJZ

1<j=1

where 7;; ~ N(0,1) are i.i.d. standard Gaussian variables. Then ) has random Gaussian entries
distributed as N(0,1) on the diagonal and N (0, %) off-diagonal, independent except for the obvious
symmetry condition. The probability distribution on Sym(n,R) induced by such matrices is called
the Gaussian Orthogonal Ensemble and it is denoted by GOE(n). This is the standard Gaussian
probability distribution associated to the Frobenius scalar product given by (A, B) = tr(AB) and
therefore for every open set U C Sym(n,R)

1
(16) ]P){Q € U} = m/ eiétT(Az)dA.
@2m) =z Ju
Recall that the orthogonal group O(n) acts on Sym(n,R) by congruence. We denote this action by
¥ : O(n) — GL(Sym(n,R)): for every R € O(n) and A € Sym(n,R), ¢(R)(4) = R'AR, where R!
denotes the transpose of R.

Let Clx1,...,%n]) be the space of complex homogeneous polynomials of degree d in n variables.
Denote by p : U(n) — GL(Clxy, ..., 7,](q)) the action of the unitary group by change of variables, i.e.
for every R € U(n) and p € Clz1,...,2n]@) set p(R)(p) :=p o R™'. It is known that p is irreducible
(see [IN66]) and therefore by Schur’s lemma and the compactness of U(n) it follows that there exists
a unique (up to multiples) Hermitian structure on C[z1, ..., 2,]q) which is p-invariant, and which is
given by (14). Up to scaling, this is the Hermitian structure having the set

1
d 2
& 1)}
«@ a:(al,...,an)EZ%O, ay+-tan=d

as an orthonormal basis, where (i) = ﬁ and z% = z7" ... z4". We call this the Bombieri-Weyl
or Kostlan Hermitian structure on Clzy, ..., 2n](q)-
Restricting to real homogeneous polynomials R[x1, ..., 7)), we define an inner product, which we

call again Bombieri-Weyl. Notice that (17) is also a real orthonormal basis since the polynomials in
(17) have real coefficients. We also restrict the action p to an action of the orthogonal group O(n) on
R[z1,...,2n](4) and the inner product we introduced is invariant for this restricted action. Remark
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that this restricted action is not irreducible anymore (it is a computation to show that the subspace of
harmonic polynomials in R[z1, ..., ] is a non-trivial invariant subspace) and the Bombieri-Weyl
inner product is not the unique invariant one. The standard Gaussian probability distribution on
R[z1,..., 2] associated to the Bombieri-Weyl inner product is the one induced by the random
polynomial

P@)= Y & (2) Ce
a€Z?,

a1+ Fop=d

where £, are i.i.d. standard Gaussians N(0,1). We call it again the Bombieri-Weyl distribution.

The map
(18) ¢ : Sym(n,R) — R[z1,...,za](2)
Q — pg = a'Qr
defines an isomorphism of Sym(n,R) with R[z1,...,2,]2) and one can check that the orthonormal

basis for the Frobenius product given by {E;;, %}i<]‘:l _____ » 1s mapped to the orthonormal basis

for the Bombieri-Weyl product given by (17). It follows that ¢ defines an isometry of Sym(n,R)
endowed with the Frobenius inner product with R[z1, ..., 2,]2) endowed with the Bombieri-Weyl one
and thus we can identify the corresponding standard Gaussian probability distributions. Even more
is true: ¢ is an isomorphism between the representations (¢, Sym(n,R)) and (p, R[z1,...,zn]e)), ie.
the following diagram

Sym(n, R) & Sym(n,R)

A o
Rlz1,..., %02 W Rlz1,. .., 202

commutes for every R € O(n), as one can easily check by a straightforward computation.

More generally we have the following.

Proposition 5. The map ¢ from (13) gives an isometry of Euclidean spaces

~

¢ (8 ), (- )r) — (Rlz1, ... 2]y, (- )Bw) -

Proof. We have to check that ¢ maps an orthonormal basis for (Sd (n), (-, )F) to an orthonormal basis
for (R[wl,...,xn](d), (-,-)Bw). For i = (41,...,4q) with 1 < iy,...,iq < n, we say that ¢ has type
a=(aq,...,an) if aj = #{ix, = j}. It is straightforward to show that the following is an orthonormal
basis for the Frobenius scalar product on S%(n):

1
1 2 . . . .
{<7a1' = 'd') g Cipy @ @€y | (i1,--.,1a) type a = (a1,...,an), lgzl,...,zdgn},

o o€Sy

where Sy is the symmetric group on {1,...,d}. Remark that different multi-indices (i1, ...,i4) and
(j1,-- -, ja) will give the same tensor in the above basis if and only if they have the same type. Therefore
we can index the tensors of the basis according to multi-indices & = (a1, ..., an) € Z%, with a3 +-- -+
a, = d and we set the notation v, for the tensors above. We claim that ¢ sends v, to the polynomial
in (17) corresponding to multi-index «. This is a straightforward computation. Indeed ¢(vy) = po,
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where

®d>F

Do () =(Vg, @

1 n n
1 2
_<(a1| a'd') Zeiﬂ@”'@eiv(d)’ Z$j1€j1 ®--® ijdejd )F

& oess = ja=1

1
1 ; S
:(m> D D (i, B @i Ty T B @iy

a 0€Sq j1,--Ja=1

1
1 B 1 B
= ity = ——— ) dl .. g% =
(all...an! d! Z o) to(d) ar!...ap! d 1 "

-

oESy
o \?®
— . a1 Qn
_(all...an!> TPt
where the second to last equation follows from z;_ ., ..., = 27" ...z for every o € Sy, since
permutations of the indices do not change the type of the multi-index, which is always a = (a1, ..., an).
The proof is concluded. O

2.2. Tubular neighbourhoods and Weyl’s tube formula. Let M be an isometrically embedded
n-dimensional submanifold of a Riemannian manifold (M, g), i.e. M is itself a Riemannian manifold
with the metric induced by (M, g). Denote by T,M, N,M the tangent and normal spaces to M at
p € M. Denote also by V, V the Riemannian connections of M and M respectively. For smooth
vector fields X,Y on M, consider X,Y their local extensions to smooth vector fields on M. Then we
have
VxY = VxY + B(X,Y),

where VxY is the tangential component to M and B(X,Y) is the normal one. By the properties of
the Riemannian connection, at every p € M we can regard B as a symmetric bilinear map B : T, M X
T,M — N,M and we call this the second fundamental form of M — M at p € M. Given a normal
direction € N, M we define the second fundamental form along 1, denoted by H,, : T,M xT, M — R,
by projecting B along 7, i.e. for every v,w € T, M

Hn(vvw) = g(B(va w)a 77)'

To this bilinear form we can associate a selfadjoint operator, called the Weingarten operator along n
and denoted by L,, : T,M — T,,M, such that for every v,w € T,M

9(Ln(v), w) = Hy(v,w) = g(B(v, w),n).
This operator will play a key role in Weyl’s tube formula.

Remark 6. Given p € M, consider a basis {e1,...,e,} of T,M. Set H,;; = H,(e;,e;) and denote
by L, = (Ly,;;) the matrix representing the Weingarten operator with respect to the given basis and
g. It is clear from the definitions that

H, i = Hy(ei,ej) = g(Ly(ei), ej) = Ly,ij.

Therefore, computing the matrix representing the Weingarten operator with respect to a given basis
is equivalent to the computation of the second fundamental form on the elements of that basis.

Remark 7. Let N be a n-dimensional submanifold of a euclidean space with the induced metric and
¢ : R™ — N be a parametrization of N around p € N with coordinates a1, ...,a,. A basis for T, N

is given by the vectors
dp 0
e = o5, )

Since the Christoffel symbols of the Riemannian connection of the euclidean space are all null, it follows
that to compute the second fundamental form of N at p along a normal direction 7 it is enough to
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compute the second derivatives of the parametrization

dp dp\ Do\ 4 Do
Ha (3_0015—%) =V 3—%n> - <3az‘5aj’n>7

7

where ( ,) is the euclidean inner product. Let now N be an isometrically embedded submanifold of
the sphere S!, where S is given the round metric inherited by R, and let 7 be a normal vector to
N at p € N. Remark that we can also consider N as an isometrically embedded submanifold of R!.
Then the second fundamental form of N along 7 is the same whether we consider N as a submanifold
of S' or of R!. This means that above formula holds also for submanifolds of round spheres.

Given M, M as above, we can define the e-small normal bundle N°M as the subset of the normal
bundle NM consisting of vectors with norm less than £ > 0. We also call normal ezxponential map the
restriction of the exponential map of M to NM.

Definition 8. If there exists an € > 0 such that
exp |neapr : N°M — M

is a diffeomorphism on its image, where exp denotes the exponential map of M, we call N°M a tubular
neighbourhood of M in M.

Recall the definition of distance of a point # € M from the submanifold M, given by d,(z, M) :=
inf{dg(x,y) | y € M} where d4(z,y) is the Riemannian distance between x,y. We introduce the
following set

(19) UM,e) :={z €M | dy(z,M) < e},

consisting of points at distance less than € > 0 from M. The description of this set for submanifolds of
R? is quite easy: the distance of a point from a surface or a curve will always be given by the length of
a segment starting from the point and meeting the submanifold orthogonally, given that segments are
geodesics. This situation can be generalized, as the following theorem shows. Even though this result
is well known, we were not able to find a full explicit reference for this general setting. We, therefore,
provide a full proof in Appendix A, filling in the details of the outline given in [CdS01, Theorem 6.6].

Theorem 9 (Tubular neighbourhood theorem). Let M be a compact isometrically embedded
submanifold of a Riemannian manifold (M,g). Then there exists an ¢ > 0 small enough such that
exp |near 1 NEM — M is a diffeomorphism on its image and exp(N°M) =U(M,¢).

Theorem 9 can be seen as an existence result for tubular neighbourhoods of compact submanifolds and
as a characterization of the set U(M,¢) for e small enough. For this reason, in the following, we will
refer also to U(M,€) as a tubular neighbourhood.

Remark 10. The compactness assumption in theorem (9) is crucial. If we remove compactness, we
can only prove the existence of a smooth function €(-) : M — R such that the restriction of the
exponential map to N()M is an embedding, where N*OM = {v € N,M | z € M, ||v|| < e(z)}, i.e.
the ¢ is not uniform anymore but it depends on the point.

Definition 11. Let M be an isometrically embedded submanifold of a Riemannian manifold (M, g).
We define the reach of M — M as

p(M) =sup{e > 0| N°M is a tubular neighbourhood of M}.

We can restate theorem (9) by saying that the reach of a compact submanifold is always positive.
Remark that even if for brevity we write p(M), the reach is not an intrinsic property of M but it
depends on the way M is embedded into M. From the very definition it follows that p(M) can be
expressed as the minimum between py(M) = sup{e > 0 | exp |y is an immersion} and pa(M) =
sup{e > 0 | exp|nenr is injective}.

The points where the differential of the normal exponential map is not injective are called focal points.
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Their existence is linked to the presence of particular Jacobi fields, see [dC92, Section 10.4]. For
compact submanifolds of round spheres, one obtains the following expression

(20) (1 (M)~ = sup sup{[|3(0)] 54 v+ (=9,0) — M
arclength geodesic in M with v(0) = z}.

If € > 0 is the first value for which we lose injectivity of the restriction of the normal exponential, it
means that there is a point in M that is reached by two length—¢ normal geodesics starting from two
different points of M. Using the Generalized Gauss Lemma for geodesic variations, see [Gra04, Lemma
2.11], and uniqueness of geodesics, one can show that the union of these two normal geodesics is again
a geodesic meeting M orthogonally at its endpoints. Therefore we have the following expression for

p2(M)
1 —
(21) p2(M) = 3 inf{l(y) | v : [a,b] — M geodesic s.t. y(a),v(b) € M,
Y(a) € Noy(ayM,4(b) € Nywy M}
We will apply these expressions in chapter 4 to compute the reach of the Veronese variety.

In [Wey39] Weyl presented a fundamental work, answering a question posed by Harold Hotelling:
how can we compute the volume of a “tube”, i.e. a tubular neighbourhood, of fixed radius around a
closed n—dimensional manifold in RY or SV? Hotelling himself answered the case of curves, both in
the euclidean and in the spherical setting. Weyl extended these results to any dimension n as follows.

Theorem 12 (Weyl’s tube formula). Let M be a smooth, n—dimensional, compact submanifold
isometrically embedded in RN (or SN ) with their standard metrics. Then, for e < p(M), the following
formula holds:

(22) VolU(M,e)) = > Kepe(M)Jysiele),
0<e<n, e even

where s :== N —n is the codimension of M and Jy sy. are linearly independent functions of € only. In
the euclidean case, the universal functions J have the following form:

(23) In () :=e",

while in the spherical one, they are given by

€ tan e
(24) JIn k() :=/ (sinp)k_l(cosp)N_kdp:/ — dt
0 0 (1412)=2

tk—l

Moreover, the coefficients K;(M) are isometric invariants of M.

The coeflicients K;(M) are called the curvature coefficients of M. The motivation for this comes
from the fact that they are integrals of functions on the second fundamental form of M. Notice that
in [Wey39] Weyl uses different normalization constants for (23) and (24). We chose to follow the
normalization introduced by Nijenhuis in [Nij74], which proves to be handier for applications, see for
instance [Bue06]. Remark that the &’s for which the formula holds depend on the reach and therefore on
the embedding, while isometric embeddings will give the same curvature coefficients. The dependence
of the validity of the formula on the reach is due to the proof relying on parametrizing the tubular
neighbourhood through the normal exponential map. In [How93] Howard contextualizes Weyl’s result
in the framework of “Integral Geometry”, where he considers more general integrals of polynomials on
the second fundamental forms of submanifolds of homogeneous spaces.

There are explicit integral versions of formula (22) for both the euclidean and spherical cases. For the
latter, with the same notations above, this reads as

tane tm=1 det [In — tL,,]

(25) Vol(U(M,e) :/ volyy dn dt,
( ) peM Ji=0 JS(N,M) (1+t2)¥

where S(N,M) denotes the unit sphere in N,M, I,, is the n x n identity matrix, L, is the Weingarten
operator of M < M along the unit normal vector 1, and dn is a short notation for the volume form
on S(N,M). If one explicitly develops the determinant, it is easy to get back formula (22).
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2.3. A lemma on integration on spheres. Consider a sphere S™ for some m > 2 and fix k €
{1,...,m — 1}. Denote by ¢ : S¥ < R¥*! the inclusion map and consider the map

(26) Sk x Dk £, gm o Rl = RIHL Rk
(072) — (\/ 1- |Z|2 L(U)v 2)7

giving a smooth parametrization of S™ \ {{O} X Sm’k’l} C RF¥1 x R™F. For every | € IN, consider

R! endowed with a non-degenerate scalar product and coordinate functions z1, ..., z; with respect to
an orthonormal basis. Then we have the standard volume form volg: = dxy A - - - A dz; which induces

[e]
a volume form VOIBZ on the open norm-1 disc D! and through the pullback of the inclusion also a

volume form volgi—1 on S'~!. Notice that with respect to volgm, the part of S™ not parametrized by
¢ in (26) has measure 0. We have the following result about integration on spheres, see Appendix B
for a proof.
Lemma 13. With the same notations above, the pullback of volgm through ¢ is given by

k-1

@*(volgm) = (1= [2[°) = volgx /\VOIBmik

In particular, this implies that

(27) /Sm f(p) volgm = /Sk /f)m% f(\/l — 122 (o), z) (1 - |z|2)% volgk /\VOIBM%,

for any measurable function f on S™.

3. THE VERONESE VARIETY

Consider the space of homogeneous polynomials of degree d in n + 1 variables R[zo, ..., Zn]@) =
RN+ where N := (";d) — 1, with the basis described in (17).

Definition 14. For n > 1 and d > 1, the real Bombieri-Weyl Veronese embedding is the map
Un.a:RP" — RPY

o ()

and it is the Veronese projective embedding associated to the Bombieri-Weyl basis. The Bombieri—
Weyl Veronese variety is the image of this embedding, denoted by PV, 4 := im(v, 4).
The main object we will consider in what follows is the spherical counterpart of PV, 4.

Definition 15. The spherical (Bombieri-Weyl) Veronese map is the map

Dn,d S — SN

a\ 12
a —> <( ) ao‘).
@
The spherical (Bombieri-Weyl) Veronese surface is the image of this map, denoted by X,, 4 := im(7y, ).

It is worth stressing in the definition of 7, 4 that S™ is the sphere with respect to the standard
euclidean product in R™*! while S% is the sphere with respect to the Bombieri-Weyl product in
Rz, . .. ,xn](d) and that 7, 4 is well defined, as one can check by an explicit computation.

The objects we just introduced have a particularly useful description. Recall that to each b =
(bo, . ..,by) € R"! we can associate the linear form on R"*! given by I, (o, ..., 2,) = bozo+- - - +bpxy.
It is known that PV,, 4 parametrizes projective classes of d—th powers of linear forms

PV,.a = {[d-th powers of linear forms on R"*']}

d 1/2
={ [aa) € RPN | 3 b= (bo,...,by) € R"™ s.t. any,....0n = (a) byo ..o}
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as one can prove by showing that vy, 4([bo, - . . ,bn]) = [(bozo + - - - + bnxy)?]. This also leads to the well-
known description of the Veronese variety PV, 4 as the variety of symmetric decomposable d—tensors
on R™"! and is one of the main reasons Veronese varieties have been so intensively studied. A similar
description holds for the spherical Veronese surface

Y,a = {d-th powers of norm-1 linear forms on R"}
d\ 12
={(an) €SN | Ib=(bo,...,bn) € S" s.t. Gay....c, = (a> boo ... b

Using these descriptions of PV, 4 and %, 4, it is immediate to prove the following.

Proposition 16. PV, 4 is an orbit for the action of the orthogonal group O(n + 1) on RPY =
P(R[xo,...,7n])) by change of variables. Similarly %, 4 is an orbit for the same action of the
orthogonal group O(n + 1) on SN = S(R[zo, . .., Zs)(a))-

Recall the two-fold covering map my : SNV — RPN given by the identification of antipodal points.
Its restriction to the spherical Veronese V;, g := Vp,a N SN gives a covering map Tnd * Va,a — PV
whose degree depends on the parity of d: if d is odd 7,, ¢ is a 2 : 1 covering, while if d is even it is 1 : 1,
since in this case for b € S™ we have U, 4(b) = Uy, 4(—D).

We now turn to metric properties of Veronese manifolds. Consider on R"*! the standard euclidean
metric and on RV = Rz, ... ,xn](d) the Bombieri-Weyl one. The metrics induced on S™ and SV
respectively are invariant under the antipodal map and therefore induce metrics on the corresponding
projective spaces RP™ and RPY. We denote the metrics on the spheres by gg» and gg~ and those on
the projective spaces by grp~ and grp~y. Since the covering maps m,, 7y are Riemannian coverings
with these metrics, any relation between ggn and gg~ will also hold between grp» and grp~y and
viceversa. Through a direct computation, one can prove the following result.

Proposition 17. Pulling back the Bombieri-Weyl metric through the Veronese embedding vy q4 :
RP™ — RPY, for any n > 1, d > 1 we have

(28) V;;,d IRPN = Vd gRP" -
Corollary 18. For every n,d € N and any smooth n—dimensional submanifold C' — %,, 4 we have

$d=Vol, (’V\;)lli(C)) for d even
(29) VoI (C) = :
dzVol,, (v, 3(C))  for d odd

where Vol,, is the n-dimensional volume with respect to gs» and Vol2W is the n-dimensional volume
with respect to the metric induced by gsn on Xy, q. In particular

n+1

dz X2~ ford even
r(*s)
(30) Vol2Y(%,4) =
ntl
2d F’Eé) for d odd

In section 5.2 we will need the explicit expression of Volf W(Vnyd). This easily follows from formula
(30), since Vi, g = g U =X, 4 where X, g = =%, 4 for d odd and X, 4 N (=3,.4) = 0 for d even.
Therefore

n+1
m 2

L(=5t)

(31) Vol2V (v, 4) = 2d% = d2Vol(S").
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Remark 19. For every orthogonal matrix R € O(n + 1) we have the following commutative diagram

(RP", grpr) — (RP", grp»)

(32) Vn,dJ/ J/Vn,d )
p(R)|pv,, 4
PVn’d _ PVn,d

since PV,, 4 is an orbit for the action p and is therefore preserved under p(R). Moreover, by the
invariance of the Bombieri-Weyl scalar product, p(R) is an isometry of (RPPY, ggp~ ), and its restriction
to PV}, 4 defines an isometry of PV;, 4. Therefore PV, 4 is an orbit for an isometric action of O(n+1) over
R[zo, ..., Zn](q) and these isometries of PV}, 4 are induced by isometries of the ambient space. The same
property also holds for 3, 4 considering the action on the sphere S*. This simple observation, which
is essentially due to PV;, 4 and %,, 4 being orbits, will allow us to drastically simplify the computations
we will carry out in Chapter 4 and Section 5.1.

4. THE REACH OF THE SPHERICAL VERONESE VARIETY

In this chapter we provide an explicit computation for the reach of ¥, 4 < S¥. The interest in this
quantity relies on the fact it provides a lower bound for the &’s of validity for Weyl’s tube formula, as
theorem 12 shows. Remark that, since %, 4 is compact, by theorem 9 we have p(3, q4) > 0.

Recall that p(3,.q) = min{p1(Zn.q), p2(Xn.q)} and the expressions (20) and (21). Using remark 19
we can prove the following.

Lemma 20. The formula in (20) simplifies to
(33) (01 (Zna))

that is to say the inner supremum in (20) does not depend on x € ¥,, 4. Moreover (33) does not depend
on the direction of ¥(0). Similarly, the formula in (21) simplifies to

= sup{ [[5(O)|| | 7 : (=6,6) —> Bp.q arclength geodesic in ¥, 4, v(0) = xd },

1
(34) p2(Znd) = B inf{l(y) | v: [a,b] — SV geodesic s.t. y(a) =z, v(b) € Sp.q,
Y(a) € NpaZna, ¥(b) € Ny Xn,a}-

Proof. Consider an arclength geodesic v : (—=4,0) — X, 4 with v(0) = p; and pick another point
p2 € Xy, 4. By remark 19 there exists R € O(n + 1) such that p(R)p1 = p2. Recall that the image of
a geodesic through an isometry is still a geodesic, hence 5 := p(R)(7y) is an arclength geodesic with
7(0) = p(R)(7(0)) = p(R)p1 = pa. Since p(R) is also an isometry of the ambient space SV, we have
15(0)]] = [|5(0)||. We just proved that given any two points in ¥, 4, using the isometries p(R) for
R € O(n 4+ 1) we can transport any arclength geodesic passing through the first point into another
arclength geodesic passing through the second point, preserving the norm of second derivatives. It
follows that the expression in (20) is independent of the specific point € X, 4. Now observe that
given any arclength geodesic v with v(0) = z¢ and ¥(0) = v, we can change the direction of 4(0)
through p(R) for some R € O(n + 1) with ¢ a fixed point (it is sufficient to choose a rotation R such
that (1,0,...,0) € S™ is in the axis of rotation), obtaining any other possible direction in Tyadina

without changing ||v(0)||, for the same reason as above. It follows that (33) does not depend on the
specific direction of 4(0). Since isometries preserve orthogonality and lengths, the second part of the
lemma also follows in a similar way. O

The choice of z¢ in formulae (33) and (34) is motivated by convenience for computations only and we
could have chosen any other point.
The first step to compute (33) and (34) for 2, 4 — S is to understand tangent and normal spaces.

Lemma 21. Forp € ¥, 4 with p = 14, where 1 is a norm-1 linear form, we have

TpSn,a = ({1 "X\ | X is a linear form orthogonal to L}).
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Proof. Write l(z) = apxo+ - -+ anzy and set a = (ag, ..., a,) € S™. Recalling that ¥, 4 = im(¥,, 4), a
curve on X, 4 can be expressed as the image of a curve on S™ through 7, 4. Consider b = (by, ..., b,) €
S™ such that (a,b) = 0. Then v(t) = (cost(agxo + - - + anwy) +sint(bowg + - - - + byzy,))? is a curve in
Y,,q with v(0) = p. Remark that the orthogonality condition is needed to ensure we are taking d—th
power of a norm—1 form. We have
d
E’Y(t) ’t:O
therefore ({1971 | Ais a linear form orthogonal to I}) C T, 4. By dimension count, equality follows.
O

=d 19 Y (boxo + - - - + by,

Now that we have the ingredients we need to perform the computation of p(3, q).

Theorem 22. For the reach of ¥, g — SN we have

1 1 1 1 1
Spd) = 1 = p O =),
pl( ,d) \/5 d—1 \/5 2(d—1)\/§ (dQ)
0
p2(2n,d):Z-
Therefore the reach of ¥, q is given by
35 b i by i 2sd=s
(3) ) = wi{n(End) mCoi) =4 T g

Proof. We begin with the computation of p;(X, 4). By Proposition 17 geodesics in ¥, 4 can be
realized as images through 7, 4 of geodesics in S™. Moreover, thanks to Lemma 20, it is enough
to consider geodesics passing through ¢ = (1,0,...,0) = 7,4((1,0,...,0)) at time 0 and their
direction plays no role, hence it is enough to consider the image of the geodesic in S™ given by
a(t) = xgcos(td™z) + a1 sin(td—2) with zo being the point of coordinates (1,0,...,0) and z; that
of coordinates (0,1,0,...,0). Explicitly we have a(t) = (cos(td~2),sin(td~2),0,...,0) and the corre-
sponding geodesic in X, 4 is given by

Y(t) = (Dn,a 0 @)(t) = (cos?(td™2),Vd cos? ' (td~%) sin(td"%),...,sin?(td"?)),

with v(0) = 2¢ = (1,0,...,0) and ||%(0)|| = 1. Notice that the only components of () which are
not constantly zero are those corresponding to multi-indices (8o, 51,0, ...,0) with Sy + 81 = d. To
compute ||7(0)]|, we need the second derivatives of the non—constantly zero components of v(t). These
have the following expression for £ =0, ...,d:

ANt
) o8 (td )sm F(td~ )
Computing second derivatives and evaluating at ¢ = 0 we find

5(0) = (~1,0, \/57”[(62_1),0, ...,0).

Since we are looking at 3, 4 as a submanifold of %, we first need to project this vector to the tangent
space TISSN and then compute its norm, obtaining

[17(0)| s :HprOszgSN( - 1,0, \/57“1(2_1),0,...,0)” = (0, \/57“[%_1),0...,0)”

As a consequence we obtain the expression

O f\/il 7 %*mw(%)

where in the last step we used the Taylor-MacLaurin expansion v/1+x =1+ 5 + O(2?) for x = ﬁ.

P1 (En d)
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Remark 23. Notice that, since p1(Xn,q) = 1+ -1, then pi(Z,,q4) > for all n, d.

1
73 e

For p2(X,.4), by Lemma 20 it is enough to consider geodesics v(#) in S™V starting at x¢ at time § = 0.
By Lemma 21 and recalling that the normal space at a point p € ¥,, 4 is the orthogonal complement of
Tp3n q inside T,S”Y, we have ngzn,d = <{ (d) 2:68‘0 coxf g < d-— 1}> Pick a vector w € ngzn,d
and let 7,,(#) be the geodesic in SV with ~,,(0) = zd and 4,,(0) = w, i.e.

w .

Yu(0) =z cos(0w]) + Tl sin(]|w]]).

The goal now is to understand when +,, meets again X, 4 orthogonally. The first step is to find for
which b = (bg,...,b,) € S™ and 6 we at least have a solution to the equation

(bozo + -+ + bpwy)? = 23 cos(0|w]|) + sin(]|w]]).

w

[[w]]
1

On the right hand side, we expand w as w = Ea0<d71 We (i) *2, while we expand the left hand

side as >, (Z) b*x® with multi-indices @ = (g, ..., a,) € Z’;ng such that ag + -+ - + a, = d. Hence,
expanding it further in the Bombieri-Weyl basis, we get the equation

(36) bizd + Vd «d (i Vd bglbixi) + Z (Z) pop® =

ap<d—1
N
. th «
wf cos(8]wl) +sin(6llwl]) > <a) Tl
ap<d—1

Equating corresponding coefficients we get

{bg = cos(0||wl|)

d—1p __ . :
by~ "b; =0 Vi=1,...,n
Now two cases can occur:

o if by # 0, the second equation above implies that b; = 0 for i = 1,...,n, hence b = (b, 0, ..., 0).
Since b € S™ it follows that by = £1. If by = 1, then the meeting point is again zg and 7,
comes back to it for 8 = HQw—T’H, and the same happens if by = —1 and d is even. If by = —1 and

d is odd, then the meeting point corresponds to —zd, and the meeting time is § = W'

e if by = 0 we get cos(f||w]||) = 0 and ~,, may meet %, 4 at (bozo + - - - + byx,)? for 6
0=

or
\wH

\wH

Now that we know when the curve intersects again ¥, 4, we need to understand when it does that
orthogonally. Notice that up to now we have used only some of the equations arising from (36): we
now use the others to impose the orthogonality condition.

We look at the case by = 0 and 0 = m If we could find some b = (0,b1,...,b,) € S™ and
w E ng Yn.a such that 7y, meets ¥, 4 orthogonally at (boxg + - - - + by, )¢ for 6 = 2H T then by the
previous computation no other curve satisfying the conditions in (34) could have length less than this
one. Fix the following notations b := (by,...,b,), & := (z1,...,2,) and & := (ay,...,a,). We have
6] = 1 and for § = 3] €quation (36) becomes
1

d\ =4 -4 d\? w,

(37) > (d)b =y <a> T ="

ar+tan,=d ap<d—1

Equating corresponding coeflicients, we get w, = 0 for each a = («p, . ..

, i) such that ag # 0, while
1.
for the other multi-indices we get (2) *pY = ﬁfu—"‘n These equations admit a solution and therefore a

curve -y, with the properties described above exists.
Since we are assuming that %(ﬁ) = (b1 +---+ bn:rn)d, by Lemma 21 we have T’Y ( . )Zn,d =

2wl
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<l~)d’1/\ | Ais a linear form orthogonal to l~7> The tangent vector to the curve v,, at the meeting point

is given by
. ™ __.d
e (g ) = et

Hence, since the monomials of the Bombieri-Weyl basis are mutually orthogonal and :Cg is not among
those spanning the tangent space at the meeting point, v,, comes back to ¥,, 4 orthogonally for any
choice of w € ngzn,d and b € S™ satisfying the conditions given by (37). Moreover, the length of

such a curve is independent of w and always equal to Hence we get that pa(¥n,4) = F.

Uy
5 -

Noticing that %, /1+ ﬁ < 7 as soon as d > 6, the proof is complete. O

Remark that the same results hold true for V,, 4 — SN . Before moving on, let us comment on the
meaning of the quantity p2(V;,.4) in our context. Recall once again our interpretation of V,, 4 — SV
as the set of symmetric rank—one tensors among norm-1 ones. Since V;, 4 is compact and in particular
closed, for every point in SV there will be a point in V}, 4 minimizing the distance between the chosen
point and V;, 4. The point realizing the minimum need not be unique and indeed in general it is not.
From the tensor point of view, fixed p every distance minimizing point in V,, 4 provides a best rank-
one approximation of the tensor represented by p. Since SV is compact, it is geodesically complete,
and therefore there exists distance minimizing geodesics joining p with each of the points minimizing
the distance and each of the geodesics meet V;, 4 orthogonally. From this observation we obtain that
a symmetric norm—1 tensor admits more than one best rank—one approximation if and only if the
corresponding point in SV admits more than one distance minimizing geodesic orthogonal to V,, 4.
It follows that the injectivity of the normal exponential map on N°®V,, 4 ensures that every tensor
represented by a point in the image admits a unique best rank—one approximation, since it will be
joined to V,, 4 by a unique distance minimizing orthogonal geodesic.

Given this, we can restate the result of Theorem 22 about p2(V},.4) in the following way.

Corollary 24. Every symmetric tensor p at distance less than sin(p(Vy.qa))|lpllsw from rank-one
admits a unique best rank—one approximation.

A consequence of this result is that the probability that a symmetric tensor admits a unique best
rank—one approximation is bounded below by the normalized volume of the tubular neighbourhood of
radius pp ¢ = p(V;,,q) on the sphere, that is to say,

VOl(U(de, pmd))
Vol(SN)

(38) P (symmetric norm-1 tensor s.t. 3! best rank-one approximation) >

In Section 5.2 we will apply (25) to compute an exact formula for the volume of a tubular e—
neighbourhood Vol(U(%,, 4,€)). We stress again that the reach computed in Theorem 22 gives a lower
bound to the ¢’s of validity of the formula we will find: we are guaranteed that it gives the correct
result for any € < p(Z,,4).

5. THE VOLUME OF THE TUBULAR NEIGHBOURHOOD

5.1. The second fundamental form of the spherical Veronese surface. By Remark 19, since
we have an isometric transitive action of O(n + 1) on X, 4 by restrictions of isometries of SV, the
extrinsic geometry of %, 4 < S¥ is invariant under this action. Therefore, if we compute the second
fundamental form at a specific point of 3, 4 we automatically know it at every point. We will now
carry out the computation using the point :Cg € Xy, q for simplicity.

By Remark 7 to compute the second fundamental form of ¥,, 4 at xd along a normal direction 7 it
is enough to choose a local parametrization around :vg, compute its second derivatives and take their
(Bombieri-Weyl) scalar product in RN*+! with 5. This way we will obtain the matrix representing the
Weingarten operator at d with respect to the basis of T';a¥in,q given by the derivatives of the chosen
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parametrization.

Consider the projection on S™ from the tangent plane at (1,0...,0), giving a parametrization of the
upper hemisphere. Composing it with the Veronese map 7, 4 we obtain a parametrization ¢y, ¢ of the
part of 3, 4 contained in the upper hemisphere of SV, explicitly given by

Pn.d - R" — UC En,d

o + arzy + -+ anay \
a’:(ala"'aan) 1
(14 lall?)z
Since gogyld(xd) = (0,...,0), we have to compute the first and second derivatives of ¢, 4 at the origin.
We obtain the following expressions
8‘%771,61 d—1
(39) pet@)| = daf
pn.d d d—2
(40) oo (@] ==y (daf) +dld — 1) i,
For i = 1,...,n denote by ¢; = \/Exg_lxi the orthonormal vectors in the Bombieri—-Weyl basis with

power d — 1 on 2. By (39) the basis of ngEn,d given by the first derivatives of the parametrization is

{\/Eei |i=1,...,n}. Instead of using this basis, we compute the matrix representing the Weingarten
operator with respect to the orthonormal basis {e;};=1 .., along a normal direction n € Nngn,d-

)

(- Sij(dxd) + d(d — 1) 282z, 77>1RN+1'

.....

Denoting by L, = (Ly,ij)i,j=1,...,» this matrix, by Remark 6 we have

aspn d
,———(a)
a=0 8aj

1 1 Oon
(41)  Lnij = Hyleiyej) = - Hy <\/E€iv\/36j> =7 Hn( f;aid(a)

829071 d
—’(a)

1
d 8ai8aj

Ul

)1 >]RN+1 =
a=0

By Lemma 21 we have N 4%, 4 = <{(d)%x8‘° .2 | ap < d—1}) and we can expand n =

[e3

1
Za0< d—a o (i) ?x%. Then from (41), recalling that everything is expressed in terms of an orthonormal
basis, we obtain

(42) Ly = Z(T) Nd—2,0,,...,2,...,05

(43) Ln,ij = —— Nd—2,....1,...,1,..., 0 for 7 }é j

Consider the following orthogonal direct sum decomposition of NyaXin g

3 3
(44)  Npa¥na= <{ (Z) a8 2wy | d,j = 1,...,n}> ) <{(d> ¥ g <d-— 2}> =WeaP

(%

We define a map from W to Rz, ...

1
d 2 2
<a) :176172%:1:]- — <(a‘ a<)> T;T
7y g

and extending by linearity. Since we are mapping an orthonormal basis for W with the induced
Bombieri-Weyl product to an orthonormal basis of R[z1, ..., Z,]2) with its own Bombieri-Weyl prod-
uct, this defines a linear isometry. Composing it with the inverse of the isomorphism we described in
(18) we get a linear isometry of W with Sym(n,R) and therefore a correspondence between the associ-
ated Gaussian probability distributions. A direct consequence of this linear isometry, of the discussion
in section 2.1 about GOE(n) matrices and formulae (42) and (43), is the following theorem.

Tp](2) by setting

w=

Theorem 25. Consider the decomposition NyiXna = W & P gwen in (44). Then the following
statements hold:

(1) L, =0 for everyn € P;
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(2) if we pick n € W Gaussian w.r.t the Bombieri-Weyl metric, then the distribution of the
1
3
Weingarten operator at xd along 1 is L, ~ \/§<%> GOE(n).

Remark 26. Notice that Theorem C from the Introduction follows immediately from Theorem 25
using the fact that for every p € V,, 4 there is a linear isometry 7 : S™ — SV such that 7(V,,.4) = V.4
and 7(p) = xd.

Theorem 25 gives a full description of the extrinsic geometry of 3,, 4 < S¥ in terms of random ma-
trices. From the computational point of view, it allows reducing integrals on the normal bundle of ¥,, 4
of quantities related to the second fundamental form to expected values of quantities related to GOE(n)
matrices. In the next section, we will use this description to explicitly compute the integrals appear-
ing in Weyl’s tube formula (25), thus obtaining the curvature coefficients of the embedding V;, 4 — S™.

5.2. The curvature coefficients. All this section will be dedicated to proving the following.

Theorem 27. Let V,, 4 — S™ be the spherical Veronese variety and U(V,, q,€) be defined as in (19).
If e < p(Vi.a), the following formula holds:

(45)
2" +2-in 3T (2 4 1)
F(%%—I)I‘(n—l-l—j)F(W

Vol(U(Vp,a,€)) =

—
—_
S~—
N[,
QL
nf3
7N
S8
S|
—_
"
™

INN=n+;(E);
0<j<n, j even )

where for 0 < j <mn, j even, the functions Jx nN_n+; are given by (24).
Comparing (45) to Weyl’s tube formula (22), we obtain the following corollary.

Corollary 28. The curvature coefficients of the spherical Veronese variety Vy,.q — S™ are as follows:

" (d . 1)§ nt2-ir T (2 4 1)
d r(g+1)r(n+1—j)r(wy

for 0 <j<m, j even, and Kn_n1;(V,.a) = 0 otherwise.

Wl

KN—n-l—j(Vn,d) = (_1)

In order to prove 27 we start from Weyl’s tube formula (25) applied to ¥, 4 <= SV. As we already
noticed, Remark 19 implies that the Weingarten operator looks the same at every point. It follows
that in this case the integrand in (25) does not depend on p € ¥, 4 and we obtain

N+1
t=0

tan & tN=r=ldet(I, —tL
(46) Vol(U(En,a,€)) = Vol(,,.a) / et ) dn dt,
NES(N, 45, 4) (1+1¢2)=2

where we remark that N — n is the codimension of ¥, 4 < S and Vol(Z,, 4) is given by (30).

Given the decomposition in (44), we have S(Nya¥n.a) = S(W @ P), where dim(S(NyeXn,a)) =
N —n —1 and dim(W) = dim(Sym(n,R)) = % Notice that if d = 2 we have Nya¥, q = W. If

d > 2 we parametrize S(W @ P) as in (26), where here weuse m = N—n—1and k = w —1. With

the same notation of section 2.3, for 0 € S(W) and z € D(P), if p(o,2) =n € S(W @ P), we have
that y/1 — |z]?¢(o) will be the component of ) along W, while z itself will be the component along P.
We also apply the linear isometry discussed in the previous section to change variable from o € S(W)

to Q € S(Sym(n, R)) = §"= -1,

It is clear by its definition that the Weingarten operator is linear in the normal vector argument:
given an isometric embedding M — M, for every p € M, n, £ € N,M and a, b € R, we have
Laytve = aLy, 4+ bLe. Therefore for n = ¢(Q, z) € S(W @ P) we have

(47) Ly =L frmmge. = V1- #PLo + L. = /1= :La.
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Applying Lemma 13 to (46) and using (47) the integral becomes

tane
(48) VOl(u(En,d;E)) :VOI(Enﬁd) /t_o \/;nﬁn;rl)l /;N—vl—n£7l2+1] [mx

th’n,fl

n(n+1)

x det(I, — t\/1— |2[2Lo)(1 — W)Tl] dz dS(Q) dt

where dz is a short notation for VolDN7n7n<n+1> and dS(Q) is a short notation for VOlS nnt1) _,, With
2 2
the convention that for d = 2 the integral over D° is set to 1. The only non-explicit term in (48) is
the one involving the determinant. Recall that by Theorem 25, if @ € Sym(n,R) is a random GOE(n)
1 1
matrix, then Lg is a random matrix distributed as \/ﬁ(%) 2GOE(n). Set 7 := t\/i(%) 2. We have
the expansion

(49) det(I, —7v/1 - [2[?Q) = Z Yri (1 - |2%)%6,(Q),

7=0

where g;(Q)) are homogeneous polynomials of degree j in the coefficients of @) for j = 1,...,n and
go(Q) = 1. Substituting (49) into (48) in the integral splits as

" d—1 Z tane yN—n—1+;j
() (L )
0 (1412)=

(50) VolU(S.4.€)) = Vol(S,.a) Y _(~1)72%
X (/ winy (1= |2|2) 221+ dz) X
DN T3

=0
([ s, 9@ 15@).

where the first term is the integral of a rational function in ¢, while the second one is a “polynomial”
in |z|.
Remark that since g; are homogeneous polynomials, we have g;(Q) = [|Q|)’ gj(%) Recalling expres-

.

sion (16) we have
50 By 0@ = i [l (e )e a0 -
QEGOE(n) J (271’)% Sym(n,R) ! HQH
1 /+oo n(n+l) gy s 2 )(/ ~ -
= —— p 2 e zdp wnsny  95(Q) dS(Q) ).
(2m) ol ( 0 g i(@) ( )

From (51) we obtain

n(n+1)
E  [g;(Q)] 2m)~ 7
QeGOE(n)
(52) / o 95(Q) dS(Q) = o
nin 97 [ p R 1= g

By linearity of expectation and the expansion det(l, — A\Q) = Z?:o(_l)j Mg;(Q), to compute the
expectation of ¢;(Q) it is enough to compute that of det(l,, — AQ) for @ € GOE(n) and look at the
homogeneous part of degree j in A\. This procedure gives us the explicit expression for (52)

n(n+1) 4!

(1) 2m) 5 2 ()

. n(n41) . 7&
97 0-i-oop—2 lJrJe 2dp

if0<j<mn,jeven

63 [ 0@ 5@ =

and 0 otherwise, see Appendix C for a proof of this result. By standard computations involving Gamma
and Beta functions, one can show that the following identities hold

—+oo
(54) / p O -1 -5 dp _ 9 (“)“—11"(4(11 +n+2j)>
0
n(n j a2 an T(X(n2 i
(55) / (=) (nt1) g4 i = 2 23 I‘(41(n —i—n—l—2j))7
N L(z(N=n+7)
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where we notice that for d = 2 (55) gives 1, agreeing with our convention. Substituting (53), (54)
and (55) into (50) and using the duplication formula for the gamma function, we obtain the explicit
expression of Vol(Z/{(Emd,a)). Finally, recalling that V,, ¢4 = £, ¢ U —X,, ¢ and using formula (30) to
express Vol(X,, 4), the proof of Theorem 27 is complete.

APPENDIX A.

Proof of the Tubular Neighbourhood Theorem. We will use the same notation of Section 2.2.
Throughout the proof, we will identify M with the zero section in NM. We start by computing the
differential d, o)(exp|nar) : T(z,0)(NM) — T, M of exp|nas at (z,0) € NM for any € M. Notice
that dim(7\;,0)(NM)) = dim(T M), hence surjectivity is enough to have a linear isomorphism. Denote
by Y(p,e) the unique geodesic on M such that ) (0) = p and (,,)(0) = v. Let y € T, M. Since
T,M =T, M @® N, M, we can decompose y as y = y1 + y2 with y1 € T, M and y3 € N, M. Then there
exists o1 : (—=4,0) — M such that 01(0) = = and ¢1(0) = y;. Define a curve o : (—§,5) — NM by
o(t) = (o1(t),0) € NM. We have 0(0) = (,0) and ¢(0) = (y1,0) € T(5,0)(NM) and it follows that

d
d(w70) (eXp|NM)(y1; O) - aexp(a(t)) = Y1,

t=0

proving that T, M is contained in the image of d(, y(exp|nar). Now take y» € N, M and define a curve
a:(=6,0) — NM by a(t) = (x,ty2). Then «(0) = (2,0) and &(0) = (0,y=2) and it follows that

= Y2,
t=0

d(e,0)(exp|nar)(0,92)) = %exp(a(t))
proving that also N, M is contained in the image of d(, g)(exp|nar). By linearity of the differential, we
obtain surjectivity and therefore d(, oy(exp|nyas) is an isomorphism.
As a consequence for every & € M there exists an open neighbourhood W, of (x,0) in NM such
that the rank of the differential d(, . (exp|nyas) is maximal for every (q,v) € W,. Up to shrinking the
neighbourhood, we can assume that W, = (Uz x B(0, sz)) N NM where U, is an open neighbourhood
of ¥ € M, B(0,¢,) denotes the ball of radius e, centered at the origin in 7,,M and exp|w, is an
embedding. By compactness we have a finite covering of M {U,,,..., U, } for some z1,...,z, € M.
Choosing € := min{e;,, ..., &4} we get that

exp|yen : N°M — M

is an immersion and a local embedding. Notice that for every £ < ¢ also exp| e is an immersion and a
local embedding. We claim that there exists an € < € such that this restriction is also globally injective.
If this is the case, then the restriction to the closure of the gfsmall normal bundle is an embedding,
since injective immersions with compact domain are embeddings. It follows that any number less than
% satisfies the statement of the theorem.
To prove the claim we argue by contradiction: suppose that for every n € IN there exist (z,,vy),
(Yn,wn) € N=M such that exp(Zn,Vn) = exp(Yn,wr). Since M is compact, up to restricting to
subsequences we can assume that z,, converges to T € M and y,, converges to y € M, while v,, and
wy, both converge to 0 since v,,w, € B(0, %) for every n € N. By compactness of M there exists
d > 0 such that for every p € M the map exp, : B(0,d) C T,M — M is a diffeomorphism on its
image, where expp(z) = exp(p, z). It follows that since v,, — 0, for n large enough 7(,,, ) Will be the
unique geodesic joining x,, with exp, (vn) = exp(Zn,Vn) = V(@ ,v,) (1) and dy (2, exp(2n, v5)) = [[va]|.
Analogously, for n large enough we will also have dg(yn, exp(yn, wn)) = ||wn|, where we stress that
the uniformity of § is crucial. Since by hypothesis exp(z,, vn) = exp(yn, wy, ), we have that

dg(xnayn) < dg(xn,exp(xn,vn)) + dg(ynanp(ynawn)) = |lvn|l + [Jwa] — 0,

and this forces T = 7. Then for n sufficiently large, we have that (z,,vn), (yn,wn) € W, for some
p € M, but on every W), we have a local embedding, leading to a contradiction. The proof is concluded.
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APPENDIX B.

Proof of lemma (13). We will use the same notations as in section 2.3. We want to prove that
k—1
@*(volgm) = (1= |2[°) = volgk A VOlfyn—k’
where ¢ is given by (26). By the usual formula for the pullback of a differential form through a
diffeomorphism, we have

©*(volgm ) = |det(J - Jo))|2 VOlBk A VO][o)mik,

where Jp denotes the (m + 1) x m Jacobian matrix of ¢ and J! is its transpose. Denote by Ji the
Jacobian matrix of the inclusion ¢ : S* <+ R¥*1. Then Jy is the following block matrix

ot = | VTP | (30) ),
0

| Im—k

where I, denotes the (m — k) x (m — k) identity matrix. Since Ji!'(0) - (o) = (o) - Ji(c) = 0 and
t(o)t - 1(o) =1, we obtain

; (1= |zP)(Je - J)(o) | 0
(Jo' - Jp)(o,2) = < 0 | (Inx + 272) )

For every z € R™~* consider R € O(m — k) such that z = Rey|z|, where e; = (1,0,...,0). Then we
can compute the determinant of the lower right block as
2.2t |2|? 1
det{ Iy p+——= ) =det R( Iy + ———=E1; |R' = ———,
( ’“+1—|z|2> ‘ ( FETRP ) P

where F1; = ejel has all zero entries except for the (1,1)-th one which is 1. Recalling that the
determinant of a diagonal block matrix is given by the product of the determinants of its blocks, we
find the following expression

det(Jo" - Jo)| = (1—[22)" |det(Jt - )] — (1= 2]»)"" |det(Je! - T0)].

1—z[?
Finally, applying again the formula for the pullback of a differential form, we can conclude that

k—1

@*(volgm) = (1 — [2[*) % |det(J:' - Ju)

1 Bl
2 yvolo Avols = (1-12[*) = volgr A vols
Dk Dm—k Dm—k

ApPENDIX C.

Proof of formula (53). We will use the same notations as Section 5.2. By linearity of the expectation,
in order to prove formula (53) all we have to do is computing

n

E  [det(l, — \Q)] = -1)N B (Q)].
eca et =3 =21V B 5, (@)
since the expectation of g;(Q) can then be deduced by looking at the degree j coefficient in above
polynomial expression in .

This can be computed immediately using [Meh91, Eq. (2.2.38)], but we also give a simple derivation
of this computation for the sake of completeness.

First, we write the determinant according to its very definition

n

det(I, — A\Q) = Z sgn(o) H (Sioi) — AQio(s) )

geSy i=1

where S, is the group of permutations on {1,...,n} and sgn(o) is the signature of the permutation
o € Sy,. Recall that for @ € GOE(n) we have Q;; ~ N(0,1) and @Q;; ~ N(0, %) for i # j and, apart
from the obvious symmetry conditions, the entries are independent.
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By linearity

(56) e 06K =2Q = 3 senle), B o 60 2200
Given o € S,,, suppose that it contains a cycle of length at least 3, i.e. there exists ¢ € {1,...,n} such

that o(i) # i and 02(i) # i. Then, by independence of the entries, in the term of (56) corresponding
to o, we can split the expectation into a product of expectations, separating the term corresponding
to such i. Since d;5(;y = 0 and Q;,(;) is centered, this expectation is 0 and o gives no contribution
o (56). It follows that the only permutations contributing to (56) are those formed by transpositions
and fixed points only.

For such a o € S, denote by fix(c) = {i € {1,...,n} | o(i) = i} the set of fixed points of o and by
s(o) the number of disjoint transpositions in . Then we have

El [T (-x)|-E Sl(_[(j)l)\Q'yg =
| RhE

n

QEGOE(n |:H io (i) )\Qw' z)):|

=1 1€fix(o) k=1
s(o) 1
- ( II El0-x8) )-(HE[?@%D,
i€fix(o) k=1

where & ~ N(0,1) and 4% ~ N(0,1). For these terms we have

E[(1-))] =1,
1 2.2 1 2 2 1 2

The contribution of such o € S,, in (56) is

n

s(o)
(57) sgn QeGOE( {H io(4) —)\Qw(i))] = sgn(o)(Z)\ ) g

=1

and notice it depends only on s(o). To conclude the computation we, therefore, have to count how
many permutations in S,, are given by exactly & disjoint transpositions for every k = 0,..., [ % |. Denote
this number by N (k). To construct a permutation with exactly & disjoint transpositions we proceed
as follows: choose two elements in {1,...,n} forming the first transposition, then choose another 2
among the remaining ones to form the second transposition and so on until the k—th one is formed.
Moreover, since the supports of the transpositions are disjoint, the order in which they are picked is
not relevant. It follows that

n\ (n—2 n—2k-+2 n'
k) = Sl k! L) 2% (n — 2k)! k!

and using this and (57) in (56) gives

Lz) k Lz]

1 (2k)! (n

58 E  [det(l, — = —DFNR)(SN?) = —1)F A% :
B e =) = SN (30) = S

Since the expectation of g;(Q) is given by the degree j term in (58) multiplied by (—1)7, we obtain

0 if j odd

59 E (Q)] = ,

(59) QEGOE(n) l9:(@)] (=1%o _ _
— (]) if0<j<n, jeven

Plugging (59) into (52), we finally get (53).
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