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1. Introduction

In the last years, the class of metric measure spaces satisfying the synthetic curvature-dimension condition
has been a central object of investigation. These spaces, in which a lower bound on the curvature formulated
in terms of optimal transport holds, have been introduced by Sturm in [1,2] and independently by Lott and
Villani in [3]. For a metric measure space (X,d, m) the curvature-dimension condition CD(X, N) depends
on two parameters K € R and N € [1,00] and it relies on a suitable convexity property of the entropy
functional defined on the space of probability measures on X: the CD(K, N) condition for finite N is an
appropriate reformulation of the CD(K, 00) one introduced as the K-convexity of the relative entropy with
respect to m. Spaces satisfying the curvature-dimension condition are Riemannian manifolds [1,2], Finsler
spaces [4] and Alexandrov spaces [5,6]. In particular, in the case of a weighted Riemannian manifold, namely
a Riemannian manifold (M, g) equipped with a weighted measure m = e*wvolg which leads to a weighted
Ricci curvature tensor Ricy, being a CD(K, N) space is equivalent to the condition Ricy > K that can be
regarded as the combination of a lower bound by K on the curvature and an upper bound by N on the
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dimension. Moreover, in the setting of Riemannian manifolds, it turns out that for NV > 0 it is possible to
characterize the CD(K, N) condition in terms of a property of the relative entropy: the required property is
the (K, N)-convexity introduced in [7]. This notion reinforces the one of K-convexity and can be generalized
to the case of metric measure spaces.

In the Euclidean setting a direct application of the results in [8] ensures that given any convex measure
p with full dimensional convex support and C? density ¥, the space (R™,dgyucl, i) satisfies the CD(0, V)
condition for 1/N € (—o0,1/n] (i.e. N € (—00,0) U [n,00]), in the sense that Ricy > 0. This class of
measures, introduced by Borell in [9], extends the set of the so-called log-concave measures and it has been
largely studied for example in [10-12]. In particular, following the terminology adopted by Bobkov, the case
N € (—00,0) corresponds to the “heavy-tailed measures” (see also [13]), identified by the condition that
1/w'/("=N) is convex. An explicit example of these measures is given by the family of Cauchy probability
measures on (R™, dgyel.)

pr = —0_dr >0, (1.1)
(14 |z?) =
where ¢, > 0 is a normalization constant. It then follows that (R™, dgye., ™) is a CD(0, —a) space.

Admitting N < 0 may sound strange if one thinks of NV as an upper bound on the dimension; however, as
explained in [14,15], in the case of weighted Riemannian manifolds it is useful to consider a generalization
of the entropy, called m-relative entropy H,,(-|v), m € R\ {1}, stemming from the Bregman divergence in
information geometry, which is closely related to the Rényi entropies in statistical mechanics. More precisely,
in these papers Ohta and Takatsu prove that if (M, w) is a weighted Riemannian manifold and v = exp,,,( ¥)w
is a conformal deformation of w in terms of the m-exponential function, then the fact that H,,(-|v) > K in the
Wasserstein space (Z2(M), Wa) is equivalent to the fact that Hess ¥ > K and Ricy > 0 with N = 1/(1—m),
where Ricy is the weighted Ricei curvature tensor associated with (M,w). In this setting, depending on the
choice of the particular entropy, i.e., the value of m, the value of the dimension N can be negative. Hence
they show that the bounds Hess¥ > K and Ricy > 0 imply appropriate variants of the Talagrand, HWI,
logarithmic Sobolev and the global Poincaré inequalities as well as the concentration of measures. Moreover,
using similar techniques as in [16-18], they prove that the gradient flow of H,,(-|v) produces a weak solution
to the porous medium equation (for m > 1) or the fast diffusion equation (for m < 1) of the form

% = %A“’(pm) + div, (pV ¥), (1.2)
A¥ and div,, being the Laplacian and the divergence associated with the measure w. This result was
demonstrated also by Otto [19] in the case in which the reference measure v in the m-relative entropy H,, (:|v)
is given by the family of m-Gaussian measures, which is in turn closely related to the Barenblatt solution
to (1.2) without drift (see [20,21]).

In [22], the author extends the range of admissible “dimension parameters” to negative values of N in
the theories of (K, N)-convex functions, of tensors Ricy and of the CD(K, N) condition in the more general
setting of metric measure spaces. In particular, it is proved that the (K, N)-convexity for N < 0 is weaker
than the K-convexity, thus it covers a wider class of functions. This means that the class of metric measure
spaces satisfying the CD(K, N) condition for negative values of N includes all CD(K, co) ones; in particular,
since a metric measure space which satisfies the CD(K, N) condition for some N > 0 is also a CD(K, c0)
space, it follows that:

(X,d, m) is a CD(K, N) space, (X,d,m) is a CD(K, N) space,
= | (X,d,m) is a CD(K, c0) space |=>
for some N > 0. for any N < 0.
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The curvature-dimension condition for negative values of the dimension has not been largely studied up
to now. In the setting of metric measure spaces, the only paper devoted to the study of this notion is the
aforementioned work by Ohta [22]. Therein, many direct consequences are extracted from the definitions as in
the case of the standard curvature-dimension bounds theory and a number of results valid in the case of N >
0 are generalized to these spaces, including the Brunn—Minkowski inequality and some other functional ones.

Nevertheless, most of the results on this topic are obtained in the case of weighted Riemannian manifolds.
A first example of a model space is provided in [23]: it is therein proved that the n-dimensional unit sphere
equipped with the harmonic measure, namely the hitting distribution by the Brownian motion started at
x € S™, |z| < 1 (which can be equivalently described as the probability measure whose density is proportional
toS" 5y — 1/]y — z["™') is a CD(n — 1 — (n + 1)/4,—1) space. More generally, Milman provides an
equivalent to the family (1.1) of Cauchy measures in R"*!, showing that the family of probability measures
on the n-dimensional unit sphere having density proportional to

1
S"sy— ————
YTy —afrre
satisfies the curvature-dimension condition CD(n — 1 — 24+ —q) for all || < 1, @ > —n and n > 2.

In [24] the author studies the isoperimetric, functional and concentration properties of n-dimensional
weighted Riemannian manifolds satisfying a uniform bound from below on the tensor Ricy, when N €
(=00, 1), providing a new one-dimensional model-space under an additional diameter upper bound (namely,
a positively curved sphere of possibly negative dimension). In this setting, many other rigidity results have
been obtained (see for example [25,26]). As for the Lorentzian splitting theorem in this setting, we would
cite Wylie-Woolgar’s paper [27]. Other interesting geometric results have been proved when the tensor Ricy
for N € (—00,0] is uniformly bounded from below: for example, in the paper [28], Kolesnikov and Milman
prove various Poincaré-type inequalities on the manifolds and their boundaries (making use of the Bochner’s
inequality and of the Reilly formula, when the boundary is nonempty).

Finally, let us underline that Bochner’s inequality, generalized to the setting of weighted Riemannian
manifolds satisfying the CD(K, N) condition for N < 0 in [22] and in [28], independently, does not yet have
a corresponding in the nonsmooth setting of metric measure spaces. We recall that for IV > 0, this important
inequality has been extended to the setting of singular spaces in a series of works, precisely in [29] for Finsler
manifolds, in [6,30] for Alexandrov spaces and in [31] for RCD(K, co) spaces.

Despite the progress made in [22], some fundamental questions remain open. The objective of this paper
is to address the question of whether the curvature-dimension condition with negative value of generalized
dimension is stable under convergence in a suitable topology. Special attention has to be payed to establishing
an appropriate setting. In fact, inspired by some of the results found in [22], we prove that for any
N < —1 the interval I := [—m/2,7/2] equipped with the Euclidean distance and the weighted measure
dm(z) = cos™ (z)dL(z), L being the 1-dimensional Lebesgue measure on I, is a CD(N, N) space. This
fundamental example shows that the natural setting to introduce this curvature-dimension condition cannot
be the one of complete and separable (Polish, in short) metric spaces equipped with Radon measures as in
the case of CD(K, N) spaces with N > 0, but rather the one of Polish spaces endowed with quasi-Radon
measures, i.e., measures which are Radon outside a negligible set. In fact, roughly speaking, the information
that the weighted measure cos™ (x)dL!(z) is the right one to consider in order to have a space with negative
dimension comes from the theory of (K, N)-convex functions (see [22, Section 2]). However, despite the fact
that the “natural” domain for the function cos™ (x) with N < 0 would be the open interval (—m /2,7 /2), the
theory of optimal transport forces us to consider the underlying metric space to be complete and separable,
in order to ensure that also the Wasserstein space (Z2(X), Wa) enjoys the same properties. Furthermore, we
prove that also the space obtained by gluing together n-copies of the interval (I, dgye1., m) introduced above
still satisfies the CD(N, N) condition: this in particular shows that the negligible set of points in which the
reference measure explodes is not just appearing in the “boundary” of our space, but also in the interior of it.

3
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In this new and more general setting, a sequence of spaces satisfying the curvature-dimension condition
for negative dimension parameter may fail to be stable under the standard measured Gromov—-Hausdorff
convergence of metric measure spaces. For example, it can be the case that a well-defined limit of a sequence
of CD(K, N) spaces does not exist due to failure of convergence of the metric or the measure. We present
some examples of metric measure spaces whose reference measures are quasi-Radon and presenting this kind
of behavior:

(1) (o-finiteness lost in limit) Consider the sequence of compact metric measure spaces given by
{([0,1], dguc1., My, =z~ "dz)},,>2. Each one of these spaces satisfy the CD(0, —n) condition, but since all
these measures are unbounded, it is not clear a priori in which way we want the measures to converge.
One possibility, however, is the following: note that for every neighborhood U of 0 the measure my, |jo, 1)\t
is finite, therefore, up to being cautious with boundaries, one could ask for the weak*-convergence of the
restricted finite measures m,|x\y to some measure mY, for every neighborhood U of the origin. Then
using an extension theorem we would obtain a unique measure my, defined on the whole interval [0, 1].
However this construction leads to a measure my, which is infinite for every measurable subset A of [0, 1]
with £1(A) > 0, losing thus any regularity.

(2) (Bounded measures to unbounded measures) Consider now the sequence of metric measure spaces given
by {([27", +00), \~\,$N£1)}neN for some fixed N < —1. For each n € N the space ([27", +0), ||, 2V L)
is CD(0, N) and its reference measure is Radon, but the limit measure is such that every neighborhood
of 0 has infinite mass.

We recall that in the setting of metric measure spaces, a suitable notion of convergence, called measured
Gromov—Hausdorff convergence, was introduced by Fukaya in [32] as a natural variant of the purely metric
Gromov—Hausdorff one. Then the stability of the CD(K, N) condition for N € [1,00) was proved following
these two approaches:

e Lott and Villani proved that the CD(K,N) condition is stable under pointed measured Gromov—
Hausdorff convergence in the class of proper pointed metric measure spaces. Roughly speaking, this
means that for any R > 0 there is a measured Gromov-Hausdorff convergence of balls of radius R
around the given points of the spaces;

e Sturm worked in the setting of Polish spaces equipped with probability measures with finite second
moment as reference measures. In this class of spaces he defined a distance D by putting

D((Xl, dl,ml), ()(27 dg, mg)) = inf WQ((Ll)ﬁml, (Lg)ﬁmg),

the infimum being taken among all complete and separable metric spaces (X,d) and all the isometric
embeddings ¢; : (supp(m;),d;) — (X,d), i = 1, 2. He then showed that the curvature-dimension condition
is stable with respect to this D-convergence.

In particular, these two techniques produce the same convergence in the case of compact and doubling
metric measure spaces. Then, in [33] Gigli, Mondino and Savaré introduced a notion of convergence of
metric measure spaces, called pointed measured Gromov convergence, which works without any compactness
assumptions on the metric structure and for more general Radon measures which are finite on bounded sets.
Moreover, they prove that lower Ricci bounds are stable with respect to this convergence.

As the first achievement of this paper we propose a suitable setting to introduce the curvature-dimension
condition for negative values of the dimension parameter, extending and complementing the work by
Ohta [22]. We then propose an appropriate notion of distance, that we call intrinsic pointed Kantorovich—
Rubinstein—Wasserstein distance dikrw, and we prove that the curvature-dimension bounds with negative
values of the dimension are stable with respect to the dixgrw-convergence. In particular, this distance extends
the one introduced in [33] to the set of equivalence classes of metric measure spaces with more general o-finite

4
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measures, allowing us to analyze sequences of metric measure spaces in which the reference measures may
“explode” in some points and are not necessarily finite on bounded sets (we underline that also in this setting
we do not require the local compactness assumption on the metric structure).

More specifically, the structures we work with are isomorphism classes of pointed generalized metric
measure spaces (X,d, m,C, p) where:

o (X,d) is a complete separable metric space,

o m € .#(X) is a quasi-Radon measure, m # 0,

e C C Xis a closed set with empty interior and m(C) = 0,
o p € supp(m) C X is a distinguished point,

and (Xq,dy, my,Cq,p1) is said to be isomorphic to (Xg, d2, ma, Ca, p2) if there exists
an isometric embedding ¢:supp(m;) — X such that i(C1) = Ca, iym1 = my and i(p1) = pa.

Intuitively, here for “quasi-Radon measure” m on (X, d) (following the terminology introduced in [34, Volume
4]) we mean a complete o-finite measure with the following properties:

o there exists a closed negligible set with empty interior Sy, C X such that m(U) = oo for every open
neighborhood U of z € Sy,
« the restricted measure m|x, s,, is Radon on the open set X\ Sp,.

In this class of spaces we then introduce the intrinsic distance dixgw. This is constructed by taking partitions
of the space: each element of the partition has finite measure and can be then renormalized; hence, we
measure the intrinsic Kantorovich-Rubinstein-Wasserstein distance between these renormalized elements.
In doing so, we take inspiration from the ideas behind the construction of the distance pGyy in [33]. However,
in contrast to their setting, the lack of regularity of the measure becomes an obstacle to find a canonical and
appropriate manner to partition the metric measure space. In particular, it turns out that a control on the
Hausdorff distance of the singular sets in the definition of the dixrw-distance is actually necessary in order
to provide an extrinsic realization of the distance given as an intrinsic one.

Then in this setting the CD(K, N) condition for negative values of N is introduced requiring a suitable
convexity property of the extended Rényi entropy functional defined on the space of probability measures
on X, as in the case N > 0.

We prove that this notion is stable with respect to the dixrw-distance: our main result (Theorem 4.1)
shows that if a sequence of pointed generalized metric measure spaces {(Xy, dn, My, Cp, Ppn) bnen satisfying
the CD(K, N) condition for some N < 0 (and some other technical assumptions) is converging in the dikrw-
distance to some generalized metric measure space (Xeo, doos Moo, Coo, Poo ), then this limit structure is still
a CD(K, N) space.

This result in the case N > 0 strongly relies on the fact that the (standard) Rényi entropy functional is
lower semicontinuous with respect to the weak topology in &5(X). Unfortunately, the same property does
not hold for the extended Rényi entropy functional Sy, when the reference measure m is quasi-Radon.
Therefore we provide a new argument to prove this stability, which extends the proofs of Lott—Villani and
Sturm when N > 0 and the one of Gigli-Mondino—Savaré when N = oo (in all these classes of spaces the
reference measure m is Radon, namely Sy = (). We show that Sy is weakly lower semicontinuous on the
space

P (X) = {pu € Po(X) : (Sm) =0}

and that this will be enough to prove the desired stability result, provided that each one of the spaces in
the converging sequence {(X,,d,, My, Cp, Pn) bnen is not accumulating “too much mass” around any of the
points in Sy, in a uniform way.
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Finally, in Theorem 4.2 we manage to adapt this Stability Result also in the case in which we only
have at our disposal a distance which is not explicitly dependent on the behavior of the m-singular sets.
Intuitively, one of the examples we would like to include in our theory consists in approximating the
CD(0, N + 1) space ([0,00),]| - |,zN L), where N < —1, making use of the sequence of metric measure
spaces ([27", +00), | - |, 2V L1): clearly each space in this sequence is still a CD(0, N 4 1) space for N < —1
but now the singularity of the measure is ruled out from the domain, meaning that each metric space
([27™,400),| - |) is actually equipped with a Radon measure. Hence, we rely on an extrinsic approach to
convergence which does not require any control on the Hausdorff distance between m-singular sets in the
definition of the dixrw-distance.

2. Metric spaces equipped with quasi-Radon measures
2.1. Measure theory background

2.1.1. Quasi-Radon measures

We begin this section by introducing some notation and concepts from measure theory. Let X be a set,
T, X be, respectively, a topology and a g-algebra on X, and m be a positive measure defined on X such that
m(X) # 0. Whenever 7 C X we say that the quadruple (X, T, X, m) is a topological measure space.

Definition 2.1. Let (X, 7, X, m) be a topological measure space. We say that the measure m is:

(i) locally finite if for every x € X there exists a neighborhood U € T with m(U) < oo;
(ii) effectively locally finite if for every A € X with m(A) > 0, there exists an open set U € T with finite
measure such that m(ANU) > 0;
(iii) o-finite if there exists {4;}ieny C X with m(A;) < oo for any ¢ € N such that X = U;enA;;
(iv) inner reqular with respect to a family of sets F C X if for any E € X it holds

m(E) =sup{m(A): A€ Fand A C E}.
In particular when F is the family of compact sets of X, this property is called tightness.

We denote by B(X) the Borel o-algebra of (X, T), namely the smallest o-algebra containing all open sets
of a topological space (X, T). A measure defined on B(X) is referred to as a Borel measure. In the following
we will always consider measures m on X which are Borel.

For the purpose of this paper we can restrict our study to the case in which the Borel measures are defined
on a complete and separable metric space (X, d), in short, on a Polish space. In particular it is useful to recall
that every metric space is Hausdorff, which ensures that every compact subset is closed and in B(X).

It can be proven that every effectively locally finite Borel measure which is defined on a metric space is
actually inner regular with respect to closed sets (see [34, Volume 4, Theorem 412E]). Moreover, every finite
Borel measure on a Polish space is tight (see [35, Volume 2, Theorem 7.1.7]). In this regard, we recall the
following useful characterization of tight measures valid in the setting of Polish spaces (see [34, Volume 4,
Corollary 412B]):

Proposition 2.2. Let (X,d) be a Polish space and m be a Borel measure on X which is effectively locally
finite. Then the following are equivalent:

(i) the measure m is tight,
(i) for every A € B(X) with m(A) > 0 there exist a measurable compact set K C A with the property that
m(K) > 0.
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This result in particular allows us to prove an important property of effectively locally finite measures
defined on a Polish space:

Lemma 2.3. Let (X,d) be a Polish space and m be a Borel measure on X which is effectively locally finite.
Then m is tight.

Proof. Let us fix any subset A € B(X) with m(A) > 0. Since m is effectively locally finite, there exists
an open set U such that 0 < m(A NU) < oo. Moreover, being m defined on a metric space, the inner
regularity with respect to closed sets guarantees the existence of a closed set C' C AN U with the property
that 0 < m(C) < co. At this point the elementary observation that every closed subset of a Polish space is
still a Polish space together with the fact that a finite Borel measure on a Polish space is tight ensure the
existence of a measurable compact set K C A with the property that m(X) > 0. Thanks to Proposition 2.2
we can conclude that m is tight. 0O

We can now introduce the following classes of Borel measures, which are of central interest to us. We
borrow the terminology proposed in [34, Volume 4, Definitions 411H(a), (b)], where the classes of Radon
and quasi Radon measures are defined in the more general setting of topological measure spaces, specializing
these characterizations to the setting of Polish spaces.

Definition 2.4 (Radon and Quasi-Radon Measures). Let (X,d) be a Polish space. We say that a complete
Borel measure m is

(i) Radon if it is locally finite;
(ii) quasi-Radon if it is effectively locally finite.

Remark 2.5 (Assumptions on Inner Regularity). We remark that if the metric space (X, d) is just separable
but not complete, an additional assumption on the inner regularity of m is needed: in fact in this case a
Radon measure has to be also inner regular with respect to compact sets, while a quasi-Radon measure is
required to be inner regular with respect to closed sets. However in our setting of Polish spaces both locally
finite and effectively locally finite measures are tight, in view of Lemma 2.3, and for Hausdorff spaces tight
measures are inner regular with respect to closed sets.

Let us now list some properties that these classes of measures satisfy. Before stating and proving these
results, we recall that a topological space Y is called Lindeldf if for every open cover of Y, there exists a
countable sub-cover. Moreover, Y is called hereditary Lindeldf if the same property holds for every subset
Y C Y. Now we note that a Polish space (X,d) is second countable, since it is separable, and we recall
that second countable topological spaces are Lindel6f. Moreover, since second countability is an hereditary
property we have that actually any separable metric space is hereditary Lindelof.

Proposition 2.6. Let (X,d) be a Polish space equipped with a complete Borel measure m. Then it holds:

(i) if m is a Radon measure, then m is a quasi-Radon measure;
(i) if m is a quasi-Radon measure, then m is o-finite;
(tii) if m is quasi-Radon, then there exists a closed set Sy, with empty interior and m(Sn) = 0 such that m|x\s,,
is a Radon measure on the open set X \ Sp.

Proof. The first point (i) follows from the fact that on a separable metric space (X, d) a locally finite tight
measure is essentially locally finite (see [34, Volume 4, 416A] for a proof of this result).

7
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Let us then prove (i¢) by showing the existence of a countable collection of open sets {U,};cn such that
m(U;) < oo for every i € N and that m(X\{J;cy Us) = 0. The effective local finiteness property of the measure
m ensures the existence of a family V of open sets V' C X with m(V) < co. Using the hereditary Lindel6f
property of X, we can extract a countable sub-cover {U; };en of the family V, still satisfying the property
m(U;) < oo for every i € N. Finally, we observe that X \ [,y Ui is a closed set with m(X \ [J;cy Us) = 0,
since the intersection of X\ |J;cy Us; with each open set of finite measure is empty.

At this point, the proof of (iii) is straightforward. In fact, we can take as Sy the set X \ [,y Us: as
already remarked this is a closed set with m(Sy,) = 0. The fact that Sy, has empty interior is guaranteed by
the fact that m is effectively locally finite, while to conclude that m|x\s, is a Radon measure follows from
the fact that it is locally finite. [

Finally, we show the validity of the Radon—Nikodym Theorem for quasi-Radon measures. With this aim,
we first introduce another concept which is a strengthening of absolute continuity between measures.

Definition 2.7. Let (X, X, m) be a measurable space and p be a measure on Y. We say that a measure u
is truly continuous with respect to m if:

(i) p is absolutely continuous with respect to m
(ii) for any F € X with p(E) > 0 there is F' € X such that m(F) < co and u(ENF) > 0.

We refer to [34, Volume 2, Section 232] for a proof of the following result:

Theorem 2.8 (Radon-Nikodym Theorem on Measurable Spaces). Let (X, X, m) be a measurable space
equipped with a quasi-Radon measure, and pu be a measure on X which is truly continuous with respect to
m. Then there exists a measurable function f on X such that for any B € B(X) it holds

u(B) = /B fdm.

Lemma 2.9. Let (X, X, m) be a measurable space equipped with a quasi-Radon measure which is o-finite.
Then p is truly continuous with respect to m if and only if it is absolutely continuous.

Proof. Directly from the definition, we have that a measure p which is truly continuous with respect to m
is also absolutely continuous with respect to m. In order to get the conclusion, we have just to show that if
 is an absolutely continuous measure with respect to a o-finite measure m, then point (i¢) in Definition 2.7
is automatically satisfied. To show this, let {X,, }»en be a non-decreasing sequence of sets of finite measure
covering X, and p absolutely continuous with respect to m. For any F € X such that pu(F) > 0, we have
that lim,, oo (£ N X,,) > 0, which means that there exists a n € N with u(ENXz) > 0. O

Theorem 2.10 (Radon-Nikodym Theorem on Polish Spaces). Let (X,d, m) be a Polish space equipped with a

quasi-Radon measure, and i be a measure on X which is absolutely continuous with respect to m. There exists
a measurable function f on X such that for any B € B(X) it holds

u(B) = /dem-

Proof. Since in this setting Proposition 2.6 ensures that the measure m is o-finite, we can conclude just
applying Lemma 2.9 and Theorem 2.8. O
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2.1.2. Convergence of quasi-Radon measures
Let (X,d) be a Polish space and let us define

P(X) = {m: m is a probability measure on X};
Po(X) = {m € Z(X): /dQ(m,xo) dm(z) < oo for some, and thus any, zg € X}.

On the space H5(X) we introduce the 2-Wasserstein distance
Wi(u,v) = inf / d(z,y)? dy(z,y), (2.1)
yEAdmM(u,v) Jx x X

where Adm(p,v) = {y € 2(X x X) |7r;’y = p and 7ru2’y =v}, m12: X x X — X being the natural projection
onto the first and the second coordinate respectively.

It is important to recall that the infimum in (2.1) is always realized and the plans v € Adm(u,v) such
that f d(z,y)? dy(z,y) = WZ(u,v) are called optimal couplings, or optimal transport plans. The set that
contains them all is denoted by Opt(u, v). It is well known that W5 is a complete and separable distance on
P5(X).

Now let S C X. We say that U € B(X) is a neighborhood of S, if there exists an open V' € B(X), such
that S C V C U and we write Ng for the set of all the neighborhoods of S in X. Let us fix a closed set with
empty interior S C X to introduce the following classes of measures:

M (X) = {m:mis a finite measure on X};
AE(X) = {m :m is a Radon measure on X s.t. m(B) < 00,V B C X bounded };
Ms(X) ::{ m : m is a quasi-Radon measure on X, S is an m-null set and
m|x\ € A (X), for every U € N } .
The next class of measures is of central importance in our work,

MIE(X) :={ m:mis a quasi-Radon measure on X for which there exists S C X
closed with the property that m(S) =0 and m € .Zs(X) } .

Notice that we have the following chain of inclusions: Z(X) C .# (X) C AL (X) C .41 (X).

The adequate study of quasi-Radon measures will require us to monitor their singularities. Intuitively said,
given a closed set S C X with empty interior, in the definition above we isolate the set of singular points of a
quasi-Radon measure inside S. Thus one should regard .#s(X) as the set of quasi-Radon measures which are
locally finite and concentrated in X\ S. Recall that the effective local finiteness implies that all singular sets
S of quasi-Radon measures have empty interior, that is, .#s(X) = 0 if int(S) # 0. Moreover, Proposition 2.6
proves that for every m € .#9%(X) there exists a singular set Sy, C X, closed with empty interior, providing
that m € .#s,, (X). Finally, note that, in particular, ./ (X) C .2 (X) N #y(X).

Let us now introduce the following sets of functions

Cps(X) == {bounded continuous functions with bounded support on X},
Cy(X) == {bounded continuous functions on X},
Cs(X) := {continuous functions on X which vanish on some neighborhood of S},

where S is a closed set with empty interior, and proceed to define a convergence on .#¢(X) in duality with
functions in Cps(X) N Cs(X). In detail, we say that

Definition 2.11 (Weak Convergence for Quasi-Radon Measures). We say that a sequence of measures
{my, tnen C As(X) converges weakly to me € #g(X), and we write m,, — my, if
1i_>m fdm, = /fdmOo for every f € Cps(X) N Cs(X). (2.2)
n oo

9
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We wish to emphasize that many useful properties enjoyed by Radon measures are not necessarily valid in
the setting of quasi-Radon measures. For example, it is well known that in a complete and separable metric
space (X,d) equipped with a Radon measure m, the set C,(X) N L*(m) is dense in L'(m) (see [36, Theorem
3.14]), while this result is no more true when m is a quasi-Radon measure.

The following proposition substantiates our choice of convergence.

Proposition 2.12. Let (X, d) be a Polish space, S C X be a closed set with empty interior, and m,n € A s(X)
two quasi-Radon measures on X such that [ fdm = [ fdn for every function f € Cys(X) N Cs(X). Then
m=n.

Proof. According to [34, Volume 4, Proposition 4151], if m,n € .#%(X) are such that [ fdm = [ fdn,
for every function f € C,(X) N LY(m) N L'(n), then m = n. In particular this is valid for measures
m,n € .#s(X) C .#9(X). The conclusion is attained using an approximating argument.

Let g € X\ S and, for any n € N, consider a sequence of Lipschitz functions g, : X — [0, 1] with the
property that

(2.3)

)1 on Bon(xo) N{z € X : d(z,5) > 27"},
9" =30 on X\ Bynsa(zo) N {z € X : d(z, ) < 2~ (1Y,

Now, for every f € Cy(X) N L(m) N L(n), the sequence f,, := g, f is such that
{fatnen C Cos(X) N Cs(X), nh_{go fn=f wm,n-ae., and [f.] <|[f],

since m(S) = n(S) = 0. We can then conclude applying the dominated convergence theorem. O

Our definition of weak convergence for quasi-Radon measures turns out to be well-fitted for our purposes.
Indeed, we have tailored it precisely with this goal. So let us then conclude this Subsection giving some

observations regarding the corresponding topology.

Remark 2.13.

(i) For our purposes we would like to have at disposal a notion of convergence for quasi-Radon measures
without making any a priori assumption on the uniformity of singular sets. However this seems out of
reach: in fact, without having any control on the singular sets of a given sequence, we would be able to
generate an unfavorable limiting singular set and thus, for instance, obtain that Cs  (X) = {f =0}. In
this case, the weak convergence is trivial. As an example, consider a dense and countable collection of
points P = {p; }men C X in a complete and separable space, and non-atomic measures v,, € .#(X),
Vn € N, such that for any neighborhood U™ C X of the set of the first n-points P, = {p1,...,pn},
vn(U™) = oo while v, (X \ U™) < oo. Letting n — oo, we would expect a limit measure having P as
a singular set but, for the reason given above, convergence defined against any meaningful subclass of
continuous functions turns out to be trivial. Furthermore, note that such a limit measure would fall
outside the realm of quasi-Radon measures.

(ii) Consistency. Let us underline that by considering S = () and by restricting the topology to . (X)
the above definition coincides with the weak* topology (induced in duality with Cps(X)); by further
restricting the topology to .# (X), the weak topology agrees with the narrow topology (defined in duality
with C(X)).

10
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2.2. Pointed generalized metric measure spaces and their convergence

2.2.1. Metric spaces equipped with quasi-Radon measures

In the following we say that (X, d, m) is a metric measure space if (X,d) is a Polish space equipped with a
quasi-Radon measure m. We will refer to a generalized metric measure space meaning a structure (X,d, m,C)
where:

o (X,d) is a complete separable metric space,
o m € .#(X) is a quasi-Radon measure, m # 0,
o C C Xis a closed set with empty interior and m(C) = 0.

A pointed generalized metric measure space is then the structure (X,d, m,C,p) consisting of a generalized
metric measure space with a distinguished point p € supp(m) C X.
Two generalized metric measure spaces (X;,d;, m;,C;), i = 1,2 are called isomorphic if there exists

an isometric embedding :supp(m;) — Xq such that i(C;) = Cs and iym; = my

and, in the case of pointed metric measure spaces (X;,d;,m;,C;,p;), ¢ = 1,2, we further require that
i(p1) = p2. Any such i is called an isomorphism from X; to Xa.

We denote by X := [X,d, m,C,p| the equivalence class of the given pointed generalized metric measure
space (X,d,m,C,p) and by M9% the collection of all equivalence classes of pointed generalized metric
measure spaces.

In particular, the portion of the space outside the support of the measure can be neglected since
(X,d,m,C) (resp. (X,d,m,C,p)) is isomorphic to (supp(m),d, m,C) (resp. (supp(m),d, m,C,p)). Hence, we
will assume that supp(m) = X, except when considering the associated kth cuts, X¥, of a metric measure
space, which we now turn to define.

For a quasi-Radon measure m € .Z%(X), let S, C X be the m-singular set, or singular set in short,
namely the set of all points in X for which every open neighborhood has infinite measure

Swm = {z € X : m(U) = oo for every open neighborhood U of z}. (2.4)

Recall that from Proposition 2.6 we have that Sy, is a closed set with m(Sy,) = 0. Moreover Sy, = ) if and
only if the measure m is Radon. In particular, to any metric measure space (X,d,m) we can associate a
generalized metric measure space in a canonical way by considering (X,d, m, Sy ). Now we fix once and for
all a cut-off Lipschitz function fey:[0,00) — [0, 1] such that

fat(z) =1 for0 <z <1,
fat(z) € (0,1) forl <z <2,
feut(z) =0 for2<z

and for k € N we define the kth cut of X as the generalized metric measure space X* := (X,d, m*,C, p) where
the measure is given by

feur(d(z,p)27%) (1 = far(d(z,8w)2%))  if Sm # 0,

feu(d(z,p)27") if S = 0. (2.5)

m* = ffm, where f*(z):= {
Intuitively, the kth cut (X,d, m¥ C,p) resembles more X as k grows (see Remark 2.17 below).
Remark 2.14 (Regularity of the Measure m). We point out that since we are considering metric measure

spaces (X, d, m) endowed with measures m € .#97(X), it holds that

11
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e m*(X) < oo for any k € N, and that
« there exists a k € N such that for any & > k it holds m*(X) > 0.

We say that (X,d,m) is a metric measure space with m-regularity parameter k if the aforementioned
condition is satisfied for k& € N.

Finally, for a metric measure space (X,d, m), we define its kth m-regular set, or k-regular set in short, as
R == Byrs1(p) \ No—k (Sm) for any k € N, (2.6)

where Ny—k (Sm) = Uzes, Bo—k (). Observe that m|p is a finite measure and that supp(m*) = R*.

2.2.2. Convergence of pointed metric measure spaces
First of all, we recall what is the intrinsic Kantorovich-Rubinstein-Wasserstein (iIKRW, in short) distance
between two metric measure spaces of finite mass. For this aim, we start fixing a cost function c, that is,

c € C(]0,00)) is non-constant and concave with c(0) =0, c(d) > 0 for d > 0 and lim c(d) < oo  (2.7)

d—o0

(e.g., c(d) = tanh(d) or c(d) = d A 1). Then the iKRW-distance between two probability measures
m,n € Z(X) on a complete and separable metric space (X, d) is given by

We(m,n) =  inf / c(d(z,y)) dy(z,y). (2.8)
YyEAdm(m,n) [x «x

Observe that the distance W allows us to deal with all measures in 4?(X), rather than with the ones
in the restricted set %5(X). Moreover, regardless of the choice of ¢ as in (2.7), (£ (X), W,) is a complete
and separable metric space and the convergence with respect to the weak topology of probability measures
is equivalent to the convergence provided by the Wc-distance (see [37, Chapter 6]); the last claim is a
consequence of the fact that cod defines a bounded complete distance on X, whose induced topology coincides
with the one induced by d.

In the same spirit as Sturm’s D distance, the iKRW-distance is used to define an intrinsic complete separa-
ble distance d{:{gw between pointed metric measure spaces with finite mass [33]. Let X; := (X;,dy, my,Cq, p1),
Xy := (Xg2,d2, ma, Ca, pa2) € MR be generalized metric measure spaces with finite mass, then we set

dlmeRW(Xl, Xg) =

‘10g<$;§§3>' + inf{d(il(m)ah(m)) +dy (i1(C1), i2(Ca)) + We((i1)gma, (iZ)ﬁﬁ‘2)}v

(2.9)

where the infimum is taken over all isometric embeddings i;: (X;,d;) — (X,d) into a complete separable
metric space, m; := % is a normalization of the measure m;, for j € {1,2} and dy is the Hausdorff
distance between the two closed sets i1(C1) and i2(Cz). In the following we set dg (0, A) == +oo if A # 0
while dg (0, 0) = 0.

Notice that the distance dijlzgw is defined only in the case in which the total mass of the two measures
m; and my is finite (and strictly positive). Therefore, in order to define a distance between two generalized
metric measure spaces in M%7, we cover the spaces making use of the k-cuts and we sum up the contributions
given by the dﬂgw—distance between them.

In particular, we need the mass of the k-cuts to be strictly positive: for that purpose, given any k € N,
we introduce the following class of spaces

My:{m¢mameMﬂm&m>@

12
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Let us observe that for any finite family of generalized metric measure spaces in M?%, there exists a k € N
such that the whole family is contained in M%R (in particular, it is sufficient to take k := max k;, where k;
is the regularity parameter of the ith space). Nevertheless, for a sequence in M%7 it is necessary to assume
the existence of a common regularity parameter in order to introduce a meaningful distance. Hence, in the
following, we will restrict ourselves to the class M%R for some k € N.

Definition 2.15 (Intrinsic Pointed Kantorovich—Rubinstein—Wasserstein Distance). For any couple of metric
measure spaces X; := (X;,d;, m;,C;, p;) € M%R, i €{1,2}, k € N, we define the pointed iKRW-distance as

1 m
dikrw (X1, X3) = Z ok mln{lvdij:(RW(le’Xg)}v

k>k

where X¥ = (X;,d;, m¥,C;,p;) is the kth cut of X;, for i € {1,2}.

Notice that the distance dixgrw depends on the common regularity parameter k, but we drop this
dependence, since it will be clear from the context.

Definition 2.16 (Converging Sequence of Pointed Generalized Metric Measure Spaces). We say that a
sequence of pointed generalized metric measure spaces {X,, } nen C M%R, for some k € N, is iIKRW-converging
to Xoo € MIT if

nlL)H;C diKRW(XTu Xoc) =0.

Observe that the fact that d{:gw is a distance function guarantees that also diKRW:M%R — RT U {0}
defines a finite distance function.

Remark 2.17. Directly from the definitions of dixgw and dijl;”éw, it follows that

lim dikpw (X, Xoo) = 0 if and only if  lim dfim (XF XE ) = 0 for every k > F, (2.10)
n—oo n—o0
where k is the common regularity parameter associated to the converging sequence.

In the next result we prove an extrinsic approach to convergence. From now on we assume that the
generalized metric measure space (X,d, m,C) is the canonical one associated to (X,d, m), namely C = Sy
is the m-singular set.

Proposition 2.18. Let {Xn}negu{oo} C M%R, Xn = (Xn,dn, My, Sm,,,Pn) be a sequence of pointed
generalized metric measure spaces, k € N. Then the following statements are equivalent:

(Z) lim,, o0 diKRW(X'ruXoo) =0,
(ii) there exist a complete and separable metric space (Z,dz) and a sequence of isometric embeddings

{z’n:Xn — Z}neN, for which

‘log(n}ﬁ(m> ‘ 2 (in(pn)s e (o)) + (d2) 1 in (S, ) e (Smac)

mf, (Xoo) (2.11)

n— 00

+ WC((in)ﬁﬁ‘fm (iw)ﬁﬁ‘];o) — 0,
for any k > k.

We refer to ((Z7 dz), {i”}neN) as an effective realization for the convergence of {X, }nen to Xoo.

13



M. Magnabosco, C. Rigoni and G. Sosa Nonlinear Analysis 237 (2023) 113366

Proof. (i) = (ii) We start assuming that dikrw(Xn, Xoo) — 0. In this case, the metric space (Z,dz) as
well as the isometric embeddings {i, },en are constructed relying on a twofold gluing argument. Roughly
speaking, the strategy is the following: for any fixed k > k we use a “gluing” procedure to construct a common
space Z* equipped with the metric that makes all the kth cuts {Xﬁ}nENU{oo} be isometrically embedded.
Next, we show that a certain compatibility condition holds between the spaces {Z*}yen: this allows us to
“glue” one more time, and obtain the desired common complete and separable metric space (Z,dz) in which
we will embed the sequence {X;,},enu{oc}- In the following we present the detailed argument, which is a
suitable adaptation of [33, Theorem 3.15].

For every fixed k > k, (2.10) ensures the existence of a sequence of complete and separable metric spaces
{(zF dzk)}neN, and of two bequenceb of 1bometr1c embeddings {i¥: RE — Zﬁ}neN and {zoo,n. RE —
7k}

neN? ‘where RFE = supp(m¥) and R, = supp(mk), with the property that

g D20 4 g (). ) + (855, (0SS

mi, (X (2.12)
+ We ((in)gmy, (i )yl ) "= 0.
We then define the set Z* = U, ey Z” and the function d 4« : Z¥ x Z* — [0, 00) by setting
d,k(z,y) if (r,y) € Zk x ZF, In e N,
du(z,y)=1 7 . ) . A (2.13)
inf,, cxr dze (z, ik, (w)) +dy (i (if (W), y) if (x,y) € ZE x ZF, In #m.

Thus, we can define an equivalence relation ~ on Z* saying that v ~ w if and only if d (v, w) = 0, for
v,w € Z*: we take the quotient of Z* by this relation and then its completion. We denote by Z* the resulting
space. Note that d,x canonically induces a distance function on Z% x Z* which we still denote by d 7k, and
that the operations made so far preserve the separability of the space. Thus, the pair (Z k d 7k ) is a complete
and separable metric space. By construction, for n € N, the composition

ik =pkojkoik . RE & ZK (2.14)

is an isometric embedding, where j¥: Z* — Z* is the canonical inclusion and p*: Z%¥ — Z* the projection
map. Moreover, the fact that for every m,n € N the set j% (i, (RE)) is identified under the equivalence
relation with j& (i%, . (RE)) implies that the maps
pkOjﬁOi’;O’n:ngo%Zk and pkOj,]fl loom Rk — ZF
coincide for every n,m € N. In this manner, we see that also p* o j* o ik~ RE — ZF is an isometric
embedding, which is independent of m. Let us denote it by i*_. The convergence in (2.12) yields

k

log (M) ‘ +dzk (in(P), 1% (Do) + (dz8) g (i (S ) 15 (Smec ) =57 0. (2.15)

To finish the first step of the argument we note that the pushforward of a coupling under the map

(p* o jE) x (p* o j*) : ZF x ZF — Z* x Z* is again a coupling between the pushforward of the original
marginal measures, namely

if me Adm((if)ymk, (i%, ,)mE ), then 7 : =((p" 0 j&)?)ym € Adm((iF).mE, (ik,)ymE,).

Therefore, if we choose m € Opt((if);mk, (ik, ,)smk ), we get

W ()t (B, ) < WE (), (0 sl ),
14
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since p¥ o jk . ZF — Z% is an isometry. Jointly with the last term in (2.12), this inequality implies the
convergence (if)mk — (ik,)ymk, in (2(Z%), Wczk) We have hereby shown the existence of a complete and
separable metric space (Z%,d Zk) and a sequence of isometric embeddings {i¥:RE — Zk}nENU{oo} which
provide a realization of the convergence X¥ — X*_ for any k > k.

For the second part of the argument, first of all we prove that for any k < j < k — 1, the embeddings
ik . RE — ZF serve as an effective realization for the convergence X/, — XJ_. To that purpose, let us consider
the function

gf{k 27k [0,1]

. feut (dzk (y,i]fb(pn)) 2_(j+1)) (1 — feut (dzk (y7zﬁ (Smn)) 2j+1)) if Smn 7é @7
Y fcut (dzk (yﬂﬁ(pn)) 27(j+1)) lf Smn Q]

The Lipschitz continuity of the cut-off function fe,, together with the convergence of {i(p,)}nen
to i% (pos) by (2.12), ensures that the sequence feut (dzr (y,ik(pn)) 2_(j+1)) is uniformly converging to
Seur (dzk (1,35 (pso)) 2_(j+1)) as n — oo. In the same way, the triangular inequality ensures that

‘dzk (ya ZZ (Smn)) —dzk (y,l’éo (Smoo))‘ < (dzk)H (@Z (Smn) 7i1;o (Smoo)> .

and the convergence (2.12) guarantees that the sequence feue (dzr (¥, (Sm,)) 2711) uniformly converges
t0 feur (dzk (.35 (Sma)) 2971) as n — oco. Hence, for every y € Z* the sequence {gi*(y)}nen uniformly
converges as n — 00 to

gj,k(y) — fcut (de (yai];o(poo)) 2_(j+1)> (1 - fcut (dzk (y, Zﬁo (Smoo)) 2j+1)) if Smoo 75 (Z),
. fcut (dzk (y;i]go(poo)) 27(j+1)) if Smoo = @

This in particular implies the weak convergence of the sequence of measures
& kY @k T (k) g ik kY =k
( )ﬁ n = (gn )ﬁ no (zoo)ﬁmj = (gﬁ © lOO)ﬁm

(note that we ask for & < j < k — 1). The former convergence, together with (2.15) and the fact that
‘log(m)‘ — 0, shows that the embeddings ¥ : RF — Z¥ realize the convergence of the sequence of

moo (Xe0)

j-cuts, for every k < j < k — 1.

At this point an analogous “gluing” argument can be applied to the sequence (Z*, {iﬁ}neNU{m}) when
k > k: we can in fact construct a common space Z := I_Ik>;€Zk, which, endowed with the distance dz
defined analogously as in (2.13), is a complete and separable_metric space, and a sequence of embeddings
in: Xy = Z for n € NU{oo} as in (2.14). The pair ((Z,dz), {intnenu{oo}) is the desired effective realization
of the iKRW-convergence X,, — X

(ii) = (i) Note that the existence of an effective realization of the convergence X,, "= X, implies that
dergW(X,’?L,Xk ) =820, for all k > k. Then, we can conclude by using (2.10). O

In some situations, it would be practical to have at our disposal a metric which is not explicitly dependent
on the behavior of the m-singular sets. For instance, we could gain flexibility by not asking for a control on the
Hausdorff distance between m-singular sets in the definition of the dixrw-distance. However, as we just saw,
this term is necessary to provide an extrinsic realization of the distance given as an intrinsic one. Therefore,

the following definition turns out to be useful.

Definition 2.19 (Eztrinsic Convergence). We say that a sequence of pointed generalized metric measure
spaces {X,, }nen C M%R converges extrinsically to X € M%R, k € N, if there exist a complete and separable
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metric space (Z,dz) and a sequence of isometric embeddings {zn Xp = 2 }n en for which

k
1°g(nm> ’ +dz (in(pn), io (Poo)) + We((in)zmiy, (io)pmss) "= 0, (2.16)

for any k > k.

Note that we dropped the assumption on the Hausdorff distance between singular sets at the cost of
presenting ourselves a space providing the extrinsic realization. Furthermore, by Proposition 2.18 we know
that a iIKRW-converging sequence converges also in the extrinsic manner.

We finish the Section with some remarks.

Remark 2.20. We observe that the convergence with respect to the Wasserstein distance have the following
characterization (cf. [38, Section 7.1]):

L, Wa, W <= pup,— p and /d(xo,x)zd,un — /d(xo,x)zdu Vo € X.

This description shows in particular that for a sequence of probability measures with uniformly bounded
support, the Ws-convergence is equivalent to the weak one and, consequently, to the W, -convergence. Hence,
in this case, (2.11) in Proposition 2.18 and Eq. (2.16) in Definition 2.19 remain valid when we replace the
W.-distance with the Ws-one.

Remark 2.21 (Connection to Gigli-Mondino—Savaré’s pGw Distance). In [33] the authors define a distance
between X; and Xy metric measure spaces endowed with Radon measures giving finite mass to bounded sets.
This is what inspired us to propose the definition of dikrw: in fact, in this case the m-singular set of a metric
measure space in such a family is the empty set and thus our definition coincides with theirs.

Remark 2.22. We recall that in [33, Theorem 3.17] the authors prove that the class of all metric measure
spaces equipped with Radon measures is complete with respect to the pGy, distance. It is worth to underline
that in our context we cannot hope for a similar completeness result. The main reason is that the set of all
closed sets with empty interior is not closed for the Hausdorff distance. Hence, intuitively, we cannot prevent
a sequence of quasi-Radon measures from converging to a measure which is not quasi-Radon.

3. CD condition for negative generalized dimension
3.1. Basic definitions and properties

We introduce the Rényi entropy Sy m for N < 0 with respect to the reference measure m as the functional
defined on £(X) by posing

p(z) ¥ dm(z) if p<m, p=pm,

SNm(p) = /X

400 otherwise,

where p = du/dm is the Radon—Nikodym derivative of p with respect to m, whose existence is guaranteed
by Theorem 2.10. In the following we will denote by Z2%¢(X,m) the set of probability measures in 25(X)
that are absolutely continuous with respect to the reference measure m.

Remark 3.1. We can already point out two major differences between the case N > 1 and N < 0.
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o when N > 1 the Rényi entropy is defined as Sy m(pm) = — fxp & dm( ), while when N < 0, the
minus sign have to be left out to get the convexity of the function h(s) = s(N=1/N,

e for N > 1, the Rényi entropy is defined on Polish spaces equipped with Radon reference measures. In
this case, under a volume growth condition on the reference measure m, the functional Sy m(-) is lower
semicontinuous with respect to the weak topology and, in particular, it is also lower semicontinuous with
respect to the 2-Wasserstein convergence in &5(X). Unfortunately, the same property is not necessarily
true for negative values of N < 0 and quasi-Radon reference measures m. However, what we prove in
Proposition 4.8 is that Sy m(:) is lower semicontinuous with respect to the weak convergence on the

subspace
P (X) == {pu € Pa(X) : u(Sm) = 0 where Sy, is the m-singular set}.

In fact, we show a more general result stating that the Rényi entropy functional Sy, (v) is a lower
semicontinuous function of (n,v) € s, (X) x &25n(X), where the convergence of the first coordinate is
intended to be the weak convergence of quasi-Radon measures.

In order to give the definition of curvature-dimension bounds, we need also to introduce the following
distortion coefficients for K € R and N < 0:

00, if K62 < N2,
in(t6\/K/N
StOVE/N) e N2 < k62 <0,

) ) = sin(6y/K/N)

TENEE Ay it K62 =0, (3.1)
S;;i((t;\/_?//$ if K62 >0
and
Tiow (6) = Vo iy (NI, (32)

for every 6 € [0,00) and t € [0, 1].

Definition 3.2. For any couple of measures po, 1 € 2%(X,m), p; = p;m, we denote by 7 € Z(X x X) a
coupling between them, and by T It( N (m|m) the functional defined by

Tiy (rfm) = /X LT (@) o) i (4 ) () F | d( )

We are ready to introduce the definition of metric measure spaces satisfying a curvature-dimension
condition for negative values of the dimensional parameter.

Definition 3.3 (CD Condition). For fixed K € R, N € (—00,0), we say that a metric measure space (X,d, m)
satisfies the CD(K, N) condition if, for each pair py = pom, p; = pym € F¢(X, m), there exists an optimal
coupling 7 € Opt(po, 1) and a Wo-geodesic { s }rejo,1] C P2(X) such that

Snvrmp1e) < Ty (w]m) (3.3)
holds, for every t € [0, 1], and every N’ € [N,0), provided that Sy w(10), SN/ m(p1) < 0.

We mention that a notion of CD(K, N) condition with N = 0 was also introduced by Ohta in [39].
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Remark 3.4. Note that the CD-inequality becomes trivial when K < 0 and
w({(a:,y) e X x X :d(z,y) > m/ (N — 1)/K}) > 0.

and that the coefficients TI((t)N() are bounded whenever K > 0 or diam(X) < /m(N —1)/K for K < 0.
Furthermore observe that Jensen’s inequality guarantees that Sy m(to), Snvm(p1) are finite, provided that
the entropies Sy m(t0), Sn7m(p1) are finite for some N’ € [N,0). In this case the CD(K, N) condition
guarantees that the Wasserstein geodesics along which the inequality (3.3) holds are absolutely continuous
with respect to m.

Remark 3.5. It is worth to underline that Definition 3.3 requires the finiteness of the entropies at the
marginal measures, restricting the domain where inequality (3.3) have to be verified to the set D(Sy/ ) =
{1+ Sy’ m(p) < co}. This is consistent with the standard definition of curvature-dimension condition for
positive values of N: indeed, in the classical theory of curvature-dimension bounds for N > 1, the assumption
on the finiteness of the entropy is not necessary, since the Rényi entropy is bounded on any absolutely
continuous measure in %5 (X) as a consequence of the fact that CD(K, N) spaces possess reference measures
with a controlled volume growth. A proof of the finiteness of some entropy functionals, in particular the
Rényi one, under suitable volume growth assumptions can be found for example in [3, Proposition E.17].

Moreover, in the case in which the terminal marginals have bounded supports, Definition 3.3 coincides
with the one introduced by Ohta in [22]. In fact, if the supports of po and pq are bounded in (X, d), then
the coefficients T}é?vt) () are bounded below away from 0 on the support of any coupling = € Opt(uo, 1) for
fixed 0 < t < 1. Thus, if for some N’ € [N,0) one of the terminal measures has unbounded entropy Sx’ m,
then TI(;?N,(W‘I‘H) = o0, for any t € (0, 1), and inequality (3.3) is always satisfied.

We underline that, as in the case N > 1, the definition of curvature-dimension condition is invariant
under standard transformations of metric measure structures. Precisely, the CD condition is stable under
isomorphisms, scalings, and restrictions to convex subsets of metric measure spaces (this can be proved
using the same techniques as in [1, Propositions 4.12, 4.13 and 4.15]) and in [2, Proposition 1.4]. We also
point out, that the “hierarchy property” of CD(K, N) spaces, with N < 0, remains valid. Specifically,

Proposition 3.6. If (X, d, m) satisfies the curvature-dimension condition CD(K, N) for some K € R, N < 0,
then it also satisfies the curvature-dimension condition CD(K', N') for any K' < K and N’ € [N,0).

Proof. The monotonicity in N follows directly from Definition 3.3, while the monotonicity in K follows
from the fact that the coefficient cr,(f)(ﬂ) is non-decreasing in x once ¢t and 6 are fixed (see [10, Remark
2.2]). O

Let us conclude by recalling that the CD(K, N) condition is weaker than the CD(K, co) one (see [22]) and
it follows that CD(K, o) spaces are also CD(K, N) for every N < 0.

3.2. FExamples

In this section we present some examples of negative dimensional CD spaces, referring to [23,24,28] for
other model spaces satisfying the CD(K, N) condition with N < 0. Moreover, we show that singular points
of the reference measure in negative dimensional CD spaces can appear as inner points of geodesics. This
fact motivates us to present the definitions of approximate CD condition and w-uniform convexity, objects
of Section 3.3, which will enable us to deal with this kind of behavior in the proof of our Stability Theorem.
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A fundamental notion in the presentation of the examples is the one of (K, N)-convexity of a function on
a metric space, for a negative value of N. This definition is the natural counterpart of the one with positive
N, and it was introduced by Ohta in [22].

Definition 3.7 ((K, N)-Convezity). In a metric space (X,d), for every fixed K € R and N € (—00,0), a
function f : X — R is said to be (K, N)-convex if for every z¢,z; € {f < 400}, with d := d(z,z1) <
74/ N/K when K < 0, there exists a constant speed geodesic v connecting xg and 1, such that

In(n) < ow W (@) (o) + oy (d) fn ()  VEe[0,1], (3.4)

where fy(z) = e F@/N,

The following result ([22, Corollary 4.12]) is used to produce examples of CD(K, N) spaces with negative
values of the generalized dimension.

Proposition 3.8. Let M be a n-dimensional complete Riemannian manifold with Riemannian distance
dg and Riemannian volume voly. Let us then consider a weighted volume measure m = efwvolg, for some
function ¢: M — R, and let numbers K1, Ko € R, Ny > n and N1 < —N; be given.

Then if (M,dg,m) satisfies the CD(Ka, No) condition, the weighted space (M,dg,e~"m) satisfies the
CD(K1 + K2, N1 + Na) condition provided that W € C*(M) is (K1, Ny)-conve.

Example 3.9 (1-Dimensional Models). In the following we will denote by | - | the Euclidean distance and
by £! the 1-dimensional Lebesgue measure.
(i) For any pair of real numbers K > 0, N < —1 the weighted space (R, | - |, V£!) with

V() = cosh (x —g)N

satisfies the curvature-dimension condition CD(K, N + 1) with no singular set, i.e. Sy, .1 = 0.
(ii) For any pair of real numbers K > 0, N < —1 also the weighted space ([0, 0), |- |, VL) with

V(z) = sinh <x _g)N

satisfies the curvature-dimension condition CD(K, N + 1) with singular set Sy .1 = {0}.
(iii) For any N < —1 the space ([0, 00), |- |,z £!) is a CD(0, N + 1) space with singular set S,~ 1 = {0}.
(iv) For any pair of real numbers K < 0, N < —1 the weighted space

W/NW/NHCOS /KNL:1

SN (Y (b B N 1] —

2VK 2VK|" " N

satisfies the curvature-dimension condition CD(K, N 4 1) with singular set given by

™ IN @ |[N
S N = —_—— 77 p— PR— .
cos(ac\/K/N) £l 2 K’ 2 K
Example 3.9 provides negative dimensional CD spaces, whose set of singular points is a subset of their
topological boundary. Unfortunately, this is not a general behavior and we proceed now to show this. With
this goal in mind, we will rely on a modification of Proposition 3.8, whose proof needs a preliminary result.
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Lemma 3.10. Let f : I — R be a function on the interval I = [a,b] C R. Assume that there erists
c € (a,b) N {f < +oo} such that fliaq and f|cp are (K, N)-conver and for every xo € [a,c), 21 € (c,b] it

holds that o -
In(e) < U%}\fm)(% —x0) [ (0) + Uz(lexfzo)(wl — o) fn (1) (3.5)

Then f is (K, N)-convet.

Proof. We have to prove the convexity inequality (3.4) for every xzg,z; € I in the domain {f < oo}.
However, this holds by hypothesis, if xzg,z1 € [a,c] or zg,x1 € [c,b], thus it is sufficient to consider the
case where zy € [a,c¢) and x1 € (¢, b]. Without loss of generality, we can assume that x; € [a,c), then the
(K, N)-convexity of f|(4,q yields that

fa) < o) (e — ) () & 0 ) (e — o) o)

Combining this last inequality with (3.5) we obtain

In(ze) < Uf(irzo) (c—mo) + 05(,01\7:10 )(C — ) UE(?JIV:IO)(% — o) | fn(w0) 3.6)
(zct:zzoo) (zclf_zcgo .

torn L (e—mo)og 0 (w1 — o) [ (21).

On the other hand it is easy to realize that

T —T( c—zq
UI(<,CJ\7IO )(C — o) ‘71(&1\7710) (21 —20) =0k § (71 — @0).

As an example, we consider K < 0: it holds that

:l:t—zo C—IO
UE()CJ\;IO )(c — Zo) ‘71((?11\/7%0 ) (1 —x0) =

sin(y/K/N(xs — x9)) . sin(y/K/N(c — xg)) _ sin(y/K/N(xz: — xg)) _

sin(v/K/N(c—xg)) sin(y/K/N(z1 —x9)) sin(y/K/N(z1 — xg))

05{?\7_10)(%1 — o).

Moreover, with an explicit computation, using the sum-to-product trigonometric formulas, it is also possible
to prove that

(c—act) (actfxo) ( zq]—c ) xlfact)
C*IO C*IO fEl*.’I)O x 7(1/'0

og N (c—wo)tog N (c—mo)ogn O (w1 —m0) =0k O (@1 — T0).

Combining the previous trigonometric identities with inequality (3.6) we obtain the (K, N)-convexity
inequality. [

An immediate corollary follows from the fact that fy(c) =0 if f(c) = —oc.

Corollary 3.11. Let f : I — R be a function on the interval I = [a,b]. Assume that there exists ¢ € (a,b)
such that f|jq.q and f|icp are (K, N)-convex and that f(c) = —oo, then f is (K, N)-convex.

Now, we present an alternative version of Proposition 3.8, in which we do not need to assume regularity
of the weight function v at the price of restricting to the case M = R.
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Proposition 3.12. Let ¢ : R — [—00,00) be (K, N)-conver with N < —1, such that L} ({p = —c0}) = 0.
Then the metric measure space (R, |- |,e”¥ L) is a CD(K, N + 1) space.

Proof. In this proof we denote with m the reference measure e~¥£!. In order to prove the CD condition
we fix two absolutely continuous measures pg = pom, ;3 = pym € F5(R). Notice that the assumption
LY({1h = —c0}) = 0 ensures that ug, 41 < £! and we denote by po and p; (respectively) their densities, that
is o = poL! and p1 = ;1 LY. Now, Brenier’s theorem ensures that there exists a unique optimal transport
plan between pg and w1, and it is induced by a map T, which is differentiable pg-almost everywhere. It is
also well known that the map T is increasing, thus T”(z) will be non-negative when defined. Moreover, the
unique Wasserstein geodesic connecting po and pg is given by py = (T3)xpo, where T, = (1 — t)id + ¢T.
Then, calling 5, the density of j; with respect to the Lebesgue measure £', the Jacobi equation holds and
gives that

po(x) = pe(Ty(2)) T/ () = po(Te(x)) (1 + H(T"(x) — 1)),

for pig-almost every z. On the one hand it is obvious that p; = e~¥p; for every t € [0,1], therefore
e V@ po(w) = eI py (Ty(2)) (1 + (T () — 1)) (3.7)

for every ¢ € [0,1] and pg-almost every z. On the other hand notice that for every N’ < —1

S (i) = / or My, = / pr VAT 0] = / pi(T(@)” V1 dpolz)

1 ) (3.8)
_ /(e—wmpo(x))—m (e~ ¥ @@ (1 4 (T () — 1)) ¥ dpuo ).

We can then prove the convexity pointwise, using the (K, N)-convexity of ¢. In particular, ¢ is (K, N')-
convex for every N’ € [N, 0) (cf. [22, Lemma 2.9]). Therefore, calling A(z) = T'(z) — 1 in order to ease the
notation, for every N’ € [N, —1), it holds that

( — (T (x)) (14 tA(z )))ﬁ _[ ¢(Tt($))/N]N’+1 (1+tA(z ))ﬁ

NI
N’+1

1 ’
< (U EA@) T [ AT) = )@ 400, (17(0) — al)e TN |

Then, by rewriting the last term, we obtain

N/

[(um@»ﬁ e (T(@) = a)e @ 1 (1 + tA(w) ¥ JKNf<|T<>‘x'>6_w(T($”/N/]NlH

N1
1-1¢ 1+tA N’ /
1+ tA(z) 1—¢
N'+1 levi-u

t1+ Ax) (1+tA(@) ¥
1+tA() 11+ A(x))
—a)e V@D 4 0 (T(@) — ) (1 + Afe) MR e HTE)/ VD,

K N/(|T( T) — x|)e*¢’(T(z))/N/ }

< e (IT@)
where the last inequality follows from the definition of 7 K N, (see (3.2)) and from the convexity inequality,

' H(1+A(2))
1+tA(z) *

applied to the function (-)¥'+1 with coefficients 174735y and
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Substituting the above inequality into (3.8) and using (3.7) with ¢ = 1, we obtain that
S () < / 10 (T(@) - 2))po(e)” ¥ duo(a)
b [ (T() = 1)1+ AG) V7 (¢ o)) 5T TN )
/ 0 (T (@) = al)po(a)” ' dpg(a) + / O i (IT(@) = a)pr (T(2))” ¥ dpag (a)
- / [ ey = 2po(@)” 3T 70 ) 1y = #l)pr ()~ ¥ ] A[Gid x T) o) ),
for every N’ € [N, —1), which is the desired inequality. O

A direct application of the previous result leads to the following refinement of Example 3.9:

Example 3.13. (ii’) For any pair of real numbers K > 0, N < —1, the weighted space

K N
(R,|.|,v,c1) withV(x):sinh<$ _N> ’

obtained gluing two copies of the half-line space in Example 3.9-(ii), satisfies the curvature-dimension
condition CD(K, N + 1) with singular set Sy, .1 = {0}.
(iii’) Similarly, for any N < —1 the space (R,| - |,|z|V£!) is a CD(0, N + 1) space with singular set

Sy v = {0}
x|V L
(iv’) For any pair of real numbers K < 0, N < —1 the space which is obtained gluing J-copies of the
interval in Example 3.9-(iv), for example by considering (szl L, |-, V£1> with

(2j - r [N 2j+Ur [N = ‘ L ENY [N
5 e 5 % and V.—;Jlfj-c% (x — x;) N =jm 73

satisfies the curvature-dimension condition CD(K, N 4 1) with singular set given by

2j—1)r [N |
Svﬁlz{(2) K_]:].,,J+1}

We end this section by pointing out that there exist unbounded CD spaces with negative dimension for

I =

J

every value of the curvature. In particular, unlike to what happens for positive dimensional CD spaces, it is
never possible to obtain a bound on the diameter of the space. Actually this not only happens for singular
spaces, as in Example 3.13 (iv’): for example, also the hyperbolic plane satisfies the CD(—1, N) condition
for any N < 0 (recall that every CD(K, N) space with N > 1 is automatically a CD(K, N) space for any
N < 0). Therefore, there exists no counterpart of the generalized Bonnet-Myers theorem [2, Corollary 2.6]
for negative dimensional CD spaces. This is not completely surprising, since there exist also CD(K, co) spaces
with K > 0 (such as Gaussian spaces), having infinite diameter.

3.3. Approximate CD condition and regularity assumptions

Examples 3.9 and 3.13 exhibit that m-singular sets associated to CD(K, N) spaces are not necessarily
empty sets. Moreover, as already noticed, the geometric behavior in these examples can be extremely
different: in opposition to Examples 3.9, where points in Sy,m appear only as terminal points of geodesics
in the space, singular points in Examples 3.13 occur as inner points of geodesics. This observation shows

22



M. Magnabosco, C. Rigoni and G. Sosa Nonlinear Analysis 237 (2023) 113366

Fig. 1. A visual representation of the property of w-uniform convexity. In particular the shaded set has p;-mass bounded above by
w(k, h, M), if SN m(Ho), SN,m(p1) < M.

that the kth regular set R* of a space X, which was introduced in (2.6), is not necessarily geodesically
convex and this turns out to produce major difficulties in the proof of our main result. Indeed, we would
like to approximate metric spaces equipped with purely quasi-Radon measures m (meaning that Sy, # 0)
by considering their kth regular sets, but the CD condition is precisely a condition made on geodesics: the
problems arising from the non-geodesic convexity of the regular sets will be the main challenge to overcome
in the proof of the Stability Theorem 4.1. For this reason, we introduce the following two definitions.

Definition 3.14 (Approzimate CD Condition). We say that a metric measure space (X, d, m) satisfies the
approximate curvature-dimension condition CD*(K, N) if the CD condition in Definition 3.3 is satisfied by
further requiring that the supports of the measures jg, u1 € 229¢(X, m) satisfy supp(uo),supp(p1) C RF,
for some k € N.

Note that in the definition above k is not fixed.

As discussed above, we need to carefully approach the topic of the non-geodesic convexity of the regular
sets R¥, for some k € N. The following concept directs us in this direction by quantifying in terms of masses
— and thus, controlling — to what extent convexity of the kth cuts is unsatisfied.

Definition 3.15 (w-Uniform Convezity). A metric measure space (X,d, m) is w-uniformly convex if there
exists a function w:N x N x R* — [0,1] with the following properties:

o for any pg, 11 € Pa(X), with Sy m(p0), Sn,m(p1) < M and supp(uo), supp(p1) € R”, every t-middle
point of any geodesic {1 }icjo,1) C P2(X) between pg and p satisfies

pe(R™) > 1 — w(k,h, M) for any h € N;

o forany k e N, M € RT
lim w(k,h, M) = 0. (3.9)
h— 00

Fig. 1 shows a schematic representation of the w-uniform convexity.

Remark 3.16. We illustrate with some examples the concept of w-uniform convexity.

 If the kth regular set R¥ is geodesically convex, then we can choose w(f, h, M) = 0, for all entropy
bounds M > 0 and £ < k < h. This is the case, for example, of metric measure spaces with empty
m-singular set and the spaces presented in Example 3.9.
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x Conversely, if g, 11 € Po(X) are supported in R¥ with bounded entropies and the support of y, a
geodesic joining po and p; evaluated at time ¢, is contained in the complement of R", for some ¢ € (0,1)
and h € N, then w(k,h, M) = 1.
In particular, the metric measure space ([—1,1], |-|, m), with dm = 6_;+3;+1/22dL! serves as an example
of a metric measure space which is not w-uniformly convex. Indeed, at time ¢ = 1/2, the support of the
unique 2-Wasserstein geodesic (82;—1)e[o,1] is contained inside X \ R" for any h € N, since Sy, = {0},
while its terminal points have entropy equal to 1.

x Lastly, a more interesting behavior occurs in a convex subset of Example 3.13 given by

([077T] ) | ’

whose singular set is Sy, = {5 }. This is a CD(—2, —1) space as well as an w-uniformly convex space for

) Il[o,%]cos (z)7 L' + :ﬂ.[%,ﬂ]COS (z—m)"? £1> ,

a non-trivial function w(k, h, M). Note that since there exist Wasserstein geodesics which are, at some
time ¢, entirely contained in the complement of RF, there are actually some values k,h € N, M € Rt
for which w(k, h, M) = 1. Also, for fixed values of k € N and M € R™, w(k, h, M) — 0 as h — oo, since
Ws-geodesics are absolutely continuous and VL'(X \ R") — 0 as h — oc. Indeed, the key observation
here is that we cannot force arbitrarily large amounts of mass to transit through X \ R”, at a given
time, without losing the upper bound on the entropy of the terminal points. Intuitively, to produce
such geodesics, we would have to consider measures with arbitrarily small supports or which accumulate
arbitrarily large masses around a point. However, these type of measures have large entropy.

A concrete and useful property which w-uniformly convex metric measure spaces enjoy is that we are able
to quantify interpolated mass outside the set R", even if the marginals are not necessarily supported on R,
granted they supply sufficient mass to the kth regular sets. In the following, we will denote by Geo(X) the
set of all the constant speed geodesics in the Polish space (X, d).

Proposition 3.17. Let (X,d, m) be an w-uniformly convex space. Then there exists a function 2:N x N x
RT x [0,1] — R such that:

(i) for any po, p1 € Pa2(X) with Sn.m(ko)s SNm(p1) < M and po(RF), 1 (R*) > 1 -6, any t-middle point
of the geodesic {u}ieo] satisfies p(R") > 1— 2(k,h, M, 0) (see Fig. 2),
(i) for every 0 <6 < 1 it holds that
limsup 2(k, h, M,d) < 24, (3.10)

h—o0

for every fized k € N and M € RT.

Proof. Notice that we can limit ourselves to the case when 0 < § < %, because we can simply put

Q(k,h,M,8) =1if § > 1. Fixed po, p1 € P2(X) such that Sy m(10), Snm(p1) < M and pio(R*), py (RF) >
1 — 4, consider a t-middle point of a geodesic {u}+e[o,1], connecting o and 1. Let n € 2 (Geo(X)) be a
representation of {fi }4e(0,1) and define

5 1
n= m ‘nle € Z(Geo(X)),

where
G = {y € Geo(X) : v(0),7(1) € R*}.

Notice that 7 is actually well-defined, since our condition on po and p; ensures that n(G) > 1 — 2§ > 0.
Moreover,
n=n(G) -1+7n for some 7 € .4 (Geo(X)) with 7(Geo(X)) < 20. (3.11)
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Fig. 2. A visual representation of the property provided by the function £, that is (i) in Proposition 3.17. In particular the shaded
set in the center has p;-mass bounded above by £2(k, h, M, ), if the shaded set on the left and the one on the right have po-mass
and pi-mass (respectively) less than 6§ and Sy m(to0), Sn,m(p1) < M.

Observe that {fiz = (e¢)#7}ief0,1) is @ Wasserstein geodesic connecting two measures fig and fi;, which are
supported on R* and satisfy

max (S m (o). S (1)} < MGJ 7 S (10)s Svan (1)}
= [1_125]1_NM <2"WM.

Then, the w-uniform convexity of (X,d, m) ensures that, for every h,
fie(R") > 1 — w(k, h, 2"~ M).
Moreover, taking into account (3.11), we can conclude that
1 (RY) > (1= 20) - fie(R") > 1 — w(k, h, 2"~ M) — 26.
Therefore, to satisty (i), we can set
Qk, h, M, 8) = w(k, h, 2=~ M) + 25.

With this definition, (ii) is a straightforward consequence of the condition (3.9) on w(k, h, M). O

4. Stability of CD condition
In this last section we present the proof of our main result.

Theorem 4.1 (Stability). Let K € R, N € (—00,0), and {(Xn,dn,mn,Smn,pn)}neN c M™ be a
sequence of pointed generalized metric measure spaces converging t0 (Xoo, doos Moo, Smay s Poo) € ./\/l% in the

iKRW-distance, for some k € N. Assume further that:

(i) (Xpn,dn, my,) is a CD(K, N) space for every n € N;
(ii) there exists w : N x N x RT — [0, 1], for which (X,,dn,my) is w-uniformly convez, for every n € N;
(1) SUpp,eny{ooy dA (X, dy) < 7y /gy, if K < 0.

Then (Xoo, doo, Meo) 28 a CD(K, N) space.
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As a matter of fact, Theorem 4.1 is concluded from the slightly more general statement below, since
Proposition 2.18 provides an effective realization for an iKRW-converging sequence of metric measure spaces.
Recall that the extrinsic convergence of metric measure spaces is presented in Definition 2.19.

Theorem 4.2 (Eztrinsic Stability). Let K € R, N € (—00,0). Then the CD(K, N) condition is stable under
the extrinsic convergence of metric measure spaces, granted conditions (i)-(iii) from Theorem 4.1 are satisfied
by the converging sequence.

The following is an immediate result of Theorem 4.2.

Corollary 4.3. Let K € R, N € (—00,0), and {(Xn,dn,mn,Smn,pn)}nEN
t0 (Xoo, dooy Moo, Smay s Poo) € M%R, in the extrinsic or intrinsic manner. Assume that the regular sets RE
are geodesically convez, for all k,n € N. If for every n € N the space (X,,,d,,m,) satisfies the CD(K, N)
condition (with sup,,cyy(ooy diam(X,,,d,) < 7|K|7Y2, if K < 0), then also (Xoo,doo, Mog) is a CD(K, N)
space.

C M%R be a sequence converging

When compared with Stability Theorem 4.1, the advantage of Extrinsic Stability Theorem 4.2, is that
no assumptions have to be made, regarding the limiting behavior of singular sets along the sequence. This
contrasts with the Stability Theorem, which is stated in terms of the intrinsic dixgw-convergence, since the
dikrw-distance controls the Hausdorff distance between singular sets. Therefore, with the latter Theorem
one gains some flexibility to study the aforementioned sets; nevertheless, there is a price to pay in exchange.
Namely, it is necessary to be in possession of an effective realization for the convergence. In this sense, we
find that both results complement very well each other.

We fix some notation prior to outlining the argument in the proof of Theorem 4.2.

First of all, since by assumption we have a realization of the convergence in a complete and separable
metric space (Z,dz), for simplicity we will identify all objects with their embedded version. In particular,
for every n € N U {oo} we will call X,, the embedded set i,(X,), m,, the push-forward measure (i,)xm,
(and the same for its restricted and normalized versions), p,, the reference point i, (p, ). Moreover, since the
embeddings are isometries, it will suffice to work with the distance dz, which from now on will be denoted by
d, for sake of simplicity. With this identification, our extrinsically convergent sequence of pointed generalized
metric measure spaces {X;, tnen C M%R, which converges to X, € M%R, satisfies

k

log(W) ‘ +d(pny poo) + Wa(mk, mh ) "= 0, (4.1)
mb, (Xoo)

for any k > k. Notice that it was possible to put the Wasserstein distance Wy in (4.1), according to

Remark 2.20.

In the remainder, we use the adjective horizontal to refer to the approximations we construct inside a
fixed space X,,, for n € N. Respectively, we denote as vertical approximations those approximations made
over the sequence X,, — X, when we let n — oco. Our objective is, naturally, to demonstrate, for every pair
of measures g, 11 € P“(Xoo, Moo ), the existence of a 2-Wasserstein geodesic {1t }refo,1] € P2(Xoo) and an
optimal plan ¢ € Opt(ug, i11), for which the curvature-dimension inequality (3.3) is satisfied. We accomplish
this by following the next steps.

1. We assume that supp(u;) € R~ , for i € {0,1} and fixed k € N, and construct a geodesic (1t)eeo,n) C
P5(Xso) between po and py and an optimal plan g € Opt(uo, pt1), for which the CD-inequality (3.3)
is fulfilled, relying on the following vertical approximation argument. (Above, and in the following, we
write RE C X,, to denote the kth m,-regular set of X,,, k-regular set in short, for n € NU {co}.)
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Fig. 3. Approximation procedure for the midpoints.

The assumption on the supports allows us to approximate vertically the marginal measures o and
p1, by employing a canonical map between Wasserstein spaces PY : 929¢(X o, mk ) — 229¢(X,,, mk),
induced via an optimal coupling of the normalized reference measures p* € Opt(mk_ , m~). Let us denote
these approximations by (fin,i)nen, for ¢ € {0,1}.

At this point we construct the pair (u, ¢) as the vertical limits of a sequence of geodesics (fin,t)1ef0,1] C
P2(Xyp), between p, 0 and pi, 1, and a sequence of optimal plans ¢, € Opt(gn 0, ftn,1), both indexed
by n € N. Furthermore, we provide these sequences using the CD-hypothesis on (X,,,d,,m,), so in
particular we can guarantee that, for n € N, each pair (pn¢, ¢,) satisfies the CD-inequality, for every
t e [0,1].

After demonstrating the lower semicontinuity Sns m. (1) < liminf, o SN/ m,, (fin,t) and the upper
semicontinuity limsup,,_, . TI((t?N,(qn|mn) < Tl(é)N,(q|moo), along our sequences as n — oo, we conclude
the validity of the CD-inequality (3.3) for (p, q), for every t € [0, 1].

(Look at Fig. 3 for a schematic representation)

2. Additionally, we produce, for i € {0,1}, favorable horizontal approximations (1¥)zen C 2%¢(Xoo, Moo ),
Wa-converging to p;, whose supports satisfy supp(,uf) C RF, for every k € N. Subsequently, by
approximating with the pairs constructed in Step 1, we show the existence of the sought geodesic
{pteep) € P2(Xs) and optimal plan ¢ € Opt(uo,p1). After showing that the appropriate
semicontinuity of the functionals Sy 4. (-) and Tl((t’)N,(~|moo) hold, we are able to verify the CD
condition and conclude.

The rough idea behind a proof of geometric stability in Wasserstein spaces is well known: for well-behaved
measures, as a first step one shows that #?(X,) inherits the CD-convexity property directly from the stability
of the geometry of Z(X,,) under vertical approximations. Hence one can conclude the same property for more
general measures by approximating them horizontally using a sequence of well-behaved measures. To pursue
this plan, the properties of semicontinuity and precompactness play a crucial role.

Inspired by the techniques used in [3], we manage to provide a Legendre-type representation formula
for the entropy, which handles one of the functionals in question. Therefore a suitable generalization of the
arguments in [2] allows to conclude the upper semicontinuity of Tl((t)N,(~|moo).

The very challenging obstacles in the proof of the stability theorem appear when we approach the problem
of the existence of limits and of the convergence of inner points of geodesics. We empathize that the general
class of metric measure structures under consideration is not even locally compact, while the “wildness”
of quasi-Radon measures prohibit us to control the reference measures in any uniform way, preventing in
particular to recover any tightness results from them. Thus, to overcome these problems, we propose some
original arguments.

The crucial ingredient to get back into track will be the control of the mass given by Wasserstein geodesics
to m-singular sets when taking the limits and this can be extracted from the w-uniform convexity.

We advance to the presentation of some auxiliary results in the next Section. The vertical approximation
argument is presented afterwards in Section 4.2, while Step 2. above is discussed in the final Section 4.3.
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4.1. Auziliary results

We collect in this section the preliminary results needed to prove Theorem 4.1. In particular, in the first
part we present the tools which turn out to be useful in approximating t-midpoints of geodesics, while in
the consecutive subsection we deal with the required semicontinuity results.

4.1.1. Approzimation and compactness results
We start by exhibiting the existence of well-behaved horizontal approximations to measures. Recall that
for a reference measure m € .#Z9%(X), m¥ is its k-cut defined by (2.5).

Lemma 4.4. Let (X,d,m) be a metric measure space, m € .4 (X), and u € 2%¢(X, m). Then:
(1) The sequence of measures {m*} ey approzimates m, in the sense of quasi-Radon measures:

mk — m.
(2) There exists a sequence of measures {p*}ren C 2%(X,m), u* < mk for any k € N, converging to u in
the Wa-distance. In particular, for every k € N, we have that supp(u*) C R* := Bor+1(p) AN, -kt 1) (Sm),
thus these measures have bounded support.

Proof. We start noticing that (1) follows directly from the definition of weak convergence because
supp(f) € R* holds eventually, for any function f € Cps(X) N Cs,, (X).

As for (2), let us consider pu* = c¥f¥u, where f* is the cut-off function defined in (2.5), c* is the
normalization constant providing p*(X) = 1, and k is a sufficiently large number, the estimate of which
will be determined along the proof. Clearly, u* < mF. At this point we recall that supp(f*) ¢ R* with
0 < f* <1 for any k € N, and that f* — 1 pointwise m-almost everywhere as k — oco. As a consequence,
f* — 1 pointwise p-almost everywhere, and supp(u*) is bounded since supp(u*) C supp(m*) ¢ RF.

By choosing kg sufficiently large, we can assume that supp(p) N'R* # (), for all k& > kq. (Although the
particular choice of kg does depend on p, there is no loss of generality, since such a bound exists for every
measure 4 and we are interested exclusively in the limit behavior of p*.) Let ¢ == ([ ¥ fFdp)~t: in view of
the previous remarks, ¢ is well-defined and monotone decreasing in k € N and limg_, ck=1.

We can then conclude using the dominated convergence theorem, recalling that a sequence of measures
is Ws-convergent if and only if it is weakly convergent and the sequence of its second moments is also
convergent. [

Take two complete and separable metric measure spaces (X, dx, my) and (Y, dy, my) embedded in Z, such
that mx and my are probability measures. Recall that, given a coupling p € Adm(myx, my ), we can consider
a canonical map between their Wasserstein spaces P : £2%¢(X,mx) — £%(Y, my), which is induced by
pushing forward weighted versions of the coupling p. We refer to these maps as Weighted Marginalizations
and we will use them to produce vertical approximations.

In detail, for each n,k € N we consider (and fix) an optimal coupling p% € Opt(m% , mF). Here
n = n(Y) !n denotes the normalization of a finite measure n € .#Z(Y). We then write {P, () }rex., C
P({x} x Xp) = P(Xn) and {P}, 1 (y)}yex, C P (X % {y}) = P(X) the disintegration kernels of the
coupling pF with respect to the projection maps p;: Xeo X X, — Xoo and pa: Xoo X X, — X,,, respectively.
More precisely, for m*_-a.e. € X, and mF-a.e. y € X,,, we let P, () and P, (y) be the measures given
by the Disintegration Theorem, which are characterized by

Ph(A) = / Po(2)(Ay) i (z) = / (0)(Ay) Ak (y).
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for every measurable A C X x X,,, where A, = {y: (z,y) € A} and A, = {z : (z,y) € A}. Furthermore,
we can define the Weighted Marginalization maps between Wasserstein spaces via the push forward along
the coordinate projections of the weighted couplings pp. With a slight abuse of notation, we denote again
these maps as PAk and P, . Specifically, let

s P Kooy mi) = 29X, my)
p=pmi, = Ppy(p) = (p2)g ppy, = p' my, (4.2)
with '(9) = [ pla) P () (do).
Xoo

The map P, i : 2%(X,, mk) — 229¢(X,mk ) is defined in an analogous manner. Note that, in particular,
ppk € Adm(p, P} ;.(1)). The following lemma shows that the well-known properties of the Weighted
Marginalization map Pr’h . are still valid in our framework.
Lemma 4.5. Let p= pmk € P5(Xy), then P}, . satisfies the following properties:

(i) For every N < 0 the functional Sn..(-) satisfies the contraction property:

1
SN,m;g (P’I/L,k(/‘L)) = me(Xn) N SN,ﬁ'n’fL (Pflz,k(ﬂ’))
k
k L _ m, (xn) N
<m0 Sy 00 = [ 5| S 0
(ii) If the density p of j is bounded, then the Wasserstein convergence holds:
W3 PLa) < [ (,)pla) dp ) 0, as > oc,

k

oo

k

where p = mZ (Xso) p is the density of p with respect to the normalized measure mZ, .

Proof. Observe that the two equalities in (4.3) are obvious, then we just have to prove the inequality.
1
Consequently (i) follows directly from Jensen’s inequality applied to the convex function t(r) = r!~~.

Indeed,

1—41

N
dmy; (y)

S ag(Prsl) = [ [ | 0P

< [ aa) P ) ) il () = Sy s ),
Xoo

X
Xn
Regarding (ii), notice that, since p is bounded, the same holds for 5. Moreover, we have that ppf €
Adm(p, P ;.(1)), and consequently

W3 (1, Pl (1) < / &2 (2, y)p(x) dp (2, 9) < (7] oo i, WE (e, 10E) = 0. O

The last result we are going to prove in this subsection is useful to conclude tightness for a sequence of
measures, provided that we have a uniform bound on their Rényi entropies, and a tightness condition on
the reference measures. The analogous result stated for the relative entropy functional was proven in [33,
Proposition 4.1], and this proof can be easily adapted.

Lemma 4.6. Let {0, }nen, {tintneny C P(Z) be two sequences of measures such that {n, }nen is tight and
SUP, e SN ny (fn) < 00. Then {jiy fnen is tight.
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Proof. First of all we observe that, being the entropy bounded, we can write u, = ppn,. Thus, a direct
application of Jensen’s inequality gives that, for every n € N and for every measurable set £ C Z,

Nn(Enl_
n, (E)'~

1 / 1—L SNn (/Ln)
< pn Ndn, < SR
nn<E) E nn(E)

2= 2=

The tightness of {n, } ,cn assures the existence of a sequence of compact sets { D; };en such that sup,, ey 1, (Z\
D)) — 0as ] — co. We write E; = Z\ D; and we conclude from the above inequality that {i, }nen is tight,
since

sup un(El)l_% < sup nn(El)_% sup Sn ., (thn) 20, O

neN neN neN

This result can be applied to our extrinsic converging sequence {X,, },enufoo} C M%R, with a straightfor-
ward normalization argument by recalling that m”(X,,) approaches m*_(X,,) as n — oo, for every suitable
k.

Corollary 4.7. Given a fited k > k, and {{in}nen C P(Z) a sequence of probability measures, such that
SUP e Sy mk (Hn) < 00, then {n fnen is tight.

4.1.2. Semicontinuity properties

We present semicontinuity properties of Sy.(-) and T}?N(\) conditioned to their domain of definition.
We start by proving the lower semicontinuity of Sy .(-) that we anticipated in Section 3.1. This property is
well known in classical frameworks, that is, for positive values of N and well-behaved reference measures.
For example, lower semicontinuity for a big class of functionals, in which the Rényi entropy is included, was
proved in [3] for locally compact spaces endowed with reference measures having uniformly bounded volume
growth. Inspired by the techniques used in [3], we provide below a Legendre-type representation formula for
the entropy to attain our result. With this aim, let us write

PS(X) = {p € Py(X) : u(S) =0}.

Proposition 4.8. Let (X,d,p) be a pointed Polish space and S C X a closed subset with empty interior.
Then the Rényi entropy functional Sy (V) is a lower semicontinuous function of (n,v) € Ms(X) x 25(X).
Specifically, for sequences

(M) nenufoo} C As(X) and (vn)nenufecy C 2°(X),
such that n,—n., as quasi-Radon measures and v,, — Vs, we have that,
SN oo (Voo) < lirginf SN (Vn)-

In particular, the conclusion remains valid under Ws-convergence in the second argument.

Proof. The semicontinuity of the Rényi entropy functional is verified by exhibiting Sy, as the supremum
of a set of continuous functions on .#s(X) x 22°(X) endowed with the corresponding product convergence. In
particular we define R¥ := By i1 (p) \Ny—(x+1) (S) and we show that, for every pair (m, p) € #s(X) x 25(X),
SN,m(/u) =
sup{/Fdﬂ — /f (F)dm : F € Cy(X) supported in R", for some k € N},
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where f* is the convex conjugate function of f(x) = |z|1_%, for x € R. That is,
f*:R = [0,00)

1) suply = f(0) = ()
=sup(yz — f(z)=——= | —— .
y y) = sup(y A G y
Proving (4.4) will be enough to deduce the lower semicontinuity of the functional Sy .(-), in fact, for every
F € Cy(X) supported in some R¥, the functional

(4, m) > / P — / F*(F)dm

is indeed (weakly) continuous in .Zs(X) x 25(X), since f*(F) € Cps(X) N Cs(X). As a result, the
functional Sy .(-) will be the supremum of (weakly) continuous functionals, and thus it will be (weakly)
lower semicontinuous. For simplicity, let us denote by Sy (1) the expression on the right-hand side of (4.4).

We first verify that Sy m(i) > Sn.m(p), for every (m,pu) € #s(X) x 25(X). We assume that g = pm
since the aforementioned inequality is trivially satisfied when p 4« m. We get the desired result, integrating
the expression f(z) > zy* — f*(y*) with respect to m which, by definition of f*, holds for any z,y* € R,
after replacing z = p(z) and y* = F(z), for F' € Cy(X) with support inside some R*.

Before proceeding with the converse inequality let us point out that Sy m (1) = co granted p & m. Indeed,
in this case, there exists a Borel set A C X with m(A) = 0 and p(A) > 0. At this point, recall that every Borel
finite measure in a Polish spaces is inner regular with respect to compact sets and outer regular with respect
to open sets (see for instance [35, Theorem 7.1.7]). For this reason, since u € 2 (X) and A is a compact
set, it is possible to assume that A NS = (). Observe also that compactness grants the existence of k € N
for which A C R*. Since m and y restricted to RF*! are finite measures, there exist a sequence of compact
sets (K,)nen and one of open sets (A, )nen such that K,, C A C A, C RF* and (u+m)(4, \ K,,) < 1/n,
for any n € N. Then for M > 0 Tietze’s Theorem ensures the existence of a sequence of approximating
functions (Fry)neN C Cp(X) satisfying: 0 < FM < M, FM = M on K,,, and FM¥ =0 on X \ A4,,. Therefore,
as n — 0o, the functions FM converge, in L!(x + m), to the scaled characteristic function M - 1 4. On the
other hand, since for every n, FM is an admissible function for the supremum in Sy, we have that

[ M= [ 5 (Eam < s (4.5)

for any n € N. Passing now to the limit as n goes to infinity in (4.5), we obtain that M - u(A) < Sy m(p).
The arbitrariness of M implies then that Sy (1) = co.

We proceed now to prove that Sym(p) < Sym(p) and we will assume that Sy m(n) < +oo, since
otherwise there is nothing to prove. The paragraph above enables us to write 4 = pm. We then have the
following expression for Sy m (1)

SN.m(p) = sup {/Fp — f*(F)dm : F € Cy(X) supported in R*, for some k € N} .

And, recalling that f(z) = (f*)*(v) = sup,ecp{zy — f*(y)} because f is finite, convex and continuous, it
follows that

Swm(1) = [ sup {pla)s” = (7)) dmo).

s*eQ
By fixing Q = {¢n}nen, an enumeration of rational numbers with ¢ = 0, we introduce the family of
approximating functionals

{s&,mm) =f o }{p(fv)S*f*(S*)}dm(z)}
8% €1905--+,9n heN
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Observe that the integrands are monotone increasing in h and that 0 = p(x)go — f*(qo). In particular,
Beppo Levi’s Theorem ensures that Sf{,ym(u) — SNm(p), as h — oo. Therefore, it suffices to show that
SJ}{,’m < SN.m, for any fixed h € N. To this aim, one confirms directly that

S;{,,m(u) = sup {/(pF — f*(F))dm : F is a step function with values in {qo, . .. ,qh}} . (4.6)

Note that the fact that S is an m-null set guarantees that we can further require that the aforementioned
functions are supported in RF for some k € N without modifying the supremum, as an approximation
argument using the Monotone Convergence Theorem shows. Finally, since m and p are finite measures
when restricted to R¥T1, every step function with support in R* can be obtained as the L!(x + m)-limit of
continuous and uniformly bounded functions implying that S J’{,’m < SN.m, which concludes the proof. O

Applying this proposition to our extrinsic converging sequence {Xn}nGNU{oo} - M%R, we can extract a
useful corollary with a couple of observations. From (4.1) we easily deduce that, for any k > k, the sequence
(mF),en converges to mk, € . #(Z) C .My(Z) in the weak convergence. Moreover, Remark 2.13 states that,
granted we restrict ourselves to the set .#(Z), then weak convergence in the sense of quasi-Radon measures
coincides with the usual weak one.

Corollary 4.9. Given a fized k € N and {in tnen C Po(Z) a sequence converging weakly to p € Po(Z),
it holds that

SN,mlgo (:U) < l%nnilo%f SN,mIfL (,Un)- (47)

We conclude the section with a corresponding continuity result for the functional TI(;’)N. We stress that

although, it would be sufficient for the proof of Theorem 4.1 to have the upper semicontinuity of TI(E)N, we
prefer to present a more general statement.

Proposition 4.10. Let K > 0 and N < 0 and (X,d,m) be a metric measure space. Furthermore, set
o = pom, 1 = p1m € P (X) to be absolutely continuous with respect to the quasi-Radon reference measure m,
with SN ,m(to0), Snm (1) < 00. Consider a sequence (my,)nen C P (X% X), weakly converging tom € P (XxX)
and such that

(p1)#mn = o and (p2)pmn = 1 for every n € N.

Then, fort € [0,1], it holds that

. t t
Tim T (mafm) = TR (x|m).

Additionally, the conclusion remains valid for K < 0, granted diam(X) < 74/ %

Proof. Let us fix any ¢t € (0, 1), since the statement is clearly true for the remaining values. We want to
prove that

, - 1 - 1

lim Tien (@@, y)po(@) N dmy (2,y) = / Ton @@ y)po(2) Ndr(z,y),  (48)
n—=7x JxxX XxX

since the other term of T1(<t,)1v('|m) can be treated analogously. Notice that being Sy m(110) < o0, po(z) /N €

L (uo) thus by the density of C,(X) N Lt(m) in L(m), for every fixed ¢ > 0 there exists f¢ € Cy(X) such

that Hpal/N — fell L1 (ug) < €- Moreover, notice that the coefficients T;(l;\,t)() are bounded and continuous.

Indeed, this is always the case for K > 0, and since diam(X) < 4/ % is bounded by our assumptions,

this holds as well for K < 0. Therefore,

T (d(z.y)) f5 (@)
32



M. Magnabosco, C. Rigoni and G. Sosa Nonlinear Analysis 237 (2023) 113366

is itself bounded and continuous. Consequently, the weak convergence (), — 7 shows that,

Gim [ P (@ y) e (@)dm () = / Tien (@@, y) [ (@)dr(z,y).
XxX XxX

Furthermore, the boundedness of Tl((ljvt) allows to deduce the following estimate

limsup/ Tl((ljvt)(d(x,y))po(x)*ﬁdwn(x,y) < lim / Té(l;v”(d(:c,y))fa(x)dwn(x,y)+5HTI(<1;\,t)||Loc
XxX XxX

n— oo n—>00
= / T (d(@, ) £ (@)dn (@, y) + el o Il
XxX
< / T (d(@, ) po(x) "N dr(z,y) + 2el| e ) [l
XxX
Analogously, it follows that

lim inf / T (d(z,9))po(x) ¥ dma (2, y) > / e (d(2,9))po(x) " ¥ dm(z,y) — 2ellrie )l
XxX

n— 00 XxX

and since € > 0 can be chosen arbitrarily, Eq. (4.8) holds true. We conclude by recalling the arbitrariness of
t. O

4.2. Proof of the approximate CD condition
The objective of this section is to prove the next partial result

Theorem 4.11. Let K € R, N € (—00,0), and {(Xn,dn,mmSmn,pn)}neNU{oo}
of metric measure spaces satisfying the assumptions of the Stability Theorem 4.1, for some k € N. Then
(Xoos doos M) 48 @ CD(K, N) space.

R
C MI™ be a sequence

We recall the discussion before Eq. (4.1) to work directly in the realization space (Z,d), where we will
consider the embedded versions of the converging sequence of pointed metric measure spaces.

We follow the plan explained above and argue using vertical approximations. Specifically, the following
Step 1 and Step 2 serve the purpose of constructing useful approximations of the marginals pg and p;. Next,
we follow the argumentation of Sturm in [2] in Steps 3 to 6, to exhibit the upper semicontinuity of TI((t?N
along a sequence of optimal couplings, provided by the curvature-dimension assumption. Additionally, we
demonstrate the existence of a favorable limiting optimal coupling. Step 7 focuses on proving the convergence
of inner points of a vertical sequence of Wasserstein geodesics, as well as, the lower semicontinuity of the
Rényi entropy along this sequence.

Let us fix first the notation. Set k& > k and assume that pg, 1 € 2% (Xso, Moo) have supports satisfying
supp(po), supp(u1) C RESL. We denote by p; the density of u; with respect to me, for i = {0, 1}. Define
the set,

I:={N"€[N,0) : SN’ m (H0), SN mae (1) < 00},
and observe that I is an interval, as a consequence of Jensen’s inequality. Then, surely, we are able to assume
that (and set)
(M ::) ma'X{SN;moo (MO)’ SN7moo (:ul)} < o0,
and that, for every ¢ € Opt (o, 11),
T30y (glmos) < oo, (4.9)
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since the CD condition is trivial in failure of any of these inequalities. Therefore, the arbitrariness of k
and initial measures shows that, in order to demonstrate Theorem 4.11, we are required to validate the
CD-inequality (3.3), for every N’ € I, and every ¢t € [0, 1].

Additionally, we fix as before an optimal coupling p,, € Opt (ﬁllgm ﬁlﬁ) between the normalized k-cuts of
the reference measures, for every n € N. And, as defined in Section 4.1, we consider {P,, () }zex,, C P (Xn)
and {P)(y)}yex, C P (Xoo) the disintegration kernels of p,, with respect to the projections p; and po
respectively, and consider the map P/ : 2% (X, mk ) — 2%(X,,,mF). Note that, in contrast to Section 4.1,
here we have omitted the dependence on the number k, since it is fixed for now.

STEP 1: Horizontal approximation with bounded densities

During the argument it proves useful to work with bounded-density measures. Therefore we construct
here a horizontal approximation of g and w1, for which its elements enjoy this property.

For the construction, we fix an arbitrary optimal coupling ¢ € Opt(uo, 1) and define, for every r > 0,

E, = {(x0,71) € Xoo X Xo : po(®0) <7, p1(21) <7} (4.10)
and consequently, for sufficiently large r,
¢ = o 'q(. N Ey),
where ;. := G(E,). The measure §") € 2 (X, x X ) has marginals given by
n) = () and = (p2)y ). (4.11)

Notice that both uér) and MY) have bounded densities and that ,u(-r) converges to p; in (2%(Xu), Wa), for

i = 0, 1. Moreover, notice that Sy m. (,um) — SN.me (i) as 7 — oo, for ¢ = 0,1. Then we fix € > 0 and

(3

find r = r(g) such that a,, > 1 — ¢ and that the following estimates hold:

1
W (i ") d S )y = S My <M+ 412
ax Wa(us, )<e an ax Nk (1) = xSy mo (i) < M+ 5 (4.12)
We point out that the parameter r depends on €, but we won’t be explicit on this dependence for the sake
of the presentation.

STEP 2: Vertical approximation

Once we have identified the horizontal approx1mat10ns u ) and ,ul , we may proceed to their vertical
approximation. First of all, observe that ,u ) and u are absolutely continuous with respect to the
normalized reference measure mX_, so we denote by p(() 8 and ﬁgr) their bounded densities. Then, for every

n € N, we define g n, f11.n € P2(Xp,dpn, mk) as
pim = Ph(p") = pinik, (4.13)

where p; ,( fpl y)(dz). Notice that o, and p1 , depend on r (and ultimately on ¢), but, once
again, we prefer not to make thls dependence explicit, in order to maintain an easy notation in the following.
Anyway, we invite the reader to keep in mind that every object we are going to define depends only on ¢.
Now, since m¥ (X,,) — m*_(X,), observe that Lemma 4.5 guarantees the existence of an 71 € N, such that if
n > 7 it holds that

(r)
W Y <e. 4.14
nas, 2 i) < € (4.14)
and that
S in) < S in) <M+ 1. 4.15
ax Ny, (i )_lgggﬁ Nk (Hin) + (4.15)
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Moreover, according to Lemma 4.5, for every N’ € I, it holds that

Q.

mﬁ(xn) ~ (r)
SN (Hin) < SN/’mg (pin) < {M} Sy (l"’z ) <

oo

Therefore, for every n € N large enough, since (X,,d,, m;) is a CD(K, N) space, there exist an optimal
plan 7, € Opt(o,n, pt1,,) and a 2-Wasserstein geodesic (iit,n)ie0,1] C P2(Xn) connecting juo, and i1 4, for
which,

SNt (Ht.n) < T s (Tlm) (4.16)

holds, for every t € [0,1] and every N’ € I. Note that Remark 3.4 together with the assumption that
SUP; eNU{ oo} diam(X;,d;) < 7w,/ ﬁ, if K < 0, assures that the geodesic p , is absolutely continuous with
respect to m,,.

(t)
STEP 3: Estimate for TK N

In this step we start the proof of the upper semicontinuity of the functional TI(()N, In particular, we fix
N’ € [N,0) and a time ¢t € [0,1] and we call @, and @), be the disintegrations of m,, with respect to g n
and p ,, respectively. Then we define the following two functions

wolan) = [ (00, 0) Qo0 )

and

o) = | ) Qo o)

A direct application of Jensen’s theorem leads to

O, (i) Z / ponw) ™ vy (ys) i (1)
—Z / [/ e >P,;<yz-,dxi>]1UN/-w(yi)dﬁlﬁ(yi)
<Z / / 7 (@) N Pl s, da) - v () d (3:)
_ ; /X Ay [ /X n vi(ynPn(xi,dyi)] dii (z;).

At this point we see that

[ oot Paanecio) = [ 750 (0.10)@u o) Pz,
n n XAn
~(r)

_ / 30 (Ao, 5) 2 P (4 ) Qn (96, dya) P, dyo)
X XXn X Xoo pl,n(y )

</ [T @0, 21)) + € 1d(yo, 1) — d(wo, 21)]
X XX X Xoo
(7)

X
/)17(1)3'1(3/17 da1)@n (Yo, dy1) Pr(wo, dyo)
P1n(y1)

</ [ (Ao, 1) + C - (d(wo, o) + (1, 1))]
X XX X Xoo
A (@)

pl,n(yl)
35
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and analogously that

/ v1(y1) Po(21,dyr) < / [T;()N/(d(xoaffl)) + C - (d(zo, y0) + d(z1,91))]
Xn X X Xy X Xoo

7 (o)
po.n(Yo)

Prll(y(h dxo)Q'/n(yla dyO)Pn(:Eh dyl)v

where C' := maxge(o,6],s¢[0,1] %TI((S)N, (9) and O is the maximum between d(zg,z1) and d(yo,y1). Observe
that the constant C' is indeed finite because we know that sup, ey} diam(X,,dn) < 7y /|qu, it K <0,
from assumption (iii) in Theorem 4.1.

Moreover we notice that

(1)
~(r _ 4 xr
| | (w0, 90) 2= P! (31, )@ (o ) P, dyo) i, )
oo Xy X Xy X X oo prn(yr) "
:/ A7 (o) YN [ d(wo, y0) Pa(o, dyo) di (o) (4.17)
o0 Xn
= Tlil/N// d(:ZZO, yO)dpn(xmyO) < Tlil/N/W?(ﬁI]:uﬁ“];o)
X X Xoo

and

~(7)
~(r — ! X
/ Pé)(%)l 1/N/ d(xuyl)pl (1) Pl (y1,dz1)Qu (Yo, dy1 ) P (w0, dyo) dmk, (z0)
Xoo X X X X Xoo prnyr) "

/ 0 T

Sr_l/N/ d(xl,yl)pl
X X X X Xoo X Xoo Pl,n(y1
Qn(yo,dy1 (Io,dyO)P(() (o) dmk, (z0)

, (1)
=~ UN / d(SEhyl)pl (1 )Pl (Y1, ) Qn (Yo, dy1) o, (dyo)
X X X X Xoo P1 n(y )"

— pUN / 41,508 (1) P (. dary )ik ()
Xn X Xoo

)P,( 1, dl‘l)
)P,
(4.18)

! / _ _
< p1oUN /X den o) < rY WGk, ),
TLX o0

where the last inequality in both chains follows by the Jensen’s inequality. Consequently, for every n € N,

we define a — not necessarily optimal — coupling q( " ¢ Adm(u((f)7 u§ )) by imposing that

) 75 (@o)p” (1) ,
dg,” (zo, 1) =/ Py (y1,dx1) Py, (yo, dxo) dmy (Yo, y1)
Xn XXy PO, n(Yo)p1 ( 1)

") (5 V5 (3
:/xnxon ! (y1,d21)Qn (Yo, dy1) P (wo, dyo) dm¥ (z)

~(r) (r)
:/ Mf’fl(yo,dmo)@ (y1,dyo) Pr(z1, dy) dm¥ (z1).
Xn XXn, pO,’n(yO)

With this definition of q ) and keeping in mind (4.17) and (4.18), we end up with
T30 85) < T30 ) )+ 41 W ),

Now, up to taking a greater n, we can require that for every n > n it holds that
—k =k 9
WQ(moo,mn) < - N—1»
A4Cr N7
36
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for every N’ € [N, ¢). As a consequence we obtain that

(t)
TK,N/

(malil) < T3 (@ mk) + e, (4.19)
for every n > n and every N’ € [N, ¢).

STEP 4: cj,(f) converges to an optimal plan
The objective now is to prove that

/d2(a:0, 21)dg") (zo, 1) — W2 (,u((]r),u(lr)) as n — oo. (4.20)

7) (r)

5 and p; ’, then for every n € N

First of all notice that, since every ¢, ’ is an admissible plan between u(
it holds that
/ d* (o, @1)da” (wo, 1) = W3 () ii”). (4.21)

On the other hand the triangular inequality ensures that
d(2o,21) < d(zo,90) +d(yo,y1) + d(z1, 1)
and consequently, since d(yo,y1) < diam(RE) < 242 for 7,-almost every pair (yo, 1), we have that
d*(zo, 1) — d*(yo,51) < 2d*(20, y0) + 2d(x1, y1) + 22 d(20, yo) + 22 d(21, 1)

for m,-almost every pair (yo,y1). It is then possible to perform the following estimate

/ d?(xo, 21)dg\" (o, 1)
Xoo X Xoo

(1) () 5(T)
- d2(z0, z / Py (x0)p1 (1) ) e deo) drm (v,
/Xocxxoo (@0,1) Xp xXn PO (Y0)P1n(y1) " Pr(yr, dw1) Py (yo, dwo) drn (o, 1)

< / d*(yo, y1)dmn (yo, y1)
Xn XXn,

22 (zp, ()f dsg) dr(uo,
/oo /XnXXn 0 yO)PO n(yo) L(yo 0) I(yO yl)

/ / 2k 43 (g ,o)pO( )Pé(yovdl’o)dﬂn(yo’yl)
o X0 x X pOn( )

2 Pg )(»Tl) /
+/ / 2d (xlayl) Pn(ylvdxl)dﬂ—n(y()ayl)
oo S Xn xXn P11 (Y1)

/ / 2k+3d (x )()( )P’( dz1) dmn (Yo, y1)
N X ,01n( ) Y1, 1 n\Y0, Y1

We can now consider one term at a time and start by noticing that, according to Lemma 4.5,

(T)( )
2d2 X0, Y Péy7dx dmn (Yo, y
_/oo /nxxn O)pOn(y ) ( 0 O) ( 0 1)
_ / / 2d2 (0, y0) S (20) P, (yo, daro) dm (o)
- / / 2d(20, y0) 3y (20) dpn (0, y0) — 0,
Xoo 4 Xn

and similarly

(T)
/ / 2d?% (1, 1) (1) P! (y1,dzy) dmp (yo, y1) — 0.
0o J Xn X Xn P10 (Y1)
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Moreover Holder’s inequality ensures that

k+3 ﬁér) (z0)
/ / 2°7%d(z0, yo) ——— Py, (Y0, dwo) dmn (yo, y1)
Xoo J Xn XXn PO,n(yO)

[N

ﬁ(r)(l'())
<m0 [ a0 2T P (s de) o, )| >0,
o nXXn pO,n(yo)

and analogously that

k43 ﬁgr)(%) /
/ / 2°7d (w1, y1) ————= Py, (y1, dzr) dmy (yo, y1) — 0.
oo I Xn XXn pl,n(yl)

Therefore, putting together the estimates on every term, we can conclude that

limsup/dz(mo,xl)d@(p(ﬁo,xl) < limSup/ d?(yo, y1)dmn (yo, y1)
X XXn

n—o0 n—oo
:limsupWQQ(;Lo,n,m,n) W2 (No ’ugr))’
n—oo

where we used that m, is an optimal plan and that pgj, —> M(() ), H1,n —> ,ug ™)

combined with (4.21), allows us to conclude (4.20).

This last inequality,

STEP 5: Definition of approximating plan with fixed marginals
We have shown the existence of n(e) > 7 such that

[ o naganon) - WEG )| < (422)

Recalling the properties of n proven in the previous steps, we also know that

Ty (malih) < Tyl (@0 105) + <, (4.23)
for every n > n and every N’ € [N, ¢). At this point, using q( ()E) we define a coupling ¢° between g and pq
by

() = gy + G0N (X Ey)). (4.24)

First of all, notice that
‘/dQ(xmxl)dqf:()E)(mo,xl) — /dQ(xmxl)qu(gco,xl) <2(1-— ozr)diam(ngo_l)2 < 22k 3,

Consequently, putting together this last estimate with (4.12) and (4.22), we can conclude that

/dz(xovxl)dqs(mo’l‘l) = W3 (no, 1) + O(e). (4.25)
On the other hand, it is immediate from the definition of ¢° that
(1 =)' N0 (g Imk) < ol 7N (0 k) < T (g° k). (4.26)

STEP 6: Convergence of plans

We turn now to prove the weak convergence of the plans ¢° introduced in the previous step, as ¢ — 0,
and consequently the upper semicontinuity of Té)N,

We first note that, since for every ¢ > 0, it holds that ¢¢ € Adm(uo, 1), then the family (¢°)eso
is tight and Prokhorov Theorem ensures the existence of a sequence (&,,)men converging to 0 such that
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=™ — q € Adm(po, p1). Eq. (4.25) ensures the optimality of ¢ € Opt(uo, pt1). Furthermore, putting together
the estimates (4.23) (that holds definitely for every N’ € [N,0)) and (4.26), we conclude that, for every
N’ € [N,0) and ¢ € [0,1],

lim sup TI(()N, (T (em) [Mn(en,)) < limsup TI(()N, (T (em) |m’;(sm))
m— 00

m—so0
- h,fln_fip mﬁ(em)(xnl(sm)>_1/N/ ' Tl((t,)N’ (Tn(em) |‘ﬁﬁ(sm))
= W lim Sup TI(()N, (wn(sm)|ﬁlﬁ(€m))
= W lim sup T @, k) + e (4.27)
= W lim 1 SUp Té)N,(qT(;)Emﬂﬁﬂgo)
! lim sup ! T® (g¢F™|m*)

B W m—00 W K,N'

= lim sup TI({)N/( emimk ).
m—soo

Now, notice that every ¢ has as marginals po and p1, which are supported in R¥>! and therefore
t m t m
Ty nr (@ Imhe) = T (67 o).

(®)

Thus we can apply Proposition 4.10 to Ty, (¢°™|m ), for N’ € I, which together with the above estimate

guarantees that

lim sup T3 (T M o)) < lim sup T30 (077 o) = Ty (g mee) (4.28)

holds for every N’ € I and t € [0, 1].

STEP 7: Convergence of midpoints

The goal of this step is to show the existence of a limit geodesic {,ut}te[o,l], such that for any ¢t € [0, 1],
t,n(em) Wo-converges (up to subsequences) to pu, as m — oo. Furthermore, we are going to prove a suitable
lower semicontinuity of the Rényi entropies that will allow us to pass to the limit in the CD inequality. In

order to ease the notation we will denote the Rényi entropy Sy m by SN n(em)-

n(em)

Claim 1. For every fived t € [0,1], the sequence (jit n(c,,))men converges (up to subsequences) to a measure

e € '@(Xoo)

First of all, notice that estimate (4.28), the CD condition (4.16) and assumption (4.9) together ensure
that the entropies Sy (e, (#4t,n(c,)) are uniformly bounded above by a constant M’, for m € N. Moreover,
for every n(e,,), the approximation Lemma 4.4 provides the existence of a sequence (uim(sm)) leN, that Wo-
converges to fiy n(e,,), @ | — 00, and such that supp(,uf5 n(g)) C Rﬁl(s). From the proof of Lemma 4.4 we
recall that ut n(em) = =c flu n(em) 5O, We can easily notice that,

()= /fl At m(em) = rmiem) Rl ) = 1 —w(k,l = 1,M + 1),

Consequently, for sufficiently large ! it holds that, as measures,
1 < 1
Hinem) = T2 (k1 — 1, M 1) Htmtem):
39
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Notice that we took into account that supp(to.n(em,))s SUPP(1,n(em)) € Rﬁ(am) and we have used the w-
uniform convexity assumption, keeping in mind that M +1 bounds from above the terminal entropies (4.15).
In turn, inequality (4.29) implies that,

1
1
SN,n(sm)(:U’t,n(sm)> < (1 — o.)(k I—1.M + 1))1,1/1\; SN,n(em)(,ut,n(sm))- (430)
Moreover, the fact that supp(io,n(e,n,)), SUPP(H1,n(em)) € Rﬁ(am) shows that the measure piy n(,,) has

bounded support. In particular, for every I € N (and every m € N)

SUPD (44 1 (eny) S SUPP (Lt n(em)) S B(Dn(em)> 277).
As a consequence of this bound, it is easy to deduce that,
Wg(ﬂ’i,n(sm)) ,Uft,n(am)) § (2 : 2k+2)2w(kal - LM + 1); (431)

because fis () < uin(am) when restricted to Rln_(:m), and fg () (X \ Ril_(glm)) < w(k,l—1,M + 1), by

w-uniform convexity. Now, for every fixed [ sufficiently large, such that w(k,! — 1, M + 1) < 1, observe that,
according to (4.30), the entropies SNm(Em)(p,i n(sm)) are uniformly bounded above by the constant

1
M/
(1—w(k,i—1,M+ 1) 1/N "

for all m € N. Notice also that, since n(ep) 18 supported in R/ it holds that

"'71(57n)7

SN mlT;E; (lui,n(sm)) = SN,’rL(Em) (lu‘i,n(sm))

’ m)

Therefore, Corollary 4.7 shows that ,ui,n(Em) weakly converges to some ul € (X)) as m — oo, for
some choice of a subsequence. Moreover, we extract the bound S N7mz£1(ui) < oo from Corollary 4.9,
which guarantees the lower semicontinuity of Sy,.(-) along our sequence. Consequently, this implies that
the support of ! is contained in R !. Finally, note that then the sequence of measures (ué)n( em))WEN is
supported in a uniformly bounded set, since supp(,uf:,n(Em)) CB (pn(am), 2k+2) and py(c,,) = Poos a8 M — 00.
Thus, we are able to conclude, up to picking again subsequence, that for every sufficiently large [ € N

l Wa, 1
Hin(epn) —* K¢ AaS M — 00.
As a matter of fact, we can show using inequality (4.31) that,

WZQ(/u’zlfﬂu’g) § 22k+7 [W(k,’L - 17M + 1) +w(k7j - 17M + 1)]7

for every (large enough) i,j € N. Then, our assumption on w ensures that (u!);ey is a Cauchy sequence,
which therefore Ws-converges to u; € P (X ). We conclude by noting that the uniform estimate (4.31)
guarantees that pi ,(c,,) — He-

Claim 2. For every t € [0,1] the measure p; does not give mass to the set S of singular points.
For every m € N and every [ € N sufficiently large, let us introduce the measures
:&’i,n(sm) =[1-wkl-1,M+ 1)]:ui7n(am)7
and notice that, for every [ € N sufficiently large,

ﬂé,n(em) - lai = [1 - (U(k,l - 17 M + 1)]/’1‘5‘,
40
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Observe also that all measures ﬁi n(em) have total mass equal to [1 —w(k,l—1, M +1)], as m varies. Thus, jit
also has total mass equal to [1 —w(k,l—1, M +1)]. On the other hand it follows from the uniform convexity
properties (and in particular from (4.29)) that for every m € N and every I € N sufficiently large, there

exists a positive measure ﬁi (em) such that

Em
o~ =1
Pt,n(em) = Ptn(em) T Ptn(em):

Notice that, since the sequences i ,(,,) and (ﬂf5 n( am))WEN are weakly converging, the sequence ﬂi n(em) is
also weakly converging to a (positive) measure jil, such that

p = it + iy
As pointed out before y! is supported in RYEL, thus the same holds for jil, and therefore
(RN > 1 —w(k, 1 —1,M +1).
Finally observe that this is sufficient to prove the claim, because of the arbitrariness of [.
Claim 3. The lower semicontinuity of the Rényi entropies holds, that is for every N’ € [N,0)
SN oo (1) < TN Snr ) (Bt n(em))- (4.32)
First of all notice that, the result of Claim 2 combined with Proposition 4.8 yields that
SN o (1) < Hm0f Syt o (117)- (4.33)
On the other hand Corollary 4.9 ensures that for every [ € N large enough
SN o (1) = SNt ml? (ut) < lim inf SN”man?fm) (Htm(ern)) = lim inf SN’ (o) Hen(ern))- (4.34)

Moreover, we deduce as in Claim 1 the following estimate for every N’ € [N, 0)

1
l
SN ntem) Wtn(em) S T oI = LM T 1))V SN m(em) (Bt (em))

and consequently for every [ € N

lim inf SN’,n(Em)(/Lt,n(Em)) > lﬂlgof(l - W(k,l - 17M + 1))171/1\’ SN’,n(sm)(,ufE,n(sm))

m— o0

> (1= w(k,l =1, M+ 1)V S (),
where the last passage follows from (4.34). Then, since this last inequality holds for every [ € N, we can

conclude that

m— o0

Hm inf Sn7 () (Bt n(em)) = lilm inf(1 —w(k,l —1,M + 1))1_1/N,SN’,moo m
— 00
2 SN/ meo (Ht),

where we used (4.33). This is exactly what we wanted to prove.
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Conclusion

So far we were able to prove that for every fixed ¢t € [0, 1], the sequence (fi¢,5(c,,))men converges (up to
subsequences) to a measure pu; € HPo(Xo) and

SN oo () < UMINE St e (Bt (em) ) (4.35)

for every N’ € [N,0). Now, a diagonal argument ensures that, by selecting a suitable subsequence (that we
do not rename for sake of simplicity),

W-
(Mt,n(am)) -3 Ht,

and that estimate (4.35) holds for every ¢ € [0,1] N Q. Our approximation ensures also that g ,(c,,) Wa, Lo
and fi1,pn(e,n) Wa, w1 therefore, since fiy p(c,,) is a t-midpoint of g () and pq (e, ), for every t € [0,1]NQ
the limit point p; is a t-midpoint of pg and pq. Now it is easy to realize that we can extend by continuity
wt to a Wasserstein geodesic (connecting po and py) on the whole interval [0, 1], obtaining also that

(Bt n(em)) Wa, I, for every ¢ € [0, 1].

This argument will be explained with more details in Lemma 4.12 below. Moreover, we know from the proof
of Claim 2, that for every [ € N
m(RED 21— w(k, 1 -1, M +1),

for every ¢t € [0,1] N Q. Then by continuity we can conclude the same inequality for every ¢t € [0, 1], and
consequently we know that u; gives no mass to the set of singular points.

Finally, inequality (4.35), combined with (4.28), allows to pass to the limit as m — oo of the inequality
(4.16) at every rational time and obtaining that

St moe (1) < Tit (glmec)

holds for every ¢t € [0,1] N Q and every N’ € I. Finally, the lower semicontinuity of the entropy (ensured by
the fact that p; gives no mass to the set of singular points) and the continuity of Ti((t,)N’ (¢lmss) in ¢ (which is
a straightforward consequence of the dominated convergence theorem), allow to extend this last inequality
to every t € [0, 1], concluding the proof of the approximate CD condition.

4.3. Proof of the CD condition

This final section is devoted to the proof of our main result Theorem 4.2. As already mentioned, the
proof of the approximate CD condition and the approximation argument that made it possible are exactly
the fundamental tools to prove the CD condition. As the reader will notice, we are going to use basically the
same techniques, but refining them further to achieve a more general result. We specify that we could prove
the CD condition directly, but we preferred to divide the proof in order to be clearer.

Before going on, we prove a preliminary lemma, that will help us later in this section: a result of this type
is now needed because the marginals may not have bounded support.

Lemma 4.12.  Given a metric space (X,d), for every n € N let (] )icjo,1) € P2(X) be a Wasserstein
geodesic. Assume that for every t € [0,1] the family (Vi )nen is tight and that there exist vy, v1 € Pa(X) such
that

1/5‘&1/0 and V{L&l/l asn — 0o.

Then there exists a Wasserstein geodesic (vi)iepo1] C P2(X) connecting vy and vy such that, up to
subsequences,
v — asn — 0o, for every t € [0,1] N Q.
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Proof. First of all, notice that applying Prokhorov theorem we deduce that, for every fixed ¢, the sequence
(V] )nen is weakly convergent, up to subsequences. Thus the diagonal argument ensures that, up to taking
a suitable subsequence which we do not recall for simplicity, for every t € [0,1] N Q there exists v, € HP5(X)
such that

v =y as n — oo, for every t € [0,1] N Q.

It is well-known that the Wasserstein distance is lower semicontinuous with respect to the weak convergence
(see for example Proposition 7.1.3 in [38]), then

Wa(vo, ve) < liminf Wa (v, v*) = liminf ¢ - Wa (v, v7') =t - Wa(v, 11)

n— oo n— 00

and analogously
V[/g(l/t7 V1) S (1 — t) . VVQ(Z/O7 1/1).

Combining this two inequalities with the triangular inequality we deduce that
VVQ(Z/O7 I/t) =1- WQ(Z/(), I/1) and I/Vg(l/t7 1/1) = (1 — t) . WQ(V(), Vl),

which means that 14 is a t-midpoint of vy and v;. The lower semicontinuity of the Wasserstein distance also
ensures that for every s,t € [0,1] N Q it holds that

Wa(vt,vs) < liminf Wa (v, v2) = |t — s| - lim inf Wa (v, v7') = [t — s| - Wa(vg, v1).
n—oo n—oo

Finally, since for every r € [0,1] N Q v, is an r-midpoint of vy and vy, the triangular inequality allow us
conclude that
Wo (v, vs) = |t — 8| - Wa(vo, 11), for every s,t € [0,1] N Q,

then we can extend v; to the whole interval [0, 1], finding a Wasserstein geodesic (v4);e0,1] connecting vq
and V. O

Now that we have this last result at our disposal we can proceed to the proof of Theorem 4.2. To
this aim, we fix po,pu1 € P*(Xoo,Moo). In analogy with the previous section, we can assume that
SN moo (1£0), SN meo (41) < 00 and introduce the constant

M = maX{SN;moo (/’(‘0)7 SN7moo (lu’l)}
We can also define the interval
I:= {N, € [N’ O) : SN’,moo(:uO),SN’,moo (Ml) < 00}7

in particular we will need to prove (3.3) for every N’ € I and every t € [0, 1]. Now, according to Lemma 4.4
there exist two sequences (u});en and (p)1en, Wa-converging to o and py respectively and such that

supp(ph), supp(p}) € RIS! for every [ € N.

Moreover, keeping in mind the definition of p} and u! (see Lemma 4.4), it is easy to realize that for
sufficiently large
SN mae (16)s SNt oy (1) < 00 for every N’ € T

and that the dominated convergence theorem ensures that

Jim Sy (10) = Snmoc () and Jm Sy (1) = SN mac (112).
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Thus, for every [ large enough

SNymoo (:ulO)’SN,moo (/J“ll) S ma’X{SN7moo(:U0)7SN,moc (:ul)} + 1 = M =+ 1

and then we can apply the argument presented in the last section and deduce the existence of an optimal
plan ¢' € Opt(u), ph) and of a Wasserstein geodesic (1})¢e(o,1] connecting ph and pt, such that

S oo (1) < Ty (g Imoc) (4.36)

holds for every ¢t € [0,1] and every N’ € I. Now, we divide the proof into two steps, the first dedicated to
the convergence of the plans (¢');en and to the upper semicontinuity of T[((t)N,7 the second dedicated to the
convergence of the measures (u!);ey and the lower semicontinuity of S N/’m;o

Step 1: Upper semicontinuity for T](;?N,

Notice that (¢');en is a sequence of probability measures having as marginals two sequences of converging,
and thus tight, probability measures. As a consequence the sequence (¢');cy is itself tight, then up to
subsequences it weakly converges to a plan ¢ € Z(Xx X Xoo). It is well known and easy to prove that
q € Opt(po, pt1). We are now going to prove that

lim sup TI((t)N, (¢'mso) < TI(;)N,(q|mOO) (4.37)
l—o0 ’ ’
for every t € [0,1] and every N’ € I. The argument we are going to use is essentially the same as the
one explained in the proof of Proposition 4.10, nevertheless we briefly recall it for the sake of completeness,
avoiding to repeat all the details.
In particular, for every [ € N let us call pl, and p} the densities of u}, and p} with respect to the reference
measure My, we just need to prove that

. (1—1) PR (1-t) -
msup [ e e (d(@,y))po(x) V' dq" < [ 7y ni (d(z,))po(x) ¥ dg.
—00

Notice that, the particular definition of p (check Lemma 4.4), ensures that the density pf is a suitable
renormalization of f!pg, then for a fixed € > 0 we can find [ € N such that

”(pé)q/N B ,Dgl/NlHLl(Mf)) < e for every | > 1.

Furthermore, recalling that C,(X) N L!(m) is dense in L!(m), for the same reason (up to possibly changing
[) we can find f¢ € Cy(X) such that

—1/N’ —1/N’ 7
1o / — o) <€ and 1o N _ fE”Ll(ué) < ¢ forevery ! > 1.

Putting together this last two estimates we end up proving that

(b)Y

L _ fEHLl(Mé) < 2¢ for every I > 1.

On the other hand, since the function
1—t c
e (A ) (@)
is bounded and continuous, the weak convergence of (¢'); to ¢ yields that

tim [ {3 (@) @dd' = [ 75w 0) 1)

l—o0
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Then, since definitely [ > [, we can deduce the following estimate

timsup [ ! 30(d(e)ob(e) ¥ dg' < fim [ 750w 0) £ (a4 22l )

l—o0 l—o0

/ (1) 7 (@)dg + 27 e

_ _1 _
< [ 0)po(e) Vg + 32l oo
and since € > 0 can be chosen arbitrarily, (4.37) holds true.

Step 2: Lower semicontinuity for Sy
In this second step we prove an additional property on u!, which is fundamental to prove the CD condition.
Let us start with a preliminary lemma.

Lemma 4.13. Firk < h € N and let v € P°(Xoo, Mo ) with bounded density be such that supp(v) C RESL.
Then, for every € > 0, there exists i € N large enough such that, Pfl’h(y)(RfL“‘l) >1—¢€ for every n > n.

Proof. Notice that, according to Lemma 4.5, both the sequences (P}, ;(v))nen and (P ;,(v))nen Wa-
converge to v. Assume that P, , (v)(RyF") < 1 — e for some arbitrarily large m € N. Observe that

inf{d(z,y) : € RE,, y € (REF)} > 27+

as a consequence, since P, (v) is supported in RE | we obtain that

m?
W3 (Py, (1), Py () 2 € 27 R, (4.38)
On the other hand, since the sequences (P}, . (v))nen and (P, ,(v))nen have the same limit, it holds that
W3 ( e (V)s Pr (V) = 0 as n — oo.

Then definitely (4.38) cannot hold, proving the desired result. O

Fix € > 0 and take k(¢) € N such that ,uo( k)= 1), i (RE1) > 1—£. Then we take [ > k(e) and repeat
the argument of the previous section on p and p!. We are also going to use the same notation, forgetting
for the moment the dependence on [. It is easy to realize that there exist two measures 1/(])€ () and z/k(e) with
supp(vp' ), supp(i')) € RED™ and 19 (X o), 119 (Xoo) > 1 — ¢, such that for r sufficiently large (and
thus for e sufficiently small) u{” > 5@ and p{"” > ¥ (in particular this tells us that 19 and ¥ have
bounded density). Then we can apply Lemma 4.13 to the probability measures

1 k(e) 1 k(e)

— and ———v; 7,
5 (%) v (Xee)

obtaining that for m sufficiently large (in particular such that n(e,,) > 7) it holds that

k(e
10.1(em) R )y i (o) (R ) > (1= €)2 > 1= 2,
Consequently our uniform convexity assumption ensures that
Pt n(em) Riteny) = 1= 2(k(e) +1,h, M +2,2¢),

for every t € [0,1] and every h € N. Proceeding as in Step 7 of the previous section (see in particular
Claim 2), we can actually conclude that

(RN > 1 — Q(k(e) +1,h — 1, M + 2, 2€), (4.39)

for every ¢ € [0,1] and every h € N sufficiently large.
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Claim 4. For a fized t > 0, the family (ul)en is tight.

Given a fixed § > 0, we have to find a compact set Ky, such that ul(Ks) > 1—§ for every I € N. To this
aim we take suitable ¢ and h such that (4.39) ensures that

)
mRE) 21 -5 (4.40)

Moreover, combining the result of Step 1 (that is (4.37)) with (4.36), we conclude that Sy m. (1}) is definitely
bounded. Then, since m°°|72§c+1 is a finite Radon measure, we can argue as in the proof of Lemma 4.6 and
prove the tightness of the family of measures (/‘“RZOH)ZGN' As a consequence, keeping in mind (4.40), there
exists a compact set K such that

pi(Ks) > Mé\Rg;rl(K&) >1-9,

proving the claim.
Now, we can apply Lemma 4.12 and find a Wasserstein geodesic (pu¢)¢cjo,1] C & (Xoo) connecting pg and
1 such that (up to subsequences)

ph— e € P(Xo) as | — oo for every t € [0,1]NQ
Then, since the bound (4.39) is uniform in [, we can conclude that
(RN > 1 — Q(k(e) +1,h — 1, M + 2, 2€), (4.41)

for every t € [0,1] N Q and every h € N sufficiently large. Moreover, by continuity we can deduce (4.41) for
every time ¢ € [0,1] (and every h € N sufficiently large). This is sufficient to conclude that p; gives no mass
to the set S of singular points, for every ¢ € [0, 1]. In fact, assume by contradiction that p:(S) = 6 > 0, then
condition (3.10) on {2 ensures that there exist € and h € N such that

N(k(e)+1,h —1,M +2,2€) < 0,
and consequently
:ut(RZoJrl) 2 1-— 6a

which contradicts p:(S) = 6. At this point we know from Proposition 4.8 that
lim inf Sy m., (1) > SN/ ma (1), (4.42)

for every t € [0,1]NQ and N’ € [N, 0).
Finally, we can use (4.37) and (4.42) to pass to the limit as | — oo of the inequality (4.36) and deduce
that

St moe (He) < Tht (glmec) (4.43)

holds for every ¢t € [0,1] N Q and every N’ € I. Then the lower semicontinuity of Sy (granted by
(4.41)) and the continuity of TI(;?N,(q|moo) in ¢ (which is a straightforward consequence of the dominated
convergence theorem), allow to conclude (4.43) for every t € [0, 1], finishing the proof.
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