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The ABCD’s of Mirror Symmetry

Candidate: Anant Shri

Abstract

This thesis investigates mirror symmetry in three-dimensional quantum field theories
with reduced supersymmetry, focusing on theories with A/ < 2. While mirror symmetry
for N/ = 4 theories admits a clear geometric interpretation in terms of Type IIB brane
constructions and SL(2;7Z) duality, this intuition breaks down once supersymmetry is
reduced since the moduli space may be lifted, and canonical brane realizations are often
unavailable.

Despite the breakdown of the geometric intuition afforded to us by N/ = 4 supersymmetry,
we show that mirror-like dualities persist beyond the conventional N' = 4 setting. Guided
by symmetry considerations — most notably the exchange of flavor and topological sym-
metries — we develop a systematic framework to construct mirror duals of non-Abelian
N = 2 Chern-Simons-matter theories. We analyze unitary and symplectic gauge groups,
study their renormalization group flows under real mass deformations, and map gauge-
invariant operators across dual descriptions. The framework further admits extensions
to non-supersymmetric theories, revealing a broader notion of three-dimensional mirror
symmetry as a duality between order and disorder operators.
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“...Life idtself likewise always turns towards one an infinitely meaningless, discouraging,
dispiriting blank side on which there is nothing, any more than on a blank canvas.

But, however meaningless and vain, however dead life appears, the man of faith, of energy,
of warmth, and who knows something, doesn’t let himself be fobbed off like that. He steps
in and does something... ”

Vincent van Gogh, to Theo van Gogh (October 2, 1884)

SRITYUT STeT Bfasiam=t srerur gaH |
ERERGERISE e RE D]

“The offering is Brahman, the oblation is Brahman, offered by Brahman into the fire of
Brahman; Brahman alone is to be attained by one who is absorbed in action as Brahman.”

Bhagavad Gita 4.24
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Captatio Benevolentise

Motivation

A key feature at the heart of our understanding of supersymmetric gauge theories is the
idea of universality [7TH13|: two vastly different theories may furnish the same macroscopic
description upon flowing to the same infrared fixed point (IRFP) [14-18]. Consequently,
when the renormalization group (RG) flow renders one theory non-perturbative due to
strong coupling, one may still extract useful information about the system by studying a
more perturbatively amenable dual theory.

With the advent of the Second Superstring Revolution, this notion of universality has
become pervasive in contemporary physics. Embedding a quantum field theory in String
Theory [19] sheds light on properties of the former that would not be immediately visible
otherwise; chief among these are various infrared dualities which are more easily uncovered
by exploiting the geometric properties of brane setups.

Nowhere is this perspective more striking than in three-dimensional supersymmetric gauge
theories, which often admit two very distinct kinds of dual descriptions. In addition to
the more familiar Aharony-like dualities [18, |20, [21] which retain the global symmetry
structure, 3d gauge theories also display mirror symmetry [22] which exchanges topological
and flavor symmetries.

3d N = 4 mirror symmetry can be immediately understood in terms of Type IIB Hanany-
Witten brane setups [19) 23] as a consequence of the S-duality of the latter (inherited
from the SL(2;Z) invariance of IIB String Theory), which exchanges NS5 and D5 branes.
Thus, 3d N’ = 4 mirror symmetry relates pairs of theories with the classically exact Higgs
and quantum-corrected Coulomb branches of the moduli space exchanged.

It was believed that a large amount of supersymmetry is necessary to observe this kind of
IR duality. While generalizations to 3d N' = 2 Abelian theories were possible [24}-26], their
non-Abelian counterparts proved to be far more elusive and were only recently discovered
by invoking generalized bifundamentals as building blocks [27, [2§].

N < 2 theories have far richer dynamics than their ' = 4 counterparts since they admit
the inclusion of Chern-Simons (CS) terms [29-33]. The subject of mirror symmetry in
the context of N’ < 2 Abelian CS theories was first studied in (25 26} 34, 35] & [36-46]
respectively, but generalizations to non-Abelian N < 2 theories are not as straightforward
and merit renewed attention.

Rather than viewing reduced supersymmetry as a limitation, we treat it as an opportu-
nity: Chern—Simons interactions and chiral matter introduce new infrared behaviors that
are invisible in N = 4 settings, but can still be organized into precise duality frameworks.
Motivated by this, we study the infrared dynamics of 3d A/ < 2 unitary and symplectic
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gauge theories with CS interactions. The central theme of this thesis is that mirror sym-
metry, even in the absence of strong geometric control, can be systematically engineered
using symmetry principles and real-mass flows, yielding large families of dualities across
supersymmetric and non-supersymmetric regimes.

Organizational Note

The thesis is organized into five parts, each addressing a distinct aspect of mirror symme-
try in three-dimensional quantum field theories, while building progressively toward less
supersymmetric and more general settings.

1.

Part I: Introduction

This part provides the theoretical background and sets the stage for the rest of the
thesis. We begin with a concise review of supersymmetric quantum field theories,
with particular emphasis on 2 4+ 1-dimensional dynamics. We then introduce brane
constructions in Type IIB string theory, focusing on their role in the geometric engi-
neering of three-dimensional gauge theories. The part concludes with a pedagogical
review of 3d N = 4 mirror symmetry, which serves as the conceptual and technical
anchor for the subsequent developments.

. Part II: N = 2 Mirror Symmetry in Unitary Gauge Theories

In this part, we develop systematic methods for constructing mirror duals of 3d
N = 2 unitary Chern-Simons-matter gauge theories. We introduce an algorithmic
procedure based on real mass deformations to generate large classes of N’ = 2 dual
pairs. Particular attention is devoted to the renormalization group flows, the map-
ping of global and topological symmetries, and the identification of gauge-invariant
operators across the duality. This part incorporates the main results of the published
works on unitary theories [2, 3], as well as their extensions to massive deformations

[5]-
Part III: N =2 Mirror Symmetry in Symplectic Gauge Theories

This part extends the techniques developed for unitary gauge groups to symplectic
gauge theories. We construct mirror duals of 3d N' = 2 theories with symplectic
gauge symmetry, highlighting both the similarities and the new features that arise
relative to the unitary case. Renormalization group flows and massive deformations
are analyzed in detail, providing further evidence for the proposed dualities. This
part incorporates the results of [6].

Part IV: Non-Supersymmetric Planar Mirror Symmetry

In this part, we explore extensions of the mirror symmetry framework to non-
supersymmetric quantum field theories. Guided by insights from the supersym-
metric constructions, we propose planar Abelian dual descriptions for classes of
non-supersymmetric Chern-Simons-matter theories. We discuss which structural as-
pects of mirror symmetry persist in the absence of supersymmetry, which features
are modified, and which remain conjectural, thereby delineating the scope and lim-
itations of these non-supersymmetric dualities. This part is based on the results of
[4].

Part V: Conclusions and Outlook

The thesis concludes with a summary of the main results and a discussion of open

xviii



problems and future directions. We outline possible generalizations of the dualiza-
tion algorithms developed in this work, including the implementation of an SL(2,Z)-
based construction for NV = 2 theories, extensions to orthogonal and orthosymplectic
gauge groups, and connections to two-dimensional ' = (2,2) theories. These direc-
tions highlight the broader applicability of the methods introduced in this thesis and
point toward a more unified understanding of infrared dualities in low-dimensional
quantum field theories.
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Chapter 1

D-Brane Engineering of
Three-Dimensional
Supersymmetric Gauge Theories

Supersymmetry has played a central role in shaping our modern understanding of quan-
tum field theory beyond perturbation theory. By severely constraining the structure of
quantum corrections, supersymmetric theories admit exact results that would otherwise
be inaccessible, allowing for the controlled study of strongly coupled dynamics. Among
the most striking consequences of these constraints is the existence of nonperturbative
dualities: distinct microscopic descriptions that flow to the same infrared fixed point.

String theory provides a natural framework in which many such dualities acquire a geomet-
ric origin. In particular, extended objects such as D-branes furnish concrete realizations
of supersymmetric gauge theories, with their low-energy dynamics captured by world-
volume field theories. Operations that are highly nontrivial from a purely field-theoretic
perspective—such as strong—weak coupling dualities, symmetry enhancements, or infrared
equivalences—often translate into simple geometric manipulations of brane configurations.

Three-dimensional supersymmetric gauge theories offer a particularly rich arena for these
ideas. Unlike their four-dimensional counterparts, they exhibit intrinsically nonperturba-
tive operators, such as monopoles, which play a central role in determining the infrared
dynamics. At the same time, three-dimensional theories admit a wide class of dualities
whose origin is most transparent when viewed through their string-theoretic embeddings.
Chief among these is mirror symmetry, an infrared duality that exchanges the Higgs and
Coulomb branches of A/ = 4 theories and interchanges perturbative and nonperturbative
degrees of freedom.

In this chapter, we review the interplay between supersymmetry, brane constructions, and
mirror symmetry in three dimensions. We begin with a brief overview of supersymmetry
and D-branes and their low-energy worldvolume descriptions, emphasizing the emergence
of supersymmetric gauge theories from string theory. We then introduce the Hanany—
Witten construction, which provides a geometric realization of three-dimensional gauge
dynamics and their dualities. Within this framework, mirror symmetry arises naturally as
the action of Type IIB S-duality, offering a clear geometric interpretation of the exchange
between Coulomb and Higgs branch physics.

This review serves two purposes. First, it establishes the standard framework for mirror
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symmetry in A = 4 theories, which will be used extensively throughout this thesis. Second,
it motivates the central question addressed in later chapters: how much of this structure
survives when supersymmetry is reduced, brane realizations are no longer available, and
the classical notions of Higgs and Coulomb branches cease to exist. The techniques and
perspectives introduced here will provide the foundation for extending mirror symmetry
beyond its traditional setting.

1.1 The View From Field Theory

Supersymmetry provides a powerful theoretical framework in which strongly coupled quan-
tum field theories can be studied with a remarkable degree of analytical control. In three
spacetime dimensions, supersymmetric gauge theories exhibit a rich interplay between
gauge dynamics, global symmetries, and quantum effects that has led to deep insights into
infrared physics, including the existence of nontrivial fixed points and intricate patterns
of duality. The purpose of this section is to review the aspects of supersymmetric field
theories that will be essential throughout this thesis, with an emphasis on structures that
are robust under renormalization group flow and therefore characterize the infrared theory.
To that end, we mainly collect and review some key results from [47-H56] (see also [57-70]
and the references therein).

Rather than aiming for a comprehensive introduction to supersymmetry, we focus on the
ingredients that play a central role in our study of three-dimensional dynamics. This ma-
terial will serve both to fix conventions and to establish a common language for discussing
infrared dualities, mass deformations, and symmetry realizations in later chapters. In
this sense, the section is intended as a conceptual and technical foundation, highlighting
those features of supersymmetric gauge theories that persist beyond a specific ultraviolet
description and govern the universal infrared behavior.

1.1.1 An Overture: Supersymmetry in Diverse Dimensions

The history of supersymmetry is rather peculiar, even when compared to that of most
other topics in theoretical physics. Originally proposed in the early 1970s, supersymmetry
was progressively developed into a remarkably rich and elegant mathematical framework.
It unifies particles of different spins into common symmetry multiplets and has far-reaching
implications for both quantum field theory and fundamental physics [64].

Early attempts to extend the symmetry structure of relativistic quantum field theories were
motivated by the idea of combining spacetime symmetries with internal gauge symmetries.
In particular, it appeared natural to seek a unified framework incorporating the Poincaré
group in four dimensions, I.SO(1, 3), together with the gauge group of the Standard Model,
SU(3)e x SU(2)r, x U(1)y. Concrete proposals along these lines were explored, including
attempts to embed these symmetries into a larger group such as SU(6) [64]. However,
these ideas were ultimately ruled out by a series of no-go theorems, the most notable of
which is the Coleman—Mandula theorem:

Theorem 1 (Coleman—Mandula Theorem) The most general bosonic symmetry of
scattering amplitudes is a direct product of the Poincaré group and an internal symmetry
(71]

g= 150(1’ 3) X Qinternal -

In other words, under the assumptions of the theorem, there exists no non-trivial way of
combining spacetime and internal symmetries within a purely bosonic framework.

4
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However, like all good no-go theorems, the Coleman—Mandula result admits a crucial loop-
hole: it assumes that all symmetry generators are bosonic. Shortly after its formulation,
this limitation was exploited with the emergence of supersymmetry. In 1975, Haag, t.o-
puszanski, and Sohnius extended the theorem to include fermionic symmetry generators,
thereby identifying supersymmetry as the most general consistent extension of spacetime
symmetries:

Theorem 2 (Haag—Ytopuszanski-Sohnius Theorem) The most general symmetry of
the S-matrix consists of the Poincaré group, internal symmetries, and additional fermionic
generators that form a non-trivial extension of the Poincaré algebra [72].

The resulting super-Poincaré algebra is a Zg-gradedﬂ algebra [74-76]: its even part co-
incides with the ordinary Poincaré algebra, while its odd part is generated by spino-
rial charges. At a physical level, supersymmetry transformations exchange bosonic and
fermionic degrees of freedom, mapping particles of integer spin to particles of half-integer
spin and vice versa. In this sense, supersymmetry constitutes a natural and minimal
extension of the known symmetries of relativistic quantum field theory.

Remarkably, supersymmetry is the only known symmetry that can relate bosons and
fermions in a quantum-consistent way. More generally, it is the only symmetry of the
S-matrix capable of connecting states with different spin-statistics. Classical symmetries
relating fields of different spin are typically spoiled by quantum effects, unless they are
protected by supersymmetry. As a consequence, sufficiently extended supersymmetry is
often required for classical geometric and algebraic structures of field theory to survive
quantization and retain a precise mathematical meaning [61].

The exact form of the Poincaré algebra depends on the zoology of spinors in various
dimensions and the corresponding space-time signatures. However, the general structure is
fairly universal, and we comment on that before focusing on supersymmetry in 3 spacetime
dimensions.

Spinors in D Dimensions

A spinor is an element of a complex vector space S on which the universal Dirac matrices
I’y act. In D spacetime dimensions, the complex dimension of § is

dime § = 21P/2).
The space S furnishes a representation of the complexified spin group Spin(D; C).

In even dimensions, D = 0 (mod 2), the spinor representation is reducible and decomposes
into two irreducible chiral representations,

S=S.,®S_,

corresponding to positive and negative chirality. Elements of Sy are called Weyl spinors:
the Weyl condition is a chirality projection of the form I',¥ = +W.

A graded vector space is a direct sum over vector spaces a = @;cza; over a field K of characteristic
zero. The a; are components of a of degree 7, and the degree of a € a is denoted |a|. A graded vector space
with degree shifted by n is denoted by a[n] = @icz(a[n]); with (a[n]); = aiyn. A graded Lie Algebra a of
degree n is a graded vector space a endowed with a graded Lie bracket on a[n], that is, a bilinear operation
{.,.} : a® a — a[—n] satisfying graded antisymmetry and graded Jacobi relations [73]

{a,b} = 7(71)(|a|+n)(|b|+n){b7 a},
{a,{b,c}} = {{a, b}, c} + (=) TP L fq,c}}.
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The properties of spinors depend crucially on the spacetime signature (p, q) ﬂ In partic-
ular, the spinor space S may admit a real, complex, or quaternionic structure compatible
with the action of Spin(p,q). This determines the possible reality conditions that can be
imposed on spinors.

The group Spin(p,q) admits a minimal realization |79] in terms of 2% x 2% matrices with
entries in R, C, or H, depending on the value of p — ¢ (mod 8), as summarized in Table

L1

Table 1.1: Spin(p, q) groups and their minimal matrix realizations

p—q mod 8 Algebra 2a
0 R p+q—2
+1 R p+q—1
42 C p4+q—2
+3 H p+qg—3
4 H p+q—4

We say that in D dimensions with signature (p,q) there exist Majorana spinoréﬂ re-
spectively symplectic—-Majorana spinors, if the spinor space S admits an invariant real,
respectively quaternionic, structure under the action of Spin(p, ¢). In this case, the corre-
sponding (pseudo)real elements of S are called Majorana or symplectic-Majorana spinors.

If, in addition, the chiral subspaces S+ admit an invariant real or quaternionic struc-
ture, the corresponding spinors are called Majorana—Weyl or symplectic—Majorana—Weyl
spinors, respectively. Hence, in Minkowski signature (D—1, 1), the minimal spinor is as in
Table

Supercharges and Superalgebras

To make manifest the automorphism group of the supersymmetry algebra, it is convenient
to write the supercharges in terms of minimal spinors. When the supersymmetry auto-
morphism is a physical symmetry of the theory, we refer to it as the R-symmetry of the
theory.

In supersymmetric theories, A/ denotes the number of independent supersymmetry gen-
erators, counted in units of the minimal spinor appropriate to the spacetime dimension
and signature. Equivalently, A’ measures how many copies of the minimal supersymmetry

2In turn, this structure descends from the properties of the Clifford algebra and its Bott periodicity
[77]. In general, the Clifford algebra CI(V;Q) over a vector space V equipped with a quadratic form
Q@ : V — R is defined by the quotient:

%) V®k
avi = =l
(z®@z—Q(2))
Typically, Q(z1,...,2x) := — > a7, and we define €l := @[(Rk; Q) which can be regarded as Zs-graded

algebras.

We can now define Ay := M(€ly)/i* M (Cli41), where M(A) denotes the Grothendieck group of graded
representations of A, and i* : M(€lxy1) — M(Cl,). Bott periodicity 78] establishes the existence of an
isomorphism between Ay and Aj4s, as seen in Table

3The Majorana condition is a reality condition of the form ¥* = BW¥, B ~ C, compatible with the
Lorentz action and C is the charge-conjugation matrix.
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Table 1.2: Minimal spinors in Minkowski space

Type of Spinor D
Majorana 8k +1,8k+3
Symplectic-Majorana 8k + 5, 8k+ 7
Weyl 8k, 8k +4
Majorana- Weyl 8k + 2

Symplectic-Majorana- Weyl 8k +6

algebra are realized in the theory. Since the dimension and reality properties of spinors
depend on the spacetime dimension, a fixed value of A/ corresponds to a different total
number of real supercharges in different dimensions - more plainly, the invariant
quantity is the number of real supercharges and not A/. In even dimensions, where chiral
spinors exist, supersymmetry may further decompose into independent left- and right-
moving sectors, characterized by a pair (Np,N). Table summarizes the values of
N (or (Ng,N1)) that are physically allowed in various spacetime dimensions, subject to
spinorial constraints and consistency of the supersymmetry algebra.

Table 1.3: Physically allowed N's in various dimensions. Note that in two, six, and ten
spacetime dimensions, we have independent left/right supersymmetries (see also Table
[1.4). Then we have distinct right and left SUSY extension numbers Nz, M. Bold face
numbers correspond to supersymmetric extensions allowed only in the local case (super-
gravity).

D Allowed extensions N (resp. (Ng,NL))

3 1,2,3,4,5,6,8,9,10,12,16

y 1,2,3,4,5,6,8

5 1,2,4,6,8

6 (1,0), (1,1),(2,0), (2,2), (4,0), (4,2), (6,0), (4,4), (6,2), (8,0)
7 1,2,4

8 1,2

9 1,2

10 (1,0),(1,1),(2,0)

11 1

In Table we summarize the supersymmetry generators, the Poincaré algebras and au-
tomorphism groups for different dimensions. In Table ‘CC’ refers to “central charges”,
C denotes the charge-conjugation matrix, B := CI'?, and the “(*)” denotes a property that
holds in a Majorana representation H

“Refer to [80H83] for a more detailed exposition.




Table 1.4: Supercharges and superalgebras in diverse dimensions

D 3 4 5 6
Supercharges Majorana Weyl Symplectic-Majorana Symplectic-Majorana—Weyl
Reality Q)= Q4 (+) (Q4)" = Qaa Q)" = QupBa"Q} (Q2)7 = Qaa = Qs Ba" QY

2, Qat = 20%(c"),5F, 4,Q%} =207 (3H) 08P
Superalgebra {Q4, Q%} = 26%(T*T) s Py + CC Qe Op} {7 Pl {Qs. Q%} = 2Q0%(T#C)a5 Py + CC tQ Qﬁ}_ ()as By

{Qa, Q%) = eapZ® {Q4, Q% =Copz
Automorphism SO(N) U(N) Sp(N) Sp(NR) x Sp(NL)
Centralizer R C H H
D 7 8 9 10
Supercharges Symplectic-Majorana Weyl Majorana Majorana—Weyl
Reality (Q2)1 = 2 Ba’ QY (@) = Qaa (@) =@ @)= Qs

9. Qut = 20%(3"), 5P, ¢.Q%} =207 (3H) 08P
Supemlgebm {Qg“ Q%} — QQab(F‘uC)a[gPM +CC {Qa Qﬁb} b( )aﬁ H {ng Q%} _ 25ab(F“C)a5PM +CC {Q Qﬁ} j ( ) B

{Q4, Q) = Cap 2 {Qa,@%} = cC
Automorphism Sp(N) UWN) SO(N) SO(NR) x SO(NL)
Centralizer H C R R
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Central Charges and the BPS Bound

The positivity of the anticommutator {Q, @} is not a formality: it is a bound on the mass
of every state, and the states that saturate it are the protected spectrum the constructions
compute [69, 84-86]. Acting on a one-particle state of mass M and central charge Z, the
supersymmetry algebra reduces, in the relevant sector, to a Hermitian block built from
the rest mass and the central charge,

M Z
A= ; eigenvalues M + |Z]|.

Z M

Because A = {Q,Q} > 0 is a sum of squares, both eigenvalues are nonnegative, which is
the BPS bound
M > |Z|.

A state saturating the bound, M = |Z|, makes detA = M? — |Z|? vanish: the block drops
rank, and half of the supercharges (the kernel of A) annihilate the state. These preserved
supercharges are the ones for which M — |Z| = 0; the remaining broken supercharges,
with eigenvalue 2M, act non-trivially and build a multiplet that is shortened, with half
the states of a generic massive multiplet. The shortening is what protects BPS quantities
- a short multiplet has fewer states than a long one, so its mass cannot drift off M = |Z]
under a deformation that keeps the multiplet short. The protection is robust but not
absolute: what the shortening protects is the algebraic mass formula for a state that stays
in that short representation. It does not, by itself, guarantee that the state survives as a
stable one-particle state everywhere in moduli space. Even strongly shortened BPS sectors
can meet walls of marginal stability, singular loci, or decay channels. What is protected
is the shortening relation and the appropriate charge or index data in its chamber.

The protection is graded by the supersymmetry fraction: a low fraction, such as a quarter-
BPS dyon degeneracy, is more susceptible to recombination and to wall-crossing, where
the protected number jumps between chambers; but the caveat is not limited to the low
fractions, since a short multiplet can recombine into a long one whenever the spectrum
supplies the missing states. This graded protection is what lets supersymmetric field
theory compute BPS masses, indices, and central charges through controlled chambers
and deformations, surviving deformations that would otherwise leave perturbative control.

1.1.2 Aspects of Supersymmetry in Three Dimensions

The results presented in this thesis are rooted in the study of three-dimensional gauge
theories. Having established the general structure of the supersymmetry algebra, we now
turn to a review of several features that are specific to supersymmetric field theories in
three spacetime dimensions. These theories exhibit a number of distinctive properties
— both technical and conceptual — that set them apart from their four-dimensional
counterparts and make them particularly rich and tractable objects of Studyﬂ

Elements of A’ =4 and N = 2 Gauge Theories

The Supersymmetry Algebra. The supersymmetry algebra of (2 4+ 1)-dimensional
N = 4 theories is built upon the bosonic Poincaré algebra

iso(1,2) =2 RY? x s0(1,2),

®As [61] eloquently remarks, “3d supersymmetry is to 4d supersymmetry what Diet Coke is to Coke —
no sugar, no caffeine, all the flavor.”
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generated by translations P, and Lorentz transformations M, (we adopt the same con-
ventions for the basis of the algebra as [87 ])ﬂ These generators obey

[P, P,] =0,
[(Myws Mpo] = i(nupMyo + Mo Mpup — Mo Mup — MupMpuo ),
(M, Pyl = i(up Py — mupPh)-

The supersymmetric extension introduces four Majorana spinor supercharges Q% (a =
1,...,4), satisfying
{Q2, Q%) =26 (v' Py )ap + 2i eap 21,
[ gm P, } =0,

My, Q%] = (7)5Q%,

where «, § are spinor indices, u = 0, 1,2 are Lorentz indices, and Z [ab] ig an antisymmetric
matrix of central charges. The Dirac matrices v* furnish a representation of the Clifford
algebra [93]

(oA =20 A= 50

The automorphism group of the algebra is
50(4) = SU(?)H X SU(Q)C

which acts as the R-symmetry group.

For N' = 4 superconformal field theories (SCFTs), the symmetry algebra enhances to
osp(4/|4). Its bosonic subalgebra contains the three-dimensional conformal algebra so(2, 3),
generated by dilatations D and special conformal transformations K,,, with commutation
relations’]

(M i ] (nup anKu)’

(D, By]

(D, K,
[Py, K]

(MMV + anD)

The R-symmetry algebra so0(4)p satisfies

[Rr37 Rut] = Z.((SruRst + 5sthu - 5rtRsu - 5suth)-

5See |60} 88-92] and the references therein for a more detailed exposition, albeit with vastly different
conventions and normalizations.
"Note that we only mention nonzero relations for brevity.

10
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The fermionic generators are extended by conformal supercharges S2, and the full super-
conformal algebra takes the form

{55, S5} = 20" (4" K1) aps
{Q2, S5} = —i6"(=2i(v" My )ap + 2€a3D) + 2icagR™,
50 Qal = —(7u)a S5,

[PM,S"] = ('Y;L ﬁQg;
[MMV’S ] = (’Y;W) Sﬁa

D.Qz) =

[D, S5 = 15“
[Rrs, Q4] = i(8;Qas — 5:Qar);
[Rrs, Sal = i(8).Sas — 635ar)-

Here S§, are conformal supercharges, i.e. the fermionic superpartners of K,,. Consistency
of the algebra requires that the R-symmetry be included explicitly. More generally, for a
theory with N supercharges, the superconformal algebra satisfies

50(27 3)Conf @50(N)R - 05}3(/\/’4)-

Representation Theory of the Supersymmetry Algebra. The elementary repre-
sentations of the N' = 4 supersymmetry algebra are the vector multiplet and the hyper-
multiplet. Since the theories studied in this thesis preserve at most N' = 2 supersymmetry,
it is convenient to express these multiplets in terms of N/ = 2 representations.

The basic building blocks of a three-dimensional ' = 2 theory are

chiral multiplet: Q = (¢,%a, F),

vector multiplet: V = (A4 a,0,D).

Here ¢ and F' are complex scalars, 1, and A\, are two-component fermions, and o |§| and D
are real scalars. The auxiliary fields F' and D enter algebraically and determine the moduli
space of supersymmetric vacua through their equations of motion. Chiral multiplets carry
holomorphic data while vector multiplets carry gauge redundancies.

In terms of N = 2 multiplets, an A/ = 4 theory decomposes as
hypermultiplet: H=Qn-2® Qn—2,

vector multiplet: V=VNo® Pprn_s,

where Q and Q transform in conjugate representations R and R, and ® is an adjoint chiral
multiplet. Hypermultiplets may be seen as carrying paired holomorphic data from a lesser
supersymmetric perspective.

8While the ¢ field is necessary for closure of the supersymmetry algebra, its existence can also be
motivated by studying the compactification of the 4d vector multiplet. Upon dimensional reduction, the
4d vector field Aps splits into a 3d gauge field A, and a leftover component Az which carries no gauge
index and is, therefore, identified with the real scalar o.
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The ABCD’s of Mirror Symmetry

Supersymmetric Lagrangians. As with four-dimensional N = 2 theories, three-
dimensional N/ = 4 gauge theories are highly constrained: once the gauge group and
matter content are specified, the interactions are essentially fixed. The Yang—Mills action
is

1
Sy = —— [ dPzd0 Tr(wg . <I>T62V<I>) +ee.,
g

where W, := — iﬁDaV is the gauge field strength superfield, and D, are supersymmetry-
covariant derivatives. The Yang-Mills coupling has scaling dimension %, implying that
even Abelian theories flow to strong coupling in the infrared. The action of the N' = 4
R-symmetry is as follows - SU(2)¢ acts on the vector multiplet, rotating the three scalars
as a triplet, while SU(2) g acts on hypermultiplets, rotating the complex scalars @, Qt as

a doublet.

Supersymmetry also uniquely fixes the superpotential,

Wi—s = QPQ. (1.1)

While A/ = 4 theories admit no additional supersymmetric interactions, theories with A <
3 allow for Chern—Simons (CS) terms ﬂ These topological interactions are parametrized
by integer-valued levels. For an N' = 2 U(N), j,) theory, the CS Lagrangian reads [97]

k 2 y —
Log= — —2Tr|e [ A,0,A, + = A,A,A, | + 2iDo + A
4 3 (1.2)
i(ke — k1)

— pivp
N € (TrA,)0,(TrA).

Here k is the level for the SU(N) factor, while ¢ = % governs the Abelian U(1)
interaction. One may also introduce mixed BF couplings between Abelian factors at level

k[Ja
ik . -
£IB7;J = _?:(GMVPA,IL&/AZ — Djoy—Djor+iriA;+ Z/\J)\]) . (1.3)

For completeness, we display the N/ = 3 CS interaction, which must be added to the
N =2 CS term to preserve the additional supersymmetry [31]

. ik _
L3 = o d*0 20 Tr(® + c.c.) . (1.4)

A 0-form Topological Symmetry. A distinctive feature of three-dimensional gauge
theories is the presence of an additional global O-form symmetry [98, [99], known as the
topological or magnetic symmetrym For a U(1) gauge theory with field strength F' = dA,
the Bianchi identity dF = 0 implies conservation of the current [101]

_*F
Con’

Jr

which defines a global U(1)7 symmetry. Since this conservation law holds identically
independent of the equations of motion, the symmetry is topological.

9Following [941196], it is possible to construct A’ > 4 quiver gauge theories with CS interactions. While
interesting in their own right, their analysis (and subsequent reduction to N/ = 2 supersymmetry) is beyond
the scope of this work.

19 Also referred to as the Nielsen-Olesen—Abrikosov symmetry [100] by our friendly neighborhood con-
densed matter theorists.
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Chapter 1

Locally, one may introduce a compact scalar ~, the dual photon, such thadE

2
g
*F = =—d
o 7
with periodicity fixed by the Dirac quantization condition [102} 103]. The shift symmetry
v — 7 + 27 realizes U(1)p. The associated charge
1
Qr = — F eZ
2 Mo
measures total magnetic flux, and operators charged under U (1) are monopole (disorder)
operators defined by prescribed magnetic singularities. E

Another essential ingredient of three-dimensional supersymmetric gauge theories is the
presence of Fayet-Iliopoulos (FI) terms. For each Abelian gauge factor U(1) C G, one
may introduce an FI parameter 7,

Lr1 = ”/dzecﬂévz Tp,
2 2

which modifies the equations of motion (and is, therefore, equivalently viewed as a param-
eter in a moment-map equation). In three dimensions, FI parameters may be interpreted
as background real masses for the topological U (1) symmetry, a fact that plays a central
role in dualities. In N = 4 theories, FI parameters assemble into an SU(2) g triplet, while
only a single real FI parameter survives upon breaking to A" = 2.

Real Mass Deformations and Radiative Chern—Simons Terms. Three-dimensional
theories admit two inequivalent notions of mass. A complex mass arises from a superpo-
tential deformation in vector-like theories,

W D me QQ, (1.5)
with m¢ € C.

A genuinely three-dimensional deformation is provided by real masses, which originate
from expectation values of the scalar o in a background vector multiplet. Setting (o) # 0

induces 5
0 m ‘ -
Qe'Qt 2% 7R\¢>|2 + img €*PPaibs . (1.6)
Unlike complex masses, real masses do not require vector-like matter and are therefore
available in chiral theories. In general, fields acquire real masses proportional to their
charges under the corresponding global symmetry. Real mass deformations play a central
role in triggering RG flows and, crucially, in generating Chern—Simons and BF couplings.

In three dimensions, conformal invariance allows parity-odd contact terms in two-point
functions of conserved currents. In particular,

(Ju(2)J,(0)) D k €,,0°0®) (),

HNotice this is a consequence of the fact that a three-dimensional vector and a scalar have only one
on-shell degree of freedom.

12The presence of a 0-form topological symmetry can be alternately motivated as follows: the magnetic
flux through a two-sphere S$? around a point is labelled by 71 (G), the fundamental group of the gauge
group. For a simply connected gauge group, 71(G) = 0, and there is no topological symmetry. For a
non-simply connected gauge group, 71(G) # 0, and the topological symmetry is nontrivial - specifically,
for a U(1) factor, m1(U(1)) = Z, and cannot change continuously, so it is a conserved charge.
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The ABCD’s of Mirror Symmetry

where the coefficient k is a physical observable. In a UV Lagrangian description, such
contact terms are encoded by CS interactions for the background gauge fields coupled to
the conserved currents [104-106]. The effective interaction takes the schematic form

Log ~ kTr(AN F)
These interactions modify Gauss’ law. When k£ # 0, magnetic flux contributes to the

electric charge, so that magnetic configurations acquire an effective electric charge propor-
tional to the CS level. In particular, for a U(1) symmetry,

q5° = k Giop, (1.7)

so any operator carrying topological charge acquires an induced electric charge. This
has important consequences for the spectrum of gauge-invariant operators, especially
monopole operators, and therefore for the infrared dynamics of the theory.

Even if the classical CS level vanishes, such terms may be generated radiatively [107, 108].
Along the vacuum, configurations with (o) # 0 render charged fields massive,

m;(o) = n;(o),

where n; is the charge of the field. Integrating out these massive fermions induces an
effective CS term through the parity anomaly.

Considering the vacuum polarization tensor, the effective action for the gauge field is

3
Lanld) = 507 [ A () A) [T )]

where

ij(p) = —ie2/ &k Tr [Vj ! o ! ] .
G T g Em(o) F (o)
For large m(o), this reduces to
I7F(p) — —i ¥ p;sgn[m(o)] + (divergent terms);
when the large-mass limit of the vacuum polarization tensor is substituted in the effective

action for the gauge field, we see that each fermion shifts the Chern-Simons level by

in? sgnln,o].

The effective CS level, therefore, becomes
1
keg =k + 5 Z n? sgn[n;o). (1.8)
7
For non-Abelian gauge groups, this generalizes to

1
bt =k + 5 Z Sa(Ry,) sgnlniol, (1.9)

where S2(R) denotes the Dynkin index of the fermion representation.

As a consequence, the electric charge of operators carrying topological charge is modified
to
1
Jol = (k +5 Z n? sgn[n,;a]) Gtop- (1.10)
(2

The same reasoning applies in the presence of mixed CS or BF interactions, which are
likewise shifted by integrating out massive matter.
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Chapter 1

Monopole Operators

It has become increasingly clear in recent years that the set of local operators in a quantum
field theory is not exhausted by operators constructed as polynomials of the microscopic
fields appearing in the Lagrangian [109, 110]. In addition to these conventional order
operators, one must also include so-called disorder (or defect) operators, which are defined
by prescribing suitable singular boundary conditions in the path integral.

At first sight, local disorder operators appear to be fundamentally different from standard
local operators, since their definition involves modifying the functional integration rather
than inserting a local composite operator. However, this distinction is largely an artifact
of the particular choice of field variables used to describe the quantum field theory. In the
full quantum theory, all local operators are on the same footing. This is reflected in the
existence of numerous dualities that map order operators to disorder operators, and vice

versall

In three-dimensional gauge theories, the relevant local disorder operators are monopole
operators [115]. These operators are naturally defined in the Euclidean formulation of
the theory and can be viewed as arising from dimensional reduction of ’t Hooft loop
operators in four dimensions. Operationally, inserting a monopole operator 91 into a
correlation function amounts to integrating over gauge field configurations that exhibit a
Dirac monopole singularity at the insertion point. More precisely, for a monopole operator
of magnetic charge m, one defines [116-119]

M (x OZ.IZ =
o) [[ 01t /f

o F=2tm

DA, (il'[loi(xi)>ei5,

where Yo is a small two-sphere surrounding the insertion point x.

In an NV = 2 supersymmetric theory, monopole operators can be made supersymmetric by
imposing singular boundary conditions not only for the gauge field but for all bosonic fields
in the N' = 2 vector multiplet. Introducing spherical coordinates (r,6, ) centered at the
insertion point z, a %—BPS bare monopole operator is defined by the following asymptotic
behaviour as r — 0: m
Ay ~ E(il — cos0) dep,
m
o~ —.

2r
Here, the 4 labels distinguish the gauge field configurations on the northern and southern
hemispheres of the two-sphere Yo surrounding the singularity.

Consistency of the gauge bundle requires the magnetic charge m to satisfy a generalized
Dirac quantization condition [120, [121],

e2mim — Ig — m e FGv/W,

where T';v denotes the weight lattice of the Langlands dual group G" of the gauge group
G [122], and W is its Weyl group.

In the absence of Chern—Simons interactions, a bare monopole—that is, a chiral operator
O™ defined solely in terms of the vector multiplet—can be made gauge invariant by
averaging over the action of the Weyl group.

3These include sine-Gordon-massive Thirring duality [111} |112], T-duality and mirror symmetry [113|
114] in two spacetime dimensions, and mirror symmetry and Aharony duality in three spacetime dimen-
sions.
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The ABCD’s of Mirror Symmetry

More generally, the singular boundary conditions imposed on AL and ¢ in the definition
of a monopole operator break the gauge group G to a residual subgroup

HCdG,

defined as the stabilizer of the magnetic flux m, namely the subgroup satisfying H-m = 0.
In the monopole background, the vector multiplets associated with H remain massless,
while those corresponding to the coset G/H become massive. Upon integrating out these
massive modes, quantum corrections are induced that modify the global and gauge charges
of the monopole operator.

A similar mechanism applies to matter fields. In the presence of a monopole background,
matter fields that are neutral under the unbroken U(1) C G x GF may acquire expectation
values without breaking supersymmetry. These fields can therefore be used to dress the
bare monopole operator. Concretely, one constructs dressed monopole operators by mul-
tiplying the bare, generally gauge-variant monopole by gauge-invariant polynomials of the
residual massless matter fields, yielding operators invariant under the unbroken subgroup
H.

Finally, full G-invariance is restored by averaging over the coset of Weyl groups Wg /Wi

The presentation of monopole operators as disorder operators reflects a more modern
viewpoint on N = 2 gauge theories; historically, this was not the perspective adopted
in the earliest studies of mirror symmetry [30]. In the original interpretation, monopole
operators were instead motivated by a semiclassical analysis of the low-energy degrees of
freedom of the theory.

To illustrate this viewpoint, consider a U(1) gauge theory in three dimensions. As dis-
cussed earlier, the gauge field can be dualized to a compact scalar -y, known as the dual
photon. Together with the real scalar o in the A/ = 2 vector multiplet, one may form the
complex field

P ~0g .

In a semiclassical regime where the expectation value of ® is large and the theory is
weakly coupled, monopole operators admit a simple effective description. In this limit,
a monopole operator carrying magnetic charge m can be identified with the exponential

operator{lz]

M ~ e™?,

which creates a configuration with quantized magnetic flux and carries charge under the
topological U(1)r symmetry [29].

From this perspective, monopole operators appear as ordinary local operators constructed
from the effective fields of the theory, rather than as disorder operators defined by singular
boundary conditions. The modern definition of monopole operators as disorder operators
can be understood as a fully non-perturbative formulation of this semiclassical picture,
valid throughout the quantum theory and in particular at strong coupling.

A Technical Aside: The non-supersymmetric Monopole. Before reviewing the
properties of supersymmetric monopoles, we collect some results regarding non-supersymmetric
monopoles here.

MNote that this identification can only be done for Abelian theories.
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Chapter 1

Chern—Simons Interactions Coupled to Fermions: Consider a U(1) gauge theory
with Ny massless Dirac fermions v,

Ny
. k
L= i Pary; + ﬁAdA, (1.11)
j=1

where A is a dynamical U(1) gauge field and kg € Z is the bare Chern—Simons level.

Parity anomaly and regularization. The simultaneous presence of fermions and a
CS interaction leads to a subtle anomaly in time-reversal symmetry 7 [123, 124]. Upon
quantization, defining the fermion determinant requires a regulator that necessarily breaks
T invariance (for instance Pauli-Villars regularization). The regulated partition function
acquires a phase

Zfermion = ‘det lDA} exp <_Z;TU(A)) ) (112)

where n(A) is the Atiyah-Patodi-Singer (APS) n-invariant |[101} |123] [125-127].
For practical purposes, this phase can be interpreted as inducing;:

e a shift of the bare CS level,
N
k?o — k‘o — ?f,

o and the addition of a mixed gravitational Chern—Simons term

— N4 CS,,

which ensures the absence of Dirac string singularities [124].

It is therefore convenient to define the renormalized level

N
k= k:o—?f, (1.13)

so that the theory will be denoted U(1)y. Notice that k£ may be half-integer.

Mass deformation and infrared CS levels. Consider now a real mass deformation m
for the fermions. For a single charged fermion,

0, m > 0,

W T ) (1.14)
—CAdA=208, m <0,
I8

Thus integrating out a massive fermion generates a level —% CS term for A together with
a gravitational CS contribution.

For Ny fermions of equal mass m, the low-energy effective CS level becomes

N N
kir = ko — Tf + 7f sign(m), (1.15)

which is always an integer, as required for a well-defined infrared topological field theory.
In addition, a gravitational CS term

Ny CSysign(m)
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The ABCD’s of Mirror Symmetry

is generated.

Of particular interest is the case where k = 0. When a positive mass (m > 0) is turned on
for all fermions, the flow leads to a trivial theory with a vanishing Lagrangian. Conversely,
a negative mass (m < 0) results in:

Ny
— T AdA— 2N} CS),.

The gravitational term —2N; C'S, is sometimes denoted as U(Ny); in the literature. Time
reversal acts on a fermion as:

_ _ 1
T ipPab  — B+ AdA+2CS,

Monopoles in Quiver Gauge Theories. In the present work, a major role is played
by quiver gauge theories, wherein fermions can be charged under multiple gauge groups.

Consider then a U(1)® x U(1)(®) gauge theory with a fermion t of charge +1 and —1

under the two gauge groups, bare CS levels kg, and ko and mixed CS level kg 45:

— k a k; k a
L=ipD, b+ 2ada + “2bpap 4 20t
4 47 4

adb, (1.16)

the regularization of the fermion determinant produces a —% shift for the gauge field a — b:

1 1 1 1
——(a—="b)d(a —b) = ——ada — —bdb + —adb
87T(a d(a ) 87ra “ 81 + 47ra

resulting in the shifted levels:
1 1
ka:ko,a_§7 kb:ko,b_ia kab:ko,ab+1~
Furthermore, a mass deformation for the fermion produces an additional :I:% shift in the

CS levels kg, kp, and a F1 shift in the mixed CS level k.. In the quiver notation used
throughout this work, the theory (|1.16]) and its mass deformations are denoted as followaF_gI

k,p—1
@,i"i,, , m>0
mayp ka+i kp+ 5

krlb @ 3 .
ka ot @,,‘“’,,,@ , m<0
ka—3 kp—%

Quantum Numbers of Monopole Operators: A monopole operator of topological
charge +1 is defined by inserting a Dirac singularity at a point p € R3, such that one unit
of magnetic flux passes through any S? surrounding p. Equivalently, the path integral is
evaluated over gauge field configurations satisfying

(1.17)

1
— F=1.
27 S2
The resulting local operator O(x) has the characteristic operator product expansion with
the current,
1 a

O(0) + less singular terms. (1.18)

5We do not keep track of background gravitational CS levels CS,.
16We expand on our conventions for quiver gauge theories in later sections.
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Chapter 1

Gauge charge from fermionic zero modes. The quantum numbers of monopole
operators are most efficiently computed in radial quantization, where the theory is placed
on $? x R with magnetic flux through S? [116, [128].

For each charged fermion, the spectrum in a unit-flux background contains zero modes.
Their contribution to the Gauss law constraint can be encoded as an effective shift of %
to the CS level. Consequently, in a U(1),, theory with N fermions, a bare monopole with
GNO flux +1 carries gauge charge

N
anuge =k+ Tf

Using k = ko— %, this equals the bare CS level kg. Gauge-invariant operators are therefore
obtained by dressing the bare monopole with appropriate powers of charged matter fields
(and derivatives).

Extensions to Multiple Gauge Nodes. The analysis generalizes straightforwardly to
product gauge groups. As an illustrative example, consider a two-node abelian theory

(L.16),
C}E@4<)M (1.19)

with a bifundamental fermion of charge (+1, —1).

In a monopole background, the fermionic zero modes induce:
e a +% shift of kg,
e a +% shift of kp,
e a —1 shift of the mixed CS coupling kgp.

Let MM(™™) denote a bare monopole with flux n under U(1), and m under U(1),. Gauss’
law implies that its gauge charges are

Q [ =n@ [ O] 4 mQ [ )]

B 1 kap—1 Ky — 1 1
—m<%+2, 5 >+m( 5 ,%+2> (1.20)

= (st gyt )

Dressed Monopole Operators. Gauge-invariant states can be constructed by dressing

with modes of ¢ (or 1)) in very specific cases. Since ¢ has charges (+1, —1), a monopole
dressed p times with ¥ and ¢ times with v has charge:

(kab B 1)
2

(kab — 1)

1
— k Z
+p—q, m( b+2)+n 5

+q—p

(1.21)
As an example, for k, = ky = 3 and kg, = —1 the monopoles M0 9g1p and MO 9,4
are gauge invarian

o0 - = (1.22)
; ; Q (MO Ha.y] = (0,0)

THere 9o denotes a generic set of derivatives.

Q [mﬂ”vm)wwﬂ - (n(kza + %) +m
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Throughout this work, we write dressed monopoles by combining the flux assignment and
the dressing in the following way:

931(+’0)1j_) =

I
=

(1.23)

0+ +

MmOy = o (1.24)

Statistical Transmutation via Flux Attachment: In the presence of a monopole
background, the spin of fundamental fields in the ground state undergoes a shift — a phe-
nomenon known as statistical transmutation [129] (see also [130H135]). This shift depends
on the GNO charge (or flux) of the monopole, the intrinsic spin of the particle, and its
gauge charge.

In what follows, we summarize the effects of statistical transmutation for a particle of
spin s, and examine how this behavior is modified in the presence of multiple U(1) gauge
factors, particularly in the context of the quiver gauge theories discussed in the main text.

Single Gauge Group: Consider a spin s field ¢ with charge ¢ under a U(1) gauge
group. In the background of a monopole with flux m, the ground state of the field ¢ has
the following spin channels:

qm | ’qm qm

7—S|+17...,7+S,

2

For example, in the background of a monopole with flux m = 1 a fermion has a spin-0
and a spin-1 channel, and a scalar has a Spin—% channel.

Bifundamental Matter: Consider a spin-s field ¢ with charge (+1,—1)¢ under a
U(1) x U(1) gauge symmetry, shown explicitly in Equation ([1.25):

M (1.25)

(m.n) » will have the following spin channels:

The dressed operator 9t
S —n) = sl [S(m —n) = s| +1,.... S (m—n)+s,
which depends on the difference of the GNO fluxes of the two gauge groups. In particular

in the background of a monopole M) the bifundamental field ¢ “sees” a vanishing
effective flux, and its spin is not transmuted.

Absence of Transmutation from Distant Fluxes: Finally, we consider the quiver
gauge theory shown in Equation (1.26]):

$1 ®2
M (1.26)
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where ¢; are bifundamental spin-s; fields. On the background of a monopole M9™ the
field 1 does not “see” the magnetic flux, and its spin remains s;. On the other hand the
field o “sees” an effective flux —m, and has spin channels shifted by —m:

et =sil, l=sil+1, ..., sl on MOV (1.27)

2t |—sa =B, |[-sa = B|+1, ..., [s2— 2

Generally, consider a field ¢ of spin-s and charges ¢; under some U(1); gauge groups, with
i=1,..., M. Then in the background of a monopole with GNO fluxes m; the field ¢ has
the same spin channels as a spin-s field with charge 1 in the background of an “effective”
GNO flux meyy:

M
Meff = Z%’mi (1.28)
i=1

As an example, we consider the following theory, which may be thought of as part of one
of the quiver theories considered in Chapter

(1.29)

where we only reported CS and mixed CS terms relevant for the computations that follow.
We can consider the monopole with GNO flux +1/—1 under the gauge nodes in the central
column. Its gauge charges are:

o ]

+

o

=
—_

e~

|
—_

Q |m = (1.30)

o
—_

therefore it can be made gauge invariant with the following dressing:

0L 4 <0
¥ %
0~ — 0
Iy
0
m (1.31)

Each fermion involved in this dressing “sees” a GNO flux +1, therefore it has a spin-0 zero
mode. Therefore we can dress this monopole to obtain a gauge invariant spin-0 monopole
operator. In the theories considered in Chapter[5] this is one of the monopoles entering the
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Vmonopole interaction. Similarly, we can consider the monopole operators involved in the
Vmonopole interaction that have GNO flux in the “bosonic” part of the quivers discussed
in Section There we find that the following monopole can be dressed to be gauge
invariant and a Lorentz scalar:

oo

-~ m Ii (1.32)

o <o

Notice in particular that the middle scalar involved (twice) in the dressing “sees” a GNO
flux 2, while the other two scalars “see” no flux, therefore all scalars have a spin-0 mode
in the background of the monopole and we obtain a spin-0 gauge invariant operator.
Similarly, one can show that all the monopoles involved in the interactions Vionopole
throughout Chapter [5| can be dressed to obtain a gauge invariant operator which is a
Lorentz scalar.

Another Technical Aside: The Fate of the Supersymmetric Monopole. We
now review several properties of monopole operators in three-dimensional supersymmetric
gauge theories that are repeatedly used in the main text E

Monopoles in U(N) Chern-Simons Theories: We begin by considering a generic
U(N)(k,k+en) gauge theory with F' fundamental and A anti-fundamental chiral multiplets.
This is shown in the quiver gauge theory below:

Here X and Y denote fugacities for the S[U(A) x U(F)] flavor symmetry, while Z are the
gauge fugacities associated with the Cartan of U (V).

Quantum Numbers of Supersymmetric Monopoles. A bare monopole operator
O™ labeled by a magnetic flux vector 7m = (my,...,my), has R-charge given by [30,
118, 1136]

N N N

- 1

RN = AZmi—§ Z Im; —mj| + F(r; —1) Z Imi| + A(rq — 1) Z Img| |, (1.33)
1=1 i#] =1 =1

where A parametrizes the mixing between the R-symmetry and the topological symmetry,

and 7y, r, are the R-charges of the fundamental and anti-fundamental chiral multiplets,
respectively.

181t was pointed out to the author by Vittorio Cagioni that there are four possible conventions for
parametrizing quantum numbers of supersymmetric monopoles, and we used all four in [2+6]. Good luck.
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The representation of the monopole under the gauge symmetry is encoded in the polyno-
mial
N N 1
anuge[mm] = _Z kZl+£ZZ] ml+§Z(F_A)ZZ|mZ|’ (134)

i=1 j=1 =1

which determines the highest weight of the gauge representation carried by the bare
monopole.

A generic magnetic flux m breaks the gauge symmetry as

where the decomposition corresponds to blocks of equal magnetic flux. The Cartan gen-
erators are accordingly grouped as

Zl,‘..,Mla ZM1+1,..‘,M1+M27 e

An Example: To illustrate these points, we consider the example of U(3)(32) SQCD3
with [6,2] chiral multiplets. Using Equation we calculate the gauge charge of the
monopole M(+:0:0)

1
Qgauge [m(+’0’0)] =—(22z1) + 5(6 —2)z;
= 07

indicating gauge invariance. Assuming no mixing between the U(1)r symmetry and
U(1)op symmetries, we now calculate the R-charge of this monopole using Equation m

1
RIM+00)] = —5|60rs = 1) +2(ra — 1) +4

=2-=3ry —rq.
Assigning a common trial R-charge ry = r4 = %, we find

2
RIm(+:0.01 — =z
00 = 2
implying the superconformal index will capture the contribution of a gauge invariant
1/2—BPS monopole at order z%/°.

By Weyl symmetry, the GNO fluxes (1,0,0), (0,1,0), and (0,0, 1) are indistinguishable,
and the above analysis applies equally to each of them. Introducing a topological fugacity
pmitmztms the superconformal index takes the form

T =1+ + (* +12) 2° + 12725 + O(25/). (1.35)

As expected, the term at order 20 corresponds to the vacuum. At order 22/ we find the
gauge-invariant monopole operator, while at order 2/5 we recover both its square and the
12 mesonic operators Qin. Finally, the terms at order 2/ arise from monopole-meson
composite operators, and higher-order contributions follow similarly.
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Monopoles in Abelian Quiver Gauge Theories: In the main text, an important
role is played by Abelian quiver gauge theories with mixed Chern—Simons interactions and
matter in bifundamental representations. We therefore summarize here the corresponding
monopole charge formulas.

We consider an Abelian quiver theory specified by:
e ng Abelian gauge nodes with gauge parameters u;, 1 = 1,...,ng;
» ny flavor nodes;

o A global symmetry U(1)", excluding topological symmetries, with fugacities y,, a =
1,...,r;

e Chern-Simons levels k;, BF couplings k;;, and FI1 parameters )\;, as described in
Section

« Bifundamental chiral fields «;;, of charge —1 under node ¢ and +1 under node j;
¢ Fundamental fields G,; and anti-fundamental fields Bm.

We consider a monopole operator with magnetic flux m = (m, ..., my,) under the gauge
nodes and vanishing flux under global symmetries.

The charges of the monopole under gauge and global symmetries are compactly encoded
in the polynomial

1 ) "
M) = = 5 > Imi —mj| ((R[%] - 1)? —ui+uj+ Y Qalaij] ya>
Qi a=1
iQ
+Z|ml‘ ( 61(1 _1)7_1%‘1'2@(1 ﬁza a)
o i (1.36)
+Z|ml‘ ( 5(11 - )2Q+ui+ZQa[,8ai]ya>]
Bai a=1
- zg: kimiu; + Zg: Aim; — Z kzy m;u; + m]Uz)
=1 i=1 z<]

The first line captures contributions from bifundamental fields, the second and third from
anti-fundamental and fundamental matter, respectively. The final line accounts for Chern—
Simons terms, FI couplings, and BF interactions. The parameters \; encode the mixing
between topological symmetries and the R-symmetry.

The charges of the monopole under the various symmetries are read off as the coefficients
of the corresponding fugacities. The R-charge is given by the coefficient of g in M(m).

Moduli Space of Vacua

An important and characteristic feature of supersymmetric gauge theories, in three dimen-
sions as well as in higher dimensions, is the existence of continuous families of degenerate
vacuum solutions. These arise when the equations of motion admit configurations in
which the vacuum expectation values (VEVs) of scalar fields are not uniquely fixed, but
instead vary continuously without costing energy. The space parametrized by these VEVs
is known as the moduli space of vacua |137].
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Moduli spaces play a central role in both the physical and mathematical study of supersym-
metric field theories. Physically, they govern the low-energy dynamics, encode patterns
of spontaneous symmetry breaking, and determine the spectrum of massless degrees of
freedom around a given vacuum. Mathematically, they are often realized as geometric
spaces with rich structure—such as Kéahler or hyperkdhler manifolds—whose properties
are tightly constrained by supersymmetry. The existence and structure of moduli spaces
therefore provide one of the most powerful tools for analyzing supersymmetric gauge the-
ories.

In a supersymmetric gauge theory, a moduli space of vacua arises whenever the scalar
potential admits continuous families of zero-energy configurations. In supersymmetric
theories, the scalar potential takes the universal form [138]

V=Y IR+ L Y D,
i a

and is manifestly non-negative. Supersymmetric vacua are therefore characterized by the
simultaneous vanishing of all F-terms and D-terms.

The F-terms are determined by the superpotential W and are given by

ow
0¢i’
where ¢; denote the scalar components of the chiral multiplets. The D-terms arise from

the gauge interactions and depend on the matter content and possible Fayet—Iliopoulos
parameters

F, =

D = i(T)j¢" + 1,
where ; is a generic field, T is the generator of the algebra in the corresponding repre-
sentation of ¢ and n® is a possible FI parameter.

Whenever the equations
F,=0, D*=0

admit solutions that are not isolated but instead form continuous families, the space of such
solutions—modulo gauge transformations—defines the moduli space of supersymmetric
vacua.

In three-dimensional A" = 4 supersymmetric gauge theories, the space of supersymmetric
vacua generically decomposes into distinct branches |32, 139]:

e Higgs Branch: The Higgs branch is defined as the space of vacua in which the
scalar fields in the matter (hypermultiplet) sector acquire non-vanishing expectation
values, while the scalar components of the vector multiplet vanish. Supersymmetry
then requires the vanishing of both F-terms and D-terms, and the moduli space is
parametrized by gauge-invariant composite operators, such as mesons and baryons,
subject to classical constraints. At the classical level, the Higgs branch is described
exactly by the solutions to these constraints. In AN = 4 theories, the Higgs branch
is fully protected against quantum corrections by the enhanced R-symmetry and
remains exact at the quantum level [140]. The Higgs branch of N' = 4 theories is a
hyperkéhler manifold, obtained as a hyperkéhler quotient by the gauge group [141}
142].

e Coulomb Branch: The Coulomb branch is defined as the space of vacua in which
the scalar fields in the matter multiplets have vanishing expectation values, while the
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scalar components of the vector multiplet acquire non-zero expectation values. As a
result, the gauge symmetry is generically broken by adjoint Higgsing to a subgroup
containing Abelian factors, with special loci where non-Abelian symmetry may be
restored.

As mentioned before, in three dimensions, each unbroken U(1) factor gives rise to
a dual photon ~, a compact scalar defined by xF = dvy. The natural holomorphic
coordinates on the Coulomb branch are provided by monopole operators, which can
be viewed semiclassically as exponentials of the complex combinations o +iy. While
the Coulomb branch exists as a moduli space at the quantum level, its metric and
operator dimensions generally receive quantum corrections [143-145]. The Coulomb
branch of N' = 4 theories is also a hyperkihler manifold due to the existence of the
dual photon.

As the N' = 4 action contains no mixed terms involving the scalars of the matter and
vector multiplets, the moduli space of N' = 4 theories is a product M = Mg x M.

A First Look at Infrared Dualities

As mentioned previously, local order and disorder operators in three-dimensional gauge
theories are on an equal footing in the quantum theory, and any apparent distinction
between them is largely an artifact of the choice of microscopic field variables used to
define the Lagrangian. This observation has profound consequences for the infrared (IR)
dynamics of such theories and is reflected in the existence of numerous nontrivial infrared
dualities.

Infrared dualities relate pairs of ultraviolet (UV) theories with seemingly different gauge
groups, matter content, and interactions, which nevertheless flow to the same interacting
fixed point at long distances. At the IR fixed point, the two descriptions become physically
indistinguishable: they share the same global symmetries, spectrum of local operators, cor-
relation functions, and moduli spaces of vacua. Crucially, duality maps gauge-invariant
operators in one theory to gauge-invariant operators in the dual description, often exchang-
ing elementary fields with composite operators and, in three dimensions, order operators
with disorder (monopole) operators.

Among the most well-studied examples of three-dimensional infrared dualities are the
so-called Aharony-like dualities 18, 20, [21, [146]. These dualities relate N' = 2 supersym-
metric gauge theories to dual theories with different gauge groups and matter content,
supplemented by additional gauge-singlet fields and superpotential couplings.

A defining feature of Aharony-like dualities is the exact matching of global symmetries
across the dual pair, including both flavor symmetries and topological symmetries. Oper-
ators charged under these symmetries are mapped consistently between the two descrip-
tions. In particular, monopole operators parametrizing the Coulomb branch of one theory
are mapped to elementary or composite gauge-singlet fields in the dual theory, while Higgs-
branch operators are mapped to Higgs-branch operators. The duality therefore provides
distinct ultraviolet realizations of the same infrared fixed point, without exchanging the
roles of the Higgs and Coulomb branches.

We now provide a brief summary of the various IR duals of U(N.); SQCD. All known
Aharony-like dualities can be obtained as mass deformations of the seed duality:

o Aharony duality (the seed duality): The most fundamental infrared duality is

U(Ne)o, Np(@oO) «— U(Nrp—No)o, Np(@OeO), (M, FIDLT). (1.37)
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Here, the electric theory consists of a U(N,) gauge group at zero CS level with Np

fundamental chiral multiplets @) and Ng anti-fundamental chiral multiplets Q.

The magnetic theory consists of a U(Ng — N,) gauge group at zero CS level with the
same matter content with Nr dual quarks ¢, ¢, supplemented by the superpotential
interaction:

W = @*M{pg + Flip[9%*] + Flip[9, ]

where Mg = Q.Q", M, are the monopoles of the magnetic theory, and F [E)ﬁai]
are gauge singlets (identified with the monopoles of the electric theory) which flip
the monopoles of the magnetic theory.

e Minimally chiral duality: When 2|k| > |[Np — N4|, the dual of U(N,); with Np
fundamental chiral fields and N4 anti-fundamental chiral fields is:

U(Ne)g, (NpO® NxO) UNeENA 1|k - Nk, (NaOeNpD), (M).
(1.38)

o Marginally chiral duality: When 2|k| = |[Np — N4|, the dual of U(N.); with Np
fundamental chiral fields and N4 anti-fundamental chiral fields is:

U(Nc)k, (NFDEB NAE) — U(mam(NF,NA) - Nc)—k; (NAD ) NFE),
(M7 F[gﬁbe}%
(1.39)
where ¢ = & corresponding to 2k = Np — N4 or 2k = —Np + Ny4.

o Maximally chiral duality: When 2|k| < |[Np — N4|, the dual of U(N.); with Np
fundamental chiral fields and N4 anti-fundamental chiral fields is:

U(Nc)k, (NFD@NAE) — U(max(NF,NA)—NC),k, (NAD@NFE), (M)
(1.40)

More general dualities for U(N¢)x k4en) gauge theories with N fundamental chiral mul-
tiplets and N4 anti-fundamental chiral multiplets were reported in [147] by using Witten’s
prescription for gauging and ungauging topological symmetries [106].

1.1.3 Supersymmetric Localization and Observables

Supersymmetric localization [148H153] has emerged as one of the most powerful tools for
the exact study of observables in supersymmetric quantum field theories. Its central insight
is that, in the presence of sufficient supersymmetry, certain observables can be computed
exactly, receiving contributions only from a restricted set of field configurations.

19A useful operation that frequently appears in three-dimensional supersymmetric dualities is the flip
of a chiral operator. Given a gauge-invariant chiral operator O, one introduces a new gauge-singlet chiral
multiplet F[O] and adds a superpotential coupling

Flip[O] := F[O] O.

The resulting F-term condition sets O = 0 in the chiral ring, thereby removing it as an independent
operator and replacing it with the elementary field F[O], which carries the same global quantum numbers.
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In general, the full dynamical content of a quantum field theory is encoded in its Feyn-
man path integral, an infinite-dimensional integral over the space of field configurations.
While this object is conceptually fundamental, it is typically intractable to evaluate ex-
actly, except in perturbative regimes. Supersymmetric localization provides a remarkable
mechanism by which this infinite-dimensional integral can be reduced to a much simpler
expression, often amenable to exact evaluation.

The key ingredient underlying localization is supersymmetry. For supersymmetric theo-
ries—either topologically twisted or defined on curved manifolds admitting rigid super-
symmetry—one can deform the action by a supersymmetry-exact term without changing
the value of the partition function or of suitably protected observables. By tuning the coef-
ficient of this deformation, the path integral localizes onto the locus of field configurations
that are fixed under the chosen supercharge, known as the localization locus. Fluctuations
around this locus are captured exactly by one-loop determinants.

From a mathematical perspective, supersymmetric localization can be viewed as a field-
theoretic generalization of equivariant localization for finite-dimensional integrals, where
integrals invariant under a symmetry group receive contributions only from the fixed
points of the group action. In the quantum field theory setting, this principle leads to a
dramatic reduction in complexity: a path integral over D-dimensional fields may reduce to
an effective path integral over d-dimensional fields, with d < D. In particularly favorable
cases—such as when the localization locus consists of constant field configurations—this
further collapses to a finite-dimensional integral, or even to a discrete sum over fixed
points.

Physically, localization may be understood as a situation in which the semiclassical (saddle-
point or one-loop) approximation becomes exact. Importantly, this exactness does not
arise from taking the original coupling h to zero, but instead from introducing an auxiliary
deformation parameter whose vanishing limit enforces localization without altering the
value of the path integral.

Supersymmetric localization therefore yields non-perturbative, exact expressions for par-
tition functions and protected observables. These results provide powerful probes of the
infrared dynamics of supersymmetric gauge theories, enable precision tests of infrared du-
alities, and often admit elegant mathematical interpretations. In the following, we will not
attempt a systematic review of localization techniques; rather, we will directly present the
specific partition functions and observables that are relevant for the applications discussed
in this thesis.

An Intermezzo: Some Special Functions

Before introducing the supersymmetric observables that will be studied throughout this
thesis, we first collect the definitions and basic properties of a class of special functions
that serve as fundamental building blocks for these quantities.

We begin with the multiple Gamma function T'.(z | &), defined in terms of the multiple
zeta function as
s=0) 7

Iz | @) = exp(aicr(z, 513)

where the multiple zeta function ¢, is given by

Gr(z,8 | @) = Z (Z + 21 niwi)s.
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Using the multiple Gamma function, one defines the multiple sine function Sy(z | &) |154}-
156] as
Sp(z | @) ==Tr(z | &) Tp(l@] — 2 | @)V,

where we have introduced the shorthand
.
|| := Z Wj.
i=1

The multiple sine function enjoys several properties that will be repeatedly used in the
evaluation of supersymmetric partition functions. In particular:

e Periodicity:

- Sr(z | &)
Sr(z4+w; | &) = 77—,
E+ei 1D = 5 G T8y

« Reflection:
S,(21@) S, (@] — 2 | &)V = 1.

Observables of three-dimensional theories are written in terms of Sa(z) = Sa(|d| — 2z |
w1, wo) "1, which is often recast into the double sine function:

sp(w) 1= S2<C)22 —iz | b, bl>7
where @ := b+ %.

S? x S! partition function

We now briefly review some basic properties of the partition function localized on 82 x
S!, commonly referred to as the three-dimensional supersymmetric index [119, [157-161].
When computed using the superconformal R-symmetry, this partition function coincides
with the superconformal indez.

The index is defined as a trace over the Hilbert space of the theory quantized on S? x R,

I, fi) = Tr | (—1)25 22+ ] | .

)

where A denotes the energy of the state (measured in units of the inverse radius of §?), J3
is the Cartan generator of the SO(3) isometry group of S, and T} are the charges under
non-R global symmetries, with corresponding fugacities p;.

A crucial property of the supersymmetric index is that it is invariant under continuous
deformations of the theory that preserve supersymmetry. This follows from the fact that
only states annihilated by a chosen supercharge and its Hermitian conjugate contribute
to the trace. Equivalently, the index only receives contributions from states satisfying the
BPS condition

A—-J3—R=0.

As a result, the index is protected from quantum corrections and is an RG-invariant
observable, making it a powerful tool for probing infrared dynamics and testing proposed
infrared dualities.
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The supersymmetric index admits an exact integral representation obtained via super-
symmetric localization,

1 &) dz
I(x;{,i}) == —2 Z1 Zyvec Zmat - 1.41
(Jfa {u, n}) %: ’Wﬁz‘ Teke) L1 Wi 2e cl £vec £mat ( )
Here 2 = (z1,. .., z1k(@)) parametrizes the maximal torus of the gauge group G, while

labels the GNO-quantized magnetic fluxes on S?. The integration contour for each z, is
the unit circle T. The factor |Wy| denotes the order of the Weyl group of the residual
gauge symmetry preserved in the monopole background specified by .

The integrand factorizes into classical, vector multiplet, and matter multiplet contribu-
tions, denoted respectively by Z., Zyec, and Zpya. We have also collectively denoted by
{fi, 7} the fugacities and background magnetic fluxes associated with global symmetries.
These different contributions are defined as follows:

o the classical contribution is
rk(G)
Ll = H (—)kmiw_mizi_kmi_",
i=1
where k is the CS level, and w and n are the fugacities and flux for the topological
symmetry, respectively.

A mixed CS interaction at level k;; is captured by the term

Za D (z;mj zj—mz)ku

Thus, the total classical contribution of a U (NN )(k,kH ~) gauge group to the index is

_ZN . N km; . —km; N _ZZ?lei
Zo) = w &i=t M H(—) Mig, " Hzi )

i=1 i=1
e the vector contribution is
le(m)| .
Zge = [[a7 2 (1— 22l
acg

where « are the roots in the algebra g and we introduce a shorthand notation as
follows

Y
,
=
8

rk(G)
= 2 a(m) = Z o;m;.
] =1

-
Il
—

o the contribution of an N = 2 chiral field transforming as (R, Rr) ~ (G, GF) of the
gauge and global symmetries with R-charge r is

lp(m)+pr (7))
T = [[ T ierar "2 x
PER prERF

((f1)p(ﬁ)+pF(ﬁ)g—pﬁ—ppx2—r+\p(ﬁ1)+pp(ﬁ)\ R I

((=1)P)+pr() Zp fjor pr+lp(i)+or (@)l £2) 7
where p (pr) are the weights of R (Rp) respectively, and the ¢-Pochhammer symbol

has the form
o0

(@;9)o0 = H(l — aqb).

k=1
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The index captures information about the spectrum of short superconformal multiplets,
up to possible recombination into long multiplets.

In practice, the index is most conveniently evaluated perturbatively by expanding the
integrand as a power series in the fugacity = and performing the gauge projection

f dz
2miz
order by order in the expansion. Upon setting the background magnetic fluxes for global

symmetries to zero, the resulting expression takes the form of a power series in x, whose
coefficients encode the contributions of gauge-invariant short operators.

Sg partition function

We now briefly review some properties of the partition function localized on the squashed
3-sphere Sg’ [162-166]. The squashed 3-sphere is parametrized as

1
b2|2’1’2 + b72’22|2 =1, (21722) S (CQ.

The partition function admits an integral representation obtained via localization,

rk(G)
_ 1 [+
Z(ji,n, k) == W|/ I 20 Za Zeee Zumas. (1.42)

a=1

The various contributions to the integral are defined as follows:

o the classical contribution is

. k(G . k(G
Zo = e27rm Z;:(1) zZa—kmi EZ:(1 ) zg,

where k is the CS level and 7 is the FI parameter.

e the vector contribution is
1

Ha>0 Sb(% + a(z)) ’

where Q = b+ %, « are the positive roots in the algebra and we introduce the
shorthand notation

Lyec i=

rk(G)

a(z) == Z agza.
g=1

o the contribution of an A/ = 2 chiral field transforming as (R, Rp) ~ (G, Gr) of the
gauge and global symmetries with R-charge r is

Zow =TT TT so(G0 1= 0te) = o)

PER prERF

The partition function is also an RG flow invariant, and is the main tool used to study
dualities in this thesis.

In three-dimensional N’ = 2 superconformal field theories, the exact superconformal R-
symmetry in the infrared is not fixed a priori, as it may mix with other Abelian global
symmetries:

U(]‘)Rsc = U(l)Rtrial + Z AIU(]')I’
1
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where U(1)g,,.., is a trial R-symmetry and Al parametrizes the mixing with additional
U(1); global symmetries. In such a situation, the S} partition function depends on the
mixing parameters A.

A powerful tool to determine the exact R-symmetry U(1)g,. is F-maximization [167,168],
which extremizes the free energy

with respect to all possible mixing parameters. More precisely, in terms of the real part
of the free energy,

RIF(A)] = —R(n| Zg ()],

the superconformal R-symmetry corresponds to a local maximum of R[F'(A)], so that

AT

The value of F' at the extremum is a physical observable, invariant along the renormaliza-
tion group flow, and plays a role analogous to the central charge in two dimensions or the
a-anomaly in four dimensionﬂ as shown in [105, 170]:

82

A F ()

2
T
- "c
2 I,

A:Asc

where C7 is the central charge associated with the U(1); symmetry (see [171] for a more
pedagogical discussion).

1.2 Brane Dynamics and Gauge Theories

Brane configurations in string theory provide a powerful geometric framework for engi-
neering and analyzing supersymmetric quantum field theories. By realizing gauge degrees
of freedom as the low-energy dynamics of D-branes and matter fields as arising from open
strings stretched between them, one obtains a concrete and often intuitive description
of strongly coupled phenomena that are otherwise difficult to access using purely field-
theoretic methods. In this approach, properties such as moduli spaces of vacua, global
symmetries, and infrared dualities admit a direct geometric interpretation in terms of the
relative positions and orientations of branes.

In this section, we review the basic brane constructions relevant for three-dimensional
supersymmetric gauge theories (without justifying their string origins in much detail),
focusing primarily on Type IIB Hanany—Witten setups. These configurations naturally
realize N = 4 and A = 2 gauge theories in three dimensions and provide a unified frame-
work for understanding mirror symmetry, real mass and Fayet—Iliopoulos deformations,
and a variety of infrared dualities. The results reviewed here will serve as the geometric
underpinning for the mirror symmetry and duality constructions discussed in the following
chapters. This section collects results from [172H179].

20 An important criterion for 3d A" = 4 SCFTs is whether they are good, bad or ugly [169)], which indicates
whether the UV and IR R-charges coincide. For A/ = 4 gauge theories, a single gauge group G with Ny
hypermultiplets is considered good if

for U(N): Ny > 2N, for SO(N): Ny > N —1, for USp(2N): Ny > 2N + 1.

Good theories are those in which all monopole operators obey the unitarity bound, and the theory flows
to an interacting SCFT in the infrared. Ugly theories contain some monopole operators that saturate the
unitarity bound, and the theory flows to an interacting SCFT with some free multiplets at the IR FP.
Monopole operators in bad theories violate the unitarity bound, and the infrared physics of these theories
is unclear.
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1.2.1 The Zoology of Dp-Branes

In addition to the fundamental string, string theory contains extended p-dimensional ob-
jects known as p-branes. At weak string coupling gs, these objects can be broadly clas-
sified according to how their tension scales with gs. Solitonic, or Neveu-Schwarz (NS),
branes have tension scaling as T ~ g5 2, while Dirichlet (D) branes have tension scaling
as T ~ gs_l. This distinction is central to the non-perturbative structure of string theory
and underlies many duality relations.

In the low-energy supergravity description, p-branes appear as extended objects electrically
charged under (p + 1)-form gauge fields. We follow the notation of [173]. The (9 + 1)-
dimensional spacetime of string theory is labeled by coordinates (z%,z!,...,2%), with
associated Dirac matrices '™ (M =0,...,9).

Type IIA string theory possesses (1,1) spacetime supersymmetry, with left- and right-
moving supercharges satisfying

r0..7°Q =+Qr,
I.T°Qr = —Qr.

Type IIB string theory, by contrast, has (2,0) spacetime supersymmetry, with both su-
percharges obeying

.. 1°Qp =+Qr,
1019 Qr = +Qr.

As a consequence, Type ITA string theory is non-chiral, whereas Type IIB string theory
is chiral.

The spectrum of string theory consists of a finite number of light degrees of freedom
together with an infinite tower of massive excitations, whose masses are of order the string
scale or higher. To make contact with low-energy physics, it is therefore convenient to
focus on the dynamics of the light modes. This is achieved by integrating out the massive
string excitations, yielding an effective field theory governing the low-energy degrees of
freedom.

Applying this procedure to Type II string theory leads to two distinct ten-dimensional
low-energy effective theories: Type ITA and Type IIB supergravity. In both cases, the
field content decomposes into a Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector, common
to the two theories, containing the spacetime metric gy, the Kalb-Ramond two-form
By, and the dilaton ®. The Ramond-Ramond (R-R) sector differs between the two
theories: Type ITA supergravity contains odd-degree form potentials, while Type 1IB
supergravity contains even-degree form potentials. Correspondingly, the brane content of
the two theories is

o Type IIA: Dp-branes with even p, namely D0, D2, D4, D6, and D8 branes.

o Type IIB: Dp-branes with odd p, namely D(—1), D1, D3, D5, and D7 branes. The
D(—1) brane is special, as it corresponds to a D-instanton [180].

From a microscopic perspective, D-branes are defined as hypersurfaces on which funda-
mental strings can end [172]. A Dp-brane extended along the (x!,..., zP) directions and
localized at a point in (xP*!, ..., 2%) is characterized by Neumann boundary conditions
on the open-string endpoints along (x!,...,2P) and Dirichlet boundary conditions along
(xPtL ... 2%).
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The tension of a Dp-brane is given by
1
Js l€+1 ’

where [; denotes the fundamental string length. The tension of a Dp-brane is equal to its
R-R charge. D-branes are %—BPS objects, meaning that they preserve half of the thirty-

two supercharges of Type II string theory. Concretely, a Dp-brane extended along the
(x,...,2P) directions preserves supercharges of the form e, Qp, + egQr subject to

1, =

e, =TT ... TPep.

An anti-Dp-brane carries the opposite R-R charge and preserves the complementary set
of supercharges.

Dp-branes are dynamical objects in their own right, as is evident from their coupling to
Ramond-Ramond gauge fields. The minimal electric coupling of a (p + 1)-form potential
to a (p + 1)-dimensional worldvolume is

T,
S :P/ A dx*t A - A dgMett,
p+1 (p n 1)| o M1 fhpt1
From this perspective, classical supergravity solutions carrying non-trivial charge under
Apy1 correspond precisely to Dp-branes. By Hodge duality in ten dimensions, there exists

a dual potential A7_, satisfying

dA7_, = *dApy .

We now turn to the analysis of the worldvolume action describing the dynamics of a
single Dp-brane. On general grounds of target-space Lorentz invariance and worldvolume
reparametrization invariance, the bosonic action must reduce, in the absence of background
fields, to a higher-dimensional generalization of the Nambu—Goto action,

Spp = —Tp/dea e~ ®\/det gap,

where 0% (a =0,...,p) are worldvolume coordinates and g, is the induced metric

oXHoXxX”
Gab = D0t dob Umz

In the presence of background NS-NS fields, the Kalb-Ramond two-form B,, enters
through the gauge-invariant combination
Fab = Bap + 27T'O/Fab,

where By, is the pullback of By, and Fy is the field strength of the worldvolume U(1)
gauge field arising from open strings ending on the brane. Including these effects yields
the Dirac-Born-Infeld (DBI) action [181],

Sop1 = ~T, / o e\ /det(gu + Fon). (1.43)

Consistency further requires couplings to higher R-R fields, encoded in the Chern—Simons
action [182,|183], which we report for completeness

A(TW)

\/A(NW)’

SRR = MP/C A ch(F) A (1.44)
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where p,, is the R-R charge of the brane, C' = > C; denotes the formal sum of R-R

potentials, and A(TW) (A(NW)) is the A-genus of the tangent (normal) bundle of the
worldvolume [101].

Both Sppr and Sp_r admit generalizations to a stack of N coincident branes [184, 185].
In this case, the worldvolume fields become U(N)-valued, and to leading order in o’ the
action reduces to

T, / o e Tr (FabFab +2D,X'DX; + [Xi,XjP) , (1.45)

describing a U(N) gauge theory with coupling g3, ~ gs7, pflo/ —2,

The observation that a stack of N coincident Dp-branes gives rise to a U(N) super—Yang-Mills
theory with sixteen supercharges in (p+1) dimensions lies at the heart of the geometric en-
gineering of gauge theories. In this framework, gauge symmetries, matter content, and cou-
pling constants acquire a direct geometric interpretation in terms of brane configurations
and background fields. As a result, intrinsically non-perturbative phenomena in quan-
tum field theory—such as infrared dualities, symmetry enhancement, and strong-coupling
dynamics—can often be analyzed using classical or semiclassical string-theoretic tools.
Geometric engineering thus provides a powerful and unifying perspective on the structure
of supersymmetric gauge theories. In what follows, we will study three-dimensional gauge
theories from this perspective.

1.2.2 D-Brane Realizations of Three-Dimensional Results

Picking up from the discussion of D-branes and their worldvolume dynamics, we now
turn to the brane engineering of three-dimensional gauge theories in string theory. The
central idea of geometric engineering is that the low-energy dynamics of a quantum field
theory can be realized as the effective description on the worldvolume of branes embedded
in a suitable string-theoretic background. By appropriately choosing the type of branes,
their dimensionality, and their relative orientations, one can engineer supersymmetric
gauge theories with a prescribed amount of supersymmetry, matter content, and global
symmetries.

Three-dimensional gauge theories are particularly well suited to this approach. Many of
their characteristic features—such as monopole operators, topological symmetries, Chern—
Simons interactions, and intricate webs of infrared dualities—admit a natural and often
geometric interpretation in terms of brane configurations.

N = 4 Theories

To study three-dimensional gauge dynamics, we consider, following [19], configurations of
N D3-branes suspended between NS5-branes and intersecting F' D5-branes, arranged as
in Table This system realizes a large class of three-dimensional supersymmetric gauge
theories as the low-energy effective theories living on the D3-branes.

We consider two infinite NS5-branes separated by a distance Lg in the 2% direction, located

at the same point in (x7,x8,x9). N D3-branes are suspended between them in the x°

direction. This configuration is shown schematically in Figure [1.46]
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Brane | 20 ' 22 23 a2t 25 26 27 28 oY
NS, |V OV OV OV VY - - = =
D5 v v v - - - - v v Vv
D3 v v Yy - - - v - = =

Table 1.5: Standard Hanany—Witten brane configuration in Type IIB string theory. A
checkmark indicates that the brane extends along the corresponding spacetime direction,
while a dash indicates that it is localized in that direction. Such a setup preserves 8
supercharges, and is schematically shown in Figure

F
NS5 r & N NS5
® ® ® ® o
| D3, g

l/ D3, el

l/ - 74
% D3N .

v
=

[g : D3-brane (0 : D5 insertion : NS5-brane ]

(1.46)

The presence of the branes breaks the ten-dimensional Lorentz symmetry SO(1,9) accord-
ing to
SO(1,9) — SO(1,2) x SO(3) x SO(3),

where SO(1,2) acts on the common directions (2%, 2!, 2?%), one SO(3) factor acts on the
directions (23, 2%, %), and the second SO(3) factor acts on (27, 2% 2%). The SO(1,2)
factor is interpreted as the Lorentz symmetry of the (2 + 1)-dimensional worldvolume
theory on the D3-branes, while the two SO(3) factors are global symmetries. In the low-
energy theory, these are identified with the SU(2)¢ x SU(2)g R-symmetry of N' = 4
supersymmetry.

To analyze the low-energy physics of this configuration, it is useful to distinguish between
three classes of excitations:

¢ bulk modes propagating in the ten-dimensional spacetime;
o modes localized on the NS5-branes;

« modes localized on the D3-branes.

For an observer restricted to the (24 1)-dimensional directions (z°, 21, 22), the bulk modes

and the excitations living on the NS5-branes are effectively frozen at low energies in the
weak string coupling limit. By contrast, the degrees of freedom living on the N D3-branes
remain dynamical, since the D3-branes have finite extent along the 2% direction.
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The worldvolume theory on the D3-branes is therefore naturally viewed as a four-dimensional
theory on RY2 x I, where I is an interval of finite length Lg along the 2 direction, bounded
by NS5-branes. At energy scales much smaller than 1/Lg, the theory reduces effectively
to a (2 + 1)-dimensional quantum field theory.

The light degrees of freedom on a stack of N coincident DS3-branes consist of a four-
dimensional U(N) gauge field A,, with ¢ = 0,1,2,6, together with six real scalar fields
transforming in the adjoint representation of U(N'). These scalars correspond to transverse
fluctuations of the D3-branes in the directions

(X3, X4, X5, X7, X8, X9).

The presence of the NS5-branes imposes boundary conditions on the fields at the ends of
the interval I. In particular, the fluctuations of the D3-branes in the (27, 28, 2°) directions
are frozen at the NS5-brane boundaries, while the scalars (X3, X4, X®) remain dynamical.
As a result, Kaluza—Klein modes with masses of order 1/Lg decouple in the low-energy
limit, and the remaining massless degrees of freedom organize themselves into a three-
dimensional N = 4 vector multiplet, consisting of the U(N) gauge field A, (u = 0,1,2)
and the three adjoint scalars (X3, X4, X5), with gauge coupling g2, ~ %Z'

Additional matter fields arise from open strings stretching between the D3- and D5-branes.
Each D5-brane intersecting the D3-branes contributes a three-dimensional N' = 4 hyper-
multiplet transforming in the fundamental representation of U(N). Thus, a configuration
with F' D5-branes realizes a U (V) gauge theory with F' fundamental hypermultiplets.

Geometric parameters of the brane configuration are naturally mapped to field theory
couplings. Relative positions of D5-branes in the (x3,z% 2°) directions correspond to
real mass parameters for the hypermultiplets. Similarly, separations of NS5-branes in the

(27,28, 2°) directions give rise to Fayet-Iliopoulos parameters.

The positions of the N D&-branes stretched between the NS5-branes in the transverse
directions (23, 2%, 2%), together with the N dual photons arising from the unbroken U(1)¥
gauge symmetry, parametrize the 4 N-dimensional Coulomb branch of the three-dimensional
N = 4 gauge theory. These moduli correspond to vacuum expectation values of the scalars

in the vector multiplet and their dual photons.

From the perspective of the fivebrane worldvolume theory, however, this moduli space
admits a different and highly instructive interpretation. The theory living on the pair of
NS5-branes is a six-dimensional N' = (1, 1) supersymmetric gauge theory with gauge group
U(2), which is spontaneously broken to U (1) x U(1) by the separation of the fivebranes. In
this description, D3-branes stretched between the NS5-branes are identified with magnetic
monopole strings of the broken SU(2) gauge theory [186].

Consequently, the 4 N-dimensional Coulomb branch of the three-dimensional theory is nat-
urally identified, from the fivebrane viewpoint, with the moduli space of N BPS monopoles.

N = 2 Theories

Following [173], we now consider a configuration of N D3-branes suspended between an
NS5- and NS5’-brane, with insertions of F' Db-branes, arranged as in Table and
schematically shown in Figure

The presence of both NS5 and NS5’ fivebranes breaks the rotational symmetry in the
transverse directions and reduces the preserved supersymmetry from N = 4 to N' = 2.
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Brane | 20 ' 22 23 a2t 25 26 27 28 oY
NS, |V OV OV OV VY - - = =
NSY |V oV OV V- - - - VY

D5 v v v - - - - v v Y
D3 v vy - - - v - - -

Table 1.6: Type IIB brane configuration engineering three-dimensional N' = 2 supersym-
metric gauge theories. The presence of both NS5 and rotated NS5 fivebranes breaks
supersymmetry to four supercharges, schematically shown in Figure

The relative orientation of the fivebranes lifts the adjoint chiral multiplet present in NV = 4
theories, leaving only a single real scalar in the vector multiplet, as expected for N' = 2
supersymmetry in three dimensions.

F
NS5 s \ NS5’
@ ® ® i ®
,, D3, /\
/}/ D3,
74 N
4 D3y
Yl
X6
[ /7 :D3-brane ® : D5 insertion : NS5-brane ﬂ : NS5’-brane ]

(1.47)

The Hanany-Witten Transition. The Hanany-Witten transition [187] is a phenomenon
exhibited by branes in Type II string theory. In these brane configurations, moving an
N S5-brane across a D(2p + o)-brane creates a D(2p — 2 + U)—bran@ stretching between
the two. This is a consequence of charge conservation and supersymmetry preservation in
the brane setup. This is schematically shown in Figure 1188, 1189].

It was suggested by [190] that the Hanany-Witten effect may be understood entirely as
a consequence of the Bianchi identity for the RR-field-fluxes Fg_g,_, sourced by the D-
branes, which is twisted by the B-field-flux Hj3 sourced by N S5-branes:

dFB—Qp—J = HS A F6—2p—07

although we defer the interested reader to [190, 191] for a more detailed discussion of this
point.

Aharony Duality from Brane Realizations. Aharony duality admits a brane real-
ization in the Hanany—Witten construction of three-dimensional N' = 2 supersymmetric

25 = 0(1) for ITA (IIB) setups.
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NS5 NS5

D3 ) = ®

D5 HW transition D5

g : D3-brane ® : D5-brane (insertion) ﬂ : NS5-brane

NS5: (3,4,5,6,7,8) | D5: (3,4,5,7,8,9) | P)

Figure 1.1: An example of the Hanany-Witten transition commonly encountered in the
context of brane configurations relevant for 3d mirror theories is shown here. The D5-brane
is moved across an N.S5-brane, resulting in the annihilation of the D3-brane stretching
between the two.

gauge theories, although, as we shall see, the realization is not purely classical. We recover
the duality here from the N' = 2 setup of Table following |173].

A key ingredient in the brane realization of the duality is the Hanany—Witten effect |19)].
We remind the reader that when the NS5'-brane is adiabatically moved past a D5-brane
along the 20 direction, a D3-brane is created stretching between the NS5-brane and the
Db5-brane in order to preserve charge conservation and supersymmetry. As the NS5'-
brane crosses all Ny D5-branes, a total of Ny D3-branes are created. Taking into account
the original N, color D3-branes, the resulting configuration contains Ny — N. D3-branes
suspended between the NS5 and NS5’ branes, realizing a dual U(Ny — N.) gauge theory
at low energies.

At the classical level, this is as far as the brane move takes us: the configuration reproduces
the magnetic gauge group U(Ny — N.) together with the magnetic quarks and the N]%
singlet mesons M, coupled through W = Mgqg. The chiral multiplets V* dual to the
electric monopole operators, and their couplings, are absent at this level. This is to be
contrasted with the Giveon—Kutasov dualities at & > 0, where the brane construction
is manifest. The resolution [173] is that the equivalence of the electric and magnetic
descriptions is a quantum statement, whereas the analysis of the brane configuration
sketched above is classical: the fields V* are present in the magnetic configuration, but
non-geometrically, and are recovered only upon studying the quantum vacuum structure
of the two brane configurations.

With that caveat in place, the geometric counterparts of these degrees of freedom can
be identified. In addition to the color branes, the brane crossing produces semi-infinite
D3-branes stretching between the NS5'-brane and the D5-branes, which from the three-
dimensional perspective are non-dynamical gauge singlets. Monopole operators correspond
to D1-strings stretched between the NS5 and NS5’ branes, and the couplings between these
D1-strings and the semi-infinite D3-branes are what reproduce, in the quantum treatment,
the superpotential interactions that flip the monopoles of the dual theory.

An important consistency condition in this construction is the s-rule (also see [192)),
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which states that at most a single supersymmetric D3-brane can stretch between an NS5-
brane and a Dj-brane while preserving supersymmetry. In the present context, the s-
rule ensures that the number of color D3-branes suspended between the NS5 and NS5’
branes is bounded by Ny, and in particular that a supersymmetric vacuum exists only
when Ny > N.. This constraint has a direct field-theoretic interpretation: it mirrors
the condition for the existence of a stable supersymmetric vacuum in three-dimensional
N =2 SQCD and guarantees that the brane configuration correctly encodes the infrared
dynamics of the theory.

Embedding these theories in string theory therefore relates quantum field theories in ways
which are far from obvious from the field-theoretic perspective, though the example above
shows that the dictionary is not always purely geometric: some features of the infrared
duality are visible in the brane picture only after the quantum dynamics has been taken
into account.

The Hanany—Witten construction not only provides a geometric realization of Aharony
duality, but also furnishes a unifying framework in which a wide class of three-dimensional
dualities arise from simple operations on brane configurations. Among these, mirror sym-
metry occupies a distinguished position, admitting a particularly transparent geometric
interpretation in Type IIB string theory. Mirror symmetry is the central theme of this
thesis, and we will review its basic structure and physical implications in greater detail in
the following section.

An Interlude: Quiver Gauge Theories

Quiver diagrams ([193,194]) are central to our work, and we take a brief pause to outline
our conventions regarding the same here.

The low-energy effective field theory associated with an HW setup is often conveniently
encoded in terms of quiver diagrams. A quiver diagram is an oriented diagram built with
the following ingredients (following [3, 21, [28} 158, 162, [195]):

o Nodes (or vertices) encode the symmetries of the theory. Gauge symmetries are
represented by circular nodes, while global symmetries are denoted by squares. In
what follows, we consider classical Lie groups and summarize their respective con-
tributions to the Sg partition function below:
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— the A = 2 vector multiplet associated with a unitary@ symmetry is reported
as follows:

VA . 2 2 .
@ -i? fHN dug e_m<k o ta Hq va) ) 2T Yo va
i .— a=1
(k, k+LN) N!'Tasp o | 2 E(ua—up)

(1.49)
where {uq }2_; are the fugacities associated with the generators of the Cartan
subalgebra of the U(N) gauge symmetry, the Chern-Simons level is indicated in
red below the node, and the fugacity of the topological U(1)r € U(N) (denoted
by 7) is indicated in orange above the node.

— the N' = 2 vector multiplet associated with a symplectic symmetry is reported
as follows:

Za3 —mik Yy u?2
S N du, e a %o
@ Z:b f Hazl <

k NI2N TT, 5 Sb(giuaiuﬁ)

(1.50)

where {uq }_; are the fugacities associated with the generators of the Cartan
subalgebra of the USp(2N) gauge symmetry, and the Chern-Simons level is
indicated in red below the node.

— the /' = 2 vector multiplet associated with a special orthogonal symmetry
is reported as follows:

Zg3 N dug, e~k Ta va
I 25

k N!2N Ha<ﬂ sb(igiuo‘iul;)sb(i?:tua)
(1.51)

Z3 —mik Y u?2
<:b S N du, e a o
b ||
. = f a=1 =

k N!2N-1 ch<B Sy (i?iuaiug)

(1.52)

where {uq }2_; are the fugacities associated with the generators of the Cartan
subalgebra of the SO(2N + 1) and SO(2N) gauge symmetries, and the Chern-
Simons level is indicated in red below the node.

o Edges represent matter fields of the theory.

— The bifundamental Q with R-charge R transforming under various symmetry
groups contributes to the S:g partition function as follows:

Ml n] % ijzlnivilsb(%l—R)—XﬁYk)

(1.53)

22The contribution of the N = 2 vector multiplet associated with a special unitary symmetry can be
obtained by a straightforward modification of the integration measure of the unitary symmetry as follows:

/ﬁduaﬁ/ﬁduaé(iua)_ (1.48)

An SU(N) gauge symmetry will be reported as a double circled node labeled as N.
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vpbfey] % LI (20-REx )
' (1.54)
Cum By Zf JJ R el 3b<§(1 -R)+X; iYk)
ff_lsb<§(1 —R) iYk>
(1.55)
Cn Dy Zsp | A | sb<i§?(1—3)ixjiyk)
' (1.56)

Note that an edge directed into (outside) a node denotes an anti-fundamental
(fundamental) representation.

— The presence of an adjoint superfield in the theory is indicated by a closed loop:

~
Gn

(1.57)

Their contributions to the Sg’ partition function can be inferred from those of
the respective vector multiplets.

— The presence of a field with R-charge R in the rank-2 antisymmetric represen-
tation of a unitary symmetry (and its conjugate) is indicated as follows:

N Zi% sz\;] Sb(g(l—R)ﬂ:(Xi—FXj—S))
' (1.58)

where {X;}¥ | are the fugacities associated with the generators of the Cartan
subalgebra of the U (N) symmetry, and s is the mass of the antisymmetric field.

— The presence of a mixed CS interaction at level kxy between the U(1) C U(N) ¢
and U(1) C U(M)y is reported as follows:

kxy z .
Moo N s$ e Tikxy (22 X;5)(2k Yi)

(1.59)

o There is a superpotential interaction associated with each cycle of the quiver dia-
gram. For instance, consider the following quiver diagram:

Gn

— W=XYZ

Gr > Ga

(1.60)

In what follows, such interactions will be collectively denoted as Wyianar-

Quiver diagrams are central to this work, as they provide a compact encoding of all matter
content and interactions.
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1.3 Mirror Symmetry in Three Dimensions

Unlike ordinary perturbative symmetries, which are visible order by order in a weak-
coupling expansion, a nonperturbative quantum symmetry [196] is not manifest at the per-
turbative level. In general, establishing such a symmetry would require complete control
over the full quantum theory, including its strongly coupled regime. What makes duality
symmetries particularly powerful is that, in supersymmetric theories, they can often be
inferred using only weak-coupling and semiclassical data, without detailed knowledge of
the full nonperturbative dynamics.

Supersymmetry imposes strong constraints on the structure of quantum corrections. In
theories with sufficient supersymmetry, many semiclassical quantities receive no quantum
corrections—neither perturbative nor nonperturbative—and are therefore exact. Such
protected quantities can be computed reliably in the weak-coupling regime and then ana-
lytically continued to strong coupling. If two theories are related by a duality, all nonrenor-
malized observables must agree. The requirement that these quantities match provides
highly nontrivial consistency checks, which are often compelling enough to establish the
existence of a duality even in the absence of a rigorous proof [197].

Type 1IB string theory provides a canonical example of this phenomenon. In addition to
discrete Zo perturbative symmetries, it enjoys a nonperturbative SL(2;Z) duality sym-
metry, which is visible at the level of the equations of motion governing the axio—dilaton
field. The modular group SL(2;7Z) is generated by the elements

0 1 1 1
S= . T=
-1 0 0 1

Provided that strong-coupling effects do not break supersymmetry, consistency implies
that Type IIB string theory can only be dual to itself under this symmetry.

There are two classes of semiclassical quantities that are expected to be exact and must
therefore exhibit the SL(2;7Z) duality group:

1. the massless spectrum and the corresponding equations of motion;
2. the spectrum of BPS-saturated states.

Consequently, one expects the nonperturbative SL(2;Z) invariance of Type IIB string
theory to manifest itself as a duality symmetry in Type IIB Hanany—Witten brane con-
figurations.

We focus on the S € SL(2;Z) element, which implements a strong—weak duality by acting
on the Type IIB coupling as gs — 1/gs. In brane language, the action of S on the objects
appearing in an A/ = 4 Hanany—Witten setup is

D3 — D3, NS5 — D5, D5 — — NS5.

Here the minus sign indicates a reversal of orientation, which is irrelevant for most field-
theoretic considerations but becomes important when keeping track of Chern—Simons cou-
plings and linking numbers.

Since the D3-branes are self-dual under S, while NS5- and DJ-branes are exchanged,
the action of S effectively interchanges the directions (23, 2%, 2%) and (z7, 2%, 2%) in the
standard Hanany—Witten configuration (Table [L.5). At the level of the three-dimensional
worldvolume theory, this induces an automorphism of the N’ = 4 supersymmetry algebra
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that exchanges the two SU(2) factors of the R-symmetry,

SU@2)c +— SU2)y.

More precisely, in the Hanany—Witten construction, NS5-branes engineer vector multiplet
degrees of freedom on the D3-branes, while D5-branes engineer hypermultiplet matter.
The S transformation therefore exchanges the sectors of the theory associated with vector
multiplets and hypermultiplets. At the level of the moduli space of vacua, this corresponds
to an exact exchange of the Coulomb and Higgs branches (both of which are hyperkéahler
manifolds [198], 199]) at the infrared fixed point.

The central statement of A = 4 mirror symmetry [19, 24, 200-202] is thus that it
maps perturbative Higgs-branch operators, such as mesons and baryons, to intrinsically
nonperturbative Coulomb-branch operators, namely monopole operators. From this per-
spective, mirror symmetry can be understood as an infrared duality that exchanges flavor
symmetries with topological symmetries of the three-dimensional theory.

It is important to stress that this mechanism is qualitatively different from Aharony-like
dualities in three dimensions. While Aharony duality relates distinct ultraviolet gauge
theories that flow to the same infrared fixed point, it does not exchange topological and
flavor symmetries. In contrast, N' = 4 mirror symmetry precisely interchanges these
symmetries, mapping flavor currents on one side to topological currents on the other.
Mirror symmetry is therefore a distinct type of infrared duality, characterized by an exact
exchange of Higgs and Coulomb branch data rather than a rearrangement of matter content
within a fixed global symmetry structure.

N = 4 Unitary Mirror Symmetry

We now make these ideas concrete by considering three-dimensional N/ = 4 SQCD with
gauge group U(N) and F' hypermultiplets. This theory admits a particularly simple real-
ization in Type IIB string theory via the Hanany—Witten brane configuration summarized
in Table The action of Type IIB S-duality on this setup naturally leads to mirror
pairs of N = 4 theories, as shown in Figure [1.2
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[ (a) Conventional 3d N =4 ] (b) S-dual [ (c) HW transition (mirror configuration) ]
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S ® . | ‘ ® transition J b ‘ ‘
j 2 e 2w v

D3y # [ D3y
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Figure 1.2: Action of S-duality on a Type IIB Hanany—Witten configuration. The left
panel shows the original setup realizing N' =4 U(N) SQCD with F hypermultiplets: N
D3-branes are suspended between two NS5-branes, with F' D5-branes providing the flavors
of the theory. Applying the S element of SL(2;Z) exchanges NS5- and D5-branes, yielding
the configuration shown in the middle panel. This intermediate configuration violates the
s-rule and therefore does not preserve supersymmetry. To restore supersymmetry, one
must perform a sequence of Hanany—Witten moves (see Figure and the accompanying
discussion), during which D3-branes are created or annihilated as fivebranes cross. The
resulting supersymmetric configuration, shown in the right panel, realizes the mirror dual
theory.

The quiver diagrams of the resulting mirror pair can be read from the brane setup, and
are shown schematically in Figure while the field content of the two dual theories
is summarized in . Although both theories preserve N/ = 4 supersymmetry, it is
convenient to describe them using A/ = 2 language. In this notation, the N' = 4 R-
Symmetry

SU2)c x SU(2)g
is reorganized into two abelian factors,
UMr = UM)crn,  U(l)r = UQl)c-n,

where U(1)c C SU(2)¢c and U(1)g € SU(2)y. From the NV = 2 perspective, U(1)g plays
the role of the R-symmetry, while U(1), should be regarded as a global symmetry.
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Figure 1.3: Mirror duality for N/ = 4 SQCD with gauge group U(N) and F flavors,
depicted in N' = 2 notation. Circular nodes denote gauge groups and square nodes
denote flavor symmetry groups, while arrows represent chiral multiplets charged under the
corresponding nodes. Black labels indicate fugacities associated with flavor symmetries,
while orange labels denote FI parameters for the gauge groups.

We do not fix the exact superconformal R-charges. Instead, we assign trial charges such
that the fundamental and anti-fundamental chiral multiplets have R-charge 1 and U(1),
charge —%, while adjoint chiral multiplets have R-charge 0 and U(1), charge 1. On the
electric side, we denote by ®, @), and Q the adjoint and fundamental/anti-fundamental
chiral multiplets of SQCD. On the mirror side, we use the notation ®;, b 41, and b1 s
for the adjoint and bifundamental chiral multiplets of the linear quiver, together with
fundamental chiral multiplets ¢, ¢ and p,p at the two ends of the quiver.

SUF) | UL, | UMr | U1,
SUF) | UL, | UMk | U,
®; 1 -1 2 0
o 1 1 0 0 ~ .
_ b r+1, brys1 1 5 0 0
Q| O | -1 | 1 0 e :
. | 4 q 1 3 0 F1
O| O -1 1 0 N
P, P 1 3 0 0
(1.61)

Global symmetries. The global symmetry of the U(N) SQCD with F flavors, depicted
in the left panel of Figure [1.3] is

SU(F)xU(1)y, x U(1),
where U(1), denotes the topological Symmetryﬁ

On the mirror side, the manifest global symmetry is

F—-1
[TUW)x,,—x, x Uy x UQD)-,
j=1

where the first factor corresponds to the collection of topological symmetries associated
with the F'—1 gauge nodes of the linear quiver, while U(1),, is realized as a flavor symme-
try@ A highly nontrivial prediction of mirror symmetry is that the topological symmetries

23The faithful global symmetry group is PSU(F) x U (1), xU(1),. We will not discuss the role of discrete
factors. Moreover, the U(1), symmetry enhances to SU(2) in the infrared when F = 2N, a feature that is
more manifest on the mirror side.

24 Although two U(1) flavor nodes appear in the quiver, the A = 4 superpotential ensures that only one
independent combination, denoted by 7, is realized faithfully.
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of the mirror theory enhance in the infrared to an SU(F') flavor symmetry, matching ex-
actly the global symmetry of the SQCD theory.

This enhancement has been verified using a variety of complementary methods: matching
the infrared metrics on Higgs and Coulomb branchesf‘r_g] [201], comparing Sg partition func-
tions [203], and studying correlation functions and operator products of Coulomb branch
operators in the one-dimensional topological sector [204].

Mapping of gauge-invariant operators. Mirror symmetry also provides a precise
correspondence between gauge-invariant operators of the two theories |118,|144]. In par-
ticular,

« The fundamental monopole operators M+ of the SQCD theory are mapped to long
mesonic operators on the mirror quiver side.

o The electric mesons, transforming in the traceless adjoint representation of SU(F),
are mapped to a collection of monopole operators in the mirror theory. These as-
semble into an adjoint-valued matrix of SU(F') constructed from the traces of the
adjoint fields ®; together with monopole operators carrying GNO flux under con-
secutive gauge nodes: monopoles with flux +1 under a single node, monopoles with
flux +1 under two adjacent nodes, and so on, up to monopoles carrying flux +1
under all ' — 1 gauge nodes.

Mirror symmetry has a natural interpretation for theories with AN/ = 4 supersymmetry,
and is seen as a consequence of S-duality inherited from IIB string theory. As such, it is
an infrared duality that relates theories with swapped flavor and topological symmetries.

Insights from Field Theory. While AV = 4 mirror symmetry has a definitive “string-
y” origin, it is possible to realize these results in a purely field-theoretic framework. This
was pioneered by [24], who demonstrated that N' = 4 Abelian mirror symmetry could
be equivalently realised using an algorithmic strategy grounded in field theory. Their
approach is straightforward:

o take an Abelian N/ = 4 theory and decompose it into bifundamental hypermultiplets
or flavor hypermultiplets after freezing gauge interactions;

e each hypermultiplet can subsequently be dualized by exploiting the relation between
a free hypermultiplet and a U(1) gauge theory with a single flavor; while this relation
is transparent in the HW-brane setup, it is equivalently encoded as a field-theoretic
identity establishing the equivalence of Sg’ partition functions |158, 162, 205):

/ dz 2mim=n2)z sb< - g + 7') sb<Z§ — % + z) = sp(7 £ (M —m2));

where 7 is the fugacity of the U(1), C SO(4)r flavor symmetry. The basic Abelian
mirror duality, therefore, is the self-Fourier-transform property of the hypermultiplet
Sg partition function.

o Notice that, for Abelian N = 4 theories, the S operation is encoded as a mixed
CS interaction in the partition function (of the form €27¥Y). Thus, the relation

?5This result was stated in a more mathematically precise language by [22], and we repeat it here: the
Higgs branch of Kronheimer [141] gauge theories is an asymptotically locally Fuclidean (ALE) space, while
the Coulomb branch gives the moduli space of a small ADE instanton. In this sense, mirror symmetry
shows ALE gravitational instantons and the moduli space of ADE instantons are naturally dual to each
other.
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SS~! =1 can be encoded as:

/ dz 62772'(7]17772)2 Sb< . @ + T> _ (5(771 - 772) )
2 .
{50

In practice, the functional identity indicates that composing two Abelian S-operations
produces the bad U(1) N/ =4 SYM theory. The UV spectrum of the theory contains
two monopoles, one of which acquires an expectation value and breaks the 0-form
topological symmetry of the theory (reflected by the delta function).

o After local dualization, gauging is restored and the blocks are glued back using the
SS~! =T identity to obtain the dual theory.

While this approach allows us to realise Abelian A/ = 4 mirror symmetry purely in field
theoretic terms, it was extended to non-Abelian theories, starting from [206]. As such,
N = 4 mirror symmetry has a firm field-theoretic origin as well, and one need not invoke
its string-theoretic origin to make physical predictions.

What makes theories with N' < 4 so intractable? The subject of this thesis is
the study of mirror symmetry in three-dimensional supersymmetric gauge theories with
N < 4 supersymmetry. This regime is substantially more subtle than the well-understood
N = 4 case. As we had mentioned before, N' = 4 mirror symmetry may be intuitively
seen as an automorphism on the supersymmetry algebra that exchanges the two SU(2)
factors of the R-symmetry. When the amount of supersymmetry is reduced, this intuition
fails, as the R-symmetry does not have identical factors (e.g.: the R-symmetry of N' =3
theories is SO(3) = SU(2), while that of N' = 2 theories is SO(2) = U(1)) that can be
exchanged.

More precisely, when the amount of supersymmetry is reduced, the Higgs and Coulomb
branches may not factorize into distinct product manifolds, or may be partially or com-
pletely lifted, and the canonical Type IIB brane realizations that underlie mirror symmetry
are often no longer availabl@

As a consequence, mirror duals of N' < 4 theories are not known in general and cannot
be systematically derived from brane constructions. Their identification therefore requires
intrinsically field-theoretic tools. The aim of this thesis is to develop such methods and to
propose and test mirror-like dualities in broad classes of three-dimensional theories with
reduced supersymmetry.

Throughout this work, we are guided by the defining feature of mirror symmetry: it is a
duality that exchanges topological and flavor symmetries, mapping order and
disorder operators to each other. Thus, even when geometric engineering techniques
no longer exist, constraints from arguments based on symmetries are strong enough for us
to generalize this notion to theories with minimal supersymmetry.

26Tt was shown in [27] that applying S—duality on AN’ = 2 brane setups (like the one shown in Figure
is possible, but the resulting dual description is inherently non-Lagrangian since it is built with
superconformal matter. Invoking superconformal matter as the building blocks is necessary to match the
global symmetries in both theories.
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Part II: N = 2 Mirror Symmetry
in Unitary Gauge Theories

AMAZING WATCHING A PHYSICIST
AT WJORK, EXPLORING UNIVERSES
IN A SYFIPHONY OF NUMBERS.

IF ONLY T HAD STUDIED MATH,
T COULD APPRECIATE THE
BEAUTY ON DISPLAY HERE.

OH NO. THIS HAS TLJO UNKNOWNS,
THAT'S GONNA BE REALLY HARD.

UGHHHHHHH.

THINK, THERE'S GOTTA BE A WAY
TO AVOID DOING ALL THAT LIORK...
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Chapter 2

Mirror Duals of N/ =2 Unitary
Chern-Simons-Matter Theories

In this chapter, we develop a systematic framework to derive a new class of three-dimensional
N = 2 dualities, which we refer to as chiral-planar mirror dualitiesﬂ 12, 13]. These dualities
relate non-abelian chiral gauge theories with Chern-Simons interactions to purely abelian,
planar quiver gauge theories, and arise as infrared limits of real mass deformations of
known N = 4 mirror pairs [19} 22].

Our starting point is the observation that many N = 2 chiral theories of interest can be
obtained from AN = 4 gauge theories by turning on a real mass deformation for the axial
symmetry

U(l)»,— - U(l)C—Hv
which breaks supersymmetry from A" =4 to N = 2 [26] [30].

A prototypical example is provided by three-dimensional N' = 4 U(N) SQCD with F
hypermultiplets. By combining the axial real mass deformation with appropriate shifts
along the Coulomb branch, this theory flows to a chiral N = 2 U(N) SQCD with F
fundamental chiral multiplets and nontrivial Chern—Simons levels. Since the original NV =
4 theory admits a mirror description in terms of a linear quiver [19], one may attempt
to perform the same deformation on the dual side. However, the mirror theory contains
many gauge nodes and hence many Coulomb branch directions, leading to a large set of
candidate vacua. Identifying the vacuum that correctly reproduces the dual of the chiral
SQCD is therefore highly nontrivial.

A powerful tool to address this problem is provided by the exact partition function on
the squashed three-sphere S§ [158| 162]. As shown in [21 [195], real mass deformations
correspond to controlled large-mass limits of the S? partition function. In such limits,
the partition function factorizes into a finite contribution—associated with the interacting
infrared theory—and a highly oscillatory phase. Crucially, this phase depends on how the
real mass limit is combined with shifts of the gauge fugacities, and therefore encodes the
choice of vacuum on the Coulomb branch. As a consequence, matching the oscillatory
phases on the two sides of a known N = 4 mirror identity provides a sharp criterion to
identify the pair of infrared theories that remain dual after the deformation.

In this chapter, we apply this strategy in detail to the case of U(N) SQCD. Starting
from the equality of the Sg partition functions of the N' = 4 mirror pair, we perform a

!This was historically called the Dorito Duality by the author. Never forget what was taken from us.
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systematic real mass deformation and show how to isolate the vacuum that reproduces
the chiral A/ = 2 SQCD on the electric side. Remarkably, we find that the corresponding
magnetic theory is a planmﬂ abelian quiver, obtained by fully Higgsing each U (k) gauge
node of the N/ = 4 mirror theory down to its Cartan subgroup. The resulting dual
theory exhibits nontrivial mixed Chern—Simons couplings and a rich pattern of topological
symmetry enhancement, inherited from the parent AN/ = 4 mirror symmetry.

Beyond establishing this specific duality, the analysis presented here highlights a general
structural feature: real mass deformations of ' = 4 mirror pairs naturally lead to chiral—
planar mirror dualities, in which mesonic symmetries are mapped to topological symme-
tries and abelian gauge dynamics emerge in a planar arrangement. While the deformation
procedure itself is technically involved, it provides valuable guidance for identifying the
correct infrared dual and motivates the search for a more systematic construction.

This motivation leads naturally to the algorithmic approach developed in the subsequent
half of the chapter, where we extend the mirror dualization algorithm [206] 213] to the
chiral-planar setting. The detailed partition-function analysis presented here thus serves
a dual purpose: it establishes the validity of the chiral-planar mirror duality in a concrete
example, and it provides the conceptual and technical foundation for the algorithmic
framework that follows.

2.1 General Yoga of Planar Abelianization

We pick up where we left off in the previous chapter while reviewing 3d N/ = 4 mirror
symmetry in U(N) gauge theories with F' hypermultiplets, shown in the top row of Figure

2.1l

We remind the reader we are working in the N' = 2* set-up [26] to effectively study
supersymmetry breaking real mass deformations. Thus, we set U(1)gr = U(1)c4+n as the
R-symmetry group, where U(1)c € SU(2)¢ and U(1)y € SU(2)gy of the non-abelian
N = 4 R-symmetry SU(2)y x SU(2)c. The commutant of U(1)g, which is U(1), =
U(1)c—m, is a global symmetry from the point of view of the N' = 2 theory. Thus, the
global symmetry of both theories is SU(F) x U(1)top X U(1).

We now consider a supersymmetry breaking mass deformation. This choice is not arbi-
trary, and we do so by turning on a non-zero vacuum expectation value (VEV) for the real
scalar component of the background vector multiplet associated with the U(1), symme-
try. The VEV induces a mass term for every chiral superfield proportional to its charge
under the symmetry. Recall that U(1), is a flavor subgroup of the N' = 4 R-symmetry;
therefore, the deformation performed has the effect of breaking the R-symmetry from
SU(2)c x SU(2)g — U(1)R, and the supersymmetry is broken from N' =4 to N' = 2.

In the most generic vacuum, the resulting IR theory would be a topological quantum field
theory. However, we follow the flow to distinguished points on the Coulomb branch where
the theory is an interacting one instead. While non-trivial, this can be done effectively
at the level of the S} partition function [158, |162] and the equations of motion [32} [214].
However, before doing this, we will attempt to qualitatively motivate this picture first.

We first consider the “electric” N'= 4 SQCD theory. We move on the Coulomb branch in
such a way to reach an interacting vacuum where all the fundamental chiral fields () remain

2The dual theory is planar, in the sense that it is a quiver drawn on a plane, with a cubic superpotential
term for each closed oriented loop, as in the 4d periodic quivers associated to the dimers of [207 [208], or
in the minimally supersymmetric AdS5;/CFTy4 correspondence studied in [209-212].
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massless while the adjoint ® and the F' anti-fundamental chiral fields @ acquire a mass,
negative and positive respectively, and are integrated outlﬂ The procedure of integrating
out chiral fields produces CS interactions due to fermionic modes becoming massive. The
resulting theory is the V' = 2 U(N)_§+N7_% SQCD depicted on the bottom-left panel of

Figure Here, U(N)k,kMNH denotes a U(N) gauge group with CS terms:

—i% /tr (ANdA) : /tr (A) A tr (dA) + SUSY completion (2.1)
7r

=

7
where A is the U(N) gauge field. Each massive anti-fundamental multiplet, with negative
mass, contributes as (—%, —%) to the CS level, and the massive adjoint chiral, with positive
mass, contributes (N, 0). Notice in particular that we have ¢ = —1.

In the magnetic theory (top right panel of Figure , under the same deformation,
something interesting happens - we propose that the magnetic vacuum corresponding to
the electric theory is such that each gauge node U (k) is Higgsed to its maximal torus
U(1)* producing a column of k black U(1) gauge nodes, while some chiral fields remain
massless (as shown in the bottom right panel of Figure .

We present the duality (with refined fugacities) in Figure
A few comments regarding the planar dual in the right panel of Figure [2.2 are in order:

e There is a cubic superpotential term for every triangular loop. There is one term with
—1 (41) coefficient for each clock-wise (anti-clock-wise) closed triangle. The cubic
terms in the superpotential are a remnant of the cubic N/ = 4 superpotential that
are preserved by the deformation. We denote these superpotential terms in short
as Wolanar- The diagonal/vertical chiral multiplets have trial R-charges r, 2 — 2r,
respectively, compatible with the superpotential.

e Whonopole are the monopole terms in the superpotential generated by the Polyakov
mechanism [215] due to the Higgsing of a U(k) gauge symmetry to U(1)¥. The
exact collection of terms can be obtained with the following schematic rule. For
each vertical arrow, there is a linear superpotential for the monopole with GNO
flux —1 and +1 under the nodes connected by the arrow, from top to bottom. As
a consequence of these monopole superpotential terms, the topological symmetry
is broken to U(1)¥~! which is expected to enhance in the infrared to SU(F), thus
matching the global symmetry on the electric side. The FI terms of the U(1) gauge
nodes are compatible with the monopole superpotential terms. With the choice of
trial R-symmetry described above, the a'® gauge node in the I** column of the
planar quiver (a = 1,...,|GD], and |G| is the rank of the corresponding gauge
node in the N’ = 4 quiver, or equivalently, the number of U(1) gauge nodes in the I*"
column of the N' = 2 quiver) has FI terms equal to X1 — X7 + %(50[,1 — 5067@(1)').
In Figure we only report the Xj-dependent part of the Fls.

o (S interactions are present. Self and mixed-interactions can be encoded in a matrix
kqp such that:

—i% /Aa A dAp + SUSY completion (2.2)
0

30ne can also consider different interacting vacua where a certain number of fundamental and anti-
fundamental fields remain massless. While this problem is tractable, we will tackle the case of SQCD
theories with more general matter content in a different, algorithmic way in Section

*We follow the standard notation for Chern-Simons levels: U(N), ky) = W. To avoid

anomalies k1 € Z and the U(1) level must be of the form ko = k1 + ¢N, with £ € Z.
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F —2N +1
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real lmass

W= Wmirrm‘

Figure 2.1: Schematic depiction of the N' = 2 mirror duality (bottom row) observed
between U(N) SQCD with [F,0] fundamental fields and a planar, Abelian quiver gauge
theory obtained by adding a suitably chosen real mass deformation to NV = 4 U(N)
SQCD with [F, F| flavors and its mirror dual (top row). The electric N' = 2 non-Abelian
SQCD has CS level (—g + N, —g) and a vanishing superpotential, whereas the mirror
N = 2 Abelian, planar quiver has CS and mixed CS interactions, a “planar” superpotential
inherited from the A/ = 4 parent theory, and a monopole superpotential generated via the
Polyakov Mechanism [215] (captured by Winirror). Flavor and topological symmetries are
exchanged by the duality, such that disorder operators (monopoles) are mapped to more
familiar “mesonic” operators.
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W= Wplanar + Wmonopolcs

Figure 2.2: On the left hand side, we present the N' =2 U(N)_r, n _r SQCD with F
2 ’ 2

fundamental chiral multiplets, obtained by a real mass deformation of the parent N' = 4
SQCD. On the right, we show its planar, mirror-like dual description. Each gauge node
carries Chern-Simons level +1 (indicated by red labels). Mixed Chern—Simons interactions
(green labels) are present for every pair of gauge nodes connected by a link, with level
—1 for diagonal links and +1 for vertical links. FI parameters are indicated in orange.
On the SQCD side, the fundamental chiral multiplets are assigned trial R-charge 1. On
the planar side, diagonal chiral fields have trial R-charge 0, while vertical chiral fields
have trial R-charge 2. Diagonal chirals oriented from SE to NW connect N gauge nodes,
whereas diagonal chirals oriented from SW to NE connect F' — N gauge nodes.
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N |F r Index

) 4 1/5 1+T]934/5+T]2338/5—16$2+T]35E12/5+774$16/5+(T]5+88)IE4+O(IE21/5)

215 |1/5 l—i—nx—i—(772—25):n2+773a:3+(774—1—250);104—1—(775—10017):C5+O(x6)

216 |1/5 1+ 0285 — 3622 + n2a12/% 4+ P218/5 + 55824 + nta?/5 + O (226/7)

1+ 77566/7 + 7723512/7 — 3622 + 773$18/7 + 7743:24/7 + 55824

316 |1/7
P30T — 9950237 4 O (x36/7)

Table 2.1: Values of the Superconformal Index of U(N )(_E N, E) SQCD with F' funda-
2 ’ 2

mental chiral multiplets for some values of N, F'. The chiral multiplets are assigned trial
R-charge 1 —r. We checked that the indices match with the corresponding mirror abelian

quiver in Figure

where A, is the vector field of the a-th U(1) gauge field. Indeed, by construction k,
is symmetric. For the theory in Figure the rule is that each gauge node has (self)
CS interaction with level 1, denoted by the red labels in Figure Nodes connected
by diagonal/vertical lines have a mixed-CS interaction with level —1/ + 1, that is
kap = :F%. Mixed CS levels are denoted by the green labels along the corresponding

line in Figure

Global Symmetries and Gauge Invariant Operators

We now comment on the features of the duality described above. As a preliminary check,
we compute the Superconformal Index [159| [216]. This guarantees that a number of
properties are correctly reproduced by the dual theory such as - the presence of conserved
currents associated to the correct global symmetry, and the properties of the operators
in the chiral ring. We do this for N = 2, FF = 4,5,6 and N = 3, F = 6, and report the
results in Table Notice that in order to perform the matching, it is important to have
the mirror theory parameterized as in Figure In particular the mixing between the
R-symmetry and the topological symmetries is crucial for the enhancement of the global
symmetry to be seen from the Superconformal Index.

Matching Global Symmetries The global symmetry of the SQCD theory is, up to
discrete factors, SU(F') x U(1),. On the mirror side, we can match the rank of the global
symmetry as follows - in the absence of the monopole superpotential there is a U(1)
topological symmetry for each U(1) gauge node. The monopole superpotential breaks the
topological symmetries associated to the nodes in a column of the quiver to a diagonal
U(1). Therefore there is a U (1) =1 unbroken topological symmetry associated to the F'—1
columns of the planar quiver. Furthermore, there is a single U(1),, flavor symmetry which
is preserved by the planar superpotential. In total, the rank of the global symmetry is F',
matching the SQCD side.

The mirror-like duality implies that the U(1)!" symmetry of the quiver theory is enhanced
to SU(F) x U(1), as can be seen from the index calculations as well.

Mapping Chiral Ring Operators The chiral ring of the planar theory is generated
by a single mesonic operator, constructed by contracting the F' diagonal bifundamental
fields along a path starting from the U(1), flavor node and ending at the opposite flavor
node. This operator carries trial R-charge 0 and U(1),, charge 1. Its uniqueness follows
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from the F-term relations imposed by the planar superpotential Wianar-

From the superconformal index, we expect this mesonic operator to be mapped to a
monopole operator generating the chiral ring of the SQCD. The bare monopole operators
ME00 are gauge variant, but they can be dressed to form gauge-invariant operators,
as reviewed in Chapter [Il We now argue that the relevant dressing involves the gaugino
fields.

Turning on GNO fluxes induces a monopole background in which the gauge group is
partially broken. For a fundamental monopole, the breaking pattern is

U(N) — U(1) x UN —1).

Accordingly, all gauge-variant operators decompose into representations of the residual
gauge group. The branching rules for irreducible representations under U(N) D U(N —
1) x U(1) are [217]

Oy = (0On-1,1)® (1,1 = N)
Oy ®0n = (0On_1®0x-1,0)® (On_1,N) @ (On_1,—N) @ (1,0), (2.3)

where g (Og) denotes the (anti-)fundamental representation of U(K), and (-,-) labels
representations of U(N — 1) x U(1).

In particular, the U(N) gaugino decomposes into the gaugino of U(N — 1), a singlet, and
additional components transforming in the fundamental and anti-fundamental represen-
tations of U(N — 1). These latter components can be used to dress monopole operators.

More generally, in a U(N) gauge theory with F' fundamentals and Chern—Simons levels
(k,k+ ¢N), the bare monopoles 9 %0 transform in a representation of U(N — 1) with
(N — 1)-ality F¢(N — 1) and carry U(1) charge

F
——FkF/t

5 FEFL,
as discussed in [136]. Dressing the monopole with N — 1 powers of the gaugino component
transforming in the fundamental of U(N — 1) compensates these charges, yielding

Quey(0=00) = (V1) = (§ 2 kee) 2.

In the theory considered here, we have k = —g + N and ¢ = —1. As a result, the monopole
MM 00 can be dressed N — 1 times with gaugino components in the fundamental repre-
sentation of U(N — 1) to form a gauge-invariant operatorﬂ We identify this operator as
the generator of the chiral ring of U(N) SQCD with Chern-Simons levels (—g + N, —g)
and F' fundamental chirals, and propose that it is mapped to the planar meson described
above.

This identification is supported by an R-charge computation. The fundamental monopole
900 has trial R-charge

R(gﬁJr,O,...,O) — (1 _ RQ)g _ (N _ 1) — _(N — 1)’ (25)

5For k = g — N and ¢ = 1, instead, the gauge-invariant operator is %% dressed N — 1 times with
the gaugino.
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where we have assigned trial R-charge Rg = 1 to the fundamental chiral multiplets. The
negative contribution arises from the gaugino zero modes in the monopole background.
Dressing the monopole with N — 1 gaugino fields contributes an additional factor of N —1
to the R-charge, yielding

R(MH0-0AN-1) = . (2.6)

This exactly matches the R-charge of the gauge-invariant mesonic operator of the planar
theory, providing further evidence for the proposed mapping.

The View from the S} Partition Function

We now show how to derive the chiral-planar mirror duality for SQCD, depicted in Fig-
ure by analyzing the S} partition function [158 162], following the strategy of [21]
195].

We begin with the SZ’ partition functions of the two N' = 4 mirror theories shown in Figure
The partition function of the SQCD is

N F
— N i N . T
Z(X,n,1)= / H due Ay (U, T) 2™ La=1 Ua Hsb<§ + (o — Xj)> . (2.7)
a=1

=1
The partition function of its mirror dual reads

G

Z(n, X, 1) = 2™ Eim /H [ H dz 2z XI+17XI)A(|G<I>|( ZQ—T)]

F—92 ‘G(I)‘ |G(I+1)| Q
1 T
NI (-5 -)

|G|

< 11 Sb(? - % + (2" - 77)> }—11 Sb<Z§2 - g iz((xF_N)> :

(2.8)
Here 2D denotes the gauge fugacities of the I-th gauge node, whose rank is \G(I)\. We
use the shorthand notation for the N' = 4 vector multiplet measure

1 H A= 15b<Q T+Za—25)

N Hﬁ<a 3b<7Q £ (2 — Zﬁ))

Ay (2, 7) = , (2.9)

following the conventions of [158]|162,167|. In particular, a chiral multiplet of R-charge r
and charge +1 under a U(1), symmetry contributes sb< (1—7r)— ), with @ =b+b1.

Since the two theories are mirror dual, their partition functions must agree,
Z(X,n,7) = Z(n, X, 7). (2.10)

The parameters X are real masses for the SU (F) flavor symmetry of the SQCD, satisfying
25:1 X; = 0. From the mirror perspective, they parametrize the ' — 1 topological
symmetries. The parameter n is the real mass associated with the topological symmetry
of the SQCD (or equivalently a flavor symmetry of the mirror), while 7 is the real mass
for the U(1) flavor symmetry inside the ' = 4 R-symmetry.
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Real mass deformation of the Electric Theory. At the level of the partition func-
tion, the real mass deformation is implemented by taking the limit 7 — +o00 together with
suitable shifts of the gauge fugacities |21} [195]. On the SQCD side, we perform

F
, n—n——T. (2.11)

U — U+ 5

N3

This selects a non-trivial Coulomb branch vacuum in which the fundamental chiral mul-
tiplets remain massless.

The limit is evaluated using the asymptotic behavior of the double sine function,

Jim syl + )~ EHEE, (2.12)

When z is a global parameter, the limit produces background Chern—Simons terms and
finite phases. When z is a gauge fugacity, it generates effective Chern—Simons interactions
and divergent FI terms. The redefinition of n above precisely cancels all divergent FI
contributions.

As a result, the partition function factorizes as

—

Z(Xn,7) TS T 2(X ), (2.13)
where the oscillating phase is
®d(t,n) = —N?*r2 + 2NT <n + Z2QN> : (2.14)

and the resulting A/ = 2 partition function is

N
— T 1
Z(X,m)=e 3 Zf_lx’z/nd% .
a=1 [To<s Sb(% + (ua — Uﬂ))

F
x 270 T e Z 1) 7185 =N) T T (X — ).
j=1

(2.15)

The oscillating phase plays a crucial role: vacua related by mirror symmetry must produce
identical phases under the deformation [21,195]. Different shifts of gauge fugacities corre-
spond to distinct Coulomb branch vacua, and matching the phases is a necessary criterion
to identify dual vacua.

Mirror Analysis. We now perform the same real mass deformation on the mirror par-
tition function, taking 7 — +oo with n — —gT + 1. Among the many possible shifts of
the gauge fugacities z((f), we search for those reproducing the same oscillating phase as on
the SQCD side. This requirement uniquely selects the shifts

D=l o A0

(0%
AD ) ) ey T o N
z

« (0% 2
LD LU ) D) z I[>F—N, (2.16)
F-1
A0 L
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These shifts fully Higgs each gauge node to its Cartan subgroup. Most adjoint and bi-
fundamental fields become massive and are integrated out, leaving precisely the N/ = 2
planar quiver shown on the right-hand side of Figure

The shifts are not Weyl-invariant and this is essential. As noted above, they are
uniquely selected by the requirement that the oscillating phase match the one produced on
the SQCD side: a shift with two coincident components would yield a gauge-variant phase,
and hence would not furnish a candidate mirror at all. The admissible shifts therefore have
pairwise distinct components, are fixed by no non-trivial Weyl element, and fully Higgs
each gauge node to its Cartan subgroup, leaving no residual non-abelian factor. This is
why the planar duals are Abelian throughout.

The cancellation of the Weyl factors then proceeds as follows, and we stress that it is
exact rather than a matter of discarding an overall constant. Since the integrand is Weyl-
invariant, the integration over RIGY] may be replaced by \GU )|! copies of the integration
over a single Weyl chamber; the 1/|GD)|! of the N = 4 measure is thereby consumed, with
no approximation. Equivalently, the Weyl-related shifts correspond to distinct Coulomb
branch vacua yielding identical oscillating phases, and summing over them produces ex-
actly the compensating factor. Because the shifts are regular, the resulting chamber walls
are themselves 7-dependent, and in the 7 — +o0o limit they recede to infinity: the inte-
gration domain opens back out to the whole of R'Gm‘, now with no prefactor.

Finally, taking the 7 — 400 limit yields the partition function (2.17)), which coincides with
the Sg partition function of the planar mirror theory, up to background terms encoded in

the first line of (2.17):
F—1|GWD|

Z(n, X) =e2mn(-CN-DZ+5L, Xi), T I =2 ) 2zl (X1 1~ ) i (D)2
I=1 a=1

) I (1)
Hsb (—lg + Z((xl-&)-l - zé”) e mF 2ot
(07

F-1

=1
T Q) _ U+ 1Q (1), U+D) jimeD2HD
Hsb 74‘2’& — Zy Sp 7—2@ + 2511 eim?a Zap1
I=1 «
rd iQ iQ (1) _(I+1)
Sp (2 — =0+ Z(()Hl)) Sp <2 + 24 - Z&Tl”) e Fa
I=N «
' ) - i ()
Sp Z? -1+ z%N)> Sp (Zg — z](\? N)> e N

(2.17)

The View from the Equations of Motion

We now show that the flow from N = 4 to AN/ = 2 mirror dualities described in Figure
is consistent with the equations of motion of the parent N/ = 4 theories. In particular, we
demonstrate that the vacua corresponding to the shifts in gauge fugacities satisfy both the
F-term and D-term equations [32, 146, 214]. Moreover, we show that fluctuations around
these vacua reproduce the equations of motion of the resulting N/ = 2 theoriesﬂ This
provides a non-trivial consistency check of our proposal.

SFollowing the analysis of [139], the solutions to the equations of motion come in four possible families:

e« Higgs vacua, where only the scalar components of the chiral multiplets acquire a VEV, and span
a GLSM with a flag manifold as the target space.

e« Topological vacua, where the real scalars in the vector multiplet acquire a VEV giving a mass to
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Electric theory. We begin by considering the N' = 4 U(N) SQCD with F flavors.
When viewed as an A/ = 2 theory, its field content consists of F' fundamental and anti-
fundamental chiral multiplets Q and Q, together with an adjoint chiral multiplet ®. We
also turn on a real FI parameter 7.

After diagonalizing the real scalar ¢ in the vector multiplet, the F-term and D-term
equations take the following form [32]:

Y @ial =0, Y Qieg=0, > aiQr=o0,
i=1 a=1 a=1
(0o —Xi—5)Q; =0, (Xi—0a—35)QF =0, [a,cb]§+7<1>§:0,

it Aan 55 1 & T T
[‘I%‘I)T]QJFZ(QZLTQ%—Q?QE’T):;{—nJrZZ(\aa—Xi—2|—\X¢—0a—2\)

i=1 i=1

N
+7Z(|‘70¢_‘77+7" oy Ua"‘ﬂ)]

(2.18)

Here Q°, Nf‘, and @g denote the vacuum expectation values of the scalar components of
the corresponding chiral multiplets. The real scalar ¢ can always be diagonalized by a
gauge transformation, and we write 03 = 53%. The real parameters X;, 7, and n are the
real masses associated with the SU(F), U(1),, and U(1), global symmetries, respectively,
with the constraint Zf;l X;=0.

The equations in the first line of (2.18)) arise from the N' = 4 superpotential

F N ' ~
w=>" 3" Qie5q!,
i=1 o,8=1

those in the second line correspond to real mass terms, and the last line is the one-loop
corrected D-term equation.

Large-7 deformation and vacuum. We now introduce a real mass deformation for
the axial symmetry U(1), by taking 7 to be large and positive. Rather than solving the
vacuum equations in full generality, we focus on vacua in which the fundamental fields
remain massless. To this end, we set X; = 0 and take 7 > 0.

T

The effective mass of @, is 04 — 7, S0 we choose

Oq —

VIR

The F-term equations then imply QZO‘ =®3=0.In addition, we set Q°, = 0 so that these
fields do not acquire expectation values and remain light degrees of freedom.

The D-term equation reduces to

0= 1 F — __F (2.19)
=5 =57 n=-57 .

the remaining matter content. The resulting theory in the infrared is a TQFT.

¢ Hybrid vacua, which are a mixture of the above two cases. Typically, these are products of TQFTs
and GLSMs on flag manifolds.

e Strongly coupled vacua arise only for specific values of the CS levels. These are encountered
near the origin of the classical Coulomb branch once the semiclassical approximation breaks down.
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Thus, the deformation involves both U(1); and U(1),, while keeping fixed the linear
combination £U (1), + U(1),, in agreement with the deformation discussed previously.

Fluctuations and effective N/ = 2 theory. To identify the low-energy theory in this
vacuum, we study small fluctuations:

(2.20)

The equations of motion imply that Q and @ do not fluctuate, as expected since they are
massive in this vacuum.

Expanding (2.18)) in the light fields yields

(0o — Xl)Qfx =
F N F
‘s 0 F 1 .
QZTQ? =2 [ Ul ——=+N)oa— ) dy+5 - XZ|] : (2.21)
; 2 ~— ( ) Z 79 pat

Netf

CS interactions

This precisely matches the equations of motion of a U(N) gauge theory with F' massless
fundamentals and Chern—Simons levels ( 5+N,— ) upon comparison with the generic
form

ZQ”QB 26[ neff'f'keffo'a‘f'geffzo'fy‘}‘ Zlaa X!] (2.22)

=1 y=1

where the CS levels are (k,k + ¢N).

Mirror theory. We now turn to the mirror of the N =4 U(N) SQCD, shown in the top
right panel of Figure Solving its equations of motion directly is a highly non-trivial
task, due both to the large number of equations and to the existence of multiple possible
vacua for fixed real mass parameters.

Instead, we exploit mirror symmetry to determine how the real mass parameters are
mapped. The relevant mass-term equations are

(az(a (a+1) I) bgf},a—i-l) -0, ( ( ) + O_(a+1) + %) Bz(’c},a—f—l) —-0,
(0" =n+5)a =0, (—a§N>+n+§>qz-=o, o3

(F—N) (F=N) ~ (2.23)
(o3 +3)pi =0, (—Ui +35)pi=0
CARK ] -7 <I>(a)J

All o’s are taken to be diagonal. The D-term equations read
(@) gla)t 0ij pr(a)
[\, L] 5 .. = 2 F, (2.24)

ot
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with Fi(a) defined as follows:

a+1
(a) ._ (a) (a+1) | T (a) (a+1) | T
Fi ~—Xa+1_Xa+;<|Ui — 0L +§|—‘—O'Z- —|—0k +2’>

a

—1
a—1 a T a—1 a T
+;<\—aé '+ + 5|~ loy )—a£)+2|>

k
-3 (19— el =11~ ),
a=1
Fixing 7 > 0, n = —gT, and X, = 0, one finds a solution

ol — 0&21 =7,

a&a)—ag‘lﬂ):%, a<F—-N,

O_&a) _ O.&aJrl) =-I, a>F—N, (2.25)

F—-1
0§N) =-—5 T

This reproduces the vacuum described in . The resulting light degrees of freedom,
determined from , coincide with those obtained from the Sg’ partition function anal-
ysis. Expanding the equations of motion around this vacuum also reproduces the correct
self and mixed Chern—Simons interactions of the planar theory in Figure The planar
superpotential arises from the surviving F-term constraints, while the monopole superpo-
tential is not directly accessible from this analysis.

As a technical aside, we comment on the similarities and differences between the analysis
based on the Sg’ partition function and that based on the equations of motion.

It can be verified that, under a real mass deformation parametrized by 7, the requirement
that the Sg’ partition function factorizes into a divergent oscillating phase times a finite
integral is equivalent to solving the D-term equations up to O(7°). This correspondence
arises because large shifts of the gauge fugacities in the S} partition function precisely
capture motion far along the Coulomb branch of the moduli space.

By contrast, the Sg partition function is insensitive to motion along the Higgs branch. As
a consequence, solving the remaining equations of motion provides an independent and
non-trivial check of the consistency of the real mass deformation considered above.

Finally, when multiple vacua are present, the analysis of the equations of motion alone
does not yield a systematic prescription for identifying how vacua are mapped across the
duality. In this context, the divergent phase extracted from the Sg partition function
plays a crucial role: it is sensitive to the spectrum of massive fields in a given vacuum
and therefore provides a powerful constraint on the correct matching of vacua under the
duality.

Shifting ¢ via Witten’s SL(2;7Z) Action

In this chapter, we will primarily focus on dualities involving unitary gauge theories of
the form U(N ) x—n), namely theories in which the abelian Chern—Simons level £ is fixed
to £ = —1. Nevertheless, it is often useful to relate these theories to their special-unitary
counterparts. In particular, an SU(N); Chern—Simons theory can be obtained from a
U(N) theory by removing the diagonal U(1) factor. This is achieved by introducing a
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background BF coupling between the topological symmetry U(1)y and a new abelian
symmetry U(1)p, and subsequently gauging the topological symmetry.

This procedure is commonly referred to as the ungauging of the diagonal U(1) C U(N).
Within the conventions adopted throughout this thesis, the ungauging operation is imple-
mented as

Y + AY
) (k.k+N£) @ k ~
/dYeQﬂ'zYBN — , X, =X,+B (226)
3

Nk+N2¢—¢F
N G G )

where the double circle denotes an SU(N) gauge node. In the U(N) SQCD description
the non-abelian flavor symmetry is SU(F'), and therefore the real mass parameters satisfy
Zf 1 X; = 0. The parameter § represents a possible background Chern-Simons coupling
for the ﬂavor symmetry. After ungauging, the resultmg SU(N) theory exhibits a baryonic
U(1)p symmetry, and the real masses obey Z 1 X; =FB.

Conversely, starting from an SU(NN) SQCD theory, one can recover a unitary gauge group
by gauging the baryonic symmetry U(1)p. This inverse operation is implemented as

'/+A7/

/d(BN —2minBN kk+\7 P£1+b £2- w))j )?a:Xa-FB
X

(61,61 + Fé2)
Ar/l

(2.27)
where & and & denote possible background Chern—Simons levels for the U(F') global
symmetry of the SQCD on the right-hand side, and the term —An% corresponds to a
background FI coupling. One may verify explicitly that applying the ungauging oper-
ation followed by the gauging operation maps a theory back to itself, as
expected.

In what follows, we will make use of the ungauging operation to derive the SU(N)
version of the chiral-planar mirror duality for SQCD, starting from the unitary duality
presented in Figure On the electric side, this procedure yields N' = 2 SU(N)_ FyN
SQCD. On the mirror side, the topological symmetry of the unitary theory is realized as
a flavor symmetry acting on the bottom flavor node of the planar quiver. Consequently,

the ungauging operation described above translates into gauging this flavor node.

To implement this gauging consistently, it is essential to keep track of the background
Chern—Simons and BF terms that are not explicitly shown in Figure but are instead
encoded in the S3 partition function . Taking these contributions into account, one
arrives at the chlral planar mirror duahty depicted in Figure [2.3] This duality was first
presented in IQE

"The newly introduced gauge node is a U (1)1 theory with a single chiral multiplet and therefore
undergoes confinement. As a result, one obtains a chiral field that is neutral under all gauge symmetries
and is coupled to the theory as a flipper for a gauge-invariant monopole operator. This does not lead to a
cascade of sequential confinements, except in the special case N = 2.
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W= Wplanar + Wmonopolcs

Figure 2.3: The N = 2 planar mirror dual of SU(N)_r,  SQCD with F' fundamental
2
chiral multiplets.

By gauging the baryonic symmetry in Figure following the prescription in , we
recover the mirror duality for U(N ) x4+n) SQCD. At this stage, one may further include
a Chern—Simons term at level Af for the baryonic symmetry before gauging. This results
in a U(N) gauge theory with CS levels (k,k + N (1 + AY)).

The combined effect of gauging and ungauging operations, together with the introduc-
tion of background Chern-Simons terms, realizes Witten’s SL(2;Z) action [106] on the
topological symmetry of the U(N) theory.

On the mirror side, this procedure introduces an additional U(1)a¢ gauge node, which is
coupled to the rest of the planar quiver through a BF interaction. The resulting chiral—
planar mirror duality is shown in Figure

For A¢ = 0,+1, the planar quiver in Figure [2.4] can be further simplified by explicitly
integrating out the additional gauge node.

When A¢ = 0, the path integral over the extra node produces a delta function constraint.
This constraint fixes the gauge field of the node immediately to its right, which is therefore
demoted to a flavor node. As a result, one recovers the original planar mirror dual of
U(N)(_§+N7_§) SQCD.

For A¢ = 41, the additional gauge node is a topological U(1)4; sector. This theory is
almost trivial, and its path integral can be performed exactly using standard results for
abelian Chern—Simons theories [24, 106]. Diagrammatically, this integration corresponds
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3
W= Wplanar + Wmonopolcs

Figure 2.4: The N' = 2 planar mirror dual of U(N)(_E+N _EL{NAD SQCD with F funda-
2 ’ 2
mental chiral multiplets.

to

k2 ¥ (2.28)

In particular, for A¢ = 1 we obtain a planar abelian dual of U(N) ) SQCD. Integrating
out the additional U(1); node shifts the Chern—Simons level of the adjacent gauge node
by —1. As a consequence, the bottom-most node becomes a U(1)_; /2 gauge theory with a

single fundamental chiral multiplet. This sector can be locally dualized into a free chiral
field.

Planar duals of U(N) 1) will play a key role in the study of massive deformations of these
theories (Chapter [3)), while planar duals of SU () will serve as the starting point of the
analysis of non-supersymmetric dualities (Chapter [5)).
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2.2 Planar Abelian Duals of Ay Quiver Gauge Theories

In this section, we focus on applying our findings to more general linear quiver gauge
theories. To that end, we pick the example of the F'T[U(N)] quiver gauge theory [218]
as a starting point. This theory is closely related to the well-known T'[SU(N)] theory
introduced in [169], differing only by the presence of an additional singlet chiral field
transforming in the adjoint representation of a global SU(N) symmetry and flipping the
Higgs-branch moment map. The FT[U(N)] theory plays a distinguished role in our anal-
ysis because it is self-mirror, a property that will be central to what follows. We will make
these ideas more precise below.

The FT[U(N)] theory is a strongly interacting SCFT with global symmetry SU(N)¢ x
SU(N)y x U(l),ﬂ We denote this theory compactly:

X Y (2.29)
where X , Y are fugacities parametrizing the global symmetries and the label “—” is

included for later convenience (see Section [2.3)).

The operator spectrum of the FT[U(N)] SCFT contains two operators, denoted A ¢ and
Ay, transforming in the adjoint representations of SU(N)¢ and SU(N)y, respectively.
These operators should be interpreted as the moment maps associated with the two non-
Abelian global symmetry factors.

The theory admits a Lagrangian UV completion in the form of a linear quiver gauge
theory, shown in Figure 2.5

Y, —Ys Yo—Ys3 Ys—Y Y

2—2r 2—2r 2—2r 2—2r
r /@\ r r r
(1) (2) @::’ N| ¥
W = Wh=4

Figure 2.5: The UV completion of the FT[U(N)] SCFT is shown here. Fugacities for FI
terms are shown in yellow, while trial R-charges of the respective fields are highlighted in
blue.

In this description, the UV global symmetry is
SUN) g x [ U@)y,—v,0 x U);, (2.30)

which enhances in the infrared to the full

SU(N) g x SU(N)g x U(1), . (2.31)

In this UV completion, the operator A ¢ is realized perturbatively as the traceless adjoint
singlet field an associated with the last node of the quiver.

®Notice that we work in an off-shell parametrization wherein the manifest symmetry is U(N) and not
SU(N), as in [27] [28].
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2—-2r 2—-2r 2—-2r 2—-2r 2-2r 2-2r 2-2r 2-2r
r T r T r T r [
. X' self-mirror N }7

W =Wn=4 W =Wn=4

Figure 2.6: The FT[U(N)] quiver gauge theory is self-mirror under the exchange of the
manifest and topological symmetries. We also indicate the assignment of trial R-charges
for the bifundamental and adjoint chiral fields. Notice that the bifundamental fields have
trial R-charge r and adjoint chiral fields have trial R-charge 2 — 2r on both sides of the
duality. This is a special feature of the FT[U(N)] theory. As a consequence, the two
moment maps Ag, Ay have both trial R-charge 2 — 2r. Note that we have set U(1),
fugacity to zero in the figure for simplicity; however, the analysis can be easily extended
to include the fugacity.

By contrast, the operator Ay emerges non-perturbatively. It is constructed from a col-
lection of gauge-invariant monopole operators with various GNO charges, together with
the traces of the adjoint chiral fields associated with the gauge nodes. More precisely, the
off-diagonal components of Ay are identified with monopole operators carrying magnetic
fluxes of the form OM+0- ou++0--  on0+0-. gn0++0-. " together with their adjoint
(with negative GNO charges), and the N — 1 traces Tr(a;) with ¢ = 1,...,N — 1. For
example, for N = 4 we have:

0 o0 opt+0 gttt |
00 0 oo+0  9n0++
M-  9no-0 0 97100+
U omo—— 9no0- 0

N
1
I

3
+ Z Tra;D; (2.32)
i=1

where D; are the traceless diagonal generators of SU(N)y.

The FT[U(N)] admits a second UV completion, as shown in Figure In this alternative
description, the roles of the two SU(N) global symmetries are exchanged. In each com-
pletion, only one of the two global SU(N) symmetries is realized manifestly as the flavor
symmetry rotating the last bifundamental. The second SU(N) global symmetry instead
enhances from the N — 1 topological symmetries due to all the nodes being balanced.
The two UV completions are related by mirror duality - in this case, these theories are
self-mirror since they describe the same IR fixed point.

This self-mirror property is reflected in the structure of the Sg partition function. The
partition function of the first UV completion can be defined recursively as:

N .
ZFT[U(N)} I(Xv )7,’7') = €2TriYN Z;V Xj H Sp (7’ — @(1 — 27") + X] — Xk)
7 7,k=1 2

ng_ll du,, e 2N <ZQ N o >
/ (N=1)! Tyep 502 % (uq — ug)) Sb{ 5 (1—7) 5 + (uq — Xj)

Zpriu(N-1),1 (T, {(Viyt .

(2.33)
with the base of recursion:
Zprwan (X, Y, 1) =Y g, <T - g(l - 27’)) : (2.34)
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Since both UV descriptions flow to the same SCF'T, their partition functions must coincide.
We therefore define

— —

ZET[U(N)] (X,Y,7):= ZFT[U(N)],I()?a Y. 1) = Zprwovyn (Y, X, 7). (2.35)

In the first UV completion, the first slot corresponds to the manifest U(N) symmetry, and
the second to the emergent one, while in the second UV completion, this assignment is
reversed.

Finally, the partition function satisfies the identity

—

ZETU(N)] (X,Y,7) = Zpriwovy (—X, ~Y,7), (2.36)
which follows from a redefinition of the integration variables.

In the remainder of this work, we will treat the global symmetry as U(N) ¢ x U (V) rather
than strictly imposing the tracelessness constraints ), X; = > . Y; = 0. In practice, this
corresponds to relaxing these constraints in the Sg’ partition function and does not affect
any of the physical conclusions.

The Flow to N = 2: The G[U(N)] Theory

Starting from the self-mirror pair relating the two UV completions of the FT[U(N)] SCFT
in Figure [2.6] we will now consider a real mass deformation that produces a new duality
relating a chiral quiver to a planar quiver. The resulting RG flow is depicted in Figure

As in the previous section, the real mass deformation on the electric side is chosen to
flow to a chiral, non-Abelian quiver gauge theory. On the mirror side, matching the same
vacuum requires moving onto a point of the Coulomb branch where all gauge symmetries
are broken to their maximal torus. As a result, the IR description on the dual side is given
by a planar Abelian quiver.

The two theories appearing at the bottom of Figure are IR dual to one another and
can be regarded as two distinct UV completions of a single interacting SCFT, which we
denote by G[U(N)] ﬂ This theory has global symmetry SU(N) x U(1)N¥~1 and will play
an important role in the subsequent analysis. We represent it compactly as

GIX.Y] = (237
X Y

We emphasize that, in our notation, the first argument of G| ;| corresponds to fugacities
for the SU(N) global symmetry, while the second argument parametrizes the U(1)V~1
global symmetry.

We now describe this deformation in detail, starting from the first UV completion of the
FT[U(N)] theory, which we refer to as the electric description, and in which the U(N
global symmetry is manifest using the machinery of the S% partition function.

)%

We implement a real mass deformation by introducing a large background expectation
value for the scalar in the U(1), vector multiplet. At the level of fugacities in the Sj

9Named so after Gabriel Pedde Ungureanu — at the time, the author did not realise how important
these theories were and how much confusion could be avoided if he had just called them an S-wall like
their N' = 4 counterparts.
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Figure 2.7: Starting from the two UV completions of self-mirror FT'[U(N)] quiver gauge
theory (top row), we study the effect of adding a real mass deformation that breaks
the U(1), global symmetry. The resulting duality relates a chiral, non-Abelian, linear
quiver gauge theory to a planar, Abelian quiver gauge theory. The details of the global
symmetries and Chern-Simons interactions are expanded upon in the text.
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partition function, this deformation is realized as

Y, — YJ+g(2J—N—1), J=1,....N,
T — +oo,  (2.38)

X 5 X4 g
which is paired with the following shifts in gauge fugacities:
@) — @) — g(zv —1-J). (2.39)

where @) denotes the fugacities associated with the J-th gauge node of the quiver, ordered
from left to right.

After integrating out the massive fields generated by this deformation, the theory flows in
the infrared to an N = 2 chiral quiver gauge theory shown in Figure [2.8

1 -1 —1
OO @O 5
1 (0,2) (0,3) (0,N—1) (—N4L N-1
2 T2

wW=0

Figure 2.8: The chiral UV completion of the G[U ()] theory is shown here. CS and mixed
CS interactions are highlighted in red and green, respectively, while FI terms (including
the mixing of the topological and U(1)g symmetries) are shown in yellow. The UV global
symmetries of this theory are SU(N) ¢ x U(l)g_l.

The Sg’ partition function in the large mass limit 7 — 400 limit is given by:

. = _ . ﬂHChiral()z,?,T) =
im  Zpryo, (XY, 7) = lim e Zaw (X, Y) (2.40)
where Zgu ()1 (X,Y) is the partition function of the first UV completion of the G[U(N)]
theory in Figure [2.8] and:

e - =

];Ichiml()(7 Y, 7_) _ Hg?‘iral(X, Y, 7_) + Hchiral, (2.41)

res

3
N N 9 4
. 2 . 3 2
(82JYJ—4ZYJ—ZQ(N+N ) +iQr <3N +2N +3N>> :
J=1 J=1
(2.42)

and Hfélsiral is a finite term independent of the global parameters X and }7, and only

depending on the squashing parameter Q).

We now map the effects of this deformation to the second UV completion of the FT[U(N)]
theory.

As in the case of the planar mirror of the chiral SQCD discussed in the previous section,
in addition to the real mass deformation (2.38)), flowing to the vacuum dual to the chiral
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XN
1| Yn
XN 1 X N
1
1
1
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1 N nodes
N-1 columns
1 :
1 \i/ 1
1 Y

W= Wplanar + Wmonopole

Figure 2.9: The planar UV completion of the G[U(N)] theory is shown here. CS and
mixed CS interactions are highlighted in red and green, respectively, while the FI terms
are shown in yellow. The UV global symmetries of this theory are U(l)g I x SU(N) .

quiver requires an appropriate choice of Coulomb branch vacuum on the mirror side. This
is achieved by performing the following shifts of the gauge fugacities:

W) — WD 41 (a - J;”) , (2.43)

and subsequently taking the limit 7 — +oo.

Here w,(;]) denotes the a-th Cartan fugacity of the J-th gauge group in the quiver, ordered

from left to right. This deformation completely breaks the non-Abelian gauge symmetry
to its maximal torus, allowing the massive fields to be consistently integrated out.

After integrating out the massive degrees of freedom, the theory flows in the infrared to
an N = 2 planar Abelian quiver gauge theory, shown in Figure This planar quiver is
IR dual to the chiral quiver depicted in Figure and together they furnish two distinct
UV completions of the same interacting SCFT, which we denote by G[U(N)].
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A few comments regarding the structure of the superpotential and Chern—Simons interac-
tions of the planar quiver in Figure [2.9are in order:

e For every closed triangular cycle in the planar quiver, there is a cubic superpotential
term. These interactions descend directly from the cubic N/ = 4 superpotential
terms that are preserved by the real mass deformation. We collectively denote these
contributions by Wylanar-

The assignment of trial R-charges is as follows: diagonal chiral fields are assigned R-
charge r, while vertical chiral fields are assigned R-charge 2 —2r. This assignment is
consistent with the cubic planar superpotential. Moreover, the FI parameters depend
explicitly on the value of r, reflecting a mixing between the topological symmetries
and the R-symmetry.

e Due to the adjoint Higgsing of the gauge nodes, monopole operators appear in the
effective description. In particular, there is a linear monopole superpotential term
for each monopole carrying charges +1 and —1 under the upper and lower gauge
nodes connected by a vertical edge [215]. We denote these contributions collectively
by Wmonopole-

These monopole superpotential terms play a crucial role in the infrared dynamics:
they are essential for the enhancement of the topological U(1)V~! symmetry to the
non-Abelian SU(N) global symmetry, as will be discussed later.

e The planar theory also includes both self and mixed Chern-Simons interactions.
Fach gauge node carries a Chern-Simons level +1. In addition, for each pair of
gauge nodes connected by a diagonal (respectively vertical) chiral multiplet, there is
a mixed Chern-Simons interaction with level —1 (respectively +1). All such Chern-
Simons terms arise from integrating out fermionic modes that become massive along
the real mass deformation.

e Finally, there are shifts in the FI parameters induced by the mixing between the
topological symmetries of the gauge nodes and the R-symmetry. The FI parameters
for the gauge nodes in the J-th column from the right take the form

1Qr iQr
i Xy—=Xit1, ooy XJ—XJ+1+T7

ordered from top to bottom.

Fls: X;— X 41 — (2.44)

Similarly, the background FI parameters associated to the j-th flavor node labeled
by Y are given by

Fls: Xy + ZQTT(QJ — N — 1) + (Sj@? — 5j,N§a
where 7 = 1 corresponds to the top flavor node in Figure and 7 = N to the
bottom one. In Figure we have suppressed these shifts, displaying only the
contributions proportional to the parameters X;.

(2.45)

The Sg’ partition function in the 7 — 400 limit takes the form

—

lim ZFT[U(N)LII(Xa }77 7—) = lim e%HPIanar(X7?7T) ZG[U(N)}JI (Xv }7)7 (246)

T—+00 T—+400
where ZG[U(N)},II(Xa ?) denotes the Sg partition function of the second UV completion of
the G[U(N)] theory shown in Figure The phase HP'*"" admits the decomposition

— —

HPar (X Y 7y = HREN (XY 7) 4 HRlanar (2.47)

div res
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where H&lsa "4 is a constant phase independent of the global parameters X and 17, depend-
ing only on the squashing parameter ().

The divergent contribution Hgiljnar exactly matches the corresponding divergent phase
Hg?jral arising on the chiral side. This provides a strong consistency check of the proposed
duality between the theories in Figure and Figure Moreover, we find that the
residual phases also agree,

leanar — Hchiral. (248)

res res

As a consequence, after removing the universal phase factor in the 7 — +oo limit, we
conclude that the partition functions of the two UV completions coincide:

Zawm(X.Y) = Zow (X, Y). (2.49)

Mapping Operators and Global Symmetries

We now comment on the duality map between global symmetries and the chiral rings of
the two theories.

Let us begin with the global symmetries. As stated at the beginning of this section, the
G[U(N)] SCFT has a U(1)¥~! x SU(N) global symmetry. In the chiral UV completion
(Figure , both factors of this symmetry are realized manifestly in the ultraviolet: the
SU(N) symmetry appears as a flavor symmetry acting on the matter fields, while the
U(1)N~! symmetries correspond to the topological symmetries associated with the N — 1
gauge nodes.

In contrast, in the planar UV completion shown in Figure the roles of these symmetries
are exchanged. The U(1)V~! symmetry is realized as a flavor symmetry that is preserved
by the planar superpotential, up to gauge transformations. The SU(N) global symme-
try, on the other hand, emerges in the infrared from the enhancement of the topological
symmetries associated with the gauge nodes.

We recall that the presence of the monopole superpotential Wionopole Plays a crucial role
in this enhancement mechanism. In particular, Wienopole breaks the U (1)* topological
symmetries associated with a column containing k& gauge nodes down to a single diagonal
U(1). As a result, each column of gauge nodes effectively contributes one independent
topological U(1) symmetry. The enhancement of these remaining topological symmetries
in the infrared gives rise to the non-Abelian SU(N) global symmetry of the G[U(N)]
SCFT.

Let us now move to the operator map. The chiral ring of the planar G[U(N)] theory
shown in Figure[2.9|is generated by the N —1 vertical bifundamental chiral fields connecting
adjacent vertical flavor nodes. Up to F-term relations imposed by the planar superpotential
Wolanar, these fields can be taken as the only independent generators of the chiral ring.

We expect these operators to map, under the duality, to monopole operators in the chiral
G[U(N)] theory in Figure This expectation is correct, with the important caveat
that the fundamental monopole operators are gauge variant and must be appropriately
dressed by powers of fundamental chiral multiplets in order to construct gauge-invariant
operators.

To illustrate this, let us focus on a local segment of the chiral G[U(N)] quiver,
) L (1) re ()
O ® O
0k1) @  (ok P (0, kt1)

(2.50)
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where the k-th gauge node is a U(k) gauge group. The fundamental monopole operator
associated with this node carries non-trivial gauge charge and therefore must be dressed
by (k—1) powers of the bifundamental field @ in order to form a gauge-invariant operator.

In this way, one constructs NV — 1 dressed fundamental monopole operators, one for each
gauge node of the chiral G[U(N)| theory. These dressed monopoles generate the chiral
ring of the theory.

We now verify that these operators have the correct quantum numbers to be mapped to
the N — 1 vertical bifundamental chiral fields connecting adjacent vertical flavor nodes in
the planar mirror theory. This identification can also be independently checked using the
superconformal index.

Assume that each bifundamental chiral multiplet in the chiral theory (such as @, P, and
so on) has trial R-charge r. Consequently, the vertical bifundamental chiral fields in the
planar mirror theory, which are mapped to these monopole operators, have R-charge 2—2r.

Using the general monopole R-charge formula ((1.33), the R-charge of the dressed monopole
operator associated with the k-th gauge node,

tr <Qk71 Smo,...,o,f,o,...,o> 7

is given by

R(Qk_lﬁﬁo""’o’_’o""’()) =—(r—1)+ %(ka —1D(1—7r)+ %(kz +1)(1—r)

(k=1 +(k-=1r (2.51)
=(1 =)+ k(1 —7) — (k= 1)+ (k— )r
=2 —2r.

The first term arises from the mixing between the topological symmetry and the R-
symmetr The second and third terms correspond to the contributions of the bifunda-
mental fermions, the term —(k — 1) arises from the gaugini, and the final term (k — 1)r
accounts for the dressing by Q¥ L.

We thus conclude that the N — 1 dressed fundamental monopole operators of the chiral
G[U(N)] theory map precisely to the N — 1 vertical bifundamental chiral fields connecting
adjacent vertical flavor nodes in the planar mirror theory.

In the remainder of this chapter, we denote these gauge-invariant dressed monopole oper-
ators collectively as My, omitting the explicit dressing fields for notational simplicity.

Thus, we see that longer quiver theories also admit planar mirror dual descriptions.

2.3 Towards an Algorithmic Approach

It is clear that we can derive a duality between N' = 2 U(N) SQCD with [F, 0] chiral fields
and a planar Abelian quiver gauge theory by adding suitably chosen real masses to the
N = 4 parent theories. Notice that the N' = 2 theory inherits the SU(F) flavor symmetry
of the N/ = 4 theories. In a similar vein, we can also consider a slight variation on this

10This mixing can be read off from the coefficient of % in the FI parameter of the k-th gauge node,
Yi — Yis1 + %(r —1). The contribution to the R-charge is obtained by multiplying this coefficient by the
monopole’s topological charge.
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such that the deformation now partially breaks the SU(F') global symmetry and following
the RG flow results in U (V) SQCD with ny fundamental and n, anti-fundamental chiral
multiplets on the electric side:

. (2.52)
F hypermultiplets [nf,ng] chiral fields, F=ns+n,

The number of (anti-) fundamentals ny and n, satisfy F' = ny + n, but are otherwise
unconstrained and depend on the specific mass deformation that we consider. On the
other hand, the choice of CS levels is not arbitrary and is fixed by the parent N' = 4

theory: each massive (anti)fundamental multiplet contributes as (—1, —3) to the CS level
and the massive adjoint chiral contributes as (N, 0). In particular, we always have £ = —1.

These features persist in all non-Abelian linear quiver theories analyzed in this chapter.

One can then consider the same limit on the mirror side and try to identify the dual
vacuum. In general, this is a non-trivial exercise as there are multiple potential vacua
corresponding to possible ways of moving on the Coulomb branch of the A" = 4 mirror
(which, in turn, match how we shift gauge fugacities in the Sg’ partition function).

More generally, one can start on the electric side with a linear unitary AN/ = 4 quiver with
gauge group [[y. U(N;). We consider a real mass deformation, paired with a VEV for the
scalar in the A/ = 2 vector multiplets, such that the adjoint chiral fields and one N' = 2
chiral multiplet in each matter hypermultiplet acquire a positive real mass. Integrating
out the massive field we obtain a chiral linear quiver:

(]Vi/——\ll (Nit1]
_ N
(2.53)
N <1 <1
i—1 7 7
\J
(ki—1, =Ni—1+ki—1) (ki, —Nit+ki)  (kit1, —Nip1+kiy1)
where the CS levels k; are fixed by the parent theory:
N;_1+ N; F;
ki:_ i—1+ Nip1 + z"’Ni (254)

2

As before, one can consider the mirror dual quiver theory and implement the same limit
to reach the dual vacuum. This remains a non-trivial exercise.

Starting from the equality of the partition functions of pairs of A" = 4 mirror theories is
a hugely successful, albeit tedious, paradigm to find A/ = 2 mirror duals. Clearly, it is
desirable to have a more systematic way to determine the mirror dual of a generic flavored
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N = 2 quiver without the need to resort to Sg partition functions. We do so by adapting
the idea of the local dualization algorithm of [206| |213] in this section.

2.3.1 Lightning Recap: The N = 4 Dualization Algorithm

The dualization algorithm for N' = 4 linear quiver theories provides a purely field-
theoretical proof of mirror duality, assuming only basic Seiberg-like dualities, and allows
us to access the full map of symmetries and protected gauge invariant operators.

It is well known that N = 4 linear quiver theories can be realized on Hanany-Witten brane
set-ups and inherit mirror dualities from the S-duality of Type IIB set-ups [19]. The idea
of the algorithm originates from the observation [31, 219, 220] that on linear or circular
brane setups, S—duality can act locally on each 5-brane creating an S—duality wall on its
right and an S~!-duality wall on its left: D5 = S-NS5-S~! and NS5 = S-D5-S~!. The
dualization algorithm implements this local action of S-duality in field theory.

The dualization algorithm is based on two fundamental ingredients:

1. a realization of the generator S of the duality group SL(2;Z) that satisfies the fusion
to identity SS~! = I. For N’ = 4 theories, this can be defined from the FT[U(N)]
SCFT [213]:

+
S-wall: FT[X,-Y] =

(2.55)
S lwall: FT[X,Y] =

le NLE

Y

As discussed in Section the FT[U(N)] theory admits a Lagrangian UV com-
pletion (Figure and is self-mirror under the exchange of emergent and manifest
SU(N) symmetries. The S-wall also satisfies the fusion to identity encoded in a
partition function identity:

/dWA(N)(W 28 W X 1) 28 (W Vi) = ¢ I () (2.56)

This identity can pictorially be represented as follows:

(1)

T
+ —

N ® . 5 e

X W Y

X
(2.57)
and the identity wall is defined below:
sy (1) = NA o (%.7) J;NjHl&X ~Y,;)s (2.58)
with 0
Ay (Z7) = L Mgy (5 =74 20 = 2) (2.59)

N TS sb(8 % (20 — 2))
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2. inspired by HW brane setups, we identify the following basic QFT blocks associated
to the different 5-brane configurations:

N D3 D5 N D3 . ND3 N D3
L % [N] 51y T _
X Y (2.60)

which are denoted the flavor block and the bifundamental block respectively.

We can now define the action of the duality walls on the basic QFT blocks:

1. The first basic move consists of the S-dualization of a flavor matter block into a
bifundamental block (which is the field-theoretic analog of NS5 = S-D5-S71):

1|7
3| f
+ - T
NbE-----AN)-----1 N — N N
X a Y X Y
WZG(AL+AR)+f(AL—AR)f W=0

(2.61)

wherein we have explicitly reported the U(1), charge of the various fields in the
theory. This corresponds to the partition function identity:

N .
- - e o 1 T
/dWA(N)(W,T) z&MwL X,z wL Y, T 3b<§2 — g (W - n))

a=1

N
—2min SN (X;-Y; T
— o 2min 5, (X =Y)) H Sb <2 +(X; — Yk))
Jik=1
(2.62)
where the integration measure A(y)(W,7) is defined in Equation (2.59).

2. The inverse basic move consists of the S-dualization of a fundamental block into a
bifundamental block (which is the field-theoretic counterpart of S-NS5-S~1 = D5):

X Y X (2.63)

This inverse basic move is encoded in the following partition function identity:

f[sb (5+ X —m) glp(r) =

o2 0l (Ua—Va)

= / dUdv
i i 2.64
[ s (9 U~ U0) s (12 (v~ W) (264
j<k
N N i iQ T
Z‘(SN):4(X7U;7-)Z‘(SX}_4(VaY;T) H Sb <2 - Qi(Ua—‘/b)> .
B a,b=1
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Figure 2.10: Applying the N' = 4 dualization to U(N) SQCD with [F + 2N, F + 2N]
flavors proceeds as follows - in the first line, the quiver is broken into its constituent QFT
blocks and each block is sandwiched between an S~ and S-wall. We have explicitly kept
the integral and integrating measures to remind the reader that care must be taken when
the gauge nodes are ungauged to implement the algorithm. The resulting QFT blocks
obtained after the local action are written in the second line, and are glued back together
by exploiting the fusion to identity property of the S-wall to obtain the final theory in the
third line. At this stage, an explicit Lagrangian description may be written using the UV
completion of the FT[U(N)] theory, which is indeed the mirror description one would get
by utilizing conventional HW brane setups. Note that we would need to incorporate HW
transitions to dualize more general quiver theories.

We point out that this move is slightly different than naively sandwiching the pre-
vious move between an S~! and S wall. Observe that the gluing on the RHS does
not include the addition of U(N) adjoint multiplets coupling linearly to the moment
map of the glued FT[U(N)] theory.

We consider the case of N' = 4 U(N) SQCD with F + 2N flavors to demonstrate the
algorithm at work (Figure [2.10).

When decomposing the theory into QFT blocks, it is important to keep in mind that each
block effectively plays the role of a matrix element, with two sets of indices corresponding
to the two N-dimensional vectors of parameters associated with the two U(N) global
symmetries. In particular, note that flavor blocks are accompanied by an identity wall,
reflecting this matrix structure.

It was shown that, armed with the fundamental blocks and duality moves described above,
one can construct the mirror of a vast set of N' = 4 Lagrangian theories [206} [213, [221]. In
[27], the local dualization algorithm paradigm has been extended to a class of generalized
N = 2 quiver theories that can be realized in set-ups involving NS, N.S’, D5, D5 branes
preserving four supercharges. Unlike the N/ = 4 case, where brane setups directly inform
the structure of the low-energy field theory, here the situation is reversed: the algorithmic
field theory approach yields an exact dual description, while the corresponding brane
configurations are difficult to interpret directly. This inversion of logic highlights the
power of the algorithmic method — not only does it provide precise duals, but it also
offers a new lens through which to understand and possibly reconstruct the brane setups
themselves. Motivated by this, our aim is now to develop a similar algorithm tailored to
chiral-planar N/ = 2 theories in the remainder of this section.
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2.3.2 The N =2 Toolbox

We now extend the NV = 4 framework to N' = 2 by considering appropriate real mass
deformations of the A/ = 4 basic blocks and corresponding identities here.

The S-wall, Fusion to Identity and Gluing Rules

In Section we consider the chiral-planar limits of the FT[U(N)| theory (which is
identified as the N' = 4 S-wall). We identify the resulting A" = 2 chiral-planar mirror pair
as the N’ = 2 S-wall:

+
S-wall:  S[X,¥]=G[-X,Y] = | N [rmm

— —

o r (2.65)
S~lwall:  S7[X,¥V]=GIX,¥] = | N oo
X g

Both theories admit (at least) two UV completions whose difference lies in the direction
of the arrows and the sign of FIs. For convenience, the UV completions of both theories

are reported in Figures and

—

-1 -1
@—(—@—(—@*7 o X
(- 4\';1 =1y

1 (0,2) (0,3) =

Figure 2.11: The planar and chiral UV completions of the AN/ = 2 chiral-planar S-wall
coinciding with G[—X ;Y] are shown here. Mixed CS interactions have been suppressed
for brevity.

80



Chapter 2

—

1 (0,2) (0,3) (- &L B

Figure 2.12: The planar and chiral UV completions of the N/ = 2 S-wall coinciding with
G[—X;Y] are shown here. Mixed CS interactions have been suppressed for brevity.

In our notation, the first argument of the Zg+[-;-| theories corresponds to fugacities for
an U(N) global symmetry, while the second argument corresponds to a U(1)V~! global
Symmetry.

We must now verify that the ' = 2 S-wall satisfies the fusion to identity SS™! = 1. To
that end, we consider real mass deformations at the level of the S partition function of
the N/ = 4 fusion to identity (Equation [2.56)).

Integration Measures. Starting from the A" = 4 integration measure (Equation [2.59)),
we consider real mass deformations that break the U(1), global symmetry. Two possible
limits can be taken, which correspond to two different resulting integration measures:

o The planar measure is obtained as a large mass limit of the A/ = 4 integration
measure (Equation [2.59)):

lim A(N)(Z,T)

T—+00

N (Z) di ¢ ol -
Zi—Zi+% (2i—N-1) x (divergent phase), (2.66)

from which we obtain:

nv (7 irHN(Z) 1. [iQ
A (Z) =e H Sp 7 —Z; + Zi+1 (267)
i=1
with
. N-1 N-1
= (3
HY(Z) = 762(21 —IN)—(ZE+Z3) =Y ZP+ Y ZiZia (2.68)
i=2 j=1




The ABCD’s of Mirror Symmetry

Some key observations are in order:

— The contribution of the vector multiplet of the U(NN) symmetry has disap-
peared, in agreement with the Higgsing of the U(N) — U(1)V

— Conversely, the same limit for the adjoint hypermultiplet of the U(N) symmetry
reduces to a string of chiral multiplets connecting adjacent U (1) nodes.

— The quadratic form H [1N](Z ) encodes the CS levels and the BF couplings and
FI shifts for the middle column of U(1)" gauge nodes.

o The chiral measure is obtained as another large mass limit of the /' = 4 integration
measure (Equation [2.59):

lim A(N)(Z 7')

T—+00

=AM (Z) x (ai t ph 2.69
G ZeANT x (divergent phase), (2.69)

from which we obtain:

AV (}Z) = mHME) ﬁ ! : (2.70)

a=1 f<a sp(5 £ (Xa — Xp))
with
N N
HMX):=-(N-1)(_ X)) +2> XX, =
i=1 i<j

(2.71)

which corresponds to a CS coupling at level (N, 0).

Chiral Fusion to Identity. We consider the following shifts in fugacities which have
the effect of breaking the U (V) P % global symmetries to their Cartan subalgebra:

a) — gd) — 51, for/=1,...,2N —1
X; = X+ 5(25 —N), forj=1,...,N (2.72)
Y, = Y;+35(2j—N), forj=1,...,N

In this asymptotic limit, we flow to the A/ = 2 chiral fusion to identity, which admits the
following UV quiver description:

(1N
D@ @ -
(0,2) _1N-1) (2.73)

The corresponding SZ’ partition function identity is given below:

/dZA[N}( )ZS(Z X)Zs-(Z,¥) = [W]( ) H5 (Xi-YV) =gl (@274)

Notice the integration is performed over the non-Abelian U(N); symmetry and we have
identified the N' = 2 planar identity wall:

0N L TTsix v
N (X_»)H(S(Xz Y;), (2.75)
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which has the effect of identifying the two sets of U(1)" global symmetries of the left and
right S-walls. We schematically depict this chiral fusion to identity as:

N
— Rl (17]

=~

(2.76)

Planar Fusion to Identity. We now consider a large mass deformation that preserves
the U(N) ¢ ¢ global symmetries:

Xi— X;+N<Z
{J ity j=1,...,N (2.77)

Y, Y+ N3,

which must be paired with moving along the Coulomb branch of the theory (which trans-
lates to the following shifts in gauge fugacities):

{u9_+¢9+;@a—f—1m for I=1,..N (2.78)

uld) s ul) + 320 +1-2N—1), forI=N+1,....2N -1
with 7 — oo, where ug) are the gauge fugacities for the I-th gauge node in the quiver
(starting from the left), while = 1,..., |G| with |G)| being the rank of the I-th gauge
node.

In the asymptotic limit, we flow to the A/ = 2 planar fusion to identity, which admits the
following UV quiver description:

W - Wplanar + Wrnonopole (2.79)

The corresponding Sg’ partition function identity is given below:

30X — You) =5 127 (2.80)

/QZAH}<)ZAX£ﬁ&¢Ga@ <MAww 3
gESN
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Notice now the integration is performed over the Abelian U(l)JZY global symmetries, and
we have identified the N' = 2 chiral identity wall:

> x (2.81)

N'A[N] ( ) oeSN

which has the effect of identifying the U(NN)x and U(N)y global symmetries. We schemat-
ically depict this planar fusion to identity as:

(2.82)

wherein the vector in red indicates the CS levels for the middle column of U(1)" nodes in
(2.79) and BF interactions have been suppressed.

QFT Building Blocks

In analogy with the A/ = 4 basic QFT blocks, we now want to study the N/ = 2 basic
QFT blocks. As before, this is achieved by considering appropriate chiral-planar real mass
deformations of the NV = 4 ancestors.

The Chiral Flavor Block. We consider the following large mass limit for the ' = 4
flavor block:

H90 X5 2 Xir ¥ (2.83)
n—=n+3
The resulting Sg’ partition function identity is given below:
(V] ¢ [N+ (X3 -20X;)] - )
ﬂavor,fund(X 77) =€ = ! H X’ v (284)
An analogous limit can be considered, which would now yield:
[N] - [N+ (X3 -20X;) al [N]
ﬂavor,antif(X 77) =e? 7= K H -+ X ]I}—; . (2.85)
Taken together, we identify the A/ = 2 chiral flavor block:
-3 1—5
Zf[l]\ll‘]/or fund(X; 77) = X N )?H[}év] Zf[l]Z\]lor antlf(X. n) = X X‘H[é\r]
(=3—3) (-3,-1 (286)
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The Planar Flavor Block. We consider the following large mass limit for the N' = 4
flavor block:

Xj—>Xj—(2N—2j+1)%
Y; = Y;— (2N —2j +1)3 (2.87)
n—nmn

which yields the following Sg’ partition function identity:

1y = Qw2 2 1N
Zi[iavt})r,fund(X; 7]) =ez (0" =2m X1 +X7) Sb (T/ - Xl))}' Hg—; ] (288)
An analogous limit can be considered, which would now yield:
1Ny = AT (2 2 1N
Zf[iavc])r,antif(X; 77) =ez (77 277XN+XN) Sb (XN - 77))? H; ] (289)

Taken together, we identify the N' = 2 planar flavor block shown in compact notation:

il

1 -
Zf[lavor,fund (X’ 77) =

(2.90)

ZR X =

flavor,antif

-3 (2.91)

The Chiral Bifundamental Block. We consider the following large mass limit for the
N = 4 bifundamental block:

X—>X+Ng
Y=Y +(N+1)% (2.92)

n—n—57
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The resulting Sg’ partition function is given below:

N (R, ¥, i) o= o275 Xo(onmN(=niQ) 2mi 5, Vi +N(=1)iQ)
if, le s+ ol .

, N .
'3 LX) —mi X, XV H Sp <Z§2(1 —r)+ X — Y]> .

jk=1
(2.93)
This describes the N' = 2 left-pointing chiral bifundamental block:
N Lo 1
Zt[)if,]left(X’Yvn; r) = N N
-$-9) (%4
X Y (2.94)

Similarly, we can define the right-pointing bifundamental block, whose Sg partition
function is given by:

N S, N > o
Zlgif,]right(va’m r) _Zlglf]left( X, =Y, —nr). (2.95)

The Planar Bifundamental Block. We consider the following large mass limit for
the N = 4 bifundamental block:

X;j— X;+ (2§ —N)%
Y; =Y +5(2j - N+1) (2.96)
n—n— s

The resulting Sg partition function is given below:

U] (R, V) = o3 TR (rilS L XFHTI YD) cmin S, (V=0 o= 2 Y5 (X5 +X54)

Q2T XJ(rfl)(N+272J)§6727rin Yy (r—1)(N—2J) g mi(Yn 2 X, 12)
N—-1
H <—’I“Q—|—X Y) H Sb(zcg—rng—l-Y Xj+1>.
j=1 j=1
(2.97)

86



Chapter 2

This describes the N’ = 2 left-pointing planar bifundamental block:

1 .
Zl[)if, lcft(X> Y,nr) =

(2.98)
Similarly, we can define a right-pointing planar bifundamental block, whose S‘Z’
partition function is given by:
lN - = 1N — —
Zéif,light(Xv Y,m;r) = Z]Liﬁ 1]eft(Y?Xa —1;7) (2.99)
Basic Duality Moves

Having identified the S € SL(2;Z) generator and QFT building blocks for A/ = 2 chiral-
planar dual pairs, we are finally ready to study the action of the duality walls on these
blocks.

For convenience, we repeat the UV quiver Lagrangian description of the N = 4 duality
moves in Figure [2.13]
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n
OO GO ==

>
<t

Figure 2.13: The N = 4 basic duality moves are shown here. Fugacities of topological
symmetries are highlighted in yellow, and global fugacities and charges under U(1), have
been specified for completeness.

S-dualization of the Chiral Bifundamental. Starting from the first row of Figure
we consider the following large mass limit of the S} partition function identity (Equa-

tion:

X=X+ N3

Y =Y+ (N+1)3

ul) =l + 720 —1-1), for I=1,...,N (2.100)
ul) s ul) +32a+1-2N 1), forI=N+1,...,2N -1

n—n— 5T

where u((f) are gauge fugacities of the I'" gauge node (from the left). The resulting flow

is shown in Equation [2.101

W = Wplanar + Wmonopolc
(2.101)
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This corresponds to the following Sg partition function identity:
—E =221+ Z3+iQI2N-1)n—2Z1—2 31, Z;))

+ 7 — n) Zs-(Y,Z). (2.102)

(2.103)

In a similar vein, we can follow the flow to the S-dual of the right-pointing chiral bifun-
damental block. This corresponds to the S% partition function identity:

(2.104)

(2.105)

S-dualization of the Planar Bifundamental. Starting from the first row of Fig-
ure m we consider the following large mass limit of the Sg partition function identity
(Equation [2.62)):

X; > X;+(2j—N)%
Y =Y+ 5(2j —N+1)
i) — 4D -1, forI=1,...,2N -1

N+1
n—n— ST

(2.106)

The resulting flow is shown in Figure [2.107
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1 (0,2) (0,2) 1

W=20 _1
(2.107)
This corresponds to the following Sg’ partition function identity:
N iQ
252.5) ] ov (' + 2= n) 25 (2.7, (2.108)
j=1
which is compactly encoded as follows:
—
(2.109)

In a similar vein, we can follow the flow to the S-dual of the right-pointing planar bifun-
damental block. This corresponds to the Sl?; partition function identity:

2 B, F, 1) = [ aZANT (7)o FIN QNS 50455 2520

(2.110)

(2.111)

S-dualization of the Chiral Flavor. Starting from the second row of Figure [2.13
we consider the following large mass limit of the SZ’ partition function identity (Equation
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2.64])
Xj7}/j_>XJ'7Y}
ug)_>ug)+%(2a—l), for/=1,...,N

2.112
u((f)—>u<(1[)+%(2a+[_2N_2)’ forI=N+1,...,2N ( )

n—=n+3

The resulting flow is shown in Figure [2.113

1
W = Wplanar + Wmonopole

(2.113)
This corresponds to the following Sg partition function identity:

Zmon funa (X 71) = / dZ dW Zs(X,2) 2y Ly (2 W, —0:0) Zs- (Y, W), (2.114)

flavor,fund

which can be compactly encoded as follows:

77|1| -
N
1

(2.115)

In a similar vein, we can follow the flow to the S-dual of the chiral antifundamental flavor
block. This corresponds to the Sg’ partition function identity:

[1V]

ZN (X,n) = / dZ AW Zs(X . Z) Zyg 1 (Z. W, —1:0) Zs- (Y W).  (2.116)

flavor,antif
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As before, we can report this identity more compactly:

(2.117)

S-dualization of the Planar Flavor. Starting from the second row of Figure [2.13
we consider the following large mass limit of the Sg’ partition function identity (Equation

2.64):
X; = X; — (2N —2j +1)
Y; = Y;— (2N - 2j +1)]
) @D+ 2N - I+ 1)5, forI=1,...,2N
n—

T
2

(2.118)

The resulting flow is shown in Figure [2.119

L o Q@ @@ - @0

1 (0,2) -3.8v-3 i nv-D (0,2) 1

(2.119)
This corresponds to the following SZ’ partition function identity:
Zl[iglzir,antif(x; n) = /dZ dW ZS[Z; X] Zl[)]i\gleft(z; W; =1 O) ZS* [Wu }_}] (2120)
and can be represented more compactly as:
(2.121)

In a similar vein, we can follow the flow to the S-dual of the planar fundamental flavor
block. This corresponds to the SZ’ partition function identity:

[17]
flavor,fund

(K1) = / 47 AW 252 X) 2 (B W5 —n0) Zs- Wi V). (2122)
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This can be represented more compactly as:

(2.123)

We have now assembled the machinery necessary to dualize N’ = 2 chiral-planar dual pairs
systematically via our algorithmic prescription.

2.4 The Algorithm At Work

We are finally ready to define a dualization algorithm to dualize N' = 2 quiver gauge
theories.

Along the lines of [213], we define the steps underlying the algorithmic dualization of an
N = 2 quiver:

e Step 1: The quiver is chopped into its basic QFT blocks that can be either bifun-
damentals or (anti-)fundamental chiral fields. This step is performed by freezing the
gauge interactions that will be reintroduced later.

e Step 2: Each QFT block is dualized via the basic duality moves described. These
identities, or basic moves are summarized for reference in Table [2.124

o Step 3: The dualized blocks are glued together via the A/ = 2 chiral/planar fusion
to identity when the original gauging is restored.

Fach of these steps will be illustrated in more detail in the following sections with explicit
examples. We reiterate that the choice of CS levels is not arbitrary - it is completely
fixed by our N' = 4 parent.

We will use the algorithm to dualize non-Abelian chiral N' = 2 quivers into abelian-planar
quivers. Although the same algorithm can be applied in reverse — starting from a planar
abelian quiver to obtain its chiral dual — we do not discuss this case here.
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QFT Block S-dual
N + 1N
N 1]
1 1 1N N
(=3.—3%)
N el
(-3.—3)
+ —
N N N 1N N
1
1
+ —
N N N 1N N
1
1N
+ i
IR N v
1N
(-4.N-}
].N
+ —
~ IR N v
1 (—3:N-3%)
1
1
N + —
V] 1N NN v
(=3,N-3) (=3,N=3)
1
N + i
L 1N NN 1R
(=3,N—-3) (=%,N-%)

(2.124)
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2.4.1 An Example: CS-SQCD3; with Fundamental and Anti-Fundamental
Matter

As a first example of the application of the algorithm, we consider the case of U (N )(_ ELN,_E)
2 ) 2

SQCD with [ng,n,] flavors, constrained by the relation F' = ny+n,. As we had mentioned
in Section these theories can be obtained from N =4 U(N) SQCD with F flavors by
a positive real axial mass deformation at the level of the Sg’ partition function. However,
instead of a brute force approach, we shall do this by using the algorithmic prescription.

Our algorithm can be employed to obtain the mirror-like duals of these theories in the
following cases:
[N + Fi, N + F]
[nf,nq] = ¢ 2N + Fy, Fy] Fi,F, >0 (2.125)
[F1, 2N + F5]

U(N) CS-SQCD with [F} + N, F; + N| Chiral Multiplets

We start from the first case in (2.125) and consider U(N)(_p1+p2 BCES N SQCD with
2 ’ 2
[F1 + N, F» + N]| chiral multiplets:

X 1+N| |F2+N| V%

(2.126)

To apply our algorithm, we need to define this theory using the basic ingredients defined
in Section the fundamental blocks can be used to account for the matter content,
and the gluing rules account for the gauging. The matter content of can be
accounted for by considering two chiral bifundamental blocks , F chiral fundamental
blocks ([2.86]) and F; chiral antifundamental blocks. Each (anti)fundamental block includes
an identity operator I'™ which has the effect of identifying two U(N) gauge groups.
Therefore, in order to engineer the SQCD theory, where there is one U(N) gauge group,
we need F + F5 + 1 gluing operations. These ingredients can be combined by joining the
matter blocks and gluing two adjacent blocks through one of their U(N) symmetries with
the glue operation. Schematically the SQCD theory can be written as:

N ALN) [N AN 1IN AN
C3b) B ED
(2.127)

In this schematic picture, multiplication between two consecutive blocks is understood.
Notice the presence of the chiral measure A defined in (2.70): as we ungauge the U(N)
gauge symmetry and decompose the theory into fundamental QFT blocks, it becomes
essential to keep track of the integration measures to recover the original theory .

We have suppressed global fugacity labels for brevity.

( )

One can verify that we do recover the correct CS levels for the SQCD theories upon
gauging. Recall that each factor of AN contributes as (N,0) to the CS level. Each
flavor block consists of a (anti-)fundamental chiral field, with a CS level (—%, —%), and an

identity wall, contributing as (V,0), for a total contribution of (—N — %, % . Lastly, a
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bifundamental chiral contributes with a CS level of (—%, —%) Therefore, the total CS
level is:

N N 1 1 . -
2(_51 _5) + (F1 + F2)(—N — o —5) +(F+ F+1)(N,0) = (_1*1451*25_141451*2 —N)
bifundamental blocks flavor blocks chiral measure

(2.128)
which matches the CS level of the SQCD theory we are considering.

Now we dualize each block by exploiting the basic moves derived in Sections and we
obtain:

(2.129)
Note, once again, the presence of the chiral measure. The presence of the chiral measure
is needed for diagonal gauging of adjacent U(NN) nodes to obtain connected generalized
quivers. Once adjacent U(N) nodes are gauged, we can dualize those subquivers by using
the fusion to identity to obtain an identity wall:

+ —
N @ (2.130)

where each of the U(1) gauge nodes on the left, from top to bottom, is identified with
the corresponding U(1) gauge node on the right, from top to bottom, as dictated by the
fusion to identity rule.

The resulting generalized quiver is shown below:

L] B (2.131)

The generalized quiver in (2.131)) can finally be written in the explicit Lagrangian form
by using the planar UV completion of the S-walls and the definition of the planar bifun-
damental and fundamental blocks. The result is depicted in Figure [2.14

We now comment on several features of the duality shown in Figure [2.14]
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W= Wplanar + Wmonopolc

Figure 2.14: The N = 2 planar mirror dual of U(N)(_F1+F2 ES SQCD with
2 ’ 2

[F1 + N, Fy + N] chiral multiplets. The superpotential terms and (mixed) Chern-Simons
interactions are as described in Section
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The global symmetry of the SQCD theory is, in general,
S[U(F1 + N)xU(F,+ N)] x U(1),

where the first factor is the flavor symmetry acting on the fundamental and anti-fundamental
fields, while the second factor is the topological symmetryﬂ In the planar mirror dual,
after taking into account gauge transformations and superpotential constraints, the only
manifest flavor symmetry is a single U(1).

The monopole superpotential Wionopole contains terms that are linear in monopole oper-
ators carrying magnetic flux —1 and +1 under pairs of gauge nodes connected by vertical
links. These terms explicitly break the individual topological symmetries associated with
the nodes in each column down to a single diagonal U(1). As a result, the UV topological
symmetry of the planar quiver is

U(I)F1+F2+2N—].

)

which enhances in the IR to
S[U(F1 + N) xU(F2+ N)]|.

This enhancement ensures that the global symmetry of the mirror quiver matches that of
the SQCD theory.

In the SQCD theory, the chiral ring is generated by mesonic operators constructed from the
fundamental fields @; and anti-fundamentals @;, which transform in the bifundamental

representation of
SU(Fy 4+ N) x SU(Fy+ N).

Under the duality, these mesons are mapped to gauge-invariant monopole operators in the
planar Abelian theory. For instance, the meson Qr, + NQ F+N is mapped to the monopole
operator with magnetic flux +1 under the topmost gauge node of the Abelian quiver.
More generally, the remaining mesons are mapped to monopole operators characterized
by two strings of +1 magnetic fluxes, originating at the topmost node and propagating
along the two upper diagonals of the planar quiver. There are precisely (F1 + N)(F2+ N)
such monopole operators, reproducing the bifundamental representation of the enhanced
SU(F1 + N) x SU(F, + N) global symmetry.

Finally, we note that in this class of dualities, the planar Abelian theory does not exhibit
any mesonic chiral ring generators. This implies that, for all values of F; and F5, the
SQCD theory does not admit dressed gauge-invariant monopole operators that would
parametrize a non-compact moduli space.

U(N) CS-SQCD with [F; + 2N, F»] Chiral Multiplets
We now consider the second case in (2.125) (which is analogous to the third one), the
U(N)(_ FitFy PPy SQCD with [F} + 2N, F] chiral multiplets:

2 ’ 2

(2.132)

1Ty the special case Fi = F» = 0, the topological symmetry enhances to SU(2). This enhancement can
also be understood by considering the Aharony-like dual of the theory [147], which is Abelian, and then
taking its mirror dual [26].
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As before, we decompose this theory into fundamental QFT blocks:

(2.134)

The resulting generalized quiver obtained by gluing the dualized QFT blocks is shown
below:

(2.135)

The generalized quiver in ([2.135) can finally be written in the explicit Lagrangian form
by using the planar UV completion of the S-walls and the definition of the planar bifun-
damental and fundamental blocks. The result is depicted in Figure [2.15

The salient features of this duality closely parallel those of the duality shown in Figure[2.14]
As a result, the mapping between global symmetries and chiral ring generators proceeds
in direct analogy with the discussion presented beforeH

There is, however, an important qualitative difference. In this case, the planar dual can
admit an additional chiral ring generator, which from the point of view of the planar
theory is a mesonic operator. One can show that such an operator exists if and only if
F5 < N. Under the duality, this operator is mapped to a gauge-invariant dressed monopole
operator in the SQCD, carrying positive magnetic charge. This correspondence can be
explicitly checked, for instance by expanding the superconformal index, which confirms
that the same operator appears in the SQCD precisely for the same range F» < N.

2Tn contrast to the SQCD theory with [F14-N, F>+N] flavors, in the present case there is no enhancement
of the topological symmetry for special values of Fi and F5.
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3 W= Wplmmr + Wmonopolc

Figure 2.15: The N = 2 planar mirror dual of U(N)(_ FitRy iRy SQCD with
2 ’ 2

[F1 + 2N, F3| chiral multiplets. The superpotential terms and (mixed) Chern-Simons
interactions are as described in Section

It is possible to derive planar abelian duals for SQCD theories with SU(N) gauge group or
with U (V) gauge group and CS levels (k, k+ ¢N) for any ¢ by applying Witten’s SL(2,Z)
action [106] on both sides of the dualities described above.
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2.4.2 An Example: The Planar Limit of “Electric” CS-SQCD3

In Section we started from the A" = 4 mirror pair of the U(N) SQCD and considered
the real mass deformation leading to the N/ = 2 mirror duality relating the chiral U(N)
SQCD to its planar quiver dual pair, depicted in Figure A natural question is whether
we could exchange the two operations, i.e.: if we could take the planar limit of the SQCD
theory.

It is possible to directly take the planar limit of the SQCD theory, and follow the real
mass and Higgsing at the level of the Sg’ partition function. However, since these quivers
are (generically) overbalanced, this is a tedious exercise for general values of N and F'.
The dualization algorithm allows us to reach the planar limit of such theories and is the
subject of this section. To achieve this, we consider the chiral limit of the mirror of SQCD,
namely:

(2.136)

We decompose this theory into fundamental blocks, dualize each of them, and then glue
back the result by implementing the Identity-walls. These steps are depicted in the fol-
lowing figure:

I AN 1IN AN AN AN 1IN AIN] =
(-3-3%) ( -5 F5 373

S T A G- G

| NV
= NP N | A @ . AN
@

+
1 N o
X Noem BB -
@] O]

(2.137)
Notice that the quiver considered in actually does not follow the rule prescribed
at the beginning of the section since it contains two tails built with asymmetric U(N) x
U(M) bifundamentals. However, we can bypass the problem of dualizing asymmetric
bifundamental blocks by noticing that the two tails should be regarded as S and S~!-walls.
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These walls do not need to be dualized, and in the last step, they fuse to Identity-walls
with two other walls coming from the dualization of the flavor blocks.

The resulting quiver can then be written explicitly in Lagrangian form, providing the
planar mirror description for the original linear quiver gauge theory (2.136)), as shown in

Figure [2.16]

XN XF4N+1

XN—1:XF+N+2

XN-2:XF4N43

W= Wplanm« + Wmmmpnle W= Wplanar + Wmonopole

Figure 2.16: Top: the mirror dual of the planar limit of the A/ = 4 SQCD, as obtained
from (2.136). Bottom: the planar limit of the N' = 4 SQCD itself. For brevity, we have
suppressed the FI parameters and all background terms. The FI parameters for the gauge
nodes are n + %(F 0,0 — 5N7a). On the right-hand side, the same theory is shown after

making the flavor symmetry S[U(F) x U(2)"] manifest and writing it explicitly.

Interestingly, in the planar dual the flavor symmetry is not the naive U(1)¥+2V /U(1), but
instead enhances to
S[UF) xU@2)N],

as shown in Figure 2.16] This provides a particularly striking example of topological
symmetry enhancement.

The emergence of the U(F') factor admits a natural explanation: the central portion of the
quiver consists of a chain of U(N) gauge nodes, each coupled to [N, N] flavors, with bi-
fundamental fields oriented uniformly along the quiver - the resulting mirror dual displays
a non-trivial enhancement of flavor symmetry. This pattern of symmetry enhancement is
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made transparent by using the dualization algorithm and is summarized below:

By contrast, the appearance of the multiple U (2) factors is a genuinely new feature of this
duality. This enhancement involves topological symmetries associated with non-adjacent
gauge nodes and is therefore intrinsically non-local, unlike the local mechanism responsible
for the U(F') enhancement.

Remarkably, both types of enhancement are simultaneously realized and made manifest
in the planar dual description.

2.4.3 An Example: Circular Quivers

Our final example is that of an N/ = 2 circular quiver (a la [222H225]). Since the SL(2;Z)
action is defined locally, much of the machinery from the linear case carries over unchanged
to circular quivers. As discussed in [222], circular quivers can be “chopped” open, trans-
forming them into linear quviers, with the understanding that the circular structure is
recovered when the ends are identified. While the algorithm applies unchaged from this
point onwards, circular quivers display an additional U(1) symmetry due to their global
topology. We do not keep track of this symmetry here and only focus on applications
of the chiral-planar dualization algorithm to these quivers; nevertheless, [225] develops a
systematic approach to do the same for A = 4 quivers at the level of the SZ’ partition
function, and we expect a similar approach would hold for A" = 2 chiral-planar quiver
duals.

Concretely, we consider an A = 4 circular quiver of length M and its corresponding mirror
dual (of length Zf‘i 1 Fi), shown in Figureqm

Upon considering a suitable real mass deformation, we flow to the A/ = 2 mirror dual pair,
shown in Figure Alternatively, one may arrive at the duality starting directly from
the N' = 2 circular quiver and applying the algorithm directly.
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W = Wh—4 W = Whnr=4

Figure 2.17: An N = 4 circular quiver of length M and its mirror dual are shown here. Note that all the matter content is /' = 4 hypermultiplets,
consisting of an N' = 2 chiral and anti-chiral multiplet.
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F, 1 S[eULDTIRPUNJIQ &\

WwW=0 W = Wmirror

Figure 2.18: The result of applying the dualization algorithm to an N = 2 circular quiver of length M is shown here. While the mirror dual admits a
Lagrangian description, the resulting quiver is written in terms of the compact notation. In fact, the geometry of the quiver suggests the underlying
N =2 HW setup would involve brane tilings [226]. We have suppressed the CS interactions for brevity.
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Extensions to Adjoint CS-SQCDj;

As a limiting case of N/ = 4 mirror dualities of circular quivers, we consider the duality

for adjoint U(IN) SQCD:
¥
® - ® ©

We would flow to the following N/ = 2 duality by considering an appropriate real mass
deformation. Alternatively, we would arrive at this duality by applying the dualization
algorithm to N = 2 adjoint U(N)( r_F SQCD with [F, 0] chiral fields.

T2 2

)
<§'~§'> - @ @

(2.138)

(2.139)

It would be interesting to see how planar Abelianization persists in A/ = 2 theories with
tensor matter.

Going Beyond the Algorithm

The results of this chapter strongly suggest that planar Abelian dual descriptions exist for
a broad class of three-dimensional ' = 2 quiver gauge theories. While we do not provide
a formal proof that all N = 2 quivers admit such a description, our findings indicate that
this possibility is far more general than might have been expected a priori.

In particular, the strategy illustrated in Section [2.1}—based on real mass deformations of
known N = 4 mirror pairs—appears to be applicable whenever the parent A' = 4 theories
admit a Lagrangian description. In all cases analyzed, this procedure leads to a consistent
N = 2 chiral-planar mirror duality. E

From this perspective, the assumptions required to implement the algorithm in the exam-
ples studied in this work should be viewed as primarily technical rather than fundamental.
Indeed, many of these restrictions can already be relaxed by performing a direct real mass
analysis, as in Section or may be overcome by developing a more refined version of
the algorithm. In the case of the latter, the natural starting point would be accomplished
by implementing the supersymmetry-breaking real mass deformation for the more general
algorithmic prescription presented in [213]. As such, many generalizations appear possible.

13This argument relies on the availability of a Lagrangian description of the A” = 4 mirror theories. For
many interesting A/ = 4 SCFTs such a description is not known, and in those cases neither the partition
function nor the equations of motion are under sufficient control to directly apply the present strategy.
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The Zoology of N' =2 Unitary
CS-SQCD3; and their Planar
Abelian Duals

In Chapter 2] (based on [2,[3]), we showed that a large class of N = 2 Chern-Simons-matter
theories admit planar, Abelian dual descriptions. These planar Abelian duals arise from
suitable axial mass deformations of known N = 4 mirror pairs [19, [22]. Because they
descend from N = 4 theories, these N/ = 2 duals exist only on a special locus of parameter
space — the N/ = 4 descendant line

F = 2|k| 4+ 2N

where the Chern—Simons level £ is fixed by the number of flavors F' and gauge rank N
of the parent theory. Away from this locus, the parameters (F, k, N) vary independently,
and the structure of a planar Abelian dual is, a priori, unclear. Extending the paradigm
of planar Abelianization beyond the A/ = 4 locus is, therefore, essential for obtaining a
unified understanding of the landscape of N' =2 SQCD.

The key observation of [5] is that real mass deformations provide a systematic
bridge between the known planar duals on the N' = 4 descendant line and generic N' = 2
theories. Real masses shift Chern—Simons levels, integrate out matter fields, and move
the theory through the (F,k, N) parameter space along controlled RG-flow trajectories.
By tracking these deformations simultaneously in the non-Abelian theory and its planar
mirror, we are able to study the duality away from the A" = 4 locus and construct the

planar Abelian dual for any U(N)[| SQCD with F fundamental fields.

3.1 The Taxonomy of N =2 CS-SQCD; with Fundamental
Matter

Three-dimensional N' = 2 U(N); SQCD theories with F' fundamental chiral multiplets
can be organized in a two-dimensional parameter space spanned by (k, F'). Each point in
this plane corresponds to a distinct theory. While we exclusively focus on k£ < 0, analogous
generalizations can be seen for k£ > 0.

'While the subject of Chapter [2/are U(N)(x x4 n¢) theories, we focus on U(N)x here instead to connect
our findings to known Aharony-like dualities more transparently. The results obtained for U(N)j can be
generalized to theories with £ # 0 using the standard gauging/ungauging prescription.
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This organization, summarized in Figure [3.1] reveals five broad regimes distinguished by
the relative magnitude of F, k & N, which can be further understood in terms of their
low-energy behavior, corresponding to their Aharony-dual phase [18| [21] (which defines
the maximally, marginally and minimally chiral regions of parameter space).

We identify the supersymmetry breaking region defined by:
SUSY : 2lk| <2N —FNF <N. (3.1)

On the boundary of this region, for (FF = N) N (2|k| < N)and (F < N)N (2|k| =2N-F),
the theory is trivial in the IR, except for F' = N and 2|k| = N, which corresponds to a
single free chiral multiplet.

A special role is played by the N = 4-descendant line in this landscape,
F =2|k| + 2N,

highlighted in orange in Figure [3.I] Theories on this line are precisely those that can be
obtained as axial mass deformations of N’ =4 SQCD3 a la [2, 3. In [5], we show that the
planar Abelian dual of more general SQCD theories is qualitatively different depending
on whether the CS level is larger or smaller compared to the AN/ = 4-descendant, namely
whether the theory lies above or below the orange line in Figure |3.1

—2k
Aharony-like duality
Zone 1 < 1
Maximally chiral
Zone 2 <> 2
zone 4 Zone 3,4 < 3,4 | Minimally chiral
2N zone 3 > | Marginally chiral
Mirror-like duality

Zone 1 | (3.306)

Zone 1 | (3.43)

Zone 2 | (3.40)

zone 2
Zone 3 | (3.47)
SUSY

Zone 4 | (3.53)

zone 1 zone 1 — | 59

-3.24

N 2N > F | '

(13.37)

— ] (3-59)

Figure 3.1: Phase diagram of U(N); SQCD with F' fundamental fields in the (F, k)-plane.
The diagram is partitioned into various zones, within which the planar Abelian duals take
qualitatively distinct forms. On the right, the action of Aharony-like duality [18] 20, 21,
146] and the mirror-like dual of the SQCD theories in the various zones. Theories on the
red line flow to CS TQFTS, theories on the blue line correspond to marginally chiral SQCD
and theories on the orange line are obtained from an axial mass deformation of NV = 4
SQCD and their mirror-like dual was proposed in |2} 3].
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Motion in the k/F— Plane

A convenient way to explore this parameter space is through real mass deformations of
the matter fields. For each fundamental chiral multiplet, there are four basic possibilities:

1. Non-Higgsing Mass Flows: Assigning a positive or negative real mass £m re-
moves one chiral field from the spectrum and shifts the CS level by :l:% without
affecting the rank of the gauge group. On the (k, F)—plane these correspond to
diagonal moves toward the left:

e SQCD (3.2)

/

+m

which can be stated more succinctly:

+m
(F k) =3 (F—1,k+3).

2. Higgsing Mass Flows: Assigning a positive or negative real mass +my removes
one chiral field from the spectrum, shifts the CS level by :t% and reduces the rank
of the gauge group by 1. On the (k, F')—plane these correspond to diagonal moves
toward the right, which can be stated more succinctly:

+m
(N,F, k) =¥ (N—-1,F -1,k £ 3).

As an example, starting from F = 2N, k = 0, the deformation —mpy produces a
theory with F” > 2N’  which sits on the N/ = 4-descendant line to the right of the
pseudo-self-dual point F’ = 2N’. The deformation +my reduces a theory sitting on
the N' = 4-descendant line to a theory which lies in Zone 1:

U(N) SQCD U(N —1) SQCD

—2K —2K

+mu

s (3.3)

Taken together, these deformations allow us to probe the (k, F')—plane completely, starting
from a given theory.
An Intermezzo: Compact Quiver Notation

For brevity, we adopt a uniform, compact notation for the planar Abelian quivers studied
in this section:
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Quiver notation

Field theory

S;

v @

U(1) N = 2 vector multiplet

[ du

U(1) Flavor node

u

bifundamental chiral with R-charge r
and mixed CS level +1

3
Sb<2

(9]

I-7r)—u+ v) e~ miuv

X n
U
U f
Y

bifundamental chiral with R-charge 2r
and mixed CS level +1

Sb<§

1-=2r)—u+ U) e i

bifundamental chiral with R-charge 1 —r
and mixed CS level —1

Sb(gr +u— ’U) emiuY
bifundamental chiral with R-charge 2 — 2r iQ i
and mixed CS level —1 5 <7(2r “Dtu-vje

Mixed CS term at level —2 g2miuv

(3.4)
Each gauge or flavor node U(1); carries a Chern—Simons term at level k;, determined by
its mixed CS couplings through

1
ki = —3 > ki,

JF

which contributes to the localized partition function as

(3.5)

: 2
—mi ki us
e LN

where u; denotes the corresponding gauge or background fugacity. This sum runs over all
nodes in the quiver, including flavor nodes.

There is a monopole superpotential compatible with the R-charges and topological sym-
metries of each column.

3.1.1 Mass Deformations of CS-SQCD3; with Fundamental Fields

In this section, we study mass deformations in N’ =2 U(N) SQCD with CS levels (k, k +
¢N) and F' fundamental chiral fields using the equations of motion [32] of the theory. We
introduce a large real mass deformation for one of the fundamentals, implemented through
a real mass associated with a U(1) subgroup in the Cartan of the SU(F') flavor symmetry.

We parameterize the real masses associated to the Cartan of SU(F) as X;, i =1,...,F
subject to the following constraint:

(3.6)

In the presence of these real mass deformations as well as an FI term 7, the equations of
motion are:

(0o — Xi)Q', =0, a=1,...,N,i=1,...,F (3.7)
F 55 N 1 F
it 8 _ O _
ZlQa*Qi—% n+kaa+ﬁzlay+gzgraaxi| ,  aBf=1..,N (38)
1= Y= 1=

where !, are the quark VEVs, and we use gauge freedom to rotate the VEVs for the
scalar ¢ in the N' = 2 vector multiplet to a diagonal matrix.
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Mass Flows without Higgsing: We first turn on a real mass deformation parametrized
by the shift:

X1 %XliF(F—l)m,
X, = X; +m, 2<i < F, (3.9)
n—=n+ (5 (k+EIN))m.

Since the quarks transform in the antifundamental representation of the SU(F') flavor
group, these shifts correspond to a positive mass (upper sign) and a negative mass (lower
sign) for the first quark, respectively. We consider a vacuum wherein the gauge group
is not Higgsed and the last F' — 1 quarks remain massless in the limit m — oo. This is
achieved by giving a large VEV to the real scalars o in the A/ = 2 vector multiplet:

o — +diag(m,m,...,m) + o. (3.10)

The effective mass for the quarks @Q°, with i > 2, given by (o, — X;) vanish at leading
order in m, while the effective mass for the first quark Q. is:

my = +mF + O(m°) (3.11)

rendering this quark massive in the m — oo limit and, hence, can be integrated out. Up
to O(m") terms, the equations of motion reduce to the equations of motion for U (V)
with (F — 1) fundamentals and CS levels k & %,k + 2 + ¢N. The real mass deformations
, together with the choice of vacuum , produce the following RG flows:

U(N)k—l,k—%-i-Né with F'—10

x
U(N)k’kJrNe with F J
+/

U(N) with F — 10

1 1
kt 5kt 5+ NE (3.12)

We denote these RG flows “+m” and “-m” in the remainder of this chapter.
Mass Flows with Higgsing: We now consider real mass deformations that simultane-
ously give mass to one quark and Higgs the gauge group to U(N — 1). We consider the
following shifts of real mass parameters for large m:
Xi—-X1F (F — 1)mH,
X — Xi £ my, 2<i<F (3.13)
n—=n+ (5 +(k+IN—LF))my.

and we combine it with a large VEV for the real scalars o:

—(F-1) 0
o— £ my + o (3.14)
0 Inv_1xnN-1
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which Higgses the gauge group to U(N — 1) x U(1). The fundamentals @Q¢, with o > 2
and ¢ > 2 remain massless and form F' — 1 fundamentals for the U(N — 1) factor, while
the component Q1 is massless as well and carries a charge +1 under the U(1) factor. The
other quarks are massive and are integrated out. The D-terms for the U(NN — 1) sector
are satisfied up to O(mY%) order and reduce to the equations for U(N — 1) with F — 1
fundamentals. The D-term for the U(1) gauge factor, namely (3.8)) with o = 5 = 1, read:
F
2| QL2 = —n — (2 + (k + (N — eF)> my + koy T E(F — 1)my
1
MZJHH —F+N)mpg + = Z|01 Xi & (=F)mu| + 5o — X
= -

- <;F(F—1)—2Fﬂ:(—k—£N+£F—k(F—1)+€(N—F))> m + O(miy)

_ GF(F e kF) mi + O(m)

(3.15)
This can be solved by giving a non-zero VEV to Q1 such thatﬂ
12 my (1
=— |F(F-2)FkF) >0 3.1
QP =52 (3F(F -7 k) > (3.16)

Positivity of this expression determines the range of validity for the two possible deforma-
tions:
mpy: F>2(k+1),

—mp: F>2(k+1). (3:17)

These regions of parameter space are illustrated in Figure

When the deformation is allowed, the U(1) factor is fully Higgsed, and the resulting theory
is U(N — 1) SQCD with F — 1 fundamentals and CS levels (k + 5, k£ £ + ((N — 1)).
Together with the previous non-Higgsing deformations, we obtain four distinct flows from
U(N) SQCD with F fundamentals to theories with F' — 1 fundamentals:

U(N 1,y With F =10 Lk Nl)éwithF—lD
kk+N€ with F [
U(N k+2 ke with FF—10 k+ wrLeovone with F — 10

(3.18)

2When g — 1 F k = 0 the D-terms are satisfied with vanishing VEV for the chirals and Q} remains
a massless d.o.f. charged under the U(1) factor of the gauge group. This is the case when the SQCD
obtained after the mass deformation is marginally chiral.
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Negative mg

Positive myg

-2k

Figure 3.2: RG-flow trajectories induced by real mass deformations accompanied with
Higgsing in the (F, k)-plane.

3.2 Mapping Mass Flows Across Aharony-like Duality

We remind the reader that SQCD with U(NV) gauge group and CS levels k, k + (N and F’
fundamentals is mapped by Aharony-like duality to U(NN) SQCD with CS levels —k, —k +
/N and F antifundamentals [18, [21] (see also [20, (146, [227] for a comprehensive review).

For simplicity, we focus on the case £ = 0, corresponding to equal CS levels for the two
U(1) factors. The general case with £ # 0 can be obtained by applying Witten’s SL(2,7Z)
action on both sides of the duality [106].

The dual rank N depends on the relative values of F' and k, dividing the parameter
space into three regimes — minimally chiral, marginally chiral, and maximally chiral —
characterized as follows:

minimally chiral: F' < |2k|, N=L +|k|-N
marginally chiral: F = |2k|, N=L4|k|-N=F-N (3.19)
maximally chiral: F' > |2k|, N=F—-N

In the marginally chiral case there is also an additional gauge singlet in the magnetic
theory that flips a monopole:
|k

£_
Witag =TT (3.20)

where the upper (lower) sign correspond to k& > 0 (k < 0).

One can flow between different Aharony-like dualities by consistently turning on real
masses on both sides of the duality. We outline the mapping of mass deformations +m
and +my across Aharony-like duality; a detailed derivation is provided in the Appendix
of [5].

In the mazximally chiral case, all four deformations in (3.18) are available, as can be
checked from Figure Aharony duality maps positive real masses to negative real
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masses. Consistency with the value of N implies that mass deformations are mapped as
follows:

+m —my

—m Aharony +7fn\1_'-/1 (3 21)
—> .

+mpy maximally chiral —-m

—mpy +m

where +£m and +mp denote mass deformations with or without Higgsing for U(NN) SQCD
with only antifundamentals, analogous to the deformations discussed above for SQCD
with only fundamentals.

In the minimally and marginally chiral cases, only three of the four deformations are
available. The two non-Higgsing deformations, +m and —m, are always accessible, whereas
only one of the two Higgsing deformations (+my) is allowed, depending on the sign of the
Chern—Simons level k. For concreteness, we set k£ < 0, where the electric theory admits
the mpy deformation. The Aharony dual theory has CS level —k > 0 and one can check
that the deformation —mp is available. The mapping of mass deformations is given by:

+m —my
Aharony -
E<0: -m +m (3.22)
marginally or minimally chiral _
+mpg —m
similarly for k& > 0:
+m —-m
Aharony P
kE>0: —m —mpy (3.23)
marginally or minimally chiral
—my +m

3.3 Mapping Mass Flows Across Mirror Duals

In this section, we analyze how real-mass deformations of N' = 2 SQCD are realized on
their planar Abelian duals. We do this by comparing the equations of motion on the
electric and mirror sides in the large-mass limit. We then focus on a pedagogical example
to elaborate on some features of our proposal. At each stage, we indicate the zone of the
k/F-plane (Figure to which the theory belongs.

3.3.1 Deformations of the N' = 4 Descendant SQCD;

As a starting point, we consider the planar Abelian dual of U(N),_r SQCD with F
2

fundamental fields, shown in Figure We remind the reader that this dual is the one
we would obtain directly from A = 4 mirror symmetry.
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(F > 2N)
—2k
2N
_) F
N 2N (3.24)

Such theories lie in the maximally chiral regime, where all four deformations +m and
+my are available. Across the duality, a real mass for a quark in SQCD maps to an FI
term for the gauge nodes contained in a single column of the planar Abelian quiver, while
the FI parameter of the SQCD maps to a real mass for one of the two flavor nodes of the
Abelian theory.

Consequently, giving a real mass to the i-th quark corresponds to turning on a large FI
parameter for one (or two) adjacent columns of the Abelian quiver. Although different
choices of ¢ are equivalent at the level of the IR-SCFT—Dbeing related by Weyl transforma-
tions of the SU(F’) flavor symmetry—this symmetry is not manifest in the planar quiver
representation. As a result, the UV analysis of the deformation depends on the specific
choice of 7, even though the corresponding IR deformations describe the same flow.

For concreteness, we adopt the following conventions for the four possible deformations:

+m,+myp : large mass for the last quark Q" <+ Xp — —oc0 (3.25)

—mpg,—m: large mass for the first quark Q! <+ X; — 400

Therefore, the deformations +m, +mpg correspond to evaluating a large FI limit for the
rightmost node in the quiver, while the deformations —m, —mp correspond to a large FI
limit for the leftmost node.
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» )3

. .
P

S

RN Y

+m )/’i: -

Higgsed:
Superpotential mass:
Negative mass:
Positive mass:

Figure 3.3: Deformations of the planar Abelian quiver dual to U(N) w_E) SQCD with
—32

F' fundamentals. Chiral fields highlighted in pink acquire a large positive mass, fields
highlighted in green acquire a large negative mass, and fields highlighted in blue acquire
a VEV, thereby Higgsing the nodes that they connect to a diagonal U(1). The quivers
resulting after integrating out the massive fields and performing the Higgsing are shown

in Figure

We propose the following vacua for the four mass deformations:

+m: In this deformation, the chiral fields along the top-right diagonal and the chiral
field attached to the topmost gauge node acquire non-zero VEVs. These fields are
highlighted in blue in the bottom-left panel of Figure [3.3l The Higgsing identifies
all gauge nodes along the top-right diagonal with the adjacent flavor node. Conse-
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quently, the planar superpotential reduces to a set of mass terms, allowing one to
integrate out the 2(/N — 1) chiral fields highlighted in orange in Figure as shown
in Equation [3:26

O
c 1 91
I'Ilﬁ'; Integﬂ}e out
q
ORI
(D @
q
o q q
WD Wplanar WD E?iVl—S qiqi+1 WD Wplanar
(3.26)

In this deformation, the real scalars in the vector multiplets associated with the
gauge groups along the bottom-left diagonal acquire large VEVs:

(ghottom gbottom - gbottomy o (N —1)Fm,(N —2)Fm,...,Fm)  (3.27)
where Uﬁ-’o’ftom is the real scalar of the gauge group associated to the bottom-most
node in the i-th column. As a consequence, the chiral multiplets connecting these
nodes acquire large positive real masses. Furthermore, vertical chiral multiplets also
acquire a large positive mass, while the remaining fields (highlighted in green in
Figure acquire large negative masses. Moreover, the chiral field attached to the
bottom flavor node is Higgsed.
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Integrating out the massive fields yields the quiver shown below:

F — N nodes

N nodes

(3.28)

This intermediate quiver contains a tail of U(1) gauge nodes that interact with the
rest of the quiver only through mixed CS couplings. Such a tail can be systematically
contracted by sequentially integrating out the last node, which corresponds to an
almost trivial U(1); Chern-Simons theoryl’}

3Background gravitational CS terms (C'S,) are omitted from the quiver notation.
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The resulting duality is then represented schematically as:

UWN), p i with F-10 %((Z :I

N — 1 nodes F — N nodes

(3.29)

In this deformation, the real scalars in the vector multiplets of the gauge groups in
the right-bottom-most diagonal acquire non-zero VEVs:

(gbettom ghottom  gbettom) o« —((F — N —1)Fm, (F — N —2)Fm,...,m). (3.30)

Consequently, the chiral fields connecting these nodes acquire a large positive mass.
Furthermore, vertical chiral multiplets acquire large positive masses, while the re-
maining chiral multiplets (highlighted in green in the bottom-right panel of Figure
acquire a negative mass.
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Furthermore, the chiral field connected to the bottom flavor node is Higgsed. In-
tegrating out the massive fields and contracting the resulting tail, analogous to the

+m case, results in the following duality:

b

F — N nodes

N nodes

(3.31)

—myg: In this deformation, the chiral fields in the top-left diagonal and the chiral field

connected to the top-most gauge node acquire a VEV. These fields are highlighted
in blue in the top-right panel of Figure As aresult, all the gauge nodes in the top-
right diagonal are identified with the flavor node. The planar superpotential reduces
to mass terms which we use to integrate out 2(N — 1) chiral fields, analogously to
(13-26]).

We summarize these mass flows in Figure Furthermore, in Figure in addition
to the conventions for nodes and arrows introduced in Section we have also included
dashed lines representing mixed CS interactions. Specifically, a dashed line connecting
two nodes labeled U(1), and U(1), denotes a mixed CS term at level -2 between these
gauge groups.

After performing either a +m or a —my deformation, the resulting quiver retains the
same rectangular structure as the original planar Abelian dual. In fact, the resulting
theory is precisely the planar Abelian dual of the SQCD model obtained after the corre-
sponding mass deformation on the electric side. These two deformations therefore provide
a nontrivial self-consistency check of the duality originally proposed in [2} 3].

In contrast, the deformations -m and +m g yield quivers with a modified geometry, leading
to different planar structures. Successive applications of these deformations require a
separate analysis, which we undertake in the next section, where we construct and study
the planar Abelian duals of SQCD theories obtained through multiple -m or +my mass
deformations.
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Figure 3.4: Deformations of the planar quivers dual to the SQCD mass deformations in
. The grey shading highlights which parts of the quiver are modified by each mass
deformation and makes explicit how the overall quiver geometry changes relative to the
initial configuration.
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Exploring Zone 1 via Multiple +my Mass Deformations

In the previous section, we discussed the mapping of a single positive mass deformation
accompanied with Higgsing on the planar Abelian dual of SQCD on the ' = 4-descendant
line. This resulted in a duality for SQCD theories with F' fundamentals and k = N — g +1
CS level, which lie in Zone 1 in the k/F plane (see Figure [3.1]), just below the N = 4
descendant.

To explore theories in Zone 1 more systematically, we must map the effect of adding
multiple positive masses accompanied with Higgsing (+mg) on the planar theory.

We perform the +mp deformation associated with the F-th quark, which is implemented
by the real mass deformations in (3.13)).

U(N),_r,, with F O . /(/ﬁ ¢>

F — N nodes
N nodes
Higgsed:
Superpotential mass:
Negative mass:
Positive mass:
(3.32)

We propose that the corresponding deformation on the magnetic side is the following:

e The vertical bifundamental chiral connected to the bottom-most flavor node is Hig-
gsed.

o The scalars in the vector multiplets of the gauge node in the bottom-right diagonal
acquire a VEV:

(ohettom ghottom . gbetom) o —((F =N —1)Fm, (F—N—2)Fm,...,Fm) (3.33)

We checked that the RG flow induced by these deformations can be followed on the Sg
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partition function, and the resulting divergent phases cancel between the electric and
magnetic theories. Similar to the first mass deformation +my considered in Section [3.3.1]
the gauge groups in the bottom-right diagonal become a tail of CS theories that only
interact via mixed CS levels after integrating out the massive fields. This tail can be
sequentially contracted, resulting in the following duality:

UN-1) with F—1 0

N
+
ol

F — N nodes

I (3.34)

Further positive mass deformations accompanied by Higgsing are mapped in an analogous
manner. In this case, the real scalars associated with the gauge nodes along the bottom-
right diagonal acquire non-zero vacuum expectation values, which in turn generate large
masses for the fields charged under them. Simultaneously, the vertical chiral multiplet
attached to the bottom flavor node develops a Higgs VEV. Performing this sequence of
deformations yields the planar Abelian dual quiver corresponding to a generic SQCD
theory in Zone 1:

¢,

N nodes

U(N), with F O +—

F — N nodes

% — |k| — 1 — N BF interactions

F_ s
L — k| nodes

(3.35)
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The quiver on the left-hand side of can be systematically simplified by applying
local Aharony-like dualities, similar to the sequence shown in Section Specifically,
we dualize the quiver column by column, proceeding from left to right and halting at the
(% — k)-th column. The gauge nodes within this column that lie outside the rectangle of
dimensions N x (F'— N) confine. We then repeat the process, restarting from the left and
stopping one column earlier each time, until only the leftmost gauge node is dualized. At
every iteration, the nodes of the final dualized column that fall outside the N x (F' — N)
rectangle again confine.

After performing this complete sequence of local dualizations, we obtain the duality de-
scribing SQCD theories with F' > 2N + 2|k|, namely those lying in Zone 1 of Figure
3.1k

.

U(N), with F O +—
L — |k| nodes

(F > 2|k| + 2N)

—2k

2N

(3.36)
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As a limiting case, we show the dual of U(N )y with F' fundamental chiral multiplets, for
which the dual has a particularly simple, symmetric form:

U(N) with F O +—

—2k

NN (3.37)

Some additional comments regarding the & = 0 duality are in order:

2N

e Beyond the CS and mixed CS levels encoded in the quiver, there are background
contributions to the Sg’ partition function of the form exp (%qb(m“g)), with

F
2 F
plmag) — Z (X7 —iQ(L=3nX;) — Y (X7 +iQ(1-r)X;) | +0(Q%).
= =5+
(3.38)

Here, the quadratic terms encode the CS levels for the UV global symmetries U(1)x;,
while the linear terms correspond to mixed CS couplings between U(1)x, and the
R-symmetry.

o We also identify the U(1), flavor symmetry associated with the bottom node as

F
U(1), f:U s~ U1y,
i=1

where U(1),, is the topological symmetry of the SQCD. This assignment is consis-
tent with our notion of mirror symmetry, which exchanges topological and flavor
symmetries.

o There is an additional background interaction between the U(1)a flavor symmetry
and the global U(1) ¢ and U(1)g symmetries. This may be regarded as an FI term
for the U (1), symmetry, and has the form

ZX T—1+2N7“)
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e We encode the mapping in the FIs for the gauge nodes in the i-th column, which
are, from top to bottom:

— Lh.s. of the quiver: XZ‘_H—XZ'—%T, Xiv1—X5, oo, Xig1— X, XZ'+1—XZ‘+§T’
_ . _ Q0 _ _ _
central column: Xngl Xg + F(r = 1), Xgﬂ Xg, ...,Xgﬂ

_ iQ
Xg, Xngl Xg + 2T
— r.h.s. of the quiver: Xi—‘rl _Xz' + %(7’ - 1), Xz'+1 - Xl', e ,XZ‘+1 - Xi, Xz'—l—l —
X, — @ —1)

Starting from this fully specified duality, including all background terms, one can in prin-
ciple invert the logic of our construction: by tracking the RG flow at the level of the SZ’
partition function, one can recover the N' = 4 parent theory d la [5]. In the thesis, we
follow the opposite route—starting from the N' = 4 descendants and performing deforma-
tions to obtain the general planar Abelian duals—but this observation highlights that the
k = 0 duality contains all the necessary data for the reverse reconstruction. Moreover, the
partition function provides an independent consistency check for our proposal and allows
us to recover results for N’ = 4 descendants.

We point out that the planar duals of theories in Zones 1, 1 naturally encode Aharony-like
duality, rather than being derived from it. In these regions of parameter space, a theory
generically admits a planar dual whose quiver has dimensions N x (F — N), manifestly
symmetric under the exchange N <+ F' — N.

As a consequence, theories related by Aharony-like duality flow to the same planar de-
scription. For instance, the Aharony-like dual pair consisting of U(3) 1 SQCD with 7

2
fundamental chiral multiplets and U(4)1 SQCD with 7 antifundamental chiral multiplets

2
gives rise to an identical planar dual, shown in Equation We expand on this in
Section [3.4]

Exploring Zones 1,2,3 and 4 via Multiple —m Mass Deformations

In the previous section, we also discussed the mapping of a single negative mass —m
deformation on the planar Abelian dual of SQCD on the N/ = 4-descendant line. We now
systematically study the effect of multiple deformations —m.

Zones 2: At each step, the —m mass deformation is implemented by giving vacuum
expectation values to the real scalars in the vector multiplets associated with the gauge
nodes along the bottom-left diagonal:

(U?Ottom,agomom, .. ,Ul}‘?mom ) x ((% — k| = 1)Fm,; (g — k| = 2)Fm,;... ,;Fm) )

S—Ikl-1

(3.39)

In addition, the vertical chiral multiplet connected to the bottom flavor node acquires a
Higgs VEV.

Starting from the A/ = 4 descendant line, this mapping remains valid for the first N suc-
cessive negative real mass deformations. This sequence of deformations allows us to fully
explore the parameter regions corresponding to Zone 2 in the k/F-plane. The resulting
duality is shown in Figure [3.40
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N nodes

F — N nodes

U(N)y with F O —

2kl > |[F—2N| n F > 2lk|

£ — |k nodes U ﬁ
o Yﬁﬂ (3.40)

Notice that Zone 2 includes, on its boundary, the case of U(N) n SQCD with N flavors,

which corresponds to the cusp of the supersymmetry-breaking rZegion. The planar dual
of this theory cannot be obtained as a simple limiting case of the dualities in
and . Indeed, in this limit, certain parameters controlling the size of the quiver
degenerate, indicating that the planar dual takes a qualitatively different form.

Nevertheless, the dual description can be accessed by following real mass deformations in
the Abelian theory. For instance, starting from the dual of U(N) n 1 with N +1 flavors

4

and integrating out one flavor, we are led to the duality shown in (3.41)).

N nodes N nodes

-1

e v
1 1

with N + 10 U(N) n with NO
-2

Y gy (3.41)
By applying a sequence of Aharony dualities on the gauge nodes of the Abelian quiver,
one finds that the theory confines to a single free chiral multiplet. This reproduces the
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expected infrared duality

UN) y with NO — free chiral, (3.42)

2

where the free chiral is identified with the gauge-invariant monopole operator of the SQCD

theoryﬂ

Zone 1: This region of parameter space can be accessed only through a combination of
positive and negative real mass deformations, +m and —m respectively. As discussed in
Section the +m deformations shrink the quiver along the SW-NE direction, while
the —m deformations act analogously to those considered for theories in Zone 2 in .
The resulting duality is shown in Figure [3.43

U(N), with F O —

(2N —2|k| > F > N)

g — |k| nodes

—2k

2N

Vo (3.43)

On the boundary between Zone 1 and the SUSY-breaking region, corresponding to F' = N
and 2|k| < 2N — F, the theory is expected to become trivial. This behavior cannot be
directly inferred from , since reaching this point would require setting one of the
quiver size parameters to zero, leading to a degenerate description.

Nevertheless, this limit can be accessed by considering theories that flow to this boundary
via a single real mass deformation. For example, one may start from theories along the

“By following the standard SL(2;Z) gauging/ungauging prescription, we obtain a duality between
U(N)( N 3N SQCD with N O and U(1)3 SQED with a single [J chiral multiplet. This theory exhibits
22

an enharfcement to N = 4 supersymmetry, 2as noted in [228]. From the perspective of the planar Abelian
dual, this enhancement becomes particularly transparent, as it can be directly inferred from the topology
of the quiver diagram. In particular, the triangular subquiver in the planar mirror can be confined to
a single free chiral multiplet via local dualization sequences, after which the resulting quiver reduces to
U(1)s SQED with a single chiral multiplet.

2
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vertical line with F' = N + 1 and 2|k| < 2N — F', and follow the deformation. In this way,
one finds that the planar Abelian dual reduces to a quiver that fully confines to a U(1);
theory, which is an almost-trivial theory.

In contrast, the boundary between Zone 1 and Zone 2 can be straightforwardly obtained
by setting 2|k| = 2N — F in either (3.40|) or (3.43)), which is a well-defined operation at
the level of the quiver.

Similarly, theories along the horizontal line k = 0, with N < F' < 2N, can be obtained by
directly setting £ = 0 in . The special case k = 0 and F' = 2N is instead described
by . This point is not captured by a naive limit of , as expected, since it cannot
be reached via positive real mass deformations starting from theories in Zone 2.

Zones 3 and 4: Each additional mass deformation —m corresponds to giving a VEV to
the real scalars in the (|k| — £)-th column—namely, the leftmost column still connected
to the rest of the quiver by diagonal chiral fields:

o p=0d Vi, j (3.44)
k-5 lk-%
’ — 0! F 3.45
U|k|7§ U|k|7§+1 X m ( )

The vertical chirals in the (|k:| — g)—th column remain massless, whereas the diagonal
chirals connecting this column to the next one become massive. In particular, the diagonals
oriented toward the right acquire positive masses, while those pointing left acquire negative

masses, as shown in Figure [3.46
@ | ) IE |
u : :
o

Negative mass:
Positive mass:

(3.46)
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This mapping remains valid as long as the quiver contains columns of diagonal chiral fields,
which corresponds to the condition F' > N, shown in Figure [3.47]

N nodes

FNno/de;\)X

U(N), with F O —

(2|k| > F > N)

—2k

2N N : ‘
N an T ‘ (3.47)

In Zone 4 with F' < N (Figure [3.53)), the negative mass deformation —m instead corre-
sponds to giving a VEV to the vertical chiral at the top of the F'" column from the right,
together with VEVs for the real scalars in the top-right diagonal:

(4.2, o ((F — )P, (F ~ 2)Fm. ... Pm) (.49

where Uf(’p is the real scalar associated to the top node of the i-th column from the right.

On the boundary between Zone 4 and the SUSY-breaking region, namely for 2|k| = 2N —F
with F' < N, the planar quiver takes a qualitatively different form and cannot be obtained
as a well-defined zero-size limit of ([3.53).

However, using the fact that the theory at F' = |2k| = N reduces to a single free chiral
multiplet, one can immediately infer the behavior along this boundary. Indeed, a negative
real mass deformation of U(N) n SQCD with N flavors maps, in the dual description, to

2
a mass term for the free chiral. Integrating out this field yields a trivial theory, implying
that the boundary theory is trivial.

Before concluding our discussion on the planar theories in Zones 3 and 4, we briefly com-
ment on the form of the monopole superpotential in these theories. There is a monopole
superpotential term for each pair of consecutive nodes in a column with GNO flux F1
under the top (bottom) nodes. In the “bulk” of the quiver, where there are diagonal
arrows on both sides of the column, these monopoles are gauge-invariant BPS operators
and, hence, enter the superpotential as described before.

e In the column that separates the “bulk” of the quiver and the region with BF inter-
actions, as shown in Equation these monopoles must be dressed with the chiral
field Q.
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The FI parameters of the nodes in this type of column are, from top to bottom:

FIs: Xi—§, Xi—Tg, ...,Xi—Tg, X1—|—§(1—37“) (349)

where X; is a Cartan of the SU(F') flavor symmetry, and the coefficient in front of
% encodes the mixing between the topological and the R-symmetry. We remind the
reader that we assign a trial R-charge r to the chiral multiplets in the electric SQCD

theory.

(0 -1 0)
Wmouopole ) Qgﬁ 0 ! 0

(3.50)

e In the columns with BF interactions on both sides, as shown in Equation these
monopoles must be dressed with both Q; and Qs.

The FI parameters of the nodes in this type of column are, from top to bottom:

FIs: %(27” ~1), 0, ...,0, %(1 —2r) (3.51)
‘v
® o (0 -1 0)
’ Wmouopole D) QIQZSUI 0 ! 0
o L
Q1 o
o

(3.52)

e We further notice that in a column with BF interactions on both sides, the N — 1
monopole superpotentials completely break the topological symmetries. Therefore,
only the columns in the “bulk” of the quiver and at the edge of the “bulk” contribute

to the Cartan subalgebra of the global symmetry, matching the global symmetry of
the dual SQCD.
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([
|k| + £ — N — 1 nodes ’
[ [ |
[
UNpwith F O — B o
(N > F > 2N —2|k|) e - :;.

N nodes : Yy?(

—2k
2N

NN 'Y (3.53)

Dualities for Marginally Chiral SQCD: Turning on exactly N negative real masses

for the planar quiver shown in Figure results in a planar Abelian dual for marginally
chiral SQCD:

F — N nodes
N nodes

[\

—2k

2N y
r ¢
N 2N

In this case, we observe that the planar Abelian quiver contains a long gauge-invariant
mesonic operator (highlighted in maroon) in the chiral ring that parametrizes a non-
compact moduli space. Consistently, the dual SQCD features a gauge-invariant monopole
operator parametrizing a C-moduli space of vacua.

(3.54)
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Dualities for TQFTs: Upon integrating out all the flavors in the SQCD theory, we
find a planar Abelian dual for N =2 U(N); CS-YM theory:

|k| — N — 1 nodes .
N =2 U(N)k . .
| e .
N =0 UN) s B o
N nodes l Lo
o
N 2N

(3.55)

Interestingly, the resulting planar dual is not manifestly topological, as it still contains
massless charged chiral fields. As such, the duality would imply that the planar Abelian
quiver shown in is in fact a gapped theory, flowing in the infrared to a U(NV)
Chern—Simons theory with levels (k + N, k).

We stress, however, that what we have established is a matching of S‘Z partition functions
between the two sides, and that this falls short of demonstrating the above. We do not
have a mechanism for the decoupling of the charged matter in the infrared, and we have
not verified that the resulting topological data agree. The latter point is not a formality:
a topological field theory is characterized by its line operators and their braiding, and the
topological lines of Abelian theories behave rather differently from those of non-Abelian
ones. The supersymmetric partition function is insensitive to precisely this data, so the
check that is required here is the computation of defect indices [160, [229-233] on both sides,
which we have not carried out. We therefore record as a conjectural statement, well
supported at the level of the partition function, and regard the infrared mechanism and
the matching of the line spectra as an open direction.
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3.3.2 An Example: Non-Higgsing Mass Deformations of U(3) 1 SQCD3
2
with 7 O

Having established the framework of mapping mass deformations across mirror duals, we
now focus on a pedagogical example to illustrate our proposal. For concreteness, we begin
with the planar Abelian dual of U(3)p with 8 fundamental chiral multiplets, shown in

Figure

U3) with8 O +—

W= Wplanar + Wmonopoles

(3.56)

We now demonstrate the effect of a negative mass deformation on the duality shown in
Figure [3.56| The resulting duality between U(3) 1 SQCD with 7 fundamental chiral
P

multiplets is shown in Figure [3.57
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N|

W= Wplanar + Wmonopoles

(3.57)

We recognize the dual pair shown in Equation [3.57 as an N' = 4-descendant pair; as such,
we can recast it in the more familiar presentation of [3] via a sequence of local dualizations,
summarized in Equation |3.58

(3.58)

We now focus on the RG flow trajectories of U(3) 1 with 7 fundamental chiral multiplets.

To emphasize the qualitative differences in the RG flows induced by the same mass de-
formations for different values of ¢, we first study the effect of the same on U(3) ( )
272

SQCD with 7 fundamental chiral multiplets in Figures B:5] 3.6} and 3.7} Subsequently,
we follow the same RG flow trajectories for U(3) (L SQCD with 7 fundamental chi-
-

ral multiplets in Figures [3.8] and [3.9} we con51stent1y recover the latter by following the
gauging/ungauging prescrlptlon at each step in the former. We exhaustively catalog all
dualities generated by +m mass flows, but do not explicitly comment on the resulting CS
interactions and FI terms, which can be recovered from the SZ’ partition function
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Figure 3.5: The planar mirror dual of U(3) with [7,0] chiral multiplets is an N' = 4 descendant theory. Starting from this UV theory,

(-3
we study the RG flow trajectories induced ‘by2 real mass deformations +m. In this figure, we display the first three levels of the deformation
sequence. Specifically, we begin with an electric theory containing [7, 0] chiral multiplets and follow the flow to theories with [4, 0] chiral multiplets,
accompanied by various CS levels. We only show the global topology of the resulting quiver diagram, while omitting details of the CS levels and FI
terms of the various planar quivers; these can be obtained by following the same flow on the Sg’ partition function, or with the equations of motion
of the mirror dual.
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Figure 3.6: We continue analyzing the RG flow illustrated in Figure At Level 3,
only two theories—the planar mirrors of U(3)(_s 5y and U(3)(_1,—4) with [4,0] chiral
multiplets—admit non-trivial flows under £m deformations. The remaining theories flow
to nearly trivial infrared fixed points: either a U(1); TQFT, obtained by sequentially
confining gauge nodes connected via BF couplings, or a free chiral multiplet. Determining

that the corresponding electric theories reduce to TQFTs (U(S)( 17 and U(B)( 5,

272 272

with [3,0] chiral multiplets) or free chirals (U(3) 3.3 with [3,0] chiral multiplets) is non-
272

trivial; however, this conclusion becomes transparent upon analyzing their planar mirror
descriptions. As before, we only show the global topology of the resulting quiver diagram,
while omitting details of the CS levels and FI terms of the various planar quivers.
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Figure 3.7: We continue analyzing the RG flow illustrated in Figure We study the RG flow trajectories induced by +m deformations on

U(S)(_%_%) and U(B)(_%_%) with [3,0] chiral multiplets here. Determining the TQFT nature of U(S)(_%_H with [1,0] chiral multiplets is

non-trivial in the electric theory, but very transparent in the dual description. As before, we only show the global topology of the resulting quiver
diagram, while omitting details of the CS levels and FI terms of the various planar quivers; these can be obtained by following the same flow on

the SZ’ partition function, or with the equations of motion of the mirror dual.
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Figure 3.8: The planar mirror dual of U(3) 1 SQCD with 7 fundamental chiral multiplets is an ' = 4 descendant theory. Starting from this UV

theory, we study the RG flow trajectories induced by +m real mass deformations. In this figure, we display the first three levels of this deformation
sequence. Specifically, we begin with an electric theory containing [7, 0] chiral multiplets and follow the flow to theories with [4, 0] chiral multiplets.

We only display the global topology of the resulting quiver diagrams; details of the CS levels and FI terms can be recovered following our usual
conventions.
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Figure 3.9: We continue the analysis of RG flow trajectories induced by +m deformations, extending those considered in Figure Among
the theories appearing in these flows, only U(3)_o SQCD and U(3)_; SQCD with [4,0] chiral multiplets admit non-trivial RG flows under +m
deformations. By contrast, U(3) 1, U(3)1, and U(3)3 SQCD with [3,0] chiral multiplets are dual to trivial theories in the infrared. Accordingly,

2 2 2
we focus on the RG flow trajectories of U(3) 5 and U(3) 3 SQCD with [3, 0] chiral multiplets and follow these flows until all matter is integrated
- ~32

2
out. As before, we display only the global topology of the resulting quiver diagrams, suppressing the detailed Chern—Simons levels and FI terms.
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3.4 Relating Planar Abelian Duals and Aharony-like Duals

The N =2 U(N); SQCD theory enjoys an Aharony-like duality for arbitrary parameters
(N, k,F) (see [146] and references therein). In this section, we restrict to theories with
only fundamental matter fields, whose dual descriptions involve only anti-fundamental
fields. As discussed previously, the structure of these dualities depends qualitatively on
the region of the (k, F') plane at fixed N (see Figure [3.37).

Our goal is to clarify how the planar Abelian dualities proposed in this chapter relate to
Aharony duality. We argue that, assuming the validity of the planar Abelian dualities
together with certain special instances of Aharony-like duality—namely those involving
Abelian gauge groups in both the electric and magnetic phases (see Appendix —one
can derive the general Aharony-like dualities for U (), SQCD with F' fundamental chiral
fields. In this sense, Aharony duality emerges from more elementary building blocks and
is effectively proven within this framework. An immediate consequence is that Aharony
duality for SQCD with fundamentals can be understood as a consequence of mirror sym-
metry.

To make this concrete, we consider SQCD in Zone 1 with F < 2N fundamentals and
Chern—Simons level k, satisfying 2|k| < 2N — F, corresponding to a maximally chiral
regime [21]. This theory is Aharony-dual to U(F — N) SQCD with F' anti-fundamentals
and Chern—Simons level —k, which lies in (the anti-fundamental analogue of) Zone 1:

U(N)p with F<2N 0O < U(F —N)_; with F > 2(F — N) O (3.59)

Across the duality, the topological symmetry is mapped to a linear combination of the
R-symmetry and minus the topological symmetry of the magnetic gauge group:

U(L)op = kU(1) g — U(1)iep - (3.60)

We now show that the planar Abelian duals of these SQCD theories—referred to as the
electric and magnetic theories—are equivalent up to a sequence of local dualities. These
local dualities relate SQED theories to SQED theories and can be understood as limiting
cases of mirror symmetry or Aharony duality. Assuming the validity of this local du-
alization procedure, it follows that Aharony-like dualities for SQCD with fundamentals
arise as a consequence of mirror symmetry. We summarize this structure schematically in
Figure [3.10

The representations of the fields under the SU(F) x U(1), x U(1)g symmetries are:

vy UE-N) | suE) vwe v,
Q ] ] r 0 (3.61)
q ] O

Here, @@ denotes the fundamental chiral fields of the electric theory, and ¢ denotes the
anti-fundamental chiral fields of the magnetic theory. No additional gauge-singlet fields
are required in this duality. The only operators charged under U(1), are the monopole
operators in the respective phases.
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F — N nodes

U(N), with F O <«—

% — |k| nodes

via Aharony

Duality

via Local
Sequence

U(F —N)_j with F O <—

% — |k| nodes

% + |k| nodes

F — N nodes

Figure 3.10: Schematic depiction of the duality web between a theory in Zone 1 and its
Aharony dual in Zone 1.
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Electric Theory. We begin by rewriting the planar Abelian dual of the electric theory
, characterized by gauge group U(NN), Chern—Simons level k, FI parameter 7, and
trial R-charge r. We then perform a sequence of dualizations analogous to the planar
flipflip duality discussed in [3], referring the reader to that work for the details of the
individual steps.

The dualization proceeds column by column, starting from the rightmost column and
stopping at the column immediately to the right of the bottom flavor node. The result of
this first pass is shown in the central quiver of Figure After this step, a column of
square nodes appears at position g — |k|, the flavor node shifts one column to the right,
and the bottom-right diagonal shortens by one node.

We then repeat this procedure iteratively. Each pass starts from the right and ends at the
column adjacent to the bottom flavor node, shortening the bottom-right diagonal by one
node and reducing the number of columns involved by one. The result after the second
pass is shown on the right of Figure [3.11

After a finite number of iterations, we arrive at the quiver shown on the left of Figure|3.12
which has the form of a rectangular lattice of size N x (F'— N). Finally, we apply a flip-flip
duality [3] to the rightmost triangular subquiver, obtaining the quiver displayed on the
right of Figure [3.12

This provides our final expression for the electric theory and can be viewed as an alternative
presentation of the planar Abelian dual in Zone 1.
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Figure 3.11: The first two iterations in the dualization sequence of the planar dual of a theory in Zone 1.
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Figure 3.12: The last two iterations in the dualization sequence of the planar dual of a theory in Zone 1.



The ABCD’s of Mirror Symmetry

Magnetic Theory. The planar Abelian dual of SQCD with only anti-fundamental fields
can be obtained by applying parity (P) and charge conjugation (C) to both sides of the
dualities discussed in the rest of the chapter. We start from the duality for SQCD in Zone 1
, with gauge group U(F — N), Chern—Simons level k, FI parameter n — k%, and
trial R-charge 1 — r. Up to background terms, this corresponds to the theory appearing
on the right-hand side of the Aharony-like duality .

Applying the combined CP transformation to the left-hand side yields SQCD with gauge
group U(F — N), F anti-fundamentals, Chern—Simons level —k, and FI parameter k§ —.
In the planar quiver, the CP action reverses the orientation of all arrows and flips the sign
of all Chern—Simons and mixed Chern—Simons couplings, including background termsﬂ

At the level of the Sg‘ partition function, the actions of C and P are given by:

P Z(kji) — Z(k D), (3.63)
where k denotes the set of all Chern-Simons and mixed Chern-Simons levels, including
background contributions.

The resulting duality takes the form shown in Equation [3.64]

kw—mn

F .
T - |k| nodes

U/F —-N)_,with F O «—

% + |k| nodes

F — N nodes

(3.64)

The Chern—Simons couplings, mixed Chern—Simons terms, and trial R-charges can be
determined using the rules outlined in Section [3.1

We begin by applying the “flip—flip” dualization sequence [3] to the triangular subquivers
at the ends of the quiver. Next, we dualize the column of nodes corresponding to the

5FI terms can be interpreted as mixed Chern—Simons couplings between gauge and topological symme-
tries and are therefore odd under parity. Furthermore, the fugacity of the U(1)r symmetry § should be
regarded as a real parameter.
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column of squares in the bulk of the quiver, located at position g — |k|. We then proceed
iteratively, dualizing columns from right to left, starting with the adjacent column and
continuing until we reach the column attached to the flavor node, thereby completing the
first pass.

We then repeat the procedure, now starting from the column at position % — |k|+1, which
has become a column of squares. Again, we dualize columns from right to left until we
reach the opposite column of squares, completing the second pass. Iterating this process
eventually brings us to the rightmost flavor node.

The resulting quiver takes the general form shown in Equation [3.65

L+ k| nodes

% — |k| nodes

F — N nodes

(3.65)

The final step consists of manipulating the two chiral fields connected to the flavor nodes.
This is achieved by performing a sequence of Witten’s SL(2;Z) transformations |106]
acting on the U(1), symmetry of the quiver, which combine to an overall trivial action.
The non-trivial effect arises from the fact that there is a single flavor U(1) symmetry in
the planar mirror, which can be associated with either the left or the right flavor node;
these two choices are gauge equivalent.

Concretely, we perform a 7 'ST ! transformation on the left flavor node and a TS~ 1T
transformation on the right flavor node. Although these combine into a trivial SL(2;7Z)
action, the intermediate steps induce a non-trivial reorganization of the theory, which
remains IR dual to the original quiver. The 7 transformation shifts the Chern—Simons
level by +1, while the S transformation gauges the symmetry and introduces a new U(1)
topological symmetryﬁ

SAt the level of the S partition function, the 7 and S transformations act as
: 2
T Z(p) —e ™ Z(p),

) 3.66
Si 200~ [ due ™ 2(), (360
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After these transformations, both nodes are confined to a chiral field, corresponding to a
monopole operator of the associated gauge node.

The resulting quiver is shown in Equation [3.67

L+ Ik| nodes

% — |k| nodes

F — N nodes

. (3.67)

Notice that the planar quiver obtained this way is equivalent to the quiver obtained by
locally dualizing a Zone 1 mirror (last panel of Figure [3.12)) up to a horizontal reflection.

This concludes the argument that Aharony duality for U(N); SQCD with F' fundamental
chiral fields follows from the planar Abelian dualities discussed in this chapter, together
with their massive RG flows and the assumption of Aharony duality for Abelian gauge
theories. We expect that a similar argument extends to more general U(N); theories
with both fundamental and anti-fundamental matter, although we leave this extension for
future work.

An Example: U(2); SQCD3 with 9 O: To illustrate the manipulations underlying the

2
relation between Aharony duality and planar Abelian dualities, we consider the example
of U(2)1 SQCDg3 with [0, 9] chiral fields. We display the full sequence of local dualizations

2
in Figure [3.13

where p and A are the fugacities associated with the original and emergent U(1) symmetries, respectively.
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Figure 3.13: Sequence of local dualizations relating the planar mirror dual of U(2)1 SQCDg3 with [0,9] chiral fields to the planar mirror dual of
2

U(7) 1 SQCD3 with [9,0] chiral fields (see the discussion before Figures [3.11 and [3.12). This example provides an explicit realization of how
2

Aharony duality emerges from the planar Abelian duality framework.
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Scope and Future Directions

In this chapter, we have restricted our attention to U(N); CS-SQCD with F' fundamen-
tal chiral multiplets. We conclude by briefly commenting on natural extensions of this
analysis.

Real Mass Deformations of CS-SQCDj3; with both Fundamental and Anti-
Fundamental Fields. Planar Abelian duals were originally derived for theories contain-
ing only a single type of chiral multiplet—either all fundamentals or all anti-fundamentals.
Planar duals for CS-SQCDs3 with both F' fundamental and A anti-fundamental fields can
also be constructed, though a full treatment of such general chiral configurations lies be-
yond the scope of this chapter. Nevertheless, real mass deformations provide a systematic
bridge from the N = 4 descendant locus to generic N' = 2 theories with asymmetric
matter content.

A natural starting point for analyzing these theories is the class of U(N); SQCD models
with [F, F| flavors satisfying the constraint 2|k| = 2F — 2N. As an illustrative exam-
ple, consider U(2)(_1,_3y SQCD with [3,3] chiral multiplets, which arises as an N' = 4
descendant. Its planar mirror dual can be constructed via the chiral-planar dualization
algorithm (see Equation and the accompanying discussion), or by adding suitable
N = 4 supersymmetry-breaking real-mass deformations. Starting from this theory, one
can explore the full three-dimensional parameter space (k, F, A) by turning on real mass
deformations and tracking their effects in the planar Abelian dual. We emphasize that all
these dualities can be viewed, in a broad sense, as instances of mirror symmetry.

We now turn on real mass deformations for selected chiral multiplets (see Figure for
a summary):

o Assigning positive real masses, +m, to two of the fundamental chirals and integrat-
ing them out shifts the Chern—Simons levels appropriately. The theory then flows
to U(2)(9,—2) with [1,3] chirals. Although this configuration lies outside the direct
domain of the dualization algorithm, its planar dual can be systematically deter-
mined by following the controlled RG flow. The corresponding trajectory is shown

in Equation [3.68

o Conversely, assigning negative real masses, —m, to two fundamental chirals leads to
a distinct RG-flow trajectory, depicted in Equation Again, the resulting theory
falls outside the original algorithmic regime but remains accessible through the same
deformation logic.

o We can also assign a positive real mass +m to one fundamental chiral and a negative
real mass —m to a second chiral. The resulting RG flow trajectory is shown in
Equation Again, the resulting theory falls outside the original algorithmic
regime but remains accessible through the same deformation logic.

¢ One can also turn on a negative mass —mp for one fundamental and a positive mass
+m 4 for one anti-fundamental. The resulting RG flow is shown in Equation [3.71]
Again, the resulting theory falls outside the original algorithmic regime but remains
accessible through the same deformation logic.

e Similarly, a positive mass +mp for one fundamental together with a negative mass
—my for one anti-fundamental produces the trajectory in Equation This con-
figuration is in the domain of the dualization algorithm and provides a non-trivial
consistency check of this paradigm.
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e One can also turn on a negative mass —mg for one fundamental and a negative mass
—my for one anti-fundamental. The resulting RG flow is shown in Equation [3.73]
Again, the resulting theory falls outside the original algorithmic regime but remains
accessible through the same deformation logic.

o Similarly, one can also turn on a positive mass +mp for one fundamental and a
positive mass +m 4 for one anti-fundamental. The resulting RG flow is shown in
Equation Again, the resulting theory falls outside the original algorithmic
regime but remains accessible through the same deformation logic. Notice the qual-
itative similarity in the resulting theory with the one obtained in Equation -
this is in line with our expectations.

To emphasize the qualitative differences in the RG flows induced by the same mass de-
formations for different values of ¢, we also study the effect of the same on U(2)_; SQCD
with [3,3] chiral multiplets in Figure We can recover the results of Figure
at each step consistently by following the gauging/ungauging prescription. Notice that
SQCD theories with |F' — A| = 2|k| are marginally chiral and possess an additional gauge
invariant monopole that parametrizes a C-moduli space of vacua. Consistently, the planar
dual of these theories possesses an additional gauge-invariant mesonic operator.

These examples illustrate how real mass deformations enlarge the effective domain of
planar Abelianization, allowing one to probe chiral CS-SQCD3 theories beyond the N = 4
descendant locus. Their taxonomy, however, is more involved, and is deferred to future
work.

Dualities for TQFTs. Furthermore, the RG-flow trajectories we analyze naturally yield
planar dual descriptions for pure U(N); supersymmetric Yang—Mills theories. It would
be interesting to investigate these dualities in greater depth, particularly through the lens
of generalized global symmetries and their associated topological operators.
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(-1, -3)

W = Wmirror
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W= Wmirror

(3.71)
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Figure 3.14: The planar mirror dual of U(2); _3) with [3,3] chiral multiplets is an A/ = 4 descendant theory. Starting from this UV theory,
we study the RG flow trajectories induced by two real mass deformations to probe theories in the regime 4 < F + A < 6 with different CS
levels. A positive (negative) real mass for a fundamental chiral multiplet shifts the CS level by +1, while a positive (negative) real mass for an
anti-fundamental shifts it by q:%. We only show the global topology of the resulting planar quiver diagrams; all other details can be obtained by
following the same flow on the S;rj partition function, or with the equations of motion.
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Figure 3.15: The planar mirror dual of U(2)_1 with [3, 3] chiral multiplets is an A" = 4 descendant theory. Starting from this UV theory, we study
the RG flow trajectories induced by two real mass deformations to probe theories in the regime 4 < F + A < 6 with different CS levels. A positive
(negative) real mass for a fundamental chiral multiplet shifts the CS level by i%, while a positive (negative) real mass for an anti-fundamental
shifts it by IF%. We only show the global topology of the resulting planar quiver diagrams; all other details can be obtained by following the same

flow on the S} partition function, or with the equations of motion. Notice that U(2) 1 SQCD with [2, 3] chiral multiplets, U(2)o SQCD with [2,2]

A

chiral multiplets and U(2)_; SQCD with [1, 3] chiral multiplets are marginally chiral theories; hence, their planar mirror duals contain a mesonic
operator which is dual to a gauge invariant monopole.
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Chapter 4

Mirror Duals of N =2 Symplectic
Chern-Simons-Matter Theories

The constructions of Chapters [2| and |3| (based on [2} 3]) focused on theories with unitary
gauge groups. In this chapter, we extend the paradigm of planar Abelianization to theories
with symplectic gauge symmetries. Three-dimensional N = 4 symplectic gauge theories
are distinguished by the existence of two distinct mirror descriptions. These mirrors
typically take the form of either unitary D-type quiver gauge theories [173, [234-237]
or quivers involving orthosymplectic gauge groups [238], which can be engineered via
orientifolding Hanany—Witten brane setups.

While both classes of mirrors capture the same infrared physics [239, 240], incorporating
orthosymplectic quivers within the paradigm of planar Abelianization presents a signifi-
cant challenge. In such descriptions, not all properties of the infrared SCFT are manifest
in the ultraviolet Lagrangian, notably hidden FI parameters and the associated symme-
try enhancement [144, 236, 241]. By contrast, unitary D-type quivers provide a fully
Lagrangian and transparent framework in which these issues do not arise.

Accordingly, in this chapter (based on [6]), we focus on planar Abelian duals of USp gauge
theories, obtained from A" = 4 USp SQCD and their unitary D-type quiver mirrors. This
setting allows us to construct explicit N' = 2 Abelian mirror duals for symplectic gauge
theories and to extend the paradigm of planar Abelianization beyond the unitary case in
a controlled and systematic manner.

4.1 Planar Abelian Duals of U(2N) CS-SQCD; with a H

Tensor

We begin from a somewhat unconventional vantage point: the mirror dual of an N’ = 4
U(2N) gauge theory with F' hypermultiplets and a rank-2 antisymmetric tensor [237, 242,
243]. This setup provides a natural and instructive arena in which to explore how the
paradigm of planar Abelianization extends to gauge theories with tensor matter.

Beyond its intrinsic interest, this theory furnishes a nontrivial consistency check across dif-
ferent gauge groups. Indeed, both unitary and symplectic theories can be recovered
as appropriate limits of this construction: the former by integrating out the antisymmetric
tensor, and the latter by giving it a vacuum expectation valueﬂ From this perspective,

!The full analysis of these RG flows at the level of the S} partition function is beyond the scope of this
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the NV = 2 chiral-planar mirror duals obtained in this section should be viewed as common
ancestors of the unitary chiral-planar mirror duals studied in [2, 3| [5], as well as of the
symplectic chiral-planar mirror duals constructed in later sections of this work.

The N = 4 Mirror Pair

We show the mirror dual pair of an N' = 4 U(2N) gauge theory with F (> 2N + 2)
hypermultiplets and a rank-2 antisymmetric tensor in Equation H

F — 2N — 1 nodes
~ B0 0]
:
X
n X
W =Wn=s
W = Whr—4

(4.1)

The FI terms of the mirror dual are shown explicitly, with the shorthand X;; := X; — X
in Equation

Although both theories preserve NV = 4 supersymmetry, it is convenient to describe them
in the N' = 2* setup [26]. In this notation, the N’ =4 R-symmetry

is reorganized into two abelian factors,
Ulr = U)crn, UQ)r = U(l)c-n,

where U(1)¢ € SU(2)¢ and U(1)g € SU(2)y. From the N = 2 perspective, U(1)g plays
the role of the R-symmetry, while U(1), should be regarded as a global symmetry.

We do not fix the exact superconformal R-charges. Instead, we assign trial charges such
that the chiral and anti-chiral multiplets have R-charge 1 — R and U (1), charge —%, while
adjoint chiral multiplets have R-charge 2R and U(1), charge 1. On the electric side, we
denote by ®, Q, Q, A, and X the adjoint, fundamental /anti-fundamental chiral multiplets
and the chiral/anti-chiral components of the rank-2 antisymmetric field of SQCD. On the
mirror side, we use the notation ®;, b 41, and by s for the adjoint and bifundamental
chiral multiplets of the linear quiver, together with fundamental chiral multiplets ¢, ¢ and
p, p at the two ends of the quiver.

work. However, it is intuitively evident that if the antisymmetric field acquires a VEV proportional to an
antisymmetric matrix Q, the residual gauge group is made of those matrices satisfying UT QU = , which
is the defining feature of USp(2N) symmetries.

2To avoid ambiguity, we denote an SU(F) flavor symmetry as Ap_1 in the quiver diagrams featured in
this chapter.
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SU(F) | UQ)s |UQ); |UM)r | UQ)y
SUF) | UQ)s |UQ)r | UQ)r | U(1L)y
P 1 0 1 2R 0
o d, 1 0 -1 |2—=2R| O
Q ] 0 -3 |1-R| 0 ~ .
- ) byg+1s bya+1 1 0 5 R 0
Q| O 0 -1 J1-R| 0
q, q 1 0 3 R Tl
A1 -1 | =% |1-R| 0
A P, D 1 0 3 R 0
A 1 1 -z |1-R| 0
(4.2)

The assignment of U(1)g and U(1), charges is consistent with the A" = 4 superpotential.

Global Symmetries. The global symmetry of the electric SQCD theory, depicted in
the left panel of Equation is

SUF)xU1)s xU(1), x U(1),

while the UV global symmetry of the mirror flavored D-quiver theory, depicted in the
right panel of Equation 4.1}, is

F-1
H U(l)Xj+1_Xj X U(l)—XF_XF—1+S X U(l)n X U(l)f'
j=1

Mirror symmetry predicts the enhancement of the topological symmetries Hf:_ll U(l)x,,1-x; X

U(l)—xp—Xp_i+s 10 SU(F) x U(1)s, which was verified by calculating the superconformal
index of the two theories for small values of N & F, providing a strong check in favor of
the duality.

Mapping Gauge-Invariant Operators. Mirror symmetry provides a precise map be-
tween the order and disorder operators of the two theories:

e The fundamental monopoles IMM* of the electric SQCD theory are mapped to the
mesonic operators in the mirror theory constructed by contracting the fields con-
necting the two U (1) flavor nodes.

o The composite operator AQQ (and its conjugate S\QQ) are mapped to a collection
of monopole operators of the mirror theory. More precisely, these monopoles carry
GNO fluxes F1 under consecutive gauge nodes starting from the gauge node with
topological symmetry U(1)_x,—x,_,+s-

The Flow to the N = 2 Chiral-Planar Mirror Duals

We now consider a supersymmetry-breaking mass deformation, implemented by turning
on a nonzero vacuum expectation value for the real scalar in the background vector mul-
tiplet associated with the U (1), symmetry. Since U(1), is a flavor subgroup of the N' = 4
R-symmetry, this deformation breaks SU(2)c x SU(2)g — U(1)g and reduces supersym-
metry from N =4 to N = 2.

For generic values of the Coulomb branch parameters, the infrared theory is a topological
quantum field theory. However, there exist distinguished loci on the Coulomb branch
where the flow instead leads to an interacting N/ = 2 theory. The identification of these
vacua and the resulting effective descriptions can be carried out efficiently at the level of
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the Sg’ partition function, following the methods developed in |2, |3]. We do not repeat
these analyses and limit ourselves to a qualitative summary of the outcome.

We first consider the “electric” N' = 4 SQCD theory. We move on the Coulomb branch
in such a way to reach an interacting vacuum where all the fundamental chiral fields
@ and the anti-chiral component of the antisymmetric tensor A remain massless, while
the adjoint @, the F anti-chiral fields Q and the chiral component of the antisymmetric
tensor A\ acquire a mass and are integrated out. Integrating out these fields generates
CS interactions, resulting in an N' = 2 U(2N) theory with F' fundamentals @ and an
anti-chiral antisymmetric field A with CS level fixed by the matter content

F F F F
(——,—=) +(2N,0)+(1 = N,1 —2N)=(1— =+ N, 1—-2N — —);
27 ) T 2 2

adjoint antisymmetric

F fundamentals

notice, in particular, we have ¢ = —%.

In direct analogy with the analysis of SQCD without tensor matter, the corresponding
N = 2 mirror dual is obtained by Higgsing each U(k) gauge node to its maximal torus
U(1)*. The resulting theory is a planar Abelian quiver, organized into columns of k U(1)
gauge nodes. We show the resulting duality in Figure [4.1

The planar dual shown in Figure retains most features of the planar theory dual to
SQCD without tensor matter, and we only comment on the distinguishing features of this
theory:

e There is no gauge-invariant mesonic operator in the chiral ring of the planar mirror
dual. Consequently, we conclude that there is no gauge-invariant monopole operator
in the chiral ring of the electric theory.

e The monopole superpotential Wi,onopote contains additional monopole terms with
generic GNO flux assignment shown in Equation These monopoles also have
an R-charge of +2, and are necessary to ensure the correct pattern of symmetry
enhancement in the deep IR:

0
0
0
- , , (4.3)
0
+
+
_|_

Matching Global Symmetries. The global symmetry of the electric SQCD theory,
shown in the left panel of Figure is

SU(F)xU(1)s xU(1),.
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1
S
)
a-L+nNn1-2v-F) ——
AR 1
X
W=20
n
W = Wplanar + Wmonopole
Figure 4.1: The N/ = 2 mirror dual of U(2N), g r. SQCD with F' fundamental
(1-5+N,1-2N—7)

multiplets and an antisymmetric tensor is shown here. In our parametrization, the fields
in the electric theory are assigned a trial R-charge of 1 — R, while the diagonal chiral
fields have trial R-charge R and the vertical ones 2 — 2R in the planar dual. The final
column contains 2N U (1) gauge nodes that are not connected by any matter or topological
interactions to each other, and whose FI terms alternate between —Xp — Xp_1 + s +iQ
and Xp — Xp_1 from top to bottom. Unless otherwise stated, we set R = 0 without loss
of generality.
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N| k | F| r Superconformal Index

110 |4]3/5 14 625/5 — 1722 + 20212/5 — 64216/5 4 O(218/°)

L 1/2 5 |3/5] 1410255 — 2622 + 502'%/5 — 175216/5 + O(218/7)

L[ 1 |6 3/5| 14152953722 +1052'2/5 — 3842:16/5 4 O(218/5)

Table 4.1: Values of the unrefined superconformal index of N' = 2 U(2N)(_j, _r—3n) SQCD
with F' anti-fundamental fields is reported here. The chiral multiplets are assigned a trial
R-charge 1 —r. We verify that the index matches that of the corresponding Abelian mirror

quiver (Figure .

The UV global symmetry of the mirror theory, depicted in the right panel of Figure
is instead

F-1
H U(l)Xj+1_Xj x U(l)_XF_XF—1+3 X U(l)n'
j=1

In the absence of a monopole superpotential, each U(1) gauge node would give rise to
an independent topological U(1) symmetry. The monopole superpotential breaks the
topological symmetries associated with the nodes in each column of the planar quiver to
a single diagonal U(1). Consequently, the theory admits a U (1)¥~2 topological symmetry
associated with the F' — 2 columns of the planar quiver, together with an additional
U(1)? topological symmetry associated with the final column, due to the presence of the
extra monopole operators in the superpotential . Consistently, we see symmetry
enhancement to SU(F) x U(1) in the deep IR, as can be seen from index calculations in
Table [4.1]

Mapping Gauge Invariant Operators. The chiral ring of the eleciric theory is gen-
erated by the (g ) composite mesonic operators M;; := )\agQio‘Qf (where a, f are gauge
indices, and i, j are flavor indices) with R-charge 3 — 3R.

We now provide details of the monopole operators dual to the composite mesons.

e The simplest operator is .
Mprr_1= Aag Q%qul .

In the mirror theory, this operator is mapped to a monopole carrying +1 GNO flux
under the top gauge node of the final column:
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e More generally, the charge assignment propagates contiguously along the diagonal
of the planar quiver. For example, the meson Mg r_1_1 is dual to a monopole with

the flux configuration

e Each column can host at most two nonzero GNO fluxes. This restriction follows
from representation-theoretic constraints: the dual gauge-invariant operator trans-
forms as a rank-two tensor, and therefore cannot accommodate more than two in-

dependent flux insertions in a given column.

However, a +1 GNO flux may be

reassigned to the I'' column only if there is already a flux in the (I — 1)™ col-
umn. For example, the meson Mp_1 p_1_; is dual to a monopole with the flux
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configuration

Thus, a generic operator Mp_j p_1_; is dual to a flux configuration with 7 +1 GNO
fluxes in the topmost diagonal, and J (< I) +1 GNO fluxes in the second diagonal

It would be interesting to further investigate the duality between SU (2N )1 Fox SQCD
2

with F' chiral multiplets and a rank-2 antisymmetric tensor, and its corresponding planar
mirror dual. This duality can be obtained in a straightforward manner by gauging the
topological symmetry of the U(2N) theory [106], which on the mirror side corresponds to
gauging one of the two U(1) flavor symmetries.

This case is particularly rich, as the chiral ring is generated by a larger class of operators,
including composite mesons of the form A Q Q, baryonic operators Q?*N, and composite
operators (A\)* arising from higher powers of the antisymmetric tensor.

The study of this duality is, however, complicated by an ambiguity in gauging the U(1)
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flavor symmetries on the mirror side: one may choose to gauge either of the two U(1)
factors, leading to inequivalent presentations of the gauge-invariant monopole operators.
In particular, one choice yields a description in which the composite operators (5\:\)]“
are mapped to monopoles with higher GNO flux, whereas the alternative choice leads
to a presentation in which the composite mesons and baryonic operators are mapped to
monopoles with higher GNO flux. As such, we defer the resolution of this ambiguity and
a more detailed study of these theories to future work.

A Dual for U(2N)_sy) CS-SQCD; with F > 2N +2 0 and E

We conclude by proposing an Abelian quiver gauge theory that is infrared dual to U (2N )(07_3 N)
SQCD with F fundamental chiral multiplets and a rank-2 antisymmetric tensor, with

F > 2N + 2 in Equation Consistency of Chern—Simons level quantization requires F’

to be even.

This proposal is motivated by three complementary considerations. First, its structure
closely parallels the planar Abelian duals of U(N)y SQCD with F' fundamental chiral
multiplets proposed in [5]. Second, we have verified agreement of superconformal indices
for several low-rank and low-flavor examples, providing nontrivial evidence in favor of
the duality. Finally, under appropriate real mass deformations, the proposed Abelian
quiver flows to the known A = 4 descendant theories discussed before. A more detailed a
posteriori justification of this proposal will be given once we construct the analogous dual
theory for USp(2N)p with F' fundamental multiplets (see the discussion before Equation
, since both constructions share many qualitative features.
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L 4+ N — 1 nodes

W = Wplanar + Wmonnpnle

(4.4)
The planar dual shown in Equation retains most of the features of the planar theory
shown in Figure we only comment on the qualitative differences between the two
theories here.

e Wolanar contains one cubic (quartic) term for each triangular (square) face of the
quiver, with sign —1 (41) if the arrows run clockwise (anticlockwise) around the
face.

* Wihonopole includes linear monopole superpotentials involving monopoles with GNO
fluxes under two adjacent nodes within the same column. Specifically there is a

monopole 91 + for each pair of adjacent nodes.

In addition, Wionopole also contains additional monopole terms of the form described

in Equation
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The FI terms of the U(1) gauge nodes are compatible with the monopole superpo-
tential terms and are not arbitrary.

o There is a mixed CS term between each pair of nodes connected by an arrow. For
downward-pointing arrows (\, / , and +), the mixed CS level is 41, while for
upward-pointing arrows (\, / , and %), it is —1.

o The CS level of a U(1); gauge node is determined by its mixed CS couplings:

1
ki = —§Zkij, (4.5)
JFi

where k;; denotes the level of the mixed CS term between U(1); and U(1);.

4.2 Planar Abelian Duals of Symplectic CS-SQCDg

Three-dimensional N' = 4 gauge theories with symplectic gauge group are known to admit
two distinct mirror descriptions. The first is a unitary quiver with the structure of a D-type
Dynkin diagram (which we will refer to as a D-type quiver) [173), [234-237]. The second
description is a linear quiver with alternating orthogonal and symplectic gauge groups
[238], which can be obtained from Hanany-Witten brane constructions in the presence of
O3 planes (often denoted Feng-Hanany setups).

In this work, we restrict our attention to the first mirror dual, postponing the analysis of
orthosymplectic mirror duals to future work. The D-type mirror dual of USp(2N) SQCD
is shown in Figure[4.2] while the orthosymplectic mirror dual is displayed for completeness
in Figure 4.3

F —2N —1

"

Figure 4.2: The N = 4 mirror duality between USp(2N) SQCD and F (> 2N + 2)
hypermultiplets, and a D-type unitary quiver gauge theory is shown here.
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(F — 2N — 1) x By nodes & (F — 2N) x Cpy nodes

e ®

é

W = Why—y W =Wy=a

Figure 4.3: The N = 4 mirror duality between USp(2N) SQCD and F (> 2N + 2)
hypermultiplets and a linear, orthosymplectic quiver gauge theory is shown here.

Both, Figures [£.2] and [4.3] are presented in A = 2 language. In the orthosymplectic mirror
of USp(2N) (Figure , the flavor nodes labeled by By represent half-hypermultiplets
transforming in the fundamental representation of Cly.

A Technical Aside: The N = 4 Superpotential. The N = 4 superpotential of
theories with a symplectic gauge symmetry takes the form [244]:

Wi=a = Q}, Q°Q,87Q7, (4.6)
where € is the 2N x 2N matrix

0 0 Iy ’
Iy O

satisfying MTQM = Q for M € Sp(2N;R), so that Q~! = Q7 = —Q, and «, §,... are
gauge indices, and 1, j, ... are flavor indices.

Since the fundamental representation of USp(2N) is pseudoreal, the generators (TA)g of
the fundamental representation satisfy

(QTA)a,B = (QTA)Ba-

Consequently, if a field Q¢ transforms in the fundamental representation of USp(2N),
then so does Q8 Qiﬁ. This allows us to define the vector

@ = (QF,...,Q% Q%Qk, ..., Q" Qf),
which enables us to rewrite the superpotential as
Wams = — 58 (Q®)as 0] iy (4.7)
where 7 is a symmetric F' x F' matrix of the form
0 Ig
Ir 0O

In this form, the symmetry group acting on W is the set of matrices that preserve 1. To
make this symmetry explicit, we perform a suitable change of basis:

1 ~ 1 -
iof = —=(Qf + Q9Q1) 03 = —5(Qf - Q*°Qh);
1 ~ 1 -
0y = E@% +Q99QL) 03 = 5(QF = QPQL);
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the resulting superpotential is
1 ij oo B
Wh=4 = B 5 05 (D) op o, (4.8)

which is manifestly SO(2F) invariant. Hence, the flavor symmetry of N' = 4 USp(2N)
SQCD theory with F' hypermultiplets is SO(2F') instead of U(F).

In the remainder of this section, however, we focus on USp(2N) theories dual to D-type
quiver gauge theories and study N = 2 deformations of the mirror duality shown in Figure
4.2

We begin by analyzing the chiral limit of the SQCD theory. More precisely, we perform
a supersymmetry-breaking deformation from N =4 to N' = 2 in USp(2N) SQCD that
preserves the gauge group. At the level of the Sg’ partition function, this deformation
follows the same steps outlined in Section ([3]). The adjoint and the F chiral multipletsﬂ
acquire a mass and are integrated out, generating a Chern—Simons level equal to 2N +2—F.
The resulting theory is an N' = 2 gauge theory with gauge group USp(2N)oni2-p and F
chiral multiplets in the fundamental representation.

The deformation can be mapped to the mirror side of Figure 4.2 yielding the planar
Abelian quiver shown in Figure 4.4, This mapping admits an algorithmic generalization
closely analogous to that of 3], as further discussed in [245].

3Since the representations of U Sp(2N) are pseudoreal, there is no intrinsic distinction between funda-
mental and antifundamental chiral multiplets. When we refer to a field as transforming in the fundamental
representation of USp(2N), we therefore mean that it transforms in the antifundamental representation
of the U(F) flavor symmetry, or vice versa.
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W= Wplana’r‘ + Wmonopole

Figure 4.4: Schematic depiction of the N = 2 mirror duality between USp(2N) CS-SQCDs3
with F' fundamental multiplets, and a planar Abelian quiver gauge theory. The FI terms
of the mirror dual are shown explicitly (their mixing with the U(1)z symmetry has been
suppressed for brevity), with the shorthand X;; := X; — X;. The final column contains 2N
U(1) gauge nodes with no vertical lines or BF interactions, and whose FI terms alternate
between —Xp — Xp_1 and Xp — Xp_1 from top to bottom.

We conclude with a few remarks highlighting the main differences between the planar dual
of USp(2N) and the planar dual of U(N) shown in Section

e There is no flavor node attached to the topmost gauge node. As a consequence, no
long mesons can be formed on the planar side, which in turn implies the absence
of gauge-invariant monopole operators on the USp(2N) side. The sole exception to
this is encountered for F' = 2N + 2 fundamental multiplets, which we discuss via an
example in Section [4.4.3

e In the last column, the full FI parameter of the topmost gauge nodeis —Xp—Xp_1+
%z’Q(l —r). The second-highest node has FI parameter Xp — Xp_1, while the third-
highest node has FI parameter —Xp — Xp_1 +iQ(1 — r). The fourth-highest node
again has FI parameter Xp — Xp_1, and this pattern continues down the column.
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Apart from the topmost node, which exhibits a different mixing, the structure is
therefore determined by the second- and third-highest nodes.

« The monopole superpotential Wiyonopole contains additional terms whose GNO fluxes

are
0
0
0
+ , , (4.9)
0
_|_
_l’_
_|_

Owing to the R-charge mixing discussed above, these monopole operators have R-charge
equal to +2 and therefore appear in the superpotential. This feature is essential in order
to recover the correct symmetry enhancement.

Matching Global Symmetries. The global symmetry of the electric SQCD theory,
shown in the left panel of Figure is U(F).

The UV global symmetry of the mirror theory, depicted in the right panel of Figure

is instead
F—1

H U(1>Xj+1_Xj X U(l)_XF_XFfl'
j=1

Analogous to the N/ = 2 chiral-planar mirror duals studied in Section the theory
admits a U(1)¥~2 topological symmetry associated with the F' — 2 columns of the planar
quiver, together with an additional U(1)? topological symmetry associated with the final
column, due to the presence of the extra monopole operators in the superpotential. As
before, we consistently see symmetry enhancement to U(F') in the deep IR, as can be seen
from index calculations as well.

Mapping Gauge Invariant Operators. The chiral ring of the electric theory is gen-
erated by the (I; ) composite mesonic operators M;; := QagQ?Qf with R-charge 2 — 2R.
The dual flux configurations are identical to the ones studied in Section As such, a
generic operator Mp_;p_1_ is dual to a flux configuration with I +1 GNO fluxes in the
topmost diagonal, and J (< I) +1 GNO fluxes in the second diagonal
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4.3 Planar Abelian Duals of Dr Quiver Gauge Theories

The second deformation of the duality in Figure|4.2|is the planar limit of the SQCD theory,
which corresponds to a chiral limit of the D-type mirror. This deformation preserves the
non-abelian structure of all gauge nodes in the mirror theory. As a result, one obtains an

N = 2 D-type unitary quiver on the right-hand side and a planar abelian quiver on the
left-hand side.

Because the resulting N' = 2 electric theory exhibits several peculiar features, it is useful
to first analyze an explicit example before presenting the general proposal.

An Example: The Planar Limit of USp(2) SQCD; with F fundamental mul-
tiplets We start from the duality shown in Figure focusing on the case of N = 4
USp(2) SQCD with F hypermultiplets. We then perform a real mass deformation that
breaks supersymmetry to N/ = 2 and simultaneously Higgses the gauge group to U(1).
The resulting massless spectrum is summarized in Table while the full N = 2 duality
is presented in Figure [£.5]

U(1)gauge | U(F —4) | U(2) | SO(2) x SO(2) | U(1)g
@ +2 1 1 1 2R
+1 1 O 1 1-R (4.10)
Q,Q —1 1 1 | (@1),,0 |1-R
w +1 Il 1 1 1-R
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©
!
2
D2
D2
2

H

W = Wh—4
W = Whn=4

1
W= Worth + Wmonopole .

W=0

Figure 4.5: Schematic depiction of the N' = 2 mirror duality obtained by introducing a
real mass deformation that Higgses the USp(2) gauge symmetry to U(1), while leaving the
non-Abelian gauge symmetries of the mirror theory intact (bottom row). The spectrum
of the electric U(1) theory is given in Equation accordingly, the field ¢ is represented
by ), while the remaining fields follow our standard conventions.

Some comments on the duality shown in Figure [4.5 are in order:

e As shown in Equation the quiver contains a field of charge +2. This field
originates from the adjoint representation of USp(2) and survives the Higgsing to
U(1).

e In Equation the fields Q and Q are written as transforming under an SO(2) x
SO(2) flavor symmetry. At the level of the S} partition function, however, there is no
distinction between a field transforming in the fundamental representation of SO(2)
and one transforming in the fundamental of SU(2), since the two representations
have identical weights. From a UV perspective, the starting point is an A = 4 theory
with SO(2F) flavor symmetry, and it is therefore natural to expect a symmetry-
breaking pattern of the form

SO(2F) — SO(2) x SO(2) x - - .

Nevertheless, a computation of the superconformal index reveals that the symme-
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try is instead compatible with the adjoint representation of SO(4) = (SU(2) x
SU(2))/Zs.

The fields charged under U(F' — 4) have charge +1 and transform in the fundamen-
tal representation of U(F — 4). According to our conventions, they are therefore
not bifundamental fields, which explains why they are depicted by arrows with ar-
rowheads in both directions. To make them genuinely bifundamental, one may flip
the signs of the corresponding fugacities in the Sg partition function, applying the
same redefinition on the mirror side. After this redefinition, the U(F —4) and U(2)
fields recombine into a single U (F — 2) symmetry grouﬁ Up to discrete factors, the
resulting symmetry-breaking pattern induced by the N’ = 2 deformation is therefore

SO(2F) = U(F — 2) x SO(4).

Although different chiral limits may be realized on the planar side, depending on
which fields acquire a mass, this symmetry-breaking pattern is independent of these
choices.

The mixing between the R-symmetry and the topological symmetry has not been
displayed explicitly; its coefficient is given by 1 + %(2 — F)R. This value ensures
that the monopole operator 9™ has R-charge equal to +2. As a consequence, the
monopole operator 9™ must appear in the superpotential. This is expected, since
by the Polyakov mechanism [215], higgsing USp(2) to U(1) necessarily generates a
monopole potential.

In the electric planarized theory, there is a superpotential inherited from the original
N = 4 theory,

Worth = Q}‘PQ% . (411)
This superpotential is consistent with the gauge charge assignments listed in Equa-

tion .10

To illustrate the features discussed above, we consider a simple example of the proposed
duality corresponding to the case F' = 5. The full N' = 2 duality for this case is depicted

in Equation [£.12}

W = Worn + Wmonopole

(4.12)

4Care must be taken in this procedure, since such a redefinition also modifies the FI terms of the mirror

dual.
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The field content entering the Sg’ partition function is:
Zg3 D b (Z?R—i— ut Xg) Sp <Z§2R—|— (== X4) Sp (122(1 —2R) — 2u>

, . , (4.13)
Sp <Z§2R—U—X3> Sp <Z2QR—U+X1) Sp <Z§2R—U+X5>.

Referring to Equation the variable v denotes the gauge fugacity. The parameters Xo
and X, are the fugacities associated with the Dy fields in the top-right node, while X3 is
the fugacity of the top-left node (note the relative minus sign of the BF coupling of the
X3 node). Finally, X; and X5 are the fugacities of the U(2) fields in the bottom-left node.

Further insight into the symmetry structure of the theory can be obtained by computing
the superconformal index on both sides of the duality. If all fugacities are turned off except
for the topological fugacity 7, one finds

1
T=1+122%" + ( - 16) 2 + 54207 4 O (227, (4.14)
U

where we have chosen R = 3/7. We explicitly verify that the index agrees on the two sides
of the duality. As expected, the monopole operator with flux —1 appears at order z2.
Due to the constraint imposed by the monopole superpotential YW = 9™, one is forced to
set 1 = 1, thereby eliminating one of the 16 conserved currents that would otherwise be

associated with the topological symmetry.

If one wishes to keep track of all global symmetries, it is convenient to introduce expo-
nentiated fugacities for all flavor symmetries by defining ¢; := e'Xi. The coefficient of the
—22 term, which encodes the conserved currents, then takes the form

(b, 1 b, 1 e, 1
T-ar = <¢2¢1 " b2 " o1 N 291 " 2>+<¢3¢4 + dads + ¢4 * P304 * o5 * G305 ;312))

The first contribution can be identified with the character of the adjoint representation
of the Lie algebra so(4) = su(2) & su(2). This identification becomes manifest after
performing the change of variables

Xo — Xo+ Xy, Xy — Xo — Xy,
which corresponds to the redefinition of exponentiated fugacities

b2 — P24, bs — P2/ 4.

With this choice, the two su(2) factors are disentangled and appear explicitly.

The second contribution instead reproduces the character of the adjoint representation of
u(3), once one sends X3 — — X3, or equivalently ¢3 — 1/¢s3.

The Planar Limit of USp(2N) SQCD3 with F' fundamental multiplets The re-
sults of the previous example generalize straightforwardly to USp(2N). After performing
a mass deformation analogous to the one described above, we obtain the N' = 2 duality
shown in Figure
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W =Wn=4 W =Wn=4

(0, N)

W = Wo'rth, + Wplana‘r
+Wmo7wpolc

Figure 4.6: Schematic depiction of the AN/ = 2 mirror duality obtained by introducing a
real mass deformation that Higgses the USp(2N) gauge symmetry to U (1), while leaving
the non-Abelian gauge symmetries of the mirror theory intact (bottom row). For clarity,
FI terms and mixed CS interactions have been suppressed.

Similarly to the USp(2) case, there is an “orthogonal” superpotential W, that preserves
the SO(4) symmetry. In addition, the planar superpotential Wyjanar contains a term for
each closed triangle in the quiver. Both of these superpotentials are remnants of the
original N' = 4 superpotential. The monopole superpotential Whinonopole is also modified
accordingly, ensuring that all topological symmetries in the electric theory are broken.

We emphasize that multiple chiral limits of the mirror theory are possible, depending on
which fundamental and anti-fundamental fields acquire a mass and are integrated out.
These correspond to analogous deformations on the electric side that Higgs the gauge
group. Importantly, the resulting symmetry-breaking pattern is independent of the specific
fields that survive the deformation.

4.4 Mapping Mass Flows Across Mirror Duals

The planar Abelian duals of symplectic SQCD constructed in Section [4.2]arise from specific
axial mass deformations of known A = 4 mirror pairs. Since these N' = 2 duals descend
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from N = 4 theories, they exist only for a restricted range of parameters:
F =2N+2+ k],

where the CS level & is fixed in terms of the rank and flavor content of the N/ = 4 parent.
For values of (F, k, N) that do not satisfy this relation, it is not a priori guaranteed that
the dual description will remain a planar Abelian quiver. Supersymmetry is broken for

F <2N +2—|k|;

this bound coincides with the regime in which the Aharony-like dual gauge group has a
negative rank, signaling the absence of a supersymmetric vacuum [21].

The key observation of [5] is that real mass deformations provide a systematic
bridge between N/ = 4 descendants and more general N' = 2 theories. Real masses shift
Chern—Simons levels, integrate out matter fields, and move the theory along controlled
RG-flow trajectories in the (F,k, N) parameter space. By tracking these deformations
simultaneously in the non-Abelian theory and its planar mirror, we can follow how the
quiver structure, CS interactions, and monopole superpotentials evolve, thereby extending
planar Abelian duality beyond the original A/ = 4 descendants.

Analogous to [5], we can organize N’ = 2 USp(2N ) SQCD3 with F' chiral multiplets in a
two-dimensional parameter space spanned by (|k|, F'). Each point in this plane corresponds
to a distinct theory. In this chapter, we focus on SQCD with fundamentals, with CS level
k < 0. The case k > 0 is analogous. We show this organization in Figure
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Mirror-like duality
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Figure 4.7: Phase diagram of USp(2N ) SQCD with F' fundamental fields in the (F, |k|)-
plane for fixed V. The diagram is partitioned into various zones, within which the planar
Abelian duals take qualitatively distinct forms.

We extend this approach here to study N/ = 2 symplectic SQCD for generic ranks, flavors,
and Chern—Simons levels, and then focus on a representative example to highlight the
features and subtleties of this construction. Our main tool in this exercise is the SZ’
partition function - at each step, we are able to consistently match the asymptotic phases
generated by the integrating out procedure, which provides strong evidence in favor of the
dualities generated along the RG flow trajectories.

For the remainder of this section, we adopt the compact notation for the Abelian planar
quivers studied here (refer to Equation [4.16]))

Quiver notation Field theory S;
v e U(1) N = 2 vector multiplet [ du
Y m U(1) Flavor node -
u u bifundamental chiral with R-charge 1 — R o ( QR v) J—.
, ’/ and mixed CS level +1 2

u bifundamental chiral with R-charge 2 — 2R
E and mixed CS level +1

b <§(2R —1)—u+ v) e~

"

U U bifundamental chiral with R-charge R iQ (1-R) _ e
\ ’./I,/' and mixed CS level —1 Sv\ 2 tu—vje

»
u bifundamental chiral with R-charge 2R iQ —
} ” and mixed CS level —1 $b<7(1—2R)+u_U e
u @ ----- L K Mixed CS term at level —2 Zrvan

(4.16)

For symplectic theories, assigning a positive or negative real mass =m removes one chiral
field from the spectrum and shifts the CS level by +1 without affecting the rank of the

5There is a minor change in notation between Chapter [3| and Chapter El, since we assign a trial R-
charge of 1 — R to the fundamental fields in the electric SQCD theory here. We update the compact quiver
notation to reflect the same.
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gauge group. On the (k, F')—plane these correspond to diagonal moves toward the left:
—-m
e SQCD (4.17)

+m

which can be stated more succinctly:

(F, k) 23 (F — 1,k +1).

As such, for the remainder of this section, we will study the effect of these +=m deformations
on the electric theory and map their effect to the planar dual.

4.4.1 A Dual for USp(2N), CS-SQCD; with F' > 2N +2 [0 and its Defor-
mations

We begin by proposing an Abelian quiver gauge theory that is infrared dual to USp(2N)g
SQCD with F' fundamental multiplets, where F' > 2N + 2. Consistency of Chern—Simons
level quantization requires F' to be even.

This proposal is motivated by three complementary considerations. First, its structure
closely parallels the planar Abelian duals of U(N)y SQCD with F' fundamental chiral
multiplets proposed in [5]. Second, we have verified agreement of superconformal indices
for several low-rank and low-flavor examples, providing nontrivial evidence for the duality.
Finally, upon performing appropriate real mass deformations, the proposed Abelian quiver
correctly flows to the known N = 4 descendant theories discussed in earlier sections.
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We propose the dual shown in Equation [4.18

USp(2N)o with F O —

(F > 2N +2)

F — 2N — 1 nodes

(4.18)

Across the duality, flavor and topological symmetries are exchanged, which is a character-
istic feature of mirror-like dualities. We comment on some additional properties of these
duals:

. blanar contains one cubic (quartic) term for each triangular (square) face of the
quiver, with sign —1 (+1) if the arrows run clockwise (anticlockwise) around the
face.

* Wihonopole includes linear monopole superpotentials involving monopoles with GNO
fluxes under two adjacent nodes within the same column. Specifically there is a

monopole I + for each pair of adjacent nodes.
There are additional monopole interactions of the form considered in Equation [4.3

The FI terms of the U(1) gauge nodes are compatible with the monopole superpo-
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tential terms and are not arbitrary.

e The assignment of R-charges and CS levels follows the general conventions estab-
lished in Equation 4.16

Overall, the information required to fully specify the planar Abelian theory is completely
encoded in the quiver diagram.

This duality may be regarded as the seed duality for USp(2N) SQCD, since all subsequent
constructions can be obtained by suitably deforming this dual pair and following the RG
flow at the level of the Sg partition function.

Mapping Multiple Negative Mass Deformations

Starting from the duality between USp(2N)o SQCD with F' fundamental multiplets and its
planar Abelian dual (see Equation |4.18)), we now introduce negative real mass deformations
and study the corresponding RG flows in both descriptions.

On the “electric” side, this deformation drives the theory to USp(2N)_; SQCD with F'—1
fundamental multiplets. The analysis of the RG trajectory in the planar Abelian dual is
more subtle. We propose that the corresponding deformation is implemented by Higgsing
all the chiral fields along the bottom-left diagonal, while the chiral field connecting the
bottom-most gauge and flavor nodes acquires a positive mass. This Higgsing identifies
all gauge nodes along the diagonal with the final node, and the planar superpotential
correspondingly reduces to mass terms.
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In quiver notation, we propose the duality shown in Equation

Higgsed:
Superpotential mass:

Positive mass:

USp(2N)_1 with F —10 <+—

(4.19)
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Here, the chiral fields shown in blue are those that acquire Higgs VEVs, while those in
orange obtain complex masses via the planar superpotential. The chiral field highlighted
in pink acquires a positive mass.

After this Higgsing, the planar superpotential reduces to mass terms for the fields, as

illustrated in Equation |4.20
Integrit;e out %

o 1 q1
Hiﬂs

WD Wplanar WD 2?5173 qiqi+1 WD Wplanar
(4.20)

Upon integrating out the massive fields, the U(1) gauge node at the bottom of the quiver
becomes s-confining. We can therefore apply a local duality to confine this node, yielding
an equivalent description.
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As a result, we obtain the planar Abelian dual of USp(2N)_; SQCD with F' — 1 funda-

mental multiplets, shown in Equation [.21]

USp(2N)_1 with F —10 <+—

(F>2N+2)

F — 2N — 2 nodes

(4.21)

The resulting dual quiver closely resembles the Abelian dual before the mass deformation.
The only differences are the number of columns and the position of the “column of squares”.
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Further negative mass deformations are mapped analogously, leading to the duality for
USp(2N);, SQCD with F fundamental multiplets shown in Equation [4.22]

USp(2N)y, with F O

(F > 2N + 2+ [k])

||

~

2N+2 /
.
\\
R

—

§

F — 2N — 1 nodes

2N+2

(4.22)
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In this way, we can follow the RG flow trajectories induced by g — N — 1 negative mass
deformations. The limiting case — USP(QN)NH r SQCD with g + N + 1 fundamental
—2

multiplets — has the form shown in Equation |4.23

USp(2N)an42—p with F O —

2N+2 /
\

(4.23)

We remind the reader that this theory is an N = 4 descendant. The equivalence of the
presentation of this quiver with the standard form of NV = 4 descendant theories (see
Figure can be shown via a sequence of local dualizations following the procedure
outlined in Appendix B of that work. Specifically, starting from the quiver in Equation
one dualizes each column from left to right, stopping at the (2N — 1)-th column,
then repeats the process up to the (2N — 2)-th column, and so on. After performing this
sequence 2N — 1 times, the resulting quiver matches the planar Abelian dual of the N' = 4
descendant SQCD.

Thus, our analysis of USp(2N) theories naturally sheds light on U(2N) gauge theories
with a rank-2 antisymmetric tensor. Understanding how to construct planar mirror duals
for USp(2N); SQCD with arbitrary F' naturally informs the corresponding construction
for U(2N )(,;’,;73 N) SQCD with F' fundamentals and a rank-2 antisymmetric tensor. This
provides an a posteriori justification for our choice to begin from the U(2N) theory in

Section [4.11
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4.4.2 Deformations of the N' =4 Descendant SQCD;

We now consider massive deformations of the planar dual of USp(2N) @ on—_r) SQCD
with F' fundamental fields, shown in Equation We remind the reader that this is an
N = 4 descendant theory.

US[)(2N)2+2N,F with F O —

F — 2N — 1 nodes

2N+2 /

(4.24)

We have the possibility of studying the RG flow trajectories induced by both +m defor-
mations for these theories. Across the duality, a real mass for a quark in SQCD maps to
an FI term for the gauge nodes contained in a single column of the planar Abelian quiver,
while the FI parameter of the SQCD maps to a real mass for one of the two flavor nodes
of the Abelian theory.

Consequently, giving a real mass to the i-th quark corresponds to turning on a large FI
parameter for one (or two) adjacent columns of the Abelian quiver. Although different
choices of ¢ are equivalent at the level of the IR-SCFT—being related by Weyl transfor-
mations of the U(F) flavor symmetry—this symmetry is not manifest in the planar quiver
representation. As a result, the UV analysis of the deformation depends on the specific
choice of 7, even though the corresponding IR deformations describe the same flow.

For concreteness, we adopt the following conventions for the two possible deformations:

+m : large mass for the last quark QF <+ Xp — —o0 (4.25)

—m : large mass for the first quark Q' < X; — +o00
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Therefore, the deformation +m corresponds to evaluating a large FI limit for the rightmost
node in the quiver, while the deformation —m corresponds to a large FI limit for the
leftmost node. We show these flows in Figure 4.8

We identify the following vacua corresponding to these deformations:

+m: The +m deformation has the effect of Higgsing the “saw”-like structure at the end
of the quiver. The chiral fields in blue acquire Higgs VEVs, while the planar super-
potential reduces to mass terms for the other fields (refer to Equation (3.26)).

—m: In this deformation, the real scalars in the vector multiplets associated with the
gauge groups along the bottom-left diagonal acquire large VEVs. As a consequence,
the chiral multiplets connecting these nodes acquire large positive real masses, while
those connecting them to the rest of the quiver acquire negative real masses. These
fields are highlighted in green in Figure

Integrating out the massive fields yields the quiver shown in Equation

USp(QN)H_QN_F with FF — 10 — [ ) I :
([

2N nodes F — 2N — 1 nodes

[ (4.26)
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o Higgsed
Super,
. egati

Figure 4.8: Deformations of the planar Abelian quiver dual to USp(2N)@1on—r) SQCD
with F' fundamentals. Chiral fields highlighted in pink acquire a large positive mass, fields
highlighted in green acquire a large negative mass, and fields highlighted in blue acquire
a VEV, thereby Higgsing the nodes that they connect to a diagonal U(1).
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This intermediate quiver contains a tail of U(1) gauge nodes that interact with the
rest of the quiver only through mixed CS couplings. Such a tail can be systematically
contracted by sequentially integrating out the last node.

The resulting quiver diagram is shown in Equation

USP(QN)1+2N,F with F — 10 —

(4.27)

We summarize these mass flows in Figure Notice that a +m deformation produces
another N’ = 4 descendant since the resulting quiver has the same global topology as the
original dual. Hence, this deformation provides a nontrivial self-consistency check of
the duality originally proposed in Section[4.2] Thus, if we start from an A" = 4 descendant,
successive +m deformations will produce the corresponding N = 4 descendant.

In contrast, the deformation -m yields quivers with a modified geometry, leading to dif-
ferent planar structures. We will now systematically study the effect of multiple —m
deformations.
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Figure 4.9: Deformations of the planar quivers dual to the SQCD mass deformations +m
are shown here.
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We now consider the RG trajectory induced by another —m deformation on the dual pair
shown in Equation The effect of this deformation is shown in Equation [4.28

USp(2N)on—_p with F —2 0O >

(4.28)

Integrating out the massive fields yields the quiver shown in Equation

USP(?N)‘ZN_[-‘ with F —20 —

(4.29)
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In this way, we can follow the RG flow trajectory induced by the first k(< 2N) —m
deformations. The resulting quiver is shown in Equation [4.30}

USp(2N);, with F O —

(—<k—2N < F <2N+2—k)

2N+2

(4.30)
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The RG flow induced by the 2N —m deformation results in the quiver shown in Equation

.31

USP(QN)Q_QN_F with F' O

(4.31)
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The RG flow induced by the (2N + 1)*® —m deformation results in the quiver shown in
Equation [4.32]

US])(QN),F,QN with F O —

2N+2

(4.32)

Successive (F' — 2N — 3) —m deformations act on the bulk of the quiver. We remind the
reader of the action of a single —m deformation on the bulk of the quiver in Equation

m £
N Eﬁy
%

Negative mass:
Positive mass:

(4.33)
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The resulting quiver is shown in Equation

USp(2N), with F O —

(k< —F—2N)

(4.34)
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The mapping of the —m deformation on the “saw” is similar to the previous case, resulting
in the duality of USp(2N) CS-SQCD with 1 fundamental chiral shown in Equation [4.35

(]
([ J
(]
[ J ([ J
[ ]
([ J
{ ] [ ] [
([ J ([ J
USp(2N), with 1 0 — ® °
[ )
[

(4.35)

We remind the reader of the form of the monopole superpotential in these theories:

e In the column that separates the “bulk” of the quiver and the region with BF inter-
actions, as shown in Equation these monopoles must be dressed with the chiral

field Q.
The FI parameters of the nodes in this type of column are, from top to bottom:
Fls: X, %, X, (1 —R)g, Xi—( —R)g, X, + 25(33—2) (4.36)

where X; is a Cartan of the SU(F) flavor symmetry, and the coefficient in front of
% encodes the mixing between the topological and the R-symmetry. We remind the
reader that we assign a trial R-charge 1 — R to the chiral multiplets in the electric
SQCD theory.

Wmonopole ) Q m<

(4.37)
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¢ In the columns with BF interactions on both sides, as shown in Equation these
monopoles must be dressed with both Q; and Qs.

The FI parameters of the nodes in this type of column are, from top to bottom:

Fls: %(1 —92R), 0, ...,0, Zf(2R— 1) (4.38)
N
o o < 0 -1 0 )
’ Wmouopole D Ql QQm 0 1 0
o @
9 ®
@

(4.39)

e We further notice that in a column with BF interactions on both sides, the N — 1
monopole superpotentials completely break the topological symmetries. Therefore,
only the columns in the “bulk” of the quiver and at the edge of the “bulk” contribute
to the Cartan subalgebra of the global symmetry, matching the global symmetry of
the dual SQCD.
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In our conventions, a —m deformation corresponds to acting on the planar quiver from the left. However, due to the Weyl invariance of the U (F)
flavor symmetry, we could also act on the “saw” at the end of the quiver. We demonstrate the effect of three —m deformations at the end of the
quiver in Equation Due to the difference in the assignment of the fugacities of topological symmetries, the action of a single —m deformation
is different from the one shown in Equation Nevertheless, it can be verified that the IR behavior of the resulting SCF'T is independent of the
order in which the X; fugacities are set to +oo.

Y
°
® ° Y
o ) ,
° °
@ —m [ -
—_ —_— o ()
°
° 3‘ S
®

(4.40)
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Upon integrating out the remaining chiral field, we obtain a planar Abelian dual for
USp(2N)a+on—2r CS-SYM theory, shown in Equation m The dual description is not
manifestly topological as it contains multiple massless charged fields.

USp(2N) —

||
T/

2N+2

F

(4.41)

Note that the height of the — N — 2 — % columns is 2V, while that of the final column is
N. Furthermore, the vertical chiral fields in the final column have R-charge 4 — 4R, in
contrast to the other vertical chiral fields, which have R-charge 2 — 2R. The monopole
superpotential terms associated with the last two columns contain the following (dressed)

monopoles:

iiﬁl G Do
.(ﬁl o o 0 -1 0 0 0 0 0 0
0 0 0 0 0 1 0 0
® 1/)2 % Wo> m 0 0 0 ¢1+m 0 -1 0 ¢3
bY@ . (8 ? ) (88 1 i)
o 0 -1 0 00 -1
t v Y FAL 000 gy ML 0T gy
¢3 ¥ °

% (4.42)

It would be interesting to study this duality further - particularly its possible connection
with level-rank duality. We defer this to future work.
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4.4.3 An Example: Massive Deformations of USp(4)_; SQCD; with 7 [

We now analyze a representative example of such RG flows induced by +m deformations,
highlighting how the electric and mirror descriptions encode these deformations.

For concreteness, we consider the planar mirror dual of U (4)(0,_6) with 8 fundamental
chiral multiplets and a rank-2 antisymmetric tensor in Equation [£.43] This will serve as a
prototype for the remainder of this section.

W= Wpla,n(”‘ + Wmonopole (4.43)

Once the rank-2 antisymmetric tensor acquires an expectation value, the theory is Higgsed
to USp(4)o with 8 fundamental chiral multiplets, shown in Equation m
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W= Wplana'r + Wmonapole (4.44)

We demonstrate the effect of a negative mass deformation on the duality shown in Equation
The resulting duality between USp(4)-1 SQCD with 7 fundamental fields is shown

in Equation

W = Wplanar + Wmonopole

(4.45)
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We recognize the dual pair shown in Equation [£.45] as an A/ = 4 descendant pair; as such, we can recast it in a more familiar presentation via a
sequence of local dualizations schematically summarized in Equation [4.46]

First pass Second | pass Third pass

(4.46)
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We summarize the connection between the planar mirror dual of U(4),—sy SQCD with
a rank-2 antisymmetric tensor and 8 fundamental chiral multiplets, and USp(4)s SQCD
with 8 fundamental multiplets in Equation [4.47]

VEV to
antisymmetric

Negative mass Negative mass
and local dualization and local dualization

VEV to
antisymmetric

(4.47)
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Dualities with One Real Mass Deformation

Following the general discussion of Section we study the RG flow induced by +m
deformations on the planar dual theory.

+m deformations: USp(4)p with 60: We consider the large mass limit X7 — —oo
in the electric SQCD theory. The theory flows to USp(4)p with 6 fundamental multiplets
in the infrared. At the level of the Sg’ partition function, the divergent asymptotic phase
generated along this flow is —27Q) RX7, and we must match this phase once the deformation
is mapped to the mirror dual |21} 195].

We now consider the large mass limit X7 — —oo in the mirror partition function. To
obtain the right vacuum, corresponding to the divergent asymptotic phase —27rQRX7, we
consider shifts in the mirror partition function that implement a Higgs VEV for the fields
in the “saw”-like structure of the quiver (analogous to the setup shown in the bottom left
panel of Figure . After integrating out the massive fields, we obtain the planar dual
of USp(4)p with 6 fundamental fields, shown in Equation m We remind the reader
that this is also an N’ = 4 descendant, and this is a non-trivial consistency check of our
proposal.

- 2
1 1
() 1 1
— 1 v (1 1
n 1
1 1
w=0 1 1
1

W = Wplanar + Wmonopole (448)

The Aharony-like dual of USp(4)y SQCD with 6 fundamental multiplets is a Wess—Zumino
model with superpotential

where M;; = Q;Q; are the (g) = 15 mesons of the electric theory, and the singlet field ~y
is dual to the gauge-invariant monopole operator 1.
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This description predicts the existence of a corresponding gauge-invariant monopole op-
erator in the planar mirror theory, dual to v. Explicitly, one finds the operator map

My M ;

We generically anticipate the existence of such gauge invariant higher GNO flux monopoles
in the planar mirrors of USp(2N )y with 2N + 2 fundamental multiplets.

—m deformations: USp(4)_o with 60: We consider the large mass limit X; — 400
in the electric SQCD theory. The theory flows to USp(4)_o with 6 fundamental multiplets
in the infrared. At the level of the Sg’ partition function, the divergent asymptotic phase
generated along this flow is +im X?, and we must match this phase once the deformation
is mapped to the mirror dual.

We now consider the large mass limit X; — 400 in the mirror partition function. To
obtain the right vacuum, corresponding to the divergent asymptotic phase +irTX?%, we
consider shifts in the mirror partition function that implement large VEVs for the gauge
groups along the bottom-left diagonal of the quiver (analogous to the setup shown in the
bottom left panel of Figure [4.8). After integrating out the heavy fields, we obtain the
planar dual of USp(4)_9 with 6 fundamental fields, shown in Equation The tail
of gauge nodes connected by BF couplings can be confined; however, we do not do this
here to highlight the difference in global structure of the resulting theory from the N = 4
descendant.
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(=2) X

2

W = Wplanar + Wmonopole (449)

Dualities with Multiple Real Mass Deformations

Having established the general framework of how +m deformations are mapped to the
planar mirror dual, we now catalog the various dualities generated by +m mass flows.
We do not comment on the CS levels and FI terms, which can be recovered from the
respective SZ’ partition functions, and only display the global topology of the resulting

quiver diagrams in Figures and
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Figure 4.10: The planar mirror dual of USp(4)_1 SQCD with 7 fundamental multiplets is an N' = 4 descendant theory. Starting from this UV
theory, we study the RG flow trajectories induced by £m real mass deformations. In this figure, we display the first three levels of this deformation
sequence. Specifically, we begin with an electric theory containing [7] fundamental multiplets and follow the flow to theories with [4] fundamental
multiplets. We only display the global topology of the resulting quiver diagrams; details of the CS levels and FI terms can be recovered following
our usual conventions.
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Figure 4.11: We continue the analysis of the RG flow trajectories induced by +m mass deformations, extending those considered in Figure m
Among the theories appearing in these flows, only USp(4)_4 SQCD and USp(4)_o SQCD with [4] fundamental multiplets admit non-trivial RG
flows under +m deformations. Accordingly, we only focus on USp(4)_5 SQCD and USp(4)_3 SQCD with [3] fundamental multiplets, and follow
the flow until all matter is integrated out. As before, details of the CS levels and FI terms can be recovered following our usual conventions.
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Confinement along the RG Flow

Recall that the Aharony-like dual of electric USp(2N), SQCD with F' fundamental multi-
plets is a magnetic USp(2N)_x SQCD with F antifundamental multiplets, together with
(g ) gauge-singlet chiral fields. In the region of parameter space defined by

(F<2N+2) N (=F+2N +2=|k|),

the rank of the magnetic gauge group vanishes, N = 0. As a consequence, the theory
conﬁnesﬁ in the deep infrared, and the low-energy spectrum consists solely of (5 ) gauge-
singlet chiral multiplets. This behavior is completely transparent in the Aharony-like
magnetic description.

In the context of Figure this implies that USp(4)+1 SQCD with 5 fundamental
multiplets and USp(4)+o SQCD with 4 fundamental multiplets should both confine. We
verify that this expectation is indeed borne out: the corresponding planar duals of these
theories can be made to confine through an appropriate sequence of local dualizations.

We point out that in the corresponding N' = 4 parent theories, the deep infrared is
characterized by symmetry enhancement that is not visible in the UV Lagrangian [144,
239241, [246|. By contrast, in the planar N/ = 2 theories obtained along the RG flow,
no such enhancement takes place: the Abelianized description already accounts for the
full infrared spectrum, including confinement and the correct counting of gauge-singlet
degrees of freedom.

Insights from Index Spectroscopy. It is instructive to examine more closely the
superconformal index of the confining theories discussed above. The index of a theory
consisting of F' free chiral multiplets has a particularly distinctive structure. Assigning a
trial R-charge r and a fugacity ¢; to each free field, the index takes the form

Thee = 1+ " i | — 2 ¢Zl> 2 = + ...
f ’ (z; ) v <Z; ! ]Zl ?; (4.50)

=1+2"x0(¢) — 2°7" x5(8) — 2% xaqj(®) + ... -

Beyond the vacuum contribution, the term of order =" arises from the bosonic primaries of
each chiral multiplet and corresponds to the character of the fundamental representation
of U(F). The contribution at order z>~" originates from the fermionic primaries and
transforms in the antifundamental representation of U(F). Finally, the term of order x?
counts the conserved currents of the theoryﬂ and correctly reproduces the character of the
adjoint representation of U(F).

The salient features of the superconformal index of a free theory can therefore be summa-
rized as follows:

e There is a bosonic positive contribution at order " and a fermionic negative contri-
bution at order z2~"; these two terms transform in conjugate representations of the
flavor symmetry group.

SWe draw a distinction between s-confinement and confinement here. We say a theory s-confines if
there are holomorphic relations between some (or all) chiral fields in the theory, imposed in the form of a
superpotential; by contrast, we say a theory confines if the action describes free chiral fields.

"The contribution at order z? may in principle receive additional contributions from composite op-
erators; throughout this discussion, we assume that the trial R-charge r is chosen so as to avoid this
possibility.
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k Superconformal Index

L1142 xa0 () — 2272 xp2(6) — 2%xa2(9)x52(¢) + - ..
2 L4+ xp2(¢) — 2373 x53(8) — 22 Xaaj(9) + - - -

3 1+ 2% xp2(¢) — 2% "xge(9) — 2°Xagj(9) + ...

4 1+ 27 xp2(¢) — 257 x5 () — 2% Xagi () + - .-

Table 4.2: Values of the superconformal index for USp(4) 1 SQCD3 with five chiral fields
are shown here. All fields are assigned a trial R-charge r, and ¢ denotes the fugacities of
the UV flavor symmetry group U(5). The notation A™ refers to the n-index antisymmetric
representation of U(5), while A" denotes its complex conjugate.

e The contribution at order z? is precisely given by the product of the first bosonic
and fermionic terms.

These properties must persist even when the full infrared symmetry group is not manifest
from a ultraviolet perspective. This is precisely what occurs in confining theories. As
an illustrative example, consider the USp(4); theory with five chiral multiplets, which is
known to confine [21]. In the ultraviolet, the symmetry group is U(5), acting on the five
chiral fields, and the ten gauge-invariant mesons transform in the two-index antisymmetric
representation A? of this group. In the infrared, however, the symmetry is enhanced to
U(10). Since the confined theory is free, the two structural properties of the index discussed
above must be realized, even though the index itself is written solely in terms of ultraviolet
fugacities.

The mechanism underlying this symmetry enhancement is highly non-trivial and relies on
delicate cancellations among different contributions to the superconformal index, as can
be verified by explicit computations. While the mesons and the 25 conserved currents
of U(5) are captured by the zero GNO flux sector, the fermionic contribution at order
—227?%" together with the remaining conserved currents, arises from the +1 GNO flux
secto Note that the tensor product A? ®X2 always contains the adjoint representation,
corresponding to the classical contribution to the current algebra.

It is worth emphasizing that it is quite remarkable that contributions from different GNO
flux sectors recombine to reproduce the product structure characteristic of a free theory.
This phenomenon results from the interplay between the matter and vector multiplet
contributions and the specific value of the Chern—Simons level that ensures confinement.
It is therefore natural to ask how this structure is modified as the Chern—Simons level is
varied. In Table we report the values of the superconformal index for several choices
of the level k.

As we vary k, the rank of the representation appearing in the fermionic contribution
changes by one unit, while its R-charge shifts by 1 — r. Confinement is reached when
the representation becomes A%, At this point, the coefficient of the 22 term factorizes
automatically, in agreement with the expected confining behavior.

8The Weyl group of USp(2N) is (Z2)™ x Sn, acting on the GNO flux vector (mi, ..., my) by permu-
tations and sign inversions. As a result, the +1 sector is uniquely characterized by the GNO configuration
(+1,0,...,0).
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Scope and Future Directions

In this chapter, we have restricted attention to USp(2N) CS-SQCD3 with fundamental
matter and their real mass deformations. Within this class, we were able to track how real
mass deformations shift the Chern—Simons levels and follow the induced RG flows in both
the electric and planar Abelian mirror descriptions. Understanding these RG flows also
allows us to track analogous flows in U(2N) CS-SQCD3 with fundamental matter and a
rank-2 antisymmetric tensor and their mirror duals, since these two families of theories
share many qualitative features.

A natural extension of this framework is to generalize the planar Abelianization prescrip-
tion to SO(N) CS-SQCDj3. For N' = 4 theories, these gauge groups can be realized as
Zo quotients of a U(2N) gauge symmetry [169 238], and we anticipate that a similar
mechanism operates in the N' = 2 setting considered here. Another promising direction
is the investigation of Aharony duality [21] in the symplectic setting. In the unitary case,
[5] showed that Aharony duality can be realized as a consequence of mirror duality, and
it would be interesting to uncover how an analogous structure manifests in USp(2N)
CS-SQCDs.

In this chapter, we establish that the phenomenon of planar Abelianization persists for
unitary theories with a rank-2 antisymmetric tensor. A natural extension of this work
is to investigate whether planar Abelianization persists in theories with higher rank ten-
sors. Much work has already been done in this direction, and we highlight a few relevant
references below:

o [238] consider orientifolded brane setups for N' = 4 theories with multiple rank-2
antisymmetric tensors;

e [247] and the references therein establish dual pairs for A/ = 4 unitary SQCD with
a symmetric tensor (which are partly non-Lagrangian quiver gauge theories);

o [248] establishes S partition function identities relating N = 4 unitary SQCD with
a rank-2 antisymmetric tensor to N/ = 4 unitary SQCD with a rank-2 symmetric
tensor;

o [225] considers N' = 4 unitary SQCD with a rank-2 antisymmetric tensor and a
rank-2 symmetric tensor, and establishes the dual pairs for these theories are, in
fact, circular quivers.

As such, we anticipate that the planar Abelianization prescription can be extended to
unitary theories with tensor matter, but we defer a systematic investigation of this question
to future work.
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Chapter 5

Non-Supersymmetric Unitary
Dualities

Over the past fifteen years, the study of IR bosonization dualities in three-dimensional CS
gauge theories has become a vibrant and rapidly developing area of theoretical physics.
These dualities relate theories with fundamentally different microscopic degrees of freedom
—bosonic versus fermionic matter — yet identical long-distance physics. Beginning with
large-N analyses and later extending to finite-rank gauge groups, this program has led to
a detailed understanding of strongly coupled dynamics in three dimensions [36(44}, 46].

A particularly fruitful idea has been to derive non-supersymmetric dualities as mass de-
formations of known supersymmetric ones |45| 249-253|. Thus, non-supersymmetric 3D
Chern-Simons dualities have become a central tenet within contemporary research on
QFTs, with broad implications across particle physics, condensed matter physics, and
mathematics.

In [4], we proposed a new class of dualities relating non-Abelian theories—such as SU(N)
Chern—Simons QCD3 with both bosonic and fermionic matter—to Abelian theories with
multiple U(1) gauge groups. A defining feature of the Abelian duals is that both gauge
and matter content are naturally encoded in planar quiver diagrams: scalar fields are
represented by blue links, fermions by red links, and each face of the planar embedding
corresponds to an interaction term in the effective action. These dualities closely parallel
recently established N' = 2 mirror dualitiesﬂ [2, 3], which themselves descend from mass-
deformed N = 4 mirror pairs |19} [22].

A simple rule governs the quiver structure: adding a bosonic flavor on the QCD side
corresponds to inserting a fermionic column in the quiver (red), while adding a fermionic
flavor adds a bosonic column (blue). In this way, our dualities can be viewed as gener-
alizations of bosonization dualities [254-256], now extended to non-Abelian theories with
richer matter content.

We provide several nontrivial consistency checks of these dualities. First, we establish an
explicit operator map relating gauge-invariant mesons, baryons, and conserved currents
of the non-Abelian theory to appropriately dressed monopole operators in the Abelian
quiver. Second, we study mass deformations of individual bosonic and fermionic fields

'We expect these non-supersymmetric dualities to arise from supersymmetry-breaking mass deforma-
tions of the N' = 2 dualities of |2, [3]. A detailed analysis of the RG flows connecting the supersymmetric
and non-supersymmetric theories lies beyond the scope of this chapter.
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and follow the resulting renormalization group flows on both sides of the duality. These
flows generate new dual pairs within the same framework and provide stringent tests of
the proposed correspondence.

Taken together, these results suggest that the dualities developed in this chapter may be
interpreted as a form of non-Abelian mirror symmetry without supersymmetry, extending
the conceptual reach of mirror symmetry beyond the supersymmetric setting H

5.1 A Primer on Bosonization and Fermionization in CS-
QED3

In this section, we review a duality for Abelian Chern-Simons QED3 with both bosonic
and fermionic matter. This duality is a mild generalization of the bosonization dualities
originally discussed in [257], and serves as a useful starting point for the more general
non-Abelian constructions developed later in this chapter.

Concretely, the duality relates a U(1) N QED theory with N4 complex scalars and
—Ne— -
Ny complex fermions to an Abelian linear quiver theory with N, + Ny +k —1 U(1) gauge
nodes. This construction can be regarded as the N = 1 limit of the general dualities
for U(N) and SU(N) gauge theories with bosonic and fermionic matter discussed in the

remainder of the chapter.

The matter content consists of complex fermions 1, complex scalars ¢, and real scalars o.
Throughout this section, we will focus on the infrared dynamics of these theories, omitting
irrelevant interactions when they are not essential to the discussion.

Elementary Dualities

The simplest realizations of this duality framework are provided by the well-known Abelian
bosonization and fermionization dualities. These can be written schematically as followsﬂ

+ 1 e 1¢ (5.1)

U, + 16 < 19 (5.2)

For later convenience, and in view of the generalizations discussed below, it is useful to
represent the dualities in ((5.1) and (5.2)) using quiver notation. In this language, the
bosonization duality can be written as

;

T

bosonization:

-

VY=o

2While Chapterfocused on U(N)k,k+en) gauge theories with fundamental matter, we instead concen-
trate here on SU(N )y, whose richer operator spectrum allows us to illustrate the subtleties of our proposal
more concretely.
3When presenting dualities in a compact form, such as in , , and in the quiver-like notation
introduced below, we use the slightly imprecise but convenient convention of identifying the phase 3 n(A)
1

with a 5 shift in the Chern-Simons level of A. Throughout, we also suppress background gravitational

Chern-Simons terms.
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while the fermionization duality takes the form

fermionization: > a (5.4)

VY=o

General Abelian Duality

We now propose a generalization to QED3 with Ny fermions v, [Ny complex scalars ¢, and

Chern-Simons level —N; — % —k, with £ > 0, shown in Figure This proposal refines
and extends the Abelian dualities studied in [250, [257].

The dual theory is a U (1)Ns+Ns++=1 gauge theory with N ¢ complex scalars and Ny complex
fermions, each charged under two adjacent U(1) gauge groups with opposite charges.
Moreover, for each U(1) gauge node coupled to at least two fermions, a real scalar o; is
present, interacting with the fermions through Yukawa couplings.

Ny arrows N, arrows k dotted lines

— E’ \ @ ey @ R @ y @@ .......... @

3 1 3

N -1 o
Mo | )2 V= el + 0 o (Bt — dy)
V= (Zz:l il )

Figure 5.1: The proposed dual for QED3 with N, scalars, Ny fermions and CS level
—Ng — % — k with £ > 0. Round nodes denote U(1) gauge groups, square nodes denote
flavor groups. Red and blue arrows denote fermions and scalars, respectively, charged
under the nodes that they connect. Red labels denote CS levels and green labels denote
mixed CS levels.

Operator Mapping

We now describe the mapping between gauge-invariant operators in the QED theory and
operators in the dual quiver description. In particular, off-diagonal mesonic operators in
QED are mapped to dressed monopole operators in the quiver theory.

Consider first the spin-0 and spin-1 fermionic mesons 1;1; with 1 <4 < j < N ¢- These op-
erators are mapped to monopole operators carrying GNO flux +1 under all gauge groups
from the i-th to the (j — 1)-th node in the quiver:

1<i<j<Nj.
(5.5)

Here, the two arrows indicate dressing by the corresponding scalar fields, while the left-
pointing arrow denotes dressing with the complex conjugate scalar. Fach boson in the
monopole background experiences a GNO flux +1 and therefore contributes spin %, re-
sulting in operators of spin 0 and 1.
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Similarly, the scalar and mixed mesons ¢;¢; and Q;i(pj are mapped to dressed monopole
operators as follows:

0 ... 0— oo <—0 ... . .
pip; sm( ' ) : 1<i<j<N;,
(5.6)
i J—1+N;
- 0 0—— —<—0
Yipj o sm( + * ) , (5.7)

which correspond to operators of spin 0 and spin %, respectively.

For generic values of k, monopole operators in the QED theory transform in non-trivial
representations of the flavor symmetry S(U(Ns) x U(Ny)). These operators are expected
to map to monopole operators in the dual quiver theory. We will not discuss the detailed
mapping of such operators here.

A particularly interesting simplification occurs when k = 0. In this case, the QED theory
admits monopole operators that are neutral under the flavor symmetry S(U(Ns) xU(Ny)).
These are obtained by dressing the bare monopole 9™, which carries gauge charge —Ng,
with N scalars ¢ (and their derivatives). The scalar fields are antisymmetrized in flavor
indices, resulting in an operator that is charged under the topological symmetry but
neutral under S(U(Ny) x U(Ny)).

On the dual side, the quiver theory now admits long mesonic operators connecting the
two flavor nodes, constructed from (derivatives of) all matter fields. These long mesons
are mapped to the dressed monopole operators described above:

N
m* 6090{1;1 a-%‘NS} A Oxg1 -+ 8*¢Nf8*¢1 e O, (5.8)

Here, 0, and J, denote generic sets of derivatives. On the left-hand side, Lorentz indices
are contracted so as to obtain a non-vanishing operator. While it would be interesting
to understand the precise mapping between the derivative structures d, and d,, we will
not attempt to do so here. Although the spin of these operators depends on the specific
choice of derivatives, the integrality of the spin is fixed to be % mod 1 on both sides of
the duality.

Consistency Checks and Special Limits

A non-trivial consistency check of the proposal shown in Figure is that, for special
values of the non-negative parameters Ny, Ny, and k, it reproduces several known Abelian
dualities in the literature.

Single-species limits. For k£ = 0 and a single type of matter field, the proposal reduces
to the Abelian bosonic and fermionic QED dualities discussed in [257]. In particular, for
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fermionic QED with N; flavors, one finds
O E o0
2 “ > _ ’ (5.9)
N
V= Zz:f1 ‘@“4

while the purely bosonic theory is dual to

L On @0

V= (2N i)’ V = SN o (it — i)

In particular, for kK = 0 and Ny + N = 1, the duality reduces to the original bosonization
and fermionization dualities in Eqs. (5.1)) and (5.2)). For k£ = 0 and Ny + Ny = 2, the pro-
posal yields dualities between different QED theories. The case Ny = Ny = 1 reproduces

the duality studied in [46] for a U(1)_s theory with one scalar and one fermion.
2

Sigma-model limits. Further evidence for the duality arises from the behavior under
relevant deformations. In the bosonic QED theory in Eq. , one may turn on a
negative mass squared for all scalars in a way that preserves the global SU(Ny) symmetry.
The scalars condense, Higgsing the gauge group and driving the theory to a CPNs—!
nonlinear sigma model in the infrared [217].

On the dual side, the corresponding deformation gives negative masses to the fermions,
leading to a (U(1)g)™s~! gauge theory. We conjecture that the Ny, — 1 dual photons
combine with the Ny — 1 real scalars o; to form a complex (Ng — 1)-dimensional target
space, reproducing the expected sigma-model description on the original side.

Global Symmetries

We also discuss the global symmetry structure of the duality shown in Figure [5.1
On the QED side, the continuous global symmetry is, up to discrete factors,
U(1)top x S(U(Ns) x U(Ny)),

where U(1)op is the topological symmetry associated with the Abelian gauge field, while
the special unitary factors act on the scalar and fermionic matter fields, respectively.

On the quiver side, the symmetry structure depends on the value of the parameter k. For
kE > 0, the theory contains N; + N, independent U(1) topological symmetries, one for
each gauge node. When k& = 0, one linear combination of these topological symmetries
is absent, leaving Ny + Ny — 1 topological symmetries together with an additional U(1)
flavor symmetry rotating the matter fields. In both cases, the total rank of the continuous
global symmetry matches that of the QED theory.

The duality therefore predicts a non-trivial infrared enhancement of symmetry on the
quiver side: although the UV description exhibits an Abelian U(1)Ns*Ns global symmetry,
this symmetry is expected to reorganize into the non-Abelian group

S(UN,) % UNp))

in the infrared, in precise agreement with the global symmetry of the QED theory.
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Mass Deformations

Mass deformations of the matter fields in the QED theory admit a simple and intuitive
mapping to mass deformations in the dual quiver theory. Schematically, the correspon-
dence takes the form

Eh oy
z VN )
(L0 —|9|
In other words, scalar mass deformations on one side of the duality are mapped to fermionic

mass deformations on the other side, and vice versa, with a relative sign dictated by the
structure of the duality.

LHS RHS . (5.11)

One can explicitly verify that turning on masses for the fermions and positive masses for
the scalars reproduces the same duality shown in Figure albeit with different values
of the parameters k, Ny, and N,. This behavior provides a non-trivial consistency check
of our proposal, as it confirms that the duality is stable under continuous deformations of
the microscopic parameters.

Turning on a negative mass for one of the scalars instead triggers a Higgs mechanism on
the QED side, partially breaking the gauge symmetry. On the dual side, the corresponding
deformation gives a positive mass to one of the fermions, which can then be integrated
out. This initiates a sequential confinement process along the quiver, ultimately resulting
in a theory of free fields. The infrared description obtained in this way precisely matches
that of the Higgsed electric theory, providing further support for the proposed duality.

5.2 Planar Abelianization in Bosonic CS-QCDg

In this section, we construct a quiver gauge theory dual to non-Abelian QCD3 with fun-
damental matter. Our proposal builds upon recent results [2-4] that established a duality
between A/ = 2 supersymmetric non-Abelian linear CS quiver gauge theories and planar
Abelian quiver gauge theories with mixed CS interactions. Motivated by these supersym-
metric dualities, we conjecture an analogous correspondence in the non-supersymmetric
case: non-Abelian CS QCDj3 with fundamental fermionic and bosonic matter should be
dual to a planar Abelian quiver theory containing both bosons and fermions. This ex-
pectation follows from the observation that our proposed non-supersymmetric dualities
should emerge as mass deformations of their supersymmetric counterparts.

5.2.1 General Proposal

We propose the planar Abelian dual for SU(N) QCDg3 with N critical scalars at Chern-
Simons level 2N — N —k (k > 0) shown in Figure[5.2] This duality maps flavor symmetries
to topological symmetries and many baryonic and mesonic operators of one theory are
mapped to gauge invariant disorder operators (monopoles) of its mirror dual. In this
section, we discuss some simple examples explicitly to justify our proposal. The proposed
duality is believed to hold in the following range of parameters:

N, >2N,  k>0.

In the planar quiver shown in Figure the parameter k& counts the number of “empty”
columns — columns that are connected to the rest of the quiver solely through horizontal
BF couplings.

We now comment on the potential ¥V shown in Figure for the planar mirror theory:
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V= VPlanar + Vmonopole + VGNY

Figure 5.2: The proposed dual for SU(N) QCD3 with Ny scalars at Chern-Simons level
2N — N4 — k is shown here. Single/double circles (squares) correspond to U/SU gauge
(flavor) symmetries. We describe scalar (fermion) bifundamental fields in blue (red).
Chern-Simons levels of gauge nodes are indicated in maroon, while mixed CS couplings
between gauge nodes are indicated in green. Dotted lines indicate the absence of any
bifundamental matter fields and only the presence of BF interactions. BF couplings be-
tween adjacent gauge nodes connected by a fermionic field are —1, BF couplings between
gauge nodes connected by a bosonic field are 0, while BF couplings between adjacent
gauge nodes connected by dotted lines alone are —2. We also indicate the fugacities of the
topological symmetries of each column in orange. The orientation of arrows indicates the
representation of the field under the symmetry group, i.e.: an arrow pointing out of (into)
a node transforms in the (anti-)fundamental representation of the symmetry group.

e Vplanar contains a cubic Yukawa interaction (¢4, + c.c.) for every closed pla-
nar triangle. There is a term with a coefficient of +1 (-1) for each triangle closed
clockwise (anticlockwise).

* Vimonopole captures the monopole terms in the potential. For each vertical bosonic
bifundamental field, there is a monopole potential with GNO flux +1 and —1 under

the nodes connected by the arrow, from top to bottom (fm(t)—i—c.c.). As explained
in Chapter 1| these monopoles can be dressed to obtain a gauge invariant spin-0
operator. This breaks the topological symmetry of the gauge nodes in a column of
the quiver to a single, diagonal combination. We label the unbroken U(1) symmetry
with the orange label at the top (or bottom) of the corresponding column. The label
encodes the mapping of the U(1) group to a subgroup U(1) C U(Nj) of the electric
flavor symmetry, as explained below.

e Vany captures additional cubic interactions between a real scalar field associated
with the at? gauge node in the I'*" column, and the fermions charged under this
gauge group (an arrow pointing out of (into) a node has charge +1 (-1) under the
gauge symmetry). For example, consider a gauge theory represented by the quiver

diagram in ([5.12)).

U1 /1\ P2 /1\@'3

%\4 \\ (5.12)
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Vany for this theory has the form:

Vany = 01(Yaths — 1101 — Yaths) + o2 (Psths — aths — P5ids). (5.13)

Each gauge node except for the bottom-most gauge node has a GNY potential
accompanying the Yukawa interactions.

By contrast, if we consider the following gauge theory (the dashed line indicates the
absence of any fermionic bifundamental field, and the two nodes may share a bosonic
bifundamental field or only mixed CS interactions):

(5.14)

we expect the identification of o1 and o so the resulting Vony has the form:

Vany = o(Yaths — Prpr — Psihs). (5.15)

In the quiver theory in Figure there are N(Ns; — N) real scalars o.
In the QCDj3 theory, the quartic scalar potential is unam-ﬂ

N N,

Vauartic = Z Z [0 @™ Po1 + (0™ Par) (07 Bp1)] (5.16)
a,8=11,J=1

which preserves the full U () global symmetry.

In the planar mirror theory the presence of the interactions Vionopole and Vpignar are
essential to match the rank of the global symmetry on the electric side. In the presence
of these terms, the UV symmetry of the quiver theory is U (1)%;, where each U(1) factor
corresponds to the topological symmetries of a column of the quiver, broken to a diagonal
combination by Vmonopolaﬂ We further claim that the symmetry enhances in the IR to:

U1y, = SU(Ns) x U(1) (5.17)
reproducing the SU(N,) x U(1) flavor and baryonic symmetries of the electric theory re-
spectively. This is most transparent in our choice of parametrization of the fugacities of
the topological symmetries of each column in Figure [5.2] Explicitly, the diagonal com-
bination of the topological symmetries in the i-th column, associated to X;y1 — Xj, is
mapped to the combination U(1)y,, , —U(1)x, in the maximal torus of U(Ny). Similarly,
the topological symmetry of the bottom left node, associated to Zivzl X,, is mapped to
the linear combination Z,fil U(1)x,. Therefore the fugacities denoted with orange labels
in encode the explicit embedding of U (1)%; in the enhanced U(Ny) global symmetry
group.

4N.B.: Latin indices i,j = 1,..., F run over flavor indices, and Greek indices a, 3 = 1,..., N run over
gauge indices.

5There are N, — 1 columns which contribute Ns —1 U(1) factors, and the additional U (1) factor is given
by the topological symmetry of the bottom-most gauge node. The topological symmetries associated to
the columns within the “empty” region of the quiver can be reabsorbed by a gauge transformation and do
not contribute to the global symmetry.
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Moreover, the faithful symmetry of the QCD theory is [46, 258]:

U(Ns)

Zn x 7§ (5.18)

where Zg is charge conjugation, acting as complex conjugation on the scalars for N > 2@
Zy is generated by the following element of the maximal torus of U (Ny):

{eaﬁw.weﬁy}éz{U(UXN.“,U(UXM} (5.20)

All the gauge invariant dressed monopoles in the dual quiver transform trivially under

this element, and are therefore compatible with being components of representations of

the enhanced %.
N

The fact that there are no mesonic U(1) symmetries in the planar theory is a non-trivial
statement and can be checked as follows by looking at the planar quiver:

#mesonic U(1)s = #lines — #gauge nodes — #triangles =
— (BN(N, — N) — 2N, + 3} — {N(N, - N) + 1} =
- {2N(Ns _N) - Z(Ns - 1)}
=0

(5.21)

where we assume that there is a mesonic U(1) rotating each boson/fermion in the mirror,
and a cubic potential term associated to each triangle appearing in the quiverﬂ

The presence of the Gross-Neveu-Yukawa potential Vgny also plays an important role in
the duality and can be motivated as follows. On adding a negative mass deformation for
the N scalars in the electric theory, the gauge group is completely Higgsed and the IR
phase of the theory is a sigma model with the target manifold identified as the coset space
[101], 259):
SU(Ns)
SU(Ns — N) x SU(N)

(5.22)

which has 2NN, — 2N? 4 1 real dimensions. Upon mapping the same deformation in the
mirror theory, we expect to flow to N(Ns; — N) + 1 copies of U(1)p, whose dual photons
parameterize (S')NVNs=N)+1 in the deep IR. This can be achieved by giving a negative
mass to all the fermions and a positive mass to all the scalars in the quiver. The dual
photons are expected to combine with the N(N;— N) real scalars o, resulting in an NLSM
with real dimension 2/N(Ns — N) + 1, consistent with the QCD theory.

In the rest of this section, we will make these ideas more precise by considering some
explicit examples. Through these examples, we illustrate the effects of increasing the
Chern-Simons level k£ and the rank of the gauge symmetries on the respective planar
duals.

SFor N =2, as SU(2) = USp(2), the global symmetry of the electric SU(2) QCDj theory is:

USp(2N,)
P (5.19)

which is broken by Vyuartie to T8 x Z§ [46].
"Note that this straightforward computation holds when the parameter k = 0. For k > 0, matching the
U(1) symmetries becomes more subtle. Nonetheless, the matching can be verified in this case as well.
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5.2.2 Example: SU(2)_; QCD; with N, =5 Scalars

Let us begin with the example of SU(2)_; with 5 scalars and its planar dual description.
Since this is our first example, we are pedantic and give many details to illustrate our
proposal. We propose the duality shown in Figure [5.3

Y = unartic

X1+ Xo X3—Xo X4— X3 X= — X4

V = Bilag,1v1 — v2az 2] + Balvear o — ag 373]
_ 1 2 _ 2 1

+0¢1,10t1,1(0§ )~ 0§ )) +71’Y1(Ué )~ U§ ))

+a1,2541,2(0§2) - 0§3)) + 27208 — 6&2))
(2

(3
2
+ag 2ag 2(0y ) _ Gés)) + 7373(09) - 0&3))

_ 3 4 _ 3
+a2,3a2,3(0§ ) cré )) +0¢1,30¢1,30§ )

(2)

—Qag 102,105

can(r ) L )

Figure 5.3: The dual for SU(2)_; QCDs with 5 scalars is shown here. All labelling
conventions follow those of Figure The superscript (subscript) for the real scalar o
(3)

indicates its column (position in the column), e.g.: o;”’ corresponds to the 15 gauge node
in the 3" column.

Henceforth, we refer to the SU(2)_1 QCDg3 with 5 scalars as the “electric” theory and the
planar theory as its “mirror”. We are mainly concerned with the mapping of the following
gauge-invariant operators in the electric theory:

1. 25 mesons of the form ¢;@; transforming in the adjoint representation of the flavor
symmetry group U(5). Hence, with respect to the maximal torus U(1)%, C U(5),
they are charged under U(1)x, —U(1)x,. The off-diagonal mesons (those with i # j)
are then mapped to monopole operators of the dual quiver theory. The proposed
mapping for the mesonic operators is shown in Table The diagonal mesons |¢;|?
are neutral under the U(1)x, and are mapped to non-monopole operators of the dual
theory. The four traceless diagonal mesons are mapped to the real scalars o and the
traceful diagonal meson is mapped to a combination of v;1); mesonic operators in
the quiver.

2. 25 — 5 = 20 conserved currents associated to the global symmetry enhancement
U(1)®> — U(5). These are spin-1 operators charged under U(1)x, — U(1)x, with
1 # j and are expected to be mapped to monopole operators, as illustrated below.

3. (g) = 10 baryons constructed by anti-symmetrizing the color indices with the help
of the Levi-Civita tensor ea[g(pio‘(pf . Together, these transform in the 2-index anti-
symmetric representation of the flavor symmetry group SU(5) and are charged under
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U(l)x, + U(1)x,, with i # j. The proposed mapping for the baryonic operators is

shown in Table

The off-diagonal mesons, off-diagonal currents and the baryons are charged under the
maximal torus U (1)‘;’(1 C U(5), therefore they should be mapped to monopole operators
in the dual quiver theory. In what follows, we propose a mapping for these operators,
starting from the off-diagonal mesons and the baryons. Thus, the task at hand is to
determine gauge invariant monopole operators that are Lorentz scalars and are charged
under U(1)x, F U(1)x,, which are mapped to the topological symmetries of the quiver
theory as described above. We make this statement precise in the next paragraphs by
considering some examples. The techniques needed to compute the gauge charges of
monopole operators, the dressing needed to construct gauge invariant monopoles and the
spin of the resulting operator are reviewed in Chapter

“Mesonic” Monopole Operators We study monopole operators with the right quan-
tum numbers to be mapped to the mesons of the electric theory here. As an example, we
consider the following monopole operator:

£m<° 00 0) (5.23)

This operator has charge +1 under the topological symmetries of the first two gauge nodes;
hence, it is charged under U(1)x, —U(1)x,, and transforms as a component of the adjoint
representation of SU(5). We can calculate the gauge charge of this operator:

2 -1 0 -1 3 -1 1 2 -1
+
0 -1 0 0 0 0 -1 0 0 -1 -1 0

(5.24)

Clearly, it is not gauge invariant and must be dressed appropriately. We choose the
minimal dressing ﬂ

e 'Y , (5.25)

hence, we see that the operator:

m 0000 Y1Y201,2 (5.26)

is gauge invariant. We denote this operator by combining the GNO flux assignment and
the dressing in the following way:

+ 4+ 0 )
+ +——0
m( 0000 Y1Y2l1,2 = \F\ \ . (527)
0

8By this, we mean that we use the minimal number of fields to dress the bare monopole and construct
a gauge-invariant operator. A non-minimal dressing—i.e., using additional fields—would yield an operator
with a higher scaling dimension. In this work, we focus exclusively on mapping the operators with the
lowest scaling dimensions.

231



The ABCD’s of Mirror Symmetry

As each of the three fermionic fields is quantized in a background of total magnetic flux
1, their spin statistics changes to that of spin-0 bosonsﬂ We conclude that the dressed
monopole operator has Lorentz spin 0, and is the right operator to be mapped to ¢3p;.

We can readily identify the off-diagonal mesonic operators and summarize their dual
descriptions—including necessary dressings—in Table[5.1] The mapping of diagonal mesonic
operators |p;|? is less straightforward because these operators are neutral under the max-
imal torus of U(5), visible in the quiver UV Lagrangian. We expect that these operators
are mapped to suitable linear combinations of mesonic operators of the quiver, compatible
with the mass deformations discussed in Section We defer the study of the mapping
of diagonal mesonic operators to future work.

Table 5.1: Dressed monopole operators of the planar mirror (Figure[5.3)) and their putative
mapping to mesonic operators of the electric theory. The remaining mesonic operators
can be constructed by charge conjugation.

GNO Flux Gauge Charge Spin [ “Electric” Meson
(=9 0 o 7= 0 o 0 201
(== o) | (=25 ) 0 031
() (2 | o
(07 o—y) (o=I=t5my) | o ost
(0700 o) | @73F ) 0 32
(00 0) (0 o~2) 0 042
(6752 i) | o pop2
0 0 )| © o o) 0 paa
0 0705 b o =) 0 o3
0 0 o= @ 0o "= 0 P5P4

Let us comment on a particular feature of the monopole operators in the quiver theories
considered in this chapter, which is a consequence of the presence of the monopole interac-
tion Vinonopote: When looking for a candidate for the dual of an electric meson, say 4¢3,

In principle, they also have a spin-1 channel. Unless otherwise stated we dress the monopoles with the
zero modes of the fermion fields, resulting in a spin-0 operator [116].
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we may also consider the monopole:

0 0 0

S . (5.28)

0 0——+——=0

Indeed, this is a spin-0 gauge invariant operator with the right charges to be mapped to
43, similarly to the monopole listed in Table This is possible due to the presence of
the monopole potential Vy,onopote: €ven though these two monopoles have different GNO
flux assignments they have the same charges under the linear combination of topological
symmetries preserved by Vionopote- We expect these two monopoles to mix, therefore the
electric meson p4p3 will be mapped to some linear combination of the two:

0 0_ 0 0 0t
a S +5 \0 & oups, (la?+ B =1). (5.29)

0 0——+—<—0 0 0 0

This phenomenon is ubiquitous in the quiver theories studied in this chapter and the
amount of monopoles that can mix between each other increases as IV increases due to the
higher number of monopole interactions in V,,onopote- In Table and in the rest of this
section we only report one dressed monopole that has the correct charges to be mapped to
a given operator in the QCD theorym It is understood that, in most cases, there are other
monopole operators with the same global charges but different GNO flux assignment and
dressing, and the mapping will involve a suitable linear combination of these operators. It
would be interesting to analyze this mixing systematically, for example by extending the
techniques of [116] [128, |260] in the presence of monopole interactions, but we defer this
to future work.

Conserved Currents We now examine how the U(5) flavor symmetry currents - in-
cluding the baryonic U(1) subgroup - map between the electric and dual theories. These
spin-1 conserved currents take the form:

Jh, = i (0" — 0 pj0k) (5.30)
where 7,k = 1,...,5, transforming in the adjoint representation of U(5). Note that under
charge conjugation: (Jj“k)* = J,’:j.

The off-diagonal currents map to dressed spin-1 monopole operators in the dual theory.
For example, J§| corresponds to:

Jh < m (5.31)

where we dress with the spin-1 mode of one fermion and the spin-0 mode of the other
fermion, resulting in a spin-1 operator. Under charge conjugation, this maps to Ji,:

ONotice that also on the QCD side there are in general many operators with the same spin and global
charges. For example any operator can be multiplied by a spin-0 flavor singlet or it can be acted on by
contracted derivatives.
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Ji m (5.32)
where, again, we dress with a spin-0 and a spin-1 mode.

The other off-diagonal spin 1 currents map in a similar way. In particular, the (off-
diagonal) current J]’.‘k is mapped to the same bare monopole as the meson ¢;@y, the
difference being that the former is dressed such that it has spin-1 while the latter has
spin-0.

The five diagonal currents J ]“j map to topological U(1) currents in the dual theory:

1 A
Jh %e“”p&,Agﬁ (5.33)

with the gauge field combinations:

(A;(}’l) j=1
ABD 4 42D
AD = L ABY L 4B 53 (5.34)
A;(f’l) =14
kAgl,2) j=5

Here Ag’k) denotes the gauge field for the U(1) node at row k and column j in quiver
(5.3). The mapping (5.33) reproduces the mapping of the maximal torus of the U(5)
global symmetry across the duality.

“Baryonic” Monopole Operators We follow the same line of reasoning as before to
study monopole operators with the right quantum numbers to be mapped to the baryons of
the electric theory here. As an example, we consider the following bare monopole operator:

im(+ 0 °> (5.35)

This operator has charge 4+1 under the topological symmetries of the bottom two gauge
nodes; hence, it is charged under U(1)x, + U(1)x,, and therefore can be identified with
a component of the two-index antisymmetric representation of SU(5). We can calculate
the gauge charge of this operator:

0 0 O -1 0 0 -1 0 0
+

1 -1 0 0 -1 3 -1 0 0 2 -1 0

(5.36)

Clearly, it is not gauge invariant and must be dressed appropriately. We again choose the
minimal dressing that cancels the gauge charges of the bare monopole:

234



Chapter 5

- 0 0

RN

2+

Therefore the dressed monopole operator:

al

+ + 0 0

0 0 0

) (o
Y1022 =

(5.37)

; (5.38)

is a gauge invariant Lorentz scalar and has the correct charges to be mapped to 309
(color indices have been suppressed). Similarly, we can identify the 10 baryonic operators,
reported with the appropriate dressing in Table [5.2]

Table 5.2: Dressed monopole operators of the planar mirror (Figure|5.3)) and their putative
mapping to baryonic operators of the electric theory (color indices have been suppressed).
The remaining anti-baryonic operators can be constructed by charge conjugation.

GNO Flux Gauge Charge Spin “Electric” Baryon

0 0 0 0 0 0

(+—+—0 0 0> <+—<—— 0 0) 0 P21
0, 0 0 — .0 0

<+\‘\+—<—0 0) (0\*\2—<—— 0) 0 P3P
0 0y 0 T~ T~ 0 P41
+ S <0 0 4 P2~

O O O PN NG N 0 P51
e 0 7~ T Tt
+—<0 0 44— 0

<+ +——0 0) (0 F—t— 0) 0 P32
4—~4—0—, 0 4420

(+ +\++0) (0 0 N\2—5-) 0 Pap2
+—~4—0— 0 fs2 -

+ =<0 0 +—~——2

F 7)) 0 T 0 ¥5Pa
+ + +—— 0 0 +——

(+ + 4 +> (0 0 0 0) 0 Y5Pa

We reiterate that we only consider dressed minimal flux operators in the mapping.

5.2.3 Example: SU(2)_, QCD; with N, =5 Scalars

We now consider the example of SU(2)_o with 5 scalars. Notice that it has a lower Chern-
Simons level than that of the theory considered in Section this minor difference will
greatly alter the operator map. We propose the duality shown in Figure
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®O—s]

-2

V= unartic

V =Vpianar + vMonopole +VenNy

Figure 5.4: The dual for SU(2)_2 QCDs with 5 scalars is shown here. All labelling

conventions follow those of Figure

As before, we are mainly concerned with determining the monopole operators that are dual
to the 20 off-diagonal mesons and 10 baryons. We do not show the explicit calculation

and state the results in Tables and respectively.

Table 5.3: Dressed monopole operators of the planar mirror (Figure[5.4)) and their putative
mapping to mesonic operators of the electric theory. The remaining mesonic operators

can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson
F3 8 8 ) |em | Ty 8 o) |wm
G)_\f\joL\f\?)_ ?)_\‘_to) P4p1 (g\&?)_\xg 6’: +) V501
E38 8 ) o | O~ 1) | e
(0 700 55 e | (000 0T5) e
(0 o076 o5=) [#m | (0 0 0 omsy) e

Table 5.4: Dressed monopole operators of the planar mirror (Figure[5.4)) and their putative
mapping to baryonic operators of the electric theory (color indices have been suppressed).
The remaining anti-baryonic operators can be constructed by charge conjugation.

GNO Flux Baryon GNO Flux Baryon
0 0 0 0 0 0 0 0
<+—<——O 0 0 0) P21 <+\+_(__() 0 0) P3P1
0 0 0 0 0
D) | @ (T Py | o

(B8

Continued on next page
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Table 5.4 — continued from previous page

GNO Flux Baryon GNO Flux Baryon
(T3t 0 o) |we i L) [oe
(0t ) fem | (1D 0 | e
R A P R

5.2.4 Mapping Gauge Invariant Operators

Before we conclude, we briefly comment on the general trend of mapping gauge invariant
operators between the dual theories. We remind the reader that the proposed duality ex-
changes flavor and topological symmetries; hence, mesons, conserved currents and baryons
of the electric theory will be mapped to suitably dressed disorder operators (monopoles)
of the mirror theory. We ask the reader to keep Figure [5.2] in mind for the rest of the
discussion. We also take this opportunity to remind the reader that a specific choice of
fugacities of the topological symmetry parametrizes each column.

Mesons and Conserved Currents

Mesons and conserved currents are Lorentz scalars and vectors, respectively, that trans-
form in the adjoint representation of the flavor symmetry group SU(Ns). We now specify
the general pattern of mapping these operators to monopoles of the mirror theory (Figure
. We focus on the mapping of the %NS(NS —1) “off-diagonal” mesons ¢r@ s with J < 1.
The case J > I can be obtained by taking the Hermitian conjugate of these operators,
which map to monopoles with negative GNO fluxes.

A generic minimal flux mesonic operator cannot be charged under the topological sym-
metry of the first U(1) gauge node in the last row of the quiver diagram. This is due
to the parameterization of topological fugacities and representation-theoretic constraints.
Modulo a subtlety arising from the presence of a monopole interaction in the dual quiver—
already discussed in Section [5.2.1}—we propose that off-diagonal mesonic operators are
mapped to monopoles carrying GNO flux under the gauge nodes in the top row and/or
along the rightmost diagonal of the quiver.

To describe this mapping systematically, we find it convenient to organize the mesons
wr@g into three distinct classes, based on the values of the flavor indices I and J:

e First, we consider the case where both I and J are less than N, — N.
e Next, we study the regime where J < Ny — N < I.
e Finally, we address the case in which both I and J are greater than or equal to

Ng— N.

prpy, where J < I < Ny — N: The simplest case is that of the meson ¢, 1¢; with
(1<I< Nsg—N —1). In the mirror theory, this is mapped to a monopole with +1 GNO
flux under the top node of the I*" column:
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Ng — N k
0 . [+] ~ 000 .00
Pr+1P1 A T (5.39)
1
0 GNO Flux

Thereafter, +1 charges must propagate contiguously from left to right. A meson of the
form @ri1+4@1 (A #0) is dual to a monopole with the following charge assignment:

Pr1+API - N (5.40)

0 GNO Flux

prpy, where J < Ny — N < [I: In this case, the dual monopole has a contiguous string
of +1 GNO fluxes starting from the J* column and ending on the (I + k — 1) column.
In particular, each of the k nodes inside the region of the quiver connected by BF coupling
has GNO flux +1. The first case of this type is the meson ¢n,_n+197, which is mapped
to a monopole of the form:

ON,—N+1P1 “ (5.41)

0 GNO Flux

Once a charge has been assigned to a column, no additional charges can be assigned to
the same column in lower rows. The propagation of fluxes for lower rows follows a strict
“staircase” pattern, i.e.: charges in the lower rows can only be assigned to the rightmost
column. Thus, a generic mesonic monopole mapped to pn,—nNy1+07 (1 < J < N) will
have the following flux assignment:

PN —N+1+JPI AR (5.42)

0 GNO Flux
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prpy, where Ny — N < J < I: Mesons corresponding to values of I > Ny — N + 1
will instead have their 4+1 flux assigned to the rightmost column of the lower rows, and
subsequent charge assignment will follow the usual staircase assignment. Thus, the meson
vrpg (Ns— N +1<J <1< N;) will be mapped to a monopole of the form:

0..00O0 .. 0

p1eg < (5.43)

0 GNO Flux

Generically, all the monopoles considered above will have spin-0 and spin-1 channels after
they have been dressed - the spin-0 operators correspond to the off-diagonal elements of the
meson matrix, while the spin-1 operators correspond to conserved currents in the original
electric theory. We remind the reader that the diagonal elements |¢;]? are mapped to
mass deformations (refer Section 5.5 for a more detailed discussion on mass deformations)
in the dual theory, while the diagonal currents map to topological U(1) currents (refer
Section for an example of the dressing) in the mirror.

Baryons

Baryons are Lorentz scalars that transform in the rank-/N,; antisymmetric representation
of the flavor symmetry group SU(Ns). We describe how these operators map to minimal
flux operators in the planar mirror theory. We focus on the mapping of (1]\\7,5) baryons
to monopoles in the dual theory. Anti-baryons can be obtained by taking the Hermitian
conjugate of these operators, which would map to monopoles with negative GNO fluxes.

(Hé\;l ©v;j)pN+1, Where 0 < I < Ng+k — N —1: A generic minimal flux baryonic
monopole operator must carry charge 4+1 under the topological symmetry of the first
U(1) gauge node in the last row of the quiver diagra

Accordingly, the baryon H;V: 195 = @1...¢n is dual to the minimal flux configuration:

N 0 GNO Flux
IR (5.44)
j=1

T‘

Thereafter, the charge assignment must propagate contiguously from left to right in a

row. A baryon of the form Hj\;l ©j |ON+T = P1...N-1¢N+1 is dual to the flux

1The topological symmetry associated to this node is parametrized by Zi\;l Xk, whereas all other
nodes have topological symmetries parametrized by X; — X;y1. Thus, the group theoretic properties of a
monopole acquiring charge +1 under this specific node follow from representation theory.
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configuration:

0 GNO Flux
N-—1
< 11 soj><pzv+z “ (5.45)
e T+ ot
H/—/

As before, care must be taken if there is a BF-coupled region (of length k), and each of the
k nodes inside the region of the quiver connected only by BF couplings must have GNO
flux +1. For instance, the baryon ¢; ... on_1¢nN,—N+1 is dual to the flux configuration:

0 GNO Flux
N-1
( H @j)‘PNS—N-&-l < (546)
e + o ot o+
"
Ns—N+1 k

(TTI2= )0 2\7:1\1[7]+2 vr), where 1 < J < N — 1: The flux assignment in higher
rows follows a “staircase” pattern. For instance, the baryon (H;V: _12 <pj) ONPNL1 =

©1..-pN—20N@N+1 is dual to the flux configuration:

0 GNO Flux

(Nl_f 90j>90N80N+1 < —+‘ (5.47)

=1 + +].00.00 .0

Ns —N+1 k N

Thus, the baryon (Hgl‘] gok) <H,]€V+]\1,_J+2 <p;€> = Q1. . PN_JPN—_J12-.-PN+1 is dual

to the flux configuration:

0 0 GNO Flux

(o)1) -

k=1 k=N—-J+2
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Mapping a generic baryon: Unlike mesons, baryons allow column reuse: a single
column may host fluxes in multiple rows, provided the staircase rule is respected. Thus,
a generic baryonic monopole will have the following flux assignment:

N—J-1 J
( <Pm> < H ¢N+bl—l> PN+I <
=1

m =1

(5.49)

We note that k£ > 0 does not change the counting of the mesonic and baryonic operators.

5.3 Planar Abelianization in CS-QCD3; with Fermions and
Bosons

In this section, we generalize the proposal of the previous section to non-Abelian theories
with fundamental scalars and fermions. We anticipate that adding a fermionic flavor in
the electric theory corresponds to “bosonizing” a column in the planar theory. We provide
several examples of this here.

5.3.1 General Proposal

We propose the following planar, Abelian dual for SU(N) QCD3 with IV, scalars and Ny

fermions at Chern-Simons level 2N — Ny — % — k in Figure The proposed duality is
believed to hold in the following range of parameter

N,+N;>2N, N,>2N, k>0 (5.50)

This proposal should be seen as a generalization of the one considered for scalar QCD3 ob-
tained by replacing Ny scalars with /N fermions and replacing the corresponding fermionic
columns in the planar mirror with purely bosonic columns.

We briefly comment on the potential V shown in Figure In addition to quartic
scalar interactions (Equation , mixed scalar-fermion interactions are also generated
radiatively in the electric QCD3 theory and are captured by the electric potential Vyyartic

N Ny DNy
unartic = Z Z Z [walsbaJ@ﬁJ@ﬁl + (‘:OOJ@OJ)(SO/BJSEBJ) + SOQI@,BI@ZJQAQ/}BA
a,8=11,J=1 A,B=1
+ (9™ @ar) (W b))
(5.51)
On the other hand, in addition to the usual Yukawa interactions, the monopole poten-
tial, and the GNY potential, an extra contribution is captured by Vpjuner in the mirror

12%We consider some examples with Ny < 2N in Sections and [5.6.2
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V = Vpianar + Vimonopote + Vany

Figure 5.5: The proposed dual for SU(N) QCD3 with N, scalars and Ny fermions at
Chern-Simons level 2N — Ny — % — k is shown here. As before, single/double circles
(squares) correspond to U/SU gauge (flavor) symmetries, scalar (fermion) bifundamental
fields are indicated in blue (red), Chern-Simons levels of gauge nodes are indicated in
maroon, while mixed BF couplings between gauge nodes are indicated in green. Dotted
lines indicate the absence of any bifundamental matter fields and only the presence of BF
interactions. Note that the Chern-Simons level of each gauge node is equal to minus half
the sum of all BF couplings with the surrounding nodes. We also indicate the fugacities

of the topological symmetries of each column in orange.

theory. Vpjaner contains a cubic scalar interaction (¢;¢;¢r+c.c.) for every closed planar
triangle. There is a term with a coefficient of +1 (—1) for each triangle closed clockwise
(anticlockwise). Vionopole involves every monopole with GNO fluxes +1/ — 1 under two
nodes connected by a vertical scalar, analogous to the case discussed in Section and
are dressed as explained in Chapter As before, we claim Vionopote and Vpignar are
essential to match the rank of the global symmetry on the electric side. In the presence

of these terms, the UV symmetry of the quiver theory is U (l)i\g; x U (1)%;, where each
U(1) factor corresponds to the topological symmetry of the Ny, + Ny — 1 columns of the
quiver, and the additional U(1) factor is the topological symmetry of the bottom-most
gauge node. We also claim the symmetry enhances in the IR:

Ng+Nj
top

U(1) — U(N,) x U(Ny) (5.52)

which is mapped precisely to the flavor symmetries of the electric theory. Furthermore,
we expect the faithful symmetry to be [46):
U(Ns) x U(Ny)
LN

X 7§ (5.53)

where Zy is the center of SU(N) and ZS is a charge conjugation symmetry.

In the rest of this section, we make these ideas more precise by considering some examples.

5.3.2 Example: SU(3) 1 QCDj3; with N, =6 Scalars and Ny = 1 Fermion
)

Let us begin with the example of SU(3)_1 with 6 scalars and 1 fermion, and its planar
2
dual description. We propose the duality shown in Figure [5.6]

We are mainly concerned with mapping the following gauge invariant operators of the
electric theory:
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6| X
<~
1|y
VY = Vyuartic

V =Vplanar t v]\/Ionopole +VaenNy

Figure 5.6: The dual for SU(3)_1 QCDs with 6 scalars and 1 fermion is shown here.
2

All labelling conventions are the same as Figure [5.5] and BF couplings between nodes
connected by a vertical scalar field have been suppressed for brevity.

1. There are 48 mesonic operators of which:

a) 35 spin-0 mesons of the form ¢;p;, identified by X; — X; (including their charge
J J
conjugates).

(b) 12 spin—% mesons of the form ¢;1), identified by X; — Y7 (including their charge
conjugates).

(c) 1 meson with a spin-0 and spin-1 channel 1.

As already discussed in the previous cases the mapping of diagonal mesons, which
are neutral under the maximal torus of the global symmetry, is less straightforward,
and we leave it to future work. The mapping of these off-diagonal mesons is given
in Table 5.5

2. There are many baryonic operators:
(a (g) = 20 spin-0 baryons of the form ;p;¢y, identified by X; + X; + Xj.
(

b) 6 baryons with a spin-1 channel of the form ¥ ¢;, identified by 2Y; + X;.

(c
(d

(5) = 15 spin-3 baryons of the form vp;p;, identified by Y1 + X; + X.
1 baryon with spin—% channels, identified by 3Y7, constructed by symmetrizing
1 in the flavor and spinor indices.

)
)
)
)

The mapping of baryons is given in Table
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Table 5.5: Dressed monopole operators of the planar mirror (Figure|5.6)) and their putative
mapping to mesonic operators of the electric theory. The remaining mesonic operators
can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson

/N
+
oczzi
OO
(NN}
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Table 5.6: Dressed monopole operators of the planar mirror (Figure[5.6) and their putative
mapping to baryonic operators of the electric theory (all indices have been suppressed).

The remaining anti-baryonic operators can be constructed by charge conjugation.
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Table 5.6 — continued from previous page
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5.3.3 Example: SU(2) 5 QCD; with N, =5 Scalars and Ny = 1 Fermion
2

We now consider the example of SU(2)_s with 5 scalars and 1 fermion. Notice that this
2
theory has k = 1. We propose the duality shown in Figure

We are mainly concerned with the mapping of (g) = 10 spin-0 mesons, 5 Spin—% mesons,

and (g) = 10 spin-0 baryons, 5 spin—% baryons and 1 baryon with spin-1 channel. Since the
details of the dressings are identical to the discussions preceding this section, we leave the
complete operator map to the reader and provide the GNO fluxes of the bare monopoles
are a representative example of the general trends of identifying these operators.

The mapping of the off-diagonal spin-0 mesons is provided in Equation (the remaining
mesons can be identified by charge conjugation):
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V= VPlanar + VMonopole + VGNY

Figure 5.7: The dual for SU(2)_s QCDgs with 5 scalars and 1 fermion is shown here.
2

All labelling conventions are the same as Figure and BF couplings between nodes

connected by a vertical scalar field have been suppressed for brevity.

+ 0000 + 4+ 00 0 + + + 4+ +
1\/I‘Spm_()H{§mO0()0007£mO00000793?0000007
+ o+ + 4+ o+ 0+ 000 0 + + + +
mOOOOO—l—’mOOOOOO,mOOOOOO’
0 + + + + 00 + + + 00 + + +
mOOOOO%—,mOOOOOOmOOOOO—I—’
00000
Smooooo+}
(5.54)
A generic spin-0 mesonic monopole operator will be dressed as followﬁ
0>—+—<0 0 O 0 0—>—+ e +—
0 0 0O 0 O O,SDIO 0 0 0 0\0 (5.55)

m

The mapping of the off-diagonal spin—% mesons is provided in Equationm (the remaining
mesons can be identified by charge conjugation):

13We indicate the presence of only BF couplings in the second example by keeping a dotted line explicit

between the two nodes.
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(+++00) (0++00) (00+00)
H{moooooomoooooomoooooo

M|spin-% ’ ) )
(0 00 + + ) (0 00 + + )
m 000 0 0O o 000 0 0 + }
(5.56)
A generic spin—% meson will be dressed as follows:
(0 0—1—0 0 ) (0 0 O0—fm +§<—\ )
o 0 0 0 0 0 0 o 0 0 0 0 0 0 (5.57)

The mapping of the spin-0 baryons is provided in Equationm (the remaining antibaryons
can be identified by charge conjugation):

(00000)(00000)(00000)
£ 0000 0 ¥ 40000 L+ o+ 4+ 400
B‘spin—O <~ {Dﬁ m ) m )

00000)(+0000)(+0000)
000 0 0
SIS S C T\t E 40

++000)(+++++)(+0000)
0
R B S R R0 A

I

+ +—0 0 0

+—0 0 0 0 0. 0_ 0 0 0
J
;M (5.59)

m

The mapping of the spin—% baryons is provided in Equationm (the remaining antibaryons
can be identified by charge conjugation):
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0 0 000 + 0 0 00 + + 0 00
00 0 00 0 00 0
B!spin-;H{WerJrJr o\t o\t
+ + + 0 0 + + + 0 0
£m+++++ozm++++++}
(5.60)

A generic spin—% baryon will be dressed as follows:

m . m (5.61)

Finally, the baryon v? obtained by symmetrizing the flavor and spin indices is mapped
to the dressed monopole:

m (5.62)

5.3.4 Mapping Gauge Invariant Operators

We take a moment to comment on higher-spin baryonic operators and their dual flux
configurations here. Consider a generic baryon of the electric theory:

(X)) (x2)™ -+ (xr)'" (5.63)

where each y; is either a boson or fermion, and the powers satisfy 25:1 k=N This
baryon maps to the following monopole operator in the mirror theory:

oo o+
+ o+ + o+
+ + 00
]+ 00
o
tre (5.64)

1N .B.: If multiple copies of the same scalar appear, derivatives must be inserted; otherwise, the anti-
symmetric contraction vanishes.
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Here, ji denotes the number of + in column k (excluding the base corner + which is
always present). The ji are related to the baryonic charges iy via:

J1 =1-14

J2 =2—141 — 12

.. N .

IN = N — Zk:l 1k (5.65)

. N+1 -
INt1 =N =0 i

. -1 .
Jr1 =N =1 ik

some jr may be negative—for instance, if 44 > 1, then j; < 0. In such cases, negative
fluxes (denoted by “—” symbols) must appear in the corresponding column. The fluxes
within each column should be distributed across rows in a way that ensures the resulting
monopole is minimally dressed. We will see some explicit examples of this now.

Finally, we note that the number of spin-J baryons that can be built without derivatives

in SU(N) QCD3 with N, scalars and Ny fermions is (Nfgi‘]_l) X (N]XZJ), constructed
by (anti-)symmetrizing the (bosonic) fermionic fields. Consider in particular the spin-J

baryons:
w{’ilq/}iQ ce ¢12J}90[j1g0]2 R (PjN_QJ} (566)

where the flavor indices of scalars j, are antisymmetrized and the flavor indices of fermions
i, are symmetrized. The fermions are contracted to give a spin-J operator. This operator
transform in the 2J-index symmetric representation of SU(Ny) and in the (N —2.J)-index
antisymmetric representation of SU(Ng). The operator in the highest weight:

(¥1)* 102 .. on—2s (5.67)

is mapped to the following monopole on the mirror side:

Ne =N (5.68)

5.4 Planar Abelian Duals of Unitary CS-QCD3; with Bosons
and Fermions

We have so far focused on constructing duals of SU(IN) QCD3 with mixed matter content.
These results, however, extend naturally to the case of unitary QCD3 by gauging the bary-
onic symmetry. From the discussion in Section we know that the baryonic symmetry
of the SU(N) QCDs maps to the topological symmetry of the bottom-left gauge node of
the planar-abelian quiver (Figure . Gauging of this topological symmetry with zero
CS level introduces a U(1)g sector with no charged matter whose path integral results in
a delta-function, which effectively ungauges the U(1) bottom-left gauge symmetry. While
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we did not keep track of background CS levels when presenting the duality in Figure
we expect the duality to involve a non-zero CS level for the baryonic symmetry. In
analogy with the SUSY result of [2, 3], we expect a background CS at level —2 for the
baryonic symmetry on the QCD side of Therefore we propose that the dual descrip-
tion for U(NN) QCD3 with Ny critical scalars and Ny fermions, where the theory is defined
at Chern-Simons level (2N — N; — % —k,—N; — % — k) is the planar-abelian quiver
depicted in Figure [5.8

N, —2N +1 Nj+1

1
\

\l /1\ \‘ \‘

1
\
-1
>
1
\

bbb

V = Vpianar + mempole + VGNY

3 \g
~/

Figure 5.8: The dual of U(IN) QCD3 with N scalars and Ny fermions at Chern-Simons

level (2N — K, —K), where for clarity we define K = Ny + % + k, is shown here. All
labelling conventions are the same as Figure [5.5]

A particularly interesting special case arises when & = 0, shown in Figure In this

setting, the planar mirror theory contains a gauge-invariant mesonic operator built from

bifundamental fields that connect the two U(1) flavor nodes. This meson must map

to a monopole operator in the electric U(N) QCDgs theory that is neutral under the

S(U(Ns) x U(Ny)) global symmetry. Consider the bare monopole 9t with GNO fluxes

(+,0,...,0) in the U(N)zN NN Ny QCDg3 that transforms as the highest weight
2

of the (Ns — 2N )-index symmetri(Q: conjugate representation of SU(NN) and has charge N,
under the diagonal U(1). This monopole can be made gauge invariant by dressing with N
modes of the scalars ¢, where two sets of IV scalars are antisymmetrized in gauge indices
and the other Ny — 2N are symmetrized in gauge indices. By further symmetrizing all the
scalars in SU(N,) indices we obtain operators that are neutral under S(U(N,) x U(Ny))
and have charge —1 under the topological symmetry, which are mapped to the long mesons

described above. Therefore, we have the mapping:

Ns—2N N N
1 Ns—2N  Ng—2N+1 Ns—2N+2 Ns—N  _Ng—N+1,_Ns—N+2 N
fm+8.<,0[18.<,0%...0.<,01 ] o 2 on @r e N TNt ...gpN]
~ long mesons
(5.69)

where lower indices are SU (V) gauge indices and upper indices are SU(Ns) flavor indices,
which are completely antisymmetrized. The modes with gauge index 1 “see” the GNO
flux and have half-integer spin, while the other modes have spin-0. Then the spin of this
operator mod 1 is given by 3(N; — 2N + 2) mod 1. This matches the integrality of the
spin of the long mesons, because each meson contains an even (odd) number of fermions
if Ny is even (odd).

Prior to gauging the baryonic U(1) symmetry, one can also introduce a Chern-Simons
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Figure 5.9: The dual of U(N) QCD3 with N, scalars and Ny fermions at Chern-Simons
level (2N — K, —K), with K = Ny + %, is shown here. All labeling conventions follow
those of Figure

term for it at level Ay, following the discussion in [106]. This leads to a U(N) gauge
theory with CS level (2N — Ny — % —k, A¢yN — Ny — % — k). In the mirror dual, this
corresponds to the addition of a new U(1)a, gauge node, coupled to the rest of the quiver
via BF interactions. The resulting duality is depicted in Figure [5.10

Nf+1

V= VPlanar + Vmonopole + VGNY

Figure 5.10: The dual of U(N) QCD3 with N, scalars and Ny fermions at Chern-Simons

level (2N — F, AyN — F), with F = Ns + % + k, is shown here. All labeling conventions
follow those of Figure

5.5 Consistency Checks via RG Flow Trajectories

In this section, we focus on studying the mapping of mass deformations across dualities,
which serves as an important consistency check for our proposed dualities. We consider
mass deformations for the fundamental fields in the QCD theory and propose a corre-
sponding deformation in the Abelian dual that is partly inspired by the structure of the
supersymmetric dualities of , and is a natural generalization of the Abelian case.
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5.5.1 Mass for a Single Field

A simple deformation that can be studied in the QCDj3 theory on the LHS of Figure
consists of giving a mass to a boson or to a fermion that can be either positive or
negative. One could think of it as a linear potential term for a mesonic operator of the
form |¢|? or vp. In principle, knowing the map of these operators across the duality
gives the knowledge of the deformation that is turned on in the dual theory. However,
as we partially comment in Subsection the map for these operators is not trivia]El
Partially inspired by the SUSY ancestor of the duality, for which the deformations will be
analyzed in |4], we consider examples to discuss massive deformations of the duality

An Electric Scalar With A Positive Mass

Concretely, consider SU(2) at CS level 4 — F' with F' scalars and its planar mirror dual
(top row of Figure . Suppose we turn on a positive mass term m?|¢3|? in the electric
QCD; theory for one of the scalar fields (¢3). We claim that this deformation maps to
real mass terms for the fermions in one of the columns of the dual theory as:

m?| 3”& m(Pihr — Parhy + Psis) m >0 (5.70)

where 11 and 3 are the horizontal fermions in the second column and )5 is the diagonal
fermion in the second column. Upon integrating out the massive scalar field, the electric
theory flows to SU(2) QCD5 with F' — 1 scalars at CS level 4 — F'. On the mirror side,
we integrate out the fermions in the second column, leaving behind only BF couplings
between the horizontal gauge nodes, as shown in the bottom row of Figure |5.11} The
resulting duality is exactly the one we propose for SU(N) with F' — 1 scalars at CS level
2N — k — (F —1), where N = 2 and k = 1 in this case. Notice that this is a natural
generalization of the Abelian case in Figure where giving a positive mass to a boson
on the QED side corresponds to giving a positive mass to a fermion in the quiver side. The
choice of signs for the fermionic masses in ([5.70) reproduces the BF couplings expected
from the general proposal

Immediate generalizations to electric gauge groups with higher rank follow from this ob-
servation. We reiterate that integrating out an electric scalar with a positive mass results
in the integration of a column of fermions in the bulk of its planar mirror, leaving behind
only horizontal BF couplings between gauge nodes.

One can immediately realize that the number of columns composed of fermions in the
bulk of the dual quiver is Ny — 2N, where N, is the number of scalars. Therefore, we can
use this strategy to integrate out only Ny, — 2N bosons out of N;. We can not use this
strategy to flow to QCD3 with N; < 2N, which indeed is beyond the range of validity of
the duality In principle, one could study the effect of further massive deformations
to go beyond the range Ny > 2N, this is a quite non-trivial exercise and we leave it for
future work. However, we propose examples of dualities with Ny < 2N in Section |5.6

One could also consider a negative mass for an electric scalar, which would condense and
Higgs the gauge group SU(N)an-N,— — SU(N — 1)a(n—1)—(N,—1)—k'» Where k' =k — 1.
We stress that the map of the deformation in works only for m > 0. It would be
interesting to see how this may be seen in the planar mirror theory, but it is beyond the
scope of this work.

!5We recall that the reason behind the difficulty of this map is that these operators are not charged
under the Cartan subgroup of the global symmetry. Indeed, in the dual theory, there are a large number
of operators, carrying the correct spin, that are not charged under the global symmetry, and in principle
any linear combination of them is a valid candidate as the target of the map.
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Figure 5.11: Schematic depiction of the duality (bottom row) resulting from the RG flow
induced by integrating out a single scalar field in SU(2)4—r QCDg3 with F' scalar fields
and the corresponding fermionic column in its planar dual (top row). Notice that CS and
BF interactions have been generated according to the sign of the corresponding fermion
masses. The resulting duality is exactly what we propose for SU(2) with F' — 1 scalars at
CS level 4 — F.

An Electric Fermion With A Positive Mass

Concretely, consider SU(3) at CS level 6 — Ny — % with N scalars and Ny fermions, and
its planar mirror dual (top row of Figure . Suppose we turn on a positive mass term
for a fermionic field mi/;Nf YN, We claim this deformation maps to a negative mass term
for the horizontal bosonic fields in a column of the mirror theory:

min, v, o —m2(60 2 + 6917+ 16D . (5.71)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCD3 with
Ny scalars and Ny — 1 fermions at CS level 6 — N, — % + % On the mirror side, the
deformation causes the horizontal scalars to take a negative mass and thus a VEV, Higgsing
pairs of U(1) gauge groups connected by a horizontal scalar to the diagonal U(1). This
effectively identifies the two columns of U(1) gauge groups to the left and right of the
column of scalars. Furthermore, some of the cubic interactions for the scalars turn into
effective masses, which allow one to integrate out the 2 diagonal scalars and 2 of the
vertical scalars. The resulting quiver is shown in the bottom row of Figure [5.12] The
resulting duality coincides with our proposed dual for SU(N) with Ny scalars and Ny —1

fermions at CS level 2N — N, — (Nfz_l)

, where N = 3 in this case.
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Figure 5.12: Schematic depiction of the duality (bottom row) resulting from the RG flow
induced by integrating out a single fermion with a positive mass in SU (3)6 .7 QCDs3
.

with Ny scalar fields and Ny fermionic fields and the corresponding bosonic column in its
planar dual (top row). The resulting duality is exactly what we propose for SU(3) with
Ny scalars and Ny — 1 fermions at CS level 6 — N, — % + %
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Immediate generalizations to electric gauge groups with higher rank follow from this obser-
vation. We reiterate that integrating out an electric fermion with a positive mass results
in Higgsing the horizontal bosons in a column in the bulk of its planar mirror, thereby
shortening the quiver. One can check that CS and BF coupling of the resulting theory
agree with our proposal (Figure , providing a consistency check of our results.

An Electric Fermion With A Negative Mass

Concretely, consider SU(3) at CS level 6 — Ny — % with N scalars and Ny fermions, and
its planar mirror dual (top row of Figure[5.13). Suppose we turn on a negative mass term
for a fermionic field myn,¢n,. We claim this deformation maps to a positive mass term
for the bosonic fields in a column of the mirror theory:

—mn N, & mE(eh P+ 165 P+ 0% 12+ 165 1+ 68 2). (5.72)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCD3 with
Ny scalars and Ny — 1 fermions at CS level 6 — N — % - % On the mirror side, the

same deformations lead to the integration of a column of bosons, leaving behind only BF
couplings between horizontal gauge nodes, as shown in the bottom row of Figure

The resulting duality is exactly the one we propose for SU(N) with NN, scalars and Ny —1

fermions at CS level 2N — N, — % — k, where N =3 and k£ = 1 in this case.
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Figure 5.13: Schematic depiction of the duality (bottom row) resulting from the RG flow
induced by integrating out a single fermion with negative mass in SU (3)6 NN QCD3
~N-O

with Ny scalar fields and Ny fermionic fields and the corresponding bosonic column in its

planar dual (top row). The resulting duality is exactly what we propose for SU(3) with

N

Ny scalars and Ny — 1 fermions at CS level 6 — N, — Tf — %
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Immediate generalizations to electric gauge groups with higher rank follow from this obser-
vation. We reiterate that integrating out an electric fermion with a negative mass results
in the integration of a column of bosons in the bulk of its planar mirror, leaving behind
only BF couplings between horizontal gauge nodes.

We conclude by mentioning that in the duality each fermion in the QCDj3 corresponds
to a column of bosons in the dual theory. Therefore, the results summarized in Figure
and can be used to study the effect on the dual theory of a mass for any number
of fermions in the QCDs.

5.5.2 Duals of Topological Quantum Field Theories

Instead of studying mass deformations of individual bosonic or fermionic fields, one may
consider turning on masses for all matter fields simultaneously. In particular, we can give
positive masses to all scalars and a homogeneous mass to all fermions in the QCD3 theory.
Such deformations generically gap out the matter sector and drive the theory to a purely
topological infrared phase, described by a TQFT.

Since the original non-supersymmetric duality relates two theories that are expected to
flow to the same IR fixed point, the corresponding mass-deformed theories should also
flow to dual TQFTs. However, a direct analysis of these flows in the non-supersymmetric
setting rapidly becomes complicated. A more tractable strategy is therefore to exploit
the existence of supersymmetric “ancestor” dualities: one can study gapped phases of the
corresponding N/ = 2 theories, where the renormalization group flows are better controlled,
and then infer the resulting TQFT dualities. We expect that the TQFTs obtained in this
way coincide with those arising directly from mass-deforming the non-supersymmetric
dual pairs.

A detailed analysis of these supersymmetric flows is presented in [5]. Here, we focus on
the outcome in two representative cases, corresponding to SQCD theories whose Abelian
planar duals contain either one or zero “bulk” columns.

The case of SU(N)_; with 2N scalars

We first consider the duality for SU(N)_; QCD with Ny = 2N scalars and no fermions,
shown in Figure Assigning positive masses to all scalars gaps the matter fields and
leaves behind a pure SU(N)_; Chern-Simons theory in the infrared.

On the Abelian side, the planar quiver dual contains a single empty bulk column (see
Figure . This structure plays a crucial role in determining the resulting topological
theory. More generally, the analysis described here applies to any QCD theory whose
Abelian dual contains exactly one bulk column.

Rather than following the non-supersymmetric flow directly, we consider a chiral-planar
N = 2 duality studied in [3|, in which the electric theory flows to the same SU(N)_; TQFT
after appropriate mass deformations. In the supersymmetric setting, these deformations
can be explicitly tracked on the planar Abelian side 4], leading to an Abelian Chern-
Simons theory with gauge group U(1)? and Chern-Simons matrix

N -N
K= . (5.73)
~N N+1

This TQFT duality is represented diagrammatically in Figure We expect that the
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same Abelian TQFT is obtained by mass-deforming the non-supersymmetric duality for
SU(N)_1 with 2N scalars and no fermions.

Figure 5.14: Duality between SU(N)_1 x U(N —1); CS theory and the Abelian CS theory
associated to the CS matrix (5.73). (Mixed) Chern-Simons interactions are indicated in
(green) red. The red arrow indicates level/rank duality for SU(N)_1, while the double
arrow indicates a duality between Abelian TQFTs described in the main body.

In the remainder of this section, we provide an independent check of this claim by deriving
the duality using known TQFT equivalences.

TQFT matching and level/rank duality

The Abelian Chern—Simons theory associated with the matrix K has a Zg\l,) one-form
symmetry, as can be determined from the Smith normal form of K [261]. This matches
the one-form symmetry of the SU(NN)_; theory on the electric side.

The equivalence between the Abelian theory defined by K and SU(N)_; can be established
in two steps. First, one applies level/rank duality to SU(NN)_1, as indicated by the red
arrow in Figure Second, one relates the resulting Abelian theories, represented by
the double arrow in the same figure.

This second step requires constructing integer-valued 2 x 2 matrices Q and P, following
the framework of [261], such that

Q'K;'Q-K ' =P, (5.74)

where K, ' = diag(1,1/N) is the inverse Chern—Simons matrix of the intermediate Abelian
theory obtained after level /rank duality, and K—! is the inverse of (5.73).

One choice satisfying these conditions is
Q= , P= , (5.75)

where the diagonal entries of P are even, ensuring that the duality preserves the spin
structure.

The matrix Q specifies a bijective mapping between the 2|det(K)| independent Wilson
lines of the two theories. Explicitly, if @ and @y, denote the charge vectors of Wilson lines
on the dual and electric sides respectively, they are related by

d, =Qad. (5.76)

The sequence of dualities shown in Figure also requires the inclusion of an additional
invertible U(N — 1); TQFT on the left-hand side. It would be interesting to track the
precise invertible backgrounds generated by deforming the quiver theory directly, in order
to fully characterize the corresponding symmetry-protected topological (SPT) factors. We
leave this analysis to future work.
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The case of SU(N)p with 2N scalars

A similar analysis applies to SU(N )y QCD with Ny = 2N scalars. Giving positive masses
to all scalars drives the theory to pure SU(N)o Yang-Mills in the infrared. The corre-
sponding supersymmetric analysis, together with its planar Abelian dual, predicts that
the dual theory flows to a U(1); Chern—Simons theory. This is an almost trivial TQFT,
in agreement with the expected infrared behavior of the electric theory.

5.6 Probing the N, < 2N Regime

In this section, we attempt to study theories where the number of scalars Ny is less than
2N. We find that we are able to consistently bosonize two columns of height N — 1 outside
of the bulk of the quiver gauge theory, which means that in the duality we replace the
tallest column in the two triangular sections with a column made only by bosons. Each
replacement of columns using this strategy consists of decreasing/increasing the number
of bosons/fermions by 1 in duality . We emphasize that this can be done to reduce
the number of bosons by 2 at most.

This strategy allows us to propose a quiver which is dual to a QCDgs theory with Ng =
2N —1or Ny = 2N —2 scalars and Ny fermions such that Ny + Ny > 2N, generalizing the
dualities discussed in Section Extending this procedure to even lower Ng by consider-
ing quivers with more bosonic columns in the outer triangle would require a generalization
of our prescription to construct monopole interactions. We leave this to future work.

We illustrate this proposal using two examples, one with Ng = 2N — 1 and one with
N; = 2N — 2. In particular, we notice that the SU(2) QCD3 when Ny = 2 and Ny > 2 is
dual to a completely bosonic planar theory.

5.6.1 Example: SU(3)) QCD; with Ny =5 Scalars and N; = 2 Fermions

We consider the example of SU(3)y with 5 scalars and 2 fermions, and its planar dual
description. We propose the duality shown in Figure Notice that the second-to-last
column has been “bosonized” in the sense that it is made only of scalar fields, similar to
the column in the bulk.
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V= unaxrtic

X4—Yo

V = Vpianar + YVMonopole T VGNY

Figure 5.15: The dual for SU(3)y QCDs with 5 scalars and 2 fermions is shown here.
All labelling conventions are the same as Figure |5.5) and BF couplings between nodes
connected by a vertical scalar field have been suppressed for brevity.

Following the spirit of Sections [5.2]and [5.3] we propose a map between mesons and baryons
with monopole operators, which is reported in Tables[5.7]and [5.8 respectively. We reiterate
that the monopoles reported there are representatives of all monopole operators with given

global charge and spin.

Table 5.7: Dressed monopole operators of the planar mirror (Figure|5.15)) and their puta-
tive mapping to mesonic operators of the electric theory. The remaining mesonic operators
can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson
4=40 0 0 . 4 +=%0 0 5
Y 0 0 0 p2e1 Y0 Y0 0 0 P3P
O 0 0 0 0 O 0 0 0 0
Y4 40 . F e+ .
~3 0 0 1p1 ~ g 5 0 (Yl
O 0 0 0 0 O 0 0 0 0
0 0 0 e =<0 0 0 51
0™ 0 0 ™0 05—+ + + Tt
0—t—2t0 0 . 05—t +—0 .
0™0 0 0 v 0 ™0 0 0 V12
O 0 0 0 0 O 0 0 0 0
0—+__ + b Pa O 0 0 O P1P2
00 0 0 + 2 3F e
O 0 0 0 0 00 0 0 %0
0. 0 0 0 . 0 0>—t—0 .
~i 0 0 0y P52 O 0 0 0 Y193
O——t + + Tt O 0 0 0 0

Continued on next page

261




The ABCD’s of Mirror Symmetry

Table 5.7 — continued from previous page

GNO Flux Meson GNO Flux Meson

0 0>—+ +— . 0 0. 0 0 .
0 0 0 0 V2 0=+ o+ ||
O 0 0 0 0 0 0 0 0 ™0

<0 8\\8 8 0, ) P53 0 0 00— PY1)2

0O 0 0 0

0=+ + + 4 o o0 o o o

0O 0 0 0 _ 0 0 0 0 .
0 0 O0=—, Vaa 0 0 0~ V2
0 0 0 0 70 0 0 0 0—~—

0 0 0 0 _ 0 0 0 0 _
00— — V164 0 0 0 0 P5P4
0 0 0 0 ™0 0 0 0 05>=4+

0O 0 0 0 .
0 0 0 0 V165
0 00— — ™~

Table 5.8: Dressed monopole operators of the planar mirror (Figure|5.15)) and their puta-
tive mapping to baryonic operators of the electric theory (all indices have been suppressed).
The remaining anti-baryonic operators can be constructed by charge conjugation.

GNO Flux Baryon GNO Flux Baryon
0 0 0 0 P1p293 00 0 0 1291
0 0 0 0 0\\0 0 0
+—0 0 0 0 + +—0 0 0
0 0 0 0 0 0 0 0
L 0 0 0 p1p391 0o, 0 0 0 p1p212
+ +—=0 0 0 + ¢ 4—0 0
0 0 0 0
\+ 0 0 0 P1932 0y 0y 0 8 ; 1112
+ 4+ 40 0 RS
+ + =0 0
+——0 0 0 +——0 0 0
. 0 0 D213 +\ 0 0 P2112
+ =0 0 + 4+ =0 0
+ +—0 0 0 0 0 0
R 0 31192 0~ 0 0 0 P1P204
+ 4+ =<0 0 + 7+ + =0
0 0 0 0 +——0 0 0
\+ 0 0 0 P1P3$P4 1 0 0 0 P2P3P4
+ + + =0 + + 4+ +—=0
Continued on next page
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Table 5.8 — continued from previous page

GNO Flux Baryon GNO Flux Baryon
0 0 0 0 +—0 0
R I S 1411 \+—<——0 0 2491
+ o+ + 0 + + + =0
+ +—0 0 0 0 0
R 0 P3paY1 A + 0 112
+ 4+ + 40 + o+ 0
440 0 0 + 40
+\+ 4+ (1029041!}2 T 1 ++0 @38041/}2
+ +  + =0 + o+ 4+ 0
+ =0 Pap11h2 0 0 0 0 P1P295
+ 4+ 0 050 0 0
+ o+ + 0 + N+ 4+ +
05V 0 0 P1P3P5 +—<0 0 0 P2p305
0 0 0y
+ o+ o+ o+ T+ =0 0 0y
+ o+ T
0 0 0 0 + +—0 0
TS TS0 0 P15 0 O P3P
+ o+ o+ T+ + o+ o+ o+t
+—0 0 0 0 0 0 0
AT 0 2591 SN G 0 1592
+ o+ o+ + o+
+—0 0 0 +—0 0 0
<0 0 0 P2p3P1 IANL 4 0 Y2592
+ 4+—=0 0 0 + o+
+  +—=0 0 + o+ =0
S T Papst2 S Psv1y2
+ o+ o+ T+ + o+ o+ T+
0 0 0 0 +——0 0 0
NN L P1Paps AL L 4 P2pap5
+ o+ o+ o+ + o+ o+ o+t
+ 40 0 +  + =0
L+ o+ 4 P3P4P5 O V1945
+ o+ o+ + o+ o+
+ o+ + + o+ =0 3
+ o+ o+ o+ pagsvs +  4—=0 0 i
+ + 4+ + o+ + +—=<0 0 0
0 0 0 0 2 +——0 0 0 2
T 0 0 vien + 0 0 Ve
+ +—0 0 0 + +——0 0 0

Continued on next page
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Table 5.8 — continued from previous page

GNO Flux Baryon GNO Flux Baryon

U 0 Ve | (T ITE ) v

+ +—<0 0 0 + + +——0 0

+ +——0 2 + + +—0 2

+ =0 0 Vi + A0 Oy Vies

+ + + +—0 + + + + +

+ + 4 3 3

+ 4+ +—=0 0 S e

+ + +—0 0

——0 0 0 2 + +—0 0 2

N 0 Vae + o+ +—=0 V203

+ + +—0 0 + + +—0 0

+ +——0 2 + + +— 2

+ + 40 ¥avL + 4+ =0 V2

+ + +—0 0 + + +—0

+ + +— 2

+ o+ 0 V295

+ + + + +

5.6.2 Example: SU(2)1 QCD; with Ny =2 Scalars and N; = 3 Fermions
2

We finally consider the example of SU(2): with 2 scalars and 3 fermions, and its planar

2
dual description. We propose the duality shown in Figure Notice that the planar
dual is completely bosonic.

2| X
—
3|Y
V = Vauartic

V =Vpianar + vMonopole

Figure 5.16: The dual for SU(2)1 QCD3 with 2 scalars and 3 fermions is shown here.
2

All labelling conventions are the same as Figure and BF couplings between nodes
connected by a vertical scalar field have been suppressed for brevity.

As before, we are concerned with determining the monopole operators dual to the mesons
and baryons, and we report the results in Tables and respectively.
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Table 5.9: Dressed monopole operators of the planar mirror (Figure [5.16]) and their puta-
tive mapping to mesonic operators of the electric theory. The remaining mesonic operators
can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson
—— - —— -
(E)L 8 8 0) Y161 (6— —5 8 ()) Yap1

NI == s

(8+—6+—8 0) Yo (8—)——5 —5+—0) Y3
(8——)——(1)— 2 +> a1 (8 8—)——(1)——(—-0> P3ibo
(8 8-—)—?— +> @2@2 (8 8 8—>—+) 9021/;3

Table 5.10: Dressed monopole operators of the planar mirror (Figure [5.16) and their
putative mapping to baryonic operators of the electric theory. The remaining anti-baryonic
operators can be constructed by charge conjugation.

GNO Flux Baryon GNO Flux Baryon

0 0 0 0 0 0
<+—<—0 0 0) P <+ +——0 0) pry2

+o
+
~—

00 9 )| am | (@0

(i+—?—+8 0) U192 <+—<—0 0 ) U193

<i—+_?_ 2 _|_) path1 (i i+9__+_0) Yath3

F T2 ] e | T I 77| e
(=50 0 o | w | (F =3 0 | w
T & =) ¥3

Notice that some of the monopole operators in Table [5.10] seem to factorize, in the sense
that they can be thought of as the product of two independent gauge invariant monopoles.
We recall, however, that there are additional monopoles with the same global charges and
spin, which will, in general, mix. The monopoles reported in Table[5.10]are representatives
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of such linear combinations.

In line with our observation in the last section, we can consistently “bosonize” the entire

quiver. This is a special feature of SU(2), and we anticipate that the planar dual of

SU (2)2 Ny (k > 0) with 2 scalars and Ny fermions will be a fully bosonic Abelian
.

quiver gauge theory.

Scope and Future Directions

We restrict ourselves to the study of SU(N) QCDgs with at least Ny = 2N — 2 bosonic
fundamental flavors and any number of fermionic fundamental flavors. Extending our
proposal to study duals for smaller values of Ny would be the next step. Preliminary
results indicate this can be achieved by utilizing the machinery of [5] for the N' = 2
supersymmetric case and subsequently considering the AN/ = 0 limit. Due to this, we
can safely say the current non-supersymmetric paradigm generalizes to unitary as well as
symplectic CS-QCDj3; however, undertaking a systematic study to catalog these dualities
is beyond the scope of the current work.

Another promising direction of research would be to develop an algorithmic paradigm
to construct these bosonization dualities, in a vein similar to their NV = 2 [3, [27] and
N = 4 [213] counterparts. Such an approach would help construct planar Abelian duals
for broader classes of non-Abelian gauge theories.
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Chapter 6

Conclusions and Outlook

Mirror symmetry for N' = 4 theories admits a compelling and intuitive interpretation in
terms of Type IIB string theory and Hanany—Witten brane constructions. In this setting,
the exchange of Higgs and Coulomb branches, as well as the corresponding interchange
of flavor and topological symmetries, is geometrically manifest. However, this intuition
ceases to apply once the amount of supersymmetry is reduced. For theories with A < 4,
the Higgs and Coulomb branches may be lifted or collapse to isolated vacua, and the
canonical brane realizations underlying mirror symmetry are often absent. As a result,
geometric engineering alone is no longer a reliable guide.

The primary goal of this thesis has been to investigate whether mirror-like dualities can
nevertheless persist in theories with N/ = 2, and even in the absence of supersymme-
try. Despite the breakdown of string-theoretic intuition, symmetry considerations remain
sufficiently powerful to uncover and test such dualities. In particular, we find that the
defining structural feature of mirror symmetry — namely, the exchange of topological and
flavor symmetries — continues to provide a robust organizing principle beyond the N' = 4
setting.

From this perspective, mirror symmetry should be viewed more generally as a duality
that maps perturbative, order-type operators to non-perturbative, disorder-type operators,
such as monopole operators, rather than as a consequence of a specific brane construction.
This viewpoint allows mirror symmetry to be formulated and tested intrinsically within
quantum field theory, opening the door to systematic explorations of dualities in theories
with reduced, or no, supersymmetry.

A central result of this thesis is the development of the paradigm of Planar Abelianiza-
tion, which proves especially compelling for several reasons:

e The resulting N = 2 mirror duals are Abelian and admit a Lagrangian description
— two highly nontrivial and a prior: independent properties.

o The construction admits straightforward generalizations to Ay and Dy quivers, the-
ories with symplectic and special unitary gauge groups, circular quivers, and models
with rich matter content, including adjoint fields, rank-2 antisymmetric tensors, as
well as the presence of both fundamental and anti-fundamental representations [3,
6.

e The framework enables systematic deformations, yielding theories with more gen-
eral Chern—Simons levels and flavor content [5]. For special choices of parameters,
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the resulting theories display a rich infrared phenomenology, such as s-confinement,
chiral symmetry breaking, and the emergence of non-Abelian TQFTs.

e The paradigm further admits extensions beyond supersymmetry, encompassing non-
supersymmetric dualities [4].

In addition to the future directions discussed at the end of each chapter, we now briefly
outline several further avenues of investigation suggested by the results of this thesis. E]

The Road to Orthosymplectic Mirror Symmetry

Mirror duals of N' = 4 orthogonal and symplectic SQCD can be engineered using Feng-
Hanany brane setups [238|, which incorporate orientifold planes in addition to the standard
Hanany-Witten configurations. These constructions typically give rise to quivers with
alternating orthogonal and symplectic gauge groups. Even in the presence of N' = 4
supersymmetry, analyzing these theories remains highly nontrivial. This complexity arises
from the emergence of various symmetries acting on the moduli space in the deep infrared,
which are absent in the UV Lagrangian and hence invisible to supersymmetric localization.

A number of tools, such as the magnetic quivers paradigm, have been developed to study
these theories [239) 240, 262, |263], but a complete and detailed analysis remains intricate.

Both N'=4 U(N) and USp(2N) SQCD with F hypermultiplets admit RG flows under
supersymmetry-breaking deformations to N’ = 2 vacua in which the gauge symmetries are
Higgsed to their maximal tori, U(1)". Finding these vacua is nontrivial, but they form the
building blocks of algorithmic planar dual constructions, which proceed by gluing together
“planarized” U(N) [3] or USp(2N) [245] blocks.

A natural question is whether SO(2N) and SO(2N + 1) SQCD with F' hypermultiplets
also admit such flows. The answer is affirmative: these theories likewise reach N = 2
vacua in which the gauge symmetries are Higgsed to U(1)", as illustrated in Equation
This observation is important because, even if a fully planar Abelianization of or-
thosymplectic quivers is not yet known, the existence of these planar limits suggests that a
proto-algorithm for constructing orthosymplectic planar duals may still be feasible. These
may also be regarded as candidates for the RG-walls [264] of SYM theories based on
orthogonal and symplectic gauge groups.

!These are broadly based on projects started and subsequently abandoned by the author.
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( [ ()

W =Wnr=4 W =Wnr=4 W =Wnr=4 W =Wnr=4

real lmass real lmass real lmass real lmass

W= Wplanur + Wmonopole

W = WplanuT + Wmonopole W= Wplanar + Wmonopole W = Wortn + Wplanur
+Wmonupole

(6.1)

Towards non-Abelian 2d N = (2,2) Mirrors

Mirror symmetry also admits a rich realization in two dimensions. In contrast to its
three-dimensional avatar [199, 265|, two-dimensional mirror symmetry does not involve
monopole operators or topological symmetries. Instead, it relates seemingly different
descriptions of N' = (2,2) supersymmetric quantum field theories. In its simplest form, it
maps a non-linear sigma model with a Kahler target space to a Landau—Ginzburg theory
with a superpotential, exchanging geometric data with purely holomorphic information
[113) 1114} 187, 266-268|. From a physical perspective, this duality exchanges momentum
and winding modes and interchanges complex-structure and Ké&hler moduli, providing
a powerful non-perturbative equivalence between theories with very different ultraviolet
descriptions.

It is natural to expect a deeper connection between three-dimensional and two-dimensional
mirror symmetry [34]. However, the reduction of three-dimensional dualities to two-
dimensional ones is a delicate matter [269], for several reasons.

e Supersymmetric theories with four supercharges often possess a classical moduli
space of vacua (at least for suitable values of their parameters), and two-dimensional
theories are no exception. This moduli space can be modified or lifted by quantum
corrections. In higher dimensions, each point on the quantum moduli space cor-
responds to a distinct vacuum lying in a different superselection sector, and the
low-energy theory at a generic point is free, while interacting dynamics arise only
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near singular loci. In contrast, in two dimensions quantum fluctuations are strong
enough that the ground state (and, more generally, all states) explore the entire
target space or “moduli space.”

e The sigma-model metric is classically marginal in two dimensions and is generically
renormalized. As a result, it cannot be neglected in the analysis of infrared dynamics.
This issue is particularly acute for non-compact target spaces or in the presence of
runaway directions, where supersymmetric configurations may lie at infinite distance.
In such cases, there may be no normalizable ground state, and instead a continuum
of states can extend down to zero energy, depending on the asymptotic behavior of
the Kahler potential. Such continua can contribute to supersymmetric indices in
ways that differ qualitatively from the contributions of isolated vacua.

¢ A phenomenon unique to two dimensions is the possibility that a single ultraviolet
supersymmetric theory can flow to more than one superconformal field theory in the
infrared. More precisely, the infrared limit may be a direct sum of decoupled SCFTs,
so that the Hilbert space is a sum rather than a tensor product of the individual
Hilbert spaces.

These features become particularly significant when compactifying three-dimensional ' =
2 theories on a circle. In this context, different ways of taking the radius of the circle to zero
can lead to distinct two-dimensional conformal field theories lying on the same conformal
manifold.

Constructing mirror duals of two-dimensional N” = (2, 2) theories thus remains a formidable
challenge. A variety of complementary approaches have been developed, including anal-
yses based on A- and B-twists, constraints from K-theory [270-273|, and the study of
topologically twisted indices [146, [274].

The approach we advocate builds on the results of [275H278]. Upon supersymmetric
localization of three-dimensional theories on 8% x S' or D? x S!, the resulting partition
functions admit distinct asymptotic limits as the radius of S' is taken to zero. The precise
infrared limit depends on how real mass parameters and Fayet—Iliopoulos terms are scaled
in this process.

Concretely, two inequivalent limits can be defined:

s Timi . ("9)~ _ T(y) _
Higgs limit: lim = 1—q)¥=,
gg i 0 F(x)( q)

Z.
Coulomb limit: lim (0% 0o _ (1—2)¥".
0=1 (2¢%; ¢)oo

In the Higgs limit, matter fields remain light and the effective theory localizes onto the
Higgs branch. The resulting partition function reduces to that of a two-dimensional theory
on S? [279-282] or on D? 230} [283] 1284], depending on the geometry.

By contrast, in the Coulomb limit all matter fields become heavy and are integrated out.
The resulting expression can be identified with a Dotsenko—Fateev conformal block [285/-
289], and, with some significant mathematical gymnastics, can be recast into the twisted
superpotential of a Landau-Ginzburg model with a logarithmic twisted superpotential.

For a pair of three-dimensional mirror dual theories, the two limits described above are not
independent. Mirror symmetry exchanges the Higgs and Coulomb branches, and therefore
taking the Coulomb limit of one theory necessarily forces the Higgs limit of its mirror dual,
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and vice versa. As a result, mirror symmetry in three dimensions descends to a nontrivial
equivalence between distinct two-dimensional limits of the same parent theory.

It is therefore natural to apply this framework to the chiral-planar mirror dualities studied
in this work. By taking the Coulomb limit on one side of the duality and the Higgs limit
on the other, one obtains pairs of N' = (2,2) partition functions which are expected
to coincide. Studying these limits provides a concrete and quantitative probe of mirror
symmetry in two dimensions and offers a promising route toward identifying and testing
mirror duals of non-Abelian N = (2,2) theories[]

Tetrality in Non-Abelian (p, ¢)-Webs

Brane configurations for five-dimensional N' = 1 gauge theories were first constructed in
[177], following the general framework pioneered in [19], using Type IIB D5- and NS5-
branes. In Type IIB string theory, fivebranes transform as a (p,¢) multiplet under the
SL(2;7Z) duality group, where the D5-brane corresponds to a (0,1) fivebrane and the
NS5-brane to a (1,0) fivebrane.

At the classical level, a configuration in which a D5-brane ends on an NS5-brane preserves
eight supercharges. Quantum mechanically, however, this picture is modified: the NS5-
brane bends due to a Coulomb-like interaction sourced by the attached D-brane [173,
296, 297]. A more accurate description is that charge conservation forbids a pure D5-brane
from ending on a pure NS5-brane. Instead, at the junction the two combine into a bound
state carrying both charges, known as a (1,1) fivebrane.

More generally, bound states of (p, q) fivebranes can be formed whenever the (p, ¢) charges
are conserved. The resulting webs of (p, ¢) fivebranes provide a powerful geometric frame-
work for engineering five-dimensional N' = 1 gauge theories. Analyzing the interacting
five-dimensional worldvolume theories supported on these configurations is an interesting
and formidable problem, which we will not mention beyond this.

(p, q) fivebranes also play an important role in the geometric engineering of three-dimensional
gauge theories, where they naturally give rise to Chern—Simons interactions. From this
perspective, it is natural to expect that the chiral-planar mirror duals studied in this
thesis may admit a Type IIB realization in terms of brane tilings constructed from (p,q)
fivebranes. Such a description would provide a geometric underpinning for these dualities
and merits a renewed and systematic investigation of their properties.

[205] studied the low-energy effective theory on the worldvolume of two D3-branes ending
on a (1, K)-web on each side. Such N/ = 2 theories display a non-trivial tetrality, shown
in Equation where we have suppressed the details of the superpotential for brevity.

2These problems are interesting mathematical questions in their own right and may provide insight into
toric fibrations over Grassmannian manifolds and into the interplay between branes, mirror symmetry, and
toric geometry [290-295].
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(6.2)

By invoking the FM[U(N)] generalized bifundamental block E| , it is possible to
generalize this tetrality to N’ = 2 non-Abelian gauge theories, shown in Equation We
have once again suppressed the details of the superpotential for brevity.

3The FM[U(N)] theory is a (famously self-mirror) 3d N = 2 SCFT which displays an SU(N) x SU(N) x
U(1)? global symmetry at its infrared fixed point. The gauge invariant spectrum of this theory includes
two adjoint operators and two bifundamental operators charged under the two SU(N) global symmetries.
Theories built with superconformal matter as building blocks are inherently non-Lagrangian, and these
theories are no exception.

274



Chapter 6

(6.3)

It would be interesting to evaluate the connection of such constructions to our chiral-
planar mirror dual pairs, and to study the low-energy effective theory of a more general
(p, q)-web suspended between N D3-branes.

Towards a Chiral-Planar Realization of the Dualization Al-
gorithm

We remarked earlier that Type IIB string theory enjoys an SL(2;Z) duality symmetry,
and that mirror symmetry for A/ = 4 theories admits a natural interpretation in terms
of the action of the S generator. For N = 4 gauge theories, the S transformation is
implemented by coupling to the FT[U(N)] theory.

The T generator of SL(2;Z), on the other hand, corresponds to a shift of the Chern—
Simons level of a background gauge field |106]. As in the case of S, the action of 7 admits
a local interpretation on brane configurations.

Building on this observation, a systematic ' = 4 dualization algorithm was introduced in
[213], in which general duality transformations are constructed as sequences of S and T
operations acting locally on brane configurations. This framework reveals a large web of
three-dimensional dualities unified by the action of a single SL(2;Z) structure.

We emphasize at the outset that the SL(2;Z) action on three-dimensional ' = 2 theories

275



The ABCD’s of Mirror Symmetry

is of course already well understood in the sense of [106], and has been used to generate
dualities in a number of constructions [146, 298, 299]. What we have in mind here is
narrower: not the SL(2;Z) action itself, but a chiral-planar realization of the generators
appearing in the N' = 4 dualization algorithm of [213], obtained by taking the chiral-planar
limit of that construction.

We have already encountered the action of the S generator in the context of NV = 2 theories
in this thesis. It is therefore natural to ask whether the paradigm of planar Abelianization
can be extended to construct N’ = 2 analogues of the T generator. E|

It should be stressed that this falls short of establishing an A/ = 2 dualization algorithm
proper. There is no a priori reason for the full SL(2;Z) group to persist with reduced
supersymmetry, and verifying the defining relation (S7)? = I by direct computation has
so far proved prohibitively involved. It nevertheless seems reasonable to expect that a
non-trivial subgroup survives and continues to organize these theories. Should this be the
case, such a framework would generate large classes of dualities among three-dimensional
theories with reduced supersymmetry, and could connect our N' = 2 chiral-planar mirror
duals to other existing constructions [27, 177, 202, 298-300].

4We have found an N = 2 realization of the 7 operation in terms of chiral and planar blocks, and work
in progress by Vittorio Cagioni has made further progress towards a chiral-planar description of 77 .
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Appendix A

Higher Dimensional Constructions

Many of the structures and dualities encountered in lower-dimensional supersymmetric
gauge theories admit a unifying interpretation when viewed from a higher-dimensional
perspective. In particular, a large class of four- and three-dimensional supersymmetric
quantum field theories can be obtained by compactifying the six-dimensional ' = (2,0)
superconformal field theory on suitably chosen manifolds. This viewpoint underlies the
construction of Class S theories, as well as the AGT correspondence relating supersym-
metric gauge theories to two-dimensional conformal field theories.

The purpose of this appendix is to provide a brief and self-contained review of these ideas,
with an emphasis on their conceptual role rather than on technical details. We summarize
the essential features of the six-dimensional N/ = (2,0) theory, its compactification on
Riemann surfaces leading to Class S constructions, and the basic statement of the AGT
correspondence. This discussion is intended solely to place the results of the main text
in a broader theoretical context, and we will not attempt an exhaustive or pedagogical
treatment of these subjects.

A.1 SCFTs in Six Dimensions

Six-dimensional superconformal field theories play a distinguished role in the landscape
of supersymmetric quantum field theories, often serving as master theories from which
many lower-dimensional constructions descend. This privileged status stems from the
fact that superconformal algebras do not exist in spacetime dimensions D > 6 [52]. The
obstruction arises from the additional constraints imposed by superconformality on Lie
superalgebras: the bosonic subalgebra gg must act on the fermionic generators g; in a
spinorial representation [88]. Remarkably, this requirement is satisfied only marginally in
six dimensions. The triality properties of the complexified conformal group SO(6,2;C)
allow vector representations of gg to be interchanged with spinorial representations of g,
thereby permitting the existence of superconformal symmetry. No such construction is
possible in higher dimensions, rendering six dimensions the upper critical dimension for
interacting SCFTs.

The on-shell representations of six-dimensional supersymmetry are well known and consist
of the following multiplets [301, [302]:

e the hypermultiplet, containing four real scalars and two Spin—% fermions;

e the vector multiplet, containing a vector field and two gaugini;
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o the tensor multiplet, containing a real scalar, a spin—% fermion, and a two-form
gauge field with anti-self-dual field strength;

e the gravity multiplet, containing the graviton, two gravitini, and a chiral two-form
gauge field with self-dual field strength.

The requirement that the theory admit a conserved stress-energy tensor places strong
restrictions on the allowed amount of supersymmetry. In six dimensions, this implies that
interacting superconformal theories can have at most sixteen supercharges, corresponding
to N = (1,0), N = (2,0), or N = (1,1) supersymmetry.

Six-dimensional SCFTs are intrinsically non-gravitational theories. As such, they are
built from combinations of hypermultiplets, vector multiplets, and tensor multiplets, but
do not include dynamical gravity. A crucial and somewhat counterintuitive feature of
these theories is that, unlike in lower dimensions, interacting conformal field theories in
six dimensions do not generally admit a Lorentz-covariant Lagrangian description. Indeed,
only trivial examples—such as the free scalar theory

1
—possess a conventional local action.

In particular, N = (2,0) superconformal theories necessarily contain tensor multiplets,
whose anti-self-dual two-form fields obstruct the existence of a manifestly Lorentz-covariant
action. As a result, these theories are best understood through indirect means, such
as their operator content, symmetry structure, and protected observables, rather than
through a microscopic Lagrangian formulation.

This conceptual impasse was resolved during the Second String Revolution, which revealed
a geometric and string-theoretic origin for six-dimensional SCFTs [303]. The key insight is
that such theories can arise as decoupling limits of string or M-theory compactifications:
by compactifying extra dimensions, decoupling gravity, and tuning parameters to special
loci in moduli space, one encounters regimes in which effective strings become tensionless.
The resulting interacting fixed points furnish precisely the six-dimensional superconformal
field theories that lack a conventional Lagrangian description.

A remarkable property of six-dimensional N' = (2,0) superconformal field theories is that
interacting theories are classified by simply-laced Lie algebras of ADE type. That is, there
exists a family of N' = (2,0) SCFTs labeled by ¢ = Ay_1, Dy, Es, E7, and Es, with no
known interacting theories outside this classification.

This ADE classification admits a natural geometric interpretation in string and M-theory.
N = (2,0) theories of type g arise as the low-energy worldvolume theories of coincident M5-
branes, or equivalently from Type IIB string theory compactified on ALE spaces with ADE
singularities. In this picture, the appearance of ADE algebras is tied to the classification
of isolated C?/T"spg, singularities, and the tensionless strings of the six-dimensional theory
originate from M2-branes wrapping vanishing two-cycles at the singular locus.

Although six-dimensional N' = (2,0) SCFTs do not admit a conventional Lagrangian de-
scription, their physical content becomes accessible upon compactification. Compactifying
these theories on a circle produces maximally supersymmetric five-dimensional Yang—Mills
theories, while compactification on lower-dimensional manifolds gives rise to a rich web of
supersymmetric quantum field theories in four and three dimensions. In particular, many
dualities and non-perturbative phenomena observed in lower-dimensional supersymmetric
gauge theories can be understood as descending from geometric operations—such as degen-
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erations or dualities of the compactification manifold—at the level of the six-dimensional
parent theory.

For this reason, six-dimensional SCFTs provide a unifying framework for a wide class of
supersymmetric field theories and dualities.

A.2 Class § Constructions

As discussed above, interacting six-dimensional superconformal field theories do not admit
a conventional Lagrangian description. Nevertheless, a powerful handle on their dynamics
is obtained by compactifying them on lower-dimensional manifolds. In particular, one
may consider compactifying a six-dimensional ' = (2,0) SCFT on a Riemann surface C,
performing a partial topological twist to preserve supersymmetry. The resulting lower-
dimensional theories inherit much of their structure from the geometry of C and from the
choice of defects inserted along it.

The four-dimensional N’ = 2 theories obtained in this way are known as Class S theo-
riesﬂ These constructions provide a geometric framework for understanding a vast class of
supersymmetric quantum field theories, encoding their matter content, couplings, and du-
alities in terms of the topology and complex structure of the underlying Riemann surface
[244) 1304, |305].

Seiberg-Witten Geometry. As a motivating example, we focus on Seiberg—Witten
geometry in four-dimensional N' = 2 gauge theories [306]. From a purely four-dimensional
perspective, the appearance of the Seiberg—Witten curve and its relation to the low-energy
prepotential may seem somewhat ad hoc.

This structure, however, becomes much more natural when viewed through the lens of
Class S constructions. In this framework, the Seiberg—Witten curve is not an auxiliary
object introduced to solve the theory, but rather has a direct geometric origin: it is
precisely the Riemann surface on which the parent six-dimensional N = (2,0) theory is
compactified. The Seiberg—Witten geometry of the four-dimensional theory is therefore
inherited directly from the compactification geometry of the underlying six-dimensional
SCFT.

The AGT Correspondence. Another important duality uncovered using these con-
structions is the 4d/2d-correspondence, or the Alday-Gaiotto- Tachikawa (AGT) correspon-
dence [153} 307, |308].

The basic idea can be summarized as follows. One starts from a six-dimensional SCFT
x(g) and considers its partition function Z on a product manifold of the form Wy x Ca,
where W, is a four-dimensional manifold and Cy is a two-dimensional Riemann surface.
The resulting quantity Z[W, x C3] depends in a controlled way on the geometric and
topological properties of both factors.

Crucially, the same partition function can be evaluated in two equivalent ways, depending
on which factor is regarded as the compactification manifold:

Z[W4 XC2] = Z[W4Hc2 = Z[CQHV\M'

That is, one may either interpret the result as a two-dimensional theory living on Co,
obtained by compactifying the six-dimensional theory on Wy, or as a four-dimensional

!The notation S, much to the author’s disappointment, stands for “six”.
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theory on Wy, obtained by compactification on Co. In terms of observables, the AGT
correspondence relates 4d partition functions to 2d conformal blocks.

The 3d/3d Correspondence. A closely related example of this philosophy is the 3d/3d
correspondence, which relates supersymmetric quantum field theories in three dimensions
to geometric and topological data of three-manifolds [309) 310]. Starting from the six-
dimensional A/ = (2,0) theory of type g, one considers its compactification on a three-
manifold Mj, possibly with a partial topological twist. This construction gives rise to
a three-dimensional N' = 2 theory, often denoted T'[Ms3], whose protected observables
capture invariants of Ms.

As in the AGT correspondence, the same six-dimensional partition function may be evalu-
ated by exchanging the roles of spacetime and internal geometry. In particular, supersym-
metric partition functions of T[Mj3] on curved three-manifolds—such as S3 or §% x S'—are
related to topological invariants of M3, including Chern—Simons theory and quantum in-
variants of knots and three-manifolds. The 3d/3d correspondence thus provides a powerful
bridge between three-dimensional supersymmetric field theories, low-dimensional topology,
and quantum geometry.

It would be interesting to study the chiral-planar dualities presented in this thesis with the
machinery of Class S. While it seems possible to recover 2d N' = (2,2) mirror symmetry
by compactifying the chiral-planar mirror pairs on S', it may also be possible to study the
holomorphic blocks of the resulting theory to arrive at the putative partition function of
a 4d N =1 theory (a la [311]). In this way, we may realise a rich web of dualities across
dimensions.
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From the basic N = 4 Abelian
confining dualities to the N =2
Abelian dualities

In this appendix, we show how to prove the self-dualities for U(1)p with [2, 2] flavors, for
U(1) 1 with [2,1] flavors and U(1)_; with [1,1] flavors assuming only that U(1)o with

2
[1,1] flavors confines.

Starting from the basic A/ = 4 Abelian mirror duality, we present the Aharony-like duali-
ties needed to dualize the planar quivers presented in the thesis. We start from the basic
N = 4 Abelian mirror dual pair (Equation which relates a U(1) gauge theory with
one hypermultiplet to a free hypermultiplet.

Q
° (B.1)

W = Flip[QQ) W=0
The operator map is shown below:
mt « X
- (B.2)
M < X.

U(1)p with [1,1] chiral fields:

Analogous to the N = 4 mirror pair (Equation [B.1]), the fundamental A" = 2 mirror pair
is shown in Equation

Q
© B3)
0
W =0 W = Flip[X X]

with the operator map:
QQ + F[XX]
Mt & X (B.4)
M~ X.
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Self-Dual SQED

By composing the duality operation shown in Equation one can derive mirror dual
pairs of SQED with a generic number of hypermultiplets a la Kapustin-Strassler [24]. We
provide a brief summary of the piecewise dualization procedure needed to find the mirror
of N = 2 SQED with F flavors [205]. Each flavor is dualized using Equation [B.3|to obtain
a U(1)F*! with 2F charged fields, F flippers (and a corresponding superpotential) and 2F
mixed BF interactions connecting the original U(1) gauge group with the 2F new gauge
factors. At this point, the original U(1) gauge group has no flavors and we can perform
the functional integral over it obtaining a functional delta function. Implementing the
delta reduces the number of gauge groups to F' — 1, which is indeed the correct mirror
dual.

To dualize the planar quivers in this thesis, we need some additional self-dualities of N' = 2
SQED with F' = 2. The starting point of this is the N' = 2 self-dual (modulo flips) pair
shown in Equation

Q1 Q2 X1 X5
2000 o
W =0 W = Flip| X1 X1, X2 Xo)]

with the operator map:

Q101 Q1Qo o FIX1X4] mr

Q201 Q2Q9 ~9ﬁ_ F[X2X5] (B.6)
er — Xo Xy
M XlXQ

We can apply the same duality with a different choice of mesons that are flipped on the
dual side, which amounts to a relabeling of the fields X1 2 and X 2. This provides a third
mirror dual frame (Equation [B.7)):

(B.7)
where the mapping of operators across the triality is given by:

XlXQ — M < AQAQ

X2X1 <~ gﬁ-i- 4 Alzzll
- - (B.8)

F1X1 X4 m+ ~ m+ FlAxA,]
_ | ¢ QRQ & .
om- .F[XQXQ] .F[AlAQ] Mm-

We arrive at an analogous Seiberg-like duality by observing the first and third frame of

284



Chapter B

Equation [B.7}

(B.9)

W =L, Flip[X;X]] W =522, Flip|A;A}]

We can flip the flippers in the quiver theory shown on the LHS of Equation to obtain
a Seiberg-like duality:

>
(B.10)
W= W =372, Flip[A;A;] + Flip[n]
with the operator map:
9ﬁ+ <~ ‘/—"[Agzzh]
M~ < F[A Ay
_ (B.11)
. F[MT]  AgAy
XX & ~
AlAl J—"[gﬁ_]

We are now able to establish a fourth mirror dual frame (Equation [B.12):

W =32, Flip|A;A;] + Flip[®] | Flip|B;:Bi]
(B.12)
with corresponding operator map:
./_"[Agzzil] <~ 9ﬁ+ <~ Bgél
F[Alzzlg] M Blég
- - (B.13)
F[MT] AxAs ~ m+ F[B1Bi]
_ < QQ < _
A1A m- ]:[BQBQ] m-

We arrive at an analogous Seiberg-like duality by observing the first and third frame of
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Equation

(B.14)

W = Y2 Flip[AAj] + Flipf*] W = 37 | Flip|B;Bj]

We can once again flip the flippers in the quiver theory shown on the RHS of Equation
to obtain a Seiberg-like duality:

1 o 1
1 >
< (B.15)
L1
W= Zzg Flip[q:q;] + Flip[on=] W=0
with operator map:
FE] < ot
Fleoq] Fla1qi] - Qi1Q1 Q1Q2 ' (B.16)
FlaoGa] Flq1do] Q201 Q202

Thus, we have recovered the known Aharony self-duality modulo flips of U(1) with 2 flavors
[18] by only invoking basic N' = 4 Abelian mirror duality (Equation [B.1]). Starting from
the basic N' = 2 mirror pair (Equation , one can keep track of the CS and mixed BF
interactions in the theory, which would yield the quiver description:

(B.17)

W = Woianar + Flip| ]

Mass Deformations of Known Aharony Duals

We can obtain other pairs of Aharony duals by adding suitable real mass deformations to
the dual pairs discussed above.

U(1)_1 with [1,0] chiral fields:

1
2
The mirror pair shown in Equation can be obtained by adding a real mass deformation
to the mirror pair shown in Equation and integrating out 1 chiral field:
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A
0 ; “— 17 X (singlet) (B.18)
w

with the operator map:
mt « X. (B.19)

Mirror symmetry maps topological symmetries to flavor symmetries - in this case, the
topological symmetry of the electric CS-SQED theory (U(1),) is mapped to a flavor sym-
metry in the dual theory, and the singlet X carries a charge +1 under it.

U(1)_1 with [1,2] chiral fields:

1
2
Starting from the dual pair shown in Equation we can add a suitable real mass
deformation and integrate out one chiral field on the RHS of the duality, which generates
a CS level for the U(1) gauge group. Upon mapping this deformation to the LHS, we flow
to the duality shown in Equation (note that we have assigned a trial R-charge r to
the fundamentals Q and anti-fundamentals Q of the theory shown on the RHS):

(B.20)

W= Wplanar + Fllp[fmﬂ
with the map of operators:
FNt] < m-

- (B.21)
flippers < QQ.

U(1)_1 with [1,1] chiral fields:

Starting from the dual pair shown in Equation we can add another suitable real
mass deformation and integrate out one antichiral field on the RHS of the duality. Upon
mapping this deformation to the LHS, we flow to the duality shown in Equation

(B.22)

—A

W= Wplana'r WwW=20

with the flipper of the LHS being mapped to the gauge invariant meson QQ on the RHS.
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B.1 An Application: Recovering the Symmetric Bifunda-
mental Block from a Planar Abelian Quiver Gauge The-
ory

In Equation [2.101], it was demonstrated that N free chiral fields are mirror dual to a planar
quiver gauge theory. This is schematically repeated in Figure

Figure B.1: The duality between the [N, N] bifundamental block and a planar quiver
gauge theory is shown here.

Our aim in this section is to sequentially confine the planar quivers using only the pairs
of Aharony duals discussed before.

We demonstrate how to reduce the planar mirror of an [N, N] bifundamental block to
the planar mirror of an [N — 1, N — 1] bifundamental block by following a sequence of
columnwise Aharony dualizations here. Performing this sequence iteratively will confine
the planar mirror.

The [3,3] block
For clarity, we fix N = 3. We begin with the planar mirror of the [3, 3] bifundamenta]ﬂ

W= Wplanar + Wmonopoles

"We follow the same conventions for the Chern-Simons, mixed Chern-Simons, and FI interactions as
before, and will only mention them explicitly when they differ from these standard assignments. The FI
term associated with the gauge node of fugacity wus 3 receives an additional contribution of —% due to
mixing with the U(1)r symmetry which has been suppressed for brevity.
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We now perform a sequence of local Aharony dualizations, column by column. As this is
our first example, we are pedantic and provide many details. We first provide a schematic
summary of the same in Figure [B.2] before diving into the details.

|

x@w-é- A%%@

|

P
R
o
%

iy ﬁw.ﬁ @

o o | o—1 — |

Figure B.2: Schematic summary of the dualization sequence leading to the confinement of
the [3, 3] symmetric block. In each frame, the columns being dualized are highlighted in
violet. The detailed structure of the CS, mixed CS, and FI terms, as well as the resulting
singlet fields, is discussed in the main text.

1. Column 1:
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W= Wplanar + Wmonopoles

2. Column ﬂ

W= Wplanar + Wmonopoles

3. Column E}EL

2 As before, we suppress the mixing between the topological and U(1)r symmetries in this quiver. The
gauge nodes with fugacities us,3 and u22 each receive an additional contribution o 7%7 while the node
us2,1 receives a contribution of +%.

3The gauge nodes with fugacities uz2 and w42 receive an additional contribution of —%7 while the

gauge node with fugacity us 1 receives an additional contribution of +§ to their respective FI terms.
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W= Wplanar + Wmonopales

Notice that we make use of the duality shown in Equation here. Consequently,
the gauge node with fugacity us3 confines to generate a singlet. The topological
symmetry of the gauge node is U(1)x,_x,; consequently, the singlet generated upon
dualizing and confining this node will carry a +1 charge under this symmetry.

4. Column 4:

13,1
l2x,41+X51)

W = Wplanar + Wmonopoles

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity w42 confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,_x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

5. Column 5:
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W= Wplanar + Wmonopoles

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity us; confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,—x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

6. Column 4:

W = Wplanar + Wmonopoles

7. Column 3:
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W= Wplanar + Wmonopoles

8. Column 2:

W = Wplanar + Wmonopoles

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity us o confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,—x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

9. Column 1:
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W=

W = Wplanar + Wmonopoles

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity w1, confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,—x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry. We recognize
the resulting quiver as the planar mirror of the [2,2] bifundamental block.

10. Column 2:

W= Wplanar + Wmonopoles

11. Column 3:
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12.

13.

14.

2X52+Xe1 —w
2
z 0
u2 1 ug, 1
w 1
X4 3 2 1
1
1
2
w3 1
X14+Xoq4+ X0+ 1
2
f3,1
\()l \ \ l)

W= Wplanar

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity us o confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,—x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

Column 4:

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity u4,; confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,—x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

Column 2:

W=0

We make use of the duality shown in Equation here. Consequently, the gauge
node with fugacity us ;1 confines to generate a singlet. The topological symmetry
of the gauge node is U(1)x,— x,; consequently, the singlet generated upon dualizing
and confining this node will carry a +1 charge under this symmetry.

We make use of the duality shown in Equation once again. The gauge node
with fugacity us; confines and generates a singlet with charge +1 under U(1)x,_x,.

Thus, we correctly recover all 9 components of the [3, 3] bifundamental block.

Thus, we observe that the planar mirror of an [N, N| bifundamental block can be system-
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atically confined to yield the planar mirror of an [N—1, N—1] bifundamental block. This
is achieved by sequentially dualizing each column of the planar quiver—first from left to
right, and then again from right to left.
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