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Abstract

Quantum mixtures of ultra-cold atoms are exceptional platforms which allow to investigate

a huge variety of phenomena owing to the exquisite control of interactions between atoms.

We present here a theoretical investigation of some distinctive phenomena emerging in these

systems which highlight their quantum nature. Balanced mixtures at sufficiently low tem-

peratures are superfluid and, when set into rotation, they display topological excitations in

the form of quantum vortices. In many physical systems, especially in quantum mixtures,

the scenario is richer as the vortex core is filled, either deliberately or accidentally, by par-

ticles and then stable massive vortices appear. The finite inertial mass has an unmistakable

dynamical signature in the trajectory of vortices in two-dimensional superfluids. On the one

hand, in bosonic mixtures massive vortices may appear in the immiscible regime where one

(majority) component features topological excitations and the other (minority) component

localizes at the vortex cores. On the other hand, in Fermi superfluids vortices are intrinsi-

cally massive, due to the presence of normal component at the vortex core. Together with

dissipative effects, the core mass is expected to affect the collective properties of many-vortex

systems, such as providing a stabilization mechanism for usual shear-flow instabilities that

have been currently investigated in experiments.

In the strongly imbalanced regime, quantum mixtures offer a unique viewpoint on the well-

known impurity problem. In particular, the strongly-interacting system made of an impurity

atom in a Fermi sea can be described in terms of a Fermi polaron, the prototypical realization

of Landau’s fundamental concept of quasiparticle. We study the behaviour of the moving

Fermi polaron, finding a breakdown of the effective mass description at finite momentum

which finds a solid confirmation in a cold-atom experiment.

A novel type of quantum liquid may also appear in ultra-cold bosonic mixtures from a

competition between interactions. When the mean-field attraction is balanced by a repulsion

induced by quantum fluctuations, the system stabilizes into a self-bound configuration, known

as quantum droplet. While this physics has been explored in the context of quantum gases,

we predict here the existence of a similar droplet phase in a solid-state system with light-

matter interactions. We consider a spin mixture of exciton-polaritons, hybrid light-matter

quasiparticles formed from the strong coupling between excitons (bound electron-hole pairs)

and photons in a semiconductor microcavity. This exotic phase could open an alternative

avenue to achieve the long-sought quantum polaritonic regime.
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riesce a immagazzinare in merito al tuo lavoro, perdonami ...) e viaggi per il mondo, i ricordi
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ogni incontro è stato speciale: Valdifrina e la Sagre dal Frico di Carpacco, Trieste e infine
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1. Introduction: Quantum Mixtures

At the very beginning of my doctoral studies, I attended the Course 211 - \Quantum
Mixtures with Ultra-cold Atoms" at the International School of Physics \Enrico Fermi" in
Varenna, Italy. In between a lecture and a plunge into Lake Como, I did not know yet that
it would end up to somehow shape the rest of my PhD career. In fact, quantum mixtures,
which can nowadays be produced and studied with unprecedented control in experimental
platforms with ultra-cold atoms, represent the leitmotiv of this Thesis.

The swift advancements introduced by laser cooling led to the experimental realization of
the �rst Bose-Einstein Condensates (BEC) at JILA [8] and MIT [9] in 1995, as well as the
�rst degenerate Fermi gas at JILA [10] in 1999. The �eld, which was already 
ourishing at
that time, has been thriving since the idea of combining atoms of di�erent kinds to realize
ultra-cold quantum mixtures was �rst proposed. In fact, owing to their high degree of tun-
ability, such systems opened the appealing possibility to explore many interesting problems
in di�erent con�gurations, shedding light on fundamental phenomena which span from few-
to many-body physics [11{13].

Atomic mixtures, which necessarily require two distinguishable types of particles to be re-
alized, can be classi�ed into two big categories. Inhomonuclear (also called spin) mixtures
all the atoms belong to the same isotope of a given element, but can occupy two di�erent
internal spin states [14, 15]. Conversely, atoms of di�erent species (or di�erent isotopes of
the same element [16, 17]) can be cooled down and con�ned together to realizeheteronuclear
mixtures [18{20]. These two types of mixtures di�er in several aspects: the level of experi-
mental complexity, the possibility of independent manipulation of the individual components,
the quantum statistics and mass ratio of the constituents, and the possibility of interconver-
sion between the two components. It is also worth noticing that mixtures play a crucial
role in experiments where fermionic atoms are cooled down to reach quantum degeneracy,
in fact e�cient evaporative and sympathetic cooling require spin [10, 21], or heteronuclear
mixtures [16, 17, 22, 23].

For a comprehensive review of quantum mixtures with ultra-cold atoms, we refer the inter-
ested reader to Ref. [24].

In this Thesis, we present a theoretical investigation of some fundamental phenomena that
are peculiar of quantum mixtures, mostly of ultra-cold atomic gases, but also in solid-state
platforms with light-matter interactions. We compare our theoretical predictions, obtained
from a combination of analytical and numerical methods, against typical experimental real-
ization. In one speci�c case, we report on an ongoing collaboration with an experimental
group. This testi�es the interdisciplinary reach of this Thesis, in terms of both topics and
methods that are handled. More speci�cally, the present work can be divided into three
self-standing parts, that we are now going to outline.

1



1. Introduction: Quantum Mixtures

Massive vortices in super
uids (What are the origin and the consequences of a core
mass in super
uid vortices?)

We �rst consider quantum vortices, topological excitations of a rotating quantum gas which
represent an undeniable signature of super
uidity, and we address a long standing problem,
namely whether the vortex has an intrinsic inertial mass and its observable signatures. We
explore the e�ect of the vortex mass on various dynamical and collective properties of few-
and many-vortex systems and we address its microscopic origin. This covers a substantial
part of the the Thesis, and it unfolds in four chapters.

In Chapter 2 we discuss the dynamics of standard, i.e.,massless, quantum vortices in two-
dimensional (2D) super
uid con�gurations. Vortices e�ectively behave as point-like objects,
and the equations governing their motion in the super
uid are analogous to an electrostatic
problem for charged particles in 2D [25]. One can then introduce the complex potential
formalism, a powerful analytical method which we speci�cally apply for the motion of a
single vortex inside a circular and ring geometry. A further noteworthy advantage of this
method is that it allows for a straightforward derivation of vortex dynamics on arbitrary
con�gurations by means of conformal transformations. We provide a concrete example to
study the case of an elliptical boundary, which follows from a non-trivial generalization of
the ring geometry.

Bose-Bose mixtures in the immiscible regime support an extremely rich variety of topological
defects compared to the case of single component gases. Among them, a key role is played by
stable massive vortices, which appear when the second component �lls the vortex core created
in the �rst one. This evidence revitalized an entire �eld of research which had previously
investigated a �nite mass in the vortex cores of superconductors and Fermi super
uids [26{28].
Several e�orts followed, aimed at characterizing the impact of the core inertial mass on the
vortex dynamics. In Chapter 3 we present in detail a time-dependent variational Lagrangian
method which allows us to generalize the point-vortex model discussed in Chapter 2, as it
now incorporates the �nite vortex mass. While this method was previously developed for a
circular container [29], here we apply it to an annular geometry, motivated by its systematical
realization in many experiments [30{36]. It turns out that the core mass unlocks a new
dynamical degree of freedom, in fact massive vortices obey Newton-like equations of motion.
This is in stark contrast with massless vortices, whose equations of motion are �rst-order. We
identify an unmistakable dynamical signature of a �nite core inertial mass which is con�rmed
by numerical simulations of the Gross-Pitaevskii equations.

After setting the stage of the dynamics of one- or few-vortex systems, with either empty
or �lled cores, we unveil the role of the core mass in many-vortex systems. We do that in
Chapter 4, considering a realistic system where the vortex mass combines with the mutual
friction. This is motivated by a study of the super
uid Kelvin-Hemholtz instability conducted
by G. Roati's experimental group in Florence with a balanced Fermi mixture of6Li [36]. Since
our analytical method is independent of the microscopic details of the generation of the vortex
mass, it can provide reliable estimates of the vortex trajectories in bosonic and fermionic
systems alike. Together with dissipative e�ects encoded in the mutual friction between the
vortex and the normal component, the presence of a �nite core mass is responsible for a
stabilizing mechanism against the breakdown of regular vortex arrays (chains or necklaces).
This agrees qualitatively with the experimental observations.
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Chapter 5 can be considered as the cornerstone of this line of research. There, we propose
a solution to the long-standing debate about the existence and the origin of the vortex mass
in Fermi super
uids. To this purpose, we consider the simplest possible system where this
physics emerges, that is a single vortex moving inside a circular domain which is �lled by a
fermionic spin mixture of 6Li. We combine the fully analytical massive point vortex model
with state-of-the-art numerical calculations performed in collaboration with G. Wlaz lowski
in Warsaw. This allows us to establish a connection between the microscopic domain of
quasiparticle excitations and the macroscopic vortex trajectories. We provide evidence of a
distinctive dynamical signature of a �nite core inertial mass. This is an intrinsic property
of the vortex, and not a �nite-size e�ect. The origin of the inertial mass, even at zero
temperature, is to be ascribed to the normal component which localizes in the vortex core.

Impurity physics (Can the e�ective mass description break down in a Fermi polaron?)

In the second part of this Thesis we move to the case of extremely imbalanced ultra-cold
mixtures. They are perfect platforms to study the well celebrated \impurity problem" where a
minority particle, the impurity, interacts with the majority atoms in the surrounding medium.

An impurity embedded in a Fermi gas is dressed by the interaction with the bath, leading
to the formation of the so-called Fermi polaron [37, 38]. This entity is usually successfully
described in terms of the concept of a Landau quasiparticle [39], i.e., an excitation that
behaves asymptotically as a particle with renormalized properties (energy, mass, lifetime
. . . ) with respect to the bare particle.

In Chapter 6 we present an ongoing experimental collaboration with the FeLiKx group
led by R. Grimm in Innsbruck. In this joint e�ort, we have been investigating how the
quasiparticle properties of the Fermi polaron get modi�ed by a �nite momentum imparted
to the impurity atom. In particular, we aim to characterize a possible breakdown of the
e�ective mass description, a pillar of Landau's Fermi-liquid theory. At the beginning of the
Chapter we give a general overview aboutpolarons, �rst highlighting their pivotal role in
quantum many-body physics, and then focussing on Fermi polarons in atomic gases. Since
the impurity physics is already a many-body problem where a mean-�eld treatment is not
su�cient to describe the properties of these emergent quasiparticles, we rely on a ladder
diagram approximation for our theoretical study. Finally, we introduce the experimental
platform, consisting of bosonic 41K minority atoms inside a 6Li Fermi sea, and we present
some preliminary results. Remarkably, a breakdown of the e�ective mass description is
predicted by the theoretical calculations and is con�rmed by the experimental data.

Light-matter systems (Can light form droplets due to light-matter interaction in
semiconductor microcavities?)

In the third and last part of this Thesis we go back to a Bose-Bose mixture, but now in a
completely di�erent setting. We leave the world of ultra-cold atoms and we consider a solid-
state system made of two-dimensional semiconductor microcavities. Here, the hybridization
of semiconductor excitons (bound electron-hole pairs) and cavity photons gives rise to new
half-matter half-light quasiparticles, called exciton-polaritons [40, 41]. Owing to their bosonic
nature and small e�ective mass, polaritons display remarkable collective coherent phenom-
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1. Introduction: Quantum Mixtures

ena like Bose-Einstein condensation [42] and super
uidity [43]. However, due to the weak
polariton-polariton interaction in typical experiments [44, 45], these are purely semiclassical
e�ects which are accurately described by a suitable mean-�eld theory [40, 41]. A growing
e�ort has been recently made to enter the so-called quantum polaritonic regime [46, 47],
which is essential to realize new quantum photonic applications in scalable semiconductor
systems. So far, the common proposed ways have relied on an enhancement of either the
polariton-polariton repulsion [48{51] or the photon con�nement [44, 45, 52].

In Chapter 7, we propose an alternative procedure which leverages the emergence of a
quantum droplet of polaritons. Quantum droplets were �rst predicted by D. Petrov in three-
dimensional bosonic mixtures of ultra-cold atoms [53]. They are self-bound con�gurations
which arise in the mean-�eld collapsing region of interactions as a result of a stabilization
mechanism provided by quantum 
uctuations. Polaritons inherit a spin degree of freedom
from both the exciton spin and the photon polarization and can thus form spin mixtures
with an exceptional control of the interaction between the two components. This opens the
possibility to weaken the mean-�eld e�ects and, at the same time, enhance the contribution
of quantum 
uctuations. We show that, as a result of the competition between these two
terms, the polariton mixture arranges into a self-bound con�guration, which can be e�ectively
regarded as a quantum droplet of light. Resulting from a quantum mechanical stabilization,
these self-bound con�gurations would unveil the elusive quantum nature of polariton quasi-
particles.

4



2. Vortex dynamics in two-dimensional
con�gurations

The main part of this Chapter is taken from Ref. [3].

2.1. Introduction

Quantized vortices are fundamental topological excitations of super
uids, such as liquid
4He-II [54], dilute one- and two-component Bose-Einstein condensates (BECs), and two-
component fermionic mixtures [55, 56]. At low temperatures, these systems become nearly
ideal 
uids with negligible viscosity and dissipation. As a result, super
uid vortices obey
the dynamical equations of classical inviscid hydrodynamics [25, 57] augmented with the
condition of quantized vorticity [58, 59].

While three-dimensional vortex lines have various bending modes that complicate the analy-
sis of their dynamics, in two dimensions (2D) only translational motion remains. In addition,
for dilute-gas BECs, the typical diameter of the vortex cores is much less than all other length
scales like the trap size or intervortex separation. Vortices in quasi 2D domains can be treated
as point-like objects and their motion is governed by the Helmholtz-Kirchho� equations. The
resulting dynamical equations are�rst -order, where the x and y coordinates of each vortex
serve as canonically conjugate variables. At present, the study of the real-time dynamics of
few-vortex systems is a very active �eld of research [60{62].

In this Chapter, we present a general procedure to study the dynamics of quantized vortices
on 2D surfaces relying on a complex potential and exploiting the properties of conformal
transformations. After presenting how quantized vortices naturally emerge as lowest energy
solutions of rotating super
uids, we apply the complex potential formalism to the speci�c case
of an annular geometry. This is �rst of all motivated by its non-trivial topological structure,
being a planar annulus one of the simplest realization of multiply connected domains where
vortices in the bulk of the 
uid combine with circulation around the boundaries. Moreover,
this geometrical con�guration is nowadays easily accessible using annular trapping potentials
for ultracold atoms [30{36].

The dynamics of vortices on a planar annulus, which was �rst analyzed in Ref. [63] and then
revived in Ref. [64], serves as a starting point for a generalization to arbitrarily complicated
2D geometries. This is made possible by the properties of conformal transformations. In
particular we will discuss the Joukowsky map and how to use it in order to study the dynamics
of a single vortex and a vortex dipole within an elliptic boundary. The historical relevance of
this con�guration traces back to the 70s, where the predictions of isolated vortices appearing
in elliptical domains [65] found a solid con�rmation in experimental studies with rotating
super
uid 4He-II for three elliptical containers with di�erent eccentricities [66]. The advent of
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2. Vortex dynamics in two-dimensional con�gurations

digital micromirror devices (DMDs) [34, 36, 67{70] in experiments with cold-atom BECs has
recently revived the interest into the study of vortex con�gurations in elliptical boundaries.

2.2. Quantum vortices

It is useful to describe a super
uid system at low temperature with a macroscopic condensate
wave function

 (r ) =
p

n(r )ei S(r ) (2.1)

in terms of two real �elds, the number density n(r ) and the phaseS(r ). The current density
associated to the system is, by de�nition:

j (r ) =
~

2M i
[ � (r )r  (r ) � r  � (r ) (r )] = n(r )

~
M

rS (r ); (2.2)

whereM is the atomic mass of the super
uid. It follows that the velocity of the condensate

ow is given by:

v(r ) =
~
M

rS (r ) (2.3)

The identi�cation of the super
uid velocity with the gradient of the phase of the order pa-
rameter represents a key relationship between Bose-Einstein condensation and super
uidity.
We remark, however, that the former is neither necessary nor su�cient for the latter: a strik-
ing example is liquid 4He at T = 0, which is fully super
uid, but less than 10% condensate
due to strong interactions. Viceversa, a non-interacing Bose gas atT = 0 is fully condensate,
but there cannot be super
uidity.

Quantum vortices are inherently related to rotating super
uids, therefore we now consider
a ring �lled with a super
uid 
owing with velocity v. A steady state of the system is
described by a non vanishing super
uid velocity: this means thatv is time-independent due
to the absence of dissipation. From symmetry arguments, the velocity is directed along the
tangential direction and one can introduce a circular closed pathCalong which the circulation
of the super
uid velocity is:

� =
I

C
ds � v =

~
M

� S: (2.4)

The single-valuedness of the complex wave function implies that the variation �S of the
quantum mechanical phase after a closed path can only be an integer multiple of 2� , leading
to the crucial quantization condition of the super
uid velocity:

� =
h
M

m; m 2Z: (2.5)

This has been �rst experimentally veri�ed in Ref. [71].

A second noticeable consequence of Eq. (2.3) is the irrotational condition of the super
uid
velocity �eld,
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2.2. Quantum vortices

r � v = 0 ; (2.6)

which distinguishes super
uids from rigid body rotation ( r � v = 2
 ẑ). Denoting with �
the surface enclosed by the curveC, see Fig. 2.1(a), Stokes' theorem applied to the circulation
integral would predict a vanishing super
uid velocity:

I

C
ds � v =

Z

� : @�= C
d� � (r � v) = 0 8C ) v = 0 (2.7)

However this result is not correct because the starting hypothesis of Stokes' theorem are not
satis�ed in the system under consideration: due to the hole in the middle of the ring, the
surface � is not a simply connected domain.

Figure 2.1.: Schematic representations of the two super
uid con�gurations discussed in the text. (a)
Ring geometry, where we consider a circular pathC (blue dashed line), which encloses the surface �
(light blue region). The hole of the ring lies inside �. (b) Cylindrical vessel with radius R and height
L , which is rotating around the z-axis with angular velocity 
.

Let us now consider a system where Stokes' theorem is supposed to be valid, for instance a
vessel with a cylindrical shape as the one presented in Fig. 2.1(b). We also assume to realize
the following operations:

ˆ the vessel is kept in a high-temperature normal state, such that the 
uid is a normal

uid as super
uidity is suppressed by thermal 
uctuations;

ˆ applying a rotation to the cylinder around its symmetry axis, angular momentum is
transferred to the normal 
uid (microscopically, it takes place thanks to the roughness
of the walls);

ˆ the system is now brought below the critical temperature, entering the super
uid phase.
At this point, applying Stokes' theorem, the only possible solution is the one in Eq.
(2.7).

This conclusion, however, is in contrast with experimental results that show a macroscopic
rotation of the super
uid, compatible with a non-vanishing super
uid velocity. Such a para-
dox can be solved by observing that the vectorial equation (2.6) has a �nite solution which
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2. Vortex dynamics in two-dimensional con�gurations

can be easily obtained in cylindrical coordinates (r; �; z ) and read:

v =
�

2�r
�̂ : (2.8)

�̂ is the unit vector along the tangential direction, hence the super
uid velocity whirls around
the point r = 0 where its magnitude displays a 1=r divergence: the super
uid system has
spontaneously generated a topological defect, that is aquantum vortex. The presence of
these topological defects plays a crucial role in making the space not simply connected,
thus preventing Stokes' theorem to be applied. Moreover, the quantization of vortices in
super
uids is described by the quantum numberm of circulation in Eq. (2.5), which is indeed
their topological charge. Multiply quantized vortices ( jmj > 1) are excited con�gurations
which are likely to decay into stable single quantized ones [72{74]. Due to the centrifugal force
of the rotating super
uid, a quantum vortex has a core region where the density decreases
from its bulk value, eventually vanishing at the centre. Referring to Eq. (2.2), the density
�eld displays a parabolic behaviour n(r ) � r 2 close to the vortex centre which compensates
the divergence of the velocityv(r ) � r � 1. In fact, this ensures the physical condition j (r =
0) = 0, as well as a �nite kinetic energy density [/ n(r )v2(r )] everywhere.

Many-vortex con�gurations display peculiar properties depending on their topological charge.
While same-sign quantum vortices usually arrange in regular patterns, like the triangular
Abrikosov lattice [75], the unbinding of vortex-antivortex pairs is the mechanism underlying
the Berezinskii-Kosterlitz-Thouless (BKT) transition [76, 77], as it destroys the quasi-long-
range coherence in a 2D system.

Vortices nucleate spontaneously inside a swirling super
uid only when the angular velocity
is larger than a critical value that we now brie
y derive for the sake of completeness. For
a super
uid enclosed in a cylindrical container rotating around its symmetry axis, only the
normal component will be brought into rotation, in fact at low enough angular velocity the
super
uid part will remain at rest. However, for a su�ciently large angular velocity such a
state becomes energetically unfavourable, as it can be seen moving to a frame rotating with
the container, where the total energy reads

E 0 = E � 
 L z; (2.9)

being E and L z the energy and the third component of the angular momentum (supposing
a rotation around the z axis) in the laboratory frame, while 
 is the angular velocity of the
cylinder. For su�ciently large values of 
, con�gurations with 
 L z > 0 are thermodinami-
cally more favourable than the super
uid at rest (L z = 0). The super
uid rotation clearly
takes place through the creation of quantized vortex lines. In the case of a single straight
vortex line along the symmetry axis of a cylindrical vessel [with lengthL and radius R, see
Fig. 2.1(b)], the velocity �eld is given by Eq. (2.8) and the total angular momentum of the

uid is:

L z = M
Z

cylinder
dr r n (r )v(r ) ' �R 2L �n~ (2.10)

The size of the vortex corer c is assumed to be much smaller thanR, so that the density
can be approximated by the value of the super
uid density �n far from the core. The energy
carried by a vortex line is predominantly kinetic energy

Ev =
Z

dr
1
2

Mn (r )v(r )2 ' L� �n
~2

M
ln

�
R
r c

�
(2.11)
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2.3. Complex potential formalism

The critical angular velocity 
 c for the existence of an energetically stable vortex line is
obtained imposing E � E 0 = Ev inside Eq. (2.9):


 c =
Ev

L z
=

~
mR2 ln

�
R
r c

�
(2.12)

This corresponds to the result obtained by Feynman in [59], leading to the following important
conclusion: for 
 � 
 c more vortices will appear in the 
uid, making the rotation of the
system more similar to the one of a rigid body, characterized by a vorticity r � v = 2
 ẑ .
This is in compliance with Bohr's correspondence principle, stating that the classical limit
of a quantum system is recovered for a large quantum number (in this case, the number of
vortices).

2.3. Complex potential formalism

Many cold-atom experimental platforms are able to produce essentially uniform systems [68,
78], with negligible local changes of the density in the bulk of the super
uid. In the absence
of sound waves from acoustic excitations, the continuity equation for particle conservation,
@t n + r � (nv) = 0, implies that the 
ow is e�ectively incompressible, with r � v = 0. As
a consequence, such a two-dimensional 
ow may also be described by the stream function
� (r ), in terms of which the super
uid velocity in the xy plane becomes

v =
~
M

n̂ � r �; (2.13)

where n̂ = x̂ � ŷ is the unit vector normal to the 2D plane. We now have two distinct
representations of the hydrodynamic velocityv, namely Eqs. (2.3) and (2.13). When written
out in detail, the cartesian components ofv satisfy the Cauchy-Riemann equations

@S
@x

= �
@�
@y

;
@S
@y

=
@�
@x

: (2.14)

Hence� and S can be interpreted as the real and imaginary parts of an analytic function of
a complex variablez = x + iy . In this way, we construct the complex potential de�ned as

F (z) = � (r ) + iS(r ); (2.15)

with r = ( x; y) the two-dimensional position vector. The Cauchy-Riemann conditions give
the following compact representation of the hydrodynamic 
ow velocity:

vy + ivx =
~
M

dF(z)
dz

: (2.16)

The complex potential is very powerful also to study the vortex dynamics, since it has
singularities exactly at the position of vortex cores. More in detail, the velocity of a point-
like vortex at position z0 = x0 + iy0 is given by

i _z�
0 = _y0 + i _x0 =

~
M

lim
z! z0

�
dF (z)

dz
�

1
z � z0

�
; (2.17)

where � denotes the complex conjugation. Notice that the term � (z � z0) � 1 removes the
diverging self-contribution of the vortex from the background velocity �eld (2.3) [64].

This formula is quite powerful and it is worth highlighting the following two consequences:

9



2. Vortex dynamics in two-dimensional con�gurations

ˆ it shows a superposition principle of velocities, as a single vortex moves following the
velocity �eld generated by all the other ones;

ˆ the dynamics of super
uid vortices is dictated by �rst -order equations of motion, where
the velocity of each vortex depends only on the position of the other vortices in the
system. We will see how the presence of a �nite core mass leads tosecond-order
equations of motion, that are the �ngerprint of Newtonian dynamics. Since the mass
is responsible for changing the order of the equations of motion, it plays the role of a
singular perturbation.

2.3.1. Circular boundary

We �rst apply the complex potential formalism to derive the elementary solution for a single
vortex at z0 = x0 + iy0 inside a circular boundary of radius R [25]. The method of images,
well known from electrostatics [79], provides a convenient approach to satisfy the condition
that the normal component of 
uid velocity vanishes at all boundaries. The solution relies
on a single opposite-sign image vortex atz0

0 = R2=z�
0 on the opposite side of the circular

boundary, which ensures the no-
ow boundary condition.

Due to the superposition principle of the velocity �elds induced by the physical and image
vortex, the complex potential is

Fcircle (z; z0) = ln( z � z0) � ln
�
z � z0

0

�
; (2.18)

which gives the following phase �eld of the condensate wave function:

S(x; y) = Im F (z; z0) = arctan
�

y � y0

x � x0

�
� arctan

�
y � y0

0

x � x0
0

�
: (2.19)

This is shown in Fig. 2.2(a) together with the stream function � (x; y) = Re F (z; z0) for an
o�-axis vortex. We compute the gradient of the phase �eld

rS (x; y) =
�

�
y � y0

(x � x0)2 + ( y � y0)2 +
y � y0

0

(x � x0
0)2 + ( y � y0

0)2 ;

x � x0

(x � x0)2 + ( y � y0)2 �
x � x0

0

(x � x0
0)2 + ( y � y0

0)2

�
;

(2.20)

and we evaluate it along the boundary of radiusR, obtaining

rS (x = R cos�; y = R sin � ) =
R � r 2

0
R

(R cos� � x0)2 + ( R sin � � y0)2 �̂ ;

where � 2 [� �; � ]. This con�rms that the normal component of the velocity vector �eld does
vanish at the circular boundary, i.e. rS (x = R cos�; y = R sin � ) � r̂ = 0, with r̂ the radial
unit vector. This is apparent in Fig. 2.2(b) where we plot the super
uid velocity as given in
Eq. (2.16).

From Eq. (2.17) it is clear that only the second term of Eq. (2.18) contributes to the vortex
dynamics, which is described by the complex equation:

i _z�
0 =

�
~

M (R2 � j z0j2)

�
z�

0: (2.21)

10



2.3. Complex potential formalism

Figure 2.2.: (a) Streamlines [black lines] and phase [colour coding and white lines] and (b) velocity
�eld associated with a vortex with positive charge at position z0 inside a disk with radius R. The
phase ranges from� � to � .

The solution of this equation, z0(t) = r0ei 
 0;circle t , is a uniform circular orbit with radius r0

and constant angular velocity


 0;circle =
~

M (R2 � r 2
0)

: (2.22)

2.3.2. Annular geometry

As a second example, which will be relevant in the rest of this thesis, we consider a single
vortex located at z0 = x0 + iy0 on a planar annulus comprised by two circles of radiiR1 and
R2. While for a vortex inside a circular boundary a single image is su�cient, in an annulus an
in�nite series of images is needed to ensure that the normal component of the 
uid velocity
vanishes at the two boundaries: as speci�ed in Ref. [63], there is actually a double in�nite set
of image vortices, beyond both the inner and outer edges of the annulus, that are arranged
with alternating sign along the same radius as the physical vortex. In particular, for a positive
vortex at z0 the location of positive (+) and negative ( � ) image vortices are given by

positive images: z(+)
k =

�
R2

R1

� 2k

z0; k 2 Z=f 0g

negative images: z(� )
k =

�
R2

R1

� 2k R2
2

z�
0

; k 2 Z

(2.23)

and are shown in Fig. 2.3. This leads to the complex potential

F (z) = n1 ln
�

z
R2

�
+ ln

2

4
#1

�
� i

2 ln
�

z
z0

�
; q

�

#1

�
� i

2 ln
�

zz�
0

R2
2

�
; q

�

3

5 : (2.24)

The �rst term accounts for the quantized 
ow circulation around the inner boundary of the
annulus (n1 2 Z), while the second term encodes the contribution coming from the physical

11



2. Vortex dynamics in two-dimensional con�gurations

Figure 2.3.: In�nite set of image vortices for a single vortex with positive charge inside a planar
annulus with R2 = 2R1. Red/blue points represent vortices with positive/negative charge.

vortex as well as the in�nite image vortices. The latter contains the Jacobi elliptic theta
functions #1(z; q) that are integral functions of the complex variable z and also depend on
the geometric ratio:

q � R1=R2: (2.25)

The complex potential (2.24) was �rst derived in Ref. [63] performing a conformal trans-
formation on the solution for a line of equally spaced vortices between parallel boundaries.
More recently, an alternative derivation was proposed in Ref. [64], exploiting the fact that the
surface of a cylinder of �nite length is topologically equivalent to that of a planar annulus.
These two results are related by a Jacobi imaginary transformation (see Ref. [80] for more
details on this) and di�er by an overall factor i .

For a con�guration of Nv positive massless vortices inside a planar annulus at complex
positions zj (t) = r j (t) ei� j (t ) (j = 1 ; 2; : : : ; Nv), the complex potential comes from a straight-
forward generalization of Eq. (2.24):

FN v (z) = n1 ln
�

z
R2

�
+

N vX

j =1

ln

2

4
#1

�
� i

2 ln
�

z
zj

�
; q

�

#1

�
� i

2 ln
�

zz�
j

R2
2

�
; q

�

3

5 : (2.26)

The stream function for a system of vortices in an annulus is obtained as the real part of
Eq. (2.26):

� (r; � ) = Re FN v (z)

�
�
�
�
z= re i�

= n1 ln
�

r
R2

�
+

N vX

j =1

Re
�
ln

�
#1 (� j (r ); q)
#1 (� j (r ); q)

��
; (2.27)

where we introduced

� j (r ) � �
i
2

ln
�

z
zj

� �
�
�
�
z= re i�

=
1
2

(� � � j (t)) �
i
2

ln
�

r
r j (t)

�
;

� j (r ) � �
i
2

ln
�

zz�
j

R2
2

� �
�
�
�
z= re i�

=
1
2

(� � � j (t)) �
i
2

ln
�

rr j (t)
R2

2

�
:

(2.28)

The imaginary part of the complex potential (2.26) gives the phase of the condensate wave
function

S(r; � ) = Im FN v (z)

�
�
�
�
z= re i�

= n1� +
N vX

j =1

Im
�

ln
�

#1 (� j (r ); q)
#1 (� j (r ); q)

��
: (2.29)
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2.3. Complex potential formalism

Using the results of Eqs. (2.27), (2.29) and exploiting some properties of theta functions,
one can verify that the radial component of the 
ow velocity vanishes exactly at the borders
of the annulus. The streamlines, phase �eld and super
uid velocity �eld for a single vortex
inside an annulus is shown in Fig. 2.4.

Figure 2.4.: (a) Streamlines [black lines] and phase [colour coding and white lines] and (b) velocity
�eld associated with a vortex with positive charge at position z0 inside a planar annulus with radii
R2 = 4R1. The phase ranges from� � to � and we taken1 = 0.

In order to compute the equations of motion, it is useful to consider the relation

#0
1(z; q)

#1(z; q)
= cot z + 4

1X

n=1

q2n

1 � q2n sin(2nz) =
1
z

+ O(z); (2.30)

where the rightmost expression is an expansion at leading order forz ! 0. We use the above
equation together with the parametrization z = z0(1 + � ), � � 1, to derive

�
i

2z

#0
1

�
� i

2 ln
�

z
z0

�
; q

�

#1

�
� i

2 ln
�

z
z0

�
; q

� = �
i

2z0

1
1 + �

#0
1

�
� i

2 ln (1 + � ) ; q
�

#1
�
� i

2 ln (1 + � ) ; q
�

=
1

z � z0
�

1
2z0

+ O(� ): (2.31)

Finally, by plugging these results into Eq. (2.17), one gets the �rst-order motion equation

i _z�
0 = z�

0
~

M jz0j2

2

4n1 �
1
2

+
i
2

#0
1

�
� i ln

�
jz0 j
R2

�
; q

�

#1

�
� i ln

�
jz0 j
R2

�
; q

�

3

5 ; (2.32)

which describes a uniform circular motion z0(t) = r0ei 
 0;annulus t with radius r0 and angular
velocity


 0;annulus =
~

Mr 2
0

2

4n1 �
1
2

+
i
2

#0
1

�
� i ln

�
r 0
R2

�
; q

�

#1

�
� i ln

�
r 0
R2

�
; q

�

3

5 : (2.33)
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2. Vortex dynamics in two-dimensional con�gurations

Notice that the angular velocity (2.33) can change sign according to the radius of the circular
orbit, as shown in Fig. 2.5. The physical intuition underlying this behaviour is related to
the dominant role played by the closest image vortex with opposite sign. As the vortex
approaches the outer boundaryR2, it mainly feels the interaction of the negative image
charge beyond the edge: this situation is similar to the case of a circular trap, hence the
rotation is counterclockwise (
 0;annulus > 0). Moving towards R1, instead, the situation is
reversed resulting into a clockwise rotation (
 0;annulus < 0).

Figure 2.5.: Uniform angular velocity for a vortex inside a planar annulus at radial position r 0. The
black point denotes the positionr 0 =

p
R1R2 where the angular velocity vanishes. The orange (green)

point denotes the position r 0 = 1 :8R1 (r 0 = 1 :2R1) where the angular velocity is positive (negative)
due to the proximity to the image vortex beyond the outer (inner) boundary [see insets]. The gray
dashed lines represent the inner and outer radii, withR2 = 2R1.

2.4. Conformal maps and basic physical properties

We show here how the complex potential formalism is a powerful method to study the
behaviour of a single positive quantized vortex inside a quite general curved boundary. In
fact, it is convenient to solve this problem with a conformal map from a simpler standard
boundary (for example a circle) to the general boundary (for example an ellipse, which we are
going to consider in the following). Let z be the complex plane with the standard boundary
and w be the complex plane with the general boundary. Assume thatw(z) is the conformal
map from the standard boundary to the general boundary, with inversez(w). In�nitesimal

14



2.4. Conformal maps and basic physical properties

displacements on the two surfaces are related by

dz = e� (w)dw; (2.34)

which de�nes the space-dependent complex scale factor

dz(w)
dw

= z0(w) = e� (w) or, equivalently, � (w) = ln
�
z0(w)

�
: (2.35)

Reference [81] studies a real in�nitesimal displacement with a real scale factore! (w) . They are
essentially the same, with! (w) = Re � (w). In the z plane, a vortex at z0 has the complex
potential Fz(z; z0) that is known explicitly. The corresponding complex potential for the
general boundary in the w plane is

Fw(w; w0) = Fz[z(w); z(w0)]: (2.36)

2.4.1. Energy of a single vortex

Since the energyEz = 1
2nM

R
d2r jv j2 in the z plane is purely kinetic, it is simple to �nd

Ez of a single vortex using the stream function � = Re Fz(z; z0) and the relation for the

ow velocity v = ( ~=M ) n̂ � r � , where n̂ is the unit normal to the z plane. Speci�cally,
Ez = 1

2~n
R

d2r v � n̂ � r � . Some vector manipulations lead to

Ez =
~n
2

Z
d2r [� r � (� n̂ � v) � � n̂ � (r � v)] : (2.37)

In the �rst term, the divergence theorem gives integrals of the form
H

dl � v � around each
boundary. The stream function on the j t h boundary takes the constant value � j and the
remaining line integral is a positive or negative integer nj times 2� ~=M , where the line
integral is in the positive sense and the sign ofnj depends on the sense of the 
ow around
the boundary.

The second term involves the vorticity r � v = (2 � ~ n̂ =M )� (2) (r � r 0), centered at the vortex
position, where the stream function diverges logarithmically. The integral thus reduces to a
sum of two terms evaluated inside the vortex core (0-subscript):

Z
d2r� n̂ � (r � v) =

Z

0
d2r n̂ � (r � v) ( � � ln jr � r 0j) +

Z

0
d2r n̂ � (r � v) ln jr � r 0j

=
2� ~
M

lim
r ! r 0

[� (r ) � ln jr � r 0j] ;

(2.38)
where we assume that the vortex has a small hollow core excluding the vorticity at its center.
A combination of these results gives

Ez =
� ~2n
M

0

@
X

j

nj � j � ~� z
0

1

A ; (2.39)

where ~� z
0 = Re lim z! z0 [Fz(z; z0) � ln(z � z0)] is the regularized stream function. A com-

pletely analogous formula holds for the energy in thew planeEw = ( � ~2n=M )
� P

j nj � j � ~� w
0

�
.
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2. Vortex dynamics in two-dimensional con�gurations

Now consider the di�erence Ew � Ez. The conformal transformation conserves both the
quantization integers nj and the circulation constants � j , so that

Ew � Ez =
� ~2n
M

[~� z
0(z(w0)) � ~� w

0 (w0)]

= �
� ~2n
M

Re lim
w! w0

ln
�

z(w) � z(w0)
w � w0

�
:

The second line is obtained using the de�nitions of the regularized stream functions, together
with the properties of the conformal map which ensure that the terms involving the full
complex potential cancel. Writing w = w0 + � and expanding z(w) � z(w0) + � z 0(w0) gives
the very simple and general result

Ew = Ez �
� ~2n
M

Re� (w0); (2.40)

where � (w) is the scale factor de�ned in Eq. (2.35).

2.4.2. Dynamics of a single vortex

For a general complex potentialF (z), Eq. (2.16) gives the hydrodynamic velocity including
the circulating 
ow around the vortex itself. This latter 
ow does not a�ect the vortex
dynamics and must be subtracted o�. In this way, the vortex in the z plane obeys the
dynamical equation

i _z�
0 =

~
M

�
dFz(z; z0)

dz
�

1
z � z0

�

z! z0

; (2.41)

where � denotes complex conjugation. Similarly, the vortex at w0 in the w plane has the
dynamical equation

i _w�
0 =

~
M

�
dFw(w; w0)

dw
�

1
w � w0

�

w! w0

: (2.42)

Here, however, we have a conformal mapw(z) relating the two planes, so that the complex
potential in the w plane becomesFw(w; w0) = Fz[z(w); z(w0)]. As a result, we can write

dFw(w; w0)
dw

= z0(w)
dFz (z(w); z(w0))

dz
;

giving

i _w�
0 = z0(w0) i _z�

0 +
~
M

�
z0(w)

z(w) � z(w0)
�

1
w � w0

�

w! w0

; (2.43)

where _z�
0 has to be understood as a function ofw0. We again write w = w0 + � and expand

z(w) � z(w0) � �z 0(w0) + 1
2 � 2z00(w0). The �nal result becomes

i _w�
0 = i _z�

0 e� (w0 ) +
~

2M
� 0(w0); (2.44)

where � 0(w0) = ( d� (w)=dw)w0
. Integration of this complex equation would give the time-

dependent vortex dynamicsf x0(t); y0(t)g.
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2.5. Joukowsky map

2.4.3. Generalization to con�gurations with multiple vortices

For a collection of Nv vortices with charges cj located at positions wj the vorticity reads
r � v = (2 � ~ n̂ =M )

P N v
j =1 cj � (2) (r � r j ), and the above relations readily generalize to

Ew = Ez �
� ~2n
M

N vX

j =1

c2
j Re� (wj ) (2.45)

and

i _w�
j = i _z�

j e� (wj ) +
~cj

2M
� 0(wj ): (2.46)

Reference [81] obtained our Eq. (2.45) in their Eq. (85), but the approach outlined above
seems simpler and more direct. In contrast, our relation (2.46) for the vortex velocity is new,
since Ref. [81] explicitly excluded vortex dynamics from its consideration. Interestingly, the
contributions to the energy arising from the scale factors are independent of the sign of the
vortices.

2.5. Joukowsky map

The Joukowsky map [82] usually appears in connection with airfoil design. Here, instead,
we focus on its simpler property of mapping a family of concentric circles into a family of
confocal ellipses. Speci�cally, we study the Joukowsky map from thez plane to the w = x + iy
plane

w =
1
2

�
z + z� 1�

: (2.47)

Consider the circlez = Rei� , with R > 1. The Joukowsky transformation maps this circle in
the z plane into the parametric curve x = 1

2(R + R� 1) cos� and y = 1
2(R � R� 1) sin � in the w

plane. Eliminating � gives the ellipsex2=a2 + y2=b2 = 1 with semimajor axis a = 1
2(R + R� 1)

and semiminor axisb = 1
2(R � R� 1). The inverse relations areR = a + b and R� 1 = a � b.

In addition we have a2 � b2 = 1 so that the ellipse has focal points atw = � 1.

Note that the limit R ! 1 yields a large circle while the limit R ! 1 yields a 
at ellipse
encircling the focal line. This discussion holds for anyR, so that the Joukowsky transforma-
tion maps a family of concentric circles in thez plane into a family of confocal ellipses in the
w plane.

The Joukowsky transformation has several interesting properties:

1. The function (2.47) has a simple pole atz = 0. The di�erential dw = w0(z)dz gives
the element of squared lengthjdwj2 = jw0(z)j2jdzj2. The transformation is conformal
everywhere except atz = � 1 wherew0(z) = 1

2(1 � z� 2) vanishes. These points map to
the focal points at w = � 1.

2. The Joukowsky transformation is symmetric under the interchangez $ z� 1. This
inversion symmetry means that the outer circle atR and the inner circle at the inversion
radius R� 1 form the boundaries of an annulus. In addition, two points in the z plane,
one outside the unit circle and the other inside the unit circle, both map into the same
point in the w plane.
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2. Vortex dynamics in two-dimensional con�gurations

3. It will be important to consider the inverse function z(w), and it is straightforward to
�nd the two roots z� (w) = w �

p
w2 � 1. As expected from the inversion symmetry,

we havez+ (w) z� (w) = 1. We choose to put a branch cut between the focal points at
w = � 1 with the function z+ (w) real and positive for w ! + 1 along the positive real
axis. The two roots z� (w) form two Riemann sheets; each regionjzj < 1 and jzj > 1
maps onto the wholew plane.

For the sake of simplicity, we introduce the notation

Z(w) = w +
p

w2 � 1: (2.48)

that we use from now on.

2.6. Vortex inside an elliptical boundary

Surprisingly, the study of a single vortex inside an elliptical boundary is considerably more
complicated than that for a single vortex inside a circular boundary. This is because the
inverse Joukowsky transformation z� (w) = w �

p
w2 � 1 has a branch cut along the focal

line joining w = � 1. This branch cut does not a�ect a vortex outside an elliptical boundary
because the allowed region excludes the singularity. In contrast, the branch cut lies in the
middle of the allowed region for a vortex inside an elliptical boundary, and a direct use of
Eq. (2.48) to describe a vortex inside an ellipse would lead to a discontinuous potential along
the focal line.

As mentioned in Sec. 2.5, the Joukowsky map (2.47) has inversion symmetry forz $ z� 1,
which has profound consequences for a vortex inside an elliptical boundary. Speci�cally, any
conformal transformation involving a vortex inside a circular boundary R must retain the
same symmetry, so that the allowed region in thez plane becomes the interior of an annulus
bounded by concentric circlesR� 1 and R. The left panel of Fig. 2.6 shows this annulus in the
z plane with black outer boundary at R and black inner boundary at R� 1. The black dashed
line has unit radius and splits the annulus into two separate regions; yellow forjzj > 1 and
blue for jzj < 1. A vortex at position z0 in the yellow region and its inverse at z� 1

0 in the
blue region both map to a single vortex atw0 inside the elliptical boundary, as shown in the
right panel of Fig. 2.6.

The Joukowsky map takes both the inner and outer circles of radiiR� 1, R to the ellipse
with semiaxes a = 1

2(R + R� 1) and b = 1
2(R � R� 1). In addition, the circle jzj = 1 maps

onto the 
at ellipse that is a closed loop in�nitesimally close to the focal line of the ellipse
w 2 [� 1; 1].

In this Section we �nd the complex potential in the z plane that maps into a vortex inside
an ellipse via the (inverse) Joukowsky transformation. We then combine this result with the
general formulas derived in Sec. 2.4 to obtain the total energy and the dynamics of a single
vortex and a vortex dipole inside an elliptical boundary.

2.6.1. Complex potential and 
ow �eld

Consider a (positive) vortex at position w0 inside an ellipse with major semiaxisa and minor
semiaxisb =

p
a2 � 1. The dimensionless circulation (in units of~=M ) around the elliptical
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2.6. Vortex inside an elliptical boundary

Figure 2.6.: The Joukowsky transformation maps concentric circles into confocal ellipses. Curves
with the same colour are related by the conformal transformation. The outer boundary atR and the
inner boundary at R� 1 form an annulus on the z plane. The unit circle (black-dashed) is mapped
into the degenerate 
at ellipse surrounding the focal line. Yellow and blue-shaded regions in the left
panel represent, respectively, the two Riemann sheetsjzj > 1 and jzj < 1 within the annulus: each
of these regions maps into the interior of the ellipse in thew plane (right panel), so that the same
ellipse maps back to two corresponding circles with inverse-symmetric radii. Similarly, the Joukowsky
transformation sends the two points z0 and z� 1

0 to a single point w0. The ensemble of points with
polar coordinates � � 0 inside the annulus, i.e. two semi-lines in thez plane, is mapped to one branch
of a hyperbola in the w plane (brown curves).

boundary is � ext = +2 � , while the one along the 
at ellipse (surrounding the focal line) is
� FE = 0. The analogous complex potential on the z plane for a vortex in an annulus at
z0 = w0 +

p
w2

0 � 1 must lead to the same circulations along the corresponding boundaries.
Hence the complex potential on thez plane must feature a circulation �( R) = 2 � on the
outer boundary of the annulus and �(1) = 0 on the unit circle.

Physically, the hydrodynamic 
ow for a vortex inside an elliptical boundary should be
smooth throughout the interior because it is basically a quadrupolar distortion of that for a
circular boundary. Hence we must require that the 
ow be smooth and continuous across the
focal line. The focal line of the ellipse on thew plane is the image of the unit circle on the
z plane. A smooth potential on the ellipse therefore requires an extra boundary condition
on the z plane: on the unit circle, we requireF

�
z = ei�

�
= F

�
z = e� i�

�
. In this way, when

the Joukowsky transformation maps the unit circle onto the focal line, the potential will
remain smooth across the focal line. On the unit circle wherejzj = 1, the latter expression
is equivalent to F (z) = F (z� 1). We therefore seek a potential such thatF (z) = F (z� 1)
everywhere, which will automatically satisfy the extra requirement at jzj = 1.

Moreover, as seen in Fig. 2.6, on thez plane we also need to impose two hard-wall boundary
conditions: not only at jzj = R, but also at jzj = R� 1. In other words, we need to solve the
problem on an annulus with inner and outer radii Rin = R� 1 and Rout = R.

The complex potential for a single (positive) vortex at position z0 inside an annulus of radii

19



2. Vortex dynamics in two-dimensional con�gurations

R� 1 < 1 < R , as derived in Refs. [63, 64], reads

Fannulus,single (z; z0) = ln

2

4
#1

�
� i

2 ln
�

z
z0

�
; q

�

#1

�
� i

2 ln
�

zz�
0

R2
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3

5 ; (2.49)

where #1(z; q) denotes the �rst Jacobi theta function, and its nome q � Rin =Rout = R� 2 < 1
can be rewritten in terms of the parameters of the ellipse asq = ( a � b)2. In particular, this
potential yields a 
ow with circulation on the outer boundary only: i.e. �( R) = 2 � , and
�( R� 1) = 0.

Then, the simplest recipe to obtain a potential symmetric under the exchangez $ z� 1 is
to write

Fannulus (z; z0) = Fannulus,single (z; z0) + Fannulus,single
�
z� 1; z0

�
: (2.50)

To understand the physical meaning of this complex potential, we use the quasiperiodicity
of the Jacobi #1 function1 to show that (apart for an irrelevant constant) Eq. (2.50) may be
conveniently rewritten as

Fannulus (z; z0) = Fannulus,single (z; z0) + Fannulus,single
�
z; z� 1

0

�
� ln(z): (2.51)

The �rst two terms in the latter equation correspond to the 
ows generated by a positive
vortex at z0 and by its positive symmetric partner located at z� 1

0 . Each of these terms induces
2� circulation at the outer boundary jzj = R, and 0 at the inner one jzj = R� 1. The last
term in the equation represents a negative vortex at the origin of thez plane, which removes
2� circulation everywhere. As a result, the combination of the three terms yields �(R) = 2 �
and �( R� 1) = � 2� . Furthermore, the unit circle contains two vortices with opposite sign, so
that the circulation along it vanishes, namely �(1) = 0. This behaviour re
ects the built-in
symmetry z $ z� 1, ensuring that Fannulus

�
ei�

�
= Fannulus

�
e� i�

�
. Summarizing, the complex

potential (2.50) satis�es all the requested conditions [the circulations �( R) = +2 � , �(1) = 0
and the symmetry which guarantees continuity across the 
at ellipse] in the simply connected
region 1� j zj � R. In this way, the Joukowsky map projects the latter region in a one-to-one
fashion onto the whole ellipse, with no ambiguity.

The panels on the left side of Fig. 2.7 show the streamlines� (r ) = Re Fannulus (z; z0), the
phase �eld S(r ) = Im Fannulus (z; z0) and the super
uid velocity �eld v(r ) [obtained from
Eq. (2.16)] of this two-vortex con�guration on the annulus in the z plane.

As a �nal step, it is convenient to introduce the compact notation from Eq. (2.48)

Z � Z(w) = w +
p

w2 � 1; Z0 � Z(w0): (2.52)

As a result, the complex potential for a single vortex inside the ellipse in thew plane has the
following analytical expression:

Fellipse(w; w0) = Fannulus (z = Z; z0 = Z0)
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(2.53)

1#1(z � ��; q ) = � q� 1e� 2iz #1(z; q), where the parameter � is related to the nome q by q � ei�� .
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2.6. Vortex inside an elliptical boundary

Figure 2.7.: Left column: streamlines (black lines) and phase (colour coding and white lines) [top
panel] and velocity �eld [bottom panel] associated with two vortices at positions z0, z� 1

0 inside the
planar annulus. The annulus has outer and inner radiiR = 2, R� 1 = 1=2, the dashed line representing
the unit circle. The polar coordinates for the vortex at complex position z0 = r 0ei� 0 are r 0 = 1 :35,
� 0 = �= 4.
Right column: streamlines, phase and velocity �eld associated with a single vortex atw0 inside the
ellipse. The ellipse has eccentricityb=a= 0 :6, and the cartesian coordinates of the vortex at position
w0 are x0 � 0:74, y0 � 0:22.

The result (2.53) satis�es the correct boundary conditions of the super
uid 
ow in the w plane
of the ellipse as it is clear in the panels on the right of Fig. 2.7, showing the streamlines,
phase �eld and super
uid velocity �eld based on the complex potential (2.53).

We recall that a single vortex inside an annulus requires an in�nite set of image vortices [63]
to ensure that the super
uid 
ow is tangent at both the boundaries. The same situation
holds for a single vortex inside an elliptical domain, as it is clear from our previous reasoning,
based on the combination of the complex potential for an annulus with the Joukowsky trans-
formation. In particular, we have veri�ed that the in�nite set of image vortices generated
(outside the elliptical container) by Eq. (2.53) agrees with the set of images found in Ref. [83].
Our derivation, however, seems simpler and more straightforward, since it involves only the
three Eqs. (2.49, 2.50, 2.53).

21



2. Vortex dynamics in two-dimensional con�gurations

2.6.2. Total energy for a single vortex

The total energy for a vortex inside an ellipse may be computed very simply using the rela-
tion (2.40) which connects the energy on two surfaces linked by a conformal transformation.
In our case, thew plane has the elliptical boundary with semiaxesa and b, and the z plane
has the annulus with inner and outer radii R� 1 and R.

To compute the energy of a vortex in the annulus with the inverse map in Eq. (2.48), we must
use only the \outer" region 1 � j zj � R. This region contains a single vortex at positionz0

and the circulations around the inner (r = 1) and outer ( r = R) boundaries are, respectively,
� in = 0 and � out = 2 � ~=M . The energy of the annulus is obtained from Eq. (2.39) as

E annulus
0 =

� ~2n
M

[(+1) � out � 0 � in � ~� z
0] =

� ~2n
M

(� out � ~� z
0) : (2.54)

We recall that the stream function is the real part of the complex potential (2.50). First, we
compute the constant boundary term

� out = Re
h
Fannulus

�
z = Rei� ; z0

�i
= ln(

p
qjz0j): (2.55)
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(2.56)

Substituting into Eq. (2.54), we obtain
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Finally, after recalling the scale factor � (w) = ln Z(w) � ln
p

w2 � 1 and Z0 = w0 +
p

w2
0 � 1,

Eq. (2.40) yields the total energy for a vortex inside an ellipse:
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(2.58)
For numerical calculations one needs to de�ne the branch cut for the square root appearing
in those expressions using:

p
w2 � 1 �

p
jw � 1jjw + 1 j exp

�
i
2

(arg(w � 1) + arg( w + 1))
�

:

Some constant-energy contours are shown in the left panel of Fig. 2.8.
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2.6. Vortex inside an elliptical boundary

2.6.3. Vortex trajectories

The velocity of a vortex at position z0 given by the complex potential (2.50) is:
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(2.59)

Then, the velocity for a vortex at position w0 inside the ellipse follows directly from Eq. (2.44)
as:
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(2.60)

We numerically integrated these complex dynamical equations for various initial conditions
along the positive real axis, giving the closed trajectories shown in the right panel of Fig. 2.8.
These orbits are also contours of constant energy, and we checked that they indeed coincide
with the curves shown in the left panel of Fig. 2.8. Note that these orbits di�er greatly from
the confocal ellipses in the right panel of Fig. 2.6. Instead they resemble nested self-similar
ellipses, which is not surprising because the elliptical boundary is a quadrupolar distortion
of a circle. Thus the closed trajectories for the elliptical boundary should resemble a set of
nested circles with quadrupolar distortions.

Figure 2.8.: Left: constant-energy contours for a vortex inside an ellipse with aspect ratiob=a= 0 :6.
The thick black line denotes the outer boundary with a = 5=4 and b = 3=4. The vortex energy
is negative and it decreases moving from the centre towards the boundary. Right: trajectories of a
single vortex inside the same elliptical boundary for various initial positions on the positive horizontal
axis. Coloured dots denote the starting point of the di�erent trajectories, which are obtained from
numerical solution of the equations of motion (2.60).

In detail, however, the situation is more complicated. For a circular boundary, the rota-
tional symmetry ensures conservation of angular momentum, so that all vortex trajectories
are circles. In contrast, an elliptical boundary does not conserve angular momentum be-
cause the boundary is invariant only under a �nite rotation by � � . If we use an angular
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2. Vortex dynamics in two-dimensional con�gurations

Fourier expansion for the trajectory, only even harmonics can occur, and the nonlinear dy-
namical equations couple the various Fourier amplitudes. As a result, the orbits are not
strictly ellipses. More quantitatively, for a given trajectory we extract the maximum value
of the coordinates (xmax ; ymax ) and the period T. Figure 2.9 shows (x0=xmax )2 + ( y0=ymax )2

evaluated along the �ve closed trajectories in the right frame of Fig. 2.8. The quantity
(x0=xmax )2 + ( y0=ymax )2 deviates from the value 1 that it would have for a pure ellipse, dis-
playing a periodic, anharmonic dependence on the polar angle� 0 2 [0; 2� ]. As follows from
its de�nition, the maximum value of 1 is reached at positions (� xmax ; 0) and (0; � ymax ).
The minimum value and the corresponding deviation from 1 di�er for each case, but it al-
ways remains small (less than 1%). Starting from the smallest trajectory (blue curve), the
amplitude of the oscillation increases (purple and green), until it reaches its maximum for
the trajectory with xmax = 1 (red), which is the one passing through thefoci of the ellipse.
Then, for 1 < x max < a (orange curve), deviations from 1 progressively decrease due to the
in
uence of the elliptic boundary.

Figure 2.9.: Quantity ( x0=xmax )2 + ( y0=ymax )2 as a function of the polar angle� 0 along a closed
vortex trajectory inside an ellipse with b=a= 0 :6. The di�erent curves refer to �ve trajectories with
various initial positions ( x0(0); y0(0)) = ( xmax ; 0) on the positive horizontal axis. Each case shows a
periodic deviation from the value 1 that is expected for a pure ellipse.

The numerical evaluation of the periodT for each trajectory then gives the mean precession
frequency h
 i = 2 �=T . Figure 2.10 showsh
 i as a function of the initial position along the
positive horizontal axis, for three values of the aspect ratio of the boundary. As the aspect
ratio approaches 1, the mean precession frequency converges to the red solid curve, which
corresponds to the result for a single vortex inside a disk of radiusa [see Eq. (2.22)], namely

( x0) = ( ~=M )(a2 � x2

0) � 1. Importantly, the mean angular velocity is always positive, hence
a positive vortex can only move in the counterclockwise direction, independent of its initial
position. This result is similar to the circular boundary, while it di�ers from the case of a
vortex inside an annulus, where the precession frequency can be both positive and negative,
depending on its position relative to the inner and outer boundaries. Physically, this latter
behaviour re
ects the in
uence of the nearest image, which lies beyond the closest boundary.
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2.6. Vortex inside an elliptical boundary

Figure 2.10.: Dependence of the mean precession frequency on the initial position along the positive
horizontal axis for three di�erent aspect ratios b=aof the elliptical boundary. The red solid curve is
the result for a circular boundary of radius a.

2.6.4. Example of a multivortex con�guration: a symmetric dipole

We now summarize the straightforward generalization toNv vortices at positionswj = w(zj )
and with charges cj (j = 1 ; : : : ; Nv). We recall that, for a single positive vortex inside the
ellipse, the complex potential in the z plane is given by Eq. (2.50). Now, we can apply the
superposition principle and start with the following complex potential:

Fannulus (z; f zj g) =
N vX

j =1

cj
�
Fannulus, single (z; zj ) + Fannulus, single (z� 1; zj )

�
: (2.61)

To compute the total energy, we evaluate �rst the constant value of the stream function along
the outer boundary of the annulus

� out = Re Fannulus

�
z = Rei� ; f zj g

�
; (2.62)

and then the regularized stream function at the j th vortex core

~� z
j = Re lim

z! zj
[Fannulus (z; f zj g) � cj ln(z � zj )] : (2.63)

The z $ z� 1 symmetry ensures that the circulation around the boundary jzj = 1 is equal
to zero, while the circulation around the outer boundary is � out =

P N v
j =1 2� ~cj =M . A

generalization of Eq. (2.54) gives the total energy of theseNv-vortices in the 1 � j zj � R
region:
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N v

� ~2n=M
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�
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j

�
: (2.64)

The total energy in the w plane is �nally obtained from Eq. (2.45) as:

E ellipse
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E annulus
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�

N vX
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c2
j Re� (wj ): (2.65)
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2. Vortex dynamics in two-dimensional con�gurations

We now consider a vortex dipole oriented symmetrically with respect to the focal line:

w1 = w0; w2 = w�
0; c1 = � c2 = 1 :

Equation (2.61) gives the complex potential from which one can easily compute the stream-
lines and phase �eld shown in the left panel of Fig. 2.11.

Figure 2.11.: Left: streamlines (black lines) and phase (colour coding and white lines) associated
with a symmetric vortex dipole inside the ellipse. This con�guration consists of a positive vortex at
position w0 (red dot) and a negative one that is symmetric with respect to the focal line at position
w�

0 (green dot). Right: constant-energy contours for the same symmetric vortex dipole. Colour coding
is the same as in Fig. 2.8. The elliptical boundary has aspect ratiob=a= 0 :6.

The total energy of this con�guration (as a function of cartesian coordinatesf x0; y0g) comes
out from Eq. (2.65) as:
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(2.66)

A plot of constant-energy contours is shown in the right panel of Fig. 2.11. The trajectories
are qualitatively similar to the ones described by a vortex dipole inside a circular boundary,
which have been experimentally observed in Ref. [84].

2.7. Conclusions

Here, we relied on complex variables and conformal maps that permit a uni�ed description
of general bounded and curved two-dimensional surfaces. We demonstrated that not only the
energy [81], but also the dynamical equations of vortices on general two-dimensional surfaces
with boundaries can be derived through the metric of the conformal map connecting them.
To study vortex dynamics for an elliptical boundary, we used the Joukowsky map that takes
a family of concentric circles into a family of confocal ellipses. When combined with the
inversion symmetry of the Joukowsky transformation, as seen in Fig. 2.6, the single circular
boundary became an annulus with inner and outer boundaries atR� 1 and R. The application
of the Joukowsky map then provided the complex potential for a vortex inside an elliptical
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2.7. Conclusions

boundary, along with physical properties like the energy and trajectories. A straightforward
generalization for multiple vortices allowed us to study the behaviour of a symmetric vortex
dipole inside an elliptical boundary.
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3. Dynamics of a massive vortex on a planar
annulus

This Chapter is mostly taken from Ref. [2].

3.1. Introduction

The simplest, yet very popular and useful, theoretical model describes vortices as massless
funnel-shaped objects, devoid of any inertial e�ects [36, 85]. However, in many real super
uid
systems, vortex cores are often �lled, either accidentally or deliberately, by massive particles
that provide the topological excitations themselves with a non-zero inertial mass. Common
mechanisms which are responsible for a �lling of the vortex core are the following:

ˆ Tracer atoms in super
uid 4He [86, 87], which occupy the vortex cores so to make
them visible through Bragg scattering experiments;

ˆ Atoms of a di�erent quantum 
uid , as it is the case of the the very �rst observation
of a vortex in a cold dilute BEC, which took place at JILA with a bosonic mixture of
two internal spin states of 87Rb. As explained in Ref. [88], coherent processes were
used to create vortices in either of the two hyper�ne components: one state supported
a vortex, while the other (nonrotating) one played the role of a \defect" that �lled the
vortex core. Soon after, they also analyzed the dynamics and stability of vortices with
a fraction of core particles varying from 10% to 50% [89];

ˆ Thermal atoms [90] and kelvon bound states localized at the vortex core [91{94]
can be responsible for a non-zero vortex mass in atomic BECs, too;

ˆ Similar inertial e�ects are also expected for quantized vortices in fermionic super
uids,
and this speci�c topic has been extensively studied over the last decades. Despite the
�lling mechanism is commonly ascribed to the presence ofAndreev bound states
localized at the vortex cores [26, 61, 95{97], there are several contradicting predictions
and a general consensus is lacking. The problem of the vortex mass in fermionic super-

uids will be the subject of Chapter 5, where we propose a solution to this long-standing
problem in the �eld.

In light of these theoretical predictions and experimental evidences, the question about the
relevance of the e�ective mass of a vortex line and how it a�ects the dynamical properties
of the vortex itself looks very timely. Recent theoretical works highlighted that a non-zero
mass has a profound dynamical signature, namely rapid transverse oscillations of the vor-
tex [29, 98] which have no counterpart in the massless case. Richaudet al. focused in Ref. [99]
on vortices with massive cores in a two-dimensional binary Bose mixture con�ned in a cir-
cular trap: the minority component trapped in the vortex cores provides an inertial mass
that introduces second-order acceleration terms, as in usual Newtonian mechanics. In the
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3. Dynamics of a massive vortex on a planar annulus

subsequent Ref. [29], the vortex mass is introduced by means of a time-dependent Lagrangian
approach. This method was �rst developed in Ref. [100] to compute the excitation spectrum
of a trapped BEC, and later on it was employed to study a ring of vortices in a BEC trapped
in a circular container [85]. The result is a massive point-vortex model providing analytical
predictions for the dynamics of two-component vortices with small massive cores.

The goal of this Chapter is to analyze the dynamics of massive vortices on a planar super
uid
�lm with annular geometry, which has a number of interesting features due to its non-trivial
topology. Section 3.2 contains the derivation of the massive point-vortex model from a time-
dependent variational Lagrangian approach and the analytical predictions for the dynamics
of a single massive vortex. In Section 3.3 we develop aplasma orbit theory from the analogy
with the familiar Lagrangian for a massive charged particle in an external electromagnetic
�eld: this provides an analytical description of the trajectories of massive vortices beyond the
regime of small radial oscillations. The analytical predictions for one massive vortex are then
compared in Section 3.4 with the numerical solution of the two-component Gross-Pitaevskii
equation in the immiscible regime: the good agreement we �nd con�rms that the massive
point-vortex model provides an accurate description of two-component vortices with small
cores.

3.2. Time dependent variational Lagrangian method

The physical system we focus on (see the sketch in Fig. 3.1) is a two-component mixture
composed byNa � Nb particles with atomic massesma and mb, which is con�ned in a
planar annulus with inner and outer radii R1 and R2. The a component is super
uid: it
has a total massM a = Nama, it contains Nv identical vortices with unit positive charge
and it features n1 quanta of circulation around the inner radius R1. Consequently, there are
n1 + Nv quanta of circulation around the outer radius R2. The b component (which may or
may not be super
uid) has total mass M b = Nbmb and is trapped inside the vortex cores:
this second species therefore provides each vortex with an e�ective core massM c = M b=Nv .
Fig. 3.1 shows the particular case of a single vortex (Nv = 1): the light blue area stands for
the speciesa that is spread inside the annular region hosting a vortex at positionr 0, while
the brown circle denotes the speciesb which is localized in the vortex core.

Following the procedure outlined in Ref. [29], we use the time-dependent variational La-
grangian method (see Refs. [85, 101]) to obtain the Lagrangian of the system starting from
simple trial quantum-mechanical wave functions. For a one-component condensate wave
function  , this method is based on a Lagrangian functionalL

L [ ] = T [ ] � E [ ]; (3.1)

where

T [ ] =
i~
2

Z
d2r

�
 � (r ; t)

@ (r ; t)
@t

�
@ � (r ; t)

@t
 (r ; t)

�
; (3.2)

is the time-dependent part of the Lagrangian, the analog of kinetic energy in classical me-
chanics, and

E[ ] =
Z

d2r
�

~2

2m
jr  (r ; t)j2 + Vtr j (r ; t)j2 +

g
2

j (r ; t)j4
�

; (3.3)
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3.2. Time dependent variational Lagrangian method

Figure 3.1.: Schematic representation of the physical system for a single vortex (Nv = 1) inside a
planar annulus with radii R1 < R 2 and quantized 
ow circulation n1 around the inner boundary. The
super
uid a component (light blue region) is con�ned inside the annulus and it contains a vortex with
unit positive charge at position r 0 = ( r 0; � 0). The b component (brown circle) is trapped within the
vortex core.

is the customary Gross-Pitaevskii (GP) energy functional. It is easily proved that the Euler-
Lagrange equation for the Lagrangian functional (3.1) corresponds to the time-dependent GP
equation for  . Apart from being an exact approach, this Lagrangian formalism provides the
basis for a powerful approximate variational method. If the trial wave function depends on
several time-dependent parameters, the variational approach returns the dynamical equations
governing their motion. For a system in equilibrium and stationary parameters, the resulting
normal modes can be found from a next-order variation of the Lagrangian. In our case, the
time-dependent parameters are the positions of the vorticesf r j (t)gj =1 ;:::;N v � f r j (t)g.

3.2.1. Derivation of the massive point-vortex Lagrangian

The time-dependent variational Lagrangian L a for the a component can be derived using a
trial wave function of the form

 a(r ; f r j g) =
p

na(r ) ei S(r ;f r j g) ; (3.4)

in terms of the density pro�le na(r ) and the phaseS(r ; f r j g). The notation ( r ; f r j g) denotes
a parametric dependence on the positions of all the vortices: they have the same charge
+1 and polar coordinates on the plane are used in the following, i.e. r j = ( r j ; � j ), with
j = 1 ; 2; : : : ; Nv . For simplicity, we work here with a constant two-dimensional number
density na = Na=

�
� (R2

2 � R2
1)

�
. As previously explained in Sec. 2.3.2, a double in�nite set

of image vortices is required to ensure that the 
uid velocity is tangent at both the inner and
outer boundary. In terms of polar coordinates on the planer = ( r; � ), the resulting phase, as
presented in Eq. (2.29), reads:

S(r ; f r j (t)g) = n1� +
N vX

j =1

Im
�

ln
�

#1 (� j (r ); q)
#1 (� j (r ); q)

��
; (3.5)
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3. Dynamics of a massive vortex on a planar annulus

where the arguments of the theta functions are de�ned in Eq. (2.28). The evaluation ofTa

and Ea follows from Eqs. (3.2), (3.3) after inserting our trial wave function (3.4): the details
of the derivation are presented in Appendix A.1, while here we show the �nal results. The
�rst term is given by:

Ta

�n
r j ; _� j

o�
= � ~na

N vX

j =1

�
R2

2 � r 2
j

� _� j : (3.6)

With our trial wave function, both the external potential energy and the mean �eld energy in
Eq. (3.3) give a constant contribution that play an irrelevant role in the Lagrangian formalism.
The quantity of interest is then the energy di�erence � Ea between the vortex state and the
vortex-free state. In our approximation, this di�erence corresponds to the kinetic energy of
the super
uid in the presence of the physical vortices and their images:

� Ea =
~2na

2ma

Z

ann
d2r jr S (r ; f r j g)j2 =

Z

ann
d2r

1
2

mana v2; (3.7)

where the subscript \ann" means that the integral is taken over the radial regionR1 < r < R 2.
In evaluating the energy di�erence it is convenient to use a stream function� together with
the phase of the condensate wave functionS. It is also necessary to introduce a cut-o� at the
vortex core to ensure the convergence of the radial integral in Eq. (3.7). The lengthy analysis
contained in Appendix A.1 yields the compact result

� Ea (f r j g) =
N vX

j =1

� j +
N vX

j;k =1

0
Vjk ; (3.8)

where the primed sum means that we omit the termsj = k. The one-body term

� j = �( r j ) �
� ~2na

ma

2

4(1 � 2n1) ln
�

r j

R2

�
+ ln

0

@2
i

#1

�
� i ln

�
r j
R2

�
; q

�

#0
1(0; q)

1

A

3

5 (3.9)

is the self-energy arising from the interaction of the vortex atr j with its in�nite set of images,
while the two-body term

Vjk = V(r j ; r k ) �
� ~2na

ma
Re

2

4ln

0

@
#1

�
1
2 (� j � � k ) � i

2 ln
�

r j r k

R2
2

�
; q

�

#1

�
1
2 (� j � � k ) � i

2 ln
�

r j
r k

�
; q

�

1

A

3

5 (3.10)

is the interaction energy between vortices atr j and at r k , including all their images (see
Ref. [102] for the cylinder geometry). Thea component Lagrangian hence becomes:

L a =
N vX

j =1

(

� ~na
�
R2

2 � r 2
j

� _� j � � j �
N vX

k=1

0
Vjk

)

: (3.11)

For the speciesb contribution L b, the trial wave function for the massive core is chosen to be
a linear combination of Gaussian wave packets [101] localized at the positions of the vortices,

 b(r ; f r j g) =
N vX

j =1

�
Nb

Nv �� 2

� 1=2

e�j r � r j (t )j2=2� 2
ei r �� j (t ) ; (3.12)
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3.2. Time dependent variational Lagrangian method

depending on r j (t) and � j (t) as time-dependent parameters. The time-varying and space
dependent overall phase ensures a non-zero super
uid velocity_r j (t) = ~� j (t)=mb, and the
trial function is correctly normalized provided that the vortices are well-separated, i.e. for
jr j � r k j � � . A straightforward analysis (see Refs. [29, 101]) gives the corresponding
Lagrangian:

L b =
N vX

j =1

M b

2Nv
_r 2
j : (3.13)

Note that we always work in the immiscible regime where atoms of speciesb only live inside
the vortices of speciesa: this provides the physical justi�cation to describe the speciesb-core
with the same coordinates as the speciesa-vortex that hosts it. We would like to mention
that this hypothesis has been relaxed in Ref. [103], which studies the relative dynamics
between a vortex and its massive core under harmonic coupling. This improved theory o�ers
new dynamical regimes, but their relevance decreases in the immiscible regime, where the
standard massive point-vortex model is recovered.

Using Eqs. (3.11, 3.13), the model Lagrangian of the systemL = L a + L b takes the form:

L =
N vX

j =1

2

4 M b

2Nv

�
_r 2
j + r 2

j
_� 2
j

�
+ � ~na

�
R2

2 � r 2
j

� _� j � � j �
N vX

j;k =1

0
Vjk

3

5 : (3.14)

The canonical angular momentum associated to thej th vortex,

` j =
@L

@_� j
=

M b

Nv
r 2

j
_� j + � ~na

�
R2

2 � r 2
j

�
; (3.15)

is made of the \mechanical" (Newtonian) contribution from speciesb and the \vortex" con-
tribution from species a: the latter, in particular, decreases as the vortex moves towards the
outer boundary of the annulus. On the other hand, the angular momentum carried by each
of the two species is directly computed from the trial wave functions as

L a = hL̂ z i  a = � ~na
�
R2

2 � R2
1

�
n1 + � ~na

N vX

j =1

�
R2

2 � r 2
j

�
; (3.16)

L b = hL̂ z i  b =
N vX

j =1

M b

Nv
r 2

j
_� j ; (3.17)

where L̂ z = � i~@=@�is the angular momentum operator. The total angular momentum of
the system is then

L = L a + L b = � ~na
�
R2

2 � R2
1

�
n1 +

N vX

j =1

` j ; (3.18)

where one recognizes a �rst term accounting for the quantized circulation around the inner
ring and a second term due to the presence ofNv quantized vortices inside the annulus. The
symmetry of the Lagrangian (3.14) with respect to the polar angles of the vortices guarantees
the total angular momentum to be a conserved quantity.

The system under study admits three interesting simple limits that we brie
y discuss con-
sidering a positive vortex at position r j inside the annulus:
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3. Dynamics of a massive vortex on a planar annulus

(i) when R1 � R2 and n1 = 0, all the image vortices annihilate, except the one with
negative charge atr 0

j = ( R2=rj )2 r j . The annulus reduces to a disk of radiusR2 where
a single image vortex is required. We will provide further details about the limit R1 ! 0
in Chapter 5, where we recover the case of a circular boundary from the results in the
annular geometry;

(ii) for R1 ! 1 , keeping R2 � R1 = D �xed, the curvature of the annulus becomes
irrelevant and the system reduces to an in�nitely long channel, or slab, with width D .
As derived in detail in Refs. [104, 105], the vortex performs a uniform translation along
the channel with a di�erent sign depending on the boundary it is closer to. This is a
consequence of the equivalence between a vortex on a planar geometry and an electric
charge, hence the interaction is a 2D Coulomb-like force scaling with the inverse of the
distance. When the vortex is exactly in the middle of the slab, in particular, it doesn't
move. Together with the in�nite images, in fact, it forms a linear chain of equidistant
alternating charges: the interactions from pair of symmetric images perfectly cancel
each other and the dynamics is then inhibited;

(iii) when the vortex approaches either of the two boundaries, r j ' R1 or r j ' R2, the
dominant contribution to the interaction comes from the image charge (with opposite
sign) just beyond the closest edge, since all the others accumulate towards the centre
of the annulus or far away from the outer border. In these cases, the vortex velocity
diverges, as sown in Fig. 2.5.

3.2.2. Dynamics of a single massive vortex

We start from the study of a single massive vortex inside the speciesa at position r = ( r; � ).
The Lagrangian (3.14) reduces to

L (r; _r; _� ) =
1
2

M c

�
_r 2 + r 2 _� 2

�
+ � ~na

�
R2

2 � r 2� _� � �( r ); (3.19)

where we use the vortex core massM c = M b and we de�ne the potential as

�( r ) �
� ~2na

ma

2

4(1 � 2n1) ln
�

r
R2

�
+ ln

0

@2
i

#1

�
� i ln

�
r

R2

�
; q

�

#0
1 (0; q)

1

A

3

5 : (3.20)

The Euler-Lagrange equations

M c

�
•r � r _� 2

�
= � 2� ~nar _� � � 0(r ); M c

�
r •� + 2 _r _�

�
=2 � ~na _r; (3.21)

are second-order di�erential equations in time. In the case of a massless vortex (M c = 0) they
reduce to �rst -order equations that determine the uniform precession of a massless vortex
along an orbit of radius r0 with constant angular velocity _� 0 � 
 0 given in Eq. (2.33). The
equations of motion (3.21) still predict a uniform circular motion with radius r0, however for
massive cores there exist two distinct solutions for the precession angular velocity:


 (� )
m (r0) =

� ~na

M c

 

1 �

r

1 �
2M c

� ~na

 0

!

=
1

� annm

�
1 �

p
1 � 2m� ann 
 0

�
; (3.22)

where � ann = ma(R2
2 � R2

1)=~ is a convenient unit of time. Notice that we have introduced
the dimensionless mass ratio

m �
M c

M a
=

mbNb

maNa
; (3.23)
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3.2. Time dependent variational Lagrangian method

Figure 3.2.: Stability diagram of massive vortices. In the white region, massive vortices may perform
small radial oscillations around the circular orbit of the uniform precession. In the orange region
(m > mc;2), the vortex is rapidly expelled towards one of the two borders. In the light blue region
(m > mc;1), the precession frequencies 
( � )

m become complex. We consider an annulus withR2=R1 = 5
and n1 = 0

which is determined only by the number of atoms of the two species and it is independent of
the size of the condensate. When 
0 < 0 the two solutions (3.22) are real for everym. In the
small-mass limit the larger root 
 (+)

m � 2=m diverges, becoming irrelevant, while the smaller
root 
 (� )

m reduces to the precession rate (2.33) for a massless vortex.

When 
 0 > 0 instead the roots become complex, hence the uniform precession solution
ceases to exist as soon as

m > mc;1 = (2 � ann 
 0) � 1; (3.24)

a condition which corresponds to the light blue region in the phase diagram shown in Fig. 3.2.

In Fig. 3.3 we display representative trajectories for a single positive massive point vortex
in a planar annulus with q = 1=5, using various mass ratiosm. Fig. 3.3(a) shows the uniform
precession on an orbit of radiusr0 = 3 R1, which is obtained for the particular initial velocity
v0 = 
 (� )

m (r0)r0. We then perturb the initial condition introducing a radial displacement
r0 + � , but without modifying the initial velocity. For small � (compared to r0), the corre-
sponding trajectory, that is presented in Fig. 3.3(b), consists of small rapid stable oscillations
superimposed on a slow precession. Fig. 3.3(c) is obtained for a larger displacement� and it
becomes clear that the vortex trajectories are actuallyepitrochoids: these are planar curves
that are obtained from a smaller circle that rolls without sliding around the outside of a larger
circle1. This concept will be revised in the following section and we refer the reader to the
last part of Appendix A.3 for a more speci�c mathematical treatment. In general, provided

1a clear animation is found in https://mathworld.wolfram.com/Epitrochoid.html
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3. Dynamics of a massive vortex on a planar annulus

Figure 3.3.: Four possible trajectories for a single positive massive point vortex con�ned in the same
planar annulus as in Fig. 3.2. Curves correspond to the numerical solutions of the Euler-Lagrange
equations (3.21) with di�erent initial conditions (red points). We consider a mass ratio m = 0 :1.
(a) When the initial velocity matches the value 
 ( � )

m (r 0)r 0, the vortex describes a circular orbit with
radius r 0 and uniform angular velocity 
 ( � )

m (r 0). (b) Introducing a little displacement in the initial
position, but keeping the same initial velocity, the presence of a core mass leads to small-amplitude
radial oscillations on top of the precession orbit (gray dashed curve). (c) Aplasma orbit appears for a
larger initial radial displacement [and the same initial velocity as in panel (a)]: the resulting curves are
epitrochoids (further details in the main text). (d) For larger core mass, more preciselym = 0 :5 > mc;1,
the massive vortex moves continuously towards the outer boundary where it is expelled.

to maintain the same initial velocity, any arbitrary initial radial displacement leads to such
peculiar trajectories that can be regarded as small oscillations only in some peculiar cases
[i.e., for small � , as in Fig. 3.3(b)]. We decide to denote them asplasma orbits, the reason
being that they resemble the trajectory of a massive charged particle under the in
uence
of an electromagnetic �eld: this analogy will be the central subject of Sec. 3.3. Finally, in
Fig. 3.3(d) we show the dynamics when the mass of the speciesb overcomes the critical value
in Eq. (3.24): no precession exists, as the vortex is expelled from the annulus.
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3.2. Time dependent variational Lagrangian method

3.2.3. Small radial oscillations

We now implement the Hamiltonian formalism to study the dynamical stability of the
equilibrium solutions and the small oscillations around equilibrium.

Since the uniform precession motion is an equilibrium solution for our model Lagrangian,
we �rst need to write the Lagrangian L rot in the reference frame that is rotating with the
same angular velocity as the mass-vortex system. To this end, let us consider two reference
frames in two dimensions that share the same origin where the second one, with coordinates
(X; Y ), is rotating counterclockwise with angular velocity 
 with respect to the �rst one,
whose coordinates are (x; y). The two sets of coordinates are related by

x = X cos(
 t) � Y sin(
 t)

y = X sin(
 t) + Y cos(
 t);
(3.25)

alternatively, in terms of polar coordinates (x; y) = ( r0 cos� 0; r0 sin � 0) and
(X; Y ) = ( R0 cos'; R 0 sin ' ), by:

r0(t) = R0(t) � 0(t) = ' (t) + 
 t: (3.26)

The Lagrangian in the rotating frame is obtained applying these transformations to Eq. (3.19):

L rot = L(r0; _r0; _� 0)j � 0 (t ) = ' (t )+
 t

=
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a

2M cr 2
0
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2 � r 2

0)2 � �( r0); (3.27)

where we have used the canonical momenta conjugated tor0 and ' :

pr 0 =
@L rot

@_r0
= M c _r0; p' =

@L rot

@_'
= M c _r 2

0( _' + 
) + � ~na(R2
2 � r 2

0): (3.28)

We now compute the Hamiltonian of the system in the rotating frame that is obtained
through a Legendre transform of the Lagrangian:

H rot = pr 0 _r0 + p' _' � L rot (r0; pr 0 ; p' )

=
p2

r 0

2M c
+

�
p' � � ~na(R2

2 � r 2
0)

� 2

2M cr 2
0

� 
 p' + �( r0) (3.29)

Let us introduce the vector of coordinates and momenta

z =
�

r0 ' p r 0 p'

� T
(3.30)

and compute the gradient of the Hamiltonian

rH rot (z) =
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: (3.31)
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3. Dynamics of a massive vortex on a planar annulus

Denoting with

S =

 
0 1

� 1 0

!

(3.32)

the standard symplectic matrix which encodes the Hamiltonian structure of the system, the
set of Hamilton equations is given by:
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(3.33)

First of all we see that the canonical momentum conjugated to' is constant in time and
this is consistent with the conservation of the total angular momentum of the system. As a
second comment, it is easy to recover the equations of motion already obtained within the
Lagrangian formalism, i.e. Eqs. (3.21).

A point-mass undergoing a uniform circular motion in the laboratory frame is indeed at rest
in the frame that is rotating together with the mass itself. This means that the con�guration
z is a �xed-point of the Hamiltonian dynamics and this implies that:

_z = 0 )

8
>><

>>:

pr 0 = 0

P' = � ~naR2
2 + M cr 2

0

�

 � � ~na

M c

�

0 = M c
 2 � 2� ~na
 � � 0(r0)=r0:

(3.34)

Not only the very last equation recovers the solutions 
 = 
 (� )
m as expected, but it can also

be reshaped into the following fashion:
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: (3.35)

In order to verify the stability of this �xed point we compute the Hessian matrix of the
Hamiltonian:
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: (3.36)

Using the relation (3.35) satis�ed by 
 (� )
m , the equilibrium con�guration given in Eq. (3.34)

reads

zeq =
�

r0 0 0 � ~naR2
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q
1 + M c

� 2~2n2
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r 0

� T
;
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3.3. Plasma orbit theory

and the corresponding Hessian matrix takes the form:

H(zeq) =
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A necessary condition for the stability of the equilibrium zeq is that all the eigenvalues of the
linearization matrix SH(zeq) have a vanishing real part. The secular equation

det (SH(zeq) � � 1) = � 2
�

� 2 +
1

M c
H11(zeq)

�
(3.38)

has two vanishing eigenvalues due to the conservation of angular momentum, while the system
is stable if the other two solutions are purely imaginary, � = � i! , where
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2� ~na
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(3.39)

is the frequency of small radial oscillations. This is a complete new feature given by the �nite
vortex mass, as these oscillations disappear in the limitm ! 0. In fact, the divergence of the
frequency as� 2=m implies a vanishing amplitude of oscillations due to energy conservation.
Furthermore, the small oscillations become unstable for mass ratios

m > mc;2 = �
�

� ann

4� ~na

�
3

� 0(r0)
r0

+ � 00(r0)
�� � 1

; (3.40)

which de�nes the critical region represented by the orange-shaded area in Fig. 3.2. The
diagram shows that Eq. (3.40) always provides a more restrictive condition than Eq. (3.24).
In the white region in Fig. 3.2 uniform precessions exist and are stable. In the orange region
uniform precessions exist, but are unstable since the frequency of small oscillations becomes
imaginary [see Fig. 3.3(d)]. In the light blue region, uniform precessions do not exist.

3.3. Plasma orbit theory

There is a direct equivalence between the study of the velocity �eld of a 2D super
uid
around a vortex and the one of the electric �eld generated by a charged particle in two
dimensions. This is mainly due to the fact that the interaction between vortices in a super
uid
can be described using similar principles to Coulomb's law for point-like charges. A very
simple example is provided by a vortex with chargeQ located at the origin in an unbounded
plane. The complex potential isF (z) = Q ln z, from which the stream function reads� (r ) =
ReF (z) = Q ln r , which is proportional to the Coulomb potential generated by a chargeQ in
2D. Here we extend this analogy to show the equivalence between the equations describing
the motion of massive vortices and the ones describing the motion of massive charges in
2D domains pierced by magnetic �elds. This allows us to derive an analytical framework to
describe the shape of the vortex trajectories even beyond the regime of small radial oscillation.
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3. Dynamics of a massive vortex on a planar annulus

The Lagrangian of a particle of massm and charge Q2 in an electromagnetic �eld with
scalar potential � (r ; t) and vector potential A (r ; t) is given by

L (r ; _r ; t) =
1
2

m _r 2 + Q _r � A (r ; t) � Q � (r ; t): (3.41)

A direct comparison with the model Lagrangian (3.19) shows that a massive vortex with one
quantum of circulation is equivalent to a particle with mass m = M c and chargeQ = +1
moving inside a static3 electromagnetic �eld

E (r ) = � r � (r ) = � � 0(r ) r̂ B = r � A (r ) = � 2� ~na ẑ : (3.42)

Within this formal analogy, the massive vortex behaves as a massive charge which experiences
an e�ective nonuniform electric �eld pointing in the radial direction and an e�ective uniform
magnetic �eld normal to the plane and proportional to the density of speciesa condensate
inside the annulus. Notice that the magnitude and direction of the electric �eld depend on the
particular geometry of the system, while the magnetic �eld does not. The charged particle is
subject to the Lorentz force and it obeys the equations of motion, given in terms of the total
velocity v = _r :

M c
dv
dt

= E (r ) + v � B (3.43)

It is easy to prove that, after singling out the components in both the radial and tangen-
tial directions, one recovers the Euler-Lagrange eqs. (3.21) previously obtained within the
Lagrangian formalism. Following a common approach in plasma physics, the overall motion
of a charged particle inside an electromagnetic �eld can be thought as the combination of
a gyromotion, i.e., a circular motion with velocity vc around a central point called guiding
centre (g.c.), and a translational motion of the guiding centre with velocity vgc. Such a
decomposition implies that the position of the particle can be written as

r = r gc + r c (3.44)

In the following we will present the main results. The guidelines for the derivations can be
found in Appendix A.3, while we refer to Ref. [106] for a pedagogical treatment of the subject.

In the presence of a uniform electric and magnetic �eld, the decompositionv = vgc + vc

separates Eq. (3.43) into two independent equations for the two motions. The one for the
gyromotion

M c
dvc

dt
= vc � B (3.45)

describes a uniform circular orbit around the guiding centre characterized by thecyclotron
frequency ! c � j B j=Mc = 2 � ~na=Mc and the Larmor radius rL � j vc j=! c. Notice that the
rotation of the charged particle is such that it generates a magnetic �eld that counteracts the
external one: for the magnetic �eld in Eq. (3.42), a positive charge describes a counterclock-
wise rotation along the circular trajectory shown in Fig. 3.4. The second equation

M c
dvgc

dt
= E + vgc � B (3.46)

2We use Q instead of the usual notation q for the electric charge to avoid confusion with the geometric ratio
introduced in Eq. (2.25).

3Here, \static" refers to the absence of any explicit dependence on time, i.e., @E=@t= 0.
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3.3. Plasma orbit theory

Figure 3.4.: Schematic representation of the circular trajectory around the magnetic �eld lines
followed by the massive vortex in the presence of uniform electric and magnetic �elds. (a) On the
�rst half of the orbit, the radial electric �eld opposes the magnetic force v � B , resulting in a lower
centripetal acceleration and a larger radius of curvature. (b) On the second half of the orbit the
situation is the opposite: the electric and magnetic forces sum up to give a smaller radius of curvature.

describes the so calledE � B drift of the guiding centre. This name comes from the case where
the electric �eld is uniform both in magnitude and direction, so that the condition dvgc=dt = 0
is satis�ed by vgc = ( E � B )=jB j2. For the annular geometry that we are considering (notice
that the situation is the same for a circular boundary), the �elds in Eq. (3.42) are such that
the drift velocity points along the tangential direction: the guiding centre follows a precession
orbit with radius rgc and uniform angular velocity 
 gc. When the Ansatz vgc = 
 gcẑ � r gc is
plugged inside Eq. (3.45), one gets a quadratic equation for 
gc which has the two solutions in
Eq. (3.22). The detailed calculation can be found in Appendix A.3. The reason for this drift
can be understood from the following physical picture. In the �rst half-cycle of the particle's
orbit in Fig. 3.4(a), the electric force is opposite to the magnetic forcev � B : this causes a
reduction of the total centripetal force that results in a larger rL . In the second half-cycle
in Fig. 3.4(b), instead, the electric and magnetic forces sum up to give a stronger centripetal
acceleration that makesrL smaller. The di�erence in the radius of curvature on the two sides
of the orbit is responsible for the drift vgc and gives rise to peculiarepitrochoidal trajectories,
as the one in Fig. 3.3(c).

The assumption of uniform electric �eld4 is satis�ed when the particle follows exactly a
circular orbit with radius rgc: in such a case, there is nogyromotion and it is straightforward
to verify that the precession frequency 
 gc(rgc) is given by two solutions that coincide with
the two uniform precession frequencies in Eq. (3.22), previously derived with the Lagrangian
formalism. Whenever a particle deviates from the orbit of radiusrgc, it experiences a non-
uniform electric �eld that changes in magnitude and direction according to its spatial position:
the decomposition in Eq. (3.44) is not exact and both thegyrofrequency and the uniform
precession frequency gain corrections with respect to the expressions in Eqs. (3.22), (3.39).
Nonetheless, the superposition of thegyromotion and the drift of the guiding centre still
remains a valid approximation when the Larmor radius is much smaller than the typical

4 let us remark that along the circular orbit the magnitude of the electric �eld is constant, while its direction
is not.
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3. Dynamics of a massive vortex on a planar annulus

length scale for the spatial variation of the electric �eld. Within this regime, one can apply
the undisturbed orbit approximation5 and expand the components of the electric �eld around
the guiding centre position up to second order in thegyroradius r c � rgc: this procedure
(see Appendix A.3 for further details) introduces new corrective terms inside the equations
of motion (3.43). An average of these equations over an entire cycle of the gyratory motion
provides the following corrected form for the angular velocity of the uniform precession:


 gc(rgc) =
1

� annm

 

1 �

s

1 +
� annm
� ~na

� 0(rgc) + � gc

rgc

!

(3.47)

where the quantity � gc is de�ned in Eq. (A.37) of Appendix A.3. Importantly, such a
correction depends on the second derivative of the electric �eld and it reproduces the�nite
Larmor radius e�ect introduced in Ref. [106].

We test this prediction on the speci�c plasma orbit shown in Fig. 3.3(c). A numerical
integration for an entire period gives a \numeric" precession frequency 
num =2� � 0:25378
Hz. The maximum and minimum value of the radial coordinate give an estimate of the Larmor
radius rL � 4:525� m (see the �nal part of Appendix A.3 for a more detailed explanation),
from which we can extract the corrected frequency in Eq. (3.47) as 
gc=2� � 0:25384 Hz.
The latter result is indeed closer to 
 num with respect to the prediction of the linear stability
analysis in Eq. (3.22), namely 
 (� )

0 � 0:23370 Hz. As a second e�ect, the non-uniformity of
the electric �eld is also responsible for a shift of thegyrofrequency, as shown in Ref. [107].
Focusing on the terms that average to zero over one cycle of the gyromotion, one can obtain
an improved expression for thegyrofrequency:

! c �
2

� annm

s

1 +
� ann

� ~na

m
4

�
3

� 0(r0)
r0

+ � 00(r0)
�

= ! (3.48)

Within the undisturbed orbit approximation, the gyromotion frequency is corrected by the
local value and the �rst derivative of the electric �eld, so to recover the frequency of small
oscillations given in Eq. (3.39).

As a �nal remark, the advantage in developing the plasma orbit theory is twofold. On
the one hand, it yields a more realistic model since it accounts for the local curvature of
the e�ective electric �eld that is missed by the linear stability analysis of the point-vortex
model, where only the local valueE(rgc) matters: this provides a quantitative correction to
the frequency of uniform precession. On the other hand, it gives a qualitative explanation
for the trajectories of a massive vortex that cannot be captured by the regime of small
oscillations. As anticipated at the end of Sec. 3.2, the trajectories within theplasma orbit
regime areepitrochoids: they arise from a peculiar combination of two circular motions that
is compatible with the decomposition in Eq. (3.44) (see Appendix A.3 for a more detailed
description). This analogy was already realized in the literature in studies of the motion
of charged particles along a plane orthogonal to a speci�c magnetic �eld con�guration: a
twisted magnetic 
ux tube is considered in Ref. [108], while Sec. II.A of Ref. [109] deals with
a Penning trap. Moreover, the results in Eqs. (3.47) and (3.48) are valid for a general planar
geometry, provided the correct identi�cation of the one-body potential �( r ). In particular,
they can be applied to the circular trap discussed in Ref. [29].

5This is the name used in Ref. [106], while it is de�ned as small Larmor radius approximation in Ref. [107].
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3.4. Gross-Pitaevskii analysis for a two-component BEC

3.4. Gross-Pitaevskii analysis for a two-component BEC

The massive point-vortex model developed in Sec. 3.2 requires the speciesa to be super
uid,
but it does not imply any condition on the speciesb which provides the massive contribution
to the vortices. Such a model can therefore be applied to a broad variety of systems. In this
Section we focus instead on a speci�c system, that is a heteronuclear dilute Bose mixture at
zero temperature, where both species are super
uid and any normal fraction can be safely
neglected. The interparticle interaction can be described at the mean �eld level by a contact
pseudopotential (see Chapter 4 of Ref. [56]): the intra-species interaction constantsga=b =
(4� ~2=ma=b)aa=b and the inter-species onegab = (2 � ~2=mab)aab, with mab the reduced mass,
are proportional to the s-wave scattering lengthsaa=b, aab. The values of the three coupling
constants can be experimentally tuned by means of Feshbach resonances [12]. Here we restrict
to repulsive intra- and interspecies interactions that satisfy the immiscible regime condition
gab >

p
gagb, meaning that the two species are not spatially overlapping. As discussed in

Sec. 12.1.1 of Ref. [55], this condition holds for a uniform system. For a trapped system (where
the density distribution is not uniform), the condition is more complex, and it involves the
number of atoms in the two components, as discussed for example in Ref. [110] (see also
Ref. [111] for the case of a ring trimer geometry). However, since the con�ning potential
is composed of hard walls and the majority component is in the Thomas-Fermi regime, our
system is e�ectively uniform apart from those regions around the vortices. As such, the
condition gab >

p
gagb is su�cient to ensure immiscibility.

We should recall that a quasi-2D system is always naturally embedded in a three-dimensional
world. Such a con�guration can be achieved experimentally by applying a strong harmonic
con�ning potential along the z direction. The full 3D wave function of the gas then factorizes
into a planar contribution and a narrow 1D Gaussian with a width � z equal to the harmonic
oscillator length along z. The z degree of freedom is frozen and it can be integrated out
leading to an e�ective 2D system described by planar coordinatesr = ( x; y): this procedure,
known as dimensional reduction, is outlined in Ref. [112] and it is explained in detail in
Chapter III of Ref. [113]. Therefore, the Bose mixture admits as order parameters two 2D
complex wave functions a,  b, one for each species: they are related to the local number
densities byna=b(r ) = j a=b(r )j2 so that they are normalized to the total number of particles.
The dynamics of the system is thus governed by two coupled GP equations,

i~
@ a(r ; t)

@t
=

�
�

~2r 2

2ma
+ V a

? (r ) +
ga

dz
j a(r ; t)j2 +
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j b(r ; t)j2

�
 a(r ; t)

i~
@ b(r ; t)
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�
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2mb
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dz
j a(r ; t)j2 +
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dz
j b(r ; t)j2

�
 b(r ; t)

(3.49)

wheredz =
p

2� � z is the e�ective thickness of the thin two-dimensional condensate, assuming
an equal con�ning potential along z for both species, whileV a=b

? are the external con�ning
potentials on the plane which imprint the annular potential. We brie
y mention that the
physics of massive vortices can be alternatively simulated by a single GPE coupled to a
Newtonian particle through a dynamical external potential, as in Ref. [87].

To test the predictions of the massive point-vortex model presented in Sec. 3.2.2, we per-
formed numerical simulations with the two-component GP Eqs. (3.49). We consider an an-
nulus with R1 = 10 � m, R2 = 50 � m, dz = 2 � m and vanishing inner circulation n1 = 0. The
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3. Dynamics of a massive vortex on a planar annulus

parameters for the two components are similar to the values in Refs. [29, 99]:Na = 5 � 104

23Na atoms and Nb � 150039K atoms, giving a mass ratio m � 0:05. The s-wave scattering
lengths aa � 52a0, ab � 7:6a0, aab � 24a0, where a0 � 5:29 � 10� 11 m is the Bohr radius,
satisfy the immiscibility condition gab >

p
gagb [114]. We implement the simulation mapping

the system on a 256� 256 square grid with length L x = L y = 120 � m, such that the grid
spacing � x ' 0:5 � m is smaller than the core size for a massless vortex, that can be estimated
by the bare healing length� = (8 �n aaa) � 1=2 ' 2 � m. The kinetic operators are implemented
via FFT, while the time-dependent equations have been solved using a fourth order Runge-
Kutta algorithm: the choice of the time step � t = 10 � s is such that an excellent conservation
of the total energy of the system is guaranteed during the time evolution. With this choice
of the parameters one has that� a � ~! z (being � a the chemical potential of speciesa),
thus satisfying the assumption of a quasi-2D system, andNaaa=dz � 1, corroborating the
validity of the Thomas-Fermi approximation for the a condensate. To generate the initial
condition for our dynamics, we nucleate a vortex inside the speciesa using a phase imprinting
procedure. We also introduce a narrow and intense Gaussian pinning potential acting only
on speciesa and centred at the position of the vortex where a Gaussian peak in the species
b is also placed. We move to the frame rotating with angular velocity 
 adding the term
� 
 L̂ z to both Eqs. (3.49). The value of 
 is chosen accordingly to the radial position as
given by the point-vortex model in Eq. (3.22). We perform an imaginary-time propagation
in the rotating frame with this initial state, letting the system converge towards the ground
state with the b-species core embedded in thea-species vortex: the ground state density of
the a component, that is shown in Fig. 3.5(a), is characterized by a vortex core which is
broadened due to the presence of theb-atoms. This deformation has been studied �rst in
Ref. [99] and more recently in Ref. [115]. Notice that the radius of the black circle repre-
sents an estimate for the core size of approximately 6� m, corroborating the choice of the
spatial mesh spacing. Subsequently, we turn o� both the pinning potential and the rotation
frequency to initiate a real-time propagation: at each time t, we track the position of the
massive vortex by measuring the centre of mass ofj bj2.

Figure 3.5.: (a) Density of the a-component at the end of the imaginary-time evolution of the two
coupled GP equations. Black (white) color corresponds to zero (high) values of the density. The
model parameters employed for the simulation are reported in the text. (b) Comparison between
the numerical results (points) and the analytical prediction (lines) for the precession frequency as a
function of the radius of the orbit. For the massive case, the label 
0 stands here for 
 ( � )

m in Eq. (3.22).

As a �rst analysis, we study the uniform precession by �xing the radial position r0 and mea-
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3.4. Gross-Pitaevskii analysis for a two-component BEC

suring the corresponding angular velocity coming out from the real-time evolution. Fig. 3.5(b)
shows how the points obtained from the numerical simulations nicely follow the analytical
curves given by Eq. (2.33) forNb = 0 (orange) and by Eq. (3.22) for Nb � 3000, i.e.,m � 0:1
(blue).

Then, using the same numerical parameters introduced at the beginning of this section, we
move to the analysis ofplasma orbits. We start the imaginary time evolution by imprinting
and pinning a massive vortex atr �

0 = r0 + � (with j� j � r0) but we let the reference frame ro-
tate at the precession frequency 
(� )

m (r0) ' 1:1 rad/s of the unshifted vortex. The subsequent
propagation in real time shows that the vortex features radial oscillations superimposed to
the precession motion, with a cyclotron frequency! ' 36 rad/s. This high oscillatory mo-
tion would induce an acoustic excitation in the super
uid with wavelength � = 2 �c=! , with
c =

p
gana=ma. The system values used for the numerical GP simulations yield an estimate

�=R 2 ' 3. Like in the classical electrodynamics analog of accelerating charges in small cavi-
ties, the e�cient emission of sound waves is suppressed since the wavelength of the acoustic
excitation exceeds the size of the super
uid. This con�rms the assumption that the system
dynamics can be described in terms of the vortex positions only.

In Fig. 3.6 we compare the numerical GP results (blue curve) with the prediction of the
massive point-vortex model (orange curve) for a smallb-species componentNb � 1500, cor-
responding to m � 0:05: the agreement is quite remarkable. This agreement is the natural
consequence of having used the GP functional (3.3) in the time-dependent variational La-
grangian method explained in Sec. 3.2. The plot in Fig. 3.6(b) shows that the frequency of
the radial oscillations in the numerical solution is slightly lower compared to the result of the
point-vortex model. This discrepancy stems from the fact that the two-component GP equa-
tions describe two coupled many-body BECs with various internal modes that are completely
missed by the point-vortex model, where the only degrees of freedom are the coordinates of
the vortex core. The onset of vortex expulsion is also captured by numerical GP simulations:
the agreement with the point-vortex model remains remarkable until the �nite-sized vortex
core touches either of the two boundaries.

Figure 3.6.: Numerical simulation of a plasma orbit obtained with the two-component GP numerical
evolution (blue) compared with the analytical prediction of the massive point-vortex model (orange).
The model parameters are the same as for Fig. 3.5, withNb � 1500 (m � 0:05). (a) Trajectory of the
vortex core. (b) Radial position of the vortex core.
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3. Dynamics of a massive vortex on a planar annulus

3.5. Conclusions

Motivated by the fact that the real-time dynamics of few-vortex systems is receiving con-
siderable attention at present [60{62] and annular trapping potentials are within easy exper-
imental reach [30{35], we extended the analysis of Chapter 2 to investigate the dynamics of
vortices with �lled cores in a planar annulus geometry. We relied on a powerful Lagrangian
approach to develop a point-vortex model which provides fully-analytical predictions inde-
pendent of the speci�c details of how the vortex mass is generated. Similarly to the case of a
single massless vortex, a uniform precession is still allowed for small core masses. However,
the dynamical scenario is richer for massive vortices, as small radial oscillations around the
circular orbit are possible. We derived their frequency and stability with a linear theory in
the perturbation, highlighting their role as an unmistakable signature of the vortex inertial
mass.

A new approach, borrowed from plasma physics (hence termed asplasma orbit theory),
was developed to give a geometric characterization to the trajectories of massive vortices
starting from the analogy with the Lagrangian of a charged particle inside a transverse
magnetic �eld and a radial, nonuniform electric �eld. As such, this new approach is equivalent
to the massive point-vortex model, but it allows to improve the predictions of the linear
stability analysis. In fact, for a weakly varying electric �eld, the plasma orbit theory correctly
recovers thegyromotion (cyclotron) frequency and it gives an analytical approximation of
the modi�ed precession frequency in the presence of radial oscillations. Both these results
con�rm the validity of such a model that, as long as the Larmor radius is small compared to
the orbit radius, well captures the features of the vortex trajectories, both qualitatively and
quantitatively.

We benchmarked the predictions of the massive point-vortex model against numerical sim-
ulations of the complete two-component GP equations. The analytical model �nds a robust
con�rmation in the numerical results, as far as both the uniform precession andplasma orbits
are concerned.

A natural extension of this study is the characterization of the Kelvin-Helmholtz instability
for a system of massless vortices. This will be the subject of Chapter 4, where we then shed
light on the stabilizing mechanism played by massive cores as well as dissipative e�ects.

46



4. Suppression of super
uid Kelvin-Helmholtz
instability of vortex necklaces

This Chapter is mostly taken from Ref. [4].

4.1. Introduction

The Kelvin-Helmholtz instability consists in the exponential ampli�cation of in�nitesimal

uctuations occurring at the interface between two 
uid layers having a relative velocity
� v [116, 117]. This process leads to the breakdown of the laminar 
ow and to the onset
of vortical structures [118{120]. This hydrodynamic instability, well known in the classical
context and often considered a precursor of turbulence [121{124], is observed in various
natural phenomena, as shown in Fig. 4.1. These include cloud formation [125, 126], mixing
of oceanic currents [127, 128], and even astrophysical systems [129], where it is suspected
to be a trigger mechanism for pulsar glitches [130]. The growth rate of this instability
is � c(q) = q� v=2 [120, 131],q being the wavenumber of the perturbation. In a realistic
description, the two uniform 
ows are connected by a thin shear-layer that smooths out the
velocity pro�le at the interface. It also introduces an ultra-violet cut-o� q� which halts the
runaway behaviour for small wavelengths (i.e. largeq) of the instability growth rate [120]. In
real classical 
uids with viscosity � > 0, one hasq� / � v=� and the maximum growth rate
scales as� �

c = � c(q� ) / � v2.

A natural question is whether and to what extent the Kelvin-Helmholtz instability, explored
and characterized rather exhaustively in classical 
uids [120], has an analogue in super
uids,
as it is the case for several well-known instabilities of ordinary 
uids. The �rst study of
the KHI in a super
uid system dates back to twenty years ago [132], where it was observed
at the interface between 3He � A and 3He � B (see also the more recent Ref. [133]). Since
then, a few theoretical and experimental works have followed, investigating its occurrence
at the interface between a super
uid and a normal 
uid [134, 135], or between two di�erent
super
uids [136{143].

Subsequently, the super
uid Kelvin-Helmholtz instability has been numerically demon-
strated within a single-component super
uid [144], a setup devoid of the complications (e.g.
buoyancy e�ects) related to multicomponent systems. The ingenious protocol that was pro-
posed is based on a progressive reduction of a potential barrier separating two channels,
which leads to the merging of two counter
owing portions of the same super
uid, and hence
to the seeding of an array of quantized vortices at the interface. Such an array was reported
to quickly break down as vortices precede to form increasingly larger clusters, mimicking
the roll-up patches of vorticity, characteristic structures of the classical Kelvin-Helmholtz
instability. Moreover, the instability growth rate � � associated to the break down of this
vortex array displays the same quadratic scaling� � / � v2 [145] as its classical counterpart.
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Figure 4.1.: The Kelvin-Helmholtz instability has some peculiar manifestations in classical systems.
Its typical pattern appears not only in clouds (top panel), but also at the turbulent boundary between
two latitudinal bands in Saturn's atmosphere (bottom).

The same con�guration of a quantized vortex array at the interface between two counter-
propagating super
ows in a two-dimensional (2D) BEC has been recently studied more in
detail in Ref. [146]. Combining Gross-Pitaevskii simulations with a Bogoliubov approach,
their thorough numerical analysis showed the occurrence of instabilities of di�erent nature
depending on the 
ow-velocity regimes. The quantized version of the hydrodynamic Kelvin-
Helmholtz instability pops out at moderate velocities, while it washes out at supersonic 
ow
velocities where other mechanisms emerge due to the coupling to acoustic excitations.

Cold-atom platforms are ideal to shed light on the nature of instabilities in quantum 
uids
due to shear 
ow. M. Zwierlein's group at MIT showed the fragmentation of a rapidly rotating
elongated BEC into an array of droplets, as a consequence of a sheared velocity pro�le in the
rotating frame [147]. More recently, Roati's group at LENS was able to characterize with
unprecedented detail the Kelvin-Helmholtz instability in super
uid 6Li con�ned within an
annular geometry [36].

Yet, many open questions remain about the detailed physical processes governing the break-
down of regular vortex arrays. As explained in Chapter 3, many mechanisms can provide
vortices with a non-zero core mass which in
uences the vortex motion, both in bosonic [91{
94] and fermionic super
uids [26, 61, 95{97]. The latter, more speci�cally a balanced mixture
of two hyper�ne states of 6Li, is the case of the LENS experiment [36], where an instability
growth rate � 3 times smaller than the one predicted by current theoretical models has been
measured. They consider subsonic velocity di�erences where the Kelvin-Helmholtz instabil-
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ity is the dominant mechanism and its suppression cannot be ascribed to any coupling with
acoustic excitations [146]. Given that, the observed mismatch has not received a theoretical
explanation yet, hence it calls for further studies.

In this Chapter we delve into the breakdown of regular rows and necklaces of quantized
vortices due to the Kelvin-Helmholtz instability. On the one hand, we unify well-established
results [145, 148, 149] relevant to point vortices in ideal 
uids. On the other hand, we gen-
eralize them to test the robustness of the instability against the introduction of two classical
ingredients that, while being often overlooked, are indeed present in most real super
uid
systems. They are massive vortex cores and mutual friction arising from dissipative e�ects
within the super
uid. In the framework of the generalized point-vortex model introduced
in Chapter 3, we carry out a detailed stability analysis of the shear layer present at the
interface between counter
owing super
uids, demonstrating that massive vortex cores and
dissipative processes are responsible for a partial or complete suppression of the super
uid
Kelvin-Helmholtz instability.

Motivated by the analysis in Chapter 3, we �rst focus on the impact of a non-zero vortex-core
inertial mass on the properties of regular vortex rows. Moreover, we introduce dissipation
into our analysis to make our point-vortex model as accurate as possible. This simple toy-
model highlights the rather general stabilizing e�ect of the vortex mass and dissipative e�ects
on vortex arrays.

We then incorporate the presence of an annular-like super
uid domain, a geometry which
supports the prototypical realization of super
ows with periodic boundary conditions [36,
144]. The maximum instability growth rate in a massive vortex necklace is suppressed as
compared to its massless counterpart.

We conclude the Chapter comparing the predictions of our massive and dissipative point-
vortex model with the results of a recent experimental characterization of the super
uid
Kelvin-Helmholtz instability in a fermionic super
uid realized by G. Roati's group at LENS
in Florence [36]. A similar study in a BEC has been performed in T. Neely's group at the
University of Queensland [150].

4.2. Vortex rows

When set into rotation, super
uids can host elementary excitations in the form of quan-
tized vortices. The super
uid density is depleted in correspondence of the vortex cores, while
the super
uid 
ow swirls around them. In quasi-two-dimensional (2D) con�gurations, the
additional degrees of freedom associated to vortex-line bending become too high-lying in en-
ergy, and hence freeze out. When �nite-compressibility e�ects can be neglected, and given
their quantized vorticity, super
uid vortices can be e�ectively modeled as classical point-like
particles (or as classical �laments in three-dimensional systems), simplifying the complex dy-
namics associated with their motion. This modeling approach proves particularly valuable
when considering the interactions among multiple vortices. According to the principle of su-
perposition of potential 
ows, the instantaneous velocity of each quantum vortex corresponds
to the vector sum of the velocities induced by all other vortices within the system. In the
present work we employ such a method since we deal with quasi-2D super
uids. A straight
array of equally spaced vortices, the so called \vortex row" (schematically represented in
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Fig. 4.2) constitutes a stationary, but unstable, con�guration. As is well known [145], in fact,
any perturbation of this regular arrangement is ampli�ed with a characteristic rate

� 0 =
�q
2a

�
1 �

qa
2�

�
; (4.1)

where � = h=ma is the quantum of circulation, ma is the atomic mass of the super
uid, a is
the intervortex distance, and q is the perturbation wavenumber. The maximum instability
growth rate,

� �
0 := � 0(q� ) =

��
4a2 ; (4.2)

is the one associated to the most unstable modeq� = �=a , which, in turn, corresponds to
the minimum wavelength (2a) that the lattice can support. An equivalent formulation of
Eq. (4.2), � �

0 = � � v2=(4� ), is manifestly characterized by a quadratic dependence on the
velocity di�erence � v = �=a across the vortex row.

4.2.1. Instability of a massive vortex row

To discuss the impact of a �nite core inertial mass on the super
uid Kelvin-Helmholtz in-
stability, we start in this Section by computing the maximum instability growth rate relevant
to a massive vortex row. Later in Sec. 4.4, then, we will develop a similar computation for a
massive vortex necklace inside a planar annulus.

We consider a massive vortex row inside a super
uid with atomic massma and 2D number
density na. This con�guration consists of a rectilinear regular chain of an in�nite number of
vortices. Each of them, labelled by the indexj 2 Z, has the same quantum of circulation�
and hosts a core massM c. The Lagrangian of the system reads

L plane =
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j 2 Z
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M c
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( _r j � r j � ẑ) +
+ 1X
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jr j � r j + i j

�

� #

: (4.3)

A �nite core mass introduces a Newtonian kinetic-energy term into the standard Lagrangian
of a many-vortex system, which is made of both a minimal-coupling-like and a potential-
energy term (� is a parameter having the dimensions of a length, typically of the order the
core size, whose detailed value does not a�ect the equations of motion) [29, 99]. The relevant
Euler-Lagrange equation for thej th vortex reads

M c•r j = _r j � (� �m anaẑ) +
� 2mana

2�

X

i 2 Znf 0g

r j � r j + i

jr j � r j + i j2
: (4.4)

These equations admit as stationary solution the regular vortex con�guration

r j (t) = ( a j; 0) 8 t: (4.5)

In the most unstable mode, as depicted in Fig. 4.2, all the vortices are displaced from their
equilibrium position according to

(a(j � i ); 0) !
�
a(j � i ) + ( � 1)i � k; (� 1)i � ?

�
: (4.6)

To develop the stability analysis of the �xed point (4.5), we linearize Eq. (4.4) with respect
to the longitudinal (transverse) displacement � k (� ? ). The resulting system of two coupled
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4.2. Vortex rows

Figure 4.2.: Schematic illustration of an in�nitely extended vortex row featuring an intervortex
distance a. Each vortex hosts a core massM c. The red arrows represent displacement vectors� j ,
whose components are of the type (� 1)j

�
� k ; � ?

�
.

second-order di�erential equations

M c •� k = � �m ana _� ? �
�� 2mana

4a2 � k

M c •� ? = + �m ana _� k +
�� 2mana

4a2 � ?

(4.7)

admits solutions of the type � k; � ? � e�t [151]. Among the possible values of� , we focus on
the one having the largest real part,

� � =
�m ana

M c
p

2

vu
u
t � 1 +

s

1 +
�

M c�
2a2mana

� 2

; (4.8)

as it constitutes the maximum instability growth rate. The latter quantity is shown in Fig. 4.3
as a function of the number of vorticesNv contained in a length L , i.e. Nv = L=a. In the limit
of massless cores (M c ! 0) we recover the result of Eq. (4.2), i.e.,� � / a� 2 / (Nv=L)2 =
(� v=� )2, where we recall that � v is the velocity di�erence across the vortex row. Such a
quadratic dependence on �v is also found in the analysis of the classical Kelvin-Helmholtz
instability, and keeps holding for small number Nv of massive vortices. Remarkably, however,
for large Nv (i.e., small a) massive cores feature a maximum instability growth rate which is
linear in Nv :

� � �
r

�n ama

M c

�
2L

Nv ; (4.9)

or equivalently � � / � v.

After Taylor-expanding Eq. (4.8) to second order in M c, one obtains the critical value at
which the scaling relation � � (Nv) crosses over from quadratic to linear,

~Nv = 2L
r

mana

�M c
; (4.10)

which is denoted by stars in Fig. 4.3. ~Nv diverges in the limit of small values ofM c, recovering
the asymptotic quadratic scaling � � (Nv) for massless vortices.

Somehow reminiscently, the dispersion! (k) of low-momentum elementary excitations in a
Bose gas switches from quadratic to linear when introducing interactions between the bosons.
Both phenomena are non-perturbative, and may be seen as an occurrence of asingular
perturbation. In the case of a Bose gas, interactions between bosons change the governing
equation from linear (Schr•odinger) to non-linear (Gross-Pitaevskii). In the present case,
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Figure 4.3.: Dependence of the maximum instability growth rate � � , as given by Eq. (4.8), on
the number of vortices Nv along a row of length L = aNv , for di�erent values of the core mass,
parametrized by mr = M c=(manaL 2). Stars denote the critical values (4.10) at which the scaling
� � (Nv ) switches from quadratic to linear.

instead, the change of scaling of� � may be traced back to the fact that the the dynamical
equation governing the vortex motion is of �rst order in the case of massless vortices, but it
becomes a second order equation for massive ones.

4.2.2. Dissipation-induced suppression of the instability

The massive point vortex model (4.3) can be complemented to include dissipative processes
that may hinder vortex motion. Surface tension and viscosity in classical 
uids are two
possible dissipation e�ects that reduce the growth rate, hence leading to a stabilization of
the system. The dissipation channels that may open in super
uids have, instead, a di�erent
nature, as they can originate from a �nite thermal component, density excitations [34] or
Andreev vortex-bound states in the BCS regime [61, 97].

According to the dissipative point-vortex model proposed by Schwarz, Kopnin, Sonin and
others [28, 152{156], quantized vortices scatter the elementary excitations of the super
uid
and, in the presence of a non-zero relative velocity between the vortex and the gas of elemen-
tary excitations, an e�ective frictional force

F N
j = �m ana

�
dk(vn � _r j ) + d? ẑ � (vn � _r j )

�
(4.11)

acts on the vortex, vn being the velocity of the normal 
uid. In the following, we discuss
the impact of this frictional force on the maximum instability growth rate � � associated to
regular vortex con�gurations.

Assuming a vanishing average velocity of the normal component1 (vn = 0), the equation of

1This assumption, which is used also in Ref. [36], re
ects the fact that in the experiment the system is prepared
in a static initial condition where the average velocity of the normal component is negligibly small. A brief
discussion about a generalization to vn 6= 0 can be found in Ref. [157]. Moreover, a similar assumption is
common in experiments with BECs [150, 158, 159], as well. There, the friction force is proportional to the
relative velocity of the vortex to the thermal component of the system, and a stationary thermal cloud is
considered.
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motion (4.4) for a massive vortex in an unbounded plane in presence of dissipation becomes

M c •r j = � �m ana dk _r j + �m ana (1 � d? ) ẑ � _r j +
� 2mana

2�

X

i 2 Znf 0g

r j � r j + i

jr j � r j + i j2
: (4.12)

While the longitudinal frictional term (with coe�cient dk) is generally positive and therefore
acts to slow down vortex motion, the transverse one (with coe�cient d? ) is typically negative
and therefore strengthens the Lorentz-like force/ ẑ� _r j . These equations are trivially satis�ed
by the stationary regular vortex row (4.5), because the latter is a static (or mechanical)
equilibrium con�guration, and hence it is not a�ected by the velocity-dependent dissipative
force (4.11). For small oscillations around the equilibrium, linearizing Eq. (4.12) gives, in
components:

M c

�m ana
•� k = � dk _� k � (1 � d? )_� ? � � �

0� k

M c

�m ana
•� ? = � dk _� ? + (1 � d? )_� k + � �

0� ? ;
(4.13)

where � �
0 is the maximum instability growth rate for the massless and dissipationless case

given in Eq. (4.2). The maximum instability growth rate � � of the system corresponds to the
largest real part

� � = max
j 2 [1;4]

f Re (� j )g (4.14)

among the four solutions of the characteristic equation associated to Eqs. (4.13),

� 4 + 2 
d k� 3 + 
 2
h
d2

k + (1 � d? )2
i

� 2 � (
� �
0)2 = 0 ; (4.15)

where 
 = �m ana=Mc.

To understand the e�ect of dissipation in the masslesscase, one can setM c = 0 directly in
Eqs. (4.13). By doing so, the second time derivatives drop out and one is left with a �rst-order
problem for the displacements. In this case, the characteristic equation (4.15) simpli�es and
one can analytically determine the maximum instability growth rate

� � =
� �

0q
d2

k + (1 � d? )2
: (4.16)

The Taylor expansion � � = � �
0

�
1 + d? � d2

k=2 + : : :
�

shows that, already in the massless
case, non-zero mutual-friction coe�cients dk > 0 and d? < 0 cause a suppression of the
system instability, with a �rst-order correction given by d? , while dk enters only at second
order. The rate given by Eq. (4.16) is plotted in the left panel of Fig. 4.4.

A similar contour plot is shown in the right panel of Fig. 4.4 for the general case ofM c > 0,
where the growth rate (4.14) comes out as a numerical solution of Eq. (4.15). The steeper
slopes of the contour lines between the two panels in Fig. 4.4 indicate that� � becomes more
sensitive to dk in the presence of �lled massive cores.

We conclude this Section by observing that an alternative formulation of the mutual-friction
force (4.11) acting on thej -th vortex is given by

F N
j = �m ana

�
� (vn � vs;j ) � � 0̂z � (vn � vs;j )

�
; (4.17)
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Figure 4.4.: Contour plots of the maximum instability growth rate � � of a vortex row as a function
of the friction coe�cients dk and d? . Left panel: plot of the massless result (4.16) normalized with
respect to its dissipationless limit (4.2). Right panel: plot of the massive result (4.14) normalized with
respect to its dissipationless limit (4.8).

where vs;j is the super
uid velocity in the neighborhood of the vortex [154, 155], and the
longitudinal and transverse friction coe�cients � and � 0 are both typically positive. In this
framework, as was shown in Ref. [36], the maximum instability growth rate (4.16) reads

� � = � �
0

p
� 2 + (1 � � 0)2: (4.18)

The Taylor expansion � � = � �
0

�
1 � � 0+ � 2=2 + : : :

�
indicates an increase of the instabil-

ity rate with longitudinal friction (controlled by � ), which naively looks in contrast with
what discussed above. However, as shown in Ref. [155], in the absence of mass, the fric-

tion coe�cients f �; � 0g are related to
�

dk; d?
	

by the relations � = dk=
h
d2

k + (1 � d? )2
i
,

� 0 = 1 � (1 � d? ) =
h
d2

k + (1 � d? )2
i
, and using them, one may directly verify that Eq. (4.18)

is completely equivalent to Eq. (4.16).

4.3. Massless vortex necklaces in annular super
uids

Vortex necklaces, also termed as vortex polygons, emerge at the interface between two coun-
ter
owing annular-like super
uids. The latter are particularly noteworthy for experimental
protocols, as they lend themselves to implementing 
ows with periodic boundary conditions.

The dynamics of Nv massless vortices on a planar annulus can be studied by means of
the complex potential formalism that we introduced in Chapter 2. In particular, combining
together Eqs. (2.17), (2.26) and developing some algebra, the complex velocity of thekth
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vortex is obtained as

_yk + i _xk =
~

ma
lim

z! zk

�
dFN v (z)

dz
�

1
z � zk

�

=
~e� i� k

mar k

2

4n1 �
1
2

+
i
2

#0
1

�
� i ln

�
r k
R2

�
; q

�

#1

�
� i ln

�
r k
R2

�
; q

� �
i
2

N vX

j =1

0
�

#0
1 (� k (r j ); q)

#1 (� k (r j ); q)
�

#0
1 (� k (r j ); q)

#1 (� k (r j ); q)

�
3

5 ;

(4.19)

where the de�nitions of � k (r j ) and � k (r j ) are given in Eq. (2.28).

We now consider the motion of a symmetric necklace composed byNv vortices that follow
the same precession orbit with radiusr0 and uniform angular velocity 
 N v . As pictorially
represented in Fig. 4.5, these are vortex structures of the type

r j (t) � r0; � j (t) =
2�
Nv

j + 
 0
N v

t; with j = 1 ; 2; : : : ; Nv : (4.20)

Plugging this ansatz inside Eq. (4.19) and exploiting the properties of Jacobi theta functions,
one ends up with the following expression for the precession angular velocity of a necklace of
Nv massless vortices with radiusr0,


 0
N v

(r0) =
~

mar 2
0

2

4n1 �
1
2

+
i
2

N vX

j =1

#0
1

�
�

N v
(1 � j ) � i ln

�
r 0
R2

�
; q

�

#1

�
�

N v
(1 � j ) � i ln

�
r 0
R2

�
; q

�

3

5 : (4.21)

In Fig. 4.6, we plot Eq. (4.21) as a function ofr0 for di�erent values of Nv .

Figure 4.5.: Schematic representation of the physical system forNv = 6 vortices forming a regular
necklace with radius r 0. The super
uid (light blue region) is con�ned in a two-dimensional annular
domain having radii R1 < R 2 and quantized 
ow circulation n1 around the inner boundary. It hosts
vortices with unit positive charge at positions r j = ( r j ; � j ).

Equation (4.21) generalizes and uni�es various well-known results:
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ˆ When r0 =
p

R1R2, it reduces to


 0
N v

�
r0 =

p
R1R2

�
=

~
mar 2

0

�
n1 +

Nv � 1
2

�
; (4.22)

a formula that generalizes Eq. (B6) of Ref. [64], valid for a single vortex in an annulus, to
the case of aNv-vortex necklace. In the special case ofn1 = � Nv=2, the aforementioned
expression reads


 0
N v

�
r0 =

p
R1R2

�
= �

1
2

~
mar 2

0
(4.23)

and is therefore independent of the number of vortices.

ˆ In the limit of an in�nitely small internal boundary, it reduces to

lim
R1 ! 0


 0
N v

=
~

mar 2
0

2

6
4n1 +

Nv � 1
2

+ Nv

�
r 0
R2

� 2N v

1 �
�

r 0
R2

� 2N v

3

7
5 (4.24)

and represents the precession frequency of anNv-vortex necklace in a disk of radiusR2

in the presence of an extra vortex of chargen1 at the disk's center. For n1 = 0 this
formula corresponds to the massless limit of Eq. (5) of Ref. [160].

ˆ Taking the additional limit R2 ! + 1 , the latter expression reduces to

lim
R2 ! + 1

lim
R1 ! 0


 0
N v

=
~

mar 2
0

�
n1 +

Nv � 1
2

�
(4.25)

which corresponds to Eq. (8) of Ref. [149], valid for a vortex necklace in the in�nite
plane.

Interestingly, Eq. (4.25) corresponds to Eq. (4.22), meaning that, whenr0 =
p

R1R2, the
precession frequency of the necklace in the annulus corresponds to that of a necklace in the
unbounded plane. In fact, this special value ofr0 is such that the image charges generated
by the two circular boundaries yield a net vanishing e�ect on the real vortices.

Figure 4.6.: Precession frequency (4.21) as a function ofr 0 for di�erent values of Nv and n1 = � Nv =2,
with R2 = 4 :5R1. The vertical red dashed line corresponds to the geometric mean

p
R1R2, while

the horizontal red dashed line corresponds to Eq. (4.23). The blue-shaded rectangles correspond to
regions which lie outside the annular domain.

56



4.3. Massless vortex necklaces in annular super
uids

Notice that Eq. (4.21) is also a notable solution of the Euler-Lagrange equations associated
to the e�ective Lagrangian (4.26), that we rewrite here for the sake of convenience:

L a =
N vX

j =1

(

� ~na
�
R2

2 � r 2
j

� _� j � � j �
N vX

k=1

0
Vjk

)

= Ta � H a: (4.26)

In view of studying the stability of the system, we have conveniently isolated the kinetic term

Ta =
N vX

j =1

� ~na
�
R2

2 � r 2
j

� _� j ; (4.27)

which depends on the vortex velocitiesf _r j g, from the potential term

H a =
N vX

j =1

 

� j +
N vX

k=1

0
Vjk

!

; (4.28)

which depends on the vortex positionsf r j g. This is a consequence of the �rst-order dynamics
of 2D quantum vortices, whosex and y components play the role of canonically conjugate
variables. Moreover, the total energy (4.28) is a conserved quantity as well as the total
angular momentum (3.18).

4.3.1. Instability of a massless vortex necklace

To perform the linear-stability analysis of vortex-necklace con�gurations, it is convenient to
start by rewriting the Lagrangian (4.26) in a reference frame rotating at angular frequency

. The coordinate transformation reads r 0

j = r j and � 0
j = � j � 
 t , where the primed variables

are the ones in the rotating reference frame. The transformed Lagrangian

L 0
a =

N vX

j =1

(

� ~na
�
R2

2 � r 2
j

� �
_� 0
j + 


�
� � j �

N vX

k=1

0
Vjk

)

(4.29)

is such that both � j and Vjk are unaltered by the transformation. Comparing Eqs. (4.29)
and (4.26), it is clear that the kinetic term T 0

a = � ~na
P N v

j =1 (R2
2 � r 2

j ) _� 0
j is formally unaltered,

while the potential term is modi�ed as follows:

H 0
a =

N vX

j =1

 

� j +
N vX

k=1

0
Vjk

!

� 

N vX

j =1

� ~na(R2
2 � r 2

j ): (4.30)

Provided that 
 equals 
 N v [as given by Eq. (4.21)], theNv-vortex necklace constitutes a
stationary con�guration in the rotating reference frame.

We develop the linear-stability analysis according to the scheme described in Ref. [85], i.e.
by diagonalizing the 2Nv � 2Nv matrix

J = t � 1 S H (4.31)

where

t =

 
@2T 0

a

@r0j @_� 0
j

!

eq

(4.32)
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is actually independent of j and

(H) i;j =
�

@2H 0
a

@Di @Dj

�

eq
(4.33)

is the Hessian matrix associated to Hamiltonian (4.30) and evaluated at the regular-necklace
con�guration (hence the subscript \eq"). The vector D =

�
r 0

1; :::; r 0
N v

; � 0
1; : : : ; � 0

N v

� T consti-
tutes the full array of dynamical variables in the rotating reference frame (recall that r j � r 0

j ).
Eventually, the antisymmetric matrix

S =

 
0N v I N v

� I N v 0N v

!

(4.34)

encodes the Hamiltonian structure of the system, 0N v and I N v being, respectively, the zero-
and the identity matrix of order Nv .

The 2Nv eigenvalues ofJ are complex numbers, which we write as

� j = � j + i ! j : (4.35)

As is well-known from the theory of Hamiltonian matrices, recall that also � � j , � �
j , and � � �

j

are eigenvalues ofJ . Their imaginary parts are the frequencies of stable small oscillations
around the necklace solution, while their real parts describe their instability. In the following,
we will focus on the set of� j 's, which are often termed instability growth rates.

Figure 4.7 shows the instability growth rate � on the wavenumber qj = 2 �j= (Nvdv), for
di�erent values of Nv (only one half of the full dispersion relation is shown, being it symmetric
with respect to the most unstable wavenumber).

Figure 4.7.: Dependence of the instability growth rates� [corresponding to the real parts of eigenval-
ues (4.35)] on the eigenmode wavenumberq for di�erent values of Nv . Results obtained for necklaces
of radius r 0 =

p
R1R2 and n1 = � Nv =2. The black solid line corresponds to Eq. (4.1).

In all cases, the most unstable mode is the one associated toq� = qj = N v =2 = �=d v , where
dv � 2�r 0=Nv is the intervortex distance, while the mode q = 0 is such that � (q = 0) = 0.
The latter property is associated to the conservation of the total angular momentum, which
follows from system rotational invariance. For Nv ! + 1 , the points collapse on Eq. (4.1),
which was derived for straight vortex rows in Ref. [145]. The structure of the normal modes
for Nv = 6 is illustrated in Fig. 4.8.
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Figure 4.8.: Structure of the 4 independent eigenmodes associated to a 6-vortex necklace. Panels
correspond to the allowed wavenumbersq = 0 ; 1; 2; 3 (from left to right). Red arrows represent the
relevant displacement vectors. The �rst panel shows the stable mode, while the last one is the most
unstable (i.e., the one with q = q� ).

4.4. Massive vortex necklaces in annular super
uids

In this Section we show that also a non-zero core mass tends to stabilize a vortex necklace
on an annular domain, thus unifying and generalizing the analyses developed in Secs. 4.2 and
4.3.

4.4.1. Hamiltonian description

When vortex cores have a �nite mass, the ensuing inertial contribution to the dynamics of
each vortex can be easily introduced in the Lagrangian model [2, 29, 99]. The corresponding
model Lagrangian of the system was previously derived in Chapter 3 and reads

L
�

f r j ; � j g;
n

_r j ; _� j

o�
=

N vX

j =1

(
M c

2

�
_r 2
j + r 2

j
_� 2
j

�
+ � ~na

�
R2

2 � r 2
j

� _� j � � j �
N vX

k=1

0
Vjk

)

:

(4.36)
This result coincides with Eq. (3.14) upon the identi�cation of the vortex core mass M c =
M b=Nv . To carry out the linear-stability analysis, it is convenient to resort to an equivalent
Hamiltonian description, where the total energy

H =
N vX

j =1

8
><

>:

p2
r j

2M c
+

h
p� j � � ~na

�
R2

2 � r 2
j

�i 2

2M cr 2
j

+ � j +
N vX

k=1

0
Vjk

9
>=

>;
(4.37)

can be obtained upon a standard Legendre transform of Lagrangian (4.36) and constitutes
the massive version of Hamiltonian (4.28). Notice that, if compared to the latter, Hamil-
tonian (4.37) depends on twice as many dynamical variables, since the 2Nv independent
canonical momenta

pr j =
@L
@_r j

= M c _r j (4.38)

p� j =
@L

@_� j
= M cr 2

j
_� j + � ~na

�
R2

2 � r 2
j

�
(4.39)

are unlocked by the introduction of a non-zeroM c [29].

The notable class of solutions described in Sec. 4.3 and corresponding to regular vortex
necklaces is, in general, modi�ed, as the core inertial mass results in an additional centrifugal
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force acting on each vortex. After de�ning the total mass of the super
uid component
M a = �

�
R2

2 � R2
1

�
nama, and introducing the mass ratio mn = M c=Ma (the subscript n

stands for \necklace"), one can compute the precession frequency


 N v (r0) =
1

� annmn

�
1 �

q
1 � 2� annmn 
 0

N v
(r0)

�
(4.40)

of the massive Nv-vortex necklace [the full derivation is presented in Appendix B]. This
expression involves the precession frequency 
0

N v
of the massless vortex necklace, Eq. (4.21),

and reduces to it in the limit mn ! 0. We also recall the expression of the convenient unit
of time that we have chosen, i.e.,� ann = ma(R2

2 � R2
1)=~.

4.4.2. Core-mass-induced suppression of the instability

We show now that the presence of a �nite mass �lling the cores strongly a�ects the stability
properties of vortex necklaces against perturbation.

To develop the linear-stability analysis, we preliminary rewrite Hamiltonian (4.37) in a
(primed) reference frame rotating at frequency 
 N v with respect to the (unprimed) laboratory
frame according to the standard transformation

H (f r j g; f pj g) ! H 0�
f r 0

j g; f p0
j g

�
= H

�
f r 0

j g; f p0
j g

�
� 
 N v

N vX

j =1

(r 0
j � p0

j ) � ẑ (4.41)

(recall that r j � r 0
j by de�nition). Then, one computes the matrix J = S H, where H is

the Hessian matrix associated to Hamiltonian (4.41) and evaluates it at the rotating regular-
necklace con�guration, which constitutes a �xed-point (hence the subscript \eq") when ob-
served from the rotating reference frame. Notice that, as opposed to the scheme illustrated
in Sec. 4.3.1 and to Eq. (4.33), the vector

D =
�

r 0
1; :::; r 0

N v
; � 0

1; : : : ; � 0
N v

; p0
r 1

; : : : ; p0
r N v

; p0
� 1

; : : : ; p0
� N v

� T
; (4.42)

now includes twice as many dynamical variables, because the introduction of core mass dou-
bles the dimension of the associated phase space. The antisymmetric matrixS is the 4Nv � 4Nv

version of Eq. (4.34). The 4Nv eigenvalues ofJ are of the type

� j = � j + i ! j ; (4.43)

and they determine the stability of the regular massiveNv-vortex necklace. We are primarily
interested in the maximum instability growth rate

� � := max
j 2 [1;4N v ]

f � j g; (4.44)

as it is the rate that characterizes the breakdown of the necklace structure upon perturbation.

Quite generally, the core mass tends tostabilize the necklaces, i.e. the maximum instability
growth rate � � is smaller in the presence of core mass. In the left panel of Fig. 4.9 we illustrate
this e�ect for necklaces featuring di�erent values of M c.

One can observe that the suppression of the instability is more e�ective for larger values
of Nv . Additional insights into the physical mechanism responsible for this suppression can
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Figure 4.9.: Maximum instability growth rate � � (normalized to its value � �
0 at zero mass) for a

massive vortex necklace of radiusr 0 =
p

R1R2 inside an annulus with radii R2 = 4 :5R1. Left:
dependence of� � , as de�ned in Eq. (4.44), on the vortex core massM c, for di�erent number of
vortices Nv . Right: dependence of� � , as given by Eq. (4.45), on the parametermN 2

v .

be obtained adapting Eq. (4.8), rigorously valid for an in�nite vortex row, to the case of a
Nv-vortex necklace of radiusr0. This is obtained via the substitution a = 2 �r 0=Nv , yielding
the following maximum instability growth rate for a massive necklace:
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r 2
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(4.45)

This relation, illustrated in Fig. 4.10 as a function of the number of vortices (solid lines), well
captures the results of the full numerical linear-stability analysis (dots) for a vortex necklace
in an annular domain.

Interestingly, the quantity mnN 2
v emerges as a universal parameter in the above Eq. (4.45).

In fact, the di�erent curves in the left panel of Fig. 4.9 eventually collapse onto a single curve
� � (mnN 2

v ) in the right panel.

As already shown in Sec. 4.2.1, the introduction of a non-zero core mass modi�es the asymp-
totic behaviour of � � (Nv): the quadratic scaling law

� � =
�

16�r 2
0

N 2
v (4.46)

characterizing the well-known massless scenario gives way to thelinear dependence

� � �
r

mana

M c�
�

4r0
Nv : (4.47)

Comparing Eqs. (4.46) and (4.47), one can easily determine the critical value

~Nv = 4

s
�m anar 2

0

M c
(4.48)

below (above) which the dependence of� � on Nv is quadratic (linear), and observe that, for
M c ! 0+ , it diverges, a circumstance which con�rms the asymptotic quadratic dependence
characterizing massless vortices (see Fig. 4.10). This change of scaling law can be equivalently
formulated in terms of the velocity di�erence

� v =
�

2�r 0
Nv (4.49)
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at the interface between the two counter-propagating 
ows. One can verify, in fact, that the
well-known quadratic scaling � � / � v2 associated to Eq. (4.46) and typical of the classi-
cal [120, 131] as well as of the super
uid Kelvin-Helmholtz instability [36, 145] is replaced by
the linear scaling � � / � v associated to Eq. (4.47).

Figure 4.10.: Dependence of the maximum instability growth rate � � on the number of vorticesNv

for di�erent values of the core massM c. Dots correspond to the results of the full linear-stability
analysis of a vortex necklace in an annular domain [see Eq. (4.44)], while solid lines corresponds to the
predictions of Eq. (4.8) adapted to the case of vortex necklaces. Stars denote the critical values (4.48)
at which the scaling � � (Nv ) crosses over from quadratic to linear.

4.5. Comparison with experiments

Recently, the super
uid Kelvin-Helmholtz instability has been observed with unprecedented
accuracy in an atomic super
uid of 6Li [36]. Upon imprinting two counter-rotating 
ows with
tunable relative velocity, the LENS group characterized the development of an ordered vortex
necklace and its subsequent breakdown due to the onset of instability. In this Section, we
compare their experimental measurements, performed across di�erent regimes, ranging from
weakly-interacting bosonic (BEC side) to strongly-correlated fermionic pair condensate (BCS
side), with the predictions of our dissipative and massive point-vortex model.

Unfortunately, it is not possible to rigorously perform the linear-stability analysis for a (ei-
ther massless or massive) vortex necklace subject to frictional forces. The reason is that, in
the presence of dissipation, regular vortex necklaces (see Sec. 4.3 and Sec. 4.4.1) no longer
constitute stationary solutions of the associated dynamical systems. More in detail, for the
vortex row case in Sec. 4.2.1, thestatic equilibrium solution (4.5) is a �xed point which is
not a�ected by the addition of �ctional forces. On the contrary, for an annulus without
dissipation the vortex necklace (4.20) represents adynamical equilibrium con�guration. As
such, the linear stability analysis described in Sec. 4.3.1 and Sec. 4.4.2 requires to move to
the corotating reference frame. Since the frictional forces are velocity-dependent, in the pres-
ence of dissipation the vortex necklace solution is no longer a �xed point of the dynamic
system. This circumstance prevents the application of the standard linear-stability-analysis
machinery (neither in the laboratory nor in any rotating frame) and would require a sys-
tematic analysis of the early-time dynamics generated by the full set of equations of motion
with suitable stochastic initial conditions. However, assuming that the breakdown of the
necklace is only due to the Kelvin-Helmholtz mechanism, one can estimate the corresponding
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instability growth rate in the presence of dissipation adapting Eqs. (4.14)-(4.16), obtained
for a vortex row, to the case of a vortex necklace. This can be done upon the substitu-
tion a = 2 �r 0=Nv and, on the basis of what was discussed in Sec. 4.4.2 (and illustrated in
Fig. 4.10), the resulting equations are expected to well capture the properties of the actual
vortex necklace.

The outcomes of this analysis are shown in Fig. 4.11 as a function of the (squared) velocity
di�erence (4.49) at the interface between the two counter-rotating 
ows. According to the
results of Ref. [61] (see, in particular, panel 1h) and Ref. [157] (panel 3c), we took� = 0 :01 as a
realistic estimate of the longitudinal mutual-friction coe�cient. Moreover, one can introduce
the parameter

f =
M c

�� 2mana
; (4.50)

representing the �lling fraction of a vortex core of radius � � 0:75 � m, that, for this speci�c
experimental platform, has two natural bounds: 0 (completely empty core), and 1 (density
of quasi-particle bound states equal to the super
uid density).

Figure 4.11.: Dependence of the maximum instability growth rate � � on the velocity di�erence at the
interface between two counter rotating 
ows. The gray dashed line corresponds to Eq. (4.2), written
in terms of � v. Filled blue circles, orange squares, and green diamonds represent the experimental
measurements reported by the LENS group for an atomic super
uid of6Li atoms (data extracted from
Fig. 3f of Ref. [36]). The green and the red solid lines represent the predictions of our generalized
point-vortex model, for � 0 = 0 :10 and � 0 = 0 :75, respectively. In both cases we assumed� = 0 :01,
a value which is compatible with the results reported in Fig. 1h of Ref. [61]. There is no visible
di�erence between the predictions for f = 0 (solid lines) [see Eq. (4.18)] and the predictions forf = 1
(open triangles) [see Eq. (4.14)].

As visible in the �gure, the transverse mutual-friction coe�cient � 0 can indeed cause a
signi�cant suppression of the instability. Experimental data on this coe�cient were lacking at
the time of realizing this work [4], and our �ndings suggested that the measured values of� � ,
signi�cantly smaller than the expected one [see Eq. (4.2)], would have been reproduced if� 0 �
0:75. More recently, such an estimate has not found con�rmation in a recent experimental
work by the LENS group [157], where values� 0 ' 0:10� 0:20 have been measured in a range
of temperatures typical of the fermionic super
uid.

Moreover, for the current system, the presence of core mass up tof = 1 appears to have
a negligible impact on the relation � � (� v2). We have veri�ed that the core-mass-induced
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suppression of such scaling indeed occurs, but only at much larger (f � 50), and therefore
unrealistic, values of the �lling fraction (4.50). The �lling fraction f = 1 corresponds to
the tiny mass ratio M c=Ma ' 10� 4, thus explaining the absence of a visible e�ect on� � in
Fig. 4.11. We would mention that the �lling of vortex cores can substantially increase in
the deep BCS regime, where a larger number of quasi-particle bound states could provide
the vortices with a non-negligible core mass (up toM c=Ma ' 10� 2). Also, in a very recent
study [143] by An et al., it was found that in the onset of the super
uid Kelvin-Helmholtz
instability at the interface of two distinct super
uids, vortices within each super
uid are
populated by particles from the other super
uid. Consequently, all vortices in that system
are endowed with a sizable inertial mass (and hence to a �lling fractionf signi�cantly larger
than zero).

In summary, we have shown that the introduction of core mass and dissipative e�ects into
the point-vortex model is, in general, responsible for a stabilization of vortex necklaces. From
a quantitative perspective the main role seems to be played by the transverse mutual-friction
coe�cient � 0.

4.6. Conclusions

In this Chapter, we analyzed the stability of vortex rows and vortex necklaces which typi-
cally appear at the interface between two super
ows having a non-zero relative velocity (hence
the analogy with the well-known classical Kelvin-Helmholtz instability). Previous theoreti-
cal works [145, 148, 149] have quanti�ed the instability growth rate for certain noteworthy
classes of point-vortex structures in ideal 
uids. However, none of these works considered
the combined presence of vortex mass and dissipation in real super
uid systems and their
in
uence on the breakdown of such structures.

Motivated by the fact that, in many real experimental platforms, quantum vortices are
often �lled by massive particles, either deliberately or accidentally, we developed a toy-model
of vortex rows with �nite core mass. The latter introduces a two-fold modi�cation on the
maximum instability growth rate ( � � ), which not only is suppressed, but its scaling law with
respect to the number of vortices per unit length (Nv=L) changes from quadratic to linear.
We also proved that a second stabilizing e�ect on vortex rows is played by dissipation, mainly
due to the transverse (d? ) rather than the parallel ( dk) component.

Similar e�ects as the one predicted by the toy model result from the analysis of the
(in)stability properties of vortex necklaces. These are typical con�gurations of super
uid

ow in narrow annuli and, more in general, narrow channels, which constitute the typi-
cal setups used to investigate the development of the super
uid Kelvin-Helmholtz instabil-
ity [36, 144, 146].
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5. Massive vortices in Fermi super
uids

This Chapter is mostly taken from Ref. [5].

5.1. Introduction

The inertial vortex mass constitutes a well known open problem which plays a pivotal role
to the understanding of super
uid dynamics. This is underscored by the 2016 Nobel Laureate
D.J. Thouless, who wrote [161]:

Vortex inertial mass is a salient uncertain parameter [...], theories of a universal
vortex mass based on di�erent assumptions do not agree [...]. Con
icting results
on the mass of a quantized vortex in a neutral super
uid can be found in the
literature.

Similarly, the 2003 Nobel Laureate A.J. Leggett stated [162]:

To the best of our knowledge, all the estimates in the existing literature of the
e�ective mass of vortices and other singularities in super
uid Fermi systems have
been based on phenomenological arguments [...] and have produced only order-of-
magnitude estimates.

The very existence of the vortex mass and its origin have been foreshadowed in several
works scattered through the decades (see Refs. [94, 163] and references therein). These
pioneering studies were unavoidably limited to phenomenological approaches that required
di�erent a priori assumptions and that led to several distinct estimates of the vortex e�ective
mass, spanning from zero (a commonly used assumption) to �nite and even in�nite [164,
165]. In fermionic super
uids including superconductors, the appearance of a mass has been
tentatively ascribed either to the normal component trapped in the core [27, 28, 94, 95, 166{
171], or to the bound fermionic states in the core identi�ed by Caroli, De Gennes, and
Matricon [26]. Yet, di�erent mechanisms with con
icting predictions have been proposed,
and consensus is lacking on both the microscopic origin of the mass and, most importantly,
on its impact on the observable properties of the vortex.

In this Chapter we face this long-standing and unresolved question through the character-
ization of the inertial e�ects of quantum vortices in a convenient and experimentally real-
istic platform, i.e., a Fermi super
uid con�ned in a circular boundary. The novelty of our
approach consists of the combination of the analytical point-vortex model with large-scale
numerical calculations which are currently at the forefront for modeling the quantum dy-
namics of Fermi super
uids [172]. The most suitable tool to study the dynamics of a vortex
in a microscopic framework is the time-dependent Hartree-Fock-Bogoliubov theory, which
for fermionic super
uids is described by the time-dependent Bogoliubov-de Gennes (BdG)
equations. This method was originally used to study the static properties of single vortices
in the crossover from Bardeen-Cooper-Schrie�er (BCS) type super
uidity to a Bose-Einstein
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condensate (BEC) of tightly bound pairs [173{177]. Over the last decades, it bene�ted from
the development of the time-dependent Super
uid Local Density Approximation (SLDA),
an ab initio method based on Density Functional Theory (DFT) [178, 179]. It is worth
mentioning that the successful application of SLDA to the study of quantum vortices in
Fermi gases [180{184] has led to remarkable agreement with experiments related to vortex
nucleation process [185], lattice formation [186] or vortex dipole collisions [97].

The vortex trajectories extracted from �rst-principle simulations can only be explained by
the point-vortex model derived in Chapter 3, that is only if the vortex possesses a �nite mass.
The core mass thus proves to be an intrinsic property of quantized vortices in fermionic su-
per
uids, and we characterize it over the BCS-BEC crossover. Not only do DFT simulations
reveal an inertial response, but they also suggest a di�erent origin of the vortex mass. Re-
markably, it is not related to the well-known CdGM bound states, as many works have
suggested over the decades. Instead, it is the normal component arising from the spatial
inhomogeneity of the order parameter that localizes inside the vortex core and a�ects the
dynamical properties of vortices. The enhancement of the vortex mass at �nite temperature
is a further corroboration of this physical picture.

5.2. Point-vortex model

We consider an e�ectively two-dimensional (2D) uniform super
uid trapped in a disk of
radius R and hosting a point-like and massless vortex at positionr 0. The vortex dynamics
is essentially determined by the boundary, which is modeled by an oppositely-charged image
vortex located at position r 0

0 = ( R=r0)2 r 0 and ensuring no-
ow boundary conditions. In the
absence of dissipation, the considered vortex is propelled by its image and moves with the
local super
uid velocity vs according to the �rst-order equation of motion

_r 0 � vs = ẑ �
~

mb

r 0

R2 � r 2
0

; (5.1)

where mb is the mass of the (e�ective) boson constituting the super
uid and ẑ is the unit
vector parallel to the vortex axis [54]. In this framework, a quantum vortex can only travel
along circular orbits with radius r0, shown by a gray dashed line in Fig. 5.1(b).

As explained in the previous Chapters, the scenario changes quite dramatically if the vortex
has a non-zero inertial massM c [29, 163, 187]. In this case, in fact, the vortex no longer
moves with the local super
uid velocity, but follows the Newton-like equation of motion

M c•r 0 = 2 � ~�� s (vs � _r 0) � ẑ (5.2)

regardless of the microscopic origin ofM c ( �� s represents the 2D bulk super
uid density).
In stark contrast to the massless case, a massive vortex exhibits small-amplitude transverse
oscillations superimposed to the previously described uniform circular orbit [29], which are
depicted by the solid blue line in Fig. 5.1(b). The frequency of these oscillations reads

! =
1
�

2
m

s

1 � m
2 � ~r 2

0�
1 � ~r 2

0

� 2 ; (5.3)

where � = mbR2=~ is a convenient unit of time, ~r0 = r0=R is the dimensionless radial
position, and m = M c=Ms represents the core-super
uid mass ratio (M s = m

R
� s(r ) dr
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denotes the total mass of the super
uid). In the limit R ! 1 , the oscillation frequency
remains well de�ned and approaches! = 2 � ~�� s=Mc, con�rming that the vortex mass M c

retains its physical relevance in the hydrodynamic limit. Moreover, in the small-mass limit
such frequency displays the same scalingM � 1

c as the cyclotron frequency because of the
Magnus-like form of the right-hand side of Eq. (5.2). This dependence can also be understood
by exploiting the formal analogy between quantum vortices and electric charges [2]. Namely,
a massive vortex in a super
uid with mass densitym� s behaves like a chargeq in a transverse
magnetic �eld B , and vortex oscillations are analogous to cyclotron oscillations with frequency
! = qB=m. In our analysis we measure the oscillation frequency! and then we extract the
vortex massm through Eq. (5.3). We highlight that this approach is free of any assumptions
regarding the source of the vortex inertia, and the massM c is an intrinsic property of the
vortex which does not depend on the system details. Interestingly, this protocol has been
applied across various physical systems to determine the e�ective mass of (quasi-)particles.
Examples include mass spectrometry [188], where the mass-to-charge ratio of ions is inferred
from their cyclotron motion; Penning traps, which are used to measure with high accuracy
the mass of ions and subatomic particles [189]; cyclotron resonance in semiconductors, used
to extract the e�ective mass of charge carriers [190]; and fractional Quantum hall liquids,
where the e�ective mass of bound states formed by embedded impurities and particles from
the bath could be extracted by characterizing their cyclotronic motion [191].

Figure 5.1.: (a) Pictorial illustration of a super
uid (blue) con�ned in a circular trap and hosting
an o�-centered vortex whose core is �lled by some normal component (orange). Panel (b) shows the
trajectory (solid blue line) of the massive vortex characterized by small-amplitude radial oscillations
around the circular trajectory of a massless vortex (gray dashed line).
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5.3. DFT simulations

We model the super
uid Fermi gas using a Density Functional Theory approach in the
formulation known as Super
uid Local Density Approximation (SLDA) [179]. The energy of
the system is computed as an integral over the energy density functional

E (t) =
Z

E[� (r ; t); � (r ; t); j (r ; t); � (r ; t)] dr ; (5.4)

which depends on the total (� ), kinetic ( � ), current ( j ) and anomalous (� ) local densi-
ties. They are expressed in terms of the Bogoliubov amplitudesf un (r ; t); vn (r ; t)g according
to [192]:

� (r ; t) =
X

0<E n <E c

2
h
jvn (r ; t)j2f (� En ) + jun (r ; t)j2f (En )

i
; (5.5a)

� (r ; t) =
X

0<E n <E c

2
h
jr vn (r ; t)j2f (� En ) + jr un (r ; t)j2f (En )

i
; (5.5b)

j (r ; t) =
X

0<E n <E c

2
m

Im
�
(vn (r ; t)r v�

n (r ; t)) f (� En ) � (un (r ; t)r u�
n (r ; t)) f (En )

�
; (5.5c)

� (r ; t) =
X

0<E n <E c

[(f (� En ) � f (En ))un (r ; t)v�
n (r ; t)] : (5.5d)

The factor of 2 appearing in these expressions accounts for spin degeneracy, whilef (E ) =
1=[eE=T + 1] is the Fermi-Dirac distribution function. Here we work in units where ~ = kB =
1. We assume that the thermal occupation probabilitiesf (En ) do not change signi�cantly
in time, and over the entire evolution we consider them as frozen to the values de�ned
by the initial conditions. This assumption is reasonable since the vortex dynamics is slow
compared to the Fermi time scale" � 1

F , and the system always stays close to equilibrium. The
summation in the de�nition of densities is performed over all the quantum states f un ; vng
with quasiparticle energies up to the cut-o� energy Ec � 10"F , and thus they account for
both the super
uid and normal component. It is also worth mentioning that, in contrast to
the commonly used Local Density Approximation (LDA), the kinetic contribution � in the
SLDA is computed directly via derivative operators acting on quasiparticle wave functions,
see Eq. (5.5b).

The equations of motion are formally equivalent to time-dependent Bogoliubov-de Gennes
(BdG) equations for the quasiparticle amplitudes:

i
@
@t

 
un (r ; t)
vn (r ; t)

!

=

 
ĥ(r ; t) �( r ; t)

� � (r ; t) � ĥ� (r ; t)

!  
un (r ; t)
vn (r ; t)

!

: (5.6)

The single-particle hamiltonian (ĥ), the mean-�eld ( U) and the pairing (�) potential are
related to energy density functional (5.4) via appropriate functional derivatives:

ĥ = �
r 2

2m
+ U(r ) + Vext (r ); U =

� E
��

; � = �
� E
�� � : (5.7)

U and � contain beyond mean-�eld corrections which depend on the interaction strength
through the parameter kF a, and their dependence on the Bogoliubov amplitudes through the
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respective densities results in highly nonlinear equations of motion. Since in the computa-
tion we consider only states up to the cut-o� energy Ec, the theory must be appropriately
renormalized - we refer the reader to Ref. [192] where explicit expressions for the energy
functional, the associated functional derivatives and the renormalization scheme are pro-
vided. A schematic representation of the self-consistent cycle required by the SLDA is shown
in Fig. 5.2.

The Fermi gas is con�ned by an external axially-symmetric potential Vext

�
r =

p
x2 + y2

�

which is zero for r < R and rises smoothly but rapidly to a value much larger than the
chemical potential for r > R . The radius of the cylindrical potential is R = 90 k� 1

F , in units
of the inverse Fermi momentum of the system. The lack of the potential dependence on
the z-coordinate allows to factorize the Bogoliubov amplitudes with plane-waves along the
z-direction

f un (x; y); vn (x; y)geik z z: (5.8)

This greatly simpli�es the computation, as the system reduces to a collection of 2D problems
which we solve on a spatial lattice of size 192� 192 (with lattice spacing dx = k� 1

F ) for 16
values ofkz. The time evolution is initialized with a numerical solution of the static variant
of Eq. (5.6), wherei @

@t is replaced by the eigenenergyEn . This numerical solution displays a
quantum vortex located at position (x0 = r0; y0 = 0), which we enforce by means of the phase
imprinting procedure. Numerical simulations are realized using the W-SLDA Toolkit [193],
which is an advanced software for solving BdG-type problems. The code combines state-
of-the-art algorithms (spectral methods for computation of derivatives, multistep Adams-
Bashforth-Moulton of 5 th order integration scheme, error suppression techniques) with high-
performance computing techniques [194]. The signi�cant computational advancements of the
last decade in developing this high-precision toolkit led us to the level where the successful
detection of the tiny cyclotron motion became possible, as we are going to present in the next
Section.

Finally, the swift progress of DFT for super
uids is strongly tied to the spectacular advances
in computational physics, and more speci�cally in High-Performance Computing, which today
allow to investigate super
uid dynamics across the BCS-BEC crossover at unprecedented
scale [194].

5.3.1. Vortex tracking

We consider a quantum vortex located at the point (xv ; yv) inside the e�ectively 2D super-

uid geometry. The vortex is a singularity of the order parameter �( x; y) = j�( x; y)jei' (x;y ) ,
meaning that the phase' rotates by 2� around the vortex and j�( xv ; yv)j = 0. By employ-
ing the simplex algorithm of Nelder and Mead, implemented within GNU Scienti�c Library,
we thus search for the zero of the functionj�( x; y)j to extract the position of the quantum
vortex. To evaluate the order parameter for arbitrary coordinates (x,y), we use

�( x; y) =
X

kx ;ky

�( kx ; ky)ei (kx x+ ky y) ; (5.9)

where �( kx ; ky) are discrete Fourier coe�cients, obtained from the lattice data.
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Figure 5.2.: Schematic representation of the self-consistent cycle at the basis of the SLDA for a
Fermi super
uid. The advanced software W-SLDA Toolkit is used in the computation. The access to
the LUMI supercomputer, owned by the EuroHPC Joint Undertaking and hosted by CSC (Finland),
has been awarded to our project by the Polish high-performance computing infrastructure PLGrid.

As previously explained, the order parameter is related to the Bogoliubov amplitudes by

�( r ) =
� E

�� � (r )
= �

C
� 1=3

X

0<E n <E c

un (r )v�
n (r )

�
f (� En ) � f (En )

�
; (5.10)

where C is a (negative) constant that depends on the interaction parameterkF a and the
cut-o� energy Ec. Notice that the dependence of the pairing gap of the uniform system
on kF a provided by our DFT framework is consistent with ab-initio calculations and ex-
perimental measurements [192]. In the BCS regime the bulk gap grows exponentially as
�� BCS �

�
8=e2

�
"F exp[�= (2kF a)], while at unitarity it reaches �� UFG � 0:46"F (the explicit

interpolating formula is presented in Ref. [192]).

The quality of data provided by the W-SLDA Toolkit and the tracking method allows us to
identify the vortex position with sublattice resolution with uncertainty at the level of 1% of
the lattice spacing. We refer the reader to Appendix C for further tests on the quality of the
vortex trajectory extraction.

5.4. Weighting a vortex from its trajectory

Here we present the results of large-scale numerical simulations of the motion of a single
o�-centered quantum vortex in a homonuclear two-component fermionic super
uid (with
atomic massm) con�ned in a cylindrical container. We �rst prove that vortex trajectories
present small radial oscillations compatible with Eq. (5.2). Then, relying on both static and
time-dependent DFT approaches introduced in the previous Section, we demonstrate that
the mass of the normal component trapped in the core of quantum vortices is compatible
with the value inferred from the transverse-oscillation frequency (5.3). Note that both the
super
uid and normal components arise naturally within the DFT framework without any
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a priori assumption. We characterize the interaction strength by the product of the three-
dimensionals-wave scattering lengtha and the Fermi wave-vectorkF = (3 � 2 �� )1=3, with �� the
3D bulk density. We focus on the BCS regime (kF a) � 1 . � 1, where a reliable energy density
functional exists [192] and the vortex mass is su�ciently large to be measured. Additionally,
we comment on the strongly interacting regime� 1 . (kF a) � 1 � 0, where the vortex mass
drops below detectable values, and ultimately approaches zero in the deep BEC regime.

5.4.1. Dynamical estimate

Fig. 5.3 shows the time-evolution of the vortex radial position, r0(t) = hr0i + �r 0(t), for three
di�erent values of the interaction parameter kF a, obtained from time-dependent DFT simu-
lations at zero-temperature (hr0i is the average radial position, and�r 0(t) is the 
uctuation
around it). The �rst two panels, corresponding to kF a = � 0:70 and kF a = � 0:85, feature
clear and regular oscillations (solid blue lines) that represent the hallmark of the non-zero
inertial mass of the simulated vortex. These oscillations, despite their very small amplitude
� 0:1dx (with dx the mesh-element length), can be detected through a vortex tracking al-
gorithm with sublattice resolution, as presented in Sec. 5.3.1. We also thoroughly checked
that varying the initial velocities of the massive vortex results in oscillations of di�erent am-
plitudes but unchanged frequency, as it is expected in the framework of linear response for
inertial particles. This and other additional tests, whose details can be found in Appendix C,
allowed us to rule out any possibility of numerical artifacts in the analyzed signalr0(t).

Figure 5.3.: Evolution of the radial coordinate of a vortex orbiting within a Fermi super
uid at
zero temperature (blue solid line, the red dashed line is a sinusoidal �t) as the parameterkF a is
changed. Our simulations start with a static vortex at r 0(t = 0) = 0 :54R. Moving from the deep
BCS regime to the strongly-attractive regime (i.e., from the left to the right panel), the oscillation
frequency increases, while the amplitude is reduced.

Our simulations show no observable damping in the vortex oscillations: the radial motion
of the vortex in Fig. 5.3 is clean, undamped, and coherent over the full simulation timescale,
showing that energy transfer from vortex oscillations to other excitation channels, such as
phonons, is negligible in our setup. This observation is consistent with a constraint ensuing
from simple physical considerations: the wavelength� of the sound waves that the vortex
motion would radiate is larger than the system sizeR, as we prove below, and therefore sound
emission is hardly possible. Starting from the speed of sound in the BCS regime (see Sec.
4.7.3 in Ref. [195]),

c0 =
vFp

3
;
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