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Abstract. The two-dimensional case occupies a special position in the theory of critical phenomena due to
the exact results provided by lattice solutions and, directly in the continuum, by the infinite-dimensional
character of the conformal algebra. However, some sectors of the theory, and most notably criticality in
systems with quenched disorder and short-range interactions, have appeared out of reach of exact methods
and lacked the insight coming from analytical solutions. In this article, we review recent progress achieved
implementing conformal invariance within the particle description of field theory. The formalism yields
exact unitarity equations whose solutions classify critical points with a given symmetry. It provides new
insight in the case of pure systems, as well as the first exact access to criticality in presence of short range
quenched disorder. Analytical mechanisms emerge that in the random case allow the superuniversality of
some critical exponents and make explicit the softening of first-order transitions by disorder.
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1 Introduction

The fact that statistical systems can admit points of
their parameter space at which the correlation length
diverges allows to cast within a same theoretical frame-
work problems as diverse as magnetism, phase transi-
tions in fluids, percolation, polymer satistics, or super-
conductivity (see e.g. [1]). These critical points corre-
spond to fixed points of the renormalization trasforma-
tions that inspect how the system responds to a change
of scale [2]. While the need to deal with infinitely many
degrees of freedom makes of critical phenomena an
intrinsically difficult problem that, in general, can only
be approached within suitable approximation schemes,
a special circumstance turns the two-dimensional case
into a forward position. Field theory, which is the frame-
work one is led to in the study of critical phenomena,
shows that scale invariance at critical points actually
results into invariance under the larger group of confor-
mal transformations [3,4]. In dimension d = 2 the con-
formal group has infinitely many generators, and this
has led to an impressive body of exact results starting
from the representation theory of the conformal algebra
[4,5].

On the other hand, these powerful methods, which for
conciseness we can call “algebraic”, could not yet pro-
vide all the insight about critical phenomena that one
would like to extract exploiting the special character
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of the two-dimensional case. On the side of structural
properties, a pending case has been that of geomet-
rical criticality, of which percolation provides a main
example [6]. In contrast with the problem of bound-
ary connectivity [7,8], the probability that k points in
the bulk belong to a same percolation cluster [9] is not
determined by the differential equations provided by
the algebraic framework. Only in recent years the way
to answer the question for k = 3 has been found [10],
stimulating the study of the case k = 4 [11–16], which
is sensitive to the whole spectrum of scaling dimensions
of the theory1.

The questions that we consider in this article arise
at an earlier stage, since they are concerned with the
very existence of critical points, and with the problem of
gaining theoretical access to them. A first illustration is
obtained recalling that criticality is usually associated
with spontaneous symmetry breaking, a circumstance
that makes clear the role of internal symmetry in the
classification of critical phenomena. This role, however,
is not always easy to combine with the complex alge-
braic structure associated with spatial (i.e. conformal)
symmetry. Hence, for example, the question concern-
ing the maximal value qmax for which criticality can
be achieved in Potts models (permutational symmetry
Sq) has traditionally remained unanswered even in two
dimensions. Lattice results [18] are sufficient to deter-
mine a maximal value 4 for ferromagnets, for which the
lattice structure is immaterial, but leave room for larger
values to be realized in antiferromagnets, which require
a case by case study.

Even more general has been the problem with ran-
dom criticality. This concerns systems with quenched
disorder, i.e. including degrees of freedom (e.g. impu-
rities) that take too long to reach thermal equilibrium
and on observable time scales behave as random vari-
ables (see [1]). Experiments and numerical simulations
show that these systems admit critical points with criti-
cal exponents differing from those of the “pure” systems
(i.e. without disorder). In two dimensions, it has also
been generally known that disorder is able to soften first
order phase transitions of the pure models into second
order ones [19,20], thus making more room for critical-
ity and conformal invariance. This, however, only made
more strident the total absence of exact results for ran-
dom criticality2. Actually, given the inability of estab-
lishing an analytical link, the relevance of conformal
invariance for random criticality could only be argued
on numerical grounds [21–24].

Making progress on such longstanding problems
requires a formalism that, while taking advantage of
the infinite-dimensional character of conformal symme-
try in d = 2, remains able to provide exact informa-
tions in presence of generic symmetries or quenched
disorder. It was shown in [25,26] that this is possible
turning to the particle framework. The fact that field
theory also allows for a particle description is very well

1 See [9,17] for the difference with the boundary k = 4 case.
2 Throughout the paper we always consider the case of
short-range interactions.

known (see e.g. [27] for an introduction), but has not
been traditionally used to deal with critical points. The
reason is that the particle formalism relies on the ana-
lytic properties of the probability amplitudes for scat-
tering processes [28]. The particles, which in statistical
field theory correspond to collective excitation modes,
have a mass m inversely proportional to the correlation
length ξ. At criticality ξ = ∞, and the vanishing of the
mass causes infinitely many branch points of a scatter-
ing amplitude to collapse onto each other, making the
analytic structure intractable. This infrared catastro-
phe, however, does not occur in d = 2, since conformal
symmetry yields infinitely many conservation laws for
the scattering and leaves only a finite number of branch
cuts. Hence, the analytic properties remain under con-
trol. In addition, scale invariance forces the amplitudes
to be energy-independent and allows their exact deter-
mination [25], which amounts to a classification of crit-
ical points with a given internal symmetry.

For pure systems, this classification includes the
known critical points, but can give access to new ones.
Hence, remaining on the example of the q-state Potts
model, one finds that in the absence of disorder qmax =
(7 +

√
17)/2 [29], which leaves room for criticality in

a q = 5 antiferromagnet. The value of qmax illustrates
that the framework accounts for analytic continuation
to noninteger values of q, a possibility known from the
cluster expansion on the lattice [30,31]. This ability to
perform analytic continuations in the symmetry param-
eters is also a key for accessing random criticality, since
it crucially enters the replica representation of quenched
disorder [1]. The particle framework then allows to
explore the space of random fixed points and, for exam-
ple, to see analytically for the first time that disorder
moves qmax to infinity [26]. Exact access to random crit-
icality also reveals unsuspected theoretical mechanisms.
Indeed, some solutions of the fixed point equations turn
out to exhibit sectors that do not depend on symme-
try parameters, and then allow for some superuniver-
sal critical exponents. In particular, this explains [26]
why, for the most studied critical line of the random
bond Potts model, numerical and experimental investi-
gations [32–42] always found ν ≈ 1 for the correlation
length exponent in the range q ∈ [2,∞), while clear
q-dependence was observed for other exponents in [37]
and later studies. The results provided by the parti-
cle framework finally show that conformal invariance,
although exploited in a way very different from the tra-
ditional one, is able to give new and essential insight
also about random criticality.

The presentation is organized as follows. In the next
section, we recall some general notions of critical phe-
nomena and the related vocabulary. In Sect. 3 we turn
to d = 2 and recall some results of conformal field the-
ory, as well as the properties of the line of Gaussian
fixed points. In Sect. 4 we introduce particles and the
scattering formalism, and show how to use them at crit-
ical points. Section 5 illustrates the particle formalism
for the case of pure systems, through the analysis of
two main models of the theory of critical phenomena,
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the O(N) vector model and the q-state Potts model.
The same is then done for the random case in Sect. 6,
after recalling some general aspects of quenched dis-
order and its theoretical treatment within the replica
setting. Some final remarks are given in Sect. 7.

2 Notions of critical phenomena

We consider systems of equilibrium statistical mechan-
ics [43] specified by their Hamiltonian H, for which the
expectation value of an observable O is the statistical
average over configurations

〈O〉 =
1
Z

∑

configurations

O e−H/T , (1)

where T is the temperature and

Z =
∑

configurations

e−H/T (2)

is the partition function. It is convenient, to start with,
to look at the degrees of freedom of a system as vari-
ables si (“spins”) located at sites i of a regular lat-
tice that provides a discretization of the d-dimensional
Euclidean space R

d, with the sums in (1) and (2) corre-
sponding to sums over all spin configurations. We will
refer to systems with short-range interactions among
the site variables. Interactions are also homogeneous
throughout the lattice, so that, in particular, 〈si〉 is
site-independent.

In general, the site variable si has several components
and carries a representation of the symmetry group G
that leaves invariant the Hamiltonian3. A basic example
is the vector model with Hamiltonian

Hvector = −J
∑

〈i,j〉
si · sj , (3)

where si is a N -component unit vector, so that G =
O(N), and the sum is taken over all nearest neighbor
pairs of sites 〈i, j〉. The case N = 1 (G = Z2) defines
the Ising model. The coupling J distinguishes between
ferromagnetic (J > 0) and antiferromagnetic (J < 0)
interactions; for the time being we will refer to ferro-
magnets. A different generalization of the Ising model
is provided by the q-state Potts model [44,45] defined
by the Hamiltonian

HPotts = −J
∑

〈i,j〉
δsi,sj

, (4)

where si = 1, 2, . . . , q. The Hamiltonian is invariant
under global permutations of the q values of the site

3 Since we will focus on critical systems, we directly con-
sider Hamiltonians invariant under the symmetry group G
of the critical point.

variables (often referred to as “colors”), so that the
symmetry corresponds to the permutational group Sq.
The Z2 symmetry characteristic of the Ising model is
recovered for q = 2.

Going back to the general discussion, the “order
parameter” 〈si〉 (or a suitable variant4) vanishes for
T large enough, and becomes nonzero when the tem-
perature is lowered below a critical value Tc, which is
a phase transition point corresponding to the sponta-
neous breaking of the symmetry G. Below Tc the order
parameter can take different values related by the sym-
metry. The transition is said to be of the first order if
the order parameter is discontinuous at Tc, and of the
second order (or, more generally, continuous) otherwise.

The decay

〈sisj〉 − 〈si〉2 ∼ e−|i−j|/ξ (5)

of the spin-spin correlation function for large separa-
tion |i− j| between the two sites defines the correlation
length ξ, which provides the characteristic scale of the
system. The correlation length remains finite at a first-
order transition, but diverges as

ξ ∼ |T − Tc|−ν , T → Tc (6)

when approaching a second-order transition point; this
relation defines the correlation length critical exponent
ν. The divergence of ξ leaves no characteristic scale at
distances much larger than lattice spacing, and leads
to scale invariance at Tc. Unless otherwise specified,
when talking about critical points and critical prop-
erties we will refer to second-order transition points
and to the properties resulting from scale invariance
at these points. Thermodynamical observables exhibit
scaling close to criticality, and for the order parameter
this takes the form

〈si〉 ∼ (Tc − T )β , T → T−
c , (7)

which defines the critical exponent β.
The fact that ξ → ∞ as T → Tc allows a contin-

uum description of the near-critical region, as long as
one is interested in the properties of the system over
scales much larger than lattice spacing (see e.g. [1]).
Such a continuum description corresponds to a field the-
ory. The lattice variable si is replaced by a spin field
s(x), where x = (x1, . . . , xd) denotes a point in R

d. Sim-
ilarly, the local spin-spin interaction

∑
j sisj , with the

sum taken over neighbors of the site i, corresponds to
an energy density field ε(x). The sums in (1) and (2)
are now taken over field configurations. In the contin-
uum, the Hamiltonian H is invariant under the group G
of internal symmetry, but also under continuous spatial
translations (homogeneity) and rotations (isotropy).

At criticality, scale invariance leads to power law
decay of correlation functions, and for a field Φ(x) one

4 In the Potts model one takes 〈σα,i〉 = 〈δsi,α − 1
q
〉, α =

1, 2, . . . , q.
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has the expression

〈Φ(x1)Φ(x2)〉 =
constant

|x1 − x2|2XΦ
, (8)

which defines the scaling dimension XΦ of the field; it
implies that, from the dimensional point of view, the
field behaves as length−XΦ .

We will use the notation A = H/T for the reduced
Hamiltonian, or Euclidean action, which characterizes
a given theory. From the theoretical point of view, it
is useful to separate the near-critical action A into a
scale invariant part A∗ corresponding to Tc, plus a term
accounting for the deviation from Tc, namely

A = A∗ + τ

∫
ddx ε(x) , (9)

where τ ∼ T − Tc. Since A is dimensionless (recall
(1)), τ has the dimension of an inverse length to the
power d − Xε and provides the dimensionful coupling
that breaks scale invariance away from criticality. Since
ξ is a length, we have ξ ∝ |τ |−1/(d−Xε) and, comparing
with (6), the critical exponent

ν = 1/(d − Xε) . (10)

If Φ(x) is a field with given transformation proper-
ties under the action of the symmetry group G, the field
theory contains infinitely many fields with growing scal-
ing dimension and transforming in the same way (it is
sufficient to think to the derivatives of Φ(x)). In writing
(9) we omitted the contribution of infinitely many G-
invariant fields with scaling dimensions larger than d.
The couplings conjugated to such fields have the dimen-
sion of a length to positive powers and become negligi-
ble for the description of the large distance properties
of our interest. It is in this sense that such fields are
called “irrelevant” in the language of the renormaliza-
tion group (RG) that expresses the response of the sys-
tem to a change of scale [1,2]. A scale-invariant theory
is called a RG fixed point. The action in which irrele-
vant fields are omitted and which describes the large
distance properties is called the scaling action. It may
contain more than one G-invariant field with scaling
dimension smaller than d (these fields are called “rel-
evant”). This occurs when more than one parameter
needs to be tuned to achieve scale invariance; such the-
ories describe “multicritical” behavior. In light of these
considerations, the field that we denote ε(x) can be
more precisely defined as the most relevant (smallest
scaling dimension) G-invariant field; similarly, the spin
field s(x) is the most relevant field with the symme-
try properties of the order parameter. Some theories
also possess fields with scaling dimension equal to d
(“marginal” fields). Marginality may be spoiled by log-
arithmic corrections induced by interaction. Depending
on the theory, these corrections will effectively produce
a “marginally relevant” or a “marginally irrelevant”

field. If no logarithmic correction occurs, the addition
to a fixed point action of such a “truly marginal” field
does not break scale invariance and generates a line of
fixed points.

Notice also that the order parameter scales as
〈s(x)〉 ∼ ξ−Xs ∼ |τ |νXs , so that comparison with (7)
yields

β = νXs = Xs/(d − Xε) . (11)

The relations (10) and (11) illustrate the fact that the
critical exponents are determined by the scaling dimen-
sions, which then are the fundamental critical indices.

3 Aspects of critical behavior in two
dimensions

3.1 Some results from conformal symmetry

Let us now turn to critical systems in d = 2. In writing
the correlation function (8) we considered the simplest
case in which the field Φ is scalar, namely is invariant
under spatial rotations. More generally, we can consider
fields Φ(x) with scaling dimension XΦ that transform
as

Φ(0) → e−isΦαΦ(0) (12)

under a rotation by an angle α centered in the origin; sΦ

is called the “Euclidean spin” of the field. A very impor-
tant property of field theory is that products of fields
can be expanded onto an infinite-dimensional basis of
fields [2]. In a scale-invariant theory, the requirement
that the result preserves the dimensional and rotational
properties implies for such an operator product expan-
sion (OPE) the form

Φi(x)Φj(0) =
∑

k

Ck
ij (zz̄)(Xk−Xi−Xj)/2(zz̄−1)(sk−si−sj)/2 Φk(0)

=
∑

k

Ck
ij z

Δk−Δi−Δj z̄Δ̄k−Δ̄i−Δ̄j Φk(0) , (13)

where we introduced the complex coordinates on the
plane

z = x1 + ix2 , z̄ = x1 − ix2 , (14)

which transform under rotations as z → eiαz, z̄ →
e−iαz̄, as well as ΔΦ, Δ̄Φ such that

XΦ = ΔΦ + Δ̄Φ , (15)
sΦ = ΔΦ − Δ̄Φ . (16)

In (13) the Ck
ij ’s are called OPE coefficients, and we

used the shortened notations XΦi
= Xi, ... . Notice that

the final expression of (13) allows to treat a field Φ(x) as
the product of a z-dependent part with dimension ΔΦ,
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and a z̄-dependent part with dimension Δ̄Φ. The OPE
also allows to introduce the useful notion of mutual
locality. In ordinary physical cases one expects the cor-
relation functions 〈· · · Φi(x)Φj(0) · · · 〉 to be invariant if
x is taken around the origin and brought to the origi-
nal position, namely under the continuation z → e2iπz,
z̄ → e−2iπ z̄. If this is the case, the fields Φi and Φj are
said to be mutually local. The OPE (13) shows that the
condition is satisfied if

si + sj − sk ∈ Z (17)

for all k’s in the sum.
An important advantage of the field theoretical

framework is that it allows to show (see e.g. [4]) that
scale-invariant theories are actually invariant under the
larger group of conformal transformations, i.e. tranfor-
mations in which the change of scale, instead of being
global, varies smoothly with the coordinate. Due to this
property, the scale-invariant field theories describing
statistical systems at criticality actually correspond to
conformal field theories (CFTs). This circumstance has
its most powerful implications in the two-dimensional
case of interest in this article, since in this case con-
formal transformations correspond to variations δz =
f(z), δz̄ = f̄(z̄), where f (resp. f̄) is any analytic func-
tion of z (resp. z̄). It follows that in d = 2 the con-
formal group has the essential peculiarity of possess-
ing infinitely many generators. These turn out to cor-
respond [4,5] to operators Ln satisfying the Virasoro
algebra

[Ln, Lm] = (n − m)Ln+m +
c

12
(n3 − n)δn,−m ,

(18)

where c is a key parameter of the critical system known
as “central charge”. We now recall some of the impli-
cations of the algebra (18), referring the reader to
[4,5] for the derivations. In the first place, the space
of fields in critical theories splits into families corre-
sponding to lowest weight representations of the alge-
bra. Considering the z-dependent part (a similar struc-
ture holds for the z̄-dependent part), a family [φ] con-
tains a “primary” field φ(z) with dimension (also known
as conformal dimension) Δφ, together with “descen-
dants” with dimension Δφ + l; l = 1, 2, . . . is the “level”
of the descendant. The derivatives of φ are examples
of descendants. An important role is played by the
reducible representations of the algebra, i.e. representa-
tions [φ] that contain another representation [φ0] whose
primary φ0 is a descendant of φ at a level l0. The irre-
ducible representation that one obtains factoring out
[φ0] is said to be “degenerate” at level l0, and φ is said
to be a degenerate primary. The construction can be
shown to lead to differential equations for multi-point
correlation functions containing a degenerate primary.

The most advanced exploration of the space of CFTs
is available for central charge c ≤ 1. For c < 1 it is

convenient to use the parameterization

c = 1 − 6
p(p + 1)

, (19)

with p > 0. Then the degenerate primaries can be writ-
ten as Φm,n(z), with m and n positive integers, and
their dimension Δm,n is determined by5

Δμ,ν =
[(p + 1)μ − pν]2 − 1

4p(p + 1)
. (20)

The OPE of two degenerate primaries takes the form

Φm1,n1 · Φm2,n2 =
min(m1,m2)−1∑

k=0

min(n1,n2)−1∑

l=0

[
Φ|m1−m2|+1+2k,|n1−n2|+1+2l

]
,

(21)

where we have suppressed the coordinate dependence,
which is generally determined by (13); the notation
[Φ] in the r.h.s. indicates contribution from the whole
family of fields. As we saw, a field is the product of
a z-dependent part and a z̄-dependent part, and (21)
separately applies to each of them. One can also con-
sider fields Φμ,ν(z) with dimension (20) and noninteger
indices; they are nondegenerate and satisfy the OPE

Φm,n · Φμ,ν =
m−1∑

k=0

n−1∑

l=0

[Φμ−m+1+2k,ν−n+1+2l] (22)

with degenerate fields.
Ordinary critical points satisfy “reflection positiv-

ity”, which implies a spectrum of conformal dimension
{Δi} without negative values, so that correlations decay
with distance. Remarkably, for c < 1 reflection positiv-
ity is satisfied only by (19) with p = 3, 4, . . . [46]. For
these values of c the OPE (21) closes on a finite num-
ber of families originating from degenerate primaries
[5], giving rise to the so called reflection positive “min-
imal models”. For these theories the conformal dimen-
sions Δm,n of the primary fields are given by (20) with
m = 1, 2, . . . , p − 1, n = 1, 2, . . . , p. Notice that the
number of primaries, and then the number of families,
grows with c. It is a general property of reflection pos-
itive CFTs that the central charge gives a measure of
the number of degrees of freedom [47].

As expected, the minimal field content (p = 3, c =
1/2) corresponds to the Ising critical point, with Δ1,1 =
Δ2,3 = 0, Δ1,2 = Δ2,2 = 1/16 and Δ1,3 = Δ2,1 = 1/2
corresponding to the identity, the spin field and the
energy density field, respectively. These scalar fields

5 For later convenience, in (20) we use indices μ, ν that are
not necessarily integer.
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have Δ = Δ̄, and the scaling dimensions Xs = 1/8 and
Xε = 1 determine through (10) and (11) the Ising criti-
cal exponents, in agreement with lattice results [48,49].
The Ising spectrum of conformal dimensions also allows
to build the fermions (i.e. fields with half-integer spin)
ψ and ψ̄ with dimensions (Δ, Δ̄) equal to (1/2, 0) and
(0, 1/2), respectively. Since dimension 0 corresponds to
the identity, and does not carry a coordinate depen-
dence, we have6 ∂̄ψ = ∂ψ̄ = 0, which are the equations
of motion of free fermions. It is known since the lat-
tice results of [50] that the two-dimensional Ising model
(without external field) corresponds to a free fermionic
theory.

The minimal models with p > 3 generally correspond
to multicritical points associated with the spontaneous
breaking of Z2 symmetry [51,52]; in particular, p = 4
yields the tricritical Ising model7. However, the values
p = 5, 6 also allow a restriction to a smaller set of pri-
maries [53–55] which yields the critical and tricritical
three-state Potts ferromagnet, respectively.

3.2 Gaussian critical line

Gaussian criticality in two dimensions corresponds to
the theory of a free scalar field with action

A0 =
1
4π

∫
d2x (∇ϕ)2 . (23)

While in d > 2 the Gaussian fixed point is synonym of
triviality, the two-dimensional case is much more inter-
esting. The fact that ϕ(x) is dimensionless leads to the
logarithmic correlator

〈ϕ(x)ϕ(0)〉 = − ln |x| = −1
2
(ln z + ln z̄) , (24)

which is consistent with the equation of motion ∂∂̄ϕ = 0
and the decomposition

ϕ(x) = φ(z) + φ̄(z̄) . (25)

Instead of φ, which has 〈φ(z)φ(0)〉 ∝ ln z, proper scaling
primary fields of the theory are the exponentials

Vp(z) = e2ipφ(z) , (26)

whose dimension easily follows from free field methods
(see [4]) and reads

ΔVp
≡ Δp = p2 . (27)

Of course one also has V̄p̄(z̄) = e2ip̄φ̄(z̄), in such a way
that the generic primary VpV̄p̄ has dimensions (Δp,Δp̄).

6 We use the notation ∂ = ∂z and ∂̄ = ∂̄z̄.
7 Tricriticality can be realized, for example, in a generalized
Ising model allowing for vacant sites.

The Gaussian OPE has the form

Vp1 · Vp2 = [Vp1+p2 ] , (28)

and, together with (17) and (27), implies that two fields
Vp1 V̄p̄1 and Vp2 V̄p̄2 are mutually local if

2(p1p2 − p̄1p̄2) ∈ Z . (29)

A generic choice for the energy density field in this the-
ory is ε = VbV̄b+V−bV̄−b ∝ cos 2bϕ, with Δε = Δ̄ε = b2,
and physically interesting fields are local with respect
to ε. A field VpV̄p̄ satisfies this condition if ±2b(p − p̄)
is an integer, i.e. if

p − p̄ =
m

2b
, m ∈ Z . (30)

For m = 1 we can build the complex fermion

Ψ = (ψ, ψ̄) =
(
V 1

4b + b
2
V̄− 1

4b + b
2
, V 1

4b − b
2
V̄− 1

4b − b
2

)
, (31)

with spin p2 − p̄2 equal to 1/2 for ψ and to −1/2
for ψ̄. The decomposition Ψ = Ψ1 + iΨ2 defines two
real fermions Ψi = (ψi, ψ̄i). When b2 = 1/2 we have
∂̄ψ = ∂ψ̄ = 0, which are free fermionic equations of
motion; it follows that for b2 = 1/2 the theory (23) can
be represented in terms of free fermions. On the other
hand, for b2 �= 1/2 the fermions are coupled by the four-
fermion term, which can be shown to be truly marginal;
it follows that the action (23) with energy density field
cos 2bϕ can be expressed as [56,57]

A0 =

∫
d2x

[ ∑
i=1,2

(ψi∂̄ψi + ψ̄i∂ψ̄i) + g(b2)ψ1ψ̄1ψ2ψ̄2

]
,

(32)

with g(1/2) = 0; the field cos 2bϕ corresponds to the
fermionic mass term ψ1ψ̄1 + ψ2ψ̄2. The form (32) of
the action makes transparent that the two-dimensional
Gaussian model actually corresponds to a line a fixed
points parameterized by b2. Since at b2 = 1/2 we have
two free neutral fermions, namely two decoupled Ising
models, the central charge is twice the Ising one, namely
c = 1. This value, on the other hand, holds generically
for the Gaussian model, since the interaction (g �= 0)
does not change the field content. The theory (32) quite
directly describes the critical properties of the Ashkin-
Teller model [58,59], corresponding to two Ising mod-
els coupled by energy-energy interaction. This model
indeed possesses a critical line along which critical expo-
nents vary continuously.

The existence of a scalar (bosonic) description (23)
and a fermionic description (32) for a same theory is
a remarkable property of the two-dimensional case. It
also allows to unveil a symmetry that is not obvious in
the representation (23). Indeed, the fermionic property
ψ2

i = ψ̄2
i = 0 allows to write ψ1ψ̄1ψ2ψ̄2 ∝ (

∑
i ψiψ̄i)2.
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As a consequence, the action (32) is left invariant by
O(2) rotations of the vector (ψ1, ψ2); these are U(1)
transformations for the complex fermion, and the inte-
ger m in (30) corresponds to the U(1) charge. We see
that, while for central charge c < 1 we only found dis-
crete internal symmetries, the case c = 1 allows for
the simplest continuous symmetry, G = O(2) ∼ U(1).
The Gaussian model then describes the critical prop-
erties of the N = 2 vector model (3), which is also
known as XY model. The components of the spin field
s(x) = (s1(x), s2(x)) are obtained picking up the scalar
fields with m = ±1, namely

s± = s1 ± is2 = V±1/4bV̄∓1/4b , (33)

with Δs± = 1/16b2. While continuous symmetries do
not break spontaneously in two dimensions [60–62],
the XY model exhibits a different type of transition
known as Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition [63,64]. The order parameter 〈s(x)〉 vanishes at
all temperatures, but a value TBKT separates a high
temperature phase with exponential decay of corre-
lations from a low temperature phase (BKT phase)
with power law decay. The Gaussian model naturally
accounts for this phenomenon upon identification of b2

as a decreasing function of the temperature (see e.g.
[1]). The transition is driven by the O(2)-invariant (m =
0) field ε, which has Xε = 2b2: for b2 > b2(TBKT ) = 1
the field is irrelevant and scale invariance is preserved at
large distances, thus explaining the BKT phase. Since
we know from (33) that Δs = 1/16 at b2 = 1, we have

〈s(x) · s(0)〉T=TBKT
∼ |x|−1/4 . (34)

For later use we are also interested in the chiral (i.e.
with Δ = 0 or Δ̄ = 0) fields that satisfy (30) and have
lowest charge m = ±1; they correspond to η± = V±1/2b

and η̄± = V̄±1/2b, with

Δη± = Δ̄η̄± =
1

4b2
(35)

as nonzero conformal dimensions.

4 Particle description

4.1 Notions of scattering theory

A field theory describing the near-critical properties
of a statistical system also possesses a formulation in
momentum space. Within such a formulation, the fun-
damendal degrees of freedom are the particle modes
describing the excitations with respect to the ground
state. It is worth stressing that these particle modes
describe collective excitations of the degrees of freedom
in real space, and should not be identified with individ-
ual particles (atoms, molecules) of a fluid system. As

already noted, we are discussing field theories possess-
ing translation and rotation invariance (Euclidean field
theories), and in d = 2 we denote by x = (x1, x2) a
point in real space. Upon the identification

x2 = it , (36)

an Euclidean field theory defines a quantum field the-
ory with spatial coordinate x1 and time coordinate
t. The quantum theory has the same field content as
the Euclidean theory, and correlation functions in the
two cases are related by the analytic continuation (36).
The particles modes correspond to excitations above a
minimum energy (vacuum) state |0〉. Spontaneous sym-
metry breaking of the internal symmetry G manifests
through to the fact that the vacuum is not unique below
Tc (see e.g. [27]). Upon the continuation (36), rotation
invariance (isotropy) in Euclidean space is mapped onto
relativistic invariance in space-time. Hence, the particle
modes have the relativistic dispersion relation

E =
√

p2 + m2 , (37)

where E, p and m are the particle energy, momentum
and mass, respectively. In our natural units, the mass
has the dimension of an inverse length, and is related
to the correlation length as

ξ ∝ 1/m . (38)

The particle description of field theory is encoded
in the S-matrix [27,28], whose matrix elements are the
probability amplitudes that a set of particles at t = −∞
evolves into a set of particles at t = +∞ upon scat-
tering. Relativistic scattering conserves in general total
energy and momentum, but not the number of particles.
Given an initial state, the sum of the transition proba-
bilities over all possible final states has to be one, imply-
ing the unitarity of the S-matrix. A scattering process
in which the number of particles is preserved is called
“elastic”. A two-particle elastic process is depicted in
Fig. 1; we consider particles with the same mass, and
in d = 2 conservation of energy and momentum implies
that the momenta p1 and p2 are individually conserved.
In general, the particles form multiplets carrying a rep-
resentation of the group G of internal symmetry, and
the indices a, b, c, d in the figure label components of
the multiplets.

The scattering amplitude of Fig. 1 depends on the
single relativistic invariant that can be built out of the
two energy-momenta, namely the square of the center
of mass energy

s = (E1 + E2)2 − (p1 + p2)2 . (39)

The amplitude, that we denote by Scd
ab(s), satisfies the

relations

Scd
ab(s) = Sdc

ba(s) , (40)

Scd
ab(s) = Sab

cd (s) , (41)
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Fig. 1 Scattering process corresponding to the amplitude
Scd

ab(s). Time runs upwards

which express invariance under spatial inversion and
time reversal, respectively. The amplitude also satis-
fies analytic properties [28] that we now recall. Upon
continuation to complex values of the variable s, the
amplitude is an analytic function whose singularities
have a physical meaning. As a consequence of unitar-
ity, the minimal energy values (thresholds) s = (km)2
needed to produce a final state with k ≥ 2 particles
correspond to branch points of the amplitude. Instead,
a pole at s = m̃2 ∈ (0, 4m2) corresponds to a particle of
mass m̃ appearing as a bound state of the two scatter-
ing particles. The unitarity branch cuts are taken along
the positive real axis in the complex s-plane (Fig. 2),
and the physical values of the amplitude are given by
the limit towards the real axis from above (Scd

ab(s + iε)
with s ≥ 4m2, ε → 0+). These values lie on the first
(called “physical”) sheet of the cut s-plane, other sheets
being accessed through the branch cuts. The unitarity
condition reads

∑
e,f

Sef
ab (s + iε)

[
Scd

ef (s + iε)
]∗

= δacδbd , (2m)2 < s < s1 ,

(42)

when s does not exceed the first inelastic threshold s1.
A further property of relativistic scattering is cross-

ing symmetry, stating that the amplitude for the direct
scattering channel (Fig. 1 with time running upwards)
is related by analytic continuation to the amplitude for
the crossed scattering channel (Fig. 1 with time run-
ning from left to right). When passing to the crossed
channel, the particles b and d, whose arrows point in
the ’wrong’ direction, are replaced with antiparticles
b̄ and d̄, and their energy and momentum is reversed
(E2, p2 → −E2,−p2, corresponding to s → 4m2 − s).
As a consequence, the crossing relation reads

Scd
ab(s + iε) = S b̄c

d̄a(4m2 − s − iε) , (43)

with s real. This relation implies that an amplitude
acquires crossed channel branch cuts running along the
negative real axis, together with crossing images of
bound state poles (Fig. 2).

Finally, the property “real analyticity” states that
the values of the amplitude on opposite edges of a cut
are related by complex conjugation,

Scd
ab(s + iε) =

[
Scd

ab(s − iε)
]∗

. (44)

When a field φ acts on the vacuum state |0〉, it
creates a state that can be expanded on the basis of
multi-particle states. If this expansion includes the one-
particle state |p〉, i.e. if

Fφ(p) ≡ 〈p|φ(0)|0〉 �= 0 , (45)

one says that φ creates the particle; the usual normal-
ization condition 〈p1|p2〉 = 2πE1δ(p1 − p2) holds. Since
rotations in Euclidean space correspond to relativistic
transformations in space-time under which (E, p) trans-
forms as a vector, E ± p has Euclidean spin ±1. It then
follows from (12), (15) and (16) that

Fφ(p) = aφ(E + p)Δφ(E − p)Δ̄φ , (46)

where aφ is a dimensionless constant.

4.2 Scattering at criticality

At a scale invariant point in two dimensions the scatter-
ing problem undergoes remarkable simplifications [25].
In the first place, infinite-dimensional conformal sym-
metry implies that infinitely many quantities, and not
just energy and momentum, have to be conserved in
the scattering. This forces the initial and final states to
be kinematically identical (same number of particles,
same energies, same momenta), a property that we call
“complete elasticity”. In addition, since ξ = ∞, the
particles are massless and (37) shows that their energy
and momentum are related as p = E > 0 (right movers)
or p = −E < 0 (left movers). It then follows from (45)
and (46) that at criticality the particles are created by
chiral fields η(z) (for right movers) and η̄(z̄) (for left
movers), i.e. fields with Δ̄η = 0, and Δη̄ = 0. One also
has

sη = −sη̄ = Δη = Δ̄η̄ (47)

for the spin of the fields. Since scale invariance implies
the absence of dimensionful parameters, the scattering
amplitude S of a right-mover with a left-mover cannot
depend on the variable (39), which is the only relativis-
tic invariant in the process and is dimensionful. The
energy-independence of the amplitude means that the
particles have no dynamical interaction. This, however,
does not imply S = 1. Indeed, scattering in one spa-
tial dimension involves position exchange on the line,
and in general produces a statistical factor. This can
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0 4m2

Fig. 2 Analytic structure of the scattering amplitude in the complex s-plane. The unitarity (right) and crossing (left)
branch cuts are shown together with two poles

=

. .

..

..

. .

Fig. 3 Illustration of equation (48) in the (1 + 1)-
dimensional space-time

be determined observing that, in absence of dynamical
interaction, the scattering, i.e. the passage from the ini-
tial to the final state, can also be realized by π-rotations
(see Fig. 3), and is then ruled by the Euclidean spin (47)
of the fields that create the particles. Recalling (12), we
obtain the scattering (statistical) amplitude [25]

S = e−iπ(sη−sη̄) = e−2iπΔη . (48)

We see that S is 1 for bosons (Δη integer) and −1 for
fermions (Δη half-integer), but can take other values
corresponding to generalized statistics.

We deduced (48) referring to the simplest case of
a single particle species. More generally, the particles
carry indices and we have the amplitudes Scd

ab of the pre-
vious subsection, with the difference that they no longer
depend on the center of mass energy. With respect to
the general analyticity structure of Fig. 2, complete
elasticity eliminates all branch points, apart from the
elastic one at s = 4m2 and its crossing image at s = 0.
Hence, the limit m → 0 relevant for the present case
does not involve any collapse of infinitely many branch
points on top of each other, and remains well defined.
Since there are no inelastic thresholds (s1 = ∞) and
m = 0, the unitarity Eq. (42) holds for any s, con-
sistently with the s-independence of the amplitudes; it
now becomes [25]

∑

e,f

Sef
ab

[
Scd

ef

]∗
= δacδbd . (49)

On the other hand, (43) and (44) can be combined to
obtain

Scd
ab =

[
S b̄c

d̄a

]∗
. (50)

If there is a single particle species, (49) yields an ampli-
tude S that is a phase, consistently with (48). Other-
wise, a phase satisfying (48) can be obtained upon diag-
onalization of the scattering, as we are going to see in
specific applications.

5 Criticality in pure systems

5.1 O(N) vector model

5.1.1 Fixed point equations

We consider the vector model, defined on the lattice
by the Hamiltonian (3), for a first illustration of the
use of the scale invariant scattering theory of Sect. 4.2.
The O(N) symmetry is represented by a vector multi-
plet of massless particles that we denote by an index
a = 1, 2, . . . , N . We denote by |ab〉 a state contain-
ing two particles a and b; we omit the indication of
momenta since we have seen that scattering at critical-
ity does not depend on them. Being the product of two
vector representations, the initial state |ab〉 has a tenso-
rial structure that has to be preserved by the scattering.
The effect of the latter can then be written as

|ab〉 → δab S1

N∑

c=1

|cc〉 + S2 |ab〉 + S3 |ba〉 , (51)

where S1, S2 and S3 are annihilation, transmission and
reflection amplitudes, respectively, and are depicted in
Fig. 4. Since in the present case the particles are self-
conjugated (a = ā), the crossing symmetry relations
(50) take the form

S1 = S∗
3 ≡ ρ1e

iφ , (52)
S2 = S∗

2 ≡ ρ2 , (53)

where we have introduced parameterizations in terms
of ρ1 ≥ 0, and ρ2 and φ real. In this way, the unitarity
Eq. (49) read [25]

ρ2
1 + ρ2

2 = 1 , (54)
ρ1ρ2 cos φ = 0 , (55)
Nρ2

1 + 2ρ1ρ2 cos φ + 2ρ2
1 cos 2φ = 0 , (56)

and correspond to the choices (c = a, d = b), (c =
b, d = a), and (a = b, c = d), respectively. Notice that
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Fig. 4 Amplitudes S1, S2 and S3 of the O(N)-invariant theory. Time runs upwards

Table 1 Solutions of the Eqs. (54)–(56). They correspond
to RG fixed points with O(N) symmetry

Solution N ρ2 cos φ

P1± (−∞, ∞) ±1 -
P2± [−2, 2] 0 ± 1

2

√
2 − N

P3± 2 ±√
1 − ρ2

1 0

in these equations N enters as a parameter that does
not need to be an integer. The possibility to continue
the model to noninteger values of N is already known
on the lattice, as we recall in the next subsection. The
solutions of the Eqs. (54)–(56) yield the critical points
(RG fixed points) of the O(N) model. We list them in
Table 1 (see also Fig. 5) and proceed to their discussion.

5.1.2 Critical lines of nonintersecting loops

We begin with the solutions P2±, which are defined for
N ∈ [−2, 2]. For N = 2 they coincide with the point
S2 = 0 of the solution P3 that, as we will discuss in
a moment, corresponds to a CFT with central charge
c = 1. Since the central charge increases with the num-
ber of degrees of freedom, and then with N , the CFTs
corresponding to the solutions P2± have c ≤ 1. We
are then in the CFT subspace discussed in Sect. 3.1,
where we have seen that a main physical role is played
by the degenerate primary fields with conformal dimen-
sions (20). In particular, the energy density field ε(x)
is expected to be a degenerate field, and at N = 1 for
one of the two solutions P2± it should have the dimen-
sion Δε = 1/2 of the Ising model. This leads to the
identification8 Δε = Δ̄ε = Δ1,3.

With this result, we can use the OPE (21) to idenfity
the chiral field η that creates the particles as the most
relevant chiral field local with respect to ε. This leads
to Δη = Δ2,1, and then to the determination of Δη as a
function of the parameter p entering (19). On the other
hand, it follows from (51) that the state

∑N
a=1 |aa〉 scat-

ters into itself with the amplitude

S = NS1 + S2 + S3 , (57)

8 The alternative choice Δ2,1 corresponds to the q-state
Potts model, see [25] and below.

which is equal to −e3iφ for the solutions P2±. The
requirement S = −1 for N = 1 (Ising free fermion)
selects P2−. Hence, for this solution we know Δη as
a function of N , through (48), and as a function of p.
Comparing the two results we obtain N = 2 cos π

p . A
slightly more general analysis [25] exploiting the OPE
(22) with nondegenerate fields yields also Δs = Δ̄s =
Δ1/2,0 for the dimensions of the spin field.

A rapid way to identify the solution P2+ [65] is to
recall that adding the field Φ1,3 to the CFT with cen-
tral charge (19) induces a RG flow to the fixed point
with central charge corresponding to p − 1 [47]. Since
Φ1,3 = ε preserves O(N) symmetry, the infrared line of
fixed points obtained in this way corresponds to P2+,
and has N = 2 cos π

p+1 . Together with S = −e3iφ, this
relation leads to Δη = Δ1,2, a result that differs from
Δ2,1 for P2− for the interchange of the indices. This
interchange is preserved by the mutual locality analysis
based on the OPEs (21) and (22), and yields Δε = Δ3,1

and Δs = Δ0,1/2 for the solution P2+. The results
obtained in this way for the critical lines P2± are sum-
marized in Table 2.

The critical lines P2± are characterized by S2 = 0,
i.e. by particle trajectories that do not intersect (see
Fig. 4). It is known (see e.g. [1]) that the partition func-
tion of an O(N)-invariant ferromagnet can be mapped
onto that of a loop gas,

Zloops =
∑

G
KnbNnl , (58)

where G are configurations of loops on the lattice, K
is the coupling in the spin formulation, nl is the num-
ber of loops, and nb is the number of edges occupied
by the loops. The loop formulation implements on the
lattice the continuation to noninteger values of N , and
for N → 0 is known to describe the statistics of self-
avoiding walks [66]. The loop model is exactly solvable
on the honeycomb lattice [67], on which the loops do
not intersect. The solution produces two critical lines
defined in the interval N ∈ [−2, 2] and coinciding at
N = 2. Their critical exponents were shown in [68] to
correspond to the conformal dimensions Δs and Δε that
we deduced above for the solutions P2±. The two crit-
ical lines of the loop model are referred to as “dilute”
and “dense” with reference to the loop properties that
they control. They correspond to the solutions P2− and
P2+, respectively. The analogy between particle trajec-
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Fig. 5 Solutions of the fixed point Eqs. (54)–(56) for the O(N) model. P2− and P2+ correspond to the critical lines for
the dilute and dense regimes of nonintersecting loops. P3+ accounts for the BKT phase of the XY model. P1+ yields the
zero temperature critical point that the model exhibits for N > 2

tories and loop paths was originally observed in [69] for
the off-critical case.

5.1.3 N = 2 solution and the BKT phase

The solutions P3± are defined only for N = 2 and can
also be written in the form

ρ1 = sin α , ρ2 = cos α , φ = −π

2
, (59)

in which α plays the role of the free parameter charac-
teristic of these solutions. Its presence perfectly matches
the fact, observed in Sect. 3.2, that O(2) symmetry
actually allows for a line of RG fixed points with central
charge c = 1. We saw that this fixed line corresponds
to the Gaussian theory (23), in which the energy den-
sity field ε(x) = cos 2bϕ(x), with conformal dimension
Δε = b2, introduces the parameter b2 which provides
the coordinate along the line. The dimension of the chi-
ral fields that create the particles was determined in
(35) as a function of b2. On the other hand, the scatter-
ing phase (57) takes the form S = e−iα for the solution
(59), so that (48) yields the relation

α =
π

2b2
(60)

between the free parameter of the scattering theory
and that of the Gaussian model. Notice that S takes

the value −1 when b2 = 1/2, in full agreement with
the fact that at such a point the Gaussian model has
the fermionic representation (32) with g = 0 (free
fermions). For generic b2, the particles a = 1, 2 of the
scattering theory can be identified with the two neu-
tral fermions in (32). We also know that the O(2) spin
vector field has the bosonic representation (33), with
dimension Δs = 1/16b2.

The two intervals α ∈ [0, π/2] and α ∈ [π/2, π] cor-
respond to solutions P3+ and P3−, respectively. As
seen in Sect. 3.2, the BKT phase of the XY model
corresponds to the portion of the line of fixed points
where ε(x) is irrelevant, and then to solution P3+. P3+

and P3− meet at the point α = π/2, which is also the
meeting point of the solutions P2± (see Fig. 5). This is
the BKT transition point, where the field ε is marginal
(Δε = 1).

5.1.4 Free solutions and zero temperature criticality for
N > 2

The solutions P1+ and P1− are defined for any N .
They are purely transmissive and correspond to free
bosons (S2 = 1) and free fermions (S2 = −1), respec-
tively. P1− corresponds to N neutral fermions, for a
total central charge c = N/2 (a single neutral fermion
(Ising) has c = 1/2). For N = 2 this gives back the c = 1
theory (23) with b2 = 1/2, or (32) with g = 0; as one
can see in Fig. (5), this is the contact point between
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Table 2 Central charge c and conformal dimensions Δ for the solutions of Table 1

Solution N c Δη Δε Δs

P1− (−∞, ∞) N
2

1
2

1
2

1
16

P1+ (−∞, ∞) N − 1 0 1 0
P2− 2 cos π

p
1 − 6

p(p+1)
Δ2,1 Δ1,3 Δ 1

2 ,0

P2+ 2 cos π
p+1

1 − 6
p(p+1)

Δ1,2 Δ3,1 Δ0, 1
2

P3± 2 1 1
4b2

b2 1
16b2

The dimensions Δμ,ν are given by (20). See the text for other specifications

P1− and P3−. The conformal dimension Δs = 1/16
that we give in Table 2 for P1− is that of the spin
fields s1, . . . , sN of the N decoupled Ising copies. Notice
that, at the meeting point b2 = 1/2, P3− has instead
Δs = 1/8. The reason is that the XY spin field (33)
actually corresponds to s1s2 [25].

The solution P1+ describes two different cases. On
one hand, it corresponds to N free bosons, i.e. the the-
ory with action

∑N
j=1

∫
d2x(∇ϕj)2, with Δε = Δϕ2

j
=

0, and c = N . On the other hand, and more interest-
ingly, for N = 2 it also coincides with the limit b2 → ∞
of P3+, which has c = 1. This is possible because, as we
already observed, scattering on the line mixes statistics
and interaction, so that the two fermions of the the-
ory (32) can appear for b2 → ∞ as two free bosons
(S2 = 1). This subtle role of interaction continues for
N > 2, where the O(N) model is known to possess a
zero temperature critical point and scaling properties
described by the nonlinear sigma model (see e.g. [1])

ASM =
1
T

N∑

j=1

∫
d2x(∇ϕj)2 ,

N∑

j=1

ϕ2
j = 1 , (61)

in which interaction is introduced by the constraint on
the length of the vector (ϕ1, . . . , ϕN ). This theory is
“asymptotically free”, meaning that for T → 0 the
interaction amomg the bosons vanishes (Δs = Δϕj

=
0), while the energy density field is marginally relevant
(Δε = 1, implying ν = ∞ and exponentially diverging
correlation length). The constraint in (61) reduces the
central charge by one unit, to c = N − 1. These results
for c and Δs agree with those for N = 2, b2 → ∞. To
idenfity Δε = 1, we have to observe that for b2 > 1 at
N = 2 the field cos 2bϕ is irrelevant, and that the most
relevant O(2)-invariant field is the marginal one that
generates the line of critical points. The sigma model
interpretation of the solution P1+ is the one that we
report in Table 2, together with the data discussed for
the other solutions.

5.2 q-state Potts model

5.2.1 Fixed point equations

We have seen that the q-state Potts model is defined
by the lattice Hamiltonian (4) and is characterized by
invariance under permutations of the q colors, corre-

sponding to the symmetry group Sq. The first step for
the implementation of the scattering theory at critical-
ity is again that of introducing a particle basis that car-
ries a representation of the symmetry. For the symmety
Sq this is achieved considering particles that we denote
Aαβ , with α, β = 1, 2, . . . , q, and α �= β. In the case of
the Potts ferromagnet below critical temperature, such
a particle basis corresponds to the kinks that interpo-
late between pairs of the q degenerate vacua [70]. As we
are going to see, this same basis allows to represent the
symmetry also at criticality [25,26] (where there are no
kinks due to the coalescence of the vacua) and beyond
the ferromagnetic case [29].

We generally think of the trajectory of a particle Aαβ

as a line separating a region of the two-dimensional
space-time characterized by the color α from a region
characterized by the color β. Permutational symmetry
then allows for the four inequivalent amplitudes S0, S1,
S2 and S3 shown in Fig. 6. Once the present way of
labeling the particles is taken into account, the cross-
ing relations (50) translate into

S0 = S∗
0 ≡ ρ0 , (62)

S1 = S∗
2 ≡ ρeiφ , (63)

S3 = S∗
3 ≡ ρ3 , (64)

where we introduced parameterizations in terms of
ρ ≥ 0, and ρ0, ρ3 and φ real. In this way, the unitarity
Eqs. (49) take the form [25] (see also Fig. 7)

(q − 3)ρ2
0 + ρ2 = 1 , (65)

(q − 4)ρ2
0 + 2ρ0ρ cos φ = 0 , (66)

(q − 2)ρ2 + ρ2
3 = 1 , (67)

(q − 3)ρ2 + 2ρρ3 cos φ = 0 . (68)

The solutions of these equations yield the Potts RG
fixed points [25,29]. They are listed in Table 3 and will
be discussed in the next subsections.

Notice that Eqs. (65)–(68) allow for a continuation
of the model to noninteger values of q. The possibility
of this analytic continuation is well known on the lat-
tice, where the Potts partition function allows for the
expansion [30,31]

Z ∝
∑

G
pNb(1 − p)N̄bqNc , (69)
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Fig. 6 Scattering amplitudes S0, S1, S2 and S3 for the Potts model. Time runs upwards, and different letters denote
different colors

Fig. 7 Color configurations associated with the unitarity Eqs. (65)–(68), in that order. The amplitude for the lower
scattering multiplies the complex conjugate of the amplitude for the upper scattering, and sum over the color ε is taken

where G is a graph made of bonds placed on the edges of
the lattice, Nb the number of bonds in G, N̄b the num-
ber of edges without a bond, and Nc the number of
clusters in G, a cluster being a set of connected bonds
(but also an isolated site); p = 1 − e−J/T gives the
relation with the coupling J of the spin representation.
The Fortuin–Kasteleyn expansion is important, in par-
ticular, because shows that the percolation problem [6]
can be studied as the limit q → 1 of the Potts model.
Indeed, in such a limit the weight pNb(1−p)N̄b of a bond
configuration corresponds to random bond occupation
with probability p. In the following, we will discuss the
Potts model implying the continuation to q noninte-
ger. While for q integer only the scattering amplitudes
of Fig. 6 involving a number of colors not larger than
q play a role, all of them participate to the analytic
continuation to q noninteger (see [9] for a detailed dis-
cussion).

5.2.2 Ferromagnetic critical and tricritical lines

In two dimensions the phase transition of the q-state
Potts ferromagnet is known to be second order up to
q = 4, and first order above this value [18]. It follows
that the ferromagnetic critical line corresponds to a
solution of the fixed point Eqs. (65)–(68) having q = 4
as upper endpoint, namely to one of the solutions III±
in Table 3. The fact that for q = 2 (Ising) the only
physical amplitude S3 = ρ3 has to take the free fermion
value −1 uniquely selects the solution III−.

The q = 4 Potts model is a particular case of the
Ashkin-Teller model9, which we already saw has cen-
tral charge c = 1. Hence, the Potts ferromagnetic crit-
ical line corresponds to the CFT subspace with c ≤ 1
discussed in Sect. 3.1. The CFT-scattering correspon-

9 See [71,72] for the scattering description.

dence [25] proceeds along the same steps discussed
in Sect. 5.1.2 for the O(N) case. One first identifies
Δε = Δ2,1, and then looks for the field η that creates
the particles as the most relevant chiral field local with
respect to ε; this yields Δη = Δ1,3, a function of the
parameter p entering (19). On the other hand, it follows
in general from the amplitudes of Fig. 6 that the state∑

γ �=α AαγAγα scatters into itself with amplitude

S = S3 + (q − 2)S2 , (70)

which takes the value S = e−4iφ for the solution III−.
This yields Δη as a function of q through (48), and
comparison with the previous result in function of p
provides the relation

√
q = 2 cos

π

p + 1
. (71)

The identification Δs = Δ1/2,0 for the conformal
dimension of the spin field for real values of q can be
done exploiting the OPE (22) involving nondegenerate
fields [25]. These identifications (reported in Table 4)
of the central charge and conformal dimensions for the
critical Potts ferromagnet match those obtained in [68]
from the lattice determination of scaling dimensions
[67].

We saw in Sect. 3.1 that the critical points of the
Potts ferromagnet for q = 2, 3 correspond to the CFT
minimal models with p = 3, 5, respectively, and that for
the same values of q there are tricritical points that can
be realized allowing for vacant sites and correspond to
p = 4, 6, respectively. This pairing, for a given q, of a
critical point at p and and a tricritical point at p + 1 is
actually known to extend to p generic (also noninteger)
[47]. It follows that, together with the critical line (71),
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Table 3 Solutions of Eqs. (65)–(68) yielding the RG fixed points with Sq permutational symmetry

Solution q ρ0 ρ 2 cos φ ρ3

I 3 0, 2 cos φ 1 ∈ [−2, 2] 0
II± [−1, 3] 0 1 ±√

3 − q ±√
3 − q

III± [0, 4] ±1
√

4 − q ±√
4 − q ±(3 − q)

IV± [ 1
2
(7 − √

17), 3] ±
√

q−3
q2−5q+5

√
q−4

q2−5q+5
±√

(3 − q)(4 − q) ±
√

q−3
q2−5q+5

V± [4, 1
2
(7 +

√
17)] ±

√
q−3

q2−5q+5

√
q−4

q2−5q+5
∓√

(3 − q)(4 − q) ±
√

q−3
q2−5q+5

Table 4 Realizations of the scattering solution III− as Potts ferromagnetic (F) and antiferromagnetic (AF) critical lines

√
q line c Δε Δη Δs

2 cos π
p+1

F critical 1 − 6
p(p+1)

Δ2,1 Δ1,3 Δ 1
2 ,0

2 cos π
p

F tricritical 1 − 6
p(p+1)

Δ1,2 Δ3,1 Δ0, 1
2

2 cos π
N+2

AF square lattice 2(N−1)
N+2

N−1
N

2
N+2

N
8(N+2)

c is the central charge, and the conformal dimensions Δμ,ν are specified by (20)

there is a tricritical line with

√
q = 2 cos

π

p
. (72)

The addition of vacancies does not alter color permu-
tational symmetry, so that also the tricritical line must
correspond to one of the scattering solutions in Table 3.
Critical and tricritical lines meet [73] at the endpoint
q = 4 (p = ∞), and have conformal dimensions related
by index exchange (see [29]), namely Δε = Δ1,2, Δs =
Δ0,1/2 and Δη = Δ3,1 on the tricritical line. Inserting
this value of Δη in (70) and using (72) one obtains again
the result S = e−4iφ corresponding to III−; the sign of
sin φ, however, is opposite to that for the critical line10.

5.2.3 Antiferromagnets

Antiferromagnetic interaction tends to anti-align neigh-
boring spins, and assigns to the number of neighbors an
important role. Hence, while for ferromagnets quanti-
ties like critical exponents do not depend on the lattice
structure (universality), antiferromagnenets have to be
analyzed case by case. The fixed point Eqs. (65)–(68)
were obtained relying only on Sq symmetry, which is
common to ferromagnetic and antiferromagnetic Potts
models. It follows that the solutions of Table 3 must also
account for antiferromagnetic criticality. Actually, this
observation gives a meaning to the solutions defined in

10 It is worth observing that the notion of “discontinuity
fixed points” is used in [73] for the endpoints of the flow
generated by renormalization group trasformations on the
lattice for q > 4, i.e. in the first order regime. In the present
paper, we are only concerned with fixed points existing in
the continuum limit, which have ξ = ∞ and correspond
to points of second-order phase transition. See [74] for the
exact scattering solution of the Potts model along the first-
order transition for q → 4+.

ranges of q other than the interval [0, 4] characteristic
of ferromagnetic criticality. We now summarize what is
presently known about the relations between the solu-
tions of Table 3 and Potts antiferromagnets.

Solution I is defined only for q = 3 and contains φ as
free parameter. It then describes a line of fixed points,
and the simplest possibility is that it corresponds to
the Gaussian line with central charge c = 1 of Sect. 3.2.
This is confirmed by the fact that the q = 3 Potts
antiferromagnet on the square lattice is known to pos-
sess a T = 0 Gaussian critical point [18,75,76] with
Δε = b2 = 3/4 [77]. Since we know that Δη = 1/4b2

on the Gaussian line, and (70) gives S = S2 = e−iφ for
solution I, (48) yields the relation

φ =
π

2b2
(73)

between the scattering and the Gaussian parameters.
One expects [29] that solution I corresponds to criti-
cal points of q = 3 antiferromagnets on lattices that
change with b2. Remarkably, a family of lattices (self-
dual quadrangulations with T = 0 criticality) realizing
this phenomenon has recently been identified [78].

While solution I corresponds to different lattices for
q fixed, an early result for Potts antiferromagnets was
obtained for the simplest lattice as a function of q.
Indeed, Baxter showed that on the square lattice there
is a second order transition for q ∈ [0, 4] [79]. The criti-
cal temperature decreases with q, and we saw a moment
ago that it is zero at q = 3, implying that for q > 3 the
transition no longer corresponds to physical tempera-
tures. Given its range of definition, the critical line has
to corresponds to one of the scattering solutions of type
III, and the fact that for q = 2 the square lattice ferro-
magnet and antiferromagnet can be mapped into each
other selects III−. The square lattice critical line was
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found [80] (see also [29,81,82]) to have central charge11

c =
2(N − 1)
N + 2

, (74)

with N related to q as

√
q = 2 cos

π

(N + 2)
. (75)

One also finds Δε = (N −1)/N and Δσ = N/8(N +2).
Using (48) with S = e−4iφ for solution III−, one obtains
Δη = 2/(N + 2).

It follows from the latter identification that solution
III− with sinφ > 0 describes both the tricritical ferro-
magnetic line and the square lattice antiferromagnetic
line, a circumstance made possible by the fact that the
relation (48) allows for different values of Δη in corre-
spondence of the same amplitude S. We then see how,
remarkably, the solutions of Table 3, while providing a
compact classification of critical lines in Potts models,
still allow for a variety of exponents able to account for
the diversity of antiferromagnetic critical behaviors.

The fact that for a long time the known Potts critical
lines [79] where all defined for q ∈ [0, 4] (our solution
III−, see Table 4 for a summary) originated the expec-
tation that criticality in (pure) Potts models could not
be achieved for q > 4. In this respect, our solution V is
particularly interesting, since it shows that the maximal
value for which criticality can occur is actually [29]

qmax = (7 +
√

17)/2 = 5.56.. , (76)

and leaves room for critical behavior in a q = 5 antifer-
romagnet. The problem is to find a lattice on which such
a critical point is realized. Actually, numerical evidence
in favor of a second order transition in the five-state
Potts antiferromagnet on the bisected hexagonal lattice
was given in [84], but a more recent study concluded in
favor of an extremely weak first-order transition [85].
In this latter case the search has to start over, possibly
from the families of lattices considered in [86], whose
numerical analysis left room for criticality at q = 5.

We finish the survey of the solutions of Table 3
observing that IV appears as a counterpart of V in a
lower range of q, while II allows a conformal identifica-
tion [87] similar to that of the critical lines of Sect. 5.1.2.

6 Criticality in disordered systems

6.1 Quenched disorder

Statistical systems may contain “impurities” that can
alter the critical properties in a very significant way.
In the lattice formulation, the problem is conveniently

11 This value of central charge happens to be that of ZN

ferromagnets [83].

introduced considering the case in which each site i
hosts, besides the usual spin variable si, a lattice gas
variable ti taking the value 1 if the site is occupied (i.e.
if the site contributes to the energy of that configuration
of site variables), and the value 0 if the site is empty.
The empty sites then play the role of the impurities.
A first possibility is that the impurities are in thermal
equilibrium with the degrees of freedom of the occupied
sites, in which case the sum over configurations in the
partition function (2) is the sum over both sets of vari-
ables {si} and {ti}. This type of “annealed disorder” is
not something new with respect to what we discussed in
the previous sections. Indeed, we saw examples in which
a suitable tuning of the density of annealed vacancies
leads to tricritical behavior. The case on which we want
to focus is instead that of “quenched disorder” (see e.g.
[1]), in which the impurities reach thermal equilibrium
on a scale of time much larger than that of the ordi-
nary degrees of freedom. In this case the sum in the
partition function is taken only over the variables {si},
with a “frozen” impurity configuration. This leads to
a partition function Z({ti}). On the other hand, the
impurities in such a disordered system will be randomly
distributed according to some probability distribution
P ({ti}), and the free energy F = − ln Z will be aver-
aged over the disorder,

F =
∑

{ti}
P ({ti})F ({ti}) . (77)

From the theoretical point of view, a convenient a way
to approach this physical situation is provided by the
replica method [88], which exploits the relation

F = −ln Z = − lim
n→0

Zn − 1
n

(78)

to map the problem onto that of n → 0 replicas of the
system coupled by the disorder average.

It is typically possible to neglect correlations among
the disorder variables ti, and to treat them as indepen-
dent random variables. Then the distribution

P ({ti}) =
∏

i

[pδti,1 + (1 − p)δti,0] (79)

corresponds to a concentration of impurities 1 − p. On
the other hand, disorder can be associated to bonds
rather than to sites. In this case, in Hamiltonians such
as (3) or (4), the bond coupling J is replaced by a
position-dependent random bond coupling Jij . Then,
for example, the distribution

P ({Jij}) =
∏

〈i,j〉
[p δJij ,J1 + (1 − p) δJij ,J2 ] (80)

yields a mixing of randomly distributed couplings J1

and J2. Pure systems are recovered for p = 1 in (79),
and for p = 0, 1 in (80).
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Fig. 8 Scattering amplitudes S0, S1, S2, S3, S4, S5, S6 in the replicated q-state Potts model, in that order. Time runs
upwards. Different replicas are indicated by different latin indices, and different colors for the same replica by different greek
letters

Experimental and numerical studies show that sys-
tems with quenched disorder exhibit critical properties
qualitatively similar to those of pure systems. Hence, a
characterization in the RG framework should again be
possible. For weak disorder (e.g. p only slightly smaller
than 1 in (79) and (80)) one can start from the fixed
point action A∗ of the pure system and treat the effect
of disorder as a perturbation, i.e. write the action

A = A∗ +
∫

ddxm(x)ε(x) , (81)

where ε(x) is the energy density field of the pure sys-
tem. The difference with respect to (9) is that now
the coupling is a position dependent random variable
m(x) obeying a distribution P ({m(x)}. Then, within
the replica framework, one has to consider

Zn =
∑

{m(x)}
P ({m(x)}

∑

field configurations

e− ∑
a[A∗

a+
∫

ddx m(x)εa(x)] , (82)

where a = 1, . . . , n is the index labeling the different
replicas. A cumulant expansion of P ({m(x)} (see [1])
then leads to

Zn =
∑

field configurations

e− ∑
a[A∗

a+g1
∫

ddx εa(x)]

×eg2
∑

a �=b

∫
ddx εa(x)εb(x)+··· ,

(83)

with the couplings g1 and g2 related to the first two
cumulants for uncorrelated disorder. Hence, we see that
the leading effect of weak disorder is that of coupling
different replicas through the field εaεb. Since the scal-
ing dimension of the latter is twice the scaling dimen-
sion Xε of the energy density field at the pure fixed
point, one concludes that weak disorder is irrelevant in

the RG sense if

2Xε > d . (84)

This is known as Harris criterion [89] and, since the spe-
cific heat critical exponent α is given by (d−2Xε)ν, it is
more often quoted in the form α < 0. If (84) is satisfied,
weak disorder does not change the critical properties of
the system. On the contrary, if 2Xε < d, disorder is
relevant and, even in small concentration, can alter the
large distance properties driving the system to a new,
“random”, RG fixed point with critical exponents dif-
fering from those of the pure case. The generality of
(6.1) indicates that the critical exponents of this new
fixed point should not depend on the type of disorder
(e.g. site or bond).

Harris criterion, on the other hand, says nothing
about critical points that can be produced by strong
disorder, or about the effect of disorder when the tran-
sition in the pure system is first order. We will now see
how the scattering framework gives general and exact
access to random criticality in d = 2.

6.2 Disordered Potts model

6.2.1 Fixed point equations

The two-dimensional random bond q-state Potts model,
defined by the lattice Hamiltonian

H = −
∑

〈i,j〉
Jijδsi,sj

, (85)

with si = 1, 2, . . . , q, has played a particularly relevant
role in the theoretical study of quenched disorder in
systems with short range interactions. We saw that the
pure ferromagnet (Jij = J > 0) has a phase transi-
tion that is second order up to q = 4 and becomes
first order above this value. It follows from the value of
Xε = 2Δε given in Table 4 for the critical line of the
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Fig. 9 The different color configurations that give rise to the unitarity Eqs. (91)–(97), in the same order. The amplitude
for the lower scattering multiplies the complex conjugate of the amplitude for the upper scattering, and colors in the closed
region are summed over. Those of the n replicas that are not indicated keep the same color in the four external regions and,
for the last four diagrams, also in the internal region

pure ferromagnet that weak disorder is marginal (actu-
ally marginally irrelevant [90,91]) at q = 2 and relevant
for q ∈]2, 4]. Slightly above q = 2 disorder is weakly
relevant, a condition that generally allows the determi-
nation of a new perturbative fixed point (see [1]). In the
present case the perturbative analysis was performed in
[92,93] and leads to a random fixed point that, while
perturbatively defined for q → 2+, is expected to per-
sist as long as the Harris criterion can be applied, i.e.
up to the endpoint q = 4 of the pure critical line. On
the other hand, it is known [19,20] that disorder softens
the first-order transition that the pure model exhibits
for q > 4, and that a second order transition extending
to infinite q has to be expected. In other words, the
random critical line originating at q = 2 should per-
sist for all larger values of q, a circumstance confirmed
by numerical investigations. Early numerical [32–35]
and experimental [36] studies also suggested a pecu-
liar “superuniversality” (i.e. q-independence) of critical
exponents along this critical line, a scenario no longer
considered after that clearly q-dependent data for the
order parameter exponent β were obtained in [37].

Progress is allowed by the fact that the scale invari-
ant scattering framework used in Sect. 5.2 for the pure
model can be naturally generalized to the random case
[26]. Following the general logic of the previous sec-
tion, we consider n replicas of the system, each one
with its own excitations. For the Potts model these
will be the particles Aαiβi

(α, β = 1, 2, . . . , q; α �= β)
for replica i = 1, 2, . . . , n. Generalizing what we saw
for the pure case (n = 1), the trajectory of a particle
Aαiβi

now separates a region of the plane character-
ized by the colors α1, . . . , αn for the replicas 1, . . . , n,
respectively, from a region in which replica i changes
its color to βi, while the colors of the other replicas do
not change. It follows that the scattering amplitudes
inequivalent under the requirement of invariance under
permutations of the replicas and permutations of the
colors within each replica are those shown in Fig. 8. For
simplicity, only the replicas whose color changes in the
scattering are indicated in the figure. The amplitudes
Sk≤3 involve color change within a single replica, and
are the analog of those of Fig. 6 for the pure model. The
last three amplitudes involve interaction between dif-
ferent replicas and are characteristic of the disordered
case. For example, the amplitude S4 corresponds to the
process in which the initial state with particles Aαi,βi

and Aβi,αi
, both in replica i, scatters into the final

state with particles Aαj ,βj
and Aβj ,αj

, both in replica
j.

As usual, crossing symmetry (50) provides a relation
between amplitudes under the exchange of time and
space directions, and in this case takes the form

S0 = S∗
0 ≡ ρ0 , (86)

S1 = S∗
2 ≡ ρ eiφ , (87)

S3 = S∗
3 ≡ ρ3 , (88)

S4 = S∗
5 ≡ ρ4 eiθ , (89)

S6 = S∗
6 ≡ ρ6 , (90)

where we introduced the parameterizations in terms
of ρ0, ρ3, ρ6, φ, θ ∈ R and ρ, ρ4 ≥ 0. The unitarity
Eqs. (49) are now associated to the color configurations
shown in Fig. 9, which generalize to the present repli-
cated case those of Fig. 7 for the pure model. They read
[26]

ρ2
3 + (q − 2)ρ2 + (n − 1)(q − 1)ρ2

4 = 1 , (91)
2ρρ3 cos φ + (q − 3)ρ2 + (n − 1)(q − 1)ρ2

4 = 0 ,(92)
2ρ3ρ4 cos θ + 2(q − 2)ρρ4 cos(φ + θ)

+(n − 2)(q − 1)ρ2
4 = 0 (93)

ρ2 + (q − 3)ρ2
0 = 1 , (94)

2ρ0ρ cos φ + (q − 4)ρ2
0 = 0 , (95)

ρ2
4 + ρ2

6 = 1 , (96)
ρ4ρ6 cos θ = 0 . (97)

Notice that, besides q, now also the number n of replicas
enters the equations as a parameter that can take real
values, so that the limit n → 0 required by (78) can be
taken straighforwardly.

As expected, when n is set to 1 and the equations
still involving ρ4 or ρ6 are ignored, the Eqs. (91)–(97)
reduce to those (65)–(68) of the pure model. Another
relevant observation is that ρ4 = 0 leads to n noninter-
acting replicas, since it implies S4 = S5 = 0 and, as a
consequence of (96), S6 = ±1. Since we saw that the
replicas are coupled by the disorder, this means that
ρ4 = 0 corresponds to the absence of disorder.

The solutions of the Eqs. (91)–(97), which for n = 0
and ρ4 �= 0 give the RG fixed points of the disorderd
Potts model, have been listed in [94]. Since the equa-
tions are exact, they yield not only the fixed points
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Fig. 10 The parameter ρ4 for the solutions of the
Eqs. (91)–(97) with n = 0 discussed in the text and cor-
responding to lines of RG fixed points in the disordered q-
state Potts model. Absence of disorder amounts to ρ4 = 0,
and the critical line of the pure ferromagnet is shown. The
critical lines (98) and (99) with varying ρ4 originate at q = 2
and q = 4, respectively. Nishimori-like and zero temperature
critical points have ρ4 = 1

produced by weak disorder, but also those beyond the
predictivity of Harris criterion. In addition, since the
equations generally implement Sq permutational sym-
metry, they yield the random fixed points associated to
all the solutions of the pure case (Table 3), including the
antiferromagnetic ones. In the following, we will discuss
only the case in which absence of disorder corresponds
to the pure ferromagnet.

6.2.2 Softening and superuniversality

We know that the critical line of the pure ferromagnet
extends up to q = 4 and corresponds to the solution
III− of Table 3. We saw in the previous subsection that
a combination of perturbative, rigorous and numerical
results leads to the expectation of a line of random fixed
points extending from q = 2 (where it corresponds to
pure Ising, i.e. ρ3 = −1 and ρ4 = 0) to infinite q. The
equations (91)–(97) with n = 0 indeed possess such a
solution, which reads [26]

ρ0 = cos θ = 0, ρ = 1, ρ3 = 2 cos φ = −2
q
,

ρ4 =
q − 2

q

√
q + 1
q − 1

, (98)

and provides the first analytic verification of the above
expectation (see Fig. 10).

From the RG point of view, the critical line (98) is
the large distance limit of a flow with infinite correla-
tion length, which for q ∈ (2, 4] originates from the crit-
ical line of the pure ferromagnet. However, since (98)
extends to q = ∞, it should be possible to identify a
starting point of the flow also for q > 4. Since in this
range the pure ferromagnet has a first order transition
(finite correlation length), a line of unstable RG fixed

points for q > 4 should exist in the disordered system.
Given the generality of the fixed point Eqs. (91)–(97),
they should then admit a solution starting at q = 4 and
extending until q = ∞. This solution indeed exists and
reads [95]

ρ0 = − 2

q2 − 4q + 2
, ρ =

√
(q − 4)(q3 − 4q2 + 4q − 4)

q2 − 4q + 2
,

ρ3 =
2(q − 3)

q2 − 4q + 2
, ρ4 =

(q − 2)
√

(q − 4)(q − 3)(q − 1)q

(q − 1)(q2 − 4q + 2)
,

2 cos φ =
2(q − 4)√

(q − 4)(q3 − 4q2 + 4q − 4)
, cos θ = 0 . (99)

Notice that at q = 4 this solution coincides with
that for the pure ferromagnet, i.e. III− of Table 3 (see
Fig. 10). The existence of the solution (99) suggests that
for q > 4 the softening of the first order transition of
the pure ferromagnet into the second order transition
corresponding to (98) sets in only above a q-dependent
disorder threshold. Below this threshold the transition
would remain first order (in the sense of a finite corre-
lation length) but, in order to comply with the rigorous
result of [19], without the usual discontinuity in the
energy density (latent heat). In this respect, it must
be remarked that a first order transition without latent
heat was found in mean field theory for q > 4 in a Potts
model with quenched disorder [96].

The critical lines (98) and (99) have cos θ = 0, a
property that has a remarkable implication. Indeed, the
combination

∑
i,γi

Aαiγi
Aγiαi

of two-particle states is
invariant under color permutations (Sq-invariance) and
scatters into itself with the phase

S = S3 + (q − 2)S2 + (n − 1)(q − 1)S4 , (100)

which generalizes (70) to the replicated case. It is eas-
ily checked that for cos θ = 0 Eq. (93) implies Im S = 0
(namely S = ±1) in the case n = 0 of interest for
quenched disorder (see Fig. 11). This means that, while
in general the solutions (98) and (99) depend on q,
their Sq-invariant sector does not, an independence on
the symmetry parameter that does not occur in pure
systems. It makes possible that the scaling dimensions
of fields belonging to the Sq-invariant sector, in par-
ticular the energy density ε(x), stay constant along
with the random critical line. This allows the exponent
ν = 1/(2 − Xε) to preserve along the critical line (98)
the pure Ising value 1 that it takes at q = 2, a cir-
cumstance that sheds light on the persisting indications
[32–42] that ν does not exhibit appreciable deviations
from its Ising value up to q = ∞. We observe that
the value ν = 1 saturates the lower bound ν = 2/d
obtained in [97] for disordered systems in d dimensions.
On the other hand, the order parameter critical expo-
nent β depends on the scaling dimension Xs of the
spin field, which is not Sq-invariant; hence β has to
be q-dependent, again in agreement with the numerical
determinations of [37] and subsequent studies. Hence,
the exact fixed point Eqs. (91)–(97) allow for a subtle
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Fig. 11 The scattering phase (100) becomes q-independent in the limit n → 0 yielding the critical line (98)

mechanism of superuniversality of some critical expo-
nents [26]. We will see that this mechanism is not lim-
ited to the Potts model and appears to be characteristic
of quenched disorder.

The critical line (98) rules the large distance prop-
erties of the system obtained adding weak disorder
to the pure ferromagnet. On the other hand RG
fixed points corresponding to stronger disorder are also
expected and numerically observed (see [98] and refer-
ences therein for q = 2). For the disorder distribution
(80) with J1 = −J2 > 0, in which disorder is asso-
ciated to antiferromagnetic bonds, one such a strong
disorder fixed point can be referred to as Nishimori-like
fixed point, since it generalizes the Nishimori fixed point
that at q = 2 can be argued from a lattice gauge sym-
metry [99]; for q = 3 it has been studied numerically
in [100,101] (see Fig. 12). The solution of Eqs. (91)–
(97) corresponding to Nishimori-like fixed points was
identified in [94] with

ρ0 = 0, ρ = ρ4 = 1, ρ3 = 2 cos φ = −
√

2,

2 cos θ = −
√

2(q2 − 2)
(q2 − 2q + 2)

, (101)

and belongs to the class of solutions with ρ4 = 1, the
only one for which disorder never becomes weak as q
varies. This class also contains the solution

ρ0 = 0, ρ = ρ4 = 1, ρ3 = 2 cos φ = 2 cos θ = −
√

2 ,

(102)

characterized by complete q independence, a feature
expected within the space of solutions. Indeed, if we
consider a bond diluted ferromagnet, namely the disor-
der distribution (80) with J1 = J > 0 and J2 = 0, only
islands made of spins connected by bonds Jij = J con-
tribute to the energy. At zero temperature these islands
are uniformly and independently colored, and give a
zero order parameter unless there is an infinite cluster.

Fig. 12 Qualitative phase diagram and expected RG fixed
points (dots) in the two-dimensional three-state Potts model
for the random bond distribution (80) with J1 = −J2 > 0. F
is the fixed point (98) to which the system is driven by weak
disorder; N denotes the Nishimori-like fixed point (101)

Hence, a percolation transition is expected for any q,
and is accounted for by (102).

6.3 Disordered O(N) model

6.3.1 Fixed point equations

The vector model with random bonds is defined on the
lattice by the Hamiltonian

H = −
∑

〈i,j〉
Jij si · sj , (103)

where sj is a N -component unit vector located at site
j. The scattering formulation at critical points in two
dimensions again exploits the replica method, and gen-
eralizes that of the pure model taking into account that
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Fig. 13 Scattering amplitudes for the replicated O(N) vector theory. Time runs upwards, and the indices i and j label
different replicas

Fig. 14 The parameter ρ4 for the solutions of the Eqs. (108)–(113) with n = 0 discussed in the text. Absence of disorder
(ρ4 = 0) corresponds to the critical O(N)-invariant pure ferromagnet. The critical line (114) with varying ρ4 is expected
from Harris criterion below N = 1, and is found to terminate at N∗ =

√
2 − 1. Nishimori-like and zero temperature critical

points have ρ4 = 1

vector multiplets of particles now exist in each replica.
We then denote the particles as ai, with a = 1, 2, . . . N
labeling the components of the vector multiplet, and
i = 1, 2, . . . , n labeling the replicas. As in the pure
case, the scattering yields annihilation, transmission
and reflection processes. These, however, can now occur
in a single replica (amplitudes S1, S2, S3 of Fig. 13) or
in different replicas (amplitudes S4, S5, S6). Given these
amplitudes, crossing symmetry (50) yields the relations
and parameterizations

S1 = S∗
3 ≡ ρ1 eiφ, (104)

S2 = S∗
2 ≡ ρ2, (105)

S4 = S∗
6 ≡ ρ4 eiθ, (106)

S5 = S∗
5 ≡ ρ5 . (107)

On the other hand, the unitarity Eqs. (49) take the
form [102]

ρ2
1 + ρ2

2 = 1 , (108)
ρ1ρ2 cos φ = 0 , (109)
Nρ2

1 + N(n − 1)ρ2
4 + 2ρ1ρ2 cos φ

+2ρ2
1 cos 2φ = 0 , (110)

ρ2
4 + ρ2

5 = 1 , (111)
ρ4ρ5 cos θ = 0 , (112)
2Nρ1ρ4 cos(φ − θ) + N(n − 2)ρ2

4 + 2ρ2ρ4 cos θ

+2ρ1ρ4 cos(φ + θ) = 0 . (113)

As we by now expect, N and n enter the equations
as parameters that do not need to take integer values;

in particular, the limit n → 0 required by the replica
approach to quenched disorder can be taken without
difficulties. Notice also that the case ρ4 = 0 corresponds
to decoupled replicas (S5 = ±1), and then to absence
of disorder.

6.3.2 Critical lines

The solutions of Eqs. (108)–(113) were given in [65],
and for n = 0, ρ4 �= 0 provide the RG fixed points of
the disordered O(N) model. We now discuss the solu-
tions corresponding to critical lines arising when disor-
der is added to the pure ferromagnet. We know from
Table 2 that the latter corresponds to solution P2− for
N < 2, and to solution P1+ for N > 2. We also know
from the same table that 2Xε = 4Δε < 2, so that weak
disorder is relevant, only for N < 1. In addition, dis-
order becomes weakly relevant as N → 1−, so that a
random fixed point can be found perturbatively in this
limit; this perturbative analysis was performed in [103].
Hence, below N = 1, weak disorder drives the system to
a new critical line that merges the solution P2− of the
pure system at the Ising point. The Eqs. (108)–(113)
yield this new critical line, which reads [102]

ρ1 = 1, ρ2 = cos θ = 0, cos φ = − 1
N + 1

,

ρ4 =
1 − N

1 + N

√
N + 2

N
, (114)

and extends from N = 1, where ρ4 = 0, down to

N∗ =
√

2 − 1 = 0.414.. , (115)
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where ρ4 reaches its maximal value 1 (see (111) and
Fig. 14). The presence of a lower endpoint N∗ for this
critical line had been argued perturbatively in [103],
where the estimate N∗ ≈ 0.26 had been obtained in
a two-loop approximation. The subsequent numerical
estimate N∗ ≈ 0.5 obtained in [104] is not far from the
exact result (115).

Notice that the superposition
∑

a,i aiai of two-
particle states, which is invariant under O(N) trans-
formations, scatters into itself with amplitude

S = NS1 + S2 + S3 + (n − 1)NS4 , (116)

which generalizes (57) to the replicated case. It is eas-
ily checked that, when evaluated for the n = 0 solution
(114), S becomes N -independent. Hence, similarly to
what we saw in the disordered Potts model, also in the
O(N) case we have a critical line along which a phe-
nomenon of superuniversality appears. In particular,
the correlation length critical exponent ν is expected to
be N -independent along this critical line, and to pre-
serve the value 1 that it has at N = 1. On the other
hand, the order parameter field is not O(N)-invariant
and does not belong to the superuniversal sector. Its
scaling dimension Xs has to vary along the critical line,
and this is consistent with the measurement of [104] at
N = 0.55.

At N = N∗ the critical line (114) merges the solution

ρ1 = ρ4 = 1, ρ2 = 0, cos φ = − 1√
2
,

cos θ = −N2 + 2N − 1√
2(N2 + 1)

, (117)

which is defined for any N and is always strongly dis-
ordered (ρ4 = 1, see Fig. 14). It is then expected that
at N = 1 this solution corresponds to the Nishimori
point of the Ising model. A line of Nishimori-like RG
fixed points with these properties was indeed observed
numerically in [104]. Additional features of the critical
lines (114) and (117), as well as of zero temperature
criticality, are discussed in [65].

7 Conclusion

In this article we reviewed progress that has been
recently achieved for two-dimensional systems at crit-
icality implementing conformal invariance within the
particle description of the underlying field theory. The
infinite-dimensional character of conformal symmetry
in d = 2 induces essential simplifications in the scat-
tering formalism, which then yields exact equations
whose solutions provide a classification of RG fixed
points with a given internal symmetry. We illustrated
the method for two main models of the theory of critical
phenomena, namely the O(N) vector model and the q-
state Potts model, for which critical lines are obtained
as the symmetry parameters N and q are varied (see
[105,106] for the study of other symmetries). In the

case of pure systems, for which many exact results are
already known, the formalism allows to obtain the dif-
ferent critical lines with the given symmetry from a
single set of equations, and to gain a global view of
their location in the space of parameters. In addition,
previously unknown critical points can appear; they are
most often related to antiferromagnets, for which a first
global viewpoint becomes available.

Remarkably, the same type of analysis can be extended
to the systems with quenched disorder, for which the
relevance of conformal invariance had seemed too hard
to substantiate. The scattering approach finally gives
exact access to random criticality and, again, provides
a global view in which the space of solutions of the
fixed point equations contains the critical lines that
had been studied perturbatively in special limits of
weak disorder, as well as the strong disorder criti-
cal lines (Nishimori-like or zero-temperature) that had
been completely out of reach of analytical methods.
Phenomena such as the softening of first order transi-
tions by disorder are also observed analytically for the
first time.

One striking result emerging from this exact explo-
ration of random criticality is the presence of lines of
fixed points along which some critical exponents can
stay constant as the symmetry parameter is changed.
This superuniversality mechanism sheds light on numer-
ical observations that had gathered over the years and
had remained unclear in absence of a theoretical pic-
ture. While the phenomenon has no counterpart in pure
systems, it appears to be generic for disordered ones in
d = 2. At the same time, it is hard to point out a reason
why it should be confined to two dimensions. Exper-
imental [107] and numerical [108–112] studies show
that also in d = 3 disorder is able to soften the first
order transition of a pure system into a second-order
one, again making room for new conformally invari-
ant points. Additional numerical work aimed at veri-
fying the symmetry dependence of critical exponents in
d = 3, for example for the q-state Potts model as a
function of q, would be very interesting.

For the two-dimensional case, now that the relevance
of conformal invariance for random criticality has been
established exploiting the particle framework, it will be
relevant to understand how random RG fixed points can
also be described within the more traditional framework
of the infinite-dimensional conformal algebra.

We finally observe that the relevance of conformal
invariance is well known also for surface critical behav-
ior in pure systems [113]. It will be interesting to extend
the scale invariant scattering approach to systems with
a boundary12 and gain access to surface criticality in
presence of quenched disorder.

12 Away from criticality, boundary scattering in two dimen-
sions is known to admit exact solutions [114] and has been
applied, in particular, to percolation [115] and the wetting
transition [116,117].
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A Muñoz. Sudupe, G. Parisi, J.J. Ruiz-Lorenzo, Phys.
Rev. B 61, 3215 (2000)

110. C. Chatelain, B. Berche, W. Janke, P.-E. Berche, Phys.
Rev. E 64, 036120 (2001)

111. W. Janke, P.-E. Berche, C. Chatelain, B. Berche, Nucl.
Phys. B 719, 275 (2005)

112. M.T. Mercaldo, J.-Ch. Anglès d’Auriac, F. Iglói, Phys.
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