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1 Introduction

Recent advances in gravitational wave astronomy [1, 2] have sparked interest in the physics of
cosmological first-order phase transitions [3, 4], potentially leading to stochastic gravitational
wave signals that are observable in current and future experiments. These experiments can
reach frequencies up to a few kHz, which correspond to transition scales much higher than
the physics scales reachable by collider experiments.! The signal details depend strongly on
the physics behind the phase transition, which usually proceeds via quantum tunnelling [3] or
thermal fluctuations [4, 5] creating supercritical bubbles which later expand and collide. In
this paper, we would like to present a new classical mechanism for the creation of supercritical
bubbles from the collapse of a boson star.

Boson stars [6, 7] are clumps of Bose-Einstein condensate that are held in equilibrium
by gravity or attractive self-interactions. They are known to arise in various early universe
scenarios [8-30], and their physics has been extensively discussed especially in the context
of axions (see e.g. [31, 32] for reviews). One of the important consequences of boson stars
is that their evolutionary track can end with a collapse, which drives the energy density in
the core of the star to very large values. This is indeed the case for axions, whose attractive
self-interaction renders axion stars unstable against collapse; the axion star collapse has been
shown [22] to be accompanied by emission of relativistic axions from the high-density core.

In this work, we study the collapse of boson stars consisting of a scalar field whose
potential has non-degenerate minima. Considering the universe to be initially trapped in

! A present-day frequency of kHz is tied to a transition scale of ~ 10'° GeV in conventional scenarios. This
relation however is modified in the mechanism we will present.



a false vacuum, we explore the possibility that a boson star collapse induces large energy
densities, i.e., field excursions, to overcome the potential barrier inside the star’s core. We
demonstrate that this process can actually create a supercritical bubble, which subsequently
turns to expand and triggers a cosmological phase transition. To delineate the region of
parameter space in which this mechanism operates, we perform numerical simulations of the
classical field evolution on a lattice. These simulations explicitly demonstrate the formation
of supercritical bubbles, and are complemented by qualitative arguments that support and
clarify our numerical results. We thus show that a boson star can classically seed a vacuum
transition, even if the false vacuum is stable against quantum tunneling.

Generally speaking, the process we investigate can be viewed as a true vacuum bubble
creation driven by field-interaction dynamics. In this context, we would like to mention
refs. [33, 34], where a different type of field dynamics also leads to classical bubble production.
In those works, large field excursions are generated by bubble collisions, which in turn result
in the classical creation of new bubbles in minima lying below those of the parent bubbles.
However, unlike the mechanism discussed in the present paper, the effect found in [33, 34]
operates only in models featuring a sequence of at least two false vacua arranged in a
hierarchical structure. Finally, let us also mention other studies that are somewhat similar in
spirit, where phase transitions are triggered by various types of nucleation sites [35, 36], such
as neutron stars [37, 38|, black holes [39-42], domain walls [43-45], cosmic strings [46, 47],
and monopoles [48-50].

The paper is structured as follows: in section 2 we briefly review dense boson stars,
focusing on their collapse according to the self-similar solution found by [22]. In section 3,
we present the main result of this work and show for an explicit potential, how the boson
star collapse can trigger the phase transition. In section 4, we comment on phenomenological
applications of this mechanism. Finally in section 5 we discuss our findings and provide
with our concluding remarks. We also give a general discussion about the critical radius
of a true vacuum bubble in appendix A.

2 Boson stars: a review

Let us start by reviewing the basic properties of boson stars, which are chunks of Bose-Einstein
condensate bound by gravity or attractive self-interactions. Some of the discussions here
follow those of [20, 22, 23].

2.1 Stable and unstable branches

We consider a system at high occupancy, and describe it with a classical field theory of
a real scalar coupled to gravity,

L= V=5 |~39"0u00,0 - V(). (2.1)
with a potential of the form,
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Here m is the mass, ¢, are dimensionless constants, and f is a mass scale that serves as
the decay constant in the case of axions. In the nonrelativistic regime, it is convenient
to rewrite ¢ as

o(x,t) = \fﬁ [w(a:,t)e_imt + c.c.} , (2.3)

in terms of a complex field v whose time dependence is slow compared to the oscillation
period T' = 27/m. Then the terms in the potential can be expressed as

<jc5>2" = 272;;3)2' (W;* )n + (oscillating terms), (2.4)

where the oscillating terms contain powers of e

mt and thus can be ignored if we average the

field evolution over an oscillation period. We further take the metric as
ds® = —(1 +2®)dt* + (1 — 2®)dx?, (2.5)

and use the weak gravitational field (|®| < 1) and nonrelativistic (|0,| < m) approximations.
Then the Klein-Gordon equation, V,V#¢ = dV/d¢, and the time-time component of the
Einstein’s equation reduce to the Gross-Pitaevskii-Poisson (GPP) equations,
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(2.6)

Here M, = G~1/2 is the Planck mass, and p = m?f2|3|? is the mass density. Latin letters
stand for spatial indices, and the sum over repeated spatial indices is implied irrespective
of their positions. Note that we have also made a small || assumption and dropped terms
with higher powers of the field than those displayed.

Boson star solutions are obtained by numerically solving the GPP equations, but their

basic properties can be understood by energy considerations using the Hamiltonian:?

H:m2f2/d3x( l;/}&,@b ‘"‘Wl) _ gjj;/ds /d3 (x |m|_|1/;(/’ ') . (2.7)

The two terms in the parentheses correspond respectively to the gradient energy and the
self-interaction. The last term is the gravitational binding energy, for which we just showed
the spatial variable of .

Hereafter we suppose go > 0, namely, an attractive quartic self-interaction (which is
the case for axion-like fields.) Let us also consider a spherically symmetric ansatz with a
characteristic radius R, and an approximately constant field value inside this radius:

] ~ {w|0 (const.) for r < R, ]1/;] 2.8)

Oy
0 for r > R, 1991 ~

2(2.6) arise as Hamilton’s equations by using that the conjugate momentum of v is 7 = (i/2)mf2*
(similarly for ¥* and 7*), and writing the Hamiltonian as H = (H [y, 7] + c.c.)/2.



where r = |z|. Then the integrals in (2.7) can be performed to yield?
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(2.9)

where we have written the boson star mass as M = (47/3)R3pg, with the central density
po =m? f2|¢|3. The Hamiltonian has two extrema with respect to the radius, a maximum
at R = R_ and a minimum at R = R, where

5 M? 27 gom2M?2
Ry=-—l 1+ /1- 22— 2.10
T 6miM ( \/ 8or f2M2 ) (2.10)

given that the star mass satisfies

80m fM,
27 \/gam’

On the stable solution, R = R4, the gravitational attraction balances the gradient pressure.

M <

(2.11)

On the other hand on R = R_, the gradient pressure balances the attractive self-interaction
in an unstable equilibrium. In the context of axion stars, these stable and unstable branches
are also referred to as the dilute and dense branches, respectively.

2.2 Boson star collapse

We now focus on star configurations in the vicinity of the unstable branch, where gravity can
be ignored. Then the GPP equations (2.6) reduce to a nonlinear Schrédinger-type equation,
which has been well studied in condensed matter systems [53],

0i01p  mga|y]?

0 = = 2m 8

. (2.12)
As noted in [22, 53], this equation is invariant under the scaling,

U@, t) = 3 (ya, 77t)e (2.13)
with v, € R. It thus has a scale-invariant solution of the form,

_ —iw (y) _ m
Y = (—mit) W’ y=n— (2.14)

where w is a real constant, and we have set ¢ = 0 as the moment when the solution collapses
to a singularity. The function x(y) satisfies the equation

Ix|2x

—2wx +iyx + X" + 3
4y

=0, (2.15)

where a prime denotes a y derivative.

3For exact star solutions of the GPP equations, the terms in the Hamiltonian (2.9) can be corrected by
order-unity factors, whose values also depend on the detailed definitions of the star radius and mass [7, 51, 52].
However the approximation (2.8) is good enough for order-of-magnitude estimates.



With the scale-invariant solution, the Hamiltonian (2.7) is written as (note we are
ignoring gravity),

2 f? [ dy e _ Il
H= - - . 2.16
P d) Y (!x X = =g (2.16)

To make this integral converge, let us first require x to vanish at the origin, x(y — 0) = 0.
On the other hand at large y, the general solution of (2.15) asymptotes to the form (if w # 0),

x(y = 00) = Anyiw_i_Befiyz/Zyinfl, (2.17)

where A and B are complex constants. The second term should vanish for the Hamiltonian
to be finite. Numerically solving (2.15) under these boundary conditions fix the parameters
as w ~ 0.54 and |A| ~ 2.85 [22]. Moreover, the absolute value of x thus obtained is well
approximated by the following piece-wise function,

3.93y for y <1,
x|~ (2.18)

2.85 for y > 1,

or equivalently,
3.93
———  for mr <« v—mt,
N v/ —gamt

o = { Vg 22 (2.19)

for mr > v —mt.

\/gzmr

If one extrapolates the two limiting expressions, they cross at y ~ 0.73. Calling the region
inside this y value the core of the boson star, the core radius and the inner density are written as

—t mf?
R~0.73\/—, po=m’f2|y|3 ~15 - (2.20)
m —got
Here we used the subscript 0 to denote quantities at » < R. Thus we see that the scale-
invariant solution describes a star with a collapsing core, which has a uniform density growing
with the collapse as pg o< R~2. In particular, the core mass and radius are related via

/
R (2.21)

M = %poRs ~ 34
This relation matches with that of the unstable branch R = R_ (cf. (2.10)) in the small M
limit, up to order-unity numerical factors.

Two comments are in order here. First, it is the star core whose mass-radius relation takes
a similar form as that of the unstable branch. For the whole star, since it acquires a non-
uniform density during the collapse, the discussion below (2.8) no longer applies. Moreover,
considering the scale-invariant profile (2.19) to be cut off at the star radius Rgay (> R), the
total mass of the star is much larger than the core mass: Mgar ~ (3 Rstar/R)M > M. Second,
it was demonstrated in [22] that the scale-invariant solution is an attractor. This indicates

that a sufficiently dense boson star is dragged towards the scale-invariant core collapse.



Note that the above discussion holds in spacetime regions where the system is nonrela-
tivistic, i.e. —mt, mr > 1. Moreover, the Schrodinger equation (2.12) neglects gravity, as
well as sextic and higher self-interactions; the latter actually yields terms of g,|t|?"~2 inside
the parentheses in the first line of the GPP equations (2.6). The Schrodinger equation is thus
valid for go|1|? > |®|, |ga||0|>" 2. Imposing these conditions on the core and hence using
r~ R, || ~ |[¢]o, and also estimating the gravitational potential as  ~ —GM /R, one finds

that the scale-invariant solution is valid while the following conditions hold,

g2 M, lgn| \ "2
> mmt > < It , (2.22)
99

for all n > 3. The first inequality represents the condition for negligible gravity; this combined
with (2.20) and (2.21) guarantees the star mass limit (2.11) to be satisfied. One also sees
from comparing the lower and upper limits on —m¢t that the quartic coupling needs to satisfy

f2
g2 > 2 (2.23)
P
otherwise the scale-invariant solution would not exist at all.*

The second inequality in (2.22) is for a nonrelativistic evolution, and negligible sextic and
higher self-interactions. These eventually break down as the collapse proceeds (t — 07). For
the case of an axion-like potential, the scale-invariant collapse is followed by a “bosenova”
which emits relativistic axions and hence lowers the central density of the star [22]. The
diluted star then collapses again along the unstable branch, and repeats the whole process.

Lastly, we remark that we have used classical field theory to describe the star by assuming
the system to be at high occupancy. To verify this assumption, let us evaluate the characteristic

occupation number within the core as

~ 0 <1)3. (2.24)

m \muv

Here v is the typical velocity of the bosons, which we estimate from the gradient energy of

the core (cf. first term in (2.9)) via M/2m?R? ~ Mwv?/2. This gives®
1 M

v — N~ —. 2.25

5 - (2.25)

Hence during the core collapse, the occupation number decreases with the core mass. By

extrapolating the scale-invariant solution (2.20) up until when the system becomes relativistic,

and using an asterisk to denote quantities at this time, i.e., —mt, = 1, one obtains v, ~ 1

and N, ~ f2/gam?. The classical field description is valid until ¢, if A, > 1, or equivalently,

f2
92 € g (2.26)

%(2.23) roughly corresponds to requiring R— to be larger than the Schwarzschild radius, so that stars can
reach the unstable branch before collapsing into black holes.
50On the stable branch, the expression here reduces to the virial velocity v ~ /GM/R; at small M.



3 Phase transitions from star explosions

We explore the possibility that a collapsing boson star core triggers a cosmological phase
transition. So far the collapse of boson stars has mainly been studied for trigonometric
potentials. However, as was shown in the previous section, the essential ingredient for the
collapse instability is a negative quartic coupling providing an attractive interaction. During
the collapse the energy density in the core of the boson star reaches very large values and
the same is true for the classical field values. Hence if the scalar field potential possesses
non-degenerate vacua, the large field values within the star core can potentially trigger a
phase transition. In the following we consider a classical “jumping” over the potential barrier
induced by a star collapse, and discuss whether it creates a super-critical field configuration
which subsequently starts to expand.

3.1 A toy model

We start with a toy potential:

2 A
V(9) = 5r¢* - 5ot + 56, (3.1)

where m, A, and € are positive parameters with mass dimensions 1, 0, and —2, respectively.
(This corresponds to taking g2 = Af?/m?, g3 = ef*/m?, and g4 = g5 = --- = 0 in the generic
potential (2.2).) We impose the conditions (2.23) and (2.26) for the existence of the unstable
star branch, which in the current case translate into

2

m
— <AL L (3.2)
M}?

It is convenient to introduce dimensionless quantities,

\/> €m2

P =mat, = %qﬁ, 0= (3.3)

Then, ignoring gravity, the action is written as

1 (1,00 8¢ - - B LR S CED

S==[d'a |- -V Vig)=———=+d—==—V(p). (34
A/ :c< s <¢>>, (3) 105 = V(o). (34
The classical evolution of the system thus depends only on d. Supposing § < 5/8 = 0.625,
then the potential has a false vacuum at ¢ = 0 and true vacua at ¢? = g?)%_, separated by
potential barriers peaked at ¢? = ¢2, where

» 10 60
¢i_6<1i 1 5). (3.5)

We suppose that the system is initially trapped in the false vacuum, and that the
probability for a quantum tunneling to the true vacuum is negligibly tiny. We further
consider a boson star configuration around the false vacuum, that is sufficiently dense such
that the quartic interaction balances the gradient pressure, but not dense enough for the



sextic interaction to be relevant. Then as was shown in the previous section, we expect
the star core to collapse along the usual unstable branch (2.19), up to the moments when
the field value becomes large and the sextic interaction can no longer be neglected, and/or
the evolution becomes relativistic.

In order to test whether “jumping” over the barrier can happen, we numerically solved
the classical equation of motion without gravity, 3,18[‘(;3 =dav/ do, on a lattice. We have
implemented the simulation focusing only on spherically symmetric configurations, discretizing
space and time. The radial coordinate was discretized with a uniform grid with A7 = 0.1, and
the time evolution was accounted for using the fourth order Runge-Kutta method with a fixed
time step of Af = 10~% (we have tested that the solution obtained with these discretizations
is stable by comparing it with smaller values of A7, At). At the boundary of the box the
Neumann condition was imposed with 93¢ = 0, and likewise at the origin for regularity.
In order to reduce the time of the numerical integration we have used as initial conditions
the attractor solution for collapsing stars in eq. (2.19). More specifically, we first solved
for x as explained above eq. (2.18), then used the result to set the initial condition for ¢
for the subsequent Klein-Gordon calculation. For these simulations we have tested field
configurations with initial field values at the center of |gi;| = 3 x 1072, which collapse
following the attractor solution” within a time interval of A ~ || =2 < 103. As expected
the results were independent of where we set the initial condition along the unstable branch.
We have also tested other spherically symmetric initial configurations, and checked that the
system eventually relax to the attractor solution, although in this case the simulation lasted
much longer since extra time was required for reaching the attractor.

We report the numerical results in figure 1 and figure 2, by plotting the quantity

p=0"+ () (3.6)

where the overdot denotes a t-derivative. It is convenient to use j as a proxy of the
order parameter since, unlike the field (5, its oscillatory component with pre-factors et2it
in the nonrelativistic regime is negligible (see eq. (2.3)). When this becomes as large as
p > V(p_) ~ 1 (note that v6 < ¢_ < 2¢/2 for 0 < § < 5/8), the field starts “seeing” the
other side of the potential barrier.

In figure 1 we show the time evolution of g at the star center # = 0, where solid lines
with different colors denote different values of §. All the lines initially follow the self-similar
collapsing solution (2.19) which is represented by the red dashed line. The origin of time is
chosen such that ¢ = 0 corresponds to the moment when the self-similar collapse develops
a central singularity.® The deviation from the self-similar collapse becomes substantial at
t ~ —1, and the subsequent core evolution depends on the value of §. For § not much smaller
than 0.625, the vacua are nearly degenerate; for such cases one sees that after some oscillations
around the true vacuum, the central p significantly drops, then turns to increase again. This

SWith this condition, outgoing waves can be reflected at the boundary, however we used a sufficiently large
box such that the main core evolution concludes before the reflected waves reach the center.

"On the unstable branch the field value within the star core fulfills |¢| > m/(v/AM,). Hence here we are
supposing that m/(vAM,) <1072 (see also (3.2)).

8We set the clock when the field evolution is on the self-similar attractor, by defining £ = —300 in terms of
the central densities via p(—300) = patt(—300), with the right-hand side obtained using (2.19).
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Figure 1. j = ¢? + ¢ at the center of the star (7 =0), as a function of time. The numerical results
are shown by the solid lines, whose colors denote different values of the sextic coupling §. The origin
of time is chosen such that # = 0 corresponds to the moment when the self-similar attractor (2.19),
shown as the red dashed line, becomes singular. The sub-panel shows a zoom-in of the region around
t = 0. For the green line (§ = 0.625) the vacua are degenerate. For § < 0.37, the field becomes
stabilized in the true vacuum and a phase transition is triggered. All quantities are in dimensionless

units defined in (3.3).

recurrent behavior is similar to the bosenova phenomenon for axion-like potentials. On the
other hand for smaller ¢, the star collapse ceases with p reaching a constant value of (ﬁi,
which indicates that the field has settled down in the true vacuum. We find that such steady

transitions occur for the values of the coupling:

§5<0.37. (3.7)

In figure 2 we have plotted the radial profile of p at various snapshots of time, with §
varied in the two panels. In both panels, the star follows the self-similar collapse (2.19) at
t < —1. (The red dashed line depicts the self-similar profile at £ = —1.) In the upper panel,
where ¢ is chosen to be below the threshold (3.7), one can clearly see that the collapsing core
turns to expand as a true vacuum bubble. On the other hand in the lower panel where § is
above the threshold, the central g turns to decrease after reaching a maximum value; this
decay of the high-density core is accompanied by emission of outgoing waves.

A few comments are in order. First, we have not included gravity in our simulations since
we focused on stars initially on the unstable branch where gravitational effects can be safely
ignored. For generic star solutions, while the field is deep inside the potential well around
the false vacuum, the contributions to the energy of the star core from gravity and quartic
self-interaction are estimated in a similar fashion as, respectively, the third and second terms
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Figure 2. Snapshots of the radial profile of p. The line colors denote different times, as indicated
by the tick values in the legends. The red dashed line shows the self-similar profile (2.19) at £ = —1.
(f = 0 is when the self-similar profile develops a central singularity.) The sextic coupling d is varied in
the two panels. In both panels the star core initially undergoes a self-similar collapse. In the upper
panel a supercritical bubble forms in the core, and begins to expand. In the lower panel a subcritical
bubble forms, whose central field value turns to decrease as outgoing waves are emitted. All quantities
are in dimensionless units defined in (3.3).
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of the Hamiltonian (2.9). The ratio of the two contributions is thus of
Eq, N m*

Eint )\Mg ’

(3.8)

which shows that gravity becomes less and less relevant as the system size R shrinks during a
collapse, independently of whether the system follows the scale-invariant solution. (Hence
subcritical bubble cores are not expected to collapse into black holes.) On the other hand,
after the field makes the transition to the true vacuum, gravity can become relevant as the
vacuum bubble expands; however we expect our analysis to remain valid while the bubble
size is much smaller than the Hubble radius.

Second, we have not studied in depth the basin of attraction for the collapsing solution, and
how spherically non-symmetric configurations evolve. However since the collapse is initially
governed by the quartic interaction, the results in ref. [22] which partially demonstrated that
the spherically symmetric collapsing solution is an attractor for axion stars, also apply to
our case. If the star becomes sufficiently spherically symmetric during the scale-invariant
collapse, then it is reasonable to expect that the system remains nearly spherically symmetric
also during the subsequent evolution.

Finally, we have relied on classical field analyses by considering the system to always
be in the high occupancy regime. This is guaranteed by the condition, A < 1 in (3.2), up
until the time when the core becomes relativistic. Even beyond this time, however, quantum
corrections should be small for the following reasons: in cases where a supercritical bubble is
formed, the field value inside the bubble is at least of m/v/A; this is larger than quantum
fluctuations which should be comparable to the inverse size of the initial bubble, m. In cases
with a subcritical bubble, the emission of outgoing waves bring the system back into the
nonrelativistic regime, where the occupation number is larger. Hence for both cases, we
expect the classical field description to be valid as long as A is sufficiently smaller than unity.

3.2 Comparison with bounce solutions

The existence of the upper bound on § for triggering a transition can be understood from
the following qualitative considerations.

The attractor solution (2.19) breaks down at ¢t ~ t, = —1/m, when the core evolution
becomes relativistic. The sextic interaction becomes nonnegligible at around the same time
or later since g3/g3 = 0 < 5/8, cf. (2.22). The core radius at ¢, is of

1

R* ~ E’ (39)
inside which the field’s oscillation amplitude reaches the top of the potential barrier, i.e.,
flt«lo ~ ¢—. We can hence crudely picture the core at this time as a bubble of true vacuum.
A true vacuum bubble within the false vacuum expands only if its radius is large enough
so that the driving force from the potential difference wins over the surface tension. If the
two vacua are nearly degenerate such that V(0) — V(¢4) < V(¢—) — V(¢4) (which is the
case for § ~ 5/8), then the wall of the bubble is thin. The critical radius Rp of such thin-wall

bubbles can be found by extremizing the bubble energy,

B(R) = 47 R — %”R?’ (V(0) = V(6y)} (3.10)

— 11 —



where o is the surface tension, as

20
Rp = m (3.11)

We thus expect that the true vacuum core expands and triggers a cosmological phase transition
if its initial radius is larger than the critical radius,’

For generic bubbles which do not necessarily have thin walls, the critical field configuration
of a spherically symmetric bubble, which we refer to as the bounce solution ¢5(r), can be
found by solving the equation (see appendix A for more details),

¢ +2d¢B dV(¢s)

= 3.13
dr? r dr dog ' (3.13)
with boundary conditions,
d
65(0) # o5(r » 00) =0, B[ g, (3.1
r=0

We have numerically obtained the bounce profiles, which we plot in figure 3 for various
values of §. The exact radius of these solutions are ambiguous owing to their thick walls,
hence we define the critical radius via

¢5(0)
5

¢p(RB) = (3.15)

as the radius where the field value drops by a factor of two compared to the origin. In the
plot, we also show by the red dashed curve the dimensionless field’s oscillation amplitude
V2 f|b]/m for the self-similar expression (2.19) extrapolated to £ — 0.

One can read off from the plot that the condition (3.12), i.e. Rp = mRp < 1, reduces
to an upper bound on the coupling,

5<0.2. (3.16)

For much larger values of §, the critical radius Rp becomes too large such that the true
vacuum cores cannot expand. We should remark that this bound should only be taken as an
indicative estimate since the definition of Rp is somewhat arbitrary, and the discussion is
based on a comparison between a static critical field configuration, and a time-dependent
collapsing star solution which first needs to come to a halt before turning to expand. However
it qualitatively explains the existence of the upper bound on § and is of the same order
as the exact one (3.7).10

9 Alternatively, one can set the condition to expand as the field value at the critical radius being larger
than that of the bounce solution, f|¢Y(Rg,t.)| > |¢s(Rp)|. This also gives a similar bound on 4.

19The threshold coupling § = 0.37 in (3.7) gives R ~ 2.3. On the other hand, the minimal critical radius is
obtained in the limit § — 0 as Rp ~ 0.56.
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Figure 3. Profiles of bounce solutions for various values of the coupling §. The red dashed line shows
the self-similar profile (2.19) in the limit £ — 0~. The rough condition (3.12) for supercriticality is
satisfied for § < 0.2. All quantities are in dimensionless units defined in (3.3).

3.3 Other potentials

So far, our discussion was focused on the potential with a negative quartic and a positive
sextic coupling, as given in eq. (3.1). One may naturally ask whether similar phenomena
can occur for other types of potentials. Intuitively, this seems plausible, since the collapse is
primarily driven by attractive self-interactions in the infrared (IR). Here we briefly comment
on other potentials that might exhibit similar IR dynamics.

3.3.1 Logarithmic potential

Let us start by considering the potential:

242 gt 2
:m¢ —i—ilo

V== 4 Ot a2

(3.17)

with A > 0. We would like to emphasize that for small field values such that ¢? < A2, the
product \log(¢?/A?%) becomes negative. By considering this as an effective negative quartic
coupling, one expects that the log potential induces a star collapse. However, unlike for
genuine negative quartic potentials, we are not aware if an attractor solution exists. Hence
to explore the parameter space we have to rely fully on numerical simulations, which are
also limited by the grid size and total time of the simulation.

For numerical simulations it is convenient to perform the field redefinition similarly to

the previous section to obtain a dimensionless parameterization:

j“:mx”j Q‘gzi(ﬁa Czi

1 w00 06 ¢ o

X (3.18)
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S‘A/“( 2" Do 2 41°g(<¢)>'
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For ¢ < 0.18, the potential possesses true vacua at ¢ # 0. The bounce action, the bounce
solution, and the bounce radius can be written in terms of dimensionless functions as follows:

Ls m

Sp =58 (Q), ¢B(r)= 5y

In order to identify the parameter space where the phase transition can be triggered, we

¢ (¢,7), Rp=—Rp((). (3.19)

1
m

have performed numerical simulations imposing spherical symmetry, with initial configurations
of the form ¢ = ¢./(1 + 72/ R2) which is regular at the origin and yields a finite total energy.
Due to the time constraints on the simulations we have kept ¢, >0.03. R, is the initial size
of the core, which needs to be sufficiently large for the core to collapse. For example for
b = 0.03, one needs R, > 60. With these simulations, we found that an expanding true
vacuum bubble is formed from a core collapse for

(<501, (3.20)

with this result being independent of the initial field parameters. We also tested initial
conditions given by the attractor solution for the quartic potential in eq. (2.19) (even though
it is not a solution for the log potential), and observed phase transitions happening. The
existence of an upper limit on ( for a collapsing core to turn to expand can be understood by
noting that, similar to the sextic potential, as { increases the false and true vacua become
degenerate, and hence the critical radius becomes larger. However let us stress again that it
is not known if an attractor solution exists for the logarithmic potential. And since we have
only managed to test a small set of initial configurations, the results here can be considered
only as a hint of the star-induced bubble nucleation, until more rigorous study is done.

3.3.2 Cubic potential

One may wonder whether similar effects can happen for a cubic potential, since this is the
simplest renormalizable potential that can have a false vacuum:

242 3 4
LA NN

v 2 3 4

(3.21)

where A > 0. In this case the cubic interaction makes the potential flatter than a quadratic,

and hence may induce an attractive force. (However it should also be noted that if one makes

the substitution as in eq. (2.3), odd powers of ¢ only give rise to oscillatory terms.) Since

the only interaction, if any, that can trigger a star collapse is cubic, the resulting behavior is

expected to be quite different from the potentials studied in the previous sections.
Making the field redefinitions:

2
R S S
m? k2
2 T a7 72 13 T4 (3.22)
m: o, (1. 05 0b & é
S=" [ iy 20 0 L0 2
k2 2" Ok OV 2 3 4

one sees that the dynamics of the system is controlled by £. The potential has a true vacuum
at ¢ # 0 for £ < 2 /9 ~ 0.22. We numerically computed spherically symmetric configurations,
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with initial profiles that decay at large radii as ¢ o 72, with central field values ¢. > 0.05
due to time limitations. We observed star configurations collapsing and then turning to
expand as true vacuum bubbles. Within the cases we tested, a critical bubble creation took

place independently of the initial conditions under the condition,
£ <0.1. (3.23)

We emphasize that we only studied a small set of initial configurations, and moreover it
is still unclear if a cubic interaction should give rise to an attractive force. Hence at this
point the collapse and the subsequent expansion of stars for cubic potentials should only
be considered as a conjecture.

4  Phenomenological implications

In the previous section, we introduced a mechanism by which the collapse of a boson star can
trigger a phase transition. Until now, we have remained agnostic regarding the cosmological
conditions required for this process. In what follows, we outline the basic criteria the system
must fulfill for such a transition to occur, by focusing on the sextic model (3.1).

4.1 Transition to our universe

First and foremost, the universe must initially reside in the false vacuum, which must be
stable against quantum tunneling. The tunneling rate, I" oc exp[—S4], is controlled by the
Euclidean action evaluated using an O(4)-invariant bounce solution (which is obtained in a
similar fashion as the O(3)-invariant solution described in appendix A). The bounce action
depends on the couplings as follows,

Sy = %5’4 (5) > 0. (4.1)

At the same time the production of the supercritical bubbles from the star collapse is controlled
only by the § parameter. So if we keep § fixed and choose A small enough we can make
the metastable state arbitrarily stable against tunneling.

Let us now assume that our current universe exists in the true vacuum of the system.'! In
this case, it follows from the observed value of the cosmological constant which is vanishingly
small that the false vacuum must possess a constant contribution to the energy density, given by

m* [ (5+ /25 —300)(5 + v/25 — 305 — 126
V()= Vigy) = " 5+ )(1;;2 )
mi 150 10 4.2)
Y [952 N o)

In the second line, we have expanded in the small § limit (§ < 1), and we remind the reader
that (0,¢_, ¢4 ) are the field values in the false vacuum, local maximum of the potential

1 The sextic potential possesses two degenerate true vacua, and a collapsed core settles down in one of them.
With multiple stars, half of them collapse into one vacuum, and the rest into the other vacuum, thus giving
rise to domain walls (as is generally the case for phase transitions to discrete vacua.) Hence an energy bias
between the vacua needs to be added to remove the walls. However here we show that transition-inducing
stars do not form in the first place with the sextic potential.
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and true minimum respectively. The presence of this vacuum energy imposes a stringent
constraint on the star formation, as we describe below.

Boson stars can form in virialized halos through a condensation [10, 24-26] or by a
gravothermal collapse [30]; they can also form from the collapse of large-amplitude density
fluctuations [29]. In any cases, the formation of boson stars (or at least their host halos)
typically takes place in a universe dominated by nonrelativistic matter. Hence one may
imagine a scenario that leads to the star-induced phase transition as follows: the ¢ particles
are initially excited around the false vacuum, which eventually become nonrelativistic and
dominate the universe. During this early matter-dominated epoch, the ¢ particles form
boson stars through one of the above mechanisms. The stars then grow by accreting the
surrounding particles [27, 28], some of which reach the unstable branch, collapse, and explode
as bubbles of true vacuum.

The above scenario requires an epoch dominated by the ¢ particles in the false vacuum.
However their energy density, that is,

po ~ ¢°m?, (4.3)

cannot be larger than the height of the potential barrier separating the false and true vacua,
otherwise the field does not remain trapped in the false vacuum. Hence,

m? — — — — —
o < V(o) - V() =" [(\/25 306 5)(?852125 V25 — 300) B
m4 .
:AE+%+mﬂ,

for 6 < 1. Then using eqgs. (4.2) and (4.4), as well as the upper limit on § in eq. (3.7) for
the true vacuum core to expand, we can conclude immediately that

ps <V(p-) = V(0) <V(0) = V(gy). (4.5)

Thus there cannot be a period of matter domination by the ¢ particles in the false vacuum,
disallowing star formation in the first place. In other words, boson stars could form if the
d-limit of eq. (3.7) is violated, but then their collapse would not give rise to expanding
true vacuum bubbles.

The formulas above are derived assuming the sextic potential in eq. (3.1). However even
for generic potentials, the requirement that the height of the barrier be larger than the
energy difference between the vacua restricts the bounce solution to have a thin wall, and
an accordingly large critical radius. Unless an even larger true vacuum bubble is formed
from the star collapse, the main conclusion remains to hold.

We have also assumed a matter-dominated epoch driven by the same field producing
the boson stars. If the stars or at least their host halos can form during a different epoch,
the previous discussion in principle does not apply. For instance, one can imagine another
matter component that is not bounded by ¢’s potential barrier to dominate the universe
and induce structure formation. Alternatively, halos might form in a non-matter-dominated
universe with the aid of additional long-range forces [54].
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Figure 4. Parameter space where phase transitions can happen, in terms of the couplings § and A for
the sextic model. Below black lines the universe is stable against quantum tunneling up to today, with
the mass of ¢ varied as m = 1 GeV (dashed), 102 GeV (dotted), 10* GeV (dot-dashed), and 105 GeV
(solid). In the red shaded area phase transitions can happen due to the boson star collapse.

4.2 Transition from our universe

Another possibility is that the observed universe lives in the false vacuum, i.e., it is metastable.
If the energy of the true vacuum is negative, then the potential barrier height can be smaller
than the energy difference between the vacua, and also be much larger than the absolute value
of the false vacuum energy. The ¢ particles then could have once dominated the universe
(perhaps as dark matter) and formed dense boson stars. In this case a phase transition
leads to the destruction of our universe, so we can constrain theories by requiring this not
to happen, neither by collapsing stars nor by quantum tunneling.

The tunneling rate can be estimated as

AP (S4>26Xp[54]: ' <S4(6)>26Xp [15*4(5)}. (4.6)

“Ri\2n Ra(6)% \ 27A A

Here, Ry = R4(6)/m is the radius of the O(4)-invariant bounce solution, defined in a similar
way as in eq. (3.15).

In figure 4 we show the parameter space for metastability in the d-A plane. A quantum
tunneling takes place by today, i.e., I' > H* where H ~ 10733 eV is the present-day Hubble
rate, on the left side of the black lines (whose exact position also depends on ¢’s mass). On
the other hand, a collapsing boson star triggers a phase transition on the left of the red line,
cf. eq. (3.7). We can see that there is a large parameter space at A < 1 where the otherwise
perfectly fine metastable universe can be destroyed by a boson star collapse. On the other
hand at A 2 1, not only that the quantum tunneling becomes important, but the classical
field description can break down at the final stage of the star collapse, cf. (3.2).
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5 Summary & Conclusion

We conclude by summarizing the main results of our study. We investigated systems in which
a scalar field is trapped in a false vacuum, with particular focus on potentials characterized
by negative quartic interactions. It is well established that such a potential can lead to the
formation of boson stars, which subsequently collapse if their densities exceed a critical value.
The collapse of the boson star follows an attractor solution, resulting in very large field values
at the core of the star. We have demonstrated that configurations with sufficiently large
field values can classically trigger a phase transition by creating regions of true vacuum at
the core of the boson star. If these regions exceed the size of a critical bubble, they begin
to expand, thereby initiating a first-order phase transition.

We have analyzed star collapse in detail for a model with ¢* and ¢% interactions, and
identified the parameter window where a phase transition can be triggered through first-
principle numerical simulations of spherically symmetric field configurations. We found phase
transitions are induced for potential parameters that admit bounce solutions with thick walls,
i.e., bubbles with relatively small radii that are comparable to the scale of the underlying
microphysics. This behavior is expected, as in such cases the critical bubble radius can be
smaller than the core size of the collapsing star.

Interestingly, our numerical results reveal qualitatively similar behavior for other types
of potentials — specifically, logarithmic and cubic ones — that may also exhibit attractive
interactions at infrared field values. However, unlike the case with a negative quartic coupling,
no attractor solution is known for these potentials. To what extent the boson star collapse
and subsequent phase transition in these scenarios depend on the initial conditions remains
to be understood.

We have briefly discussed the phenomenological implications. In particular, we demon-
strated that a false vacuum that is metastable against quantum tunneling and hence may
seem to have a lifetime exceeding the age of the universe, can actually be destabilized by
a boson star collapse. At this point there are two distinct scenarios: (i) our world lives in
the true vacuum, or (ii) our world lives in the false vacuum. Regarding the case (i), for the
simplest toy scenario we showed that boson stars formed in a matter-dominated universe
in the false vacuum can only collapse into subcritical bubbles, and hence do not trigger a
phase transition. It would be interesting to see if a similar situation also arises for other
boson potentials and star formation scenarios. For (ii), the false vacuum energy is normalized
to the observed value of the cosmological constant and is very small. In this case, boson
stars can form and trigger a destruction of the otherwise metastable universe. The require-
ment that such dangerous stars do not form can be used to constrain cosmological models
with multiple vacua, such as those with multi-axion couplings or gravitational corrections
generating superposed cosine potentials [55-60)].

We also comment on gravitational waves emitted from the collision of bubbles (see for a
recent review [61]). The frequency is set by the initial distance between the bubbles upon
nucleation, which is roughly the Hubble radius in conventional first-order phase transition
scenarios. However in our mechanism, the bubble separation should be much smaller since
it corresponds to the interstellar distance. Hence for phase transitions happening at the
same energy scale, we expect star-induced bubbles to produce gravitational waves with much
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higher frequencies than in conventional scenarios. On top of this, there may be additional
gravitational wave emission from mergers of boson stars [62, 63|, and from fluctuations of
the expanding bubble wall [64].

Finally, we remark that although we have focused on classical transitions induced by
collapsing stars, the large core density may also enhance the quantum tunneling rate. De-
veloping a quantitative understanding of this effect is both interesting and worthwhile, and
we leave this to future work.
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A O(3)-invariant bounce solution

In this appendix we discuss the critical radius of a true vacuum bubble in terms of an
O(3)-invariant bounce solution. These static field configurations correspond to a saddle point
of the energy functional, and under small perturbations can either collapse or expand. Our
discussion is purely classical, however the computation is essentially the same as for critical
bubble formation at finite temperatures due to thermal jumps [4].

We consider a real scalar field with a Lagrangian of the form (2.1) in flat space, with a
potential V' (¢) possessing two non-degenerate minima. We set the field value at the false
vacuum to ¢ = 0, without loss of generality. We restrict ourselves to static and spherically
symmetric bubble solutions, i.e., ¢ = ¢p(r) with r = |x|. Then the field’s equation of
motion takes the form,

¢ N 2d¢p _ dV(¢B)
dr?2  r dr dép

(A.1)

In order to model a bubble of true vacuum within the false vacuum, we also impose the
following boundary conditions,

dop
dT r=0

¢p(0) # ¢p(r — o00) =0, =0, (A.2)
where the second condition is for regularity at the origin.

Interpreting the radial variable r as time, then the equation (A.1) describes the motion
of a particle moving along an inverted potential —V', being also subject to a frictional force
of (2/r)(d¢/dr). The boundary conditions further impose that the particle is initially (r = 0)
at rest, then subsequently starts to roll and reaches ¢ = 0 in the asymptotic future (r — 00).
Here, since ¢ = 0 is a local maximum of the inverted potential, to reach it the particle
needs to be initially located in the potential well around the true vacuum. Moreover, due
to the presence of the frictional force, the initial position needs to fulfill V(¢5(0)) < V(0).
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We refer to ¢p(r) as the “bounce” solution. This can be numerically obtained for generic
potentials using a shooting method, or by using existing codes such as FindBounce [65]
and CosmoTransitions [66].

The bounce solution is unstable under deformations. For example we can look at the
following one-parameter field configurations ¢.(r) = ¢p(kr) with £ > 0 (hence ¢p=1 =
¢p) [67]. Noting that the bounce solution extremizes the Hamiltonian for ¢,

o0 1 /do\>
— 212 (2%
H[¢]—47r/0 drr [2 (dr) —|—V], (A.3)
and thus (dH[¢y]/dk)k=1 = 0, one can check the instability:
dk? 1 0 dr ' '

This shows that a bubble larger (smaller) than the bounce solution expands (shrinks).

In cases where the true and false vacua are almost degenerate, the bounce solution exhibits
a quick transition between the two vacua at a sufficiently large r such that the friction is
negligible during the transition. This describes a bubble with a “thin wall,” whose radius can
be computed as in (3.11), with the surface tension o being a functional of V. The radius of a
thin-wall bounce solutions gives the critical radius, beyond which bubbles begin to expand.
However in general cases, bubbles can have thick walls, then whether they expand or shrink
also depends on the shape of the field profile. In the main text, we introduced a generalized
critical radius as (3.15), as a rough guide for determining the fate of bubbles.
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