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1. Introduction

This work presents a novel bridge between harmonic analysis and geometric measure
theory. The Fourier transform has proved to be an effective tool when studying differ-
ential equations. As is well known, it allows linear differential problems to be turned
into algebraic ones. Moreover, since Sobolev norms are equivalent to weighted L?-norms
of the Fourier transform, information on the latter can be exploited for studying the
regularity of solutions of PDEs. Another example of such duality is the relation between
the Fourier restriction problem and the decay of solutions of some wave problems, such
as the Schrodinger equation or the Klein-Gordon equation, and we refer the reader to
the seminal paper of Strichartz [28].

In Section 2, we show that, for functions of bounded variation, the problem of esti-
mating the short-time behaviour of the (relative) heat content is dual to determining the
limit behaviour of averages of the Fourier transform. Since the former retrieves several
quantities of geometric interest and is strictly related to perimeters, the latter will natu-
rally inherit such a property. In general, the problem of estimating the Fourier transform
has a long history, and we refer the reader to the classic work of Hlawka [20], Herz [18],
and to the study in [11].

In what follows, d stands for a positive integer, and for a positive value R, we write Br
to denote the ball of radius R centered at the origin. The Fourier transform of a function
u is either denoted by F{u} or @. Last, H¢ stands for the d-dimensional Hausdorff
measure.

We turn to the main result of Section 2. Before proceeding with its statement, we
introduce a special geometric quantity. In particular, the reader may find relevant geo-
metric definitions and notation on BV functions at the start of the same section.

Definition 1.1 (L?-jump product). Let u,v € BV(R?) N L°*(R?), then we define the L2-
jump product of u and v as

J(u,v) = / (ut —u) (vt —v ) vy, vy, dHITL,

JuNJy

with the convention that J(u) = J (u,u).
We proceed with stating what we interpret as a weighted Plancherel identity.

Theorem 1.2. Let u,v € BV(R?) N L>(R?), then it holds

R—+o0

. 27T2 N —=
i 2 / E2a(€)(€) dE = T (u,v). (11)
Br

In particular, if u = v, we get
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R—+o00

2
tm 2 [ I€P1aPE) ¢ = T (. (1.2
Br

We make a few comments on the latter theorem. By classic properties of the Fourier
transform, we can rewrite (1.2) as
. 1 2
op | F1Pu(©) de = T (u), (1.3)
Br

where Du stands for the distributional gradient of u. As a well-known property, the
distributional gradient of a BV function decomposes in an absolutely continuous part, a
Cantor part, and a jump part. In (1.3), the jump part alone plays a role in the limit, and
we give the following heuristic interpretation. The Fourier transform tells how influential
a certain oscillation is, and when looking at increasingly high frequencies, one expects
to detect faster oscillations. Since the oscillation frequency is “infinity” at the jump set
of a function, then the jump part of the gradient is the only one caught up in the limit.

We also mention that, by considering d = 1 in (1.3), we recover Wiener’s lemma for
compactly supported measures with vanishing total mass. Indeed, every such measure
is the gradient of a (bounded and compactly supported) function of bounded variation,
whose jumps occur exactly at the atoms of pu.

Last, it is worth comparing Theorem 1.2 with the results in [29], where analogous
estimates for real-valued measures are obtained under different hypotheses. Namely, for
a non-negative integer k, the author considers measures ”H‘kE that are the restriction of
the k-dimensional Hausdorff measure to a k-regular set F, and that are locally uniformly
k-dimensional, that is, there exists a positive constant ¢ such that

HlkE(Br(l‘)) <crf vzeR? vre(0,1]

We remark that a k-regular set E, as defined in [16], is a set whose upper and lower
k-density with respect to H* are jointly equal to 1, and by the theorem of Marstrand
[24], it follows that the condition of k being a non-negative integer is necessary. More-
over, the techniques employed by the author, such as maximal operators and covering
theorems, differ from ours in nature. We address his question of removing the regularity
assumptions in the case of measures that are also distributional gradients, and this is
done by employing tools from the theory of BV functions, exploiting the decomposition
of the distributional gradient and the good behaviour of its jump part. For complete-
ness, we also mention the preceding study in [4] concerning measures supported on C*
submanifolds of R¢, where the authors obtain similar estimates.

We also mention that in [6, Theorem 1.1], the authors generalized (1.2) to a more
general family of symbols.

Integrating by parts (1.2), we immediately deduce this first corollary to Theorem 1.2.
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Corollary 1.3. Let u € BV(R?) N L>(R?), then

hm 2% R /|u| )d¢ = T (u). (1.4)

The latter equality is significant for at least two reasons, the first being that it quan-
tifies the error committed by cutting off the higher frequencies in Plancherel identity.
Namely, we obtain

[ u@yas= [ jape

Rd Br

J (u)

-1
5-2R o(R™") as R — +oc.

Moreover, by letting @ C R? be a set of finite measure and perimeter, and by setting
u = 1g in equation (1.4), we get

R—+o00

lim 27723/ [To|?(€) d€ = Per(9),

which extends the estimates in [25, Ch. 6] to any dimension and for any set of finite
perimeter.

Dealing with characteristic functions of sets, we further obtain this second corollary
to Theorem 1.2. Again, we refer to the preliminary part of Section 2 for the notion of
reduced boundary.

Corollary 1.4. Let Q; and Qy be sets of finite measure and perimeter of R?, then it holds

2 ~ =
lim %/anl(g)ﬂg?(g)dg: / Vorq, - Vo, AHEL (1.5)

R—+o0
0*Q1NO*Na
In particular, if Q1 = Qo = Q, we get
im 22 [ 17 HaP(€) dé = Pex(@) (19
R—too R @ = TERRY '
Br

Moreover, if for a set Q C R? of finite measure it holds

hmsup—/|§\ [Tal?(€) d€ < +oo, (1.7)
R—)Jroo

then Q is of finite perimeter. On the other hand, there exists Q C [0,1]¢ such that
Per(Q2) = 400 and
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lim inf — €12 [Tal?(€) dg = 0. (1.8)
R—+o0o R
Br

The latter criterion thus characterizes sets of finite perimeter in terms of their Fourier
transform, without involving distributional calculus and derivatives, while (1.8) shows
that the lim sup in (1.7) cannot be replaced by a lim inf. Additionally, (1.6) improves on
the estimates in [18, Thm. 2], where an upper bound for convex sets is obtained. For
characterizations of sets of finite perimeter through the finiteness of different quadratic
functionals, namely variances of linear statistics of determinantal point processes, we
refer the reader to [22].

In Section 3, again regarding sets of finite perimeter, we address another question
of geometric measure theory and harmonic analysis. Namely, we characterize the set-
theoretic derivative of the Fourier transform of sets of finite perimeter. Here, SM(Q)
stands for the outer Minkowski content of the set 2, and we refer the reader to Def-
inition 3.1. The following result improves on [18, Thm. 1], in which the author only
considered convex sets.

Theorem 1.5. Let Q C R? be a set of finite measure and perimeter, then

lim Totns, () — Ta(€)
h—0t h

= F{|D1o[}(¢) VEeR? (1.9)
if and only if Per(2) = SM(Q).

The hypotheses under which we obtain (1.9) are the weakest possible, and as an
example, any set with Lipschitz boundary satisfies our hypotheses, as the reader may
verify in [1]. In addition, our proof appears more straightforward than the one in [18,
Thm. 1] since it relies on classic functional analysis techniques and geometric measure
theory.

In Section 4, we show how the asymptotic relation in (1.2) is key for improving on
a major result in the theory of irregularities of distribution, also known as discrepancy
theory. In what follows, we assume the dimension d to be greater than or equal to 2.

For a set 2 C T and for a configuration of N points Py C T? (that is, a collection
of N not necessarily distinct points counted with multiplicity), the discrepancy of Py
with respect to €2 refers to the quantity

D Py) = Y la(p) — N9,
PEPN

The field had a pioneering advancement due to a seminal paper of Roth (see [27]),
where a new geometric point of view was introduced, leading to a broader employment
of harmonic analysis. A later significant development was due to the work of Beck [8]
concerning discrepancy over the similarity group, and such a problem turned out to be
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strictly related to estimating Fourier transforms. Before proceeding with our contribu-
tion, we need to introduce adequate notation.

Consider a real function € L'(R9), and let 7 € R be a translation factor, let § > 0
be a dilation factor, and let p: RY — R? be a rotation; in particular, we identify SO(d)
with the set of all rotations. We define the transformation

(7,8, plu(z) = u(p(x —7)/0).

Moreover, we consider the periodization functional P: L*(RY) — L'(T9) defined in the
sense that

Plud(@) = Y ulz+n).

neZd

Then, for a function v € L'(R%) and for a configuration of N points Py C T¢, we extend
the previous notion of discrepancy by defining

D(w;Py) = »_ B{u}(p) - Na(0). (1.10)

PEPN
In this setting, we define the quadratic discrepancy over the similarity group as

1
Dy(u; Py) = / //|D([T,5,p]u;7>N)|2 dr dé dp, (1.11)
SO(d) 0 T4

where dr is the normalized Lebesgue measure on T?, dé is the Lebesgue measure on
[0,1], and dp is the Haar measure on SO(d) normalized so that its total mass equals
fdel(Sdfl).

It is time to state the sharp bounds we obtain, starting from the upper one.

Theorem 1.6. There exists a positive dimensional constant Cq such that for every u €
BV(R?) N L2 (R?), it holds

limsup NO=D/4 inf  Dy(u; Py) < Ca T (u).
N—+o00 PnCT?

As the following result shows, the latter estimate is the best achievable with respect
to the order of N and the dependence on wu.

Theorem 1.7. There exists a positive dimensional constant Cy such that for every u €
BV(R?) N L>*(RY) with compact support, it holds

liminf NA—D/d  inf Da(u; Pn) > Cq T (u).
N —+oc0 PyCTd
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In [8], the latter lower bound is obtained for characteristic functions of convex compact
sets (with non-empty interior) of R%, and in the same setting, the study in [7] proved
the order N(!=9/4 to be sharp, although a generic set-depending constant replaces the
dependence on the perimeter. In an independent work, Montgomery [25, Ch. 6] showed
that the same lower bound holds for every compact set (with non-empty interior) of
R? with piecewise-C' boundary, hence trading convexity for a requirement of regularity.
In particular, his work employed Fourier series and a refinement of an argument of
Cassels [14] for estimating sums of complex exponentials, and we briefly treat the latter
in the last section.

Last, in the appendix, we adapt an argument of [18] and obtain a functional inequal-
ity that retrieves a non-sharp version of the celebrated isoperimetric inequality (when
specialized to sets).

Acknowledgments. We thank Luca Brandolini, Camillo Brena, Michele Caselli, Leonardo
Colzani, Davide Donati, Giacomo Gigante, Antonio Pedro Ramos, Giorgio Stefani, and
Giancarlo Travaglini for the valuable feedback and discussions. We also thank the anony-
mous referee for the suggestions, which improved the manuscript.

2. Fourier asymptotics and BV functions

We shall introduce the main tools from the theory of PDEs, harmonic analysis and
geometric measure theory. The interested reader can consult [15] and [21] for a better
account on PDEs and harmonic analysis. For what concerns geometric measure theory,
we refer the reader to [3] and [23].

First, for a function u € L'(R?), we define its Fourier transform as

Flu}(€) = a(¢) = / w(z)e e d,
R4

with clear extension to the space of tempered distributions S’(R?). This choice of nor-
malization implies the following version of Plancherel identity: for u,v € L2(R%), it holds

[ @@ as = [ i ac,
R R

with © being the complex conjugate of ©.
Now, consider a vector-valued measure p = (pi1, ..., ux) of R%. We define the total
variation of 4 as the measure |u| which, to any Borel set £ C R?, assigns the value

|u|(E) = sup {Z |(En)|lrr = (En)rn is a Borel partition of E} .
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We say that a vector-valued measure p is finite if
|ul(R?) < +oo,

and we shall denote the vector space of finite measures of R? with values in R¥ with
M(R?; RF), with the convention that M(R?) = M(R%;R'). Equipping such spaces with
the norm

lullrv = |ul(RY)

makes them Banach spaces. We also remark that it makes sense to compute the Fourier
transform of a measure, and indeed, the Fourier transform

F: M(R?) = C,(RY)

is a linear and continuous operator with norm equal to 1, and the same holds component-
wise if we consider the operator

F : M(R%RF) — Cp(R% RF).
Now, we proceed with defining the class of functions of bounded variation.

Definition 2.1 (BV functions). We say that u € L'(R?) is a function of bounded variation
if Du € M(R%;R?), where Du is the distributional gradient of u. We denote the space
of such functions with BV(RY).

For a Borel set E and a Borel measure p, we shall write p g to denote the Borel
measure such that pp(A) = u(E N A) for any Borel set A. Now, we shall recall the
decomposition of the gradient of a BV function as in [3, Sec. 3.7]. Indeed, if u € BV(R?),
then Du can be written as

Du = VuZ? 4 (u¥ — uA)Vsu’}-[beul + Du. (2.1)

In the previous decomposition, Vu is the density of the absolutely continuous part with
respect to .Z?, and D is the Cantor part of the distributional gradient. The second
term, often denoted with DJu, is the jump part of the gradient, and we briefly explain
the notation used for it. Here, S, denotes the approximate discontinuity set of u, while
vg, stands for its measure-theoretic normal. Namely, we have that x € S, if there exists
a € R such that

lim ][ lu(y) —aldy =0, (2.2)

p—0t
By (x)

and on the other hand, for z € S,,, we have
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u”(z) = inf {t € [—o0, +00] : lirg+ p~NHu >t} N B,(z) = 0},
p—

u”(z) = sup {t € [—o0, 400 : pli%l+ ,o_d|{u <t} NBy(z)| = 0}.

We shall use the fact that there exists a H% !-rectifiable Borel set J, C S, referred to
as the jump set of u, such that H?~1(S, \ J,) = 0 and that allows us to rewrite (2.1) as

Du = VuZ? + (u" — U_)I/Ju?‘lldil + D¢u. (2.3)

Here, ut and u~ are the one-sided approximate limits of u, defined in such a way that

lim () —wt@)ldy = lim A July) — u (@) dy =0,
p—0+ p—0+t
B (x) By (@)

where, denoting by (-, -) the inner product of R%, we have

B;(I) = {y € BP(‘Z‘) : <y _xaVJu> > 0}7
B, (x) ={y € By(z) : {y —,v,,) <0}

We proceed with the definition of sets of finite perimeter.

Definition 2.2 (Finite perimeter set). For a Borel set  C R?, we define the perimeter of
Q as

Per(Q) = |D1g|(R?),
and we say that Q is of finite perimeter if 1o € BV(RY).

Due to the isoperimetric inequality, if €2 is of finite perimeter, then either  or Q¢ is
of finite measure. In the sequel, we shall assume that our sets of finite perimeter come
with finite measure.

For a set of finite perimeter, it is possible to define the notion of reduced boundary,
which identifies the more “regular” points of the boundary. In particular, this coincides
with the jump set of the characteristic function of the set itself.

Definition 2.3 (Reduced boundary). For a set of finite perimeter Q C R?, we define its
reduced boundary 9*() as the Borel set of all the points « € supp|D1g| such that the
limit

va(z) = lim 2te(Br@)
r—0t |D1lg|(Br(z))

exists and has norm equal to 1.
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Remark 2.4. Observe that 9*(Q2 is always a subset of the topological boundary, and it
may happen that the two do not coincide. Trivially, the reduced boundary of a square
consists of its topological boundary except for the 4 points at the corners.

We are now in the position to recall part of the celebrated structural result for sets
of finite perimeter, namely De Giorgi theorem (see [3, Thm. 3.59]).

Theorem 2.5 (De Giorgi). Let Q C R? be a set of finite perimeter, then 0*Q is countably
HA L rectifiable and |Dlg| = ’;’—llda_lQ

Remark 2.6. We do not delve into the definition of rectifiability in the above sense, and
again, we refer the reader to [3] or [23]. However, one can think of it as a measure-theoretic
notion of being (d — 1)-dimensional.

Now, following the notation in [26], for a function u € L', we denote by T'(t)u the
unique solution to the differential problem

{6,511 =A,v in R? x (0, +00) (2.4)

v(z,0) =u on R?
evaluated at time ¢ > 0. Moreover, we recall the explicit representation via convolution
(W) = [ Gale— v tu(w) dv
R4
where G4 stands for the classic Gaussian heat kernel

1 _ =12

Ga(z,t) = W@ T, (2.5)

Now, we recall two results on the (relative) heat content. First, we state [26, Thm. 4.3].

Theorem 2.7. Let u,v € BV(R?) N L?(RY), then it holds

tl_i>r51+ %(u —T(t)u,v) = / (ut —u) (vt — v )y, vy, dHITL (2.6)

JunJy
Remark 2.8. For our purposes, given u,v € BV(R%) N L>(R%), we consider the map
H(t) = / (T(2)u)(2)v(z) da. (2.7)
Rd

By the latter result, we can only deduce that H is (right) differentiable at ¢t = 0. In order
to prove Theorem 1.2, we actually need
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lim H'(t) to exist,
t—0+t

and in this case, the limit would clearly coincide with the right-hand term of (2.6). We
address such a matter with Proposition 2.10.

Secondly, we state [26, Thm. 3.4]. The following is a sufficient condition for a set to

be of finite perimeter in terms of its (relative) heat content, and we use it in the proof
of Corollary 1.4.

Theorem 2.9. Let Q C RY be such that either | < +oo or |Q°| < +o0. If

1

liminf ~ [ T(¢*)1

im in t/ () 1g(x) dz < +o0,
Qc

then Q has finite perimeter.
We proceed with the proof of the main technical result of the section.

Proposition 2.10. Let u,v € BV(R?), with u € L=(R?) or v € L=(R?), then

lim B (1) = —L (%)
t—0+ \/7_1'
Proof. Without loss of generality, let us assume u € L>(R%). Moreover, let H be defined

as in (2.7). Clearly H € C1((0, +00)), and by (2.4), for every ¢ € (0, +00), we are allowed
to write

(2.8)

H'(t) = Qt/Az(T(tQ)u)(x)v(x) dz = 72t/VI(T(t2)u)(x) dDuv(x). (2.9)

R4 R4

We shall now compute the term V(T (t?)u)(z) explicitly. Namely, we have

Vo (T(12)u) (x) = / V. Gal —y, 2)u(y) dy

Rd
- 1 e_\z;ty\? |
= _2_ﬂ/<x_y)mu(y) y
Rd
1 _ 1212
= m ze 4 U(xftz) dZ
Rd

Therefore, (2.9) becomes



12 T. Beretti, L. Gennaioli / Journal of Functional Analysis 292 (2027) 111700

1 2|2
H'(t) = (i //ze_%u(as —tz)dzdDv(x). (2.10)
" Rd R4
Now, let us consider
=2
g(z,t) = /ze*%u(m —tz)dz, (2.11)
Ra

and split the integral in (2.10) as

H'(t) = L(t) + Lx(1),

with
L(t) = W/g(x,t)de(m),
() = W/g(x,t) dDu().

Sy

Here, as in (2.1), S,, and J, stand respectively for the approximate discontinuity set and
jump set of u (as in (2.3)). In particular, we are allowed to write the latter decomposition
since H4~1(S, \ J.) = 0. Moreover, observe that g(-,t) is a continuous function such that

1212 2d+15d/2
< - Tt de="— T 1)/2 . 2.12
Sup, lg(z,t)] < flullz /|Z|e dz I(d/2) ((d+1)/2) [|ull (2.12)
Rd

Claim: lim;_,o+ I2(t) = 0.
Let us prove the claim. Observe that, since the map z ze~12I/4 has vanishing integral,
for every x € S5, we are allowed to write

g(z,t) = /ze* i (u(z —tz) — a(z)) dz,
Rd

where @(x) stands for the approximate limit of u at x. Now, fix R > 0 and estimate g as

9z, 1)] < / lele™ "5 Ju(z — t2) — a(z)|da
Br

+ / zle 5 ju(e — t2) — ()] dz

B

22 z2
S/|z\e“T||u(x—tz)—a(x)|dz+2||u||Loo/|Z|@—% dz.
Br B,



T. Beretti, L. Gennaioli / Journal of Functional Analysis 292 (2027) 111700 13

We shall now take the limsup as t — 07 of the previous expression, so that we get

2 2
lim sup gz, )] < 2[ull 1~ / l2le " de,
t—0+
B%

since x is a point of approximate continuity. Finally, by taking the limsup as R — o0,
we obtain that

tl_i>r(§1+ g(z,t) =0 VzeS;.
Using the fact that |Dv|(R%) < +o00 and the bound in (2.12), we obtain the claim by a
dominated convergence argument.

We are thus left to study what happens in the set J,. First, we have that J, is
countably H?~-rectifiable, hence we can apply [3, Prop. 3.92] to deduce that | D¢v|(J,) =
0. Moreover, the set J, has Lebesgue measure zero, and therefore, it only remains to
deal with

Ii(t) = W / glz,t) vy, (v —v7)dHI (2). (2.13)
JunJ,

Now, define

f(xa t) = <g(£€, t)a vy, (IE)>,
and consider

Hf ={zeR%: (z,vy,(x)) > 0},

vy, ()

Hy (o, ={z€R": (zvy,(2)) <0}

By exploiting the symmetries of the integrand in (2.13), we get

2
1]

T (u(x —tz) —u (x))dz

HE,
tur) [ e e ds
H},
+ / (z,vy,(x))e S (u(z —tz) —ut(z))dz
e
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=A+B+C+D.

Claim: lim;_,g+ A = lim;_,o+ C = 0 for every x € J, N J,.
First, let us consider the term A; in particular, the term C can be treated analogously.
We have

T

B% mH:fJu
By the definition of v~ (z), the first integral on the right-hand side goes to zero as t — 0.

For the second integral, as in (2.12), we have that for every ¢ € (0, +00) it holds

' / <z7ujv(m)>e—wz4‘2 (u(z —tz) —u (x))dz S2||“|‘L°¢/‘Z|€_‘z‘2/4dz7

BRNHE,, By

and therefore, it converges to 0 as R — +o00. This proves the claim.
Now observe that, since for H* '-a.e. z € J, N J, it holds

vy, () = vy, (@) vy, (), v, (),

then we get

7)d/2

B <4¢)7_T u (@) (wy, (), v1, (2)),
)4/2

D= _(4m) u (z)(vy, (2),vy, (7))

NG

A straightforward application of dominated convergence finally gives

lim Il(t) = —

t—0+

I

which is the thesis. O

Before proceeding with the proof of Theorem 1.2, we recall the integral Abelian-
Tauberian theorem. The reader may find related proofs in the appendix of [5].

Theorem 2.11 (Abelian-Tauberian). Let v be a o-finite positive Borel measure and let
v € [0,400), then it holds
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+oo
lim ¢7 / e dv(\) =C — lim ([0, a)) __¢ .
t—0+ a=+too a’ I(y+1)

0

In the proof of Corollary 1.4, we use a special one-sided version of the latter theorem,
in which the existence of the limit is not required. Again, we refer to the appendix of [5].

Theorem 2.12. Let v be a o-finite positive Borel measure and let v € [0,4+00). If

lim sup V([O;a])

a— 00 a

<C < 400

for some C > 0, then

oo

lim sup t'y/e_M dv(A) < CT(y +1).
t—0+ 0

Finally, we have gathered all the tools to prove Theorem 1.2.

Proof of Theorem 1.2. First, we shall prove (1.2). Let u be as in the assumption, and
similarly to (2.7), consider the quantity

By Plancherel identity and by the explicit expression of the heat kernel in (2.5), we get
1) = [ FEEu TN & = [ 1 jap(e) de.
Rd Rd

Observe that t — H(t) is continuous in [0, 1], and by Plancherel identity and dominated
convergence, it follows that H(0) = ||ul|%,. Again, by dominated convergence, we obtain

H'(1) = —8x% / €2e 171 02 (¢) de,
Rd

and in particular, H’ is continuous on (0, 1]. Therefore, thanks to Proposition 2.10, we
get

2 —an?|€?t? ) 512 J (u)
t [ lePe T o ag > T,

Rd

Now, let us convert to polar coordinates and obtain
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—+oo

t/e*‘”%ztzrdﬂg(r) dr — j(lf),

8m2

0

where we have defined

o) = [ [P re)dow).
Sd—1

Let us write 6 := 472¢2, and then, by the change of variable r? = s, we get
+oo j( )
—5s 4 u +
e %52 s)ds ~ — as d— 07, 2.14
0/ e (214)

where we use the symbol “~” to denote the asymptotic behaviour. Now, consider

N

B(s) = / g(vz)dz =2 / yg(y) dy = 2 / €21al?(€) de.
0 0

Bys

With the previous definition in mind, we can write (2.14) as

+oo

_5s J(u)

38 Ad(s) ~ §—07.
O/e (s) by as

Finally, we apply Theorem 2.11 and obtain

J (u)

T2

®(R) ~ VR

as R — 400,

which (by replacing R with R?) means that

40}

o (2.15)

: 1 21512 _
G [ 1Pl d -
Br

In order to prove (1.1), we shall proceed by polarization. Again, let u and v satisfy
our hypotheses. We exploit the fact that

Ra(©)3()} = T - AL

Indeed, by the latter equation and by (1.2), we obtain
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i o [IePa©s©dc = 5 | [ (o) - o) Pant
BR Ju+'u
- /(u+ —u”)? At (2.16)
Ju
— /(v+ —v7)? dnd-t
Ju

Now, we write
Jquv g (Ju \ Jv) U (Jv \ Ju) U (Ju n Jv),
Ju = (Ju \ o) U (Jy N Jy),
Jy = (Ju \ Ju) U (Jy N Ty),

and we split the integrals at the right-hand side of (2.16) accordingly. In particular, we
observe that if z € J, N J,, then it holds

(u+ v)J—r(:c) = uJ—r(x) + vt(a:).

Here, we have chosen the orientations of the normals so that v;, = v, holds H¢~!-almost
everywhere on J, N J,. Finally, a simple rearrangement of the terms gives (1.1). O

Now, we proceed with the proof of the first corollary to Theorem 1.2.

Proof of Corollary 1.3. Before performing the limit in (1.2), multiply both sides by R~3
and then integrate with respect to R from L > 0 to 400, so as to get

/R‘3/\€|2\ﬁ|2(§)d5d1%~ 2{2 as L — +oc.
L Br

Now, we integrate by parts (justified by (1.2)) the left-hand side above and obtain

1
217

[ietar@acs ) [1ar@ac~ 20w 1o 4,
Br BS,

Finally, by applying (1.2) a second time, we end up with

/|ﬁ|2(§) dé ~ ;7752“2 as L — 400,
B,

which is indeed (1.4). O



18 T. Beretti, L. Gennaioli / Journal of Functional Analysis 292 (2027) 111700

We proceed with the proof of the second and last corollary, which contains the char-
acterization of sets of finite perimeter discussed in the introduction.

Proof of Corollary 1.4. The relations (1.5) and (1.6) easily follow from Theorem 1.2
and the definition of reduced boundary. Hence, let us suppose that (1.7) holds. By
Theorem 2.12, we have

—+oo
limsupVd [ e d®(s) < +oo,

§—0t

with (we shall neglect the constants)

‘P(S):/Z%Q(ﬁ)dz and g(r / To|?(rv) do(v).
By a change of variables, we obtain

nmsupt/e—\f\2t2\g|2\ig\2(§) dé < +oo.

t—0+
Rd

By Plancherel identity, the latter inequality implies that

limsup |H'(t)| < +o0,
t—0+

where H' is computed as in the proof of Theorem 1.2 with v = v = 1. Hence, by the
mean value theorem and by the monotonicity properties of H, it follows that

0 < limsup w

t—0t t

< +o0. (2.17)
Exploiting the definition of H, we turn (2.17) into

1
lim sup — / (T(t2)1ﬂ)($) dz < 400,
t—o+ 1
Qc

and we can infer that 2 is of finite perimeter by Theorem 2.9.

As for (1.8), we shall use a result from [19]. Let E C [0,1]¢ be the bounded set
provided by [19, Thm. 2.1 and Sec. 2|, then Per(E) = +oco and, by considering the
rescaled standard Gaussian v.(7) = Gy(z,€2/2), it holds

i inf / E1F (e * 1} 2(6) dé = 0. (2.18)

Sot |loge|
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Assume by contradiction that (1.8) fails for E, namely that there exist d, Ry > 0 such
that for all L > Ry it holds

1 —~
— [ EPIElP(€)dE > 6.
LB[

Dividing both sides by L and integrating between Ry and R gives

R L

1 ~
/ﬁ/rngE(r) drdL > §log(R/Ry), with gg(r)= / 1g|?(rv) do(v).
Ro 0 Sd—1

Integrating by parts then gives
1 ~ 1 ~ ~
-5 [lePRsP©d+ o [ ePAeP©wr [ TP a
Br Br, Br\Bkg,

> 0log(R/Ro).

The first term on the left-hand side is non-positive and the second does not depend on
R. Hence, dividing by log R and letting R — 400, we obtain

lim 1nf
R—+o0

/\sn pP(E)de >

Now, as in the proof of Theorem 1.2, we have F{vi/r}(§) = F{Ga(-,1/(2R*))}(§) =
6’2“2|5|2/R2, and hence \]-'{71/3}|2(§) L e every £ € Bpr. There-
fore, we get

/ €11 F {1} (€ de = / ele= 1w 1/ F 7 2 () de

/ €T 2(6) de,

and thus

lim mf
R—+00

/ 1 F I m + L} 2(€) e > e=75 > 0,

which contradicts (2.18) withe =1/R. O
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3. Fourier transform of the derivative of sets
We shall write €2, to denote the set
Q. ={z eR?: dis(Q,2) <7},
which coincides with the Minkowski sum 2 + B,.. We have the following definition.

Definition 3.1 (outer Minkowski content). We say that a Borel set Q C R? has a finite
outer Minkowski content if the limit

SM(Q) = lim LZT \ 9
r—0+t r
exists and is finite.

Moreover, we give the following notion of convergence for sequences of measures.

Definition 3.2. We say that a sequence of measures (i, )nen C M(R?) weakly converges
to a measure u € M(R?), if for every ¢ € Cy(R?) it holds

lim pdp, = /gpdﬂ.

n—-+oo
Rd Rd

The following result is essential to obtain Theorem 1.5, and it is a refinement of [1,
Prop. 2].

Proposition 3.3. Let Q C RY be a set of finite measure and perimeter. Then SM(Q) =
Per(Q) if and only if the measures

1 -1
[ip = W (3.1)

weakly converge to |Dlg|.
Proof. First, let us assume that
SM(2) = Per(Q) < +00.
By Portmanteau theorem (see [12, Thm. 8.2.3]), and since the assumption implies that
li R%) = Per(Q
Jim i (RY) = Per(€),

then it is enough to show that
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liminf up(U) > |D1q|(U) for every open set U.

h—0+t
Therefore, consider an open set U and define the distance function

disq(z) = inf{|lz —y| : y € Q}.
It is clear that such a function is Lipschitz continuous, and as in [2, p. 11], we have that
|Vdisg| =1 Z?-almost everywhere in QF.

Moreover, since |2, \ Q] > |Q\ Q| for every r > 0, the assumption SM(Q) < +oco
forces |\ Q| = 0; in particular, {disg < h} \ Q coincides with {0 < disp < h} up to

a Lebesgue-negligible set. Given the previous observations, we apply Coarea formula to
obtain

h
1y | Vdisg| dH? = %/Per({disa >t} U)dt

{0<disq<h} 0

Mh(U):%

1
= /Per({disQ > hr}; U)dr.
0

Since the sets {diso > hr} converge locally in measure to {diso > 0} as h — 07,
and the latter set coincides with Q¢ up to a Lebesgue-negligible set, then, by the lower
semicontinuity of the perimeter (see [3, Prop. 3.38]) and by Fatou lemma, we get

lim inf pp (U) > Per(QU) = Per(Q;U) = |D1qg|(U).
h—0+

This proves the first part of the result.
Conversely, let uj, be weakly convergent to |D1g|. Then this implies the boundedness
of the sequence, and moreover, we have that

pn(RY) = [ Dlg|(R?) = Per(%2),
which gives the thesis. O
In light of the latter proposition, we give a short proof of Theorem 1.5.
Proof of Theorem 1.5. Notice that the function
p—2mikw

T —

is bounded and continuous for all ¢ € R?. If the measures yy, (defined as in (3.1)) converge
in duality with Cy(R?) to |D1g|, then we have
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lim [ 6276 dyu () / e~2mET 4| D1 g (),
h—0t
R4 R4

which is equivalent to (1.9). The converse implication is trivial since one can test the
pointwise convergence of the Fourier transforms at £ = 0, easily implying the thesis. O

4. Discrepancy of BV functions

We now turn our attention to the quadratic discrepancy and prove Theorem 1.6 and
Theorem 1.7. Let us start by exploiting the convolutional structure of (1.10). Namely, if
we let ug, be the Lebesgue measure on T¢, and for p € T we consider up(p) to be the
Dirac delta centered at p, then by setting

fi= Y pp(-p)— Ny,
pPEPN

for a function u € L!'(R?), we may rewrite (1.10) as

D(u; Pn) = /‘13{“}(96) di(—z) = (B{u} = 1)(0).
Ta

Now, for f € LY(T%) or f € M(T%), let F{f}: Z¢ — C be the function of the Fourier
coefficients of f. Then, it is not difficult to see that for u € L'(R%), and for every n € Z<,
it holds

FoR{u}(n) = Flu}(n).
Moreover, by classic properties of the Fourier transform, it holds
F{[0,0, pJu} = 5910,0", p|F {u} . (4.1)

Therefore, by applying Plancherel identity on T%, we get

[ 100780 P) P dr = [ 168006, plu} + ) (7) dr
Td Td

= 3 1@ | F o %{[0,6, plut ()]
neZd

ST emenl |F 0,6, plud(n)],

n€Zd |pEPN

where, for the sake of notation, we have set Z¢ = Z<¢ \ {0}. Finally, by (4.1) and the
symmetry of SO(d), we may rewrite (1.11) as
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Ds(u; Pn) = Z Z ermivn /

2
/ 520,671, plF {u}(n)|® dddp.
’fLEZd pPEPN SO(d) 0

and further, by a change of variable, we get

Da(uiPy) = 3 | 30 | ol [t ape (42)

neZd |pEPN Bin|

The rest of the section relies on the following asymptotic relation resulting from inte-
grating by parts in (1.2). Namely, it holds

d
[ 1gertiapieag ~ ELI s a5 o (4.3

Hence, let us start by proving the upper bound in Theorem 1.6.

Proof of Theorem 1.6. We assume that J(u) # 0; in the degenerate case J(u) = 0, a
similar argument applies. We write ¢; = ¢;(d) with 7 € N to denote generic dimensional
constants throughout the proof. By (4.3), there exists ny € N such that for every n with
[n| > ng, it holds

/|§|d+1| ‘ dﬁ, |n‘d ( )

Bin|

First, we prove the upper bound for all positive integers N such that N'/¢ > ny and
N'/4 ¢ N. Consider the configuration of N points Py C T? to be the periodization of

[07 Nl/d)d aWAL

~i/d c [0,1)4. (4.4)

Hence, it is not difficult to see that

§ eQTk’lp‘n —

PEPN

)

N if neNYizd
0 else

and therefore, by (4.2) and the assumptions on N, we get
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Do Py) = 3 NZNYA |21 / €1+ a2 (€) de

d
mez; e|<N1/4 |m|

1 2 1/d, |—d—1
SWJ(U)N %JN ml|

<1 J(u) Nd-1)/d,

Now, we prove the upper bound for every positive integer N. As k goes through the
positive integers, we consider the recursive decomposition of N defined as

k—1
N =max<néeN: nl/dEN,nSN—ZNj ,
j=1

where improper sums are zeros. By the latter definition, we get that
k-1

N-=S"N; < (NY"+1)? < N 4 uND/
1

<.
Il

and therefore, for every integer k£ > 1, it holds
k
Nizi SN =D N; <N (4.5)
j=1

Hence, since by definition N; < N, then we recursively get

Ny < e/ NG < (Dt (4.6)

Now, set K = K(d) to be the smallest integer such that

(d—l)K<d—1
d< = 4d

and in particular, notice that by (4.6), we have
NP < oy NU-D/ (), (4.7)

Now, consider the remainder

K+1
No=N — Z N,
j=1

and by (4.5) and (4.7), it is immediate to see that
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N() S Co C3 N(d_l)/(4d). (48)

Last, consider the constant depending on u defined as

M(u) = sup |n] / €1 a2 (¢) de,
B

In>1

and in particular, notice that this quantity is indeed finite. Finally, for 1 < j < K + 1,
we assign a uniform lattice Py, to every N; as in (4.4), and by proceeding as in the first
part of the proof, we get the estimate

Dy (u; Py,) < min (Clj(u)N(dfl)/d, C4M(u)ngfl> ) (4.9)

J

where the minimum involved depends on whether or not it holds IV, jl/ d > ng. On the
other hand, for every configuration of Ny points Py, C T9, by the inequality in (4.8),
we get

Da(uiPrg) = Yo | 3 |l [ jertare

neZd |pePn, B, (4.10)
< C5M(U)N(d_l)/(2d).

Therefore, by (4.9) and (4.10), we get

K+1

Da(uiPy) = 30 |30 3 |l [ gt are
n€Z¢ | j=0 pePn; Bl
K+1 2
(K +2) Z Z Z e2mipn| | |—2d-1 / €[ af2(e
J= OnGZd pEPN B| |

< (K + 2)M(u) (c4(K el 4 CsN(d—l)/@d)) L+

K+1
+a(K+2)J ZNdl

< es M(u) N@=1 <2d + Cy J(u) N=D/d,

so that, dividing by N(@=1/d and by taking the limsup as N — oo, the conclusion
follows. O

Before proceeding with the proof of the lower bound, we need a technical lemma.
We briefly present a result of Cassels [14] and Montgomery [25]. The following proof is
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inspired by Siegel’s analytic proof of Minkowski’s convex body theorem. In particular,
variations of such an argument proved suitable for tackling various questions of quadratic
discrepancy, and we refer to [13] and [9] for some recent developments. Moreover, we
mention that an analogous argument holds on manifolds, as the interested reader may
verify in [10] and [17].

Lemma 4.1 (Cassels-Montgomery). For every origin-symmetric convex body  C R?,
and for every finite configuration of points {p; ;Vzl c T4, it holds

2
N
Z Ze2wim»pj > 2_d|Q‘N _ N2.

meQNZd |j=1
Proof. Consider the auxiliary sets Aq(z) C Z? defined by
Ag(z) = (z+Q/2) Nz
Notice that

/#AQ(x) de = / Z Loj2(n —z)de = /19/2(53) da = 2770,
Td Td nez R4
and therefore, we find a point

#€[0,1)? such that #Aq(Z) >277Q).

Now, consider the non-negative trigonometric polynomial

2

1 ) 1 .
T(y) _ _ 627rzn~y — _ e27rz(n—m)~y7
#Aa(Z) ne%(a":) #Aa(7) n,mezA:Q(ic)

and notice that the function of its Fourier coefficients 7: Z¢ — R is non-negative as well
and, since n,m € Aq(Z) imply (n —m) € Q, then its support is contained in Q. Further,
observe that we have

T(0) = #A4q(F) > 2770,
moreover, it is not difficult to notice that for all n € Z¢, it holds
0<T(n)<T(0)= /T(x) dz = 1.
Td

Therefore, it follows that
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N 2 2
§ : § :e2m'n~pj § : T § : 27in-p;
neQnzd |j=1 neQmZd j=1
N N
_ § : f(n) eQwin-(p_jfpg)
Jj=14=1 neQnZ9

N
> T(p; —pe) = N27Q,
—

[
M=

~

Il
—
—

and the conclusion easily follows. O
Finally, we use the previous lemma to prove the lower bound in Theorem 1.7.

Proof of Theorem 1.7. We write ¢; = ¢;(d) with ¢ € N to denote generic dimensional
constants throughout the proof. By (4.3), there exists ng € N such that for every n with
[n| > ng, it holds

d |”\ J (u)
[ et ap e ag = ML,
Bjnj

Hence, consider

m(u) = min |2 / €[ P (e) d

1<|n|<no
Bin

Since (by hypothesis) u is of compact support, we have that @ is of exponential type,
and therefore & = 0 in By would imply u = 0. Hence, we may assume that m(u) > 0.
We prove the lower bound for all the positive integers N such that

J(u) .
TU) N0 < ),

and for every configuration of N points Py C T?. Indeed, within this assumption, for
all n € Byi/a it holds

|n| —2d—1 / |§|d+1| ‘ ( )N (d+1)/d

Bin

Therefore, by applying the latter inequality in (4.2), we get that for a dimensional con-
stant k > 1 to be chosen later, it holds

2

Do(u; Pn) > Z Z e I (kN)~(d+D/d,

. 4dm?
nEZ*ﬂB<KN)1/d PEPN
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Finally, we can apply Lemma 4.1 with Q = B, 51/« and, denoting w4 = |B|, obtain
Dy(u; Py) > ey J(u) (kN)~(d+1/d (Q*dwd/iN2 - N2) ,
and by setting k = 291w it follows that
Dy(u; Py) > ¢p J(u) N=D/d,

Since m(u) > 0, the latter holds for every N large enough, and the thesis follows with
Cd =cCcy. O

5. Appendix
For simplicity, in what follows we denote || - ||» with || - ||,-

Lemma 5.1. There exists a positive dimensional constant Cy such that, for every u €
BV(R?) N L*(R?) and for every v € ST~1, it holds

1 .
& [ V& DPIP@ds < Callul Dyl ¥R >0, (51)
Br
In particular, by integrating over S4=1, we get
1 N
& [ 16P1P©de < CallullDul (Y ¥R >0, (52)
Br

Proof. First, we fix a vector v € S¥~! and a h > 0. By standard properties of the Fourier
transform and by Plancherel identity, we have

do =3 [ (1= cos(zan(e, o)) laP(e)de.

R4

/ lu(z + hv) — u(x)]
h
Rd

The left-hand side is bounded from above by 2||ul|eo|Dyu|(R?), where |D,u| stands for
the directional total variation. Now, we exploit the fact that if & € By/(2xn), then there
exists a positive absolute constant ¢ such that

ch?|(&,v)]? < 2(1 — cos(2wh{&, v))).

Therefore, we get

b [ e oPIaP(E)d < Callul | Dyl (),

Bi/n
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which is (5.1). Finally, by setting R = 1/h and by integrating over S9!, we obtain
(5.2). O

Remark 5.2. By integrating by parts, we can reformulate (5.2) as

d
[1apte < o, M=2UED,
Bj,

Last, we proceed with showing an interesting inequality. In particular, we obtain a
non-sharp isoperimetric inequality by substituting u = 1 in the following proposition.

Proposition 5.3. There exists a positive dimensional constant Cy such that, for every
u € BV(RY) N L>®(RY), it holds

d
_2 _d_ d+1
[ull3 < Callull{™ [|ull™ (Du(Rd)> :

Proof. First, we use Plancherel identity to write

[l @ds = [ P+ [ 1P
R4 Br Bg
By the fact that || F||p1 s~ < 1, and by (5.2), we obtain

oo| Du|(R?
Jul < wartul + 0, = DURD).

By optimizing over R > 0, we get the optimal value

R:me&wmm%y%.

dwallu|)?
Therefore, it follows that
d
5 ﬁ ril d d+1
[ullz < Callull{™ [lullss™ { [Dul(RY) )
and this is the thesis. O
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