SISSA

Scuola
Internazionale
Superiore di
Studi Avanzati

Physics Area - PhD course in
Statistical Physics

Ergodicity breaking and restoring in

disordered quantum systems

Thesis submitted for the degree of
Doctor Philosophiae

Candidate: Aduvisor:

Giacomo Bracci Testasecca Professor Antonello Scardicchio

Academic Year 2025-2026




Abstract

Understanding the effects of disorder in quantum many-body systems is one of the
central challenges of contemporary statistical physics. Its interplay with interactions
and quantum fluctuations profoundly modifies the nature of quantum states and their
dynamics, giving rise to phenomena such as localization, ergodicity breaking, and the
emergence of complex collective behavior. This thesis presents new results on two
classes of disordered quantum systems.

The first part is devoted to the study of the many-body localization transition, a
paradigmatic example of disorder-induced ergodicity breaking. The critical properties
of the transition are investigated using a numerical renormalization-group approach,
establishing a connection between its scaling behavior and that of the Anderson local-
ization transition on tree-like graphs.

The second part focuses on the zero-temperature quantum spin-glass phase of the
two-dimensional bond-disordered Heisenberg model. Combining large-scale numerical
simulations with a semiclassical expansion, evidence is provided for the existence of
the spin-glass phase. The effective model governing the semiclassical fluctuations is
further analyzed to characterize the low-energy excitation spectrum and its localiza-
tion properties. Finally, the weak-disorder regime is investigated and its implications
for the ferromagnetic phase are discussed.

Overall, the results presented in this thesis contribute to the understanding of the
effects of disorder in interacting quantum many-body systems, encompassing both

localization phenomena and the collective behavior of disordered quantum magnets.
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1. Introduction

1.1. Disorder in statistical physics

Nature is not always regular. Real condensed-matter and statistical-mechanical
systems carry impurities, defects, and other sources of randomness, that in some cases
may only quantitatively alter the description in terms of clean theoretical models,
but in others drastically change the physical properties of the system, giving birth to
novel and highly non-trivial phenomena. Throughout this thesis we consider quenched
disorder: the random degrees of freedom evolve on timescales far longer than any other
in the problem, so that for all practical purposes they can be treated as frozen. A

system of this kind is described by a Hamiltonian

H(s|v), v~p0O), (1.1)

where s collects the dynamical degrees of freedom and ~ the frozen disorder, drawn
from a probability distribution p. Given a disorder distribution p(7y), physical predic-

tions follow from averaging observables over the disorder,

0= [dyp(v)0(). (1.2)

The presence of quenched disorder may drastically alter thermodynamical properties
of the system, being responsible, for example, for the emergence of novel form of
order. Beyond static properties, it reshapes significantly how a system evolves in
time. Interference between randomly scattered paths, a rugged energy landscape, the
proliferation of nearly degenerate configurations can slow relaxation dramatically and,
in the extreme case, arrest it altogether, preventing the system from ever exploring
its accessible states. When this happens the system fails to act as its own thermal
bath: it retains memory of its initial condition and never reaches equilibrium. This
breakdown of ergodicity is the phenomenon at the heart of this thesis.

Disorder can drive it in several ways, and in this thesis we focus on two cases. The
first is many-body localization, where interference and interactions localize a quantum

system, so that ergodicity and transport are lost dynamically, without any equilibrium
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transition underlying it. The second is the spin glass, where frozen frustration fractures
the equilibrium landscape into a multitude of long-lived states, giving rise to slow
dynamics and eventually thermodynamic ergodicity breaking.

In the following pages, we briefly review the notion of ergodicity, both classical and
quantum, and then we present an overview of the two classes of systems that are
studied in this thesis.

1.2. The ergodic hypothesis

The ergodic hypothesis is the cornerstone of statistical physics: it is the instrument
that allows one to move from the equations of motion of a many-body system — classical
or quantum — to a description in terms of a statistical ensemble. While classical ergodic
theory is a long and well-established subject [6-8], the question of how an isolated
quantum system thermalizes under its own unitary dynamics was addressed only much
later, through the eigenstate thermalization hypothesis (ETH), introduced by Deutsch
and Srednicki in the 1990s [9, 10]. Several aspects of this picture remain open questions
today, most notably the fate of thermalization in the presence of disorder, which will

be the central theme of the following chapters.

1.2.1. Classical ergodic hypothesis

Consider a classical Hamiltonian system with phase space I' = (p, g) and energy
E = H(p, q). Liouville’s theorem guarantees that the phase-space volume is conserved
under the Hamiltonian flow, so that the microcanonical measure, i.e. uniform on the
constant-energy shell ¥p = {(p,q) : H(p,q) = E}, is invariant under time evolution.
This invariant measure is the natural candidate for a statistical description of the
system, but its use is justified only if time averages of observables along a single

trajectory coincide with averages over this measure:

Jim 1/0Tdt Olp(t).qt) = —— [ av O(p.q). (1.3)

T—oo T' B m g
This equality is what is meant by the ergodic hypothesis, originally introduced by
Boltzmann to justify the foundations of statistical mechanics: a system is ergodic if a
typical trajectory, given infinite time, visits the entire energy shell ¥z (more precisely,
comes arbitrarily close to every point of it, or equivalently spends a fraction of time in
any subregion proportional to its measure), so that time averages become independent

of the initial condition and equal to the microcanonical average.
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The hypothesis was put on rigorous footing by Birkhoff and von Neumann in the
1930s, who proved that the time average of an integrable observable exists for almost
every initial condition, and that it equals the phase-space average if and only if the
energy shell cannot be split into invariant subsets of nonzero measure, that is, if the
dynamics is metrically indecomposable [6, 7]. Ergodicity in this sense is a comparatively
weak property: it guarantees the equivalence of time and ensemble averages, but
says nothing about the rate at which this equivalence sets in, nor about the loss of
correlations along the trajectory. Stronger notions — mixing, and further up the ergodic
hierarchy, the Kolmogorov and Bernoulli properties — characterize increasingly chaotic
dynamics and are typically what is required to justify the approach to equilibrium on
physically relevant timescales, rather than only in the infinite-time limit [8].

We stress that ergodicity is a non-trivial dynamical property, not a generic feature
of Hamiltonian systems: integrable systems, possessing as many conserved quantities
as degrees of freedom, are manifestly non-ergodic, since their trajectories are confined
to low-dimensional tori rather than covering the full energy shell. Whether and how
ergodicity emerges as an integrable system is perturbed, and what remains of it in
nearly integrable systems, is the subject of the Kolmogorov-Arnold-Moser (KAM)
theorem [§].

1.2.2. The eigenstate thermalization hypothesis

Let us now address the problem of thermalization in closed quantum systems, which
is made significantly harder due to the absence of the notion of phase space. Consider a
quantum system with Hamiltonian H, energy eigenstates {|n)} and eigenvalues {E,},
prepared in a generic initial state |¢(0)) = 3, Cy |n). Under closed, unitary time

evolution, the expectation value of a local (i.e. few-body) observable O reads

O(t) = (MO [(1)) = X 1Cul? O+ 3 CrCre B0, (1.4)

m#n

with Opn = (m|O|n). For O to become thermal at late times, two conditions must
hold: the infinite-time average of O(t), given by the diagonal part 3, |Cy|?*Onpy,, must
coincide with the microcanonical prediction Tr[yrO]; and the off-diagonal (oscilla-
tory) part must become negligible at almost all times, rather than merely on average.
Neither is guaranteed a priori. The diagonal sum depends on the full initial-state de-
composition {C,} together with the individual matrix elements O,,,, and there is no
obvious reason why it should reproduce a microcanonical average that, by construc-

tion, only depends on energy. The off-diagonal terms, in turn, dephase only as fast
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as their smallest relevant frequency spacing allows and in a generic interacting system
this can be as slow as the inverse Heisenberg time, exponentially long in system size.
Resolving the controversy between the manifestly non-thermal, initial-state-dependent
structure of Eq. (1.4) and the empirical fact that generic quantum systems do relax
to thermal-looking states requires a statement about the structure of the matrix el-
ements O,,, themselves, rather than about the dynamics in the abstract. This is
precisely what the eigenstate thermalization hypothesis provides, and it is the result

of two originally independent lines of inquiry.

The first traces back to 1929, when von Neumann proved what he called the quan-
tum ergodic theorem: for a macroscopic quantum system prepared in a generic initial
state, and for a suitably coarse-grained set of macroscopic observables, the system
spends the vast majority of time in a state indistinguishable from the microcanonical
prediction [11, 12]. This result already contains the ideas of quantum thermalization
for isolated systems, but does not provide a practical criterion on how to construct

such observables.

That criterion emerged from a second, seemingly unrelated line of development:
Wigner’s introduction of random matrix theory (RMT) to describe the statistics of
highly excited nuclear energy levels [13]. The idea that fine-grained spectral properties
of sufficiently complex quantum systems could be modeled by ensembles of random
matrices, classified according to their underlying symmetries [14], turned out to be
far more general than its original nuclear-physics motivation. This connection was
made precise by Bohigas, Giannoni, and Schmit, who conjectured that the spectral
statistics of any quantum system whose classical limit is chaotic should coincide with
those of the corresponding Gaussian random matrix ensemble, while systems with an
integrable classical limit instead display Poissonian, uncorrelated level statistics [15].
The Bohigas-Giannoni-Schmit conjecture provided, for the first time, a precise and
computable diagnostic of quantum chaos, encoded not only in the statistics of energy
levels, but, as would soon become clear, in the structure of the matrix elements of local
observables between eigenstates as well. In the early 1990s, Deutsch proposed that in
a chaotic system the matrix elements of physical observables in the energy eigenbasis
should themselves resemble those of a random matrix drawn from the appropriate
RMT ensemble [16]. Srednicki then developed this idea into a quantitative ansatz for
Opmn, coining the term eigenstate thermalization hypothesis (ETH) [17]. The ETH

ansatz states that

Opmn = O(E) 6 + 5 EV2f5(E, W) Ry » (1.5)
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where £ = (E,, + E,)/2 and w = E,, — E,. Here O(F) is a smooth function of
energy, coinciding with the microcanonical average of O at that energy density; S(FE)

S(E)/2 is exponentially small in system size (of

is the entropy at energy FE, so that e~
the order of the inverse square root of the Hilbert-space dimension); fo(F,w) is a
smooth envelope function; and R,,, is an effectively random variable of zero mean
and unit variance, encoding the RMT-like statistical fluctuations anticipated by the

Bohigas-Giannoni-Schmit picture.

Equation (1.5) directly resolves the two conditions identified in Eq. (1.4). First,
since O,,, = O(E,) is a smooth function of energy alone, the diagonal contribution
>0 |Cn|?Opy automatically reproduces the microcanonical average for any sufficiently
narrow initial energy distribution, independently of the detailed structure of the co-
efficients C,: a single energy eigenstate already encodes thermal expectation values
for local observables, with no need to invoke an ensemble. This is the way in which
"ergodicity" is realized in an isolated quantum system, replacing the classical notion of
a trajectory visiting the entire energy shell. Second, the off-diagonal matrix elements
are not merely small but effectively random, with a magnitude e=*)/2 set by the
Hilbert-space dimension and their random signs and phases cause the corresponding
terms in Eq. (1.4) to dephase and cancel efficiently, driving O(t) towards its micro-
canonical value with only exponentially small residual fluctuations at almost all times.
In this sense, ETH is not only a statement about long-time averages, but also about

the genuine loss of memory of the initial state at the level of local observables.

ETH is now understood to hold for a generic quantum many-body system that
will serve as the reference "ergodic" case throughout this thesis, and it has been sub-
stantiated by extensive numerical evidence in interacting lattice models, as reviewed
in detail in Ref. [18]. Its validity is not universal, however: integrable systems violate
ETH due to the presence of an extensive number of local conservation laws, relaxing
instead to generalized Gibbs ensembles [19]. This violation is, however, non-generic:
integrability requires an extensive set of conservation laws in involution, a condition
that is destroyed by essentially any local perturbation of the Hamiltonian. A more
subtle exception was discovered in Rydberg-atom quantum simulators, where a small
subset of anomalously non-thermal eigenstates, named quantum many-body scars, was
observed to coexist with an otherwise ETH-obeying spectrum, giving rise to persistent,
weakly-damped oscillations following certain special initial states [20, 21]. A far more
drastic departure from ETH is provided by many-body localization (MBL), in which
disorder is conjectured to produce an extensive number of local, quasi-conserved quan-
tities, causing every eigenstate in a given spectral window to violate ETH, and generic

initial states to retain local memory of their initial conditions indefinitely. Building up
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to this discussion requires first revisiting the single-particle phenomenon from which
MBL takes its name and much of its intuition — Anderson localization — which is the

subject of the next section.

1.3. Anderson localization

Anderson localization [22] is the phenomenon by which disorder localizes the eigen-
states of a quantum particle and suppress transport. In a clean lattice, the eigenstates
of the Hamiltonian are extended Bloch waves, and a particle initially localized in space
spreads ballistically through the system: the system is a metal, and its transport prop-
erties are well understood in terms of standard kinetic theory. The presence of disorder
breaks translational invariance and introduces scattering between plane waves and lat-
tice impurities. When these scattering processes are sufficiently strong, interference
effects become important and can qualitatively modify the nature of the eigenstates,
turning the system into an insulator.

The prototypical model in which this phenomenon appears is the Anderson Hamil-
tonian

H=-t) (cgcj + h.c.) +> en;, (1.6)

(6,3) i
where ¢ is the hopping amplitude between neighboring sites and ¢; are random on-site
energies drawn from a disorder distribution of width W, the disorder strength. For
sufficiently large W > W, (FE) the eigenstates at energy E are exponentially localized

around localization centers g,
[(r)[? ~ eTIrrole, (1.7)

where ¢ is the localization length. In the limit W/t — oo the eigenstate structure
becomes trivially localized, 1, (i) = d,;, since the Hamiltonian is diagonal in the site
basis. Localized and extended states, when both are present in the spectrum, are
separated by a mobility edge E.(W) [23], marking the energy at which the nature of
the eigenstates changes.

The physical mechanism underlying localization originates from quantum interfer-
ence. When a particle scatters off multiple disorder configurations, the amplitudes
of different scattering paths can interfere destructively, reducing the probability of
transmission. This interference effect is present in every dimension, but its qualita-
tive consequences are crucially dimension-dependent: the existence and location of

the localization transition depend sharply on dimensionality. In one dimension, all
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states are localized for any W > 0. The one-dimensional geometry admits only a
single interference path, along which destructive interference is always effective, and
the localization length diverges only in the clean limit W — 0, as € oc W~2 [22]. Two
dimensions represents a marginal case, sensitive to the symmetries of the system: in
the absence of spin orbit coupling, all states remain localized for any W > 0, but the
localization length becomes anomalously large and exhibits logarithmic scaling [24].
Only in three and higher dimensions, d > 3, a true localization transition exists at
finite critical disorder W, > 0: states are extended for W < W, and localized for
W > W,, separated in energy by the mobility edge E.(W), with extended states oc-
cupying the band center |F| < E.(W) and localized states the band tails [25-27]. The
transition is critical in the usual sense of a continuous phase transition: at W = W.
the system is scale invariant, and the localization length diverges upon approaching

the transition from the localized side as
Eoxc (W —=W,)™, W — Wi, (1.8)

with a critical exponent v that is universal, depending only on the symmetry class
and dimensionality of the problem, as expected for a transition governed by long-
range critical fluctuations. Near E.(W), eigenfunctions are neither fully localized nor
fully extended, but instead multifractal: they concentrate on a fractal set of sites
across multiple length scales, characterized by a continuous spectrum of multifractal

dimensions [28].

The distinction between localized and extended phases also manifests sharply in
spectral statistics, providing a powerful diagnostic tool, particularly for numerical
studies. In the extended phase, level repulsion dominates and the level-spacing distri-
bution follows Wigner-Dyson statistics, as predicted by random matrix theory [29-31]
and anticipated by the discussion of quantum chaos in the previous section. In the lo-
calized phase, by contrast, eigenstates are spatially separated and effectively decoupled
from one another: level repulsion is suppressed, and the spacing distribution instead
approaches Poisson statistics, precisely the signature expected of an integrable-like,

non-chaotic spectrum.

Anderson localization has been observed directly in a variety of experimental plat-
forms, most notably with ultracold atoms, where the disorder potential can be engi-
neered and controlled with very high precision. Localization of a Bose-Einstein con-
densate released into a one-dimensional disordered optical potential was first observed
in a speckle potential [32] and, independently and simultaneously, in a quasi-periodic

(Aubry-André-type) potential [33]. These experiments were later extended to three
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dimensions, where the existence of a genuine mobility edge could be probed directly:
the first observations of a 3D Anderson transition in ultracold-atom systems were re-
ported shortly after [34, 35], and a direct experimental measurement of the mobility
edge itself was subsequently achieved [36] by mapping out the disorder and energy
dependence of the transition. More recently, the two-dimensional case has also been
investigated experimentally, with signatures of the anomalously large, logarithmically-
corrected localization length reported in ultracold atoms [37]. Beyond cold atoms,
Anderson localization has also been observed for classical waves, including light in dis-
ordered photonic lattices and microwaves in random media, providing complementary

platforms in which disorder and interactions can be controlled independently [38].

1.4. Many body localization

The robustness of the Anderson insulating phase against interactions is a fun-
damental question for understanding localization in real materials, where Coulomb
repulsion between electrons is ubiquitous and provides a natural channel for coupling

otherwise-isolated localized states.

The first attempt to address this question is due to Fleishman and Anderson, who
argued on perturbative grounds that a weakly interacting Anderson insulator should
generically be destabilized by interactions [39]. Their argument, however, was based
on low-order perturbation theory and could not settle the fate of localization at strong

disorder, where a perturbative treatment in the interaction strength is uncontrolled.

A conclusive answer came with the work of Basko, Aleiner, and Altshuler [40],
who went beyond the low-order perturbative treatment of Fleishman and Anderson
by computing, within a self-consistent diagrammatic scheme, the decay rate of a local
excitation to all orders in the interaction strength. Their key conceptual step was to
reformulate the problem in Fock space: viewing the many-body eigenstates of H =
Hy + V (with Hy the localized single-particle Hamiltonian and V' the interaction) as
sites of an effective lattice, on which interactions act as an effective hopping. Because
the Fock-space dimension grows exponentially with system size, this effective lattice is
effectively infinite-dimensional, and the fate of localization is decided by a resonance-
counting argument a la Anderson: a many-body state remains localized as long as
the density of resonant, interaction-coupled configurations stays finite, and delocalizes
once such resonances proliferate. This established, for the first time, that a disorder-
localized phase can survive in the presence of generic, short-range interactions, at

strong enough disorder and low enough temperature.
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1.4.1. Ergodicity breaking in many-body localization

The Basko-Aleiner-Altshuler result can be rephrased directly in the language of the
eigenstate thermalization hypothesis introduced earlier in this chapter: a vanishing de-
cay rate for local excitations is precisely the statement that local observables retain
memory of the initial state indefinitely, in flagrant violation of ETH. Many-body lo-
calization is understood as a genuine, many-body example of ETH breaking, one that,
unlike integrability or quantum scars, is stable against generic (non-fine-tuned) local
perturbations, and survives for every eigenstate in a given spectral window rather than
an extensive set of conservation laws.

This identification was confirmed numerically through the same spectral diagnos-
tic introduced earlier for the single-particle Anderson transition: Oganesyan and Huse
showed that the level-spacing statistics of disordered spin chains cross over from the
Wigner-Dyson distribution characteristic of the ergodic, ETH-obeying phase to Pois-
son statistics in the localized phase, directly mirroring the extended-versus-localized
distinction familiar from single-particle Anderson localization [41], and this transition
was subsequently mapped out in detail by Pal and Huse [42].

These numerical results motivated a phenomenological description of the localized
phase in terms of an extensive set of local, quasi-conserved quantities — the local
integrals of motion, or [-bits — in terms of which the many-body localized Hamiltonian

can be written as an effectively non-interacting model,

H=) hri+Y Jymirmi+..., (1.9)
i ij
with 77 = £1 quasi-local operators, exponentially localized around site i [43-45]. This
picture makes the violation of ETH manifest at the level of the eigenstate structure it-
self: because [H, 77] = 0 for every i, an extensive number of local quantities are exactly
conserved, eigenstates retain a memory of local initial conditions to arbitrarily long
times, and entanglement entropy grows only logarithmically in time following a quench
— in sharp contrast to the linear (volume-law) growth expected in an ergodic, ETH-
obeying system — while individual many-body eigenstates obey an area law rather than
the volume-law entanglement expected on the basis of ETH. This phenomenological
picture was later put on rigorous mathematical footing, under suitable assumptions,
by Imbrie [46].

On the experimental side, the defining signature of the localized phase—the failure
of local observables to lose memory of their initial conditions—is remarkably direct
to probe, and has been observed across several platforms. Cold atoms in quasiperi-

odic optical lattices retain a finite density imbalance imprinted on a charge-density-
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wave initial state for arbitrarily long times above a critical disorder strength [47], an
experiment subsequently extended to two dimensions [48]; trapped-ion chains with
programmable random fields display the same persistence of local magnetization [49],
and analogous signatures have been resolved spectroscopically in arrays of supercon-
ducting qubits [50]. More incisively, quantum-gas microscopes provide access to the
entanglement structure predicted by the ¢-bit picture: entropy measurements in a
Bose-Hubbard chain reveal the characteristic logarithmic growth after a quench [51],
and the same platform has been used to probe the critical behavior at the transition
itself [52]. These experimental work suffer from limitation due to accessible times and
sizes. What they establish beyond doubt is a robust localized regime; whether that
regime survives as a genuine thermodynamic phase is a question that no finite exper-
iment can answer on its own.

On the theoretical side, the very existence of the many-body localized phase remains
contested. One dimension is the subtle case. Even granting Imbrie’s proof and the
subsequent work by De Roeck et al. [53], the picture is far from settled. Numerical
studies pose the first problem: as the accessible chains grow, the apparent transition
drifts steadily toward stronger disorder [54-56], with no sign of converging, so that
the localization seen at reachable sizes may be nothing more than an unusually slow
crossover. In two or more dimensions the question is settled by the avalanche argu-
ment [57, 58]. A rare region of anomalously weak disorder thermalizes on its own and
acts as a bath for its surroundings: each spin it absorbs halves its many-body level
spacing, while the matrix element coupling it to the next spin decays exponentially
with the localization length. Whether the bath keeps growing is set by which of the
two exponentials wins, and this depends only on how fast the absorbed volume grows
with distance. Notice that the avalanche argument in one dimension gives a linearly
growing volume and the two rates are commensurate, and the competition yields only
a threshold. In two or more dimensions the volume grows faster than the distance, the
level spacing always collapses first, and the bath grows without bound. No threshold
exists, and the same conclusion holds whenever interactions decay slower than expo-
nentially. The avalanche mechanism has been observed directly by coupling a thermal

inclusion of controlled size to a localized region [59].

1.5. Spin glasses

Few problems in condensed-matter physics have proven as durably rich as that of
spin glasses (SG), which for more than half a century have stimulated intense activity

on both the theoretical and the experimental fronts [60-62]. First discussed in the
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1970s in connection with dilute magnetic alloys hosting quenched impurities, such
as CuMn and AuFe, [63, 64], these systems freeze, at low temperature, into a state
that bears no resemblance to ferromagnetism, antiferromagnetism, or any of the more

familiar patterns of magnetic order.

Two ingredients are responsible for this behavior: quenched disorder in the cou-
plings and frustration, namely,the impossibility of simultaneously satisfying all com-
peting pairwise interactions [65]. Their interplay produces a rugged free-energy land-
scape with a proliferation of nearly degenerate minima separated by large free-energy
barriers. As a consequence, equilibration becomes exceedingly slow, and the system
retains a long memory of its thermal history, giving rise to the characteristic aging

and memory effects observed experimentally. [66, 67]

What at first sight appears as a random freezing of the spins in fact conceals
a subtle form of long-range order, which manifests itself only through the spatio-
temporal correlations of the local degrees of freedom. Unlike conventional magnets,
no global order parameter associated with a broken spatial symmetry exists. Instead,
the ordered phase is detected through the Edwards-Anderson order parameter, which
measures the persistence of each spin along its own frozen direction [63].

A rigorous description of the spin-glass phase has been achieved within mean-field
theory [68-72], whose paradigmatic realization is the fully-connected Sherrington—
Kirkpatrick model [73]. There, the low-temperature phase is shown to consist of a
multitude of equilibrium states, unrelated by any symmetry and organized hierarchi-
cally into an ultrametric structure. This remarkable solution, obtained through Parisi’s
replica-symmetry-breaking (RSB) ansatz, remains one of the landmark achievements
of modern statistical mechanics. This wealth of states underlies a host of striking
out-of-equilibrium phenomena [66], and has turned spin glasses into an archetype
of complex systems, with ramifications extending well beyond magnetism, including
optimization, neural networks, inference, and theoretical computer science [60, 62].

From a technical standpoint, describing spin glasses confronts one with obstacles
that resist both analytical and numerical attack. Performing the quenched average of
observables over the disorder analytically calls for either the replica trick or the in-
troduction of auxiliary fermionic fields. The fermionic route appears better suited to
capturing localization physics in disordered media [74], whereas the replica approach
has been the workhorse behind the mean-field replica-symmetry-breaking description
of the glassy phase [60]. Neither, however, provides an exact solution in finite dimen-
sions.

This gap has fueled a long-standing debate between two competing scenarios. The

RSB picture, inherited from mean-field theory, predicts infinitely many pure states
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with a non-trivial overlap distribution, whereas the droplet picture argues that only a
single pair of pure states, related by global spin reversal, survives in the thermodynamic
limit [75, 76]. The two scenarios therefore make qualitatively different predictions for
the nature of low-energy excitations, the overlap distribution, and the stability of the
ordered phase under perturbations. The controversy bears directly on the applicability
of mean-field ideas in low dimensions and on the values of both the upper and lower
critical dimensions of the transition [77-81]. Despite decades of analytical work and
increasingly large-scale numerical simulations, this question remains one of the central

open problems in the theory of disordered systems.

1.5.1. Quantum spin glasses

Upon lowering the temperature of any system, quantum effects must be included
in the description. They give rise to novel and rich phases of matter [82-84], and the
classical understanding could be qualitatively modified. Before discussing quantum
spin glasses, let us spend a few words on possible scenarios in quantum magnetism.

Classical magnetic systems are governed by a simple principle: the ground state
minimizes the exchange energy by arranging the spins into an ordered pattern, possibly
frustrated. In quantum systems, however, this picture becomes considerably richer.
Because spin components do not commute, the ground state is no longer a static spin
configuration but a quantum superposition of many classical states. Magnetic order
must therefore compete with the zero-point fluctuations generated by the uncertainty
principle, and this competition gives rise to an extraordinary variety of phases with
no classical analogue.

The effectiveness of quantum fluctuations depends strongly on dimensionality. In
three-dimensional magnets they are often too weak to qualitatively alter the classical
picture, whereas in one and two dimensions they become increasingly important.

The simplest consequence of this competition is the formation of valence-bond
solids (VBS). Instead of developing long-range magnetic order, neighboring spins bind
into singlet pairs that arrange themselves periodically throughout the lattice, breaking
lattice symmetries while preserving the global SU(2) spin symmetry [83, 85]. The ele-
mentary degrees of freedom are therefore not ordered magnetic moments but quantum-
mechanical singlet bonds. VBS phases constitute perhaps the clearest example of a
state whose existence is entirely due to quantum fluctuations: classically they would
simply reduce to an ordinary antiferromagnet. Whether the singlets crystallize or in-
stead remain in a liquid superposition of coverings is a question already contained in

quantum dimer models [86, 87], and, at the level of the spin models themselves, in the
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choice of variational ansatz within projected-fermion approaches [88].

Quantum fluctuations may, however, be even more disruptive. In some highly frus-
trated magnets they remain sufficiently strong to prevent any kind of symmetry break-
ing, even at zero temperature. The resulting quantum spin liquids (QSLs), first envi-
sioned by Anderson through the resonating-valence-bond (RVB) picture [89], possess
neither magnetic order nor crystalline order. Instead, they are characterized by long-
range quantum entanglement, fractionalized excitations and, in many cases, emergent
gauge fields [90-93]. Variational Monte Carlo studies based on Gutzwiller-projected
fermionic states have been instrumental in locating such phases in the paradigmatic
frustrated models and in computing their spectral signatures [94-97]. During the
last two decades, spin liquids have become one of the central paradigms of strongly
correlated quantum matter, with candidate realizations in kagome antiferromagnets,
organic Mott insulators, Kitaev materials and, more recently, synthetic Rydberg plat-
forms [98-100]. The examples above illustrate a common theme: quantum fluctu-
ations tend to suppress conventional magnetic order, replacing it with increasingly
exotic phases. A natural question then arises. What becomes of the much subtler
order found in spin glasses, where the ordered phase is already stabilized only through
the combined effects of disorder and frustration? Does quantum mechanics eventu-
ally melt the frozen spin configuration, or can glassy order survive in the presence of

coherent quantum dynamics?

These questions define the field of quantum spin glasses (QSG) [101]. Here, the
transition into the glassy phase is driven not by temperature alone, but also by a
non-thermal control parameter, typically a transverse magnetic field or a tunneling
amplitude [83]. The resulting quantum phase transition separates a quantum para-
magnet from a frozen glassy state whose properties are shaped simultaneously by

disorder, frustration and quantum fluctuations.

At first sight, one might expect quantum fluctuations to destabilize the glassy
order, just as they might suppress long-range magnetic order in frustrated antiferro-
magnets. Remarkably, experiments indicate that this intuition is only partially cor-
rect. The canonical testing ground is the diluted dipolar Ising magnet LiHo,Y; (Fy,
in which the Ho®" moments behave as effective Ising spins, random dilution supplies
frustration and disorder, and a transverse field tunes quantum fluctuations indepen-
dently of temperature [102]. There, spin-glass order survives well into the quantum
regime, although the freezing temperature is suppressed and the characteristic relax-
ation times become substantially shorter [103-105]; the same platform has been used
to demonstrate quantum annealing towards low-lying configurations [106], coherent

spin oscillations [107] and entanglement between dipoles [108]. The interpretation is
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not uncontroversial, however: some measurements report the absence of a conventional
transition [109, 110], and it has been argued that the transverse field unavoidably gen-
erates random longitudinal fields through the off-diagonal dipolar couplings, possibly
rendering the intrinsic quantum critical point experimentally inaccessible [111, 112].
Indeed, many hallmarks of the classical problem—including slow relaxation, ag-
ing and memory effects—persist [113-115], while entirely new quantum phenomena

emerge.

Quantum spin glasses therefore occupy a particularly interesting position within
the landscape of quantum matter. On one hand, they inherit the complex free-energy
landscape and slow dynamics of classical glasses; on the other hand, they exhibit
genuinely quantum features, including coherent tunneling between metastable config-
urations, quantum criticality, and competition with thermalization. The importance of
quantum spin glasses extends well beyond disordered magnetism. Their rugged energy
landscapes make them natural benchmark models for quantum optimization and quan-
tum annealing [116-120], where the objective is precisely to navigate an exponentially
complex landscape by exploiting quantum tunneling.

Almost everything that is understood with confidence in quantum spin glasses
comes from the generalization of the classical mean-field theory. Making this construc-
tion quantum introduces one essential complication [121]: the frozen configuration is
no longer static, since each spin keeps fluctuating in imaginary time, and the order
parameter must therefore describe not only how strongly the spins are frozen but also
how they move. The problem consequently loses its purely thermodynamic character
and becomes dynamical.

For a long time the temporal structure was neglected altogether, an assumption
that restores a classical-looking problem and predicts a discontinuous freezing transi-
tion [122]; retaining the dynamics gives instead a continuous quantum phase transition
and a glassy phase whose low-energy excitations remain gapless, the quantum counter-
part of marginal stability [123, 124]. Large M expansion of SU(M) models shed new
light on the problem: Sachdev and Ye found that a fully connected random Heisen-
berg magnet need not freeze at all, settling instead into a critical, strongly entangled
liquid [125] that later seeded the SYK model and its role in the theory of strange met-
als [126]. At physical SU(2) spin the glass eventually wins, but the liquid survives as
an intermediate-energy regime [127-129], and treating the hierarchical replica struc-
ture and the quantum dynamics together confirms that glassy order does withstand
quantum fluctuations [130].

The finite-dimensional problem remains considerably less understood. Quantum

fluctuations become increasingly effective as the dimensionality is lowered, raising the
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possibility that they may ultimately destabilize spin-glass order altogether. Already in
the classical problem, the lower critical dimension plays a central role: for short-range
Ising spin glasses it is believed to lie near d ~ 2.5, precluding a finite-temperature
glass transition in two dimensions while allowing one for d 2 3. Whether quantum
fluctuations modify this picture, and in particular whether a genuine zero-temperature
glass phase may exist in dimensions where thermal order is absent, remains one of the
central open questions in the field.

Numerically, the finite-dimensional landscape is equally unsettled. The transverse-
field Ising spin glass constitutes the notable exception: since the pioneering work of
Rieger and Young [131], sign-problem-free quantum Monte Carlo simulations have
demonstrated that spin-glass order survives up to sizable transverse fields [132-134].
This provides a clean existence proof that quantum fluctuations alone do not neces-
sarily destroy glassiness. Whether the same conclusion holds for continuous SU(2)-
symmetric quantum magnets is a far more difficult question. We will deal with this

problem in Chapter 6.

1.5.2. Ergodicity breakings in spin glasses

To conclude this introduction, let us spend a few words on ergodicity breaking
in spin glasses which, although it has not been directly addressed in this thesis, still
provides physical motivation for the study of such intriguing systems.

The concept of ergodicity breaking is used in the field of quantum disordered systems
for at least three distinct phenomena.

The first meaning is thermodynamic and is the one encoded in Parisi’s solu-
tion [135-137]. Below the freezing temperature the Gibbs measure ceases to be a
single object and fragments into an exponentially large number of pure states, mu-
tually inaccessible in the thermodynamic limit and organized ultrametrically. The
consequence is that the order parameter is no longer a number but a distribution, the
overlap distribution P(q), and that it fails to be self-averaging: two macroscopically
identical samples, or two replicas of the same sample, need not agree. Ergodicity is
broken here in the strict textbook sense, through a decomposition of configuration
space into components separated by barriers that diverge with system size.

The second meaning is dynamical, and it is weaker and more subtle [138, 139]. A
spin glass quenched below its freezing temperature never reaches a stationary state:
correlation and response functions depend separately on the two times at which they
are measured, not only on their difference, and the relaxation becomes slower the

longer the sample has been waiting. This aging behavior, together with the memory
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and rejuvenation effects that accompany it, is directly observable in the magnetic
response of laboratory spin glasses [66, 67, 140], and in mean-field models it can be
solved exactly, revealing a violation of the fluctuation—dissipation theorem that can
be reinterpreted as an effective temperature for the slow degrees of freedom [141]. No
infinite barriers are required: the system is not confined anywhere but its dynamics
is so slow that the exploration of the whole configuration space is suppressed in the
thermodynamical limit.

This last point deserves emphasis, because it is what distinguishes glassy ergodicity
breaking from the integrable kind. An integrable system is genuinely forbidden from
most of phase space, confined by its conservation laws to a manifold of vanishing
measure, while a glass is free to visit any configuration, and the landscape only ensures
that it will take a time growing without bound with the size of the system to do so.
Ergodicity is lost not by constraint but by the divergence of the time scale on which
it would be recovered.

Neither notion should be identified with the failure of thermalization discussed in
the context of the eigenstate thermalization hypothesis [9, 10]. Aging is the relaxation
of a system in contact with an environment, and this remains true in its quantum
formulation, in which the bath is what allows the system to relax at all [113, 142, 143];
ETH concerns instead the fate of an isolated system evolving under its own unitary
dynamics. For the same reason, many-body localization and quantum spin-glass order
are conceptually independent phenomena [42, 144]. The first is a statement about
the structure of individual eigenstates across the whole spectrum, the second about
the structure of the low-energy Gibbs measure. Neither implies the other: glassy
order is perfectly compatible with thermalizing eigenstates, and localization can occur
with no glassy order whatsoever. The two coincide in certain models, where non-
ergodic eigenstates and a many-body mobility edge appear together with the frozen
phase [145, 146].
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1.6. Outline of the thesis

The thesis is organized as it follows. The first part of the thesis is devoted to the

numerical renormalization group study of the many body localization transition:

o In chapter 2, we discuss the scaling theory of Anderson localization. First we
introduce the original work by Abrahams et al. and then we present a revised
version of such work in terms of modern observables easily accessible in large
numerical simulations and show how it is possible to have a renormalization

group flow that depends on two independent scaling variables.

o In chapter 3, we apply the techniques developed in the previous chapter to the
numerical renormalization group study of the random field X X Z spin 1/2 chain,

a candidate model for the many body localization transition.

o In chapter 4, we consider the case of the quantum random energy model, a
prototypical toy model for many body localized and quantum spin glass phases,

and discuss its renormalization group flow.

The second part of the thesis focuses on the analysis of quantum and classical two

dimensional disordered system with rotational invariance:

o In Chapter 5, we systematically describe how to construct semiclassical, low
energy excitation on top of a classical energy minimum for a class of rotational
invariant spin systems. We discuss how the symmetry of the classical states

constrain the dynamics of the low energy, quantum excitations.

o In Chapter 6, we present novel numerical results on the zero temperature quan-
tum phase diagram of the bond disordered, two dimensional, Heisenberg spin 1/2
model. The results are based on a state of the art, neural quantum states ap-
proach and are validated by a semiclassical expansion relying on the techniques

discussed in the previous Chapter.

o In Chapter 7, we further investigate the properties of the low energy excitations
in SU(2) invariant, bond disordered spin models. We show that the tension
between the gaplessness of the spectrum and the disorder produces a mobility
edge if magnetic order is present and a weakly localized spectrum if absent. We

discuss how ergodicity can be restored by the addition of interactions.

o In Chapter 8, we analyze in depth the case of a weakly disordered, two dimen-

sional ferromagnet. The presence of weak disorder produces an abundance of low
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energy modes, leading to an increase of the dynamical exponent. We propose a

field theoretical based explanation to characterize such phenomenon.

18



Part |I.

Scaling theory of the Many Body

Localization phase transition

19






2. Scaling theory of localization

In this chapter we provide an introduction to the scaling theory of localization tran-
sitions. After reviewing the original formulation by Abrahams et al. , which assumes
a single parameter scaling for the Anderson transition, we present a revised version
of their theory, discussing also the case of a two-parameter-scaling. Then we give
an overview of recent phenomenological approaches to investigate the renormalization

group structure of the many body localization transition.

2.1. Scaling of the conductance

The use of renormalization group (RG) to study localization transitions goes back
to the seminal work of Abrahams, Anderson, Licciardello, and Ramakrishnan [24].
The great achievement of the so called “gang of four” was to understand that a one-
parameter scaling hypothesis explains the localization of non-interacting particles in
d < 2 for any disorder strength, and the presence of a finite-disorder localization
transition in d > 3. They considered the dimensionless conductance of a hypercube of
size L% > a?, the lattice spacing, defined as

G(L)  Ern 2R

_ ) d—2
g(L) = YT > ol*, (2.1)

where E7py, is the Thouless energy, defined as the geometric mean of the fluctuation in
energy levels caused by replacing periodic by antiperiodic boundary conditions, and
it is associated with the characteristic inverse diffusion time 7p ~ L?/D, D being the
diffusion constant, § = dE/dN = p(E)L? is the mean level spacing, that scales as the
volume times the density of states and o = e?pD is the electrical conductivity.

The variation of the dimensionless conductance at a larger scale b, g(bL) = f(b,g(L))

is described by the generic flow equation

dlng(L)

“dlnl = p(g(L)), (2.2)
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where the crucial assumption, the so called one parameter scaling hypothesis, is that
the  function depends only on ¢g(L) and it is continuous.

At very large and small values of the conductance it is possible to derive simple asymp-
totic forms of the 8 function only from physical considerations: for large g the system
is diffusive, standard transport theory holds and the conductance is G(L) = o0 L472 so

the £ function is

lim B(g) =d 2. (2.3)
In the localized phase g decays exponentially g = goe~*" and
lim $(g) = In(g/g0) - (2.4)

g—0

The scaling analysis introduced by the gang of four describes correctly the Anderson
phase structure and remarkably predicts in a very intuitive way the lower critical
dimension of the transition. In the following we present a revised version of this theory,
where we consider the scaling of a generic observable - then we specialize to quantities
more easily accessed with modern computer libraries- and we introduce the possibility
of another scenario, the two parameter scaling hypothesis, where the renormalization
group flow is ruled by two coupled equations. Recently, the renormalization group
scaling of the Anderson transition on d dimensional hypercubical lattices was studied
[147], finding numerical evidence of the one parameter scaling in every dimension.
Remarkably, increasing the spatial dimensionality, the critical point drifts towards
the localized phase. On the regular random graphs [148]- a lattice alias of infinite

dimensions — there is evidence of a two parameter scaling.

2.1.1. One parameter RG flow
Consider a generic observable A and define its beta function as

_dlnA

5:dmN’

(2.5)

where N is the volume of the system. One can identify the volume either with the
Hilbert space dimension N ~ 2% or with the spatial volume N = L%. In the definition
of the beta function, we have traded the RG parameter for the system size, which in
the context of finite-size scaling can be thought of as a relevant operator of the renor-
malization group [149, 150]. We will use the convention A € [0, 1], with asymptotic
values Aj,. = 0 for the localized fixed point and A, = 1 for the ergodic one, which
indeed agrees with the rescaled r-parameter ¢.

If the one-parameter scaling hypothesis holds, the beta function is a function of A
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alone, i.e.
dln A
TN B(A). (2.6)

Therefore, the dependence of A on the system size In N is obtained by solving the

differential equation above by separation of variables:

=1In— (2.7)

/A dA’ N
40 A'B(AY) Ny’

where A is the value of A at N = Ny. If one is far from a zero of the beta function,

one can integrate formally and find

@&—GM®=m£, (2.8)

where G is a primitive of the integral in Eq. (2.7). Inverting this equation for A, one
finds
A= f(N/Ny), (2.9)

where f(z) = G7'(Inz) turns out to be a universal scaling function, in one-to-one
correspondence with the function By, and Ny = Nye ¢(0). Therefore, in a regular
section of the flow and far from a critical point, the observables are functions of the

volume N, whether this volume is the spatial or the Hilbert space volume.

If, instead, the RG trajectories—obtained by varying the values of the initial pa-
rameters (e.g. disorder strength)—do not always lie on a single curve, one needs to
take into account corrections to the one-parameter scaling solution. For a fixed value

of the initial parameters, let us assume that the curve starts close to the one-parameter

curve [y(A)
dln A

din N N=Nq

— Bo(A) + ¢ with ¢ < o, (2.10)

and quickly converges to it; see Fig. 2.1 for a sketch. One can then write a phenomeno-
logical set of equations, projecting the RG flow in the plane spanned by the relevant

and the least irrelevant operator

dln A
d&NZﬁ’ (2.11)
d

In the limit w — oo, one recovers the one-parameter scaling equation dln A/dIn N =
Bo(A). Taking w large but finite, and assuming to start sufficiently close to the one-

parameter scaling curve, such that 5y(A) can be considered a constant for a first part
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pA)

Figure 2.1.: Sketch of a one-parameter-scaling RG flow with irrelevant corrections, similar
to what can be observed in the Anderson model in d-dimensional space [151]. The solid
black curve represents the one-parameter-scaling beta function 3y(A), which vanishes at the
critical point A.. The colored solid lines represent the beta function for different choices of
the initial parameters, as described by Eq. (2.14). The starting point of these lines occurs
at N = Ny and N grows in the direction indicated by the arrows. Around the critical point
A, the beta function can be linearized as described by Eq. (2.15).

of the RG flow, one can find the solution

dln A
dln N

= Bo(A) + ce @ mW/No), (2.13)
Upon integration, in the approximation ¢ < 1, one has
A(N, Ao) = f(N/N()) —|—f1(N/N0)N7w, (214)

where w corresponds to the dimension of the smallest irrelevant operator. Only rarely
w is so large that it can be ignored altogether. In particular, for the Anderson model in
the limit of d — oo — which corresponds to the model defined on the random regular
graph (RRG) — it has been argued that actually w — 0 [147, 151]. Let us mention
that the limit d — oo has to be taken with caution and cannot be obtained by simply
setting w = 0 in Eq. (2.14). We comment more on this in Sec. 2.1.2.

2.1.2. Close to a critical point

Close to a critical point, if the beta function has a simple zero 5(A.) = 0 for some
value A. # 0 of the observable, then the dependence of A on N acquires the form of

a scaling law. Let us write the Taylor expansion of S(A) close to the fixed point as

BA) =s(A—A)+ Y %(A — A" (2.15)
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Going back to Eq. (2.7), it holds

A dA , 1
/AO AB(AY /A A S — 4y
A As(A = A) — A'B(A)

A/
T L A S = A AR

1 A—A A
1 c / Ag(A — A). 21
ACSD‘AO—ACJF [y ) (2.16)

The function
~ Awsr — (2 + A)B(Ac + )

= 2.17
9(x) Acsz(z + Al)B(Ac + 2) (2.17)
is regular close to x = 0:
2s + oA _
g(x) = EECYTE +0(z) = —a+ O(x), (2.18)

where again ¢, = d"5/dz"|,_0.

Putting everything together and defining the primitive [dz g(z) = G(x) = —az +

O(2?) and the critical exponent v = 1/A.s, one has

N A— A,
lnﬁo =vin 1A +G(A—-A,) — G(Ay — A.), (2.19)
which can be inverted first as
N 1/v
A — A|eGA—AdY — () , 2.20
A=A No€(Ad) 220

with £(Ag) = |Ag—A,| Ve GA0=4) ~ | Ag— A |7 being a critical length. Consequently,

by calling f the inverse of the function z — ze“®/? one gets

AN, Ag) = A, + f<<%é&0)>1/y>. (2.21)

Notice that for small z it holds ze®®/" ~ ze~v® ~ x — ¢ 22 + O(z?), therefore the

function f(z) ~ x in the same region.

Under the hypothesis that, at In Ny = O(1), Ag is a smooth function of the mi-
croscopic parameters of the model, it is possible to collapse the data with a universal
scaling function f, in one-to-one correspondence with the function . In the context of
localization transitions, the Anderson model in finite dimensions d > 2 exhibits a phase

transition which is characterized precisely by this kind of scaling theory. Including also
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pA) PA)

A \\ A

Figure 2.2.: (Left) Beta function for a two-parameter scaling transition scenario. In the
localized phase, the RG flow reaches A = 0 at a finite and negative 8 = —1/&o., and its
value depends on W, thus generating a line of fixed points (solid red). In the ergodic phase,
instead, the curves flow to A = 1 as prescribed by random matrix theory. The RG flow
around the ergodic fixed point is described by a one-parameter scaling, meaning that all
the RG curves for W < W, ultimately approach a universal curve (dashed black). The red
dotted line is the critical line for W = W,, which separates the localized and ergodic phases.
(Right) Beta function in the absence of a localized phase. For any finite value of W, the RG
flow never reaches A = 0 and flows to the ergodic fixed point at large enough sizes.

the irrelevant corrections discussed in Sec. 2.1.1, one finds
A(N, Ag) = A, + f(2) + N~ f,(x), (2.22)

where w is the scaling dimension of the least irrelevant operator ! and z = (N/Ny&(Ag))Y”.
Notice that Eq. (2.22) has a notation similar to Eq. (2.14), but the scaling functions
involved are different, as an explicit linearization was performed around the critical

point.

As mentioned previously, in the limit d — oo of the Anderson model (corresponding
to the RRG), the irrelevant exponent w becomes marginal, but this does not correspond
to simply setting w = 0 in Eq. (2.22). In fact, Eq. (2.22) has been derived for a
critical point A, isolated from the other “Gaussian” fixed points, while in the RRG
A. = Aje = 0. One can show that, when these two limits are taken consistently, one
obtains logarithmic corrections to Eq. (2.22), indicating the occurrence of a marginal
direction [147].

26



2.1. Scaling of the conductance

V(a) WV(a)
E>0 E>0
a=-—o0
localized
E=0 E=0 —
(04 (04
(C——
a=0 — a=0
——— | ergodic | ergodic
E<O E<O

Figure 2.3.: (Left) Example of potential function for the one-dimensional dynamical model
in the presence of a localization transition, similarly to what happens for the RRG. For
small disorder, corresponding to energies £ < E. (E. = 0 in the sketch), the presence of the
potential confines the trajectories, excluding the point o = —oo (i.e. A = 0): the original
system is ergodic. For large enough disorder, corresponding to energies ¥ > E., the potential
does not confine the classical trajectories, and o« — —oo when ¢t — oo: the localized phase
is approached in the thermodynamic limit. Notice also that, at ¢ = 0, particles move from
right to left, since 5 < 0, being the beta function negative at small enough sizes. (Right)
When the potential is such that V(o — —o0) — 400, the classical trajectories are always
reflected and o« — 0 (equivalently A — 1) when ¢ — oco. In this case there is no localized
phase.

2.1.3. From one to two parameters

In the previous section, we considered the situation where there is only one relevant
parameter in the Hamiltonian, and the lowest anomalous dimension is sufficiently
large and negative that it can be included as a small correction to the one-parameter
formulas. This occurs when the unstable fixed point A, is well separated from the two
other “Gaussian” fixed points, which in this case represent the localized and ergodic
phases. When instead A, — Ajoc (like the Anderson model in d — 00) or A, — Aerg
(like the Anderson model as d — 2), one of the parameters must necessarily become
a flat direction or, in the language of RG, marginal. As a concrete example, this
happens when the Wilson-Fisher critical point merges with the Gaussian fixed point

in the Ising model at the upper critical dimension [152].

In order to go beyond one parameter scaling, let us define the RG time ¢t = In N
and
a=InA. (2.23)

Let us also represent with a dot the derivatives with respect to RG time: do/dt = d.

Tt is possible to work not strictly in the limit w — 0o, and analyze the flow close to the critical
point to extract the correct relevant and irrelevant anomalous dimensions to O(1/w).
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2. Scaling theory of localization

The RG equations acquire the general form

& =p (2.24a)
B =(a, ) (2.24D)

for a certain function . This is the general system of equations describing a two-
parameter scaling RG flow. In principle, the function v depends also on [: this de-
pendence is of particular importance also to model the adherence to the one-parameter
scaling curve towards the ergodic fixed point as the overdamped limit of a dynamical
system. However, in the region of A near zero it can be seen from the numerical data

that ~ is a function of o alone; therefore, one can reduce to the system of equations

a=p (2.25a)
B =(a). (2.25b)

The simplification v(a, 8) — v(a) is crucial, because now the RG equations can be
interpreted as Hamilton’s equations of motion for an effective one-dimensional particle,
living on the half-line o < 0. Its Newton’s equation reads: & = y(«a), so y(«) is the
force field. RG equations that acquire Hamilton’s (or Newton’s) form are special

because they admit an integral of motion, the energy:

1
E= 50‘2 + V(a), (2.26)

where V(a) = — [y(a)da. The conservation of energy is a manifestation of the

time/scale invariance which arises near the critical point A = 0.

In order to fix ideas, it is instructive to consider the illustrative example of the
Anderson model on random regular graphs (RRG) [147]. There, the numerics for the
fractal dimension are well described by v(«) o< e in the region o — —o0, giving rise
to the Liouville equation

& = ce” (2.27)

for some constant c. The energy, in turn, reads

1
E = 502 — ce®. (2.28)

The orbits of this dynamical system depend strongly on the value of F, which is fixed
by the initial microscopic parameters. If £ > 0, the particle can go all the way to
a — —o0, ie. A= Ay =0; for £ <0, it bounces back with &« — 0, i.e. A = A = 1.
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2.1. Scaling of the conductance

Therefore, one can see that the presence of two stable phases, separated by a critical
point £ = 0, corresponds to whether the force field is confining or not: confining
potentials correspond to the absence of localization, while non-confining ones admit a
localized phase. This is shown by the sketches in Figs. 2.2 and 2.3.

In the case of the RRG — Egs. (2.27) and (2.28) — the critical trajectory is
Aeig(t) oc 1/t%, which describes well the numerical findings [147]. Notice that the
existence of a localized region is universal for all n > 0 in y(«) = ™. In fact, one can
reabsorb n by rescaling a — a//n, but this corresponds to A — AY™ and therefore the
critical line becomes Ay (t) ~ 1/t¥™. The value of the exponent n determines the
power law behavior of observables near the critical point and thus “labels” different
universality classes.

This example also clarifies the meaning of the second equation for 3: it describes
the renormalization of the localization length &, as a function of the distance from
the localized critical point. This can be seen from the fact that observables (e.g. the r-
parameter) decay exponentially with the system size L = In N, where in this case N is
the number of vertices in the RRG. Assuming A oc e=*/%econe sees that 8 = —1/&,.
and § = floc/ffoc. The effects encoded in this equation are non-perturbative, since
the usual perturbation theory in the hopping term (locator expansion) only predicts
exponential decay, without renormalization of the decay length.

The example considered so far admitted the presence of a localized phase. A second,
natural class of forces to consider is the one in which all trajectories go to the ergodic
fixed point o = 0 (i.e. A = 1), corresponding to confining potentials. A paradigmatic
form which has such a behavior is the logarithmic potential V' («) = In |/, leading to

Newton’s equation

i =—1/a. (2.29)

This equation can be solved by quadratures using the formula

a(t) d
/ a —t— 1, (2.30)
a  /2(FE —In|al)
since the energy reads
1
E:§M+mmy (2.31)
All the trajectories have a turning point, located at ay, = —e®, and are therefore

confined as claimed above. For such a potential, the localized phase—in the sense of
observables exponentially decreasing with system size—does not exist. The only thing
happening as the disorder is increased is a slower and slower approach to ergodicity.

From the perspective of the renormalization of the localization length, the logarithmic
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2. Scaling theory of localization

potential entails
Eloe o< 1/1n(1/A). (2.32)

In the limit A — 0 one sees that Sloc = 0, but such a slow convergence towards this

value makes the entire localized phase unstable towards developing ergodicity.

2.2. Phenomenological RG analysis of MBL models.

Extending the RG analysis to interacting models has proven to be difficult. Some
authors took inspiration from the Ma-Dasgupta-Hu-Fisher strong-disorder RG [153-
157] and applied a similar procedure to models hosting MBL [158, 159]. More promis-
ing results were found, however, once the same real-space rules were applied not to
the microscopic degrees of freedom but to a coarse-grained description of the chain,
in which the system is represented as an alternating sequence of thermal and insu-
lating regions [158, 160—-162]. It is within this phenomenological framework that the
first evidence for a Berezinskii-Kosterlitz—Thouless (BKT) character of the transition
emerged [163-166].

The starting point of the phenomenological approach is to forget the individual
spins and retain only the block structure of the chain: long "bubbles" that behave
locally as thermal baths are interspersed with insulating regions. Each block is assigned
a length, and each insulating block carries in addition a decay rate measuring how
strongly it suppresses transport across itself [160, 161, 167]. The renormalization
proceeds in the familiar strong-disorder spirit: one identifies the block with the smallest
internal energy scale, eliminates it, and fuses it with its two neighbours according to a
fixed set of merging rules. A short thermal block caught between two strong insulators
is swallowed, enlarging the insulating region around it; a long thermal block, on the
other hand, thermalizes its neighbours and grows at their expense. Iterating this
decimation, one follows the joint distribution of block lengths and decay rates to ever
larger scales, and the fate of the system is decided by whether the thermal fraction
is dominant in the process. The earliest realizations of this idea [160, 167] could only
be integrated numerically, but they already carried a suggestion that the fixed-point
structure was unusual, i.e. that the two phases were not mirror images of one another
across a symmetric critical point. The asymmetry between the two phases has a clear
physical origin in the quantum avalanche instability [57, 58]: delocalization is not a
bulk instability but a rare-region catastrophe, seeded by atypical thermal fluctuations
that grow until the whole chain thermalizes. The two sides of the transition inherit

this imbalance. The ergodic phase is governed by a single attractive fixed point, while
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2.2. Phenomenological RG analysis of MBL models.

the localized phase enjoys only a marginal stability, protected until avalanche seeds
begin to proliferate. This is precisely the anatomy of a Berezinskii—Kosterlitz—Thouless
(BKT) transition [168, 169]: a whole line of fixed points —here the continuous family of
stable MBL states— that survives until it terminates at a single critical point, beyond
which the vortex-like thermal inclusions unbind and sweep the system into its ergodic
phase.

Placing this analogy on a quantitative footing required identifying the right pair
of variables, and here the analytically solvable formulations proved decisive [163, 164].
Their common conclusion is that the critical behavior is controlled not by a single
relevant coupling but by two coupled scaling variables: the density of thermal regions,
playing the role of the vortex fugacity, and the lengthscale governing the decay of
typical matrix elements, playing the role of the stiffness. The resulting flow is of
canonical BKT form, with a line of fixed points describing the MBL phase terminating
at the transition, beyond which any bare density of thermal seeds grows without bound
and the system runs away to the ergodic attractor.

This two-parameter structure yields predictions sharp enough to distinguish the
BKT scenario from an ordinary continuous transition. Chief among them is that the
localization length diverges not as a power law but with the essential singularity char-
acteristic of BKT criticality, & ~ exp(c//W — W), so that the conventional exponent
v is effectively infinite. Several independent schemes [163-166] converge on this same
Kosterlitz—Thouless flow, despite differing in their microscopic conventions. Yet all
remain phenomenological in an essential way: the block rules and the identification of
the two scaling variables are supplied by physical intuition rather than derived from
a Hamiltonian. Whether the BKT universality class truly emerges from a microscopic
model is a question these approaches cannot settle and that we investigate in the next

chapters.
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3. Renormalization group scaling in
the random-field Heisenberg spin

chain

In this chapter, the spectral properties of the Heisenberg spin-1/2 chain with ran-
dom fields are analyzed in light of the renormalization group scaling theory that was
discussed in the previous chapter. We reconstruct the beta function of the order pa-
rameter from the numerical data, and observe that it may not admit a one-parameter
scaling form and a simple Wilson-Fisher fived point. Rather, it appears to be more
compatible with a two-parameter, Berezinskii—Kosterlitz- Thouless-like flow with a line
of fixed points (the many-body localized phase) terminating at the localization transition
critical point. We argue that this renormalization group framework provides a more
coherent and intuitive explanation of numerical data, up to the system sizes available

with the present technology.

3.1. Introduction

In this chapter we present a novel approach to the analysis of numerical data
obtained by exact diagonalization of small systems, using the theory of finite-size
scaling to infer the RG flow of the MBL transition in the light of the scaling theory
discussed in the previous chapter, considering the case of the random-field X X Z spin
1/2 chain. Within the accuracy of our analysis, the numerical reconstruction of the
model phase diagram appears consistent with the picture already discussed for the
Anderson model in infinite dimensions [147]: the ergodic fixed point has the nature
of a random matrix theory (RMT) fixed point [170], with volumic scaling (i.e. the
natural scaling variable is the Hilbert space volume and not the physical volume of
the system), while the critical point seems to lie at the end of a line of fixed points
representing the localized phase.

The question is then reduced to understanding the flow near the line of fixed points,

which is qualitatively reminiscent of a Berezinskii-Kosterlitz-Thouless (BKT) RG flow
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3. Random-field Heisenberg chain

(the appearance of BKT physics is a recurring theme in MBL [163-166]). We show
that the flow can have two possible topologies. In one, like in the BKT analysis of
the XY model or the Anderson model in infinite dimensions, the line of fixed points is
attractive and corresponds to the MBL phase. Alternatively, the line can be repulsive,
and the MBL phase does not exist for any value, no matter how large, of disorder. To
discriminate between the two scenarios, we analyze the numerical data at moderately
high disorder in terms of the RG trajectories. We further realize that the RG flow can
be mapped onto the phase space orbit of a classical, Newtonian particle. We try to
infer the potential in which the particle moves, and from this, the fate of the MBL
phase.

3.2. Model

The random-field X X7 spin chain is defined by the Hamiltonian
i=1 i=1

where S; = (5%, 57, 57) are spin-1/2 operators and h; are i.i.d. random variables dis-
tributed uniformly over the interval [—W, W]. Since the relevant parameter is the ratio
between the disorder strength W and the hopping parameter J, in the following we
will fix J = 1 and consider W as the only parameter. The model has a global symme-
try given by the conservation of the total spin Sz = > S'f . For numerical efficiency,
in this work we will always restrict to the §% = ( sector, whose dimension is given by
dim(H) = (L%) < 2F. Tt has been conjectured that the Hamiltonian (3.1) undergoes
a many-body localization phase transition at a critical disorder strength W, [42, 171]:
while a small disorder W breaks the Bethe-ansatz integrability of the clean model and
makes it ergodic, for W > W, the system becomes a non-ergodic insulator, failing
to thermalize. Moreover, studies of transport properties in the disordered Heisen-
berg chain showed the presence of a transition from diffusive to subdiffusive transport
within the ergodic phase [172, 173]. On one hand, the perturbative computation
leading to MBL [40], extended in Refs. [45, 174, 175] to spin chains, predicts that
the eigenstates at strong enough disorder assume the form of exponentially-localized
integrals of motion (LIOMs) [43, 44]. Correspondingly, the spectral statistics is Pois-
sonian. On the other hand, it has been argued that non-perturbative effects such as
avalanches [57, 176] and many-body resonances [177, 178], can lead to delocalization.

The conflict between these opposite views seems not to be solvable by numerical meth-
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Figure 3.1.: Figure taken from Phys. Rev. B 91, 081103(R). Phase diagram of the random-
field X X Z spin chain. € and h are respectively the energy density and the variance of the
random fields. The phase diagram was obtained by considering various figures of merit and
resorting to exact diagonalization of systems of length L < 22

ods, as exact diagonalization is confined to too small systems [179-181], and tensor
network methods to too short times [182]. The absence of clear-cut numerical re-
sults has led different authors to claim that MBL does not exist at all [183, 184] or
that a wide, pre-thermal regime hinders the numerical observation of the actual MBL
transition [178, 185].

3.3. Scaling of the average spectral gap ratio

In modern studies of disorder-induced localization in quantum systems, it is cus-
tomary to analyze the spectral properties to probe the ergodic or localized nature
of the model. A quantity typically considered for discriminating between chaotic or

localized spectra is the spectral gap ratio, or r-parameter [186]:

(3.2)

where AE,, = F, 1 — F, is the n-the energy gap in a narrow energy window containing
N, energy levels. Notice that the use of such a window in the ergodic case would define
the microcanonical ensemble. The value rp = 2In2—1 ~ 0.386 is the Poisson value for

integrable systems, while rwp >~ 0.5307 is the Wigner-Dyson value for random matrices
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3. Random-field Heisenberg chain

Figure 3.2.: System-size dependence of the rescaled r-parameter ¢, Eq. (3.3), in the XXZ
spin chain. Different colors correspond to different values of the disorder strength W. Dots
represent numerical data, while solid lines are polynomial interpolating curves, later used for
the p-function computations. Dashed lines represent the asymptotic values: ¢ = 0 for the
localized and ¢ = 1 for the ergodic phase.

of the Gaussian Orthogonal Ensemble (GOE), corresponding to chaotic systems with

time-reversal symmetry. For convenience, we rescale the average gap ratio, defining

¢ = e (3.3)

Twp — TP
It follows that ¢ = 0 corresponds to a non-ergodic behavior, while ¢ = 1 to ergodicity.

The rescaled r-parameter of the random-field XXZ spin chain averaged over many
disordered samples is shown as a function of the system size in Fig. 3.2. The data
is obtained via exact diagonalization, see App. 3.6.1 for a short summary of the nu-
merical methods (see also Ref. [187] for an extended discussion). The solid lines are
polynomial interpolations of the data; we comment extensively on the numerical anal-
ysis in Sec. 3.4. First, however, we introduce in the next section the framework of the

beta function, necessary to interpret coherently the numerical data.

Let us see what happens if we collapse our numerical data by working in the
framework of the one-parameter scaling. As discussed in the previous chapter, the
subleading corrections to Eq. (2.21) are taken into account as in Eq. (2.22). Near the
critical point, the critical length £(Ag) diverges, and therefore x < 1. In this limit, one
can expand fi(z) = c+cix+O(x?), and we will consider the non-zero term f(z) = ¢,

which is a customary choice in the literature (see, e.g., Ref. [188]). In order to collapse
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Figure 3.3.: Naive finite-size scaling for the average rescaled gap ratio ¢. In the main plot,
the collapse is shown for the larger sizes, L > 12, while the inset contains data before the
collapse down to size L = 8. The collapse is obtained by fixing ¢. = 0, and it yields a critical
disorder W, ~ 8.0 and exponents v ~ 5.5, w ~ 2.0. We will present a different explanation
for the critical exponent w = 2 in the next section. Notice also the similarity with the data
for the Anderson model on the RRG in [188]. For a collapse in which we allow ¢, to vary,
we refer to App. 3.6.2.

the rescaled r-parameter ¢, we use the relation

O(L,W) = .+ f (Ll/”W) +cL™, (3.4)
where five constants—ao.., W, v, w and ¢—and a function f are to be determined. In
the argument of the scaling function, we have replaced £ ~ (W — W,)™" according to
the usual scaling law, and we have chosen to use the chain length L instead of the
Hilbert space dimension /N, since it turned out to provide a better collapse of the data.

In Fig. 3.3 a fairly good data collapse is obtained for the rescaled r-parameter by
fixing ¢. = 0, which is what one expects observing the data in Fig. 3.2. The collapse
yields a critical disorder W, ~ 8.0 and exponents v ~ 5.5 and w ~ 2.0. The collapse,
however, cannot be taken too seriously. First, such a large v exponent seems to signal
an exponential scaling with system size near the critical point, rather than a power-
law. Second, and more importantly, the function f in Eq. (3.4) appears not to be
linear near z = 0 in Fig. 3.3, i.e. df /dx = 0 at the critical point, and this is a clear
contradiction with the previous discussion.

As a workaround (see App. 3.6.2 for details), one could leave ¢, free and obtain

a fairly good collapse by fixing the critical value of the disorder to W, ~ 3.8, which
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3. Random-field Heisenberg chain

can be linearly extrapolated from the finite-size zeros of the beta function (see e.g.
the points ¢4 in Fig. 3.6 up to W = 3), and which agrees with the literature [189].
However, this collapse yields a critical value ¢. ~ 0.13, which is larger than the upper
bound one finds from the same numerical data: for W = 4 one already sees a turning
point at ¢4 = 0.085(4). Moreover, the best fit critical exponents are v ~ 1 and w ~ 2,
with v violating the Harris bound v > 2/d [179, 190], where the spatial dimension is

d =1 in the present case.

3.3.1. Two possible scenarios for MBL

Let us here spend a few words to summarize the main results discussed in the
previous sections. We have presented two possible scaling theories for localization
transitions: the first one is compatible with the one-parameter scaling hypothesis,
around both the ergodic and the localized fixed points and rules the critical behavior
of the Anderson model in finite dimensions d > 2; the second one is instead character-
ized by one-parameter scaling only around the ergodic fixed point, while trajectories
approach a line of localized fixed points according to a two-parameter scaling hypoth-

esis. This is the case of the Anderson model in the limit d — oo, which is also the

model defined on the RRG.
It is natural to ask what happens in many-body problems, e.g. the XXZ quantum

spin chain. In this case, we can draw two possible scenarios, which will be addressed
by our numerical analysis in the following section. The first is the transition scenario:
if a localization transition occurs, the critical point has to be localized (as we will also
discuss in the following) and, consequently, a two-parameter scaling theory describes
the critical properties. This case corresponds to the beta function cartoon on the
left in Fig. 2.2: the ergodic trajectories are separated from the localized ones by a
critical line which terminates on the point (¢ = 0,8 = —1/&,. = 0), which is the last
of a line of localized critical points (¢ = 0,5 = —1/&ec < 0). This scenario is well
captured by a non-confining potential as the one sketched in the left panel of Fig. 2.3.
The second scenario, on the other hand, is the no-transition scenario: in this case all
the trajectories, despite displaying finite size localization, will flow eventually to the
ergodic fixed point A = 1, governed by a one parameter curve in the large size limit
(see right panel of Fig. 2.2). The no-transition scenario is well captured by a confining

potential as the one sketched on the right in Fig. 2.3.

In the following Sec. 3.4 we present numerical data that will be analyzed in the

light of the observations made above.
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Figure 3.4.: Beta function of the rescaled r-parameter in the ergodic regime. Each line
represents the flow of the observable towards the ergodic fixed point, and corresponds to
a different value of the disorder strength W. The lines are parametrized by the system
size (sizes increase from bottom to top). The figure is obtained by plotting the logarithmic
derivatives in N of the fitting functions used in Fig. 3.2, according to the definition Eq. (2.5).
The dashed black line is the envelope of the curves obtained numerically, and represents our
best estimate of the one-parameter scaling curve By(¢).

3.4. Numerical results

We now analyze the beta function for ¢, the rescaled r-parameter defined in
Egs. (3.2)—(3.3). Two regions can be identified in the RG flow, which will be dis-
cussed separately: in the (finite-size) ergodic region, the RG trajectories flow toward
the fixed point at ¢ = 1 reaching an asymptotic limit described by a one-parameter-
scaling curve; in the (finite-size) localized region (where ¢ < 1), the RG trajectories
follow a two-parameter-scaling scenario, and flow to a line of fixed points terminating
at the critical point (¢ = 0,5 = 0). The beta function is shown in Fig. 3.4 for the
ergodic regime, where it is computed using the definition (2.5) '. We refer to Fig. 3.8
for the beta function in the localized region, to compute which we resorted to a more

refined technique, discussed in Sec. 3.4.2.

3.4.1. The ergodic fixed point

From the numerical data in Fig. 3.4, one can observe that in the XXZ spin chain

the RG curves flow towards the ergodic fixed point by eventually attaching to a one-

!The logarithmic derivatives in Eq. (2.5) are computed by using N = 2 in place of N = (LL/Q), as
they differ by a proportionality constant.
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3. Random-field Heisenberg chain

parameter-scaling curve fy(¢). As the disorder W increases, the RG time needed to
reach [By(¢) also increases.

The one-parameter-scaling component [5y(¢) of the beta function can be obtained
from the data by considering the envelope of the curves towards the ergodic fixed
point, leading to the black dashed curve in Fig. 3.4. In practice, it is obtained by
binning the values of ¢ and considering the maximum among the data corresponding
to different W in each bin. The list of maxima is then interpolated with a polynomial

function with simple zeros in ¢ = 0 and ¢ = 1:

Bo(9) = a19(1 — @) + axp(1 — ¢)?
+agp(1 — ¢)° + a9’ (1 — ¢) (3.5)
+ a5¢° (1 — ¢)? + agd’®(1 — ¢).

This is the best lower bound to the one-parameter scaling curve fy(¢) that can be
obtained with our data: the curves at W = 3.5 and 4, which reasonably also flow to
¢ = 1 for system sizes larger than the ones numerically accessible, may produce an
envelope which is greater than the dashed curve in Fig. 3.4, especially far from the
region ¢ ~ 1.

Denoting with Ny the smallest value of N allowing to approximate the flow with
the one-parameter flow, i.e. 5(¢, L > Lg) ~ 5o(¢), one has

dlng
IR0 5o(@), (3.
from which
¢(W, L) = f(N/Noe®®)), (3.7)

where f(z) = G7!(In(x)), G(z) = [*dp/dBo(6) and G is the inverse function.
Notice that the scaling form is obtained by dividing the volume N by a critical volume
Ny, which means

N/Ng ~ 25~ Fo, (3.8)

which needs to be contrasted with L/Lj.

The collapse near the ergodic fixed point is shown in Fig. 3.5. For each W, we
determine In No(W) = Lo(W) such that ¢(W, Lo(W)) = 0.95, so that all the curves
are at the same point on the one-parameter arc 5y(¢). The specific value chosen for
o(W, Lo(W)) is not important, provided that it is large enough to allow all curves to
be in the one-parameter scaling regime.

Far from the ergodic fixed point ¢ = 1, the functions ¢(W, L) are regular and non-

vanishing, and therefore the divergent lengthscale is given by Ny. The divergence of
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Figure 3.5.: Data collapse near the ergodic fixed point. The black dashed curve is the
scaling function f obtained by integrating 5y from Eq. (3.5). Data are collapsed according
to Eq. (3.7) and as explained in the main text.

Ny is entirely due to the two-parameter flow which goes close to ¢ = 0 and therefore

needs to be determined by this.

It is also instructive to plot, as a function of the disorder strength W, the values
¢4 at which the beta function vanishes, i.e. 5(¢4) = 0. If there was a transition, one
should observe a zero of the function ¢4(W): extrapolating the data to the thermody-
namic limit, one would then be able to pinpoint a localization transition. The points
»4(W) displayed in Fig. 3.6 clearly display a curvature, not crossing the axis ¢ = 0 at
a finite value of W. It is thus not possible to use a simple linear fit to predict the crit-
ical disorder W,, and different fitting functions lead to different values of W.., possibly
also infinite. The same analysis, when performed for the Anderson model on RRGs,
shows instead no sign of curvature, and from a simple linear extrapolation, one is able
to extract the value of W, [147]. Such value agrees with the critical disorder strength
predicted by the analytical computation on the Bethe lattice [191, 192] with an error
of about 1%. Unfortunately, for the XXZ chain, there is no independent method of
extracting the critical disorder value, and one is not able to assess the presence of a
transition by looking only at the small disorder data. In the next section, we com-
plement the analysis by looking at larger disorder strengths, and with the help of the
two-parameter-scaling formalism, we analyze the possibility of a finite-WW,.. localization

transition.
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Figure 3.6.: Values of ¢ at which the beta function vanishes, i.e. f(¢4) = 0, as a function
of the disorder W. The linear fit (blue) is obtained by considering points up to W = 3 and
yields a critical value of the disorder W, ~ 3.8, which is consistent with the old estimate
of Ref. [189]. The nonlinear fit (yellow) is obtained by fitting points with W > 2.2 and
extrapolates to a larger value of the critical disorder W, ~ 4.7.

3.4.2. Large disorder: Localized and critical behavior

The numerical analysis of the S function in the critical localized region—i.e. the
region defined by f < 0 and ¢ < 1—presents an intrinsic difficulty, since the system
sizes required are too large to be accessed numerically. In the following, we show what
the expected behavior is for an observable near the critical region, given the dynamical

system formulation developed in Sec. 2.1.3.

Upon defining o = In A = In ¢, the two RG equations can be put in the form
Eq. (2.25). The force v(a) = —V’(a) is to be determined from the numerical data.
As discussed before, a confining potential corresponds to the absence of a transition,

while a non-confining potential corresponds to the existence of a transition.

In order to explore the possible behaviors of «, we start by solving Hamilton’s
equations (2.25) with a force y(a) = ce™. Later on, we will comment on the choice of
this functional form. The exponent n and the coefficient ¢ are left free for now, and

will be fixed by confronting to the numerical data. This exponential force v comes

no

from a potential V() = —(¢/n)e™®, and therefore the conservation of energy can be

written as 52
c n
——— "+ —-F)=0. .
2 n(q5 +c ) 0 (39)
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Figure 3.7.: Comparison between numerical results and trajectories obtained through the
integration of the dynamical system, Eq. (2.25), with potential function V(a) = ce™*/n,
where a = log¢. All the orbits are consistent with a scaling coefficient ¢ ~ 0.1 and an
exponent n ~ 1. The dashed gray line is the critical line according to Eq. (3.12), with
¢o ~ 0.25.

From this, one finds that the beta function is given by

B(¢) = i\/%\/ﬁbn—f-zE, (3.10)

where negative E corresponds to the ergodic phase (which possesses both branches
g > 0 and 8 < 0), while positive E corresponds to the localized phase (for which
B <0). The region ¢ S |2F |'/™ corresponds to the critical region.

Let us focus on the critical curve E = 0. If one integrates Eq. (3.10), using the

definition 8 = ¢ /®, one finds an algebraic scaling with the system size

o= 2o, (3.11)

_ ®o
(1+/36(L — Lo’

where (¢, L) are the initial conditions (¢q is a microscopic function of W, Ly which

and in turn

¢(L)

(3.12)

can be obtained from the numerics). For large L > Ly, one finds a power-law decay
¢(L) ~ L2/, (3.13)
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Figure 3.8.: Beta function of the rescaled r-parameter for the disorder strengths W in
legend, obtained as a phase-space plot of the trajectories in Fig. 3.7. Lines are continuous
up to the point where data are available. The dashed gray line is the critical line, separating
the ergodic from the localized behavior. In the inset, the energies of each trajectory are
shown as a function of the disorder, with the same color map. The linear fit yields a value
We=4.4(4).

This is the same scenario found for the Anderson model on the RRG, where the data
support n = 1 and a law ¢ ~ 1/L* [147]. We will see in a moment that n = 1 is also

compatible with the numerical data for the XXZ chain.

Inside the localized region, it holds £ > 0. If the starting point has ¢ >
(ncE/2)?/™, there is an initial decay which follows the critical law Eq. (3.13), after

which an exponential scaling sets:

6 == 27LC’¢A’TL/2 = _1/&0(: ) (b(L) ~ eiL/glOC : (3'14)

In Fig. 3.7 we show a comparison between the trajectories obtained from the inte-
gration of the equations of motion and the numerical data. We have also included data
corresponding to intermediate values of the disorder, to check whether it is possible to
fit them with the same potential function. The free parameters n, ¢ are obtained from
a best fit of the data corresponding to small values of ¢, or moderately large disorder
values W = 3.5, ..., 8. The best fit values are n = 1.0(1), ¢ = 0.10(5).

Once n, c are fixed, the best fitting curves are obtained by choosing initial condi-
tions (¢o, Bp) for each W. In this way, a value of the energy can be associated with

each trajectory by using Eq. (3.9) at the initial condition: we find F < 0 for disorder
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values W < 4 and E > 0 for W > 5. This places the value of the critical disorder
between W = 4 and W = 5. The critical line Eq. (3.12) is drawn by fixing ¢, to a
value such that that line does not cross the other trajectories: this results in a tiny
interval of possible values around ¢g ~ 0.25.

In Fig. 3.8 we show the phase space plot (¢, 5) constructed from Fig. 3.7. Notice
that the curves possessing a positive energy (corresponding to W = 5,6, 8) attach
to the negative [ axis. On the other hand, the curves possessing a negative energy
(W = 3,3.5,4) are confined by the potential and, though starting with a negative
B, reach a turning point and flow away from the localized phase. The critical line
Eq. (3.12) yields the separatrix between the ergodic and the localized behavior.

Let us stress that, although somewhat arbitrary, the choice of the potential function
family V(a) = —(¢/n)e™ to fit the data is the simplest option that is, a priori,
compatible with both the transition and no-transition scenarios, depending on whether
n is positive or negative. This choice is motivated by physical intuition, namely the
approximate similarity between the topology of the Hilbert space of the Anderson
model in infinite dimensions and that of the Fock space of the XXZ chain [193, 194].
The outcome of the fitting procedure corroborates this intuition. While more elaborate
functional forms might yield slightly better numerical fits, such fits would be entirely
phenomenological and would lack the suggestive physical interpretation provided by

our approach.

3.4.3. Significance of the results at large disorder: a problem of

statistics

Resolving the value of ¢ for large disorder necessitates a heavy numerical effort.
In fact, since the critical point is the final point of a line of fixed points, one needs to
distinguish between two different decays of ¢(L), one in the critical region W ~ W,
and the other in the MBL phase W > W,. If this is not done, one cannot bona fide
claim that the transition is not just a crossover. This brings up the necessity to have
very precise values of ¢ (or any other order parameter), whose value in the MBL region
is zero.

After an initial power-law decay ¢ ~ L~7 (with v = 2/n, the critical power law
obtained from (2.25)) the system either reverses the course and flows back to ¢ = 1
at the ergodic fixed point, or settles on an exponential decay that will follow asymp-
totically for L — oo. At what values of ¢, W, L this occurs is dictated by the value
of W,. If this is too large, ¢ will be very small already at small L (say L < 14), and

a huge sample is needed to distinguish the signal from the noise. In this section, the
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Kolmogorov-Smirnov hypothesis test is used to estimate how large a sample one needs
to distinguish the data from a Poisson distribution, and therefore the significance of
the value of ¢ itself.

The probability distribution function of the r-parameter for an integrable system

is (see e.g. Ref. [195])
2

p(r) = e re[0,1]. (3.15)
This law is very broad in its domain; hence, the average value might not be an efficient
numerical estimator. It is then convenient to quantify the difference between the
numerical and the theoretical probability distribution function beyond the average
value. This way, it is possible to provide an estimate of how much statistics is needed to
have a significant dataset. To do so, we compute the difference between the theoretical

and numerical cumulative distribution functions:

k(r) = [CP(r) — ™% (r)| (3.16)

where C¥(r) = 2r/(1 +r) and C®P = {3, n; < r}/N. This choice is motivated by a
physical argument: it is expected that, for small system sizes and in the large disorder
limit, the system still exhibits some level repulsion, which is reflected in the small
values of r. The error associated with C'*? is a simple Poissonian counting error:
dCP(r) = /C*P/N.

In Fig. 3.9 we compare the signal and noise from our data as a function of the
system size, for the particular cases of W = 6 and 20. In the case of extremely large
disorder W = 20, we considered a larger number of samples (from 10° to 6 x 10°)
to show that the difficulty of collecting meaningful statistics increases both with the
disorder and with the system size.

The condition to have a significant dataset is that the signal is much greater than
the noise, i.e. k(r) > dC*P(r). One can be more quantitative considering xk, =
SUp,¢[0,1) K(7): K is called the Kolmogorov-Smirnov parameter.

We compute k(L) and compare it with 6C*P(r,), where ry is the value at which
dC*P(r) is maximal. The data at W = 6.0 clearly shows exponential decay of the
Kolmogorov-Smirnov value all the way from L = 8 to L = 20, therefore confirming
the existence of a transition at W < 6. The data at W = 20 instead fall quickly into
the region where the signal is comparable to the error.

We can provide a rough estimate of the size of a significant dataset Ny, extrap-
olating with an exponential fit k(L) for W = 20 (inset of the second panel of fig
3.9), and considering the point at which the signal is equal to the statistical error:

Nyig ~ 0C™ ~ kg(L). We find Ngg ~ "0 meaning that, with 50 eigenvalues per
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Figure 3.9.: Comparison of signal and noise for W = 6 (top) and W = 20 (bottom). The
solid lines represent the numerical data, while dashed lines represent the Poissonian error
associated with the signal (with matching color code). In the insets, the behavior of k4(L)
is compared to its associated error.

sample, the number of samples needed to have an accurate estimate of the average
value of the r-parameter at L = 20 is 2> 10°. This bona fide computation shows that

a meaningful statement is quite hard to make, even in the localized region.

3.5. Discussion and Conclusions

Motivated by the recent progress in the scaling theory of Anderson localization
transitions [147, 151] and by the even more recent analytical work on the Imbrie
model [196], we developed the renormalization group (RG) analysis of the many-body
localization (MBL) transition in the random-field XXZ spin chain. The presence of a
localization transition in this model, though initially assessed by analytical (approx-
imate) and numerical studies, has been undermined by general arguments based on
non-perturbative effects, such as many-body resonances and thermal avalanches, and
still remains debated in the community. In this chapter, we provide a novel contribu-
tion to the debate by focusing on the scaling theory and giving particular attention to
the methodological aspects of analyzing numerical data for MBL at the small system
sizes that are currently available with the present technology.

By exploiting numerical data for the rescaled r-parameter ¢, Eqgs. (3.2)—(3.3), ob-
tained via exact diagonalization, our approach allows for the reconstruction of the beta
function of the model. This is an essential tool for the understanding of the scaling the-
ory of phase transitions in general, and localization transitions in particular. In fact,
as discussed in Sec. 2.1.2, the properties of the beta function determine the nature of

the scaling functions with which one can obtain a good data collapse near the critical
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point. If one assumes that the critical point is a simple zero of the beta function, and
therefore the flow to the attractive fixed points is ruled by a one-parameter scaling
curve (as it usually happens in critical phenomena), then one is led to inconsistent

data collapses in the case of MBL, as the one shown in Fig. 3.3.

The main message of this chapter can be summarized as follows. There are two
possible scenarios for the fate of MBL in the XXZ spin chain: either there is no
transition in the thermodynamic limit and the observed localized regime is just a pre-
asymptotic effect which is eventually destabilized non-perturbatively; or, if there is a
stable localized phase, then the transition is characterized by a two-parameter scaling
towards a line of fixed points, of which the critical point is the endpoint, in a way
that resembles the Berezinskii-Kosterlitz—Thouless (BKT) transition. This critical
theory, which has also been observed in the Anderson model on random regular graphs
(RRG) [147], is more difficult to study with respect to usual critical phenomena. Since
the critical point coincides with a localized fixed point, the system is both repulsed and
attracted in the critical region: to understand whether the system is actually flowing
towards the localized phase means being able to distinguish between a power-law or
exponential decay. This is a very subtle task, which requires having access not only

to larger system sizes, but also to huge statistics for the higher accessible sizes.

We therefore analyze the data in the light of the two-parameter scaling transition
scenario. We divided our analysis by focusing first on the flow to the ergodic fixed
point for small disorder values W in Sec. 3.4.1, and then on the localized behavior
at larger disorder values in Sec. 3.4.2. The former is governed by a one-parameter
scaling function [y, to which each finite-size curve attaches for a certain value of the
Hilbert space volume Ny(L, W). A consistent data collapse of the values of the rescaled
r-parameter ¢ near the ergodic fixed point can be obtained by exploiting the one-to-
one correspondence between [35(¢) and the scaling function f used for the collapse.
The volume N sets a scale (i.e. a correlation length) which is larger and larger upon
increasing W. The divergence of Ny reflects the fact that the observable displays a
minimum which is more and more flat as W grows. The question is then: is there
a finite value of the disorder for which the minimum shifts to the localized value at
infinite Ny?

In order to answer this question, we fitted the numerical data for large disorder
by adopting a more “physical” point of view, rather than just using some fitting
functions depending on many parameters. In fact, our purpose has been to avoid nasty
fluctuations in the data and to find their general trend, in a way that is grounded
in the understanding of the scaling theory. For this purpose, we realized that the

phenomenological equations of the two-parameter scaling of a generic observable A
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can be cast into the equations of motion for a Newtonian one-dimensional particle
with coordinate @ = In ¢. The Hamiltonian part of these equations involves a force
term, which can be derived from a potential f(a) = —V’(«), and rules the scaling of
the observable near the critical point and in the localized region. Whether the potential
is non-confining/confining corresponds to the presence/absence of the transition: in
the first case, there is a critical energy (related to the critical disorder W,) above which
orbits can escape the potential and have access to the localized phase.

We focused on the Hamiltonian dynamics for intermediate and high values of the
disorder strength, and found the free parameters n and ¢ of the non-confining potential
V(a) = —ce™ that allow for a better fit of the data. It turned out that n ~ 1, leading
to a scaling near the critical point of the kind ¢ ~ 1/L? which is precisely the same
scaling observed in the Anderson model on RRGs. This suggests that the two models
may belong to the same universality class. From the sign of the energy labeling the
orbits, we were able to assess that in this scenario the critical disorder should be
between W = 4 and 5. This is confirmed by a fit of the minima of ¢, i.e., the zeros of
the beta function at finite size.

Given the fact that the observable is flowing to its localized value at the critical
point, it is challenging to resolve an exponentially decaying observable from the statis-
tical fluctuations in the data. For this reason, we performed a careful analysis of the
signal and noise extracted from our data by means of the Kolmogorov-Smirnov test.

Summarizing, we believe that the study of the full RG beta function is the correct
way to address ergodicity-breaking transitions in quantum systems, lacking strong an-
alytical arguments in favour of a simple one-parameter scaling fixed point. In the case
of the XXZ model, our study of the beta function points quite strongly against the
possibility of having such a simple critical fixed point. This observation has important
consequences, namely, if a localization transition occurs at finite W,, it must be de-
scribed by two-parameter scaling, and we provided a suitable candidate that fits the
data. If a localization transition does not exist at any W, then this is an even stronger
reason to prefer a two-parameter scaling, and we have shown concretely how to de-
scribe this scenario. Further work is needed to resolve the correct two-parameter RG
flow for the XXZ (our analysis suggests that this is within reach of existing computing
power), and for the other many-body models showing breaking of ergodicity due to
disorder (for example [145, 197-199]).
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3.6. Appendix of Chapter 3

3.6.1. Details of the numerical procedure

We performed an exact diagonalization algorithm using the shift-invert method,
implemented in the libraries SLEPc [200], PETSc [201]. The main numerical bottle-
neck is the amount of memory needed to solve the linear system to invert the resolvent
operator [187], that scales as ~ dim(H)3. In the present case, we focused on the spin-0
sector, which is the largest symmetry sector for even sizes, for which we remind that
dim(H) = (,5,)-

In the following table we present a summary of the data that we used to perform

the analysis.

Size No. of samples RAM required

8 5 x 104 0(1) MB
10 5 x 104 0(10) MB
12 5 x 104 0(10) MB
14 5 x 10% 0(100) MB
16 3 x 104 0(100) MB
18 2 x 104 2 GB
20 1.5 x 104 30 GB

Table 3.1.: Approximate number of samples for each size L and value of disorder W, and
RAM required for the diagonalization of a single sample.

3.6.2. Data collapse in the one-parameter-scaling framework

In this appendix we show the other data collapse mentioned in the main text in
Sec. 2.1.2, which wrongly assumes a one parameter scaling at the critical point. This
collapse is shown in Fig. 3.10. Here, instead of fixing ¢. = 0, we leave it as a free
parameter, while fixing W, ~ 3.8 as results from the linear extrapolation in Fig. 3.6.
This fit yields the same exponent v ~ 0.9 already obtained in [189], which violates
the Harris bound. Moreover, it gives a value of ¢. ~ 0.13, which is inconsistent with
the lowest finite-size critical value for the turning point ¢4 = 0.085(4) observed for
W =4.

In the inset of Fig. 3.10 we show the crossing point ¢. between data for the r-
parameter at adjacent sizes as a function of the disorder strength . One can observe

as the crossing point is drifting towards ¢. = 0, instead of saturating to a finite value.
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Figure 3.10.: Data collapse near the critical point according to the one-parameter scaling
hypothesis of the first works on MBL [189, 202], estimating W, ~ 3.8, v ~ 0.9, and w ~ 2.
The dashed line denotes the “fake” critical value ¢, ~ 0.13. The two-parameter scaling
discussed in this paper starts from the assumption that ¢. = 0. In the inset the drift of the
crossing point between the rescaled r-parameter of adjacent sizes is shown. The dashed line
in in ¢ ~ 0.13, which is compatible with the error bars of the the last two crossing points.
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4. Renormalization group scaling in

the quantum random energy model

In this Chapter we study the many-body localization transition of the quantum
random energy model (QREM) within the scaling-theory framework introduced in the
previous Chapters. We show that at finite energy the localization transition is described
by a two parameter scaling. The same RG flow is found at zero energy, upon an

appropriate rescaling of the couplings.

4.1. Model and observables

The quantum random energy model (QREM) is a prototypical toy model for many-
body localization. It retains the essential ingredient of MBL, namely a particle hopping
on the exponentially large Fock-space graph of a disordered spin system, while dis-
carding the correlations of the disorder, which is replaced by i.i.d. on-site energies.
This makes it a mean-field model, that still retains the two features which make MBL
hard to study: an exponentially growing connectivity, and the short loops inherited

from the hypercubic geometry.
The QREM is defined by the Hamiltonian

HzFiUf-Fdiag{el,...,eQL}, (4.1)
i=1

where €;, j = 1,...,2%, are i.i.d. gaussian random variables with average zero and
standard deviation \/TM, and I' is the transverse field strength. In the following, we
will interchangeably use also the effective disorder strength W = 1/I". The scaling of

the disorder with v/L is necessary for the Hamiltonian (4.1) to be extensive in L.
The QREM is the quantum version of the random energy model, introduced by Der-
rida as an exactly solvable model arising from the limit p — oo of p-spin glasses [203].
Its classical version (I' = 0) is typically considered as the simplest statistical mechanics
model displaying a glassy phase below the critical temperature Tyas = 1/2v/10g 2 [204].

Reintroducing quantum fluctuations, the equilibrium phase diagram of the model dis-
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Figure 4.1.: Cartoon of the phase diagram of the quantum random energy model in the
E,1/W plane. The red-shaded area indicates the delocalized region, the yellow-shaded area
indicates the region that is localized in perturbation theory, but is destabilized by non-
perturbative effects, and the white area is the localized phase. The dashed line corresponds
to the mobility edge obtained via the forward scattering approximation (FSA). The white
and blue marks are respectively the transition point predicted by FSA at F = Eya.x/4 and
the one that we extrapolate via renormalization group techniques. As expected, the position
of the mobility edge found via exact diagonalization is at a greater value of disorder than
the one given by the FSA.

plays also a quantum paramagnetic phase, on top of the classical paramagnetic and
glassy phases [205-207].

From a dynamical viewpoint, the system can be thought of as a particle hop-
ping on a hypercubic lattice, in the presence of a random on-site potential that is
size-dependent: the model is thus strictly equivalent to the Anderson model on this
geometry. Thanks to this mapping, the QREM can be also considered as a “mean-
field” version of disordered spin chains, such as the XXZ chain in a random field: these
systems can be represented as Anderson models on a Fock-space graph with correlated
disorder. In the QREM, the only difference is that the disorder becomes artificially
uncorrelated in the computational basis, while retaining the scaling ~ L'/? expected
from the sum of L independent disordered fields in real space. The QREM is a toy
model for many-body localization transitions, as it retains the Fock space structure of
many-body hopping, while disregarding the correlations that build up in the disorder
term. The QREM can also be regarded as an unconventional infinite-dimensional limit
of the Anderson model, where the side of a hypercube is kept fixed while the number of
dimensions is increased (on the contrary, expander graphs such as the RRG represent
the infinite-dimensional limit taken after the infinite-volume limit). These particular
features endow the QREM with a distinguished phase diagram: at the center of the
spectrum (E = 0) the dynamics never localizes, while away from it (£ # 0) a mobility

edge is present.
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4.2. Numerical results

More specifically, the QREM hosts a many-body localized phase for energy densities
|E/L| > T, as demonstrated both via perturbation theory and numerically [145, 146,
208, 209], see Fig. 4.1 for a sketch. This means that the critical temperature of the
MBL transition is Typr, = (2I')7!, much larger than the equilibrium glass transition
Tylass for sufficiently small I'. At the center of the spectrum, i.e. at zero energy density,
the QREM remains ergodic regardless of the value of I'.

The best estimate for the mobility edge E.(I") was found using a perturbative ex-
pansion of the resolvent, to estimate the probability of having a resonance at a given
distance [145, 146]. Within this approach, commonly called forward scattering approx-
imation (FSA) [210], the error committed is to neglect repeating paths connecting two
sites, thus the approximation becomes accurate in absence of loops (e.g. on the Bethe
lattice [191]), and is well-controlled if there are no short-scale loops (e.g. on RRGs).
In the case of the QREM, however, small loops are naturally present because of the
hypercubic geometry, and therefore the FSA can only give a rough estimate of the
critical point.

In order to probe the ergodic or localized behavior of the model, we use two different
figures of merit, both calculated through exact diagonalization of the Hamiltonian in
Eq. (4.1) [187].

The first is the rescaled spectral gap ratio, introduced in the previous Chapter.
The second observable which will be used as an order parameter for the localization
transition is the eigenstate fractal dimension D, defined as D(L) = dS(L)/dIn N,
where N = 2L is the Hilbert space volume. S(L) is the average eigenfunction Shannon
entropy at size L, i.e. S(L) = —E[Zj | (5) ¥ul?In| (4) wnﬂ, where j labels the compu-
tational basis states and |i,) are the eigenstates within a narrow energy window as
above. In the thermodynamic limit, the fractal dimension is D = 1 for eigenfunctions

extended over the whole Hilbert space, and D = 0 for localized eigenfunctions.

4.2. Numerical results

Numerical data qualitatively agree with the picture coming from perturbation the-
ory [145, 146]. The fractal dimension at the center of the spectrum, E = 0, is reported
as a function of system size in Fig. 4.2(a), and the corresponding beta function in
Fig. 4.2(b): all curves flow to the ergodic fixed point for any value of W, as long as
one keeps W = O(1). The same conclusion can be reached from the r-parameter data,
that we report in the appendix. We anticipate that one can observe a transition for
E = 0, provided one rescales the disorder as already pointed out in Refs. [145, 146].

We will explore this transition in the next section.
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Figure 4.2.: (a) System-size dependence of the fractal dimension D at the center of the
spectrum (i.e. at infinite temperature). Dots are the numerical data, obtained by taking the
finite-difference derivative of the participation entropy, and solid lines are the interpolation
of the data, used for computing the beta function. For any W, the curves reach D =1
for sufficiently large system size. At intermediate L, the fractal dimension becomes D > 1,
signaling that the eigenfunction support set grows faster than the system size. (b) Beta
function at £ = 0, with direction of the RG flow indicated by the arrows. The red dots
in the main plot are the zeros of the beta function at D > 1, and we denote with Dp the
corresponding value of D. In the inset, we report the dependence of Dp on W: a linear
behavior is observed, suggesting the persistence of this effect for large sizes. (c) Pictorial
representation of the two possible scenarios for the RG flow at the ergodic fixed point, one-
parameter (1PS) or two-parameter (2PS) scaling. The red dashed line is a sketch for the
1PS asymptotic curve.
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4.3. Rescaling the disorder

As one can notice, in the ergodic regime the fractal dimension reaches the ergodic
fixed point D = 1 from above, signaling that the support set of the wave functions is
growing faster than the Hilbert space dimension. While in the thermodynamic limit
the fractal dimension must be smaller than (or at most equal to) one, the appearance
of D(L) > 1 at finite size was observed also in the Anderson model in d = 2 [151], in
Josephson junction arrays [211] and, more interestingly, in Gaussian and log-normal
Rosenzweig-Porter models. This behavior can be deduced from the data reported
in Ref. [170], even if the fact is not explicitly commented. We conjecture that this
behavior is common to models whose connectivity grows with the system size and
whose disorder is uncorrelated in Hilbert space.

Because of the overshooting described above, the beta function of the fractal di-
mension approaches the ergodic fixed point in a peculiar way. The zeros of fat D > 1,
which correspond to the maxima of D as a function of L (see Fig. 4.2(a)), increase
with W, as shown in the inset of Fig. 4.2(b): it is reasonable to assume that this be-
havior may persist even at very large disorder and system sizes. Although the fractal
dimension eventually reaches D = 1 in the thermodynamic limit, the approach to the
ergodic fixed point may follow either 1PS or 2PS, depending on whether there is a
residual dependence of the slope on W, see Fig. 4.2(c) for a sketch of these two cases.
The numerical data available do not allow us to conclude which scenario is correct.
However, as will be discussed in the following, the 1PS to the ergodic fixed point is
recovered both if the disorder rescaling is introduced, and away from the center of the
spectrum. This suggests that the 1PS scenario is most likely the correct one for the
RG flow at the ergodic fixed point.

4.3. Rescaling the disorder

While the QREM is always ergodic at the center of the spectrum, a localization
transition can be induced by rescaling the disorder to W = W/ vLlog L. The addi-
tional logarithmic factor arises from the careful treatment of the perturbative expan-
sion [145, 146], following the seminal example of the Bethe lattice [191]. With this
rescaling, the diagonal term becomes O(L) from the single-particle perspective, and
compensates for the O(L) connectivity of the Fock space graph: it is a form of Kac
rescaling [212, 213]. However, from the perspective of spins, the extensivity of the en-
ergy is no longer maintained. This non-extensivity of energy is not a cause for concern,
as localization is fundamentally a dynamical phase transition. On the other hand, the
scaling required to ensure thermodynamic extensivity prevents the observation of the

localization transition at the center of the spectrum.
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Figure 4.3.: (a) Beta function of the rescaled r-parameter ¢, parametrized by the rescaled
disorder strength W = W/+/L1log L. The flow is consistent with the presence of a line of fixed
points on the negative § axis, see also panel (c). In the inset, the turning points of the RG
dynamics are shown as a function of W: a linear fit extrapolates to ¢. = 0 at W. ~ 1.95. (b)
Fits of the numerical data obtained from the orbits of the dynamical system with potential
V(a) = —(¢/n)e™ and parameters ¢ ~ 0.05 and n ~ 1. In the inset, the energies labeling
the orbits are plotted as a function of W. (c) Phase-space plot of the dynamical system
orbits: lines are continuous up to the RG time at which data are available, and become
dashed along the extrapolations to higher sizes.
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4.3. Rescaling the disorder

We plot the beta function of the rescaled r-parameter, parametrized by the rescaled
disorder W, in Fig. 4.3. While bigger system sizes are needed to draw definitive
conclusions on the nature of the transition, it appears plausible that it is described by
a 2PS theory, with a line of fixed points on the negative § axis. The situation appears
similar to the Anderson transition on expander graphs [147], and potentially to the
random-field XXZ spin chain [3]. The approach to the ergodic fixed point follows

instead a 1PS curve, as the beta function curves collapse on one another.

The turning points ¢4 of the RG dynamics, i.e. the minima of ¢, decrease linearly
to ¢. = 0 at the finite value W, ~ 1.95, when plotted as a function of W (see inset
of Fig. 4.3(a)). Note that, with our definitions of the disorder strength, the critical
disorder on a Bethe lattice would be W?L = 2/y/m ~ 1.12 [192]. Tt is possible that
the value in the QREM turns out to be larger because of the presence of loops in
the Fock-space graph, which favor resonances. Here loops are particularly important
because the number of dimensions of the Fock space is increased while keeping the side
of the hypercubic lattice fixed to 1. The Bethe lattice, instead, is reached by keeping
the number of spins fixed and increasing the spin representation: this is equivalent
to considering the Anderson model in finite d-dimensional space [151] and taking the
limit d — oo. A possible way to interpolate the two situations would be to consider,
instead of spins-1/2, an arbitrary spin S which generates an L-dimensional hypercube
with (25 + 1) vertices of size 25 + 1 in each direction. We conjecture that the critical
value W,(S) = Wo" as S — oc.

It is interesting to study the RG dynamics around the transition and in the localized
phase via the effective dynamical system introduced above. In order to fit the data,
we use the orbits of a Hamiltonian system with potential V(o) = —(¢/n)e"™®, where
a = In¢; see Fig. 4.3(b,c). Each curve is obtained with a different choice of the
initial conditions of the dynamics, which can be used to compute the effective energies
& = ?/2 — (¢/n)e™. The best fits yield ¢ ~ 0.05 and n ~ 1; the exponent n,
characterizing the scaling on the critical line ¢(L) ~ L2/, has remarkably the same
value as in the Anderson model on RRG [147], and it is also consistent with what
observed in the XXZ spin chain [3]. The energies of each trajectory are in one-to-one
correspondence with the disorder values W. The value of W at which the energies
cross the horizontal axis € = 0 corresponds to the critical point: a linear fit yields
a critical disorder W, ~ 1.9, which is consistent with the value obtained from the
turning points ¢ 4. The critical line can be obtained by integrating the equations of
motion for € = 0 and is marked with red in the figure. A line of fixed points becomes
apparent for the larger values of W, leading to a 2PS behavior with one relevant and

one marginal direction
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Figure 4.4.: (a) Beta function (main) and the corresponding fractal dimension (inset) away
from the center of the spectrum, at E = Epax/4 with Eyax largest energy eigenvalue. The
approach to D = 1 suffers from less severe finite-size effects, and D only slightly exceeds
1. Moreover, at large W the curves D(L) approach D = 0, signaling the presence of the
localized phase. (b) (Main) Determination of the critical value W, at energy E = Enax/4.
In the plot, ¢4 is such that 8(¢4) = 0, and it extrapolates to ¢4 = 0 for W, ~ 20. At
W = W,, quantities as the fractal dimension D (inset) vanish as 1/L?, a behavior typical of
expander graphs [147, 188].

4.4. On the mobility edge

Away from the center of the spectrum, numerical data confirm the presence of
a mobility edge, see Fig. 4.4(a). We argue that the beta function behaves, in the
large system size limit, similarly to the one of the Anderson model on RRGs, for the
following reason. At finite energy density, the density of states is smaller than at infinite
temperature, and the subset of resonant sites (for I' = 0) is exponentially smaller than
the complete Hilbert space. In general, the resonant sites will be distributed randomly
on the hypercube, in a fashion similar to a random graph. Turning on the hopping,
one expects therefore the localization transition universality class to be the same of the
RRG [188]. Finite-size effects which are regulated by irrelevant operators, however,
can in general be different, as one can notice from comparing the beta function in the
localized region to the RRG result. More about this can be found in 4.6.

In the main panel of Fig. 4.4(b), we plot the turning points of the rescaled -
parameter as a function of the disorder. A linear extrapolation to the critical value
¢ = 0 yields the critical disorder W, ~ 20. The FSA presented in Ref. [146] gives
[, ~ 0.283 for energy densities ¢ = (/log(2)/4 !, corresponding to WS4 ~ 3.5.
In the inset, the scaling of the fractal dimension on the critical line is shown: data
are compatible with D(L,W,) ~ L™%™ n ~ 1, which corresponds to what we find
integrating the equation of motion with the potential V(§) = —(c/n)e™, with § = In D.

'Notice that ¢g = 4-+/log(2) is the ground-state energy of the classical REM, that approximates well
the edge of the spectrum Eypax. The value of T'; has been obtained using Eq. (35) of Ref. [146].
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4.5. Discussion

This is the same potential characterizing the scaling of the rescaled r-parameter on
the critical line at the spectrum center, after the disorder rescaling. Therefore, the
universality class of the localization transition at finite energy is identical to that at
the center of the spectrum, exemplified paradigmatically by the Anderson model on
RRGs.

Finally, we notice that the rescaling of disorder considered in Sec. 4.3, which makes
the localization transition appear at the center of the spectrum, changes as well the
scenario at finite energy density: the system becomes always localized, as a finite value

of W in the thermodynamic limit corresponds to W = 0.

4.5. Discussion

The scaling theory of the localization transition in the QREM has been studied
in the present work by reconstructing numerically the beta function of spectral ob-
servables. In the “natural” scaling of the disorder variance, which makes the model a
mean-field version of MBL models, our analysis confirms the absence of transition at
the center of the spectrum and opens two possible scenarios for the approach to the
ergodic fixed point: either a one- or a two-parameter scaling. On the other hand, at
finite energy density a localization transition is described by a two-parameter scaling
theory similarly to the Anderson model on expander graphs. A transition to a localized
phase emerges also at the center of the spectrum if one suitably rescales the variance
of the disorder: the transition appears to be described by a two-parameter scaling
theory even in this case, with the same critical exponent of the Anderson model on
the RRG and possibly of the XXZ spin chain. Our results show that the universality
class of the localization transition in the QREM is the same of the Anderson model on
any random graph and, remarkably, does not change by rescaling the disorder. This
is a consequence of the fact that the RG is blind to the scaling of the microscopic

variables.
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4. Renormalization group scaling in the quantum random energy model

4.6. Appendix of Chapter 4

In the main text we provided numerical evidence for the absence of a localization
transition in the QREM at the center of the spectrum and its presence at finite energy
density, through the analysis of the beta function of the fractal dimension at £ = 0
and E = Fy../4. Additional evidence in support of this scenario can be found from

the rescaled r-parameter ¢.

In the inset of Fig. 4.5 we plot ¢ as a function of system size. The minima of the
curves ¢(L), which we call ¢4, are instead plotted as a function of the disorder strength
W in the main panel. These points correspond to turning points of the RG dynamics,
i.e. the points at which the flow stops pointing towards the localized fixed point, and
starts turning towards the ergodic one. Since ¢4 decreases to 0 as the disorder W
increases, if a transition is present, then the turning points ¢4 should extrapolate to
the value ¢. = 0 at a finite value of the disorder in the thermodynamic limit. The data
in Fig. 4.5 instead fit well to a polynomial that extrapolates to 0 only in the infinite
disorder limit, thus signaling that the system will eventually flow to the ergodic phase

for every finite value of W.
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Figure 4.5.: In the inset we show the scaling of ¢ with the system size, for different values
of the disorder . In the main panel, the minima ¢4 of the curves ¢(L) are plotted as a
function of the disorder parameter W. The points ¢ 4 correspond to the turning points of the
RG dynamics, as explained in the text. The points ¢4 (W) are well fitted by a polynomial
that extrapolates to 0 when W — oc.
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4.6. Appendix of Chapter 4

4.6.1. Finite-size scaling of the rescaled gap ratio

Here we provide additional details regarding the finite-size scaling of our numerical
data. By denoting with A any of the spectral observables considered in the main text,

its beta function is defined as
dln A

dln N’
Under the one-parameter scaling (1PS) hypothesis, the beta function is a function
of A alone, i.e. § = [(A). The dependence of A on the system size In N can be
obtained by integrating the equation defining the beta function, i.e. § = dln A/dIn N,
by separation of variables. Defining the primitive G(A) = [ fo dA'/(A'B(A")), one gets

8=

(4.2)

A(N) = f(N/No), (4.3)

where Ny = Noe=¢0) and the function f(z) = G~'(Inz). This scaling form can be
modified by taking into account finite-size corrections from the irrelevant part of the
RG flow. Denoting by w the scaling dimension of the least irrelevant operator, it can
be shown that [3]

A(N) = f(N/No) + f1(N/No)N~¥, (4.4)

with a second scaling function f;.

The scaling theory described above holds when the critical point is a well-isolated
fixed point of the RG flow, as in the Anderson model in finite dimensions [151]. When,
instead, the critical value of the observable A drifts to the localized value A = 0, one
direction of the RG flow must necessarily become flat and the scaling theory must be
supplemented with the addition of a second parameter [3, 147].

If one blindly applies the 1PS ansatz (2.14) to the QREM at infinite temperature,
where there is no localization transition and the model is ergodic for all values of W,
they will obtain an inconsistent result. Referring to Fig. 4.6(a), one can see that a
fairly good scaling collapse of the rescaled r-parameter ¢ is obtained for large system
sizes, identifying a fake critical point at W, ~ 40 with critical exponents v ~ 3/2 and
w =~ 2.

On the other hand, at finite energy E = FEy.,/4 the data are compatible with a
localization transition at W, ~ 20. Moreover, from the beta function of the fractal
dimension reported in the main text, it is expected that the transition be described
by a 2PS theory. It is therefore wrong to use the 1PS form Eq. (2.14) to collapse the
data. In Fig. 4.6(b), we show the collapse of the rescaled r-parameter at £ = Ey../4,

obtained with critical exponents v ~ 2 and w = 2: the collapse yields a critical value
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Figure 4.6.: (a) Naive finite-size scaling for the rescaled r-parameter ¢ at E = 0, where
the model does not have a localization transition. Despite this known fact, by fixing ¢. = 0,
it is still possible to obtain a good data collapse with a fake critical point at W, = 40,
obtaining (fake) critical exponents v = 1.5 and w = 2. In the main plot we show the collapse
for the larger sizes, L > 11, while the inset contains the same data down to L = 6, where
finite-size effects are stronger. (b) Finite-size scaling for the average rescaled gap ratio ¢
at B = Epax/4. The collapse is obtained for W, ~ 20 and ¢. = 0. The critical exponent
v ~ 2 and w = 2. Despite the presence of a localization transition (as discussed in the main
text), the one-parameter scaling ansatz does not apply, and therefore the critical properties
extracted from the FSS should not be trusted.
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Figure 4.7.: Finite-size scaling for the rescaled r-parameter ¢ at £ = 0 as a function of
W =W/+/Llog L. (a) The collapse is obtained leaving both W, and ¢, as free parameters,
obtaining from the fit W, ~ 1.7 and ¢. ~ 0.2. This is compatible with the result obtained
from the zeros of the beta function (see inset of Fig. 4.5). The critical exponents are found
to be v ~ 0.9 and w = 2. (b) The collapse is obtained keeping ¢. = 0 and W, ~ 2, obtained
in the main text from the zeros of beta function and the energies of the dynamical system.
This is compatible with the result obtained from the zeros of the beta function (see inset of
Fig. 4.5). The critical exponent are v ~ 1 and w = 1.
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¢, ~ 0.1 at a disorder W, ~ 20, compatible with the value obtained by studying the
turning points ¢ 4.

Finally, we report two scaling collapses of ¢ obtained with the rescaling of the
disorder W = W/+/L1n L, which makes a localization transition emerge at the center
of the spectrum. However, one can observe that, while the collapses look convincing to
the naked eye, they lead to a misleading interpretation of the data. The analysis of the
beta function of ¢ performed in the main text shows that the transition is described by
a 2PS theory, with a drift of the critical point to ¢. = 0. If instead ¢, is left as a free
parameter in the collapse, one obtains the incorrect value ¢. ~ 0.2 in Fig. 4.7(a). On
the other hand, a collapse in which ¢. = 0 is imposed is shown in Fig. 4.7(b): despite
being a good collapse, with W, ~ 2 as predicted by the zeros of the beta function, it
gives the non-physical result ¢ < 0 for W > W, signaling that the 1PS ansatz is not
valid for the QREM at E = 0.
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Part Il.

Semiclassical analysis of the two
dimensional quantum Heisenberg spin

glass
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5. Semiclassical approach to quantum
spin models in absence of

translational symmetry

In this chapter we present a detailed approach to the study of semiclassical, low-
energy excitations in quantum magnets and we show how this method may give a quan-
titatively good of the interacting quantum problem. We focus on the two dimensional
case and we consider Heisenberg-like spin models with ferromagnetic, antiferromag-
netic and random bonds, where translational invariance is lost, which is the case for
disordered systems. We show how to construct the single particle Hamiltonian describ-
ing the spin-waves dynamics and we give a general construction to foresee the scaling

of the lowest energy gap in the theory.

5.1. Introduction

Understanding the phase diagram of interacting quantum spin systems remains one
of the central challenges of condensed matter physics. The difficulty originates from the
strongly correlated nature of quantum magnets: even simple microscopic Hamiltonians
generally cannot be solved exactly, and quantum fluctuations often compete with
classical interactions. As a consequence, determining the nature of the ground state
and its low-energy excitations requires the development of controlled approximation
schemes.

One of the simplest and most successful approaches is the spin-wave approximation.
The method is based on a semiclassical (A — 0) expansion around a zero tempera-
ture classical ordered ground state in which a continuous symmetry is spontaneously
broken. Quantum fluctuations can then be treated as small deviations around this
ordered configuration, leading to a systematic expansion in powers of the spin length
S.

The resulting elementary excitations are known as magnons, collective oscillations

of the local magnetic moments analogous to waves propagating through the ordered
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spin background. At the lowest order, the spin-wave approximation reduces the orig-
inal interacting many-body problem to a quadratic bosonic Hamiltonian describing
non-interacting single-magnon excitations, providing a straightforward way to com-
pute observables. We are interested in discussing the zero temperature case: typically,
quantum fluctuations cause a decrease of the classical order parameter, that at the

spin-wave level can be written as

(0) 0 = Ocy — ;50 +o (;) | (5.1)

The success of the spin-wave theory relies deeply on how similar the quantum ground
state is to the classical one, and the size of the correction 00 is controlled first of all by
dimensionality. In one dimension, fluctuations are typically strong enough to destroy
classical long-range order altogether. In two and three dimensions ordered phases are
far more robust, and spin-wave theory frequently provides an accurate quantitative
description. The prototypical success is the S = 1/2 Heisenberg antiferromagnet on
the square lattice, where the sublattice magnetization obtained from spin-wave theory
including 1/S corrections agrees remarkably well with unbiased quantum Monte Carlo
estimates [214, 215].

Whenever the ordered phase results from the spontaneous breaking of a continuous
symmetry, the low-energy spectrum contains gapless collective modes. These are the
realization of Goldstone modes in magnetic systems, and their dispersion relation
is determined by the symmetry of both the Hamiltonian and the ordered state. In
the following, we introduce the spin-wave formalism, derive the quadratic magnon
Hamiltonian, and discuss how quantum fluctuations modify classical magnetic order

and determine the low-energy excitation spectrum

5.2. The Holstein-Primakoff representation

The starting point of a spin-wave expansion is to find a representation of spin S
operators in terms of bosonic variables. Before discussing the technical details, let us
spend a few words on the physical meaning of this mapping. The Holstein-Primakoff
(HP) representation is a highly anisotropic map from a set of 3 non-commuting spin
variables to a set of 2 non-commuting bosonic variables: the classical spin direction,

that for simplicity we choose to be the Z axis, defines also the axis of quantization and
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5.2. The Holstein-Primakoff representation

operators 57 create fluctuations in the orthogonal plane. In order to do so we define

A

S =5—-n
St = f()a (5.2)
§™=a'f(n)

where a,a' are bosonic operators satisfying [a,af] = 1 and 7 = a'a. For the rep-

resentation to be meaningful, we need to find a function f(7) such that the SU(2)
commutation rules are satisfied. We evaluate the commutator between ladder opera-

tors and we require

A

[ST.57 1= f2(A)(h+1) — (M)A =2(S —n) . (5.3)

In order to solve the previous equation, let us introduce the change of variable h(7) =
f?(A — 1), for which we can write the recursion

n—1

h(f) = h(0) +2nS =23 2(S — k) . (5.4)
k=0

From here we find

F(R) = v28,/1 - % (5.5)

It is possible to check that this solution satisfies the other SU(2) commutation rules
[St,S%] and [S™, S7].

It is particularly helpful to consider what happens to this map in the limit of large spin
length S — oo. Let us notice that this limit corresponds to the semiclassical limit:
indeed the spin operator acts on an eigenstate as S|S) = hS|S). Keeping hS fixed
we see that sending S to infinity corresponds to sending A — 0, hence considering a
classical system.

The Holstein-Primakoff representation, expanding at leading order the function f(7)
and switching to S, = %(5”“ +87) 8, = %(5”r — §7) reads

Sz~ S —ala;
S ~ —iy/5(a: —al) (5.6)
S¢ ~ /50 + af)

Let us briefly comment on the physical picture that emerges from the approxi-

mated description of spin operators in terms of bosons: the magnon number operator

n; = d;r a; measures the deviation from the fully polarized classical state, and the oper-
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ators gx, S'y generate fluctuations in the orthogonal plane, with their amplitude being
proportional to the spin length reduction due to quantum fluctuations.

In the next pages, we illustrate two simple examples in which the Holstein-Primakoff
spin-wave theory can be applied, the two dimensional Heisenberg ferromagnet and
antiferromagnet. We show how, in these cases, the predictions obtained truncating
the HP expansion at order O(1/5) yield quantitatively accurate values of the order
parameter for the S = 1/2 model.

5.2.1. The ferromagnet

As the simplest application of the Holstein-Primakoff representation, we consider
a ferromagnet described by the Heisenberg Hamiltonian with nearest-neighbor inter-
actions
H=-7%8;-S;, (5.7)
(ig)
where J > 0 favors parallel alignment of spins, and (ij) denotes nearest-neighbor pairs.
We assume the ground state is ferromagnetically ordered with all spins pointing in the

2 direction.

Using the Holstein-Primakoff representation from the previous section, we express
the spin operators in terms of bosonic creation and annihilation operators. where we
have dropped higher-order terms in 1/S. Now we substitute these expressions into the
dot product S; - S;:

Si+8; = 5787+ (555 +875)). (5.8)
Computing each term:
8757 = (S — 1) (S — i) = S% = S(fy + ;) + Ay (5.9)
1 ~ A A A
5(5;*5; +8797) ~ S(a,al + alay) (5.10)

At leading order in 1/S, we drop the A;7; term as it is O(1/5?). Thus:
S, - S; ~ S? — S(f; +7y) + S(aal + alay) . (5.11)
Substituting into the Heisenberg Hamiltonian and summing over nearest-neighbor
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pairs:

H=—JY S = S(; + ;) + S(asal + alay)] (5.12)
(i7)
= —JS’N, + IS (f + y) — IS (a;af + alay) (5.13)
(ig) (ig)
where NN, is the number of bonds. The first term is the classical ground state energy.
The second term can be rewritten: each site i appears in z neighboring bonds (where

z is the coordination number), so
(i5) i

Collecting terms and dropping the constant energy, we obtain a quadratic Hamil-

tonian describing the spin-wave excitations of the Heisenberg ferromagnet:
Hyy = JSS (2 —ni)i; — JS S (ala,; + ala,) . (5.15)
i (ig)
To solve the problem, and find the magnon dispersion relation, we introduce

Fourier-transformed operators in momentum space:

kRig (5.16)

a; =

e

where N is the number of sites and R; is the position of site i. Plugging the Fourier

expanded modes into the Hamiltonian we find, with a simple calculation

Hy = e(k)agay (5.17)
k

where the magnon dispersion relation is

e(k) =2JS[z — (k)] . (5.18)
and y(k) = 232 cos(k,). A crucial observation is that the dispersion relation
vanishes at k = 0:

£0)=0. (5.19)

This is the manifestation of the Goldstone theorem: the spontaneous breaking of
the continuous SU(2) spin-rotation symmetry (broken down to U(1) by the classical

ferromagnetic order) guarantees the existence of a gapless mode. Physically, this
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gapless excitation corresponds to a long-wavelength precession of all spins around
the Z axis. The dispersion relation of the magnon is quadratic, meaning that it is a
Galilean, and not relativistic, particle. This is a consequence of the fact that the order
parameter is a conserved quantity. In section 5.4 we will comment further about this.
In principle, we could compute the correction to the classical magnetization due to
quantum fluctuations in the spin-wave theory. However it is immediate to realize that
these are exactly zero! Indeed for the ferromagnet, classical and quantum ground states

exactly coincide, provided that the rotational symmetry is spontaneously broken.

5.2.2. The antiferromagnet

The ground state of the antiferromagnetic Heisenberg model on a bipartite lattice
a=7%S;-S;, (5.20)
(i5)

is the Néel state, where spins on different sublattices point in opposite directions. The
key difference from the ferromagnet is that the two sublattices have opposite spin

quantization axes.

On sublattice A we use the standard Holstein-Primakoff representation:

S =284, (5.21)

S =254

On sublattice B (the "down" sites), the spin is rotated: $% — —5% and S — —§F,

In terms of the same bosonic operators:

S =v2Sal (5.22)

S; =V 2S€L]

For nearest-neighbor pairs, computing S, Sj at leading order in 1/5:

Si-S; = =S+ S(; + fy) + S(aa; + alal) . (5.23)
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The spin-wave Hamiltonian is
Hy, =JSzY i, — JS Y (aa; + alal) (5.24)
i (i)

where the last term is the anomalous coupling that mixes magnons from the two

sublattices.

Introducing momentum-space operators ay, the Hamiltonian becomes

Hoy=JS2Y iue — JS S A(K)(axay + at af) (5.25)
k k

where A(k) = 1 Y5 e™? is the form factor.

The anomalous terms prevent direct diagonalization. We need to find a more
general canonical transformation, that mixes a and a' operator into b, b'quasiparticle,
requiring the same bosonic commutation relations for the new set of operators. This

transformation [216] is called a Bogoljubov transformation:

A (T ax
—k k Uk a_k

The canonicity condition is obtained imposing ui — v = 1. Writing the Hamiltonian

in matrix form:

ﬁswzzkj(ali a_k)( 752 _JSMk)) (ik) , (5.27)

—JSA(k) JSz a'y

the eigenvalues give the magnon dispersion:

e(k) =J5 22 — X(k) . (5.28)

For the square lattice with z = 4 and A(k) = 2(cos k, + cos ky):

2
e(k) = 2JS\/1 _ (cosks ZCOS by (5.29)

The spectrum is gapless at both k = 0 and k = (7, 7). Near the zeros the dispersion
relation is linear e(k) ~ v/2JS|k| . Also in this case the spectrum of the spin-wave
Hamiltonian is gapless, as a consequence of the spontaneous symmetry breaking of the
rotational symmetry, but, although the SSB pattern is the same as the ferromagnet,

the dispersion relation is different.
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The staggered magnetization in the Néel state is defined as
1 i) Q2
M, = (1S (530)

where (—1)* picks up a sign depending on the sublattice. At the classical level the
staggered magnetization takes its maximal value, M, = S. Quantum fluctuations
reduce it, and the reduction is fixed by the density of Holstein—Primakoff bosons in

the ground state,
1
M, = — Y (aja) , (5.31)
N

where the average is taken in the magnon vacuum, i.e. the state annihilated by the
Bogoljubov quasiparticle operators dy.

The point worth stressing is that this vacuum is not an eigenstate of the spin-
deviation number operator &L&k: the Bogoljubov rotation dresses it into a superpo-
sition containing a finite density of bosons on top of the Néel configuration. The
classical ordered state is therefore not the ground state of the quantum Hamiltonian,
in sharp contrast with the ferromagnetic case, where the fully polarized state is an
exact eigenstate and receives no zero-point correction.

The recipe to evaluate M, is then straightforward: express the boson occupa-
tion through the Bogoljubov coefficients, so that each mode contributes an amount
controlled by the ratio between the bare exchange scale and the magnon dispersion
e(k), and average this contribution over the magnetic Brillouin zone. The vanishing
of e(k) at the antiferromagnetic ordering wavevectors makes the integrand singular
there, and whether the correction stays finite is decided by the competition between
this singularity and the phase-space volume available around those points.

In two dimensions the Brillouin-zone integral converges and one finds, to leading
order in 1/,

oM, ~ 0.197 , (5.32)

independent of S at this order. The square-lattice antiferromagnet thus retains long-
range order, with My = S — 0.197; the relative correction is substantial for S = 1/2,
where the order parameter is reduced by roughly 40%, but becomes progressively
less important as S grows, confirming the semiclassical expansion as controlled. In
one dimension, by contrast, the same average diverges logarithmically, signalling the
destruction of long-range order and the breakdown of the spin-wave treatment. Quan-
tum fluctuations therefore reduce the staggered order parameter from its classical value
Msc1 =S to

My =S5 —0M,; ~0.303 (S=1/2), (5.33)
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a suppression of nearly 40%, yet crucially the order parameter stays finite: unlike the
one-dimensional chain, the square lattice sustains genuine long-range Néel order at
T = 0. The size of the correction is set by dimensionality and spin, growing for small
S and low dimension. Remarkably, this leading-order spin-wave estimate is already
close to the essentially exact quantum Monte Carlo value M, ~ 0.307 [215], the small
residual mismatch being filled by higher-order 1/S corrections.

5.3. Non-translational invariant classical ground state

Let us know illustrate the most generic case, a spin system described by a Hamil-
tonian without any kind of lattice symmetry, being of course particularly interested in
the disordered case. Notice that the classical configuration of minimal energy will be
in general non collinear: this implies the presence of both standard (&I&j) and anoma-
lous (@;a;) terms. In this case we cannot simply introduce Fourier modes to solve the
problem, but we need to numerically diagonalize the spin-wave Hamiltonian. From an

operative point of view we approach the problem defining the local change of basis

RS} =%¢ (5.34)

where ¥ is a coordinated direction, around which we perform the rotation. Notice that
in the case of the antiferromagnet this reduces to minus the identity on one sublattice.

We write the classical Hamiltonian in the coordinated basis

Ey=) Jy R RTEIRT (5.35)
]

where R;' p Sf = X7. In the previous equation, summation over repeated indices is
assumed. In this notation, that may seem cumbersome, the rotations matrices specify
the full spin configurations. By applying the HP map to the rotated spin operators

3, and truncating the 1/S expansion at the leading order, one finds

H 1.
52 = P + EHSW +o0(1/5) , (5.36)
where .
Hsw =53 (af A0, + alByal) + hec. . (5.37)

]
Since the Hamiltonian H is of order O(52), we divided it by a factor S? in Eq. (5.36),
in order for Hgy to appear at order O(1/S). Let us define the tensor fR%ﬁ =R WR?W )
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with @ = {x,y,z}. Then, the matrix elements of the spin-wave Hamiltonian in

Eq. (5.37), are given by the following expressions. For ¢ # j:

&c

7] [(ng gzgjy) 4 (fRi/f ~ Rg”]y)] (5.38a)
B = Jz (Rer —R) i (RE + R (5.38h)

and for the diagonal elements:

JEDI

5.3.1. Geometrical interpretation of A;; and B;;

The matrix elements in Eqgs. (5.38)-(5.39) admit a compact geometrical reading in
terms of the local frames themselves. Denote by €&;,&?, &; = S’l the rows of R;, i.e. the
local triad obtained by rotating the fixed lab frame onto the classical direction of spin
i. Since fRfjﬁ = R! “’Rf T=e- éf , it is natural to introduce, at every site, the vectors

AT cAY
€, t+i1€e, e

+
K3 3

é;

& —ie (5.40)

satisfying e - ef = 0, & - &f = 2 and e*; x é; = 2i8;. This is the standard
circular-polarization vector associated with the precession plane of the local spin-wave
fluctuation, its phase encoding the sense of rotation around S;. A direct substitution
shows that Eqgs. (5.38) take the remarkably simple form
Jij A+ A | A+ s
A = 5 &g B;; = CHEN (5.41)
while Ay = —>c0; Ji Si - S, .

Equation (5.41) makes the physical content of the two couplings transparent. A;;
is proportional to the overlap of the two co-rotating polarization vectors and describes
ordinary, magnon-number-conserving hopping between sites ¢ and j; B;;, involving €&;
rather than é e , is instead the overlap with the counter-rotating component and gen-
erates the anomalous pair-creation/annihilation terms. This reproduces the familiar
limits: for a ferromagnetic bond e, = é; and B;; = 0 identically, while for a collinear
antiferromagnetic bond é; = €7, so that A;; = 0 and B;; = .J;;. More generally, B;;
vanishes whenever the local frames at ¢ and j are related by a rotation about their
common axis, which is precisely the condition violated in a non-collinear configuration:

the impossibility of choosing a single global quantization axis is equivalent, bond by
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bond, to é; and €&; having nonzero overlap under complex conjugation. This is the
geometric origin of the unavoidable anomalous terms. Finally, we note that the phases
of A;; are not pure gauge: around any closed loop ¢ — 7 — k — ¢ the combination
arg(AijAjrAyi) is gauge invariant and coincides with half the solid angle spanned by
S’i, S’j, S’k on the unit sphere, i.e. with the scalar spin chirality S’, . (S] X Sk) We can
imagine to associate a fictitious magnetic field to the spin chirality, that, as it will be

shown in 7.3 is responsible for the breaking of time reversal symmetry.

5.3.2. Solving the non-translationally invariant Bogoljubov
Hamiltonian

In order to have more compact expressions, we introduce the following notation
[217]. We define 2N x 2N block matrices:

0 1 1 0
. A , (5.42)
1N 0 0 _1N

acting on & = (ay, - - ,&N,&I, e ,dk)t. The matrix v implements charge conjuga-
tion: &' = ~é, while 7 is a 2N-dimensional metric, in terms of which the bosonic
commutation relations can be written as [é&, &'] = 1. It holds: 72 = n? = 1oy. With

this notation:

. 1 1
How = 5@* Mé— StrA (5.43)
where M is a block matrix defined as:
A B
M = ) (5.44)
B* A*

The spin-wave Hamiltonian Hgy describes a system of coupled harmonic oscilla-
tors in terms of the bosonic creation and annihilation operators &I- ,a;. The number
operators n; = di&i measure the local deviations from the classical background and the
corresponding amplitude of the fluctuations in the planes orthogonal to the classical
spin orientations. One could also express the Hamiltonian in terms of position and
momentum operators: #; = 5¥/+v/S and p; = SY/v/S, which at order 1/ satisfy the
commutation relations [Z;, p;] = id;;. In these variables the Hamiltonian has a coupling
term between position and momentum [218]. We will return to this representation in
the following sections, whenever it provides a more insightful physical description. The
quadratic problem defined in Eq. (5.43) can be solved with a Bogoljubov transforma-
tion [216, 217, 219]. We define quasiparticle operators B = (lA)l, e by, BT ,B}V)t,
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which are connected to the original bosonic operators by a linear transformation:
[‘3 = T'&. As usual, we require T' to be symplectic, i.e. TnyT" = 1y, so that [B, BT] =,
and unitary, i.e. T = 7yT™~, leading to the following condition

TnT'n = 1oy . (5.45)
This equation can be used to write an explicit expression of the matrix 7" and of its

Xt -y o [(xt oyt
T = T = , (5.46)
Y X vyt Xt

from which we can derive a form of the canonicity condition that is the straightforward

inverse:

generalization of the TT case, in the original theory of superconductors [216]:

XXT-yyi=1y X' XYV =1y (5.47)
XY -vXt=0y XY -viX=o0y. '
Then, by expressing Hgy in terms of the quasiparticle operators, we realize that
T is not exactly the matrix diagonalizing M, but rather nM:

. G
How = BTnQB—gtrA, (5.48)

1
2
with

Q=TDT*, D =nM . (5.49)

The matrix D is called dynamical matriz [219], it is non-Hermitian in general and
its presence represents the main difference with respect to fermionic Bogoljubov-de
Gennes systems. The diagonalization procedure is affected by mathematical subtleties

regarding the kernel of D, which are discussed in Appendix 5.6.1.

5.4. Symmetry breaking and zero modes

In this section we review the physics of low energy excitations in the presence of
spontaneous symmetry breaking. It is well known that, in the presence of Lorentz
symmetry, to each of the broken generators corresponds a massless particle, the Gold-
stone boson. In condensed matter systems however the situation is less clear, because
the absence of relativistic invariance loosens some constraints of the Goldstone theo-
rem, making it possible to have fewer particles than broken generators and in general

non-linear dispersion relations. A crucial role is played by the commutation relation
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of the charges. In the next subsection we will provide a demonstration based on the
Bogoljubov inequalities and we will show how the scaling of the lowest energy gap in

the system depends on the algebra of the conserved currents.

5.4.1. Gapless spin-wave spectrum

We want to prove the Bogoljubov inequality: given two local operators X and @)

and a Hamiltonian, it is possible to show that

(X7, [7, X)) (@, [H, Q)

A% < , (5.50)
(X, Q) |2
where A is the smallest energy gap in the system, simply called the gap.
Let us start introducing the spectral weight on mode n for a local operator X
wn = | {n]X10) (5.51)

where |0) is the ground state of the system and we introduce the gap w, = E,, — Ej.

Now we define the susceptibility

Wp,
Xx =Y, —, (5.52a)
n>0 Wn
the structure factor
1 -
Sy = Z W, = 3 {X, X} (5.52b)
n>0

1
fx= Z Wnly = 5 (X7, [H,X]]) . (5.52¢)
n>0
It is easy to show that
A? < IX (5.53)
XX

The proof is based on considering

Ix

fx >A> w, = A< (5.54)
n>0 SX
and
1 Sx
Xx <> w, = A< —. (5.55)
A n>0 XX
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Plugging the two inequalities together we find the result in 5.53.

Now we introduce a third local operator P, with spectral weights w? = | (n|Q|0) |?,

and derive the central inequality relating the two. Writing the equal-time commutator

on the eigenbasis,

(X, Ql) = >_ ((01X[n) (n|Q[0) — (0]QIn) (n]X]0)) , (5.56)

n>0

we bound it term by term,

(X QD <23 [{nX|0)|[{n|Q0)| . (5.57)

n>0

Then we split each term as

| (n]X]0) |

[ (nlX10) || (n]QI0) | = ( -

) (Vi | (nlQ[0) ) (5.58)

and apply the Cauchy-Schwartz inequality

wX
{x.Qh <2, ZJ\/W—Z xx fa (5.59)
n>0 1\ n>0

(X, QN PP <4 foxx. (5.60)

obtaining

Substituting the previous inequality in Eq. 5.53 we finally find Eq. 5.50. The
physical relevance enters through the choice of the pair (X, Q). We choose @ to be a

Fourier component of a conserved density,
= " q, (5.61)

where QQ = >, ¢, = qr—o satisfies [H,Q] = 0 and H is local. X is a local order

parameter satisfying

. 1
v = lim —([X.Q) #0, (5.62)

V—oco
which is the definition of spontaneous breaking of the continuous symmetry generated
by Q.
Conservation controls the behavior of f,,: At k = 0 one has ¢y = @ and [H, Q] = 0,

so fo = 0; moreover f,, is real and non-negative and even in k (from ¢_j = q}; and
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Hermiticity of H). Its Taylor expansion around k£ = 0 therefore starts at second order,
fo. ~ e K2V 4+ 0O(kY) . (5.63)

Physically 5.63 is the continuity equation: a conserved density possesses a current,
[H, q1] ~ k jg, and the double commutator collects one power of k from each side.
For a generic local operator that is mot conserved the double commutator has no
reason to vanish and fx = foV + O(k?) with fy > 0. Collecting everything, with
| {[X,Q]) | = ¥V extensive by 5.62, the factors of V' cancel in 5.50 and the bound
becomes a pure power counting in k: if both members of (X,Q) are conserved,
A < V2 - k2 = k2, which requires two conserved charges whose commutator has
nonzero ground-state expectation, ([Q%, Q]) # 0, i.e. the order parameter is itself a
charge density.

If only one member is conserved, the power counting gives A < VE2 1= |k|. In every
case with at least one conserved member, taking k — ki, ~ 1/L closes the gap in the
thermodynamic limit: this is the Goldstone theorem in its non-relativistic form. The
rate of closure, 1/L? versus 1/L, is decided by the commutator algebra of the broken
charges.

In the following we discuss some relevant cases for this work:

Ferromagnet. The ground state is fully polarized along the z direction. Choosing
X = St and P = SY,, the SU(2) commutation relations imply [S¥,SY,] = iS¢, so
that ([X, P]) = i(S%,) o V. Since both X and P are components of the conserved
total spin, their oscillator strengths satisfy fx, fp < pk?V. Equation (5.60) therefore
yields the quadratic bound A < (2v/2p/m) k?, which is saturated by the exact magnon
dispersion wy = 2JS(1 — cosk). The quadratic Goldstone mode thus follows directly

from the fact that the two non-commuting operators are themselves conserved charges.

Antiferromagnet. On a bipartite lattice, the ordered phase is characterized by
a finite staggered magnetization ny, = (N?)/V # 0, where N* = 3,(—1)!S?. In this
case, the uniform spin operators satisfy ([SF,SY,]) = 0, so the relevant non-vanishing
commutator must involve the staggered spin. Choosing X = S¥,, and P = SY,,
one finds ([X, P]) = i(SZ) = in,V. Unlike the uniform spin, the staggered spin is not
conserved, as the bond contributions to its continuity equation add rather than cancel.
Consequently, fx = foV remains finite as £k — 0, whereas the conserved uniform spin
obeys fp < psk*V. Equation (5.60) then gives A < (2v/2fops/ns) |k|, in agreement
with the linear magnon dispersion of the antiferromagnet. More generally, this reflects

the fact that the two broken generators give rise to two independent type-A Goldstone
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modes.

Spin glass. We turn to the case that motivated this whole discussion. Consider

H=-> J;8S;-8S;, (5.64)

j
with random, bounded, short-ranged couplings J;;. The Hamiltonian remains SU(2)-
invariant, since the disorder enters as a scalar coefficient on each bond and does not
couple to spin direction, so the three total spin components Q* = >, S{ are all con-

served and can play the role of P.

The state, on the other hand, looks nothing like a ferromagnet or a Néel antiferro-

magnet. Below the freezing temperature the spins acquire local expectation values,
m; = (S;), (5.65)

that point in random directions, determined by the disorder-dependent ground state
selected . The disorder average of m; vanishes, m; = 0, which is why no linear operator
(uniform or staggered) has an expectation value: there is no coherent pattern. What

survives is the Edwards—Anderson parameter

qra = |my)?, (5.66)

which is nonzero in the glass and vanishes in the paramagnet. Physically, gga measures

whether spins freeze at all, regardless of the direction they choose.

Since a generic frozen texture is non-coplanar, all three rotations move the state,
and all three generators )* are spontaneously broken. This is the key difference from
ferro and antiferro, where only two of the three generators break. In this case the

symmetry group is fully broken, without residual symmetry generator:
0O(3) — 0(1) . (5.67)

To capture the breaking we need three independent SSB conditions, one per rotation
axis, which requires an order parameter with enough index structure. Because m; is a
c-number vector and S; is a quantum-mechanical operator vector, the natural object

is the tensor

My = ng SP (5.68)
in direct analogy with S7, = 3,157 for the ferromagnet and N* = Y°,(—1)"S? for
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the antiferromagnet. Its expectation value is manifestly nonzero,
(Mg) = > mf (S7) = > mim} = ¥ qea 6, (5.69)

where the last step assumed an isotropic frozen texture, which is the generic case in a

Heisenberg glass with rotationally invariant disorder. To get the SSB conditions, we

compute the commutator with the three conserved charges using [Q?, S¢] = ie®4S¢:
a be - _acd bd iV acb

For each of the three broken generators %, one can find a pair of tensor indices (b, ¢)
such that €% # 0, giving a nonzero SSB commutator of order Vgga. Explicitly,
([Q7, MZF]), ([QY, MZ]) and ([Q, MZY]) are all iVgga/3. Three independent SSB
conditions, corresponding to the three broken rotations. Also in this case then Eq.

5.60 predicts a linearly vanishing gap.

Counting zero modes

So far, we have only established the scaling of the gap associated with spontaneous
symmetry breaking. A complementary question concerns the number of gapless excita-
tions. In relativistic quantum field theory, this is answered by the Goldstone theorem
[220], which states that every spontaneously broken continuous symmetry gives rise to
one massless bosonic excitation.

The situation is richer in non-relativistic systems, where Lorentz invariance is ab-
sent and the number of Goldstone modes need not coincide with the number of broken
generators. The first general classification was proposed by Nielsen and Chadha [221],
while the complete counting rule was established later by Watanabe and Brauner
[222] and rigorously proved by Watanabe and Murayama [223]. The magnetic sys-
tems discussed in this thesis provide textbook examples of this physics: ferromagnets,
antiferromagnets, and spin glasses realize three distinct symmetry-breaking scenarios.

In non-relativistic systems, Goldstone modes are classified according to their low-

momentum dispersion [221]:

« Type-A Goldstone modes have a dispersion w o |k|® with n odd, generically
linear (n = 1). Each mode is associated with a single broken generator, as in

relativistic systems.

« Type-B Goldstone modes have a dispersion w o |k|™ with n even, generically

quadratic (n = 2). Each such mode is associated with a pair of broken generators.
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Nielsen and Chadha showed that these numbers satisfy the inequality
Npg > Na+ 2Np, (5.71)

where Npg denotes the number of broken generators and N4 and Ng are the numbers
of type-A and type-B Goldstone modes, respectively. Watanabe and Brauner subse-
quently showed that the difference between Npg and the number of Goldstone modes
is entirely determined by the expectation values of the commutators of the broken
charges, while Watanabe and Murayama proved that the above inequality is always

saturated. The resulting counting rule reads
1
Nep = Npg — 5 rank p, (5.72)

where

par = —1-(Qos Q1) (5.73)

is the antisymmetric matrix constructed from the broken symmetry generators Q).

Physically, whenever two broken generators satisfy ([Qq, @p]) # 0, they cease to
generate independent low-energy fluctuations. Instead, they form a canonically conju-
gate pair, analogous to position and momentum, and together produce a single type-B
Goldstone mode with quadratic dispersion. When all commutators vanish, every bro-

ken generator gives rise to an independent type-A mode with linear dispersion.

5.5. Continuum limit

Everything obtained so far is tied to the lattice. At wavelengths much longer than
the lattice spacing this detail is irrelevant, and the low-energy physics is governed
by smooth fields describing how the ordered state varies from region to region. For
the clean ferromagnetic and antiferromagnetic cases constructing this continuum the-
ory is straightforward and isolates the universal low-energy content of the spin-wave

Hamiltonian.

We begin with the ferromagnet. The Holstein-Primakoff bosons fluctuate about a

uniform background, and it is possible to rewrite the Hamiltonian like

Hyy = JSZ (aI — a}) (ai — aj). (5.74)
(i)

At low energy only slowly varying configurations contribute, so we replace a; — a(x)
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and the finite difference by a gradient, obtaining
Hing = D/ dlz Vat - Va, D =JSd, (5.75)

where a; is the lattice spacing. The corresponding action is the standard one for a

bosonic field,

Se = [ dt s [m*ata — DVal-Val, (5.76)
and its defining feature is the kinetic term i afd;a, which is first order in time.

As we showed in the previous sections, the origin of this single time derivative lies
in the algebra of the spin components. Writing a ~ S* 4 4SY, the real and imaginary
parts of the field are the two transverse spin components, and these are canonically
conjugate: from [S* SY] = iS* and the nonzero magnetization of the ground state,
(S#) = S, one has ([S*, SY]) = iS # 0. A finite uniform magnetization therefore ties
the two transverse fluctuations together as a coordinate and its conjugate momentum,
rather than leaving them as independent degrees of freedom. The kinetic term in (5.76)
is precisely the canonical form p ¢, with the single complex field already containing
both members of the pair. Two consequences follow. There is one oscillator, hence

one magnon, per site; and the equation of motion,
i0ia = [a, Hpy) = —D Va, (5.77)

is first order in time, describing precession rather than oscillation, with w ~ k2. The
uniform magnetization is conserved because it commutes with the Hamiltonian, which

is what makes the transverse components conjugate in the first place.

For the antiferromagnet the background is staggered, and the order parameter
is the Néel vector n(x) giving the local direction of the staggered magnetization.
The essential difference from the ferromagnet is that the ground state carries no net
moment, (SZ,) = 0, so the mechanism that paired the transverse components there is
absent: the two transverse tilts of n have vanishing commutator expectation and are
genuinely independent coordinates, not a conjugate pair. Their conjugate momentum

must then be supplied by a separate field and the Lagrangian takes the form
Cam = 5-(@m) = 2(Vn)?, m?=1. (5.78)

The two time derivatives are generated by integrating out the momentum, exactly
because that momentum is a field distinct from the order parameter itself. This is the
relativistic O(3) action, with velocity ¢ = y/ps/x.; the two independent transverse
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directions of n give two degenerate Goldstone branches with linear dispersion w = ck,

in place of the single quadratic mode of the ferromagnet.
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5.6. Appendix of Chapter 5

5.6.1. Dealing with zero modes

The numerical implementation of the Bogoljubov transformation has to be taken
with care, since it involves the diagonalization of the non-Hermitian matrix D = nM.
It is possible to show that, despite being non-Hermitian, D has a real spectrum, pro-
vided that the matrix M is semi-positive definite [217], which comes as a consequence
of expanding around a minimum. Moreover, in the presence of disorder the only de-
generate eigenspace is the kernel of the matrix, where the zero modes related to the
broken symmetries live. Then, the only difficulty that one faces numerically lies in
counting the number of exactly zero eigenvalues of D. It is worth stressing this point
because, for non-normal matrices (i.e. MMT # MTM), the algebraic and the geomet-
ric multiplicity of an eigenvalue do not coincide in general. This is to be interpreted
as a pathology of the eigenvector decomposition, when applied beyond the scope of
its hypothesis. Indeed, by naively performing the numerical diagonalization of the
dynamical matrix D, one finds four very small eigenvalues and would be tempted to
conclude that this is the number of zero modes in the theory.

We checked numerically that the matrix M has exactly three 0 (machine precision)
eigenvalues, as expected from the Goldstone mechanism. A robust check of the number
of the dynamical matrix D true zero modes can be done considering the singular value
decomposition (SVD), whose zero singular values reveal the kernel of the matrix.
We confirmed that the number of zero singular values of the dynamical matrix is
exactly three, as expected. The extra 0 eigenvalue of D is called defective, because its
algebraic multiplicity is greater than its geometric multiplicity. It can be checked that
the spurious zero eigenvector belongs to the kernel of D?, that is normal and can be
safely diagonalized.

Since the zero modes are associated to global rotations of the system, in principle,

the Bogoljubov Hamiltonian in Eq. (5.48) could be written as

+ 3 wa(blby +hec), (5.79)

where g, {2, are respectively the set of zero and positive modes, B, is a zero mode
operator and b, is a true quasiparticle mode. The quantity J is the macroscopic mo-
ment of inertia, making the contribution of the zero modes vanishingly small in the
thermodynamic limit, unless they are macroscopically populated. Therefore, in the

thermodynamic limit, we can treat these modes semiclassically, assigning to them a
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Figure 5.1.: Leading order spin-wave theory correction to the Neel order parameter. The
Neel order parameter is myge = % and the leading order correction in the HP theory is

given by dmyse = ﬁ > (d}&i) The blue curve is obtained by only adding a symmetry
breaking field on the first two sites of magnitude ¢ = 0.5, the yellow and green curves are
obtained by manually excluding the zero modes from the sum over the quasiparticles.

well-defined value, irrespective of their commutation relations. While this decompo-
sition can be easily obtained in translational invariant cases, in the present case we
are not able to write the Hamiltonian as in Eq. (5.79) for every realization of disorder,
since, as explained above, the presence of a defective eigenvalue prevents one to find
all the operators By Tt might then seem that this must be a halting point in our
analysis: these modes can not be completely excluded from the theory for a given
system size N, since their presence is essential in order to preserve the algebra of the
bosonic operator. However, we can choose the Bogoljubov vacuum in the thermody-
namic limit, to have simultaneously a precise value of all 3 expectation values of @a,
irrespective of the fact that they do not commute which allows one to exclude the
contribution of these modes from the expectation values. This is equivalent to consid-
ering the zero modes as c-numbers that can be set, for simplicity, to 0. By adopting
this procedure, one is making an error on the expectation values of the observables,
which vanishes in thermodynamic limit. The procedure can be benchmarked in the
case of the antiferromagnet, where the analytical correction to the Neel order param-
eter 0mnzel = gz Y (ala;) is known. Though at finite size (ala;) # 1 + (a;a)), the
correct result for dmyege is recovered by both computing (&ZT a;) and 1+ <€Li&1- ) in the
thermodynamic limit. The results of this test are shown in Fig. 5.1, where we compare

this procedure to the addition of a small symmetry breaking field, which gaps the zero
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5.6. Appendix of Chapter 5

modes. As one can see, the two different procedures to compute the correction to the
Néel order parameter tend to the same value in the thermodynamic limit, which is
also reached in the case of the small external field. Since the finite size error is smaller
in the previous cases than in the latter, we choose to simply exclude the zero modes

from the computation of every observable.
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6. The two dimensional Heisenberg

quantum spin glass

In this chapter we investigate the ground-state properties of the two-dimensional
quantum Heisenberg model on a square lattice with binary bond disorder in nearest-
neighbor couplings. First, we present large scale numerical simulations based on a
state of the art neural quantum states technique, that show the presence of an ex-
tended, zero temperature quantum spin glass phase. Second, we benchmark this result
against a semiclassical calculation, starting from the minimum of the classical analo-

gous problem.

6.1. Introduction

Besides its intrinsic relevance to the theory of quantum spin glasses (QSG), the
study of the bond-disordered Heisenberg model is experimentally motivated by the
physics of the copper-oxygen planes in lightly doped insulating high-7, superconduc-
tors. According to Refs. [224-226], localized vacancies on oxygen sites induce effective
ferromagnetic couplings between neighboring copper spins, generating magnetic frus-
tration and potentially leading to spin-glass behavior. In general, studying frustrated
disordered quantum magnets in two dimensions is notoriously challenging. Quantum
Monte Carlo (QMC) algorithms are often hindered by the sign problem, while exact
diagonalization is restricted to small system sizes [227-231]. Density Matrix Renor-
malization Group (DMRG) and related tensor-network techniques have proven highly
accurate even in two-dimensional disordered systems [232], but they face significant
limitations compared to their one-dimensional counterparts. These include the need
for high-rank tensor structures or, alternatively, restrictions to quasi-one-dimensional
geometries using low-rank tensors arranged along a snaked path [233]. Moreover, such
approaches often struggle to efficiently implement fully periodic boundary conditions,
which are important for mitigating finite-size effects. Regardless of the computational
method employed, one of the main challenges in studying disordered systems lies in the

large number of realizations required to precisely compute disorder-averaged observ-
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6. Two dimensional quantum Heisenberg spin glass

ables. To tackle this problem, we employ the Foundation Neural-Network Quantum
States (FNQS) variational framework introduced in Ref. [234]. This approach allows
us to circumvent the sign problem, retain fully periodic boundary conditions, and
efficiently perform disorder averaging on lattice sizes that are inaccessible to exact di-
agonalization. The central result of this study is the identification of an intermediate
phase, characterized as a QSG state, between a ferromagnetic and an antiferromagnetic
phase by tuning the disorder strength. A schematic phase diagram of the model sum-
marizing these findings is presented in Fig. 6.1. To further support our conclusions, we
perform a semiclassical analysis based on a large-spin expansion at the leading order
in 1/S. This analysis shows that the classical spin-glass order found at 7' = 0, which
is known to be unstable for any 7" > 0 [235, 236], is instead stable against quantum
fluctuations. In particular, we find that the leading 1/S correction to the spin-glass
order parameter yields a value compatible with the quantum value obtained through
the FNQS approach in the thermodynamic limit, supporting the existence of a stable

QSG phase at S = %, as indicated by our fully quantum numerical simulations.

6.2. The model

The two-dimensional Heisenberg model with binary random couplings on an L x L

square lattice is defined by:

H=YJ4S:-S;, (6.1)
(4,3)
where S; = (gf,gf, S’f) is the S = % spin operator at site 7, and the sum runs only

over nearest-neighbor sites, assuming periodic boundary conditions. The exchange

couplings J;; are randomly distributed according to the probability distribution:
P(Ji;) = (1 =p)é(Ji; + 1) +pd(Ji; — 1) , (6.2)

being p € [0, 1] the probability of having an antiferromagnetic bond between site 4
and j. The ground state is well understood in two limiting cases: at p = 1, where
the model reduces to the antiferromagnetic Heisenberg model, exhibiting long-range
Néel order [215, 237|, and at p = 0, where ferromagnetic order dominates. However,
for a generic value of 0 < p < 1, this model is notably challenging to simulate with
standard techniques, and in the highly frustrated regime p ~ 1/2, the nature of the
ground state remains elusive.

As a consequence, the numerical study of this and related disordered quantum

magnets has been restricted to a few special cases. Previous studies [227-229] have
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6.3. Results

suggested the possibility of a QSG phase in the two-dimensional disordered Heisenberg
model; however, these findings were limited by exact diagonalization results obtained
on small 4 x 4 clusters and are far from compelling. In Ref. [238], square-lattice
antiferromagnets were studied at low temperatures on clusters of up to 10 x 10 sites.
However, only up to 10% ferromagnetic bonds were considered, limiting access to the
spin-glass regime of primary interest in the present work (which we show appears when
the fraction of ferromagnetic bonds exceeds 20%). Related studies have also considered
limited random site or bond dilution [239]. More recently, a QSG phase has also been
proposed in the corresponding one-dimensional model [240], although its nature is still
under debate: while spin-wave and DMRG studies have provided evidence in favor of
spin-glass order [240], recent ultra-low-temperature sign-free QMC simulations have
instead suggested an unconventional critical state with power-law correlations [241].
At the mean-field level, complementary evidence indicates that quantum fluctu-
ations do not necessarily destroy spin-glass order in this model. A quantum spin-
glass phase in the fully connected Heisenberg model was already found by Bray and
Moore [71] for every value S of the spin magnitude, under the assumption of unbroken
replica symmetry (RS). The full RSB solution for S = ; has instead only recently been
found, through a sophisticated dynamical mean-field approach combining replica sym-
metry breaking with continuous-time Quantum Monte Carlo, in Ref. [242]. As usual,
however, the applicability of mean-field theory to low dimensions can be questioned.
Establishing the stability of spin-glass order for this disordered Heisenberg model —
which, unlike the transverse-field Ising case, is generally affected by the sign problem
— would therefore provide nontrivial evidence that the spin-glass phase survives fully
SU(2)-symmetric quantum fluctuations even in finite dimension. Whether spin-glass
order survives in this model in two dimensions remains an open question, which we

aim to address in this chapter.

6.3. Results

We adopt the methodology introduced in Ref. [234], in which a variational quantum
state |1p(J)), parametrized by neural networks and referred to as a Foundation Neural-

Network Quantum State (FNQS), is optimized to minimize the disorder-averaged en-

ergy: X
(Vo(J)|Hslwe())
(Wo(DNNe(T)) |7

where 6 are the variational parameters and J denotes the full set of binary couplings

£(0) = E;

(6.3)

Ji; defining the disordered Hamiltonian in Eq. (6.1). The expectation value Ej[- - -] in
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Figure 6.1.: Ground-state phase diagram of the disordered Heisenberg model [see Eq. (6.1)]
in the thermodynamic limit, as a function of the probability p € [0, 1] [see Eq. (6.2)]. Three
distinct phases are identified: a ferromagnetic phase for p < ppy &~ 0.2, an antiferromagnetic
phase for p > parpm &~ 0.8, and an intermediate quantum spin glass phase characterized by
the absence of magnetic order and a finite Edwards-Anderson order parameter @ (see Order
parameters for details). The phase diagram is obtained using the variational approach based
on Foundation Neural-Network Quantum States (refer to App. 6.6).

Eq. (6.3) is approximated by averaging over R disorder realizations, with R typically
on the order of hundreds, sampled from P(J) = [];; P(Ji;). For each realization, the
variational energy is computed using the Variational Monte Carlo framework [243]. In
the following, for simplicity in the notation, we indicate with (---); the expectation
value on [¢y(J)).

The key feature of the FNQS approach is that, at no additional computational
cost compared to the single-instance case, a variational state parametrized through
a Vision Transformer (ViT) architecture [244-248] can be optimized simultaneously
across multiple disorder realizations (refer to App.6.6 for additional details about the
variational Ansatz) [234]. This approach enables the efficient evaluation of disorder-
averaged observables within a single simulation, substantially improving the scalabil-
ity of variational methods for disordered systems. Remarkably, the accuracy of the
model exhibits minimal degradation with increasing numbers of disorder realizations.
Even when trained across hundreds of distinct disorder instances, the FNQS yields
observable estimates that closely match those obtained from training on individual

realizations with the same architecture (see 6.6.1).

6.3.1. Order parameters

To investigate the possible emergence of a non-magnetic ordered phase at interme-

diate disorder strengths 0 < p < 1, we compute the magnetic order parameters char-
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6.3. Results

acterizing the two limiting cases: ferromagnetic order at p = 0 and antiferromagnetic
(Néel) order at p = 1. The magnetic order parameters are defined as averages over the
disorder distribution: M%_,., = Ey [m,,.(J)] and M%,, = Ej [m%sy(J)], where, for a

fixed realization J, the ferromagnetic order parameter is given by
ml%‘erro(‘]) = 0(07 0; J)/L2 (6'4)
while the Néel order parameter is

m12\1ée1(J) = 0(7777T§J)/L2 . (6.5)

Both quantities are computed from the spin structure factor, defined as C'(k;J) =
S ekr(Sy - Sr> 5. At the two limiting values of the disorder parameter p = 0 and
p = 1, the distribution P(J) becomes a delta function. Specifically, in the pure ferro-

magnetic case (p = 0), the ground state is fully polarized, and the order parameter can

2
Ferro

model reduces to the standard square-lattice Heisenberg antiferromagnet, for which

be computed exactly as M = i + ﬁ !, In the antiferromagnetic limit (p = 1), the
the Néel order parameter remains finite in the thermodynamic limit, with a known
value of Myee = 0.3070(3) [215, 237].

In the interesting intermediate regime 0 < p < 1, no results are available from
other numerical methods aside from exact diagonalization, which we perform up to
6 x 6 clusters (see 6.6.1) . In the left panel of Fig. 6.2, we show the behavior of the
magnetic order parameters as a function of p, for system sizes ranging from L = 4 to
L = 14. Each data point corresponds to a single simulation that averages over R = 600
disorder realizations. Then, for each value of p, we perform a finite-size extrapolation
in 1/L to estimate the magnetic order parameters in the thermodynamic limit (see
6.6.2 for additional details). Our extensive numerical calculations identify a region in
the phase diagram 0.2 < p < 0.8 where both magnetic order parameters vanish in the

thermodynamic limit.

When both magnetic order parameters vanish, it is still possible for the system to
exhibit glassy order. In a spin glass phase, each spin is aligned along some preferred
random direction, which is strongly realization-dependent. To capture the SG order,
we examine the long-distance behavior of the correlation function squared, or the self-

overlap; see, for example, Ref. [249]. We refer to this quantity as the overlap order

1By definition, C(0,0) = (S?), where S is the total spin operator. For a fully polarized state
L
(L1

<g2> =S5(S+1) = 22 (L; ), from which the order parameter follows.
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Figure 6.2.: Left panel: Ferromagnetic order parameter M, (blue circles, dashed lines)

and Néel antiferromagnetic order parameter MQNéel (red squares, dashed lines) are shown as
a function of the probability p for system sizes ranging from L = 4 to L = 14. Extrapolated
values in the thermodynamic limit (TL), obtained via finite-size scaling in 1/L (see Sec.
6.6.2 of the appendix for details), are indicated by solid lines connecting the corresponding
symbols. Right panel: Overlap order parameter ) (green circles, dashed lines) as a function
of p for the same system sizes and averaging procedure. Extrapolated TL values are shown
as green circles connected by a solid line. Results in both panels are averaged over R = 600
disorder realizations. The error on the extrapolated values in the thermodynamic limit is
estimated via a resampling technique with Gaussian noise. The semiclassical value of the
overlap obtained in the TL of the non-interacting spin-wave theory is shown for comparison
(orange diamonds), in great agreement with the FNQS values
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Figure 6.3.: Finite-size scaling of the overlap order parameter @ [see Eq. (6.6)] as a function
of the inverse system size 1/L for L = 4 to L = 14 at p = 0.5. Quadratic (solid line and
yellow circle) and power-law (dashed line and green circle) fits are performed over all data
points, while a linear fit (dotted line and red circle) is applied to the last three points. Inset:
Zoom of the extrapolations close to 1/L — 0. The error bars of the extrapolated values in
the thermodynamic limit are estimated via a resampling technique with Gaussian noise. The
red star indicating the extrapolated value at p = 1.0 is showed for comparison.
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parameter, denoted here as (), and defined as:

Q° =E;

1 AoA L2
L42<Sr-sr,>J] . (6.6)

Here, r and r’ run over all lattice sites, and the value of the overlap is Q2 = S1/3
for a product state of classical, randomly oriented spins of the form []; [S;), with S;
uniformly distributed on the Bloch sphere 2

Any reduction from the classical value, i.e. Q? < Q3, means that the fluctuations
(quantum or thermal) reduce the persistence of the spins in the chosen random direc-
tions. In Fig. 6.3 we show the finite-size behavior of the overlap order parameter ()
as a function of the inverse system size 1/L for the challenging case p = 0.5. For this
probability value, both magnetic order parameters vanish in the thermodynamic limit
(see the left panel of Fig. 6.2), making it crucial to assess the presence of spin-glass
order. By performing different finite-size extrapolations, we find strong numerical
evidence that ) remains finite at p = 0.5, with an extrapolated value estimated as
@ = 0.049(3). We repeat the analysis for different values of p, reporting the results in
the right panel of Fig. 6.2. Extrapolating to the thermodynamic limit, we find that @)
remains finite throughout the intermediate region 0.2 < p < 0.8, where both magnetic
order parameters vanish (see 6.6.2 for additional details about the extrapolations).
These results rule out disordered phases such as quantum spin liquids or valence-bond
solids, both characterized by a vanishing overlap order parameter, and provide com-
pelling numerical evidence for the existence of a quantum spin-glass phase extending
over a broad portion of the phase diagram. Although we cannot entirely exclude the
presence of narrow intermediate regions near the magnetic transitions where () might
vanish (in particular close to the antiferromagnetic phase transition), our findings
strongly support that at least a quantum spin-glass phase is realized. Moreover, in
the App.6.6 we explicitly show, through calculations for a quantum spin-liquid state,

that the overlap order parameter vanishes in the thermodynamic limit.

6.4. The semiclassical expansion

In this section we apply the method developed in the previous Chapter to study this

particular problem. After numerically finding the ground state of the classical system

?In fact,
4

1 o oo 1.1 S
T1D_ D SISISIS] =81 Sbapgles =5 (6.7)
a,p

4J o,p
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6. Two dimensional quantum Heisenberg spin glass

(in section 7.2 we will discuss more about this problem) we exploit the Holstein-
Primakoff machinery to carry out the disordered spin wave expansion. In this way,
the variational results obtained with the FNQS framework can be compared against
a large-spin analysis by computing the leading order corrections in the inverse spin
representation 1/S to the correlation functions and EA order parameter and then
evaluating them in the fully quantum regime S = % This approach also provides
physical insight into the QSG phase. Spin waves in disordered systems have been
extensively studied in the past [250-254]; more recently, they have found application in
the study of disordered superconductors [255, 256] and of the one-dimensional version
of the model under study [240]. Building upon these results, we carry out the full
computation of the correction to the spin glass order parameter in the spin wave
approximation. Before discussing the details of the overlap order parameter in spin
wave theory let us summarize the finding of this technique: First we compute the
O(1/S) order parameter correction for various values of p, as in Eq. (5.1) (the result of
this for p = 1/2 are shown in Fig.6.4) and then we extrapolate the result at S =1/2,
see Figs. 6.5 and 6.2. For every value of p we find a very good agreement with
the results of the FNQS simulation. In the general spirit of the spin wave theory
discussed in the previous Chapter, this suggests that the quantum ground state is not

tremendously different from the classical one.

Two point correlation function and the order parameter quantum

correction.

In order to compute the effect of quantum fluctuations on the overlap order pa-
rameter in the semiclassical theory, one is interested in computing the leading order
correction in the 1/S expansion to the 2-point correlation function, which enters the
definition of

1 n
2 2
Q? = i ZC”' , (6.8)
ij
where C;; = <§Z . SJ> It is convenient to use the following expression of the spin

operator: S =S, + 5S/S, with [Sy|? = 1, and an equivalent one for the rotated spin
operator 2, for which ¥, = 2. In the bosonic HP representation, the leading order

quantum fluctuation is given by

al+a
. vas | 1 - 1 -

ala

S
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6.4. The semiclassical expansion

with 521 /2 and (5531 of order O(1). In the previous expression, we have extracted the
dependence on S and separated the x and y components, which are of order 1/ VS,
from the z component, which is of order 1/S. The quantum correlation function has

the following expression:
Cij =SSy +Sa; (08;/8) +Sa; - (98:/S) + (08:/8 - 68;/8) . (6.10)

At order 1/S one finds that:

A A L aB)ctn e

(6S;/S - 6S,/S) = gszif (622,657 5.) (6.11a)
~ 1 N

Seti - (08;/8) = —gR7 (07 ) (6.11b)

S

where «, f = {z,y} and (-) = (0| - |0) stands for the Bogoljubov vacuum state average.

Therefore, the 2-point correlation function can be written as

1
Cij = Sai - Sa + gcﬁ-) (6.12)
with
o) = R (05205) — R ((057) + (653)) (6.13)

By squaring the correlation, one finds:

2

1 1 1 2
SScl,i ' Scl,j C( ) (C( )> X (614)

2
Ci2j = (Secri - Sej)” + i T g2 \“ij

where we also retain the 1/S5? term. It is important to stress that Eq. (6.14) does not
represent the complete result at order 1/5?, since magnon interactions also contribute
at that order and are not captured by linear spin-wave theory. Rather, it is obtained
by computing the correlations within linear spin-wave theory, setting S = 1/2, and
then constructing Q?. The consistency of this procedure is confirmed in the antifer-
romagnetic limit, where linear spin-wave theory correctly reproduces Q? = M. We

can therefore write:

Q(5,1) =G~ zer(l) + gos(D), (6.15)

where Q2 = 1/3 is the classical value,

1 n
c(L) = 74 Z Secii - Seij CEJI-) (6.16a)
ij
1 n (1) 2
er(L) =75 2 () (6.16b)
ij
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Figure 6.4.: Finite size extrapolations of the corrections to the overlap, for p = 0.5. Each
point is obtained considering an average over approximately 1000 disorder realizations. The
infinite size values are extracted with a quadratic fit in 1/L and are respectively ¢ =
0.127(3) and ¢3° = 0.051(1).

Notice that, in order to compare the semiclassical prediction for the overlap with the
fully quantum one, the right-hand side of Eq. (6.15) has to be multiplied by a factor
S4, due to the spin normalization mismatch between the classical case (|S4|*> = 1) and
the quantum (S = 1/2) case. This way, we obtain: Q* = Q% + AQ?, with Q3 = S*/3
and

AQ? = —253%¢° + S%¢ye (6.17)

where 7% denote the extrapolated values of ¢; 5(L) in the thermodynamic limit (Fig.

6.4). By taking the square root of Q% one has

1L 2 (6.18)

For completeness, let us also write the explicit expression of cgjl-) in terms of the

HP bosonic operators

o) = (afa;) Ay +(a,a0) AL+ (alal) By + (8,0, BY; — Sui- Say({alai) + (alay)) , (6.19)

where Rf? = S, - Sau;. Expectation values of the creation/annihilation operators

need to be evaluated on the ground state of the quantum theory. By exploiting the
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Figure 6.5.: Semiclassical prediction for the overlap order parameter in the thermodynamic
limit as a function of the inverse spin representation 1/S at p = 0.5. On the vertical axis
we plot Qsw [see Eq. (6.15)] divided by 452 to have a comparison with the FNQS result at
S = 1 and at the same time with the classical value Q/(452) = 0.1443. The semiclassical

correction is obtained through a non-interacting spin wave-theory computation. For S = %

the value of the overlap is compatible with the value obtained for the fully quantum model
with the FNQS, within the error bars.

definition of the inverse Bogolyubov transformation one finds

(ala;) = (YY) (@d]) = (X'X7);

(i) = (X'Y")y;  (alal) = (VIX7)y . (6.20)
These are the only surviving terms, since the only nonzero contributions in the inverse
Bogoljubov transformation come from (BISU The components of X and Y correspond-
ing to the kernel eigenvectors have been excluded from the computation, in line with

the discussion at the end of the previous Section.

6.5. Discussion

In this Chapter, we explored the phase diagram of the two-dimensional Heisenberg
model with binary disorder in the nearest-neighbor couplings, presenting compelling
evidence for a quantum spin glass phase in the thermodynamic limit. Methodologi-
cally, we employed a novel variational framework based on FNQS [234], which proves
particularly effective for disordered quantum systems. Unlike conventional approaches,
FNQS mitigate the high computational cost associated with averaging over many dis-
order realizations. We support the numerical result by performing a semiclassical

expansion around the classical minimum energy configuration.
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6. Two dimensional quantum Heisenberg spin glass

This work marks an important advance in the study of disordered two-dimensional
quantum magnets, both conceptually and methodologically. On the conceptual side,
it provides the first evidence, based on large-scale simulations, that the disordered
Heisenberg model can host a quantum spin-glass phase. On the methodological side,
it shows the application of an efficient and broadly applicable computational framework
for investigating this class of frustrated, disordered spin systems.

This work could be naturally extended along some of the following directions. First,
a more detailed characterization of the antiferromagnetic transition near p ~ 0.8 seems
compelling. In related frustrated models, this transition has been argued to support
the emergence of a quantum spin-liquid state [245, 257, 258]; a spin-liquid phase could
account for a small intermediate region between the antiferromagnetic and spin-glass
phase where the overlap order parameter can vanish. Second, key properties of the
QSG state must be characterized by studying its low-energy excitations, for instance
using the real-time response to weak local perturbations and the resulting propagation

of dynamical correlations.
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6.6. Appendix of Chapter 6

6.6.1. Comparison with Exact Diagonalization

In Fig. 6.6, we show the spin-spin correlations for a representative disorder real-
ization with p = 0.7 on a 6 x 6 cluster, which is the largest system size for which
exact results from the Lanczos algorithm are available [259]. We compare the ex-
act data (blue empty circles) with different variational approaches. First, we train a
standard Neural-Network Quantum State (NQS) [260, 261] based on a ViT architec-
ture [245] directly on this realization (green circles), reaching a relative energy error
of A ~ 3 x 1073, Then, we test a foundation model trained on R = 600 independent
disorder realizations on the same sample. We consider two network sizes: a smaller
FNQS with P ~ 8 x 105 parameters (orange triangles) and a larger FNQS-L with
P ~ 1.2 x 10° parameters (red triangles). The larger network gives a better energy
(Ae =~ 5 x 107?) compared to the smaller one (Ae &~ 7 x 107%) and shows system-
atically improved spin-spin correlations at all positions. Crucially, the spin structure
factor (inset of Fig. 6.6) remains nearly identical for all variational methods, showing
that the magnetic order parameters, related to the structure factor at k = (0,0) and
k = (m,m), are well reproduced (see Numerical Results). The overall agreement with
the exact data confirms that the FNQS can accurately describe individual disorder re-
alizations, with only about a factor-of-two increase in relative energy error compared
to a network trained specifically on that sample. We remark that both approaches
have similar computational costs, but the FNQS represent more general variational

states since it is optimized over many realizations.

6.6.2. Finite-Size Extrapolations to the Thermodynamic Limit

In this section, we present the finite-size extrapolations of the three relevant order
parameters: the antiferromagnetic order parameter M%,,, the ferromagnetic order pa-

and the overlap order parameter ) (see Numerical Results for their

rameter M%__.,

definitions). The extrapolations are shown as a function of inverse system size 1/L
for system sizes ranging from L = 4 to L = 14. Each value of the order parameters is
obtained by averaging over R = 600 disorder realizations. In the left panel of Fig. 6.7,
we display the behavior of M%,,, for p € [0.4,1.0]. Notably, for pary ~ 0.8, the ex-
trapolated value vanishes in the thermodynamic limit, indicating the disappearance
of antiferromagnetic long-range order. Additionally, we benchmark the variational
results against Quantum Monte Carlo data [238] for the unfrustrated case p = 1.0,

finding excellent agreement both at finite sizes and in the thermodynamic limit. The
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Figure 6.6.: Spin-spin correlations for a disorder realization with p = 0.7 on a 6 X 6 cluster.
The two-dimensional lattice is unrolled using the row-major convention for visualization.
Exact diagonalization results (blue empty circles) are compared with variational calculations:
an NQS optimized on the specific realization (green circles), and two FNQS models optimized
over R = 600 independent disorder realizations. A smaller FNQS (orange triangles) with
P =~ 8 x 10° parameters and a larger FNQS-L (red triangles) with P ~ 1.2 x 10° parameters.
The inset shows the corresponding spin structure factor along the path connecting k = (0, 0)
and k = (m, 7).

central panel of Fig. 6.7 shows the extrapolation of the ferromagnetic order parameter
M2, for p€[0.0,0.3]. Here, for ppy =~ 0.2, the extrapolated value also vanishes,
signaling the suppression of ferromagnetic order. For p = 0, we compare the varia-
tional results with the exact analytical prediction available for this limit (see Section
Numerical Results), again observing very good agreement. Finally, the right panel
of Fig. 6.7 reports the behavior of the overlap parameter (). For the limiting cases
p = 0 and p = 1, we compare the extrapolated values of ) with the corresponding
magnetic order parameters, confirming consistency between the different observables.
We also show the extrapolation of ) for intermediate values p = 0.3, 0.5, and 0.7,
where both magnetic orders vanish in the thermodynamic limit. In contrast to the
magnetic order parameters, () remains finite, suggesting the presence of a QSG phase
in this parameter regime (refer to the Appendix for additional analysis on the overlap

order parameter in a quantum spin liquid state).
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Figure 6.7.: Finite-size extrapolations of the order parameters as a function of 1/L: the
antiferromagnetic M%, (left panel), ferromagnetic M%__, (central panel), and overlap Q
(right panel) order parameters, averaged over R = 600 disorder realizations for system sizes
ranging from L = 4 to 14. The data for L = 4 are obtained with exact diagonalization
techniques. In the left panel, numerically exact Quantum Monte Carlo [215] results for
p = 1.0 are shown for finite sizes (red empty circles) and thermodynamic limit (red star). In
the central panel, analytic results for p = 0.0 are shown for finite sizes (blue empty circles)
and thermodynamic limit (blue star). In the right panel, thermodynamic-limit values of the
Néel (red star) and ferromagnetic (blue star) order parameters are shown for comparison
with the overlap @ at p = 1.0 and p = 0.0, respectively. The error bars of the extrapolated
values in the thermodynamic limit are estimated via a resampling technique with Gaussian
noise.

6.6.3. Self-Averaging and Distribution of Order Parameters

In disordered systems, a central requirement for the validity of statistical predic-
tions is the self-averaging property of physical observables. An observable is said to
be self-averaging if its fluctuations across different disorder realizations vanish in the
thermodynamic limit. This implies that ensemble-averaged quantities become repre-
sentative of individual realizations as the system size increases. In Fig. 6.8 we analyze
the distributions of the relevant order parameters for p = 0.5, namely, the antiferro-
magnetic order parameter M%,,, (left panel), the ferromagnetic order parameter M2
(central panel), and the square of overlap Q? (right panel), computed over R = 600
independent disorder realizations. The width of these distributions systematically
decreases with increasing system size L, providing strong evidence of self-averaging.

We emphasize that this property is not only fundamental from a theoretical stand-
point, but it also has important computational implications in our variational ap-
proach. In the FNQS framework, a single variational wave function is optimized
simultaneously across many disorder realizations. The efficiency and accuracy of this
global optimization strategy improve with system size in a self-averaging model: as
the fluctuations between different realizations diminish, the structure of the ground
states becomes more similar across the various disorder realizations. Consequently,

the variational state is able to effectively capture the common features of the ground
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Figure 6.8.: Distributions of the order parameters M%,,,, (left panel), M%,,, (central panel),

and Q? (right panel) for p = 0.5, considering system sizes ranging from L = 6 to L = 14.
Fach distribution is computed using R = 600 independent disorder realizations.

states in the disordered ensemble.

6.7. Foundation Neural-Network Architecture

The computational advantage of Foundation Neural-Network Quantum States (FNQS)
is achieved by making the variational many-body wave function amplitudes 1y(o|J) =
(o]1g(J)) explicitly dependent on the Hamiltonian couplings J. Here, o denotes a
spin configuration on a two-dimensional square lattice of linear size L, with local spin
variables ; = £1 at each site 4, where i = 1,..., L?. The variational state ¢y(co|J) is
parametrized with a Vision Transformer (ViT) architecture [244-248], which processes
a sequence of n input vectors xi,...,X,, each in R?, where d is a tunable embedding
dimension. In the FNQS framework, the input to the neural network is built to in-
corporate the Hamiltonian couplings J as input features of the neural network at the
same level as the physical spin configurations o [234]. Specifically, the spin config-
uration o is divided into n non-overlapping patches of size b* [245], each embedded
into R%? through a learnable linear transformation, producing the sequence x7 with
k=1,...,n. At the same time, each spin o; is associated with its two local couplings:
the horizontal coupling J; ;41 and the vertical coupling J; ;4 r,, assuming periodic bound-
ary conditions. Using the same patching scheme, the sets of horizontal and vertical
couplings are partitioned into patches and independently embedded into two sequences
of vectors, X} and x} with k = 1,..., n, each lying in R¥*. Finally, the input sequence
of the model is obtained by concatenating the three embedding vectors at each patch
location: x; = Concat(xg,x!, x¥) € R This set of n vectors is processed by the
ViT wave function, yielding as output a set of another n vectors y, € R?. The scalar
amplitude Log[yy(c|J)] is obtained by summing over the output tokens, z = >7_; yx,
and applying a complex-valued two-layer feedforward network with a single output

neuron, as detailed in Refs. [234, 245]. The hyperparameters of the ViT architecture
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Figure 6.9.: Spin-spin correlations for the one-dimensional random-sign Heisenberg model
[see Eq. (6.21)] on a chain of length L = 12. The FNQS is optimized simultaneously over
R = 512 disorder realizations and compared with exact diagonalization. The main panel
shows the disorder-averaged spin-spin correlations, while the inset shows the correlations for
a single disorder realization not included in the FNQS training set.

employed in the work are: n; = 6 layers, h = 14 attention heads, and embedding
dimension d = 112 (see Ref. [245] for more details about their role). The total num-
ber of variational parameters is P = 793240 for L = 6 and P = 988120 for L = 14.
The FNQS state is optimized via Stochastic Reconfiguration (SR) [248, 262-264] for
10* steps, using a number of samples of M = 6000 configurations evenly distributed
among R = 600 disorder realizations used for training. The learning rate follows a
cosine decay schedule with an initial value n = 0.09, and a diagonal shift parameter
of A = 1079 is used to regularize the inversion of the SR matrix (see Ref. [248]). To
accelerate convergence in highly frustrated regimes, we employ a transfer learning pro-
tocol: the optimized parameters at a given p (e.g., p = 0.9) are used as initialization
for nearby values (e.g., p = 0.8). We have verified that the final estimates of the order
parameters are consistent with those obtained from longer simulations initialized from

scratch.

6.8. One-dimensional Random-sign Heisenberg model

In this Section, we benchmark our method on the one-dimensional random-sign

Heisenberg model

N
=1
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6. Two dimensional quantum Heisenberg spin glass

where the couplings J; take the values +1 with equal probability. This model has
recently attracted renewed interest and has been investigated using different numerical
approaches, including DMRG [240] and Quantum Monte Carlo [241]. As discussed in
the main text, these studies reached different conclusions regarding the nature of the
ground state. Here, we do not aim to settle this issue. Rather, we use small system
sizes, for which exact diagonalization is available, to benchmark the FNQS approach

and to test its generalization properties.

In Fig. 6.9, we compare spin-spin correlation functions (see definition in the main
text) obtained with FNQS against exact diagonalization. The FNQS is optimized
simultaneously over R = 512 disorder realizations. In the main panel, we compare
the disorder-averaged correlations with the exact average obtained by diagonalizing
the Hamiltonian over all disorder realizations. In the inset, we instead consider a
single disorder realization that was not included in the training set and compare the
FNQS prediction with the corresponding exact result. In both cases, we find very

good agreement between the variational and exact results.

This benchmark shows that FNQS can accurately describe the one-dimensional
random-sign Heisenberg model and can generalize to unseen disorder realizations.
Based on these small-cluster benchmarks alone, we do not aim to make a quanti-
tative comparison with Quantum Monte Carlo in one dimension, where the absence of
a sign problem allows simulations of very large system sizes [241]. Nevertheless, neural-
network states are known to be very accurate for sign-problem-free systems [260], and
the FNQS approach remains particularly promising because it provides an efficient
way to treat disorder averages by optimizing simultaneously over many realizations.
These results therefore indicate that FNQS may provide a useful complementary tool
for future studies of this model, in particular for clarifying the nature of the ground
state in regimes where different numerical approaches have led to apparently conflict-

ing conclusions.

6.9. Edwards-Anderson Order Parameter in the J;-.J5

Heisenberg model

In this Section, we use the J;-J; Heisenberg model as a benchmark to test the
behavior of the Edwards-Anderson order parameter () (see definition in the main
text) in a system where numerical evidence indicates the absence of magnetic order

in the thermodynamic limit. The model is defined on an L x L square lattice with
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Figure 6.10.: Finite-size scaling of the Edwards-Anderson order parameter () as a function
of the inverse system size 1/L. Quadratic (solid line and yellow markers) and power-law
(dashed line and green markers) fits are performed over all data points, while a linear fit
(dotted line and red markers) is applied to the last three points. Results are shown for the
disordered Heisenberg model at p = 0.5 (blue circles) and p = 1.0 (purple triangles), and
for the Ji-J2 Heisenberg model at Jy/J; = 0.5 (green diamonds), with system sizes ranging
from L =4 to L = 14 (and up to L = 10 for the J;-J5 Heisenberg model). Error bars of the
extrapolated thermodynamic values are obtained via a resampling procedure with Gaussian
noise. The red star marks the extrapolated value at p = 1.0, corresponding to the square of
the Néel magnetization of the Heisenberg model (J3/J; = 0) in the thermodynamic limit,
shown here for comparison.
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6. Two dimensional quantum Heisenberg spin glass

periodic boundary conditions by the Hamiltonian
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We focus on the highly frustrated point J5/J; = 0.5, where several numerical studies
have reported the disappearance of Néel order and proposed a nonmagnetic ground
state, possibly compatible with a gapless spin-liquid behavior [257, 258]. We stress,
however, that the nature of the nonmagnetic phase of the J;-J; Heisenberg model
remains debated [257, 258, 264-266], and that we do not use this model as a definitive
or archetypal realization of an algebraic spin liquid.

Rather, the purpose of this comparison is methodological. We want to verify
that the neural-network variational approach can also describe a case in which the
magnetic order parameter vanishes and the Edwards-Anderson order parameter does
not extrapolate to a finite value. This provides a useful complementary benchmark to
the disordered Heisenberg model studied in the main text, where the magnetic order
parameter vanishes while () remains finite in the thermodynamic limit.

For a translationally invariant periodic system, @ can be written as Q? = ﬁ > <S’0-
S’T)z. If the spin-spin correlations decay algebraically at long distances, (S’O . S’T> ~
M%, with n + 2 > 0, then ) vanishes in the thermodynamic limit. For the Ji-J5
model at Jy/.J; = 0.5, previous numerical studies reported algebraic correlations with
n+ z ~ 1.5 [257], which are therefore consistent with Q(L — oo) = 0.

In Fig. 6.10, we compare the finite-size behavior of () in three representative cases.
For the unfrustrated Heisenberg antiferromagnet, Jo/J; = 0, @ extrapolates to a
finite value related to the square of the Néel order parameter. For the frustrated
J1—J> model at Jy/J; = 0.5, ) decreases with system size and is consistent with
a vanishing thermodynamic-limit value. By contrast, for the disordered Heisenberg
model at p = 0.5, () remains finite while the magnetic order parameter vanishes. This
comparison shows that the finite value of ) found in the disordered case is not a
generic artifact of the variational Ansatz, since the same numerical framework is able

to reproduce a vanishing ) in a nonmagnetic benchmark system.
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7. Localized spin waves and ergodicity

restoring.

In this chapter, we further investigate the two-dimensional Heisenberg spin-glass
model by means of the semiclassical expansion around classical states. We find that the
nature of the spin-wave excitations, whether they are hydrodynamic or localized modes,
depends crucially on the relevance/irrelevance — in the renormalization group sense —
of the correlations induced by the underlying classical order in the spin-wave Hamilto-
nian matriz elements: low-energy excitations around magnetically ordered states are
delocalized, whereas those around spin-glass ordered states are localized, albeit weakly.
We interpret this phenomenology by relating the spontaneous breaking of spin-rotation
symmetry in the original Heisenberg model to the symmetry and universality class of
the resulting quadratic spin-wave Hamiltonian. We conjecture that the hydrodynamic
picture can be recovered through the inclusion of interactions among the spin-wave ex-
citations at higher order in the semiclassical expansion, favoring the onset of ergodic

behavior.

7.1. Introduction

Understanding how ergodicity emerges in the presence of disorder in quantum
systems represents a central and longstanding problem in modern condensed matter
physics and it is at the heart of this thesis. Considering Heisenberg spin glasses (SG),
since the seminal work of Halperin and Saslow [267], it is believed that hydrodynam-
ics describes the low energy excitations, with Goldstone spin waves arising from the
spontaneous breaking of the full SO(3) symmetry group, in close analogy with the
Heisenberg ferromagnet (FM) and antiferromagnet (AFM) [268]. In particular, the
hydrodynamic theory predicts three polarizations for the spin waves, related to the
fact all three generators of the rotational symmetry group are broken in a disordered
spin-glass state. But hydrodynamics is rooted in the validity of ergodic dynamics close
to an equilibrium state and, in particular in low dimensions, disorder is known to dis-

rupt ergodicity in quantum systems through the mechanisms of Anderson Localization
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7. Localized spin waves and ergodicity restoring.

(AL) and Many-Body Localization (MBL) [22, 269-271].

Localization phenomena are particularly striking in one and two dimensions, so
the question arises: how can one assume the validity of hydrodynamics in presence of
disorder in such systems? If, in some approximation, AL or MBL is at work, what is

the way out?” What are the timescales, if ever, on which hydrodynamics is valid?

To answer these questions, we further develop the semiclassical theory of the two-
dimensional Heisenberg spin-glass model, that we discussed in the previous chapters.
Remarkably, and similarly to what occurs in the case of the antiferromagnet [272-274],
the leading order term in the 1/ expansion predicts the values of the order parameter
within a few percent accuracy for S = 1/2. Besides validating the numerical evidence
of a spin-glass phase in the ground state, this suggests that non-interacting spin-wave
theory contains most of the information about the ground state of the model. The
implications of this picture for dynamics and transport were not addressed in the

previous chapter and we discuss them now.

Although the symmetry class of the quadratic spin-wave problem is easy to iden-
tify, the correlations in the Hamiltonian matrix elements prevent one from concluding
anything a priori on its universality class, in the sense of the Altland-Zirnbauer (AZ)
classification scheme [275]. These correlations arise from the minimum energy con-
dition on the classical state around which the semiclassical expansion is performed
and from the bosonic Bogoljubov-de Gennes structure of the Hamiltonian [218]. The
main outcome of our analysis is that in the SG phase the whole spin-wave spectrum
is weakly localized, as would happen for an uncorrelated random matrix theory with
the same symmetries in d = 2, thereby hindering the definition of a wavenumber. We
interpret this result in terms of renormalization group irrelevance of the correlations
in the spin-wave Hamiltonian in the SG phase, and we contrast it to the case in which
the underlying classical state is FM or AFM ordered. In the latter cases, we find a
mobility edge in the spin-wave spectrum separating delocalized low-energy excitations
from localized ones at higher energy, and therefore one cannot neglect the correlations
induced by the underlying, polarized, classical state. The spin-wave localization in
the SG phase has some important conceptual consequences. First, it means that the
large part of the correction to the Edwards-Anderson order parameter found in [4]
is not due to long-range correlations among linear spin-wave modes, which vanish in
the thermodynamic limit, but rather to local rearrangements of the spin configuration
from the classical state, due to quantum fluctuations. Second it means that, low en-
ergy modes at leading order in 1/S, in two dimensions, where AL prevails, cannot be
the basis of the delocalized hydrodynamic modes of Halperin and Saslow. One is led

to conjecture then that to recover the Halperin and Saslow hydrodynamic prediction
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Figure 7.1.: Left panel: Quenched energy complexity ¥(p) as a function of the antifer-
romagnetic bond concentration p. X(p) is computed as the linear fit slope of the disorder-
averaged logarithm of the total number of minima of the Hamiltonian N as a function of
N = L?, shown in the inset. Right panel: Magnetization magnitude m as function of p
for different system sizes (colored points and dashed lines) and large L extrapolations (black
points and continuous line). For each value of p, the extrapolated value of m is obtained
with a second order fit in 1/L, as shown in the inset.

in the thermodynamic limit, it is necessary to include interactions among the spin
waves (naturally occurring at higher orders in the semiclassical expansion). The only
mechanism which could prevent the onset of ergodicity in presence of interactions is
MBL (even though this is thought not to exist in d = 2 [57, 160, 176, 178]) but we
will see that the “upside-down” structure of the spectrum, with the localization length
decreasing as the energy of the excitation increases prevents even from this possibility
to take place. This chapter is organized as follows. We refer to the model discussed in
the previous chapter. In Sec. 7.2, we describe the magnetic properties of the classical
minima. In Sec. 7.3 we discuss the symmetries of the spin wave hamiltonian. The
main results on the localization properties of the spin-waves are presented in Sec. 7.4
and discussed in the renormalization group and finite size scaling language. The role
played by spin-wave interactions in recovering the hydrodynamics picture is discussed

qualitatively in Sec. 7.5.

7.2. Classical minima

The classical energy function is given by Eq. (6.1), where the spin operators are
replaced by three-dimensional vectors S; of unit norm, |S;|*> = 1. In order to find the
classical minima, we adopt a mixed microcanonical-canonical Monte Carlo algorithm
— known as over-relazation — borrowed from [276], which combines gradient descent
moves with energy conserving reflections, thereby enhancing a faster exploration of

the energy landscape. The stationarity condition is given by S; o h;, where h; =
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7. Localized spin waves and ergodicity restoring.

— > jesi JijS; are the local fields. The algorithm stops when the total misalignment
between the spin and the local field configurations reaches a fixed threshold. As a final
check, we verify that the Hessian matrix computed around the final configuration is
positive semidefinite, as expected for a local minimum.

Since the algorithm tends to become trapped in local minima, it is restarted several
times from random initial configurations, to which we will refer as replicas. Different
replicas may end up in the same minimum depending on the size of its basin of at-
traction. We observe that the probability of finding a minimum is typically larger
for low-energy minima. The global minimum is then found more frequently than any
other state, so finding it is difficult only because of entropic reasons, since there is an
exponential number of equilibrium states.

In the left panel of Fig. 7.1, the quenched energy complexity 3(p) is shown as a
function of the antiferromagnetic bond concentration. ¥(p) is defined as the logarithm
of the total — i.e., summed over all energy values — number of minima N(p) averaged
over disorder realizations. To measure it, we limited this analysis to small system sizes
(L < 18), where a sufficiently large number of replicas allows us to reliably sample
all minima. We find that ¥(p) is nonzero for all studied value of p € (0,1). A more
detailed analysis of the classical energy landscape is beyond the scope of this work and
will be presented elsewhere [277]. Let us emphasize that even at small p, where the
complexity is comparatively low, finding the global minimum remains challenging: for
example, at p = 0.05, we find X(p = 0.05) ~ 0.004, corresponding to order 10° minima
already at L = 60. The situation becomes substantially worse at intermediate values
of p, where the number of minima increases rapidly. Therefore, at the largest system
sizes, no certificate of global optimality is available.

The most relevant property of the classical minima for the present analysis is
whether they carry a magnetic signal. To characterize it, we measure the magne-
tization m = + Y, S; and the Néel order parameter my = + 3,(—1)’S;, averaged
over disorder realizations. At the classical level, the value of the magnetization at

!, Having

p is expected to coincide with that of the Néel order parameter at 1 — p
checked that this symmetry is satisfied by our minimum configurations, we only show
the magnetization magnitude in the right panel of Fig. 7.1. The magnetization was
already studied in Ref. [278], for system sizes up to L = 20 and a few disorder realiza-
tions. We find that the magnetization extrapolates to zero at p = 0.2. We also observe

that the magnetization is approximately correlated with the energy of the minimum.

1One can obtain an AFM minimum of the classical energy from a FM one, by performing a staggered
rotation, i.e. flipping all the spins on a sublattice, and changing sign to all the couplings, meaning
that a minimum configuration at p corresponds to another one at 1 — p. This symmetry is broken
as soon as one takes i # 0.
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7.3. Symmetry class

Consequently, if the optimization selects higher-energy minima at large system sizes,
the true ground-state magnetization may be systematically underestimated.

At this point it is worth stressing that the robustness of the classical FM or AFM
order against the addition of bond disorder in d = 2 is in fact a subtle issue, whose
solution is not among the scopes of the present work. In fact, while it would be natural
to assume that a p. > 0 exists such that for p < p. the FM order is present, according
to a comment by Villain in Ref. [279] (not brought up to a full argument in that paper
and never mentioned again in the literature), a small density of defects can destabilize
FM long-range order in two dimensions through the formation of dipolar distortions of
the local spin orientation. However, even if this were the case, the associated magnetic
domain size would diverge as ¢ ~ e“/?* and for ¢ = O(1) they would quickly become
larger than the largest samples we considered between p = 0.1 and p = 0.2. Since we
observe that for small enough values of p, the magnetization has an extremely slow
dependence even when changing the system size by one order of magnitude (see the
inset in the right panel of the Fig. 7.1), we believe that for all practical purposes the
FM and AFM phases we observe can be considered as proper thermodynamic phases.

SG order, instead, is a proper classical, thermodynamic state, confined at T" = 0.
The Edwards-Anderson (EA) order parameter, defined as Q* = 5 >y (S; - S;)?, see
e.g. [276, 280], extrapolates to 1/3 in the thermodynamic limit for any value of p for
which the magnetic signal is absent 2. We denote by p; and p, the two values of the
antiferromagnetic bond concentration at which for the explored sizes the magnetic and,
respectively, the Neél order parameter extrapolate to zero, while the EA parameter
remains finite. From the inset of the right panel of Fig. 7.1, we have p; ~ 0.2 and
consequently po ~ 0.8. On the methodological side, deep in the SG phase, where the
complexity is comparatively larger, which local minimum is selected to be the basis
of the semiclassical expansion becomes less relevant, because the magnetization signal

vanishes in all of them.

7.3. Symmetry class

Before discussing the symmetries of the spin-wave problem, let us first spend a few
words on those of the classical states and discuss what one may expect from them
regarding the low-energy excitations. In generic spatial dimensions, the symmetry
breaking pattern of the Heisenberg model is SO(3) — SO(2) in the FM and AFM

?In fact,
4
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7. Localized spin waves and ergodicity restoring.

Classical state SW Hamiltonian
State TRS RRS D TRS Charge
FM No SO(2) 0 Yes U(1)
AFM  No SO(2) 1 Yes None
SG No None (0,1) No None

Table 7.1.: Symmetry properties of the classical state for ferromagnetic (FM), antiferromag-
netic (AFM), or spin-glass (SG) order and of the spin wave (SW) Hamiltonian for the clean
FM/AFM case (p = 0,1) and in presence of disorder (p # 0,1). TRS denotes time-reversal
symmetry; RRS stands for residual rotational symmetry in the classical state; charge refers
to the possible global U(1) particle number conservation in the spin-wave theory.

phases and SO(3) — O(1) in the SG phase. The Goldstone mechanism generates a
number of gapless excitations that is related to the number of broken generators of the
group. Asis known, the AFM has two Goldstone modes with linear dispersion relation,
while the FM has only one Goldstone mode with quadratic dispersion relation, in
line with the correct Goldstone mode counting in non-relativistic theories [221-223].
From this argument, one would expect three linearly dispersing Goldstone bosons
in the SG phase, coinciding with the hydrodynamic modes discussed by Halperin
and Saslow [267]; however, it has to be noticed that a disordered state violates one
assumption of the Goldstone theorem, by completely breaking translational invariance
(TT), thereby impairing the very definition of a wavenumber.

Besides spin rotational symmetry, the classical state also breaks time reversal sym-
metry (TRS) in all three cases, since TRS acts on a spin by changing its sign [281].
We notice that the clean antiferromagnet (p = 1) is peculiar for this symmetry, since
TRS is microscopically broken for the Néel state, but can be recovered in combination
with lattice translations.

Let us now discuss the symmetries of a generic non-collinear and non-interacting
bosonic Hamiltonian. The matrix elements defined in Eqs. (5.38) satisfy A;; = A7,
and B;; = Bj;, implying How = }AI;W Besides being hermitian, the Hamiltonian is

invariant under charge conjugation
YKHswK 'y = Hgy | (7.1)

where K is the operator implementing complex conjugation. This symmetry is char-
acteristic of Bogoljubov—de Gennes Hamiltonians, a notable example of which arise in
the study of (disordered) superconductors with the pairing treated in the mean-field
approximation [216, 218, 282, 283|, the key difference here being the bosonic nature
of the degrees of freedom.

We notice that the structure of the matrix elements of H. sw is directly tied to
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7.4. Localization of the spin waves

the underlying classical spin configuration. In particular, when two neighboring spins
are non-collinear in the classical state — which happens for all values of p # 0,1 —
the corresponding matrix element acquires a complex phase. As a consequence, the
Hamiltonian is not invariant under complex conjugation alone, i.e. K How K1 #* H SWH
and TRS is explicitly broken. By contrast, in the clean limits where the classical
configuration is fully polarized (i.e. all spins are collinear), all matrix elements are real
and TRS is preserved. From these considerations, we conclude that the model we are
studying has the symmetries of class D in the Altland-Zirnbauer (AZ) classification
scheme [275, 284].

However, it has to be noticed that this does not mean that the spin-wave prob-
lem is in the same universality class, since AZ classes comprise random matrices with
uncorrelated entries, as the more traditional Wigner-Dyson ones [285]. The Hamil-
tonian in Eq. (5.37) has instead correlated random elements, due to the fact that it
has been obtained by expanding around a minimum. A first source of correlations is
the positive-definiteness of Hgy, as always is for generic bosonic systems [218]. Most
importantly, the matrix elements of A and B carry within their correlations the local
structure of the classical minimum, which is encoded in the local rotation matrices R;
appearing in Eq. (5.35).

We conclude this section by reminding the reader that B = 0 for the clean ferro-
magnet (p = 0), leading to a U(1) invariant Hgy. The particle number conservation
in the pure ferromagnet is what makes this case exceptional and is related to the fact
that the order parameter is itself a constant of motion, i.e. [I:I , SZ] = 0, where S* is
the z-component of the total spin. As a consequence, the classical order is protected
by this symmetry and receives no corrections from quantum fluctuations. In terms of
the position and momentum variables Z; and p; introduced before, B = 0 means that
there is no direct coupling between ; and p;, and the Hamiltonian can be diagonalized
by a simple Fourier transformation.

The discussion about the symmetries of the classical state and of the spin-wave

Hamiltonian is summarized in Table 7.1.

7.4. Localization of the spin waves

In this section we study the localization properties of the spin waves. This is the
central result of this Chapter, which can summarized as follows: despite the symme-
try class being the same (D in the AZ classification scheme), the correlations of the
underlying classical state make the localization properties completely different for the
three different phases: FM, SG, and AFM.
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Figure 7.2.: Phase diagram of the spin-wave Hamiltonian. The continuous lines mark
ground state transitions between the FM/AFM phases to the SG phase in the classical
solution. The dashed lines mark a mobility edge between localized and extended regions
inside the ordered phases. The points correspond to the mobility edge w.(p), as computed
in Appendix 7.8.2.

For a classical SG state the whole excitation spectrum is localized, albeit weakly,
according to the naive expectation in d = 2. For classical FM and AFM states, for
p < p1 or p > po, the signal of the magnetization and of the Néel order parameter
respectively create a delocalized region at low energy. There is a mobility edge w.(p),
such that modes with energy w < w.(p) are delocalized, while modes with energy w >
we(p) are localized. The dynamical phase diagram of the model is sketched in Fig. 7.2.
It is important to stress that this is the opposite of what happens in the Anderson
model, where the localized states are at lower energies. This is a manifestation of
Goldstone’s theorem and is important when one introduces interactions among the
spin waves. We will give a qualitative description of the effect of the interactions in
Sec. 7.5. The presence of a mobility edge in the low-energy excitation spectrum of a

disordered model was already discussed in Ref. [286].

There is a simple, heuristic argument in support of this observation regarding why
higher energy modes “feel" a stronger disorder. At any fixed p, for any wavelength A
of the spin wave, we can think of coarse-graining the system to lengths of O(\), below
which the wave cannot resolve details (see Fig. 7.3). In this way, the effective fields
acting on the effective spins in a box B(r, \) of size A, around the point r are random
vectors h(r, A\) ~ Y ,cpe ) hi. Remembering that h; oc S; of the classical solution,
in the SG phase these contributions are random, with average zero and amplitudes
h(A) ~ AhV/X2, where Ah? is the variance of the microscopic disorder strength, and
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Figure 7.3.: Coarse graining the underlying classical spin system to long wavelengths A
reduces the local random fields by a factor of 1/ VA for every spatial dimension. In d = 2
the reduction is 1/A.

Ah? o< J?, i.e. the variance of the random coupling distribution. However, the effective
spin grows like A2, which is the number of spins in the block . We see then that the
effective disorder is W ~ JA~!. Since the dispersion relation of the spin waves in the
SG phase is w o< JA™! (again following [267]), the disorder “felt” by a wave is exactly
proportional to the frequency of the wave, W oc w. Similar considerations made for
FM and AFM states need to take into account the fact that the underlying classical
spin configuration is correlated to give a signal >, h; oc m and > ;(—1)’h; o my,
which are both proportional to A2 and not v2.

Summarizing, we expect the low-energy excitations of FM and AFM states to be
as delocalized as their clean counterparts (p = 0, 1), while those of SG states to suffer

from the presence of a disorder proportional to their frequency.

7.4.1. Observables

To characterize localization properties, we consider two standard observables, one
based on spectral statistics and the other one on eigenstate properties, both normalized
to take values in the interval [0, 1].

As a spectral probe, we employ the rescaled r-parameter, that was defined in 7.2 .
Averaging over small energy windows |w,w + Aw| and disorder realizations at a given
size L yields the mean value r(w, L). This quantity takes universal values in the ther-
modynamic limit depending on the nature of the spectrum. For uncorrelated (Poisson)
statistics, characteristic of localized systems, one finds rp = 2In2 — 1 ~ 0.386. By
contrast, for chaotic systems described by random matrix theory in the Gaussian Uni-
tary Ensemble (GUE), one obtains rqug ~ 0.5996 [287], which also corresponds to the

3The effective spin does not correspond to the coarse graining of a (disordered) spin configuration,
but of the spins as dynamical variables, canonically conjugated to the rotation field. As such,
each spin in a box of size A gives to the effective field an O(1) contribution.
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ergodic fixed point value for systems in the AZ class D. For convenience, we introduce
the rescaled quantity
p=——_ (7.2)
TGUE — TP
which interpolates between ¢ = 0 in the localized (Poisson) limit and ¢ = 1 in the

fully ergodic (GUE) regime.

As an eigenstate-based diagnostic, we consider the fractal dimension D [270], de-

fined as

aS
D=——
Oln L2’
where S denotes the participation entropy, which will be defined shortly. For non-

(7.3)

interacting systems, this quantity captures how broadly a given eigenmode is dis-
tributed in space (i.e. over the lattice), and is therefore sensitive to localization prop-
erties. In the present setting, however, its definition requires additional care due to
the Bogoljubov structure of the eigenmodes. In fact, one must keep in mind that Bo-
goljubov modes are described by two-component vectors living in a space with double
the sites of the lattice, corresponding to non-commuting degrees of freedom (e.g., ;
and p;). Therefore, they cannot be naively interpreted as standard single-particle wave-
functions, whose square yields a well-defined probability according to the Born rule
4. As a consequence, defining a properly normalized spatial distribution — commonly
employed to characterize eigenstate localization in non-interacting systems becomes
nontrivial. To circumvent this issue, we adopt a physically motivated definition based

on the local increase of the oscillator action. Specifically, we define the quantity
Ra(i)* = R ((alafasla) — (0alail0)) , (7.4)

which measures the increase in the action of the oscillator @; (in units of 27h), due
to the creation of a quasiparticle mode |o) = bl |0) of energy w,. The normalization
factor R, is chosen such that }°; R,(i)* = 1, ensuring that R, (i) can be consistently
interpreted as a spatial weight associated with the mode «. In Appendix 7.8.1 we
derive two complementary expressions for this quantity: one in terms of the position
and momentum variables, Z; and p;, which provides a natural interpretation of R, (i)?
as an increase in the action; the other in terms of the eigenstate components X and
Y, defined in Egs. (5.46), which is used for the numerical evaluation of R, (i)?. We

4From this point of view, Bogoljubov modes resemble many-body wavefunctions living in the Fock
space, and this reflects the absence of particle number conservation. In fact, the same difficulties
in studying eigenstate localization in real space also are found in the many-body case, even if in
that case they are more severe.
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Figure 7.4.: Left panel: Rescaled r-parameter ¢, Eq. (7.2), averaged over ~ 1000 disorder
realizations at p = 0.1, with FM signal. There is a critical energy w, separating low-energy
delocalized from high-energy localized modes. The inset contains a data collapse obtained
with v = 2.1 and w, = 3.18, yielding a ¢. = 0.84. Right panel: Density of states for two
different values of antiferromagnetic bond concentration, p = 0.1 and p = 0.9 (points and
dashed lines), compared to their clean counterparts, p = 0 and p = 1 (continuous lines, com-
puted analytically). Data pertains to the largest simulated size, L = 60, and is averaged over
~ 1000 disorder realizations. Different filling colors distinguish delocalized modes (darker)
from localized ones (lighter). The scaling of the averaged n-th lowest eigenvalue with system
size is shown in the inset. The values of the dynamical critical exponent z extracted respec-
tively for n = 1 and n = 3 are: z = 2.27(5),2.25(3) at p = 0.1, and z = 1.21(2),1.23(1) at
p=20.9.

can now define the participation entropy of an excitation « as
N
Sa == Ra(i)’In Ru ()%, (7.5)

and, after averaging over states in small energy windows [w,w + Aw] and disorder
realizations, we get the entropy S(w, L) and the fractal dimension D(w, L) accordingly.
In the case of magnon excitations for clean FM and AFM states, this definition gives

D(w, L) = 1, therefore characterizing a fully ergodic excitation.

7.4.2. Ferromagnetic and antiferromagnetic phases: delocalization

at low energies

As discussed before, the spin excitations in the FM and AFM phases show a mo-
bility edge. This is characterized by a critical energy w.(p) which vanishes as p — p;
or po. At first sight, this appears to be in contradiction with the AZ classification,
which assigns the system to class D. Indeed, bosonic class D systems are always lo-
calized in d = 2. This apparent discrepancy is resolved by noting that the coefficients

of the quadratic expansion in Eq. (5.37) are not 4id random variables. Indeed, these
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coefficients, among other things, encode the presence of a finite magnetization (or Néel
magnetization) in the underlying classical state. The existence of a preferred direction
of spontaneous magnetization implies that an effective SO(2) rotational symmetry is
preserved at long wavelengths, thereby qualitatively modifying the localization prop-
erties of the low-energy excitations.

In a localization transition the system becomes scale invariant at the critical energy
we. The critical exponent v controls the scaling, the localization length diverges as
£ ~ (w—w.) " and its value is universal and fixed only by symmetry and effective
dimensionality, related to the value of p. For p = 0.1, we numerically extract both
the critical value w. and the exponent v. This analysis performed on the rescaled
r-parameter ¢ is shown in the left panel of Fig. 7.4. We perform a data collapse to
find the best values of (w,,v): computing the reduced x? for several fitting functions
and defining the confidence interval as the fits whose x? is lower than 1.05x2,, , we find
we € [3.14,3.24] and v € [1.8,2.5]. Other values of p are discussed in Appendix 7.8.2.

In recent studies [147, 288] a super-universal scaling relation between the critical
values of the r-parameter and the fractal dimension in Anderson models has been
conjectured, for both GUE and GOE (Gaussian Orthogonal Ensemble) symmetry
classes. We check if this relation also holds in the present case for p = 0.1, where we
find r. ~ 0.57 (corresponding to ¢. ~ 0.84 in Fig. 7.4) and D. ~ 0.75, matching the
prediction in figure 5 of [288]. The value of the critical point D. is estimated with
the same procedure as for ¢.. The details are given in Appendix 7.8.2. This result is
remarkable, considering that our system belongs to a different symmetry class with
respect to GOE and GUE, i.e. bosonic AZ class D, in which the definition of the fractal

dimension is affected by the issues discussed above.

In the right panel of Fig. 7.4, the densities of states in the FM state at p = 0.1 and
in the AFM state at p = 0.9 are compared with their clean counterparts. Despite be-
longing to the same symmetry broken phase, data suggest that low-energy properties
of the weakly disordered systems are different from those of the clean ones. In partic-
ular, the presence of disorder induces a decrease of the dispersion relation, leading to
an abundance of low-energy modes, according to the relation p(w) o< [ d*k 6(w — k?),
where z is the dynamical exponent ®. Although the system is not TI, one can define
a dispersion relation w ~ k%, in terms of a quasi-momentum k, and relate this to the
scaling of system size w ~ L7*. In the inset of Fig. 7.4, we show the scaling of the
low-energy modes and extract the dynamical critical exponent. While only two eigen-

values are displayed, we have verified that the entire low-energy sector scales with the

5Notice: this is just a proxy of z, whose correct value can be extracted from the correlation functions
as a function of time. This is beyond the scope of this work and is left for following research.
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Figure 7.5.: Left panel: Fractal dimension, defined in Eqs. (7.3-7.5), in the SG phase for
p = 0.5 averaged over ~ 1000 disorder realizations. The values of L in the legend correspond
to the geometric mean of the sizes in each block, where D is computed through a linear fit
of the participation entropy (see Appendix 7.8.3 for more details). Right panel: Rescaled
r-parameter ¢, Eq. (7.2), in the SG phase for p = 0.5, averaged over ~ 1000 disorder
realizations. In both panels data are shown as a function of the energy w for various system
sizes.

same exponent: z ~ 2.26 for p = 0.1 and z >~ 1.23 for p = 0.9. Notably, these values
exceed those of the clean systems, indicating sub-diffusive transport in the FM phase
(clean FM, z = 2) and sub-ballistic transport for the AFM (clean AFM, z = 1). As
we discuss in Sec. 7.5, interactions are expected to restore the standard hydrodynamic

behavior.

7.4.3. Spin glass phase: Renormalization group scaling

In the spin-glass phase, for p € (p1, p2), the spin-wave excitations are fully localized.
However, this localization is weak, in the sense that strong finite-size effects (logarith-
mic in system size) persist and simple diagnostics are not sufficient to capture the
scaling behavior. For this reason, it is useful to adopt a more systematic framework
based on scaling theory.

A powerful approach to Anderson localization (AL) is provided by the one-parameter
scaling hypothesis [24], which organizes the dependence of physical observables on the
system size. This framework has been successfully applied in all finite spatial dimen-
sions d [148], and only breaks down in the limit d — oo, which is the case of expander
graphs [147]. More recently, the same ideas have been extended to many-body sys-
tems [3, 5], where they helped systemize the finite-size effects which have puzzled
researchers to the point of leading some of them to suggest MBL might actually not

exist even in one dimensional models ©, but see also [45, 46] for the connections with

5To cut a long story short, we consider the situation settled by the theorems of [289] based on the
work [175]
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the perturbation theory of [269].

The central assumption of one-parameter scaling is that, in the scaling limit (i.e.
for sufficiently large system sizes), the behavior of the system is controlled by a single
parameter. In the renormalization group language, this corresponds to the existence
of a single relevant operator. One can take as such the dimensionless conductance g
[24] (with g — oo in the ergodic phase and g — 0 in the localized phase) or its inverse
t =1/g [270] and write the beta function as

dt

b= gz

(7.6)

where L is the largest scale in the problem (i.e. the system size). In the present case,
which falls in the AZ symmetry class D, the conductance is the thermal one, since the
particle number is not conserved, i.e. there is no electric charge. A key consequence of
the one-parameter scaling hypothesis is that any observable in the scaling regime must
be a smooth function of ¢, and, similarly, different observables must be analytically
related to each other. We can then study the 8 function of any of such quantities, and

obtain any other by a change of variables (with the appropriate Jacobian).

In absence of — or on the irrelevance of — the correlations in the matrix elements of
the Bogoljubov-de Gennes Hamiltonian, we can expect that the phenomenology is that
of symmetry class D. In d = 2, the § function for class D systems is always negative,
reflecting the fact that these systems are localized even at infinitesimal disorder, and
it approaches zero in the limit of vanishing inverse conductance, t — 0. In particular,
the prediction of the 2 + ¢ expansion in the non-linear sigma model describing class D
systems is: B, ~ —t* with oy = 2, for e = 0 [270], similar to the Anderson model in

d = 2 with GOE symmetry class.

While ¢ is the natural scaling variable to compare with field theoretical predictions,
it is not directly accessible in our numerics. Instead, we measure the scaling variables

D and ¢, which are shown in Fig. 7.5, and whose beta functions are defined as

din D dln ¢

bo=cmz T ame

(7.7)

However, we do not know what the relationship between the scaling variables D, ¢ and
the inverse conductance ¢ is. For the Anderson model in d = 2 it was argued in [14§]
(and amply supported numerically) that, close to the ergodic fixed point, as ¢ — 0
and D — 1, then 1 — D ~ t, thereby implying ap = 2. We will check whether the

present case is compatible with this scenario in a moment.

Let us first introduce a set of reasonable assumptions that will serve as an inter-
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Figure 7.6.: Left panel: Data collapse of the rescaled r-parameter ¢, Eq. (7.2). Each
color corresponds to a different value of the energy w. The black dashed curve is obtained
by inverting Eq. (7.11) at leading order: (1 — ¢)'~% ~ In(L/¢) with oy = 1.35, in order
to find ¢(In L/€). The inset shows the scaling of the localization length with energy, which
follows the relation & ~ ewo/ “2, with wp = 3.7(1) . Right panel: Rescaled r-parameter ¢ as
a function of the fractal dimension D. The points aligning on a single curve is a validation of
the one-parameter scaling hypothesis. Inset: log-log fit of 1—¢ vs 1— D near the ergodic fixed
point. The slope of the fit yields a value of the exponent v defined in the text: v = 2.6(3),
with an intercept 4.3(5).

pretative framework for our numerical results. A minimal hypothesis is that also Sp

and B4 have power law behaviors near the ergodic fixed point:

Bp~—(1=D)  Dn~1, (7.8a)
Bor~—(1=0)%, o~1, (7.8b)

with some universal exponents ap and «,. Moreover, we assume that in the same

scaling regime the two observables D, ¢ are related as
l1—¢~(1-D)", (7.9)

for some exponent v > 1, possibly non-integer. In that case, the relationship between
the S functions of D and ¢ is simple and one can easily derive an equation connecting
the three exponents ap, oy and v:
« 1
L 1+a,. (7.10)
Y Y
We plan to test this relations with the values of the exponent extracted from our

numerics.

Let us now turn to the numerical analysis. First, we directly extract fp (see

Appendix 7.8.3) and find that ap is compatible with the value ap = 2. Next, we
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estimate ay by integrating the flow equation for ¢ near the ergodic regime, i.e. for
¢ ~ 1, see Eq. (7.8b):

o(L) dp
21n(L/L :/ @9
(L/Lo) o(Lo) DB
1— 1—ay #(L)
D e ag2—ag o) (7.11)
1= Qo ¢(Lo)

and fitting the data as a function of In(L/¢) with the functional form above, where F’
is the Gauss hypergeometric function and ¢ is defined in such a way as to absorb all
the dependence on Ly and ¢(Ly). We obtain a good data fit for values of oy in the
interval [1.2,1.5]. In Fig. 7.6 we plot the scaling of the variable ¢ and the theoretical
curve obtained by inverting Eq. (7.11) at leading order for o, = 1.35. For bosonic
random systems in two dimensions it is expected that the localization length diverges
as & ~ e*/“" for w — 0 [218, 290]. In the inset of Fig. 7.6 (left panel), we verify this
scaling and extract the value of wy, which turns out to be wy = 3.7(1). Finally, we
study the relation between ¢ and D, shown in the right panel of Fig. 7.6, and extract
the exponent v as the slope of the logarithmic fit of 1 — ¢ vs 1 — D (shown in the
inset), finding v = 2.6(3). By using this value of v and ap = 2 to compute o, through
Eq. (7.10), we obtain «, € [1.3,1.4], which is compatible with the interval estimated
directly from the data for ¢. This provides a validation of the one-parameter scaling
relation in Eq. (7.10) and confirms the belonging of the model in the SG phase to the
AZ class D.

7.4.4. Renormalization group scaling around the critical points

The RG analysis performed in the previous section can be extended to FM/AFM
states, where, as discussed above, the correlations induced in the Hamiltonian matrix
elements by the residual SO(2) symmetry of the classical state lead to a delocalization
transition in the lower part of the spectrum. In this case the beta function must
have a zero in a finite value D, and an attractive ergodic fixed point. To capture
this phenomenology, we make the simplest assumption on the beta function form for
FM/AFM states, close to the critical points:

Pe—P

Pec

Bp =~ —ci(1 = D) +cy

(1-D), (7.12)

where p. = p; or py and c¢; is the coefficient of the beta function in the SG phase,

which we assume to be independent of p € (p;,ps). By using the values: ¢; = 1.3(1)
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Figure 7.7.: Plot of the one-parameter scaling 8 function for the FM at p = 0.1, see
Eq. (7.12). The critical exponent v is inversely proportional to the slope s of the 5 function
at the critical point.

at p = 0.5 (see Appendix 7.8.3) and p. = p; ~ 0.2, we solve the equation Sp = 0

for p = 0.1 and D. ~ 0.7 and extract the coefficient co = 0.60(5). From this, we can
p

compute the critical exponent v as [148]: v = 1/(sdD.), where d = 2 and s = ¢~
is the slope of the beta function in D = D, (which coincides with the slope in D =1,
by symmetry). We find a value of v = 2.0(2), compatible with the one extracted from
the data of ¢, see Fig. 7.4. This is an important consistency check of our numerical
analysis. With these values of the coefficients ¢; and ¢y, we plot the beta function for

p=0.11in Fig. 7.7.

7.5. 1/S%7? corrections and restoration of ergodicity

We have seen in the previous sections that the 1/S expansion to lowest order
gives a mobility edge separating delocalized and localized excitations in the FM and
AFM states, and a fully localized excitation spectrum in the SG phase. Upon the
introduction of J/S corrections, which act as interactions between the spin waves, the
three kinds of order behave in different ways.

While we do expect that the FM and AFM states will go quickly to ergodicity
on local timescales 7 ~ S/J, with possibly some patches of relatively slow dynamics
coming from the high-energy localized modes, the situation is completely different in
the SG phase. The whole spectrum is localized, albeit weakly, and the interaction
should first overcome the localization of the noninteracting modes to restore ergod-
icity. This situation is parallel to that encountered in Basko, Aleiner, and Altshuler

(BAA) [269] and in [45] except for one fundamental difference: there can be no upper
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bound to the localization length £(w) as function of the mode energy w. This is a
fundamental property of the Goldstone modes, which changes the picture completely.
In this section, which is the only speculative part of this paper, we shall picture the
consequences of the interactions between the modes, which will be present in the full

S = 1/2 Heisenberg model and, consequently, in experiments.

The interaction terms, in units in which the quadratic Hamiltonian is O(S°), are

of the form
Hy ~ Y “=ala,al +he., (7.13)
Vst

1:7j
where 7, j are nearest neighbors on the lattice. After passing to the Bogoljubov modes
Ba this becomes

g~

Hy ~ > Mo bibhb, +hee. (7.14)

\/§ a8,y

where the tensor element M, g, contains the information on the mode structure and

can be written in terms of the Bogoljubov matrices X, Y.

If all the modes were localized by a localization length & = O(1) (i.e. if there is
an upper bound to the localization length (w)) then this processes could be treated
perturbatively and, in the approximations of [45, 269], one could argue for an MBL
phase (however all the caveats of dealing with d = 2 apply [57, 160, 176, 178]). If this
were the case, only a subtle, non perturbative effect O(e=%) would restore ergodicity
and hydrodynamics. However, if there is no upper bound and & ~ e“0/%" for small w,

this argument cannot be used.

In the present case, the situation is much more similar to the following scenario.
The single-particle spectrum is split in two by an energy w.: the states with w > w,
are localized with localization length &, and the states with w < w,. are effectively
delocalized spin waves. For example one can take w. such that {(w.) = L, the system
size. This would give w, = wy/ \/H, with wy ~ 3.7 from the numerics. We make
a little error, if any, to consider this a simple quantity of O(1), independent of L.
For example for L = 100, w, ~ 1.7 and for L = 10%, w. ~ 1.0. Using the data in
Fig. 7.8, this corresponds to a fraction of localized excitations P ~ 2/3 and delocalized
excitations 1 — P ~ 1/3. In the following, we will refer to the delocalized excitations as
spin waves, and to the localized ones as localized states. Moreover, for simplicity, we
will assume that the delocalized modes are simple plane waves with some momentum

q and energy w(q).

By classifying the modes o € £ or a € D (whether their localization length is
smaller or larger than the system size L) we have now different possible cases which
need to be treated (see Fig. 7.9).
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Figure 7.8.: Density of states at p = 0.5, L = 60. The shading represents the finite
size crossover between localized and delocalized states. A darker color marks a finite size
extended state, where &, > 60 which is the largest system size explored in this paper. The
dashed vertical lines are the finite size crossover points, identified by &, = L.

If the o, B,y modes are £, as we said above, we are back in a BAA/MBL scenario
where ergodicity cannot be restored, or if it does, the reason is the dimensionality of
space [291, 292]. If the a, 3,7 modes € D then this is a typical matrix element of
spin-wave interactions and it will restore ergodicity among the spin waves quickly, on
timescales O(S). This process is similar to what happens in phonon down-conversion
processes due to interaction and it has been studied at length in the past (see [293],

in particular Chapter 3 by Y. B. Levinson).

If « € £ and 5,7 € D then we have the decay of a single localized mode into
two spin waves. This can happen for all o such that w, < w, < 2w,, and the spin
autocorrelation function decays exponentially on timescales O(S). The effective matrix

element contains also some Q = qg + q, dependence, and it decays as Q& > 1.

The last channel is when «, 8 € £ and v € D. In this case the matrix element is
]\4&7677 ~ ef\rafrﬁl/ﬁ/\/v7 (715)

where the r’s are the centers of localization (again dropping terms containing ¢,&).
This channel is the only one open if the energy of the initial localized state is higher
than 2w.. In this way, a localized state o can “decay’ into a neighboring localized
state 3, by emitting a spin wave of energy w, = w, — wg. As long as w, < w,, this
process is possible and its rate can be computed using Fermi’s golden rule:

—|roa—r J?
Ira ﬁ‘/ggp(wa — wg). (7.16)

I'yp = me
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D

We 2w,

Figure 7.9.: The open decay channels of excitations, depending on the energy of the initial
state. From left to right (low energy to high energy), delocalized to two delocalized, localized
to two delocalized, and localized to localized and delocalized modes. Dashed/wiggly lines
represent localized /delocalized excitations.

We can replace p(w, — wg) ~ pg = ¢/(mJ) with some ¢ = O(1) and obtain a rate of
decay of an excitation to a neighboring excitation (therefore e~/fa="sl/¢ ~ 1) with the

emission of a spin wave:

J

I'= g (7.17)
We conclude then that a single excitation can decay to neighboring, lower energy
localized states by emission of low-energy spin waves. This process can lead to two
possible outcomes: either the localized state decays to another localized state with
energy w < 2w, and then it can decay further to localized states with energy w < w,
and then eventually into spin waves; or it gets trapped because no neighbor in a radius
of £ has energy w < 2w.. The decay out of this “high disorder trap" can only occur

through higher order processes, therefore on timescales which are O(S?) and higher.
Summarizing, the picture we obtain is the following: flipping a single spin on top
of a SG ground state will create a localized excitation with a certain probability P
and a properly delocalized spin wave, with probability 1 — P. Some of the former
localized excitations can directly decay into spin waves, while others move in the
neighborhood until they either decay or get trapped between similarly high-energy
localized modes and eventually will decay through higher-order processes in 1/S (a
larger typical timescale). Since these excitations are the ones which have higher energy,
this will lead to violation of the equipartition and therefore the system will be out of

equilibrium.

7.6. Truncated Hilbert space approach

In the previous section we conjectured what the mechanism leading to ergodicity
restoring is, and reconciling the spin-wave approximation with the Halperin-Saslow

picture. In order to make this argument quantitative, we resort to the truncated
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Hilbert space exact diagonalization (THED). The central idea of this technique is to
write down an effective Hamiltonian that contains lowest order spin-waves interaction,
truncated in the sector of one and two particles. This method was recently applied
to the triangular lattice antiferromagnet [294], showing good agreement both with
DMRG simulations and with neutron scattering experiments.

We organize the Holstein-Primakoff expansion by powers of v/S,
H = S?Eq+ S Hyw + VS H® + HY, (7.18)

with Hgw the linear spin-wave Hamiltonian, already diagonalized in terms of Bo-
goljubov modes b, of energy w,, and H®, H® the cubic and quartic interactions
generated at the next orders. Both survive here because the glass is non-collinear,
while, in a collinear magnet the cubic terms vanish, and spontaneous magnon decay is
absent. Collecting the three-boson terms and grouping them by their operator content,

the cubic Hamiltonian reads

HG) — Z (C}j azaiaj + C’fj aIaia; + C’% aia}aj + C’fj aia}cg), (7.19)
ij
with the bond coeflicients
. o
1,2 iy (0 ez  P2Y 34 _ i _ qaz - pyz
Ch _2\/5( R +iRY),  C 2\/5( RiF i RY ). (7.20)

Each term describes a density fluctuation on one site of a bond accompanied by the
creation or annihilation of a single boson on the other, and correspond to a magnon
splitting into two or two magnons merging into one. Expanding the bosons over the
Bogoljubov modes, a; = Y, (Xfaba—i—YT bi ), and restricting to the space H = H; D H,

[fehdglet
of one and two magnons, the terms of H® that connect the two sectors fall into three

channels,

OSB)'Y = blbgb’}” Ofﬁ?’y = bibﬁbjrya O((fgfy = babEbTy, (721)

Vofg')yO(%)w with the vertices

so that H1(3_)>2 =22

afy

1 _ 1 vyt vt 2 vi vyt 3vt vl vt | 4yt viovt
Vagy = Z (Cinin Xjy + O XiaYipYy, + CiYia X X5 + Cz‘inanﬂXm>7

ij

(7.22a)
2 _ 1yt T 2 vt ] 3y/1 T 4 vt T
Vag, =S (ChxLxLY) + eaxt xlyx] + CRviyhY] + ch XYLy, (7.22p)

J

)

3 _ Iyt yviyt o eyt vt vt o o f vt o otyt xt oyt
Vagh = 2 (CHYRYEY + COYAYEXT, + CEXL XY + CRYL XY ). (7.220)

2
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7. Localized spin waves and ergodicity restoring.

The structure of these vertices reflects the physics we care about. High energy modes
are exponentially localized and the vertex connecting three modes is itself exponen-
tially small in their separation, V,z, ~ e~ Ira=rsl/€  The quartic block is built in the
same way: its vertices Wé’g)m;, and the matrix elements of all channels on the basis
states, are collected in Appendix 7.8.4. Physically the quartic block plays a double
role: its diagonal part renormalizes the single-magnon energies, while its off-diagonal

is a two-magnon elastic scattering term.

The full Hamiltonian of the truncated space then takes the block form

T
H H(3)
H = (ng)v (H1%) , (7.23)
H1~>2 H(4)

whose diagonal blocks hold the free one- and two-magnon energies. The size of the
problem is set by the dimension N(N+1)/2+ N of the 142 magnon sector, so that the
Hamiltonian is a sparse matrix of linear size of order N2. Diagonalizing (7.23) sums
the interaction to all orders within the truncated space, and it does so on exactly the
footing the disordered problem demands, treating the localized excitation and the pairs
into which it can decay as a single quantum-mechanical problem. An excitation is then
no longer a stationary magnon but a single magnon hybridized with the continuum
of pairs into which it can decay, and the interacting spectral function shows at once
which of the two scenarios of Sec. 7.5 is realized: a peak that survives, merely shifted
and slightly broadened, describes an excitation that remains trapped and non-ergodic,
whereas a peak that dissolves into the two-magnon continuum describes one that has
decayed and thermalized.

Another useful diagnostic is to compute the measurement of the spin-spin correlator
Ci;(t) = (Si(t) S)), (7.24)
whose relaxation, or persistence, is the direct signature of restored, or broken, ergod-

icity.

Also the dynamical structure factor
S(w) = / dte™ S Cyi(t) | (7.25)
ij

and in particular its behavior for low frequencies gives important information on the ex-
citation content of the theory. We plan to benchmark the THED approach against den-
sity matrix renormalization group simulation. The advantage of performing DMRG,

with respect to neural quantum states simulations, is the possibility to construct low
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energy excitation without paying a very large additional cost in bond dimension. The
complexity of the algorithm is then ruled by the bond dimension required to find the
ground state, which is in general a hard problem for two dimensional problems, but

we believe that the structure of this particular system makes the task reachable.

7.7. Discussion

In this chapter we have investigated the spin-wave excitations of the two—dimensional
Heisenberg spin-glass model through a semiclassical expansion around classical equi-
librium states. Our motivation was to clarify how disorder affects their dynamics and,
in particular, to assess the conditions under which hydrodynamic descriptions of spin
glasses may emerge despite the strong tendency toward Anderson localization in low
dimensions.

At leading order in the 1/S expansion we obtained a quadratic spin-wave Hamilto-
nian whose structure reflects the correlations encoded in the underlying classical state.
We showed that these correlations qualitatively modify the localization properties of
the excitations with respect to those expected from uncorrelated random-matrix en-
sembles in the same AZ symmetry class. In the FM and AFM phases we find that the
low-energy spin waves remain delocalized even in the presence of disorder, while higher-
energy excitations become localized, giving rise to a mobility edge in the spectrum.
In contrast, in the SG phase the correlations inherited from the classical background
are RG-irrelevant and the entire spin-wave spectrum is weakly localized, consistently
with the expectations for class D systems in two dimensions.

These results have important implications for the dynamical properties of the
model. In particular, localization of the non-interacting spin waves prevents from a
straightforward identification of the Goldstone excitations with hydrodynamic modes
in the SG phase. We have argued that it is the interactions among spin waves that
provide a natural mechanism to restore ergodic dynamics and a path to thermody-
namics. Because the localization length of the low-energy modes grows rapidly as the
energy decreases, interactions allow localized excitations to decay by emitting low en-
ergy, delocalized modes (spin waves), ultimately coupling the system to an extended
low-energy sector and recovering hydrodynamic behavior at sufficiently long times.

Let us also comment on the separation of length scales that underlies our interpre-
tation of the weak-disorder magnetically ordered regimes. As discussed above, in two
dimensions an arbitrarily small density of defects may eventually destabilize FM order

through the accumulation of dipolar distortions. However, the corresponding length
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7. Localized spin waves and ergodicity restoring.

scale &,q4 is expected to be exponentially large at small disorder concentration, of the
form &paq(p) ~ /", for some constant ¢ = O(1) [277]. This is true if the dipoles do
not end up screening themselves [295]. Therefore, for weak disorder, the magnetization
has an exceptionally slow flow with the system size. This should be contrasted with
the behavior of the localization probes, ¢ and D, which display a much faster finite-size
flow and allow one to identify localized and delocalized regions already on the system
sizes accessible numerically. The mobility edge extracted in this way may therefore be
a property of the pre-asymptotic, but physically relevant, magnetized regime where
loc(w,p) K L < &pag(p), where &, is the localization length of a spin-wave mode
at frequency w. In this window of system sizes, the system behaves as magnetically
ordered for all practical purposes: the magnetization is finite and changes only very
slowly with L, while the localization properties of the spin waves are in the asymptotic,
finite-size scaling regime. In d = 3, where Anderson transitions are allowed in the AZ
class D, one may expect a genuine localization—delocalization transition already at the

non-interacting level, also in the SG phase.

136



7.8. Appendix of Chapter 7

7.8. Appendix of Chapter 7

7.8.1. The action of the oscillators

In order to compute numerically the quantity R, (i)? defined in Eq. (7.4), we express
it in terms of the eigenstates components X and Y, see Eqgs. (5.46). Let us compute
the following expectation value:

<04|&3@¢\04>=Z< |(Yisbs + XJ5b}) (X1 b, + YibD) )

Z L(01babsblbL10)) + X5.XE ((010ablbsbL|0)) (7.26)

2 2
= |Yai‘ + |onz| + ZthBY
B
In the second line, we retain only the zero charge four-point functions, which are
the only non-vanishing ones, and then we take the Wick contractions. Now, since

>S5 YisYig = (0lafa;]0) (see, e.g., the Supplemental Material of [4]), we have:
(alafa;la) — (0lala;|0) = [Yail® + | Xail” . (7.27)
Therefore, we identify the quantity R,(i)* with
Ra(i)* = R (IYail® + [ Xail?) (7.28)

where R,, is a proper normalization constant. Notice that 3, |Vai|? + [ Xai|? is not the
normalization of the Bogoljubov mode «;, since in the bosonic case Bogoljubov modes
are normalized with respect to the metric 7, see Eq. (5.42), which gives 3, |Yail? —
| X il

We refer to R,(i)? as an action increase of the harmonic oscillator on site 7. The
reason why this quantity is indeed an action becomes clear if one expresses it in
terms of position and momentum variables: 2; = 57/v/S and p; = SY/v/S. Since

al = \%(ﬁz —ip;) and a; = %(fl +ip;), we have

ila; = ‘2”9 — = (7.29)

’Li_ 2’

Hence, R, (i)? is the phase space volume projected on the state a, reduced by the the

same quantity projected on the vacuum state.
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7.8.2. Mobility edge in the FM and AFM phases

In this section we provide further information on the mobility edge for values of
p closer to the clean FM/AFM states. Let us briefly comment that, in this regime,
finding the classical ground state is relatively easier compared to moderate values of
p, allowing to push the numerics to larger system sizes; however, most of the spectrum
is delocalized (we are considering a small deformation of a classically ordered state),
so performing a finite size scaling analysis is not always possible. In Fig. 7.10 we
show the rescaled r—parameter ¢ for p € {0.04,0.06,0.94,0.96}, computed over the
largest energies of the Bogoljubov spectrum, where the crossing is expected. The phase

diagram of Fig 7.2 is built from the estimated values of w.(p).
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Figure 7.10.: Rescaled r-parameter for values of the antiferromagnetic bond concentration
p € {0.04,0.06,0.96,0.94}. For increasing value of p and of (1 — p) the crossing shifts
towards smaller energies: w.(p = 0.04) ~ 3.8, w.(p = 0.06) ~ 3.65, w.(p = 0.96) ~ 1.99,
we(p = 0.94) ~ 1.97 signaling the progressive localization of the whole spectrum moving
away from the clean cases.

We have also computed the fractal dimension as the discrete derivative of the
participation entropy for p = 0.1. Fig. 7.11 shows D for energy values close to the
mobility edge, while the inset presents a data collapse using the values of (w., V)
obtained from the scaling variable ¢ (see main text). The collapse is consistent, lending
further support to our procedure. From this analysis, we estimate the fractal dimension
at the critical point to be D, ~ 0.75.
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Figure 7.11.: Fractal dimension D for p = 0.1, as a function of the energy w close to the
mobility edge. In the inset data are collapsed with w. = 3.2, v = 2.1, as in Fig. 7.6. This fit
yields a value D, ~ 0.75.

7.8.3. Finite size scaling of the fractal dimension in the SG phase

We now describe in detail the procedure used to compute the fractal dimension
D and its associated [ function. The dominant source of uncertainty in the fractal
dimension does not arise from the finite number of disorder realizations, but rather
from sampling system sizes linearly instead of logarithmically. For this reason, it
is important to consider and benchmark different methods for extracting the fractal

dimension.

We first partition the participation entropy data into blocks containing ng system

sizes. Within each block, we perform a linear fit of the form
S(w, L) = D(w, L(ng))In L* + ¢(w, L(np)), (7.30)

where L(np) denotes the geometric mean of the system sizes within the block. We
have verified that the fractal dimension value extracted as the coefficient of the linear
terms depends only weakly on the choice of ng. Consequently, this procedure primarily
smooths the data and reduces the associated uncertainty, compared to estimating D

via discrete derivatives of S.

Although this approach yields cleaner data for the fractal dimension (see Fig. 7.5 in
the main text), it may introduce a systematic bias. In particular, a linear fit neglects
the contribution of the S function, which enters at second order and is expected to

be negative. To account for this effect, we have generalized the procedure by using a
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Figure 7.12.: Parametric plot of the Sp function as a function of the fractal dimension D,
obtained from the quadratic fit in Eq. (7.31) with np = 4. The analysis is restricted to system
sizes L > 22 in order to reduce finite-size effects. The inset shows the same data on a log-log
scale for small values of 1 — D, together with a fit to the form Sp ~ —c1(1 — D)*P, yielding
an exponent aup = 1.9(2) (with the shaded region indicating the 1o confidence interval). The
yellow dashed line in the main panel corresponds instead to the phenomenological assumption
ap = 2, from which we extract ¢; = 1.3(1).

quadratic fit of the form

S(w,L) = So+ D(w,L) (nL* = In L2, ) + ;Bp(w, L)D(w, L) (In L* = In Lfm-n)2 ,
(7.31)
where L,,;, is the smallest system size in the block. While this approach leads to
noisier estimates of the fractal dimension, it allows for a direct extraction of the Sp
function from the coefficient of the quadratic term. In turn, this provides a check that
the scaling relation ap = 2 is consistent with our data. In Fig. 7.12, we report the
corresponding parametric plot 5(D). In the inset we extract the exponent ap from a

log-log fit of Bp vs D, yielding a value of ap = 1.9(2), indeed compatible with 2.

7.8.4. Quartic interactions

By proceeding in a similar way as to build H®), we consider all the terms producing
a four body coupling in the a’s and compute H®. These terms arise from products
of the rotated spin components zx, yy, zz, vy and yx:

Jij v 1
?fRffEfEf = —LRIr- [(ai +al)(alaja; + a;a;aj) + (alasa; + alala;)(a; + am

9 g J
(7.32a)
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Jij Jij o1 1
- RYTIE] = ffR;yf’g (@i — a})(ala;a; — alala;) + (alaia; — alala:)(a; — al)]
(7.32b)
?]Ri]?@i Y= TJfRij S [(ai + a;r)(a;ajaj — a}a;aj) + (ajaiai + ala}ai)(aj — a})_
(7.32¢)
Jij ovreyes  Jij ooy b ]
739%% YN = 7’9%%’] 3 [(ai — ai)(a;ajaj + a}a}aj) + (alasa; — alala;)(a; + a;)_
(7.32d)
JZ j 74 z z J’L j zz
?JCRU YiYE = 73912-]. a;-raia;r-aj (7.32¢)
By collecting similar terms, we find
HY =g + g (7.33)
where
HY =% Dijazaia;aj ; (7.34)
]
and
H(f) =y {Fij(aia}ajaj + alaaa;) + Fi’;(azaja}aj + aIagaia;)
i (7.35)
Gij(aza;ajaj + azagaiaj) - ij(aia}a}aj + azaiaia;()}
with the coefficients defined as: J
D;; = %Rfj’ (7.36)
and J
Fyj=1g [~ R+ R i (R + RY)| (7.37a)
Jij TT . T T
Gy =g [—RET — R i (R — R (7.37b)

Now, we have to express H® in terms of the Bogoljubov modes b. Terms which are
non-vanishing in the truncated 2-magnon Hilbert space must contain the same number
of dagger and non-dagger operators. Therefore, of the 8 possible combinations of bbbb

(16 with their daggers), we only retain the following 3 (6 with their daggers):
1 2 3
O s = bbb bs  OF) 5 =bhbsblbs  OF) 5 = blbsb, b} (7.38)

These terms will build the upper triangular matrix H®, their daggers will enter the

lower triangular; and, finally, the diagonal of H* will host the sum of the energies of
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two magnons in each of the 2-magnon basis states:

Z > W aﬁ'y§ ﬁyé + h.c. (7.39)

u=1ap~ys

where the 4-magnon vertex coefficients Wik /375 have the following expressions:
ww T
aﬁ’y& - ZDZJXz aY; Xt JYt

Ej (Y:raXJT,BX;,'th +XzTaY; Xt Xt )

* T oyt vt oyt T oyl oyt 7.40a
F (Xi,an,ﬂY;','ij,é + Xi,aXi,ngYj,5> + ( )
Gy (XXX X5+ XT X X X0 5) +
Gy (VXYL X+ XTI X YE)

aw ZDUXT X! 5 X1 X st

Fy (X1 XY X+ vy vl Xt
F* (XJaY;t XJT,WX;,cS +X2Tay;t l’y jté

Gy (XYY XG5 + XYY X 5)
* Tyt 1 t T t t vt
G (n,ayj,ﬁXij,a + Xi,aXi,Mma)

_I_
N (7.40b)
_l’_

Waths = ZDUX XYY+

F; (XlaXfﬁXfﬁY-T + VLY X] Y] )
£ (X'T Y't X‘t XT "‘XT Yt v J5>
X1 Y YisXE, + XY X0 Y] )
v 35)

+

1 (7.40c)
i ( +
* T t t T Tyt
Gy (XXXt X5+ Y Y,

142



8. Weakly disordered ferromagnets

In this chapter we analyze the weakly disordered Heisenberg spin model. We find
evidence of an abundance of low energy modes, compared to the clean ferromagnetic
case, that modify the dispersion relation. We present a field theoretical derivation, that
has its roots in the numerical reconstruction of the spin-stiffness correlations, that aims

to explain the dynamical exponent increase.

8.1. Introduction

In the previous chapter we focused on the disordered Heisenberg model at con-
centration p ~ 1/2 of antiferromagnetic bonds, where the competition between ferro-
magnetic and antiferromagnetic exchange is maximal and the classical ground state
is a quantum spin glass. We now turn to the opposite regime, p < 1/2, in which the
vast majority of bonds remain ferromagnetic and the classical ground state is, at least
locally, magnetized. This regime is far from trivial: as we show in this chapter, an
arbitrarily small density of antiferromagnetic bonds is enough to qualitatively change
the long-wavelength dynamics of the two-dimensional ferromagnet, even though it does
not change the presence of a magnetized ground state on any accessible scale.

The model is the same one introduced in the previous chapter, the T = 0 disordered

Heisenberg model on the square lattice, and we rewrite here the Hamiltonian for clarity:

H:Z(]ijg;.g;7 (8.1)
(1,5)

with 5’1 an SU(2) spin operator in representation s (or, in the classical limit s — oo,
a unit vector on the sphere), and nearest-neighbor couplings J;; drawn independently

from the binary distribution
P(J)=(1-p)6(J+1)+pd(J—-1), (8.2)

where p is the concentration of antiferromagnetic bonds. As p is tuned from 0 to 1

the ground state interpolates between the ferromagnet (FM) and the antiferromagnet
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(AFM), passing through the spin-glass region discussed previously. Here we restrict
to p < 1/2, where the classical ground-state configurations remain magnetized and
are only weakly canted by the antiferromagnetic bonds.

Two-dimensional magnetism is a natural setting in which to ask how robust this
magnetized state is to disorder. On the clean side, the Mermin-Wagner theorem [82]
forbids the spontaneous breaking of a continuous symmetry at any 7" > 0; at T" = 0,
however, a magnetized ground state is compatible with the theorem, and the low-
energy physics is controlled by the Goldstone (spin-wave) modes, whose quadratic dis-
persion is set by the spin-stiffness constant p,. The conventional expectation is that
weak bond disorder simply renormalizes p, to a new, finite value, without altering the
hydrodynamic, quadratic form of the magnon dispersion [267, 268]. Renewed interest
in two-dimensional magnetic materials [296-306], together with the prospect of real-
izing frustrated spin Hamiltonians on quantum simulators (Rydberg arrays, trapped
ions, superconducting qubits) [307-309], makes it worth revisiting this expectation
carefully.

In fact, our own numerical study of the disordered Heisenberg model (that we dis-
cussed in the previous chapters) which combined machine-learning variational states
with a semiclassical treatment of the ground state, left an anomaly unexplained: for
p < 1/2, where the classical ground states are spontaneously magnetized on all ac-
cessible scales, the smallest spin-wave eigenvalues were nevertheless found to scale
anomalously with the system size, with an effective dynamical exponent z > 2 rather
than the clean-ferromagnet value z = 2 [2]. This chapter is devoted to identifying the
mechanism responsible for this anomaly and to characterizing it quantitatively.

The chapter is organized as follows. Section 8.2 presents the numerical evidence
for the anomalous dynamical exponent, obtained from exact diagonalization of the
semiclassical spin-wave Hamiltonian. Section 8.3 develops a real-space, dipole picture
a la Villain of how a dilute set of antiferromagnetic bonds deforms the magnetization
pattern, and asks whether this deformation is enough, by itself, to destabilize long-
range order at any p > 0. Then we set the basis for a field theoretical calculation that

describes the observation made numerically.

8.2. The dynamical critical exponent

To probe the low-energy excitations of Eq. (8.1) we perform a semiclassical (large-s)
expansion around the classical ground-state configurations, following the same proce-
dure used in the previous chapters. The classical minima are located with an over-

relaxation gradient-descent algorithm and the quadratic fluctuations around each min-
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Figure 8.1.: Growth of the dynamical exponent z away from the clean ferromagnetic value
z = 2, as a function of the antiferromagnetic bond concentration p. The dashed line is a
linear fit, consistent with the expected behavior as p — 0. Inset: finite-size scaling of the
n-th spin-wave eigenvalue (disorder-averaged) with the linear system size L, for p = 0.03.

imum define the spin-wave (SW) problem in Bogoljubov form Eq. (5.37), that we dis-
cussed in detail throughout this thesis. For p < 1/2, where the classical reference state
is spontaneously magnetized, the low-energy spin-wave modes are completely delocal-
ized, so it is meaningful to assume a dispersion relation w ~ k* at small wavenumber
k, with z the dynamical exponent. The density of states then follows the standard
relation o(w) ~ w¥#~! in spatial dimension d. In the clean limit (p = 0), the matrix A
—containing magnon hopping terms— reduces to (minus) the discrete lattice Laplacian,
and the matrix B— containing anomalous terms— is exactly zero. The dispersion is the

familiar w ~ k2, i.e., z = 2, with a flat density of states o(w) ~ w° at low w.

Once a small concentration of antiferromagnetic bonds is switched on, the low-
energy spectrum shows an excess of slow modes compared to the clean case: the density
of states develops a singularity at w — 0, signaling a dispersion softer than quadratic.
To quantify this without relying on the binning used to construct o(w), we instead track
the finite-size scaling of the lowest positive spin-wave frequencies directly. For each of
the ten lowest modes (n < 10) we fit w,, ~ L™%, averaged over disorder realizations. As
shown in Fig. 8.1, the extracted exponents are, within error bars, independent of the
mode index n — supporting the existence of a single, common dynamical exponent — and

are systematically larger than the clean value z = 2. Moreover, z grows monotonically

145



8. Weakly disordered ferromagnets

with the antiferromagnetic bond concentration p, roughly linearly as p — 0.

This is the central numerical fact that the rest of the chapter sets out to explain:
bond disorder that leaves the classical ground state magnetized on all accessible scales
nevertheless produces an accumulation of anomalously soft magnon modes, i.e., a
dynamical exponent z > 2 and a singular low-energy density of states. We note, as
an aside, that at the larger concentrations and system sizes accessible numerically
(L < 90), the measured z — 2 appears to saturate to a roughly constant value rather
than continuing to grow with p. This is expected, since it likely signals the breakdown
of the weak-disorder (small-p) expansion rather than a genuinely new regime. Let us
also briefly comment that, in this disorder regime, we reach with more confidence larger
system sizes. Indeed the complexity in the system is very small, compared to the spin
glass case (see Fig.7.1) and the global minimum can be reached with more probability.
However, in this case, it is crucial to select the correct one because, opposite to the spin
glass phase, we conjecture that higher energy minima may have drastically different

statistical behavior.

8.3. The dipole approximation

We now ask how a small deformation of the exchange couplings modifies the ground

state of the clean ferromagnet. The simplest defect is a single modified bond,
H=Hy+Vy, Va=0=J)S,-S,, (8.3)

with J* > 0. As shown by Parker and Saslow [295], such a bond leaves the collinear
ground state of Hy undistorted unless its strength exceeds the clean coupling, J' >
1: below this threshold the neighboring spins do not cant and the order is locally
undisturbed. In the following we consider the case of a defect with the same strength
as the other couplings, i.e. |J| = 1. A finite distortion of the ground state therefore
requires composite defects, the simplest being two adjacent modified bonds. If the
concentration of antiferromagnetic bonds in the system is p, the most relevant defect
that alters the magnetization is O(p?). Let us now focus on the case where we have a

finite concentration of composite defects.

When the defects are dilute and well separated, the relevant configurations are slow

spatial variations of the local order and are described by a continuous theory [279],

H = J 3 (1 — 71j)? ~ /d%« S (Vm®)? (8.4)
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8.3. The dipole approximation

Figure 8.2.: Amplitude of the local magnetic fluctuation || in the plane orthogonal to the
spin orientation of a ferromagnetic state perturbed by a single defect placed at the center
of a 120 x 120 sample (the figure shows the central 20 x 20 patch of the lattice). The L-
shaped defect on the left clearly displays a dipole solution, while the linear defect on the
right displays a quadrupole one.

where m = (m¥,m{,m?), |m| = 1, is the local magnetization direction. In the ordered
background m} ~ 1, and for a small number of defects the transverse components stay
small, |m;¥| < 1. To this order the two transverse fields are free, and in any region

away from a defect the ground-state configuration obeys Laplace’s equation

Vim® =0, a={x,y}. (8.5)

A localized defect acts as a source for the transverse field, and the distortion
it induces is the corresponding solution of Eq. (8.5) in two dimensions, that is, a
multipole field whose leading nonvanishing term is set by the symmetry of the defect.
The lowest multipole a defect can carry is a dipole,

me(F) = T (8.6)

r2

which decays as 1/r, with ji* the dipole vectors. Inspecting individual defects, we
find that the less symmetric ones carry a nonzero dipole moment while the more
symmetric ones do not. The L-shaped pair of modified bonds is dipolar and produces
the 1/r field, whereas the collinear (I-shaped) pair has vanishing dipole and generates
a weaker, quadrupolar distortion decaying as 1/r? (Figs. 8.2 ). This distinction is what
matters in the following, since only the slowly decaying dipole fields accumulate over

the sample.

Consider now a finite density of dipolar defects at random positions Z;. As long

as the transverse distortion remains small, the total field is the superposition of the
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8. Weakly disordered ferromagnets

individual dipole solutions,

mor =y T (8.7)

i€defects

The reduction of the order parameter is controlled by the variance |mi(r)]?, and its
estimate requires an assumption about how the defects are correlated. We proceed
under a non-screening hypothesis: the dipole moments ji; are quenched by the local
defect geometry, randomly oriented and mutually uncorrelated, so that the defects
neither align nor rearrange to screen one another. This is the counterpart, for fixed
quenched sources, of an unscreened gas of electrostatic dipoles, and it is the assumption

on which the conclusion below rests. Squaring the field,

@ @ «a (F_ r;
(m (7#))2 = Zp“i,ﬁ gwﬂm M57 =75 = (8.8)
ij

the cross terms ¢ # j carry the uncorrelated moments and average to zero, so that only
the diagonal, self-interaction terms survive. Replacing the sum by an integral over a

density p(Z),

(8.9)

with 4 = 7 — ¥ and the dipole vectors taken spatially uniform. Using rotational

invariance, y?y7 /y* = 1677 /y?, this reduces to

(o (7)? ~ (";) [ p(a) |F_lf|2 | (8.10)

For a uniform density p(Z) = p = N/S on a sample taken to be a disk of radius R
and area S = wR?, and cutting the integral off at the lattice spacing a, below which

the continuum dipole field is not defined,

()P e ol [ (8.11)
one obtains a logarithmic growth,

7]? ~ 27 |ji[2p 1n<f) . (8.12)
The variance of the transverse distortion therefore does not saturate but increases
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8.4. Renormalization group approach to the weakly disordered ferromagnet

without bound with the system size. This is the point at which the starting hypothesis
of small fluctuations ceases to be self-consistent: for any finite density p, however small,
there is a scale

R* ~ a e¥i% (8.13)

beyond which the accumulated distortion reaches order one, |m|* ~ 1, and the lin-
earized description breaks down. Within this argument, the ordered ground state at

T = 0 is thus unstable against any finite concentration of dipolar defects.

Taking p? ~ 1 and estimating the density of L-shaped defects as p ~ 4p?, with p

the concentration of antiferromagnetic bonds !, the crossover scale becomes
R ~ae . (8.14)

The exponential largeness of R* at weak disorder means that the region appears ferro-
magnetic, or antiferromagnetic, for any practically accessible size, while asymptotically
the transverse order is destroyed. In Villain’s terminology [279] a state ordered along a
given direction z but disordered in the perpendicular plane is a semi spin glass; here it
arises at its critical point, with a magnetization m?® that decreases only logarithmically
with the system size.

Let us notice that, since the interaction graph is bipartite, a staggered rotation maps
the dilute antiferromagnetic-bond problem at concentration p onto the same problem

at 1 — p, so the argument applies unchanged to the dirty Heisenberg antiferromagnet.

8.4. Renormalization group approach to the weakly

disordered ferromagnet

In order to make analytic progress, we should take two limits: first the long-
wavelength limit, for the low-energy modes of Eq.(5.37), and second the small p ap-
proximation, in which the distance between the microscopic defects is [ ~ 1/p > 1.
The matrices A, B, defining the spin wave Hamiltonian, are correlated random matri-
ces, which can be computed only after the classical minimum has been found. In the
small p limit, and long wavelength limit 1 < 1/p < L one can reason phenomenologi-
cally to derive an effective field theory which does not depend explicitly on the lattice

constant. Because of the global symmetry A, B must be proportional to a discrete

IThe probability of placing an antiferromagnetic bond is p, then the second bond that constitutes
the L-shaped defect can be placed with probability p in 4 different ways, hence the 4p2.
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Laplacian term:

Hsw =3, PEO)(VCLT)i(V@)i

g(0)*
+ ¥, 55— (Val)(Val);
6"

where (Va'); - (Va); = (CLL% - ai)(a;ﬁrez —a;) + (a;rJrey - ai)(agﬁy — a;). Passing to

Fourier transform, in the limit in which p§°), 0; are constant we have

7 0
Hsw = Z ekp(o)aga,; + ECL;TSCLITQ + S TROE (8.16)
k

where €, = 2 — cos(k,) — cos(k,) are the eigenvalues of the Laplacian on the square
lattice (with a = 1).
For 0 < p, which means B < A, which we verified numerically for small p, one

can rotate to Bogoljubov bosons and get

Hgw =Y p exblby (8.17)
k
with p = 1/p(® 2 — |#]2. We can now pass to the continuum and re-introduce a smooth

dependence of p on Z, let ¢ be the continuum limit of the Bogoljubov boson b and
€f ~ ’“2—2 In this way we recover the Hamiltonian equivalent of (8.18).
At long wavelengths, we have a complex scalar magnon field ¢ = ¢(Z,t), with

action:
S[o,pi] = s [ dadt (i670i6 — p(DIVF) | (8.18)

where p,(Z) is the local spin-stiffness, and s ~ 1/h is the spin representation (we
set s = 1 in the following). In the weak-disorder regime, the leading effect of the
antiferromagnetic bonds is to promote the stiffness constant to a quenched, slowly-
varying random field p; — p4(Z). This field can be thought of as the cost of twisting
the spins away from their equilibrium position, in a region of space around the point
Z and must be computed for any classical disorder realization. In order to gain insight
into its nature, we have developed an ad hoc numerical technique 2.

After having found the classical ground state, we select a square patch and impose

a twist of magnitude € on the spins along its upper and right boundaries, while those

2The global spin stiffness, also referred to as the helicity modulus [310, 311], is usually measured
from the free-energy cost associated with an imposed twist of boundary conditions. For a small
twist angle 6, we write F(0) — F(0) = ps6 +O(0*). At T = 0, the free energy coincides with the
energy F(6) = E(9).
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Figure 8.3.: Left panel: A square patch on a classical ground state spin-configuration,
used to measure the [ocal spin stiffness. The spin vectors are three-dimensional, even though
they are drawn as planar arrows for clarity. The boundary red spins are kept fixed, while
the boundary blue spins are rotated by a uniform angle § = 7/10. Then, all spins on the

boundary of the patch are held fixed, while the remaining spins in the system are relaxed to
(0)

minimize the energy. The value of the stiffness of the clean FM in this protocol is ps * ~ 3.5
in an arbitrary scale. Right panel: Spin stiffness correlations as a function of the distance.
From the linear fit, we find A ~ 0.2 for p = 0.03 (for which p; = 2.4) and A ~ 0.3 for
p = 0.05 (for which ps = 2.1).

along the lower and left boundaries are kept fixed at their original orientations, as
illustrated in Fig. 8.3. Then, the energy is minimized once again keeping the patch
boundaries fixed. The local stiffness associated with a given patch centered in ¥ is
then measured as p,(Z) = AE(T)/6?, where AFE(T) is the energy increase due to the
imposed twist. We used (L/2)? overlapping 10 x 10 patches in such a way to densely

sampling the whole lattice.

We then measure the spatial correlations of ps(¥) separating an average and a
fluctuating part ps(Z) = ps + 0p(Z), with dp(¥) zero averaged and correlated over
disorder realizations. In the right panel of Fig. 8.3 we show that the correlation at

fixed distance r is well fitted to decay logarithmically with the distance:
o oy A — — —1
C(:U,x):—z—ln(u]a;—ﬂ) , p~LT (8.19)
T

with an amplitude A increasing with p. This measure reveals that spatially uncor-
related bond disorder generates long-range, logarithmically correlated fluctuations of
the spin stiffness. As we show below, this is precisely the marginal form of stiffness

disorder capable of modifying the infrared magnon dynamics in two dimensions.
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8. Weakly disordered ferromagnets

8.4.1. Effective field theory

The spin stiffness is a positive random function with long-range correlated fluc-
tuations. We, however do not know its distribution. The purpose of this section is
to set-up a field theory framework in which the distribution of ps(Z) is found in a
self-consistent way. The action (8.18) can be written as a magnon action [82, 268] and
an interaction term between magnons and the static random field p,(%).

If we isolate an average value p, = (p,(x)), the bare magnon propagator is

G(Z, T, 1) = (o(Z, )" (7', 1))
A2y 1T FF) (i) (8.20)
B / @2m)?  w—psg®

where (()) denotes the average over the measure D¢. The density of states is related

to the averaged propagator as:

1 d*k
o(w) =E|-R / Gk, w)| | (8.21)
T (2m)?
and its scaling properties can be read from the pole of G at the appropriate wave-
number k.
o 7 7
9 U :
wp)/ F=¢ 7 WD F-7 T-7F  wni-ii-i-Fi-7 7§
— > P o P P > > e > > e

Figure 8.4.: One loop corrections to the model with random stiffness. The ¢, field is the
continuous line, the ¢ field is the fluctuations of the stiffness. The ¢, field carries frequency
w and momentum p. The frequency is conserved along the continuous line and we have
indicated it only on the leftmost leg of the diagram.

To compute disorder-averaged correlation functions, we use the replica trick [60,

74]. For the propagator, one has:

E[G(kvw)] =E [<¢1(E7 w)¢I(E7W>>} ) (822)

n—0

where n is the number of replicas, eventually sent to zero.
We now define a reference, Gaussian random field o(Z) such that the stiffness p;(Z)

is obtained as a function f(o(Z)). In this way, if p, is a Gaussian random field itself,
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8.4. Renormalization group approach to the weakly disordered ferromagnet

f = ps + go, while, if the map is more complicated, for example to preserve the
condition ps(Z) > 0, the function f does the trick.
We can rewrite the two averages in (8.22) (over quantum fluctuations and over

disorder) to be almost on the same footing by defining:

E{())] = [ DoDo eiSnlol(.), (8.23)

in terms of a replicated action

Sufo.0] =i [ d%i(%)?
i (8.24)
+ / drdt Y (16,000 — f(0)|Voul]

We included in the action the necessary term to reproduce the numerical observa-

tion (8.19). In fact, the o correlator is:

va e (8.25)

L acts as an infrared regulator, independent of f, courtesy of the limit

where p ~ L~
n — 0 (the magnon field does not feed back on the o field). This expression reduces
to (8.19) for |¥ — | < 1/u ~ L, and, therefore, A = g* connects the effective field
theory to our numerical evidence on the microscopic model.

By expanding f(0) = ps+ 910+ g202 + ... in powers of o, we notice that with a log-
arithmically correlated disorder all g,’s are dimensionless. Indeed, for this lagrangian,
the bare scaling dimensions in momentum units are: [z] = —1, [t] = =2, [¢] =
1, [0]=0, [f]=0so0foralln, [g,]=0.72 The logarithmically correlated stiff-
ness disorder numerically observed in Fig. 8.3 is instead marginal at the bare level,

and its effect on the infrared theory must be determined beyond power counting.

8.4.2. One loop RG flow

The structure of divergences is independent of w. This can be seen at one loop
easily for example looking at the amplitude of the self-energy (see appendix 8.6). The
divergence being logarithmic, the divergent part can be computed by setting w = 0
from the beginning. This is the same for every divergent diagram, which dresses all

the couplings g,,.

[e3

3More generally, power-law correlations C(r) ~ Ar~* would require [¢] = —a/2 and all g,,, n >0

are again irrelevant for any « > 0.
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8. Weakly disordered ferromagnets

All the logarithmic divergences therefore are the same ones as the theory
Suu = [ s [;wo—f ) X IV (6.26)
a=1

By writing the complex field ¢, = x, + i), and then collecting the fields o, x, ¢ into a
2n 4 1-dimensional real field ®,, we can write this action as a non-linear sigma model
(NLSM) on the target space R?"*1 and Euclidean weight e with:

Sg = —iS4iw = ;/d% Gop(0) VO™ - VO . (8.27)

Following the usual treatment for the NLSM, we extract the (2n + 1)-dimensional

target space metric gqgs:

Jgoo = 1 ) Jap = —Z.f(CT, E)(;aﬁ ) (828)

where the second equation is valid for any «, f > 0 (0 being the index of the field o).
The function f has acquired a scale dependence which we wrote as f(o,¢) and the
microscopic, initial condition, is f(o,0). Notice that the target space metric for the
replica fields is purely imaginary due to the e* convention, but this is not an obstacle

in the calculations.

We can then apply Friedan’s solution of the one-loop RG [312] for the NLSM and

write:

agaﬁ 1
= —_—— o 5 .2
Y, 27TR 3 (8.29)

where ¢ = In(po/p) is the logarithmic RG scale, and R,p is the Ricci tensor of the

target manifold. Computing the Ricci tensor is easy (only a handful of terms are
non-zero), after we realize this is an example of a 2n + 1-dimensional Friedmann-
Robertson-Walker (FRW) metric and that moreover in the n — 0 limit there is no
feedback on the o part of the metric. We are then left with a functional RG (FRG)

equation for the function f(o, /)

of _ 1 l " (f')Z] ' (8.30)

ol 4r [

This contains the evolution of all the couplings of the theory at the one-loop level. It

is worth noticing that, passing to h = In f this is nothing but the heat equation

oh 1 0%h
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The couplings can be defined as the derivatives of f(o,f). It is straightforward
to see that the solution of Eq. (8.31) with an initial condition f(o,0) = ps + go
is in general complex, due to the branch cut of h = In f. This is due to the fact
that for go < —ps, the |[V|? term in the action becomes negative, and this signals an
instability of the theory. This is an artifact of the choice of f. Of course, if the classical
configuration has to be a minimum the function f(o,0) is > 0 for every configuration of
disorder o (Z), so our choice of a linear function is poor. Starting from an f(o,0) > 0,
under the FRG all these functions will converge to the fixed points of the FRG flow.

The fixed points of the FRG form a two-parameters family
hoo(0) = a+ bo , (8.32)

which means

foolo) = €7 (8.33)

It is also possible to see that a linear h is also the fixed point of the 2-loop FRG equa-
tion (see appendix 8.6). We conjecture then that it is the ezact solution of the all-loop

FRG equations, a conformal field theory (CFT) which we write now for completeness

Sy = /d2x;(V0)2
. (8.34)
+ [ty (600, — 7190
a=1

The subscript A identifies the free parameter of the CF'T which we now define. Since o
is the Gaussian random function, the coefficient f(o) is a log-normal random variable.
This remarkable, exact result allows us to explain the observed numerics. First of all,
notice that since o is Gaussian, a standard result in CFT guarantees a vanishing spin
stiffness: .

(f(o,0)) =exp (a + 2(0(3?)2>> =L, (8.35)

where (0(%)?) ~ 5= In(L) follows from (8.25) and (8.19) and A = b* /4.

Since this quantity represents the energy change in the boundary conditions it
must be O(1). So we must choose e* = L™ as a normalization and the stiffness is
ps = [(0,6) = L.

Now, since we have seen that at no order is ¢*0,¢ renormalized, the dispersion at
k ~ 1/L keeps the form:

w(k) = ps(k)k?* — K* (8.36)

where the running coupling ps is computed at the inverse momentum scale, / ~ —In k,
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of the modes we are looking at. Eq. (8.36) yields our main result: a relation between

the scale-dependent dynamical exponent z and the dimensionless coupling A:
z2=24+A>2. (8.37)

The identification of the coupling A with the measured z — 2 is now in principle
possible, since \ is a free parameter of the CFT, and it can be extracted from the
numerics. It is worth noticing that the measured values of A\ = z—2 for L < 90 plateau
at around 0.3 upon increasing p . It is possible that the theory for A > A, ~ 0.3 is

unstable toward a spin glass state.

8.5. Conclusion

Although, at the present time, the prediction of the field theory does not match

quantitatively the numerical results, they still provide a clear picture on the physical
mechanism governing the increase of the dynamical exponent due to the presence of
weak disorder. This mismatch could be due to the presence of large irrelevant cor-
rections in the microscopic model that prevents us from identifying correctly the low
energy behavior, or, on the other hand, to the fact that the theory flows very slowly
toward the disordered phase. We are more inclined toward the first scenario, but ad-
ditional confirmations are needed.
A finite order parameter coexisting with a vanishing stiffness has analogues in other
systems, the amplitude of the order parameter and the associated rigidity being logi-
cally independent quantities. In strongly disordered superconducting films, the pairing
amplitude survives locally while the superfluid stiffness is suppressed and drives the
superconductor-insulator transition [313, 314]; in two-dimensional melting, unbinding
dislocations drive the renormalized shear modulus to zero while local crystalline order
persists [315-317]; in pinned flux lattices, quasi-long-range order coexists with anoma-
lous, scale-dependent elasticity [318, 319]. In the superconducting case, however, the
loss of rigidity requires strong disorder; here the stiffness flows to zero for arbitrarily
weak disorder, as a consequence of the double marginality of two dimensions: the stiff-
ness is dimensionless, and the emergent logarithmically correlated disorder is exactly
marginal. The same mechanism should operate in any two-dimensional system with a
continuous order parameter and dilute local frustration.

Our result should also be reminiscent of that of S. Chakravarty [320], who, moti-
vated by the analogy with the scale-free conductance fluctuations found by Altshuler,

Kravtsov, and Lerner [321], considered a clean two-dimensional Heisenberg ferromag-
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net at T'" > 0, on scales smaller than the correlation length. By integrating out the
high-energy magnons, Chakravarty found, at one loop, a reduction of the global spin
stiffness and a growth of its fluctuations. The reduction found here is similar, but in-
stead of flowing to the paramagnet (the fixed point of the clean ferromagnet at 7" > 0),
our model flows to a phase with zero stiffness, reminiscent of a weakly ordered Griffiths
phase [322-325].

It is worth mentioning that our results, being confined to the quadratic magnon
Hamiltonian, are valid both for the quantum and the classical Heisenberg model. In
fact, while the eigenstates are different, the spectrum of the Bogoljubov Hamiltonian
is the same as the dynamical matrix of the classical model. Since the s = 1/2 case will
contain 1/s corrections that correspond to magnon interactions, we know from studies
of many-body localization [269, 271] that interactions might destroy localization and
restore hydrodynamics. Our work poses the basis for the study of the interacting,

small-s model as well.
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8.6. Appendix of Chapter 8

8.6.1. One-loop self-energy and vertex computation

We evaluate the one-loop corrections to the stiffness p; and the coupling g, from
the corresponding diagrams in Fig. 8.4. For this one-loop computation, we adopt a

UV cutoff regularization scheme. The self-energy can then be computed as:

Adlg 1
arP 4
i (- )’
W — ps(ﬁ_ @2 ’

Si(p,w) = (—ig)?
/ (8.38)

where A is the UV cutoff. By extracting the UV divergent part of the integral, we find
the following expression:
)

g AN )
Yi(p,w) = In () p* + finite , 8.39
)= 7o (- (839

which is independent of w, meaning that the time derivative part of the action is
not renormalized at one loop. All 1PR (one particle reducible) diagrams of this kind
appearing at higher orders in the perturbative expansion can be resummed through
the Dyson equation. Eventually, the one-loop renormalized magnon propagator has

the following expression:

l

GA7 (q7w) - 2 )
' w—ps (1= 222 In(A/p)) @

(8.40)

from which we extract the one-loop correction to the stiffness:

2

g A

In — . 41
dmp, (8:41)

Ps = Ps —

The coupling g receives corrections from the following one-loop integral:
, A d%q 1
(2m)2 % + p
T IO (T -~ D)
(W= ps(F= @) (w = ps(7" — 7))

from which we extract the UV divergent part:

AA,u(ﬁ: ﬁ7 (.U)
(8.42)

. 3 A
Ap (PP w) = _427fp2 In (M) (p-p') + finite . (8.43)
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Since the vertex function structure is —igs(p’- p’), the disorder coupling g is corrected

as:
3

A
In=— . 44
inp? (8:44)

g—g+

8.6.2. Exact solution of the NLSM

The exact one-loop FRG flow equation for the metric tensor of the target space
manifold is (8.29). We need to compute the Ricci tensor for the metric defined in

(8.28). For a generic metric g,g, the Ricci tensor is given by

Rag = 0,105 — 0517 + T2sT0 5 — T30 (8.45)

Y ay

in terms of the Christoffel symbols

1
FZB = ig“";(dygéﬁ + 03905 — 059ap) - (8.46)

Since the metric is diagonal, it is easy to find that the only non-vanishing Christoffel

symbols are for a, 8 > 0:

1
Ios= —iF’(a)éaﬁ (8.47)
where F'(0) = —if(0), and the prime denotes the derivative with respect to o. Then,

we compute the Ricci tensor components:

F// n (F/)Q

B 1_, 1—n(F)?
Ray = [ SF = das (8.50)

while the mixed components vanish: Ry, = R, = 0. By plugging these expressions
into Friedan’s equation (8.29), substituting back f and canceling the i prefactors from

both sides of the equation, we find

f(e,t) 1
ol Ar

(f'(0,0))?
o, 0) —(1—n , 8.51
700 - -0 (851)
which reduces to (8.30) in the limit n — 0. The heat equation (8.31) follows by

replacing f = e".

Expanding f in powers of o gives the one-loop RG equations for the couplings of
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8. Weakly disordered ferromagnets

the theory. One can easily see that, at order o, by writing f(co) = ps + go + O(0?),
one finds the same RG equations for ps and g, which can be obtained from the UV

divergences of diagrams in Fig. 8.4:

dps g9’
ot~ dmp,’ (8.52)
dg g9’

The two-loop FRG flow is described by Friedan’s equation [312]:

8ga5 1 1

where 1,3 = ngnRg‘S" and R,.s, is the Riemann tensor, which is defined as
Rapys = Gan (0515 — 0T, + T0 g5 = THTS,) (8.55)

After computing R.gs and its contractions for the metric (8.28), we obtain the fol-

lowing equation for the function f(e,¢) in the limit n — 0:

of 1 (., (f) L f"
e =l (520

and in terms of the function h = In f:

dh 1 0%h 1 (8h  (on\®
o im0 [1_47r(w+<aa> )] ' (857
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9. Conclusions and future directions

In the last Chapter of this thesis, we summarize the results obtained and discuss
possible outlooks. In the first part of the work, we studied the renormalization group
scaling theory of the many body localization transition. We presented an extended
and comprehensive discussion on the possible scenarios that appear when investigating
the scaling theory of localization. The single-particle Anderson transition is described
by a single-parameter scaling scenario, where the renormalization group flow follows
a single equation and the critical fixed point is deformed by a single RG-relevant op-
erator. Interestingly, this scenario must be modified when the model is defined on a
random regular graph, which is the lattice proxy for infinite dimensions, and where
the connectivity of a node scales exponentially, as opposed to a finite dimensional ge-
ometry. In this case the renormalization group flow is described by a family of coupled
equations that depend on two parameters. The critical point is localized and sits at
the end of a line of localized points, each one being an attractive fixed point for the RG
dynamics. By means of exact diagonalization, we investigated the scaling theory of
two models where the interplay between localization and interactions is very relevant.
First, we considered the case of the random-field spin-1/2 Heisenberg chain, a prototyp-
ical model for many body localization. In this case, we showed that a two-parameter
scaling describes well the numerical data, which are restricted to small system sizes,
due to the intrinsic difficulty of the problem and the absence of reliable numerical
methods that allow one to circumvent this. Although we cannot locate the critical
point with great accuracy, we argued that a two-parameter ansatz describes much
better the finite size scaling compared to the one-parameter scaling. This analysis has
two remarkable physical consequences: first, this result points toward the formal anal-
ogy between the single-particle Anderson model on a tree-like graph and interacting
disordered fermions in one dimension; and second, the two-parameter scaling scenario
was already conjectured in a series of recent works that considered a phenomenological,
strong-disordered renormalization group approach to describe the many body local-
ization phase transition, and our work set the ground for a microscopical derivation
of the same phenomenology.

Then, we considered the case of the quantum random energy model, an interacting
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9. Conclusions and future directions

disordered spin chain where energy correlations are artificially suppressed and sub-
stituted with gaussian distributed random values. This system, which retains many
of the interesting physical properties both of localization and of spin glasses, has a
peculiar dynamical phase diagram: at zero energy density the system is ergodic for
any value of the disorder strength. We showed that at finite energy the scaling of
the model is well described by the two-parameter scenario and, upon an appropriate
rescaling of the couplings in the Hamiltonian, it is possible to induce a localization
transition even at zero energy, described by the same scaling theory. This result adds
more confirmation to the scenario where the universality class of the random regular
graph describes the many body localization transitions. We believe that this univer-
sal picture that we partially unveiled is indeed very solid and could provide a unified
framework to tackle the many body localization problem. Future directions comprise
the application of this analysis tool to other models, such as the quasiperiodic Heisen-
berg chain and the disordered Floquet Ising chain. More importantly, we plan to
develop a field theoretical renormalization group analysis of the Anderson model on
the Bethe lattice: by exploiting the supersymmetric formulation of the problem, we
aim to see if the two-parameter scaling can be recovered also in this case. This result
would strengthen our understanding of the problem considerably and provide a bridge

between numerical observations and theoretical understanding.

In the second part of the thesis, we investigated the rich physics of two dimensional
disordered quantum spin models. First, we studied the zero-temperature, quantum
phase diagram of the bond disordered Heisenberg quantum spin 1/2 model, resorting
to a neural quantum states variational method. This state-of-the-art technique allowed
us to consider system sizes unreachable by any other numerical scheme and showed the
presence of an extended parameter region hosting a zero temperature quantum spin
glass phase. Parallel to this, we investigated the model by means of a spin-wave ex-
pansion starting from the minimum energy states of the analogous classical problems,
where, in the absence of thermal fluctuations, the system is (trivially) a spin glass.
This effective, semiclassical theory allows one to compute the quantum correction to
the classical order parameter, its strength given by the inverse spin representation.
Remarkably, extrapolating the large S expansion to S = 1/2, we obtain a value of
the spin glass order parameter that is in excellent agreement with the neural quan-
tum state result. This strengthens our findings a lot, since the two methods rely on
completely different formulations and allow us to confidently claim the existence of a
quantum spin glass phase in the model.

The spin-wave Hamiltonian governing the semiclassical expansion is itself very inter-
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esting to analyze. We studied the localization properties, finding that the dynamical
phase diagram of the system is governed by the presence of magnetic order. For low
enough disorder, low energy excitations are extended and separated from localized,
high energy excitations, while in the spin glass phase the entire spectrum is weakly
localized. This posed a conceptual problem, since in a glassy, symmetry-broken state
we expect Goldstone modes and transport. However, we claimed that this picture is
immediately recovered, and ergodicity restored, by the addition of interactions, which
correspond to higher order terms in the expansion. We are currently working on two
parallel directions to investigate the dynamics of the quantum Heisenberg spin glass:
on one hand we plan to implement a density matrix renormalization group simulation
to study the exact dynamics of low energy excitations, and on the other hand we aim
to develop in more detail (and test its limits) the truncated Hilbert space method,
which we discussed in Chapter 7, that allows one to incorporate higher order inter-
actions into an effective Hamiltonian. In the future, we plan to extend this study to
the disordered, two-dimensional XY model, which is highly relevant to the physics of
disordered superconductors. We also plan to investigate in greater detail the classi-
cal problem, which has received little attention in the past. Although this class of
models is fragile against thermal fluctuations, its zero-temperature energy landscape
is nonetheless of great interest, since it supports an exponential number of states. This
gives rise to highly non-trivial phenomena, governed by the complexity of the problem
and the scaling of the barriers, which we plan to study further, both numerically and
analytically.

Lastly, we focused on the study of the Heisenberg model in the low-disorder regime,
where it can be treated as a perturbation of the clean ferromagnet. The main effect
of the disorder is to produce an abundance of low energy modes, that modify the
dynamical exponent of the theory. We developed a field theoretical approach, physi-
cally motivated by numerically measuring the spin-stiffness correlations, that yields a

description of this phenomenon.
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