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Astrophysical formation channels of stellar-mass binary black holes (sBBHs) can induce significant
orbital eccentricities in their early inspiral. We analyze the implications on the stochastic gravitational-wave
background (SGWB) from unresolved sBBHs, which can be detected with the Laser Interferometer Space
Antenna (LISA). We develop an improved SGWB model for the case of an idealized Dirac-delta
eccentricity distribution, and extend it to the more astrophysical case of a thermal distribution. Using a fully
Bayesian framework, we find that, if all binaries have a high initial eccentricity e0 ≳ 0.9 at an orbital
frequency of forb ¼ 10−4 Hz, the resulting SGWB can be robustly distinguished from a background of
quasicircular sBBHs. For a thermal eccentricity distribution, the SGWB is consistent with a circular model
when binaries form at forb ¼ 10−5 Hz, but leads to significant systematic biases if formation occurs at
forb ¼ 10−4 Hz. We also show that, when eccentricity is properly accounted for, environmental effects such
as dynamical friction can be distinguished from vacuum evolution, but only for sufficiently dense
environments with gas densities ρ≳ 10−7 g cm−3. Finally, we show that a LISA detection of the sBBH
SGWB would place an upper bound on the maximum eccentricity of the sBBH population in the band of
ground-based detectors, with direct implications for template modeling and data analysis. Our results
highlight the importance of incorporating eccentricity in SGWB modeling to enable accurate astrophysical
interpretation of LISA observations.

DOI: 10.1103/pbdv-rf6j

I. INTRODUCTION

The detection of gravitational waves (GWs) from com-
pact binary coalescences by the LIGO-Virgo-KAGRA
(LVK) Collaboration [1–5] has opened a new window
onto the population of stellar-mass binary black holes

(sBBHs). With the recent GWTC-4.0 catalog [6] and
updated population analysis [7] bringing the total number
of confident detections above 200, a picture of the sBBH
population is emerging with increasing clarity. Multiple
formation channels contribute to this population: isolated
binary evolution through common-envelope phases [8,9],
dynamical encounters in dense stellar environments such as
globular clusters [10–12], Kozai-Lidov oscillations in
hierarchical triples [13,14], and mergers facilitated by
the gaseous disks of active galactic nuclei (AGNs)
[15–17]. Crucially, these channels predict different orbital
properties for the merging binaries, and in particular
different distributions of orbital eccentricity at forma-
tion [11,18].
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The Laser Interferometer Space Antenna (LISA) [19], a
planned space-based gravitational-wave (GW) observatory
operating in the mHz band, will observe sBBHs years to
decades before they merge in the LVK band [20]. At these
early stages of the inspiral, astrophysical environments can
significantly affect the orbital evolution through dynamical
friction, hydrodynamic drag, and gas accretion [21,22].
These effects have been shown to leave detectable imprints
on theGWsignals from individually resolvable sBBHs in the
LISA band [23–25]. However, the vast majority of sBBHs
will not be individually resolvable, instead contributing to a
stochastic gravitational-wave background (SGWB) [26–28].
Recent studies have shown that this background is detectable
by LISA, with the vacuum amplitude measurable at percent-
level precision [29–31]. Moreover, in our previous paper
[32], we showed that environmental effects—dynamical
friction and gas accretion—can also imprint detectable
deviations in the spectral shape of the SGWB from quasi-
circular sBBHs. In particular, dynamical friction from gas
densities ρ≳afew×10−10 gcm−3, typical of AGN accretion
disks, was found to be measurable, while the effect of gas
accretion was shown to be undetectable for astrophysically
motivated Eddington ratios.
However, the analysis in Ref. [32] assumed that all

sBBHs evolve on quasicircular orbits. In general, sBBH
formation channels can induce significant orbital eccen-
tricities during the early inspiral [11,18] (see also
Refs. [33–35] for the massive black hole case). While
eccentricity is radiated away efficiently by GWemission, so
that binaries are effectively circularized by the time they
reach the LVK band [36], in the LISA mHz band the
residual eccentricity can still be non-negligible. The effect
of eccentricity on the SGWB has been studied extensively
in the literature, particularly for supermassive black hole
binaries in the pulsar timing array band [37,38] and for
extreme mass ratio inspirals [39]. For sBBHs in the LISA
band, Ref. [40] recently studied the detection of eccentric
SGWBs using eccentricity distributions from different
channels. Eccentric binaries emit GW power across multi-
ple harmonics of the orbital frequency, redistributing
energy from the dominant quadrupole into higher harmon-
ics [36,37]. This redistribution suppresses the SGWB at
low frequencies relative to the quasicircular case, produc-
ing a characteristic spectral turnover whose frequency
depends on the initial eccentricity and formation orbital
frequency.
This low-frequency suppression raises a critical point:

both eccentricity and environmental effects such as
dynamical friction suppress the SGWB at low frequencies,
though through physically distinct mechanisms.
Eccentricity redistributes GW power among harmonics,
while environmental effects open additional energy-loss
channels that deplete the GW flux. Nevertheless, their
spectral signatures can appear qualitatively similar, poten-
tially leading to degeneracies in the interpretation of the

observed SGWB. This degeneracy was identified as an
important open question in Ref. [32], and constitutes one of
the main motivations for the present work.
In this paper, we develop improved models for the

SGWB from eccentric sBBHs and perform a comprehen-
sive Bayesian analysis to quantify the measurability of
eccentricity with LISA and its degeneracy with environ-
mental effects. Our main contributions are as follows.
(i) We construct an improved phenomenological fitting
model for the eccentric SGWB spectrum, valid for all
eccentricities from the quasicircular limit to e0 ∼ 1, which
improves upon previous fits [38] by correctly capturing the
asymptotic behavior at both low and high frequencies.
(ii) We extend the analysis from an idealized Dirac-delta
eccentricity distribution to the more astrophysically moti-
vated thermal distribution [41–43], expected from dynami-
cal formation channels. (iii) Using a fully Bayesian
framework, we find that if all binaries share a high ini-
tial eccentricity e0 ≳ 0.9 at an orbital frequency of
forb ¼ 10−4 Hz, the resulting SGWB is robustly distin-
guishable from a quasicircular background. For a thermal
eccentricity distribution, the SGWB is consistent with a
circular model when binaries form at forb ¼ 10−5 Hz, but
leads to significant systematic biases in the inferred vacuum
parameters if formation occurs at forb ¼ 10−4 Hz. (iv) We
investigate the degeneracy between eccentricity and envi-
ronmental effects by injecting SGWB signals containing
dynamical friction and recovering with an eccentric vac-
uum model. We show that when eccentricity is properly
accounted for, dynamical friction can be distinguished from
vacuum evolution, but only for sufficiently dense environ-
ments with ρ≳ 10−7 g cm−3. (v) We further show that a
quasicircular sBBH SGWB detected by LISAwould trans-
late into an upper bound on the population eccentricity at
ground-based detector frequencies, excluding a uniform
eccentricity distribution with emax

20 Hz ≳ 10−2. This paper is
organized as follows. In Sec. II A, we review the compu-
tation of the SGWB from eccentric binaries, and in
Secs. II B and II C we develop our improved SGWB
models for the Dirac-delta and thermal eccentricity dis-
tributions. In Sec. III, we present the data analysis frame-
work and our Bayesian parameter estimation results,
including the measurability of eccentricity, the biases from
quasicircular mismodeling, and the degeneracies with
environmental effects. In Sec. IV, we show how LISA
observations of the sBBH SGWB can place an upper limit
on the maximum eccentricity of the sBBH population at
ground-based detector frequencies. We present our con-
clusions in Sec. V.
Throughout this paper, we adopt geometric units with

G ¼ 1 ¼ c, and the conventionsm ¼ m1 þm2 for the total
mass, q ¼ m2=m1 < 1 for the mass ratio, η ¼ m1m2=m2

for the symmetric mass ratio, M ¼ mη3=5 for the chirp
mass, with the masses always expressed in the source’s
rest frame.
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II. SGWB OF ECCENTRIC BINARIES

Computing the SGWB from eccentric binaries has been
studied extensively in the literature. In Sec. II A, we briefly
review the basics of the relevant calculations, following
Refs. [27,37,38,44], establishing the definitions and nota-
tions used in this work. Following that, in Sec. II B, we
discuss more details of the eccentric SGWB model that we
develop, which improves on previous works.

A. Overview

Assuming a stochastic gravitational-wave background
that is isotropic, unpolarized, and stationary, the present-
day energy density per logarithmic frequency interval can
be expressed in terms of the dimensionless energy density
ΩGWðfÞ, defined as [27]

ΩGWðfÞ≡ 1

ρc

dρGW
d log f

; ð1Þ

where ρc ¼ 3H2
0=ð8πÞ is today’s Universe critical energy

density.
By expressing the total gravitational-wave energy den-

sity in terms of the GW amplitude, one can define the
dimensionless characteristic strain hcðfÞ, which quantifies
the amplitude per unit logarithmic frequency interval. The
corresponding relation betweenΩGWðfÞ and hcðfÞ is given
by [45]

ΩGWðfÞ ¼
2π2

3H2
0

f2h2cðfÞ: ð2Þ

As shown in Ref. [27], the present-day energy density
must be equal to the sum of energy densities radiated at
each redshift z, weighted by 1=ð1þ zÞ to account for
cosmological redshift. Accordingly, the characteristic strain
can be expressed as

h2cðfÞ ¼
4

πf2

Z
∞

0

dn
dz

1

1þ z

�
fr

dEGW

dfr

�����
fr

dz; ð3Þ

where fr is the GW frequency in the rest frame of the
source, and dn=dz is the comoving number density per unit
redshift. In the rest frame of a binary with masses m1, m2,
orbital eccentricity e, and orbital frequency forb, the total
power radiated by GWemission to leading post-Newtonian
(PN) order is given by [36,45]

PGW ¼ 32

5
ð2πforbMÞ10=3FðeÞ; ð4Þ

where M is the binary’s chirp mass with the eccentricity
induced enhancement factor FðeÞ given by

FðeÞ ¼ 1

ð1 − e2Þ7=2
�
1þ 73

24
e2 þ 37

96
e4
�
: ð5Þ

With the help of Kepler’s second law, the evolution of the
orbital frequency forb, in the rest frame, to leading PN order
is given by

dforb
dt

¼ 96

5

FðeÞ
2π

M5=3ð2πforbÞ11=3: ð6Þ

For a given initial eccentricity e0 at a fiducial initial orbital
frequency forb;0, the evolutions of the orbital frequency forb
and the eccentricity e are related through [36]

forb
forb;0

¼
�
1 − e20
1 − e2

�
e
e0

�12
19

�
1þ 121

304
e2

1þ 121
304

e20

� 870
2299

�−3=2

: ð7Þ

For an eccentric binary, the emitted GW is no longer
instantaneously monochromatic but is instead distributed
among integer harmonics, fr ¼ jforb. Following
[37,38,44,46], from Eq. (7), one can then determine the
corresponding eccentricity such that the jth harmonic (in
source frame) coincides with the observed GW frequency
f ¼ fr=ð1þ zÞ, which is a restatement of the stationary-
phase-approximation for eccentric inspirals [47], trans-
lating to,

ej ≡ ej

�
forb
forb;0

; e0

�
¼ ej

�
fr

jforb;0
; e0

�

¼ ej

�
fð1þ zÞ
jforb;0

; e0

�
; ð8Þ

where ej is determined by inverting Eq. (7). The total
power can be expressed as a sum over individual harmon-
ics, with the power emitted in the jth harmonic given
by [36,45]

PGW;j ≡ dEGW;j

dt
¼ 32

5
ð2πforbMÞ10=3gðj; ejÞ; ð9Þ

where

gðj; eÞ ¼ j4

32

��
Jj−2ðjeÞ − 2eJj−1ðjeÞ þ

2

j
JjðjeÞ

þ 2eJjþ1ðjeÞ − Jjþ2ðjeÞ
�

2

þ ð1 − e2ÞfJj−2ðjeÞ − 2JjðjeÞ

þ Jjþ2ðjeÞg2 þ
4

3j2
J2jðjeÞ

�
: ð10Þ

Thus, the energy spectrum results from summing over
the contributions of all harmonics [37,38,44], i.e.,
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dEGW

dfr
¼

X∞
j¼1

dEGW;j

dt
dt

dforb

dforb
dfr

: ð11Þ

From Eqs. (6) and (9) and the relation between fr, forb, and
f, the energy spectrum then becomes [37,38,44] (see
Appendix A 1 for an alternative derivation)

dEGW

dfr
¼ M5=3π2=3

3f1=3ð1þ zÞ1=3 Sðf; forb;0; e0; zÞ; ð12Þ

where the eccentricity dependence is captured by the
function S≡ Sðf; forb;0; e0; zÞ given by

Sðf; forb;0; e0; zÞ ¼
X∞
j¼1

gðj; ejÞ
FðejÞðj=2Þ2=3

: ð13Þ

In the circular limit e0 → 0, we have that S → 1, which
results in the familiar expression [27] for the energy spectrum
dEGW=dfr ¼ Mπ2=3=ð3f1=3ð1þ zÞ1=3Þ. Substituting the
expression for the energy spectrum from Eq. (12) into
Eq. (3), and using the comoving differential number density
of merging BBHs per unit redshift and unit chirp mass
d2n=ðdzdMÞ, we have

h2cðfÞ ¼
4

3π1=3f4=3

Z
dzdM

d2n
dzdM

M5=3S

ð1þ zÞ1=3 : ð14Þ

Given Eq. (14), one can easily extend the result to an
arbitrary eccentricity distribution by integrating over
d3n=ðdzdMde0Þ, which gives

h2cðfÞ ¼
Z

dzdMde0
d3n

dzdMde0

M5=3S

ð1þ zÞ1=3 : ð15Þ

This completes the derivation of a SGWB from eccentric
inspiralling binaries.
We see that the contribution to the energy spectrum at an

observed frequency f from a single binary is effectively
generated by summing over all contributions of the same
binary but with its eccentricity replaced by ej at a
corresponding orbital frequency forb ¼ fr=j. Note that
the waveform of a single binary can exhibit interference
between its harmonics due to radiation reaction. However,
our expressions do not contain such interference from cross
terms between the harmonics in the Fourier expansion. This
is because for an isotropic stochastic background, one has
to average over all possible source orientations, which
causes these cross terms to vanish. Starting from Phinney’s
theorem [27], we prove this in Appendix A 1 and therein
also present an alternative derivation of the energy spec-
trum given by Eq. (12). Further, in Appendix A 2, we also
verify that the leading PN description for the energy
spectrum is sufficiently accurate for our work.

B. Modeling of eccentric SGWB: Dirac-delta
distribution for eccentricity

We first focus on the case where the eccentricity follows
a Dirac-delta distribution, such that all sources have the
same eccentricity e0 at a given orbital frequency forb;0.
Although this is idealized, it will help illustrate the
phenomenology of how eccentricity influences the
SGWB. Further, such simplification provides a useful
starting point to incorporate generic eccentricity distribu-
tions and develop templates to search for eccentricity
effects in the LISA stochastic signal from sBBHs.
With the eccentricity following a Dirac-delta distribu-

tion, we can use Eq. (14) to compute h2cðfÞ. One can in
principle perform this by brute force: draw samples ðM; zÞ
from the distribution d2n=ðdzdMÞ, evaluate the sum for
Sðf; forb; e0; zÞ in Eq. (13) for an optimal jmax, and
approximate the integral in Eq. (14) with a Monte Carlo
sum. However, as noted by previous works, in particular in
Refs. [38,44], the function Sðf; forb; e0; zÞ has a simple
scaling behavior for different values of e0 and forb;0.
This scaling can also be seen in h2cðfÞ by formally a
considering a Dirac-delta distribution for the sources with
d2n=ðdzdMÞ ¼ δðM −M0Þδðz − z0Þ=Mpc3, which
results in

h2cðfÞ ¼ h2c;cir × Sðf; forb;0; e0; z0Þ; ð16Þ

where

h2c;cir ¼
4

3π1=3f4=3 Mpc3
M5=3

0

ð1þ z0Þ1=3
: ð17Þ

We first compute an expensive computation for a reference
h2c;refðfÞ by evaluating Eq. (16) with an optimal jmax.
Following this, we fit h2c;refðfÞ with a suitable ansatz and
suitably rescale to compute h2cðfÞ for other values of e0 and
forb;0. We follow Ref. [38] for the rescaling,

h2cðfÞ ¼ h2c;ref

�
f
fp;ref
fp

��
fp
fp;ref

�
−4=3

; ð18Þ

where fp ≡ fpðforb;0; e0Þ denotes the peak frequency of
Sðf; forb;0; e0; zÞ as described in Ref. [44], given by

fp
forb;0

¼ 1293

181

"
e12=190

1 − e20

�
1þ 121e20

304

� 870
2299

#
3=2

: ð19Þ

To ensure that the scaling is robust across all possible e0,
a good strategy is to compute h2c;refðfÞ for high eccentricity,
so that sufficient harmonics are included for accuracy. We
use the same setting of Ref. [38] for a fiducial binary with
M0 ¼ 4.16 × 108M⊙, z0 ¼ 0.02, freforb;0 ¼ 0.1 nHz, eref0 ¼
0.9 but with jmax ¼ 5 × 104. With these fiducial parameters

RAN CHEN et al. PHYS. REV. D 114, 063026 (2026)

063026-4



set, we evaluate Eq. (16) and obtain the reference spectrum
hc;refðfÞ. We checked the accuracy of this reference
spectrum by doubling the maximum number of harmonics
to jmax ¼ 105, which resulted in a relative error of at most
∼10−5. In fact, even for a higher initial reference eccen-
tricity of eref0 ¼ 0.999, we obtained a similar relative error
when doubling the maximum number of harmonics.
In order to fit the reference spectrum h2c;refðfÞ, we

propose an ansatz that exploits the properties of the
function Sðf; forb;0; e0; zÞ. As pointed out in Ref. [44],
the crucial properties to consider are:

lim
e0→0

Sðf; forb;0; e0; zÞ → 1;

lim
f→∞

Sðf; forb;0; e0; zÞ → 1;

lim
f→0

Sðf; forb;0; e0; zÞ ∝ fqa : ð20Þ

Further, another important property is that spectrum exhib-
its a maximum and a dip (see Fig. 1). Thus, we propose an
ansatz that accounts for these properties:

h2c;fitðxÞ ¼ h2c;circðxÞSfitðxÞ; ð21aÞ

SfitðxÞ ¼
ðx=xaÞqa

1þ ðx=xaÞqa
×

�
1þ Al

�
x
xl

�
pl

exp ð−x=xlÞ
�

×

�
1þ Ah

�
x
xh

�
ph

exp ð−x=xhÞ
�
; ð21bÞ

where x ¼ f=ð10−9 HzÞ is the dimensionless frequency.
The structure of the ansatz is a product of a rational power
law model that multiplies two exponentially suppressed
bump models (terms in the square brackets). The rational
power law dependence captures the low frequency asymp-
totic power law behavior i.e., limx→0 SfitðxÞ ∝ xqa with an
overall amplitude scale set by xa. The terms in the square
brackets are characterized by two sets of amplitudes and
spectral indices ðAl; plÞ and ðAh; phÞ with corresponding
dimensionless frequencies xl and xh that determine the
location of the bumps in the spectrum. Importantly, xh
corresponds to the local maximum of the spectrum, while xl
corresponds to the lower frequency dip in the spectrum. At
high frequencies, we have that limx→0 SfitðxÞ ¼ 1. Thus, the
ansatz correctly captures the power law behavior at low
frequencies and asymptotes to unity at high frequency. In
the circular limit e0 → 0, one can check that
h2cðfÞ ∼ h2c;circðfÞ. Thus, our ansatz has all the correct
properties of the spectrum.
Fitting the ansatz to the reference spectrum, we find the

best-fit parameters to be,

xa ¼ 5.531; qa ¼ 2.942;

Al ¼ 6.946; xl ¼ 0.2774; pl ¼ −0.6217;

Ah ¼ 4.118; xh ¼ 4.483; ph ¼ 0.8503: ð22Þ
In Fig. 1, we compare our fit to the reference spectrum
computed by explicitly summing harmonics up to
jmax ¼ 5 × 104, as well as to the fit proposed in
Ref. [38]. Across the full frequency range of interest,
our fit maintains a maximum relative error of 1.6%. In
contrast, the fit of Ref. [38] exhibits substantially larger
relative errors at low frequencies—nearly 100% at
f ∼ 10−12 Hz. The improvement arises because our ansatz
incorporates the correct asymptotic behavior by construc-
tion, making it robust across frequency scales. By com-
parison, Ref. [38] obtained their fit by calibrating over a
specific frequency interval, and its accuracy therefore
deteriorates significantly outside that range.
With the accurate phenomenological fitting model, we

can apply it to Eq. (18) and compute the SGWB by
integrating over the differential number density per redshift
per chirp mass of the population using

h2cðfÞ ¼
Z

dzdM
d2n

dzdM
h2c;fit

�
f
fp;ref
fp

�

×

�
fp
fp;ref

�
−4=3

�
M
M0

�
5=3

�
1þ z
1þ z0

�
−1=3

: ð23Þ

In the following, we translate Eq. (23) to an integral over
the merger rate density per redshift RgwðzÞ and mass
distribution pðm1; qÞ, which is useful because these can
be probed using LVK data. First, using the chain rule, we
have that dn=dz ¼ ðdn=dtrÞðdtr=dzÞ, where dz=dtr ¼
H0EðzÞð1þ zÞ, where H0 is the Hubble constant and
EðzÞ is the dimensionless Hubble parameter (where we
adopt the Planck18 values [48] for the cosmological
parameters). We can then express the comoving number
density per proper time dn=dtr as

dn
dtr

¼
Z

dm1dqRgwðzÞpðm1; qÞ; ð24Þ

where RgwðzÞ is the merger rate density per redshift and
pðm1; qÞ is the mass distribution. Using the fact that the
quantities fp, fp;ref , and h2c;fitðfÞ are independent of m1; q,
and z, we have

h2cðfÞ ¼ Apop × h2c;fit

�
f
fp;ref
fp

��
fp
fp;ref

�
−4=3

; ð25Þ

with the dimensionless amplitude Apop given by
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Apop ¼
Z

dzdm1dq
RGWðzÞpðm1; qÞ

H0EðzÞð1þ zÞ Mpc−3

×

�
M
M0

�
5=3

�
1þ z
1þ z0

�
−1=3

: ð26Þ

Using the same configuration of population described in
[32], which utilizes the LVK posteriors on the merger rate
and mass distribution, we apply Monte Carlo integration to
evaluate Apop and get Apop ¼ 1.3247 × 10−10. For the
circular case, the vacuum SGWB spectrum can be para-
metrized as

ΩGW;cirðfÞ ¼ Avacfγ; ð27Þ
where γ ¼ 2=3, and the relation between Apop and Avac is
given by

Avac ¼
π2=3

3ρc

M5=3
0 Mpc−3

ð1þ z0Þ1=3
Apop: ð28Þ

In the remainder of this paper, we adopt log10 Avac ¼
−10.3036 (corresponding to Avac ¼ 4.97 × 10−11), as
specified by the “Rational Power Law” model in [32].
In Fig. 2, we show the spectra ΩGWðfÞ computed using

Eqs. (2) and (25) for e0 ¼ f0; 0.1; 0.3; 0.5; 0.7; 0.9g with
forb;0 ¼ 10−4 Hz. As expected from previous work such as
Refs. [38,44], at frequencies below the peak of the

spectrum, there is significant power emitted into j ≠ 2
harmonics, which is why the eccentric spectra are sup-
pressed relative to the circular case (red line), or math-
ematically limf→0ΩGWðfÞ ∝ f2=3þqa, with qz given in
Eq. (22). Meanwhile, at frequencies above the peak of
the spectrum, most of the power is emitted into the j ¼ 2
harmonic, which is why it rapidly asymptotes to the circular
case, or mathematically limf→∞ ΩGWðfÞ ∼ΩGW;cirðfÞ.
With increasing eccentricity, observe the peak of the
spectrum also shifts to higher frequencies.
The detectability of the signals is strongly determined by

the behavior in the mHz regime. We qualitatively assess
this using the BPLS curve (black dotted line) with a Bayes
factor threshold of 10, for a reference observation time of
Tobs ¼ 4 yr and given a 10% uncertainty on the noise [49].
For reference, we also show the PLS curve (gray dashed
line), which corresponds to a signal-to-noise ratio (SNR) of
10. We can qualitatively expect to detect stochastic signals
when they lie above the BPLS curve in the mHz range. For
the e0 considered, we therefore expect the stochastic signal
from eccentric sBBH to be detectable. In Fig. 2, we also
show the stochastic signal produced by unresolved white
dwarf binaries in the Milky Way (blue dash-dotted line),
which constitutes a Galactic foreground. Notably, above
e0 ¼ 0.9, the peak of the spectrum is no longer buried
under the Galactic foreground, while it is for lower
eccentricities. In Sec. III, we perform full Bayesian analysis
to assess the detectability of the SGWB from eccentric
sBBH and the measurability of the model parameters, while
simultaneously also quantifying the impact of the Galactic
foreground.

FIG. 1. Characteristic strain spectrum hcðfÞ for the same
reference binary described in Ref. [38]. Dashed lines show the
numerical spectra generated as a sum over jmax ¼ 50 000
harmonics, solid lines correspond to our model predictions,
and dotted lines represent the model of Ref. [38]. Different
colors indicate different initial eccentricities e0. The vertical dash-
dotted lines indicate the lower (purple) and upper (gray) char-
acteristic frequencies of the bump, xl × 10−9 Hz and
xh × 10−9 Hz, respectively. The lower panel shows the residual
jΔhc=hcj as a function of frequency, with the solid and dotted
lines corresponding to this work and Ref. [38], respectively.

FIG. 2. SGWB spectra ΩGWðfÞ of sBBH for various initial
eccentricity e0, assuming all binaries have an initial eccentricity
e0 at forb;0 ¼ 10−4 Hz. The spectra exhibit a turning point and
peak that changes with the eccentricity. For comparison, we show
the contribution from the galactic white dwarfs confusion noise
(blue dash-dotted line). The gray dashed curve represents the
LISA power-law sensitivity (PLS) for a signal-to-noise ratio of
10. The black dotted curve shows the Bayesian power-law
sensitivity (BPLS), adopting a Bayes-factor threshold of 10 with
a 10% noise level uncertainty. The grey shaded region marks the
frequency range outside the LISA sensitivity band.
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C. Modeling of eccentric SGWB: Thermal distribution
for eccentricity

In general, one needs to consider a distribution of initial
eccentricities, in which case, the spectrum is given by

h2cðfÞ ¼
Z

dzdMde0
d3n

dzdMde0
h2c;fit

�
f
fp;ref
fp

�

×

�
fp
fp;ref

�
−4=3

�
M
M0

�
5=3

�
1þ z
1þ z0

�
−1=3

: ð29Þ

Provided that one can factorize the eccentricity dependence
as d3n=ðdzdMde0Þ¼d2n=ðdzdMÞ×pðe0Þ, where pðe0Þ
is the probability density for the initial eccentricity, we can
translate Eq. (29) to an integral over RGWðzÞ and pðm1; qÞ,

h2cðfÞ ¼ Apop

Z
de0pðe0Þ

�
fpðe0Þ
fp;ref

�−4=3

× h2c;fit

�
f

fp;ref
fpðe0Þ

�
: ð30Þ

Given an eccentricity distribution pðe0Þ, one can then
readily compute the corresponding SGWB using Eq. (30).
In this work, we focus on the “thermal” distribution

[41–43], where pðe0Þ ¼ 2e0. One can formally derive this
distribution with the simple assumption that the phase space
number density only depends on the binding energy, and
transform the phase space variables to the Delaunay (orbital)
elements [42], after which pðe0Þ ¼ 2e0 falls out as a
consequence of the Jacobian. Notably, triple black hole
interactions can also give rise to a thermal eccentricity
distribution, when one of the three black holes is ejected
[33]. The orbital separation will also follow a corresponding
probability distribution, which has been considered in past
work on SGWB, such as in Ref. [50]. In our work, we simply
assume that all binaries share the same reference orbital
frequency forb;0, at which their initial eccentricities are
specified. The value of forb;0, together with the initial
eccentricity e0, determines the amount of residual eccentricity
retained in the LISA band. Consequently, increasing forb;0,
for a given e0, has a qualitatively similar effect to increasing
e0, for a a given forb;0. We use the thermal eccentricity
distribution to study phenomenology of the resulting SGWB,
for which the reference orbital frequency forb;0 is the only
remaining free parameter. We leave a more thorough con-
sideration of the astrophysical distributions for the eccen-
tricity and orbital separation for future work. In Fig. 3, we
show the resulting spectra for two representative values of
forb;0, namely 10−5 Hz and 10−4 Hz. At higher forb;0, the
turnover feature shifts to higher frequencies and the spectrum
is more suppressed at lower frequencies. This is due to the
fact that a larger forb;0 means that binaries have more residual
eccentricity when compared at the same orbital frequencies
during their evolution. Thus, with a larger forb;0, the redis-
tribution of power into higher harmonics remains effective up

to higher frequencies. Another consequence of the thermal
distribution is that when compared to its Dirac-delta counter-
parts, the spectrum is shallower at low frequencies i.e.,
limf→0ΩGW;thermalðfÞ∝f2=3þqa;thermal , with qa;thermal < qa.
Further, the spectrum transitions more smoothly to the
circular model, without exhibiting a strong peak, unlike
the Dirac-delta cases. These features are a result of the fact
that the spectrum is integrated over a continuous eccentricity
distribution.

III. DATA ANALYSIS IMPLICATIONS

We now turn to a comprehensive Bayesian analysis of
SGWB signals from eccentric sBBHs in the LISA band.
Specifically, we address the following questions:
(1) How well can the initial eccentricity be inferred from

a LISA detection of the stochastic signal if sBBHs
followed a Dirac-delta distribution for e0? What is
the impact of the Galactic foreground in inferring
such signals? Under what conditions is the eccentric
model favored over the quasicircular hypothesis
through Bayesian model selection?

(2) If sBBHs eccentricity follows a thermal distribution,
are there significant biases when performing param-
eter estimation with a circular model? Further, can
we recover informative posteriors inferring on a
model that assumes a Dirac-delta distribution for the
eccentricity?

(3) How does including eccentricity in the vacuum
SGWB model affect the detection of environmental
effects, such as dynamical friction?

In Sec. III A, we provide an overview of the Bayesian
methods used. We then address each of the above questions
in Secs. III B–III D, respectively.

FIG. 3. SGWB spectra ΩGWðfÞ of sBBH with the initial
eccentricity e0 following a thermal distribution. We show the
spectra for two values of the initial orbital frequency at
which the binaries’ eccentricities have thermalized with
forb;0 ¼ f10−5; 10−4g Hz. For comparison, we show the spectra
corresponding to the Dirac-delta distribution with e0 ¼
f0; 0.1; 0.3; 0.5g with forb;0 ¼ 10−4 Hz. The grey shaded region
marks the frequency range outside the LISA sensitivity band.
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A. Bayesian inference of LISA stochastic signals

We employ the codebase Bahamas [51,52] and adopt the
data simulation and inference framework as described in
Ref. [38]. In our analysis, we model the LISA data using
time-delay interferometry (TDI) [53], a technique for
suppressing laser noise, and adopt the uncorrelated A, E,
and T variables suited for constant, equal-arm configura-
tions. Assuming an isotropic, stationary Gaussian back-
ground, the stochastic signals in each TDI channel are
described in the Fourier domain as a superposition of the
power spectral densities from instrumental noise and indi-
vidual GW source components (i.e., sBBHs and the Galactic
foreground). We coarse-grain the frequency-domain data
into segments to reduce computational cost, such that the
resulting power spectral density estimators follow a Gamma
distribution. The resulting log-likelihood reads

lnLðŜjθÞ ¼
XD
i¼1

X
k

�
− lnΓðNÞ − N ln

�
Skðfi; θÞ

N

�

þðN − 1Þ ln ŜkðfiÞ −
NŜkðfiÞ
Skðfi; θÞ

�
; ð31Þ

where N is the number of neighboring frequency points
averaged in each segment, with a total of D ¼ 2024 seg-
ments, and k ¼ A;E;T labels the three TDI channels. In our
work, we restrict the analysis to the A and E channels, only.
The instrumental noise parameters θn describe the spectral
amplitudes of the test mass and optical metrology system
noises [54]. The Galactic foreground is parametrized by
θGal ¼ fαGal; AGal; fkn; f1; f2g, whose values we adopt
from Ref. [55]. Recall that the parameters describing the
SGWB from eccentric sBBH (with Dirac-delta distribution
for the eccentricity) are θsBBH ¼ fAvac; γ; e0g. Thus, when
performing parameter estimation with our eccentric model,
the parameters we sample on are θ ¼ θsBBH ∪ θGal ∪ θn. For
θn and θGal, we adopt the same priors as used in our previous
work [32].

B. Implications of SGWB produced with Dirac-delta
eccentricity distribution

For a quantitative evaluation of measurability, we consider
a Dirac-delta eccentricity distribution in which all binaries
share the same initial eccentricity e0, and perform injections
using the eccentric SGWB model given by Eq. (25). We
consider injections with initial eccentricities e0 ∈ ½0.1; 0.9�
(with linear spacing of 0.1), while fixing forb;0 ¼ 10−4 Hz to
isolate the effect of the initial eccentricity. These injections
correspond to “residual” eccentricities ranging from
eforb;0¼10Hz∼5.3×10−7 to ∼7.7 × 10−5, when evaluated at
an orbital frequency of forb ¼ 10 Hz, indicating that the
binaries are effectively circularized in the LVK band. We
perform parameter estimation on these injected signals using
the same eccentric SGWB model as described by Eq. (25).

In order to obtain informative posteriors on e0, we fix the
spectral index γ that enters Eq. (25) to γ ¼ 2=3, i.e., the value
for the circular SGWB model. We also separately recover
with the circular (power law) SGWB model, described by
Eq. (27), but here we sample on γ to perform model
selection, and assess at what eccentricity the eccentric model
is strongly preferred.
We quantify the preference of the eccentric model over

the circular (power law) model, by computing the Bayes
factor log10 Becc

cir ¼ log10ðZecc=ZcirÞ, where Zecc and Zcir
denote the Bayesian evidences for the respective models. A
value of log10 Becc

cir > 1 is interpreted as strong evidence in
favor of the eccentric model. For all analyses reported
below, we use the nested sampling routine available in
Bahamas, as implemented in NESSAI [56–58]. Specifically,
we used nlive ¼ 2000, dlogz ¼ 0.1. We tested the
convergence and robustness of our sampler by increasing
nlive, and found that nlive ¼ 2000 suffices for our
work. Given that we are only interested in evidence
estimates that result in log Bayes factors ≳1, we found
it sufficient to set dlogz ¼ 0.1.
For each injected signal, we compute statistical uncer-

tainties from the 90% credible interval widths, defined as
δθ=θinj ¼ jθ95% − θ5%j=ð2θinjÞ for θ∈ fAvac; e0g, along
with the injected SNR, and the log Bayes factor
log10 Becc

cir , which we show in Table I. For a set of
representative injected eccentricities, Fig. 4 shows the
marginalized posterior distributions of Avac and e0, com-
paring results obtained with (solid lines) and without
(dashed lines) uncertainties in the Galactic foreground
parameters. In the latter case, the Galactic parameters
θGal are fixed to their injected values, effectively corre-
sponding to a Dirac delta prior.
In all cases, we obtain informative posteriors on Avac, with

δAvac=A
inj
vac ≲ 0.1. Instead, we only obtain informative pos-

teriors on e0 for injected values e
inj
0 ≥ 0.8. For example, with

TABLE I. Posterior statistical uncertainties (from 90% quan-
tiles) on e0 and Avac, together with the Bayes factor between the
eccentric and circular hypotheses. The second column lists the
eccentricity evolved to forb ¼ 10 Hz. Results are marginalized
over Galactic foreground parameter uncertainties.

einj0 eforb¼10 Hz SNR δe0=e
inj
0 δAvac=A

inj
vac log10 Becc

cir

0.1 5.372 × 10−7 200 3.069 0.05113 0.7360

0.2 1.136 × 10−6 200 1.557 0.05049 0.9060

0.3 1.877 × 10−6 200 0.9955 0.05064 0.6035

0.4 2.886 × 10−6 201 0.7568 0.05172 0.7175

0.5 4.402 × 10−6 201 0.6461 0.05049 0.8518

0.6 6.952 × 10−6 206 0.5232 0.05081 0.9513

0.7 1.193 × 10−5 228 0.4814 0.05650 0.8157

0.8 2.437 × 10−5 282 0.03269 0.1073 0.2662
0.9 7.783 × 10−5 181 0.003499 0.06279 11.12
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einj0 ¼ 0.3, as shown in Fig. 4, the posteriors remain
uninformative even without including the Galactic fore-
ground parameters, with strong support at e0 ¼ 0. At
einj0 ¼ 0.7, the posterior exhibits a clear peak near the
injected value, with a smaller statistical uncertainty when
excluding the Galactic foreground parameters. As the
injected eccentricity increases, the impact of the Galactic
foreground also diminishes, due to its suppressed contribu-
tion above ∼3 × 10−3 Hz, as shown earlier in Fig. 2. For the
case of e0 ¼ 0.9, the sBBH spectrum has a peak that is well
above the frequency where the Galactic foreground is
suppressed, and thus the posteriors on e0 are nearly identical
whether or not the Galactic foreground parameters are
included. We find that in all cases, the eccentric model is
marginally preferred over the circular model, with the log
Bayes factors in the range of log10 Becc

cir ∼ 0.26—0.90 when
e0 ∈ ½0.1; 0.8�. Meanwhile, when e0 ¼ 0.9, there is very
strong evidence against the circular model, with
log10 Becc

cir ≈ 11. In Appendix B, we provide additional
analysis in terms of the posterior predictives for both the

eccentric and circular models, and further explain the trends
observed in Table I.
In Fig. 5, we show the constraints on e0 obtained with

our model, given a detection of a stochastic signal from
quasi-circular sBBHs. Specifically, we inject a circular
SGWB described by Eq. (27), and obtain marginalized
posteriors on e0 with our eccentric model described by
Eq. (25), with (blue solid histogram) and without (orange
dashed histogram) including the Galactic foreground
parameters. We find a constraint (90% upper credible
interval) of e0 ≲ 0.62 when including the Galactic fore-
ground parameters, which translates to a residual eccen-
tricity of eforb¼10 Hz ∼ ða fewÞ × 10−6. This constraint is
consistent with results shown in Fig. 4 and Table I.
We now relax the assumption of binaries with identical

eccentricity and study how the results change when only a
fraction of the spectrum originates from eccentric binaries.
Prior to analyzing the case of the thermal eccentricity
distribution (discussed below in Sec. II C), we now partially
address this by adopting a phenomenological mixture

FIG. 4. Marginalized posteriors for the eccentric model across various initial eccentricity e0. Solid blue (dashed orange) contours and
histograms correspond to analyses marginalized over the(assuming the true) Galactic foreground parameters.
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model (similar to our previous work in Ref. [32]) para-
metrized by a fraction pecc,

ΩFrac ¼ peccΩecc þ ð1 − peccÞΩcir; ð32Þ

where Ωecc is generated assuming a Dirac-delta distribution
for the eccentricity, and Ωcir corresponds to the vacuum
circular SGWB spectrum. We injected signals using
Eq. (32) with einj0 ¼ 0.8 for pinj

ecc ∈ f0.1; 0.3; 0.5; 0.7; 0.9g,
and performed parameter estimation with the mixture
model by also sampling on pecc, and separately with the
circular model (which corresponds to either fixing e0 ¼ 0
or pecc ¼ 0 in the mixture model). In Fig. 6, we show the
one- and two-dimensional marginalized posteriors on e0
and pecc for a few representative cases. In Table II, we show
the log Bayes factor between the mixture and circular

models for each case. Going forward, we only report
analyses with the Galactic foreground parameters inferred
upon, being a more realistic scenario.
For small fractions such as pecc ¼ 0.1 or pecc ¼ 0.3,

there is only a mild peak for the marginalized posterior e0,
which is close to the injected value of e0 ¼ 0.8.
Meanwhile, the marginalized posteriors on pecc are entirely
uninformative for these cases. However, for a larger
injected fraction of pecc ¼ 0.9, as shown in Fig. 6, the
marginalized posteriors on e0 and pecc are informative, with
the latter nearly consistent with what we had obtained
before in Fig. 4. This is consistent with what we find for the
Bayes factors—the evidence in favor of the mixture model
increases with pecc, with the circular model strongly
disfavored for pecc ¼ 0.9. In other words, even with the
Dirac-delta distribution with a large eccentricity of
e0 ¼ 0.8, one further needs a large mixing fraction to
identify the effects of eccentricity.

C. Implications of SGWB produced with thermal
eccentricity distribution

We now analyze the spectrum produced by sBBH whose
eccentricities follow the thermal distribution, as discussed
earlier in Sec. II C. We specifically consider two cases with
forb ¼ 10−5 Hz and forb ¼ 10−4 Hz, where the latter case
results in a spectrum that is more suppressed due to larger
residual eccentricities in the LISA band.
First, we address the significance of the systematic biases

when using the circular model, given each injected spec-
trum. In Fig. 7, we show the marginalized posteriors (blue
for forb ¼ 10−4 Hz and orange for forb ¼ 10−5 Hz) on the
circular model parameters Avac and γ, with the true values
of the circular model shown by the dashed lines. For the
case with forb ¼ 10−4 Hz, we find that the systematic
errors in the one dimensional marginalized posteriors are
comparable to the respective statistical errors, while they

FIG. 5. Posteriors on e0 (with forb;0 ¼ 10−4 Hz) obtained with
(solid, blue) and without (dashed, orange) including the galactic
foreground parameters, given a LISA stochastic signal produced
by quasicircular sBBHs. The 90% right-sided credible intervals
are shown with vertical lines. For reference, we show the adopted
uniform prior (solid, black) on e0.

FIG. 6. Marginalized posteriors on e0 and pecc inferred with the mixture model. In all cases, the injected spectra are generated with
einj0 ¼ 0.8 at forb;0 ¼ 10−4 Hz, while the injected values of pecc are 0.1 (left), 0.5 (middle), and 0.9 (right), and shown as dashed black
lines in each panel.
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are smaller for the case with forb ¼ 10−5 Hz. Thus, if the
sBBHs formed at lower frequencies of forb ≲ 10−5 Hz,
with their eccentricities following a thermal distribution,
the resulting SGWB would effectively be consistent with a
circular model in the LISA band. Further, note that the
spectral index is biased to larger values than the circular
case, while the opposite holds true for the vacuum. This is
because the spectrum is suppressed at lower frequencies
with a larger spectral index.
If we instead use the eccentric model described by the

Dirac-delta distribution [cf. Eq. (25)], can we obtain any
informative posterior for a non-zero e0 from the thermal
spectra? In such a case, the inferred e0 would represent an
effective eccentricity, and we can assess whether the two
cases of the injected spectra (with forb ¼ 10−5 Hz and
forb ¼ 10−4 Hz, respectively) lead to different posterior
constraints on this effective eccentricity. However, as
shown in Fig. 8, the inferred posteriors on e0 have strong
support at e0 ¼ 0, with constraints (from the upper 90%
credible interval) of e0 ≲ 0.6 in both cases. As expected the
eccentric model with the Dirac-delta distribution is only
informative with a nonzero peak for e0 when the injected
e0 ≳ 0.7 due to the peak/turning point of the spectrum is
∼10−3 Hz, where LISA is most sensitive. The spectrum

resulting from the thermal distribution, in both cases of
forb ¼ 10−5 Hz and forb ¼ 10−4 Hz, has a turning point
that is below this sensitive region, and is therefore similar to
injecting with e0 < 0.7, resulting in posteriors largely
supporting e0 ¼ 0.

D. Distinguishing environmental effects from an
eccentric vacuum model

In our previous work [32], we studied the impact of
astrophysical environments on the SGWB from quasicir-
cular sBBHs. Since astrophysical environments typically
introduce additional energy dissipation into the binary
evolution, they lead to characteristic distortions of the
SGWB spectrum. Based on asymptotic behavior of these
spectral modifications, we developed a generic phenom-
enological parametrization, referred to as the “Rational
Power Law + Peak” (RPLP) model. The RPLP model is
sufficiently flexible to describe a broad class of environ-
mental effects. We found that the effects of gas dynamical
friction acting on binaries embedded in a gaseous medium
can be measured, and that the vacuum model can be
rejected for typical disk gas densities. We now address
how those results are affected by allowing for nonzero e0 in
the vacuum model. Specifically, we inject spectra from
quasicircular sBBH undergoing dynamical friction for disk
gas densities ρinj∈f10−11;10−10;10−9;10−8;10−7g gcm−3.
For each injected spectrum, we perform two sets of
parameter estimations, one with the dynamical friction
model (same as injection) and another with a vacuum
SGWB model, but allowing for the effects of eccentricity
that follows a Dirac-delta distribution, as described
by Eq. (25).
In the top panel of Fig. 9, for a few representative cases,

we show the two dimensional marginalized posteriors on
Avac and e0, while in the bottom panel, we show the
posterior predictive corresponding to the eccentric model.
To compute the posterior predictive, we evaluate the

TABLE II. Log Bayes factors log10 Bfrac
cir comparing the mixture

model to the circular model, for different injected values of pecc.

pecc 0.1 0.3 0.5 0.7 0.9

log10 Bfrac
cir −0.4034 −0.2954 0.4516 0.9786 4.735

FIG. 7. Biases in the circular model when analyzing a stochas-
tic signal from sBBHs with eccentricity following a thermal
distribution.

FIG. 8. Constraint on e0 when recovering with the parametric
model, given a SGWB that is generated by binaries following a
thermal distribution of initial eccentricity.
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eccentric model power spectral density (PSD) from each
posterior samples and at each frequency, and show the
corresponding median and 90% credible intervals.
Meanwhile, in Table III, we show the Bayes factors
between the dynamical friction model and the vacuum
models, with the top row corresponding to the eccentric
vacuum case, and the bottom corresponding to the quasi-
circular vacuum case (which we reproduced from our
previous work [32]).
When including eccentricity, the evidence in favor of the

dynamical friction model decreases (compared to the
circular model) in all cases. Only for a large disk gas
density of ρinj ¼ 10−7 g cm−3, we can strongly reject the
eccentric vacuum hypothesis. For lower values of the disk
gas densities, the log Bayes factors are inconclusive, given
that logBDF

ecc ≈ 0 to within the uncertainties of estimating
the evidences. This is also seen from the marginalized
posteriors and posterior predictives of the eccentric model
shown in Fig. 9. For smaller disk gas densities, such as
ρinj ¼ f10−11; 10−9g g cm−3, the inference of e0 is unin-
formative, with large posterior predictive uncertainties at

low frequencies. With ρinj ¼ 10−7 g cm−3, there is a clear
nonzero peak for e0, and the corresponding posterior
predictive is distinguishable from the injected spectrum.
Moreover, for this case, we have log10 BDF

ecc ≈ 1.3, which
exceeds our adopted threshold for strong Bayesian evi-
dence (log10 B > 1). For this density, our Bayes factor is
consistent with what we had found when assuming no
eccentricity for the vacuum model. Thus, for such large
values of the disk gas density, we can strongly reject the
vacuum model even when allowing for eccentricity.

IV. CONSTRAINING THE MAXIMUM
ECCENTRICITY IN THE BAND OF GROUND-

BASED DETECTORS WITH LISA

So far, our analyses have focused on eccentricity dis-
tributions defined at a LISA-band reference frequency, but
it is natural to ask how LISA observations of the SGWB
can constrain the eccentricity of the sBBH population when
the latter is characterized by e20 Hz, namely the eccentricity
defined at a ground-based detector reference GW frequency
of 20 Hz for the dominant (2, 2) mode [59]. To this end, we
consider an illustrative case where the population of sBBHs
whose eccentricity at forb ¼ 10 Hz follows a uniform
distribution between 0 and a maximum value emax

20 Hz, which
is the single population hyperparameter we aim to con-
strain. Such a distribution is motivated by the typical priors
used in LVK and related analyses [60–62]. For each value
of emax

20 Hz, we evolve the population backward to the LISA
band and compute the corresponding SGWB spectrum
using the eccentric model developed in Sec. II B.

FIG. 9. Recovery of injected stochastic signals undergoing dynamical friction using the eccentric model for three representative gas
densities, ρ ¼ 10−11; 10−9; 10−7 g cm−3. The top panels show the two marginalized posteriors on (log10 Avac; e0), and the bottom panels
show the corresponding posterior predictive spectra, where the solid blue curves denote the posterior medians, the shaded regions
indicate the 90% credible intervals, and the black dashed curves represent the injected signals.

TABLE III. Log Bayes factors comparing the dynamical
friction model (RPLP) to the vacuum models, for different values
of ρinj. The top row is for eccentric vacuum case, and the bottom
row is for the quasicircular vacuum case.

ρ ðg cm−3Þ 10−11 10−10 10−9 10−8 10−7

log10 BDF
ecc −0.01275 0.01033 −0.09733 −0.1328 1.337

log10 BDF
cir 1.397 1.375 1.407 1.012 1.474
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The resulting spectra are shown in the top panel of
Fig. 10, while the bottom panel shows the corresponding
LISA-band SNR as a function of emax

20 Hz. We compute the
SNR as

SNR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tobs

X
k

4

Z
∞

0

df

�
Sk;GWðfÞ
Sk;nðfÞ

�
2

s
; ð33Þ

where Sk;GWðfÞ is the PSD of the astrophysical GW
stochastic signal, and Sk;nðfÞ is the instrumental PSD, in
a given TDI channel, with Tobs ¼ 4 yr. For sufficiently
small values, emax

20 Hz ≲ 10−5, the eccentricity in the LISA
band is still negligible and the spectrum is essentially
indistinguishable from the quasicircular prediction, giving
a roughly constant SNR of ∼200. As emax

20 Hz increases, the
backward evolution produces large eccentricities in the
LISA band, redistributing power into higher harmonics and
thereby strongly suppressing the SGWB at mHz frequen-
cies. The SNR correspondingly drops by nearly two orders
of magnitude, reaching a value of ∼3 already at
emax
20 Hz ¼ 10−2, and the spectrum falls well below the
LISA BPLS curve for emax

20 Hz ¼ 10−1.
We have thus illustrated the following: a confident LISA

detection of the sBBH stochastic signal, consistent with
the quasicircular expectation, would effectively rule out
emax
20 Hz ∼ 0.01 or larger, assuming for illustrative purposes
that e20 Hz follows a uniform distribution. Meanwhile, a
stochastic signal that is suppressed in the LISA band would
suggest relatively large eccentricities for the sBBH

population in the LVK band. One can quantify this further
by performing a dedicated Bayesian analysis with emax

20 Hz as
a population parameter, which we leave to future work. For
the case of the uniform distribution we considered, the
illustrative bounds that we have outlined in this section
essentially depend only the mean value of the eccentricity
ē20 Hz across the population. We also stress that the strength
of these bounds depends sensitively on the assumed shape
of the eccentricity distribution [40,63,64]: a log-uniform
prior, for instance, would concentrate probability mass near
e20 Hz ¼ 0 and essentially wash out the bound on emax

20 Hz. In
general, we expect that one can try to constrain the mean,
variance, and skewness of the e20 Hz distribution.
Nevertheless, the present analysis already shows that

LISA can translate a nondetection of eccentricity effects in
the mHz band into a meaningful constraint on the eccen-
tricity of the sBBH population at LVK frequencies. This is
complementary to recent LVK studies showing how eccen-
tricity nondetections in resolved sBBH events can constrain
dynamical formation channels [65]. We stress that such a
constraint would be particularly valuable for the next
generation of ground-based detectors, such as the
Einstein Telescope and Cosmic Explorer, which will be
operating when LISA flies, and whose data analysis will
benefit from independent information on the astrophysical
distribution of sBBH eccentricity near merger.

V. CONCLUSION

The SGWB from sBBHs in the LISA band can probe
their astrophysical formation history, with LISA being
sensitive to the early inspiral where residual eccentricity
may still be significant. In such cases, the resulting
stochastic background can deviate appreciably from the
standard quasicircular prediction, as eccentricity redistrib-
utes power into higher harmonics and thereby suppresses
the spectrum at low frequencies relative to the circular case.
In this work, we developed an improved SGWB model
containing eccentricity effects, which we applied to both an
idealized Dirac-delta distribution and a thermal distribution
for eccentricity. Using a fully Bayesian framework, we then
investigated how eccentricity can be measured from the
LISA detection of the resulting SGWB.
Specifically, for the Dirac-delta distribution, we found

that sufficiently large injected eccentricities lead to inform-
ative posterior constraints on e0. For e0 ≳ 0.9 at an orbital
frequency forb ¼ 10−4 Hz, Bayesian model selection
strongly favors the eccentric model over the quasicircular
model. We then applied this model to both a phenomeno-
logical mixture model and a more astrophysically moti-
vated case of a thermal eccentricity distribution. For the
mixture model, the evidence for eccentricity increases with
the mixing fraction, indicating that even for highly eccen-
tric binaries, a sufficiently large eccentric subpopulation is
needed for its imprint to be robustly identified in the
stochastic signal. For the thermal eccentricity distribution,

FIG. 10. Top: SGWB spectra ΩGWðfÞ for sBBH populations
with a uniform eccentricity distribution between 0 and emax

20 Hz at the
LVK reference frequency of 20 Hz, for log10emax

20 Hz ∈
f−1;−2;…;−7g. For reference, we also show the LISA PLS
(gray dashed) and BPLS at 10% noise uncertainty (black dotted)
curves; the grey shaded region marks frequencies outside the LISA
sensitivity band. Bottom: LISA-band SNR as a function of emax

20 Hz.
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the SGWB is effectively consistent with a circular model
when binaries form at forb ¼ 10−5 Hz, whereas formation
at forb ¼ 10−4 Hz can induce appreciable systematic biases
relative to the circular power law model prediction. Thus,
even when eccentricity is not explicitly modeled for, such
as in a power law model, one can identify departures from
the prediction based on circular orbits.
We further studied the degeneracy between eccentricity

and nonvacuum effects (due to astrophysical environment),
focusing on dynamical friction as an example. Specifically,
we computed the Bayes factor between the nonvacuum
model and the vacuum model, with eccentricity effects
included in the latter. As expected, we found that including
eccentricity suppresses the evidence in favor of the non-
vacuum model, and only relatively dense environments
with the disk gas density of ρ≳ 10−7 g cm−3 can be
distinguished from the vacuum case.
Finally, we considered a sBBH population with a uni-

form eccentricity distribution between 0 and a maximum
value emax

20 Hz, defined at a ground-based detector reference
GW frequency of 20 Hz. We showed that the corresponding
LISA SGWB is strongly suppressed already for
emax
20 Hz ∼ 0.01. As a result, a LISA detection of the sBBH
SGWB consistent with the quasicircular expectation would
translate into an upper bound on the eccentricity of the
sBBH population in the band of ground-based detectors,
with direct implications for template modeling and data
analysis in future ground-based observatories operating
alongside LISA.
As a first step, our analysis adopted simplified eccen-

tricity distributions and fixed characteristic formation
frequencies. A more realistic treatment should account
for the full population distribution of eccentricity and its
correlation with other binary parameters, such as mass,
redshift, and formation channel. In addition, environmental
effects themselves can alter eccentricity evolution [13,66–
69], so a fully self-consistent treatment of eccentric and
nonvacuum populations remains an important direction for
future work. Another interesting direction is to explore the
implications of the universal eccentricity distribution,
computed recently in Ref. [70], on the SGWB from the
sBBH in the LISA band. Overall, these findings underscore
the importance of including eccentricity in SGWB model-
ing in order to enable reliable astrophysical interpretation
of future LISA observations.
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APPENDIX A: VALIDITY OF ECCENTRIC SGWB
MODEL

1. Alternative derivation of eccentric SGWB

For a single eccentric binary, there can be interference
between Fourier harmonics due to radiation reaction, which
for example is clearly shown in the Fourier spectrum of the
waveform in Fig. 3 of Ref. [71]. Qualitatively, such
interference effects happens when the evolution of a given
harmonic exceeds the frequency bin width and the initial
spacing between harmonics. When a binary is widely
separated, the orbital backreaction is entirely negligible,
resulting in a discrete Dirac-delta spectrum. At closer
separations, there will be appreciable backreaction that
results in interference between the harmonics. We also
know from Phinney’s theorem [27] that there is a general
equivalence between the waveform polarizations and the
energy spectrum. Can the interference terms that appear in
the waveform polarizations then contribute to the energy
spectrum? We show below that these interference terms in
fact vanish when averaging over all orientations of the
binary, and obtain the same expression for the energy
spectrum given in Eq. (12).
To leading PN order, the frequency-domain GW polar-

izations for an eccentric binary computed using the sta-
tionary-phase approximation is given by [47,66,71]

h̃þ;× ¼ −
ηm
2DL

X∞
j¼1

½2πmforbðt�jÞ�2=3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jḟorbðt�jÞ

q
× ½CðjÞ

þ;×ðt�jÞ þ iSðjÞþ;×ðt�jÞ�e−iψjðt�j Þ; ðA1Þ

where t�j is the stationary point where forbðt�jÞ ¼
frðt�jÞ=j ¼ fð1þ zÞ=j, and ψ jðt�jÞ is the Fourier GW phase
evaluated at the stationary time. The Fourier coefficients of

the polarizations CðjÞ
þ;× and SðjÞþ;× are given by

CðjÞ
þ ¼

�
2s2ι JjðjeÞ þ

2

e2
ð1þ c2ι Þc2βððe2 − 2ÞJjðjeÞ

þ jeð1 − e2ÞðJj−1ðjeÞ − Jjþ1ðjeÞÞÞ
�
; ðA2aÞ
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SðjÞþ ¼ −
2

e2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
ð1þ c2ι Þs2β½−2ð1 − e2ÞjJjðjeÞ

þeðJj−1ðjeÞ − Jjþ1ðjeÞÞ�; ðA2bÞ

CðjÞ
× ¼ −

2

e2
cιs2β½2ð−e2 þ 2ÞJjðjeÞ

þ2jeð1 − e2ÞðJj−1ðjeÞ − Jjþ1ðjeÞÞ�; ðA2cÞ

SðjÞ× ¼ −
4

e2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
cιc2β½−2ð1 − e2ÞjJjðjeÞ

þeðJj−1ðjeÞ − Jjþ1ðjeÞÞ�; ðA2dÞ

where we used the shorthand cι ¼ cos ι, sι ¼ sin ι,
c2β ¼ cos 2β, s2β ¼ sin 2β, with ι being the inclination
angle and β being the polarization angle. Note that we
specifically used the expressions as given in Ref. [66] that
had corrected typos in previous literature. The Fourier GW
phase of the jth harmonic is of the form,

ψ jðt�jÞ ¼ 2πtcfrðt�jÞ − jlc þΦjðeðt�jÞÞ; ðA3Þ

where tc and lc are constants of integration that specify a
reference value of the binary’s mean anomaly l, and

Φjðeðt�jÞÞ is the nontrivial GW phasing that depends on
fr implicitly through eðt�jÞ. It is important to recognize that
eðt�jÞ ¼ ej as defined in Eq. (8). The expression for Φj,
valid for arbitrary eccentricity, is rather cumbersome and is
given in terms of hypergeometric functions in Ref. [71], but
it is not needed for our calculation. For completeness, note
that in the circular limit, the contribution is from j ¼ 2 and
the GW dephasing is given by Φ2ðt�2Þ¼3=128
ð2πMforbðt�2ÞÞ−5=3, which is found in textbooks, such as
Ref. [45].
From Phinney’s theorem [27], we have that

dEGW

dfr
¼ 2π2

D2
L

ð1þ zÞ2 f
2

× ðhjh̃þðfrÞj2i þ hjh̃×ðfrÞj2iÞjfr¼fð1þzÞ; ðA4Þ

where hXi represents an average over the binary’s orbital
orientation,

hXi ¼ 1

8π2

Z
π

0

dι sin ι
Z

2π

0

dβ
Z

2π

0

dlc: ðA5Þ

We first compute jh̃þ;×ðfrÞj2 from Eq. (A1),

jh̃þ;×ðfrÞj2 ¼
η2m2

4D2
L

X∞
j¼k¼1

½2πmforbðt�jÞ�4=3
jḟorbðt�jÞ

½ðCðjÞ
þ;×ðt�jÞÞ2 þ ðSðjÞþ;×ðt�jÞÞ2�

þ η2m2

4D2
L

X
j≠k

X∞
k¼1

½4π2m2forbðt�jÞforbðt�kÞ�2=3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jkḟorbðt�jÞḟorbðt�kÞ

q e−iðΨjðt�j Þ−Ψkðt�kÞÞ

× ½CðjÞ
þ;×ðt�jÞCðkÞ

þ;×ðt�kÞ þ SðjÞþ;×ðt�jÞSðkÞþ;×ðt�kÞ − iCðjÞ
þ;×ðt�jÞSðkÞþ;×ðt�kÞ þ iCðkÞ

þ;×ðt�kÞSðjÞþ;×ðt�jÞ�; ðA6Þ
where we have split the sum into the diagonal and off-diagonal contributions. The second term, which is the off-diagonal
contribution, is the source of the interference effect for a given binary as it depends on the phase differenceΨjðt�jÞ − Ψkðt�kÞ.
This phase difference depends on ðj − kÞlc, and therefore the off-diagonal contribution has an overall multiplicative factor
of exp ðiðj − kÞlcÞ. Thus, when performing the average over lc, this off-diagonal contribution will vanish. In other words,
for randomly oriented phases, there is no interference effect between the Fourier harmonics in the SGWB (assuming the
continuum limit).
To compute the diagonal contributions, we make use of the following:

hðCðjÞ
þ ðt�jÞÞ2i ¼

8

15e4j
½21e2jð1 − e2jÞ2j2Jj−1ðjejÞ2 þ 28ejð1 − e2jÞjð2þ j − e2jð1þ jÞÞJj−1ðjejÞJjðjejÞ

þ ð28þ 56j − 28e2jð1þ 3jÞ þ e4jð11þ 28jÞÞJjðjejÞ2 þ 7e2jð1 − e2jÞ2j2Jjþ1ðjejÞ2�; ðA7aÞ

hðSðjÞþ ðt�jÞÞ2i ¼ −
224ð1 − e2jÞðejJj−1ðjejÞ − ð1þ ð1 − e2jÞjÞJjðjejÞÞ2

15e4j
; ðA7bÞ

hðCðjÞ
× ðt�jÞÞ2i ¼

8

3e4j
ð2ejð1 − e2jÞjJj−1ðjejÞ þ ð2 − e2j þ 2ð1 − e2jÞjÞJjðjejÞÞ2; ðA7cÞ

hðSðjÞ× ðt�jÞÞ2i ¼
32ð1 − e2jÞ

3e4j
ðejJj−1ðjejÞ − ð1þ ð1 − e2jÞjÞJjðjejÞÞ2: ðA7dÞ
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We define the jth term of the energy spectrum as ðdEGW=dfrÞj, so that the total spectrum given by Eq. (A4) reads
dEGW=dfr ¼

P∞
j¼1ðdEGW=dfrÞj. With Eqs. (A6) and (A7) in hand, ðdEGW=dfrÞj becomes

�
dEGW

dfr

�
j
¼ ð1 − e2jÞ7=2M5=3

c j4=3ð2πÞ2=3
3e4jð96þ 292e2j þ 37e4jÞf1=3ð1þ zÞ1=3 ½e

2
jð1 − e2jÞð48þ 41ð1 − e2jÞj2ÞJj−1ðjejÞ2

− 4ejð1 − e2jÞð24þ 12ð4 − 3e2jÞjþ 17ð1 − e2jÞj2ÞJj−1ðjejÞJjðjejÞ
− 4ð−24 − 48j − 17j2 þ 12e6j j

2 − e4jð4þ 36jþ 41j2Þ þ e2jð24þ 84jþ 46j2ÞÞJjðjejÞ2
þ 7e2jð1 − e2jÞ2j2Jjþ1ðjejÞ2�: ðA8Þ

Using the recurrence relations for the Bessel functions [72,73] given by

Jj−2ðxÞ ¼
2ðj − 1Þ

x
Jj−1ðxÞ − JjðxÞ; ðA9aÞ

Jjþ2ðxÞ ¼
2ðjþ 1Þ

x
Jjþ1ðxÞ − JjðxÞ; ðA9bÞ

Jjþ1ðxÞ ¼
2j
x
JjðxÞ − Jj−1ðxÞ; ðA9cÞ

and the expression for ḟorb from Eq. (6), we simplify ðdEGW=dfrÞj and obtain the total energy spectrum as

dEGW

dfr
¼ M5=3π2=3

3f1=3ð1þ zÞ1=3
X∞
j¼1

gðj; ejÞ
FðejÞðj=2Þ2=3

; ðA10Þ

which reproduces Eq. (12) and completes the alternative derivation of the energy spectrum.

2. Validity of neglecting higher PN contributions

In this work, we have neglected PN corrections to the modeling of the SGWB. Typically, the PN corrections get enhanced
as eccentricity increases, and thus one needs to determine at what eccentricity the leading PN approximation breaks down or
is inaccurate. From Ref. [74], the ratio of the instantaneous orbit-averaged energy fluxes between the 1PN and the 0PN
contributions are given by

F 1PN;inst

F 0PN;inst
¼ x

1 − e2t

2
64−



1247
336

þ 35
12
η
�
þ


10475
672

− 1081
36

η
�
e2t þ



10043
384

− 311
12

η
�
e4t þ



2179
1792

− 851
576

η
�
e6t

1þ 73
24
e2t þ 37

96
e4t

3
75; ðA11Þ

where et is the time eccentricity associated with the PN accurate quasi-Keplerian parametrization of the osculating orbit [75]
and x ¼ ð2πmforbÞ2=3 is the gauge-invariant PN expansion parameter [74]. Note that the Keplerian eccentricity e used in
our work can be related to the time eccentricity et, using the expressions for each quantity written in terms of the gauge-
invariant energy and angular momentum [75] (see Ref. [76] for an explicit demonstration up to 3PN order). In the small
eccentricity asymptotic limit et ≪ 1, Eq. (A11) becomes

�
F 1PN;inst

F 0PN;inst

�
et≪1

∼ −x
�
1247þ 980η

336

�
; ðA12Þ

and in the high eccentricity asymptotic limit 1 − et ≪ 1, Eq. (A11) instead becomes

�
F 1PN;inst

F 0PN;inst

�
1−et≪1

∼
x

1 − e2t

�
30141 − 46340η

3400

�
: ðA13Þ
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Thus the smallness of the PN expansion is governed by x
for small eccentricity, and x=ð1 − e2t Þ for large eccentricity,
with a weakOð1Þ dependence on the symmetric mass ratio.
Using Eq. (A12), for typical sBBHs with comparable

masses m1 ∼m2, we find that the ratio of the fluxes is
≲1=10 when

forb ≲ 2.1 Hz ×

�
50M⊙

m

�
; ðA14Þ

and thus we can neglect PN contributions in the LISA band
when computing the SGWB for small eccentricities.
Meanwhile, using Eq. (A13) for high eccentricities (and
again comparable masses), requiring that the ratio of fluxes
remain ≲1=10 results in

1 − et ≳ 7.9 × 10−4 ×

�
m

50M⊙

�
2=3

�
forb

10−4 Hz

�
2=3

: ðA15Þ

This means that our eccentric SGWB model will remain
valid for e0 ≲ 0.99921 with forb;0 ¼ 10−4 Hz. When using
Eq. (A14) or Eq. (A15), we caution that these should be
used in the respective asymptotic limits and only provide a
Fermi estimate of the relative importance of the 1PN
contribution. As a more generic case with e0 ¼ 0.9 at
forb;0 ¼ 10−4 Hz, the ratio of fluxes is ∼10−2 for
m1 ∼m2 ∼ 25M⊙. Thus, for the goals of this work, we
can neglect PN corrections in computing the SGWB in the
LISA band.

APPENDIX B: ADDITIONAL DETAILS ON
BAYESIAN DATA ANALYSIS

The marginalized posteriors shown in Fig. 4 can be
further understood in terms of the posterior predictives.

Specifically, we compute the eccentric model from the
posterior samples at each frequency, and obtain the
corresponding median and 90% credible interval. In
Fig. 11, we show the injected signals (dashed lines)
together with the posterior predictives for the cases with
einj0 ¼ f0.3; 0.7; 0.8; 0.9g, with the median represented by
solid lines and the shaded region corresponding to the 90%
credible intervals. For high injected e0 ≥ 0.8, the median
posterior predictive is accurate compared to the injected
signal, consistent with the marginalized posteriors (cf.
Fig. 4), which show a clear peak for e0 that is close to
the injected value. In contrast, for lower eccentricities, there
is mismatch between the median posterior predictive and
the injected signal, but the differences are within the 90%
credible intervals, which is also consistent with obtaining
a rather uninformative marginalized posterior for e0
(cf. Fig. 4).
In Table I, we found a non-trivial trend for the Bayes

factors between the eccentric and circular models. To better
understand this behavior, we now turn to Fig. 12, which
shows the posterior predictives obtained with the circular
(power law) model, given the injected eccentric spectra. We
find that the posterior predictives for each case have
different spectral slopes, as γ (and Avac) is biased relative
to its true circular value. For eccentricities einj0 ¼ f0.3; 0.7g,
the higher frequency content (in the range
∼10−3–10−2 Hz), where LISA is sensitive, is well captured
by the median posterior predictive of the circular model,
resulting in only marginal preference for the eccentric
model. For einj0 ¼ 0.8, since the turning point shifts to
sensitive regime of the LISA band, the posterior predictive
of circular (power law) model captures the injected signal
very well, especially close to the peak. In fact, the spectral
slope of the median posterior predictive very closely
matches the spectral slope at the peak of the injected

FIG. 11. Posterior predictives of eccentricity model compared
against the injected signals (dashed lines) for einj0 ¼
f0.3; 0.7; 0.8; 0.9g. For each case, the shaded region corresponds
to the 90% credible interval, with the solid line corresponding to
the respective median.

FIG. 12. Posterior predictives of the power law model com-
pared against the injected signals (dashed lines) for
einj0 ¼ f0.3; 0.7; 0.8; 0.9g. For each case, the shaded region
corresponds to the 90% credible interval, with the solid line
corresponding to the respective median.
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spectrum. However, the higher frequency content is not
well captured, with the injection lying outside the 90%
credible interval for f ≳ 10−2 Hz. Thus, there is even less
evidence in favor of the eccentric model for einj0 ¼ 0.8,
when compared to cases with einj0 ≤ 0.7, where the peak of
the spectrum is not well captured by the circular model. For
a larger eccentricity of einj0 ¼ 0.9, there is clear mismatch
between the posterior predictive of the circular model and
the injected signal across the sensitive frequency band,
resulting in strong evidence in favor of the eccentric model.
We point out that the log Bayes factors between the

eccentric and circular (power law) models logBecc
cir do not

correspond to the Savage-Dickey [77] estimate. This is
because when recovering with the circular (power law)
model, we sample on γ, and instead keep γ ¼ 2=3 when
recovering with the eccentric model. In other words, one
should really view this as a model comparison between the

eccentric model and the power law model. For a strict
model selection between the eccentric and circular hypoth-
eses, one has to keep γ ¼ 2=3 [as predicted by Eq. (27)]
when recovering with the circular model. With γ ¼ 2=3
fixed, the models are nested, and one can equivalently
compute the Bayes factor using the Savage-Dickey ratio.
However, as there can be errors in the Savage-Dickey
estimate due to poor sampling (and binning) at e0 ¼ 0 [77],
we instead estimate logBecc

cir from the evidences obtained
from a separate set of parameter estimation recoveries.
We find logBecc

cir ≈f−0.6515;−0.4814;−0.5612;−0.6105;
−0.6074;−0.5445;−0.4242;6.6178;40.68g for einj0 ¼f0.1;
0.2;0.3;0.4;0.5;0.6;0.7;0.8;0.9g, and thus, the Bayes fac-

tors clearly increase with einj0 when keeping γ ¼ 2=3 fixed,
in contrast to the more nontrivial trend we found when
sampling on γ.
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