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Abstract

We study invariants of almost complex, almost symplectic and almost Hermitian
manifolds.

First, we use the Nijenhuis tensor to measure how far an almost complex struc-
ture is from being integrable. We prove that the space of maximally non-integrable
structures is open and dense or empty in the space of almost complex structures.
Then, we provide a technique that allows to produce almost complex structures
whose Nijenhuis tensor has arbitrary prescribed rank on parallelizable manifolds,
and we use the rank to classify invariant structures on 6-dimensional nilmanifolds.

From a cohomological point of view, we give definitions of Bott—Chern and
Aeppli cohomologies of almost complex manifolds, based on the operators d and
d¢, and of their almost symplectic counterparts, based on the operators d and
d*. These cohomologies generalize the usual notions of Bott-Chern and Aeppli
cohomologies and of symplectic cohomologies of Tseng and Yau. We also explain
the importance of the operators § and 6, a suitable generalization of the complex
operators 0 and 0. In the non-integrable setting, these cohomologies do not admit
a natural bigrading. However, they naturally have a Zy-splitting induced by the
parity of forms.

Finally, we deal with spaces of harmonic forms on compact almost Hermi-
tian manifolds. We describe a series of Laplacians that generalize the complex
Bott—Chern and Aeppli Laplacians and the symplectic Laplacians of Tseng and
Yau. We formulate a general version of Kodaira—Spencer’s problem on the metric-
independence of the dimensions of the kernels of such Laplacians. It turns out
that these invariants are especially well-behaved on 4-manifolds. If the 4-manifold
admits an almost Kéahler metric, we find a series of metric-independent invariants,
solving the generalized Kodaira—Spencer’s problem. Motivated by the complex
case, we show that the invariants we defined have a strong link with topological
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invariants. On almost Kéahler 4-manifolds, they essentially reduce to topological
numbers and to the almost complex invariants h}, +q- and h;. Motivated by a con-
jecture of Li and Zhang on the generic vanishing of hj, we conjecture that hj, .
generically vanishes. We are able to confirm our conjecture on high-dimensional
manifolds.

We complement the theoretical results with a large number of examples on
locally homogeneous manifolds of dimension 4 and 6, where we explicitly compute
the rank of the Nijenhuis tensor, the almost complex cohomologies and the spaces
of harmonic forms.
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Introduction

Almost complex structures appeared for the first time in the work of Ehresmann
[36] and the role they play in the understanding of complex and symplectic struc-
tures is well-known to experts. In this thesis we are especially interested in al-
most complex structures as a generalization of complex structures, but one should
not forget their importance in symplectic geometry and the theory of pseudo-
holomorphic curves, see [44], [65] and [66].

On the complex side, existence of almost complex structures is the main known
obstruction to the existence of complex structures. However, understanding if an
almost complex manifold admits a complex structure is an extremely difficult
problem. A direct way to show that a manifold M is complex is to take an
almost complex structure J on it and to check if its Nijenhuis tensor vanishes at
every point. Such a J is called integrable, and Newlander—Nirenberg’s theorem
guarantees that it corresponds to a complex structure on M [74]. If dimg M = 2,
every almost complex structure is integrable by dimensional reasons. Since we
are mostly interested in non-integrable structures, we will not discuss again the
2-dimensional case in this thesis. If dimg M = 4, there are examples of almost
complex 4-manifolds that do not admit complex structures. The first examples
are due to Van de Ven [105], Yau [112] and Brotherton [18]. The problem of
whether or not an almost complex 4-manifold admits a complex structure is now
well-understood in terms of Enriques—Kodaira classification of complex surfaces,
or, more recently, in terms of almost complex invariants [30]. If dimg M > 6, there
is no known example of an almost complex manifold without complex structures.
Finding such an example or showing that every almost complex 2m-manifold with
2m > 6 admits a complex structure is today an open problem [111].

When dealing with complex and symplectic manifolds, we have several invari-
ants of cohomological or analytical nature at our disposal. The ones relevant for
this thesis are the Nijenhuis tensor, the classical Dolbeault, Bott—Chern and Aeppli
cohomologies, the symplectic cohomologies of Tseng and Yau, see [100] and |101],
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and, after fixing a suitable Riemannian metric, the spaces of harmonic forms of
complex and symplectic Laplacians. A general definition of these invariants valid
for almost complex or almost symplectic manifolds could provide a way to study
the properties of those structures and to compare them to integrable complex
structures or to symplectic structures, giving further insight on the problem of
finding integrable structures.

The search for invariants of almost complex structures that generalize complex
invariants is a very natural problem that can be dated back to Kodaira and Spencer
[47]. In spite of that, significant progresses in the field are all very recent and
concentrated after 2018, when [29] appeared in its first version on the arXiv. The
rise in interest is mostly due to the works of Cirici and Wilson [28] and [29], focused
on the introduction of Dolbeault cohomology of almost complex manifolds and the
study of harmonic forms on almost Kéahler manifolds, and to those of Holt and
Zhang on the original Kodaira—Spencer’s problem, see [52] and [53]. We give later
in this introduction a review of the literature on the topic.

The goal of this thesis is to define new almost complex and almost Hermitian
invariants that generalize the cohomologies of complex manifolds and the spaces
of harmonic forms of Hermitian manifolds. We analyze the relations between the
invariants we introduce and other known invariants of almost complex manifolds,
and we study how they are related to integrability of almost complex structures.
Ultimately, we are able to show that certain invariants are a sufficient tool to
distinguish between different almost complex structures and we underline a link
with the topology of the underlying manifold that becomes especially significant
on 4-manifolds. The definition of many of the invariants we introduce naturally
extends to almost symplectic manifolds. We will take some detour from almost
complex structures to discuss that in details. The invariants studied in this the-
sis are mostly of three kinds: the rank of the Nijenhuis tensor, cohomological
invariants and spaces of harmonic forms.

The rank of the Nijenhuis tensor
Let (M, J) be an almost complex manifold and let

Ny TMTM — TM

be its Nijenhuis tensor. The complex rank of the distribution Im N; C T'M pro-
vides an invariant of the almost complex structure

rtk Ny: M — N

that can be thought as a measure of non-integrability for J. On the one hand,
we find complex structures, for which rk N, identically vanishes. On the other
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hand, we have mazimally non-integrable structures, for which rk N; is maximal
at every point. This natural class of structures, present in the literature also
under the name of totally non-integrable structures in [11] and [69], is one of the
main sources of examples of non-integrable structures. Among the others, we wish
to recall [23], [25], [5§], [72] and [107], where the rank of the Nijenhuis tensor
is explicitly studied and related to properties of almost complex structures. To
motivate the abundance of maximally non-integrable structures in the literature,
one has to appeal to their flexibility: a generic local perturbation of an almost
complex structure is maximally non-integrable and every Nijenhuis tensor is locally
induced by an almost complex structure, see [58] and [69]. When passing to global
statements, two aspects must be addressed: existence and density.

Existence of maximally non-integrable structures follows from the work of
Coelho, Placini and Stelzig [32], where a h-principle for almost complex struc-
tures is established. As a consequence, if dimg M > 10, maximally non-integrable
structures always exist, while on compact manifolds of lower dimension there are
obstructions to their existence.

Density of maximally non-integrable structures is the first original result of this
thesis. Denote by J the space of almost complex structures on M.

Theorem A. Let M be a compact almost complex manifold and let C be a path-
connected component of J. Let Cy, be the subspace of C of almost complex structures
whose Nijenhuis tensor has rank at least k at every point of M. Then Cy is either
open and dense or empty in C.

Density of structures has to be intended in the C'*°-topology induced on J by
thinking of its elements as smooth sections of the twistor bundle.

Corollary B. Let M be a compact almost complex manifold. Then the space of
mazximally non-integrable almost complex structures on M s either open and dense
or empty in each path-connected component of J .

The main tools used in proving Theorem [A] are local estimates for the rank of
N; along small deformations of almost complex structures and existence of real
analytic sections of real analytic vector bundles.

A preferred class of manifolds on which to study the rank of N is that of par-
allelizable manifolds, in particular solvmanifolds. On parallelizable manifolds, we
can describe small deformations of almost complex structures in terms of complex
valued functions and controlling the rank of N; amounts to finding solutions to
a system of PDEs. While the set-up is general, we can solve the PDEs on spe-
cific examples to produce a large number of explicit complex and almost complex
structures whose N; has arbitrary constant rank on solvmanifolds of dimension
4 and 6. Note that these structures are not necessarily invariant. Indeed, even



though every solvmanifold admits maximally non-integrable structures, there are
many examples where every invariant structure is not maximally non-integrable.
Motivated by this, we focus on 6-dimensional nilmanifolds and study the possible
values of the rank of invariant structures, providing a complete classification. Note
that in dimension 6 the possible values for rk NV; go from 0 to 3, and that the case
of vanishing rank was already treated by Salamon [81].

Theorem C. Let M = T'\G be a 6-dimensional nilmanifold and let g be the Lie
algebra of G. Then

(1) M admits an invariant almost complex structure of rank 3 if and only if g is
1somorphic to one of

(0,0,12,13,14 + 23,34 — 25), (0,0,12,13, 14,34 — 25),
(0,0,12,13,14 4+ 23,24 + 15), (0,0,12,13,14, 23 + 15),
(0,0,12,13,23,14), (0,0,12,13,23,14 — 25),
(0,0,12,13,23,14 + 25), (0,0,0,12, 14 — 23,15 + 34),
(0,0,0,12, 14, 15 + 23), (0,0,0,12, 14, 15 + 23 + 24),
(0,0,0,12, 14, 15 + 24), (0,0,0,12,13, 14 + 35),
(0,0,0,12,23, 14 + 35), (0,0,0,12,23, 14 — 35),
(0,0,0,12, 14, 24), (0,0,0,12,13 — 24,14 + 23),
(0,0,0,12,14,13 — 24), (0,0,0,12,13 + 14, 24),
(0,0,0,12,13,14 + 23), (0,0,0,12,13,24),
(0,0,0,12,13,23);

(11) M does mot admit an invariant almost complex structure of rank 2 if and
only if g is isomorphic to one of

(0,0,0,12,13,23), (0,0,0,0,0,12 + 34),
(0,0,0,0,0,12),  (0,0,0,0,0,0);

(111) M does mot admit an invariant almost complex structure of rank 1 if and
only if g is isomorphic to one of

(0,0,12,13,14 + 23,34 — 25), (0,0,0,0,0,0).

The classification for 6-dimensional nilmanifolds and the techniques used in
the proof show that there is a connection between algebraic properties of the Lie
algebras and the rank of N;. Under suitable assumptions, we can establish a
similar constraint for rk N; in terms of the topology of the underlying manifold
valid in any dimension.
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Theorem D. Let M =T'\G be a solvmanifold of completely solvable type and let
J be an invariant almost complex structure on M. Then we have that

l"kNJ S dlmRM— bl(M)

We will see later that the topology determines almost entirely the invariants
of arbitrary structures (not necessarily invariant) on compact almost complex 4-
manifolds.

Bott—Chern and Aeppli cohomologies

On complex manifolds, not necessarily compact, Bott—Chern and Aeppli cohomolo-
gies are well-understood and widely studied invariants of the complex structure.
They have been introduced by Bott and Chern [17] and by Aeppli [1], respectively,
see also the works of Bigolin [14] and [15]. Unlike Dolbeault cohomology, they take
into account the simultaneous action of @ and 0 and, if the manifold is compact,
they are finite-dimensional and their complex dimensions can be used to charac-
terize deep cohomological properties of the complex structure, like the 99-lemma
[6].

The first generalization of complex cohomologies to almost complex manifolds
was given by Cirici and Wilson [29], who introduced an almost complex version of
Dolbeault cohomology. Later, Coelho, Placini and Stelzig [32] gave a definition of
Bott—Chern and Aeppli cohomologies of almost complex manifolds based on the
use of the operators 0 and 0. In this thesis, we give a different definition of Bott-
Chern and Aeppli cohomologies that is based on the use of the operators d and
de. If (M, J) is an almost complex manifold, we define its Bott—Chern and Aeppli
cohomologies as the usual Bott—Chern and Aeppli cohomologies of the operators
d and d° computed on a suitable subcomplex B*® of the complex of forms and on
the associate quotient complex C®, respectively. Our construction of cohomologies
is inspired by the definition of Coelho, Placini and Stelzig, while the choice of
the operators d and d° is closer to the original definition of Bott and Chern and
resembles the choice made by Tseng and Yau in their definition of symplectic
cohomologies. While in the complex case this change of perspective yields the
same cohomologies, the resulting almost complex cohomologies of the operators d
and d° are different from those built using 0 and 9. On the same subcomplex B®,
one can naturally define also the Dolbeault, Bott—Chern and Aeppli cohomologies
of the operators § :== 0 + i and § := 0 + p. In analogy with the complex case,
Bott-Chern and Aeppli cohomologies defined using d and d° or § and § coincide.
Thus 6 and § appear to be appropriate generalizations of 0 and 0, at least in the
context of Bott—Chern and Aeppli cohomologies.

One last feature of using the operators d and d° is that they naturally induce
a Zo-splitting of differential forms into an even and an odd part. Thus, we define
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even and odd versions of de Rham and Bott—Chern cohomologies. Denote by
HY ;. the almost complex Bott—Chern cohomology, by (HE, ,.)**" and (HJ, )%
its even and odd versions, respectively, and by HE = and H¥,, the even and odd

versions of de Rham cohomology, respectively. We see that the Z,-splitting of
forms passes to Bott—Chern cohomologies.

Theorem E. There is a natural map

k k k
Hipge — Hepen + Hogay

even

hasar — [0+ [0,
that induces a Zo-graded decomposition of Bott—Chern cohomology
H5+dc = (H§+d6)even 52 (H§+d0)0dd-

Existence of a Zs-splitting in the context of symplectic cohomologies was al-
ready observed by Tseng and Yau in Section 5 of [100].

On the almost symplectic side, we note that the differential admits a decompo-
sition d = dy + d; + . .. induced by the Lefschetz bigrading of forms. The operator
dy is cohomological and the decomposition of d allows to define a spectral sequence
from the cohomology H;(;' to de Rham cohomology. Remarkably, the vanishing of
the operator dy encodes interesting geometric properties.

Theorem F. Let (M,w) be a compact almost symplectic 2m-manifold. If 2m = 4,
then dog = 0. If 2m > 6, then dy = 0 if and only if w is locally conformally
symplectic.

With the same idea we used for Bott—Chern and Aeppli cohomologies of al-
most complex manifolds, we define an almost symplectic version of the symplectic
cohomologies of Tseng and Yau obtained as the cohomologies of the operators d
and d* computed on a suitable subcomplex and the associated quotient complex.

Spaces of harmonic forms

Classical Hodge theory for compact Hermitian manifolds establishes an isomor-
phism between Dolbeault, Bott—Chern and Aeppli cohomologies and certain spaces
of harmonic forms obtained as the kernel of suitable self-adjoint elliptic operators,
called the Dolbeault, Bott—Chern and Aeppli Laplacians, respectively. By the
general theory of self-adjoint elliptic operators, the spaces of harmonic forms are
finite-dimensional vector spaces on compact manifolds. Thanks to the isomor-
phism with the cohomologies, this implies that the dimensions of the spaces of
harmonic forms, which in principle depend on the choice of Hermitian metric, are
actually metric-independent.
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As already observed by Kodaira, the Dolbeault Laplacian is an elliptic operator
even on almost Hermitian manifolds. Hence, the dimension of its kernel computed
on (p, q)-forms is an invariant h%? of the almost Hermitian structure. Motivated
by the isomorphism valid in the complex case, Kodaira and Spencer posed the
following problem, see Problem 20 in [47].

Kodaira—Spencer’s problem. Is hg’q independent of the choice of the [al-
most] Hermitian structure? If not, give some other definition of the AZ? which
depends only on the almost complex structure and which generalizes the hg’q of a
complex manifold.

The first (negative) answer was given by Holt and Zhang almost 70 years later
[53]. They exhibited an example of a compact almost complex 4-manifold for which
the value of h%’l varies for different choices of metric. A metric-independent defini-
tion of the numbers hg’q valid on arbitrary almost complex manifolds has not yet
appeared in the literature, while in dimension 4 a solution was proposed by Cirici
and Wilson [30]. Nevertheless, several authors carried out an intense work in the
study of the spaces of harmonic forms associated to various Laplacians in the hope
of finding a solution to Kodaira—Spencer’s problem. The main differences among
the works on the spaces of harmonic forms lie in which differential operators are
used to build the Laplacians and in the choice of considering Hodge-type Lapla-
cians of the second order or Bott—Chern-type Laplacians of the fourth order. The
possible choices for the operators are 9, ¢ or d for the Hodge-type Laplacian and
the pairs of operators (9, 9), (4,0) or (d,d®) for the Bott-Chern-type Laplacians.
We give an exhaustive review of the literature on the topic.

e The approach using 0 and 0 has been studied by Cattaneco, Tardini and
Tomassini [26], Holt [48], Holt and Piovani [49], Holt and Zhang [52, 53],
Piovani and Tomassini [79)], Tardini and Tomassini [94} 95], for what concerns
the Hodge-type Laplacian Aj and by Holt [48], Holt and Piovani [49], Piovani
and Tardini [77], Piovani and Tomassini [7§], for what concerns the Bott—
Chern-type Laplacian Ay, 5. The related invariants are the numbers hg’q and

hy'ly:

e The approach using § and 6 has been introduced and studied by Tardini
and Tomassini [96]. They considered the Hodge-type Laplacian Az and the
Bott-Chern-type Laplacian A; ;. The dimensions of the related spaces of
harmonic forms are h'g and h'g 5

e The approach using d and d¢ was introduced by Cirici and Wilson for the
Hodge-type Laplacian Ay on almost Kéhler manifolds [31] and was furhter
studied by Holt, Piovani and Tomassini on almost complex manifolds [51].
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In this thesis, we introduce for the first time the Bott—Chern-type Laplacian
Agiae. In this case, the invariants are K57 and h%, ..

The focus of the research is in studying the properties of the spaces of harmonic
forms and the dependence on the metric of their dimensions. One of the main
goals of this thesis is to address the problem in full generality. We formulate the
following problem, that appears as a natural generalization of Kodaira—Spencer’s
problem.

Generalized Kodaira—Spencer’s problem.
Let (M,J) be a compact almost complex manifold. Fix an almost Hermitian

. . k 1k k 1k P.q k
structure and consider the associated numbers A3, h8+5, hs, h5+5, hy® and hg, ..

e Are these numbers independent of the choice of almost Hermitian structure?
e Are they independent of the choice of almost Kéhler structure?

To address the problem, we summarize and improve the known results. We
also introduce new spaces of harmonic forms built using the operators d and d°.
The main result we obtain on the metric-independence is valid for almost Kéahler
4-manifolds.

Theorem G. Let (M,J) be a compact almost complex 4-manifold admitting a
J-compatible almost Kdhler metric. Then the numbers h’g, hhe, h’§+5 and h§+dc do
not depend on the choice of J-compatible almost Kdhler metric.

If we think of the description of complex and Kahler surfaces given by the
Enriques—Kodaira classification, it is not surprising that assuming low-dimension
or existence of an almost Kahler metric yields a better behaviour in terms of metric-
independence. Theorem [G] provides a full answer to the generalized Kodaira—
Spencer’s problem valid for almost Kéahler 4-manifolds. In its proof it is essential
to understand the actions of the Hodge * operator and the symplectic *4 operator,
and the interplay between those actions and the bidegree of forms induced by the
almost complex structure. Along the way, we establish several results that are
interesting on their own, since they hold on almost complex manifolds of arbitrary
dimension or that do not admit almost Kahler metrics.

Once established that certain invariants are metric-independent, the next step
is to use them to distinguish between different almost complex structures. The
other natural step is to determine precisely how they are related to each other,
and the two problems are often intertwined. As an example, on compact com-
plex surfaces, the dimensions of Dolbeault, Bott—Chern and Aeppli cohomology
groups not only are metric-independent, but they are completely determined by
the topology of the underlying manifold, see [10], and all complex structures on a
given smooth manifold have the same cohomological invariants.
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This is very different from the situation in the almost complex case, where
we have genuine almost complex invariants. Actually, we are able to determine
the precise dependence on topological constants of the almost Kahler invariants
considered in Theorem [Gl

Theorem H. Let (M, J) be a compact almost complex 4-manifold admitting a
J-compatible almost Kahler metric. Then, for every choice of J-compatible almost

Kahler metric, the invariants h’g, hhe, h§+3 and h’j+dc are completely determined
by:

e the oriented topology of the underlying manifold (more precisely, by the num-
bers by and b~ );

e the almost complex invariant hj, ,.;

e the almost complex invariant h .
Furthermore, the invariants b, and by do not completely determine each other.

We point out that the results of Theorems [G] and [H] are partially valid even
without the almost Kéhler assumption: the numbers A%, ., for k # 3, are almost
complex invariants on arbitrary almost Hermitian 4-manifolds and they depend
only on the topology, on h}, ., and on hj. It is not known if the number h3, ;.
depends on the choice of metric in the non-almost Kéahler case.

The utility of the numbers ), 4 and h}, the only degrees of freedom for almost
Kéahler invariants, is much wider. We show that they can be used to distinguish
between different almost complex structures. In particular, the number hj, .. is
able to do so even when other invariants like tk N;, b}, or symplectic invariants,
fail. Motivated by this and the fact that k), is completely known for compact
complex surfaces, we formulate the following conjecture.

Conjecture. Let M be a compact almost complex 2m-manifold. Then, the
number hj, ;. vanishes for a generic almost complex structure.

As a consequence of Theorem [A], we are able to confirm the conjecture for man-
ifolds that admit maximally non-integrable structures, in particular for manifolds
of dimension at least 10 or for homogeneous spaces.

Aside from the main results described above, the thesis contains a careful
description of the relations occurring among different spaces of harmonic forms
and a discussion of how they are related with the cohomologies. We also establish
several lemmas that allow to simplify or to avoid direct computations of the spaces
of harmonic forms. This is applied to a large number of examples, explicitly
showing how to compute the rank of N; and the spaces of harmonic forms on:

e every 6-dimensional nilmanifold;
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e cvery 4-dimensional solvmanifold admitting a complex structure and certain
6-dimensional solvmanifolds;

e compact complex surfaces obtained as a quotient of non-solvable Lie groups,
like the Hopf surface.

Outline of the thesis

This thesis collects the results of the published works [87], [88], [89], [90] and of
the preprint [85], together with material that appears here for the first time. It is
structured as follows.

Chapter [1| presents the fundamentals of almost Hermitian geometry, describing
the action of compatible triples on the space of forms and the integrability condi-
tions for almost complex and almost symplectic structures. It also contains some
well-known result on multicomplexes, on homogeneous manifolds and on small
deformations of almost complex structures. Minor original results are present in
Sections [1.2] and [1.4]

Chapter [2| contains a thorough study of the rank of the Nijenhuis tensor. Sec-
tions[2.1)and 2.2 focus on theoretical aspects of almost complex structures, recalling
the important results of [32] and proving Theorem [A| using real analytic curves of
almost complex structures. In Sections and [2.4] we underline algebraic and
topological constraints on the rank of N;. There, we prove the classification of
invariant structures on 6-dimensional nilmanifolds of Theorem [C] We also pro-
vide an explicit method to produce structures of prescribed rank on parallelizable
manifolds and we apply it to obtain a large number of examples.

Chapter [3] is entirely devoted to almost complex and almost symplectic coho-
mologies. On almost complex manifolds, we define the Bott—Chern and Aeppli
cohomologies of the operators d and d° and several cohomologies of the operators
§ and 6. We study their main properties and how they are related to each other.
On almost symplectic manifolds, we define the almost symplectic cohomologies of
the operators d and d*, and we study the spectral sequence going from the coho-
mologies of the operators d; to the de Rham cohomology. Finally, we underline
how, in the non-integrable setting, the de Rham and Bott-Chern cohomologies
naturally admit a Zs-splitting into even and odd forms.

Chapter {4] deals with spaces of harmonic forms on compact almost Hermitian
manifolds. After introducing these spaces in full generality, we move to the 4-
dimensional case to study their dependence on the choice of metric. Here is where
we prove Theorem [G] that solves the generalized Kodaira—Spencer’s problem on
almost Kéahler 4-manifolds. In the rest of the chapter, we describe the relations
among different spaces of harmonic forms and their inclusion into the cohomologies
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of Chapter[3] We conclude the chapter with explicit computations of cohomologies
and of harmonic forms on the Kodaira—Thurston manifold.

Chapter [5| consists of two parts. The first part, Sections and [5.2] takes a
detour from almost complex structures and focuses on integrable structures. We
precisely determine Bott—Chern numbers of compact complex surfaces in terms of
topological constants and we compute the dimensions of the spaces of harmonic
forms of invariant Hermitian structures on complex surfaces diffeomorphic to solv-
manifolds. In the second part, Sections and [5.4] we determine the dependence
on the topology of the almost Kéhler invariants computed in Chapter [, prov-
ing Theorem . We especially focus on the invariant hj,,. on arbitrary almost
complex manifolds and we formulate a conjecture on its vanishing, proving it on
high-dimensional manifolds.






CHAPTER 1

Background material

This chapter collects background material that will be used consistently through-
out the thesis. Definitions and results that play a more specific role will be recalled
outside of this chapter, right before they are needed or whenever they are relevant
for the discussion. Any classical textbook on complex geometry will be a good
reference for the basic results. We recommend [10], [43], [54], [55] and [71]. More
recent results, which do not yet appear in books, are accompanied by a reference
to the relevant article. Sections [I.2] [I.3 and [I.4] contain minor original results.

1.1 Multicomplexes and spectral sequences

The definitions we give in this section can be stated in more generality for arbitrary
abelian groups. Since we always deal with the de Rham algebra of a smooth
manifold, we give every definition taking into account also the algebra product
that, on forms, is induced by the wedge product.

A differential (Z,7)-graded multicomplex (A**,d), sometimes simply bigraded
multicomplex or multicomplex, is a (Z, Z)-graded algebra { AP}, ,cz endowed with
a linear differential d satisfying the equation d?> = 0 and the graded Leibniz rule

dla-b) =da-b+ (=1)""%qa-db,
where a € AP b € A™ and - denotes the algebra product. In terms of the

1
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bigrading, it admits a decomposition

Jmazx

d=Y d, (1.1.1)

with
dj: AP — APTRCITL G =0 s

If p and ¢ run over a finite number of indices we say that the multicomplex is
bounded. A double complex, or bicomplex, is a multicomplex with only two differ-
entials. A subcompler (B**,d) of (A*®,d) is a bigraded subalgebra B** C A®**®
preserved by the action of the differential d. The associated quotient complex
(C**,d) is obtained by taking CP? := AP4/BP? endowed with the differential
induced by d.

The bigrading on A** naturally induces a grading taking A* := @p gt AP
The (graded) complex A® inherits a filtration induced by the bigrading, i.e., a
sequence of subcomplexes

AF = FOAF D PP AR D F2AF D .. D0
given by
FPAb = Ak
Jjzp
and compatible with the action of the differential d in the sense that
d(FPA*) C FPAR,
The bigraded cohomology of the multicomplex is the quotient

ee . FP(kerdn A7)
HPA(A™, d) = Fr(Imdn Ag)’

A bigraded spectral sequence (E$*,d.) is a sequence of multicomplexes (E®*®, d,)
indexed by an integer > 0, each one called page of the spectral sequence, endowed
with a differential

dr: Ef’q - Ef"ﬂ',q—r-i-l’ d72"|E£’q = 07
and such that each page is isomorphic to the cohomology of the previous one

Bt 2 H* (B, d,).

r

We say that the spectral sequence degenerates at page rg if for all » > ry the
differential d, is trivial. In such a case there is an isomorphism

(7 dy = 0) = (E70 dyy) - forall 7 > ro.
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If a spectral sequence degenerates, we set E3® = EX*®, we say that the spectral
sequence converges to E%* and we write E'? = EP:%. The following is a classical
result on spectral sequences, see unnumbered Proposition on page 440 in [43].

Proposition 1.1.1. Every filtered complex (F*A®, d) has a natural associated spec-
tral sequence obtained setting

o FP AP+
0 Fr+1 Apta

and requiring that EyY) = H**(ES*,d,), where each differential d, is induced by
d.

As a direct consequence, every multicomplex admits an associated spectral se-
quence. Moreover, the differentials d, of the spectral sequence can be explicitly
described, up to isomorphism, in terms of the original decomposition , pro-
viding a useful framework for explicit computations, see |33] for the case of double
complexes and [62] for the general case of multicomplexes.

Finally, we remark that every spectral sequence arising from a bounded multi-
complex always degenerates in a finite number of steps, see Section 5.3 in [19].

1.2 Almost Hermitian manifolds

In this section we describe the space of forms of almost Hermitian manifolds and
the main differential operators studied in this thesis.

Let M be a smooth manifold. Suppose that M has even real dimension 2m.
Denote by T'M its tangent bundle and by 7™M its cotangent bundle. The bundles
of real k-forms and of complex k-forms are the bundles

k k
Ag = A\T*M and A*= A\T"M

respectively, where 7% M® denotes the complexified cotangent bundle. The corre-
sponding spaces of smooth sections are denoted by A% and A*, and they are called
spaces of real and complex k-forms, respectively. We endow M with two geometric
structures:

e an almost complex structure on M is an endomorphism of its tangent bundle

J € End(TM) such that J? = — Idgy;

e an almost symplectic structure on M is a real non-degenerate 2-form w € A%.
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It is not restrictive to also endow M with a Riemannian metric g. We say that
the triple (J,w,g) is a compatible triple if for every X and Y vector fields on M
we have that

9g(X,Y)=w(X,JY). (1.2.1)

A compatible triple is also called an almost Hermitian structure. Given any two
elements among J, w and g, the remaining one is uniquely determined by the
compatibility condition (1.2.1)). For instance, if J and w are assigned, we say that

o Jis w-tamed if w(X, JX) > 0 for every non-zero vector field X;

o wis J-invariant if w(JX,JY) = w(X,Y) for all vector fields X and Y.

If both conditions are satisfied, then w(X, JY') is symmetric and positive, deter-
mining uniquely a Riemannian metric.

We adopt the following terminology: the term almost Hermitian manifold could
refer to a manifold admitting an almost Hermitian structure, without choosing
a specific structure, or to a quadruple (M, J,w,g). Similarly, the term almost
complex manifold refers either to a smooth manifold admitting at least one almost
complex structure or to a pair (M, J). The same holds for almost symplectic
manifolds.

Since there are no constraints for the existence of a Riemannian metric, the
spaces of almost complex manifolds, of almost symplectic manifolds and of almost
Hermitian manifolds coincide with each other. We will change the name depending
on which structure we are dealing with.

Action of compatible triples on the space of forms

The existence of a compatible triple induces three operators on A*: the Hodge *
operator, the operator J and the Lefschetz operator L.

The Hodge * operator is induced by the Riemannian metric g. For a and
B € AF, it is defined by the relation

aAxB=gla,p) Vol,,

where Vol, is the volume form of the metric. Its action sends A¥ into A2~ F and
vice versa. If M is compact, the metric induces an L?-Hermitian product on AP
defined by

(o, B) ::/Ma/\@. (1.2.2)

Let P: A¥ — A**! be any operator of (possibly negative) degree I. The formal
adjoint of P is the unique operator P*: A¥ — A*=! such that the equality

(Pa, ) = (a, P)
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holds for all o € A* and B € A**!. If M is not compact, the Hermitian product is
defined on the space of forms with compact support or on the space of L?-forms,
see [50] for a recent approach to L2-forms related to the theory we present in
Chapter []

The almost complex structure J acts on k-forms by duality. For o € A* and
X1, ..., Xy vector fields, the duality action is

Jo( Xy, o, X)) = al(J Xy, JX).

We will omit the superscript * and denote it simply by J. Then J is an endomor-
phism of k-forms satisfying J? = (—=1)*Id. On 1-forms, we have that J? = —1Id,
thus T*M® decomposes into (4i)-eigenbundles denoted by T* M0 and T*M%!,
respectively. The bundle of complex (p, ¢)-forms is the bundle

AP = /p\T*MLO ® /q\T*MOJ.

The space of its smooth sections AP? is the space of complex (p,q)-forms and
complex conjugation defines an isomorphism AP? = A%P. The space of k-form
decomposes as the direct sum of bigraded spaces as

= @
ptq=k

and there is a natural projection 7P%: A®* — AP?. Then J acts on a € AP? as
Ja = (—1)7iPT9« and it preserves the bigrading. The space of forms endowed
with the wedge product and the bigrading induced by J inherits the structure of
bigraded algebra (A**,\) with

N: APO X ATy APTTAES,

The almost symplectic structure w acts on k-forms by the Lefschetz operator
and its dual operator. The Lefschetz operator L is the operator

L: AF — Ak+2
a— WA Q.

The dual Lefschetz operator A: A¥ — AF=2 is defined as contraction by w. A
k-form o, with & < m, is called primitive if Aa = 0, or, equivalently, if L™ **+lq =
0. Denote by P* the space of primitive k-forms. Every function and 1-form is
primitive and, by definition, there are no primitive k-forms for k > m.

It is convenient to have two other (equivalent) descriptions of the dual Lefschetz
operator. The first one is a local description. Fix local coordinates {@}?Zl and

let ]
ik
w = 5 Zk Wik da?
Js
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be a local expression for w. The dual Lefschetz operator is given by
1 ik
A= 5 Zw Lo, Loy
jik

where 9; := 0/0x; and the matrix (w’¥) is the inverse of (w;).

The second description is given in terms of formal adjoints. Extend the action
of w from vector fields to differential forms by duality. Then for a and 5 € A* the
symplectic adjoint P*s of an operator P is defined by the identity

w(Pa, B) = w(a, P*f).

The dual Lefschetz operator A is the symplectic adjoint of L. More explicitly,
consider the symplectic *; operator defined by the relation

Oz/\m:w(a,ﬁ)%.

This is a symplectic version of the Hodge % operator defined for a Riemannian
metric and it sends A* into A?”~*. The dual Lefschetz operator is

A=, L %, .
Since w is non-degenerate, for each k& = 1,...,m, powers of the Lefschetz
operator give an isomorphism
LF: Ak =, Amtk (1.2.3)

called the Lefschetz isomorphism. The inverse of the map L* is A*. It is important
to observe that in general L and A do not commute and that A*L* = Id only on
(m — k)-forms, while L¥A* = Id only on (m + k)-forms. On forms of arbitrary
degree, the action of (powers of) L and A is more complicated and we need to take
into account the role played by their commutator, the operator H = [A, L].

The action of powers of L on primitive forms allows to define a symplectic
bidegree. Consider the spaces

LS = {w" A P*: P* € P°} C A¥+,

The triple (L, A, H) defines a representation of s[(2, C) acting on A® that induces a
Lefschetz decomposition of the space A¥ into bigraded components, see Théoréme
3 on page 26 in [108], namely

A= @ o

j>max{k—m,0}
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There is a natural projection 7*: A®* — L"*. We refer to the bigrading £°* as the
Lefschetz bigrading or symplectic bigrading. The Lefschetz isomorphism (1.2.3)) is
compatible with the bigrading and it gives isomorphisms

me2rfs . £r,s ~ ‘Cmfrfs,s.

In contrast to what happens for the bigrading induced by an almost complex
structure, there is no algebra structure induced by the wedge product on L**
since the wedge product of primitive forms is not necessarily a primitive form.
Nevertheless, we still have that

Lo nLheC @ s, (1.2.4)

j>r+t
The compatibility condition (|1.2.1]) allows to express * as
* =k, = Jxg, (1.2.5)

while Théoreme 2 on page 23 in [108] gives the explicit expression for the action
of the Hodge * on each summand of the Lefschetz decomposition

1 !
R r Lk Pl (1.2.6)

«["P* = (1) ko

with P € P5. In particular, by comparing (1.2.5)) and (1.2.6]), we see that %, acts
on forms of bidegree (p, ¢) as a multiple of the Lefschetz operator.

Bigraded decomposition of the differential

First, we consider the almost complex point of view and the action of d on the
space of (p,q)-forms. An operator is said to be bigraded of bidegree (r,s) if it
sends (p, ¢)-forms into (p + r, ¢ + s)-forms. The first observation is that d is not
a bigraded operator. Nevertheless, we have some control on its action: while a
priori we only know that d(AP9) C APt it turns out that

d(Ap,q) C Ap+2,q71 D Ap+1,q D Ap,qH D Apfl,q+2_

Projecting on the various components of its image, we decompose d as the sum of
four operators, d =y + 0 + 0 + [, where

. 2,q—1 — 1,
o= 7TpJr d Od’Anq, 0= 7I'p+ qu’Apyq,

0 = 7Tp7q+1 o d|Ap,q, fi = 7Tp—l,q-I—Q o d|APv¢1-
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The operators 0 and 9 are conjugate to each other, in the sense that da = da,
and they have bidegree (1,0) and (0, 1), respectively. The same is true for p and
[, that have bidegree (2, —1) and (—1, 2), respectively. Separating by bidegree the
terms of the equation d? = (u+ 0 + 0 + f1)? = 0, we obtain the relations

i* =0,

110 + O = 0,

0% + id + 0 = 0,

00 + 90 + pji + fipp = 0

(1.2.7)

and the conjugate equations, that imply that (A®®, 1, d,0, i) is a multicomplex
endowed with four differential, in the sense of Section |1.1

In addition to y, 0, 0 and i, we introduce several operators obtained as linear
combinations of them that will play an essential role in the rest of the thesis. First,
we consider the operator d° :== J~'dJ. Taking into account the explicit action of
J on (p, q)-forms, we can write d° in terms of x, 9, d and [i as

d°=i(p—0+0—f).
From the definition, it follows immediately that (d¢)*> = 0, while a short computa-

tion yields B
dd® + d°d = 4i(0* — 0?).

The operator ¢ and its conjugate § are defined by the equations
§ = %(d+z’dc) =0+ and §:= %(d—z’dc) =0+ . (1.2.8)
This gives the decompositions
d=30+0 and d°=i(6—9). (1.2.9)
By , and , we have that
== %(ddc +d°d) =0 —09* and &0 = —i(ddc — d°d). (1.2.10)

In particular, we observe that for the pairs of operators (d,d®) and (6,5) we have

d? =0, 62 £ 0,
(d°)? =0, and 62 #0, (1.2.11)
dd® 4 d°d # 0, 56 4+ 08 =0,

while the operators 0 and O neither square to zero nor anti-commute.



1.2. ALMOST HERMITIAN MANIFOLDS 9

Now, we consider the almost symplectic point of view and the action of d on the
space L. As it happens for the almost complex bigrading, the differential does
not preserve the symplectic bigrading. We see that, even though we have some
control on the action of d, the situation is more complicated than in the almost
complex case, since it involves the differential of w. The Lefschetz decomposition
of dw is

dw=H+wA0, (1.2.12)

where H € A3 is real primitive 3-form and § € A} is a real (primitive by degree
reasons) 1-form. The form 6 is usually called the Lee form of w.

Proposition 1.2.1. Let (M,w) be an almost symplectic manifold. Then

d(ﬁr,s) C @Er—1+j,s+3—2j.

Jj=0
Proof. Let w” A P* € L. Then P* € L% = P*% and dP* € @ L£*~%. By (1.2.4)
Jj=0
and (|1.2.12)), we have that

d(ﬁr,s) C (£0,3 @ ﬁl,l) A (@ £j72—sj) C @ﬁr—l—i—j,s—s—S—Qj. ]

>0 >0

Projecting on the components of the image of d|.rs, we get the decomposition

j"LUu'L'
d=Y_dj (1.2.13)
j=0
with d; = 7" 1%95%372 o d| ;s and jmee to be determined. Observe that the

operator d; has symplectic bidegree (j — 1,3 — 2j). For a fixed bidegree (r,s), we
can be more precise on the vanishing of certain differentials.

Lemma 1.2.2. Consider the action of d on L™° and decompose the differential
according to (1.2.13)). Then

(1) if r+s=m, then d; = 0;
(i) if r+s € {m—1,m} orifr =0, then dy = 0;
(iti) dj =0 for all j > =3

Proof. We prove only claim (i7i). Claims (i) and (i7) have a similar, simpler,
proof. The proof starts by arranging the bigraded spaces of forms in the Lefschetz
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pyramad

EO,m
EO,m—l El,m— 1
ﬁO,m—Q El,m—Q £2,m—2

£0:0 ‘ | Lm0
see also |101]. The action of the differential on £™* corresponds to the arrows

Er—l,s+3

and an arrow with target outside of the pyramid corresponds to a vanishing dif-
ferential. The maximum value of j for which d; # 0 depends on the number of
terms in the Lefschetz decomposition

A2r+s+1 ) Er—l—l,s—l D £T+2,S—3 D ...
The last term in the decomposition is £7T%/>1 if s is even, or £7H+H)/20 §f 5 is
odd, giving the upper bound j < L#J O

In particular, since primitive forms have at most bidegree m, we have that
Jmae = | 252 in (L.2.13).
Separating bidegrees in the equation d? = 0, we get the relations

k
> djdi_; =0 for each k >0, (1.2.14)

J=0

that are analogous to the relations ((1.2.7)) obtained for almost complex operators.
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We need to define one more differential, which has a role similar to that played
by d° on almost complex manifolds: the symplectic co-differential d* introduced in
[21], see also |13], [64], [99], [100], [101] and [110] for further relevant developments.
The operator d" is defined as the symplectic adjoint of d. On k-forms, it has the
explicit expression

dd = (=DM x d x,

The operators d and d* both square to zero, but in general they do not anti-
commute. By the action of d on £™*, we determine that d* acts on L™ as

dA(;Cr’S) C @£r72+j,3+372j'

Jj=0
By taking projections on the components of the image, we get the decomposition

d=>"d} with d} =g P o gt
320

Each projection d;‘ is the symplectic adjoint of d; as given in (1.2.13), namely, we
have that

dé\ = (—1)k+1 *g dj*s

on k-forms. Finally, we observe that, once a compatible triple (J,w,g) is fixed,
the almost complex differential d° and the symplectic co-differential d* completely
determine each other by the relation

(d°)* = d™. (1.2.15)

1.3 Integrable structures

In this section we discuss integrability conditions of almost complex and almost
symplectic structures that, if satisfied, allow to develop rich cohomological theories.

Let (M, J) be an almost complex manifold. The Nijenhuis tensor of J is the
(2,1)-tensor defined by

Ny(X,Y) = [JX,JY] = J[JX,Y] - J[X,JY] - [X,Y] (1.3.1)

for all vector fields X and Y. If N; = 0, we say that J is integrable. A deep theorem
due to Newlander and Nirenberg establishes that an almost complex structure
induces a structure of complex manifold on M (the manifold admits local complex
coordinates with holomorphic change of coordinates) if and only if its Nijenhuis
tensor vanishes [74]. A complez structure is an integrable almost complex structure
and a complex manifold is a pair (M, J) with J integrable.
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Similarly, let (M,w) be an almost symplectic manifold. If dw = 0, we say that
the almost symplectic structure is integrable and we call it a symplectic structure.
A symplectic manifold is a pair (M,w) with dw = 0.

When we fix a compatible Riemannian metric, the terminology is more specific.
An almost Hermitian manifold (M, J,w, g) is said to be almost Kdhler if dw = 0,
Hermatian if Ny =0, or Kdahler if both dw = 0 and N; = 0.

1.3.1 Complex manifolds

Let (M, J), with N; = 0, be a complex manifold. The condition N; = 0 holds
if and only if 1 = 0, since the operators p and g computed on 1-forms can be
identified with the dual of the complexified Nijenhuis tensor via the relation

_ 1 .
pt == (NG)".
More in general, integrability of J is equivalent to the vanishing of any of the
operators

NJ7 /17 52, 527 dd* + dcd7

or of their complex conjugate. Under the integrability assumption, the operators
0 and § coincide with 0 and 0 and the equations ((1.2.9)) simplify to

d=0+0 and d°=i(0—0). (1.3.2)
The relations ((1.2.7) and (1.2.11]) reduce to
0* =0, d? =0,
9> =0, and (d9)? =0,
90 + 00 = 0, dd® + d°d = 0.

These are precisely the conditions for which (A**,9,d) and (A**, d, d°) are double
complexes as defined in Section [L.1], hence it is natural to study the cohomologies
of the operators involved. Taking separately the operators d and d¢, we obtain the
cohomologies

. kerdn A* ker d° N A*

47 Imdn Ak Imden Ak’
which are called complex de Rham cohomology and d°-cohomology, respectively.
Starting with the operators 0 and J, we obtain the cohomologies

and HY =

ker 0 N AP4 ker O N AP
HYf = —————— d HP?! = —— "~
o T TmonaArd M Mo T 1090 Ara’
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which are called 0-cohomology and 0-cohomology, respectively. It is not hard
to verify that the action of J gives the isomorphism H¥ = HX  while complex
conjugation give the isomorphism Hy? = HI”. We will mostly focus on the de
Rham cohomology and, for historical reasons, on the d-cohomology, which is also
known as Dolbeault cohomology.

There are two other natural cohomologies associated to a double complex that
take into account the simultaneous action of the differentials: the Bott-Chern
cohomology [17] and the Aeppli cohomology [1]. The Bott—Chern cohomology of
the operators d and d° is

P . ker d N ker d° N AP
B¢ TImdden Are
while their Aeppli cohomology is
ker dd¢ N AP

HET = .
A7 (Imd + Imde) N Apa

By , if we replace d and d° by 0 and 0 in the definition of the Bott-Chern
and Aeppli cohomologies, the cohomology groups do not change.

There are natural inclusions of Bott—Chern cohomology into Dolbeault and de
Rham cohomologies and natural arrows from Dolbeault and de Rham cohomologies
into Aeppli cohomology that are all induced by the identity on the representatives.
The link between Dolbeault cohomology and complex de Rham cohomology is more
subtle and follows from the existence of a spectral sequence arising from the double
complex, as detailed in the following example.

Example 1.3.1 (Frélicher spectral sequence). The double complex (A4%*, 9, 9)
admits a natural spectral sequence induced by the filtration of its rows, indexed
by p, or of its columns, indexed by ¢, as done in Section [I.I} Choosing the row
filtration corresponds to choosing the cohomology of the 0 operator. Explicitly,
the row filtration is
FPAPTT @ Adk—3
Jjzp

By Proposition [1.1.1} the associated spectral sequence at page 0 is

EP APtd AP @ ApTLa—1 @ APT24-2 g

= — o~ APY
E'p+1 Ap+q Aprtla—1 @ Ap+2.49-2 @ |

P,q
EO

and the differential induced by d is dy = 0, since we are taking the quotient modulo

AP-&-LQ D Ap+2,q—1 P ...
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The first page of the spectral sequence is the cohomology of (ES? dy) and it is
isomorphic to the Dolbeault cohomology, giving E{"* = HJ?. The differential
induced on E}* is d; = 0 acting on Dolbeault cohomology classes. Since the
double complex of bigraded forms is bounded, the spectral sequence converges in
at most m steps to EP:4, a subspace of the cohomology of the differential d = 9+0,
that is, of the de Rham cohomology group H: 5+q. This induces a bigrading the on
de Rham cohomology in terms of a decomposition

k ~ D,q
Hi = P B
p+q=Fk

The spectral sequence we built is known as Frélicher (or Hodge—de Rham) spectral
sequence [39], and is denoted by H5? = HY™. |

The relations among the cohomologies described above and the Frolicher spec-
tral sequence allow to arrange them in the following diagram

Pq
HBC

\
/

HYY » HAPY — HY" (1.3.3)

=
z

/:
x

P.q
HA

Spaces of harmonic forms

Suppose that M is compact. Fix a J-compatible Riemannian metric and consider
its Hodge * operator. The formal adjoints, see Section of the operators d, d¢,
0 and 0 have the explicit expressions
d* = —xdx, (d)"=-J'xdxJ, 0" =—%0x and 0 = —*0x,
respectively. The Laplacians of the operators d and 0 are
Ay =dd* +d*d and Aj:= 00"+ 0*0,

respectively. The Laplacians of the operators d and 0 are obtained from A, and
Aj by the action of J and of complex conjugation, respectively. The corresponding
spaces of harmonic forms are

HE = AP Nker Ay = {a € A" : da = 0 and d*a = 0},

HE = AF Nker Age = {a € A* : d°a = 0 and (d°)*a = 0},
HY = AP Nker Ay = {av € AP?: Ja =0 and 0" =0} and
HE? = AP Nker Ay = {a € AP : da = 0 and §"a = 0}
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The following classical result in operator theory is fundamental in the study of
harmonic forms and Hodge theory.

Lemma 1.3.2. FEvery self-adjoint elliptic operator on a compact manifold has
finite dimensional kernel and its kernel and image are in orthogonal direct sum.

All of the Laplacians that we described are second-order self-adjoint elliptic
operators, so that the spaces Hj, Hb., Hy? and H5? are finite-dimensional vec-
tor spaces over C. Classical Hodge theory establishes isomorphisms between the
cohomologies and the spaces of harmonic forms

Hgllc ~ HS? ]'_[(I;C ~ H§C7 ng ~ Hg»q and Hqu ~ H%q,

so that the dimensions of the cohomology groups, hence of the spaces of harmonic
forms, provide a series of invariants. The numbers

by, = dim¢ Hf = dim¢ ch

are called Betti numbers, and they depend only on the homeomorphism type of
the underlying manifold. The numbers

P . Pad _ q4p
hg = dimg¢ H5 = dimc Hy".

are called Hodge numbers, and they depend on the complex structure J, but not
on the choice of J-compatible Riemannian metric.

The theory develops very similarly for Bott—Chern and Aeppli cohomologies.
One can consider the Bott—Chern Laplacian

Apc = 00(90)* + (00)*00 + 0*0(0*0)* + (9*0)*0*0 + 9*0 + 9*0 (1.3.4)
and the Aeppli Laplacian
A = 0B(0D) + (99)*08 + 0°B(0°D)* + (9°0)" "5 + 00" + 85", (1.3.5)
These are fourth-order self-adjoint elliptic operators [82]. Their kernels
HEL = AP Nker Age and HY? = AP Nker Ay

are the spaces of Bott—Chern harmonic forms and of Aeppli harmonic forms, re-
spectively. Their explicit expressions are

Pl ={ae€ A" : 9a =0, da =0 and (99)*a = 0}

and B B
HET = {a € AP?: 90a =0, O*a = 0 and 9%« = 0}.
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Then, there are isomorphisms
p,q ~Y p,q P,q ~/ p,q
HpH = HEe, and HY = HY"

Since the Hodge * induces an isomorphism H'35 = H'\ ™™ 7P, it is not restrictive
to focus only on Bott—Chern harmonic forms. By complex conjugation, we also
have H%E = HEL. The complex dimensions of the Bott—Chern cohomology groups

hpt = dime Hpd = dime H), "™
are the Bott—Chern numbers of the complex structure.

Remark 1.3.3. It is relevant to observe that in the literature there are several
non-equivalent definitions of Bott—Chern and Aeppli Laplacians. Nevertheless, all
their spaces of harmonic forms are isomorphic to each other and any property valid
for our choice of Laplacians holds in general. For a detailed discussion we refer
to [50] and to the original references [56], [82] and [106]. In Chapter[], we adopt
another possible definition of Bott—Chern and Aeppli Laplacians based on the use

of d and d°. On complex manifolds, it is equivalent to (1.3.4]) and (1.3.5)).

1.3.2 Symplectic manifolds

This section summarizes the theory of the symplectic cohomologies introduced by
Tseng and Yau [100] and further studied in [99], [101] and [102].

Let (M,w), with dw = 0, be a symplectic manifold. We study the action of
the differential d on bigraded forms. There are two natural double complexes
associated to £%*, namely (£**,d,d") and (£**,0,,0_), built in analogy with
(A**,d,d°) and (A**,0,0), respectively. For the first one, we note that if dw = 0,
then d* is the commutator

d = [d, A],

and the operators d and d” satisfy the equations of a double complex
=0, (@)*=0 and dd*+d*d=0.

As we already observed in Section , in general dd* 4+ d*d # 0. It is not known
if the converse implication is also true. We formulate this as a question.

Question. Let (M,w) be an almost symplectic manifold such that we have
dd* + d*d = 0 on every form. Is w necessarily d-closed?

On compact manifolds, we provide an answer when 2m = 4.

Lemma 1.3.4. Let (M,w) be a compact almost symplectic 2m-manifold such that
d and d* anti-commute. Then dw™ ' = 0. In particular, if 2m = 4, then dw = 0.
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Proof. By computing dd* 4+ d*d on an arbitrary function f € C=(M), we see that

1
0:(ddAerAd)f:d“df:*sd*sdf:—m*s d(w™ ' Adf) =
m — .
1
=%, dw™ A
(m—2)!* w" A df,

where we used ([1.2.6)). Since *, is an isomorphism, we have that
dw™ " ANdf =0 (1.3.6)

for every f € C*°(M). Fix z € M and let {z;}>™ be coordinate functions in a

neighborhood U of z. In local coordinates, we can write

where j denotes missing indices. If we choose f as a smooth extension of x; from
U to M, equation implies that w; = 0 for all j = 1,...,2m. Therefore we
have

dw™ 1 =0
on U and, since z is arbitrary, on M. In dimension 2m = 4, this immediately
implies dw = 0. O]

Remark 1.3.5. Metrics whose fundamental form satisfies dw™ * = 0 are known
in the literature as (almost) balanced metrics [67/, or semi-Kéhler /2. In Lemma
we have proved that the semi-Kdhler condition is equivalent to asking that
dw is primitive, or that d and d® anti-commute on functions.

To define the double complex (£**, d,,0_), consider the action of d on L"*.
Under the assumption dw = 0, the decomposition ((1.2.13)) simplifies to

d(,CT’S) g ﬁr,s—l—l D £7"+1,s—1
and induces a decomposition of d as the sum d = 0, + LJ_, where
O =7 od|prs and O_ :=Aoa" 5 od|prs.

Separating by bidegree the terms of the equation (9, + LO_)? = 0 and taking into
account that 0, and d_ commute with the Lefschetz operator, we see that they
satisfy the equations of a double complex

92 =0, =0 and 0,0_+0-0; =0,



18 CHAPTER 1. BACKGROUND MATERIAL

when acting on primitive k-forms with k& < m. In terms of the d; appearing in

(1.2.13)), we have
8+ = d1 and 0_ = Ad2

Any operator among d, d*, 0, and O_ commutes with L, so that it is enough to
define their cohomologies on primitive forms. The full cohomologies are recovered
by the action of the Lefschetz operator. The cohomologies of the double complex
(L**,04,0_) are

ker 0, N P* ker O_ N P*
PHf =—_"—— and PH} =—1——
% 7 Ima, NPk an =" Ima_ NP+’
together with their Bott—Chern and Aeppli counterparts
ker &, Nker O_ NPk ker 9,0_ N P*
PH* _ Lo d PHE, = L :
04+ 0- mo.o_npk 40- "= Im(d, + 0_) N P*

In a similar fashion, we define the cohomologies of the double complex (£**, d, d*).
Clearly, we obtain the de Rham cohomology and the d*-cohomology
ker d* N A¥
ImdA N AR’
that are isomorphic to each other, see diagram ([1.3.7). Then we have the sym-
plectic cohomologies
ker d N ker d* N A* ker dd® N A*
and H dah = )
Im dd* N Ak Im(d + d*) N A*
They also admit a primitive version which contains the same information as the
full cohomology. We refer collectively to all of them as symplectic cohomologies.
In full analogy with the theory of complex cohomologies, there are equalities
kerd; Nkerd_ N A*  kerdNkerd* N A*
Imo,0_NA*  Imdd n Ak’

HdA =

Hy,qn =

and
ker 0, 0_ N A* ker dd* N A*

Im(0s +0_)NAF  Im(d+d>) N AF
We can arrange the cohomologies in a diagram

o

d+dA

//

Hk (1.3.7)
Oy

d
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where the arrows are defined by the natural inclusion. The isomorphism between
HY and H C’l‘“A is given by any choice of almost complex structure compatible with
the symplectic form w. Using the general theory of multicomplexes, one can define
a spectral sequences that relates H §+ to de Rham cohomology, see Section

Spaces of harmonic forms

Suppose that M is compact. Let g be an w-compatible Riemannian metric on
M, i.e., a metric such that

W(', ‘]) = g('? )
for some almost complex structure J (we do not require N; = 0). Denote by d*
and (d*)* the formal adjoints of d and d*. The Hodge-type Laplacians of d and
d* are
Ag=dd* +d*d and Ay = d*(d)* + (d*)*d",

respectively. Similarly, one defines the Hodge-type Laplacians of 0, and 0_ by
Ay, =040, +0,0, and Ay =0_0"+0-0_,

respectively, and their Bott—Chern-type and Aeppli-type Laplacians by
ANp, o = 040-(040-)" + (040-)*0,0- + 05.0-(01.0-)" + (01.0-)* 00— + 0104 + 0F 0
and

Ny, o = 040-(040-)" 4 (04+0-)*040- + 07.0-(010-)" + (01.0-)* 050 + 0,05 + 00",
respectively. The corresponding Laplacians for d and d* are

Agiar = dd*(dd™)* + (dd™)*dd* + d*d™(d*d™)* + (d*d™)*d*d® + d*d + (d*)*d*
and
Agar = dd™(dd™)* + (dd™)*dd™ +d(d™)* (d(d™)*)* + (d(d™)*)*d(d™)* +dd* +d™ (d™)*.

Hodge theory for symplectic manifolds develops in the same way as Hodge
theory for complex manifolds: all the symplectic Laplacians are elliptic and self-
adjoint. Thanks to the compactness of M, they have finite dimensional kernels
and the kernels are isomorphic to the corresponding cohomologies. Even the con-
sequences of Hodge theory are the same, i.e., the symplectic cohomology groups
are finite-dimensional on compact manifolds and the dimensions of the spaces of
harmonic forms, which in principle depend on the metric, are actually metric-
independent, providing the symplectic invariants

k k k _ 1k k _ 1k
h8+7 h _ h8++37 - hd+dA and h[—)Jr[—)i - hddA’
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Remark 1.3.6. We recall that the original definition of symplectic cohomologies
and symplectic harmonic forms was given for real forms. Since the symplectic
Laplacians are real operators, computing them on complex forms yields the same
theory.

1.4 Small deformations of almost complex structures

In this section we describe almost complex structures in terms of the twistor bundle
and we study their small deformations. We prove that every continuous curve of
almost complex structures can be approximated by a real analytic curve of almost
complex structures. For more details on the twistor space we refer to [9] and |76],
while for small deformations we refer to [12] and [54].

Let M be a compact almost complex 2m-manifold. We interpret almost com-
plex structures as sections of a suitable bundle, called the twistor bundle. Let
x € M and let T, M be the tangent space at x. The twistor bundle of M is the
fiber bundle Tw — M whose fiber is

Tw, = {Jx S EHd(TxM) : Ji = —IdeM},

the space of linear complex structures on T, M. A smooth section of the twistor
bundle corresponds to a local choice of complex structure depending smoothly on
x, hence to a global almost complex structure J on M. While the twistor bundle
is defined for arbitrary even dimensional smooth manifolds, it will admit a global
section if and only if M admits an almost complex structure.

Denote by J the space of almost complex structures on M, or, equivalently, the
space of smooth sections of Tw — M. Since 7 is the space of sections of a smooth
vector bundle, it naturally admits the structure of a Fréchet manifold induced
by a family of seminorms. In particular, we endow J with the C*-topology, for
k =0,...,00, induced by such seminorms as follows. Fix a Riemannian metric
on M. Denote by ||-|| the induced norm on End(7'M) and by V the induced
connection on T'M extended to End(T'M). Two points Jy and J; € J are e-close
in the C*-topology if

i, —
iggggllv (Jo =Tl <e.
In the case k = oo we take the supremum over k£ € N. For a general discussion on
topologies on spaces of sections we refer to [57] and [68].
Let Jy € J and let

TJOJ = {L S EIld(TM) : Lo+ JoL = 0}

be the tangent space to J at Jy. Set I = [0,1] C R and denote by A, C C the
(open) disk of radius € centered at the origin.
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Definition 1.4.1. A (real) curve of almost complex structures is a continuous map
from I to J. We write it as a family of almost complex structures J; depending
continuously on the parameter ¢t € . If J, depends smoothly on ¢, we say that J;
is a smooth curve of almost complex structures.

Definition 1.4.2. Fix Jy € J. A small deformation of Jy is a family of almost
complex structures parametrized by a complex parameter s € A, of the form

Jo= T+ L) Jo(I+ L)™', seA., (1.4.1)

where L; € T, J and Ly = sL + o(s). If Ly = sL, we say that J, is a first order
deformation of Jy.

A small deformation of Jy naturally defines a curve of almost complex structures
passing through .Jy parametrized by s € A.. Taking the restriction of s to the
real axis, we obtain a real curve of almost complex structures parametrized by
t € (—¢&,¢e) and, up to reparametrization, a curve defined in a neighborhood of 1.
If J, € J is an almost complex structure close enough to Jy in the C°-topology,
then J; can be written as a small deformation of .J,.

A different way of thinking of an almost complex structure J is in terms of a
splitting of the complexified tangent bundle

TM® =TMY @ TM",

where TM'? and TM%! are the (=i)-eigenbundles of J extended to TMC, re-
spectively. Every almost complex structure determines uniquely such a splitting.
Conversely, every splitting

TM®=Le&L

determines uniquely .J as the endomorphism of M whose (&i)-eigenbundles are
L and L, respectively. This fact will be used consistently in the rest of this section
and in Chapter [2, as well as in explicit examples.

A curve of almost complex structures J; defines a family of splittings

TM® =TM o TM", tel.

If ¢ is small enough and J; is induced by a small deformation of Jy, we can view
TM!° as a graph over TM," obtained as
TMM = (Id+9(t) TM,°,

o
where W(t) = > 1, ¢/ is a power series with coefficients
j=0

W; € T*My'' @ TMy"°
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and ¥y = 0. With respect to the description of J; as a small deformation of Jy, we
have that

1 .
\I/(t) = é(Lt — ZJOLt),
while I, can be recovered from J, and J; via the formula
Ly = (I — JoJ,) (I + JoJy), (1.4.2)

see Remark 3.1 in [12]. Conversely, a power series W(¢) with U(0) = 0 does not
necessarily give rise to a small deformation of almost complex structures and one
has to deal with convergence issues. When we talk about small deformations of
almost complex structures we always mean that the power series in ¢ is convergent
in a neighborhood of 0.

Among curves of almost complex structures, a special role is played by those
that are locally described by a formal deformation of almost complex structures
that is actually convergent.

Definition 1.4.3. We say that a curve of almost complex structures J; is real
analytic if for each tg € I there exists 6 > 0 such that

Jt == (I + Lt—to)Jto (I + Lt_to)_l fOl" t e (tg — (5, t() + (5),

and if the power series described by L, ;, is convergent in a neighborhood of %,
with positive radius of convergence. It will be clear from the proof of Lemma
that one can think of real analytic curves as C*"*°-sections of a suitable fiber
bundle in the sense of [57].

To deal with real analytic curves it is convenient to endow the twistor bundle
with an analytic structure.

Definition 1.4.4. An analytic structure (or C¥-structure) on M is the datum of
a maximal atlas whose transition functions are analytic. M endowed with a C*-
structure is an analytic manifold. If M and N are analytic manifolds, an analytic
function (or C*-function) f: M — N is a function that is analytic after composing
with local charts on M and N.

Definition 1.4.5. An analytic fiber bundle (or C*-fiber bundle) over M is a fiber
bundle 7: E — M where FE is an analytic manifold and 7 is a surjective analytic
map. An analytic section (or C¥-section) of a C*-fiber bundle is a section that is
also a C*-function.

Every smooth manifold admits an analytic structure compatible with its smooth
structure. This guarantees that the total space of the twistor bundle admits an
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analytic structure. Nevertheless, endowing Tw — M with a structure of analytic
bundle requires some additional care.

First, we need an approximation result for analytic sections. By Steenrod’s
approximation theorem, see Section 6.7 in [91], every continuous section oy of a
smooth fiber bundle B — M can be approximated by a smooth section o, once a
metric is fixed on B. Furthermore, the section o, can be taken in such a way that
it coincides with oy on a closed subset of B on which o is already smooth. The
problem of approximating a smooth section o, with a C“-section on a C“-fiber
bundle was left open by Steenrod, but a solution was found later by Shiga, see [83]
or Proposition 2 in [84]. The approximation is arbitrarily good in the C*°-topology
of the space of sections and can be performed outside of a closed subset on which
0o 1s already analytic. We refer to Section 30.12 in [57] for a modern treatment
of the approximation problem.

Consider 7 : Tw — M as a smooth vector bundle. Fix a C*-structure on
M compatible with the underlying smooth structure. Endow the total space Tw
with a CY-structure induced by those on M and on Tw,. Then 7 is a smooth
map between analytic manifolds and can be approximated by an analytic map 7“.
Since the C*-structure on Tw is induced by the one on M, the map 7n* is still a
bundle projection and the C*-fiber bundle structure is well-defined.

The second result we need is a deep theorem due to Grauert [41] and Morrey
[70]. They show that the choice of analytic structure we made on M is essentially
unique: two C“-structures compatible with the same smooth structure on M are
C“-diffeomorphic. In particular, this guarantees that every smooth invariant we
compute is independent of the initial choice of analytic structure on M, thus it is
independent of the choice of analytic structure on Tw.

Lemma 1.4.6. Let M be a compact almost complex manifold and let Jy and J;
be two almost complex structures on M. Suppose that there exists a continuous
curve of almost complex structures Jy, t € I, between Jy and J,. Then J; can be
approximated by a real analytic curve of almost complex structures.

Proof. For an arbitrary smooth manifold N, continuous curves from I to N can
be seen as continuous sections of the product fiber bundle I x N — I. Hence, we
can think of J; as a section of the fiber bundle I x Tw — [ x M that depends
continuously on ¢ € I and smoothly on z € M. Endow Tw with a C¥-fiber bundle
structure as described above. Then J; is a continuous section of a C“-fiber bundle.
By Proposition 2 in [84], we approximate it by a C“-section J;. By [83], up to a
small perturbation with fixed endpoints of J; in a neighborhood of t =0 and ¢t = 1,
the approximation can be performed keeping the endpoints fixed since {0} x M
and {1} x M are closed C*-submanifolds of I x M. To prove that J, is a real
analytic curve of almost complex structures in the sense of Definition [I.4.3] fix
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to € I and let ¢t € I be close enough to to. As in ([1.4.2), consider the operator
Et = ([ - jtojt)_l([ + jtojt)-

Then L, defines a small deformation J* of J,,. We need to prove that J'

coincides with the curve J; in a neighborhood of #,. Since .J; is analytic in ¢, so

is ;. The same is true for jtd ef , that is completely determined by L; in a small

neighborhood of t,. Hence J, and jtd “/ are both analytic in ¢. Taking derivatives
of (L4.1) and (1.4.2)), it is immediate to check that their derivatives at ¢t = o
coincide, so that J, = J*/. O

1.5 Invariant structures on quotients of Lie groups

Let G be a connected and simply connected Lie group of dimension 2m, let g be
its Lie algebra and let g* be its dual Lie algebra. Fix a trivialization of T'G by
left-invariant vector fields so that

TGgCOO(G)<€1,‘..,62m>, e € g.

Let e!,...,e*™ be a basis of g* dual to e, ..., es,. Then g and g* are the span

g=Rler,...,e9,) and g*=R(e, ... ™).

Consider the graded algebra

k
k . *
Ag o /\ g
endowed with the differential defined as the dual of the Lie bracket: for X, Y € g

and a € g*, we set
da(X,Y) = —a([X,Y])

and extend it as a graded derivation to Aj. The differential graded algebra (Ag, d)
is the Chevalley—Filenberg complex of g [27]. The cohomology of the Chevalley—
Eilenberg complex is the Lie algebra cohomology of g

ker d N A*
k(oy . g
H(g) = ImdﬂA’g‘

The Lie algebra structure of g is completely described in terms of the differentials
de’ € /\2 g*. For brevity, we denote e* A €' by e* and we write

g= (c,lﬁlkl, o ,ciﬁ”kl),
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where we are summing over repeated indices and we mean that

de’ = Z c,ilekl.

k.l

As an example, the Lie algebra of the complex 3-dimensional Heisenberg group is
isomorphic to the 6-dimensional real Lie algebra with structure equations

de® =e® —e? def=e"+e® and de? =0 forj=1,2 3, 4.
It will be simply denoted by
g=1(0,0,0,0,13 — 24,14 + 23).

Endow g with a compatible triple (J,w, (-, -)), where J € End(g) is such that
J? = —1d, w is a non-degenerate element of Ag and (-, -) is an inner product on g.
In addition, we ask that they satisfy the compatibility condition

(X,Y) = w(X,JY)

for all X and Y € g. If g is endowed with a compatible triple, the Chevalley—
Eilenberg complex admits a bigrading defined in terms of J or w and the differential
admits decompositions analogous to those presented in Section [I.2] If N; = 0 or
dw = 0, then one can compute the complex or symplectic cohomologies of g as the
corresponding cohomologies of the Chevalley—Eilenberg complex.

Observe that Lie groups are parallelizable, thus G will always admit an almost
complex structure. We focus on a special class of structures that has a stronger
connection with the Lie algebra of G. A left-invariant almost complex structure
on (G is an almost complex structure that is invariant under left translation. Left-
invariant almost complex structures descend naturally to g. Conversely, every
endomorphism J € End(g) satisfying J?> = —Id induces a left-invariant structure
on G by C*(G)-linearity. Similarly, a left-invariant non-degenerate 2-form cor-
responds to a non-degenerate element of /\2 g* and a left-invariant metric on GG
corresponds to an inner product on g.

Since in most cases G will not be compact, to deal with compact manifolds we
assume that G admits a co-compact discrete subgroup I'. Consider the left-action
of elements in I and the quotient M := I'\G. Then M is a compact smooth 2m-
manifold whose tangent space coincides with that of G and is isomorphic to g. In
particular, M is parallelizable and admits an almost complex structure.

The derived series {g*)},>; of g is defined by

g =lg,g] and " =[g" g®] for k> 1.
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If g®) = {0} for some k, we say that g is solvable. A solvable Lie algebra is called
completely solvable if ad X has real eigenvalues for all X € g. The descending
central series {g"}r>1 of g is defined by

g':==[g,0] and ¢""':=[g,¢" fork>1.

If g* = {0} for some k, we say that g is nilpotent. In particular, every nilpotent
Lie algebra is completely solvable and every completely solvable Lie algebra is
solvable. We say that G is solvable, completely solvable or nilpotent if its Lie
algebra is solvable, completely solvable or nilpotent, respectively.

IfI" C G is a co-compact discrete subgroup and G is solvable or nilpotent we call
M = T'\G solvmanifold or nilmanifold, respectively. If G is completely solvable,
we say that M is a solvmanifold of completely solvable type. An almost complex
structure on M is said to be invariant if it is induced on M by an almost complex
structure on g. An almost complex structure on G is said to be I'-invariant if it
is invariant under left translation by elements of I'. In terms of the basis of g, an
almost complex structure J sends e; to a linear combination of ey,. .., es, with
coefficients in

e R, if J is an invariant structure on M or a left-invariant structure on Gj;

o C°(M), if J is an arbitrary almost complex structure on M or a I'-invariant
structure on G;

e C*(@G), if J is an arbitrary almost complex structure on M.

Note that smooth functions on M correspond to smooth functions on G that are
also I'-periodic.

For invariant structures on M, one should consider two kind of cohomologies.
The first one is the genuine cohomology of the structure computed on the smooth
manifold. The second one is the nvariant cohomology, i.e., the cohomology of
the corresponding structure on g computed on the Chevalley—Eilenberg complex.
Similarly, for a left-invariant structure on a Lie group we can consider its usual
cohomology or its left-invariant cohomology. In general the two cohomologies
are different. However, under certain assumption we know that the de Rham
cohomology of M can be computed using invariant forms, see [46] and [75].

Theorem 1.5.1. The de Rham cohomology of nilmanifolds and of solvmanifolds
of completely solvable type is isomorphic to the invariant de Rham cohomology.

In general, understanding if invariant and non-invariant cohomologies coincide
is a difficult task and, in the case of Dolbeault cohomology, it is the object of open
conjectures, see, for instance, [80]. In Chapter [p| we will compare invariant and
non-invariant harmonic forms.



CHAPTER 2

Rank of the Nijenhuis tensor

In this chapter we deal with the Nijenhuis tensor of almost complex manifolds. We
study the local behaviour of its rank along small deformations of the almost com-
plex structure and we prove that maximally non-integrable structures are generic:
they form a set that is either open and dense or empty in each path-connected
component of the space of almost complex structures. Then we focus on paral-
lelizable manifolds. We describe a method that allows to produce almost complex
structures whose Nijenhuis tensor has arbitrary prescribed rank. On homogeneous
spaces, we show that, under certain assumptions, the rank of the Nijenhuis ten-
sor admits an upper bound in terms of topological invariants. On 6-dimensional
nilmanifolds, we provide a classification of invariant almost complex structures
according to the rank of their Nijenhuis tensor.

2.1 The rank as a measure of non-integrability

Let (M, J) be an almost complex 2m-manifold and let N; be the Nijenhuis tensor
of J, see (1.3.1)). Its image defines a distribution V C TM given by V, := Im(N,/|,)
at every x € M. The Nijenhuis tensor has symmetries induced by the action of J
on vector fields. We have that

Ny (JX,Y) = Nj(X,JY) = —JN;(X,Y). (2.1.1)

27
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Hence, the distribution V is invariant under the action of J and it has even real
rank at every point. The rank of the Nijenhuis tensor is the map

tk Ny: M — N,

1
T — 3 dimp V, = dim¢ V,

and in general it is not constant on M. An important observation is that the
rank of N; corresponds to the complex dimension of the image of the operator i
computed on (1,0)-forms

rk Ny, = dimg ji, (AL?).

For brevity, we will sometime refer to the rank of N; as the rank of J. If 2m > 6,
its possible values vary between 0 and m. If 2m = 4, the only possible values are
0 and 1. If rk Ny|, = 0 for all z € M, then N; = 0 and J is integrable. One can
think of the rank as measure of how far is J from being integrable and it is natural
to ask which kind of structures are the farthest possible from the integrable ones.

Definition 2.1.1. An almost complex structure J is said to be maximally non-
integrable if for all x € M we have that

kN m if 2m > 6,
r .=
! 1 if 2m = 4.

Integrable and maximally non-integrable structures are the extremal cases
among structures of constant rank. An intermediate but still relevant situation is
that of everywhere non-integrable structures.

Definition 2.1.2. An almost complex structure J is said to be everywhere non-
integrable if Ny|, # 0 for all z € M.

In dimension 2m = 4, the notions of maximally non-integrable and everywhere
non-integrable structure coincide. As the following example shows, it is not hard,
on certain manifolds, to find structures of constant rank for every choice of rank.
In Section [2.3) we develop a general framework that allows to produce structures
of arbitrary constant rank on parallelizable manifolds and that provides a large
number of examples.

Example 2.1.3 (Almost complex structures of constant rank on tori).
Let T be a 2m-dimensional torus and let J be an invariant almost complex

structure on T'. Then J corresponds to an almost complex structure on the Lie

algebra of R?™, the universal cover of T. Since g := Lie(R?*") is abelian, we have
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that N;(X,Y) =0 for all X and Y € g, and every invariant structure on 7" must
be integrable. Nevertheless, T admits non-invariant almost complex structures of
arbitrary constant rank k& whose construction, which we now recall, is performed
in Theorem 14 and Remark 15 in [32].

Think of T" as a quotient of C™ by the standard lattice (Z[27i])™. This induces
complex coordinates on T'. Denote by {dz’ }7]“:1 the corresponding global frame of
(1,0)-forms and consider the forms {w’}7", defined by

W o= dzj—i—fjd,?j, j=1...m,

where f; € C(T). As long as the constraint |f;|? # 1 is satisfied for all j, the
forms w’ define an almost complex structure on T by requiring that they span the
(1,0)-tangent bundle TH°M . The choice of functions

A+ Rt =1 k-1,
fi=qA+e®E) =k
0 J=k+1,...,m,

where A € C is a constant such that |A| > 2, gives an almost complex structure of
constant rank k£ on T'. The only case not covered by the above argument is k = 2
in dimension 2m = 6, that can be obtained with a slight modification of the w’.
We refer to [32] for the details. [

Maximally non-integrable structures not only are the less integrable almost
complex structure. They also appear in the literature as a preferred source of
examples when dealing with almost complex structures, see [[ntroduction] This
is essentially due to the fact that such structures are the generic almost complex
structure, while integrable structures appear as the less generic kind of almost com-
plex structures. Heuristically speaking, given a linear morphism of vector spaces
L € Hom(V, W), with dimV = dim W, “having image of maximal dimension” is
a genericity condition for L: it can be perturbed to an invertible operator since
invertible matrices form a dense subset of Hom(V,W'). However, the generaliza-
tion of this fact to almost complex structures is not straightforward. This is the
topic of Section [2.2], where we show that maximally non-integrable structures form
an open and dense set in each path-connected component of the space of almost
complex structures, as soon as they exist, see Theorem and Corollary [2.2.5]

Actually, maximally non-integrable structures might not exist on arbitrary
manifolds. The following result is essentially due to Armstrong [8], if 2m = 4,
and to Bryant [20], if 2m = 6. It gives necessary and sufficient conditions for
existence of maximally non-integrable structures on compact manifolds of low di-
mension.
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Theorem 2.1.4. Let M be a compact 2m-manifold and let x and o be the Euler
characteristic and the signature of M, respectively. Then M admits a maximally
non-integrable almost complex structure if and only if

o (1 —0y+0b") is even and 5x + 60 =0, if 2m = 4;
e it admits a spin structure, if 2m = 6.

In dimension 8 there are necessary conditions [32]. In dimension at least 10,
maximally non-integrable structures always exist on arbitrary (not necessarily
compact) manifolds. The result on existence of maximally non-integrable struc-
tures on high-dimensional manifolds is a consequence of a more general result on
the flexibility (genericity) of almost complex structures: an h-principle [32]. In
order to deal with flexibility of structures, it is convenient to introduce the spaces
of structures whose rank is bounded from below. For every k, consider the set

Je ={J € End(TM) : J* = —1d and rk Ny|, > k for all z € M}.

The set Jy is the space of all almost complex structures on M. We denote it
simply by J, see Section [1.4, The space [J; is the space of everywhere non-
integrable structures, while 7, is the space of maximally non-integrable structures
(if 2m > 6). For a fixed J € J, let N be the set of (2, 1)-tensors satisfying (2.1.1]).
The space of formal Nijenhuis tensors associated to Jj is the space

N, ={(J,N):JeJ,NeNjand rk N|, > k for all z € M }.

At least locally, every (2, 1)-tensor satisfying is the Nijenhuis tensor of
some (local) almost complex structure, see Theorem 5 in [58] or Proposition 1.1
in [69]. As it happens for almost complex structures, a simple local description of
the Nijenhuis tensor does not translate to a simple global one.

Theorem 2.1.5 (h-principle, Theorem A in [32]). Let M be an almost complex
manifold. For every integer k the map sending J to its Nijenhuis tensor induces
a homotopy equivalence

T — N

By transversality, it is possible to establish existence of special structures on
high dimensional manifolds.

Corollary 2.1.6 (Corollary A.1 in [32]). Every almost complex structure on an
almost complex 2m-manifold is homotopic to an everywhere non-integrable one if
2m > 6 and to a mazximally non-integrable if 2m > 10.

In particular, maximally non-integrable structures always exist on manifolds
of dimension at least 10, while everywhere non-integrable structures always exist
on manifolds of dimension at least 6.
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2.2 Density of maximally non-integrable structures

Let (M, J) be a compact almost complex manifold. The compactness assumption
guarantees that the local description of small deformations of almost complex
structures given by holds, cf. page 257 in [54]. Let J;, |t| < €, be a small
deformation of J = Jy, see Section [1.4] and let N, be the Nijenhuis tensor of J;.
Along small deformations of almost complex structures we are able to control the
rank of the Nijenhuis tensor.

Lemma 2.2.1. Let M be a compact almost complex 2m-manifold. Let Jy be an
almost complex structure on M and let

Jo=I+L)J(I+ L), te(—ee),

be a small deformation of Jy. Then for every a € (0,¢) and for every x € M, we
have that
rk Ny, |, > max{rk Ny, |.,tk N |.}

for allt € [—a,a] except a finite number.

Proof. Fix z € M. Let U be a small neighborhood of z and let {w/ iy be a
local co-frame of (1, 0)-forms with respect to J;. The operator ji; computed on the
co-frame can be written as
iy w] = ZGiz(t) Wi,
k<l

where G, € C®(M x (—¢,¢)) is a power series in the ¢ variable that converges on
(—¢,¢). Fix a € (0,¢) and set

k. = max{rk N |.,tk Ny, |.}.

Let G be the matrix (GJ,(¢)) and consider all the determinants of the k, x k,
minors of G. They are power series in t that converge on [—a,al, therefore each
of them either has a finite number of zeros or identically vanishes. Since k, =
max{rk Ny, |., 1k Ny, |.}, at least one determinant does not identically vanish along
the curve J;, showing that rk Ny, |, > k, for all ¢t € [—a, a] except a finite number.

O

Let C be a path-connected component of the space of almost complex struc-
tures. For every k = 0,...,m, consider the set

Ch =CNJx={J €C:rtkNy|, >k for all z € M}.

To extend the results of Lemma from local to global, we use a compactness
argument and the existence of real analytic curves, see Definition [I.4.3]
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Proposition 2.2.2. Let M be a compact almost complex 2m-manifold. Let J
and Jy be two almost complex structures on M. Suppose that there exists a real
analytic curve of almost complex structures J; joining Jo and Jy. If J; € Cy for
somet € I, then J; € Cy, for allt € I except a finite number.

Proof. Without loss of generality, we can assume that J; is defined on (—&,1+¢).
Since J; is a real analytic curve, for each t* € I there exists a compact neighborhood
I* of t* such that J; is a small deformation of J;« for all t € I*. Cover I with such
neighborhoods and, by compactness of I, extract a finite subcover {t;, I;}7_, with
O=to<ti<...<t,=1land ;N1 # I, for j=0,...,7—1. On each I, the
power series describing the small deformation of J;, is convergent.

Since M is compact, we can cover it with a finite number of neighborhoods
{x,, U }2_, such that T, U, = U, x R>™. By assumption, there exist j € {0,...,7}
and t € I; such that J; € C;. By Lemma@ applied locally on U, to the curve J;,
t e Ij, we have that rk N,|, > k for all ¢t € 13 except a finite number. The result
of Lemma [2.2.1] applies to all z € U, for the same values of t. Two consecutive
intervals have non-empty overlap and we can repeat the argument on each I;. We
conclude that rk Ny,|, > k for all z € U, and for all ¢ € I except a finite number.
Finally, since we covered M with a finite number of open sets, we have that J; € Cy
for all t € I except a finite number. m

The proposition can be reformulated as follows:

Corollary 2.2.3. Let M be a compact almost complex manifold and let J,, t € I,
be a real analytic curve of almost complex structures on M. Then for every x € M

we have that
rk Ny, |, = malx{rk Ny le}
te

for allt € I except a finite number.

Proof. This is a direct consequence of Proposition and an elementary fact:
level sets of a continuous real function f defined on an interval I and satisfying
the following property

for all = € I there exists €, such that for all y € I, == (z — e,z + ¢)
we have f(y) = max;. f except for a finite number of y

are discrete, except for the level set f~!(max f). O
We are ready to state and prove the main result on the density of C.

Theorem 2.2.4. Let M be a compact almost complex manifold and let C be a
path-connected component of J. Let Cy be the subspace of C of almost complex
structures of rank at least k at every point of M. Then Cy. is either open and dense
or empty in C.
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Proof. Let C be a path-connected component of 7. Suppose that C, C C is not
empty. Let J; € Cp and let Jy € C be any almost complex structure. Let J; be
a continuous curve of almost complex structures joining Jy and J;. Up to small
perturbations, we can assume that J; is a real analytic curve by Lemma [[.4.6 By
Proposition 2.2.2] and since J; € Ci, we have that J; € C;, for all t € I except a
finite number. In particular, every neighborhood of Jy contains almost complex
structures in C,. Openness of C, follows by lower semi-continuity of the rank of N,
with respect to ¢, and by the fact that if Jy € Ci, then almost complex structures
close to Jy in the C%-topology are small deformations of .Jy. [

As a direct consequence, we deduce that maximally non-integrable structures
are generic almost complex structures.

Corollary 2.2.5. Let M be a compact almost complex manifold. Then the space
of maximally non-integrable almost complex structures on M is either open and
dense or empty in each path-connected component of J .

By Theorem and the existence of structures on high-dimensional mani-
folds, we get the following approximation theorem.

Theorem 2.2.6. Let M be a compact almost complex 2m-manifold. Then every
almost complex structure on M can be approximated arbitrarily well in the C°-

topology by
e an everywhere non-integrable structure if 2m > 6;
e a mazrimally non-integrable structure if 2m > 10.

Proof. By Corollary [2.1.6] existence of everywhere or maximally non-integrable
structures is guaranteed on each path-connected component in dimension 2m > 6
or 2m > 10, respectively. Approximation in the C°-topology is a direct conse-
quence of the existence of these structures and of Theorem [2.2.4 To prove ap-
proximation in the C'*°-topology, it is enough to observe that the perturbed curve
of almost complex structures .J; obtained in Lemma is analytic in ¢. O

Example 2.2.7 (Invariant structures on solvmanifolds.). By Corollary A.4
in [32], every invariant almost complex structure Jy on a solvmanifold is homotopic
to a maximally non-integrable one. By Theorem [2.2.6] one can find maximally
non-integrable structures in each neighborhood of J;. We show with an explicit
example that this is the case for structure of arbitrary constant rank.

Proposition 2.2.8. Let M be any complex parallelizable 3-dimensional solvman-
ifold. Then there exists an integrable structure Jy on M for which we can find
curves of almost complex structures J*, k € {0,1,2,3}, such that
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(Z) J(I)f = Jo,'
(i) JE has constant rank k for all s # 0, |s| < e.

In particular, each neighborhood of Jo contains almost complex structures whose
Nigenhuis tensor has arbitrary constant rank.

Proof. We give a description of complex parallelizable 3-dimensional solvmanifolds
in Section [2.3.3] We show here the computations for maximally non-integrable
structures on the Nakamura manifold A'. Consider the curve of almost complex
structures on A defined by the co-frame of (1,0)-forms

wli=¢' + sgbi + sqﬁg, w?i=¢* + §¢§ and w? = ¢*+ gﬁbga

obtained deforming the standard complex structure on A in the direction of the
maximally non-integrable almost complex structure (2.3.11)). The same computa-
tions performed in Section show that

4s 15 4s iz 32l 5
-1 2 i3 23
Hswg = 4_|S|2w —|—4_|S|2w +4_|S|2w ,

2s i3 4s®+8|s|* 3
S 12 23
W= d
PETIEEY Tt

2s 13 A+ 8[s]* 5
_ 3 3 23
Hlos TP T a—psp2 Y

giving a maximally non integrable structure for all s # 0 such that |s| # 2.
Computations for the other cases proceed in the same way, replacing (2.3.11)) with

2-3.12) or ([2.3.13). O

With a slight modification of the example above, one can produce structures
of constant rank ky that admit a neighborhood containing structures of arbitrary
constant rank k; for each k; > k. This is done replacing A and the structures
considered in Proposition [2.2.8 with 6-dimensional nilmanifolds endowed with the
structures provided in Table [2.1] n

2.3 Structures of prescribed rank on parallelizable
manifolds

We illustrate a general method to build almost complex structures of prescribed,
possibly constant, rank on parallelizable 2m-manifolds. Starting from an arbitrary
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almost complex structure Jy, we build an almost complex structure J; depending
on Jy and m? smooth functions. Computing rk N; amounts to finding solutions
of a system of first order PDEs involving the smooth functions parametrizing J;.
Despite the lack of a general solution, on specific manifold we are able to solve the
system and to produce the desired structures.

2.3.1 Outline of the general procedure

2m

Let M be a parallelizable 2m-manifold. Fix a frame of vector fields { £;}7 giving
a parallelism of 7'M and let Jy be an almost complex structure on M. The choice
of Jo determines a co-frame of (1,0)-forms {¢/}7",, and vice versa. Assume that
the differentials d¢’ are known. Consider on M the almost complex structure J;
defined by the co-frame of (1,0)-forms

Wj5:¢j+fg¢k> jzla"'ma

where we are summing over repeated indices and the f,z are complex-valued smooth
functions on M. Let ® be the matrix

® = (f]) € My (C<(M))
and let P be the matrix
P=1 . (2.3.1)
¢ Id,
The forms w’ are independent as long as

D :=det(P) € C*(M)

is a never-vanishing function on M. In such a case, J; is a well-defined almost
complex structure. Since we described J; in terms of differential forms, instead of
computing rk Ny, it is convenient to compute the rank of the map fi; associated
to J; on (1,0)-forms. The differential of w’ is

dw’ = de? + 1 dg" + dfi A ¢,

We have to express it in function of {w’,w’ }7L, and then take its (0, 2)-bidegree
part with respect to the bigrading induced by J;. i

Let {1;,5}7-, be a frame of vector fields dual to {w’,w’}7 . In such a frame,
we can write for any h € C*°(M) the projection on bidegree (0,2) as

(dh A @2 = Ff(h) W™,
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where F}¥ are suitable (0, 1)-vector fields in C*°(M)(t5)7-,. By assumption, we are
given an explicit expression for d¢/ and d¢/ that can be written in terms of smooth
functions on M and of the 2-forms ¢*, ¢/* and ¢/*. By inverting the matrix P,
one can compute the co-frame {¢’, ¢3}§”:1 in function of the co-frame {w?, w 3y
Taking the projection on bidegree (0,2), we obtain an explicit expression for ji;w’
in terms of the functions f, of their first order derivatives Fl';)( f1) and of a basis
of (0,2)-forms {w/*}. The rank of ji; can be prescribed imposing conditions on
the f,g and the E’;( fg ). Finding functions satisfying such constraints provides a
structure with the desired rank.

In practice, the approach we described is strongly limited by the difficulty of
the computations involved, both on the side of the linear algebra, and on that of
solving the final system of PDEs. In our applications, we will put ourselves in the
best case scenario, making assumptions based on the following remarks:

1. the almost complex structure J; depends on the initial choice of Jy. The
standard choice

J()Ek = Em+k and JOEm—i-k = —Ek, k= 1, Lo,y

allows to immediately find the starting co-frame of (1,0)-forms and their
differentials;

2. increasing the dimension of M drastically increases the difficulty of the com-
putations. We will focus on manifolds of dimension 4 and 6;

3. by choosing a manifold for which smooth functions can be explicitly written,
or at least put in a manageable form, the final system of PDEs can be solved
more easily.

2.3.2 Dimension 4: the Kodaira—Thurston manifold

We use the Kodaira—Thurston manifold as a toy model for the computations of
the rank of ji. The 4-dimensional examples are less significant since the only
possible values of the rank are 0 and 1. Nevertheless, they allow to greatly simplify
computations and to clearly illustrate the ideas involved.

We begin by briefly recalling the construction of the Kodaira—Thurston mani-
fold. Consider the 3-dimensional real Heisenberg group

1 =«
1

Hs = cx,y,z €R

[l SN
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The Kodaira—Thurston manifold K7 is the 4-dimensional nilmanifold defined by
KT = Hs/(H; N SL(3,Z)) x S*.
Denote by t the coordinate on S*. A basis of invariant vector fields on K7 is
{e1 =104, ea=0,, e3=0,+x0,, e, =0}
and the dual basis of invariant 1-forms is
{e' =dt, e* = dx, €* = dy, e* = dz — xv dy}.

The only non-vanishing Lie bracket of vector fields is [es, e3] = e4 and the only

non-vanishing differential is de?* = —e?3. It is well-known that K7 admits both

complex and symplectic structures, but it has no Kahler structure [98]. It also
admits non-integrable almost complex structures.

We will perform the construction described in Section twice: first we
start from a complex structure and produce maximally non-integrable structures.
Then we start from a maximally non-integrable structure and produce integrable
structures.

From complex to almost complex

Let Jy be the complex structure on K7 given by
Joer = —es and Jyey = e3.
A corresponding basis of (1, 0)-forms for .Jy is given by
¢ =dr+idy and ¢*:=dz—xdy+idl,

with differentials

dp' =0 and do? = —%gbll.
Consider the co-frame of (1, 0)-forms given by
W=t tedt + 07 and W =0+ gl + o

where e, f, g and h € C*(KT) are complex-valued smooth functions on 7. Re-
quiring that w' and w? have bidegree (1,0) determines an almost complex structure
J1 on KT as long as

D = det(P) = 1 fg— fg+1PlgP— e = [h>+]eP|h> — fgeh— fgeh € C=(KT)
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never vanishes on K7, where P is as in (2.3.1). We characterize integrability of
J1 in terms of conditions on the functions e, f, g, h and their derivatives. Direct
computations show that

1— fg—|nf fe+fh  elhl*—e— fgh glfI>—f— feh
pi_ L eg+gh 1-f5- |e|2_ flgl* —g — geh h|el2—h_—fgé
D \eln|* —e— fgh glf?—f—feh 1—fg—|n]? fe+ fh

flgl> =g —geh hle]* —h — fge eg + gh 1—fg—lef

Hence, the expressions of the ¢’ in function of the w’ are

¢' =5 (1= fg— [hP)w' + (fe+ fh)w? + (elh|* — e — fgh)w! + (g| f|* = | — feh)w?]
and

0" = 5 [(eg +gh)w' + (1 = fg — le") w* + (flgI* — g — geh) w" + (hle* — h — fge)w’].
The differentials of the w’ are

dw' = fd* +de A o' +df A¢? and

dw? = (1+ h) d¢® + dg A &' + dh A &2, (2.3.2)
Since
o' = % —fw— (1= )t + fhw? — fhw® — | fPw® + fwii] |
we have that . |
(d8)"? = _% R —%%uﬁ (2.3.3)

Denote by {¢;, ;} the frame dual to {¢/, ¢’} and by {v;, Y53} the one dual
to {w’, w’'}. By duality, the frame {1;,7;} depends on {§;,&;} via (P~")". The
(0,2)-bidegree part of the 2-forms dh A ¢ is

(dh A )% = FI(h) w2, (2.3.4)
where
FU () = 5 [(fe+ Th) ga() = (L= fg — I1) is(h)]  and s
F2(h) = [(1= Fg = lel?)va(h) — (eg + 5h) ga(B)].
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Finally, we can compute fi;w’ taking the (0,2)-bidegree part of (2.3.2). By
(2.3.3)) and (2.3.4), we obtain

fhw' = <—%f2 + Fl(e) + F2(f)) w2 and

fw? = (—%f{l +h)+ Flg) + FQ(h)) w'?.
The system of PDEs
—ap/? + F'(e) + F*(f) =0,
{—% (1+h)+ F'(g) + F*(h) = 0,

allows to control integrability of J;. First, we look for constant solutions. They
correspond to invariant almost complex structures on K7. The system reduces to

=0

—1f(1+h)=0.
We can conclude that J; is integrable if and only if f = 0. In any other case, its
rank is equal to 1. This is true as long as D does not vanish, i.e., as long as |e| # 1
and |h| # 1.

We now aim at finding maximally non-integrable almost complex structures
that are not invariant, looking for non-constant functions such that at least one
between fiyw! and ji;w? never vanishes. To simplify the computations, we take e
and h to be identically zero. We must find f and g € C*°(KT) such that at every
point either

—gplPHFHN A0 or — o f+ Flg) #0.

The terms involved have the explicit expressions

vi= [0 Fo)6 +a(fg - 1] and
do= 1 [(1— f9) & + F(73 —D&]
where D = (1 — fg)(1 — fg) must be never-vanishing. By substituting
FH(g) = —5 (1= fg)vslg) = — 56— J&1)(g) and

S|~

(1) = (01~ fa) i) = (& — &) ()
in the PDEs, we have that it must be

i, 1, i1
—ﬁf +5(§1—9§2)(f)7é0 or —ﬁf—ﬁ(fz—f&)(g)?éo-
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Proposition 2.3.1. For every never vanishing f € C®(KT), there exists a maz-
imally non-integrable almost complex structure Jy on KT .

Proof. We impose g = 0, so that the equations reduce to
oy 1 1
- —& 0 - — 0.
Any never vanishing f provides a maximally non-integrable almost complex struc-
ture obtained taking w! = ¢! + f ¢? and w? = ¢*. Note that if e = g = h = 0,
then D = 1, and the resulting structure is well defined. O]

From almost complex to complex

Let Jy be the almost complex structure of constant rank 1 given by
Joer = —es and  Jyez = —ey. (2.3.6)
A basis of (1,0)-forms is
o =dr+idt and ¢* =dz—axdy+idy,
and the differentials are
do' =0 and dg? — £(¢12 _ oy g2 g7

Proceeding in the same way as in the previous paragraph, we build a structure
Ji depending on functions e, f, g and h € C*°(KT). The 2-forms ¢'* and ¢'?
expressed in the co-frame {w’,w’} are

1 _ _ _ _ __
o = ) [w12 —gw' —hw? —ew? + fw? + (eh — fg)wu} and

_ 1 B L B _ L B B o
o2 — = [—hww—i—ghwn (1= f)w'? 4 ehw + few? —ewu} ’

and the only non-zero differential is

o

4D ) )
+(=1+fg+eh—h+eée)w?+ (1 — fg—eh—e+h)w'

+(_fe_fé+f+f)w22+(—1+€—h+eh—fg)wﬁ]

d¢? [(1+B—é—éﬁ+fg)w12+(—gi_z—gh—g—g)wﬁ

The corresponding operator fi; computed on (1,0)-forms is given by

[}

and

fw' = (—%(1 —e+h—eh+ fg)f +F'(e) + F2(f)> w'
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ﬂmﬁz(—i%u—e+h—eh+fma+Jw+F%m+P%m>w?

where the F7 are as in (2.3.5). In order to find an integrable structure we must
solve the following system of PDEs

—i(l—e+h—eh+ fg)f +(fe+ fh)di(e) = (1 — fg —[h*) va(e)
+(1 = fg — lel?) vi(f) — (ge + gh) a(f) =
(1 —e+h—ch+ fg)(1+h)+ (fe+ fh)vi(g) — (1 = fg — |hl*) valg)

+(1 = fg = lel?) vr(h) — (ge + gh) va(h) =

) —
0 (2.3.7)
| 3.
0

9

where the operators 1); have the expressions
v = S| (Elhl? — e~ fgn) & + @lfP - - feh) &
+(1 = f5 = W) & + (fe+ fh) &) and
vs = [ (Flol 5 - ge) & + (el ~ T~ ge) &
+(cg + gh) &+ (1= fg = |e[) &].

Invariant complex structures, i.e., constant solutions, are obtained solving

.

The solutions {f =0, h = =1} or {f =0, e = 1} lead to a vanishing D, thus .J; is
an invariant complex structure if and only if 1 —e+ h —eh + fg =0 and D does
not vanish. This can be easily achieved by setting f =e—1# 0and g = h+1 # 0.

Regarding non-constant solutions, finding an expression for the general solu-
tions of is a difficult task. We rather provide a family of explicit solutions.

(1—e+h—eh+ fg)f =
(1—e+h—eh+ fg)(1 h):O.

.Jkls ms

Proposition 2.3.2. For every never vanishing f € C*®°(KT) depending only on
the x variable, there exists an integrable almost complex structure J; on KT .

Proof. Recall that the frame {&;, &} of (1,0)-vector fields can be written in terms
of real vector fields as

6= 20— i) and &= (0.~ (0, + 20.)).
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Let f € C®(KT) be a never vanishing function that depends only on the z
variable, e.g., f(z) = A+ cos(2mx), where A is a real constant such that A > 1 or
A < —1. It is not hard to check that the choice

6:f+1a f7 g:f and h:f_17

gives a solution of ([2.3.7)), and that the corresponding .J; is a well-defined complex
structure on K7 . O

We conclude pointing out that the technique employed in this section allows to
build new complex structures on the Kodaira—Thurston manifold. The same idea
could be used to produce new complex structures on other manifolds as soon as
one can show that the associated PDE admits at least one solution.

2.3.3 Dimension 6: holomorphically parallelizable complex solv-
manifolds

We explicitly compute almost complex structures of arbitrary constant rank on
complex parallelizable solvmanifolds of complex dimension 3. There are three
such manifolds [73], namely the 6-dimensional torus, the Twasawa manifold and
the holomorphically parallelizable Nakamura manifold. By Corollary A.4 in [32],
they all admit a maximally non-integrable almost complex structure. However,
only the Nakamura manifold admits an invariant one.

2.3.3.1 Torus
For the case of the torus, we refer to Theorem 14 in [32] or to Example

2.3.3.2 Iwasawa Manifold

For the Iwasawa manifold, we only show the results of the computations, since they

follows closely those performed in Section[2.3.2]for the Kodaira-Thurston manifold,

with the added difficulty of working in dimension 6. We find the possible rank for

invariant structures and fill the gaps exhibiting explicit non-invariant structures.
Let HYS be the complex Heisenberg group

1 21 23
Hg = 1 29| :21,29,23€C
1

whit the group operation induced by matrix multiplication. The Iwasawa manifold
is the quotient
T = HS/(HS N SL(3, Z[1])).
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The complex structure inherited from C induces on Z a basis of (1, 0)-forms {¢/}3_,
whose differentials are

dg' =0, d¢*=0 and d¢’®=—¢".
This corresponds to a complex structure on the Lie algebra
(0,0,0,0,13 — 24,14 + 23).

Consider the 1-forms

wi=¢' ted +f¢"+ g

W= ¢ +pd + g’ +r e,

w3::¢3—|—sgb1—l—t¢2+u¢3,
where e, f,g,p,q,7,58,t and u € C°(Z). Let P be as in (2.3.1). Requiring the
w’ to have bidegree (1,0) defines an almost complex structure J; on Z as long as
D = det(P) € C*°(Z) never vanishes.

We first focus on invariant structures, that correspond to taking the functions
e,...,tand u to be constant. Following Section|2.3.1] we are able to build invariant
structures of rank 1 and 2, see also Table 2.1 An invariant structure of rank 2 is
given by ) )

whi=ot 4¢3, W= +2¢7 and WP = ¢S
An invariant structure of rank 1 is given by

U)l — ¢l’ w? — ¢2 +¢3 and U)3 — ¢3

The following proposition on structures of rank 3 follows either from Corollary

243 or from Theorem 2.4.15]

Proposition 2.3.3. The [wasawa manifold does not admit invariant maximally
non-integrable almost complex structures.

To find maximally non-integrable structures, let e, f, g,q,r and u be complex
smooth functions on Z, and consider the following (1, 0)-forms:

whi=¢' +ed' + [+ g0,
W=t qdt g,
wi= ¢ +u gzﬁg.

They define an almost complex structure J; as long as

D= (1—le[*) (1 —[q*) (1 —[ul*) #0.
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Following again

Section [2.3.1], for any h € C*°(Z) we write

(dh A ¢7)* Z

k,l=1
k<l

The explicit expressions for the F g[ in terms of the frame {¢;,&;} dual to {¢/, ¢/}

are

(L= Jul*) &+ (1= |uf)g& — (1 —[ul*) &],

1

D

T 1
Fiz = 59 -

1

D

glal® + frq+ fur) & + (r + qui) & — u&s — (rg +ur) & + &),

Fly = =[(—r|fI* + gaf — fug) & + (—gqé + fré — qug) & +u(fé + qf) &
+(ge+rf+ug) & — (fe+qf) &),

= Sl (1~ Py e+ (1 Ju) &1,

F% = %[—G(WYJFW)&JF(7"67+Uf)§1]7

By = Lilg+erf + eug) &+ (L— [eP)r& + (1 )&
—(ge+rf+ug) & — (1—ef*) &),

Ff, =0,

Fh = %[e& 3

Fg= [ (f+eqf) & — (1 —lel?) géa+ (fe+qf) &1 + (1 — |e|?) &)

This allows to write fi; on (1,0)-forms as

faw

=2
Hiw

1:( g (1 —|ul*) + F(e)

+ +
Q
=
L]
_|_
I
-
+
i
©

I
A

—r (1= [uf?) + %<q>) w'?

+ (=1 (ra+ur) + Filo) + Fi(r)
+

/\/\

r(ge+rf+ug)+ Fgg(q) + F%(r)) wig,
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e’ = (—(eq +u) (1 = Juf?)) w'

-+ (—(er +rug+ueq+u)T) + F%(u)) w3
+ ((gq — fr+gue+ruf +u(eq+u)g)+ F%(u)) w3,

To further simplify the computations, we impose ¢ = u = 0. Taking the
determinant of the 3 x 3 matrix defined by the coefficients of fijw’ with respect
to the basis {w"}, we see that J; is maximally non-integrable if and only if the
function

6= (ga—17) [alr) = r&i0) + (&) o) - (D&

never vanishes on Z. In terms of the z; coordinates, we have that {1 = %. Denote
1

by z; the real part of z;. The following choice of functions leads to a non-vanishing
G at every point:

g(x1) = cos(2mxy), r(xy) = sin(27xy),

2.3.8
q(z1) = 5 cos(2rzy) and f(z1) = %sin@msl). ( )

This provides a non-invariant maximally non-integrable almost complex structure
on Z. Furthermore, it is immediate to check, using the explicit expression for fi;,
that the functions

f=0, ¢g=0, g=h and r=h, (2.3.9)

where h € C*°(Z) is any never-vanishing function, give a non-invariant structure
of constant rank 1 on Z, while the choice

f=0, ¢q=0, ¢g=sin(2rz;) and r = cos(2mzy), (2.3.10)

gives a non-invariant structure of constant rank 2. Using the prototype structures
we just defined, we build families of non-invariant almost complex structures of
prescribed constant rank

Proposition 2.3.4. The Iwasawa manifold admits the following families of almost
complex structures of constant rank:

e a family J} of mazimally non-integrable structures parametrized by never-
vanishing h € C*(Z) such that &(h) =0 and |h| < 1;

e a family J? of structures of constant rank 2 parametrized by never-vanishing

h € C*(ZT) such that &(h) = 0;
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e a family J! of structures of constant rank 1 parametrized by never-vanishing
h e C®(I).

Proof. Let h € C*(Z) be a never-vanishing function and let J, be the almost
complex structure defined by the (1,0)-forms

wh= 0"+ hf ¢+ hg ¢,

W= ¢+ hq &+ hr ¢,

w3 — ¢3’
where f,g,q and r € C°°(Z). The family of structures J} is obtained choosing the
functions f, g, ¢ and r as in (2.3.9)), since in this case the rank of Jj is 1. Further
assuming that £5(h) = 0, the choice of f, g, ¢ and r as in (2.3.10), provides a
family of structures of constant rank 2. Finally, if we also assume |h| < 1, and

take f, g, ¢ and r as in (2.3.8]), then J, is a well-defined maximally non-integrable
almost complex structure. O

2.3.3.3 Nakamura manifold

The Nakamura manifold admits invariant structures of any constant rank. Since
the computations are substantially the same as in Section [2.3.3.2) we omit the
details.

Let G be the Lie group C x, C?, with coordinates 21, 29, 23, where

et 0
1/}<Z1) = |: 0 e—z1:| :
The Nakamura manifold is the quotient
N =T\G,

where I' C G is a suitable lattice [73]. A basis of holomorphic (1,0)-forms that
trivializes the complexified tangent bundle is given by

¢t i=dzt, ¢ =e d2* and ¢ = e™d2,
and the differentials are
dp' =0, d¢* = —¢? and do® = @'

The Nakamura manifold admits invariant structures of all possible ranks. We give
an explicit example for each of them. A structure of rank 3 is defined by the
(1,0)-forms

- - 1 - 1 -
whi=¢l 40+ 0% Wi=¢"+ 00" and W= ¢’ + 20" (2.3.11)
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A structure of rank 2 is given by
w' =0, Ww=¢?+¢° and W’ = ¢® + 247 (2.3.12)
while a structure of rank 1 is given by

wh=0', W=+ ¢d and W=t (2.3.13)

2.4 Invariant almost complex structures on compact
quotients of Lie groups

In this section we compute the rank of the Nijhenuis tensor of almost complex
structures on 6-dimensional nilpotent real Lie algebras. As a consequence, for
each 6-dimensional nilmanifold we determine whether or not it admits an invariant
almost complex structure whose Nijenhuis tensor has a given rank. If such a
structure exists, we provide an explicit choice of complex parameters that allows
to build it starting from an assigned almost complex structure. We also deduce a
topological upper bound for the rank of N; on solvmanifolds of completely solvable

type.

2.4.1 Classification of invariant structures on 6-dimensional nil-
potent real Lie algebras

We determine the possible values of the rank of the Nijenhuis tensor of almost
complex structures on 6-dimensional nilpotent real Lie algebras. There are 34 iso-
morphism classes of 6-dimensional nilpotent Lie algebras, see [63] or [81]. Adopting
the notation of Section we give a list of them in the first column of Table [2.1]
The main result is the following classification theorem.

Theorem 2.4.1. A 6-dimensional nilpotent real Lie algebra g admits an almost
complex structure whose Nijenhuis tensor has rank 3 if and only if it is isomorphic
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to one of

0,0,12,13,14 + 23,34 — 25),
0,0,12,13,14 4 23,24 + 15),
0,0,12,13,23, 14),

( (0,0,12,13,14, 34 — 25),

( (0,0,12,13, 14,23 + 15),

( (0,0,12,13,23,14 — 25),
(0,0,12,13,23,14 + 25), (0,0,0,12, 14 — 23,15 + 34),
(0,0,0,12, 14, 15 + 23), (0,0,0,12,14, 15 + 23 + 24),
(0,0,0,12, 14, 15 + 24), (0,0,0,12,13, 14 + 35),
(0,0,0,12,23, 14 + 35), (0,0,0,12,23,14 — 35),
(0,0,0,12, 14, 24), (0,0,0,12,13 — 24,14 + 23),
(0,0,0,12, 14, 13 — 24), (0,0,0,12,13 + 14, 24),
(0,0,0,12,13,14 + 23), (0,0,0,12,13,24),
(0,0,0,12,13,23).

A 6-dimensional nilpotent real Lie algebra g does mot admit an almost complex
structure whose Nijenhuis tensor has rank 2 if and only if it is isomorphic to one
of

(0,0,0,12,13,23), (0,0,0,0,0,12 + 34),

(0,0,0,0,0,12), (0,0,0,0,0,0).

A 6-dimensional nilpotent real Lie algebra g does mot admit an almost complex
structure whose Nijenhuis tensor has rank 1 if and only if it is isomorphic to one
of

(0,0,12,13,14 + 23,34 — 25), (0,0,0,0,0,0).

The proof of the theorem is a collection of smaller results, each one dealing
with a different value of the rank. We proceed to determine the rank of the
almost complex structures existing on each of them. For the rest of the section we
will directly work with almost complex structures defined on the elements of g*,
adopting the corresponding notation.

Structures of rank 3

Lie algebras for which A Nkerd is high-dimensional never admit maximally non-
integrable almost complex structures. This is a direct consequence of the following
lemma, that holds for arbitrary Lie algebras in any dimension.

Lemma 2.4.2. Let g be a 2m-dimensional Lie algebra and let k be the real di-
mension of Ay Nkerd. Then for any almost complex structure J on g we have
that

rtk Ny <2m — k.
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Proof. Let J be an almost complex structure on g. Then

rk N; = dime(A%? NIm ) < dime(A? N Imd)
= dim¢ C{de?, . .., de*™) = 2m — k. O

It follows immediately that several Lie algebras do not admit maximally non-
integrable almost complex structures.

Corollary 2.4.3. Let g be any 6-dimensional nilpotent Lie algebra with by > 4.
Then g does not admit maximally non-integrable almost complex structures.

There are three 6-dimensional nilpotent Lie algebras without maximally non-
integrable structures that are not covered by Corollary [2.4.3] Also in this case,
non-existence follows from a general result.

Proposition 2.4.4. Let g be a 2m-dimensional Lie algebra such that
A2 NImd C e' A A

If 2m > 6, then g does not admit maximally non-integrable almost complez struc-
tures.

Proof. Let J be an almost complex structure on g. Consider the (1, 0)-form
w' = e +iJe'

and complete it to a basis of (1,0)-forms {w!,...,w™}. By the assumption on
A% NImd, we have that

A*NImd = C{de',...de") Ce' A AL
Taking the projection on bidegree (0,2), we conclude that

rk N; = dime(A%* N Im ji)
< dime C{((e")%") A (AN
= dimg(w' A A% = m — 1,

where (-)®! denotes the projection on bidegree (0,1). If 2m > 6, then rk N; cannot
be maximal. O

Corollary 2.4.5. None of the following Lie algebras admits a maximally non-
integrable almost complex structure:

(0,0,0,12,13,14), (0,0,0,12,14,15), (0,0,12,13, 14, 15). (2.4.1)
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The following existence result completes the classification of Lie algebras ad-
mitting a maximally non-integrable structure.

Proposition 2.4.6. Any 6-dimensional nilpotent Lie algebra with by < 3 and not
listed in (2.4.1)) admits a mazimally non-integrable almost complez structure.

Proof. We prove existence of a maximally non-integrable almost complex structure
by explicitly building it. Let g = R{ey, ..., e¢) be a nilpotent Lie algebra. Consider
the almost complex structure J; defined by the co-frame of (1,0)-forms

¢l =e' +ie?, ¢ =€ tie' and ¢ = e® 4 el

Let J; be the almost complex structure defined by the (1, 0)-forms
whi= ¢l +ed! + f6t+ g’
W= '+ pet +q¢t 1,
w3 1:¢3+S¢i+t¢§+u¢37

with e, f, g,p,q, 1, s,t and u complex parameters satisfying the condition det(P) #
0 and P defined as in . For the choice of parameters described in the second
column of Table 2.1} J; is a maximally non-integrable almost complex structure
on the corresponding Lie algebra. O]

Structures of rank 2

We begin with an elementary fact, of which we give a proof for completeness.

Lemma 2.4.7. Let g* = R{e!,..., e*™) be the dual of a Lie algebra g. Fix an
almost complex structure J on g*. Suppose that for some indices j, k € {1,...,2m}
we have that (7%)%2 = 0. Then (e*)*! and (e9)*! are proportional to each other.

Proof. Fix a basis of (0, 1)-forms {wj}g-"zl. In terms of the basis, we can write
(ej)o’l =AW+, +A,w™ and
(") = Biw! + ...+ B, w™,
with A; and B; € C for j = 1,...,m. The condition (e/*)%? = 0 implies that the
matrix
A - A
B, --- B,
has rank 1. Since (¢/)%! and (e¥)%! cannot be the zero form because they are the

projection on bidegree (0, 1) of a real form, the only possibility is that (e/)%! and
(e¥)%! are proportional to each other. O
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We are ready to classify Lie algebras that admit a structure of rank 2.
Proposition 2.4.8. Fvery 6-dimensional nilpotent Lie algebra different from

(0,0,0,12,13,23), (0,0,0,0,0,12 + 34),

2.4.2
(0,0,0,0,0,12) or (0,0,0,0,0,0) (242)

admits an almost complex structure of rank 2.

Proof. By Lemma any algebra among (0,0,0,0,0,12 + 34), (0,0,0,0,0,12)
and (0,0,0,0,0,0) admits only structures of at most rank 1. We directly prove
that there are no structures of rank 2 on the Lie algebra g = (0,0,0, 12,13, 23).

Let J be an almost complex structure on g. We study the (0,2)-bidegree
part of the forms e'?, e and e?. First, suppose that (¢/%)%2 = 0 for some
gk € {12,13,23}. Due to the symmetries in the indices {1,2,3} and {4,5,6} of
the Lie algebra, we can assume that (e'?)%? = 0. By Lemma , we have that
(1% and (e2?)%! are proportional to the same (0, 1)-form a. The forms

¢ =e +iJel, j=1,...,6,

are a set of generators of AM0. If (e1)%! and (e2?)®! are proportional to «, then we
have i/ € C{a A (e3)%1), that implies tk N; < 1.

Suppose now that (e/*)%2 #£ 0 for all jk € {12,13,23}. We further split the
argument into three cases.

Case 1: two among (e'2)%2 (e!3)%2 and (**)%? are multiple of each other.
Again, for the symmetries of the Lie algebra we can assume that

(61)0’1 A (62)0’1 — A(el)o’l A (63)0’1,
with A € C\ {0}. This implies that
()P = A+, (243)

where 7 is a (0, 1)-form in the kernel of the map (e')*! A e. Consider the form

whi=el —iJe!

and complete it to a basis of (0, 1)-forms {w!, w?, w3}, so that
v = Ciw! + Cow? 4+ Csw®,  with C; e C. (2.4.4)

The condition (e!)%! Ay = 0 gives Cy = C3 = 0. Thus 7 is a multiple of w!, hence

of (e")*!, since w! = 2(e")*!. By (2.4.3) and ([2.4.4), we have that
(62)0’1 A (63)0’1 — (A(GB)O’l + ’7) A (63)0’1 — 201(613)0’2.
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In particular, this gives that (¢2*)%? is a multiple of (e!3)%2. Since all of the (e7%)%2,

for jk € {12,13,23}, are multiple of each other, N, has at most rank 1.
Case 2: one among (e'?)%2 (e!3)%2 and ()2 is a linear combination of the
remaining two. By symmetry, we can assume that

(612)0’2 _ A(613)0’2 —|—B(623)O’2 — (A(el)o,l + B(€2)0’1) A (63)0’1,

where A and B € C are both non-zero, or else we would reduce to Case 1. Since
(€'%)%2 £ 0, consider the forms

wo=el —iJel, j=1,2,

and complete them to a basis of (0,1)-forms {w',w? w3}. Proceeding as in the
previous case, it is straightforward to see that

(63)0’1 — C<€1)0,1 4 D(e2)0,1’

which implies that the forms (e')%? and (€2*)%? are both multiple of (e'?)*2. The
conclusion that rk N; < 1 follows as in the first case.
Case 3: all of the forms (e'?)%?, (€'%)%% and (€?*)°? are independent over C.

We prove that fi has necessarily rank 3. Consider the (1, 0)-forms
¢ = +iJe!, j=1,2,3.

The projections on bidegree (0,2) of the forms e/* are independent over C by
assumption. They can be expressed in terms of the ¢’ as

(612)0,2 _ —gbﬁ, (613)072 = }quig and (623)0’2 = iﬁb%-

This implies that also the ¢/, for j = 1,2, 3, are independent, and so they are a
basis of (1,0)-forms. In terms of the real basis ¢/, we can write J in block form as

-3

From the identity J? = —Id, we obtain the relation
A’ 4+ BC = —1d. (2.4.5)

Computing the rank of i1 amounts to compute the rank of the matrix B, since

. 1 15 132 92 .
g’ = =7 (Bpo” + B + Bjy™),  j=1,2,3.
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The complex 1-forms {¢’, ﬁ}?zl can be written in terms of the ¢’ as
(6',0%,0% 6", 0%, ¢")' = Q(e', &%, % e, %, %),
where @ is the block matrix
Id —iA —iB
Q=
Id+:A B

Since {¢’, & }5?:1 is a basis of 1-forms, ) must be invertible and the matrix

\ 2(Id —iA)(Id +iA) i[(I —iA)B — (I +iA)B)
@@= —i[B(I 4+ iA) — B(I —iA)] B2

is positive definite. In particular, its principal minor
(Id +iA)(Id —iA) = Id +A?

is also positive definite, and by it is equal to BC. This forces B, and thus
fi, to have rank 3, concluding the proof of the fact that (0,0,0,12,13,23) has no
almost complex structure whose Nijenhuis tensor has precisely rank 2.

Finally, we prove that each 6-dimensional nilpotent Lie algebras not listed in
admits an almost complex structure of rank 2 by explicitly building it, as
we did in the proof of Proposition [2.4.6| The explicit choice of constants providing
the desired structure can be found in the third column of Table 2.1l O]

Structures of rank 1

The only 6-dimensional nilpotent Lie algebras without almost complex structures
of rank 1 are

(0,0,0,0,0,0) and (0,0,12,13,14 + 23,34 — 25). (2.4.6)

For the former, this is again an immediate consequence of Lemma [2.4.2] while for
the latter it is the content of the following proposition.

Proposition 2.4.9. Any almost complex structure on the Lie algebra
(0,0,12,13,14 + 23,34 — 25)

has at least rank 2.
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The proof of Proposition proceeds assuming the existence of a structure
of rank 1 on g = (0,0,12,13,14 + 23,34 — 25) and splitting the argument into
several main cases, according to whether or not the projection on bidegree (0, 2) of
d-exact 2-forms is zero. In each of the cases, we reach an absurd by contradicting
the following well-known lemma on the linear algebra of almost complex structures
(or a direct consequence of it), of which we give a proof for the sake of completeness.

Lemma 2.4.10. Let V' be a 2m-dimensional real vector space and let {ej}?gl be

a basis of V. Fix an almost complex structure J on V' and consider the projection
7%l V€ 5 VOl | Then the space

S = C(n™ (), 7 (er), 7 (1)),
with 7 £k, k#1 and j # 1 has at least complex dimension 2.

Proof. Summing over repeated indices, we can write Je; = J]’?ek, with JJ”.C € R.
Since e; is a real vector, its (0, 1)-bidegree part cannot be zero and is given by

1 .
7T0’1(€j) = 5(6]' + Zjej).
Thus S is at least 1-dimensional. Assume by contradiction that S has precisely
dimension 1. Then the vectors (ex + iJeg) and (e; + iJe;) are proportional, up to
non-vanishing complex constants, to (e; + iJe;), that is,

(ej +iJe;) = Alep +iJey) = B(e; +iJe), with Aand B € C\ {0} .

Writing explicitly the vectors in terms of the element of the basis, we obtain a
system of equations with coefficients A, B and JJ’-“ . We are interested in the part
involving only e; and ey:

1+iJ] =iAJF =iBJ!,

iJl = A1 +iJF) = iBJ..

From the first equation we have that Jj”-c # 0 and le» # 0, obtaining the value for

the constants , .
1+1iJ! 14407
A= _1'# and B = _i(—lﬂ)
Jj Jj

Substituting in the second equation, we are left with

y (A+iJHA+iJF) T o
iJ = —i ]J’.f i :7]2(1+2J]?).
J

J
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From the equality iJi = JL(1+ iJ;)/J}, we deduce that both J} and J,z must
vanish. The remaining equation (1 + zJj )(1+iJF) = 0 leads to the contradiction
(J])? = =1, concluding the proof. O

We also need the following lemma.

Lemma 2.4.11. Let g* = R{e', ..., e*™) be the dual of a Lie algebra g. Fix an
almost complex structure J on g*. Suppose that for some j, k € {1,...,2m}, with
j <k, the form (e¥)% is proportional to (e9)%'. Then Je/ and Je* € R{e’, e*).

Proof. With the same notation of the proof of Lemma [2.4.10] we have, passing to
the dual, that

(e = (Jg + iég)ep.

1
2
The forms (e/)%! and (e*)®! are multiple of each other if and only if the matrix

Jf JJJ,'+Z' Jg ng
J{f J]]? J]if+z' (]écm

has rank 1. Imposing that the determinant of each of its 2 x 2 minors vanishes
and separating real and imaginary part, we see that J must satisfy the relations

JE=—Ji,
(J;)2 + J]ZJ;C =1, (2.4.7)
Ji=Jk =0, if p & {j,k).

By (2.4.7), we conclude that Je/ = Jjej + Jlek and Jek = erj — er’“. O

We can now prove that any almost complex structure on g has at least rank 2.

Proof of Proposition[2.4.9. By [81], there are no complex structures on g. Let
J be an almost complex structure on g and assume by contradiction that it has
precisely rank 1. The (1,0)-forms {¢/ == e/ 4 iJe7}S_, are a set of generators of
A0 so we can compute the rank of fi focusing only on the ¢/. We have that

ae? = i(J] —id})(de")*?.

The rank of 1 is the rank of a suitable submatrix obtained removing from J —i1dg
the columns corresponding to the indices for which (de*)%? = 0, and taking linear
combinations of such columns if (de?)®? is a non-zero multiple of (de*)*2. Since
de! = de? = 0, we work with a 6 x 4 matrix and we identify for each case which
among the (de)%? vanish and which are proportional to each other.
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Case A: (e'2)%2 = (e!3)%2 = 0. By Lemma[2.4.7] the assumption (e!2)*? = 0
implies that (e!)%! and (e?)®! are proportional. Similarly, we have that (e')®! is
proportional to (e*)®!, contradicting Lemma [2.4.10}

Case B: (e!2)%2 =0 and (e'3)%2 £ 0. Again by Lemma[2.4.7, we have that
(€2)%1 = A(e!)*! for some A € C\ {0}. Consider the 2-form

o= (614+23)0’2 — (61)0’1 A ((64)0’1 + A(€3)0’1).

If o is not a multiple of (€'3)%2) then (e?)®! is independent of (e!)%! and (e3)%!,
giving a basis of (1,0)-forms {¢', #*, ¢*}. In terms of such a basis, we have that

1

— 1 __ __
(613)0’2 — Z(blg? (614+23)0,2 —_ Z(¢14 + A¢13)

and )
(634—25)0,2 _ Z¢34 i ¢1 A,

for some (0, 1)-form . These (0, 2)-forms are independent, thus the rank of f is
determined by the corresponding columns of J —iIdg, i.e., by the rank of the 6 x 3
matrix U = (J,Z + iéi), with j =1,...,6, and k = 4,5,6. Since i has rank 1, so
does U, and we can apply repeatedly Lemma to its columns to deduce the
condition Ji3 = —i, reaching an absurd.

The proof of Case B is concluded if we prove that o cannot be a multiple of (e'?)
Assume by contradiction that (e'723)%2 is a multiple of (e!3)%2. Then necessarily
()% is a linear combination

0,2

(64)0’1 — B(el)o,l + 0(63)0’1.

If B # 0, we can redefine the elements of the basis e’/ setting
et =et — Oe,
so that (¢*)%! = B(e!')%! = B/A (e*)™!. This contradicts Lemma [2.4.10]
If B =0, then (e")%! = C(e*)%!, giving a simple expression for the projection on
bidegree (0,2) of de":
6 — (634_25)0’2 — _A<€1>0,1 A (65)0’1.

If 3 is proportional to (e'?)%2, then

(65)0’1 — D<61)0,1 + E(63)0’1.

As above, if D = 0, we immediately get a contradiction to Lemma [2.4.10] The
same follows when D # 0, by redefining é° = > — Fe3.
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If 3 is not proportional to (€!¥)®2 then the matrix that determines the rank of

1S
t

00 J3 Ji+d J2 J¢
00 J& Ji  J2 Ji+i
By Lemma applied to (e*)%! and (e*)®!, it must be J; = J} = 0. Imposing
the condition rk i = 1, we easily obtain the contradiction J; = —i, proving that
« is not a multiple of (€'#)%2 and thus proving our claim in Case B.
Case C: (e'?)%2 =£0. The proof is similar to that of case B, with slightly
longer computations. O]

An existence result completes the classification.

Proposition 2.4.12. Every 6-dimensional nilpotent Lie algebra different from
(2.4.6) admits an almost complex structure of rank 1.

Proof. The existence of a structure of rank 1 is proved as in Proposition [2.4.6|
The constants providing the desired structure are presented in the fourth column

of Table 211 O

Complex structures

The classification of 6-dimensional nilpotent Lie algebras admitting a complex
structure was carried out by Salamon [81]. For the sake of completeness, in the
last column of Table we give explicit constants that allow to obtain examples
of complex structures following the idea of the proof of Proposition [2.4.6, The
only Lie algebras on which a complex structure cannot be obtained in this way
are (0,0,0,12,23,14 — 35) and (0,0,0,0,12,14 + 25). In these two cases, it is
immediate to check that the co-frame of (1,0)-forms

ot i=el 4ied, P i=et 4ied, ¢ = —e® i€ (2.4.8)
defines a complex structure on (0,0,0, 12,23, 14 — 35), while the co-frame
ot = el fie?, ¢F =t 4+ie®, ¢F = e +icf (2.4.9)
defines a complex structure on (0,0,0,0, 12, 14 4 25).
Remark 2.4.13. By Theorem 2.5 in [81], complex structures on 6-dimensional

nilpotent Lie algebras have two types of canonical basis. Type (I) has the form

2

wl=el —ie?, wt=¢?

—iet, w!=e" —ied,

while type (I1) has the form

wl=el —ie?, wl=et—ie, wh=e®—ied.
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We point out that when we give examples of explicit structures, we are deforming
a (possibly non-integrable) structure with a basis of type (I). The Lie algebras on
which a complex structure cannot be obtained in this way are precisely those that
admit only complex structures of type (11) [81].

2.4.2 Consequences on locally homogeneous manifolds

The classification by rank of almost complex structures on 6-dimensional nilpo-
tent Lie algebras allows to establish which 6-dimensional nilmanifolds admit an
invariant almost complex structure of a certain rank.

Theorem 2.4.14. Let M = T'\G be a 6-dimensional nilmanifold and let g be
the Lie algebra of G. Then M admits an invariant almost complex structure of
rank k if and only if g admits an almost complex structure of rank k, according to

Theorem [2.4.1.

Proof. Fix an almost complex structure J on M. There is a bijection between
invariant almost complex structures on M and almost complex structures on g,
see Section [I.5, and the rank of N; on M is equal to the rank of the almost
complex structure induced by J on g. This, together with Theorem [2.4.1] proves
our claim. O

More in general, we can establish a topological upper bound for the rank of
invariant almost complex structures on solvmanifolds of completely solvable type
of arbitrary dimension.

Theorem 2.4.15. Let M = T'\G be a solvmanifold of completely solvable type.
Let J be an invariant almost complex structure on M. Then we have that

I'kNJ S dimRM— bl(M)

Proof. Let g be the Lie algebra of G. Given any invariant almost complex structure
J on M, there is a corresponding almost complex structure J on g, and rk N; =
rk N;. Let bi(g) be the real dimension of the first Lie algebra cohomology group
of g

H'(g) = (kerdN A")/(Imd N A') = (kerd N A),

see also Section [I.5] By Lemma 2.4.2] we have that
rk Ny = rk N; < 2m — dimg(Ag Nker d) = 2m — by (g).
By Hattori’s theorem [46], see also Section , there is an isomorphism
H"(g) = Hj
with the de Rham cohomology of M, so that b;(g) = by (M). O
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2.4.3 Table of the possible ranks

This section contains the table summarizing the possible ranks of almost complex
structures on 6-dimensional nilpotent Lie algebras. The first column lists the 34
isomorphism type of Lie algebras. The remaining columns list whether or not a
structure of prescribed rank exists on each of them. When such a structure exists,
the choice of parameters

e fyg

p qr

s v u
provided in the table, allows to obtain it starting from a fixed almost complex
structure, see proof of Proposition [2.4.6. The non-existence of structures is proved
in Section [2.4.1] By the word generic, we mean that a generic almost complex
structure will have the corresponding rank.

Remark 2.4.16. The computations for the rank presented in Table[2.1] have been
checked using Wolfram Mathematica, Version 13.1.

Table 2.1: Classification of invariant almost complex
structures by rank on 6-dimensional nilpotent Lie alge-

bras.
Lie Algebra Rank 3 Rank 2 Rank 1 Rank 0
Generic Yes
(0,0,12,13,14 + 23,34 — 25) 0o 1 o 00 No No
L 0 0} 000
Generic Yes Yes
(0,0,12,13,14,34 — 25) r 0 1} 0 0 0] {o -4 —ifﬂ No
000 000 0 0 -3
020 000 0 0 0
Generic Yes
(0, 0,12,13, 14, 15) No [0 0 0] r 0 o} No
000 0 1 1
00 0 0 -4 1
Generic Yes Yes
(0,0,12,13,14 + 23,24 + 15) r 0 1} 00 0] [0 0 o} No
000 000 0 1 1
000 00 0 0 —2+2v2 1
Generic Yes Yes
(0, 0,12,13,14,23 + 15) r 0 1} [0 0 0] r 0 0} No
000 000 00 2
000 000 021
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Generic Yes Yes
(0,0, 12,13, 23, 14) [0 0 1] [0 0 0] {0 0 0} No
000 001 000
0 0 0] 00 0] 000
Generic Yes Yes
(0,0,12,13,23,14 — 25) [0 0 1] [0 0 0] {o 0 0} No
000 000 00 2
0 0 0] 00 021
Generic Yes Yes Yes
(0,0,12,13,23,14 + 25) 0 0 1] [0 0 0] [o 0 0 [o 0 0}
000 000 01 -1 01 -1
o 0 o 00 0 02 1 02 i
Generic Yes Yes
(0,0,0,12,14 — 23,15 + 34) [0 o 0 0 0] 0 0 0] No
000 001 000
1 O_ 00 0_ _0 0 l)_
Generic Yes Yes
(0,0,0,12,14,15 4 23) [0 0 1] [0 0 0] [0 0 0] No
000 001 000
0 0 o 00 0 00 0
Generic Yes Yes
(0,0,0,12,14,15 + 23 + 24) 001 0 0 o] 0 0 0] No
0 001 000
000 00 0 00 0
Generic Yes Yes
(0, 0,0,12,14,15 + 24) [o0 [0 0 0] [0 0 0] No
00 001 000
_U 0 00 0_ »U 0 U_
Generic Yes
(O, 0, 0, 12, 14, 15) No [0 0 0] [0 0 0] No
001 000
0 0 0] 00 0
Generic Yes Yes
(O, 0,0,12,13,14 + 35) o o 1] 00 0 0 0 0] No
000 001 000
000 _O 0 0 0 U_
Generic Yes Yes
(0, 0, O, 12, 237 14 + 35) [0 0 1] [0 0 0] [0 0 0] No
000 001 000
o 0 o 00 0 00 0
Generic Yes Yes Y.
(0,0,0,12, 23,14 — 35) 00 1] 0 0 0] 0 0] °
o 00 o See (2.4.8)
Generic Yes Yes Yes
(0,0,0, 12, 14, 24) [0 0 1] 011 [0 0 0] |:U 0 0}
000 021 000 000
0 0 o 00 2 00 2 000
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Generic Yes Yes Yes
(0,0,0,12,13 — 24,14 + 23) 00 1] 00 1] 0 0 o] r 0 0}
020 000 000 000
00 0 00 0 0 0 1 000
Generic Yes Yes Yes
(0,0,0,12,14,13 — 24) oo 1] 0 0 0] 0 0 0] r 0 0}
000 001 000 000
0 0 o 00 0 000 003
Generic Yes Yes Yes
(0,0,0,12,13 + 14, 24) [0 0 1] [0 0 0] [0 0 0] r 00 }
000 001 000 00 0
0 0 0 00 0 0 0 0] 00 =2
Generic Yes Yes Yes
(0,0,0,12,13,14 + 23) 0o 1] 0 0 0] 0 0 0] [0 0 0}
000 001 000 00 0
000 0 0 0] 000 00 —3
Generic Yes Yes Yes
(0,0,0, 12, 13, 24) [0 0 1] [0 0 0] [0 0 0] {0 0 0}
000 001 000 02 0
000_ 000_ OUU_ 0 0 -3i
Generic Yes Yes
(0,0,0,12,13,14) No 00 0] 00 0] r 0 o}
001 000 000
0 0 0 0 0 2 000
Generic Yes Yes
(0,0,0,12,13,23) r 0 1} No 0 0 0] r 0 0}
000 000 000
000 0 0 2] 000
Generic Yes
(0,0,0,0,12,15 + 34) No 0 0 1] 000 No
000 000
01 0 00 0
Generic Yes
(0,0,0,0,12,15) No [0 0 1] 0 0 0] No
000 000
01 0 00 o
( A ) N ic Yes Yes
0,0,0,0,12,14 4 25 0 ] [0 0 o
0o See ([2.4.9)
ic Yes Yes
(0,0,0,0,13 — 24,14 + 23) No 0 0 0] r 0 o}
001 000
00 0 000
ic Yes Yes
(0,0,0,0,12,14 + 23) No T fo 0 0] [0 i o}
000 0 0 0
00 0 00 0
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Generic Yes Yes
(0,0,0,0,12,34) No [o 0 1} 0 0 0] [o 0 0}
001 001 000
000 0 0 07 000
Generic Yes Yes
(0,0,0,0,12,13) No [0 0 1} 000 r ~1/6 0}
000 000 0 2 0
000 000 0 0 2
Generic Yes
(0,0,0,0,0,12 + 34) No No [0 0 0] [o 0 o}
001 000
0 0 o 000
Generic Yes
(0,0,0,0,0,12) No No oo 000
000 L 0 o}
(0,0,0,0,0,0) No No No Generic




CHAPTER 3

Cohomologies of non-integrable structures

In this chapter we review the existing cohomologies of almost complex manifolds
and we introduce three new cohomologies: the Bott—Chern and Aeppli cohomolo-
gies of the operators d and d°; the cohomologies of the operators § and ¢ and the
associated Bott—Chern and Aeppli cohomologies; the J-even and J-odd cohomolo-
gies induced by the parity of the action of J on forms. We also explain how to
extend our definitions to almost symplectic manifolds.

3.1 A short review of the existing cohomologies

In this section we briefly recall the definitions of several relevant cohomologies of
almost complex manifolds, namely the J-invariant and J-anti-invariant cohomolo-
gies of Draghici, Li and Zhang, the Dolbeault cohomology of Cirici and Wilson,
and the Bott—Chern and Aeppli cohomologies of Coelho, Placini and Stelzig.

In addition, it is worth mentioning that there are two cohomologies that do not
play a role in this thesis but are related to our studies. They are the transverse
Dolbeault cohomology introduced by Cahen, Gutt and Gutt [24], and the refined
Dolbeault cohomology introduced by Lin [61]. We invite the reader to consult the
original references for the details.

The J-invariant and J-anti-invariant cohomologies

The J-invariant and J-anti-invariant cohomologies have been introduced and ini-
tially studied by Draghici, Li and Zhang in [34], [35] and [60], with the purpose of

63
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understanding the tamed and compatible cones of almost complex manifolds.

Let (M, J) be an almost complex manifold. Then J acts on k-forms as J? =
(—1)*1d, see Section . In particular, on 2-forms J is an involution and A2
decomposes into its (£1)-eigenspaces

AP=A"A.

Smooth sections of AT and A~ are called J-invariant and J-anti-invariant forms,
respectively, and they are denoted by

At ={ac A’ Ja=a} and A ={a€ A’:Ja=—a}.
The bidegree of o completely determines its J-invariance and we have
AT =AY and A™ = A0 g A%

The J-invariant and J-anti-invariant cohomologies of J are the subgroups of de
Rham cohomology given by

Hi ={[a]e H} :a € AT} and H; ={[a]€ H}:a € A"},

respectively. On compact manifolds, they are finite-dimensional since they are
subgroups of de Rham cohomology. We denote by h} and h; their respective
dimensions, that are an invariant of the almost complex structure. In dimension
4, the numbers hf also occur as the dimension of the spaces of harmonic forms

WY =AM Nker Ay and HPOOD = (4200 492N A, (3.1.1)
and we have
h}_ = dlm(c H}]’l and h; — dlm(c HS2,0)(0,2).

For this reason, it is common to find the notation

HY = Hf and HPYOY = Hg;

The Dolbeault, Bott—Chern and Aeppli cohomologies of almost
complex manifolds

The first generalization of Dolbeault cohomology to almost complex manifolds was
introduced by Cirici and Wilson [29].
Let (M, J) be an almost complex manifold. Since i> = 0, one can consider the

jt-cohomology
q . kerpn AP4

pq . LA
AT Impn Ava
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Then 0 induces a well-defined map 9: Hy? — Hf—j’qﬂ that satisfies 9> = 0. The
Dolbeault cohomology of (M, J) is the cohomology

Pa ker(? N Hg’q.

Dol ™ ImoNH 2
If J is integrable, then H%Y coincides with the usual Dolbeault cohomology. In
general H7;Z, is infinite-dimensional, even on compact manifolds [32]. Furthermore,
finite-dimensionality of the Dolbeault cohomology completely characterizes inte-

grability of J on almost complex 4-manifolds [30]. For a comparison of Dolbeault
cohomology of almost complex manifolds and J-invariant cohomology, we refer to
[86).

A notion of Bott—Chern and Aeppli cohomology related to the Dolbeault co-
homology was introduced by Coelho, Placini and Stelzig [32]. Consider the sub-
complex of A**® given by

B** := A** N ker u N ker i N ker 9% N ker 0°
and the quotient complex

C** == A**/(Im p + Im i + Im &% + Im 9?).
Then the Bott—Chern cohomology of (M, J) is the cohomology

P — ker @ N ker 9 N BP
pe Im @5 N Bpa
and the Aeppli cohomology of (M, .J) is the cohomology
Hz,q o ker 90 N CP:1

(Im 9 + Im ) N Cra’

If J is integrable, these cohomologies coincide with the usual Bott-Chern and
Aeppli cohomologies. Together with the Dolbeault cohomology, they fit into a

diagram

P,q 5 p+q ~ N p+q ‘ D,q
HDol Hd N J > Hye HDol

Pq
HBC

N
/

/
\

P.q
HA

where H%% = H7'7 is a version of the Frolicher spectral sequence of Example
valid for multicomplexes, see [29]. For an almost symplectic version of the
spectral sequence, see Section [3.4]
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3.2 Cohomologies of the operators d and d°

Let (M, J) be an almost complex manifold with non-integrable J. Let d° be the
conjugate of d by the action of J. Then d and d° satisfy the equations d* = 0 and
(d°)? = 0, see Section . Since J is not integrable, we have dd® 4+ d°d # 0. Thus,
(A®, d,d) is not a double complex and its Bott—Chern and Aeppli cohomologies
are not well-defined.

We introduce a subcomplex and a quotient complex of A®, see Section [1.1], on
which d and d° anti-commute. A similar construction has been performed also in
[32] to give a different definition of Bott—Chern and Aeppli cohomologies of almost
complex manifolds, see Section

Definition 3.2.1. Consider the subcomplex B®* C A® given by
B* = A* nker(dd® + d°d)
and the quotient complex of A® given by
A.
C*=——.
Im(dde + ded)

Proposition 3.2.2. The complezes (B*,d,d®) and (C*,d,d°) are Z-graded double
complexes.

Proof. If a € B*, then do € B*t!. Indeed, since d and d° anti-commute on B*
and d? = 0, we have that

(dd° + d°d)do = dd°de = —d(dd®)a = 0.

Similarly, if o € B*, then d°a € B**!. Finally, we have that dd® 4 d°d = 0 on B*
by definition. If o and § € B®, then

(dd® + d°d)(a A ) = (dd° + d°d)a A 4+ a A (dd° + d°d) = 0,
so that a A 8 € B®. The proof for (C*,d, d°) is similar. m

We are ready to define Bott—Chern and Aeppli cohomologies for almost complex
manifolds.

Definition 3.2.3. Let (M, J) be an almost complex manifold. The Bott-Chern
cohomology of (M, J) is the Bott—Chern cohomology of (B*,d, d°), i.e.,

ker(d: B¥ — B*!) Nker(d®: B¥ — B*1)
Im(dde: B¥2 — BF) '

The Aeppli cohomology of (M, J) is the Aeppli cohomology of (C*,d,d°), i.e.,
ker(dd¢: C* — Ck+2)

Im(d: C*1 — C¥) 4+ Im(de: Ck1 — CFk)’

koo
Hipqe =

koo
Hgge =
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In the complex case our definition of Bott—Chern and Aeppli cohomologies
coincides with the usual one: if J is integrable then dd®+ d°d = 0 on all forms, so
that B®* = A® and C*®* = A®*. We now describe the basic properties of Bott—Chern
and Aeppli cohomologies.

Proposition 3.2.4. Aeppli cohomology has the structure of module over Bott—
Chern cohomology. In particular, there is a well-defined pairing

H5+dc X Hyge — Hyt',
([a]arae, V]aae) — o A Ylaae-

Proof. Let [&gyac € HY 4. Then, we can write

[a]d+dc =a+ ddcﬁ?
where da = 0, d°a = 0 and 8 € B*2. Pick any [y]gc € HYy, so that we have

(Vaae = v+ dn +d°0
up to (dd® + d°d)-exact forms, where dd“y = [0]cs. To prove the proposition it is
enough to check that [a A 7]4e is a well-defined cohomology class. We have that
dd“(aN7y) = [0]ce since « is d-closed and d°-closed, and ~ is dd-closed. Moreover,
the cohomology class does not depend on the choice of representative since

(a4+dd°B)N(y+dn+dO) = aNy+aNdy+aANdO+dd°B Ay +dd°SAdn+dd°B AdD.

When we pass to cohomology, the second, third, fifth and sixth terms on the
right hand side vanish because they are d-exact or d®exact. The fourth term is
both d and d“exact, since when computing Aeppli cohomology, we are considering
classes in C*. O

Proposition 3.2.5. There is a diagram of cohomologies

d+dC

N
AN

k
H dde

> HE

that generalizes diagram ((1.3.3)) to the case of almost complex manifolds.
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Proof. Let []arqe € HE, ;.. Then, we can write [ag4q- = o+ dd°S. On the one
side, we have that da = 0 and that dd°f is d-exact. Thus, the form « defines
a de Rham cohomology class. On the other side, we also have d°a = 0 and
dd®f = —ddf, so it also defines a d°-cohomology class. Hence, the morphisms
from Bott—Chern cohomology to the de Rham and d°-cohomologies are given by
the identity on the representatives. Let now [y]q € HY. Then, we have that

ddey = (dd° + d°d),

which is the zero class in C*®, so that v defines an Aeppli cohomology class. Chang-
ing representative in the de Rham cohomology class modifies v by a d-exact form,
preserving the corresponding Aeppli cohomology class. The same proof holds for a
d®-cohomology class. Thus, the morphisms from the de Rham and d°-cohomologies
to Aeppli cohomology are given by the identity on the representatives composed
with the projection on C*. m

The morphisms going from the Bott—Chern cohomology to the de Rham and
d®-cohomologies are not injective nor surjective. The same holds for those going
from the de Rham and d°-cohomologies to the Aeppli cohomology. This is true
even if J is integrable, see, for example, [2].

The next proposition establishes that Bott—Chern and Aeppli cohomologies
are preserved under pseudo-holomorphic maps and are almost complex invari-
ants. A map between almost complex manifolds f: (M, J) — (M, J') is pseudo-
holomorphic if

df o J = J o df. (3.2.1)

Theorem 3.2.6. Let (M, J) and (M',J") be two almost complex manifolds. Let
f: M — M’ be a pseudo-holomorphic map. Then f induces a morphism of differ-
ential Z-graded algebras

[ g e (M) — Hyy (M, ),
and a morphism of differential Z-graded modules over Bott—Chern cohomology
fro Hyge(M',J') — Hige (M, J).
If in addition f s a diffeomorphism, then f* is an isomorphism.

Proof. The pullback f* commutes with d. By , it also commutes with d°.
In particular, it sends the double complexes (B*,d,d) and (C*®,d,d") defined for
(M',J') into the analogous objects defined for (M, J), and it defines a morphism
on the cohomologies. If f is also a diffeomorphism, then M = M’ and df is an
isomorphism. Thus J = df ! o J odf and f* is an isomorphism with inverse

(f=. 0



3.2. COHOMOLOGIES OF THE OPERATORS d AND d° 69

In principle, one could be tempted to define a bigraded version of Bott—Chern
and Aeppli cohomologies for d and d°. However, if J is not integrable, the operator
dd® does not preserve the bigrading and giving such a definition would require to
impose further conditions on the subcomplex B*® that would make the construc-
tion less natural. Nevertheless, if (p,q) € {(1,0),(0,1),(2,0), (0,2)}, one can still
consider the bigraded spaces

HY! e =kerd N AP,

since d-closed (p, q)-forms coincide with d°-closed (p, ¢)-forms, while for (p,q) =
(1,1) one can set

[ R kerd N Ab!
T Im(dde : ker(dde + ded) N O (M) — ker(dde 4 ded) N ALL)

Using the bigraded cohomology groups we just defined, we can prove a bigraded
splitting in the case of 1-forms.

Proposition 3.2.7. Let (M, J) be an almost complex manifold. Then
1,0 0,1
Hyge = Hypge © Hylyge.

Proof. A Bott-Chern cohomology class in Hj, ;. is given by a 1-form « that is
d-closed and d-closed. Furthermore, there are no dd“exact 1-forms for degree
reasons. Split a according to the bidegree as

a=a"? + ot

Since « is both d-closed and d®-closed, the forms o' and a®! are both d-closed
and d°-closed since they have pure bidegree. Hence, they define two Bott—Chern
cohomology classes in H, ;fdc and H ;fdc, respectively. The converse inclusion is
immediate. [

We point out that a bigraded splitting does not hold outside of 1-forms unless
J is integrable. In the integrable case, the cohomology groups we computed on k-
forms naturally split into bigraded components that coincide with the usual Bott—
Chern and Aeppli cohomology. We give here a cohomological proof of this fact.
For a similar statement valid for spaces of harmonic forms on compact Hermitian

manifolds, see Corollary 4.1.3]

Lemma 3.2.8. Let (M, J) be a complex manifold. Then

Hiw= @ Hyt and Hi = @ HY

p+q=k pt+q=Fk
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Proof. We prove the claim for Bott—Chern cohomology. The claim for Aeppli
cohomology is proved similarly. The inclusion @, ,_, H34 € H, A, e 1s immediate.
For the opposite inclusion, let [o]pc € HE, ;. and let

o = E :ap,q

pta=k

be the bidegree decomposition of «. Since « is both d-closed and d°-closed, we
have that the forms

Qe = g a”? and o= E a1

p even p odd

are both d-closed. Consider the equation
0 = da® = 0o’ + 9a™ + 0a®* 2 4 ...

and separate the terms by bidegree. Since the operators 0 and 0 have bidegree
(1,0) and (0, 1), respectively, and since two summands of a**" differ in bidegree
p by at least 2, all the terms da?? and daP?, for p even, have different bidegree.
Hence, for all (p,q) with p even, it must be da?? = Ja?? = 0. With a similar
reasoning applied to a®¥ we have that da?? = 0 for all (p,q), so that a?4 €
AP? N kerd N kerd®. This shows that each a”? defines a cohomology class in
H%E. Choosing another representative in [a]pe we add a term dd°S. Since in
the complex case dd® has bidegree (1,1), the projection of dd°S on each of its
components of bidegree (p, q) is still dd“-exact and gives a well-defined cohomology
class (o] pc € HYE,. O

3.3 Cohomologies of the operators § and §

By , on an arbitrary almost complex manifold, the operators § and & anti-
commute but do not square to zero, and their cohomology is not well-defined.
Nevertheless, again by (1.2.10]), the space of forms where dd® + d°d = 0 coincides
with the space of forms where 6> = 0. Thus, the subcomplex B*® seems to be a
natural space on which to define the cohomologies of § and 6.

Definition 3.3.1. The d-cohomology of (M, J) is the cohomology

. ker(d: BY — BM)
7 Im(6: BF1 — BF)

The §-cohomology of (M, J) is the cohomology
»  ker(d: B¥ — BM)

07 Im(0: BF1 — BF)’
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In the same fashion as Definition [3.2.3 we define the Bott-Chern and Aeppli
cohomologies of the operators ¢ and 9.

Definition 3.3.2. The (6§ + 6)-cohomology of (M, J) is

ko ker(6: B — Bk_ﬂ) Aker(5: B* — B
0+6 Im((S(S Bk-2 _ Bk) .

The 65-cohomology of (M, J) is

B ker(§0: C* — C*+2)
~ Im(S: Ck=1 — CF) +Im(5: Ch—1 — CF)’

ko
Hge :

In the integrable case, Bott-Chern and Aeppli cohomologies built using the
operators d and d¢ or 0 and 0 coincide. This is still true in the non-integrable case
for Bott—Chern and Aeppli cohomologies defined using the operators d and d¢ or
§ and 0.

Proposition 3.3.3. Let (M, J) be an almost complex manifold. Then

H;—l—dc = H(;+S and Hgd‘: = H(;S

Proof. By (1.2.8)) and (1.2.9), we have that

ker d N ker d° = ker 6 N ker 0.

By (1.2.10)), there is an equality
Im(dd®: B¥? — B*) =Im(65: B*? — B"),

so that we conclude that

H§+dc - H§+S :
The equality between Aeppli cohomology and dé-cohomology follows with a similar
reasoning, since we are computing the cohomologies on forms in C*°. [

3.4 Cohomologies of the operators d and d*

In this section we describe almost symplectic cohomologies built using the oper-
ators d and d* and the decomposition of the differential induced by the
symplectic bigrading of forms.

Let (M,w) be an almost symplectic manifold. Let £™* be the space of forms
of Lefschetz bidegree (r,s) and let d = dy + dy + ... be the decomposition of
the differential induced by the Lefschetz bigrading, with d;: £ — L 1H5:s+372]



72 CHAPTER 3. COHOMOLOGIES OF NON-INTEGRABLE STRUCTURES

see Section This provides us with a multicomplex (£**,d = dy + ...). The
associated total complex is the de Rham complex (A°®, d), where

Ak: @ L7

2r4+s=k

is given by the Lefschetz decomposition. The natural filtration to put on the
multicomplex is the Lefschetz filtration [99]

FpAk _ @Lr,k—%“'

r<p

In particular, the space FYA* coincides with the space of primitive k-forms. Fol-
lowing Section [L.1] every filtered complex admits a natural spectral sequence.

Theorem 3.4.1. The multicomplex (L™*,d = dy + ...) admits a natural spectral
sequence (E7°,d?) converging to de Rham cohomology E}° = H7™* whose first
page is isomorphic to the cohomology of the dy operator.

In the symplectic case, the first non-trivial page of the spectral sequence is
isomorphic to the cohomology of the 0, operator and we have convergence Hgf =
Hi e,

Proof. The multicomplex (L™, d = dy + ...) admits the Lefschetz filtration and
it is bounded by Lemma [1.2.2] Thus, by Proposition [I.1.1} it admits an associ-
ated spectral sequence that degenerates in a finite number of steps. Furthermore,
the spectral sequence converges to the cohomology of the total complex (A*,d),
which is the de Rham cohomology, inducing a bigrading on H7 * that general-
izes the symplectic bigrading induced by the Lefschetz decomposition, see [100].
By (1.2.14)), we have that d2 = 0 and its cohomology is well-defined. By [62],
we can write down explicitly the pages of the spectral sequence in terms of the
differentials. The first page is

{w"AB:dy(w" AB)=0and g € P}
{do(wtt Ay) 1y € P73} ’

which is isomorphic to the cohomology of the dy operator. The second page is

o {w" A B do(w” A Br) =0 and di (W A By) + do(w™ A Bz) = 0}
{do(w™ Ay1) + di(w” Ay2)  do(w” A ) = 0} 7

with ﬂl € PS, 62 € PS_Q, T € 7)3—3 and Yo € 7)8_1.

In the symplectic case, all the differentials vanish except for d; and dsy, which
coincide with 94 and 0_, respectively. We have that £7° = L™ and Ey® = Hy® =
w" A PHj,, where PHj is the primitive symplectic cohomology as defined in
Section . O

7,8 ~v
El —
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We focus for a moment on the symplectic case and on the double complex
(L7%,0,,0_). The spectral sequence we defined allows to write a more precise

version of diagram (|1.3.7))

7,8 2r+s N 2r+s 7,8
H8+ _ Hd < > HdA R ] H87

-

By general facts on spectral sequences of double complexes, the maps considered
in the above diagram are isomorphisms if and only if the dd*-lemma (or, equiv-
alently, the 0,0_-lemma) holds, see [4] for more details. In particular, if the
dd*-lemma holds, the spectral sequence degenerates at the first page and the de
Rham cohomology splits under the action of the Lefschetz operator as

Hd+d/\

7,8
~

\

/

T,8
]_IddA

Hf =P’ APH; .

320

In such a case, the symplectic manifold satisfies the Hard Lefschetz condition.

Going back to almost symplectic manifolds, we point out an interesting geomet-
ric interpretation of the operator dy. Recall that an almost symplectic structure
w is called locally conformally symplectic, see [103] and [104], if

do=wAN6, withdf=0.

Theorem 3.4.2. Let (M,w) be a compact almost symplectic 2m-manifold. If
2m =4, then dy = 0. If 2m > 6, then dg = 0 if and only if w is locally conformally
symplectic.

Proof. On almost symplectic manifold, the Lefschetz decomposition of dw is
dw=H4+wA0.

We show that d identically vanishes if and only if H = 0. If dy = 0, in particular
we have
0 = dow = 7"*(dw) = H.

Conversely, suppose that H identically vanishes and let w"™ A 8 € L. Then, we
have

do(w" AB) =a"" 2B od(W AB) =7 (W AdB+ W AOAB) =0,
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proving our claim. On 4-manifolds, the form H identically vanishes since there
are no primitive 3-forms, so that dy = 0 always. If 2m > 6, the vanishing of H is
equivalent to having dw = w A 6. From the equation

0=d’w=dwAb) =wAdb,
we see that dff = 0 and that w is locally conformally symplectic. O

We are ready to define almost symplectic versions of the symplectic cohomolo-
gies of Tseng and Yau using the same idea of Bott—Chern and Aeppli cohomologies
of almost complex manifolds.

Definition 3.4.3. Consider the subcomplex B®* C A® given by
B* = A* Nker(dd* + d*d)
and the quotient complex of A® given by
¢ = Im(dder drd)’
The complexes (B®,d,d") and (C*,d,d") are Z-graded double complexes.
Definition 3.4.4. Let (M,w) be an almost symplectic manifold. The almost

symplectic cohomologies of (M, w) are
ker(d: B¥ — B*1)Nker(d*: B* — B*1)
Im(dd®: B* — BF)

k —
Hd+dA T

and
ker(dd®: C* — C*)
Im(d: Ck=1 — Ck) 4+ Im(dr: Ck1 — C*k)’

If w is symplectic then d and d* anti-commute and our definition coincides
with the one given by Tseng and Yau. The almost symplectic cohomologies are a
well-defined invariant of the almost symplectic structure. The proof follows closely
that of Theorem [3.2.6], therefore it is omitted. With a slight abuse of terminology,
we say that a map between almost symplectic manifolds f: (M,w) — (M’,«') is
a symplectomorphism if

koo
Hagn =

ffw' = w.
Theorem 3.4.5. Let (M,w) and (M',w") be two almost symplectic manifolds. Let
f: M — M be a symplectomorphism. Then f induces a morphism of differential
Z-graded algebras
f* : d.+dA (M/7 W/) - ¢;+dA<M7 w)?

and a morphism of differential Z-graded modules over Hj,

f*: c;dA(Mlﬂw/) - JdA(Mvw)'

If in addition f is a diffeomorphism, then f* is an isomorphism.
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3.5 Cohomologies of even and odd forms

In this section we describe several cohomologies induced by the action of J on
k-forms. In a natural way they admit a Zs-grading that induces a Z,-splitting of
Bott—Chern cohomology. A similar splitting appears naturally in the context of
the symplectic cohomologies, see Section 5 in [100].

Recall that J? acts on k-forms as (—1)FId, see Section [1.2} This naturally
induces a splitting of A* into the (4i)-eigenbundles of J if k is odd, or into its
(+1)-eigenbundles if k is even. In terms of the bigrading of forms, it is easy to
determine the eigenbundles. For example, if K =0 mod 4 the (41)-eigenbundle of
J is given by G}I) even APF7P. This motivates the definition of the following spaces
of forms. We set

AF = @ AP4 and Ak, = @ AP (3.5.1)
p+q=k pt+g=k
p even p odd

Definition 3.5.1. If o € A* = we say that « is an even k-form. Similarly, if

a € Ak, we say that « is an odd k-form.

This provides a direct sum decomposition

Ab = AF AR (3.5.2)

even

that allows to split o € A into an even part and an odd part

a = qfven + OgOdd7
given by the projections on the subspaces defined in . The same splitting can
be given for forms in B*, see Definition [3.5.6, It is immediate from the definition
to check that the wedge product of forms of the same parity is even, while the
wedge product of forms of opposite parity is odd. Thus the decomposition (3.5.2)
endows A® with a Zi-graded algebra structure. With respect to the Zs-grading on
AF_we have that complex conjugation reverses the parity of forms when k is odd,
while it preserves the parity when k is even.

Definition 3.5.2. Let P: A®* — A*® be a differential operator. We say that P is
even if it preserves the parity of forms, that is, if

P(A2,.) C A

EVEN even

and  P(A344) © ASga-
We say that P is odd if it reverses the parity of forms, that is, if

P(A%,.,) € ASyy and  P(A5,) C A2

even even'
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The differential d is neither even nor odd, but it admits a splitting into an even
and an odd part that correspond to the operators § and J, respectively. Indeed,
when computing d on even forms, ¢ is the projection of d onto odd forms, while §
is the projection onto even forms. The parities of most of the operators we study
can be determined without effort and are collected in the next proposition.

Proposition 3.5.3. We have the following properties:
(1) the composition of operators of the same parity is even;
(17) the composition of operators of opposite parity is odd;
(iii) the operators 6 and d are odd and even, respectively;
(iv) the operator 4i56 = dd® — d°d is odd;
(v) the operator —4id* = dd® + d°d is even;
(vi) the operator dd° restricted to B® is odd.
Proof. We have that (i) and (i) follow immediately from the definition of even
and odd operators, that (iii) follows from the explicit expression of § and ¢ in
terms of p, 0, 0 and fi, and that (iv) and (v) are a consequence of (i — 4ii). For

(vi), let @ € B*. Then (dd° + d°d)a = —4i6°a = 4id°a = 0. In particular, by
(1.2.9), we also have that

dd°oa = (5 4+ 6)(6 — §)a = (6% + 206 — 6*)ar = 2idéar.

Thus, when restricted to B®, the operator dd® coincides with 60 up to a constant
and it is odd. O

Using even and odd forms, one can define the associated subgroups of the de
Rham cohomology.

Definition 3.5.4. Let (M, J) be an almost complex manifold. The J-even coho-
mology of (M, J) is

vaen<M7 J) = {[CY] € HcllgR NS A’;ven :

The J-odd cohomology of (M, J) is

Hzlfdd<M7 J) = {la] € HgR HORS A’de}'
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The J-even and J-odd cohomologies are a special case of the cohomology H?,
see [5], obtained by taking S = {(p,q) : pis even} and S = {(p,q) : p is odd},
respectively. They also generalize the notions of cohomologies introduced by
Draghici, Li and Zhang, see Section [3.1] Indeed, if £ = 2, we have that

He2ven = H; and Hgdd = Hj
Apart from generalizing well-known cohomologies, the J-even and J-odd coho-
mologies arise naturally in the context of Bott—Chern cohomology of almost com-
plex manifolds.

Theorem 3.5.5. There is a natural map

k k k
I—[d—&-dC Heven + Hodd7

(3.5.3)

CYOdd]d.

[drae — [ a + |
Proof. The theorem is a consequence of the fact that a k-form « is d-closed and
d’-closed if and only if its even and odd parts are both d-closed. Decompose
a = a®" + a°¥, The almost complex structure J acts on even and odd forms
as multiplication by a constant, and the two constants differ by a sign. More
precisely, we have that

Javen — (_i)kaeven and J(]{Odd — —(—i)kondd,
so that

do =0< da®" +da®® =0 and d°a=0< da®" — da® = 0.

In particular, the form « defines a Bott—Chern cohomology class if and only if
a®*" and a°¥ define two de Rham cohomology classes. This provides the map
(13.5.3)). m

We recall that, if &k = 2 and (M, J) is a compact almost complex 4-manifold,
then de Rham cohomology splits as the direct sum of J-invariant and J-anti-
invariant cohomologies, see Theorem 2.3 in [35]. Since de Rham cohomology classes
are defined up to d-exact forms and d is neither an even nor an odd operator, we
have that H® . N H%,, # {0}. In particular, in general there is no splitting

even

Hi = H{,o\y ® Hayy.

even

However, we can define cohomologies in the context of Bott—Chern cohomology
that take into account the parity of the forms involved.
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Definition 3.5.6. Consider the subcomplexes

even even

Let (HY ae)"“" be the space of Bott-Chern cohomology classes computed on even
forms

b \even kerd Nkerd® N A, .
(H{tge) = Y ) e\
Im(dde: B,/ — BE.,)

eEven

and let (HE, ,.)°™ be the space of Bott—Chern cohomology classes computed on
odd forms

(HE, )t ker d Nker d® N A, .
+ Im(dde: Bk2 — B )

Using these cohomologies, we can prove the desired splitting.
Corollary 3.5.7. The map (3.5.3) induces a Zs-graded decomposition of Bott—

Chern cohomology
H5+dc = (H5+d6)wen b (H§+dC)Odd-

Proof. Let [a]gsqc € HY, 4o be a Bott—Chern cohomology class. Writing the repre-
sentatives according to the parity of the forms, we have that

[a]d+dc = Qv aodd + (dch)even + (dch)odd7

where 3 € B*2. By (vi) of Proposition 3.5.3 we know that dd® is an odd operator
on B*. Furthermore, the space B*~2 splits into its even and an odd part, so that

(ddCﬁ)even — ddc(ﬁodd) and (dch)odd — ddc(ﬁeven)’

proving that the even and odd parts of a dd°-exact form are both dd°-exact. Finally,
since dd® + d°d is even, the even and odd part of a form in B® are still in B®. This
implies that the even and odd part of any representative provide a well-defined
splitting of Bott—Chern cohomology. O

The bigraded splitting of Proposition follows as an easy consequence of
Corollary in degree 1.



CHAPTER 4

Harmonic forms on almost Hermitian manifolds

In this chapter we introduce several Laplacians on compact almost Hermitian
manifolds that generalize the Bott—Chern and the Aeppli Laplacians of complex
manifolds and the symplectic Laplacians of symplectic manifolds. We extensively
study the associated spaces of harmonic forms, determining their basic properties,
their symmetries and the relations occurring among spaces of harmonic forms of
different Laplacians. We are mainly interested in solving a problem posed by
Kodaira and Spencer: find a generalization of Hodge numbers and Bott-Chern
numbers from complex to almost complex manifolds. In our context, the problem
reduces to determine whether or not the dimensions of the space of harmonic forms
we introduced depend on the choice of J-compatible Riemannian metric. While
a general result on metric-independence at the moment seems out of reach, if the
manifold has dimension 4 or the almost Hermitian structure is almost Kéhler,
the situation drastically improves and we are able to provide a solution to the
Kodaira—Spencer’s problem. Noteworthy, all the spaces of harmonic forms we
introduce injects into the cohomologies defined in Chapter [3]

4.1 Almost Hermitian Laplacians
Let (M, g) be a compact Riemannian manifold. Let P and @ be first-order differ-

ential operators on A® of degree +1. Denote by P* and @* their formal adjoints.
The Hodge-type Laplacian of P is the operator of the second order

Ap = PP* + P*P.

79
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The Bott-Chern-type Laplacian of P and () is the operator of the fourth order
Apig = PQQ"P"+Q*"P"PQ + P*QQ"P+ Q"PP*Q + P*P + Q*Q,

while the Aeppli-type Laplacian of P and @) is the operator of the fourth order
Apg = PQQ"P"+Q"P"PQ+ P*QQ"P + Q"PP*Q + PP* + QQ".

Observe that the Bott—Chern-type and the Aeppli-type Laplacians differ from each
other only for a term of the second order and that their fourth-order part are not
symmetric in P and ). The space of P-harmonic k-forms is the space

HE = AF N ker Ap.

Similarly, the spaces of (P 4+ Q)-harmonic k-forms and of PQ-harmonic k-forms
are
HP+Q —A ﬂkerAP+Q and HPQ —A mkerAPQ,

respectively. If the space of forms admits a bigrading, it is natural to define a
bigraded version of the spaces of harmonic forms obtained as the kernel of the
Laplacians restricted to bigraded forms. The corresponding spaces of harmonic
(p, q)-forms are denoted by Hp?, H4 5 and HEy), respectively. Using the L*-inner
product of forms defined in 1.2.2, we have an explicit description of the spaces
of harmonic forms:

b ={a€ A*: Pa =0and P*a = 0},
Hpo={aeA": Pa =0, Qa=0and (PQ)'a =0},
PQ—{aeAk PQa =0, PPa=0 and Q"a = 0}.

Let (M, J,w, g) be a compact almost Hermitian 2m-manifold. We make explicit
choices for P and () as differential operators induced by the almost Hermitian
structure. We first focus on the almost complex point of view. Consider the pairs
of almost complex operators

(P.Q) € {(d.d),(0,0),(6.0)}.
Then we have the Hodge-type Laplacians
Ay, Age, ANy, Az, Ay and Agj.
The corresponding spaces of graded harmonic forms are

HE HE, HE OHE, H and HE
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Since the action of J induces a bigrading on forms, we also have bigraded versions
HDO, MBS, HMEY, HDY, MDY and HEC
Similarly, one can consider the Bott—Chern-type Laplacians
Adiae,  Daeva, Dors, Daro, Asys, and  Agyy,
and the Aeppli-type Laplacians
Aage,  Ageas Doz, Dgg,  Ass, and  Ag,

together with the associated spaces of graded or bigraded harmonic forms. To
reduce the number of spaces we have to deal with, we observe the following ele-
mentary symmetries of the Laplacians under the action of J, of the Hodge * and
of complex conjugation. The almost complex structure induces the symmetries

AdJ = (]AdC, Ad-}—dCJ = JAdC+d and Addc(] = ‘]Adcdy
that give isomorphisms of graded harmonic forms
HE=Hh HE o= HE, and HEL 2 HE (4.1.1)

respectively, together with similar isomorphisms for bigraded harmonic forms. In
the same way, complex conjugation gives the isomorphisms

My = HG, H=H;, Hp 5 =My, and Hiz=H, (4.1.2)

The Hodge * operator gives a series of isomorphisms between forms of different

degree. Up to the isomorphisms and , they reduce to
Hy = HF HE=HF and HE=HIF
for harmonic forms coming from the Hodge-type Laplacians, and to
Hirae =My ", Hngé = H%ZH and H§+S = H?gnik

for harmonic forms coming from the Bott—Chern-type and the Aeppli-type Lapla-
cians. In particular, up to isomorphism, we can restrict ourselves to the study of
the spaces of graded harmonic forms

k k k k k k
Hh HE HE M. M HE

and to their bigraded version. For the Hermitian case, a detailed study of the
symmetries induced by the action of compatible triples on the space of forms can
be found in [109].
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From the almost symplectic point of view, we consider the pair (P, Q) = (d, d").
The associated Laplacians are

Ag,  Agny Agran, Agagg, Agan and  Agag,
while the corresponding spaces of graded harmonic forms are
Ha, Hav, Hapar, Havga, Hagn and Hgag

In this case, computing bigraded harmonic forms means to consider the restriction
of the Laplacians to the spaces £™°. We are particularly interested in the spaces
of primitive harmonic s-forms, that is, the kernels of the Laplacians computed
on L%, which we denote by PHj, PHj, s and PH;,n. The almost symplectic
Laplacians satisfy the symmetries induced by the symplectic *, operator

*g Ad—i—dA = AdA+d *g and *g AddA = AdAd *g,
that give isomorphisms

k ~ 2m—k kK  ~ 2m—k
Hapar = Hgntq and Hagn SHE

Similarly, the symmetries induced by J are
JAG = —Apnd,  JAgign = Dggnd  and  JAga g = Agag,
that give isomorphisms
HEHE HE 2 HEL and  HE = HE,
respectively. Up to isomorphism, we are left with the spaces
HE, HE o, PHS and PHL .

An essential property in developing Hodge theory on complex or symplectic
manifolds is the ellipticity of the Laplacians. It turns out that ellipticity of the
operators we consider is independent of the integrability of J or of w.

Theorem 4.1.1. Let ) be any symbol among d, 0, §, d+d°, 0+0, 6+0 and d+d".
Then the Laplacian A, is a self-adjoint elliptic operator and there is decomposition
of graded k-forms

A =35 S ImA (4.1.3)
; - 1.

Furthermore, the space Hfl 15 finite-dimensional.
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Proof. The fact that A, is self-adjoint follows from the definition. Ellipticity of Ay
is established by classical Hodge theory of Riemannian manifolds. Ellipticity of
the remaining Laplacians follows by showing that they coincide, up to lower-order
terms, with an elliptic operator. We write down the proof for n = d + d°. The
remaining cases follow similarly. Denote by = the equality up to terms of order at
most one. Then we have that:

e dd° + d°d has order one, so that dd® = —d°d;

e d(d°)* + (d°)*d has order one by the Kéhler identities for almost Hermitian
manifolds, see [28] or [37], so that d(d°)* = —(d°)*d.

We can conclude that
Agige = dd°(dd®)* + (dd®)*dd® 4+ d*d°(d*d®)" + (d*d°)*d"d® =
= AgA\ge = (Ad)Q,

which is elliptic. The proofs involving the operator d* follow similarly taking into
account that, by (1.2.15)), on almost Hermitian manifolds we have d* = (d°)*. The
orthogonal direct sum decomposition between image and kernel of the Laplacians
and the finite-dimensionality of the kernel follow from the theory of self-adjoint
elliptic operators on compact manifolds, see Lemma [1.3.2] O

Since the spaces of harmonic (p, ¢)-forms, with p + ¢ = k, are subspaces of the
spaces of harmonic k-forms, they are finite-dimensional. The complex dimensions
of the spaces of harmonic forms are denoted by

hE=dimc M and AP = dimc HDY,

and they depend on the initial choice of almost Hermitian structure. If needed,
we specify the almost Hermitian structure from which the dimensions depend by
writing hy(J,w, g) and h24(J,w, g).

In general, a decomposition similar to does not hold for bigraded forms
unless A, preserves the bigrading.

Proposition 4.1.2. Let (M, J,w,q) be a compact almost Hermitian manifold.
Then there is an inclusion

: k
P el (4.1.4)
pta=k
that induces an inequality
: k
> < bk (4.1.5)
pt+q=k

If A, preserves the bigrading, then the equality holds in (4.1.4) and (4.1.5).
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Proof. The inclusion (4.1.4) is immediate since n-harmonic (p, ¢)-forms, with p +
g = k, are in particular n-harmonic k-forms. Suppose that A, preserves the
bigrading of forms. Let o € ’Hf; and let

p+q=k
be its bidegree decomposition. Then the bidegree decomposition of A,c is
OZAna:An(ZaM ZAan
pt+a=k p+q=k

Since A, preserves the bigrading, each summand A, o9 must vanish separately,
showing the direct sum decomposition. The claims on the dimensions of the spaces
of harmonic forms follow easily. O

Motivated by Proposition [4.1.2] we ask the following question:

Question: does the equality in (4.1.4) or (4.1.5)) imply that the Laplacian A,
preserves the bigrading?

There are several instances of Laplacians that preserve the bigrading: the
Laplacians Ay qe and Agge on complex manifolds and the Laplacians Ag and Ay, 5
on almost complex manifolds. This immediately gives a bigraded decomposition
of the spaces of harmonic forms.

Corollary 4.1.3. Let (M, J) be a compact complex manifold. Then, for every
choice of J-compatible metric, we have

k 9 k b
M e = @D Myl and Hi. = P HY
pt+q=k pt+g=k

: koo P koo P,
In particular, hj, 4 = >, Wpt and hj.e = > 59
pt+q=k pt+g=k

Corollary 4.1.4. Let (M,J) be a compact almost complex manifold. Then, for
every choice of J-compatible metric, we have

He= P 1o and MHi,= P HY,

pt+g=k pt+q=k

In particular, b = 37 W2 and by 5= > hy!s.
ptq=k pta=k
Corollary [£.1.3 together with Hodge theory, provides a different proof of
Lemma [3.2.8 valid on compact complex manifolds.
Next, we show that the numbers h’; are preserved under morphisms of almost
Hermitian manifolds, so that they define almost Hermitian invariants.
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Theorem 4.1.5. Let (M, J,w,qg) and (M', J' ', ¢") be two compact almost Her-
mitian manifolds of the same dimension and let f: M — M’ be a surjective smooth
map preserving the compatible triple, i.e., satisfying

df oJ =J odf, f*W =w and [f*¢ =y. (4.1.6)

Then we have that
hi(J' W', g) < hi(Jw,g).

If in addition f is a diffeomorphism, then
hi(J' W' g') = hi(J,w,g).

If any two conditions among those in (4.1.6)) hold, then also the remaining one
is satisfied.

Proof. If ais n-harmonic with respect to the almost Hermitian structure (J', ', ¢'),
then f*« is m-harmonic with respect to (J,w,g) by . Furthermore, the
differential df is injective because f*¢’ = ¢. Since M and M’ have he same
dimension, it is also surjective at every point of M. We show that the pull-back
f* is injective. Let o € A¥(M’) and assume that f*al, = 0 for all x € M. Fix
¥ e M'. Let vi,... v, € T,yM'. Since the maps f and df are surjective, then there
exist vy, ..., vy € T, M such that df|,v; = v}, where j=1,... k, and z € 1.
Therefore, we have that

alg (V] 0) = alw (df|pvr, . df[eok) = frale(vr, ..., v) = 0.

For any 2’ € M’ this gives a|,» = 0 and consequently o« = 0, showing the inequality
h’f](J’ Wi g') < h’;(J, w,g). If in addition f is a diffeomorphism, applying the above
argument to

M- M

we obtain that h%(J, g) < h%,(J', '), proving the equality. O

The last step of classical Hodge theory is to show that the dimensions of the
spaces of harmonic forms are independent of the choice of Riemannian metric. For
instance, consider the space H% consisting of d-harmonic forms. Its dimension is
independent of any choice and is actually a topological invariant, the k-th Betti
number of the manifold M. Similarly, integrability of J guarantees that there are
isomorphisms between Dolbeault, Bott—Chern and Aeppli cohomologies and the
corresponding spaces of harmonic forms on Hermitian manifolds. The same is true
for the symplectic cohomologies on almost Kéahler manifolds. In view of that, we
formulate the following problem.
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Generalized Kodaira—Spencer’s problem.
Let (M, J) be a compact almost complex manifold. Fix a J-compatible Rieman-
nian metric and let n be any symbol among d, 9, 8, d + d°, O + O and 6 + 0.
Determine if the numbers hf; and hP? depend on the choice of Riemannian metric.

The first simple observation is that, for every choice of 7, the lowest and top
degree numbers are always equal to 1 since harmonic functions are necessarily
constant and since harmonic top forms are constant multiples of the volume form.

4.2 Dependence on the choice of metric

In this section we study the dependence on the metric of the numbers h’:] on almost
Hermitian 4-manifolds. Thanks to the restriction on the dimension, we are able
to show that several of them do not depend on the choice of metric. The situation
significantly improves if we assume that the metric is almost Kéahler, where we find
a solution to the generalized Kodaira—Spencer’s problem, see Theorems and
A2

The section is structured as follows: we begin each paragraph with the descrip-
tion of the known metric-dependence (or independence) of the invariants. This is
summarized in several diagrams where we adopt the notation

© : almost complex invariant

® : metric-dependent

The rest of each paragraph contains the proof of the main statement. The proof will
be based on results spread across several papers, that will be properly referenced,
and several original results that we prove on the go.

Dependence on the metric of the numbers A%, hZe, s .5 and AZ7 S

For these numbers the situation is almost entirely known.

Theorem 4.2.1. Dependence on the metric of the numbers hg’q 1s described by the
diagram

1 ©
hs" hot © ®
h2’ hot h? © © (4.2.1)
o 2,1 o 1,2 o
hé’ hé7 @ @
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pq

Dependence on the metric of the numbers h 15 described by the diagram

0+0
1 ©)
1,0 0,1
00 ha+5 1 h8+5 0.9 © ©
hyis hy's hy's ©) ® © (4.2.2)
Rl L2 o
2+0 +d
©)

Dependence on the metric of the numbers hg and h*

5.9 s described by the table

ko 1 2 3 4
hk 1o e ® ©

k
hEsl® © @ @ ©

Recall that the isomorphism induced by the Hodge * gives an equality

hot = hg e (4.2.3)
In general, the numbers hg’o do not depend on the choice of metric by bidegree
reasons. Holt and Zhang showed that there exists an almost complex 4-manifold
such that h%’l varies for different choices of almost Kéhler metric, see [52] and [53].

By (4.2.3), we know the situation also for h%’o, hg’l and h%’g. The remaining number

hg’l is independent of the choice of almost Kéhler metric [53] but it depends on
the choice of almost Hermitian metric [94]. This proves the situation described in
diagram (4.2.1)). By Lemma 4.1 and Theorem 4.2 in [48], the numbers AJT; are
metric-independent for (p, ¢) any among (1,0), (0,1), (2,0), (0,2) and (1,1). For
(p,q) = (2,1) and (p,q) = (1,2), we have the following result.

Lemma 4.2.2. Let (M, J) be a compact almost complex 4-manifold admitting a
J-compatible almost Kdahler metric. Then for every choice of J-compatible almost
Kahler metric we have that

21 ~ 1,0 12 ~ 4,01
Hyg =My and M7 5=Hy

Proof. The proofs of the two isomorphisms are similar. We prove only the first
one, which is provided by the Hodge * operator. Let o' € 7—[(%’0. Then da = 0.
After taking the Hodge *, we obtain that d x oY = 0 by bidegree reasons, that
d x o' is proportional to d(w A a'?) = w A da'® = 0 and that 99 * (xa'?) = 0.
This proves the inclusion

«(H;") C M5

For the opposite inclusion, we need to use the almost Kéahler identities [31]. Since
the Hodge * is an isomorphism between (2, 1)-forms and (1, 0)-forms, any form in
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Hgig can be written as w Ao for some a*? € A0, Moreover, since 9(wAa'?) =
0, the form da!? is primitive, and since 99 x (w A a™?) = 0, we have 90a!® = 0.

By the almost Kahler identities, we have that
i0*0a'? = [A, 0]0a'? = Adda’ — OADaM’ = 0,

where in the last equality we used the fact that a0 is primitive and 9da'? = 0.
This shows that da'® = 0 and proves the opposite inclusion. O

By diagram and Lemma [4.2.2] we conclude that h* depends on the
choice of almost Kéahler metric, while h3" does not. This gives the situation de-
scribed in diagram (4.2.2). Finally, by Corollary it is easy to determine
dependence on the metric of the dimensions of the spaces of graded harmonic
forms.

Dependence on the metric of the numbers h%, e, h’§+g and A}’
The Laplacians associated to the operators 6 and § do not preserve the bigrading.
Hence, there is a substantial difference in considering graded or bigraded invariants.
Furthermore, the spaces of 6-harmonic and (§+6)-harmonic forms involve in a non-
trivial way the action of y and fi, so that they differ from the spaces of d-harmonic

and (0 + 9)-harmonic forms.

Theorem 4.2.3. Dependence on the metric of the numbers hg’q 15 described by the
diagram

1 ®
h? hot ©
hy" hs' hy? © © (4.2.4)
2! hy? e
1 ©®
Dependence on the metric of the numbers hg’fs 15 described by the diagram
1 ©
1,0 0,1
00 h5+5 1 h5+8 0.2 © ©
h's ., hy's - hy's © ©) © (4.2.5)
hisvs hs'is
1 ©

Dependence on the metric of the numbers h’g and h’§+5 1s described by the table

k|0 1 2 3 4
he | © ©

k
hilo @ o o
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In degree 1, the spaces H;’f;, H?ig and 7-[; .5 are independent of the choice of

metric since the equation §6 * o = 0 is trivially satisfied for bidegree reasons. A
short computation shows the equalities of spaces

HIO — L0 and 'Hg’l = 7‘[%’1 N ker p,

that give metric-independence for h%’o. We also observe that there are bigraded
decompositions

7—[% = ']—[%’0 AP Hg’l and Hg = H?l &) H%’Q, (426)

Let 7—[82’0)(0’2) be the space of harmonic forms defined in (3.1.1). In degree 2, we
prove the following decompositions of harmonic forms.

Theorem 4.2.4. Let (M, J) be a compact almost complex 4-manifold. Fizx a J-
compatible almost Hermitian metric on M. Then:

e there is a decomposition of -harmonic 2-forms

H2 =1 o HGOOP,

e there is a decomposition of (8 + )-harmonic 2-forms

2 1,1 (2,0)(0,2)

Proof. 1t is immediate to verify that the inclusions

1,1 (2,0)(0,2) 1,1 (2,0)(0,2)

hold. For the opposite inclusions, we first prove that 7-[% C 7_%,1 D HSQ’O)(O’Q). Let
a € 7—[%, so that da = 0 and 0 * @« = 0. Writing « as the sum of bigraded forms
a = a?? 4 ot + a%? and imposing that « is d-harmonic, we have that

0=da=(0+u)(a® +al +a’?) =
= 9a®° 4 Jab! 4+ a2 + 4?0 + patt + pad? =
= 5@270 + uaﬂ,? + 5@171,

since several terms vanish by bidegree reasons. Separating the bidegrees, we obtain
that

oatt =0 and 0a*" + pa’? = 0. (4.2.7)
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Similarly, since (2,0) and (0, 2)-forms are self-dual, we see that

0:(5*@:<8+ﬂ)*(042’0+051’1—|—040’2):
— (a+ﬂ)(a2,0+*al,1 +a0,2) —
= 0a%? + /1042’0 4 0 * 041’1,

from which we get the equations
Oxa' =0 and 0a”*+ a*’ = 0. (4.2.8)

Combining ([4.2.7) and ([#.2.8), we immediately deduce that o' € 7_%,1 and that

a?% + a%? is d-closed and self-dual, thus d-harmonic, proving the first part of the
theorem. For the second par:c, we prove t_he inclusion 'H? 5 & Hé’ié fa) 7_[‘(]2,0)(0,2).
Let a € H§+5. Then da = 0, da = 0 and 0 xa = 0. Writing « as the sum of forms
of pure bidegree, following the same computations of the first part of the proof of

this theorem and imposing the conditions dov = 0 and dav = 0, we get that

datt =0, (9+p)(a® +a”?) =0,

_ _ 4.2.9
dart =0, (0+ p) (@™ +a”) =0. (4.2.9)

Starting from the equation 60 * o = 0, we observe that in general
66 = (0 + 1) (0 + p) = 90 + O + jid + fip, (4.2.10)

while on 4-manifolds equation (4.2.10)) simplifies to 86 = 00+ fip and the operator
09 has bidegree (1,1). Thus, by bidegree, we have that

0=260*a= (90 + i) * a™' = 90 x o' (4.2.11)
Finally, from (4.2.9) and (4.2.11)), we conclude that o' € Héié and o?? + %% €
7—[52’0)(0’2). This completes the proof of the theorem. n

The dimension & of the space HSQ’O)(O’Q) depends only on the almost complex
structure, see Section [3.1] From the decompositions of Theorem and from
the fact that p and f vanish on (1, 1)-forms on 4-manifolds, it follows that hé’l and

1,1 . 1,1 1,1
h5+3 depend on the metric as hy" and ha+5>

almost Kahler invariant, while h};’ig is an almost complex invariant. In bidegree
(2,0), we have the following lemma.

respectively. In particular, h(lg’l is an

Lemma 4.2.5. Let (M,J) be a compact almost complex 4-manifold. For any
choice of J-compatible metric, we have that

2,0 4,20
HS - Hd .

Furthermore, the dimension h?o s independent of the choice of metric.
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Proof. Let a € A*Y. Since (2,0)-forms are self-dual, metric-independence follows
by observing that
H' = A2 Nkerd.

To prove the equality of the spaces of harmonic forms, let o € ’H?O. Then da =0
and 1 x o = 0. Since « is self-dual, we also have that ua = 0 and, by bidegree,
Oa = 0. In particular, da = d x a = 0. m

Note that by Lemma 5.6 in [31], if J is not integrable then h?j’o = h?—’o =0. By
the isomorphisms
H2O = HP? and H = U

induced by the Hodge * and complex conjugation, we get metric-independence
of the numbers hg—’o, hg’Z, hi’o and hg’z. This leaves only the numbers hg’l =

21 321 _ 112 3 ) : —
hg, hy s = hg's and hy 5. Furthermore, since the action of 4 and 9 induces a

decomposition of 3-forms into bigraded forms and since d6 has bidegree (1,1) on

. 172 1313 . .
4-manifolds, we also have = b 5 Under the almost Kahler assumption, we

are able to prove their metric-independence.

Theorem 4.2.6. Let (M, J) be a compact almost complex 4-manifold admitting a

J-compatible almost Kdihler metric. Then the numbers h%, h5*?, h’§+5 and hf;fg do

not depend on the choice of J-compatible almost Kdhler metric.

Proof. By Proposition 6.10 in [96], on almost Kéhler manifolds we have that ’H§ =

Hf .5~ Therefore, we just need to prove the theorem for h’g or h’g L5 As already

observed, the number hé L5118 independent of the choice of almost Hermitian metric.

By Theorem [4.2.4} also he .5 is metric-independent. Finally, we have that

Lo pl—p3 = p3 .
h6+5_h5_h6_h5+6’
k

543"
number of which we do not know metric-independence is hg’l. Let a € 7—[59’1. Since

proving metric-independence of h’g = h For bigraded invariants, the only

Hg’l = Hg’l N ker p,

the only non-trivial differential is da = da. We show that actually da = 0. This
gives the equality hg’l = hg’l, hence the metric-independence by Corollary 5.9 in
[31]. The norm of dc is

]|50¢H2:/ (504/\m:/(5+5)a/\*(6+5)07:/ da N\ xda.
M M M

The form da is a primitive (1,1)-form, hence anti-self-dual, since da = da and

wAOda=0(wAha)=0rxa=0*a=0
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by the vanishing of the differentials on a. By Stokes’s theorem, we conclude that

HéaHQ:/ da/\*dd:/ da A xda = 0. O
M M

This proves the situation described in the diagrams (4.2.4) and (4.2.5). The
dependence on the metric of the spaces of graded harmonic forms follows by the
direct sum decompositions of equation (4.2.6) and of Theorem [£.2.4]

Dependence on the metric of the numbers h5?, bt . and W5,
The numbers A7 and hl{ . are symmetric in p and ¢, while h;? satisfy the addi-
tional symmetry hly? = h P9
Theorem 4.2.7. Dependence on the metric of the numbers hiy? is described by the

diagram

1 ©
hy’ hy'
hZ? hot ho? © © (4.2.12)
2,1 1,2
hd hd
1 ©

Dependence on the metric of the numbers hi}{ . is described by the diagram

1 ©
1,0 0,1
20 hd+dC 11 hd-i—dc 0.2 © ©
hely ae hafae
1 ©

Dependence on the metric of the numbers thdc 1s described by the table

k J]0o 1 2 3 4
©@ @ ! ©

k
i ae

In degree 1, the numbers h;f ge and hgi 4 do not depend on the choice of metric
for degree reasons and the action of d and d° induces a bigraded decomposition
of the space H}, ;. into bigraded forms, that gives hyy, = hyl. = thl .. By
Theorem 4.1 in [51], the numbers hi’o and hg’l depend on the choice of metric and
by Corollary 5.9 in [31], they do not depend on the choice of almost Kéhler metric.

In degree 2, the numbers hZ’O and h2’2 do not depend on the choice of metric
by Lemma . Let a € 7—[3’0. Then da = 0. Since « is anti-self-dual, we have
that

(dd°) o = #d°d x o« = *d°dav = 0.
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Thus, there are equalities of spaces
Hol e = A2 Nkerd = H°,

which imply metric-independence for the numbers hif qe and h?lf ge- To show that
also h? +qe 18 metric-independent, we establish a decomposition for H2 qe- Consider
the decomposition of w with respect to the Hodge Laplacian

w = h(w) +dn+dpu, (4.2.14)
where h(w) is d-harmonic, n € A! and p € A3. Define the 2-form ~, as
Yo = —d * u— d*pu. (4.2.15)
Note that we have
$yg = — * d* pp+¥2d % p=d*p+d* p = —, (4.2.16)

hence 7 is anti-self-dual. Since anti-self-dual forms have necessarily bidegree (1, 1),
we also have that
0 = Yo (4.2.17)

Theorem 4.2.8. Let (M, J, &, ) be a compact almost Hermitian 4-manifold and
let (w,g) be a Gauduchon metric in the same conformal class of (©,g). Then

M2, = Clw+ ) @ H, @ HPVO?,
In particular, h3, . = b~ + 1+ h and it is metric independent.

Proof. Let g be a metric in the same conformal class of §. If @ € A%, then *,a =
x5, As a consequence, the space M3, 4 is invariant under conformal changes of
metric. In each conformal class of metric there always exists a Gauduchon metric
[40], i.e., a metric for which dd‘w = d°dw = 0. Therefore, we assume that g is a
Gauduchon metric in the same conformal class of g.

We first prove the inclusion C{w + 7o) ® H, @ 7{52’0)(0’2) C M g The form

w + v is d-closed since
d(w +70) = d(h(w) +dn — d* ) =0,
it is d°-closed by (4.2.17)) and it is (dd®)*-closed by (4.2.16]) and because the metric

is Gauduchon. Forms in H, @ HS2’0)(0’2) are necessarily (d + d°)-harmonic since
they are d-harmonic and have bidegree either (1,1) or (2,0) + (0, 2).
We now prove the opposite inclusion. Let o € H7, 4. Write o using the Lefschetz

and bidegree decomposition as

a= fu _|_71,1 +7(2,0)(0,2)’
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with 4" and 9(02) primitive forms and f € C*(M). Since da = 0 and d°a = 0,
we have that
d(fw+~"1) =0 (4.2.18)

and
dy @002 — 0, (4.2.19)

The form yZ9©2) is d-closed and primitive, thus d-harmonic, which implies that
7(20)(0.2) ¢ HSQ’O)(O’Q). On the other side, we have that

0= (ddc)*a — — % d°d x (fw + /yl,l +,y(2,0)(0,2)) _
- % dcd(fw o ,71,1 + 7(2,0)(0,2)) —
— 2% did(fw),
where in the last equality we used (4.2.18]) and (4.2.19)). Since the metric is Gaudu-

chon, we have that
0=dd(fw) =ddf Nw —df Nd°w+d°f A dw.
Consider the real operator P: C*(M) — C*(M) given by
P(f) =*(ddf Nw —df Ndw+d°f A dw).

By the same argument of the proof of Theorem 4.3 in [78], P is strongly elliptic,
thus f must be constant. Consider the form

gt =t — .

The form S%! is anti-self-dual by (4.2.16)), and it is also d-closed by (4.2.14)),
(#.2.15) and (4.2.18)). Therefore, it is d-harmonic and g'! € H,. The claim

follows writing o as
a= fw+ o)+ A4 42002

with f constant, %' € H and 002 ¢ HSQ’O)(O’Q). O

The space Hclli 4 coincides with the (1, 1)-bidegree part of the decomposition of
Theorem , hence hlliidc = b~ + 1 and it is metric-independent. For the space
H.', by Theorem 5.7 in [31] or by [53], the dimension A" is independent of the
choice of almost Kéahler metric since it coincides with hg’ . However, in general it
depends on the conformal class of metric. This is the content of Theorem 3.1 in
[48], of which we give now an alternative proof.

Theorem 4.2.9. Let (M, J) be a compact almost complex 4-manifold. Let g be a
J-compatible metric. Then

h;’l _ {b‘ + 1 if g is conformally almost Kdhler,

b~ otherwise.
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Proof. The spaces 7-[[11’1 and H}ii 4e are invariant under conformal changes of metric.
Hence, we can suppose that g is a Gauduchon metric. Let o € 7-[2’1. From the
equations da = 0 and d * a« = 0, we have that d°d * « = 0, which shows the
. . 1,1 1,1 "
inclusion H;" C H; ;.. By the decomposition of Theorem we have the
chain of inclusions

Hy' C Myl = Hy @ Clw + 7).

Suppose that ' = b~ +1. Then there is an equality of vector spaces Hy' = ’H(ljidc

by dimensional reasons. In particular, the form w + 7y is d-closed and d*-closed.

By (4.2.16)), we have
dlw+7) =0 and d(w— ) =0,

which implies that dw = 0 and that the Gauduchon metric is actually almost
Kéahler. Conversely, if g is conformally equivalent to an almost Kéhler metric,
then the almost Kahler metric and the Gauduchon metric in the conformal class
of g coincide by uniqueness of the Gauduchon metric [40]. In this case, the form
w + Yo is d-harmonic and Hclli ge = 7—[}1’1 since H, is trivially contained in H}i’l.
This gives the equality h:l’l = hclzi ge =07+ 1. O

This proves the situation described in diagram . In degree 3, there
is no general result for the numbers hﬁi e h}if g and h3 +qe- Nevertheless, if the
metric is almost Kéhler they are all metric-independent. The result for A3, . is
a consequence of Corollary , that gives the equality A3, , = bi. In bidegrees

(2,1) and (1,2), it is a consequence of the following lemma.

Lemma 4.2.10. Let (M,J) be a compact almost complex 4-manifold. For any
choice of J-compatible almost Kahler metric there is an isomorphism

21~ 41,0
HEL = AL

In particular, the numbers hfiidc and h}lfdc do not depend on the choice of almost
Kahler metric.

Proof. The isomorphism between ’Hfli ge and /Hgo is given by the Hodge * operator.
Let a0 € 7—[}5’0. By the proof of Corollary 5.9 in [31], we have that da'® = 0. Up
to a constant, the Hodge * acts as wedge product by w. Thus we have

d* o' =dwna) =wAda'? =0.
Clearly, we have that d° x o'* = 0, while

d°d x (xa™?) = d°da™® = 0.
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This proves the inclusion *’H%’O C Hz’idc. For the opposite inclusion, let a®! €

H3! 4. The action of the Hodge * send a®! to a'?, with a®! = wA o', From the
equation )
0=do*' =d(wAa™’) =wAda?,

we see that 0a'? is primitive, hence it is anti-self-dual. From the equation d°d =
a®! =0, we see that o
0 = dJda"? = 2(00 + 0*)a*’.

Taking only the term in bidegree (2,1) and using anti-self-duality of da'?, we
conclude that B B o
0 = *90a® = — x 9 % o'’ = 9*0a®,

so that da*® = 0 and o? € ’H,g’o. m

With this we have shown the situation described in diagram (4.2.13)). The
claim for A%, .. follows easily.

We conclude this paragraph with an alternative proof of the fact that, on almost
Kahler 4-manifolds, there is an equality ?—[(19’0 = ”Hcll’o. The original proof is due to
Cirici and Wilson [31], see also Lemma 4.1 in [61].

Lemma 4.2.11. Let (M, J) be a compact almost complex 4-manifold endowed with
an almost Kahler metric. Then

A Nkerd € A Nkerd N ker d*.

Proof. Note that a (1,0)-form « is d-harmonic if and only if da = da = i =
0*a = 0. Indeed, the remaining equations are automatically satisfied by bidegree
reasons. Suppose that da = 0. We have to prove that da = i = *a = 0.
Observe that da has bidegree (2,0), while i has bidegree (0,2). Hence da = 0 if
and only if dae = 0 and iov = 0. We have that

H(SOzHQ:/ (504/\%2/(5—{—5)04/\*((5—1—5)@:/ da N\ xda,
M M

M

where in the second equality we used the fact that da = Ja = 0. Since da =
O0a + pa has bidegree (2,0) + (0,2) for any choice of almost Hermitian metric, da
is necessarily a self-dual form, and we have

||5a||2:/ da/\*d@:/ da/\da:/ d(a A da) =0,
M M M

by Stokes’ theorem, showing that da = i = 0. For the last equation, we have
that

Fa=—x0xa=1ix0d(wAa),
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where w is the fundamental form of the almost Kéhler metric. Finally, we compute
that B B B
OwAha)=0wAa+wAda=0,

completing the proof of the lemma. Note that this last equation is the only instance

in the proof where we use that the metric is almost Kahler. ]
Dependence on the metric of the numbers thdA

On almost Hermitian 4-manifolds, the problem of metric-independence for the

numbers hfl . a» reduces to computing the spaces of (d + d*)-harmonic primitive

forms. Clearly, we have h° = hé Lan = 1. Every l-form is primitive, and we

d+d
have the following proposition valid in arbitrary dimension.

Proposition 4.2.12. Let (M, J,w, g) be a compact almost Hermitian 2m-manifold.

Then there is an inclusion Hj, o € Hy. If dw =0, then H} = Hy.

Proof. Let a € H}, 4ar- Then ais d-closed and (dd™)*-closed. From the equation

(dd™)*a = 0, we have that
O0=dJxd*xa=—dJd*a = —dd"«,

since J acts trivially on functions. Therefore, we have that d*a = 0 and that «
is d-harmonic. If dw = 0, the opposite inclusion also holds. Indeed, let o € H}.
Then we immediately have da = 0 and (dd™)*a = d°d*« = 0. Moreover, since
dw = 0, we also have d*a = (dA — Ad)a = 0 since « is d-closed and has degree
1. O

Remark 4.2.13. The equality h(li—i-d/\ = by on symplectic manifolds is a well-known
fact, see Lemma 2.7 in [15].

In degree 2, there is a decomposition between primitive forms and multiples of
the fundamental form w.

Theorem 4.2.14. Let (M, J,w, g) be a compact almost Hermitian 4-manifold and
let PH5.n be the space of (d + d™)-harmonic primitive 2-forms. Then

2 _jCwe PHZ, g if dw =0,
dtd PHZ, if dw # 0.

Proof. The inclusions C{w) & PH§+dA C ’HfHdA and PH3+d/\ C ’H?HdA are imme-
diate. For the opposite inclusions, let o € ’Hfl Lqn and let

a= fu +71,1 _}_7(2,0)(0,2)
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be its Lefschetz and bidegree decomposition. Since « is d-closed and d*-closed, we
have that

0=dJ*a=d(fw—" —~2002) = g(2fw — a) = 2d(fw). (4.2.20)

Thus, we have dd°(fw) = d°d(fw) = 0 and, with the same argument of the proof
of Theorem , we deduce that f is constant. Since fw is d-closed, d* closed
and self-dual, it is also (d + d*)-harmonic. In particular, the form ! 4 ~(20)(0.2)
is primitive and (d + d*)-harmonic. If dw = 0, we obtain that

Hi o = Clw) & PH, i,

proving the first part of the theorem. For the second part, by (4.2.20) we have
that

0=d(fw) = fdw,
with f constant. In particular, if dw # 0, then f = 0. m

4.3 Relations among spaces of harmonic forms

In this section we prove general inclusions or equalities among the spaces of har-
monic forms introduced in Section [4.I]that will be used in Section [4.5]and Chapter
for explicit computations. Sometimes we require additional assumptions on the
integrability of the involved structures.

We begin with a series of equalities whose proof follows easily from the explicit
description of the spaces of harmonic forms.

Proposition 4.3.1. Let (M, J,w, g) be a compact almost Hermitian 2m-manifold.
Then there are equalities of spaces

kA gk k gk : K K K
HoNHge = Hs N Hg, Hapae VHs 5= Haepa NV Hs 5

and
HE e OV HEs = HE N HE.

We now establish a series of inclusions of spaces of harmonic forms.

Theorem 4.3.2. Let (M, J,w, g) be a compact almost Kdhler 2m-manifold. Then
there is an injection
,Hld€+dc R H§+dA'

k

In particular, we have that hl, . < e
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Proof. Let v € H%, 4. Since a is d-closed, d°~closed and (dd®)*-closed, we have
that
0= (d°d)*(Ja) = d*d*(Ja) = d*(dA — Ad)(Ja) = d*d(AJa),

which implies dA(Ja) = d*(Ja) = 0. Furthermore, we also have d(Ja) = 0. In
particular, the form Ja is both d-closed and d”*-closed, and it defines a symplectic
cohomology class [Ja]y g € H § ar- Taking the (d + d*)-harmonic representative
of [Ja]giqn, we have a well-defined map M}, ;o — HE .
because if Jo = d*dj3 for some 3 € A, then

The map is injective

0= —Jda = d°(Ja) = (d*)*d*dp,
giving Ja = d*d = 0. O

The opposite inclusion in general does not hold. For instance, one can endow
the Kodaira—Thurston manifold with an almost Kéhler structure such that hj, ;. =

2 and R, = by = 3, see Proposition 4.5.1, Nevertheless, we can prove the
opposite inclusion on (2m — 1)-forms.

Theorem 4.3.3. Let (M, J,g,w) be a compact almost Hermitian 2m-manifold.
Then we have

2m—1 2m—1
Hd/\—i-d g Hdc—i-d .

If in addition dw = 0, then ’HZTC;& = HZA":; = HI

Proof. Let a € H?lTJ:dl. Since « is (d*d)*-closed, we have that

0=d"J 'dJa =d*dJa,

where we used the fact that J acts trivially on top-forms. Hence, we conclude
that d°a = 0. By the equation d*« = 0, we have that dJ * @ = 0. Thus Ja is
(d + d°)-harmonic, since

(dd®)*Ja = d*d*Jo = 0,

so that « is (d° + d)-harmonic. This proves the inclusion Hflf(:; C ML It
dw = 0, by Theorem 4.3.2 we have that

2m—1 2m—1 ~v 2m—1 2m—1 __ 2m—1
Honrg © Hacka = Hallae — Hyllgn = Halys

giving the equality of the spaces and concluding the proof. O]

Corollary 4.3.4. Let (M, J,w,g) be a compact almost Hermitian 2m-manifold.

Then we have hclHdA < hf{fd_cl. If dw = 0, then we have hfl’]:d_cl = by.
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Proposition 4.3.5. Let (M, J, g,w) be a compact almost Kdhler 4-manifold. Then
we have
H(Zierc < /Hsl—&-d/\'
The inclusion can be strict.
Proof. Let o € Hj, 4. Using the decomposition of Theorem we can write

a = Cw+,yl,1 +a2’0+a0’2,

with ¢ constant, y"'! primitive and anti-self-dual and o?° + a%2 primitive and
self-dual. Then we have

d*a = (dA — Ad)a = dc =0
and
dd x a = dd*(cw — v 4+ ® + a®?) = dd™(a — 29M) = —2dd*yM! =0,

so that a € 7—[3 +ar- For the second part of the proposition, we give an explicit

example. On the Kodaira—Thurston manifold endowed with the almost Kahler
structure of Section we have that h}, , = 2 and h3, . =4, while bl =3

d+dA
and h3 . =5, see Example 3.4 in [100].

Theorem 4.3.6. Let (M, J,w, g) be a compact almost Kihler 2m-manifold. Sup-
pose that we have HE. C HE, o for some k. Then H%, .. = HY and hE, .. = by.

Proof. Let v € H}, ;. and let
o = hge(a) +dn + (d°)y

be its Hodge decomposition with respect to Age. Since « is d°-closed, we have that
(d°)*y = 0. The form
dn = a — hge(a)

is (d + d°)-harmonic because it is the difference of two harmonic forms by the
assumption on HE.. From the equation (dd®)*a = 0, we deduce that

(d)*d*dn = (d°)*d* (v — hge()) = 0.
By (1.2.15)) and dw = 0, we have that
0= (dc)*d*dcn — dAd*(dA>*7] _ —dA(dA)*d*T],

which implies (d*(d*)*d*n,d*n) = 0. Therefore (d*)*d*n = —d*(d*)*n = 0. Fi-
nally, we have that da = 0 since a € M}, 1 and that d*a = d*(d™)*n = 0. This
gives o € HE and HE .. C HE. To conclude, observe that

k k ~ k k
Hderc g Hd - Hdc g Hd+dc7

which gives the equality of the spaces. O
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We also have a Hermitian counterpart of Theorem that allows to explicitly
compute the numbers h’; 4 dA when J is integrable.

Theorem 4.3.7. Let (M, J,w,qg) be a compact Hermitian 2m-manifold. Suppose

that we have H’;A - HZerA for some k. Then H’;erA = H’j and hZ-ﬁ-dA = by,.

Proof. The proof follows closely that of Theorem 4.3.6} replacing d° by (d°)*. Let
a e HE . and let

a = hga (@) +dn+ (d)*y

be its Hodge decomposition with respect to Aga. Since a is d*-closed, we have
(d™)*y = 0. From the equation (dd*)*a = 0, we deduce that

ded*d™n = d°d*(a — hga () = 0.
By and integrability of J, we have
0 = dod*d™y = d°d*(d°)'n = —d(d°)*d"n,
which implies (d°)*d*n = —d*(d®)*n = 0. Since da = 0, d*a = d*(d°)*n = 0 and
HE o CHE=HE CHE
the theorem is proved. O

3 valid on almost Her-

We conclude this section with a decomposition for H; 5

mitian 4-manifolds.

Lemma 4.3.8. Let (M,J) be a compact almost complex 4-manifold. Then for
every choice of J-compatible Hermitian metric we have that

3 q21 2,1
Hsp5 = Ha+5 @ Ha+é'

Proof. Let a € H?)’ié. Then da = 0 and 99 * o = 0. Observe that
da=(0+p)a=0
by bidegree reasons and that
da=(0+p)a=0da=0
by bidegree reasons and da = 0. By , we have that

60 xa = (00 + jip) *a = 00 x a = 0
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since pa = 0. This shows the inclusion H?ﬂié C ’Hg 5~ Noting that the equations

da =0, do = 0, 66 * « = 0 are symmetric by complex conjugation, we also have

”H;’ié C ’H? L+ For the opposite inclusion

3 2,1 21
H6+6 < H6+5 © Ha+5’

let a € ’H§+5. Write a as the sum of bigraded forms a = a?! + a2, By bidegree

reasons and the equation da = 0, we have
0=da=(0+a)(a®" +a'?) = da'?.

Similarly, from the equation da = 0, we deduce that da*! = 0. Finally, from the
equation 60 x a = 0, we get

0=00x+a=(90+ ip) * (a®" +a'?).

Since §6 has bidegree (1, 1), we can separate the bidegrees to get two equations

00 + iy o>t =0,
00 + fipr * oM = 0.

Observing that fipu *7Oz2’1 = 0 (for bidegree reasons), that i * ab? = 0 (bidegree
reasons) and that 90 + fip = —00 — pji, all of our equations reduce to

da!' =0, 0al? =0,
90 * a>! = 0, 00 * ab? = 0,
proving that o®! € Hgié and ol? € H?}ié’ and thus our lemma. O

4.4 Relations with the cohomologies

A natural question to ask is whether or not the Bott—Chern and Aeppli cohomolo-
gies introduced in Section are isomorphic to some space of harmonic forms.
In general, this is not the case since Proposition shows that Hj, , might be
infinite-dimensional even on compact manifolds. However, we have an equality
between Bott—Chern cohomology and (d + d°)-harmonic forms in degrees k = 0
and k = 1, and an inclusion in other degrees. A similar result holds for Aeppli
cohomology, providing an isomorphism H} rae = Hgg;”’l.

Proposition 4.4.1. Let (M, J) be a compact almost complex manifold. Then for
any choice of J-compatible metric we have

0 _ 140 _ 1 _ 1
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In particular, the cohomology group H 1qe 18 finite-dimensional. Furthermore,
there is an inclusion
k k k
%d+dc U Hdc+d — Hd+dc'

Proof. The fact that HY, ;o = H3, 5 = C and Hy, ,o = M} 4 follows immediately
from the explicit expression of Bott—Chern cohomology and of (d + d¢)-harmonic
forms. Let now o € H%, ;.. Then da = 0 and d°a = 0, so that the identity defines
a map from H%, . to HE ... Assume that o defines the zero class in Bott—Chern
cohomology, that is a = dd°S, with g € B®. Since « is harmonic, we have that

0 = (dd°)*a = (dd°)*dd°B,

and 0 = ((dd®)*dd°B, 8) = ||dd°B||*>. This implies that o = dd°8 = 0, proving
injectivity. The same argument applies to (d°+ d)-harmonic forms. O

A similar statement is true for Aeppli cohomology.

Proposition 4.4.2. Let (M, J) be a compact almost complex manifold. Then for
any choice of J-compatible metric we have

0 _ 0o _ 2m ~v 2m ~v 2m—1 ~ 2m—1
Hage = Hage = C, Hage = Hage =C and - Hyge™ = Hoge

In particular, the cohomology group ng}‘l 1s finite-dimensional. Furthermore,
there is an inclusion
Hfldc U H];cd — Hgdc‘

Proof. We first prove the injectivity of
Hijge — Hige.

Injectivity for HE., — H%,. follows with a similar proof. Let a € H%,.. Then
dd°a = 0, so that the projection on the quotient complex C* defines a map from
HE . to HE... Assume that o defines the zero class in Aeppli cohomology, that is
a = df + d°y. Since « is harmonic, we have that

O=d'a=ddf+ddy and 0= (d)"a=(d)"dB+ (d°)*d"y.
As a consequence we obtain that
1dB))* + (dB,d*y) =0 and [|d*y|]* + (dB,d™y) = 0.

In particular, we have that ||dS + dy||* = 0, proving injectivity.
We now prove the isomorphisms in degree k € {0,2m — 1,2m}. The statement
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for functions follows immediately from the definition. Let o € A?™. Using the
harmonic decomposition for Agge of Theorem [4.1.1} we have that

a=cVol+ Ay =
= cVol + dd°(dd®)*p + d(d°)*d°d"
+d°d*d(d°) B + dd* 5 + d°(d°)* B =
= cVol + dvy+ d°n,

where v and 7 are (2m—1)-forms and ¢ is a constant. Note that a similar decompo-
sition holds also for (2m — 1)-forms since (dd®)*dds = 0 if 3 € A*™~!. Passing to
Aeppli cohomology, we obtain the existence of harmonic representatives. Unique-
ness follows from the injectivity of H%,. — HE,.. O

Using the isomorphism H} e = 7—[22’2’1 induced by the Hodge * operator, we
deduce an isomorphism for Bott—Chern and Aeppli cohomologies.

Corollary 4.4.3. Let (M, J) be a compact almost complex 2m-manifold. Then
there 1s an isomorphism

1~ 2m—1
Hypqe = Hage™

4.5 Cohomologies and harmonic forms on the Kodaira—
Thurston manifold

In this section we compute the Bott—Chern and Aeppli cohomologies and the
spaces of harmonic forms for an almost Kéahler structure on the Kodaira—Thurston
manifold.

Let KT be the Kodaira—Thurston manifold as defined in Section 2.3.21 Con-
sider the symplectic form

wp = 612 + 634,

the wp-compatible almost complex structure Jy given in (2.3.6) and the associ-
ated metric go. Then (KT, Jy) admits a co-frame of (1,0)-forms {¢', $?} with
differentials

d¢l =0 and d(bQ — £(¢12 _ ¢l§ + ¢12 o ¢i§).

Denote by {&1,&} the dual frame of (1,0)-vector fields. We first compute the
spaces of (d + d°)-harmonic forms.
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Proposition 4.5.1. The spaces of (d + d°)-harmonic forms on KT endowed with
the almost Kdhler structure (Jo,wo, go) are

HCOlerc - (C,
H(li—i—dc = C<¢1v ¢1>7
H?H_de :C<¢12+¢12, ¢12+¢12’ ¢11, ¢22>’
H?l 4 _(C<¢12§ ¢21§ ¢121+¢112>
+ c Y Y )
Hivar = C{6™").
Proof. The claim for k € {0,4} is immediate. For k = 1, we need to establish

which 1-forms are both d-closed and d°-closed. This is equivalent to finding d-
closed (1,0)-forms. Let a € AY?. Then

o= fo' + "

with f and g € C>°(M). Writing explicitly the equation da = 0 and separating
the bidegree of the forms, we deduce that f must be constant and g = 0, hence
we have the equality H}, .. = C(¢', ¢').

We now compute invariant (d 4+ d°)-harmonic 2-forms and we show that there
is no non-invariant (d + d¢)-harmonic 2-form. Let o € A?. Assume that « is
invariant. In terms of a basis of invariant 2-forms, we have

a:a¢12_’_6¢11+f¢1§+g¢12+h¢2§+b¢12’

with a,b,e, f,g and h € C. By computing separately the differential on the even
and the odd part of a, we see that the constants must satisfy a = b and f = g¢.
Moreover, the condition (dd®)*« = 0 is satisfied since all invariant 3-forms are
d-closed. This gives the inclusion

C<¢12 + Qbié,gblé 4 ¢127¢117¢2§> g Hg_;_dc‘
Moreover, we also have that
bo(KT) = 4 = dime(C(¢"? + ¢'2, 9" + ¢'2, 6", 672)) < h3, 4 < b2(KT),

by Theorem {4.2.8] This implies the equality of the spaces and that all (d + d°)-
harmonic 2-forms are invariant. Finally, we know the space of (d + d°)-harmonic
3-forms thanks to Theorem and the computations of Section 3.4 in [100]

rewritten in terms of complex forms. O

We now compute the almost complex Bott-Chern cohomology group Hj, . of
(KT, Jo) and we show that it is infinite-dimensional. To compute the Bott—Chern
cohomology of 2-forms, let

a:a¢12+6¢11+f¢1§+g¢12+h¢2§+b¢12’
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with a,b,e, f,g and h € C*°(M), be a 2-form. Direct computations show that
« is d-closed and d-closed if and only if there exist functions a,b, e, f,g and h
satisfying the system

(G2(0) = &(0) = 0,

i(h) = —&l(9),

ﬁ(f —g) —&le) = &ilg)
L 5(f = 9) +&(e) —&(f)
Separating the bidegree, we introduce the spaces

H = {a¢"® + bo'? : () holds }

0
0

and

T = {e¢" + f¢'2 + go" + h¢*® : () holds }
Thus, we can describe the Bott—Chern cohomology.

Proposition 4.5.2. The second Bott—-Chern cohomology group of KT endowed
with the almost complex structure ([2.3.6)) is
z

where

M ={&&i(0) 9" : 0 € C=(M) and &(0) = &(0) = 0}
In particular, the space H3 L qe 18 infinite-dimensional.

Observe that the splitting of H3 qc as the sum of the space H and the quotient
Z/M corresponds to the splitting of Bott—Chern cohomology into even and odd

part of Corollary [3.5.7]
Proof. The space of d-closed and d°-closed 2-forms is given by

HoTI.

To compute Bott—Chern cohomology, we have to quotient by ddf, where 6 €

C>*(M) is such that (dd° 4 d°d)6 = 0. By (1.2.10), the function # must be 9*-
closed and 0*-closed. From the first condition, we have that

7

0= 20 = (6&(0) — £6(0) + 6(0))0" = —6:(0)0",



4.5. THE KODAIRA-THURSTON MANIFOLD 107

where the last equality follows from the commutator relation

£1,6) = (&2 +&).

!

4
This implies that £(0) = 0. Similarly, we have that £(0) = 0. Finally, since
(dd® + d°d)§ = 0, we can compute

dd°0 = 2i&,&(0) ¢,

showing that we have to quotient by M. To show that H7, , contains an infinite-
dimensional subspace, consider

S = {h¢® : &(h) = 0 and & (h) = 0}

Clearly S C Hj, , and it is infinite-dimensional because it strictly contains the
family of functions {cos(2mny)}nen. O






CHAPTER b

Almost complex and topological invariants

In this chapter we discuss the relations between the almost complex invariants
defined in Chapter [ and the topological invariants of the underlying manifold. The
classical theory of compact complex surfaces shows that their Hodge and Bott—
Chern numbers depend only on topological invariants. Motivated by this, we find
an explicit expression for Bott—Chern numbers in terms of topological constants.
The study of the dependence on the topology for almost Kéhler invariants on 4-
manifolds inspires a conjecture on the generic vanishing of h} 4, Which we are
able to prove in high dimension.

5.1 Bott—Chern diamond of compact complex sur-
faces

The goal of this section is to compute Bott—Chern numbers of compact complex
surfaces and to show that they depend only on the topology of the underlying
manifold. More precisely, they do not depend on the choice of complex structure,
but only on the numbers by, b* and b~. This is a result that was already implicitly
contained in the work of Teleman [97], see also [92].

Let (M, J) be a compact complex surface without boundary. We are interested
in the following invariants, see also Section [1.3.1}

e the Betti numbers by, for k = 0,...,4. Since M is an oriented closed mani-

109



110 CHAPTER 5. ALMOST COMPLEX AND TOPOLOGICAL INVARIANTS

fold, its Betti numbers reduce to

e the Hodge numbers hg’q, for p,g = 0,1,2, that can be arranged in the so
called Hodge diamond

h%’o
1,0 0,1
hy hy
2 1,1 2
h20 h hY
o o o
2,1 1,2
h% hk
0 0
hz?
o

e the Bott-Chern and Aeppli numbers h%;E, and h%?, for p,q = 0,1,2. By
duality between Bott-Chern and Aeppli cohomologies, we have that hj{ =
R P for all p and ¢. Thus, knowing Bott—Chern numbers completely
determines Aeppli numbers. We arrange Bott—Chern numbers in the Bott—
Chern diamond

1,0.0
jL0 Be 101
20 Be L Be 1,0:2
BC 2 BC 12 BC
BC 122 BC
BC

It is a well-known fact that, while a priori Hodge numbers depend on the choice
of complex structure, for compact complex surfaces they actually depend only on
the first Betti number b; and on the positive and negative self-intersection numbers
b™ and b~, with b™ + b~ = b,. For the sake of completeness, we give here a precise
statement, whose proof follows from Theorems 2.7 and 2.14 of Chapter 4 in [10].

Theorem 5.1.1. Let (M, J) be a compact complex surface. If by is even, then the
Hodge diamond of (M, J) is

1
by by
bt—1 2 2 bt—1
5 b—+1 5
by by
2 2
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If by is odd, then the Hodge diamond of (M, J) is

1
b1—1 b1+1
bt 2 b 2 b+
2 2
b1+1 bi—1
2 2
1

Corollary 5.1.2. Hodge numbers of compact complex surfaces depend only on the
topology of the underlying manifold.

We state and prove a similar result valid for Bott—Chern numbers.

Theorem 5.1.3. Let (M, J) be a compact complex surface. If by is even, then the
Bott-Chern diamond of (M, J) is

1
by by
2 2
bt—1 — bt—1
5 b-+1 5
by by
2 2
1

If by is odd, then the Bott—Chern diamond of (M, J) is

1
bi—1 b1—1
bt 2 — 2 bt
b b 41 b
bi1+1 bi1+1
2 2
1

. 0,0 2,2
Proof. As we observed for general spaces of harmonic forms, we have hj. = h, =

1 for every compact complex surface. By [97], see also [3] and [7], on compact
complex surfaces we have that

hge + e + hge + hgo = 2b (5.1.1)

and that
b if by is even,

S (5.1.2)
by +1 if by is odd.

2,0 1,1 0,2
hgc + hpe + hige = {

Since Bott—Chern numbers are symmetric in p and ¢, we can simplify (5.1.1)) and

(5.1.2) to get
hpe + hie = by (5.1.3)
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and
by if by is even,

) ) (5.1.4)
by +1 if by is odd.

2h5e + hpe = {
If by is even, then (M, J) admits a Kéhler metric, see [22] or [59]. Since the numbers
h%L are independent of the choice of metric, it is enough to compute them for
a Kéhler metric. On Kéhler manifolds, there is an isomorphism Hp¢, = HZ“.
Therefore the Bott—Chern diamond of compact complex surfaces with b; even
coincides with their Hodge diamond given in Theorem [5.1.1
Suppose now that b; is odd. For any choice of metric g, we have ’H}E;OC = Hg’o.
Indeed, writing explicitly the spaces of harmonic forms, we have that

Hpe = A" Nkerdnkerd and H," = A" Nkerd.

By Lemma 2.1 of Chapter 4 in [10], every holomorphic form on a compact complex
surface is d-closed, thus A Nkerd = A Nker d Nker 9, giving the equality of
the two spaces, and allowing to deduce that

By (5.1.3), we also obtain

2,1 412
hBC’ - hBC -

The number h}glc can be computed either using Lemma 2.3 in [97], using Theorem
applied to an integrable J together with Lemma [3.2.8] or applying Theorem
4.2 in [48], since in the complex case d and d° or d and 0 are interchangeable in the
definition of Bott—Chern cohomology. It turns out that, for Bott—Chern numbers,

we have
hpe =0 + 1. (5.1.5)

Finally, by (5.1.4)) and (5.1.5)), we have
bt
= nz =2
concluding the proof. O]

Note that one has h}éé = b~ + 1 independently of the parity of by, in contrast
to what happens for hgl.

Corollary 5.1.4. Bott—Chern and Aeppli numbers of compact complex surfaces
depend only on the topology of the underlying manifold.
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5.2 The numbers hj, , and h’ . of invariant com-
patible triples

In this section we determine the numbers A" g and hk 4rqn Of compact complex
surfaces that are diffeomorphic to solvmanifolds endowed with an invariant com-
patible triple. Along the way, we establish results valid more in general for compact
quotients of Lie groups by a lattice. For a short description of compact quotients
of Lie groups, we refer to Section

The main result of this section is the following:

Theorem 5.2.1. Let M be a 4-dimensional solvmanifold endowed with an invari-
ant compatible triple (J,w, g) with integrable J. Then the numbers h, ,. and b’
are independent of the choice of invariant compatible triple.

d+-dr

The proof of Theorem follows from several lemmas that are valid in a
slightly more general setting and that will be useful later for explicit computa-
tions, see Example [5.2.5] As a consequence of the proof, we will also compute the
numbers h% 4 qe and hk L ar Of compact complex surfaces diffeomorphic to solvmani-
folds. The resulting numbers are summarized in Tables [5.1 and [5.2]

We begin by taking care of 1-forms.

Lemma 5.2.2. Let M = I'\G be a compact quotient of a Lie group by a lattice
endowed with an invariant almost symplectic structure w. Then hé war = b1 and it
18 metric-independent.

Proof. Fix a compatible metric g. The inequality h} drqr < b1 holds for arbitrary
almost Hermitian manifolds. For the opposite inequality, let a € H} be a d-
harmonic 1-form. Then da = 0 and (dd*)*a = d°d*a = 0 for any choice of
compatible metric. Since w is invariant, the 3-form x,a is invariant, thus it is
d-closed and we have d*a = 0. O

The following lemma allows us to deal with the space H3 e

Lemma 5.2.3. Let (M, J,w,g) be a compact Hermitian 2m-manifold. Suppose
that for every v € H; we have that

(d°)*d*dy = 0.
Then, we have HZT;} =H" Nker Ay gn and h?lT n < hA

2m—1 ~
d+dh T
d*d-harmonic 1-forms. Let {y1,...,7} be a basis of H} ., let a € H},, and let

Proof. By the isomorphism H HL Jag induced by g, it is enough to compute

a—ZAﬂj + (dd®)*B + df + d°g
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be the harmonic decomposition of o with respect to Agqe, with A; € C, f and
g € C®(M) and 8 € A3, Since (d*)*a = d°a = 0 and ; € H} 4, we have

0 = dd°a = dd°(dd°)* 3,
obtaining (dd®)*$ = 0. On the other side, we have that

t
0=ddo = Aj(d)"dv; + (d°)*dd"g.
j=1
Taking the inner product with dg and using the assumption (d°)*d*dy; = 0, we
can write

t
0= Y A((d) d*dvy, g) + (dd°g, d°dg) = —|dd"g]”.
j=1
which implies that g is constant. Finally, from
0=d'a=ddf
we deduce that f is constant, that o = 7, A;y; € H e and that H},, can be
computed as H}y Nker Agag. n

Proposition 5.2.4. Let M = T'\G be a 4-dimensional compact quotient of a Lie
group by a lattice and let (J,w,qg) be an invariant compatible triple on M with J
integrable. Then we have

Ho g = HA U HLE

Proof. Since the compatible triple is invariant, any 1-form v automatically satisfies
the equation (d°)*d*dy = 0. By Lemma [5.2.3] we have that

Hcgl-i-dA = HcllAd = Hédc N ker AdAd = Al N ker Addc N ker Ad/\d'

Let v € A'Nker Agge Nker Ayag. Since Aggey = 0 and Ayagy = 0, the form ~ must
satisfy the equations

dy=0, dvy=0, (d)y=0, ddy=0 and d*dy=0.
We show that dy = 0. Let
dy = fw+ bt + 2002 (5.2.1)

be the Lefschetz and bidegree decomposition of dv, with S%! and B0©2) primitive
forms and f € C*°(M). From the equations

0= d?y = d(fw + B4 + g0,
0=d'dy = —Jd(fw+ "' — BEOCD)  and
0= dAdV = —#sd(fw— pht — 5(270)(072))7
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we get d(fw) =0, dB%' = 0 and dB*©2) = 0. Since each of the terms in (5.2.1)
is d-closed, we have that

d*d’}/ — % d(f(,(} _ ﬁl,l + 5(2,0)(0,2)) _ 07

which implies that dy = 0 and that v is both d-harmonic and d°-harmonic. As
a consequence, the (1,0)-bidegree part and (0, 1)-bidegree part of v are both d-
harmonic. This shows that 7-[[11,\ = H;’OU'HS’I and, after applying the isomorphism
given by the Hodge %, it concludes the proof of the proposition. O

We are ready for the proof of Theorem [5.2.1}

Proof of Theorem |5.2.1]. Let M be a 4-dimensional solvmanifold admitting a com-
plex structure. By [45], M is one of the following:

A) a complex torus;
B)

a hyperelliptic surface;

(
(
(C) an Inoue surface of type Sy;
(D) a primary Kodaira surface;

(

E) a secondary Kodaira surface;
(F) an Inoue surface of type S*.

By Theorem , the numbers A% +qc depend only on by, bt and b~ and not
on the choice of compatible triple (not necessarily invariant).

All invariant structures on the torus and the hyperelliptic surface (cases (A)
and (B)) are Kahler structures, therefore the numbers A%, ., coincide with the
Betti numbers and they are independent of the choice of compatible triple.

Cases (C), (E) and (F) can be treated simultaneously since they have the
same Betti numbers, namely b; = 1 and by = 0. By Theorem [5.1.3] we have that
Ry, 4 =bi—1=0, that h3, . = by+1 =1 and that hj, .o = by+1 = 2. By Lemma
, we have h}Hd,\ = b; = 1. By Theorem and the fact that there are no
d-harmonic 2-forms since b, = 0, we have that h; ar = b, = 0. By Proposition
, we have that #H3 = 7-[3’1 U Hcll’Q. In particular, since ’H?l’l = 7-[61[’2 via

d+d?
complex conjugation, the number A3, . must be even. Moreover, the intersection

d+d
of H2" and H_” is trivial and both spaces inject into H3. Thus hd g is an even
number and satisfies h§+d/\ < by = 1. This shows that h?l+d/\ = 0.

Case (D) has to be treated separately, since the Betti numbers in this case are

by = 3 and by = 4. By Theorem [5.1.3| we immediately have hj, . =2, h3, ;.. =5

and hj,,. = 4. By Lemma [5.2.2] we have that hinA = b; = 3. By Proposition
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5.2.4 with the same reasoning as in cases (C), (E) and (F), we know that h3,

is even and thdA < by = 3, so that either hird,\ =0 or hZ’HdA = 2. We show
that h3 +qr = 2 by showing that there is at least one (d + d*)-harmonic 3-form.
Fix an invariant compatible triple (J,w, ¢g). By Theorem 3.1 in [81], since primary
Kodaira surfaces are nilmanifolds I'\G and the complex structure is invariant, we
can find, up to a linear transformation of the Lie algebra of GG, a basis of invariant
(1,0)-forms {¢!, ¢*} such that d¢' = 0 and d¢p?> = ¢''. Since g is an invariant
metric, the (2,1)-form x¢! is invariant and d(*¢') = 0. Moreover, we also have

d*(x¢') = — * d¢* = 0. This implies that x¢' € 7—[3’1 and that hflerA = 2.
To conclude the proof, we show that H2 = H2. C ’Hz 4qrs Which implies that

hi Lah = by = 4 by Theorem W Consider the decomposition
H2 = ”H; S H,

between self-dual and anti-self-dual harmonic forms. Forms in M~ are anti-self-
dual, thus they have bidegree (1,1) and they are primitive. Moreover, they are

also d-closed. If a € H,, then da = 0, d*a = — %, d *; & = *,da = 0 and
(dd™)*a = d°d*a = d° * do = 0. This gives the inclusion H, C H?l-‘,—d/\' For the

inclusion ’H;“ CH2 +qr» We observe that on primary Kodaira surfaces we have bt =
2 and, as long as the compatible triple is invariant, we also have H;} = C(¢'?, P'?),
where {¢', $?} is the preferred basis of [81] we considered above in the proof, up
to normalization. Indeed, we have that d¢'? = 0 and *¢'? is an invariant (2,0)-
form since the metric is invariant. Finally, also *,¢'? is an invariant (2,0)-form
since w is invariant, and one has that d¢'? = 0, d*¢'? = — *, d *, ¢'*> = 0 and
(dd*)*¢'? = d°d*¢'* = 0, proving that H,; C H3, ,» and that b3, = 4. O

The results proved in this section and in Section [5.1] can be used to compute
the numbers hf ;. and hf . in the case of complex surfaces not necessarily dif-
feomorphic to solvmanifolds, as we illustrate in the example below.

Example 5.2.5 (Hopf surface). Let M = S x S be the Hopf surface. There
exists a parallelism for T*M given by {e!,e? €* e*}, with differentials

de! =0, de*=—e*, de* =e* and de' = —e®.
Note that M is the quotient of a non-solvable Lie group by a lattice.

Proposition 5.2.6. Let (M, J,w, g) be the Hopf surface endowed with an invariant
compatible triple with J integrable. Then the numbers h, .. and h’;erA are

k |01 2 34
hh e |1 01 21
Rl 1001

d+d?
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Proof. By Theorem [5.1.3, we have that h} 4, = 0, h3, ;. = 1 and hj . = 2. To

compute hs Lar» We resort to several different arguments. Lemma |5.2.2f gives that
hil Lah = by = 1. Since there is no d-harmonic 2-form, Theorem [4.3.7] tells us that

h3. 4 = 0. Finally, by Proposition and the same reasoning used in the proof

of Theorem [5.2.1} we conclude that A7, .\ = 0. O

The fact that almost complex and almost symplectic invariants are determined
by the topology of the underlying manifold is not surprising, especially on solv-
manifolds, see Theorem [2.4.15| |

Table 5.1: The numbers ht g and h’; +qr Of the complex torus, the hyperelliptic
surface and the Inoue surface S;y.

(A) Complex torus | (B) Hyperelliptic surface | (C) Inoue surface Sy
k h§+dc hZerA h§+dc thdA hzﬂlC hZerA
0 1 1 1 1 1 1
1 4 4 2 2 0 1
2 6 6 2 2 1 0
3| 4 4 2 2 2 0
4 1 1 1 1 1 1

Table 5.2: The numbers hjj, ;. and h% ., of the primary and secondary Kodaira
surface and the Inoue surface S*.

(D) Primary Kodaira surface | (E) Secondary Kodaira surface | (F) Inoue surface S*
k h§+dc hfl+d" hg—s—dc h§+d/\ h§+dc h§+dA
0 1 1 1 1 1 1
1 2 3 0 1 0 1
2 ) 4 1 0 1 0
3| 4 2 2 0 2 0
4 1 1 1 1 1 1
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5.3 The number 1}, . as an almost complex invari-
ant

In this section we show that the numbers A}, ;. and h} are the only almost complex
invariants of almost Kéhler 4-manifolds that do not depend on the topology of the
underlying manifold. We also explain how to use hj,, to distinguish between
different almost complex structures.

In Section [4.2] we saw that on compact almost complex 4-manifolds, the num-
bers h%, hfy, hy s and hfj, ;. are almost Kéler invariants. We now determine their
precise dependence from the topology of the underlying manifold and other almost
complex invariants.

Theorem 5.3.1. Let (M, J) be a compact almost complex 4-manifold admitting a
J-compatible almost Kahler metric. Then for every choice of J-compatible almost

Kdhler metric, the invariants h’g, hhe, h§+5 and thdc are completely determined
by:

e the oriented topology of the underlying manifold (more precisely, by the num-
bers by and b~ );

e the almost complex invariant hy, ,.;
o the almost complex invariant h; .
Furthermore, the invariants b, and hy; do not completely determine each other.

In the proof of the theorem, we explicitly compute the numbers k%, h54, h*

) 5+6
and h§+dc in terms of by, b, hcll—i-dc and hj, see Table .

Proof. Fix an arbitrary J-compatible almost Kahler metric. The cases £ = 0
and k£ = 4 are easy to deal with. For the remaining values of k, note that by

Proposition 6.10 in [96], we have that h’g = h§+5. By Theorem , we have that

h§+5 = b~ + 1+ h). By the isomorphism given by the Hodge *, we also have
hs,s = h3, 5 Hence, the only degrees of freedom for hj and hf s are hy, s and h}.
By Theorem , we have that k7, , = b~ +1+h; and, by Corollary we

obtain hj, ;o = b1. Again, the only degrees of freedom for hfj, ;. are hj, 4 and h7.
Furthermore, we observe that since d = 6 + ¢ and d° = (6 — J), one immediately

deduces that hy_ == hj, 4.

For the numbers 759, by Lemma 5.6 in [31], we have that 1’ = h)? = 0. By
Theorem , we have that h},ﬁl = b~ + 1. By the symmetries induced by the

Hodge * and by the results of [31], we finally obtain hy° = hy' = h5' = h}? = h%’o.
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To conclude the proof of the first part of the theorem, we prove that on compact
almost Kéhler 4-manifolds hj, , = 2h(11’0. By definition, one has that

Hivge = A'Nkerd Nkerd® = (A" Nkerd) & (A% Nkerd),

hence h}, ;. = 2dime(A" Nkerd). Again by definition, we also have that hy’ =
dimg (AM N ker d Nker d*). Finally, note that

A NkerdNkerd* C A Nkerd C AYY Nkerd = A" Nkerd N ker d*,

where the last equality follows from Lemma |4.2.11, This implies the equality of
spaces

HO = 7_%,0 = A" Nkerd

and shows that hj, ;. = 2h)°. The second part of the theorem follows from the fact
that there exists a symplectic 4-manifold (M,w) and a curve of almost complex
structures J;, with t € (—e¢, €), such that:

e w is an almost Kahler metric for each Ji;
o Ny, 4 (J) varies for different values of ¢;
e h; =0forallte(—¢e).

The symplectic 4-manifold and the curve of almost complex structures that we
have to consider are those given in Example below, where we also prove the
first two claims we made on .J;. To prove that h; = 0 for all ¢ € (—¢,€), note that,
for this specific example, we have b+ = b~ = 1 and that, by Corollary 3.4 in [35],
if b* =1 then h; = 0 for all tamed almost complex structures. O

Table 5.3: The numbers hY, h%? h% < and hl, . of compact almost Kéhler 4-

546
manifolds.
1 2 3
(p.g) | (1,0) (0,1) (2,00 (1,1) (0,2)| (2,1) (1,2)
h M sae b"+1+h; hisae
5.5 R ge b-+1+h; hh e
Mg | Shivae shigae | 0 b7 +1 0| Shinae shigae
h§+d0 hc11+dc b- +1+h; by
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Example 5.3.2 (The number A}, , distinguishes between almost Ké&hler
structures). Let Sol(3) be the only 3-dimensional solvable, non-nilpotent, Lie
group. Let M be the 4-manifold obtained as a quotient of Sol(3) x R by a co-
compact lattice. A co-frame of left-invariant forms on M is given by {e!, €2, €3 et}
with structure equations

de® = —e® and de* = ',

The manifold M admits no complex structures, see [16], but it admits a symplectic
structure
w = e'? 4 3%

For t € R small enough, let J; be the family of w-compatible almost Ké&hler
structures defined in Section 6.1 in [38]. Explicitly, a basis of (1,0)-forms is given
by

1+t 2t
¢%:€1+Z(1_t262—m64) and

2t 1+ ¢
¢,§2:€3+Z(1_t2€2+rﬁ64).

Direct computations show that real forms are expressed in terms of complex forms
as

= (66D, =6+ o)

- (1—#)(1+1?) 2
7 —1 +1 5 t

64:__ 2 4 ¢?_¢§_ 2

2 1+6t2+t¢ 1+t

Consequently, the differentials of the (1, 0)-co-frame are

1 (1412 5 .1 13 4t 1
dol — = 12 412 2 412 11
¢t 2 1 + 6t2 + t4 ( t ¢t + ¢t t + 1 + t2 t

(¢f — d)%)) :

and

467 = —4(08 + 012 + 017 + 01%) + 4 s (917 — 017 + 012 — 6 + 20lY).

Recall that R}, ;. (J;) = 2dime(kerd N A;°) and let

a= fo; + 9o}

be a d-closed (1,0)-form. In particular, we have that

_ 1 t(1+1) 1 (14 ¢*)? i3
o=ga= (LAOEA Loy QPP Y
pet (21+6t2+t4f 9T T e ) )
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which implies that
t(1 4 %)

= ith ¢; = —————.
g ctf7 Wi Cy 1+4t2—|—t4

(5.3.1)

Taking the coefficients of da corresponding to
system of equations

2 and gb , we get the following

&il9) = it — 4 (1 - %) =0,
=& (f) - 1+62tt22+t4f + 1+ét+2t+149 0.
Combining and , we deduce that:
e for t # 0 small enough, it must be f = g = 0. Thus a = 0 and hj_ 4 (J;) = 0;

(5.3.2)

e for t = 0, we have ¢ = 0. From the equation da = 0, it is not hard to see
that f must be constant, that o = f¢} and that b}, (J;) = 2. |

As a consequence, we have that b} 14 can be used to distinguish between almost
complex structures compatible with the same symplectic form.

Proposition 5.3.3. There exists a compact symplectic 4-manifold (M,w) admit-
ting two w-compatible almost Kahler structures J, and Jo such that

h}l+d6(t]l) 7é hil+d€(t]2)-

In particular, h}, . distinguishes between almost complex structures compatible
with the same symplectic form.

The utility of hj, 4 in distinguishing between almost complex structure is not
limited to low-dimensional examples.

Proposition 5.3.4. There ezists a smooth 6-manifold admitting two almost com-
plex structures J; and Jy such that

Piae (J1) # Bl ge(Ja).

In particular, h}Hdc allows to distinguish between almost complex structures. More-
over, one can take Jy and Jy in such a way that

rkle‘z = l"kNJ2|I

at every point x and hjy, . (J1) # hipge(J2). Thus hy, 4 allows to distinguish
between almost complex structures whose Nijenhuis tensors have the same rank.



122 CHAPTER 5. ALMOST COMPLEX AND TOPOLOGICAL INVARIANTS

Proof. Let T be the Iwasawa manifold endowed with the standard complex struc-
ture determined by the (1,0)-co-frame

ol =d2t, ¢ =dz? and ¢ = d2d — xd2?,
with differentials
d¢' =0, d¢* =0 and d¢* = —¢'%
Let J; be the almost complex structure defined by the (1,0)-forms
=@l W=+ and wd = ¢®
with differentials
dw' =0, dw®= —w? 4w and  dw? = —w'? + W'
Then rk N;, =1 at every point. We show that
hyige(J1) = 2dime(kerd N AMY) = 2.
Let a = fw! + gw? + hw? € kerd N A0, with f, g and h € C>°(M). Then
0=da=df Nw'+dgAw?+dhAw’® — g+ gw'® — hw'? + hw'®.

Taking the coefficient of w2, we see that g = 0, while taking the coefficients of
w3, for j = 1,2,3, we obtain Oh = 0, so that h is constant. This leaves us with
the equation

df Aw' — hw'? + hw'® = 0. (5.3.3)
Let {1;}5_, be the dual frame to {w’}>_,. Explicitly, we can write
0 0 0 0 0 0
U1 Yo =5—-+zun7— and ¢3=_——-——

:8_z1’ 02y 0z3 Ozs 0z : D23

In particular, it is immediate to check that [t;,15] = 0 for j = 1,2,3. By (5.3.3)),
we have that ¥1(f) = ¥s5(f) = 0 and ¢3(f) = h, which implies that

(V101 + thoths + Ys3tps) f = h3(h) =0,
since h is constant. The operator (Y117 + 19105 + 131)5) is real and elliptic, thus f
is constant and h = 0, proving that hj, ,.(J1) = 2.
Let J; be the almost complex structure defined by the (1,0)-forms
1 s
wi=¢l, Wwri=0¢? and W =@+ §¢3.

We still have rk V;, = 1. In the same way as we did in the first part of the proof,
one sees that h}, 4. (J2) = 4, proving the claim. O
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Remark 5.3.5. By taking products of M with a complex torus, we produce ex-
amples in higher dimension. More examples where hj, . distinguishes between
almost complex structures can be found directly on the torus T*™. By Ezample
there exists almost complex structures Jy, on T*™, with k € {0,...,m} and
2m > 6, such that tk N;, = k. A straightforward computation shows that, for
those specific structures, we have b, 4 = 2(m — k).

Proposition shows that the number A}, distinguishes between almost
complex structures whose Nijenhuis tensors have both rank 1. However, it can-
not distinguish between maximally non-integrable almost complex structures on
manifolds of dimension at least 6.

Proposition 5.3.6. Let (M, J) be an almost complex 2m-manifold. If 2m > 6
and there ezists v € M such that vk Ny|, is maximal, then h}Hdc = 0.

Proof. By assumption, the map ji,: ALY — A%? is injective. Therefore, there are
no global d-closed (1,0)-forms. Indeed, assume by contradiction that a € A0 is
d-closed and non-zero. Then in a neighborhood of x € M we would have iav = 0,
contradicting the assumption that i, is injective. O

A similar statement for 4-manifolds cannot hold. For instance, the almost
complex structure on the Kodaira—Thurston manifold we consider in Section [4.5
is maximally non-integrable and it has h} , = 2. Another obstruction for the
possible values of h), ;. is given by the first Betti number.

Lemma 5.3.7. Let (M, J) be an almost complex 2m-manifold. Then
Ryyae < br.

Proof. We prove that H}, ;. injects into de Rham cohomology. From the definition,
it follows that

Hivge = (A" Nkerd) U (A%! Nker d).
Let @ € H} 4. Then oo = o™ + o™, with o? and o®! both d-closed, so that o
defines a de Rham class. To prove injectivity, suppose that

al 4 o = df

for some f € C=(M). By bidegree, we have that a'* = df and a®! = 0f. Since
da'? = 0, we have that 0°f + 90f + idf = 0. In particular, by bidegree reasons
we have 00f = 0, which implies that f is constant. This gives a'® = 0f = 0 and
a% =0f =0. O

Corollary 5.3.8. Let (M, J) be an almost complex 2m-manifold such that b; €
{0,1}. Then hj, 4 = 0.

We invite the reader to compare the results of Lemma[5.3.7/and Corollary
with Corollary 4.6 in [31] and Lemma 4.2 in [51].
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5.4 A conjecture on ),

In their study of J-anti-invariant cohomology, Draghici, Li and Zhang conjectured
that the number A} generically vanishes on almost complex 4-manifolds, that is,
that the space of almost complex structures admits an open and dense subset on
which h; = 0, see Conjecture 2.4 in [34]. The conjecture was proved in [34] in
the case bt = 1, and in [93] in the general case. The number hj, as well as many
invariants we consider in this thesis, admits an interpretation as the dimension of
the kernel of a suitable elliptic operator. By classical results in operator theory,
it is upper semi-continuous with respect to small deformation of the metric and
its value can only decrease. Hence, it seems natural to ask if a vanishing result
similar to that for i} holds for other almost complex invariants.

In Theorem [5.3.1, we established that the only almost complex invariants of
almost Kéhler 4-manifolds are the numbers b}, ;. and h}. Since we already know
the generic vanishing of h}, we focus on the number A}, ,. We formulate the
following conjecture.

Conjecture. Let M be a compact almost complex 2m-manifold and let J be
the space of almost complex structures on M. Then h}, +qe generically vanishes on

J.

Thanks to the approximation theorem for maximally non-integrable structures,
we are able to confirm the conjecture on manifolds of dimension at least 10.

Theorem 5.4.1. Let M be a compact almost complex manifold of dimension 2m >
10. Then for a generic almost complex structure we have hj 4 = 0.

Proof. By Theorem [2.2.6, the space of maximally non-integrable structures is open
and dense in the space of almost complex structures. By Proposition [5.3.6] if .J is
maximally non-integrable and 2m > 6 we have that hj, ,.(J) = 0. O

More in general, on every almost complex manifold of dimension 2m > 6, one
has that h} +qc = 0 generically on each path connected component of J on which
there exists at least one maximally non-integrable structure. By Corollary
the conjecture also holds on almost complex manifolds with by = 0 or by = 1 of
every dimension.
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