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We study the probability distribution of the first return time to the initial state of a quantum many-body system
subject to global projective measurements at stroboscopic times. We show that this distribution can be mapped
to a continuation of the canonical partition function of a classical spin chain with noninteracting domains at
equilibrium, which is entirely characterized by the Loschmidt amplitude of the quantum many-body system.
This allows us to conclude that this probability may decay either algebraically or exponentially at long times,
depending on whether the spin chain displays a ferromagnetic or a paramagnetic phase. We illustrate this idea on
the example of the return time of N adjacent fermions in a tight-binding model, revealing a rich phase behavior,
which can be tuned by scaling the probing time as a function of N. The analysis presented here provides an over-
arching understanding of many-body quantum first detection problems in terms of equilibrium thermodynamic
phases. Our theoretical predictions are in excellent agreement with exact numerical computations.
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Introduction. Understanding the propagation of quantum
information in monitored many-body quantum systems is of
central importance for quantum simulators [1-5] and compu-
tation [6—10]. Thus motivated, the impact of monitoring local
degrees of freedom in many-body quantum dynamics has
recently attracted significant interest, leading to the discov-
ery of measurement-induced phase transitions [11-14]. For
quantum computing applications [15-20], however, global
site-resolved monitoring of the many-body wave function is
also fundamental. In spite of this crucial role, the interplay be-
tween unitary dynamics and global projective measurements
has been rarely investigated so far.

In order to advance in this direction, we tackle this prob-
lem by studying the first detected return time (FDRT) of
quantum many-body systems under global projective mea-
surements at stroboscopic times T, 2t, ..., kT, see Fig. 1.
This “stroboscopic” protocol, studied for single particles in
Refs. [21-41], has been implemented on a quantum computer
[40—42], demonstrating a potential speedup of quantum search
algorithms. For quantum many-body systems, however, an-
alytical results have been obtained for mean values only
[43]. For the first detection distribution, results are limited
to small system sizes [44,45] due to the exponential com-
plexity of many-body numerical simulations. No analytical
understanding of many-body FDRT is currently within reach
of established techniques.
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In this Letter, we investigate the full FDRT distribution
Fy. for arbitrary many-body systems, deriving exact analytical
predictions for it. We do so by devising an exact mapping
of the quantum many-body FDRT probability onto the clas-
sical partition function of a one-dimensional spin model with
noninteracting domains. Similar classical partition functions
appear in studies of the DNA melting transitions [46—49], in
the truncated inverse distance squared Ising model [50-53],
or in nonequilibrium currents [54]. In the mapping we de-
vise, the canonical weight of classical spins is obtained from
the many-body Loschmidt amplitude. From the latter, we
find that the spins within a magnetic domain feature long-
range interactions and thus phase transitions already in one
dimension. Specifically, the mapping proposed here allows us

FIG. 1. Illustration of the many-body first detected return pro-
tocol: A wave function is prepared in an initial state |W(0)) with
N adjacent particles and it evolves unitarily; at stroboscopic times
7,27, ..., kt, a projective measurement detects whether or not the
state has returned to |W(0)). The first such successful measurement
defines the FDRT, here 3t.
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FIG. 2. Mapping between quantum many-body first detection
time and statistical mechanics. (a) A wave function evolves with
unitary dynamics U(t) interspersed by projective measurements P
occurring at stroboscopic times multiples of t. The target state
[Wr) = |W(0)) is first detected at the kth measurement with first
detected return amplitude ¢; and probability F, = |¢y|>. The pro-
tocol terminates at the first successful detection in |Wr). (b) ¢
can be decomposed in terms of time intervals of measurement-free
dynamics U(nt) (in the figure n =5, 4, 3, 8, and 5, from left
to right). Each interval can be mapped into a domain of aligned
classical spins, with spins interacting via long-range interactions.
Accordingly, ¢ is mapped onto a problem of statistical mechanics of
domains at equilibrium in a volume k. (¢) When F; is determined by
long measurement-free intervals ~U (kt), one has a ferromagnetic
phase and F; decays algebraically upon increasing k. Conversely,
when short intervals ~U (t) dominate, F; decays exponentially. This
corresponds to the paramagnetic phase.

to classify and understand the different asymptotic decays of
F;, as a function of k in terms of the equilibrium phases of the
associated classical model. Namely, ferromagnetic ordering
is mapped onto algebraic decay of Fj, while paramagnetic
behavior corresponds to a faster exponential decay of Fr. We
illustrate this approach by considering the case of a domain
of N adjacent fermions in a tight-binding model. Different
thermodynamic phases in F; are then understood as general
emergent phenomena due to the transport of quasiparticle
modes over large-scale distances set by the initial domain
length N. For free fermions, where transport is ballistic, the
onset of the two phases can be tuned by scaling the probing
time 7 linearly with N. The mapping presented here and the
resulting thermodynamic phases are fundamentally different
from those discussed for a single qubit in Refs. [55,56],
where the long-range interaction emerges only for weak
measurements. Accordingly, phase transitions in the measure-
ment output of single qubits cannot be observed for purely
projective measurements, in stark contrast with what is pre-
dicted here for many-body systems. Our analytical predictions
highlight the rich impact of many-body quantum dynamics
on FDRT and a deep connection between nonequilibrium

measurement-induced quantum fluctuations and equilibrium
thermodynamic phases.

Quantum first detected return and statistical mechanics.
The FDRT probability of many-body systems described by
a Hamiltonian H, with associated unitary evolution U (t) =
e~ can be tackled by extending the formalism developed
in Refs. [22,23,26,27] to the many-body realm, see Fig. 2(a).
Right before the first measurement at time 7, the overlap of
the wave function |\W(z 7)) = U (7)|W(0)) with the target state
|W(0)) is given by the Loschmidt amplitude

L(r) = (VO)|U ()[W(0)), (D

and therefore the detection in |W(0)) is successful with
probability F; = |£(7)|*>. In this case, one has |W(t)) =
|W(0)). If the detection is, instead, unsuccessful, the wave
function is projected onto the space orthogonal to the tar-
get state |W(r1)) = (1 — P)|W(t7))//T— F, where P =
|W(0)){(¥(0)| such that (¥(tT)|¥(r)) = 1. Until the next
measuerement, i.e., for T < ¢ < 27 the state evolves unitarily,
whence the procedure is repeated until the first detection in
the target state occurs. The overlap between the target state
and the unnormalized wave function after k — 1 unsuccessful
detections evolved until immediately before the kth measure-
ment defines the first detection amplitude,

b = (WO)|U (D)I(A — PYU ()1 W(0)). 2

The FDRT probatA)ility F is given by F, = |¢|>. The gen-
erating function ¢(z) = Zk>1 ¢xZ° of ¢ is related to that
L(z) =Y 4oy L1k of L = L(kT) by [22,24,26]

. L)
P2 = ——5—. 3)
1+ L)
The ¢;’s are then determined as the integral
dz $(2)
= 4
b fzmkﬂ, )

along a contour enclosing the origin z = 0 and within the
domain of analyticity of ¢(z).

By expanding the (k — 1)th power of (1 — P)U(7) in
Eq. (2), one finds that ¢ can be written as

] r

k
= (-
r=1

0t =1 \ j=

Lo 105 e ()
i

Equation (5) is crucial to map the problem into the partition
function of a classical lattice spin model with noninteract-
ing domains, as sketched in Fig. 2(b). A configuration of
the spin model corresponds to a partition of the total vol-
ume k into r consecutive domains of lengths ¢, ..., £,, with
£+ -+ ¢, =k (see Fig. 2). Each domain has an associ-
ated length-dependent energy E (£) resulting from the possibly
long-range interactions among the spins within the domain.
The “Boltzmann weight” w is associated, instead, to each
domain wall. The canonical partition function of this model
with fixed volume k can be written as
o0

k r
Zkowy = w3 | [Te™ oy 0 ©
r=1

£1,la,....=1 \ j=1
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It is then apparent that Eq. (5) can be recovered from
Eq. (6) by letting w — —1 and by identifying the Loschmidt
amplitude £, = L({7) in time with the Boltzmann factor
e E® in space. Differently from the classical model, E (£) =
—1In L(£7) may now take complex values depending on the
sign of £,, while w = —1 implies a purely imaginary ener-
getic cost associated to a domain wall; these differences give
rise to interferences when summed over, reflecting the quan-
tum nature of ¢. The analogy extends to the fixed-pressure
grand canonical ensemble. Summing over the length k, one
obtains the partition function

= 2L(z)
2wy =Y 2k w) = 7
(@ w) ;z (k)= T )

where z is the exponential of the pressure conjugate to the
volume k, while £(z) = Zk>1 e E(®zk is the grand canonical
partition function of a single domain. Setting w — —1 in
Eq. (7), one recovers (f)(z) given in Eq. (3).

Emergence of thermodynamic phases. In the thermody-
namic limit K — oo, the spin model introduced in Eq. (6)
may exhibit, depending on the form of E(¢) and on the
value of w, either a ferromagnetic or a paramagnetic phase
[50-53]. This may happen even in one spatial dimension since
E(£) results from possibly long-range interactions among
the spins within the domain. In the former case, the equi-
librium ensemble is dominated by a globally ordered spin
domain of length ¢ ~ O(k), while in the latter by disordered
spins with £ ~ O(1). Identifying $() as Z(z,w — —1)
allows us to establish the possibility of observing two dif-
ferent behaviors of ¢y at large k, as shown in Fig. 2(c).
If the spin model is in the ferromagnetic phase, the dom-
inant configuration is a single, extended domain and thus
Z(k, —1) ~ e E£®; according to the mapping, this corre-
sponds to the leading term of the first detection amplitude
being ¢y ~ L(kt). If the spin model is, instead, in the para-
magnetic phase, and therefore it displays disordered domains,
the partition function is dominated by many short domains
Z(k, —1) ~ ¢ *ED In terms of the quantum evolution, this
corresponds to ¢y ~ [L(7)]*.

The two cases mentioned above are understood through
the analytic properties of (ﬁ(z) = Z(z,—1) as a function of
z which determines ¢ according to Eq. (4). The radius of
convergence of ¢ is controlled by its closest singularity z* to
the origin. By inspection of Egs. (3) and (7), the singular point
z" may arise from either (i) a root in the denominator, i.e.,
1+ £(z*) = 0, leading to a simple pole, or (ii) a nonanalytic-
ity in £(z*) leading to a branch point. If the singularity at z*
is a simple pole, ¢(z) ~ (z — z*)~', the integration in Eq. (4)
renders ¢ ~ (z*)* and therefore an exponential dependence
of ¢ on k. This exponential decay corresponds to the con-
figuration with k domains, i.e., to the paramagnetic phase. If
the singularity z* is a branch point, instead, b(2) ~ |z — 7|
and, via Tauberian theorems, one obtains from (4) an algebraic
decay of ¢, ~ k~¢ for large k [57]. Algebraic growth of a
canonical partition function as a function of the volume is a
consequence of a single domain in a long-range interacting
spin model and thus we associate this behavior with the ferro-
magnetic phase.

We illustrate this mapping by investigating the FDRT
of N free fermions with Hamiltonian # = Z/L-Z_L
(c;c 1+ cj. +1€j)» Where ¢; (cj) is the fermionic annihilation
(creation) operator at lattice site j. The system size L
is henceforth taken to infinity L — oco. We consider
an initial state |W(0)) consisting of N adjacent fermions
|W(0)) = ®ZJY:1C;|0), where |0) is the vacuum of the system
[see the sketch in Fig. 1 and in Fig. 2(a)]. The case N = oo
corresponds to a domain wall at site j = O separating the
empty half-infinite chain from the complementary filled
one [58,59]. The free-fermion model is motivated by recent
implementation of quantum walks under stroboscopic
measurements on quantum computers [40—42], where a qubit
hopping Hamiltonian analogous to H above, with N = 1, is
implemented.

Ferromagnetic phase for finite N. For finite N, L; is the
determinant of the matrix Jy (kt) = [i" " Jy—n(2kT)lm.n=1. N>
where J,(x) is the nth Bessel function of the first kind [60].
For large times k7, the determinant £; decays algebraically
[60,61]. According to the mapping discussed above, the en-
ergy cost E(¢) = —In L(£7) of a domain is logarithmic in £

E()=cyInf+ Ay + (Nmod2)Incos (2¢t — Nm /4),
3)

where we introduced cy = (N2 + N mod 2) /4. The definition
of Ay is reported in the Supplemental Material [61,62]. Intro-
ducing the fugacity y = e~%*, the grand canonical partition
function of the spin model in Eq. (7) reads

_ wyANQ)
1 —wyAn(z)’

where Ay(z) is determined in terms of the polylogarithm
function [61]. For w =1 and N even, Eq. (9) equals the
partition function of the truncated inverse distance squared
Ising model (TIDSI) [50] which is parametrized by y and cy.
In TIDSI model, spins within the same domain experience a
long-range interaction ~7~2 as a function of their mutual dis-
tance r. In the quantum problem, these long-range interactions
allow the emergence of a ferromagnetic phase for purely pro-
jective measurements. Namely, the TIDSI model undergoes
a mixed-order phase transition from a paramagnetic to a fer-
romagnetic phase [50-53]. In the quantum picture, however,
we consider the partition function Z(z, w) at w = —1. For the
spin model, this corresponds to studying the TIDSI model at
the (classically forbidden) negative fugacity —y.

The leading singularity of Zy in Eq. (9) is due to branch
points [61,63,64]. The integral in Eq. (4) can then be worked
out for all N, from which one obtains the leading large-k
behavior of ¢;. For N = 1, our analysis renders the result
F, ~ k=3 of Ref. [27]. For N > 1, instead, it gives, up to some
oscillating prefactor, ¢, ~ L; and thus the algebraic decay

S~k and F, ~ k7, (10)

Zn(z, w) 9

with logarithmic corrections ¢ ~ (Ink)*/kv of all integer
orders n > 1 for N = 2 [61]. This algebraic behavior is con-
sistent with a ferromagnetic, globally ordered phase in the
spin model. One can intuitively understand this as a con-
sequence of the logarithmically slow growth of the domain
energy E(£) in length ¢, which renders a global order-
ing thermodynamically favorable in the large k limit and
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FIG. 3. Ferromagnetic phase: algebraic decay. (a) Log-log plot
of the first detected return time probability F; as a function of k
for fixed stroboscopic time 7 = 2, with N =4 and 6. F; ~ |£;|> ~
k=2eN (with ¢, = 4 and ¢ = 9) decays algebraically upon increasing
k according to the mapping to the ferromagnetic phase of the spin
model. (b) Ratio F;/|L|? (blue dots) as a function of 7, for fixed
k =100 and N = 4 compared with the branch-cut asymptotic (red
solid line).

therefore ¢ ~ L. In Fig. 3(a), we show the exact FDRT
probabilities F; for N =4 and 6 [61], with fixed T = 2, as
obtained from the exactly known Loschmidt echo, which
are compared with the expected leading algebraic behavior
(10), showing excellent agreement for large k. Figure 3(b)
shows that the ratio F/|L;|* is well captured by the branch
cut asymptotics for intermediate values of 7 2 1.8 and large
values of k.

Paramagnetic phase for N = oco. For an half-infinite do-
main, i.e., for N = oo, the Loschmidt amplitude is exactly
given by L(t) = e~ [58,59]. In the spin model this corre-
sponds to a quadratic energetic cost of a domain: E (£) = t2¢2.
In order to evaluate Zy(z, w) in Eq. (7), we introduce a partial
theta function [65] © 4 (z, ¢) = Y22, 2*¢*" in terms of which
ﬁ(z) = 0,4(z, e ). The grand canonical partition function is

w20, (z, ™)

ZOO ’ = .
W) = T e, G e )

(1)

For all g € (0, 1), ®,(z, g) is an analytic function of z [66],
thus excluding branch cuts. In turn, for w = —1, Z, has
a countable set of poles at the complex roots z, of 1+
O, (24, q) = 0[67]. For g2 > g, = 3.23 ..., these roots are
simple, real, and negative [68,69], and they are approximately
given, for large n, by z, = —g'™>" [70]. This implies that
for T > 1. = 4/(Ingx)/2 = 0.77... the contour integral in
Eq. (4) is dominated, for large k, by the simple pole z* = z;
closest to the origin. One then finds ¢ ~ (z*)7* for 7 > 7,
with a k-independent prefactor. This exponential decay is
shown in Fig. 4(a) for t = 0.8 > 7.. This behavior corre-
sponds to the paramagnetic phase in the spin model and can
therefore be explained with the stronger quadratic growth of
E(£) upon increasing £, compared to the logarithmic growth
(8) for finite N. For t < 7., the poles of Z,, are complex
conjugate and therefore F; displays oscillations as a function
of k. This is illustrated in Fig. 4(a) for t = 0.1 < 7. The
critical value t. is not related to the energy bandwidth of
the model and it is therefore a fundamentally novel feature
compared to the “resonant probing times” [27,61] occurring
at finite N. The asymptotics of Fy/|L;|* for T > 1. can be
obtained by applying Faa di Bruno’s theorem [71,72] to 2,
which amounts at performing an expansion in the maximal
domain length ¢y considered [61,71,72]. The estimates with

100 R 100
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FIG. 4. Paramagnetic phase: exponential decay. (a) Log-linear
plot of the first detected return time probability Fi(t) = (N =
00, 7) of the semi-infinite occupied line as a function of k for strobo-
scopic times T = 0.1 (top-blue dotted) and 0.8 (bottom-red dashed).
F;. decays exponentially upon increasing k, according to the map-
ping to the paramagnetic phase of the spin model. This exponential
decay holds for all values of t. For t < t. =0.77..., F; features
additional oscillations (blue symbols). (b) Log-linear plot of the ratio
Fi(t)/]1L£1)%* as a function of T for fixed values of k = 10 and 25. This
ratio, for T > 7., is well approximated by the systematic expansion
(dot-dashed lines) mentioned in the main text. For 7 < 7, instead,
the asymptotics break down and F;(t) displays k — 2 positive roots
as a function of t.

¢y = 3 are compared in Fig. 4(b) with the exact predictions
for Fy/|L1]|*, showing excellent agreement. As T — 0 the
quantum Zeno regime is met. Surprisingly, we observe [61]
that, correspondingly, F;.(N, t) coincides with Fi,(N — o0, T)
for every value of the particle number N.

Phase crossover and ferromagnetic transition. We inves-
tigate here the onset of the ferromagnetic phase in F; upon
increasing k beyond a crossover volume k. For sufficiently
small k < k¢, Fy is in perfect agreement with the paramag-
netic behavior observed for N = oo fermions and predicted
by Zw(k, —1) in Eq. (11). Upon increasing k beyond k.,
instead, F; sharply crosses over into the ferromagnetic be-
havior predicted by Eq. (9), where F; ~ |L;|?. This crossover
is illustrated in Fig. 5(a) for N = 6 and 7 = 1. Note that,
upon increasing t, the initial exponential decay might not be
visible, as it happens in Fig. 3(a) with T = 2, where only the
eventual algebraic behavior is seen. In a complementary way,
Fig. 5(b) shows that for a fixed value of k = 10, larger values
of T > 7, are needed in order for F; to be described by the
ferromagnetic partition function in Eq. (9).

For large N, this crossover from paramagnetic to ferro-
magnetic behavior can be rationalized by studying the scaling
limit of the Loschmidt amplitude £(7). Keeping x = /N
finite, £(7) satisfies limy_, oo N2 In L(Nx) = —f(x) where,
up to oscillating factors for N odd, f(x) =~ (Inx)/4 + 3/8 for
x> 1and f(x) = x2 for x « 1 [60]. This fact implies that,
upon rescaling the stroboscopic time t with the number N
of fermions, the energy E (k) = N f(kt/N) associated to a
domain in the spin model may either grow logarithmically
or quadratically as a function of k. We conclude that the
typical crossover chain volume (kt)., above which F; de-
cays algebraically, satisfies (kt). ~ N [61]. We emphasize
that crossover from paramagnetic to ferromagnetic decay is a
general phenomenon caused by the transport of quasiparticles
over the macroscopic distance N set by the initial domain-wall
state. The only specific aspect to free fermions is provided by
the linear scaling between space and time due to the associated
ballistic transport [58,73-82].
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Summary and outlook. We derived exact analytical predic-
tions for the first detected return time (FDRT) of many-body
quantum systems by mapping the FDRT onto the partition
function of a classical system of magnetic domains in one
spatial dimension. This mapping provides a physical expla-
nation of the rich behavior of the probability of the FDRT
which may display an algebraic (ferromagnetic) or an expo-
nential (paramagnetic) decay at long times. Our results are
valid for an arbitrarily large number N of particles, including
the limit N — oo. The onset of the algebraic decay can be
remarkably controlled by scaling the stroboscopic time T with
the number N of particles, making such a decay accessible
already for small values of k, when F; is still significant.
This fact is crucial for actual implementations of the pro-
tocol discussed here on quantum computer platforms as in
Refs. [40-42]. Therein, indeed, Fj at small values of k£ can be
measured with great accuracy for a small number N = 2, 3,4
of particles and rings of finite length L. The present analysis
therefore paves the way for investigations of collective ef-
fects in multiparticle quantum walks via quantum computers.
Upon increasing k, the probability F; becomes rapidly small
since the initial inhomogeneous domain-wall state evolves
towards an homogeneous density profile [83]. In order to
devise efficient detection protocols, it is then very interesting
to introduce resetting [36,38,39,84-90] after a sequence of
unsuccessful detections. Similarly, a very promising avenue
is provided by models featuring Wannier-Stark localization
[91-93] or quantum many-body scars [94-98]. In both the
cases, the Loschmidt echo shows perfect revivals in time. In
the former, this happens for generic initial and target states
due to Bloch oscillations induced the confining field. In the
latter, revivals are present only when the initial and target
state of detection belong to the scarred subspace, since the
corresponding energy levels are equispaced. These revivals
can then be exploited in order to obtain an enhanced FDRT
sensing for large times k. In addition, it would be interesting
to extend the many-body first detection protocol to weak
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FIG. 5. Phase crossover. (a) Log-log plot of the first detec-
tion probability Fi (N, t) as a function of k for a fixed 7 =1
and N = 6. Upon increasing k, F; shows a crossover from an
exponential-paramagnetic to an algebraic-ferromagnetic decay. In
this panel, the crossover occurs at k = k., &~ 25 for N = 6, where
ke ~ N/t. (b) Log-linear plot of Fi(N, t) as a function of t for
fixed k = 10 and for N = 6 fermions. For 7 < 7, with ., & 1.5 and
T ~ N/k, F; (blue dots) coincides with the paramagnetic partition
function |Zs (k, —1)|? (red line), while for T > ., F;(t) coincides,
up to some proportionality factor, with the ferromagnetic partition
function |Zy(k, —1)|* (black line). The crossover stroboscopic time
scales as 7., ~ N/k upon increasing N.

measurements, which have been so far studied [55,56] only
for single-qubit systems.
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