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Abstract

In this thesis, we define and study the properties of solutions of a gas of solitons for
the Focusing Nonlinear Schrédinger equation. A gas of solitons is an initial data with
an infinite number of solitons that is defined via a suitable limit. A N soliton solution
is characterised, via the scattering problem, by 2N spectral points, {z;,Z; }évzl and the
corresponding norming constants {c; };V:l, with z; and ¢; complex numbers. We formu-
late the inverse spectral problem for the focusing nonlinear Schrédinger equation via a
suitable Riemann-Hilbert problem that is amenable to the limit N — oo. Assuming
that the spectral points {z; }é\le fill uniformly some domain & in the upper half plane,
we show that in the limit NV — oo the inverse problem of a soliton gas can be described
both by a Riemann-Hilbert problem and by a O-problem. For particular choices of the
domains &, we prove that there is a shielding effect and the soliton gas behaves, for
(z,t) in compact sets, as a finite multi-soliton solution. In particular when Z is a disk,
the soliton gas is a one-soliton solution.

Next we study the case when Z is an ellipse with foci located on the imaginary axis. We
prove that the corresponding soliton gas initial data has a step-like oscillatory behaviour
decaying exponentially at +oo while for x — —oo the oscillations are described by the
Jacobi elliptic function. The long-time asymptotic behaviour of such initial data depends
on the ratio of the amplitude of the foci. If such ratio is above a certain threshold then
the solution has oscillations described by genus one and three theta-functions in different
sectors of the (z,t)-plane otherwise the oscillations are described by genus one, two and
three theta functions. The asymptotic solution remains exponentially decreasing in the
right-most sector of the (z,t) plane.

Finally, inspired by the soliton gas solution we develop an extension of the Its-Izergin-
Korepin-Slavnov theory of integrable operators acting on a domain of the complex plane.
We show that the resolvent of an integrable operator K acting on a domain of the
complex plane is obtained from the solution of a d-problem. When the problem depends
on auxiliary parameters, the related Malgrange one form is closed and coincide with the
logarithmic derivative of the Hilbert-Carleman determinant of the operator X. If the
O-problem is related to the inverse spectral problem of the soliton gas, then the Hilbert-
Carleman determinant is a 7-function of the Kadomtsev-Petviashvili (KP) or Nonlinear
Schrodinger hierarchies.
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Introduction

Overview

In the contemporary realm of Integrable Systems theory, Lax’s definition of integrability
plays a crucial role, and it is centred around the existence of a pair of linear operators L
and A called Laz’s pair. This definition offers a significant avenue for solving and deter-
mining constants of motion within integrable systems characterised by an infinite number
of degrees of freedom, namely integrable nonlinear evolution partial differential equations
(PDEs). Specifically, an evolution partial differential equation u; = K (u, Uy, Ugg, - - . ),
where K is in general a rational function of the dependent variable v = u(x,t) and its
spatial derivatives, is integrable if there exists a pair of linear operators L(u), A(u), such
that :

dL(u)

dt

From the above formulation it follows that the eigenvalues of L(u) are the constants of
motions of the PDE.

= [A(u), L(u)] & w = K(u). (0.0.1)

This procedure was first discovered for the Korteweg de Vries (KdV) equation
Uy — BUly — Ugge =0, xR, tERT, u(z,t) €R, (0.0.2)
by Gardner, Green, Kruskal and Miura [47] (1967) that were able to "linearize” the
KdV equation, with initial data vanishing at infinity, via the two linear operators,
L(u) = —0% +u,
Au) = 403 — 6ud, — 3ug,
that now bare the name of Lax operators. Indeed in 1968 P. Lax [70] made the crucial
observation that this procedure could be applied to other equations. Subsequently,
Zakharov and Shabat [93] (1971) were able to find the Lax pair for the cubic nonlinear
Schodinger (NLS) equation and later Ablowitz, Kaup, Newell, and Segur, [2] (1974)

extended the procedure to several physically important nonlinear wave systems now
known as the AKNS class, that includes the KdV and the NLS equations.

The existence of a Lax pair permits to solve the PDEs by linearizing it in the scattering
coordinates for the linear operator L of the Lax pair. The reconstruction of the solution
is called Inverse Scattering Transform (IST).
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The logic of the procedure is as follows. Let u; = K (u, uy, ...) be a nonlinear evolution-
ary PDE in one space dimension that can be linearized via the Lax pair

L(u) f(z,z,t) = 2f(z,z,t) (0.0.3a)
filz,z,t) = A(u) f(z,z,t). (0.0.3b)

Then the construction of the solution u(z,t) from the initial data u(x,0) consists of the
following steps:

1. At time ¢ = 0 we solve the scattering problem (0.0.3a)) and we find the scattering
data X(z);

2. from the evolution equation (|0.0.3b]), we determine how the scattering data evolves
in time X(z,t);

3. we reconstruct the solution u(z,t) of the PDEs from the scattering data X(z,t)
by solving an Inverse Scattering Problem.

This method facilitated the discovery of distinctive category of solutions for these PDEs
known as solitons solutions. Solitons are localised waves travelling at constant velocity
and interacting elastically. These solutions are distinguished by an initial datum that
decays at infinity exponential fast and a pure discrete spectrum for the operator L. An-
other category of solutions comprises quasi-periodic solutions, expressed through Theta
functions.

For a review about the Inverse Scattering Theory and solitons, we refer to [3}37,45].

Another pivotal element in integrable system is the concept of 7-function introduced in
the context of isomonodromic and isospectral deformations. It had been introduced in
the 80s by the Kyoto school, with the aim [66] to construct a generalisation of the theta
functions appearing, as particular solutions of some nonlinear integrable equations. In
the theory of isomonodromic deformations, tau functions are constructed starting from
a certain differential 1-form w defined on the space of the deformation parameters [66].
Under the hypothesis that the parameters are of isomonodromic type, the form w is
closed and the tau function 7 is defined (locally and up to a multiplicative constant) by
the formula

dInT:=w, (0.0.4)

where 6 denotes the total differential with respect to the parameters.

On the side of isospectral deformations, Sato [80] defined the tau function starting from
his interpretation of the KP hierarchy in terms of the geometry of Grassmannian mani-
folds. To each solution of the KP hierarchy, one can associate a point W in an infinite
dimensional Grassmannian, and the related tau function is the formal series

o=y syWy, (0.0.5)
Yey
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where Y is the set of partitions, {sYey} are the Schur polynomials and {WYGy} is the
set of the Pliicker coordinates of W. In [81], Segal and Wilson provided an analytic
version of Sato’s theory, where formal series are replaced by L? functions, and rewrote
the tau function as the (analytically well-defined) Fredholm determinant of a certain
projection operator. Around the same years Hirota [60] show that the KP 7-functions
satisfies a differential equation that is now known as “Hirota bilinear relation”. To give
a precise historical account, the first example of 7-function in the context of isospectral
deformations appeared in 1976 in the work by Dyson [40] who expressed the solution of
the KdV equation as a Fredholm determinant of an operator built from the scattering
data. On the isomonodromic side, the first example of 7-function is due to Widom [90]
in 1974 in the context of Toepltiz operators.

The equivalence between the two definitions of 7 functions has been understood only
recently [59], [26].

The concept of 7-function has found applications in other branches of mathematics,
including random matrix theory [5,58], combinatorics [75,/76], enumerative geometry [6,
68).

This thesis comprises two distinct yet interconnected parts. In the first part, we study
the Inverse Scattering Transform for non-standard initial data. Specifically, we consider
initial data arising form the limiting case when the number N of solitons tends to
infinity, also call soliton gas solution. These solutions are of particular significance as
they enable the study of a broader class of initial data for the Integrable PDEs considered.
In the second part, taking inspiration from this class of data, we develop the theory of
integrable operators acting on domains of the complex plane and derive their 7 function
as a Fredholm determinant.

In our work we study the focusing Nonlinear Schrédinger equation (NLS)

Yra
2

i+ 5+ [l =0, (0.0.6)
where ¢ = 1 (x,t) is a complex function of the real variable x and the positive variable
t. The spectrum of the Lax operator for the N soliton solution is characterised by a
discrete spectrum {z;, Z; }évzl in the complex plane and N complex numbers {c;}¥, called
norming constants. We consider the case where the points {z;} and their complex
conjugates, as N — oo, accumulate uniformly in a simply connected domain ¥ and
2* respectively. Additionally, the norming constants scale as N~! in the form ¢; :=
%6 (2j,Z;), where A is the area of Z and [(z,%) is a smooth and bounded function in
2. We reformulate the inverse problem of the NN soliton solution as a Riemann-Hilbert
problem (RHP) and we can define a limiting Riemann-Hilbert problem as N — co. This
limiting RHP can also be reformulated as a d-problem. The solution ¢ (z,t) of the NLS
equation is obtained from the solution of the O-problem. We study the properties of
the solution of the soliton gas for specific choices of the domain & and the interpolating
function f.
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In the second part of the thesis our focus shifts to the study of the theory of integrable
operator acting on domains on the complex plain. Specifically, in the case of integrable
operators acting on curves Y, the work of Its, Izergin, Korepin and Slavnon [62,63]
established a connection between such operators and a specific Riemann-Hilbert prob-
lem. Their findings revealed that both the resolvent and the logarithmic derivative of
the Fredholm determinant of the operator are expressed in terms of the solution to
the Riemann-Hilbert problem. In particular, if the Riemann-Hilbert problem for the
resolvent operator is solvable, then the Fredholm determinant does not vanish and it
corresponds to the 7-function of the related integrable system.

We extend this theory to encompass integrable operator acting on domains. We demon-
strate that the resolvent and the Hilbert-Carleman determinant (i.e. a generalization
of the Fredholm determinant) of the operator can be expressed in terms of solutions of
a O-problem. Furthermore, we establish that, in some instances, the Hilbert-Carleman
determinant actually generates a solution of the KP hierarchy. As an illustrative ex-
ample, we present the d-problem introduced in part one. Through a straightforward
generalization, we prove that the entire NLS hierarchy can be recover form the same
O-problem.

The structure of the thesis is the following:

In Chapter[I} we introduce the Inverse Scattering Problem for the focusing NLS equation
. Building upon the results of Girotti et al. [53], we derive the d-problem for the
soliton gas of . Our exploration reveals that this problem can be explicitly solved
for specific choices of 2 and [3(z,%), resulting in a solution ¢ (z,t) defined for (z,t) in
compact sets. This kind of phenomenon, called soliton shielding, is substantiated by both
analytical solutions and numerical evidence. The infinity soliton limit is reinforced by
proving the convergence of the tau-function 7, for the N soliton solution, to a Fredholm
determinant of an integrable operator X (Theorem . This Theorem, together
with the results achieved in Chapter 5, demonstrate the existence and uniqueness of
a solution for the d-problem for EI) The result of this chapter are taken from our
paper “Soliton shielding of the focusing nonlinear Schrodinger equation” Physics Review
Letter (2023) [13], made in collaboration with M. Bertola and T. Grava.

In Chapter [2, we turn our attention to the scenario where & takes the form of an elliptic
domain, and [(z,%) is analytic. We establish a connection between this problem and
an Inverse scattering problem featuring asymptotic step-like initial data. Specifically, as
x — +00, ¢o(x) undergoes exponentially decay, while at © — —oo, it exhibits behavior
akin to a genus one wave (Theorem .

In Chapter [3| and we explore the long-time asymptotic of ¥ (x,t) for ¢t > 0 using the
Nonlinear steepest Descent theory developed by Deift and Zhou [35]. Through this inves-

tigation, we unveil that by manipulating certain parameters, the solution ¢ (x, t) exhibits
different behaviours in distinct sectors of the (x,¢) plane (Theorem and 4.0.1)).

In Chapter [5| we extend the IIKS theory for Integrable operator X acting on a Hilbert
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space L?(2,d?w)®@C™. We establish a connection between the existence of the resolvent
of X and the existence of a solution to a d-problem (Theorem . Additionally, we
prove that the Hilbert-Carleman determinant, a generalization of the Fredholm deter-
minant for Hilbert-Schmidt operators, not only is a 7-function but also that it solves
the KP equation (Theorem . As an example, we consider the d-problem for the
NLS equation introduced in Chapter [I| and we extend it to the NLS hierarchy. The
result of this chapter are taken from our paper “Integrable operators, O-problems, KP
and NLS hierarchy”, arXiv:2307.13119v2 [12] written in collaboration with M. Bertola
and T. Grava.

We will now describe our result in more detail.

Soliton gas solution

The concept of soliton gas was initially introduced by Zakharov [92] in the context of
KdV equation. Specifically, Zakharov’s focus was on the interaction of a single trial
soliton with a background of infinitely many solitons, and widely spaced, a condition
referred to as a “rarefied” soliton gas. The soliton density at time ¢ and position x is
p(k,z,t), where k is the spectral parameter and the condition of having a rarefied gas is

[0.9]
/ plk,z,t)dxr < 1.
—00

Zakharov found out that the velocity of the soliton with spectral parameter k changes
according to the following law:

ki +k
ki —k

+oo
v(k,x,t) = 4k> —I—/ log
0

‘ (k% — k) p(ky, z, t)dky (0.0.7)

where the density p(k,x,t) satisfies the conservation law

Op(k,x,t) + Oy (v(k, 2, t)p(k, x,t)) = 0. (0.0.8)

Further research by El e. al |[42H44] generalize the kinetic equation (0.0.7) to the case of
a dense gases for the KdV equation. The main idea was to model the KdV soliton gas
as the thermodynamic solitonic limit of a finite gap solution. In other words, for a given
N gap solution of KdV, they approached the limiting scenario by shrinking the bands
exponentially fast in N while the gap are close at a speed of order 1/N. This procedure
led to the derivation of the following kinetic equation:

1 [t |k+k
v(k;,a:,t):4k2+k/0 log‘kiki

p(ky,z,t)[v(k,z,t) —v(ki, z,t)]dk1.  (0.0.9)

Later on, thanks to the works of Tobvis, El, Roberti, Congy et al. |28 29}|41}88] it
was possible to expand this theory to encompass the focusing NLS and to explore addi-
tional scenarios, such as the “breather gas”. In recent years, research groups in England
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and France have been investigating this phenomenon numerically and experimentally.
These studies have unveil connections with other fields of mathematics and physics. We
summarize some of the most important results:

e In [4] and [50], it has been found that random waves in nonlinear conservative
media, dubbed integrable turbulence, exhibit properties of a dense bound-state
soliton gas.

e In [83] and [bl], it is shown numerically that the soliton gas theory could be
instrumental for the development of the statistical description of the rogue wave
formation.

e In [19], it is established a relation between the kinetic equation of a soliton gas
and the generalize hydrodynamic (GHD) of integrable many-body systems, both
quantum and classical.

e In [77] and [87], soliton gas. is generated in a water-tank from random (and
non-random) initial data.

For a complete and comprehensive review we refer to [86].

Along this research line, Girotti et al. [53] constructed asymptotic solutions for the KdV
equation, providing a description of a particular class of soliton gas states. They started
by investigating the inverse problem for the N-soliton solution of the KdV equation and
then send N — 400, assuming that the spectral points {ix; }§V:0 € tR4 and their complex
conjugate are uniformly distributed in finite lines (or “bands”) (i, i) U (—iaa, —iay).
For A € (a1,a9) U (—ag, —a1), they derived a RHP with high oscillatory jumps on the
real “bands”

! 0 for A
i) -E) g TS (a1, ),
X\ z,t)y = X\, z,t)- , (0.0.10)
1 z'r()\)e_SAt()‘ -%)
for \ € (—052, —051),
0 1
with boundary conditions
XA\ z,t)~[1 1]+0A 1) as A — oo (0.0.11)
X(=Az,t) = X(\, 2, 1) [(1) (1)] (0.0.12)

They investigated the long time asymptotic of this new RHP using the Nonlinear Steep-
est Descend technique. Their findings revealed that the solution ¢(z,t) has a step like
behaviour. Further for large times the solution behaves as a dispersive shock wave:

x
a3 — af — 2a3dn*(a(z — 2(a3 + o)t + ¢) + K(m) [m) + O(t™") as 1 < Nerit
q(z,t) = con z
O(e™™") with C' > 0, as >
(0.0.13)
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where m = a% / a%, ¢ € R and the critical value 7.,;; is obtained by a Whitham modula-
tion equation. In the interval 7 < % < oz% there is a modular region which connects
the two different behaviours. This new perspective on soliton gas was inspired by the
concept of the primitive potential, introduced by Dyachenko, D. Zakharov and V. Za-
kharov in [39].

A connection with the kinetic theory of soliton gases was established in [54], where the
same ideas were applied to the mKdV equation. The authors found a method to recover
the density of state (DOS) of the soliton gas and the eq from quantities defined
in the Nonlinear Steepest Descend theory.

Our objective is to extend this methodology also for focusing NLS equation .
Since the nonlinear spectral points {zk,ﬁ}fle can be distributed in all the complex
plane except the real line, we specifically consider the scenario where, as N — oo,
the points z; uniformly fill a simply connected domains & in the upper half complex
plane and consequently Zj fill uniformly the domain 2. As demonstrated in Chapter
the inverse problem of the N-soliton solution for NLS can be reformulated both as a
Riemann-Hilbert problem or a d-problem

0 —B3*(2, 7)o 2t Hz0)
B(Za E)GQi(ZQtJrzx)X@ 0 ’

[(z) ~1+0(z71) as 2 — oo,

8:T(z) = T(2) (0.0.14)

where 8*(2,z) = 5(Z, 2).

The existence and uniqueness of the solution is demonstrated by combining three results:
the Theorem the Theorem and the Lemma [5.1.2

For specific cases, the problem ((0.0.14)) can be solved exactly. Initially, we consider a
special class of domains & known as quadrature domains. We establish that in com-
pact sets of (z,t) € R? the solution v(z,t) of focusing NLS is an n-soliton solution,
where n corresponds to the number of points of the quadrature domain 2. We call this
phenomenon “soliton shielding”.

Additionally, we explore the case where & takes the form of an ellipse. For simplicity,
we impose that the foci E7, Ej of the ellipse lie in the imaginary axis. In this specific sce-
nario, as detailed in Chapter the analytic part of the solution of the d-problem ((0.0.14])
satisfies a RHP
1 _T(Z)G—Qi(zx—i-th)
. 2
r(z)e? =0y 5 g 1

[(z) ~1+0(z"Y) as z — oo,

I(2)4 = I(2)- X2 Bl (0.0.15)

with r(z) an analytic function, bounded in the segment [E, Ep]. This RHP is similar to
the one studied by de Monvel, Lennels and Shepelsky in [24,31}/74] for the IST of NLS
with step-like initial data.
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We investigate the long time asymptotic of this RHP , revealing that the be-
haviour of ¢ (x,t) adopts a step-like oscillatory behaviour akin the scenario observed in
the KdV equation. The main distinction arises in the middle region, where the behaviour
change, resulting in an increase of genus of the wave. In particular, there is a critical

2
value m, of the parameter m = }Eggig, such that two distinct cases emerges:

e for m > m, only one intermediate region exists (see Figure |1]), wherein the wave
transitions from genus one to genus three before decreasing exponentially fast.
This case will be examined and proved in chapter [3| (Theorem [3.0.1);

e for m < mg, three intermediate regions emerges (see Figure . The first one is
still of genus one, albeit the topology of the RHP is different from the previews
one, denoted as (genus 1)s;. The second region features a solution of genus 2 and
the final region exhibits a solution of genus 3. This case will be treated and proven
in chapter [

x

Figure 1: The (x,t) plane in the case where m > m,.

(Genus 1),

x

Figure 2: The (z,t) plane in the case where m < m..

T—function and IIKS Theory

A fundamental concept in the theory of solvable integrable systems is the 7—function, (see
for a comprehensive historical perspective). In many instances, these 7—functions
coincide with the Fredholm determinant of an integral operator.

A notable class of integral operators are the so called integrable operators: the theory
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of such operators has its roots in the work of Jimbo et al. [65] that ultimately led to
the construction by Its, Izergin, Korepin and Slavnov [62] of a Riemann-Hilbert problem
to express the kernel of their resolvent operators. Initially motivated by the theory of
quantum integrable models, the theory of integrable operators has found applications in
various fields of mathematics such as random matrices and integrable partial differential
equations: for example the gap probabilities in determinantal random point processes
(and more generally the generating function of occupation numbers) are expressible
as a Fredholm determinant [84], [32] and this is at the core of the celebrated Tracy-
Widom distribution for fluctuations of the largest eigenvalue of a random matrix in a
Gaussian Unitary Ensemble [89]. An integrable operator is an integral operator acting
on L?(%,|dw|) ® C™ of the form

Kv](z) = /Eﬂz(z,w)v(w)dw, z €L,

where ¥ is some oriented contour in the complex plane and the kernel K(z, w) € Mat(nx
n,C) has a special form
T
. z) q(w
K(z,w): = M, p(2),q(z) € Mat(r x n,C), (0.0.16)
z—w

where p and ¢ are rectangular r X n matrices and for the time being we only assume
that p and ¢ are smooth along the connected components of >. The condition for K to
be non-singular requires

pT(Z) q(z) =0.
In the most relevant applications, the operators of the form (0.0.16) are trace class
operators.

An important observation in [62] is that the resolvent operator R := (Id — X)~! —1Id,
where Id is the identity operator, is of the same class, namely

R[v](z) = /Ei(z,w)v(w)dw, z €%,

where the resolvent kernel has also the form of an integrable operator:

T
R(z,w) : = Piz)?u(w)’ P(2),Q(z) € Mat(r x n,C). (0.0.17)
Here PT(z) = (Id —K)~!'p? and Q = ¢(Id —K)~!, where (Id —X)~! in the first relation
is acting to the right while in the second relation its action is to the left. Another crucial
observation of [62] (see also the introduction of [61]) is that the determination of R is
equivalent to the solution of an associated RHP for a r x r matrix I'(z) analytic in C\X
that satisfies the boundary value relation (sometimes referred to as “jump relation”)

T (2)=T_(2)M(2), z€%, M(z) =1+ 2mip(z)q" (2)

0.0.18
I'(z) > 1, as|z| = oc. ( )
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Here I'1 (2) denote the boundary values of the matrix I'(z) as z approaches from the left
and right of the oriented contour ¥ and 1 is the identity matrix in Mat(r x r,C). The
matrices P and @ that define the resolvent kernel (0.0.17)) are related to the solution I'

of the RHP by the relation
P(z) =T(2)p(2), Q(z) = (T(2)")'q(2). (0.0.19)

This formulation implies that the existence of the solution of the RHP is equiv-
alent to the existence of the resolvent R. This connection between the Fredholm deter-
minant and the RHP has been exploited in several contexts where the kernel depends on
large parameters and the study of the asymptotic behaviour of the Fredholm determinant
is obtained via the Deift—Zhou nonlinear steepest descent method of the corresponding
RHP [35]. This analysis has been successfully implemented for n = 1 and r = 2 in a large
class of kernels originating in random matrices, orthogonal polynomials, probability and
partial differential equations see for example (see e.g. [21,|33}35}59,63]).

An enlargement of the class of integrable operators (0.0.16)) was studied by Bertola and
Cafasso [11] who considered Hankel composition operators that have been reduced to
integrable operators in Fourier space.

Recently Bothner [22] and Krajenbrink [69] enlarged the class of Hankel composition
operators that can be studied via Riemann-Hilbert problems. Applications are obtained
in 23], [25].

In chapter b we enlarge the class of integrable operators by considering operators K
acting on L%(2,d?w) ® C" where Z is a bounded domain of the complex plane with a
matrix kernel K(z,Zz,w,w) € Mat(n x n,C), namely

K[v](z,z) = //g J%(z,?,w,@)v(w)w, z2,Z € 9, (0.0.20)
(2,7, w, @) = pT(Z’Z Z)_ql(uw’w),
p7(2,2)q(2,2) =0 = (0:p(2,2)T ¢(2,%2), p,q€C®(2, Mat(r xn,C)).  (0.0.21)

The kernel UAC(Z,E, w,w) and the corresponding integral operator X is a Hilbert—Schmidt
operator with a well-defined and continuous value on the diagonal in Z x Z.

Our results are the following.

e In Section[d.1|we show that the resolvent of the integral operator Id —X is obtained
through the solution of a 0-Problem (instead of a Riemann-Hilbert problem) for a
matrix—valued function I':

0:1'(2,2) =T(2,2)M(z,2); ['(z,%) L
r (0.0.22)

M(Z7§> = ﬂp(z,é)q Z,Z)X@(Z),
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where x4 (z) is the characteristic function of the domain 2. Note that the matrix
M(z,Z%) is nilpotent because of (0.0.21). Furthermore we show, in analogy with
integrable operators defined on contours, that the kernel of the resolvent is

. P(z.2)T w

Rz w,m) = D2 QW) b o122, Q) = TN ()

Z—w

where T solves the O-problem ((0.0.22)).

In Section we consider the regularized determinant (Hilbert-Carleman deter-
minant, equation 7.8 [55]) of the operator K. This is defined as the Fredholm
determinant of the trace class operator Ty :=Id — (Id — X)e*, namely

dety(Id — K) := det(Id — Ty) = det((Id — K)eX). (0.0.23)

Assuming the operator X depends on some parameters t = (t1,...,tj,...), we
show that the logarithmic total derivative of the Hilbert-Carleman determinant is
a one closed form:

Slogdety(Id —K) =w, 5= 0 dt; (0.0.24)
j=1

dz Adz
omi

wim - / /@ Tr (7 (2)0.T ()M (2)) (0.0.25)

Since dw = 0, in analogy with the literature on Riemann-Hilbert problems on
contours [9,/10] we call w the Malgrange one form of the d-Problem. Since w is
closed is locally exact and therefore there is a function, called the 7 function of the

O-Problem defined by
dlogT =w.

Therefore we have that
7 = dety(Id — K), (0.0.26)

up to a constant. We also show (Subsection [5.2.1)) that under the less restrictive
assumption that M (z,Z,t) is traceless but not nilpotent, we can associate to the
O-problem

0:1'(2,z,t) =T'(2,2) M(z,Zz,1); ['(z,z,t) — 1, (0.0.27)

Z—00

a Malgrange one-form w as in the formula (0.0.25). This enables us to define the
T-function of the d-problem by the relation

dlogT = w. (0.0.28)

We remark that the time deformation is completely general as long as the solution
of the the 0-problem ((0.0.27)) exists.
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e Finally in Section [5.3| we use the results of the previous section by considering the
O-problem (|0.0.27)) where M is a 2 X 2 matrix of the form

£(z,t) £(z,t)
M(z,z,t)=e > T3 Mo(z,z)e” 2o o3 = [(1) _01] ,

where £(z,t) = ;ff ZIt; and My(z, 2) is a traceless matrix compactly supported

on Z; we show that the corresponding 7-function (0.0.28]) of the d-problem (0.0.27)

is a Kadomtsev-Petviashvili (KP) 7-function, namely it satisfies Hirota bilinear
relations for the KP hierarchy (see e.g. [59]).

We then specialize the matrix M of the O-problem in (0.0.27) to the nilpotent and

traceless form

M(z,zZ;z,t) = We_i(zr+z2t)03p(z,E)qT(z,Z)ei(m"’zzt)g‘“’, reR, t>0

with
o L [VEGERe ()
12 = 72 | Ve Pt (0029)
L[ VBEI)
9= 72 | e Hnh (0:0:50

where 8*(2,%Z) = B(Z,2) is a smooth function and x4, x5 are respectively the
characteristic functions of a simply connected domain 2 C C* and its conjugate
9. Here Ct is the upper half space. We show that the 7-function of the O-
problem is the 7-function for the focusing Nonlinear Schrédinger (NLS)

equation and coincides with Hilbert-Carleman determinant of the operator K with

) — pT(sz) q(w,ﬁ)

P , namely

integrable kernel K (z,Z,w,w
D% log 7(x,t) = 9% logdeto(Id — K) = |¥(z, )%,

where the complex function 1 (z, t) solves the focusing Nonlinear Schrédinger equa-

tion (NLS) (0.0.6).
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Chapter 1

The Soliton gas for NLS: the
O-problem

In this chapter we introduce the problem of the soliton gas solution for the focusing
NLS equation (0.0.6). Following the ideas of Girotti et al. [53], we choose to address the
problem through Inverse Scattering Transform, introduced for NLS by Zakharov and
Shabat in [94]. The main difference with respect to the KdV and mKdV equations is
that the nonlinear discrete spectrum {zj}é-vzl lies in all the complex upper half plane.
We consider the N soliton solutions with point spectrum {z; };V: , that are sample from a
constant density function of a bounded domain Z in the upper half complex plane and,
as N grows to infinity, these points will fill the domain uniformly.

This chapter is organized as follows:

e In section we recover the theory of IST for the NLS equation by describing
the various steps and stating the most important results.

e In section [1.2] we rewrite the Inverse Scattering Problem for the N-soliton solution
as a Riemann-Hilbert problem and then we perform the limit N'— +oc0. Such limit
can also be interpreted as a 0-problem ((0.0.14]) on the domain Z.

e In section we consider some particular choices of the domain 2 for which the
O-problem || can be explicitly solved. In these cases the infinity soliton limit
is reduced to a solution with a finite number of solitons. We call this effect ‘soliton
shielding” .



1.1 The Inverse Scattering Transform for the NLS equa-
tion

The Inverse scattering Transform (IST) for the Nonlinear Schrodinger equation (NLS)

Vax

5 Y =0, (1.1.1)

Wy +

where the sign + separate the focusing (+) case from the defocusing (—) case, was
introduced by Zakharov and Shabat in 1980 [94]. Respect to the IST that the was
developed by Miura et al. in |72] for KdV equation, the Lax pair is given by 2 x 2
matrices

L [ ]
O, W = U := [:FT,Z) iz] w (1.1.2)
and N | |2 .
. . —iz2 4+ o zww%} .
Ol = Vil := [ E T 2 : 1.1.3
= [:FZ?/)ié%c iz ¥ iy2] (1.1.3)

The compatibility conditions between equations ([1.1.2]) and (1.1.3]), which coincide with
the zero-curvature condition of the matrices U(z, x,t) and V(z, z,t), is equivalent to the

NLS equation (1.1.1])

Vax

iz/zt+7¢\¢|2¢:0 & U -0,V +[UV]=0. (1.1.4)

The steps to solve the NLS equation through IST are the following:

1. Given the initial data 1y(x), we solve the scattering problem (1.1.2]) and we find
the scattering data ¥(z);

2. From the equation (|1.1.3]), we determine how the scattering data evolves in time
(X(z,1));

3. We reconstruct the solution ¢ (x,t) of NLS (1.1.1]) from the scattering data 3(z,t)
by solving a Riemann-Hilbert Problem (RHP).

From now on, we focus on the Focusing NLS equation (+ case)

Yoo
2

ity + + [h* = 0, (1.1.5)

and we consider the case where the initial data decays rapidly at |z| — +o0.

The Scattering problem

The Scattering problem consists in solving the equation ([1.1.2))

Oyt = Ui 1= {:ZIZ Z] W (1.1.6)
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with a potential ¢(z) that decays to zero as |r| — 400, i.e. when |z| is large the
solution can be approximated by

e—izx 0
Wo(z,x) =1 [ 0 ] + ¢ [eizm]

where ¢; and co are arbitrary constants.
We can consider the behaviour for x ~ +00 separately and looking for solutions ;il ) (z,2), jf ) (z,)
such that:

—izx

iz ) = [ . ] +o(1)  jP(a) = [eo} +o(l)asw = too.  (LL7)

These solutions are called Jost solution and we indicate it with the 2x2 matrix J1(z,z) =
~(1 ~(2
74 (22,72 (=, 2).

For z € R the equation (1.1.6) has two linearly independent column vector solutions.
Since J1(z, x) form a basis of the space of solutions, the matrices J1(z, x) are linked by
the transformation:

Ji(z,2) =J_(2,2)A(z) for z € R, (1.1.8)
where A(z) is called Scattering matriz.
Theorem 1.1.1. The Jost solutions exists and satisfy the following properties:
1. for z € R lim Ji(z,2)e”*® = 1, where 1 is the identity matriz and o3 =
r—+o00
1 0.
0o -1}’

2. for z € R they satisfy the Schwartz symmetry

Ji(z,2) = 02J4(2,7)09, (1.1.9)
0 ¢
where o9 = [z 0] ;
3. the functions j_(f)(z,a:) and f(_l)(z,a:) are continuous for Im (z) > 0 and analytic in

Im (2) > 0 and satisfy

i

j(l)(z,x) = 0™y g5 2 - —0

(z,2) = O(e™™ @) 45 2 — 400

forIm(z) <0 and

Im (z)—o0

for all x € R;



4. the functions ;(_2) (z,x) and f_(:)(z,x) are continuous for Im (z) < 0 and analytic in

Im (2) < 0 and satisfy
j(f)(z,x) =0>e™™E?) g5 1 — —o00
_"Srl)(z, z) = 0™ g5 2 = +00
forIm(z) <0 and

lim e_izxf(f)(z,:v) = [(1)] lim ei”j(j)(z,x) = [(1)}

Im (z)——o0 Im (z)——o0
for all x € R.

The proof of this theorem is standard and can be found in any book or lecture notes
about Inverse Scattering Theory (see [3]).

From the points of Theorem we can state the corollary:

Corollary 1.1.2. For z € R, the scattering matriz A(z) satisfy the following properties:
1. detA(z) = 1;
2. N(z) satisfy the Schwartz symmetry

A(z) = o9A(2)09. (1.1.10)

where
a(z) = det([fV (2,2), P (=, 2)])  b(2) = det ([ (,2). 7V (2 2))),  (11.11)
and they satisfy the condition
ja(2)? + [b(2)[2 = 1.

From the points of Theorem and the equation ([1.1.11)) we can analytically
continued the function a(z) in the upper half plane, while the function b(z) is only
defined on the real line. Moreover, from the asymptotic behavior of Jost solutions we
get

li =1.
Im (zl)§+oo a(Z)

Let us assume that a(z) has N zeroes in the upper half plane {z; }szl From the deter-

minantal form of a(z), at those points the vectors j(,l)(z, x) and j(f) (z,x) are linearly

dependent
=2 ~ 22 .
j(_l)(zj,a:) :’yjji)(z,x) Vj=1,...,N; (1.1.12)
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with 4; € C constant, which is called norming constant. Since f(l)(z,:c) and ff)(z,x)

decays at zero respectively for x — Foo, the points {zj}j-vzl are the eigenvalues of the
scattering problem.

The Scattering matrix A(z), the points {zj}év:l and the constant {'Nyj}é-v:l are called
scattering data of our problem.
Time evolution of the scattering data

To find how the scattering data evolves with respect the time parameter ¢t we need to
find the factors c(il)(z, t) and cg)(z, t) such that the Jost functions:

c(il)(z,t)f(il)(z,a:), cg)(z,t)ff)(z,x)
solves both the equation (1.1.6) and

—iz2 + L2 2+ Ly
o = Vi = — 2z 2700, 1.1.13
! —2 + Sy iz — LY ( )

Proposition 1.1.3. For z € R, the matriz functions
Jj[(z,:n,75)(—:'_1'22“’3 (1.1.14)

solves both the equations of the Lax pairs .

By applying ((1.1.14)) in the equation ([1.1.13) and the using the relation ((1.1.8)), we arrive
to a Lax-type equation for A(z,t)

OiA(z,t) = iz [A(2,1); 03] . (1.1.15)
From we deduce the following facts:
e the function a(z,t) = a(z) in independent on t;
e the function b(z,t) satisfies b(z, t) = b(z, 0)e?="".

Since a(z,t) = a(z,0) for z € R does not change in time, also its analytic continuation
in the upper half plane does not depend in time. In particular, its zeros {zj}é-v:l are
constants of motion. To find how the norming constant depends on time we need to
consider the equation ([1.2.3|)

(1 ~ (2 .

j(_)(zj,a:,t):'yj(t)ji)(zj,a:,t) Vi=1,...,N
and derive it respect to time. Then, by considering how f(l)(
depends on time, we arrive at the equation

zj,x,t) and ;f) (z,z,t)

~ . 92~
i = 2%

50 7;() = 7;(0)e*",



The Inverse scattering: Riemann-Hilbert problem

Let us define the matrix function

0(z,x,t) . .
ea(z) j(_l)(z,a:,t),efa(z’x’t)jf)(z,:c,t)], Im (2) > 0,
Vist= i(za+22t) 7(2) o ilet=) #(2) —
[e ]+ (Z,x,t),ﬁjﬂ_ (Z,SU,t)], Im(Z) <O,
where
0(z,x,t) = i(zx + 2°t). (1.1.17)

We notice that a(%) is analytic function in the lower half-plane, tends to 1 as z — oo
and vanishes at the complex conjugate of the roots of a(z).

From the properties of the Jost solutions, Y (z,x,t) is analytic in all the complex plane
C except in the real line and at the points {z1,...,2n,21,...,%n} and has to solve a
Riemann-Hilbert problem:

Problem 1.1.4. We are looking for a matriz Y (z, x,t) analytic in C\(RU{z1, ..., 2, Z1, .
such that:

1. Jump condition: for z € R, Y (z,x,t) takes continuous boundary values and
must satisfy the equation

Y(z,2,t) =Y(z,2,t)_V(z,2,t) (1.1.18)

where Y (z,z,t)+ = liIT(l) Y(z +ie,x,t) and V(z,2,t) is
e—

7(z) := LZ) (1.1.19)

~ 2 —20(z,x,t) %( >\
Visat) = 1L+ 17(2)]* e r(z)] 7

e29(z,z,t)7:(z) 1
2. Residues: at z = z; and z =%, Y (2,x,t) has simple poles and satisfies

Res.—.. Y (z,z,t) = lim Y(z,x,1) [c-eQG(EZ,m,t) 0} (1.1.20)
J

Z—zj 0

and

Res.—zY (2, z,t) = lim Y(z,,1) (1.1.21)

Z—rzj

0 _@efQH(Z,z,t)
0 0 ’

where ¢; = 7;/d’(zj) and d/(z) = d,a(z).
3. Symmetry: Y (z,x,t) satisfies the Schwartz symmetry

Y(Z,2,t) = 02Y (z,2,t)00.

4. Normalization: as z — oo, Y(z,z,t) — 1.

- Zn})



From the solution of the RHP given the scattering data, one can reconstruct the
solution of the NLS equation (1.1.5) ¥ (x,t):

Proposition 1.1.5. Given a matriz Y (z,x,t) which solves the Riemann-Hilbert prob-
lem then the function

P(x,t) :=2i im 2(Y(z,x,t))12 (1.1.22)

Z—00

solves the NLS equation .

1.2 The soliton gas limit: from the RHP to the J-problem

We consider the case where the initial datum g (z) gives a purely discrete spectrum, i.e.
7(z) = 0. Under this assumption, the RHP consists just in the residue conditions at
the points {z; }jvzl Our aim is to understand what happen in the case where N — +o0,
so we need a way to rewrite those residue conditions.

We define v, a simple loop oriented anticlockwise that encircles all the poles in C* and
let D,, be the bounded domain with boundary 4. In the lower half plane, we define
~v_ := —7; a simple loop oriented anticlockwise that encircles all the poles in C~ and
let D,_ be the bounded domain with boundary ~v_.

We apply the transformation
Y(z;2,t) = Y(z;2,t)Tn(z; 2, t) (1.2.1)

where
) % gje20(zt)
By for z inside the curve ~y_,

Tn(z;x,t) == 1 0

B Z cje20(za:t) 1 for z inside the curve 74,
Z—Zzj

1 otherwise.

The new matrix Y does not have any poles in C, but it has a jump condition for
z €y Uy

N —26(2 x,t)
1 Z = =X (2)
Yi(zim,t) = Y_(2;3,t) 7=l (1.2.2)
¢ 20(z,,t)
- Z 2—2j X7+( ) 1

Jj=

where x,, are the characteristic function of the curves v4.This new RHP (1.2.2)) has the
same boundary conditions at infinity as the original RHP
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We now consider the limit the limit for N — 4o00. Let & (or Z*) be a simply connected
domain such that 2 C D,, (or 2* C D,_). We assume that the poles z; lies in the
upper half plane and, as N grows, they accumulate uniformly in . Same situation
happen also for their complex conjugate z;. We assume also that the norming constants
cj scales as N ~1 and are interpolated by a smooth function 3(z,%), bounded on 2, as

follows: "
¢ = (2. %)) (1.2.3)

where A is the Area of the domain 2.

Proposition 1.2.1. Let ¢; € C be defined as in 4123 and the points {z]} —, € Z such
that, as N grows, they accumulate uniformly in 9. Then, for z ¢ 2 the series

N

y 9 (1.2.4)
z — Zj

j=1

converges weakly for N — oo to the integral
/ lw,w) v (1.2.5)
2 =
where B(z,Z) is a smooth function bounded in 2.

Proof We rewrite the quantities in and - as

N
B(w,w) duy (w)
Z —zJ_A/ T

Z_
Jj=1 ¢

where up is a discrete measure defined as

N5 1 z=z,
dpn (w :ZW %=1,

otherwise.

/gﬁzziw A/cﬁzqiw (w)7

where p is the measure defined as

and

The points z; of the discrete measure duy(w) are chosen in such a way that for any
¢ C C closed

dun(w) = Ng, Ny =#{z; € Zst. z; € €ND}.
€



Then, by Portmanteau’s Theorem [15], if limsup pun(C) < u(C), with C' a closed set in
N
C, then the measure uy converges weakly to pu. We apply this theorem to our case:

C

‘N ]\(?’_A:'u(%)’

limsup pun(€) =
N

where we denote with € the area of the set ¥ N Z. So the measure uy converges to u,
and also the integrals converge

A/ ﬁwwdm\] NHOO‘A/ wa / ,wai
Cc R—W cC R—W g9 2 —W
|
So, in the limit N — +oo, the RHP ([1.2.2)) becomes
Y- z;x,t =Y zyx,t)J(z;x,t),
Viliat) = V(s ) (1,1 2
Yi(z;2,t) ~14+0 (z_l) , 48 Z — 00
with jump matrix
—29(zzt) 2
i Jf Tt ()
J(zyz,t) = (1.2.7)

e20(z,x,t) d2
R e (2) 1

where §*(z,z) = 5(Z, 2).

As last step we want to cancel the jumps across the paths in v; and y—. We apply the
transformation:

C(z2,t) =Y (22, )T (2, 2) (1.2.8)

where the matrix T, Oo(z, Z) is a smooth complex valued matrix , defined as

e—20(z,z ,t) ’LU D d2w
_ff 7r(z w) :

for z inside the loop v_,

_0 1
Too(z,2) =< [ 1 0 ,
ff e20(%:2:) 8w, ) d?w 1 for z inside the loop 7.,
w(z—w)

| 1 otherwise .

which tends at the identity matrix as z — oo.

The new matrix I' has no jump through the contours v, and v_ but we do not have an
analytic matrix function anymore. Indeed, by applying the 9z operator on (1.2.8)) we

obtain
aEF(zvz) - %(?(Z)Too<zaz)) = ?(Z)a?TOO<Z=E) - F(Z,E)M(Z,?)

9



where we define M(z,Z%) as
M(z,%) := T (2,2)0:To (2, Z). (1.2.9)

Since the anti-holomorphic derivative dz gives a non zero value only on the off-diagonal
terms |1, 05750 (2,%) is given by

- 0 —*(2,2)e” " x g (2)
21o0(2,%) = 5 , 1.2.1
Oz (Z Z) |:B(Z7 2)629(z’x’t))(9(2) 0 ( 0)
which is nil-potent. So the matrix M(z,Zz) (1.2.9)) is simply given by
el = _ 0 —B(z 2)6_29(Z’x’t)><@*(2)]
M(z,Z :TOO1 2,2)051 (2,2 :[ _ ’ .
( ) ( ) ( ) B(z, 2)62€(Z’x’t)x_@(2) 0

We have shown that from the RHP (1.2.6) with a non-standard jump matrix, we have
derived a 0-problem

0:1'(2,2) =1'(2,Z2) M (2, 2)

R B (1.2.11)
['(z,2) = 021'(2,2) 02 [(z) =1+0(z"1) as z — o0.

Since all the Transformations from Y (z,z,t) to I'(z,Z) tends to the identity as z — oo,
we recover the solution of the NLS equation ¢ (x,t) as follows:

Y(x,t) = 2i lim 2(T'(z,z,t))12. (1.2.12)

Z—00

1.2.1 The O-problem

We focus on the study of the d-problem . For particular choices of the function
B and of the domain 2, we can reduce the 0-problem to a standard Riemann-Hilbert
problem (Remark . We start by solving the d-problem by splitting it in the com-
ponents

['(z,%) = [A(2,Z) B(z,7)]

and then the problem ([1.2.11)) becomes a systems of two O-problems:

1

0zA(2,%) = 0
. o forzeo” (1.2.13)
0zB(z,%) = —f*(2,2)e P20 4
aEA_’ 7)) = Z 29(z;z,t)§
_,(Z ?) = b=z for € 9 (1.2.14)
0:B(2,7) = 0

10



with the boundary condition

A~ B] B~ {(1)] as z — 00. (1.2.15)

The equations (1.2.13]) and (1.2.14) are much more easier to solve and already give us
two facts:

e A(z,7) is analytic in C \ 2;
e B(z,%) is analytic in C\ 2*.

So, from the Cauchy-Pompeiu formula, we can rewrite the equations ((1.2.13)) and (1.2.14)
as a system of two integral equations

R 53 =) 20(2;2,t) 3,7
A(2,7) = [1] _// B(w)ﬁ(w,w)e dw2/\ .dw e,
—z i

N * —20(z;z,t) 3.7,
B, [] // w)p ww) dw/\‘dw .

—z 211

(1.2.16)

In general, for z ¢ 2 U 2%, we should have additional analytic terms but in this case,
from the smoothness of the problems, those terms are identically zeroes and the equa-

tions ([1.2.16]) hold also for z ¢ 2 U Z*.

With the proper choice of the domain 2 and the function ((z,Z%), this system can be
solved exactly.

Let us assume now that $(z) is analytic in & simply connected and the boundary of 2
is given by a equation

$(z,%) = 0. (1.2.17)
We also assume that the equation can be solved for Z in terms of z, i.e
z=5(2).
The function S(z) is the so—called Schwarz function [30L/57] of the domain 2.

The Schwarz function admits an analytic extension to a maximal domain 2° C 2. Here
we assume that .2 := 2\ 2° consist of a mother-body, i.e., a collection of smooth arcs.
An example of this is the ellipse where .Z is the segment connecting the foci.

For z ¢ 2 U 2%, the integrands of the equations ([1.2.16|) are analytic, so we can use the
Stokes’ theorem and the Schwarz function of the domain to reduce the area integral to
a contour integral, namely

Aoty = ] - 4 BzS@peeed du
— A * * —2i0(z,2,t) 2.
B(z,x,t) = m +7{ A(w, z,t)S (Z))B; w)e %7 eouo

07+ _ —

11



where the boundary 0% is oriented anticlockwise. Since the integrand is analytic, we
shrink the contour integral to the mother-body %, namely

A 3 i0(z,z,t)
Az, m,t) = [(1)] _éB(w,x,t)AS(w)ﬁ(w)ezo . dﬂ

w— z 211

(1.2.19)

N W09,

w—z 21

R A * * —2i0(z,x,t)
Bz at) = [O] ‘l‘f A(w, z, t) AS* (w)B* (w)e dw

where AS(w) = S_(w) — S4(w), with S4(2) the boundary values of S on the oriented
mother-body .. The orientation of .# is inherited by the orientation of 0%. We can

express the system ((1.4.1) in matrix form

_ —i0(z,z,t) o3 A T 10(z,x,t)o3
T(z,2,0) =1 +/ (Dw, 2,t))—e M(w,z, t)e dw 990
LUL* w—z 211
where T'(z, z,t) coincides with T'(z, z,t) for z outside 2 and Z* and where
Vi 0 AS*(2) B (2)x2+(2)
M(z,z,t) = 1.2.21
0= astpeme 0 220

Using then the Sokhotski-Plemelj formula we can rewrite the above integral equation as
a Riemann-Hilbert problem for a matrix function I'(z, z, t) analytic in C\{.£ U .2} such
that

Ty(z,2,t) =T_(2)e ?&2093(1 4 M(z,2,t))e?@5008 5 c L U2,

- (1.2.22)
D(z,2,t) =1+ 0(z7Y), asz— oo

In Chapter [2, we study the above RHP when when the domain & is an ellipse and the
mother-body .Z is the segment connecting the foci of the ellipse. In this case, we are
able to describe the asymptotic properties of the NLS solution for ¢t = 0 and large x and
for t — oo.

Remark 1.2.2. Under the same assumptions on the function B(z,Z) and the domain

9, the RHP can be obtained from the RHP in this way:

1. we apply the Stokes’ Theorem at the off-diagonal terms of the jump matriz ,
obtaining a contour integral over the boundary 09 (or 02*);

2. since the Schwarz function admits an analytic extension on the domain 2, we can
shrink the contour integral to the mother-body £ ;

3. we apply a transformation

AS* (w)B* (w)e 202 oy
=~ i ]. — ) — ‘X.@* z
F(z7 €L, t) = Y(Za €L, t) AS(w)B(w)eQw(z’x’t) dw fj Wz 2mi ( )
Z w—z omiX7(2) 1

In this way, the matrix T does not have a jump condition in z € vy Uy_ but on the

mother-body £ UL*. The new jump matriz is exactly the one in the RHP .

12



1.3 Fredholm determinant for the soliton gas

Let us take in consideration the RHP with Im(z;) > 0, Vj =1,...,N. The
solution Y (z, x,t) has the form

uj(2,1) 0 —v;(z,t)
}7(27$,t)1+ji1[j( t) 0]+Z[ Zu]zx]tt}

When we apply the residue conditions, the functions u;(x,t),vj(x,t) are determined by
the algebraic systems:

) ot ([ [551)
2] - (] + = [23])

By solving this equations and using the result ((1.1.22), we obtain a formula for the
solution ¥y (x,t) :

and

N
YN (z,t) = —QiZUj(x,t). (1.3.1)

Another way to recover the N-soliton solution from the scattering data is the Kay-Moses
formula [67]

[N (2, 1) > = 02 log(deten (1 + On(z,1)On (1)), (1.3.2)
where Oy (z,t) is an N x N matrix with elements given by the scattering data as:
CiC 69(21 ,2,t)—0(Zg,x,t)
(On (@, b)) o= Y2 . On(z,t)" = On(x, 0). (1.3.3)
i(zj — Zr)

The determinant in ([1.3.2]) actually define a 7-function for the NLS equation:
Tn(z,t) = det(1 + On(x,t)On(z,t)). (1.3.4)

The existence of this determinant was proved by Borghese, Jenkins and Mclaughlin
in [20].

We now state the following theorem:

Theorem 1.3.1. Let {zj} ', € CT be a set of N points such that, as N grows, they ac-

cumulates uniformly on a domain 2 and {c; }j:1 € C some constants defined in .
Then the function Tn(x,t) defined in converges to a Fredholm determinant

7'((L', t) = det(Id L2(QU2*) — IK:), (135)
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where X is an integrable operator in L*(2 U 2*) with kernel K given by
VB(z,2)B* (w, )G 0wml)y 4 (2) x g (w)

zZ—Ww

VB (2,2)B(w, ) DTy g (w) x g (2) .

Z—w

K(z,z,w,w) =

(1.3.6)

Proof

Since the matrix On(z,t) is an Hermitian matrix, we can represent it as the composition
of an operator and its adjoint. We define My : L?(x,4+00) — CV and M}LV :CN —
L%(x,+00) as

+oo

My/[flj = Ve f(s)ds, (1.3.7)
M [ (2 Z\Fe @28 (1.3.8)

then is easy to check that On(x,t)0 = —(My o M;V)[U] In the same way, we define
My : L*(z, +00) — CV and M}LV :CN — L%(z, +00)

Mylflj == - VGe E f(s)ds, (1.3.9)
My [7](z Z\ﬁe (@2 gy (1.3.10)

such that Oy (z,1)7 = —(My o ﬁ;fv)[ﬂ
From the definition of 7y (x) and the permutation symmetry of the determinant we get
v (2,t) = det(1 + On(z,t)On(x, 1)) =
— det(1 + (My o Mhy) o My o Miy))
— det(id;2 (g 100 + (VM 0 My) 0 (Ml 0 Mw))
= det(id2(y,100) + BN 0 Bn),

with two new operators By := (ﬁEVOMN) and By := (Jv[}v oMy)) acting on L?(x, 4+00)
that have the form

+oo . N
Bnl[f] —/ By(z+s)f(s)ds,  By(s) = chee(z;ms,t)

N
E 0(Zk,s,t)

(1.3.11)

14



We now rescale the constants in the same way we saw in section and let N — +oo0.
We state the following lemma. The proof is similar to the one presented in [54].

Lemma 1.3.2. For (z,t) in compact set and N — +o00, the operators By|u] and B [ul,
defined in (1.8.11)), converge to the operators B and B acting on L?(x,+00) and defined

as
+oo . T
B[] ::/m Bz +s)f(s)ds,  B(s) = //@B(w,w)ee(w’s’t)w. (1.3.12)

This means that the r-function 7y(x,t) given by a N x N determinant converges to a
7-function given by the Fredholm determinant of the operator BoB acting on L?(x, +00):

7(z,t) = det(Id 2(; ooy + B o B). (1.3.13)

The final part of the proof of the theorem consists in showing that the above Fredholm
determinant can be written in the form . The operator B can be decomposed as
the composition of two operators £ : L?(2) — L?(x,4+o0) and LT : L?(z, +00) — L*(2)
defined in the following way:

Llf] = //@\/B(w,w)ee(w’x’t)f(w)w, (1.3.14)
LI[f] = = VBw,w)e? W f(s)ds, we D (1.3.15)

T

namely B = £ o LT. We can do the same also for B, decomposing it in two operators
L: L*(2*) — L*(z,+00) and ' L3(z, +00) — L*(2*) defined as:

ZIf = / / VB me e Fluw) TN dw (1.3.16)

27

= [ E @t f(s)ds, w e 9", (1.3.17)

T

Then the 7-function (|1.3.13) becomes
7(x,t) = det(Id 1205 400) + B o B) = det(Id L2(z,400) T (£ 0 L£ho (ZOZT)) =
= det(Id r2(g+) + (ZT 0oL)o(LTol)) =
= det(Id 12(9+*) T Po ?),

where P : L2(2) — L*(2*) and P : L*(9*) — L*(2) are defined as

T[f] — Z//@ \/B*((Z}z)i()l%w)eé(w,x,t)G(Z,x,t)f(w)w7 = @*’ (1.3.18)

21

D _ . \/B(z,f)ﬂ* (’U),@) 0(z,2,t)—0(w,z,t) dw A dw
PIf] = —z/% (w—2) e f(w)T, z€9. (13.19)
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We now define the operator X acting on the space L?(2 U 2*) = L?(2) @ L*(2*) as:

K] = —i(P[flxor (=) + Pl Ixo(2). (1.3.20)

From the properties of the determinant of a direct sum, we can write its Fredholm
determinant as:

det(Id r2(gug) — K) = det(Id £2(gug+) + i(Plulx g+ (2) + Plulx2(2)))

IdL2 9 Z? =
= det 2 (detcz [ w; ) Isz(g*)D = det(Id 2(g=) + P o P). (1.3.21)

We finally need to show that X is an integrable operator. This is achieved by rewrit-

ing (|1.3.20)) X in the form

X1f] Z//_%% ffC(z,E,w,w)f(w)M, (1.3.22)

21

where .’JAC(z,E, w, W) is given by:

: VB(z,2)5* (w, @)’ =00 =000y g (2) x e (w)

K(z,z,w,w) =
zZ—w
Then we introduce vectors p(z,z) and ¢g(w,w) defined as:

>0 ) — —0(z,xz,t)os | ﬂ*(za§)X@* (Z)

p(z,z) =e€ { B nolz) | (1.3.24)
T ﬁ(za E)X@(Z> 0(z,x,t)o3

= " 1.3.2

9= ) (132

which satisfies the following properties:
#(z2) " 4(2,2) =0=(0:p(2,2)" §(2,2) 5,7 €C(Z,Mat(2x 1,C)).  (1.3.26)

Then the kernel K can be written as

zZ—Ww

which coincides with the definition of an integrable operator.
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1.4 Exact solution for the 0-problem: the soliton shielding
phenomenon

In the section we presented a way to solve the O-problem for a generic
domain Z and function (z,z). In this section we choose on 2 and ((z,%) such that
the system can be solved exactly and then find which kind of solution of NLS
they represent. The remarkable emerging feature is that as N — oo, for certain types of
domains and densities, we have a “soliton shielding”, namely, the gas behaves as a finite
number of solitons.

1.4.1 Soliton gas in a disk

Consider the case where our domain 2 is a disk D,(29) with ray p and centred in 2.
In particular, we choose p such that all the disk is in the upper half plane. We assume
that the function §(z,%) is analytic in D,(z0).

We analyze the case when z ¢ D,(z) UD,(20)*.

As we showed in section for (z) analytic we can apply Stokes’ Theorem and the
integral equation ([1.2.16)) becomes

1 3 2i0(z,2,t)
O R T
p 20

0 w— z 211

0 A’( t)S*( )5*( ) —2i0(z,zt) q (1'4'1)

Beny= |+ f  AwndS e o o

L Jop,(z0)* w—z 2mi

where now the Schwartz function is well define
2

= 0. 1.4.2
S(z) pr— + Zo ( )

Choosing z ¢ D,(z9) UD,(20)*, those integrals in are given by the residue at zy. We get
that the problem (|1.4.1)) becomes an algebraic system of four equations

Az, 2) = (1> 4 2 Bl)Bla)eCon

0 —
Al )ﬂz( jo S )
= 0 Z0) " (Zo)e =V \F0i®
B(Z,Z):<1>—p2 : 33%

where the vectors A(%5) and B(zg) are a solution of the same system when A(z)|,—z
and B(2)]y=z-

{ ; (z05x,t)
A(z) = <1> 42 B(20)8(z0)e2? o5t

0 Z0 — 20 (1 4 4)
N 0 A’ =\ 3*(z0 6729(%;%0 o
B(z) = <1> N ()8 250 0_) =
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For z € D,(20) UD,(20)* we integrate directly the 0-problem (1.2.13) and (1.2.14) and

we obtain another algebraic system of the form

—

- 1 B(z 2p)e20(z0:8:1) _ —— 9%0(sa =
A@@:<0+ﬁ ——— +P3@mwﬁ“”+&@ﬂmm@

zZ— 29

(1.4.5)

i U - [ AR + alo)] oy

3 1(%5)5(Zg) e 20F0s:t)
B(z,7) = <0> —pzA(ZO)ﬁ(zzo)e 20(z05,t

where X (z) and X5(2) are analytic functions which are determined by imposing that
the solutions of the systems (1.4.3]) and (|1.4.5) coincides for z € 9D,(zp) U dD,(20)*. So
we have that:

2 B(2)B(z)e?(=at)
—P Z— 20
B (2)e= 0 A(z)
z2—7Z0 '

Xa(2) = —z0f"(2)e PEPDA(2) — p

For z € D,(20) or z € D,y(20)*, the solution of system (1.4.5)) exists if and only if the

vectors A(zg), B(zo) solve the system ([1.4.4)), which is an linear system of 4 equations in
4 variables.

The Solution v (z,t) for the focusing NLS

To find out which kind of soliton gas solution the matrix I'(z, Z) yields, we need only the
explicit expression of B(z,z) in the region z ¢ D,(20) UD,(20)*. By explicitly solving
the system (1.4.4) we find the constants A(zo) and B(zg)

20(29)—20(zg) \ —1 9 o e—20(20) (Z5—20)
A(z) = (1 ~ |B(z0) P (Zo0 zO)QO ) B(20) = pp (ZO)(%fzo)27p4\ﬂ(ZO)|2€29<ZO)72§%)
29 z ) — - _
P7B(20) G (1 - 1B8Go)Pp ™ )
(Z0—20)2—p*|B(20) 220 (20)~20(=0) (20—%0)
(1.4.6)

and by substituting ff(zT)) in the system 1} we obtain the explicit expression for
B(z,%)

* 26(zg) 2 92 D Q% [— 6729(%) _
é@@‘lﬁﬁﬁho L BG)20? | P8 (0 e e = | a0z0)-200e0)
) - Z0—20 .
Z—Z0 —
1 0 (%—20)2—p4|ﬁ(20)|2926(ZO)_26(20) .
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Then we apply the formula ((1.2.12))
Y(x,t) = 2i Zli}rgloz (I'(2,%)) 1y = 2i Zl;m 2(B(z,Z))1

|,3(ZO)|2 4 29 (20)—26(z0) )

(20 — %0)? — p*|B(20)|2e20(z0) ~20(=0)

_ 2Zp25* (70)6—29(%,33,15) < — (ZO - 70)2 _ > ) (147)

(20 — 70)? — p*|B(20) |2e(20)=20(=0)

we rewrite 29 = a + ib and 8*(Z5) = |B(20)|e 2", with a,b € R and ¢ € [o, 7], then we
recover the one soliton solution from ([1.4.7)) through simply algebraic steps, namely

_ QipZB* (2—0)6—29(%@,15) (1 +

2e—2i[(a2 —b?)t+az+y)

Y(z,t) = 2ib ﬁ&me%(m“’f) ] 2b(a+2at)
- 2be*2i[(02’b2)t+w+*’*g]sech(Qb[(x — x0) + 2at]), (1.4.8)
where xg := 2%) log (‘ﬁlgigfo)‘).
1.4.2 Soliton gas for quadrature domain
We now consider a new class of domains
9 = {ze(Cs.t. ‘(z—do)m—dl‘ <,0}, m € N, (1.4.9)

with dg € C* and |d1],p > 0 sufficiently small so that 2 € C*. When m = 1 such
domain coincides with the disk D,(Ag) of radius p > 0 centred at A\g = do + dy. For
m > 1 the domain & has a m—fold symmetry about dy and is simply connected if |d;| < p,
and otherwise it has m connected components [§8].The boundary of Z is described by

1

2 m

We also assume that (z,%) := n(z — do)"B(z), with n € N and 3(z) analytic in 2.

The n-soliton solution

Let us choose n = m. We then substitute w = S(w) and 3(z,%) := n(z —do)"3(z) in the
contour integral (2.1.1)) and use the residue theorem at the n poles given by the solution
{X0,- .-, An—1} of the equation (z —dp)" = dl. Then, for z ¢ 2 U 2%, we get that:

- -]_ ﬂ ) 620()‘j)
A t) = 2
(Z7 CL', ) _O_ Z Hk#] )\k’) z — )\]
(1.4.11)
E(Z . t) B '0' 9 Z _’ 7) 729(¥)
o -1- Hk;éj ()\ - Ak) 7
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where ffj(x, t) = ff()\ij, x,t) and B} (z,t) = E(Aj, x,t), that are given by solving the ((1.4.11))
with E(z,z,t)|zzyj and g(z,x,t)|Z:Aj.

It is easy to notice that, for z ¢ U 2* the matrix I'(z,Z), given by the system ,
is actually equal to a matrix I',(z), analytic in C\ { Ao, ... )\n A0y« s Ap 1} which
solves the residue conditions of the RHP IE with ¢; = p?6(\)/ T, 7&]( M) for
j=0,...,n—1. Since only the analytic part of I'(z,%) contributes to the solutlon of NLS,

Y (z,t) coincides with the n-soliton solution with spectrum {Ag, ..., A1, Aoy s+ -+, An_1, }-

The soliton solution of order n

We consider the case where m =1, i.e. 2 =D,(29), and 3(z,%) := n(z—7)"B(z). Then
the system ({1.4.1)) becomes

Az z,t) = H _ l{m ( )E(w,lr,t)(S(w) _70)”5(@)6%9(@“)@

0 w— z 21

5 A' * _ n 3 —2i0(z,x,t)
B(z,z,t) = m ~I-J(1{ (w,z,)(5"(w) = 20)" 5" (w)e d—w
0D, (20)*

w— z 211

(1.4.12)

Since the function (S(w) — Zp)™ and its complex conjugate have poles of order n in z

and Zg respectively, then the two integrals are given by the residue Theorem

o n—1 3 20(w,x,t)
Az,7) = |:(1):|+ lim - ( (w )f( we >

w—zo dwn— 1 )

(1.4.13)

w—zp dwn 1 (w—2z)

B(z,%) = m i (A(wm*(w)e—%(w,z,w)

If we evaluate (1.4.13)) respectively for zg and Zy and we calculate the derivatives:

dA d"'A,  dB _ d"'B _
5(20)”'"W(ZO)’E(ZO)""’W(ZO)’ (1.4.14)

we obtain a linear system of 4n equations in 4n variables.

Solving this system with the software “Mathematica” and using the formula ((1.2.12))
we obtain a solution of NLS which coincides with the n-degenerate soliton solution, as
shown in Figure

This kind of solutions has been studied by Bilman and Buckingham in [16,(17]. Specifi-
cally, they shown that, for n — 400,its near field structure is described by the Painlevé
III equation. An analogous asymptotically study has been performed for breathers
in [18].
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Figure 1.1: On the left the 2-degenerate soliton with zg = 1 + ¢. In the center the
3-degenerate soliton with zg = ¢. On the right the 3-degenerate soliton with 25 =1 + 4.

1.4.3 Numerical simulations and Random Soliton gas

We present some numerical simulations about the phenomenon of “soliton shielding”.
In particular, we consider the case where the domain is the disk D,(zp), with p = 1/10,
20 =4 and B(z) = 7/p? ,and the points {zj}évzl sampled in three different way:

1. a deterministic sample, where {z; }é\le solves the “Fekete Problem” ||
2. a random sample, where {z; }jvzl follow an uniform distribution,
3. a random sample, where {z; }jvzl are distributed according to the “Ginibre ensem-
ble” [52].
The deterministic soliton gas

In the deterministic case, we choose a set of N points described by the vector w =
(wo, ..., wy—1) that minimizes the energy

N-1
N
Ew)=-2 ) logle—wk|+5§ lw;|?, (1.4.15)
0<j<k<N-1 j=0

(suitably translated /rescaled) over all possible configurations. The points that minimize
the function E(w) are called “Fekete points” and they are the ones who best approximate
the uniform distributions on the unit disk . The point {zj}évzl are obtained by

translating and rescaling the points {w; }jvzl as follows:

zj = p(w; — 20) forj=1,...,7.

We generate various sets of Fekete points for different values of N and then we construct
the solution 1 (z,t) by using a Dressing Method algorithm introduced by Gelash et al.
in . The results are presented in Figure Specifically, we show that the solution
Yy (z,t) is composed by a train of solitons that is pushed to z = —oco as O(log N) and
a limiting soliton centred in x = 0.226 which is stable as N — oo.
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Figure 1.2: On the left, the plot of the gas that approximates the area measure using
N Fekete points for N = 500, 2000, 5000, all centred in a disk of ray 1/10 and center
zo = i (with 8(z) = 7/p?), and the emerging limiting (one-soliton) solution . (z,t)
centred at x = 0.226. On the right, a fit (with a curve of the form ¢ + plog(N)) of the
distance between the peak of the limiting soliton solution ¥ (x,t) and the first peak of
the remaining part of the solution that is going to infinity as N — oo

Random soliton gas with Ginibre and uniform statistics

Let us now introduce randomness in the system by choosing the points z; = p(w;—z0)xc+
with (wp, ..

wy_1) € CVN distributed according to the probability density (Ginibre
ensemble)

1
UN = 767E(w0,...,w1\;_1)d2w0

‘e d2wN_1,
ZN

(1.4.16)
where Zy is the normalizing constant and F(wo,
(i

...,wn—1) is the energy defined in
1.4.15)). In the limit N — oo the random points {wy,

.,wn—1} fill uniformly the unit
disk centered at zero ( see e.g. [52]). For any smooth function i : C — C, let us consider

the random variable X}V := Zj-vzl h (wj). It is known [78] that

1
—E[X
N (Xn] —

2
e h(w)d“w,

(1.4.17)
jwl<1

where E is the expectation with respect to the probability measure py. Actually more is
true [7] [78]: the limit of the random variable X} —E[X}] converges to a normal random
variable N(0, o) centred at zero and with finite variance o= depending on h

From the above arguments it is expected that the jump of the RHP (|1.2.7)), in probability,
satisfies

N-1
A B(2,Z;) / wa 1
P — O(N
;)N z— z; 9 Z—W - (N,



for 2 ¢ 2. Using small norm arguments on the RHP , one may argue that the
random N soliton solution ¥y (x,t, 2g,...,2n—1) converges as N — 0o in probability
to the one-soliton solution o (x,t). Similar arguments can be used also when the
soliton spectrum is sampled according to the uniform distribution on the unit disk.
The complete mathematical proof would require a more elaborated argument, which is
postponed to a subsequent publication. From numerical simulations, the fluctuations of
Yy (x,t, z0,...,2ny—1) around the limiting value ¢ (z,t) are Gaussian with error that
decreases at the rate O(N 1), when the random points {20, ..., 2y_1} are sampled from
the Ginibre ensemble while the rate is O(N~1/2) for the uniform distribution on the disk,

see Figure [I.3]
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Figure 1.3: Left: the Gaussian fitting of the fluctuations of the N = 600 soliton solution
¥ (0,0) with respect to the limiting solution ¥ (0,0) ~ 1.812 and 1000 trials. The point
spectrum is sampled in the disk Dy /1¢(7) according to the Ginibre ensemble (top) and the
uniform distribution (bottom). On the right figure the corresponding Gaussian fitting
for N = 200, 300, 400, 500, 600. The Gaussian distribution is centred at 1), (0,0) and the
error o scales numerically as 0.178/N (Ginibre) and 0.129/N 2 (uniform distribution).
The scaling does not depend on the point = 0, = 0 chosen to make the statistics.
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Chapter 2

Soliton gas on an elliptic domain:
step-like oscillatory data

In this chapter we examine another example of the RHP for the soliton gas ,
where the domain 2 C CT has an elliptic shape and the function 3(z,z) is analytic. For
simplicity, we assume that the foci {E7, E2} of the ellipse on the imaginary axis, with
Im (EQ) > Im (El) > 0.

2.1 The Riemann-Hilbert Problem

We consider the RHP (1.2.6)) defined in a domain 2 with contour given by the equation
of the ellipse

VRe (2)7 + (Im () — Im (E1))? + v/Re ()7 + (Im (=) — Im (B))? = 2.
where p > 0 is chosen sufficiently small such that Z lies in the upper half plane. We

assume also that 3(z,%) is analytic in 2.

As we already saw in section we can apply Stokes’ Theorem for z ¢ & and the
off-diagonal terms of the jump matrices (1.2.7)) becomes

// 29(zxt 2’LU: 6( ) zxt)d,w (211)

09 z—w 27i

and similarly for the integral over 2*. The variable W can be expressed via Schwartz

function S(w)
2

S(w)zQ%(w—iyo ) -z 425 P = 2R(w (2.1.2)

with R(w) := /(w — E1)(w — E2), yo := Im (£1)Hm (E2) (El);rlm (F2) and ¢ ;= m(F2)—Im (E1) (E2);Im (B1),




This Schwartz function is analytic in C away from the segment [E7, Fs|, with left/right
boundary values Sy (w) as w € [Eq, E3]. Then, for z ¢ 2 U 2%, the integral along the
boundary 07 (or 02*) can be deformed to a line integral on the segment [E, Es] (or
[E2, E1]), namely

(w)we?=e dw B(w)S(w)e??=®:b) dw

o9 Z—w Tm N o9 Z—w 277”
[P Bw)AS (w)e? =) dw
B /E1 zZ—w 2mi

where AS(z) := Sy (z) — S_(z). With an abuse of notation, we define the matrix I'(z)
as

B Y(2), z€C\{D,, UD, }
P(z):= { Y(2)T(z), =ze€ DAY,Y+ U DV% (2.1.3)

where T(z) =

o 973 XD (2)

Er
/1 B* (U))AS* (w)e—QG(z;x,t) dw
w —
Es

(2) 1

w 211 XD7+

E>
/,B(w)AS(w)e%(z?x’t) dw
Z —
LFy

where D, is the closure of the sets D,,. The matrix I'(z) does not have a jump on
Y+ U~-. Since T(z) has a jump in [Ey, Eo] U [Eo, E1] it follows that T'(z) is analytic in
C\ {[E1, E2]) U [Es, E1]} with jump conditions

D4 (2) = D (:)T2'Ts = T_(2)e 5007V () 5007, 2 € [By, By] U (B, B
L X(5, 1) (2)A5*(2)57(2) (2.1.4)
—X([E4,E2) (2)AS(2)B(2) 1 ’

and I'(z) = 1+ O(z71), as 2 — co. It is possible to find a similar RHP (without the
term AS*(z)) also while studying the infinite soliton limit when the spectral points are

distributed uniformly along the segments [E7, Ea] U [E2, E1].

The primary challenge of the RHP lies in the presence of highly oscillatory ex-
ponential in the jump matrices, which could cause divergences for x — 400 and/or
t — £oo. The Nonlinear Steepest Descent technique, developed by Deift and Zhou
in 35], offers a method to study the behaviour of the matrix I'(z) and, consequently, the
solution ¥ (x,t) of for large values of the parameters = and/or ¢.
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By

Figure 2.1: On the left the domains 2 and Z*. On the right the jump contours of the

RHP .

2.2 Asymptotics of the initial data ()
We consider the RHP for t = 0. We define r(z) := AS(2)5(z), then the RHP

becomes

1 r*(2)e 28y — — (2)
I' () =T_(z . [E2,En]
+( ) ( ) _r(z)emZIX[El,Eg](z) 1

['(z) =T(2), N(z)=14+0(z"Y

, 2 € [Br, Bo] U [Ea, En|

(2.2.1)

We notice that, for z € [E}, E2|U[Es, E1] the jump matrices has two different behaviours
at © ~ £oo:

1. for x — +o0o the jump matrices tends to the identity 1. Consequentially, the
solution I'(z) tends to the identity exponentially fast as x — 400 and, by using
the relation , the initial datum wp(x) must have the same exponential
behaviour at x ~ +o00:

Po(x) ~ O(e™)
with ¢ > 0.

2. for x — —oo the jump matrices diverges. So we have to use the Nonlinear steepest
descent method to obtain some information about the initial datum g (z) as z ~
—00.

We now focus on the second case. The RHP and the analysis are similar to the one
studied by Girotti, Tamara, Jenkins and McLaughlin in [53] for the KdV case.

We start the nonlinear steepest descent analysis by apply the following transformation

I (2) = F3T(2)e)20s p ()73, (2.2.2)
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where g(z),F(z) are two unknown function, analytic in C\ [F2, Es], and they satisfy the
conditions:

9() = g9(2), F) = (F(2)"", (2.2.3)
g(z) ~0(z7Y), F(z) ~F + 0 (271), as z — 00, (2.2.4)
g(z) ~ |z — Ej\1/2or g(z) ~ |z — Ej\1/2 at the endpoints. (2.2.5)

The matrix '™ (2) has jump conditions not only in [E}, F]U[Es, E1] but also in [Ey, E1]:
V) =TV VO (2, 2,1), (2.2.6)
where
[ eiw(g+—gf)%
7T(z)62izx+ix(g++gf)(FJrFi)X[El’EZ} (2)
,r*(Z)e—Qizx—iCC(g++97)(F+F )_1X[E,E](Z)

e—iz(g+—g-) F=
Fy

€ [E17E2] U [E;E]v

S [E, El]

0 e—iw(g+—9- )?;

[eiw(g+g—) o 0

(2.2.7)

We are looking for two function g(z), F'(z) such that the jump matrices V@ have con-
stant off-diagonal elements in the jump matrices at z € [Ey, E5]U[E», E1] and a constant
jump matrix in the gap z € [E}, Fy]. This results in the condition that g(z), F|(z) solve
the scalar Riemann-Hilbert problems:

—
I

~—
+

g+ g—(2) = =2z for z € [E1, Es] U [Ea, E1], (2.2.8)
9+(2) = g-(2) = Qfor 2 € [Ey, By, B

and
F_(2)Fi(z) =17 1(2) for 2 € [Ey, By,
F_(2)Fy(z) = 1"(2) for z € [Ey, ], (2.2.9)
Fy(z) _ yon
Fi(z) —ePforz e [E1, E]

with © and A constants, and boundary conditions given by (2.2.3)), (2.2.4) and ({2.2.5]).
The problems (2.2.8)) and (2.2.9)) are solved by the functions:

ZCQ_’_K

9(zx) ==+ B, P1(C)

dc (2.2.10)
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(P [P 10ghO) P log 5*(¢)
F() = {5 25 fE P1<<>+<<—z>d“/E2 PO (-2 ™

B A
| moc=a)

where Pi(z) := \/(z — E1)(z — Eo)(z — E1)(2 — F») is a multivalued complex function,
analytic in C \ [F2, E1] U [E1, Fs], and with the constants x, A and Q defined as

(2.2.11)

K = Im (E5)> <Ib;((:?)— ) Q= ”Im((Ej) (2.2.12)
_ilm (E) | (2 log r(C) B2 log r*({)
2= 2K (m) /E PO " RO C] (2:2.13)

and K(m) and E(m) are complete elliptic integral of the first and second type, and

im EElg (0,1 ] is the elliptic moduli.

Substituting (2.2.10)) and (2.2.11}) in the jump matrices we get

iw(g+—g-) _ o
~ 01 c P 7X[(E2’Ej](§:)};~i for z € [El, E2] U [EQ, Eﬂ,
14 )(z,x) = —X[Ey,Eo)(2) e WHTI-) =

X (2.2.14)
! @=Aes for - € [Ey, E1).

As next step, we factorize the jump matrices V(1) (z, z) along the segments [E1, Fo] and
[E1, E2). Indeed, for z € [Ey, Es] we have:

( ) ef2ix(g,+z) 0 1 1 ef2ix(g++z)
V(2 2) = (F0)?r() F7r) || 2.2.15
() 0 1 ] [—1 0} [0 1 ] ( )
while for z € [Ey, 1] we have

N 1 O[To 1 1 0

V(l)(z,l‘) = !(1*:())2 eQiI(g—+Z) 1] |:1 0:| [(I*:J(r))ze2ix(g++z) 1] : (2'2'16)

We analytically extend the first and the third matrices of the factorizations
and in a neighborhood outside the segments [E1, Es] and [E7, Ez]. We denote
with %4 ([E1, E2]) the open set on the left (+) and the right (—) of the segment [E, E9]
as it’s shown in Figure and with %4 ([E1, Es]) their complex conjugate.

Then we introduce a new transformation
0@ (2) = 1M (2)T®) (2, 1), (2.2.17)
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€, a

E;y

Figure 2.2: The lenses %4 ([E1, E2]) and %_([E1, E2)).

where _
| el
PGP ] 2 e U (B B,
0 1
(1 e-Zia(a()+2)
(F(2)*r(z) ] z € U ([Br, Ex),
0 1
T (z,2)={ [ 1 0 o (2.2.18)
Me%m(g(z)—l—z) 1 z € %*([E17E2])a
[ 1 0 -
o (F((Z)g2 e2im(g(z)+z) 1 z € %+([E17 EQD’
|1 otherwise.
The new matrix I'®(z) solves the RHP
@) =P () VO (2, 2), (2.2.19)

with the jump matrices also defined in the boundary of %4 ([E1, Es]) and %4 ([E1, Es)),

which we denote with Ly ([E1, Eq]) and Ly ([E2, Es])

1 e72ia:(g(z)+z)
[ (F(Z)f?"(z) ] z € L_([Er, Ep]) U Ly ([Er, E2)),

VO (z,2) = , . (2.2.20)
[(F(?)f eQi:v(g(z)—i—z) 1] z € L*([Eilv E]) U L*([Eib E])a

r*(z
while in the original jump contours we have

0 1
VO (z,z) = -1 0
ei(xQ—iA)o’g = [E, El]

] z € By, E9] U [Ey, Eo (2.2.21)

The orientations of the contours it’s shown in the figure [2.3

We now analyze how the jump matrices V(z)(z,w), at the boundaries of the lenses,
behaves as x ~ —oo. Specifically, we study the sign of Im (g(z) + z).
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Re (2)

Figure 2.3: Jump contours and jump matrices V(Q)(z, x).

Lemma 2.2.1. The function g(z), defined in (2.2.10) satisfy the following inequalities:

Im (g(z) + z) > 0 for z € (% ([E1, Eq]) U%Z_([E1, E3])) \ {E1, E2}

T o - (2.2.22)
Im (g(2) + 2) < 0 for z € (% ([Ez, E1)) U %_([Ez, E1)) \ {E1, B}

Proof The strategy is to recover the sign of the imaginary part of a function by studying
the imaginary part of it’s derivative. This means that we have to study

2
+ K
() 41=2 8 92.2.23

Let us focus on the case where z € [E1, Es]. We fix an orientation for P;(z). We choose
the one such that P_(0) € Ry

Pi(z)- = |Py(z)]e"™/?

We write z = i\, with A € R, and in the right side of [Fy, Es] we have

22+ kK M+ k
I ! 1)=1 — | = 2.2.24
m () +1) =m (5" ) = - (2224
since k € R_, we rewrite it as
A2 + ||
(4.27) = > 0. (2.2.25)
[P1(z)|
Meanwhile, in the left side of [Fy, Es]
22+ K A+ |5
Im (¢, (2) +1 :Im< >:— < 0. 2.2.26
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We integrate (2.2.23))

2P+ k
B, P1(2)
and it is trivial to see that the integral give us a pure real number for in z € [E, Es].

So, considering also ([2.2.25)) and , we have that
Im (g(Z) + Z) >0 for z € (%+([E1,E2]) U %_([El, EQ])) \ {El, EQ} (2228)

9(z) + 2z = d¢ (2.2.27)

We follow the same ideas also for z € [Es, F1], with the sign of Im (¢/y + 1) that in this
case are swapped

(2.2.29)

and so we get that Im (g(2) + 2) is negative in the lenses (% ([E2, E1))UZ_([Ea, E1))) \
{E1, Es}. |

From Lemma we find out that the jump matrices V@ (z,z), for z € Ly ([Ey, Es))
and z € Ly ([F2, E1]), tends to the identity as * — —oo. Then the RHP (2.2.19)) reduces
to a model problem

X(Z) =X(2), X(z)=1+0(") asz— o0, (2.2.30)
where
0 1 o
Vx(z,z) = [—1 O]Z € [Er, Eo] U [Ey, Ed| 2231

ei(:pﬁfiA)agz e [E7 El}

2.2.1 The solution of the model problem

The model problem ([2.2.30]) was already studied by Bertola and Tovbis in [14], and they
solve it by using special functions living on a Riemann surface. We follow their same
procedure.

We introduce a Riemann surface &7 of genus 1 defined as:
P21 ={(w,2) € C*lw® = P1(2)*}, (2.2.32)

We introduce the homological basis «, § on it; with the S cycle encircling the segment
[E1, E»] counter-clock wise and the « cycle going from E; to Ep in the fist sheet and
coming back in the second sheet. Then we define the Abel map

B [ dC
u(z, z0) 1= K (m) /ZO PiC)’ (2.2.33)
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and the Jacobi Theta Function

O(z,7) = Y iR (2.2.34)
nez

with 7 a modular parameter that, in our case, is given by

. /
T:zK(m)’ m' = +/1—m?2.

2K (m)

This function possesses the following properties:

Proposition 2.2.2. Forl,j € Z, the Jacobi Theta Function (2.2.34)) satisfy the follow-

ing conditions:

1. 9(z + Ir) = 9(z)e Zimel—inl’T

2. ¥(z+j) =9(2);

3. ¥(—z) =9(2).
We now have all the instruments to solve the model problem :
Step 1 We solve the homogeneous RHP

O/ _ (0 0 1 T
X0 = x| g, forzelBLBIVIELBL ) ) 5
X(O)(z) = X(O)(z), X(O)(z) =1+ O(zil) as 7 — oo.

The solution of this RHP is given by:

Oy = L[ (01(2) +61(2)71) =i (d1(2) = du(2) ")
X0 2[1( o e D) (61(z) + () 1)] (2.2.36)

where

()= Ey\
¢1(2) = <(Z Iy oxTP E1)> (2.2.37)

is analytic in C \ [E2, E1] U [E1, Fs], with the jump condition along the branch cuts
P1(2)+ = ig1(z)-.

Step 2 We consider Lhe Abel map (2.2.33)) with zp = oo and we check the jump conditions
along the segment [Fs, Es]:

uy +u_ =0 for z € [Ey, Esl; (2.2.38)
uy —u_ = —7 for z € [Ey, B1]; (2.2.39)
Uy +u_ = —1 for z € [Es, E1]. (2.2.40)
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Step 3 We introduce an ansatz for the RHP ([2.2.30))

x(z) = C[ (1) +ar(x) ) e (2)
2 i (01(2) — ¢1(2)71) pa(z)
—i (¢1(2) — ¢1(2) ) ¥ (2)
(P1(2) + d1(2) ") a(2) |~

then we need to find the functions ¢;(z),1;(2); with j = 1,2; such that they solve the
scalar RHP

(2.2.41)

(i (2)+ = (¥5(2))- 2 € [Ey, Bo] U [By, By
(ps(2)+ = ) () (2.2.42)
((2))+ = T (g (2)) - z € (B, By.

Lemma 2.2.3. The functions p;(z,x),v;(z,x); with j = 1,2; defined as

I(u(z1,001) + B8 D(u(zg, 001) + B2

(,01(2’,33) = 19(’&(21,001))271’ 1/11(Za55) = 19(”(22 001))27r ) (2243)
palznz) = D(u(z1,009) + Z51A) ol ) = D(u(zo, 009) + 515 (2.2.44)

I(u(21,002)) D(u(zg,002))

where Q and A are defined in and ;and z1, 2z indicates the point z

respectively in the first and second sheet of the Riemann surface &1, solves the Riemann-

Hilbert problem .

Proof The lemma is easily proved by using the jump conditions on the Abel map (|2.2.38|)
and the properties of the Proposition [2.2.2] [ |

The constant C' is give by imposing the boundary condition X (z) ~ 1 as z — oo, and
we obtain
9(0)

19( xQQ:riA )

C =

2.2.2 The error parametrix around E,, Es, Ey, Fs

Before analyzing the error parametrix around the endpoint of the segments [Fj, E9]
and [F2, F1], we should examine the behaviour of the function r(z) near those points.
Indeed, Girotti et al. in [54] studied a RHP similar to for mKdV and they
proved that if the function r(z) has a local behaviour near the endpoints Ej, E; of the
form r(z) ~ |z — F;|*1/27(2), with #(2) locally bounded and non-zero , then it is possible
to modify the lens opening factorization so that local parametrix near the points £ and
FE5 are not needed. Specifically, we use the following assumption:
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Assumption 2.2.4. When r(2)|z — E;|*'/? is bounded and non zero on [Ey, Es], we
assume that r(z) admits an analytical continuation analytically outside [Eq, Fs]:

7(z) analytic in Un,— O U, +, 7(2)|2epy, B = 7(2), (2.2.45)
() +7_(2) =0 2 € (B, By + ih) U [Ey — ih, By] (2.2.46)
where %, .. is define as
U+ :={z€ C|Re(z) € (0, h]
and Im (Ey) — \/h? — Re (2)2 < Im(2) < Im (E3) + /h? — Re (2)2} ;o (2.2.47)

with some 0 < h < Im (E1) and where 7%, — is defined by symmetry, U, - = {z| —Z €
%h’+}.

It seems from this assumption that, after we apply the transformation ([2.2.17]), we have
other jumps in the segments [Es, F5 + ih] and [E; —ih, E1], but actually is not true. For
example, for z € [Fy, E2 + ih| we have:

+

~ —1 ~ -1 e—2i(9(2)+=)
(@ ()P (2) = [(1) (= (2) 41 1 <Z>)<F<z>>2] 1, (2.2.48)

while for z € [Fy — ih, E1]| we have

A (2 L) T (R) e Zes)

(@) 1P (z) = ) ]:emm)as. (2.2.49)

0 ef'ifoA

So the lenses detaches from the F; and Fo and fully enclose the the band. This means
that solution of the model problem is an exponentially accurate model uniformly in C.

U+ U

' h

Figure 2.4: On the left the new lenses. On the right the Figure with the new lenses.

In our case we have that r(z) = AS(z)5(z), with 5(z) bounded in the original &
and AS(z) defined in the segment [E;, Fs] with behaviour at the end point of the for
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AS(z) ~ |z — E;|"2. So, we are in the main hypothesis of the assumption and
the model problem X(z,x) is an exponentially accurate approximation of our solution
I (2), ie.

X(z,2)TP(2)™ =14 0(e*), as z — oo, (2.2.50)

with ¢ > 0.

2.2.3 Asymptotic of initial datum for z ~ —cc

We can now enunciate the following theorem:

Theorem 2.2.5. The solution of the Riemann-Hilbert Problem generates a step-
like oscillatory initial datum for the focusing NLS equation wo(x) with the fol-

lowing behaviours at x — Fo0

O(e™) as x — +0o0

do@) =9 oo (00 (s + H5EE)
(Im (Ey) — Im (E))) AL ) (0o

with © and A defined in and s Uoo 1= u(002,001) and ¢ > 0.

Proof If © — 400, then the jump matrices of the RHP (12.2.1)) tends to the identity in
a exponentially, i.e. T'12(z,z) ~ e, with ¢ > 0. From the equation ([1.2.12]) we have
that

+0(e™*) as x — —oc0

(2.2.51)

Yo(x) = O(e™ ).

As we shown in the previews sections, for © — —oo the solution I'®(z) is approxi-
mated by the matrix X (z, ) with an exponentially small error. So the equation (|1.2.12)
becomes:

Yo(x) = 2i le 2la(z) = 2i le 2(FL X (2, 2)e 9208 () 793) 15 4+ O(et?)

= 2 lim 2F' X15(z, 2)e9ETF(2) + O(ete)

Z—00

As z — oo, the behaviours of the functions F'(z), g(z) are given by the conditions (2.2.4)),
while the function Xj9(z,z) has the following expansion

Im (Es) — Im (Ey) 9(0)0(uco + ZL18)

2z 9520 (usc)

Xio(z,2) = +0(272), (2.2.52)

where us = u(00g,001). This implies that the initial datum g(x) has the following
behaviour at x — —o0:

D(0)9(uco + Z512)

()9 uc0)

2

Yo(z) = —i(Im (E2) — Im (E1)) + O(ete). (2.2.53)
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Remark 2.2.6. The equation can be rewritten in terms of “Jacobi delta ampli-
tude function” dn(z). Indeed, by using algebraic relation of the Theta function ,
such as

oo, T) = U3 <;;T> = 94(0; 7), (2.2.54)
where ¥3(z;7) and 94(z;7) are defined as:
V3(z;7) = (2 + Uso, T), (2.2.55)
Va(z;7) =0 (z + Uso + %, T> . (2.2.56)
Then we have that:
o 05(0;7) 03(% + QtrA;T) . 3(0;7)
o(z) = —i(Im (Eq) — Im (E1))93(%;T 92(9;;;7-) = —i(Im (E3) — Im (El))94(0;7_) N
. 94(Q;A;27)2+91(%,27)2
= —i(Im (E2) — Im (El))94(ﬂ2trA;2T)2 91(%;27)2
1+ /msn? (Ksrm) (Q+ A),m)
= —i(Im (EQ) —Im (El)) %
1 — /msn? ( m) (@ + A),m)
= —i(Im (E2) — Im (E7)) nd <K(7T1) (Q+A), m1>

— —i(lm (By) — Tm (EY)) 1 * \/*/g dn (
(

K
= —i(Im (E2) + Im (£;)) dn <(m1) Q+A+m7), m1> )
T
(2.2.57)
where we have used the Landen transformation to simplify the above expression
4 4Im (F2)Im (E
my = —m__ Alm (By)Im (E1) 1+ vm)K(m) = K(m1)  (2.2.58)

(14 v/m)?  (Im (Ey) + Im (Eq))*’

so that

Yo(z) = —i(Im (E2) + Im (E4)) dn ((Im (E2) + Im (E1)) (x — x0) + K(m1), m1),

where

i | [P logr() . [ loar(()
= ¢ — —=__y
" [E RO RO

In the limit m; — 1 or Im (Ey) — Im (E1) we have z¢g — arg(r(ilm (E1))) and

_2Im7EE1)
that 1o (x) tends to the one soliton solution.
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2.3 The zeros of the g-functions and phase transitions

We consider the scenario where the time parameter t > 0. In particular, we perform
the long-time asymptotic (f — +o00) and long-space asymptotic analysis(x — £o00) with
n=uxz/t € R fixed.

By applying the Nonlinear steepest descend analysis, we have to look at other function

g(z,m) analytic in C\ vig, g, U V(g B Y [E4, E1], where v, ., is the oriented contour
from z1 to zo on which Im (g(z,7)) = 0 , and have the following properties:

9(z,n) = g(z,m), (2.3.1)
g(zm) ~2(nz + 2%)0 (271) \as 2 = o0, (2.3.2)
g(z,m) ~ |z — Ej|1/20r g(z,m) ~ |z — E|1/2 at the endpoints. (2.3.3)

The conditions (2.3.1]) and ([2.3.2]) imply that the level set Im (g(z,7)) = 0 has two infinite
branches: the real axis and another branch v, which is asymptotic to the vertical line
Re(z) = —n/2.

For z € vig, g, U Vg Y [E1, E1] the g-function has those jump conditions along the
bands

(2)=2(nz+ 2% for z € v Uvg: 57
(2) (n ) [E1,E2] [E2,E1] (2.3.4)

_(Z) =Qfor z e [El,El],

Q
+
~~
w
N—
|
Q@ «

From solving the RHP ([2.3.4) we get that the g-function is still of genus 1 and has the
following form:

g(zm) =2 / 2 (¢ pm)(C = d(n)(C — d(n)
. \/<< — E1)(¢ — E2)(¢ — E1)(¢ — E2)

d¢, (2.3.5)

with pu(n) € R and d(n) € C*. Fixing  and applying the conditions (2.3.1)) and (2.3.2))
to the new g—function, the critical points (), d(n) satisfy the system of equations

fu+ 2Re (d) = _g
2Re (d)ji + Re (d)? + Im ()2 — P : I (E»)2

p(Re (d)” + I (d)°) = 1 (E2)*(1 - Q(m)

(2.3.6)

where Q(m) := E(m)/K(m) and 0 < m < 1 is the elliptic moduli. The existence of
the bands vig, g, and Clyoson is guaranteed since they are trajectories of the quadratic

differential (¢’(z,n))?dz?. Indeed, the local and global behaviour of the quadratic tra-
jectories depends on the nature of the zeros and the poles of (¢/(z))? and they obey the
following rules [64,[85]:

38



e at a simple pole emerges exactly one critical trajectory;

e at a zero of multiplicity k emerges k + 2 critical trajectories spacing under equal

angles (,ng) ;

e at a pole of order k > 2 there are k — 2 asymptotic directions spacing under equal
angle % in a neighborhood % such that each trajectory entering % stays in %

and tends to the pole in one of the critical directions;

e at a double pole the local behaviour of the trajectories depends on the real and
imaginary part of the residue. There are three possible behaviours:

— radial;
— circular;
— log-spiral.

In our case, (¢'(2))? has four simple poles Ey, F2, E1, E> and three double zeroes u(n),
d(n),d(n). From the properties of the g-function and , the points that
are inside the critical trajectories Im (g(z)) = 0 are Ey, Eo, E1, Eo and pu(n) Vn e R_.
Since every critical trajectory should end either on a pole or on a zero [85], then we
have four different critical trajectories: two given by the infinite branches that intersect
at u(n), one short trajectory vig, g, which start at £y and ends at Ey and its complex
conjugate.

Changing the parameters n and m along their domains, the points p(n), d(n) will move
along the complex plane, changing also the trajectories in the level set Im(g) = 0.
Indeed, for some values of the 1 and m, the points d(n),d(n) can merge in the real
axis or touch the branch v.. In those specific situations, the branches of the leves
sets Im (g(z,m)) = 0 intersect into each other and cause a change in the nature of the
points p(n),d(n),d(n). This means that the system , and consequentially the
g-function , is not well defined for some values of  and m.

According how the level set Im (g(z,7n)) = 0 changes varying n and m, also the jumps of
the model problem (2.2.30]) change.

This implies that the solution ¢ (x,t) of the NLS eq , once we fix the elliptic
domain &, could have different asymptotic behaviour in different sectors of (z,t)-plane.
The aim of this section is to look for the values of n and/or m such that we have this
change of configurations, also called phase transitions.

We consider the imaginary part of d(n). From the system ({2.3.6)), we get that

0 — 6(Im (B)? + Im (E)?) — (W (n, By, B»))5

m (d) = WAV (. Bv, Ba)

, (2.3.7)
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with
W (n, By, B) := n[54Im (E2)?Q(m) + 9(Im (Ey)? — 5Im (E2)?) — n?]
+ ( [6(Im (E2)2 + Im (E1)2) — 172]3 (2.3.8)
2l = 9(Tm (By)? + Tm (E2)2(6Q(m) — 5))J ) .

We are looking for a configuration where we can have a double (or a triple) real zero of
the function ¢'(2), i.e. d(n) € R and/or pu(n) = d(n). Indeed, setting Im (d) = 0 we find
the equation

Njw

W(n, By, Ey) = [n* — 6(Im (E1)? + Im (E3)?)] (2.3.9)

Fixing m, we find that one solution of (2.3.9) is given by 7.(m) := —Im (Ez)/6(m + 1)
but, as n — 7., the function W (n, E1, E2) has two values:

W, (ne, E1, E) =0 (2.3.10)
W_(ne, E1, E2) = 6n.(m)Im (E2)? (18Q(m) +m — 17). (2.3.11)
The value of W is determined by the sign of the function
Q(m) :=18Q(m) +m — 17. (2.3.12)
From implicit methods, we find out that Q(m) has a zero in m. ~ 0.12274 and has signs:
Q(m) >0 when m < m, and n =1,

Q(m) <0 when m > m. and n =17,

So, for m < m, we take Wy (n., F1, E2) = 0, while for m > m. we take W_(FE1, E»).

For Wy we are in the case where Im (d) = 0 V m. Indeed:

P = 6(0m () 4 Im (Bo)) )
43(Wy(n, Er, E2))s

0
=0 by using d’Hopital rule

~ lim 20(Wy (n, By, B))5 _
n=e 4\/§W—,i-(777 ElaEQ)

lim Im (d) = lim (

n—"Nc n—"Nc

W (n, E1’E2))?1’>

since W (1., E1, E2) # 0.

From ([2.3.11f), we notice that W_(E1, F3) has a zero in m.. Then the point (1., m.) is
a critical point for the system (2.3.6)), now we need to understand what configuration of
the points u, d, d it represents.
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Let us consider Re (d) and pu:

2 6(Im (Ep)? +Im (E)?)  (W(n, By, E))3
6 12(W(n, E1, E2))3 12
2 6(Im (E1)? + Im (Bs)? E1, Fy))3
6 6(W (1, Ex, E2))3 6
If we impose Re (d) = u(n) we obtain an equation similar to ([2.3.9)):
W (n, Br, By) = [—1* + 6(Im (E1)? + Im (E)?)] 2. (2.3.15)

Both (2.3.9) and (2.3.15)) are satisfied at the point (7., m.). This means that g(z) has
one critical point of degree 3, i.e. d(n., me) = d(ne.me) = p.

Let us fix the parameter m in one of the cases m > m. or m < m, and analyze
the problem for . For m > m,, the g-function has still three distinct critical points
w(n),d(n),d(n) as n — 7., but we can have a phase transition when the trajectories
in Im (g) = 0 intersect each other, i.e the points d and d touch respectively the curves
VB, E,] and Clyoson of the level set Im (g) = 0. This happen at n = n*, with n* given by
the condition:

Im (g(d(n"))) = 0. (2.3.16)

Then, for n* < n < 0, Im (g(d(n*))) # 0 with the point d and d who pass trough the
bands vg, g, and V(B B Due to the local nature of the trajectories of (¢'(z,n))%dz?

near d(n) and d(n), they split the trajectories v(g, g,), V(g By in the three different ones:

e one critical trajectory in the upper half plane, starting at Ey and following asymp-
totically the infinite branch Re z = —n/2;

e one critical trajectory in the lower half plane, starting at E and following asymp-
totically the infinite branch Re z = —n/2;

e one short trajectory from E; to Ey, which pass trough the point su.

So the bands vig, g,) and Clroson does not exist anymore and the g-function is not well
defined. We need to define a new g-function which satisfies two additional properties:

1. ¢'(2) has five zeroes: di,ds,dq,ds of degree 1/2 and p € R of degree 1;

2. Im(g(dj,n)) = 0,Im (g(d;,n)) = 0 with j = 1,2.

In this way, the existence of a short trajectory connecting the point £; with Ey and its
complex conjugate is guaranteed.

As m — m,, we reach the point (1., m.); where u, d, d collapse in one point. In this case,
we still have the phase transition described before but with a critical behaviour along
the characteristic @ = n.(m.)t. We study the case when m < m.
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p:,}
Ry

(a) o <n<n*

(c)m*<n<0
Figure 2.5: The level set Im (g) = 0 for m > m,.
We fix m < m,, we solve for n. We define c(m) := Im (E32)%[54Q(m) + 9(m — 1)],
then we rewrite the equation as
(ne(m)? = %) + 1 (c(m) — n*)* = 0. (2.3.17)
By expanding the two monomials, we obtain a fourth degree equation in 7
0t (3ne(m)? = 2¢(m)) = n*(Bne(m)* — e(m)?) +ne(m)* = 0, (2.3.18)

which it is solved by 7 (m)

N 3770( :I:\/
nx(m) = — ( (3%( ) _26( ) ) (2.3.19)

where A(m) is the discriminant of (2.3.18)), with A(m) > 0 for m < me.

Remark 2.3.1. For m = me, c¢(m¢) = ne(me)? and A(me) = 0, so we have only one
solution of which is exactly n.(m.).

For n = ny, Im (d) = 0 and Re (d) < p, so the g-function has two real critical points, one

simple and one double. For n; < n < n_, the function W (n, E1, E3) defined in ([2.3.8)
has values in the complex plane, which implies that the function 1) also have values
in the complex plane. This means that now the points u,d and d are real and the

g-function (2.3.5)) becomes

_2/ (€ = p) (€ — p2)(C — p3)
Es \/ z— E1)(z — E3)(z — Eq)(2 — E2)

de, (2.3.20)

where 1, 2, u3 € R are solution of the system

H1+ p2 + ps = —g;
Im (E1)2 +Im (E2)2 )
2 Y

pupiaps = — 3 Tm (2)*(1 = Q(m).

(1 + p2)ps + pape = (2.3.21)
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In this case, our g-function is analytic in C\ Vg ) Y Ve B where Vg, ) Y Ve B
are the oriented contours on which Im (g(z)) = 0. Their existence is guaranteed by since
they are trajectories of the quadratic differential (¢'(z))2dz2.

For n = n_ the bands (k. ) and ve, intersect at the point po = ps and for n > 7_
the function W (n, F1, E2) € R, which implies that our g-function has still three zeroes,
but only one (u1) is real while the other two are complex (with ps = 713). Due to the
local behaviour of the trajectories of (¢/(z))?dz? near the zeroes i1, 12 and p3 and since
u1 < Re(pg), the short trajectory Uik, ) is splitted in two trajectory , one starting
at F9 and following asymptotically the line Re (z) = —n/2 and it’s complex conjugate.
This implies that both the g-functions and are not well define.

We need to define another g-function, still analytic in C\ Uik, Fa] Y Ve B such that it
satisfy the hypotesis (2.3.1)),(2.3.2)),(2.3.3]) and the following conditions:

1. ¢ (zl has 4 zeroes, p1, u2 € R of degree 1 and a pair of complex conjugate points
dy,d; of degree 1/2.

2. Tm (g(dy)) = 0 and Im (g(dy)) = 0.
In this way, the existence of the short trajectory oo is guaranteed.

Another phase transition emerges when the points @1 and uo collide in one real point pu.
In this case the existence of the short trajecyory Gl is not guaranteed and we need to
define a new g-function, which satisfies the conditions (2.3.1),(2-3.2),(2.3.3) and (1),(2).
We call 7, the value of n where p(n.) = p2(ns).

Figure 2.6: The level set Im (¢g) = 0 for m < m, at n varing from n = ny(m) (left) to
1 = 1.(m) (right)

In the next chapters, we will focus on the study of the long-time behaviour of the NLS
solution v (x,t) for the various cases we have shown before. Specifically, in chapter
we will study the case when m > m,, while in chapter 4| we will treat the case when
m < me, studying the sectors of the (x,t)-plane ny <n <n_ and n— < n < n,.
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Chapter 3

Elliptic domain with m > m.: the
Genus 1 and Genus 3 sectors

In this chapter, we examine the case where the elliptic parameter m is greater then m..
As we already shown in section the level set Im (g) = 0 has one phase transitions
for —oo < 1 < 0, where the g-function increases his genus from one (for —oco < 7 < n*)
to three (for n* < n < 0). This implies that in this two sectors of the (x,t)-plane we
have two different RHP. Consequently, the solution ¥ (x,t) has two different behaviours
in those sectors as t ~ +00. In the next sections we will study the long-time asymptotic
of the original RHP and we will prove the following theorem:

Theorem 3.0.1. Let 9 C C* be an elliptic domain with foci E1,Ey. Suppose r :
[E1, B3] — C is an analytic and bounded function that vanishes at the foci as r(Ej) ~
(z — Ej)l/2 for 5 = 1,2. Suppose also that Ey1, Ey € iRy, with Im (E;) < Im (E2), and

2
the parameter m = E (%;2 > me, with me solution of the equation Q(m) = 0, where

Q(m) is define in (2.5.19). Then the large-time asymptotic of the soliton gas solution
of NLS, recovered from the solution of the RHP , with spectrum in the domain 9

has the following form, according to the values of n. = %:

o for —oo < n < n*, with n* a critical parameter depending on Im (E7) and Im (Es)

P(x,t) = i(Im (Eq) + Im (Ey)) x
x dn((Im (E1) + Im (E2))(z — zo(n)) + K (m1),m1) + O(e™); (3.0.1)

where ¢ > 0, dn(z) is the Jacobi delta amplitude, xq is determine by r(z) and

—JTTm __Avm
K(mp) :==vV1—mK(m) my:= (EVIEs (3.0.2)
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o forn*<n<O0

Y(x,t) = i(Im (Ey) — Im (E1) + Im (d2(n)) — Im (d1(n))) x
@(0)@(,{1’00 _ ﬁ(n)t;rﬁ(n))
X s

@(Q(ﬁ);ﬁ(ﬁ) )O (i)

+ 0@t 1Y), (3.0.3)

where Q(n), A(n) are 8-dimensional real vectorswith components defined in
and , Uso 1S the Abel map valued at z = oo and dy and dy are

points in CT.

o forn > 0 the solution decays exponentially
(@, t) ~ O(e™)

with ¢ > 0.

3.1 The Genus 1 sector

From the original RHP (2.1.4)), we gather the time variable ¢ from the argument of the
exponential and we get

[(z)y =T(2)=

! —7‘*(2>e_m(z’")><[Ez,m] (3.1.1)

T(z)egité(zm)X[El,Eg] 1

where 1 = ¥ and 0(z,m) == 22+ nz.

A~

We study the sign of Im (6(z,7)) to understand in which sectors of the (z,t)-plane the
jump matrices in (3.1.1)) has an exponential growing behaviour:

Im (6(z,1)) =Im (2)(n+2Re(2)) =0 = {z€C|Im(z) =0} U {Z € C|Re(z) = 0
(3.1.2)

Then Im(A) > 0 for {z € C | Im(2) > 0, Re(2) > —%} and {z € C | Im(z) <
0, Re(z) < —%}, while Im (f) < 0 for {z € C | Im(z) > 0, Re(z) < —2} and
{z€C|Im(2) <0, Re(z) > —2}. The distributions of the signs its shown in Figure
This implies that, for n > 0, the jump matrices in tends to the identity matrix
as t — 400, and the solution 1 (z,t) decays exponentially at t — +oo. While for n < 0,
jump has an exponential growing behavior as t tends to infinity. To proceed with the

analysis of this scenario we need to apply the Nonlinear Steepest Descent technique.

We consider the sector —oo < 1 < n*. As we anticipated in section we define a
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Imé(z, 1) > 0

Imé(z,n) > 0

Figure 3.1: The sign of Im (6(z))

g-function g(z,n), analytic in C \ vig, g, U Vg, B> Which satisfy the RHP

9(z,m)+ +9(z,m)- =0 for vg, g, U o ont

9(z.m)+ — g(z,n)- = 2g(Er) = Q(n) for [Ex, Eu; (3.1.3)
g (zm) = g(z,m);  g(zm) = 0(z,m) + O(=7") as z — oo; (3.1.4)
g(z.m) ~ |z = B2, or g(z,n) ~ |z — Ej|'/? at the endpoints; (3.1.5)

where (1) € R. The solution of the RHP (3.1.3) is given by the g-function (2.3.5) and
the constant (n) is defined as

Q) == ——2n. (3.1.6)

We now describe the application of the Nonlinear Steepest Descent step by step.
Step 1 we move the jump contours from the segments [E1, Eo] U[Es, E1] to the level set
Im (g) = 0 connecting the endpoints. We denote this level sets as VB, B, and Cloonk

We define with 31 and ¥ as the regions enclosed by the loop vg, g, U [Eo, E1] and its
complex conjugate respectively. Subsequently, we apply the transformation

rW(z) = T(2)GW (2,1, t) (3.1.7)
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where
77“(2)621‘7&9(,2,77) 0

G(U(z,n,t) = [1 r*(z)e%té(z,n)

1 0
[ ]forzeZl

(3.1.8)

for z € X5
0 1

1 otherwise

In this way, the new jump contours are the one showed in Figure

E1

Figure 3.2: On the left: the sign distribution of Im (g). On the right: jump contour of
the matrix T (2).

Step 2 we absorb the exponent 2ié(z, n) by applying the transformation

@ (z) = 1M (z)etlalzm =0 m)os (3.1.9)
where g(z,n) is the g-function (2.3.5). Then the RHP (3.1.1)) becomes:
eit(ng*g*) fr*(z)efit(g++g*)x o
@) —T@(s)_ A A V(B2 ) 3.1.10
(Z)-‘r (Z) _T(Z)eZt(ng—i_gi)X’U[El,EQ] e~ it(g+—g-) ( )

r@(z) =1+0(:z"") as z = .

From the jump conditions (3.1.3)) of the g-function, the RHP (3.1.10) becomes:
), =T@ ) _v@(z,n,t) (3.1.11)
@) =1+0(z"") as z — o0,
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where V() (z,n,t) is given by
( [eit(g+—9-) 0
[ —r(2) eit(9+g—)] for 2 € v, By);

VO (2 t) = [eMorm9) () (3.1.12)
0 e—itlar—go)| T2 EVE

5 for » € [E1, Er.

Step 3 we absorb the function r(z) inside the matrix I'®)(z) trough the transformation

TG (2) = Fuo ()3T (2)F(2,7). (3.1.13)
The jump matrices of the RHP (3.1.11)) transforms as
eitlg+—9-) 0
[—F+F_r(z) e—it(9+—g)} for 2z € vip, By,
—o37/(2) o3 _ eftlo+9-) 17:(;)
F_ (2:7 77) 14 (Za UB t)F-f— (27 77) - 0 e,it(—g_‘_:g_) for z € U[Ei%Eil]v

ith’:g & 78 T
e i3 for z € [El,El].

We are looking for a function F'(z), analytic in C\ vig, g, U V(g Fr Y [Eh, E1], which
satisfy the scalar RHP

Fi(2)F_(z) = (7“(,2’))*1 for 2 € vig, B,

Fi(2)F_(z) = r"(2) for z € vg; 75 (3.1.14)
Fi(2) i = 1.

F_(Z) =¢e" for z € [El,El],

F*(2) = (F(2)™Y  F(2)=Fe +0(z"h). (3.1.15)

The RHP (|3.1.14)) is solved by

P (z log(r log(r*
Flam) = eXp{ o ‘/U[EI,M S /U[E%Eﬂ RS
a7 dC} } (3.1.16)
5 ((—2)Pi(C)
and A is defined in (2.2.13).
So, the new matrix T'®)(z, 7, t) satisfy a new RHP, with jump condition
Ff)(z) =17® (2)V3) (z,n,1), (3.1.17)
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where

( [ Et qit(gr—g-) 0
e
[ ~1 §e—it<g+—g>] for 2 € vim,
+
V(3)(Z,77,t) - %eit(_%—sh) ; o (3.1.18)
0 %efit(w*g—) of 2 = VB, Byl
MQ+A)os g0 € [E1, E1]

and same boundary conditions at infinity of (3.1.11]).
Step 4 we proceed to factorize the jump matrices V' (3) (z,t,m) and open the lenses around

the jump contours. Notably,since the matrices V(3)(z, t,n) are upper or lower triangular
n vig, g, U V(g5 Ey]» We can express the factorization as:

1 2 1o 1)1 252
VO (z,n,t) = [O (R)fr(z)“ . 0] [O <F+>12r<z>] for z € vig, m; (3.1.19)

V@) B 1 0 0 1 1 0 ¢ Lo
(27777t) - (rf:z;)z eQitg_ 1 1 0 (7”}:_,'_’32 eQith,- 1 or z € U[E,E} (3 . 0)

From the boundness of the function F'(z) and r(z) in a neighbourhood of the jump con-
tours, we analytically extend the first and the third matrices of the factorizations (3.1.19)

and (3.1.20).

We denote with %4 (v) the left (+) or the right (—) lens of v and with Ly (v) the
boundary of %4 (v) without the curve v , as it is displayed in the figure

Eo
va a
Eq
Figure 3.3: The lenses %, (v|g, g,]) and %—(v(g, g,))-

Then we apply the following transformation:

W (2) =T (2)GW (2, n,t) (3.1.21)
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where

e—2itg(z,m)

(1) (F(z,nl))Qr(z)] for z € % (U[El,Eﬂ)a

1 672itg(z,n)

0 B (F(Z,{]))QT(Z)] for z € 62/+(U[E17E2]),

GW(z,m,t) =14 ¢ 1 0 (3.1.22)
_%621'1@(2777) 1] for z € U_ <U[E,E]>v
- ) .
— Bzl gitg(em) for 2 € % (vig; B7)

and G (z) = 1 otherwise. In this way, we enlarge the jump contours by opening lenses
around our jump contours v|g, g, U VB, By 3 it si displayed in Figure and the

RHP (3.1.17) becomes

T (z) = T (2)V W (z,n, 1), (3.1.23)

with V) (z,n,t) define also in the curves Li(viE, ) Li(v[E—2 E—l]):

e—2itg(z,m)
V(4) (2777’ t) = [(1) (F(z,nl))zr(z)] for z € L+(U[E1,E2]) UL_ (U[E1,E2})’ (3124)
@) 1 0
V (27 7, t) = (F(Zm))ze%tg(z,n) 1 for z € L+(U[E727E71]) U LJF(U[E,ETQ’ (3125)
r*(2)
while in the other jump contours it takes values:
VW (z,n,t) = O Mgz ew U U 7 (3.1.26)
» 1 - -1 0 [El,Eg] [EQ,Eﬂv -4
VO (2, 1) = N for 5 € B, By). (3.1.27)

Looking at the distribution of the sign of Im (g) around the jump contours and at the

results (3.1.24)) and (3.1.25]), we have that V(4)(z, n,t) tends to the identity matrix 1 as

t — +oo around the lenses.

3.1.1 The Model problem for the Genus 1 case

After removing the jumps which goes to the identity as ¢ — +oo, the RHP (3.1.23])
results in the following model problem

X+(Zv777t) = X*(Zvnat)VX(Zﬂ%t) for z € U[E1,Es) U U[E7E] U [ElaEl]’ (3128)
X(Z) = 02X (2)o2, X(2)=1+0(z71) as z — oo,
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with Vx(z,n,t) which is given by

0 1
10 for z € V[Ey,Es] Y Clyonk

Vx(z,m,t) = (3.1.29)

it N5 for ¢ [E1, E1).

This model problem is equal to the one that we solved in section with the same
homological basis; as we can see in Figure (3.5). Then the solution is the same

w(m;A (21) + 585 ) 1(z0m.)

P (asl( )~ i) 2z, )
Qﬂ(m;a <¢1() 1 )%(2777715)
s (412 >+¢1 )wz<z mo)

X(z,m,t) =

(3.1.30)

where ¢1(2),%;(z,1,t),0;(2,n,t); with j = 1,2; are defined in Lemma [2.2.3

3.1.2 Error Parametrix and long-time behaviour of v (z,t)

For the same reason explained in section the parametrix at the end points Ej,ﬁj,
with 7 = 1,2, of this problem are exponentially neat to the identity, which means that
for t = 400 the error function goes like

&g, (z,t) = X (2,0, 6) (0 (z,,1) 7 = 1+ 0(e™)

with ¢ > 0 and uniformly in z.

This means that the long-time asymptotic behavior of the NLS solution v (z,t) is the
same of the initial datum g (z) (2.2.53).

3.2 The Genus 3 sector

We consider the sector n* < n < 0. As we shown in section at 1 = n* the critical
points d(n*),d(n*) hit the bands vz, g, and VUig; By respectively. For 1 > n* we need

to define a new g-function, still analytic in C\ vz, g, U Va5 Y VEL B which satisfy
the conditions (3.1.4)), and (2)), and solve the scalar RHP:

g+ +9-=0 for 2 € vy UV mi)d
g+ +9- =) for 2 € Vg, 4, Y VG5 5 (3.2.1)
9+ = 9- =) +Qa(n)  for z € vja, ).z (m)] Y Vigziy,ar )

g+ — 9- =) + Qa(n) + Q3(n)  for z € vgms 4 (s
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where Q1(n), Q2(n), Q23(n) are defined as
Q1 (n) := g4+(di(n)) + g+(di(n)),

Qa(n) := 29+ (d2(n)) — (), (3.2.2)
Q3(n) :== g+(E1) + g-(E1) — Qa(n)

The solution of the RHP is the following;:

z — —d —d g g
g(z,n):2/E ¢ M(n))\/K )¢ = d2m) (€ = )¢ = da()

— = ¢ (3.2.3)
JC=B)(C - B)(C~ B¢ - By)

with u(n) € R.

The parameters (), Re (d;j(n)),Im (d;(n)), with j = 1,2, are still given by the condi-
tions (3.1.4]) and (2); which they translate in the system of equations for n fix

2u(n) = —n — 2(Re (d1) + Re (d2));
Im (d1(1))? + Im (d2(n))”
+ 2Re (d1(n))Re (da(n)) = Im (F1)? 4 Tm (Ep)?; (3.2.4)

/ dg—/ dg—/ dg = 0.
do dy

We can now proceed with the Nonlinear Steepest Descend analysis. First of all, we move
the jump contours from the segments [E1, F2| and its complex conjugate to the level sets
of Im (g) = 0, which is display in Figure We apply the transformation , but in
this case the sets X; and X are encircled by the 10op vz, 4, ()] YV 4, (n).d2(m)]) Y V[da (1), 2] Y
[E2, E1] and its complex conjugate respectively.

The next step is to apply the transformation , where now the g-function given by
the formula .

The matrix T®)(2) must solve the RHP

r?(z) =@ v (z,n,1), (3.2.5)
r@(z) = 05T (2)oy, TP(2) =140z as z — 00, (3.2.6)



where

[eit(g+—9-) 0
—T‘(Z) e_it(9+_g):| for 2 € U[dz(n),Ezb
[eit(g+—9-) *(2)
0 e—itm—g)] for z € v, )
ettlg+—9-) 0
—r(z)eft eit(g+g_):| for z € vig, a4, ()
V@ (2, 1) = { [eMo:792) p*(2)e=ih (3.2.7)
0 omitlar—g-) | T2 € Va e ),
it (1+Q2) 0
—r(z)eit(++9-) e—it(91+ﬂ2)} for 2 € Vya, () a2 ()
-eit(Ql+Q2) r*(z)e_it(ng""g*)
0 et +02) ] for 2 € Vg, ) )
it (2 +022+0)

7 for 2 € VEEy 4 ()

We apply the transformation (3.1.13]), where the function F'(z,7) solve the scalar RHP

- eiAl
FyF_ = (r(z))"" for z €vpg,uym; FiF- = (2) for z € Vg, i, ()3
F F_=1*z) forz € Vmm); F F_ = —upr (z) forze Vi dm
Fyoia+a _
E —e (A1+A2) for z € U[d1(77);d2(7])] U U[mdﬂn)};
Foo  iai+a0+As)
T =€ TR or 2 € Vg 4 (] (3.2.8)

with boundary condition given by (|3.1.15)).
This RHP is solved by:

F(z,m) = exp { Ps(z)

21

B log(r(¢)) log(r(¢))
/ I (e [T | v 2B
—log(r(z)) + il log *(2)) +iAq
! /[E1 di] dc / dc

(¢ = 2)(P3(0))+ e (&2 (Bs(0))+
" /v[dl,d2] (C - Z)P?)(C) dC " /U[dg,dl] (C - Z)Pg(() dC
i(Ar + Ag + Ag)
i /U[dlydﬂ €= 2)P5(0) dC] } (3.2.9)

where

Py(2) = \/(C — E1)(C = E2)(¢ — E1)(¢ = E2)(¢ — di(m)(C = da(n))(C — di(m))(¢ — da(n))
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is a multivalued complex function, analytic in C\viq, () £,] UV [E1:d; (n)] UU[E—1 Ll Vi)
and A1, Ag, Ag are determined by the system of equations:

() Jlo5(r(0))
LMWC<&m>“+A%MC< 0
r

I (—log(r(2)) +iAy) G log(r*(2)) + iA1)
' /[El o SR o /dE] (P3(€)+ d

ZCJ (Al —|— AQ ZCJ Al + Ag)
S R0 R

d¢ = 0 with j =0,1,2. (3.2.10)

ZC](Al + Az + A3)
+/ Ps(Q)

Yldy,dy)
Then we have that T'®)(z) has new jump conditions
I (2) =P () V@ (2, 1), (3.2.11)

where V3(z,1,t) = FZ%(z,n)V 3 (z,1,t)F{*(2,1). With F(z,7) given by (3.2.9), the
jump matrices V) (z,n,t) have the following form:

[Fy it(g:—g-) 0 7
- f
1 Egmitlgr—g-) | 7 € Vlda (), E2)»
L + J
'%eit(%—gi) 1 i .
0 I emitlgr—9-) OF 2 € VG, i)
L + J
_%eit(zﬂ—gf) 0 |
it +AT) ?;efit(g_‘_fg_) for 2 € vig, d, ()
L + .
VO (zn,t) = [Lrgitlgs—g-)  _emilth+A1) ]
T F_ gmitlgr—g-) | 10 % € VG mp
L + d
i ei[t(91+92)+A1+A2] 0

_r(2)F} F_eit(os+9-) ei[tmlmz)wlwz]] for 2 € vjay (), 4z ()]

_ei[t(ﬂ1+Q2)+A1+Az] r* (Z) (F+F_)flefit(g++g_)
0 i) +a+a0) | fOT 2 € Vg Es T,

_[ t(Q1+Q24+03)+A1+A2+Aslo
\ 1 2 3 1 2 BBfOI'ZGU[()dl()}
(3.2.12)

We proceed with the factorization of the matrices V®)(z,n,t). According to where they
are defined, they factorize in two or three matrices. Indeed, for z € v{g, ;) E,] YV Bl

they have the same factorization of (3.1.19) and ( m, while for z € vig, 4,y U
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the matrices factorize as:
Yldi (), B1]

1 1 e—Qitgf 0 e—i(tQ1+A1)
3 " )2r(z
V) (z,n,t) [O (F-) ({ ] it +AY) 0 ] X
1 12 —2itg
X O (F+) ’I"(Zl) for z 6 U[Elydl(n)]7 (3.2.13)

1 0 0 e i(tQ1+A)
3 _
V( )(Z, m, t) - [_ (::ZZ))Z e2itg— 1] |:_ei(tQ1+A1) 0 :| X

1 0
X [_(f(—&-))€21'tg+ 1] for z € 'U[d (m),E1]" (3214)

In the contours vig, ()4, () and Cramel the matrices factorize as follows:

da(n),d

3 B 1 O ift(+92)+A1 +Ag]o
V( )(277]at) = |:—T(Z)(F_)2€Zitg_ 1 € [H{1+02)+ Aat Al for z € Vlda(n),d2(m)]>
(3.2.15)

1 r*(2) —2itg_

VO (z,n,t) = [o 5

We open the lenses around the jump contour

(3.2.16)

] +i[t(Q1+Q2)+A1+Az]o3 for z € U[d (m),d1(n)]’
2(1n),a1

U (Vidy (n),E2)) s U (V[By dy () H— (Ul () da ()

and their complex conjugates. Then, defining the transformation
r@(z) = 1® ()W (z,n,1t), (3.2.17)

where
([ e—2itg(z,m)

(F(zml))2r(z)] for z € %_ (’U[d2(n)7E2]) U - (U[E1,d1(77)])

e—2itg(z,m)

_ (F(z,f))%(Z)] for z € %+(U[d2(n)7E2}) U %+(U[E1,d1(n)])

1 0
— EC)E aitg(em 1] for 2 € %-(vig, i) Y -Vt 7))
%e%tg(zm) 1] for 2 € %, (v Vs da(n )]) U, (v [dl(n),E])

(%

(3.2.18)

1 0
—r(2)(F(z,n))2e%itazn) 1] for z € % (via, (n).d2 (m)))

_1 r*(z%)2 e—2itg(z,77)]

(F(zm
0 1

| 1 otherwise,

for 2 € %_(vy
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we have that the matrix ') (z) satisfy a new RHP problem
r®) =1 )v@ (e, n,1), (3.2.19)
with the jump matrices define also in the boundary of the lenses (see Figure
1 e—2itg(z,17)
V(4)(Z, n,t) = [O (F(z,nl))Qr(z)] for z € L+(U[dg(n),E2}) UL_ (U[dz(ﬂ)7E2])

UL (V[ di (n)]) Y L= (V[Ey a1 ()

[ 1 0
V(4) (z, n, t) = 7%(32#9(2777) 1] for z € L+ (U[E’m]) UL_ (’U[E,m])
UL+ (U[W’E]) U L_(U[W,E})’
4 [ 1 0
V( )(Z7n7t) = —T(Z)(F(Z,n))262itg(z’n) 1 for ze L_ (U[dl(ﬁ)de(n)})’

VW (z,n,t) = for z € L_(v[——)

da(n),d1(n)]”?

1 r* (f])))2 e2itg(z,n)]

and in the other jump contours V4 (z,7,t) have values

0 1
V(@) (z,m,t) = |:1 0:| for z € Ulda(n),Ea) Y VG
4 O e—i(tﬂl—‘y—Al)
VO(z,n,t) = [_ei(t91+A1) 0 for 2 € Vg, a () Y Vg B

V(4)(z,77,t) _ e+i[t(91+92)+A1+A2}03 for z € Uldy (1), da ()] U U[m’m],

(4) _ L[t 4+Q2+Q3)+A1+A2+As]o3
VW(zn,t) =e for 2 € Vg Gy i ()
From the distribution of signs of Im (g) around the jump contours, we get that the jump
matrices defined in the border of the lenses tends to the identity matrix 1 as t — +oo.

3.2.1 The Model problem in the Genus 3 case

In the limit ¢ — 400, the RHP (3.2.19)) results in a new model problem
Xy (z,m,t) = X_(2,m,t)Vx (2,n,1), (3.2.20)
X(Z) = 02X (2)09 X(2)=14+0(z7") as z — oo,
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with Vx(z,n,t) given by

4 0 1 f
1 ol for = € Vaym).m) Y vm gy

|: 0 e—i(t91+A1)

Vi(z,m,t) = | —ellt+A1) 0 for 2 € Vg, a: () Y V), B (3.2.21)

[d1 (). d2(m)]) Y V(g iy i)

et (224 Q3)+ A1+ A2+ Aslos o =y .
[d1(n),d1(n)]

e+i[t(91+92)+A1+A2]03 for z € v

This kind of RHP is solved in a similar way to the previews problems ([2.2.30]) and ([3.1.28)).

Step 1 we solve the homogeneous RHP: For z € v, (), 5, U Vi da )] U V[Ey,di(n)]) Y

V(). Br
0 1
X (zn) = X (2,7) [_1 o] (3.2.22)
X0 (z) = o2 X (2)o2, X(O)(z) =1+0(z ) as z = oo (3.2.23)

The solution of this RHP is given by:

(eszm) + 55tzy) =i (32 = 555)

XO(z,n) = . (¢3(Z,77) _ m) <¢3(Za77) + W)

, (3.2.24)

with

(2 = Ea)(z — di(n))(z — E1)(z — da)

is analytic in C\ viay(p);k) U ViEsia ()] Y Vi ) Y Vi)

_ N\ 1/4
balem) im ( (2 = Bo)(z = di(n)(z = B (= — dz(n))) (32.25)

Step 2 we introduce a Riemann Surface &3 of genus 3
P53 ={(w,2) € C*lw® = P3(2)*}, (3.2.26)

with brunch cut along the curves vg,, Ea]> VB di]> Vid; Br]» Vs da) We also introduce a
canonical homological basis aj, 8;, with j = 1,2,3 on it, which is shown in Figure [3.9]
and we define the Abel map (z, z9) as

z
(2, 20) ::/ @; (3.2.27)
20
where @ = (wy, @2, @3)! is the vector of holomorphic differential on the Riemann
Surface &3 and normalized as
f wy, = 05 with j,k=1,2,3, (3.2.28)
@
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and the integral of the holomorphic differentials wy, over the beta cycles §; defines the
elements of the period matrix B

Bji :f . (3.2.29)
B;

Fixing the base point zg = oo, the Abel map satisfy the jump conditions:

Up +u- =0 2 €Vgy(n),By)s Ut FU-= €1 2 € UGy

utp +u— = Be1 z € Vg, 4y (y))>

Ut +u_ =€ — €+ e+ Bey 2 € Vg ), Bl

Uy —u— =€ — e+ B(e1 + ) 2 € Vg, (n),da(n)] (3.2.30)

—

Uy — U_ = €3 —€2+B(61 +€2) z € U[d2( )dl(n)]

us —u- =&+ B(E1 + & + &) 2 € Vg o)

where €1 = (1,0,0)7, &, = (0,1,0), &3 = (0,0,1)7.
Step 3 we assume that the matrix X(z, n,t) which solve the RHP ([3.2.20)) has the form

X(z,m,t) = 5 (¢3(z,77) + m> o1(z,m, 1)
s My Z% (¢3(2777) - %) SOQ(Z,T],t)

i (da(2,m) = oty ) ¥z m.)
% ¢3(Z777)+W> 1/]2(2777’ )

(3.2.31)

So we are looking for the functions ¢1(z,1,t), p2(z,n,t),¥1(2,n,t),1¥2(z,n,t) such that
they solve the RHP:

(2 (2)+ = (Wi(2))~ 2 € Viaym), 2] Y V5 g0

(pi(2))+ = MRV (Q5(2)) - 2 € Vg, 4y () Y Vg B

(‘PJ(Z))+ = ¢'li( Ql+92)+A1+A21( J(Z)>—7 (3.2.32)
(5(2))4 = e MRFRITMFR20 (45 (2)) 2 € vpay () s (o) Y Vst il

(0j(2))4 = el +Q2+Q3) +Ar+AatAs] (),

W3 (2))+ o il ) A+ 2] b)) z e Vs ()

with j = 1,2. As we already seen in (2.2.42]), this kind of RHP can be solved by using
the Jacobi theta function of genus 3.

In general, the Jacobi theta function of genus g > 1 is defined as

O(z,B) := > explmi(Bii, ) + 2mi(z, )], (3.2.33)

mezI
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with B the g X g period matrix and z € C9. This function possesses the following
properties:

Proposition 3.2.1. For M, N € 79, then the Jacobi theta function satisfy the following
conditions

1. ©O(z+ BM) = O(z)exp|—mi(BM, M) — 2mi(z, M)],
2. O(z+ N) =0(z),
3. O(—z) =0O(2).

With an abuse of notation, we will refer with ©(z) the function (3.2.33)) in the case g = 3
and g = 2.

We prove the following Lemma:

Lemma 3.2.2. The functions

O (ii(z1;001) — L) O (ii(z; 002) — LtB).

_ 2T ) = 2 9.
21 = ey W Oi(ziocn) (3.2.34)
_ O(—i(z1;002) — ﬁt;;r&) _ O(—i(z2;002) — ﬁt;;rA)
pa(z) = O@(e1: 003)) ;o a(2) = B(d(r. oo)) ; (3.2.35)

where Q) = (1,02, 03)7T, A= (A1, Az, A3)T, 21 and 2 indicates the point z in the first
or second sheet of the Riemann surface &5 respectively, satisfy the RHP .

Proof The lemma is easily proved by using the jump conditions on the Abel map (|3.2.30))
and the properties , , and of Proposition |

The normalization constants C' in (3.2.31]) is derived by imposing the boundary condition
X(z)~1lasz— o0

Clnt) = —=—t. (3.2.36)

3.2.2 Error Parametrix for the Genus 3 case

The solution of the model problem X (z,7,t) (3.2.20) is a good approximation of T'¥)(z),
which solve the RHP , in all the complex plane except the end points of the bands,
{E1, E2,d1(n),d2(n)} and their complex conjugates. However, we need to estimates the
error function €(z) around those points, by constructing local parametrix around the
end points of the bands.

For the points E7, F5 and their complex conjugate, since the function r(z) ~ (z — Ej)l/ 2
near I; with j = 1,2, then the error function €, (2) is exponentially near the identity
as t — 400. which means that the solution of the model problem X(z,7,t), defined
in , is an exponentially accurate approximation of I'® (z). We need to study the
local parametrix only for the points dy(n), d2(n) and their complex conjugate.
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We define D, (zp) the disk centered in zp and ray 0 < € < 1 and with = the set of jump
contours of the RHP (|3.2.19)).

Local parametrix around d;(n) and daz(n)

We are looking for the matrices I'* (z,7,t) and T'%(z,7,t) that approximate T*)(z,n,t)
in D.(dy) and D.(d2) respectively. We consider the point da(n) first.

We define T'(42:0)(2) from the transformation

P20 (2,0, 1) = PO (2,0, )F(2) 7, 2 € D(ds) \ = (3.2.37)

Let {7;}9 denote the open subset of D.(dy), as it’s show in the Figure Let Z; :=
T;NTj-1, 5 =1,...,5, Jo = T5, denote the curves separating the T;, oriented as in

Figure 3.10]

From (3.2.19) and (3.2.37), the matrix T'(42:0)(z 5, t) satisfy the jump conditions:

FfZ,O) (Z, z, t) — F£Cl2’0) (Z, x, t)V(d270) (Z, x, t)’ (3238)

(L1 7o) zem

1 672itg(z,n)
< 7(2) ) , 2€ZoUZs

where

v =20 1 (3.2.39)
1 0
\eit(gﬁ-(zvé)*g—(zvg))‘j’S, z € Z4
We define the function gg4,(2,7) as
? 9(z,n) — g-(d2,m) 2 € T1UT2UT3,
9dy(2:m) == — dg =
da(n) 9(z,m) — g4+(d2,m) 2€ T4UTs,
and we apply another transformation
F(dQ’l)(z,n,t) = F(dQ’O)(z, n,t)A(z,n,t), (3.2.40)

where A(z,n,t) is defined as

A ’ o3 e t9-(d2)os ¢ T1UT2U T3,
: = 2
(Z, x, ) : T'(Z) e—itg+(d2)z73 2 €T,U ‘3,5.
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The new matrix function (3.2.40|) satisfy a new RHP

T (2, 1) = T (2, )V (=D (2, 1)

[@2.0)(z) = goI @2 (7)o, (3.2.41)

I(d21)(z)
P2 (z) v 140271 as z = oo

where V(421 (2) are the jump matrices (3.2.39) under the transform (3.2.40)):

0 1
(_1 O) S Z’l;

(1 e—2z'tgd2(z,£)) .
z € U 455
V@D (5 p 1) = { \0 1 e (3.2.42)
1 0
(62itgd2 (2,6) 1> z € Z3;
L1 z € Zy.

We introduce a local change of coordinate

— 2.5 3 . 3

(=) = €47 ( Sitgay 2, €) (3.2.43)

such that the map z — ( maps Z3 into R_, and deforming the contour Z; such
that (3.2.43]) maps Z; into the rays Y; in Figure

The RHP ([3.2.41)) is a well known problem in complex analysis (see Appendix B of [74])
and it is solved by the matrix T'Al(z, 7, t)

G_Qitng(Z)g?’, zeT1UTy

(3.2.44)
1 0] % z)o:
[_1 1}6 2itga, (2)o3 2 €Ty
where ) )
Ai(z) wfAi(w?z2)
Al <Ai’(z) —wAil'(W?2)) " ¢ €Cyt
MW (z) .= (3.2.45)
Ai(z)  —wAi(wz) LeC
Al'(z) —w?Ai'(w2) )’ -
and Ai(z) is the Airy function.
We define the local parametrix at the point da(n) as
La,(z,m,t) := Bai(z,n, )T (2,1, t)A(z,1,t) " F (2,n) %, (3.2.46)
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where
BAi(z7777t) = X(Z7777 ) ( )UaA(z UR ) znvO(z UR ) (3'2'47)

" Moot =i (1)) €)%,

It is important to notice that T'Al

inv,0 Das a jump condition in z € Z;

Fmv 0<Z;x,t)+ = <(1) 0 ) anv 0<Z;x,t)_ (3248)

Lemma 3.2.3. The matriz Bai(z,n,t) defined in is an analytic and bounded
function in De(d2(n)) .

Proof Since X (z,n,t) doesn’t have jumps in Zo U Z3 U Z5, we need to check only the
case where z € 21 U Zy4.

For z € Z1, by using the jump condition (|3.2.48]) of anlv o(2), we get

Bai(z;2,t) 4 = X(232, 1) F(2) P A(z ), I

= X(z;x,t)_ (_01 é) F(2)"3A(z;x,t) " (? _01> Ffrfvvo(z;a:,t),

:X(Z;Z',t) ( )USA(Z T t) znvO(z €z t)

(Za z, t)+

inv,0

while for z € Z4
Bai(z; @, 1)1 = X (232, 8) 1 F(2) P Az, 1) 4 ity o (232, 8) 4 =
(Z;I',t)_ 7i(t91+A1)F(Z)O'3 ’LAlo'geitQuTgA(Z; l',t) FAl

inv,0
(23, 8)-F(2)7 A(z; ,1) -Tiph, o (22, ) -

(z;m,t)_ =

X
X

Then we have to prove the following proposition

Proposition 3.2.4. The function T'g,(z) defined in is analytic in Ds(d2) \ Z,
with the same jump conditions as T™®(z). Also, for t — +oc then

L, (2)TW(2) =14+ 0(:z"") ast — 400, z € ID(dy). (3.2.49)
Proof From the definition (3.2.46) and Lemma the matrix I'g,(2) has the same

jump conditions of I'Y(z). We have now to check the property (3.2.49 For z € 0D, (d2),
then I'®(z) ~ X (2) and the I'*i(z) admits an asymptotic expansion at ¢ ~ 0o

TN (2, 1) ~ (ng)\/); <_11 _2) (1+0(3)). (3.2.50)
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Then we have that for ¢t — +o00
Pay ()™ ~ X (252, 6)F(2)7 Az, ) (1 + O(C 1)) Az, 2, 8) " F(2) " X (3, 1) "

Since both A and X are bounded in ¢, they doesn’t contribute to the error O((‘%) ~
O(t™1), and at the end we get

Loy (2)TW(2)) 7 ~ 1+ 0.

We repeat the same strategy also for the point dy(n). Let z € D.(dy) \ 2, we define
D0 (2) .= TW (2, n, t)F(z,1)7%. (3.2.51)

We denote with {8; }J5 | the open subsets of D.(d;), as it is show in Figure and
with Y, = S 1N S The matrix (41,0 )( ) has jump conditions

{0 ) = 1O VB0 (2 p 1), (32.52)
with V0 (z,0,8) = F_(2,m) V" (2,n,1)Fy.(z,1) 7% for z € De(d1) N E,
We define the function gg, (2,7)

g(z,m) —g—(di,n) z€ 8 U8 US8s3,
gdl(Z 77) =

3.2.53
g(2m) — g4 (diym) 2 € S4USs, (3.253)

and the transformation
DD (2, 1) = TR0 (2,0, 1) Ag, (2,1, 1), (3.2.54)
with Ag, (z,7,t) defined as
—itg_(di)os

Then the new matrix function satisfy the RHP

Ffl’l)(z,n,t) = F(_dl’l)(z,n,t)V(dl’l)(z, n,t)

LD (z) = ool (2)0y (3.2.55)

T ()~ 14 0(z7Y) as 2 = oo

with V(@1 (2,5, t) give by
0 > 5 AS 134a

2Ztgd2 7&)
) 2 € Y5 Uy (3.2.56)

(i
VD (2 n.t) = <0
(-

2ztgd2 z,6) 1> z € Yo

1 z € Yq.

64



We apply the local change of variable (3.2.43)) also in this case

2
20 (3. 3
Cay(2) :=e73™ <21tgd1(z,17)> , (3.2.57)
such that it maps Y, in straight lines as in Figure Adjusting the orientation of
the jump contours, we find out the RHP (3.2.55)) is still mapped in the RHP for Airy

function. This means that the parametrix I'y, (z) is defined as
Ty, (2,1,t) == B (2,0, )TN (2,m, 1) Ag, (2,1, 1) "L F (2,1) 7%, (3.2.58)

with
BAi(Zv n, t) = X(Zv n, t)F(Z)U3Ad1 (Z¢ n, t)Fﬁ":v,O(za "7»t)> (3259)

and that Lemma and Proposition are still valid also in this case.

By symmetry, we also have that the local parametrix at the points d;(n), d2(n) are still of
the Airy type, so the parametrix contributes in the same way to the local error function

J

3.2.3 Long-time asymptotic for the Genus 3 case

Let T'“PP(z) be the matrix such that it is equal to I'y,(z) inside the disks D.(d;), with
7 =1,2, and can be extended by symmetry also in the other domains D, (d?) We define
the error function

E(z,m,t) = TW (2,0, )(TPP (2, m,1)) . (3.2.60)
From proposition [3.2.4 we can conclude that, as ¢ — +o0, the

E(z,mt) =1+0@1 1)

uniformly in z. Tracking back the chain of transformation from the reminder problem
to the original RHP (2.1.4) for I'(z), we find that

(e, t) = 2i lim 2(P(z,,))1
= 2i( lim 2(X (2,7, )12 + lim 2(E(z,7,t))12). (3.2.61)

Z—r 00
The second term in (3.2.61)) is of order O(¢t~!) while the first term is given from the
leading order of expansion at z — oo of
. 00
(e =—i= 0 (oaten) -

20(28)

1
¢3<2ﬂ7)> U1(z,m,t) (3.2.62)

Indeed, by expanding in Taylor’ series the functions ¢3(z,1) and (¢3(z))~! for z ~ oo
we get

(6ate) = - s ) = - () — o () + T () — T ()] + O=72)
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So the equation (3.2.61]) becomes

(1) = —i(Im (Ez) — Im (E1) + Im (d2(n)) — Im (d1(n))) x

0(0)O (i — G(n)t+A(n)
MO ) | oY), (3.2.63)

9(5(77)';5(77) )O (i)

where Uy, = (002, 001).

This ends our proof of Theorem [3.0.1
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Figure 3.4: Jump contours and jump matrices V®* (2, n,t)

By

i (tQ+A)og

Figure 3.5: On the left: the homological basis of the Riemann Surface w? = P;(z). On
the right: jump contours of the model problem ([3.1.28)).
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By

Figure 3.6: On the left: the distribution of signs of Im (g) in the genus 3 case. On the
right: jump contours of the matrix F(l)(z) in the genus 3 case.

—2itg _-"
1 (,( | < 777,777[ 1 0
0 T #) N 7 r(z)F2e2itg 1

e~ i(tQ1+A1)

0
[_(‘,(tQIJrAl) o (21 +Q22+Q3)+A 1 +A2+A3)03

Figure 3.7: Jump contours and jump matrices of V(4)(z, n,t) for the genus 3 case
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vilt(Q14+Q2)+A1+As]o3

By
0 e~ (tQ21+4A7)
_ei(tQ1+AY) 0

LAt +9Q04+Q3)+ A1 +Ax+Ag]og
0 e~ (121 +A7)
_ei(tQ1+41)

CHt(214Q2)+A 1 +Az]o3

Figure 3.8: Jump contours and jump matrices of the model problem

Figure 3.9: Homological basis of the Riemann surface &3
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Z5 da(n)
et
Ta
Figure 3.10: the disk D.(d2)
Z9 - _ \
N
\\ [] 07%54/2] \\
Z X 0 1
1 \ *
\
' \ [1 0]
1 ¢(2) \ EA
Z5 e da(n) 3~ < _ < D
DTNt N R
- N N -1 0
\ N /
R A ¥
! Z3 % , ’
’ 1 e—5¢*?
! ’ [0 1 }
R

Figure 3.12: The disk D.(d;)
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Vi ¢
1 y2 ) .
| ' 4,3/2 A
. ! 1 —e 57 N
+ ! 0o 1 Y
[
i s .
1 , \\ [ 1 [)]
na ¢ o Lt
dy(n) &% - o N S
-7 R [0 —1] ’
. 1 0 4
,71 \\ ,
/, \ ,
Vs & Y3 %

Vg

Figure 3.13: The RHP (3.2.55) in D.(d;) mapped in the Airy RHP by ((z).
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Chapter 4

Elliptic domain with m < m.: the
(Genus 1); and Genus 2 sectors

In this chapter we examine the other scenario, where m is smaller thenm,. As we shown
in section the level set Im (g) = 0 has three phase transitions :

e For ny < n < n_ the g-function is still of genus one, but with 3 real zeros (the
“(Genus 1)” sector);

e For n_ < n < n, the g-function increases his genus from one to two (the “Genus
2”7 sector);

e For n, < n < 0 the g-function increases his genus from two to three.
We will prove the following theorem:

Theorem 4.0.1. Let 2 C CT be an elliptic domain with foci E1,Es. Suppose r :
[E1, B3] — C is an analytic and bounded function that vanishes at the foci as r(Ej) ~
(z—E;)Y2 for j = 1,2. Suppose also that By, By € iR, with Im (E1) < Im (E) and the
parameter m = iﬁ E%;Z < me, with m solution of the equation Q(m) = 0, where Q(m)
is define in . Then the leading order of the large-time asymptotic of the soliton
gas solution of NLS, recovered from the solution of the RHP (2.1.4), with spectrum in

the domain 2 has the following form, according to the values of n = %:
o for —oo < n < ny, with ny defined by the formula

w(ZC,t) = Z(Im (El) + Im (EQ))X
x dn((Im (E1) + Im (E2)) (2 — 2o(n)) + K (m1), my) + O(e™); (4.0.1)

where ¢ > 0, dn(z) is the Jacobi delta amplitude, xq is determine by r(z) and

—JTTm __Avm
K(mp) :==vV1—mK(m) my:= (EVIEs (4.0.2)
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o for np < n < n_, with ny defined by the formula , the leading order of
W(x,t) is still a genus 1 wave, given by the equation ;

o for n_ < n < ny, with . depending on Im (Ey) and Im (Es), the leading order of
Y(x,t) is

Y(z,t) ~ —i(Im (Ez) — Im (E1) — Im (d))

(4.0.3)

where Q(n), A(n) are 2-dimensional real vectors with components defined in ,
and ; oo s the Abel map evaluated at 2 = oo and d € C*;

o form, <n<0

P(x,t) = i(Im (Ez) — Im (Ey) + Tm (d2(n)) — Im (d1(n)))x

Sn)t+A(n)
, OO0 — =57 O); (4.0.4)
(

ﬁ 2
o Q(U)gtrﬁ(ﬂ) )0 (i)

where Q(n), 5(7}) are 3-dimensional real vectors with components defined in
and , Uoo 1S the Abel map valued at z = oo and dy and ds are points

in Ct.

e forn > 0 the solution decays exponentially
d(a,t) ~ O(e™)

with ¢ > 0.

Since the strategy and the results for the sectors —oco < 1 < n3 and 7. < n < 0 resemble
those described in chapter [3] we analyze only the long-time asymptotic of ¢(z,t) in the
(Genus 1)s and in the Genus 2 sectors.

4.1 The (Genus 1), sector

As we shown in section for ny < n < n_ the g-function has three real critical points
and it’s given by the formula . In Figure we show the level set Im (g) = 0.
We denote with X; and X the regions encircled respectively by loops vig, U (1, po] U
Ulyy,B5) U [B2, B and its complex conjugate.

Now we study the long-time asymptotic of the RHP ([2.1.4]) in this particular case.

The first step is to move the jumps from the segments [E, Fs] and [Fs, E1] to the border
of X1 and X5 respectively.
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— Eg

By

+ /
J \

By

+ B

Figure 4.1: On the left: the distribution of signs for Im (g) for the (Genus 1), case. On
the right: jump contours of M (z).

We apply the transformation I'V)(z) = T'(2)G™M)(z), where
1 0 f 5
_T(z)e%té(z,n) 1 or z € 2
(4.1.1)

G(l)(z, x, t) = 1 T*(Z)e—%té(z,n)
0 1

] forzEEg.

1 otherwise

The new matrix I'¥)(z) not only has jumps both in the curves Vig, By and vpg; g, but
also in the segment [p1, u2l:

T (z)y =TW(2) VWV (z,t,7) (4.1.2)
where
-1 r*(z)e—%té(z,n)
0 1 for z € Vi 1] U V(E o]
" [ 1 0
Vi(z,x,t) = —r(z)e%té(z’”) ) for 2 € vig, 1) U Vs, Ba) (4.1.3)
_1 r*(z)e—%té(z,n) 1 0
0 1 r(z)e?t0(zn) 1 for z € [y, ]




The next step involves the inclusion of the phase é(z, 7) in the matrix F(l)(z). We apply
the transformation

T (z) = DO (z)eitlozm-bm)es (4.1.4)
where g(z,n) is given by . Then the RHP becomes
@)y =@ ) _v®(z,t,n) (4.1.5)
where
(Toit(ge—g-) % () p—it -
_e (gB t (:)ii(gfg:)g )] for 2 € vy, 7)Y VEs o)
VO (z, 2, t) = _rf:)(Z;(ggJ:—ig) e—it(g(jr—g)} for z € vig, 1] U Vs, B0 (4.1.6)
r 2) it(g4—g-) k() p—it -
R PO
with the g-function that satisfy the jump conditions:
g+(2)+9-(2) =0 for z € vg; g, (4.1.7)
9+(2) +9-(2) =29(Er) =Q for z € vig, 7 (4.1.8)
9+(2) —g9-(2) =0 for z € [p1, po)] (4.1.9)
with 2 € R.
We introduce another transformation to handle the function r(z)
r®(z) = FE (T (2)F(2)%, (4.1.10)
where Fio(n) :=lim,_,~ F(z) and F(z) satisfy the conditions:
F*(2) = (F(2))7 1, F(2) ~ Fx(n) + O0(z71) for z ~ 0. (4.1.11)

Then the jump matrices (4.1.6) transform as V&) (z,t,1) = F_(2)"3V 3 (2, t,n)F, ()7

Fieit(g+ -9-)
F_

__T(Z)F‘f‘F—X’U[
VO (z,t,n) =

[Ee (14 |r(2)]?)
r(2)Fy F_e?t9

n,Eo] +

Fieit(g+*9—)
F_

it$2
__T(Z)F+F_ et Xv(my ]

r(z)
Fy B A O(By g) —
I;;e—z‘t(g+—g,) for z € vz gy

r*(2) ety
FiF_ [u1,E1] _
&e—it(%—gi) U for z € ViE, ]
Fy
(2) —2itg
By for z € [u1, po]
yam

(4.1.12)
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We are looking for a function F'(z,n) which solves this scalar RHP

F.F_ =r(z)"tforz e Vs, Ba)>  FHF- =17(2) for z € vy 0 (4.1.13)
FoF_ =r(z)" e for z € VB, ), P+ F- = r*(2)e'® for z € Vi B3] (4.1.14)
Fy =F_(1+r(2)]*)~" for z € [, p2) (4.1.15)

with boundary conditions given by (4.1.11)). This problem is solved by F(z,n) = e®(zm)
where ®(z,n) has the form

PR [ log(r(¢)) log(r(¢) .\
e =S </[E] PO C-2 " </[E] P1(<>+<<—z>d€> >
B log(r(¢)) log(r(¢)) ..\
</ AOsc-" " </ RO+c ) “) )
| ¢ [ log(1+ [r(Q))
e (/[] P1<<>+<<—z>) i i dC] 110

where Pj(z) := \/(z — E1)(z — E3)(2 — E1)(2 — E9) is a multivalued complex function,
analytic in C\ Vig, B Y Vg, ;). The constant A is fixed by the behaviour of F° (z) for
z — oo and it is given by the equation

log(r(¢)) log(r(¢)) (k2 log(1+|r(Q)1?)
A — Re (fv[ltz,EQ] PO+ d{) + Re (fv[ Pr(¢)+ dC) B Pi(Q) d¢

Eq,p1]

if, e q¢

(Ey 1E71] Py (C)+

eR.

(4.1.17)
Then the jump matrices V) (z,7,t) become:

[Ey pit(g+—9-)
LSS o
F_ XU[EQvMQ]

: for z € v
_ F —lt(9+—9)] [E2,E2]
XU[#27E2] Fy €

%eit(w—m) e~ i(tQ+A)

— X, o
:n _
N Fez‘t(g+21-)1] for z € v, gy (41.18)
U[E1,u1] F+

VO (zn,1) = _ei(;Q+A)

[ r*(2)
1 FF©

() Fe®ts (14 [r(2)[?)

—2itg

] for z € [ul,ug]

We factorize the jump matrices and open lenses around the curves.

For z € [u2, E9)

3) B 1 0
4 (Za n, t) = | (Fy)? Q2itgr 1| (4119)

™ (2)
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For z € [Eq, 1]

—2itg_ —’L(tQ—l—A) e72ig+
(3) — 1 e_ 2r(z 0 € 1 2r(z
VP (zn,t) = [o =) ”] [_ei(tQ-i-A) 0 ] [0 (PG (41.20)

For z € [, Er|

ViZ(z,m.1) = (Fz)jemtg, 1 [_ei(tS‘H—A) 0 ] (?);emt% (- (4r21)

For z € [p1, po]

r*(2) —2it

VO (2o 1) = [ . ity (1’] [1 TP g*] L (4122)
(THr ()P =) 0 1

The function (1 + r(2)r*(z)) is bounded in a neighbour of the segment [u1, p1o] while,

as shown in [24,31,74], the function (F(z))? is bounded in all the domains ¥; and

Y. This means that we can analytically extend the factorization of the jump matrices

and opening the lenses around the curves Vg, B Vs, B and [p1, pe]. We apply a

transformation similar to (3.1.21)),

I (z):=1®(2)GW(z,n,1) (4.1.23)
where
[ _ez?italzm)
0 (F(Z,”Zl))QT(Z)] for z € %_(U[“Q’EQ]) U %JF(U[ELM),
[ et
0 (F(Z,f))ZT(Z)] for 2z € %_F(U[HQ’E‘Q}) U (U[Ehm])7
i 1 0
B2 itgteon 1| PO 2 € W (Um ) O (V)
GY(z,mt) =< [ 1 0 (4.1.24)
%e%tg(z,n) 1 for z € %-F (U[E,E]) Uz- (U[ul,E])’
[ 1 0
# 2itg— 1 fOI‘ z € %_([/’L17/’L2])7
| TP F-)2 ¢
B r(2) o~ 2itgs
. AP FD for z € %_([p1, poa]),
1 otherwise.
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The new matrix I (z2) satisfies a RHP
I (z)y =TW(2)_ VW (z,n,t) (4.1.25)

with jump matrices define in the boundary of the lenses, as we can see in Figure [4.2]

Figure 4.2: On the left: The Riemann-Hilbert problem for I'“(z). On the right: The
model problem of X (z).

By studying the signs of Im (g) around the level sets Im (g) = 0, we have that the jump
matrices on the lenses tends to the identity as ¢ — +o0o0 and the RHP (4.1.25|) resolves
in the model problem

X(2)4+ = X(2)-Vx(z,n,1t) (4.1.26)

where

0 1
_1 0 fOI' z € U[E,EQ]

[ 0 it 2An)+A ()

(4.1.27)
i) +A () 0 ] for z € vp, 7

VX(Za 777t) =

This problem is solved in the same way as the model problem in the genus 1 sector,
described in chapter [3] with the only difference given by the branch cut of the Riemann
surface #1. Indeed, in this scenario the branch cut are given by the curves Vig, B and
ViEy B We introduce the homological basis «, 8 as in Figure and Abel map u(z, zp),

already defined in (2.2.33)).
The function u(z,00) has the following jumps along the contours Vig, Br] ViEs By and
(11, pia]:

Uy +u_ =0 for z € Ulps, By U+ +u_=1for z € U[EJQ]
Ut +u— =7 for 2 € vip, yy) us +u-=1+7lorz € vy, 7
ugy —u_ = —1 for z € [u1, po)

(4.1.28)
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Figure 4.3: The new homological basis for the Riemann surface 4.
d d
where 7 := fﬁ caPif(C) and cq 1= ¢, f(cé)'

Subsequently, we solve the model problem (4.1.26)) in the same way of the problem ((3.1.28))
and the solution X (z,7,t) of (4 m has form:

+ ¢1lz)) (pl(z7n7t)
1(z)> p2(2,1,1)

219( tQ+A (

1(2)
X(Zﬂ%t):
ﬁ(—( 1(2) -

@

. (4.1.29)
_279?3((2204;&) < (Z) (2) )7/11 z 777
sty (610) + W)) Ua(zm.t) |
with ¢;(z) defined in and

- P(u(z1,001) — tQ;;A) . I(u(z2,001) — tQQjTA)
301('2777725) = ﬂ(U(Zl,Ool)) 7/11(%7%75) = 19(’11,(2’2,001)) (4130)

 9(u(21,002) — tQ;;A) ~ Y(u(z2,002) — tQQjTA)
@2(2777775) T 'ﬁ(’u,<21,001)) ¢2(Za77’t) T 19([([(21’002)) (4131)

where z; and zy indicates the point z respectively in the first and in the second sheet of
the Riemann surface Z2;, defined in (2.2.32)). Since I'®)(z,n,t) ~ X (z,7,t) for t ~ 400,
we obtain the long time asymptotic of the NLS solution v (z,t) from the equation

(o, t) ~ 20 lim 2(X (=, ) OEm =008 p(2)=0s) . (4.1.32)

Z—00
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and we get that the behaviour of ¥(x,t) at t ~ +oo is still a genus 1 wave given by the

formula (2.2.53)).

4.2 The Genus 2 sector

We study the case where 4 < n < ny. As we shown in section the g-function (2.3.20))
is not well defined anymore and we need to define a new g-function, analytic in C \
Vigy ) Y Ve B which satisfy some additional conditions:

1. ¢ (3) has 4 zeroes, u1, u2 € R of degree 1 and a pair of complex conjugate points
d,d of degree 1/2;

2. Tm (g(d)) = 0 and Im (g(d)) = 0.

Then the level set Im (g(z)) = 0 is descried by the Figure and the bands vg, 7 U
VUig, Fy) are now well defined.

In this case, the g-function has different jumps along the level set Im (g) = 0:

9(2)+ +g9(2)- =0 for z € v 3 U vja,y) (4.2.1)
9(2)1 —g(2)- =2g9(d) = Q1 + for z € vig 4, (4.2.2)
9(2)+ +9(2)= =29(Er) =1 for z € vy, 75 (4.2.3)
9(2)+ —g(z)- =0 for z € [p1, pa). (4.2.4)
Then the new g-function has the following form:
(€ = p) (¢ = p2)y/ (€ = d1)(¢ — dr)
o[ v ©  we
B2 (¢~ B¢~ B) (¢~ BV)(C — Ba)
where 11, 12, Re (d1) and Im (dy) are given by the following conditions:
dpipe + 4Re (di)(pa + po)+
2(Im (dy))* — 2(Im (F1)? + Im (E3)?) = 0, (4.2.6)
g = 1 — p2 — Re (b), (4.2.7)
E1 dl
/ dg =0, / dg = 0. (4.2.8)
E1 dl

With an abuse of notation, we denote with ¥; and ¥, the regions encircled respectively
by the loops vig, ) U [11, 2] U vj, g U Vg Ey) U [E2, E1] and its complex conjugate.

Having moved the jump contours in the level set Im (g) = 0 that encircled Y1 and Yo
(see Figure , we study the long time asymptotic of the RHP , with jumps also
in the curves vg g,], V[,,,q and their complex conjugate.
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right: jump contours of I'V(z)

Figure 4.4: On the left: the distribution of signs for Im (g) for the Genus 2 case. On the

We apply the transformation (4.1.4), with the g-function given by (4.2.5). So the new

RHP (4.1.5) has jump matrices

V@ (z,m,t) =

—7(2)Xvpa )
it(g+—g-) —itQy
‘ 0 r(2)e ” X“[u)l,ET]
(1291 —it(g+—9g—
€ Xomy ) ¢
r*(z)e_it(g++g*)X,U7
rl | for 2 € vg g

(Z)eit(g-‘—"ﬂg—)xv[#%d]
(2)P) 7 ()e 20

ES
" (?)X“[E?E]
e—it(g+—9-)

] for z € V4, 2) Y V)
] for z € ViE, B

eith
e—itQQ

1 :| for z € [p1, po)
(4.2.9)
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Whit the new jump contours, the function F(z) should satisfy a new scalar RHP

F.F_ =r(z)tforze Vg, FyF- =71"(z) for z € Vi A (4.2.10)

F\F_ =r(z)"1e® for z € Vg )y PP = r*(2)e for z € Ul 1) (4.2.11)
F ; F )

Fy =F_(14|r(2)]*)~! for z € [, pal, (4.2.13)

with A1, As € R and has the same conditions (4.1.11]) of before. The solution of this
RHP is similar to the one find in section 3.2

ol R [ log(r(¢)) log(r(€)) *
Flam) p{2m [ (LMM<&@w+@—zﬂC+<LM@<&«»+«—zfm>)
B log(r(¢)) log(r(¢)) '

(/U[El,m BT (/[] (Pa0)+ (¢ - z)dc) )

. d¢ ) d¢
'”AIQA&@<&«»4<—@)+“A”*A”<lwﬂGﬂ@»@—zﬂ

¥ log(1+ |r(Q)*)
_%; fawxc—z>d4}’ (4.2.14)

where Ps(z) = \/(z — B1)(2 — E2)(z — E1)(2 — E3)(z — d)(z — d) is a multivalued com-
plex function, analytic in C\ v|g g, Uvigga YVe, B The constants A; and Ag are given
by the condition F(z) ~ Fypo + O(z71) as z — oo

& log(r(€), Cloa©),
Am}®mn‘”<hw )

& log(r(0) G lox(r(0)
L we d<>

e (BO)s o (PO

B dac_\ . Gdc
Al(ﬁ%ﬂﬂu%@»+>+(A”+A”<Lmﬂ0a@»+>
gL+ (O

+/m X0 d¢ =0 for j=0,1. (4.2.15)

By applying the transformation (4.1.10)) in this case, the new RHP has the following
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jumps:

[ Fs it(94+—g-)
F_

Xovrg 5
[Eg,d] .
—X Re—it(§+—g)] for € Va.e.) Y Vim; g
L Vld, B3] Fy
[ pit(g4—g-) —i(th+4A1)
.fgze A ¢ P XV 77) forzEU[E o
VO (z,m,t) = e A Ny e T o
) 1 r (12 +A0) %e—it(wﬂp)xw
— F.F_eitlar+g-) o —i(tQ2+A2) hual | for 2 € Vg
—r(z)FyFle X0y, ) €
[ 1 r*(z)e—zz'tg]
, FyF- for z € [p1, po]
2itg 2 ’
| |r(2)FFle (L+|r(2)F)

(4.2.16)

The next step is the factorization matrices V®)(z,7,t) and the introduction of the lenses
around the jump contours. This process is similar to the one we shown in section 4.1
the only difference is given by the jumps in V(g where

[1 —(TFEZ))Q e%g‘(z)] QiE (U +22)+A1+20]os £ o e o

VO (z,m,) = ! ! el (4.2.17)
[—T(z)(F_l)QeQig—(z) ﬂ HHEBFRITMTR for 2 € vy g1
We apply a final transformation, similar to
r@(z) =¥ (2)GW(2), (4.2.18)

where G (z) is similar to the one in the (Genus 1), case but defined in the new lenses
%+ (v). The main difference arise in the lenses % (v, a(y)) and %- (v[m uz])’ where

G¥(z2) takes values:

1 0
(4) [—r(z)(F(z,ﬁ)Vemg(z’") 1] for 2 € U (Vs amy));
G (2’) = 1 Fr*(z) 2e_2i9(z777) (4.2'19)
0 (F(zm)) for z € %_ (U[E#Q}),

The matrix I'4 (z) has jump conditions also in the boundary of the lenses, as it is shown
in Figure [4.54]
From the distribution of the signs of Im (g), the jump matrices in the border to the

lenses L (v) tend to the identity as t — +oco. This implies that I'¥)(z) has a leading
order X (z) in the long-time asymptotic which satisfy the model problem

X(2)4 = X(2)_Vx(z,n,t), (4.2.20)
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(b) Jump matrices of model problem for

(a) Jump contours for V&) (z,n,t) Genus 2

where

0 1
[_1 0} for z € Clyoe U V4, B,]

Vy(z,m,t) = 0 e it +A1) 4.2.21
X( 7 ) [_ei(tﬂﬁ-ﬁl) 0 forzEv[Ethl] ( )

it (Q14Q2)+A1+A2]03 _
Le forzev[d,d}.

The procedure to solve the model problem (4.2.20)) is similar to the one we follow in
Chapter [3| for the genus three sector. In this case, we introduce the Riemann surface of
genus 2 o, defined as

Py = {(w, 2) € C?| w? = Py(2)?}, (4.2.22)

and the 2-dimensional Abel map

z

U(z, 20) ::/ @, (4.2.23)

0

where @ = (w1, ws2)? is the 2-dimensional vector of holomorphic differentials in the
Riemann surface &5 and normalized such that

wy, = 0j, for j, k =1,2, (4.2.24)
aj
where o, 3; is the homological basis defined as in Figure

Let zp = 0o, the vector @(z,00) satisfy the jump conditions:

Uty +u- =0for z €Evyp, U+ +u-=e for z € V(5]
Uy +1u- = Bey for z € vip, ) Uy +U- =e1 — e+ Bey for z € vy, g3
Uy — U = B(er+e2) —er for z € vy, g Uy — U = B(er+e2) —eg for z € V(g o]
Uy —U_ = ey —eq for z € [u, us]
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Figure 4.6: The homological basis for the Riemann surface &2,.

where e; = (1,0)7,e5 = (0,1)” and B is the 2 x 2 periodic matrix with elements define
as

Bjy, :% wr j,k=1,2. (4.2.25)
Bj

Following the same ideas of section we find out that the matrix X (z) has form

oo B (¢2(z M+ 5 n)) e1(z,1,1)
2@(9—“’ (¢2<z,n> ) w2(zmt)
O (ta(zm) — gty ) r(am )
%@ (2, n>+¢m)wz<z )

(4.2.26)

)

where ¢2(z,n) is define as

(G-B)-E)(—d)\*
W’”)‘(@—Eﬂ@—@)(z—d)) ’ (42.27)

and the functions 1, p2, 11 and o are given by
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O(ii(21,001) — 1LER) O(@i(29, 001) — 1LER)

I 2 e 2
e1(z,m,t) = 01, 01)) Vi(z,m,1) == (322, 501)) (4.2.28)
T _ t94A = _ 04 A
pa(z,m,t) = O, 002) = “3r ™) Pa(z,m,t) = Ol2,002) = 57) (4.2.29)

O(t(z1,001))

with G(n) = (Q1(n), 2n)T, A(n) = (A1(n), Aa(n))T.

Since ' (z) ~ X (2) as t — 400, the long-time asymptotic of the solution of NLS ) (z, t)
is still given by the equation (4.1.32), with X (z) instead of X (z), and the behaviour is
given by a genus 2 wave

O(ti(z2,002))

W(x,t) ~ —i(Im (Es) — Im (E1) — Im (d)) (4.2.30)

This ends our proof of Theorem
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Chapter 5

ITKS theory for the J0-problem:
T-function and KP hierarchy

In this last chapter we develop the Its-Izergin-Korepin-Slavnov (IIKS) theory of inte-
grable operators X acting on a domain of the complex plane with smooth boundary,
in analogy with the theory of integrable operators acting on contours of the complex
plane [62]. We show how the resolvent operator R is obtained from the solution of a
O-problem in the complex plane and, in the case where the problem depends on other
auxiliary parameters, that we can define its Malgrange one form, in analogy with the
theory of isomonodromic problems [10,27},36./48,59.(66]. We show that this for is closed
and coincides with the exterior differential of an Hilbert-Carleman determinant of the
operator X and that, for a particular of O-problem (in which also is in), this
determinant is a 7-function of the Kadomtsev-Petviashvili type.

5.1 Integrable operators and J-problems

Let 2 C C be a compact union of domains with smooth boundary and denote by X the
integral operator acting on the space L?(2,d?z) ® C" with a kernel K(z,w) of the form
T — J—
K27 w,w) = LA o (57) € Mat(r x 1, C), (5.1.1)
z—w

p(2,2)q(z,2) =0 and (9:p(2,2) ! q(2,2) =0, 2,zZ€ 2. (5.1.2)

Here the matrix-valued functions f, g are assumed to be sufficiently smooth on 2 but no
analyticity is required and for this reason we indicate the dependence on both variables
z and Z. The vanishing requirements along the locus z = w are sufficient to guarantee
that the kernel K admits a well-defined value on the diagonal and it is continuous on

D X9

lim K(z,z,w,w) = K(2,%,2,2) = 0.p" (2,2) q(2,2). (5.1.3)

w—z
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We have emphasized that the kernel and the functions are not holomorphically dependent
on the variables; that said, from now on we omit the explicit dependence on Z, trusting
that the class of functions we are dealing with will be clear by the context each time.
The operator X acts as follows on functions
d Ad

/ Kz w)p(w) oM, e (2, d) o T (5.1.4)
The kernel 9((2, Z,w,w) and the corresponding integral operator X is a Hilbert—Schmidt
operator with a well-defined and continuous value on the diagonal in 2 x 2 and therefore

its trace and Fredholm determinant are well defined (Proposition 3.11.2 and Theorem
3.11.5 [82]) as limits of finite rank operators, namely

lim Tr(P,KP,) // R(2,7,2,7,) ZL 42 (5.1.5)

n—o0 21

where P, is a finite rank projection such that lim, .., P, = Id. Furthermore the limit

lim det(Id — P,XP,) (5.1.6)

n—o0

exists. If K is trace class, then Tr(X) and det(Id — K) coincide with the limits ([5.1.5)
and ([5.1.6) respectively.

We introduce the following d-problem for an r x r matrix-valued function I'(z, z).
Problem 5.1.1. Find a matriz-valued function I'(z,Z) € GL,(C) such that
0:I'(z) =T'(2) M (2); I'z) — 1 (5.1.7)

Z—00

where 1 is the identity in GL,(C) and

7p(2)qT (), forz€ 9,
M(z) := (5.1.8)
0 for z € C\2.
We first show that

Lemma 5.1.2. If a solution of the 0-problem exists, it is unique. Furthermore
detI'(z) = 1.

Proof. If ' is a solution of the J-problem then

9:detT = Tr(adj(l“)agf) - Tr(adj(F)FM) (5.1.9)

where adj(I") denotes the adjugate matrix (the transposed of the co-factor matrix).
Here Tr denotes the matrix trace. Now the product in the last formula yields adj(I")I" =
(detT")1, so that

Oz detT’ = det(I")Tr(M) =0 (5.1.10)
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where the last identity follows from the fact that M is traceless because Tr(M) =
Tr(MT) = 0. Thus detT is an entire function which tends to 1 at infinity, and hence it
is identically equal to 1 by Liouville’s theorem.

Now, if I';, 'y are two solutions, it follows easily that R(z) := '\ 'y l'is an entire matrix-
valued function which tends to the identity matrix 1 at infinity and hence, by Liouville’s
theorem R(z) = 1, thus proving the uniqueness. |

Theorem 5.1.3. The operator Id — X with X as in is invertible in L*(2,d%2) ®
C" if and only if the O-problem admits a solution. The resolvent R of X has kernel
given by:

—1
R(z,w) = pT(Z)FT(Z)Z(ETu(]w)) MW ow)eax ot (5.1.11)

where T'(2) is a r x r matriz that solves the O-problem |5.1.1]

Proof. Suppose that the d-problem is solved by I'(z); we now show that the
operator (Id — X) is invertible. Let us define the operator

R:L4(2,d%) @ C" — L*(2,d%2) @ C"
with kernel j%(z, w) given by (5.1.11). To verify that R is the resolvent of the operator

K we need to check the following condition
(Id + R)o(Id — XK) =1d
(3 (5.1.12)
RoK=R-X.

To this end we compute the kernel of R o K namely

‘ . déAd¢
(R oK) (z,w) : // Q)X (¢, w) %
=f%85(£T(C))‘1
/ / FT@))*q(opT(o q(w) d¢ A d¢
—O)(¢C—w) 2i

__pT(z)FT(Z) T -1 1 1 d¢ A d¢ w
DO oo (e + 1) et
(5.1.13)

If we consider the generalized Cauchy-Pompeiu formula for the matrix (I'7'(2))~! we can

express it in integral form as

(r7(2) _1—// O dZA.dC, zeC. (5.1.14)

21
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We substitute into (5.1.13):
o T NTT (2
(RoX)(z,w) = —M( ((FT(Z))_l — 1) — ((FT(w))_1 - 1) )q(w)

_ P EITw) @) @A) _ g i),

zZ—Ww zZ— W
(5.1.15)

This shows that indeed R satisfies the resolvent equation ([5.1.12)) and hence the operator
Id — X is invertible.

Vice versa, let us now suppose that the operator Id — X is invertible and denote
-1
R=(1d-%) —1d.

We now verify that R has kernel

R(z,w) = P(?i?u(w) (5.1.16)
where the matrices P(z) and Q(z) are defined as
o _ )TV
P(2) = (1d - 57) 1 p)(2) o

Q(2) = (Id — %)~ "[g)(2),

with the inverse applied to each entry (and the transposition 7" acts on the matrix

indices). Indeed we verify the condition with R given by :
PT(z T( )g(w) dCAdC 1 PT(2)Q(¢)p" ({)g(w) dC A d¢
(R (z,w) // (z=Q)(¢C—w) 2i _z—w<//@ (z—¢) 2i i
// PT(z cpT@)( >d<Ad<>
—w) 2i

(= [pT](z) (w) + PT(:)X[Q](w))-

Z—w

Adding and subtracting the kernels ffC(z, w) and j%(z, w), we obtain

(RoXK)(z,w) =

(1a+R)pT)(2)a(w) — PT()(1d - K)[Q](w) )+
+ R(z,w) — K(z,w). (5.1.18)

Z—w

With the definitions ([5.1.17)) the contributions in the first line of (5.1.18]) cancel out and
the condition ([5.1.12) is satisfied. To conclude the proof we need to verify that

P(z) =T(2)p(2), Q(z) =T (2)a(2) (5.1.19)



where the matrix I' solves the O-problem To this end, let us define the matrix

I'(2)
¢)d¢ Ad¢
_1—// 5 2€C (5.1.20)

From this definition it follows that

AT () = T // OPT(Q) i

p"(2) -
T(2) + ) (5.1.21)
T(2) + ( ) (Id — 3)[PT](2)

which implies
P(z) =T(2)p(z). (5.1.22)

We now substitute ((5.1.22)) in the definition ((5.1.20)):

—1- // )dcgdc (5.1.23)

Then, following the general Cauchy formula (5.1.14), we find that the matrix I'(z) sat-
isfies

9:0(z) = 7l (2)p(2)q" (2). (5.1.24)

Finally, since the support & of M is compact, the equation (5.1.20) implies that T is
analytic outside of & and tends to 1 as |z| — oco. Thus I' solves the same 0-problem
and since the solution is unique, it must coincide with T'. [

5.2 The Hilbert-Carleman determinant

In Section |5.1| we have linked the solution of the O-problem 1| to the existence of the
inverse of Id X. From the conditions we conclude that X is a Hilbert-Schmidt
operator with a well-defined and contmuous dlagonal in 7 x Z: according to [82] this is
sufficient to define the Fredholm determinant for the operator Id — KX, as explained in
the following remark.

Remark 5.2.1. In general, for a Hilbert-Schmidt operator A, the Fredholm determinant
is not defined but we can still define a reqularization of it, called the Hilbert-Carleman
determinant

deto(Id — A) := det ((Id - A)eA) . (5.2.1)
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We observe that det ((Id — A)e?) = det (Id — T4) with Ty :=1d — (Id — A)e™ and the
operator T4 is trace class because it has the representation

o0

Ti=—3 ”7; Lan,

n=2
If A is of trace class we can rewrite the Hilbert-Carleman determinant as
dety(Id — A) = det(Id — A)e™™W), (5.2.2)

Moreover, as for the Fredholm determinant, the Hilbert-Carleman determinant can be
represented by a series

dety(Id —A) =1+ i (*1')” W, (A) (5.2.3)
n=2

n.

where W, (A) is given by the Plemelj-Smithies formula

0 n—1 0 . 0 0

Tr(A?) 0 n—2 ... 0 0

U, (A) =det | Tr(A3)  Tr(A?) 0 . 0 0
Tr(A") Tr(A™ 1) Tr(A"2) ... Tr(A%) 0

It is shown that if A is Hilbert-Schmidt then converges (|55, Chapter 10, The-
orem 3.1).

Let us now assume that X depends smoothly on parameterst = (t1,t2,...,t;,...) with ¢; €
C,Vj > 1: we want to relate solutions of the d-problem with the variational equa-
tions for the determinant.

Proposition 5.2.2. Let us suppose that the matriz M(z,%) in the 0-Problem
depends smoothly on some parameters t, while remaining identically nilpotent. Then
the solution T'(z) of the O-problem is related to the logarithmic derivative of the
Hilbert-Carleman determinant of Id — X as follows:

dz Adz

§log |deta(Id — :K)] _ / /j Tr (D71 (2)0:0(2)8M (2)) ==, (5.2.4)
where & stands for the total differential in the space of parameters t.
Proof. Using the Jacobi variational formula
dlog [det(Id — K)] = —Tr ((Id + R) 0 6K), (5.2.5)
we can rewrite the LHS of as
§log [deta(1d — Jc)} — log [det ((Id - I]C)eg{)} — Tr(RodK), (5.2.6)
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where Ro X is a trace class operator, since it is the composition of two Hilbert-Schmidt
operators. Here Tr denotes the trace on the Hilbert space L?(2,d?z) ® C". The com-
position of the two operators R o §K produces the kernel

. I(6) " 'a(Qd(p" (x)g(w)) dC A d¢
Roskeyw) = [ HO LA 2
(2)(TT(0) " "a(Op" ()dg(w) dC A d¢
- [ PR w6
(2)(T(¢) " "a(¢)dp" (¢)a(w) dC A d¢
R 2 529
where we have omitted explicit notation of the dependence on t of the functions f, g, F, G, T.
We focus on the term in (5.2.7)). Using the identity m = Z_lw (Zic + ﬁ), we
obtain
Pl ()T (2) _ 1 1 d¢ A dC
gz " C B ([ @t © (24 oy ) Ca ) datw
(5.2.9)

In order to compute the trace we need to compute the kernel (5.2.9)) along the diago-
nal z = w and hence we consider lim,,,,(5.2.9). Observe that (FT(C)) La(OpT(¢) =
W@ (FT(Q'))* , and hence we can apply the formula (5.1.14]) to eliminate the integral

and rewrite ((5.2.9) as follows

T () (07 ()7 = 1)dq(w)  p7 ()T () (07 (w))~ ~ 1) q(w)
G-29) = — +

Z—w Z—w

(5.2.10)

P’ (2)(I7(2)(C7 (w)) ! — 1) g(w)
— S— . (5.2.11)

We can now easily compute the expansion of (5.2.11)) along the diagonal w — z by
Taylor’s formula, keeping in mind that I' is not a holomorphic function inside Z:

0

-0 o
B210) = p" (2)0.T7 (2)(T7(2)) " '6q(=2) + T w p"(2)a(2) p" (2)g(w) + O(|z — w|)
(5.2.12)
=p (2)8.TT (2)(T"(2))"1dq(2) + O(|z — w). (5.2.13)

Using the above expression we conclude that the trace in L?(2,d?z) @ C" of (5.2.7) is

dz Adz

Tr((5.2.7)) = //@TI”(pT(Z)8ZF(Z)T(FT(Z))_15(](Z)) 5 (5.2.14)
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Using the cyclicality of the trace and its invariance under transposition of the arguments,
we reorder the terms ([5.2.14)) to the form

Te((5.2.7)) = / /j T (D (2)8.0()p(2)5¢7 () Z AL QAZ dz (5.2.15)
We now consider the term . Taking its trace yields:
Tr((5.2.8)) =
// // T(2)(TT(¢)q(Q)6p™ (¢)q(2)) dC Ad¢ dZ A dz
(z—Q)? 2i 2i
B IT(2)(T7(¢))~q(¢)6pT (¢)) dC A d¢ dz A dz
/ /J / / 02 5 o 020

We observe that the integrand is in L?
along the diagonal

i because the numerator vanishes to order O(|z—(]|)

=0
—_——

T (a(2)p" ()17 (2) (T () a(Q)8pT (€)) = Tr(a(Q) 7 (O)al() 67 (C)) + O(] — <)),
(5.2.17)

and hence the integrand is O(|z—¢|~!) which is locally integrable with respect to the area
measure. We can now relate this integral to d,I" as follows. Using the formula (5.1.14)
and the J-problem we can rewrite I'7(¢) as

MT
1 // dz A dz _ / z)dz A dz (5.2.18)
21

Taking the holomorphic derivative with respect to ( we get

dz Adz
FT )
% / / 2i

Plugging the result into ([5.2.16)) we obtain

Z—//@Tr <(FT(C))_ (// )dz;\idz>> dC;\idC
-], T”(<FT<<>>—1q<<;>6pT<c>a¢(rT<<>>)dggidC
- [ maosm @ar oo S5

-], Tr(rfl<<>a<r<<>ap<<>qT<<>>dCQdC’
7 (5.2.19)
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so that

d¢ Ad

(28 = [ HE0aromOf ) S5 G20)
Combining ([5.2.15)) and ((5.2.20|) we have obtained that
— Tr(R o §K) = —Tr( + (5-2.3)) =
dzAd

- [ me o >6<p<z>qT<z>>> A

_ / / Te(r ! (Z)BZF(Z)éM(z))dEQA dz. (5.2.21)
9 T

This concludes the proof of Proposition |5.2.2 |

5.2.1 Malgrange one form and 7-function

From Proposition we define the following one form on the space of deformations,
which we call Malgrange one form following the terminology in [9]:

- / / Te (071 (2)0.7(2)3M () Endz (5.2.22)
9

211

where I'(z) is the solution of the d-problem and M(z) is defined in (5.1.8)). For the
operator X defined in (5.1.4)), the Proposition implies that

w = dlog deta(Id — K), (5.2.23)

and hence w is an exact (and hence closed) one form in the space of deformation param-
eters the operator X may depend upon. The form w can be shown to be closed under
weaker assumptions on the matrix M than the ones that appears in the d-problem
as the following theorem shows.

Theorem 5.2.3. Suppose that the r x r matriz M = M(z,Z;t) is smooth and compactly
supported in 2 (uniformly with respect to the parameters t), depends smoothly on t and
the matriz trace Tr(M) = 0. Let I'(2,%;t) be the solution of the O-problem . Then
the exterior differential of the one-form w defined in vanishes:

Sw = 0. (5.2.24)

Proof. From the J-problem we obtain

dw A d
§(3:;T) =T6M +6TM = o(z / / L (w) “’2 : Ur(2)(5.2.25)
T
Using ([5.2.25)) we can compute

dz Adz
— -1 g
//@Tr(é(F aZrAaM)> .
:// Tr<1“’1(51T’183FA5M dZAdZ // Tr 160 F/\(SM) dzndz
9

21 e

(5.2.26)
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From ([5.2.25)) we deduce

50.T(z / / e ) dwAdwy s T G). (5.2.27)

21

Substituting ((5.2.27)) in the equation ([5.2.26]) we obtain:

S = / /9 Tr <F_1(z) ( / /9 F(w)‘s(]‘j Ewi;_l(w) d’“’;j”) r(z)AaM(z)> difridz.

(5.2.28)
The crux of the proof is now the correct evaluation of the iterated integral:
// d?z // d2szw
ow =
F(z,w) == Tr( (w)(SM(w) “L(w) A F(z)éM(z)F_l(z)) (5.2.29)

By applying Fubini’s theorem, since the integrand is anti-symmetric in the exchange of
the variables z <> w, we quickly conclude that the integral is zero. However the integrand
is singular along the diagonal A := {z = w} C Z x Z and we need to make sure that
the integrand is absolutely summable.

Recalling that F'(z,w) = —F(w, z), so that F(z,z) = 0, we now compute the Taylor
expansion of F(z,w) with respect to w near z;

F(z,w) =0+ 0y F(z,2)(w — 2) + 0z F(2,2) (W — 2) + O]z — w|?). (5.2.30)

Thus ||l;(zsz2) | = O(]z —w|~') which is integrable with respect to the area measure. Hence

application of Fubini’s theorem is justified. |

From this theorem, we can define a 7-function associated to the the d-problem [0.0.27| by

7(t) = exp ( / w> . (5.2.31)

In general the above T-function is defined only up to scalar multiplication and hence
should be rather thought of as a section of an appropriate line bundle over the space of
deformation parameters, depending on the context. However, for M in the form specified
in we know from Proposition that we can identify the 7-function with the
regularized Hilbert-Carleman determinant:

7(t) = exp </ w> = dety(Id — X). (5.2.32)
In the next section, by choosing a specific dependence on the parameters ¢ in the more

general setting of M as in Thm. we are going to show that 7(t) is a KP 7-function
in the sense that it satisfies Hirota bilinear relations [60].

98



5.3 7(t) as a KP 7-function

In this section we consider a specific type of dependence of M on the “times”: let M (z,t)
be a 2 x 2 matrix that depends on t in the following form

£(z.t) s,

M(z,t) =e 2 3Mp(z)e , (5.3.1)
with
+oo
() => 2L (5.3.2)
j=1

and My(z, Z) a traceless matrix compactly supported on . A 7-function of the Kadomtsev-
Petviashvili hierarchy, 7(t), can be characterized as a function of (formally) an infinite
number of variable which satisfies the Hirota Bilinear relation

Res,—oo (T(t — [271])7(s + [271])efED—E(E9) — (5.3.3)
where t + [271] is the Miwa Shift, defined as:
1 1 1
ttz = (it tat ..t —, . ). 3.4
[Z ] <1 Z; 2 2227 s g jZ]7 ) (53 )

The residue in ([5.3.3)) is meant in the formal sense, namely by considering the coefficient
of z7! in the expansion at infinity and can be thought of as the limit of §|z\:R as

R — +4o00. If the functions of z intervening in (5.3.3]) can be written as analytic functions
in a deleted neighbourhood of oo, then the residue is a genuine integral; this is the case
of interest below.

As described in [73], the equation ([5.3.3) implies that the tau function satisfy an equation
of the Hirota type

P(Dy,Ds,...) 72 =0 (5.3.5)
where D; is the Hirota derivative respect to t;, defined as
Dj pt)q(t) = (0, — Oy ) (p(t)a(t'))le=', (5.3.6)

and P(Dq, Dy, ... ) is a polynomial in (Dy, Dg,...). In particular, if we consider the first
three times t1,ty and t3, and t; = 0 for £ > 3 the equation (5.3.3) is equivalent to the
KP equation in Hirota’s form

(3D3 — 4D D3 + D) 2 = 0. (5.3.7)
Putting
07 log T(t1,ta, t3) = %u(tl,tg,tg)
one obtains the celebrated KP equation
307 u = Oy, (40, — 9} u — 6udy, u) (5.3.8)

The rest of this section is devoted to the verification of the Hirota bilinear relation (5.3.3)
for the KP tau function.
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5.3.1 Hirota bilinear relation for the KP hierarchy
The main result is the following.

Theorem 5.3.1. Let I'(z,t) be the solution of the d-problem
Glos (e 509, T(st) - 1

Z—00

E2)
2

0:I'(z,t) =T'(2,t)e

with the traceless matriz My(z) compactly supported on a bounded domain 2 of the
complex plane and the function & given by the formal sum &(z,t) = ;L:OT 2t;. Then the
Sfunction

T(t) = exp (/ w> : (5.3.9)

with w defined in is a KP T-function; i.e. it satisfies the Hirota Bilinear rela-
tion .

Remark 5.3.2. In this setting the KP T-function is in general complex—valued. Under
appropriate additional symmetry constraints for the matrix My and the domain 2 we
can obtain a real-valued T-function.

We prove the theorem in several steps. We first analyse the effect of the Miwa shifts on
the 7-function. For this purpose we need to determine how the Miwa shift acts on the
matrices I'(z, Z,t) and M(z, z,t). We consider M (z, z,t & [(1]) first.

M(Z’t 4 [C_l]) = ef(Z,t:l:[C_l})O'gMO(Z)e—ﬁ(Z,t:t[C_l])O'g,
from the definition of {(z,t) (5.3.2)
. +o0 ' 1 +00 ‘ 400 Zj .
(et =3 (tj = .7¢> SDIEUED DECERICORH (1 - C)
]: =

and we have that

M(zt+[C7Y) = (1 - Z)ﬂ M(z,t) (1 - Z>i . (5.3.10)

For the matrices I'(z,Z,t & [(7']) we need to consider the two case separately. Let us
start with the negative shift T'(z,z,¢t — [¢(7]).

0:D(zt — [(TH) =Tzt — [(T)M (2t~ [¢71))

73

= T(zt—[¢7Y) (1 - Z>+? M(z,t) (1 - z> o (5.3.11)

=T(z,t - [C))D(z,O)M(z,6)D (2, ()

where



From (5.3.11)), we notice that the matrix I'(z, t—[¢™1]) D(z, ¢) satisfies the d-problem
i.e. there exists a connection matrix C(z) such that

[(z,t—[C7Y) = C(2)T(2,t)D(2,¢) 7Y, (5.3.12)
where obviously C(z) depends also on ¢ and ¢.

The matrix C(z) is determined by the conditions that both I'(z,t) and T'(2,z,t — [(}])
must tend to 1 for z — oo and are regular at z = (

i (1-2) e [ - i) mmee [
t

s (1-2) e [tz g] <[]

Solving the system (/5.3.13)), we obtain that the matrix C(z) has the following form

(1_; +‘9zF12(00)F21(C) _8.T13(c0)
oty - [ LS S
“Tu(Q)

Following the same ideas, we can find a similar formula for T'(z,z,t + [(7}])
D(z,t+[¢7Y]) = C(2)D(2,t)D(z,¢) (5.3.15)
with
b0 =y 14
Also in this case, we have three conditions similar to :

e [bned] =[] (-8) Aeo ] <[]

1 (5.3.16)
lim ( _ Z> &(2) [Fﬂ(“)} _ [ 0 ]
T ¢ Lyo(,t) I'22(¢,1)
and we find out that C(z) has the following form:
oot s
= b (g B se
¢ ¢ ¢T22(¢)

We need to show how the Miwa shift acts on the Malgrange one form. We define dj
the differential deformed including the external parameter ¢

+o0
O =Y dt;0y, +d¢oc = 6+ bc. (5.3.18)
j=1
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Lemma 5.3.3. When ( ¢ 2 the Miwa shift acts on the Malgrange one form

in the following way:
w(t +[¢71]) = w(t) + dig In (CTH(O)) 1) F ig7(<) s (5.3.19)

where T'(z) solves the O-problem and v(¢) is a t independent function defined as

Y(¢) = //@ log <CEZ> (@Mo(z))ndijm.dz , CeC\2, (5.3.20)

that is is analytic (for { ¢ 2) and goes to zero as { — o.

Observe that since TrMy = 0 we may express the formula in terms of the (2,2) entry
instead. The proof of this lemma is presented in the Appendix [A] Now we can state the
following proposition:

Proposition 5.3.4. For ( ¢ 9 the following relations holds:

T(t;(gl]) =T11(¢, 1)) T(tio[f)l]) =T (¢ t)e @) (5.3.21)

where T(t) is defined in (5.2.31), T'(z) solves the O-problem and v(¢) is defined
in

Proof. From Lemma and the equation (5.2.31]), we rewrite (5.3.19) as

STt +[C7) = 0 In7(#) + S (T (¢))11) F b7 (<) (5.3.22)
an then, from the properties of the logarithm the statement ([5.3.21f) is proved. |

Remark 5.3.5. The exponential term ¢7©) could be absorbed by a gauge transformation
in the formalism of the infinite dimensional Grassmannian manifold of Segal-Wilson
( [59], Chapter 4). Such gauge transformations have no effect on the Hirota bilinear

relation .

Let us now define the matrix H(z) as

H(z) := H(z:t,8) := [(2,t)eGO=EE)Eup=1(; o) (5.3.23)

10
0 0}’
denotes another set of values for the deformation parameters.

where E17 = ['(2,%,t) solves the J-problem [5.1.1] and 8 = (s1,82,...,8j,...)

Lemma 5.3.6. The matriz H(z) defined in is analytic for all z € C.

Proof. For z ¢ & the statement is trivial, so we consider the case of z € Z.
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We apply the operator 0z to the matrix ((5.3.23))
O:H (z) = 9:1(2,8)e €GN =G EuD=1(; o) 4 T'(z,8)elO)-E=a)Eng =1 (; g)
— I"( )M( ) (E(th)_g(zvs))EllF_l(z 3)+
( t)els VPN (2,8)T 7 (2, 8)
(eé % Mo (2)e~ "5 208D €GB
)—

_el&(zt 5(23))1"311e > USMO() 5(22’3)03> Pfl(z,s)

:F(Z,t) (e 5 032 MO(Z)e—£(z,s)E11+

e ) 1
=T(z,t) ( EEOEN N (5)e €9 BN _ eg(z,t)EllMO(Z)G_g(Z,S)En> I 1(z8)
=0

and this proves the statement. |

We are now ready to prove the main result of the section, namely Theorem [5.3.1
Proof of Theorem Let us compute the residue
Res.oo (T(t = [27'])7(s + [271])et D ~E=9))

_ Tt =D T8+ [27) cn)ees
— ()7 (8)Resamon (- =) —r (SN —E(=9))

= 7(t)7(8)Res.co0(T11(2,8) (D71 (2, 8) )11 eS8 ~6(=:8))

d
= 7(t)7(s) lim D11 (2, 8)eSED=EE) (P15 )~ (5.3.24)
R—o0 |z|=R 211
Consider the first diagonal element of the matrix H(z). From the analyticity of H(z)
proved in Lemma [5.3.6] we get

d d
0= H(Z)—Z — 7{ Pll(Z,t)eé(z’t)ié(z’s)(ril(Z,8))1172."‘
|z\ R 27 |z|:R 21

1 . (5.3.25)

z

— T t)T
jéz|:R 12(2, )21 (z, 3)2m
So, we can rewrite ([5.3.24)) as
d
5.3.24) = 7(¢)7(s) lim T1o(2,8)Ta1 (2, 8) —— (5.3.26)
R—oo |z|=R 211

Since both I'12(z,t) and T'91(z,8) are analytic for |z| sufficiently large (given that Z is
compact) and
[(z,t) ~IT+0(z7') for z = oo,
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it follows that (5.3.26)) is zero because the integrand is O(z~2), and the statement is
proved. |

5.3.2 The focusing Nonlinear Schrodinger equation

In this subsection we make a specific choice of the matrix My of the form

0 B(z)xa
My(z) = — ,
D= sEne o
where 3(z) = B(z,7) is a smooth function on & C C; and xg (x7) is the characteristic
function of 7 (2). We observe that My satisfies the Schwarz symmetry
My(Z) = 09My(z)oa, where o9 = [? _OZ] : (5.3.27)

Let us consider the d-problem

9:D(z,t) = [(z,t)e €ENT o (2)e(H)os forr€ 2U9 (5.3.28)

I(z,t) — 1

Z—00

with £(z,t) as in (5.3.2]). Here we have re-defined t; — —2it; to respect the customary
normalization of times in the KP-hierarchy.

Theorem 5.3.7. Let I'(z,t) be the solution of the O-problem and let
P(t) :=2i lim z(T'(z,t) — 1)12.

2Z—00

Then the function ¢ = 1(t) satisfies the nonlinear Schrédinger hierarchy [45,|71] written
in the recursive form

0,01 = 2Ymg1,  Y1:=1v, m=>1, (5.3.29)
i _
Vm = iatﬂbmfl + wlhmfla 8t1hm = QIm(@Z)lT/Jm), (5.3.30)
where Py, and hy, are functions of t and hy := 0.

The proof of this theorem is classical and is deferred to Appendix [B]l In particular the
second flow gives the focusing NLS equation

. 1
09 + 5000 + [ =0,

where comparing with the notation in the introduction ¢3 = ¢ and ¢; = x. The third
flows gives the so called complex modified KdV equation

o} 3
Orth + —— + S |Y "0 = 0.

Setting ¢, = 0 for k > 4 one obtains that v(ty,ta,t3) := 2|21 (t1, t2, t3)|? satisfies the KP
equation |D after the rescalings v = —4u and t; — §t;.
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Appendix A

Proof of Lemma 5.3.3

In this section we give the proof of Lemma Since the computations of w(t £ [¢!])
are the same, we give the proof only for w(t — [¢71]).

From (5.2.22)), (5.3.10) and (/5.3.12)), we get

// Tr ]) 0 F( — ¢ 1]) Sj) M (z,t _ [C_ID) diﬁ\m’dz
o / /9 Tr (D(2)T ()07 (2)0: (C(AIT(2) D7 (2) g D(2) M (=,8)D(2))) dngm'dz
B / /9 Tr (D(2)T~(2)0:T(2) D™ (2)51) (D(2)M (2,) D™ (2))) dEQ:\m;dZﬂL (A.0.1)
: //9 " C7H(2)0:C(2)T(2) D™ (2)dy¢) (D(2)M (2,8)D(2))) d52jr;12
(A.0.2)

-1 dz Adz
// T ()31 (D(2)M (2,8)D™(2))) =~ (4.03)

We now consider the three parts (A.0.1), (A.0.2)), (A.0.3), separately.

Computation of (A.0.1). We find:

dz ANdz

__ / /j T (I ()00 ()M (5,8)) &

_ / / Tr (rl 0.1 [Dl(@(scp(z),M(z,t)D di;dz
/ / Tr< 2)8:D(z [ _1(z)62I‘(z),M(z,t)]> difm,dz.
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Since ¢ ¢ 2, the matrix D~!(z) in (5.3.11)) is analytic in 2 and using the d-problem for

I" we can rewrite the two integrals as

dz Ndz
@n) -+ [/ m( 2)0.1(:)D d Z<~1>Z<ZD<Z)> R
‘//@Tr(azM(z,t)D‘ (2)0cD(2) =5 =

We now observe that the last integral is independent of ¢, due to the fact that D(z) is
diagonal. Moreover, using

D1 (2)0¢D(2) = ———— F11d¢,

(2 C)

where F11 = [(1] 8], we find

_//9 Tr (8ZM(Z,t)D_1(z)8<D(z)) df%mdz = //9 C(Zic)(azMo(z))ndZQ/;idz.
(A.0.5)

The RHS of (A.0.5)) equals 9:v(¢). Now, the integrand of the remaining integral in (A.0.4)
does not have a pole in Z and we can use Stokes’ Theorem

dz z _ dz
§ IO D D6 35 = f ST AT g

where —0% is the border of & oriented clockwise. Since I'(z) is analytic outside 2,
we can apply Cauchy’s residue Theorem and pick up the residues at z = ¢ (there is no
residue at z = oo because the integrand is O(z72)):

?{_8@ C(zz_ 3 (T22(2)0.T'11(2) — 8.T21(2)M12(2)) Qd—; =T1'22(¢)0:T'11(¢) — 9cT21(¢)T'12(C)
so that
(4.0.1) = w(t) + (T'22(¢)0cT11(¢) — 9cT21(¢)T12(C)) AC + d¢v(€)- (A.0.6)
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Computation of (A.0.2). Let us consider ((A.0.2):

_ / /@ Tr (I (2) 0} (2)0.C ()T ()M (=, t)) dzz/;idﬁ
_ //@ Tr (M(z,t)F_l(z)C_l(z)azC(z)I‘(z)D_l(z)5cD(z)) dé:\”,dz
+ //9 Tr (F_I(Z)C_l(Z)@ZC(Z)F(Z)M(Z,t)D_l(Z)(SCD(Z)) d§2;\m.dz

dz Adz
271

__ / /@ Tr (D7 (2) 0 (2)0.C ()T ()M (2, 1)
+/ Tr (917" (2)C7 (2)0:C(2)T(2) D™ ()0 D(2)) dEQ/\ az
7 ™

dz ANdz

—1 -1 q -1
—l—//@Tr(F (2)C1(2)0.C(2)0r' (2) D~ (2)é:D(z)) Sy (A.0.7)

Since the only singularity is at z = (, which is outside the domain %, we can apply
Stokes’ Theorem to the integration and we get

@03 - - [[ (T @o.crEMEnr E) T
+}{ Tr (F_ (z)C™ (Z)OZC(Z)F(Z)D_I(z)5CD(2)) Zd—z (A.0.8)
09 ™
Now observe that
[(2,8)0M (2,8) 0} (2,t) = 0:[(0T (2,¢))T (2, t)] (A.0.9)

Using (|A.0.9) in the first integral of (A.0.8)), we can rewrite it as a contour integral

- // T (07 (:)0 ()0 0N ()M (2, 1)) AT

/ / 9.Tr (C(2)8.C(2)8T ()T (2)) difrf"’
dz

f Tr (C71(2)0,0(2)0T ()T (2)) —.
09

21

From the explicit expression of C' in ((5.3.14]) we obtain

1 1 1 — %elaleo)
C7l(2) = ——=—adj(C(2)) = —— [r ©) 2\ 8.Tis(o0)T (C)]
det C(2) (1_ ) 21 (1— )—71&11(012



and

TH(C%@84Xzﬁf@ﬂ?1@D::(Zig)<wfwﬂf1Cﬂh1+£3§8(MX@F%z»m>

_ (5F11(Z)F22(2) — (5F12(Z’)F21 (Z) Fgl(C) <(5F12(Z)P11(Z) — (5F11(Z)P12(Z)>
(z=¢) I'11(¢) (z=9) '

We thus conclude that the first integral in (A.0.8) is given by

) - dz 611 (¢)
%_agrﬁ(c 1(2)0:C(2)0T (2)T l(z))fm = 0T (OT=2(0) - Fllll(C)

~orn(Q)

To compute the second integral in (A.0.8) we expand the trace and obtain

z I'2(2)T21(€)
{e—cp ) <F22(Z> (S ) |

So we are left with a contour integral with a double pole at z = ¢ and a simple pole at
z = oo. Using the explicit expression (|5.3.14}) for the matrix C' we obtain:

I'12(¢)T21(¢)

Tr(F_l(z)C’_1 (z)@ZC(z)F(z)D_l(z)@CD(z)) =—

a4z
21

i z 5 2) — F12(2)F21(C) dz
= §,, g (rat) - HEE)

7{{) T (0 (290D (0:D(2)

27
1 detI(Q) ~ 9(T11(QT2(¢) 21 (¢)
¢ + c + 0¢(T'11(¢)T'22(C)) 1 (0)
= 0¢InT11(¢) + I'11(¢)0cT22(¢) — 0T 12(¢) 21 (€)- (A.0.11)

Combining with we have
(4.0.2) = djg(In(T'11(¢))) + (T'11(Q)IcT'22(C) — 21 (€)IcTM12(¢)) d¢. (A.0.12)

Computation of (A.0.3|). This term turns out to vanish; indeed

dz ANdz
+

_ / /j T (D7 (2)0.D(2)0M (=, 1)
- //@ Tr (D_l(z)(‘?zD(z) [M(z,t)jD_l(z)égD(z)D
= _ //@ Tr (5£(z,t)D_1(z)8ZD(z) [M(z,t),ag]) dE2/7;Z.dz

_ / /@ Tr (D1(2)8.D(2) [M(=,t), D~ (2)5.D(2)])

dz Adz
2T

dz Adz
271
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and the integrand vanishes identically because of the cyclicity of the trace and the fact
that D is a diagonal matrix. In conclusion, adding the equations (A.0.6) and (A.0.12)),
we obtain

w(t —[¢7"]) = w(t) + 61 n(T11(¢)) + F¢v(<)- (A.0.13)

Substituting C(z) and D(z) with C(z) and D(z) respectively and using the nonsingular
condition for K (5.1.1)), we find w(t + [¢!]) with similar calculations and we get the
following result

w(t 4+ [¢7Y)) = w(t) + g (THHC) — (0. (A.0.14)
and this proves the Lemma [5.3.3 |
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Appendix B

The Focusing NLS hierarchy

We now consider a particular example of d-problem with s = 2 and a M(z,t)

similar to ([5.3.1)
9:D(z) = T(2)e €ENs N ()i (2008 for € 2U9 (B.0.1)
I'z,z) - 1

Z—00

with & the complex conjugate of Z and My(z) that satisfy the Schwarz symmetry

My(Z,2) = 09My(2,Z)o2, where oy = [(3 _OZ} (B.0.2)

Theorem B.0.1. The solution I'(z) of the d-problem generates the Focusing
Nonlinear Schrédinger hierarchy [50]

10,01 = 2¢my1 (B.0.3)
1 _
l/Jm = 58t1¢m—1 -+ 1/11hm_1 atl hm = —2Im (1/}1wm) (B.0.4)
where ¥y, and h,, are functions of t.

Proof
We define the matrix ¥(z) as

U(z) = T(z)e =0 (B.0.5)

and if I'(z) solves the problem (B.0.1]) then ¥(z,Z) solves
0:V(z) = ¥(2)My(2) for € 2U 2, (B.0.6)
W(z3) - (1+0()eiee0m,
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Since the derivative ; and d;; commutes V j, both W and 9;; ¥ satisfy the problem (B.0.6),
and for Lemma VU and 9y; ¥ are linked by an entire matrix, called B;

O, ¥(2) = Bj¥(2,7%) (B.0.7)
Consider the first parameter t; = . We want look for the matrix By from the equation
0,0 (W)L,

817\1/(\1/)_1 _ ax(F<Z)e—i§(z,t)03)eig(z,t)ag (F(z))_l _
= —izl'(2)03(D(2)) ™" + 0:(T(2))(F(2)) ! ~

() (g )+ (55) ()
k=1 k=1

k=1 k=1
(B.0.8)

where T (t) is a 2 X 2 matrix with the following form

Ty(t) = [_“g:g) Z’;((g] (B.0.9)

and T'(t) is still a 2 x 2 matrix given by the recursive formula

k—1
T =-T) — erfk_j. (B.0.10)
j=1

Remark B.0.2. We can rewrite (B.0.10}) as an algebraic equation in C"® Mat(2,C),
with n > k, and we can find an explicit form for the I'y:

k—1
Ti(t) = —Tx(t) + > Thmlmt
m=1
k—1 p=k—m p+1—I p—1—k
+) DS > Tk Ty - Tiy | T, (B.0.11)
m=1 =2 k1:1 kl71:1

with kK = 22;21 k;.

Expanding (B.0.8)) we find the laurent series for By:

Bl ~ —izag — i[rl(t),dg]-i-

0 k-2 k-1
+> 20T+ Y 0T Tk 1 —i | [T, 03] + Y [Ty, 08Tk (B.0.12)
k=2 =1 j=1

and since By must be an entire function then all the terms z~*~1 must be zero V k.
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Lemma B.0.3. Bj is entire iff the matricies I'y(t) satisfy the equation

10,01 + [Fk,Ug] - [F1,03]Fk,1 =0 Vk (B.0.13)

Proof of the lemma It’s a proof by induction.

From the equation (B.0.12)), we can see that for kK = 2 we get the equation (B.0.13[). We

now check for k£ = 3:

k= 3 8$F2 + 6$I‘1f1 —1 |:[P3, 0'3] + [Fl, Ug]fg + [FQ, Ug]fl] ==

from the equation (B.0.11) we get that fl = —I'y and f‘g =I5+ (F1)2, so we have that
0,12 —i([I'3, 03] — [['1,03]T2) — (0.1 —i[l'2, 03] +i['1,03]T1) =
= 6mF2 - i([Fg,O’g] - [Fl,Ug]Fg) (B014)

and this is the equation (B.0.13)) for £ = 3. We can do the same also for k = 4:

k=4 0.3 —i([T'4, 03] — [['1,03]T'3) + (0,1 — i[['2, 03] + 4[T'1, 03]F1)((P1)2 —T'9)+
— (0,2 —i([[3,03] — [['1,03]T2))T1 =
— 0, — ([T, 03] — [T, o5]Ts) (B.0.15)

and this is the equation (B.0.13)) for k = 3.

We suppose, by induction, that (B.0.13) is valid for £k = m and we want to show that it
still valid also for kK = m + 1. Consider the k = m + 1 term of the laurent series (B.0.12]):

m—1 m
k=m+1 axrm+zaxrlfm—l_i L1, 03] +era03 m+l—j | =
=1 j=1
m—1 m
= 0pl' + Z 0, 1_‘l]-jm 1 — [Fm—i—lao'?)] F1703 ZZ 370'3 m+1 i =
m—1 :nfl
= 0pL — i[Cri1, 03] +i[01,03]0m + 3 il +1 Y _[[1, 080T+
=1 =1
m—1 ’
—1 Z +17U3 m—j =
7j=1
m—1
= 0, — i[lhq1, 03] +i[l'1, 03] + Z [(axrz +i[l'1, 03] — i[Pl+17‘73])f\m7l:|
=1

= 0l — i[rm_H,O'g] + i[rl, O'3]Fm =0
and this ends our proof. [ ]
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Since also the other matricies B,, must be entire, the following equation holds Vm, k € N:

k—1 k+m—1
8tmI‘k + Z atmI‘le,l - Z.[Fk+m7 0’3] — Z i[Fj, Ug]Fker,j =0. (BOIG)
=1 =1

The equation (B.0.13)) gives us a relation between the coefficients ag(t), by (t):

8zak = —Qiblgk (B.0.17)

by = %axbkq + b1Gg—1 (B.0.18)

So the matrix Bj is given by

. . ) —1 2iby(t
Bl = —1203 — Z[Fl(t),0'3] = —1z03 + B? = |:22b1Z(Zt) Z’le( )] . (B019)

We now consider the m-component of t. The matrix B,, is given from

m -2
O, U(0)~t = —i2™ |3 + 27 'y, 03] —}-Zz ([Ck, o3] +ZF],O'3 )| =
=2 j=1

m —
=—i2" o3+ Z_I[Fl, o3| + Z 270,11 + Z axl“ll“l_j_l) =
=2 j=1

m—1 -2 m—2
=B — Z 29, Ty + Zaxrlflfjfl) — (0:m—1 Z 0:T 1) =

j=1
= 2By 1+ B%, = B, (B.0.20)
this give us a recursive formula to find the Lax matricies B,, for m = 2,...,n with
m—2 ~
BY, = —(0Tm-1+ > 0:L;lm_j 1). (B.0.21)
j=1
Now we need to prove that BY satisfy the recursive equations:
i
(B%)19 = §aﬂc(BO D1z — 2(B2_)11b1; (B.0.22)
9:(B2)11 = 2i[(BY,)a1b1 — (BY,)12b1]. (B.0.23)
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Indeed, consider the case for m = 2 and m = 3:

m=2 BY=-0,I
from equations (B.0.17) and (B.0.19)), we get that
7 .
(B)12 = —Oubr = 5(39)12 —2(BY) bt 0:(B9)1n = —0ra1 = 2i0,|b1 [
m=3 BY=—-0,I'y+ 8,1
from (B.0.17)) and (B.0.18]) we get that
(BY)12 = —0yba + Opa1by + 10,01 = —53551 — 4i|by by = 5(33)12 — 2(B)11by
0x(BY)11 = 2004 [b1ba + bib — |b1|*(a1 +a@1)] =
Qi[axggbl + (%Ubggl — alﬁxblgl — alﬁxglbl] =
= 2i[(BY)21b1 — (BY)12b1], (B.0.24)

If we move one step further with m = 4 we notice that not only the equations (B.0.22))
and (B.0.23]) holds, but also that we can rewrite (B.0.21)) in a recursive way:

m—
B?n =-0,I,,_1 — Z By, ;T';. (B.0.25)

It is easy to check that, from Schwarz symmetry, the following conditions holds:

(BO)11 = —(BY)22  (Bo)12 = —(BY)21. (B.0.26)

Let us suppose, by induction, that (B.0.22)) and (B.0.23)) holds for m, now we want check
that they are true for m + 1:

m—1
mA+1 (Bhii)ie = —0zbm — > [(Bhyi_j)uibj + (Bosy_jhety] =
7=1
i m—1
= _ax (26xbm1 + blam1> Z m+1 ] 1lb
7=1
m—1 Z
[50: —2(By,_j)ubila; =
7j=1
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m—2

m—2 . m—2
. 1
= — b1 — 4|01 [*b 1 — Y §5x(39n 25 +2 Y (Buj)ubid@; — > (Bfii_j)ub; =
j=1 7j=1

7=1
i m—2
=3 2y 1-1-23 mjlzaj +Zax b)) | +
j=1
m—2 m—2
= (BY_abibj1 — Y _[(BY_j)a1br — (By,_j)12bi]b;
pst =1
m—2 m—2
+ ) (Bhoubjn — Y (Bh_j)ubigj+
pst =1
m—1 m—2
= (B b +2 > (Bmoj)11bid; — 2ilby b1 =
st =1

= %%(321)12 — (B%)11b1 — | 0pn_1 + Z 0 j)21bj — (Bgl_j)n)aj =

then, from the conditions (B.0.26))
]
= 531:(30 )12 — 2(Bj)11b1

we need to check the other condition:

m—1
8 (Bm+1)11 = 218 blb Z 83; m+1 j 11a3 (B,On_,_l_j)lgbj] =
=1

= 22'[62;515”1 + blamgm] — (9 (B%H_j)naj — 2i(3%+1_j>11b15j]+

Jj=1

m—1
—+ Z m+1 ) )12bj + (ng+1—j)12axbj] =
7j=1

m—1
= 2i[05b1bm + 0103bm] — 20 > (B 41-j)a1b1 — (Bf,11_;)12b1]a;+
=1
m—1 B m—1 B
+ 2 Z (Bpot1-)1101b; + 0x(Bp,)12b1 + Z Oz (B 1-1)12bj + Z (Bpi1-j)120:b; =
j=1 J=1

m—1
j=1
(B.0.27)
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m—1

+2i > (BY, 1 )11bib; — 2i((B1)21 + 2(B)11b1)bi+

=
m—2 m—1
+ ) 0:(By,_j)12bjt1 + 2 Z (Bphi1-ih2(bjp1 — braj) =
P =1
m—1 m—1
= 2i[0pbm — (Bf]nﬂ,j)maj + Z (B%Hfj)llgj]bﬁ’
Jj=1 Jj=1
m—2
— 2i(By1)12b1 — 4i(B)ialbr | — 4i Y (Bp,_j)1ibjy1by =
—1
m—1 m—lj
= 2i[0ubm — > (Bl 12185 + Y (B11_)22bjlbr — 2i(BY, 1 1)1201 =
= =1

= 2i[(Bp,11)21b1 — (Bm41)1201] = —4Im ((BY,1)12b1).

Then, by defining the functions:

P1(t) = 2ib1(8),  Pm(t) == (Bp)12(t)  hm(t) = i(Bp)11(2) (B.0.28)
we get that equations and are exactly the equations .
Let us consider the equation for k= 1:

m

6tm1“1 — i[Fm+1, 0'3] — Z i[Fj, O‘3]f‘m,j+1 =0. (B.O.QQ)

Jj=1

From equation (B.0.13]) and (B.0.21]), we can rewrite it as

m—1
01, T1 + Boyy —i[l1,08] (Do + T + Y IjTj) =0, (B.0.30)
j=1

then, from (B.0.10)), the last term is identically zero and at the end we get:
O, T1=—B.1. (B.0.31)

By taking the element 12 of (B.0.31)) and the definitions (B.0.28), we get the equa-
tion (B.0.3).

This ends the proof of the theorem. |
Remark B.0.4. If the matriz My(z) has a symmetry of this kind:

—— . 01

My(Z,z) = o1 Mo(z)o1, with o1 = 1 0o (B.0.32)

then, by substituting by, with — by, in the proof of theorem, we can show that the solution
['(z,Z) generates the Defocusing Nonlinear Schrodinger hierarchy.
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Remark B.0.5. Ezxist a generalization for n x n matricies of the NLS hierarchy, called
the gANKS hierarchy [38,91]. The extension of Theorem for this hierarchy, and
also the result about the T-function be treated in future works.
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