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Abstract
The classical Reifenberg’s theorem says that a set which is sufficiently well approximated by
planes uniformly at all scales is a topological Hölder manifold. Remarkably, this generalizes
to metric spaces, where the approximation by planes is replaced by the Gromov-Hausdorff
distance. This fact was shown by Cheeger and Colding (J Differ Geom 46:406–480, 1997) in
an appendix of one of their celebrated works on Ricci limit spaces. Given the recent interest
around this statement in the growing field of analysis in metric spaces, in this note we provide
a self contained and detailed proof of the Cheeger and Colding result. Our presentation
substantially expands the arguments in Cheeger and Colding (1997) and makes explicit all
the relevant estimates and constructions. As a byproduct we also show a biLipschitz version
of this result which, even if folklore among experts, was not present in the literature. This
work is an extract from the doctoral dissertation of the second author.
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1 Introduction

The celebrated Reifenberg’s theorem [29] states that if a set in R
d is well approximated

at every small scale by n-dimensional affine planes, then it is (locally) an n-dimensional
bi-Hölder manifold. More precisely, for a set S ⊂ R

d and n ∈ N, with n < d , we set

e(x, r) := r−1 inf
�

dH (S ∩ Br (x), � ∩ Br (x)), for every r > 0 and x ∈ S,

where dH is the Hausdorff distance and where the infimum is taken among all the n-
dimensional affine planes � in R

d containing x . Then Reifenberg’s result reads as follows:

Theorem 1.1 (Classical Reifenberg’s theorem, [29]) For every n, d ∈ N with n < d and
α ∈ (0, 1) there exists δ = δ(n, d, α) such that the following holds. Let S ⊂ R

d be closed,
containing the origin and such that e(x, r) < δ for every x ∈ S ∩ B1(0) and r ∈ (0, 1).

Then there exists an α-bi-Hölder homeomorphism F : � → S ∩ BR
d

1/2(0), where � is an
open set in R

n .

By α-bi-Hölder we mean that F is α-Hölder invertible map with an inverse F−1 which
is α-Hölder as well. A set S which satisfies the hypotheses of the previous result is called
Reinfenberg-flat (in B1(0)). For a short proof of the above result and an explanation of its
core ideas we refer to [30] (see also [25]).

The original motivation in [29] to prove this result was the regularity of minimal surfaces.
However, from its original formulation, Reifenberg’s theorem and more in general the idea
behind its proof have found successful generalizations and applications in harmonic analysis,
geometric measure theory, rectifiability theory and PDE’s (see e.g. [2, 3, 12, 14, 16, 22, 26,
27, 32, 33] and the references therein).

We will be interested in the Reifenberg’s theorem for metric spaces. The generalization of
Theorem1.1 in this setting has been obtained in a celebrated result byCheeger andColding [8,
Appendix A]. To state it we need to define the metric-analogue of the ‘flatness’-coefficients
e(x, r) in Reifenberg’s theorem. In this case the comparison with planes, which clearly is not
available, is replaced with the Gromov-Hausdorff distance to Euclidean balls. In particular
for a metric space (Z1,d1) and a fixed n ∈ N we set

ε(z, r) := r−1dG H (Br (z), BR
n

r (0)), for every r > 0 and z ∈ Z ,
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(we refer to Sect. 4 for the definition of dG H ).

Theorem 1.2 (Reifenberg’s theorem for metric spaces, [8, Theorem A.1.2]) For every n ∈ N

there exist constants ε(n) > 0 such that the following is true. Let B1(z0) be a a ball inside
a complete metric space (Z ,d). Suppose that ε(z, r) ≤ ε(n) for every z ∈ B1(z0) and all
r < 1. Then there exists a bi-Hölder map F : BR

n

1 (0) → Z such that B1/2(z0) ⊂ F(B1(0)).

The original motivation of Cheeger and Colding to prove the metric-Reifenberg’s theorem
was to prove manifold-regularity of the regular set of “non-collapsed" Ricci-limit spaces [8].
However, as a consequence of their construction, they obtained also several improvements
of some previous stability results for Riemannian manifolds with Ricci curvature bounded
below (see [10, 11, 28]). In addition, this result has found recentlymany different applications
in the theory of metric measure spaces with synthetic Ricci curvature lower bounds (see for
instance [5, 23, 24]). It is worth mentioning that also the more general Reifenberg-type
constructions connected to rectifiability (as in [27]) have found successful applications on
spaces with Ricci bounds (see [5, 9] using ideas also from [21]) and in theory of uniform
rectifiability for metric spaces [4]. We finally mention [13] where Reinfenberg-flat metric
spaces have been further studied.

Returning to the Euclidean case, it is classical that if the approximation by planes improves
sufficiently fast as the scale decreases, the bi-Hölder regularity in Reifenberg’s result can be
improved to bi-Lipschitz. This goes back to Toro [33] and the same idea has been further
refined and developed in the context of rectifiability e.g. in [12, 14, 16, 27]. The right decay
condition turns out to be the square summability of the numbers e(x, r) along dyadic scales.

Theorem 1.3 (Classical Reifenberg’s theorem—biLipschitz version, [33]) For every ε > 0,
n, d ∈ N with n < d, there exists δ = δ(n, d, ε) > 0 such that the following holds. Let
S ⊂ R

d be closed, containing the origin and such that

∞∑

i=1
sup

x∈S∩B1(0)
e(x, 2−i )2 < δ. (1.1)

Then there exists a (1+ε)-bi-Lipschitz homeomorphism F : � → S ∩ BR
d

1/2(0), where � is
an open set in R

n .

The square summability assumption is sharp as shownby suitable snowflake-constructions.
It is now understood that a similar improvement can be obtain also in metric spaces,

only that the correct assumption is the summability of the numbers ε(z, r) along dyadic
scales, rather than their squares. Recall that the square summability of a series is a weaker
condition than its summability. In particular the summability of the numbers ε(z, r) in the
setting of metric spaces might appear as a stronger assumption than the square summability
of the numbers e(x, r) in the Euclidean setting. Nevertheless it turns out they are in a sense
equivalent (see [34] for a rigorous statement of this fact). Very roughly speaking the reason
boils down to the Pythagorean theorem, which implies that the projection of a (sufficiently
flat) set onto a plane, contained in its δ-neighbourhood, distorts distances only up to δ2. We
refer to [13, 34] for a more detailed discussion on the relation between summability and
square summability in the Euclidean and metric setting, which is not the focus of this note.

Let us summarize what we said so far about the possible variants of Reifenberg’s theorem:

• R
n versus metric space: the object of the statement can e either a closed subset of Rn

(classical Reifenberg’s theorem) or a complete metric space (Cheeger and Coldingmetric
version).
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• Local versus global: the Reifenberg-flatness condition can be required inside a ball or
at all locations. In the first case we get that a slightly smaller ball is homeomorphic
to an Euclidean ball, in the second that the whole set (or space) is homeomorphic to a
Riemannian manifold.

• biHölder versus biLipschitz: if the flatness parameters (e(x, r) or ε(z, r)) are only
required to be sufficiently small, then the homeomorphism is biHölder, if instead we
require square summability (in R

n) or summability (in metric spaces) we can get a
biLipschitz homeomorphism.

In the above terminology the classical Reifenberg’s theorem is the local and biHölder
version for sets inRn stated in Theorem 1.1 and proved in [29]. The local biLipschitz version
in R

n is instead Theorem 1.3 and proved by Toro [33]. The global counterparts of these
results in R

n are well known to be consequences of the local ones, but are rarely found in
the literature. In the setting of metric spaces the local biHölder version is instead contained
in Theorem 1.2 by Cheeger and Colding [8]. Actually in [8] they prove the global biHölder
version for metric spaces, while the modifications to obtain the local version are left to the
reader. Finally the biLipschitz versions in metric spaces (both local and global) are folklore
among the experts, even if they did not appear in the literature so far, and can be deduced
using the same arguments in [8].

In fact ourmain goal is to give a completely self contained proof of the both the biLipschitz
and Hölder version for metric spaces in the global case (see Theorem 2.2 which contains
both statements).

We will do so for two reasons:

• to get the bi-Lipschitz regularity of the map it is necessary that the error-order of every
estimate in the proof is quantified and therefore we need to make explicit every step,

• given the recent growing interest in themetric version of Reifenberg’s theoremwe believe
it useful to have available an expanded version, also with a somewhat different presen-
tation, of the arguments in [8].

Finally we will give an outline on how to modify the proof of the global case to obtain the
local one (see Theorem 2.7 and Sect. 5.7).

2 Main statements and remarks

To state the main result we introduce the dyadic Gromov-Hausdorff ‘flatness-coefficients’.

Definition 2.1 Let (Z ,d) be a metric space. For every r > 0, n ∈ N and i ∈ N define

εi (r , n) := 2i

r
sup
z∈Z

dG H (B Z
2−i r (z), BR

n

2−i r (0)). (2.1)

Theorem 2.2 (Reifenberg’s theorem in metric spaces-global version) For every n ∈ N the
following holds. Let (Z ,d) be a connected and complete metric space and fix r > 0.

(i) biHölder version: if εi (r , n) ≤ ε(n) for all i ≥ 0 there exists a smooth n-dimensional
Riemannian manifold W and a surjective (uniformly) locally biHölder homeomorphism
F : W → Z. More precisely there exists α ∈ (0, 1) such that, setting ρ := r

800 , for all
w ∈ W and z ∈ Z the maps F |Bρ(w), F−1|Bρ(z) are α-biHölder with uniform constants.
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(ii) biLipschitz version: if

∞∑

i=0
εi (r , n) < +∞, (2.2)

then for every ε > 0 there exists a smooth n-dimensional Riemannian manifold Wε and
surjective (uniformly) locally (1+ ε)-biLipschitz homeomorphism Fε : Wε → Z. More
precisely there exists ρ > 0 such that

Lip Fε|Bρ(w), Lip Fε
−1|Bρ(z) < 1+ ε, (2.3)

for every w ∈ Wε and every z ∈ Z . Finally for every ε1, ε2 > 0 the manifolds Wε1 , Wε2

can be chosen to be diffeomorphic to each other.

Remark 2.3 Observe that for Theorem 2.2-i) it is enough to assume that εi (r , n) ≤ ε(n),

i ≥ i0, for some i0 ∈ N, up to taking ρ = 2−i0 r
800 in the conclusion. Indeed we can change r

to 2−i0r and go back to the case i = 0. �

Remark 2.4 Unlike [8] we are not assuming that (Z ,d) is separable. Indeed separability is
a consequence of the assumptions of Theorem 2.2, as we will prove at the beginning of
Sect. 5.2. �

Remark 2.5 Observe that, since Wε is complete and connected, the map Fε is always globally
1+ ε Lipschitz. Analogously, if (Z ,d) is a length space, we also obtain that F−1ε is globally
1+ ε bi-Lipschitz. �

A local version of Theorem 2.2, more in the spirit of Theorem 1.3 also holds. To state it
we need the following variants of the numbers εi defined above.

Definition 2.6 Let (Z ,d) be a metric space and z0 ∈ Z . For every n ∈ N and every i ∈ N

define

εi (n) := 2i sup
z∈B1−2−i (z0)

dG H (B Z
2−i (z), BR

n

2−i (0)). (2.4)

Theorem 2.7 (Bi-Lipschitz metric-Reifenberg’s theorem—local version) For every n ∈ N

there exist constants ε(n) > 0, M = M(n) > 1 such that the following is true. Let B1(z0) be
a a ball inside a complete metric space (Z ,d). Suppose that εi (n) ≤ ε(n) for every i ≥ 0.
Then there exists a biHölder map F : BR

n

1 (0) → Z such that B1−Mε0(z0) ⊂ F(B1(0)). If
moreover

∞∑

i=1
εi (n) < +∞, (2.5)

then F can be taken to be biLipschitz.

We observe that, contrary to Theorem 2.2, in Theorem 2.7 we do not have an arbitrary
small bi-Lipschitz constant. This is due to the fact that in Theorem 2.2 we have the freedom
to choose the manifold to which we compare the metric space, while in Theorem 2.7 the
manifold is fixed to be the unit Euclidean ball. We will not include the proof of Theorem 2.7,
which in any case is a minor modification of the one that we will present for Theorem 2.2.

It is also worth to point out that we cannot improve Theorem 2.7 to have B1(z0) =
F(B1(0)), indeed itmight even happen that B1(z0) is not connected, as shown in the following
example.
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Example 2.8 Fix ε > 0 small and n ∈ N. Consider the metric space (Z ,d) obtained as union

of two closed Euclidean balls B1 := BRn

1 (01), B2 := BRn

1 (02) by setting d(02, 01) = 1−ε. It
is straight-forward to verify that B Z

1 (01) satisfies the hypotheses of Theorem 2.7with ε0 = 3ε
and εi = 0 for every i ≥ 1. However B Z

s (01) is disconnected for every 1 − ε < s ≤ 1.
�

3 A Corollary: Gromov-Hausdorff close and Reifenberg flat metric
spaces are homeomorphic

From the proof of Theorem 2.2 it is possible to deduce the following important corollary,
originally stated in [8, Theorem A.1.3].

Corollary 3.1 For every n ∈ N there exists δ(n) > 0 such that the following holds. Let
(Z1,d1) and (Z2,d2) be two metric spaces satisfying the assumptions of Theorem 2.2-i) at
scale r > 0. Suppose also that

dG H ((Z1,d1), (Z2,d2)) < δ(n)r . (3.1)

Then the Riemannian manifold W in the conclusion of Theorem 2.2-i) can be taken to be
the same for both Z1 and Z2. In particular (Z1,d1) and (Z2,d2) are (locally) biHölder
homeomorphic. Moreover if Z1 and Z2 are also smooth compact Riemannian manifolds
(endowed with the geodesic distance) than they are actually diffeomorphic.

This result have been recently applied several times to deduce topological stability prop-
erties of RCD spaces (see [19, 23] and also [15, 20]).

The idea behind Corollary 3.1 is that the topology of a Reifenberg-flat metric space (Z ,d)

(i.e. satisfying the assumptions of Theorem 2.2-i)) can be essentially deduced looking only
at scale r . More precisely, inspecting its proof, the manifold W appearing in the statement of
Theorem 2.2-i) is built using only GH-approximation maps between balls at scale ∼ r in Z
and Rn . Therefore, if Z1 and Z2 are sufficiently close at this scale, i.e. δ in assumption (3.1)
is small enough, then W can be taken to be the same for both.

4 Preliminaries and notations

In this short preliminary section we list some notations and definitions that we will need
in the sequel, which are mainly linked to the Gromov-Hausdorff distance between metric
spaces and related concepts.

4.1 Scaling invariant Ck-norm and technical estimates

For an n × n real-matrix A ∈ R
n×n we will denote by ‖A‖ its operator norm, i.e. ‖A‖ :=

sup|v|≤1 |Av|, and by {ai, j }i, j∈1,...,n its entries. We recall also the following elementary
inequality, which will be used in several proofs:

1√
n
‖A‖ ≤ max

i, j
|ai, j | ≤ ‖A‖, ∀A ∈ R

n×n . (4.1)
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Indeed by definition of operator norm we have

max
i, j
|ai, j | ≤ max

j
|(a1, j , . . . , an, j )| ≤ ‖A‖,

while for all v = (v1, . . . , vn) with |v| = 1 we have

|Av|2 =
∑

i

⎛

⎝
∑

j

ai, jv j

⎞

⎠
2

≤
(
max

i, j
|ai, j |2

) ∑

i

∑

j

|v j |2 = max
i, j
|ai, j |2n.

We will also denote by In the n × n-identity matrix.
Given f ∈ C1(U ;Rn) where U is an open set of Rn, we will denote with fk (or ( f )k),

k = 1, . . . , n its components and with D f : U → R
n×n its differential, which will be always

treated as an (n × n matrix)-valued map.
A central role will be played by the following norms.

Definition 4.1 (C1/C2-scaling invariant norm) LetU ⊂ R
n be open. For all f ∈ C1(U ;Rn)

and t > 0 we set

‖ f ‖C1(U ),t := max

(
sup
U

| f |
t

, sup
U
‖D f ‖

)
,

where ‖ · ‖ denotes the operator norm of the matrix D f . Moreover if f ∈ C2(U ;Rn) we
also set

‖ f ‖C2(U ),t := max

(
‖ f ‖C1(U ),t , max

i, j,k∈{1,...,n} supU
t |∂i, j fk |

)
.

Remark 4.2 The reason for us to work with this norm is the following observation:
‖ f ‖C1(U ),t ≤ C (resp. ‖ f ‖C2(U ),t ≤ C) if and only if ‖ ft‖C1(U/t),1 ≤ C (resp.

‖ ft‖C2(U/t),1 ≤ C), where U/t := {x/t x ∈ U } and ft (x) := f (t x)
t . �

The following result is elementary and well known and thus we shall omit the proof.

Lemma 4.3 Let f ∈ Ck(Rn;Rn), k ∈ N, be such that

‖D f (x)− In‖ ≤ 1/2,

{| f (x)− x | | x ∈ R
n} is bounded .

Then f is a diffeomorphism (from R
n to R

n) with inverse of class Ck.

Lemma 4.4 For every n ∈ N there exists a constant C = C(n) > 0 with the following
property. Let m ∈ {1, 2}. Let H ∈ Ck(Rn;Rn), k ≥ m, be such that ‖H − id‖Cm (Rn),t ≤ ε,
for some ε ∈ (0, 1/4). Then H is a diffeomorphism (from R

n to R
n) with Ck inverse and

satisfying

‖H−1 − id‖Cm (Rn),t ≤ Cε.

Proof The fact that H is a global diffeomorphism ofRn withCk inverse follows fromLemma
4.3. To prove the required bound we first observe that

|H−1 − id| = |(id− H) ◦ H−1| ≤ εt .

Moreover

‖D(H−1)− In‖ = ‖[DH(H−1)]−1 − In‖ ≤ ‖[DH(H−1)]−1‖‖DH(H−1)− In‖ ≤ 2ε,
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where we have used the fact that ‖D(H−1)(x)‖ ≤ 2 for every x ∈ R
n , as a can be easily

derived from ‖DH − In‖ ≤ 1/2. This settles the case m = 1. For m = 2, exploiting the
formula for the derivative of the inverse matrix, we have

∂ j D(H−1) = ∂ j [DH(H−1)]−1 = [DH(H−1)]−1∂ j (DH(H−1))[DH(H−1)]−1
= D(H−1)∂ j (DH(H−1))D(H−1)

where ∂ j is component-wise derivative. Therefore, recalling (4.1) and that‖DH‖, ‖D(H−1)‖
≤ 2,

|∂i, j (H−1)k | ≤ ‖∂ j D(H−1)‖ ≤ 4‖∂ j (DH(H−1))‖
≤ √n max

l,m
|∂ j (∂l Hm(H−1))|

≤ √n max
l,m

∑

h

|∂h,l Hm(H−1)||∂ j H−1
h |

≤ √n
ε

t
‖D(H−1)‖ ≤ 2

√
n

ε

t
.

��
The following technical estimate is a straightforward computation.

Lemma 4.5 For every n ∈ N and every δ > 0 there exists a positive constant C(n, δ) such that
the following holds. Fix m ∈ {1, 2}. Let fi ∈ Cm(Ui ;Rn) with i = 1, 2, with Ui ⊂ R

n open
sets, and let I1, I2 : Rn → R

n be two isometries. Suppose that ‖ fi − Ii‖Cm (Ui ),t ≤ δi ≤ δ,
then letting W be any open set where f1 ◦ f2 is defined,

‖ f1 ◦ f2 − I1 ◦ I2‖Cm (W ),t ≤ C(n, δ)(δ1 + δ2). (4.2)

Iterating Lemma 4.5 we also get the following.

Lemma 4.6 For every n ∈ N and every δ > 0 there exists a positive constant C(n, δ) such
that the following holds. Fix m ∈ {1, 2}. Let f1, f2, f3, f4 : Rn → R

n be Cm functions and
let I1, I2, I3, I4 : Rn → R

n be isometries. Suppose that ‖ fi − Ii‖Cm (Rn),t ≤ δi < δ, then

‖ f1 ◦ f2 ◦ f3 ◦ f4 − I1 ◦ I2 ◦ I3 ◦ I4‖Cm (Rn),t ≤ C(n, δ)(δ1 + δ2 + δ2 + δ3 + δ4). (4.3)

Lemma 4.7 Let F : Rn → R
n be an isometry such that |F − id| ≤ rε on some ball Br (x),

then ‖DF − In‖ ≤ 4ε.

Proof We may suppose x = 0. Recall that F = DF · x + v for some vector v and notice
that |v| = |F(0)− 0| ≤ rε. Hence |DF · y − y| ≤ 2εr for every y ∈ Br (0). In particular if
|y| = r/2 we have

|DF · y − y|
|y| ≤ 4ε,

from which the conclusion follows from the definition of operator norm. ��
Lemma 4.8 Let f : U → V be a bijective C2 function with C2 inverse, where U , V ⊂ R

n

are open sets. Let g : Rn → R
n be a C1 function satisfying ‖g − id‖C1(Rn),t ≤ δ < 1 for

some t > 0. Moreover suppose that

‖D f ‖, ‖D f −1‖, t |∂i j ( f )k |, t |∂i j ( f −1)k | ≤ M,
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everywhere on U (for f ) and everywhere on V (for f −1).
Then letting W ⊂ R

n be any open set where the function f ◦ g ◦ f −1 is defined, we have

‖ f ◦ g ◦ f −1 − id‖C1(W ),t ≤ δc,

where c = c(n, M) > 1 is positive constant that depends only on M and n.

Proof Observe first that by the mean value theorem

| f ◦ g ◦ f −1 − id| = | f ◦ g ◦ f −1 − f ◦ f −1|
≤ (sup

U
‖D f ‖)|g( f −1)− f −1| ≤ (sup

U
‖D f ‖)δt .

Moreover

‖D( f ◦ g ◦ f −1)− In‖ ≤ ‖D f (g( f −1))Dg( f )D f −1 − In‖
≤ ‖D f (g( f −1))− D f ( f −1)‖‖Dg‖‖D f −1‖
+ ‖D f ( f −1)DgD f −1 − In‖.

To bound the first termwe need to exploit the bound on the second derivatives of f as follows.
From the mean value theorem and recalling (4.1),

‖D f (g( f −1)− D f ( f −1)‖ ≤ √n sup
i,k
|∂i fk(g( f −1(x)))− ∂i fk( f −1)|

≤ √n|g( f −1)− f −1| sup
i, j,k

|∂i j fk |

≤ √nδt sup
i, j,k

|∂i j fk |.

To bound the second term, recall that D f ( f −1)D f −1 = In and argue in the following way

‖D f ( f −1)DgD f −1 − In‖ = ‖D f ( f −1)(Dg − In)D f −1‖ ≤ ‖D f ‖‖D f −1‖δ.
��

4.2 Gromov-Hausdorff distance

Here we introduce the Gromov-Hausdorff distance and Gromov-Hausdorff approximation
maps, for more details on this topic we refer to [6, 18].

Definition 4.9 (δ-neighbourhood and δ-dense set) Let (X,d) be a metric space. For every
δ > 0 and every set E ⊂ X we define the δ-neighbourhood of E as

(E)δ := {x ∈ X d(x, E) < δ}.
We will then say that a set S ⊂ X is δ-dense in X if (S)δ = X.

Definition 4.10 (δ-isometry) Let (X1,d1), (X2,d2) be two metric spaces and fix a number
δ > 0. We say that a function f : S → X2 for some S ⊂ X1 is a δ-isometry if

|d2( f (x), f (y))− d1(x, y)| < δ, ∀x, y ∈ S.

Definition 4.11 (Hausdorff distance) Let (X,d) be a metric space and let A, B ⊂ X. We
define the Hausdorff distance between A and B as the number

dX
H (A, B) := inf{r | B ⊂ (A)r and A ⊂ (B)r }.
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Definition 4.12 (Gromov-Hausdorff distance) Let (X1,d1), (X2,d2) be two metric spaces,
we define the Gromov-Hausdorff distance between X1 and X2 as the number

dG H (X1,X2) := inf
(Z ,d)

i1:X1→(Z ,d)
i2:X2→(Z ,d)

dZ
H (i1(X1), i2(X2)),

where the infimum is taken among all the triples (Z,d), i1, i2 such that i1, i2 are isometric
embeddings of X1,X2 into Z.

With a slight abuse of notation we will also write

dG H (A1, A2) := dG H
(
(A1,d1|A1

), (A2,d2|A2
)
)
, for all subsets A1 ⊂ X1, A2 ⊂ X2.

It will be sometimes more convenient to work with an equivalent characterization of
the Gromov-Hausdorff distance through Gromov-Hausdorff approximation maps defined as
follows.

Definition 4.13 (GH-approximations) Let (X1,d1), (X2,d2) be two metric spaces and fix a
number δ > 0.We say that a function f : X1 → X2 is a δ-Gromov-Hausdorff approximation
map (δ-GH-app. for short) if

• f is a δ-isometry,
• f (X) is δ-dense in X2.

The Gromov-Hausdorff approximation maps and Gromov-Hausdorff distance are related
as follows.

Theorem 4.14 ([6, Corollary 7.3.28]) Let (X1,d1), (X2,d2) be two metric spaces. Then

1. if dG H (X1,X2) ≤ δ, then there exists a 2δ-GH-app. f : X1 → X2,

2. if there exists a δ-GH-app. f : X1 → X2, then dG H (X1,X2) ≤ 2δ.

Observe that in [6] δ-isometry maps are what we here call δ-GH-app. maps.
It is well known that GH-approximations between two metric spaces can be chosen to

be almost the inverse of each other, as stated in the following proposition. We shall skip the
standard proof.

Proposition 4.15 Let (X1,d1), (X2,d2) be two metric spaces and suppose f : X1 → X2 is
a δ-GH-app. then there exists a 3δ-GH-app. g : X2 → X1 such that

d2( f (g(y)), y) < 2δ, (4.4)

d1(g( f (x)), x) < 2δ, (4.5)

for every x ∈ X1 and y ∈ X2.

Given a metric space (X,d) and a point p ∈ Xwe denote by BX
r (p) := {x ∈ X d(x, p) <

r} the ball of radius r > 0 centered at p and by Br (p) its topological closure, which in case
of a length space coincides with the closed ball {x ∈ X d(x, p) ≤ r}.

In general a GH-approximation between two balls in different metric spaces needs not
send the center near the center, e.g. there are balls in metric spaces admitting two different
centers. However this does hold if one of the spaces is the Euclidean space.
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Proposition 4.16 Let (X,d) be a metric space and let B1(x0) the ball of radius 1 centered
at x0 ∈ X. Suppose f : B1(x0) → BR

k

1 (0) is a δ-GH-app., then

| f (x0)| ≤ 7δ.

Proof Suppose by contradiction that | f (x0)| > 7δ, then there exists a point y ∈ B1(0) such
that |y− f (x0)| > 1+ 6δ. Let g be the almost-inverse map given by Proposition 4.15. Then
from (4.5) we have d(g( f (x0)), x0) < 2δ. Moreover, since g is a 3δ-isometry, we get

d(g(y), g( f (x0))) > 1+ 3δ.

Hence by the triangle inequality

d(g(y), x0) ≥ d(g(y), g( f (x0)))− d(g( f (x0)), x0) ≥ 1+ δ,

but g(y) ∈ B1(x0) and thus we have a contradiction. ��
The following well known approximation result gives a quantified approximation of an

almost-isometry with an isometry and will be the starting point for the construction in the
proof of the bi-Lipschitzmetric Reifenberg’s theorem. It can be easily proved via computation
in coordinates (see for example Lemma 7.11 in [13]) however, for the reader’s convenience,
we will include a sketch of the proof. A non-quantified version of this statement could be
more directly derived by compactness, however for our goal of proving the bi-Lipschitz
Reifenberg’s theorem, this explicit control will be essential.

Lemma 4.17 Suppose that a function f : Bt (0) → R
n, with Bt (0) ⊂ R

n, is a δt-isometry
for some δ < 1. Then there exists an isometry I : Rn → R

n with I (0) = f (0), such that

|I − f | ≤ C(n)δt, in Bt (0), (4.6)

where C(n) > 0 is a constant depending only on n.

Proof Without loss of generality we can suppose f (0) = 0. Moreover, since the statement
is scaling invariant, it’s also enough to prove the case t = 2. We start by noticing that from
the fact that f is a δt-isometry, f (0) = 0 and from the assumption ε < 1 we have that
f (B2(0)) ⊂ B4(0). Denote now by {e1, . . . , en} ⊂ B2(0) the canonical orthonormal frame
in Rn and by C(n) a constant depending only on n, that might change from line to line. It is
straightforward to check the existence of an orthonormal frame { f1, . . . , fn} inRn such that

| f (ei )− fi | ≤ C(n)ε, for every i ≤ n. (4.7)

For example it is sufficient to applyGram-Schmidt orthogonalization procedure to the vectors
{ f (e1), . . . , f (en)} and verify (4.7) by induction.

We define now the isometry I as the unique isometry such that I (0) = 0 and I (ei ) = fi ,
i = 1, . . . , n. Consider now x ∈ B2(0), then x = ∑n

i=1 ai ei for some ai and T (x) =∑n
i=1 ai fi . Moreover f (x) = ∑n

i=1 bi fi for some real numbers bi . Then

ai = 〈T (x), fi 〉 = |T (x)|2 + 1− |T (x)− fi |2
2

= |x |2 + 1− |x − ei |2
2

and for every i ≤ n

bi = 〈 f (x), fi 〉 = | f (x)|2 + 1− | f (x)− fi |2
2

.
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Then

| f (x)− T (x)| ≤
∑

i

|ai − bi | ≤ || f (x)|2 − |x |2| + || f (x)− fi |2 − |x − ei |2|
2

≤ 8|| f (x)| − |x || + 8|| f (x)− fi | − |x − ei ||
2

≤ C(n)ε + 4| fi − f (ei )|
2

≤ C(n)ε,

which shows (4.6). ��

5 Proof of themetric Reifenberg’s theorem

Throughout this section (Z,d) is a metric space satisfying the assumptions of Theorem 2.2
with n ∈ N. In the following subsection we give a short proof of Theorem 2.2, assuming the
existence of suitable objects, that is a sequence of approximating manifolds endowed with
suitable maps. The rest of the subsections will be devoted to the construction of such objects.

5.1 Main argument

For brevity we will write εi in place of εi (r , n), where εi (r , n) are the numbers appearing
in the statement of Theorem 2.2. Up to rescaling we can also assume that r = 200 (the
assumptions will be used in later sections).

The rough idea of the proof is to construct for every scale 2−i a manifold (Wi ,di ) that
approximates the metric space Z in the sense that there exists a map fi : Wi → Z that is
roughly an εi2−i -isometry. Moreover we build maps hi : Wi → Wi+1 that are bi Lipschitz
with constant ∼ (1 + εi ). Then the required map F will be obtained as limit of the maps
fi ◦ hi ◦ hi−1 ◦ · · · ◦ h1.

CLAIM: For the proof it is sufficient to construct a sequence of (complete and connected)
n-dimensional Riemannian manifolds (Wi ,di ), symmetric maps ρi : Wi × Wi → [0,∞)

vanishing on the diagonal, surjective diffeomorphisms hi : Wi → Wi+1 andmaps fi : Wi →
Z , for i ∈ N, satisfying the following statements.

a) For every w1, w2 ∈ Wi it holds that

ρi (w1, w2) = di (w1, w2),

whenever either ρi (w1, w2) ≤ 2−i or di (w1, w2) ≤ 2−i .
b)

1

1+ C(εi + εi+1)
≤ ρi+1(hi (w1), hi (w2))

ρi (w1, w2)
≤ 1+ C(εi + εi+1),

for every w1, w2 ∈ Wi ,

c) |d( fi (w1), fi (w2))− ρi (w1, w2)| ≤ C2−iεi , for every w1, w2 ∈ Wi ,

d) d( fi+1(hi (w)), fi (w)) ≤ C2−i (εi + εi+1), for every w ∈ Wi ,

e) fi (Wi ) is 20 · 2−i -dense in Z .

We now briefly comment the statement of the claim. The function ρi substitutes the
Riemannian distance, coincides with di at small scales and it is built to approximate the
distance d (see item c)). It is needed because we do not have a good control on the relation
between di and d at large scales. The map fi is a kind of GH-approximation between Wi
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and Z . Indeed it is almost surjective (see item e)) and it is a quasi isometry (see item c)),
however not with respect to the Riemannian distance, but with respect to ρi . Item b) is the
bi-Lipschitz property of the maps hi . Finally, item d) ensures that hi does not move points
too much, from the prospective of the metric space.

Proof of the CLAIM: Pick any ε > 0. Start by fixing an integer m ≥ 0 large enough,
that will be chosen later. In the case i) of the Theorem we actually choose m = 0. Set
θm := supi≥m εi . In particular in case i) we have θm ≤ ε(n) by assumption. For every i > m
define the function Fi : W n

m → Z as Fi := fi ◦ hi−1 ◦ · · · ◦ hm+1 ◦ hm and set Fm := fm .

From d) we get that for every w ∈ W n
m

d(Fi+1(w), Fi (w)) ≤ (εi + εi+1)C2−i ≤ 2Cθm2
−i , (5.1)

for every i ≥ m. Hence the sequence {Fi (w)}i≥m is Cauchy in Z and we call F(w) its limit.
We will prove that the manifold W n

m and the map F : W n
m → Z satisfy the conclusions of

Theorem 2.2 with ε. Notice first that from (5.1) we obtain

d(F(w), Fi (w)) ≤ 2C2−iθm, (5.2)

for every i ≥ m. Consider now any couple of distinct points w1, w2 ∈ Wm and set

sm := ρm(w1, w2) > 0.

Define also inductively for every i ≥ m the pointswi
1, w

i
2 ∈ Wi and the numbers si by setting

wm
1 := w1, w

m
2 := w2 and then

wi+1
1 := hi (w

i
1), wi+1

2 := hi (w
i
2), si := ρi (w

i
1, w

i
2).

Observe that from b)

(1+ C(εi + εi+1))−1si ≤ si+1 ≤ si (1+ C(εi + εi+1)), (5.3)

for every i ≥ m. Moreover from c) we deduce that

|d(Fi (w1), Fi (w2))− si | ≤ Cεi2
−i , (5.4)

for every i ≥ m.
We now divide the proof depending on the assumptions i) (i.e. εi ≤ ε(n)) or i i) (i.e.∑
i εi < +∞) of Theorem 2.2

F is locally BiHölder (under assumption i)): Combining c) and d) we get

si − 6Cε(n)2−i ≤ si+1 ≤ si + 6Cε(n)2−i . (5.5)

In particular the limit s∞ := limm→+∞ sm exists and by (5.4) s∞ = d(F(w1), F(w2)).

Let j ∈ N be arbitrary. Applying repeatedly (5.3) for all s0, . . . , s j and then (5.5) for the
remaining si ’s with i > j , we obtain

2−α j s0 − 6Cε(n)2− j ≤ s∞ ≤ 2α j s0 + 6Cε(n)2− j , (5.6)

where we set α := log2(1 + 2Cε(n)) > 0. Note that α ∈ (0, 1) provided ε(n) < C/2.
Assume that s0 ≤ 1 (which by a) implies s0 = d0(w1, w2)). Then there exists a (maximal)
j ∈ N so that

2α j s0 ≤ 2− j , 2α( j+1)s0 ≥ 2−( j+1). (5.7)

From the second in (5.7) we get

2s
1

1+α

0 ≥ 2− j . (5.8)
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Plugging in the right hand side of (5.6) first (5.7) and then (5.8) we obtain

s∞ ≤ 2α j s0 + 6Cε(n)2− j ≤ (1+ 6Cε(n))2− j ≤ 2(1+ 6Cε(n))s
1

1+α

0 (5.9)

Similarly, since α < 1, we can find j ∈ N such that

2−α j s0 ≥ 2− j and 2−α( j−1)s0 ≤ 2−( j−1). (5.10)

From the second in (5.10) we get s
1

1−α

0 ≤ 2− j+1. Plugging this and the first in (5.10) into
(5.6) we get

s∞ ≥ 2− j − 6Cε(n)2− j ≥ (1− 6Cε(n)))
s

1
1−α

0

2
, (5.11)

provided ε(n) < C/6. Combining (5.9) and (5.11) we get (provided ε(n) < C/12)

1

4
d0(w1, w2)

1
1−α ≤ d(F(w1), F(w2)) ≤ 4d0(w1, w2)

1−α, whenever d0(w1, w2) ≤ 1.

(5.12)

In particular F is continuous. Note that by (5.2) and (5.4) (which were deduced without
assuming s0 ≤ 1) we have

|d(F(w1), F(w2))− s0| ≤ Cε(n).

Hence ifd(F(w1), F(w2)) < 1
2 , then s0 < 1, s0 = d0(w1, w2) and (5.12) holds. In particular

F is injective. To conclude it remains to prove that F is surjective (this is checked below).
Indeed if this was true the required locally biHölder condition is given by (5.12) and the
observation we just made (note that for r = 200, r/800 = 1

4 ).
F is locally BiLipschitz (under assumption i i)): Iterating inequality (5.3) we get

sm

i∏

j=m

(1+ C(ε j + ε j+1))−1 ≤ si ≤ sm

i∏

j=m

(1+ C(ε j + ε j+1)), (5.13)

for every i > m. From (5.4) we infer that si → d(F(w1), F(w2)) as i →+∞. Then passing
to the limit in (5.13) we obtain

+∞∏

j=m

1

1+ C(ε j + ε j+1)
≤ d(F(w1), F(w2))

sm
≤
+∞∏

j=m

(1+ C(ε j + ε j+1)).

Observe now that, since by hypothesis
∑

j≥0 ε j < +∞, we have that
∏+∞

j=0(1 + C(ε j +
ε j+1)) ∈ (0,∞). In particular

∏+∞
j=k(1+C(ε j+ε j+1)) ↓ 1 and

∏+∞
j=k(1+C(ε j+ε j+1))−1 ↑

1 as k goes to +∞. Therefore, up to choosing m big enough, we have

1

1+ ε
≤ d(F(w1), F(w2))

sm
≤ 1+ ε.

Recall now that by a) we have that dm(w1, w2) ≤ 2−m implies sm = dm(w1, w2), hence

1

1+ ε
≤ d(F(w1), F(w2))

dm(w1, w2)
≤ 1+ ε, whenever dm(w1, w2) ≤ 2−m . (5.14)

123



Notes on the Cheeger and Colding version of the Reifenberg… 231

This already proves that F is continuous and the first part of (2.3), provided we take ρ <

2−m−1. Combining now (5.4) with (5.2) for i = m and observing that θm → 0+ as m goes
to +∞, we obtain that

|d(F(w1), F(w2))− sm | ≤ 6Cθm2
−m <

1

4
2−m,

provided m is big enough. Therefore, whenever d(F(w1), F(w2)) ≤ 2−m−1, it holds that
sm ≤ 2−m and thus from a) also that dm(w1, w2) ≤ 2−m . Combining this observation with
(5.14) we obtain that

1

1+ ε
≤ d(F(w1), F(w2))

dm(w1, w2)
≤ 1+ ε, whenever d(F(w1), F(w2)) ≤ 2−m−1. (5.15)

This proves that F is injective. To conclude it remains to prove that F is surjective (indeed
the second part of (2.3) would follow from (5.15) taking ρ < 2−m−2).
F is surjective: The proof is the same for both cases i) and i i) of the theorem. We start
proving that F(W n

m) is dense. To see this consider z ∈ Z and δ > 0. Take now i ≥ m such
that 20 · 2−i ≤ δ/8, then by e) and the fact that the maps hk are surjective, there exists
w ∈ W n

m such that d(Fi (w), z) < δ/2. Moreover from (5.2) it holds d(F(w), Fi (w)) <

4C2−iθm ≤ 4Cδθm ≤ δ/2, provided m is big enough in case i i) (or in case i), since
θm ≤ ε(n), provided ε(n) is small enough). Hence d(F(w), z) < δ and thus F(W n

m) is dense
from the arbitrariness of δ > 0. Pick now any z ∈ Z , by density, there exists a sequence
wk ∈ Wm such that F(wk) → z. In particular (F(wk)) forms a Cauchy sequence in (Z ,d).
From (5.15) we deduce that also wk is Cauchy and by the completeness of Wm it converges
to a limit w ∈ Wm . From the continuity of F we have that F(w) = z. This proves that F is
surjective.

The last part of the theorem follows directly form the fact that the maps hi : Wi → Wi+1
are diffeomorphisms. This concludes the proof of the CLAIM. ��

5.2 Construction of the approximatingmanifoldsWi

5.2.1 Notation and choice of constants

We start by fixing once and for all a positive constant C = C(n), that will appear both on
the present and on the following sections. Its value will be determined along the proof and
may change from line to line, but will in any case remain dependent only on n. Moreover we
also pick ε(n) = ε(n, C) another positive constant that may change along the proof, but will
depend only on C and n. In particular ε(n) at the end will depend only on n. Since r and n
are fixed along all the proof we will also write εi in place of εi (r , n), for every i ∈ N.

We observe that Theorem 2.2 holds for a metric space (Z ,d) if and only if it holds for
all the rescaled spaces (Z , λd), with λ > 0. Moreover, denoted by ελ

i (r , n) the numbers in
Definition 2.1 relative to the rescaled space (Z , λd), it easy to verify that

ελ
i (λr2− j , n) = εi+ j (r , n),

for every i, j ∈ N and every r > 0. Therefore, since by (2.2) εi → 0+ as i → +∞, up to
rescaling the metric d we can assume both that

r = 200 (5.16)
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and that

εi ≤ ε(n) for every i ≥ 0. (5.17)

This assumption will be fixed throughout the rest of Sect. 5. In particular whenever in the
sequel we will say that εi is small enough, we will mean that the constant ε(n) is chosen
sufficiently small.

5.2.2 Construction of the coverings

We start by showing that under our assumptions (Z ,d) is separable and locally compact. To
prove this we exploit the following result due to Alexandroff.

Theorem 5.1 ([1]) Let (Z ,d) be a connected metric space that is locally separable, i.e. for
every z ∈ Z there exists a separable ball that contains z. Then Z is separable.

Therefore to prove that (Z ,d) is separable it is enough to prove the following Lemma.

Lemma 5.2 Br (z0) is totally bounded for every z0 ∈ Z, where r is the one in the statement
of Theorem 2.2 (that is r = 200 under the current assumptions).

Proof We start with the following claim. For every z ∈ Z and every t = r2−k with k ∈ N,
there exists a finite set Sz,t ⊂ Bt (z) that is t/2-dense in Bt (z). To prove this first observe
there exists a finite subset Et of BR

n

t (0) that is t/8 dense in BR
n

r (0). Moreover by hypothesis
dG H (B Z

t (z), BR
n

t (0)) < ε(n)t ≤ t/16, therefore there exists a t/8-GH approximation f :
BR

n

t (0) → Bt (z). Define St,z := f (Et ). By definition of GH-approximation, for every
p ∈ Bt (z), there exists x ∈ BR

n

t (0) such that d( f (x), p) ≤ t/8. Moreover there exists
e ∈ Et with |e − x | ≤ t/8, hence d( f (e), p) ≤ 3/8t < t/2 and the claim is proved. We
start defining sets Sk with k ∈ N inductively as follows. Set S1 := Sz0,r/2 and

Sk+1 :=
⋃

z∈Sk

Sz, r
2k+1 .

Then define

Ak :=
⋃

z∈Sk

B r
2k

(z).

Observe that Ak ⊂ Ak+1, indeed

Ak =
⋃

z∈Sk

B r
2k

(z) ⊂
⋃

z∈Sk

⋃

z̄∈Sz, r
2k+1

B r
2k+1 (z̄) =

⋃

z∈Sk+1
B r

2k+1 (z) = Ak+1.

Notice also that that Br (z0) ⊂ ⋃
z∈S1 B r

2
(z) = A1 ⊂ Ak for every k. Moreover Ak is union

of a finite number of balls of radius r/2k , therefore Br (z0) is totally bounded. ��

Remark 5.3 Instead of Theorem 5.1 we could have used the fact that a metric space is para-
compact and then the fact that every connected, locally compact and paracompact tolopogical
space is separable (see e.g. [31, Appendix A]). �
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Important: From now on we assumed to have fixed for all i ∈ N a set Xi that
is 2−i -dense in Z and we label the elements of Xi as Xi = {xi,1, xi,2, . . .} =
{xi, j } j∈Ji where Ji := {1, 2, . . . , #|Xi |}. We also choose a partition of Xi into
disjoint nonempty subsets Qi

1, Qi
2, . . . , Qi

Ni
, satisfying

d(x, y) ≥ 100 · 2−i , for all x, y ∈ Qi
k and all k = 1, . . . , Ni .

Moreover for all i ∈ Nwe can take Ni ≤ N (n), where N (n) is an integer depending
only on n. Finally we partition the set of indices Ji as Ji = ⋃Ni

k=1 J k
i where J k

i :=
{ j ∈ Ji |xi, j ∈ Qi

k}.

The validity of the above construction is justified by the following result.

Proposition 5.4 For all i ∈ N and all θ ∈ [1/2, 1] we can find countable set Xi ⊂ Z
satisfying the following properties:

(i) Xi is θ2−i -dense in Z ,

(ii) for all constants λ ≤ 200 the set Xi can be partitioned into disjoint nonempty subsets
Qi

1, Qi
2, . . . , Qi

Ni
, with N (i) ≤ N (n) (an integer depending only on n) with the property

that d(x, y) ≥ λ · 2−i for all x, y ∈ Qi
k and for every k = 1, . . . , N (i).

Proof Consider for every i ∈ N a set Xi ⊂ Z , such that for every x1, x2 ∈ Xi it holds
that d(x1, x2) ≥ θ2−i and Xi is maximal with this property with respect to inclusion. In
particular Xi is also θ2−i -dense. Moreover, since the balls of radius 2−i−1 centered in Xi are
pairwise disjoint and Z is separable, Xi is countable. The required partition Xi into disjoint
subsets can be obtained as follows. Let Qi

1 ⊂ Xi , maximal (with respect to inclusion), with
the property that d(x, y) ≥ λ ·2−i for every x, y ∈ Qi

1.Note that Qi
1 always contains at least

one point. Consider also Qi
2 ⊂ Xi\Qi

1 (if nonempty) maximal such that d(x, y) ≥ λ · 2−i

for every x, y ∈ Qi
2. Keep defining inductively (non-empty) sets Qi

1, Qi
2, . . . , Qi

Ni
as many

as it is possible, i.e. as long as Xi \ Qi
k is nonempty. It remains to show that cardinality of

these partitions is uniformly bounded in i . Suppose that Qi
k̄
is non-empty for some k̄ > 1

and fix any x ∈ Qi
k̄
. In particular x ∈ Xi\(Qi

1 ∪ · · · ∪ Qi
k̄−1). By maximality we have

Bλ·2−i (x) ∩ Qi
k �= ∅ for every 1 ≤ k ≤ k̄. Set now S := Xi ∩ Bλ·2−i (x). Then S ∩ Qi

k �= ∅
for every 1 ≤ k ≤ k̄ and in particular k̄ ≤ #|S|.

We now aim to give an upper bound on #|S|. Recall that by hypothesis there exists a
Cεi2−i -isometry f : B200·2−i (x) → B200·2−i (0). Recall also that by construction the points
in S are at distance at least 2−i/2 from each other. Therefore, assuming εi small enough, we
deduce both f |S is injective and that the points in f (S) ⊂ B200·2−i (0) are at distance at least
2−i/4 from each other. Thus #|S| = #| f (S)| ≤ N (n), for some integer N (n) depending
only on n, that in turn implies k̄ ≤ N (n). ��

5.2.3 Construction of the irregular transition maps

From hypothesis, combining Theorem 4.14, Propositions 4.15 and 4.16 (recalling that we
are assuming r = 200) we have that for every j ∈ Ji there exist maps

αi, j : BR
n

200·2−i (0) → B Z
200·2−i (xi, j )
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and

βi, j : B Z
200·2−i (xi, j ) → BR

n

200·2−i (0)

that are Cεi2−i -Gromov-Hausdorff approximations, such that

dRn (βi, j ◦ αi, j , id), dZ (αi, j ◦ βi, j , id) ≤ Cεi2
−i , uniformly (5.18)

and

αi, j (0) ∈ BCεi2−i (xi, j ), βi, j (xi, j ) ∈ BCεi2−i (0). (5.19)

For simplicity and to avoid very heavy notations wewill often drop the index i on the symbols
αi, j , βi, j and xi, j . Since for the most part the index i is fixed, this convention should cause
no confusion.

An immediate consequence of (5.19) is that, provided ε(n) < 1
200C ,

α j (Bs(0)) ⊂ B
s+ 2−i

100
(x j ), β j (Bs(x j )) ⊂ B

s+ 2−i
100

(x j ), (5.20)

for every s < 200 · 2−i .

The maps that we just defined allow us to think of Z as a very irregular manifold. In
particular β j have the role of charts for the metric space Z and β j2 ◦ α j1 (when defined)
can be viewed as transition maps. However all these functions are very rough and could be
not even continuous. Therefore the main idea to build the manifold Wi is to approximate the
maps β j2 ◦α j1 with diffeomorphisms Ĩ j2 j1 and then build amanifold having Ĩ j2 j1 as transition
maps. The main issue in this procedure is that to be able to actually build a manifold we need
these diffeomorphisms to be compatible with respect to each other. This will require the
modification procedure that we developed in Sect. 7.1.

Remark 5.5 If Z is a smooth compact Riemannianmanifold then, for i big enough (depending
on Z ), the maps βi, j , αi, j satisfying (5.18) and (5.19) can in fact be taken to be (restriction
of) suitable charts and their inverses respectively.

5.2.4 Approximation of the irregular transition maps with isometries

We start approximating β j2 ◦ α j1 with isometries of Rn as follows. Note that in our notation
isometries do not need to fix the origin.

Lemma 5.6 Suppose that j1, j2 ∈ Ji are such that d(x j1 , x j2) < 30 · 2−i . Then there exist
two isometries Ii, j2 j1 , Ii, j1 j2 : Rn → R

n such that Ii, j2 j1 = I−1i, j1 j2
and

|Ii, j2 j1(x)− βi, j2 ◦ αi, j1(x)| ≤ Cεi2
−i (5.21)

|Ii, j1 j2(x)− βi, j1 ◦ αi, j2(x)| ≤ Cεi2
−i (5.22)

for every x ∈ B45·2−i (0).

Proof Observe that by hypothesis B90·2−i (x j2) ⊂ B200·2−i (x j1). Thus (recalling (5.20)) the
map β j1 ◦α j2 : B80·2−i (0) → B200·2−i (0) is well defined and is aCεi2−i isometry. Therefore,
if εi is small enough, we are in position to apply Lemma 4.17 and deduce that there exists a
global isometry Ii, j2 j1 : Rn → R

n such that

|Ii, j1 j2(x)− β j1 ◦ α j2(x)| ≤ Cεi2
−i (5.23)
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for every x ∈ B80·2−i (0). This already proves (5.21).We define Ii, j2 j1 := I−1i, j1 j2
. Using (5.23)

and (5.18)

|Ii, j2 j1(x)− β j2 ◦ α j1(x)| = |x − Ii, j1 j2(β j2 ◦ α j1(x))|
by (5.23) ≤ |x − β j1(α j2(β j2(α j1(x))))| + Cεi2

−i

≤ |x − β j1(α j1(x))| + Cεi2
−i

≤ Cεi2
−i

for every x ∈ B45·2−i (0). This proves (5.22). Observe that to justify the use of (5.23) above
we need to check that

β j2(α j1(B45·2−i (0))) ⊂ B80·2−i (0). (5.24)

To prove this observe that from (5.20) and the fact that d(x j1 , x j2) < 30 · 2−i , it follows
that α j1(B45·2−i (0)) ⊂ B46·2−i (x j1) ⊂ B76·2−i (x j2). From this, using again (5.20), we obtain
(5.24). ��

Definition 5.7 For any couple of indices j1, j2 ∈ Ji such that d(x j1 , x j2) < 30 · 2−i we
choose once and for all a couple of maps Ii, j1 j2 , Ii, j2 j1 that satisfy the conclusion of Lemma
5.6. We then choose once and for all a sufficiently large subset Ii of these maps, so that

{Ii, j1 j2 j1, j2 ∈ Ji and d(x j1 , x j2) < 29 · 2−i } ⊂ Ii (5.25)

Again for simplicity we will often write I j2 j1 in place of Ii, j2 j1 . Moreover from now on we
will essentially forget about the maps Ii, j1 j2 that are not in Ii .

Remark 5.8 (On the choice of Ii ) The reason we want some freedom in the definition of
Ii in Definition 5.7 is only because doing so makes the proof of Theorem 2.2 much easier.
Actually this is needed only for i = 0. For i ≥ 1 (and also if i = 0 in the case the reader
was not interested in proving Theorem 2.7) we can simply take Ii to be all the maps, i.e.
Ii := {Ii, j1 j2 j1, j2 ∈ Ji and d(x j1 , x j2) < 30 · 2−i }.

Recall that the set of indices Ji is partitioned as Ji = ⋃Ni
k=1 J k

i where J k
i := { j ∈ Ji |xi, j ∈

Qi
k}.

Remark 5.9 For any two maps I j1 j2 , I j1 j3 ∈ Ii with j2 �= j3, it holds that j1 ∈ J a1
i , j2 ∈

J a2
i , j3 ∈ J a3

i with a1 �= a2 �= a3 �= a1. This follows from the definition of the sets J k
i and

the fact that d(x j1 , x j2) < 30 · 2−i , d(x j1 , x j3) < 30 · 2−i and thus d(x j2 , x j3) < 60 · 2−i .
�

In the following key result we observe that isometries that we just defined are almost
compatible in a suitable sense.

Lemma 5.10 Suppose that for some triple of indices j1, j2, j3 ∈ Ji the maps I j3 j2 , I j2 j1 , I j3 j1
are defined. Then

|I j3 j2(I j2 j1(x))− I j3 j1(x)| ≤ Cεi2
−i

for every x ∈ B12·2−i (0).
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Proof Observe that by construction the existence of the maps I j3 j2 , I j2 j1 , I j3 j1 implies that
d(x j1 , x j2) < 30 · 2−i , d(x j1 , x j3) < 30 · 2−i and d(x j3 , x j2) < 30 · 2−i . Then

|I j3 j2(I j2 j1(x))− I j3 j1(x)| ≤ |I j3 j2(I j2 j1(x))− β j3(α j1(x))| + Cεi2
−i

≤ |I j3 j2(β j2(α j1(x)))− β j3(α j1(x))| + Cεi2
−i

≤ |β j3(α j2(β j2(α j1(x))))− β j3(α j1(x))| + Cεi2
−i

≤ |β j3(α j1(x))− β j3(α j1(x))| + Cεi2
−i = Cεi2

−i ,

for any x ∈ B12·2−i (0), where we used (5.21) in the first three inequalities and in the last
inequality we used (5.18). Observe that, to justify the use of (5.21) in the third inequality
above we need to check that

β j2 ◦ α j1(B12·2−i (0)) ⊂ B45·2−i (0), .

To see this observe that by (5.20) α j1(B12·2−i (0)) ⊂ B13·2−i (x j1). Then, since d(x j1 , x j2) <

30 · 2−i , we have α j1(B12·2−i (0)) ⊂ B43·2−i (x j2). Now applying again (5.20) we conclude.
��

5.2.5 Modification of the isometries to get compatibility

Our plan is now to construct the manifold Wi by gluing together a number of copies of
Euclidean balls in the following way:

Wi :=
⊔

j∈Ji
B j
10·2−i (0)

/
∼ ,

where:

x ∼ y for x ∈ B j1
10·2−i (0), y ∈ B j2

10·2−i (0) if and only if Ii, j2 j1 ∈ Ii and Ii, j2 j1(x) = y
(we set also x ∼ x for every x).

Notice that this is an equivalence relation if and only if the following compatibility relation
is true. For every couple of maps Ii, j1 j2 , Ii, j3 j2 ∈ Ii for which there exists x ∈ B10·2−i (0)
such that Ii, j2 j1(x), Ii, j3 j2(Ii, j2 j1(x)) ∈ B10·2−i (0) we have that Ii, j3 j1 ∈ Ii and

Ii, j3 j2(Ii, j2 j1(x)) = Ii, j3 j1(x).

However there is no reason for this to be true in general for the maps that we have defined
at the moment. Still it is almost true in a quantitative sense given by Lemma (5.10). Thanks
to this we can perform a small modification of the maps Ii, j1 j2 to obtain new maps Ĩi, j1 j2
such that the above compatibility relations are satisfied. This modification is quite involved
and is actually independent of the metric space (Z ,d): instead it takes place entirely in the
Euclidean space. For this reason this procedure will be developed separately in Sect. 7.1 and
summarized in Theorem 7.5. Applying that result we can obtain the following (see Sect. 4.1
for the definition of the norm ‖ · ‖C2,t ).

Lemma 5.11 There exists a constant C̃ depending only on n such that the following holds.
For every Ii, j1 j2 ∈ Ii there exists a C∞ diffeomorphism Ĩi, j1 j2 : Rn → R

n such that

‖Ii, j1 j2 − Ĩi, j1 j2‖C2(Rn),2−i ≤ C̃εi , (5.26)
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Ĩi, j2 j1 = Ĩ−1i, j1 j2
and the following compatibility condition holds: for every couple of maps

Ĩi, j1 j2 , Ĩi, j3 j2 for which the set {x ∈ B8·2−i (0) Ĩi, j2 j1(x), Ĩi, j3 j2( Ĩi, j2 j1(x)) ∈ B8·2−i (0)} is
non empty, we have Ii, j3 j1 ∈ Ii (and so also Ĩi, j3 j1 is defined) and

Ĩi, j3 j2( Ĩi, j2 j1(x)) = Ĩi, j3 j1(x),

for every x in the above set.

Proof It is enough to apply Theorem 7.5 with scale t = 2−i , β = Cεi , set of indices J = Ji

partitioned into disjoint sets {J k
i }Ni

k=1, couple of indices A = {( j1, j2) ∈ Ji × Ji I j1 j2 ∈ Ii },
where Ii is the family of maps in Definition 5.7, and finally with the maps {I j1 j2}( j1, j2)∈A =
Ii . Indeed observe that thanks to Proposition 5.4 we can take M = N (n), where M is the
parameter appearing in the assumptions of Theorem 7.5 as upper bound on the cardinality of
the partitions Ji . Therefore the constants appearing in Theorem 7.5 will depend in this case
only on n. Thus we just need to check the hypotheses of Theorem 7.5.

Assumption (7.4) follows by construction and (7.5) follows by Remark 5.9. Property A)
is true again by construction. Property C) with β = Cεi is the content of Lemma 5.10.
Note also that β = Cεi ≤ β̄(n, M) provided εi is small enough, where β̄(n, M) is the
constant in Theorem7.5. It remains to check property B). Suppose I j3 j2(I j2 j1(x)) ∈ B9·2−i (0)
for some x ∈ B8·2−i (0). Recalling now (5.21), provided εi is small enough, we deduce
that y := β j3 ◦ α j2 ◦ β j2 ◦ α j1(x) ∈ B10·2−i (0). Observe that we can apply (5.21) since
β j2 ◦ α j1(x) ∈ B45·2−i (x j2), thanks to (5.20) and the fact that d(x j1 , x j2) < 30 · 2−i which
holds since the map I j1 j2 is defined. Therefore from (5.20) it holds that α j1(x) ∈ B10·2−i (x j1)

and α j3(y) ∈ B11·2−i (x j3). Moreover from (5.18) we have that d(α j3(y), α j1(x)) ≤ 2−i , if εi

is small enough. By the triangle inequality this implies that d(x j1 , x j3) ≤ (10+11+1)2−i <

29 · 2−i , hence the map I j3 j1 exists by our choice of Ii (recall (5.25)). This proves property
B) and concludes the proof. ��

5.2.6 Construction of the differentiable manifolds

We can now construct Wi as we mentioned above. Specifically we will construct it starting
from its transition maps and their domains of definition. This kind of construction, even if
very natural, needs to be done carefully to ensure that the resulting space is a well defined
Hausdorff manifold. In doing this we will refer to the formalization through Sets of Gluing
Data described in [17, Thereom 3.1]. We start defining maps Îi, j1 j2 that are restriction of the
maps Ĩi, j1 j2 . In particular we set

�i
j1 j2 := Ĩ−1i, j1 j2

(B8·2−i (0)) ∩ B8·2−i (0) (5.27)

and, whenever �i
j1 j2

�= ∅, we set Îi, j1 j2 := Ĩi, j1 j2 |�i
j1 j2

. Observe that the sets �i
j1 j2

are open

subsets of Rn . Then we define

Wi :=
⊔

j∈Ji
B j
8·2−i (0)

/
∼ ,

where

x ∼ y (with x �= y) if and only if x ∈ B j1
8·2−i (0), y ∈ B j2

8·2−i (0), Ii, j2 j1 ∈ Ii and

Îi, j2 j1(x) = y. We impose also x ∼ x for every x .
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This is now a valid equivalence relation by Lemma 5.11 (referring to the construction in
[17], the compatibility condition ensured byLemma5.11 implies condition (3.c) inDefinition
3.1 of [17]). The set Wi comes with a natural quotient map

� :
⊔

j∈Ji

B j
8·2−i (0) → Wi ,

defined as �(x) := [x], where [x] is the equivalence class containing x . Define now for
every j ∈ Ji the map

p j := � ◦ in j : B8·2−i (0) → Wi ,

where B8·2−i (0)
inj
↪→⊔

j∈Ji
B j
8·2−i (0) is the natural inclusion map on the j-th component.

Observe that, by construction, the map � is injective on every B j
8·2−i (0) and thus also p j is

injective. We endow Wi with the topology τ defined by

τ = {U ⊂ Wi p−1j (U ) is an open subset of Rn, ∀ j ∈ Ji }.
It is easy to check that τ is indeed a topology. We claim that with this topology, the sets
p j (B8·2−i (0)) are open for every j ∈ Ji and that the maps p j : B8·2−i (0) → p j (B8·2−i (0))
are homomorphisms for every j ∈ Ji .To prove the claim it sufficient to show that p j (V ) ∈ τ ,
for every j ∈ Ji and every V ⊂ B8·2−i (0) open (possibly taking V = B8·2−i (0)). This in turn
follows observing that by construction

p−1j2
(p j1(V )) = �i

j1 j2 ∩ V , ∀ j1, j2 ∈ Ji

and recalling that the sets �i
j1 j2

are open.
For every j ∈ Ji we set

Bi
j := p j (B8·2−i (0))

and define the maps

ψi, j := p−1j : Bi
j → B8·2−i (0).

These maps will be the charts of the manifold (note that they are heomeomorphisms, since
so are the p j ’s as observed above). As usual we will write ψ j instead of ψi, j when there
will be no ambiguity in doing so. We need to show that (Wi , τ ) is Hausdorff. To do this it is
enough to observe that

Ĩi, j1 j2(∂(�i
j1 j2) ∩ B8·2−i (0)) ⊂ ∂ B8·2−i (0)

that comes from the fact that Ĩi, j1 j2 is a global diffeomorphism and the definition of the sets
�i

j1 j2
. This fact implies condition (3.d) in Definition 3.1 of [17], which is there shown to

be enough to ensure that Wi is a Hausdorff space. It remains to endow Wi with a smooth
structure. If follows from the construction that whenever

Bi
j1 ∩ Bi

j2 = p j1(B8·2−i (0)) ∩ p j2(B8·2−i (0)) �= ∅

123



Notes on the Cheeger and Colding version of the Reifenberg… 239

then the map Îi, j2 j1 exists and by the definition of the equivalence relation we have

ψi, j2 ◦ (ψi, j1)
−1 = p−1j2

◦ p j1 = Îi, j2 j1 . (5.28)

This shows precisely that the maps Îi, j2 j1 (which are diffeomorphisms) are the transitions
maps for the charts ψi, j . Moreover we proved above that the sets Bi

j are open in (Wi , τ ).

This proves that (Bi
j , ψi, j ) j∈Ji is a C∞-smooth structure for Wi .

Lemma 5.12 The manifold Wi is connected.

Proof We argue by contradiction and suppose that Wi = U ∪ V , where U , V are two non-
empty disjoint open subsets of Wi . Since Wi ⊂ ∪ j∈Ji Bi

j and each Bi
j is non-empty and

connected (being homeomorphic to B8·2−i (0)), we must have that

U =
⋃

j∈S

Bi
j , V =

⋃

j∈S̃

Bi
j , (5.29)

where S, S̃ are two disjoint subsets of the set Ji . In particular Bi
j1
∩ Bi

j2
= ∅ for every j1 ∈ S

and every j2 ∈ S̃. We claim that d(x j2 , x j1) > 5 · 2−i for every j1 ∈ S and every j2 ∈ S̃. To
see this note that the transitionmap Î j1 j2 must not be defined. By construction this can happen
only in two cases. The first case is that the map Ĩ j1 j2 is not defined, the second is that Ĩ j1 j2 is
defined but Ĩ−1j1 j2

(B8·2−i (0)) ∩ B8·2−i (0) = ∅ (recall (5.27)). In the first case by construction

(recall Definition 5.7) we must have that d(x j1 , x j2) ≥ 29 · 2−i . In the second case, by (5.26)
and (5.21) we have that |β j1 ◦ α j2 − Ĩ−1j2 j1

| ≤ Cεi2−i in B8·2−i (0). Hence, if εi is small
enough, β j1(α j2(0)) /∈ B7·2−i (0), that combined with (5.19) and provided εi small enough,
gives d(α j2(0), x j1) > 6 · 2−i . Then again using (5.19) we deduce that d(x j2 , x j1) > 5 · 2−i .

Therefore in both cases d(x j2 , x j1) > 5 · 2−i and the claim is proved. This implies that
( ⋃

j∈S

B Z
2−i (x j )

)
∩

( ⋃

j∈S̃

B Z
2−i (x j )

)
= ∅.

However, since Xi = {x j } j∈Ji is 2
−i -dense, the above two sets cover Z , which contradicts

the connectedness of Z . ��

5.2.7 Construction of the Riemannian-metrics

It remains to endow the smooth manifolds W i
n with suitable Riemannian metrics gi .

To construct the metric gi consider a partition of the unity ρi, j subordinate to the cover
{Bi

j } j∈Ji and define

gi :=
∑

j∈Ji

ρi, jψ
∗
i, j g

where g is the standard Euclidean metric onRn .Observe that the covering {Bi
j } j∈Ji is locally

finite with multiplicity less than N = N (n). This is a consequence of Remark 5.9. We denote
with di the Riemannian distance function induced by the metric gi (recall that from Lemma
5.12 Wi is connected, hence di is finite). The first key observation is that, with this metric,
the charts ψi, j turns out to be bi-Lipschitz maps, in particular we have the following.

123



240 N. Gigli, I. Y. Violo

Lemma 5.13 For every j ∈ Ji consider ψ j as a smooth function ψ j : Bi
j → R

n, then

‖Dψ j‖, ‖Dψ−1j ‖ ≤ 1+ Cεi , (5.30)

where ‖ · ‖ denotes the operator norm.

Proof Fix p ∈ Bi
j and pick any v ∈ TpWi . We can write v in local coordinates with respect

to the chart ψ j = (x j
1 , . . . , x j

n ) as v = ak ∂

∂x j
k

. Set w := (Dψ j )p · v ∈ R
n and observe that

w = (a1, . . . , an). We now need to compute |v|Tp Wi . Recall that gp = ∑
k∈Ji

ρi,k(p)ψ∗k g,
thus

|v|2Tp Wi
=

∑

k∈Ji

ρi,k(p)|(Dψk)pv|2 =
∑

k∈Ji

ρi,k(p)|Ak, j ā|2.

where Ak, j is the Jacobian matrix of the transition functionψk ◦ (ψ j )
−1, that by construction

coincides with Îk, j . Therefore from (5.26) we have that 1−Cεi ≤ ‖Ak, j‖ ≤ 1+Cεi (indeed
Ii, j1 j2 are isometries). Thus

(1− Cεi )|w| ≤ |v|Tp Wi ≤ (1+ Cεi )|w|,
which gives

1

1+ Cεi
|v| ≤ |w| ≤ (1+ 2Cεi )|v|,

that is what we wanted. ��
Lemma 5.14 It holds that

BWi
s

1+Cεi

(ψ−1j (x)) ⊂ ψ−1j (Bs(x)) ⊂ BWi
s(1+Cεi )

(ψ−1j (x))

for every ball Bs(x) ⊂ B8·2−i (0).

Proof It follows immediately from the fact thatψ j are 1+Cεi bi-Lipschitz homeomorphisms
(from (5.30)) and the fact that the distances in Rn and W i are geodesic. ��
Remark 5.15 The manifolds Wi endowed with the distance di are complete, however we will
postpone the proof of this fact to the end of the next subsection (see Lemma 5.20). �

5.3 Construction of themanifold-to-metric spacemappings fi

For every w ∈ Wi we define

fi (w) := α j (ψ j (w)),

where j ∈ Ji is the smallest such that w ∈ Bi
j . We remark that with this definition fi (w)

will depend on the choice of the index j , indeed the map fi will not be even continuous in
general. However in the following statement we prove that fi is almost unique, in the sense
that the a different choice of j in its definition change its value by at most εi2−i .

Lemma 5.16

d( fi (x), α j (ψ j (x))) ≤ Cεi2
−i , ∀ j ∈ Ji , ∀ x ∈ Bi

j . (5.31)
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Proof By definition fi (x) = αk(ψk((x))) for some k ∈ Ji for which x ∈ Bi
k . If k = j there

is nothing to prove, so suppose k �= j . Then

d( fi (x), α j (ψ j (x))) = d(αk(ψk(x)), α j (ψ j (x)))

= d(αk(ψk(x)), α j (ψ j (ψ
−1
k (ψk(x))))

= d(αk(ψk(x)), α j ( Î j,k(ψk(x)))

≤ d(αk(ψk(x)), α j (β j ◦ αk(ψk(x)))+ Cεi2
−i ,

where the last inequality follows combining (5.21) and (5.26). Recalling now (5.18)we obtain
(5.31). ��

By construction fi sends points in B j
i inside B10·2−i (x j ). The following statement is the

converse of this, meaning that points mapped by fi near x j must belong to the coordinate

patch B j
i .

Lemma 5.17 Suppose that for some w ∈ Wi it holds that fi (w) ∈ Bs·2−i (x j ) with s < 6.
Then, provided εi is small enough we have

w ∈ ψ−1j (B(s+Cεi )2−i (0)), (5.32)

in particular w ∈ Bi
j .

Proof By definition fi (w) = αk(ψk(w)) for some k ∈ Ji . By definition of ψk we have
ψk(w) ∈ B8·2−i (0) and so by (5.20) it holds fi (w) ∈ B9·2−i (xk). In particular, fi (w) ∈
Bs·2−i (x j ) with s < 6, we obtain d(xk, x j ) < 15 · 2−i . In particular I j,k ∈ Ii (recall (5.25)).
Observe now that from (5.19)we deduce thatβ j (αk(ψk(w))) = β j ( fi (w)) ∈ B(s+Cεi )2−i (0).

Moreover combining (5.26) and (5.21) we have | Ĩ j,k − β j ◦ αk | ≤ Cεi2−i in B45·2−i (0).
Hence Ĩ j,k(ψk(w)) ∈ B(s+Cεi )2−i (0), up to increasing the constant C . Since s < 6, if εi is

small enough we have that Ĩ j,k(ψk(w)) ∈ B8·2−i (0), which implies ψk(w) ∈ �i
j,k (where

�i
j,k is as in (5.27)). Since �i

j,k is the domain of Î j,k we can write

w = ψ−1j (ψ j ◦ ψ−1k )(ψk(w)) = ψ−1j ( Î j,k(ψk(w))),

where we used (5.28). Since we showed that Ĩ j,k(ψk(w)) ∈ B(s+Cεi )2−i (0), this proves
(5.32). ��

The following result tells us that, locally, fi is a 2−i Cεi -isometry.

Lemma 5.18 For every j ∈ Ji it holds

|d( fi (w1), fi (w2))− di (w1, w2)| ≤ 2−i Cεi , for every w1, w2 ∈ Bi
j . (5.33)

Proof By (5.31) we can suppose that fi (w1) = α j (ψ j (w1)), fi (w2) = α j (ψ j (w2)). Thus
we need to bound |d(α j (ψ j (w1)), α j (ψ j (w2)))−di (w1, w2)|, however since α j is aCεi2−i

isometry we have

|d(α j (ψ j (w1)), α j (ψ j (w2)))− |ψ j (w1)− ψ j (w2)|| ≤ Cεi2
−i .

Hence we reduced ourselves to estimate ||ψ j (w1)−ψ j (w2)| − di (w1, w2)|. To do this first
observe that by Lemma 5.14, if εi is small enough, we have

Bi
j = ψ−1j (B8·2−i (0)) ⊂ B10·2−i (ψ

−1
j (0)),
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hence di (w1, w2) ≤ 20 · 2−i . Then recalling that ψ j is 1+ Cεi bi-Lipschitz we have

||ψ j (w1)− ψ j (w2)| − di (w1, w2)| = di (w1, w2)

∣∣∣∣
|ψ j (w1)− ψ j (w2)|

di (w1, w2)
− 1

∣∣∣∣ ≤ 20 · 2−i Cεi ,

that is what we wanted.
��

Since the balls centered in Xi of radius 2−i covers Z , it is natural to expect that we
can cover Wi with images via ψ−1j of balls with radius significantly smaller 10 · 2−i . This
essentially is the content of the following result.

Lemma 5.19 For every i ∈ N0 it holds that

Wi ⊂
⋃

j∈Ji

ψ−1j

(
B2·2−i (0)

)
⊂

⋃

j∈Ji

BWi
3·2−i (ψ

−1
j (0))). (5.34)

Proof Let w ∈ Wi then fi (w) ∈ B2−i (x j ) for some j ∈ Ji , since Xi is 2−i -dense in Z
by construction. Therefore from Lemma 5.17 we deduce that w ∈ ψ−1j (B(1+Cεi )2−i (0)) ⊂
ψ−1j

(
B(2·2−i (0)

)
, provided εi is small enough. This proves the first inclusion in (5.34). The

second inclusion follows from Lemma 5.14. ��
Lemma 5.20 The manifold (Wi ,di ) is complete.

Proof Let w ∈ W n
i , then from (5.34), there exists j ∈ Ji such that w ∈ BWi

3·2−i (ψ
−1
j (0)).

Hence BWi
2−i (w) ⊂ BWi

4·2−i (ψ
−1
j (0)). From Lemma 5.14 we deduce, provided εi small enough,

that

BWi
2−i (w) ⊂ BWi

4·2−i (ψ
−1
j (0)) ⊂ ψ j (B5·2−i (0)) ⊂ ψ j

(
B5·2−i (0)

)
.

Since the last set is compact, we deduce that BWi
2−i (w) is also compact and from the arbitrari-

ness of w we conclude. ��

5.4 Construction of the pseudo-distances�i

For every w1, w2 ∈ Wi we set

ρi (w1, w2) :=
{
di (w1, w2) if di (w1, w2) ≤ 2 · 2−i ,

d( fi (w1), fi (w2)) if di (w1, w2) > 2 · 2−i .
(5.35)

Lemma 5.21 It holds that

ρi (w1, w2) = di (w1, w2),

whenever ρi (w1, w2) ≤ 2−i or di (w1, w2) ≤ 2−i .

Proof If di (w1, w2) ≤ 2−i the statement is trivial from the definition of ρi . So suppose
ρi (w1, w2) ≤ 2−i . If ρi (w1, w2) = di (w1, w2) we are done, so suppose ρi (w1, w2) =
d( fi (w1), fi (w2)). Then the 2−i -density of Xi implies that fi (w1), fi (w2) ∈ B5·2−i (x j )

for some j ∈ Ji . Hence thanks to Lemma 5.17 we have that w1, w2 ∈ Bi
j . Applying now

(5.33) we obtain di (w1, w2) ≤ 2−i + Cεi2−i ≤ 2 · 2−i , but then from (5.35) we deduce
ρi (w1, w2) = di (w1, w2).

��
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5.5 Construction of themanifold-to-manifold mappings hi

This section is devoted to to proof the following Lemma.

Lemma 5.22 There exists a 1+C(εi + εi+1)-bi-Lipschitz diffeomorphism hi : Wi → Wi+1
such that

d( fi+1(hi (w)), fi (w)) ≤ C2−i (εi + εi+1), (5.36)

for every w ∈ Wi .

Along this section (ψi+1, j ) j∈Ji+1 denote the charts for the manifold Wi+1 as defined in
Sect. 5.2.

5.5.1 Construction of the new charts forWi

The idea of the construction of themaps hi is to build a newatlas forWi , where instead of using
points in Xi , as in its construction, we use the points in Xi+1. In particular we will construct
(inverses of) charts (ϕi, j ) j∈Ji+1 for Wi in direct relation with the charts (ψi+1, j ) j∈Ji+1 of
Wi+1. In this way we will be able to build maps

hi, j := ψ−1i+1, j ◦ ϕ−1i, j ,

defined locally, from Wi to Wi+1. Then we will patch all these maps using a technical result
that will be proved later in Sect. 7.2 (see Theorem 7.9).

For any j ∈ Ji+1 define k( j) ∈ Ji as the minimal index so that xi+1, j ∈ B2−i (xi,k( j)).
The number k( j) is well defined thanks to the fact that Xi is 2−i -dense. Consider the maps

αi+1, j : B100·2−i (0) → B100·2−i (xi+1, j )

βi,k( j) : B200·2−i (xi,k( j)) → B200·2−i (0),

which are respectively a Cεi+12−i -GH approximation and a Cεi2−i -GH approximation.
Analogously we consider the maps αi,k( j), βi+1, j . It is crucial here that all these maps are
the same considered in Sect. 5.2. Since B100·2−i (xi+1, j ) ⊂ B200·2−i (xi,k( j)) we have that
βi,k( j) ◦ αi+1, j is well defined on the whole B100·2−i (0) ad it is a 2−i C(εi + εi+1) isometry.

Lemma 5.23 For every j ∈ Ji+1 there exists an isometry Ki, j : Rn → R
n such that

|Ki, j − βi,k( j) ◦ αi+1, j | ≤ C(εi + εi+1)2−i , (5.37)

in B15·2−i (0) and

|K−1
i, j − βi+1, j ◦ αi,k( j)| ≤ C(εi + εi+1)2−i , (5.38)

in Ki, j (B15·2−i (0)).

Proof The existence of an isometry Ki, j : Rn → R
n satisfying

|Ki, j − βi,k( j) ◦ αi+1, j | ≤ C(εi + εi+1)2−i (5.39)

in B20·2−i (0) is an immediate consequence of Lemma 4.17, provided εi , εi+1 are small
enough. To prove (5.38) take any x ∈ B15·2−i (0), then using (5.39)

|K−1
i, j (Ki, j (x))− βi+1, j (αi,k( j)(Ki, j (x))| = |x − βi+1, j (αi,k( j)(Ki, j (x))|
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Fig. 1 Diagram of definition of the maps ϕi, j and the maps hi, j

≤ |x − βi+1, j (αi,k( j)(βi,k( j)(αi+1, j (x)))| + C(εi + εi+1)2−i

≤ C(εi + εi+1)2−i ,

where in the last inequality we used (5.18). This would prove (5.38), however these com-
putations needs justification. More precisely we need to check that βi+1, j ◦ αi,k( j) is
defined on βi,k( j)(αi+1, j (B15·2−i (0))) and on Ki, j (B15·2−i (0)). Since, as remarked previ-
ously βi,k( j) ◦ αi+1, j is defined on B20·2−i (0), from (5.18) and (5.19) we have that

αi,k( j)(βi,k( j)(αi+1, j (B15·2−i (0)))) ⊂ B20·2−i (xi+1, j ), (5.40)

which is the domain of βi+1, j . Thus the first condition is verified. For the second we start
proving that αi,k( j) is defined on Ki, j (B15·2−i (0)). Indeed from (5.40) and (5.18) we deduce
that βi,k( j)(αi+1, j (B15·2−i (0)) ⊂ B25·2−i (0). Hence from (5.39), provided εi , εi+1 are small
enough, it follows that Ki, j (B15·2−i (0)) ⊂ B30·2−i (0), that is in the domain of αi,k( j). Now
from (5.39), (5.40) and assuming εi , εi+1 small enough we deduce that

αi,k( j)(Ki, j (B15·2−i (0))) ⊂ B35·2−i (xi+1, j ),

which is the domain of βi+1, j . This proves also the second condition and concludes the proof.
��

Define for every j ∈ Ji+1 the map ϕi, j : B4·2−i (0) → Wi as

ϕi, j := ψ−1i,k( j) ◦ Ki, j |B4·2−i (0).

Notice that this is well defined since Ki, j (B4·2−i (0)) ⊂ B8·2−i (0), by (5.37), assuming
εi , εi+1 small enough. For every j ∈ Ji+1 define also the map hi, j : ϕi, j (B4·2−i (0)) → Wi+1
as

hi, j := ψ−1i+1, j ◦ ϕ−1i, j |ϕi, j (B4·2−i (0)). (5.41)

The following is the analogous to Lemma 5.17 with respect to the new (inverses of) charts,
which also imply that the new charts cover the manifold (Fig. 1).
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Lemma 5.24 Suppose w ∈ Wi and xi+1, j ∈ Xi+1 are such that d( fi (w), xi+1, j ) < 2−i−1,
then

w ∈ ϕi, j (B 5
4 ·2−i (0)). (5.42)

In particular we have

W n
i ⊂

⋃

j∈Ji+1
ϕi, j (B 5

4 ·2−i (0)). (5.43)

Proof Observe that d( fi (x), xi,k( j)) < 3/2 · 2−i . Then by Lemma 5.17 we deduce that
x ∈ Bi

k( j). Applying now (5.31) we have d( fi (w), αi,k( j)(ψi,k( j)(x))) ≤ C2−iεi , that gives

d(αi,k( j)(ψi,k( j)(w)), xi+1, j ) < 2−i/2+Cεi2−i . Then from(5.20)βi+1, j (αi,k( j)(ψi,k( j)(x)))

∈ B2−i (0), provided εi is small enough. We can now apply (5.38) (we will check the needed
hypothesis at the end of the proof) to infer that

K−1
i, j (ψi,k( j)(x)) ∈ B 5

4 ·2−i (0),

provided εi , εi+1 are small enough. Recalling now the definition of ϕi, j , (5.42) follows.
Finally (5.43) is a consequence of (5.42) and the 2−i−1-density of Xi+1.

To justify the use of (5.38) above, we need to check that ψi,k( j)(w) ∈ Ki, j (B15·2−i (0)).
Call y := βi+1, j (αi,k( j)(ψi,k( j)(w))), y ∈ B2−i (0), then from (5.37)

|Ki, j (y)− ψi,k( j)(w)| ≤ |βi,k( j)(αi+1, j (y))− ψi,k( j)(w)| + C(εi + εi+1)2−i

= |βi,k( j)(αi+1, j (βi+1, j (αi,k( j)(ψi,k( j)(w)))))− ψi,k( j)(x)|
+ C(εi + εi+1)2−i

by (5.18) ≤C(εi + εi+1)2−i .

Now, since Ki, j is an isometry and y ∈ B2−i (0), if εi , εi+1 are small enough, we conclude
that ψi,k( j)(w) ∈ Ki, j (B2·2−i (0)). ��

5.5.2 Construction of the diffeomorphism hi

Before passing the the actual construction of the map hi we need a technical lemma. Roughly
saying it shows the transition functions relative to the charts ϕi, j are close to the transition
functions Îi+1, j1, j2 of the manifold Wi+1.

Lemma 5.25 Let x ∈ B4·2−i (0) be in the domain of ϕ−1i, j1
◦ ϕi, j2 for some j1, j2 ∈ Ji+1, then

Îi+1, j1, j2 exists and

|ϕ−1i, j1
◦ ϕi, j2(x)− Îi+1, j1, j2(x)| ≤ C(εi + εi+1)2−i . (5.44)

Proof Consider a point x ∈ B4·2−i (0) and two indices j1, j2 ∈ Ji+1 as in the hypotheses.
We start by claiming that

d(xi+1, j1 , xi+1, j2) ≤ 9 · 2−i < 29 · 2−(i+1). (5.45)

In particular this already implies that Ii+1, j1, j2 ∈ Ii+1 (recall (5.25)) and so Îi+1, j1, j2 exists.
To show the claim note that ϕi, j2(x) = ϕi, j1(y) for some y ∈ B4·2−i (0). Then from (5.31)
we have

d
(
αi,k( j2) ◦ ψi,k( j2) ◦ ϕi, j2(x), αi,k( j1) ◦ ψi,k( j1) ◦ ϕi, j1(y)

) ≤ 2−i Cεi ,

123



246 N. Gigli, I. Y. Violo

that by definition can be written as

d(αi,k( j2) ◦ Ki, j2(x)), αi,k( j1) ◦ Ki, j1(y)) ≤ 2−i Cεi ,

Applying now (5.37) (recalling also (5.18) as usual) we deduce

d(αi+1, j2(x), αi+1, j1(y)) ≤ 2−i C(εi + εi+1). (5.46)

Therefore from (5.20), if εi , εi+1 are small enough, we deduce (5.45). We can now proceed
with the proof of (5.44). From the definitions we have ϕ−1i, j1

◦ϕi, j2(x) = K−1
i, j1
◦ Îi,k( j1),k( j2) ◦

Ki, j2(x). From (5.26)

|ϕ−1i, j1
◦ ϕi, j2(x)− K−1

i, j1
◦ Ii,k( j1),k( j2) ◦ Ki, j2(x)| ≤ Cεi2

−i .

Moreover, since x ∈ B4·2−i (0), from (5.37)

|ϕ−1i, j1
◦ ϕi, j2(x)− K−1

i, j1
◦ Ii,k( j1),k( j2) ◦ βi,k( j2) ◦ αi+1, j2(x)| ≤ C(εi + εi+1)2−i .

Observe now that, from (5.20) and the fact that d(xi+1, j2 , xi,k( j2)) ≤ 2−i , we have that
βi,k( j2)(αi+1, j2(x)) belongs to B10·2−i (0) (if εi , εi+1 are small enough), thus we can apply
(5.21) to obtain

|ϕ−1i, j1
◦ ϕi, j2(x)− K−1

i, j1
◦ βi,k( j1) ◦ αi,k( j2) ◦ βi,k( j2) ◦ αi+1, j2(x)| ≤ C(εi + εi+1)2−i .

Recall now from (5.18) that αi,k( j2) ◦ βi,k( j2) is almost the identity, therefore

|ϕ−1i, j1
◦ ϕi, j2(x)− K−1

i, j1
◦ βi,k( j1) ◦ αi+1, j2(x)| ≤ C(εi + εi+1)2−i .

To write the above we should check that αi+1, j2(x) is in the domain of βi,k( j1), this follows
from the fact that αi+1, j2(x) ∈ B5·2−i (xi+1, j2) ⊂ B15·2−i (xi,k( j1)), where the inclusion is a
consequence of (5.45) and the fact that d(xi+1, j1 , xi,k( j1)) ≤ 2−i . We now apply (5.38) to
get

|ϕ−1i, j1
◦ ϕi, j2(x)− βi+1, j1 ◦ αi,k( j1) ◦ βi,k( j1) ◦ αi+1, j2(x)| ≤ C(εi + εi+1)2−i . (5.47)

Observe that to use (5.38) we need to check that βi,k( j1) ◦αi+1, j2(x) ∈ Ki, j1(B15·2−i (0)). To
see this, we can use (5.46) and then (5.37) to deduce

|βi,k( j1) ◦ αi+1, j2(x)− Ki, j1(y)| ≤ |βi,k( j1) ◦ αi+1, j1(y)− Ki, j1(y)| + 2−i C(εi + εi+1)
≤ 2−i C(εi + εi+1).

From this, since Ki, j1 is a global isometry and y ∈ B4·2−i (0), we have βi,k( j1) ◦αi+1, j2(x) ∈
Ki, j1(B8·2−i (0)), provided εi , εi+1 small enough, that is what we wanted. Using once again
(5.18) in (5.47) we obtain that

|ϕ−1i, j1
◦ ϕi, j2(x)− βi+1, j1 ◦ αi+1, j2(x)| ≤ C(εi + εi+1)2−i ,

that makes sense since αi+1, j2(x) ∈ B14·2−i (xi+1, j1), which follows from (5.45). Finally
combining (5.21) and (5.26) we reach (5.44).

��
Lemma 5.26 There exists a map hi : Wi → Wi+1 that is surjective, satisfies

‖Dhi‖, ‖Dh−1i ‖ ≤ 1+ C(εi + εi+1). (5.48)

and so that for all j ∈ Ji+1 it holds

hi |ϕi, j (B2·2−i (0)) = ψ−1i+1, j ◦ H ◦ ϕ−1i, j , (5.49)
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for some diffeomorphism H : B4·2−i (0) → B4·2−i (0) (depending on j) such that ‖H −
id‖C1,2−i ≤ C(εi + εi+1).

Proof We plan to apply Theorem 7.9, with M = Wi , M = Wi+1, ϕ j = ϕi, j , h j = hi, j

(recall their definition in (5.41)),t = 2 · 2−i and N = N (n) (given in Proposition 5.4).
We need to check the hypotheses of the theorem. First notice that ϕ−1i, j1

◦ ϕi, j2 = K−1
i, j1

◦
Îi,k( j1),k( j2) ◦ Ki, j2 , whenever ϕ−1i, j1

◦ϕi, j2 has a non-empty domain of definition. Hence from

(5.26) and the fact that Ki, j1 are isometries we deduce that ‖D(ϕ−1i, j1
◦ϕi, j2)‖ ≤ 1+Cεi and

|∂i j (ϕ
−1
i, j1
◦ ϕi, j2)k | ≤ Cεi/2−i . Hence assumption (7.29) is satisfied. Moreover the required

partition of the indices j ∈ Ji+1 is naturally induced from the partition Ji+1,1, . . . , Ji+1,Ni+1 .
Indeed if ϕi, j1(B4·2−i (0)) ∩ ϕi, j2(B4·2−i (0)) �= ∅, thanks to Lemma 5.25, we have that
Bi+1

j1
∩ Bi+1

j2
�= ∅, therefore the transition function Îi+1, j1, j2 exists, and therefore by Remark

5.9 j1, j2 belong to different sets of the partition. Moreover the required condition that

W n
i ⊂

⋃

j∈J i+1
ϕi, j (B2·2−i (0)). (5.50)

follows from Lemma 5.24.
Finally we need to prove (7.30) and (7.31). It suffices to prove the following. Define

B2 = B2(2−2/N )2−i (0) and B1 = B2(2−1/N )2−i (0), then for every j1, j2 it holds that

hi, j1(ϕi, j1(B1) ∩ ϕi, j2(B1)) ⊂ hi, j2(ϕi, j2(B4·2−i (0)) (5.51)

and moreover for such j1, j2

‖ϕ−1i, j2
◦ h−1i, j2

◦ hi, j1 ◦ ϕi, j2 − id‖C1,2−i ≤ Cεi , on ϕ−1i, j2
(ϕi, j1(B1) ∩ ϕi, j2(B1)).

(5.52)

If ϕi, j1(B2) ∩ ϕi, j2(B2) = ∅ there is nothing to prove, hence we assume otherwise. We start
with (5.51). Suppose

ϕi, j1(B2) ∩ ϕi, j2(B2) �= ∅
and pick x ∈ ϕi, j1(B1) ∩ ϕi, j2(B1). Then x = ϕi, j2(y) for some y ∈ B1. Thus from (5.44)

|ϕ−1i, j1
◦ ϕi, j2(y)− Îi+1, j1, j2(y)| ≤ C(εi + εi+1)2−i .

Then from the above and since ψ−1i+1, j1
that is 2-Lipschitz (if εi+1 is small enough), we have

di+1(h j1(x), ψ−1i+1, j2
(y)) = di+1(ψ−1i+1, j1

◦ ϕ−1i, j1
◦ ϕi, j2(y), ψ−1i+1, j1

( Îi+1, j1, j2(y)))

≤ C(εi + εi+1)2−i ,

where we used both the definition of h j1 and (5.28) in the first identity. Therefore, since
y ∈ B2(2−1/N )·2−i (0), from Lemma 5.14, assuming εi , εi+1 are small enough, we have

h j1(x) ∈ ψ−1i+1, j2
(B4·2−i (0)) = hi, j2(ϕi, j2(B4·2−i (0)),

that proves (5.51). It remains only to prove (5.52). Notice that from the definitions

ϕ−1i, j2
◦ h−1i, j2

◦ hi, j1 ◦ ϕi, j2 = Îi+1, j2, j1 ◦ ϕ−1i, j1
◦ ϕi, j2 .

Therefore from (5.44)

|ϕ−1i, j2
◦ h−1i, j2

◦ hi, j1 ◦ ϕi, j2 − id| ≤ C(εi + εi+1)2−i , on ϕ−1i, j2
(ϕi, j1(B1) ∩ ϕi, j2(B1)).
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We need now the bound on the first derivatives. To this aim notice that we can also write

ϕ−1i, j2
◦ h−1i, j2

◦ hi, j1 ◦ ϕi, j2 = Îi+1, j1, j2 ◦ K−1
j1
◦ Îi,k( j1),k( j2) ◦ K j2

and from what we just proved combined with (5.26) we deduce

|Ii+1, j1, j2 ◦ K−1
j1
◦ Ii,k( j1),k( j2)◦K j2 − id|≤C(εi+εi+1)2−i on ϕ−1i, j2

(ϕi, j1(B1)∩ϕi, j2(B1)).

Exploiting Lemma 5.14 (and the fact that every map ϕi, j is the composition ofψ−1i,k( j) with an
isometry) we can observe that, since ϕi, j1(B2) ∩ ϕi, j2(B2) �= ∅, the (bigger) set ϕi, j1(B1) ∩
ϕi, j2(B1) contains a metric ball in Wi of radius 2−i

100N , provided εi is small enough. Then,

again by Lemma 5.14 we deduce that ϕ−1i, j2
(ϕi, j1(B1)∩ϕi, j2(B1)) contains an Euclidean ball

of radius 2−i

200N , again if εi+1 is small enough. Therefore, since the above map is an isometry,
from Lemma 4.7 we deduce

‖D(Ii+1, j1, j2 ◦ K−1
j1
◦ Ii,k( j1),k( j2)◦K j2)− In‖≤C(εi+εi+1) on ϕ−1i, j2

(ϕi, j1(B1)∩ϕi, j2(B1)),

that implies using (5.26) and Lemma 4.6

‖D( Îi+1, j1, j2 ◦K−1
j1
◦ Îi,k( j1),k( j2)◦K j2)− In‖≤C(εi+εi+1) on ϕ−1i, j2

(ϕi, j1(B1)∩ϕi, j2(B1)).

This completes the proof of (5.52). Therefore if εi , εi+1 are small enough we can apply
Theorem 7.9 and get a map hi : Wi → Wi+1. Thanks to (7.32) this map has the property
that for every j ∈ Ji+1 it holds

hi |ϕi, j (B2·2−i (0)) = ψ−1i+1, j ◦ ϕ−1i, j ◦ ϕi, j ◦ H ◦ ϕ−1i, j = ψ−1i+1, j ◦ H ◦ ϕ−1i, j , (5.53)

for some diffeomorphism H : B2·2−i (0) → B2·2−i (0) (depending on j) with ‖H −
id‖C1,2−i ≤ C(εi + εi+1). Thus (5.49) is proved. Moreover from this and (5.30) we
also get (1 + C(εi + εi+1))−1 ≤ ‖Dhi‖ ≤ 1 + C(εi + εi+1). Finally we observe that
hi (Wi ) = Wi+1 for every i . Indeed hi |ϕi, j (B2·2−i (0)) = ψ−1i+1, j ◦ H ◦ ϕ−1i, j , moreover, since
‖H−id‖C1,t ≤ C(εi+εi+1), if εi , εi+1 are small enoughwe have B 3

2 2
−i (0) ⊂ H(B2·2−i (0)).

Thus hi (ϕi, j (B2·2−i (0))) = ψ−1i+1, j ◦ H(B2·2−i (0)) ⊃ ψ−1i+1, j (B 3
2 2
−i (0)). Then we conclude

by Lemma 5.19. ��
Lemma 5.27 It holds that

d( fi+1(hi (w)), fi (w)) ≤ C2−i (εi + εi+1), ∀w ∈ Wi .

Proof We need to estimate d( fi+1(hi (w)), fi (w)). By (5.50), there exists an index j ∈ Ji+1
such that w = ϕi, j (x) for some x ∈ B2·2−i (0). Since ϕi, j = ψi,k( j) ◦ K−1

i, j we deduce that

w ∈ Bi
k( j) and applying (5.31) we obtain

d( fi (w), αi,k( j) ◦ ψi,k( j)(w)) ≤ Cεi2
−i . (5.54)

Weclaimnow that hi (w) ∈ Bi+1
j . Indeed, sincew ∈ ϕi, j (B2·2−i (0)) from (5.49) and recalling

the Lispschitzianity of ψ−1i+1, j , we obtain

di+1(hi (w), hi, j (w)) = di+1(hi (w), ψ−1i+1, j ◦ ϕ−1i, j (w))

≤ (1+ Cεi+1)|H(ϕ−1i, j (w))− ϕ−1i, j (w)| ≤ C(εi + εi+1)2−i ,

(5.55)
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provided εi+1 is small enough. Now by definition hi, j (w) = ψ−1i+1, j (x) ∈ ψ−1i+1, j (B2·2−i (0)),
therefore from (5.55) and Lemma 5.14, if εi , εi+1 are small enough, we easily deduce
that hi (w) ∈ ψ−1i+1, j (B4·2−i (0)) = Bi+1

j . The claim is proved. In particular we have

hi (w), hi, j (w) ∈ Bi+1
j and combining (5.33) with (5.55) we find that

d( fi+1(hi (w)), fi+1(hi, j (w))) ≤ C2−i (εi + εi+1). (5.56)

Moreover we shall also apply (5.31) and deduce

d( fi+1(hi, j (w)), αi+1, j (x)) = d( fi+1(hi, j (w)), αi+1, j ◦ψi+1, j (hi, j (w))) ≤ Cεi+12−i−1.
(5.57)

Therefore putting (5.54), (5.56) and (5.57) together we obtain

d( fi+1(hi (w)), fi (w)) ≤ C2−i (εi+1 + εi )+ d(αi,k( j) ◦ ψi,k( j)(w), αi+1, j (x)).

However w = ϕi, j (x) = ψ−1i,k( j)(Ki, j (x)), therefore recalling (5.37) and (5.21)

d( fi+1(hi (w)), fi (w)) ≤ C2−i (εi+1 + εi )+ d(αi,k( j)(Ki, j (x)), αi+1, j (x))

≤ C2−i (εi+1 + εi )+ d(αi,k( j)(βi,k( j)(αi+1, j (x))), αi+1, j (x))

≤ C2−i (εi+1 + εi ).

��
We now turn to the proof of the main result of this section.

Proof of Lemma 5.22 We already know that hi is surjective and the estimate in (5.48), hence
we only need to prove that hi is injective. Suppose by contradiction that exist two distinct
points w1, w2 ∈ Wi such that hi (w1) = hi (w2). First observe that from (5.49) we have
that hi |ϕi, j (B2·2−i (0)) is injective for every j ∈ Ji+1. Therefore we cannot have w1, w2 ∈
ϕi, j (B2·2−i (0)) for any j ∈ Ji+1. We claim that this implies

di (w1, w2) >
1

4
2−i . (5.58)

Indeed suppose the contrary. From (5.43) we have that w1 ∈ ϕi, j (B 5
4 ·2−i (0)) for some

j ∈ Ji+1. From definition we have ϕi, j = ψ−1i,k( j) ◦Ki, j , where Ki, j is an isometry, therefore
thanks to Lemma 5.14 we deduce that

ϕi, j (B 5
4 ·2−i (0)) ⊂ BWi

3
2 ·2−i (ϕi, j (0)).

In particular w2 ∈ BWi
7
4 ·2−i (ϕi, j (0)), however again from Lemma 5.14 we have

BWi
7
4 ·2−i (ϕi, j (0)) ⊂ ϕi, j (B2·2−i (0)),

but this is a contradiction and (5.58) is proved. Observe now that, since hi (w1) = hi (w2),
from Lemma 5.27, provided εi , εi+1 small enough, we have

d( fi (w1), fi (w2)) ≤ 1

8
2−i . (5.59)
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This, together with the 2−i -density of Xi implies that fi (w1), fi (w2) ∈ B2·2−i (x j ) for some
j ∈ Ji . Therefore Lemma 5.17 gives that w1, w2 ∈ Bi

j1
, hence we are in position to apply

(5.33), that coupled with (5.59) provides

di (w1, w2) ≤ 1

8
2−i + Cεi2

−i ,

which, if εi is sufficiently small, contradicts (5.58). ��

5.6 Final verifications and conclusion

To prove Theorem 2.2 it remains to show that all the objects that we built on the previ-
ous sections satisfy the requirements a), b), c), d) and e) stated in Sect. 5.1. Almost all the
verifications are straightforward consequences of the results already obtained.
a)- It is the content of Lemma 5.21.

c)- If di (w1, w2) > 2 · 2−i we are done by (5.35). Suppose di (w1, w2) ≤ 2 · 2−i .
Then observe that from (5.34) w1 ∈ B3·2−i (ψ

−i
i, j (0)) for some j and thus w1, w2 ∈

B6·2−i (ψ
−i
i, j (0)) ⊂ Bi

j from Lemma 5.14. Then we can apply (5.33) and conclude.
d)- This is 5.36.
b)- Suppose first that ρi+1(hi (w1), hi (w2)) ≤ 2 · 2−(i+1) and ρi (w1, w2) ≤ 2 · 2−i ,

and observe that by Lemma 5.21 ρi+1(hi (w1), hi (w2)) = di+1(hi (w1), hi (w2)) and
ρi (w1, w2) = di (w1, w2). Thus we conclude by the fact that hi is 1 + C(εi + εi+1) bi-
Lipschitz, which comes from Lemma 5.22. Suppose now that ρi+1(hi (w1), hi (w2)) >

2 · 2−(i+1). By c) and d) using triangle inequality we get

|ρi+1(hi (w1), hi (w2))− ρi (w1, w2)| ≤ C2−i (εi + εi+1).

Then dividing by ρi+1(hi (w1), hi (w2)) follows that
∣∣∣∣1−

ρi (w1, w2)

ρi+1(hi (w1), hi (w2))

∣∣∣∣ ≤ C(εi + εi+1)

that is what we wanted. The case ρi (w1, w2) > 2−i is analogous.
e)- Take any xi, j ∈ Xi and take any w ∈ Bi

j , then from (5.20) αi, j (ψi, j (w)) ∈
B9·2−i (xi, j ), if εi is sufficiently small.Moreover from (5.31)wehaved( fi (w), αi, j (ψi, j (w)))

≤ C2−iεi , therefore, if εi is small enough we conclude from the 2−i -density of Xi .

5.7 Adjustments for the local version

The proof of the local version of Reifenberg theorem for metric spaces (see Theorem 2.7) is
almost the same as the proof of global one (Theorem2.2). However some technical difficulties
arise which make the argument slightly more complicated. The main point is that we cannot
cover in general the ball B1(z0) with a countable number of balls of a fixed radius contained
in it (this can be seen already if Z = R

n with n > 1). Therefore we fix a big constant M
and cover only the smaller ball B1−Mε0(z0). Then, as in the global case, for every scale 2−i

we cover B1−Mε0(z0) with balls of radius 2−i and use these covering to build manifolds
Wi (only that we need to start from scale 2−i0 � Mε0, instead of i = 0). As expected,
the main issue arises close to the boundary of the ball B1(z0). For the sake of the simplicity
consider Z = R

n and suppose we have covered the B1−Mε0(0)with small balls of radius 2−i .
Then the union of these balls is already a good candidate for approximating manifold Wi .
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However, close to the boundary, Wi looks very rough and irregular and the induced metric
does not contain any information about the underlying Euclidean distance. For this reason
most of the construction will happen in some subset of Wi that is a bit far from the boundary.
This difficulty mainly reflects on construction of the maps hi : Wi → Wi+1. Indeed the two
manifolds Wi , Wi+1, near the boundary may look very different and in particular we have no
reason to hope that hi is a surjective diffeomorphism. For this reason, hi can be only defined
in a smaller subset Ui of Wi .

We will only write down the objects that need to be built in order to perform the main
argument as in Sect. 5.1 for the global version.

INITIAL ASSUMPTIONS

As in the statement of Theorem 2.7 we assume that

εi (n) ≤ ε(n) for every i ≥ 0, (5.60)

where εi (n) are the numbers defined in (2.4) relative to the ball B1(z0) ⊂ Z and ε(n) is a
sufficiently small constant depending only on n. For brevity we will write εi = εi (n). We
also fix positive constants C = C(n), M = M(n) depending only on n. Moreover ε(n) is
assumed to be small enough so that ε(n)M(n) � 1.

MAIN ARGUMENT

For brevity in the sequel we write ε̄0 := Mε0.

CLAIM: It is sufficient to construct a sequence of Riemannian manifolds {Wi , di }i≥0
(not necessarily connected or complete - note however that condition B1−2ε̄0(0) ⊂ U0 below
ensures that image of the homeomorphism covers B1−Mε0(z0)), open setsUi ⊂ Wi , symmet-
ric maps ρi : Wi ×Wi → R+, maps hi : Ui → Ui+1 with Ui+1 = hi (Ui ) and fi : Wi → Z ,
satisfying the following statements

a*) (W0, d0) = (BR
n

1 (0), dEucl), ρ0 = dEucl and B1−2ε̄0(0) ⊂ U0,

b*) d( f0(0), z0) ≤ ε̄0
100 ,

c*) for every i ≥ 0

1

1+ C(εi + εi+1)
≤ ρi+1(hi (w1), hi (w2))

ρi (w1, w2)
≤ 1+ C(εi + εi+1),

for every w1, w2 ∈ Ui and

c1(n) ≤ ρ1(h0(w1), h0(w2))

ρ0(w1, w2)
≤ c2(n),

for every w1, w2 ∈ U0, for some positive constants c1(n), c2(n) depending only on n,
d*) for i ≥ 1

|d( fi (w1), fi (w2))− ρi (w1, w2)| ≤ Cεi2
−i ε̄0,

for every w1, w2 ∈ Ui and

|d( f0(x), f0(y))− |x − y||| ≤ ε̄0

100
,

for every x, y ∈ B1(0),
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e*) for i ≥ 1,

d( fi+1(hi (w)), fi (w)) ≤ C(εi + εi+1)2−i ε̄0,

for every w ∈ Ui and

d( f1(h0(w)), f0(w)) ≤ ε̄0

100
,

for every w ∈ U0,

f*) fi (hi (Ui )) is 2 · 2−i ε̄0-dense in B1−2ε̄0(z0) for every i ≥ 1.

Proof of the CLAIM: Define Fi : U0 → Z as F0 := f0 and Fi := fi ◦ hi−1 ◦ · · · ◦ h0

for every i ≥ 1, that is well defined since Ui+1 = hi (Ui ). Then from e*)

d(Fi+1(w), Fi (w)) = d( fi+1(hi (hi−1 . . .)), fi (hi−1 . . .)) ≤ 2ε(n)C2−i ε̄0, (5.61)

for i ≥ 1 and

d(F1(w), F0(w)) = d( f1(h0(w), f0(w)) ≤ ε̄0

100
, (5.62)

Hence the sequence Fi (w) is Cauchy in Z and we call F(w) its limit. Notice that from (5.61)
we obtain for i ≥ 1

d(F(w), Fi (w)) ≤ 4ε(n)C2−i ε̄0. (5.63)

Combining the above with (5.62) it follows that

d(F(w), F0(w)) ≤ ε̄0(4Cε(n)+ 100−1). (5.64)

Differently from Theorem 2.2, this F is not yet the function required in Theorem 2.7, but
needs to be modified, indeed is not defined in the whole B1(0). We start proving that F :
U0 → B1(z0) is biHölder (or biLipschitz) arguing as in the proof of Theorem 2.2. Consider
any w1, w2 ∈ U0 and set

s0 = ρ0(w1, w2) = |w1 − w2| ≤ 2.

Define also for every i the points wi
1, w

i
2 ∈ Wi and the numbers si as w0

1 := w1, w
0
1 := w2

wi+1
1 = hi (w

i
1), wi+1

2 = hi (w
i
2),

and

si := ρi (w
i
1, w

i
2).

Observe that from c*)

1

1+ C(εi + εi+1)
si ≤ si+1 ≤ si (1+ C(εi + εi+1)), for every i ≥ 1. (5.65)

F is BiHölder: Combining d*) and e*) we get

si − 6Cε(n)2−i ≤ si+1 ≤ si + 6Cε(n)2−i , for all i ≥ 1. (5.66)

In particular s∞ := d(F(w1), F(w2)) = limm→+∞ sm . Let j ∈ N be arbitrary. Applying
repeatedly (5.3) for all s0, . . . , s j and then (5.66) for the remaining si ’s with i > j , we obtain

2−α j s0 − 6Cε(n)2− j ≤ s∞ ≤ 2α j s0 + 6Cε(n)2− j , (5.67)
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where we set α := log2(1+ 2Cε(n)) > 0. Note that α ∈ (0, 1) provided ε(n) < C/2. Then
there exists a (maximal) j ∈ N so that

2α j s0/2 ≤ 2− j , 2α( j+1)s0/2 ≥ 2−( j+1). (5.68)

From the second in (5.68) we get

2s
1

1+α

0 ≥ 2− j . (5.69)

Plugging (5.68) in the right hand side of (5.67) and then plugging (5.69) we obtain

s∞ ≤ 2α j s0 + 6Cε(n)2− j ≤ 2(1+ 6Cε(n))2− j ≤ 4(1+ 6Cε(n))s
1

1+α

0 (5.70)

Similarly, since α < 1, we can find j ∈ N such that

2−α j s0/2 ≥ 2− j and 2−α( j−1)s0/2 ≤ 2−( j−1). (5.71)

From the second in (5.71) we get (s0/2)
1

1−α ≤ 2− j+1. Plugging this and the first in (5.71)
into (5.67) we get

s∞ ≥ 2− j − 6Cε(n)2− j ≥ (1− 6Cε(n)))
(s0/2)

1
1−α

2
, (5.72)

provided ε(n) < C/6. Combining (5.70) and (5.72) we get the desired byHölder condition
for F .

F is BiLipschitz (assuming (2.5)): Iterating the above and using c*) in the case i = 0 we
get

c1(n)

i∏

j=1

1

1+ C(ε j + ε j+1)
≤ si

s0
≤ c2(n)

i∏

j=1
(1+ C(ε j + ε j+1)). (5.73)

Thanks to (2.5) we have that
∏+∞

j=1 1
1+C(ε j+ε j+1) > 0 and

∏+∞
j=1(1+C(ε j + ε j+1)) < +∞.

Moreover applying d*) we can estimate

|d(Fi (w1), Fi (w2))− si | = |d( fi (hi−1(wi−1
1 )), fi (hi−1(wi−1

2 )))

−ρi (hi−1(wi−1
1 ), hi−1(wi−1

2 ))| ≤ Cε(n)2−i ε̄0 (5.74)

for every i ≥ 1. This implies that si → d(F(w1, F(w2))) as i → +∞. Therefore passing
to the limit in (5.73) we obtain that

M1 ≤ d(F(w1), F(w2))

|w1 − w2| ≤ M2,

for some positive constants M1, M2. Therefore F is bi-Lipschitz.
We prove now that F(U0) is dense in B1−3ε̄0(0). Consider z ∈ B1−3ε̄0(0) and pick any

δ > 0.Take now i such that 2·2−i ε̄0 ≤ δ/8, then by e*) and the fact thatUk+1 = hk(Uk), there
exists w ∈ W n

0 such that d(Fi (w), z) < δ/2 and moreover from (5.63) d(F(w), Fi (w)) <

δ/2, provided ε(n) is small enough.Henced(F(w), z) < δ, thus F(U0) is dense in B1−3ε̄0(0).
We now show that

B1−5ε̄0(z0) ⊂ F(B1−2ε̄0(0)) (5.75)

We first claim that if F(w) = z ∈ B1−4ε̄0(z0), then w ∈ B1−3ε̄0(0). Indeed (5.64) gives

d(z, f0(w)) ≤ ε̄0(4Cε(n)+ 100−1),
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therefore f0(w) ∈ B1− 7
2 ε̄0

(z0), provided ε(n) small enough. Thus, by b*) and d*) for i = 0,

we have that w ∈ B1−3ε̄0(0). The claim is proved. Pick now z ∈ B1−5ε̄0(z0), recalling that
F(U0) is dense in B1−3ε̄0(0) there exists a sequence wk ∈ U0 such that F(wk) → z. Since
F(wk) ∈ B1−4ε̄0(z0) for k big enough, we deduce from the above claim thatwk ∈ B1−3ε̄0(0)
for k big enough. Moreover, since F−1 is Lipschitz, the sequence wk is Cauchy, hence it
converges to a point w ∈ B1−2ε̄0(0) that is contained in U0 from a*). Therefore by the
continuity of F follows that F(w) = z. This proves (5.75). We define now the map F̃ :
B1(0) → B1(z0) as

F̃(x) := F |B1−2ε̄0 (0))((1− 2ε̄0)x)

that have all the properties required by Theorem 2.7.

6 Proof of “Gromov-Hausdorff close and Reifenberg flat metric spaces
are homeomorphic”

Here we prove Corollary 3.1, stated in Sect. 3.

Proof of Corollary 3.1 Suppose that (Z1,d1) and (Z2,d2) are metric spaces satisfying the
assumption i) of Theorem 2.2 at scale r > 0 and with parameters εi , ε̃i ≤ ε(n) respectively,
where ε(n) is the constant given by i) in Theorem 2.2. Without loss of generality we can
assume that ε0 = ε̃0 = ε(n). We can also assume (as in the proof of Theorem 2.2) that
r = 200. Suppose also that for some δ ≤ ε(n) small enough it holds

dG H ((Z1,d1), (Z2,d2)) ≤ δ/3.

In particular by Theorem 4.14 and Proposition 4.13 we can find two δ-GH-approximations
�∗ : Z2 → Z1 and �∗ : Z1 → Z2 such that

d2(�∗ ◦�∗(z), z)) < δ, for all z ∈ Z , d1(�∗ ◦�∗(y), y)) < δ, for all y ∈ Z2.

(6.1)

We need to show that we can take the same Riemannian manifold W in the conclusion i) of
Theorem 2.2 for both Z ! and Z2. Recall that W (in the case i)) can be taken to be W0, where
{Wi }i∈N are the Riemannian manifolds built in Sect. 5.2 (this can be seen immediately in the
main argument described in Sect. 5.1).

The key point is that W0 is built starting solely from the following objects:

(i) a countable set of indices J = J0,
(ii) a partition of J0 into disjoint subsets {J k

0 }N0
k=1,

(iii) a collection of isometries I0 = {I j1 j2}( j1, j2)∈A, for some set A ⊂ J0 × J0.

Indeed these are the only elements used in Lemma 7.5 to build the family of maps
{ Î j1 j2}( j1, j2)∈A, which are in turn the only ingredients in the actual construction of the man-
ifold W0 done in Sect. 5.2.6. We stress that also the indexing A, not only the family of maps
by itself, is important when building W0.

Therefore if we can show that the objects in items i), i i), i i i) above can be taken to be
the same for both Z1 and Z2 we are done. To show this we proceed as follows: we first make
a suitable choice of the required objects for Z1 and then show that these can be taken also
for Z2.

As in the proof of Theorem 2.2, we will denote by C a constant depending only on n,
which might change from line to line.
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Construction for Z1: The starting point of the construction for Z1 (see Sect. 5.2.2) for
i = 0 is a choice of a set X0 that is 1-dense in Z1 and a labelling the elements of X0 as X0 =
{x0,1, x0,2, . . .} = {x0, j } j∈J0 where J0 := {1, 2, . . . , #|X0|}. Then this J0 is precisely the set
of indices in a). Then X0 is partitioned into disjoint subsets Q0

1, Q0
2, . . . , Q0

N0
, satisfying

d1(x, y) ≥ 100, for all x, y ∈ Q0
k and all k = 1, . . . , N0. (6.2)

From this the set of indices J0 is also partitioned as J0 = ⋃N0
k=1 J k

0 where J k
0 := { j ∈

J0 |x0, j ∈ Q0
k}. This partition is precisely the one in item b) above. The existence of X0 and

a partition {Q0
k} as above is proved in Proposition 5.4. However by that same result we see

that we can, and will, take X0 to be 1/2-dense in Z1 and have

d1(x, y) ≥ 101, for all x, y ∈ Q0
k and all k = 1, . . . , N0. (6.3)

Next we must choose the maps I0 = {I j1 j2}( j1, j2)∈A for Z1. We recall here how this is
done in the construction. First we need fix some Cε(n)-GH-approximations α j , β j from

BR
n

200(0) to B Z1
200(x0, j ) and vice-versa, which are one the inverse of the other up to an error

of Cε(n) (see Sect. 5.2.3). For the current proof any such choice will do, the only precau-
tion is that we take β j to be the restriction to B Z1

200(x0, j ) of a Cε(n)-GH-approximation

map β j : B Z1
200+ε(n)(x0, j ) → BR

n

200+ε(n)(0) (this is clearly possible by the assumption

dG H (B Z1
200(x0, j ), BR

n

200(0)) ≤ 200ε(n) and by Theorem 4.14). Then for all indices j1, j2
such that d1(x0, j1 , x0, j2) < 30, an isometry I j1 j2 is chosen with the only requirement that

|I j1, j2 − β j1 ◦ α j2 | ≤ Cε(n), in B45(0), (6.4)

and that I−1j1, j2
= I j2, j1 (see in particular Lemma 5.6 and Definition 5.7). Finally, again as in

Definition 5.7, the set I0 can be chosen as any subset of the above maps so that

{I j1 j2 j1, j2 ∈ J0 and d1(x0, j1 , x0, j2) < 29} ⊂ I0. (6.5)

Here for Z1 we will choose I0 := {I j1 j2 j1, j2 ∈ J0 and d1(x j1 , x j2) < 30 − 1/2}, which
clearly satisfies (6.5).

Construction for Z2: We now need to show that the choice of indices J0, the partition
{J k

0 }N0
k=1 and the class of isometries I0 works also for Z2. As we did for Z1 we need first to

chose a set Y0 ⊂ Z2 and a partition of it:

Y0 := �∗(X0), Q̃0
k := �∗(Q0

k), for all k = 1, . . . , N0.

We also label the elements in Y0, as in Z1, using J0, i.e. y0, j := �∗(x0, j ) for all j ∈ J0. It is
then immediate to check, provided δ < 1/4, that X̃0 that is 1-dense in Z2 and that, thanks to
(6.3), condition (6.2) holds for Q̃0

k in Z2. Clearly this construction induces the same partition

{J k
0 }N0

k=1 of J0. This shows that the objects in i) and i i) can be taken to be the same for Z2.

Next we need to choose the isometries for Z2. To do so we choose the maps

α̃ j : BR
n

200(0) → B Z2
200(y0, j ), β̃ j : B Z2

200(y0, j ) → BR
n

200(0)

as follows:

α̃ j (x) := �∗ ◦ α j ((1− δ)x), β̃ j := β j ◦�∗.

It is easily checked that they have the correct domains of definition and ranges, provided say
δ ≤ ε(n)/2. Similarly we can check that

dRn (β̃ j ◦ α̃ j , id), d2(α̃ j ◦ β̃ j , id) ≤ Cε(n), uniformly,
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which follows from the analogous property of α j , β j and (6.1). In particular α̃ j and β̃ j

are so admissible for the construction for Z2. The key observation is now that, whenever
d1(x0, j1 , x0, j2) < 30−1/2, it also holds d2(y0, j1 , y0, j2) < 30 (if say δ < 1/2) and moreover

|I j1, j2 − β̃ j1 ◦ α̃ j2 | ≤|I j1, j2 − β j1 ◦ α j2 | + |β j1 ◦ α j2 − β̃ j1 ◦ α̃ j2 | ≤ Cε(n), in B45(0),

where in the last estimate we used both (6.4) and (6.1), provided δ is small enough. This
shows that for such couple of indices the same map I j1, j2 used in Z1 satisfies again (6.4), but
in Z2 (up to enlarging the constant C). Hence I j1, j2 is an admissible choice for the couple
j1, j2 (indeed I−1j1, j2

= I j2, j1 is automatically true). For the other couples we might choose
other maps I ′j1, j2

(this is irrelevant since they will be discarded). We then choose precisely
I0 for the maps in Z2. As recalled above the only requirement for I0 is to be a subset of
all the isometries that we constructed for Z2 and that (6.5) must hold. The first condition is
met because by construction I0 := {I j1 j2 j1, j2 ∈ J0 and d1(x j1 , x j2) < 30 − 1/2} and for
such indices j2, j2 we chose precisely I j1 j2 both in Z1 and in Z2. On the other hand, since
d2(y0, j1 , y0, j2) < 29 implies that d1(x j1 , x j2) < 30 − 1/2, the requirement (6.5) is also
clearly satisfied. Hence I0 is admissible also for Z2.

For the second part of Corollary 3.1, suppose that Z1 and Z2 are compact Riemannian
manifolds, we know that for i big enough we can take βi, j , αi, j and β̃i, j , α̃i, j as charts and
their inverses (see Remark 5.5) respectively for Z1 and Z2. In particular for i big enough we
can take Wi = Z1 and W̃i = Z2. However we know that Wi and W0 are diffeomorphic via the
map hi ◦ · · · ◦h0 (and the same for W̃i and W0). Therefore Z1 and Z2 are both diffeomorphic
to W0. This concludes the proof of Corollary 3.1 is concluded. ��

7 Main tools for the proof

7.1 Mappingsmodification theorem

This section is devoted to the proof of the most important technical result for the proof of
the metric Reifenberg’s theorem (in particular in the proof of Lemma 5.11) when building
the manifolds approximating the metric space. Roughly saying these manifolds will be built
starting from a family of transition maps, but without the knowledge of charts, which instead
need to be constructed byhand.However these transitionsmaps (which are actually isometries
ofRn) will not in general be compatible with each other and thus need to be suitably modified
in order to produce an actual manifold. This modification procedure is precisely the content
of this section.

7.1.1 Cocyclical maps

A central role in the statement and proof of the mapping modification theorem will be played
by the notion of cocyclical maps.

Definition 7.1 Let f , g, h : Rn → R
n be bijective maps and fix a radius r > 0. Define the

maps {Iab}a,b∈{1,2,3} as follows: I12 := f , I23 := g, I13 := h and then set Iba = I−1ab for
every distinct a, b ∈ {1, 2, 3}. We say that the maps f , g, h are r -cocyclical if for any distinct
a, b, c ∈ {1, 2, 3} we have that

for any point x ∈ Br (0) such that Iba(x) ∈ Br (0), Icb(Iba(x)) ∈ Br (0),

it holds Ica(x) = Icb(Iba(x)).
(7.1)
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We point out that the above definition is independent of the order of the three functions,
i.e. f , g, h are r -cocyclical if and only if g, f , h are r -cocyclical and so on. Moreover it
is immediate from the definition that f , g, h are r -cocyclical if and only if f −1, g, h are
r -cocyclical. Finally observe that if f , g, h are r -cocyclical, then they are also s-cocyclical
for any s < r .

Remark 7.2 It is worth to observe that asking (7.1) is equivalent to ask that the following
binary relation, defined on the the disjoint union B1�B2�B3, of three copies of the Euclidean
ball BR

n

r (0), is transitive and symmetric:

x ∼ y with x ∈ Ba, y ∈ Bb ⇐⇒ Iba(x) = y,

where {Iab}a,b∈{1,2,3} are defined as above and Iaa is the identity map. �

Remark 7.3 We observe that if (7.1) is satisfied for a particular choice a, b, c, then it is
automatically satisfied also for the choice c, b, a. Therefore it is for example enough to
check it with (a, b, c) = (1, 2, 3), (3, 1, 2), (1, 3, 2). �

The following simple result will be useful to quickly check the cocyclical condition.
Roughly said it tells us that if three maps are almost cocyclical at some radius and (7.1) is
verified for one choice of a, b, c and for that same radius, then they are fully cocyclical at a
slightly smaller radius.

Proposition 7.4 Fix ε > 0. Let f , g, h and {Iab}a,b∈{1,2,3} be as in Definition 7.1. Suppose
that for every a, b, c ∈ {1, 2, 3} distinct it holds

|Icb ◦ Iba − Ica | < ε, in Br (0) (7.2)

and that

for any point x ∈ Br (0) such that I21(x) ∈ Br (0), I32(I21(x)) ∈ Br (0),

it holds I31(x) = I32(I21(x)).
(7.3)

Then the maps f , g, h are (r − ε)-cocyclical.

Proof Thanks to Remark 7.3 we need to verify (7.1) only for (a, b, c) in the cases (1, 2, 3),
(3, 1, 2) and (1, 3, 2). The case (a, b, c) = (1, 2, 3) is true by hypothesis.

We check (3, 1, 2). Suppose now that x, I13(x), I21(I13(x)) ∈ Br−ε(0). Inequality (7.2)
with a = 1, b = 2, c = 3 and computed at I13(x) ∈ Br (0) reads as |I32(I21(I13(x)))−x | < ε.

In particular I32(I21(y)) ∈ Br (0) with y := I13(x) ∈ Br (0). Moreover we are assuming that
I21(y) = I21(I13(x)) ∈ Br (0), therefore from (7.3) we have x = I31(y) = I32(I21(y)) =
I32(I21(I13(x))), from which applying the map I23 we obtain I23(x) = I21(I13(x)).

We now check (1, 3, 2). Suppose that x, I31(x), I23(I31(x)) ∈ Br−ε(0). From (7.3) fol-
lows that |I23(I31(x)) − I21(x)| < ε. In particular I21(x) ∈ Br (0). Moreover again from
(7.3) |I32(I21(x)) − I31(x)| < ε, hence also I32(I21(x)) ∈ Br (0). Therefore from (7.3) we
have I32(I21(x)) = I31(x), from which applying I23 we conclude. ��

7.1.2 Statement of the main result

We need first to introduce some notation:

• J is a countable set of indices,
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• {Ji }Ni=1, N ≥ 3, is a partition of J and for every j ∈ J we denote by n( j) the unique
integer such that j ∈ Jn( j),

• A ⊂ J × J is a set with the following two properties:

( j1, j2) ∈ A �⇒ ( j2, j1) ∈ A, (7.4)

( j1, j2), ( j1, j3) ∈ A �⇒ n( j1) �= n( j2) �= n( j3) �= n( j1). (7.5)

We can now state the main result of this section. See also Sect. 7.1.1 for the definition of
cocyclical maps.

Theorem 7.5 (Mappings modification theorem) For every n, M ∈ N, there exist C =
C(n, M) > 0 and β̄ = β̄(n, M) > 0 such that the following holds. Fix t > 0 and let
J , {Ji }1≤i≤N and A be as above and such that N ≤ M. Suppose {I j1 j2}( j1, j2)∈A is a family
of global isometries of Rn with the following properties:

A) I j2 j1 = I−1j1 j2
,

B) I j3 j2(I j2 j1(B8t (0))) ∩ B9t (0) �= ∅ �⇒ ( j3, j1) ∈ A,

C) if ( j1, j2), ( j2, j3), ( j3, j1) ∈ A, then

|I j3 j2 ◦ I j2 j1 − I j3 j1 | ≤ βt, in B10t (0), (7.6)

for some β < β̄.

Then there exists another family { Ĩ j1 j2}( j1, j2)∈A of C∞-global diffeomorphisms of R
n

such that Ĩ j2 j1 = Ĩ−1j1 j2
and satisfying the following compatibility condition. For every

( j1, j2), ( j3, j2) ∈ A for which the set {x ∈ B8t (0) Ĩ j2 j1(x), Ĩ j3 j2( Ĩ j2 j1(x)) ∈ B8t (0)} is not
empty, we have ( j3, j1) ∈ A and the maps Ĩ j2 j1 , Ĩ j3 j2 , Ĩ j3 j1 are 8t-cocyclical. Moreover for
every ( j1, j2) ∈ A it holds that

‖I j1 j2 − Ĩ j1 j2‖C2(Rn),t ≤ Cβ. (7.7)

We briefly explain the role of the subclasses Ji in which of the family of indices J is
partitioned. The key point is that the triples of maps I j2 j1 , I j3 j2 , I j3 j1 for which we need to
obtain the compatibility conditions are such that the indices j1, j2, j3 belong to pairwise
different subclasses Ji (by (7.5)). In particular every map takes part only in at most N of the
triples of maps that we need to consider. Indeed in every triple of the form I j2 j1 , I j3 j2 , I j3 j1 ,
the maps pairwise share an index, but by (7.5) and the pigeonhole principle we have

#{ j ∈ J ( j1, j) ∈ A} ≤ N , ∀ j1 ∈ J . (7.8)

This fact will allow to modify every map only a finite (and controlled) number of times, even
if we have no control on the total number of maps (which might be even infinite).

Remark 7.6 Similarly to Remark 7.2, we observe that the compatibility condition required in
Theorem 7.5 is equivalent to ask that the following binary relation is transitive and symmetric.
Let

⊔
j∈J B j , the disjoint union of copies of the Euclidean ball B8t (0), indexed by J , set

x ∼ y with x ∈ B j1 , y ∈ B j2 ⇐⇒ Ĩ j2 j1(x) = y.

�
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7.1.3 Three-maps modification lemma

The proof of Theorem 7.5 will follow an algorithm based on the iteration of the following
result. Roughly speaking it says that, given three maps which are both close to isometries
(7.10) and almost cocyclical at a given scale (7.9) and (7.10), we can slightly modify one
of them (7.14) to make them cocyclical at a slightly smaller scale (7.13). The crucial part
of this result is that this said map is modified only where strictly needed and left unchanged
everywhere else (see (7.11) and (7.12)). This will allow us in the modification algorithm to
modify the samemapmore than once, without disrupting the work done in the previous steps.

Lemma 7.7 (Three-maps modification) Fix N , n, k ∈ N, k ≥ 2, and also two real numbers
t > 0 and r ≥ 2. Then there exist constants C1 = C1(n, N ) and δ1(n, N ) such that the
following holds. Suppose we have a Ck-global diffeomorphisms of Rn Iab for a, b = 1, 2, 3
and a �= b and for which Iab = I−1ba . Suppose we have also some corresponding global
isometries I ′ab (again I ′ab = (I ′ba)−1) for which

|I ′ab − I ′ac ◦ I ′cb| ≤ εt, in Brt (0) (7.9)

for every distinct a, b, c and for some number ε < δ1(n, N ). Suppose finally that

‖Iab − I ′ab‖C2(Rn),t ≤ ε (7.10)

for every a, b.
Then there exists a Ck-global diffeomorphism Î32 of Rn such that

Î32 = I32 outside I21(Brt (0)), (7.11)

Î32(x) = I32(x) for any x ∈ Brt (0) such that I32(I21(x)) = I31(x), (7.12)

I21, I31, Î32 are
(
1− 1

N

)
r t-cocyclical, (7.13)

and finally

‖I32 − Î32‖C2(Rn),t , ‖I23 − Î23‖C2(Rn),t ≤ C1ε, (7.14)

where Î23 = Î−132 .

For the proof we will need the following elementary technical result.

Lemma 7.8 For every n ∈ N and η > 0, there exists constants C2 = C2(n, η) > 0, δ2 =
δ2(n, η) ∈ (0, 1) with the following property. Let m ∈ {1, 2}. Let U1, U2 open bounded
subsets of Rn such that Ū1 ⊂ U2 and d(Ū1, U c

2 ) ≥ ηt with t > 0. Suppose H ∈ Ck(U2;Rn),
with k ≥ 2, satisfies

‖H − id‖Cm (U2),t ≤ ε

for some ε < δ2.

Then there exists a smooth global diffeomorphism Ĥ : Rn → R
n such that H |U1 = Ĥ |U1 ,

Ĥ |U c
2
= id, Ĥ(x) = H(x) whenever H(x) = x and

‖Ĥ − id‖Cm (Rn),t ≤ C2(n, η)ε. (7.15)

Moreover Ĥ−1 is Ck and

‖Ĥ−1 − id‖Cm (Rn),t ≤ C2(n, η)ε. (7.16)
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Proof Is is enough to consider t = 1, since the case of a general t follows by scaling observing
that the norms ‖ · ‖Cm ,t are scaling invariant (recall Remark 4.2). Let ϕ ∈ C∞c (Rn) be such
that ϕ = 1 on U1 and ϕ = 0 on U c

2 and such that |∂i, jϕ|, |∂iϕ| ≤ c = c(n, η) and |ϕ| ≤ 1.
Define

Ĥ := (H − id)ϕ + id.

Then using (4.1)

|Ĥ − id| ≤ ε,

|∂i (Ĥ − id)k | ≤ |∂i (H − id)k ||ϕ| + |(H − id)k ||∂iϕ| ≤ (1+ c)ε,

|∂i, j (Ĥ − id)k | ≤ |∂i, j Hk ||ϕ| + |∂i (H − id)k ||∂ jϕ| + |∂ j (H − id)k ||∂ jϕ|
+ |(H − id)k ||∂i, jϕ|
≤ c̃(η, n)ε

on R
n , where c̃ is a constant depending only on η and n. This proves (7.15). It is also clear

that H |U1 = Ĥ |U1 , Ĥ |U c
2
= id and Ĥ(x) = H(x) whenever H(x) = x . Moreover from

the first and second bound above, if ε is small enough with respect to η and n, then Ĥ is
a diffeomorphism and Ĥ−1 is Ck by Lemma 4.3. Then (7.16) is a direct consequence of
Lemma 4.4. ��

We are now ready to prove the three-maps modification lemma.

Proof of Lemma 7.7 It is clear from (7.9) that

|I ′32(I ′21(I ′13))− id| ≤ εt

in Brt (0). Moreover from the above and (7.10)

|I32(I21(I13))− id| ≤ 4εt (7.17)

in Brt (0). Define now the set A := I32(I21(B(1− 1
2N )r t (0))) ∩ B(1− 1

2N )r t (0). We distinguish
two cases:
Case 1: A = ∅.We simply take Î32 = I32. Indeed in this case I21, I32, I31 are vacuously (1−
1
N )r t-cocyclical, i.e. the set of pointswherewe need to check (7.1) is empty. To see this denote
B(1− 1

N )r t (0) by B. Suppose that there exists x ∈ B such that I21(x), I32(I21(x)) ∈ B, thenwe

would have A �= ∅.Suppose instead that there exists x ∈ B such that I31(x), I23(I31(x)) ∈ B,

then applying to I31(x) the map in (7.17), if ε < 1/(100N ), we deduce that I32(I21(x)) ∈ A
and so A �= ∅. Finally suppose there exists x ∈ B such that I13(x), I21(I13(x)) ∈ B and set
y := I13(x) ∈ B. Then from (7.17) we deduce I32(I21(y)) ∈ B(1− 1

2N )r t (0), therefore again

A �= ∅. From Remark 7.3, this is enough to prove that I21, I32, I31 are (1− 1
N )r t-cocyclical.

Case 2: A �= ∅. Since S := I ′31(I ′12(I ′23)) is an isometry, from Lemma 4.7 (recall r ≥ 2) we
get ‖DS − id‖ ≤ 4ε and thus ‖S − id‖C2(Brt (0)),t ≤ 4ε. Therefore from (7.10), assuming
ε < 1 and applying Lemma 4.6 we obtain

‖I31(I12(I23))− id‖C2(Brt (0)),t ≤ Cε, (7.18)

where C is a constant depending only on n. Define now the following open sets

U2 := I32(I21(Brt (0))) ∩ Brt (0)
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U1 := A = I32(I21(B(1− 1
2N )r t (0))) ∩ B(1− 1

2N )r t (0)

that are non empty, since we assumed A �= ∅. Clearly U1 ⊂ U2 ⊂ Brt (0) and notice that, by
(7.10) and the fact that I ′ab are isometries, if say ε ≤ 1

100N , we have d(Ū1, U c
2 ) ≥ t/(10N ).

Define now H := I31 ◦ I12 ◦ I23 : U2 → R
n . Thanks to (7.18) we can now apply Lemma

7.8 (provided ε ≤ δ2(n, 1/(10N ))C−1, where δ2 is the one given by Lemma 7.8) with H ,
with U1,U2,t and ε to deduce the existence of a Ck-global diffeomorphism Ĥ such that

Ĥ |U1 = I31 ◦ I12 ◦ I23, (7.19)

Ĥ(x) = H(x) whenever H(x) = x, (7.20)

Ĥ |U c
2
= id, (7.21)

‖Ĥ−1 − id‖C2(Rn),t , ‖Ĥ − id‖C2(Rn),t ≤ C̃ε, (7.22)

where C̃ is constant depending only on n and N . We define Î32 = Ĥ ◦ I32 and call Î23
its inverse. Clearly (7.12) is satisfied thanks to (7.20). Moreover (7.11) holds from (7.21),
since I32(I21(Brt (0)c)) ⊂ U c

2 . We now verify (7.14). The first bound follows directly from
(7.22) and (7.10), applying Lemma 4.5. The bound for the inverse, Î23, follows from Lemma
4.4, provided ε is small enough. Finally we need to prove the cocyclical condition in (7.13).
Suppose first that there exists x ∈ B(1− 1

3N )r t (0) such that I21(x), Î32(I21(x)) ∈ B(1− 1
3N )r t (0).

Then, if ε is small enough with respect to n and N , from (7.14) we deduce that I32(I21(x)) ∈
B(1− 1

2N )r t (0), that implies I32(I21(x)) ∈ U1, therefore from (7.19)

Î32(I21(x)) = Ĥ(I32(I21(x))) = I31 ◦ I12 ◦ I23 ◦ I32(I21(x)) = I31(x).

(7.13) then follows from Proposition 7.4, indeed notice that its hypotheses are satisfied thanks
to (7.9) and (7.14), provided ε is small enough. ��

7.1.4 Proof of the mapping modification theorem

Proof of Theorem 7.5 Let {I j1 j2}( j1, j2)∈A be a family of global isometries of Rn satisfying
assumptions A), B), C) of the statement. Recall also that, by assumption, A ⊂ J × J
satisfying (7.4), (7.5), where J is a countable set of indices partitioned into sets {Ji }Ni=1,
3 ≤ N ≤ M . Recall also that for every j ∈ J we denote by n( j) the unique integer such that
j ∈ Jn( j). The goal is to construct newmaps { Ĩ j1 j2}( j1, j2)∈A satisfying suitable compatibility
properties as in the conclusion of the theorem.

This will be achieved bymodifying slightly the original maps and by iterating Lemma 7.7.
The proof is divided in the following parts: first we describe the iterative algorithm that we
use to modify the maps (Part 0 and Part 1); after this we see the effect of this modification
(Part 2); then we prove that the algorithm is applicable, by showing that the hypotheses of
Lemma 7.7 are satisfied at every step (Part 3); finally we prove that the maps that we obtain
satisfy the compatibility conditions required by Theorem 5.11 (Part 4).

Part 0, preparation:
We choose β ≤ δ1

100M3(C1+1)M3 where δ1 = δ1(n, M3), C1 = C1(n, M3) are given in

Lemma 7.7. Define also the numbers βk := (C1 + 1)kβ for k = 0, 1, . . . , N 3.
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In the modification of the maps we will need to proceed in a precise ordered fashion. To
formalize such procedure we need to introduce the following notation.

Set N3 :=
(N
3

)
(= N (N−2)(N−1)

6 ). Define the set

T := {(a, b, c) | 1 ≤ c < b < a ≤ N }
and consider the enumeration of the elements of T = {T1, . . . , TN3} defined as follows. Set
T1 := (3, 2, 1). If Tk = (a, b, c) then set:

• Tk+1 = (a, b, c + 1) if c < b − 1,
• Tk+1 = (a, b + 1, 1) if c = b − 1 and b < a − 1,
• Tk+1 = (a + 1, 2, 1) if Tk = (a, a − 1, a − 2).

In other words we choose the enumeration so that the sequence #Tk is increasing, where #Tk

is the 3-digit numbers formed by the entries of Tk (from right to left): e.g. T1 = (3, 2, 1), T2 =
(4, 2, 1), T3 = (4, 3, 1), T4 = (4, 3, 2), T5 = (5, 2, 1) . . . and so on.
Part 1, modification procedure:

We divide the modification in a finite number of steps k = 1, . . . , N3. At every step we
produce for every map I j1 j2 , ( j1, j2) ∈ A, a modified map that will be called I k

j1 j2
.

We start by setting I 0j1 j2
:= I j1 j2 for every ( j1, j2) ∈ A.

• For every k = 1, . . . , N3 we do the following:

Step k: Consider Tk = (a3, a2, a1) and for every triple of maps I k−1
j2 j1

, I k−1
j3 j1

, I k−1
j3 j2

with n( j1) = a1, n( j2) = a2, n( j3) = a3, apply Lemma 7.7 (see the next part for
the verification of the hypotheses) with

I21 = I k−1
j2 j1

, I31 = I k−1
j3 j1

, I32 = I k−1
j3 j2

,

I ′21 = I 0j2 j1 , I ′31 = I 0j3 j1 , I ′32 = I 0j3 j2 ,

t = 2−i

N = M2

r = 10− k − 1

N 3

ε = βk = (C1 + 1)kβ

to produce a modified map I k
j3 j2

(that is the map Î32 given by the Lemma) and then

set I k
j2 j3

:= (I k
j3 j2

)−1. Moreover set I k
j1 j2

:= I k−1
j1 j2

, I k
j1 j3

:= I k−1
j1 j3

and the same for
their inverses.
Finally for every map I k−1

j, j̄
that does not belong to any triple considered above and

neither does its inverse, we simply set I k
j, j̄
:= I k−1

j, j̄
, I k

j̄, j
:= I k−1

j̄, j
.

At the end of the iteration define Ĩ j1 j2 := I N3
j1 j2

.

Important remark: Note that assumption (7.5) (see also (7.8)) ensures that every map I k−1
j, j̄

belongs to at most one of the triples considered at Step k, hence the above procedure makes
sense as we are trying to modify the same map more than once in the same step.

Part 2, effect of the modification:
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Wegather here the properties of the newmaps produced by themodification. FromLemma
7.7 (given that we can apply it) we have that

‖I k
j3 j2 − I k−1

j3 j2
‖C2(Rn),t ≤ βkC1, ‖I k

j2 j3 − I k−1
j2 j3
‖C2(Rn),t ≤ βkC1, (7.23)

I k
j3 j2 = I k−1

j3 j2
in I k−1

j2, j1
(B

(10− k−1
N3 )t (0))

c. (7.24)

I k
j3 j2(x) = I k−1

j3 j2
(x) for any x ∈ B

(10− k−1
N3 )t (0) such that I k−1

j3 j2
(I k−1

j2 j1
(x)) = I k−1

j3 j1
(x),

(7.25)

and

I k
j2 j1 , I k

j3 j1 , I k
j3 j2 are

(
10− k

N 3

)
t-cocyclical. (7.26)

Observe that (7.26) holds because N ≤ M and being r -cocyclical implies being s-cocyclical
for any s < r .
Part 3, verification of the hypotheses needed to apply Lemma 7.7:

The fact that Iab = I−1ba and I ′ab = I ′−1ba is granted by (7.4) and the fact that at the end
every modification step, we set I k

j2 j3
:= (I k

j3 j2
)−1. Our initial assumption on β implies that

βk ≤ δ1(n, N ) for every k, therefore we only need to prove that (7.9) and (7.10) are satisfied
for some ε ≤ βk . (7.9) is always satisfied by assumption C) with ε = β ≤ βk . Therefore we
only need to prove that

‖I k−1
j1 j2

− I 0j1 j2‖C2(Rn),t ≤ βk . (7.27)

We can prove this by induction. It is trivial if k = 1. So suppose it is true for k, in particular
we can perform the above modification at least up to Step k. Then from (7.23) (that we are
assuming to hold at Step k) we have

‖I k
j1 j2 − I 0j1 j2‖C2(Rn),t ≤ ‖I k−1

j1 j2
− I 0j1 j2‖C2(Rn),t + ‖I k−1

j1 j2
− I k

j1 j2‖C2(Rn),t

≤ Cβk + βk = βk+1,

that proves (7.27). Notice also that from (7.27), (7.7) already follows, indeed

‖ Ĩ j1 j2 − I j1 j2‖C2(Rn),t = ‖I N3
j1 j2
− I 0j1 j2‖C2(Rn),t ≤ βN3 = β(C1 + 1)N3 ≤ β(C1 + 1)M3

,

hence it is sufficient to take C ≥ (C1+1)M3
, which depends only on n, M , since C1 depends

only on n.
Part 4, proof of compatibility conditions:

To prove Theorem 7.5 it remains only to prove the compatibility conditions. We report
them here for the convenience of the reader:
Compatiblity conditions: for every ( j1, j2), ( j3, j2) ∈ A for which the set

{x ∈ B8t (0) Ĩ j2 j1(x), Ĩ j3 j2( Ĩ j2 j1(x)) ∈ B8t (0)}
is not empty, we have ( j3, j1) ∈ A and that the maps Ĩ j2 j1 , Ĩ j3 j2 , Ĩ j3 j1 are 8t-cocyclical.

We first describe the idea of the argument.
Idea: After Step k of the procedure we clearly have, thanks to (7.26), that the maps relative
to the triple Tk are cocyclical at scale (10− k/N 3)t . Therefore what we need to do is check
that the modification at Step k does not destroy the compatibility conditions created at the
previous steps. For this it turns out to be crucial the fact that we are decreasing the scale at
every step and that we are modifying the maps only where is strictly needed (see in particular
(7.24) and (7.25)).

123



264 N. Gigli, I. Y. Violo

Wepass now to the rigorous part.We claim that to prove the above compatibility conditions
is enough to show that the following statement, denoted by S(k), is true for every k =
1, . . . , N3.

S(k): For every m ≤ k consider Tm = (a3, a2, a1). Let I k
j1 j2

, I k
j1 j3

, I k
j2 j3

be such that

n( j1) = a1, n( j2) = a2, n( j3) = a3. These are (10− k
N3 )t-cocyclical.

To see that this would be sufficient to conclude, suppose there exists two maps Ĩ j2 j1 , Ĩ j3 j2

and a point x ∈ B8t (0) such that Ĩ j2 j1(x), Ĩ j3 j2( Ĩ j2 j1(x)) ∈ B8t (0). Then from (7.7) and
by how we chose β at the beginning, we have I j3 j2(I j2 j1(x)) ∈ B9t (0). Then, thanks to
assumption B) we have that ( j3, j1) ∈ A. Moreover from (7.5) we must have that n( j1) �=
n( j2) �= n( j3) �= n( j1), therefore (n( j1), n( j2), n( j3)) = Tm , for some m ≤ N3. Therefore
S(N3) implies that Ĩ j2 j1 , Ĩ j3 j2 , Ĩ j3 j1 are 8t-cocyclical (indeed N3 ≤ N 3/6).

Observe that we actually used only statement S(N3), however to prove it we will need to
argue by induction and prove every S(k).
Proof of S(k):

We prove it by induction on k.Firstwe observe that after the step k is completed in themod-
ification procedure, any triple of maps I k

j1 j2
, I k

j1 j3
, I k

j2 j3
such that Tk = (n( j1), n( j2), n( j3)),

is (10− k
N3 )t-cocyclical by (7.26). Hence S(1) is clearly true.

Suppose now that S(k) is true for k. Consider Tk+1 = (b3, b2, b1). Since I k+1
j j̄

�= I k
j j̄
only

if j ∈ Jb3 , j̄ ∈ Jb2 (or the opposite), we only need to check S(k + 1) for Tm = (b3, b2, a1)
with a1 ≤ b1. Indeed the other cases are true by induction hypothesis. The case a1 = b1 is
immediately verified from the initial observation. Let now Tm = (b3, b2, a1) with a1 < b1,
then m ≤ k. We need to show that I k+1

j1 j2
, I k+1

j1 j3
, I k+1

j2 j3
are (10 − k+1

N3 )t-cocyclical. To this
aim set Bk := B

(10− k
N3 )t (0), Bk+1/2 := B

(10− k+1/2
N3 )t (0) and Bk+1 := B

(10− k+1
N3 )t (0) so that

Bk+1 ⊂ Bk+1/2 ⊂ Bk . We claim that is sufficient to show that:

for any point x ∈ Bk+1/2 such that I k+1
j3 j2

(I k+1
j2 j1

(x)), I k+1
j2 j1

(x) ∈ Bk+1/2,

it holds I k+1
j3 j2

(I k+1
j2 j1

(x)) = I k+1
j3 j1

(x).
(♠)

Indeed the full cocyclical condition on the smaller ball Bk+1 would then follow from Propo-
sition 7.4, whose hypotheses are satisfied thanks to assumption C), (7.7) and our initial choice
of β.
Proof of (♠): Let x ∈ Bk+1/2 be such that I k+1

j3 j2
(I k+1

j2 j1
(x)), I k+1

j2 j1
(x) ∈ Bk+1/2. Notice first

that from (7.23) and how we chose β, we have that I k
j3 j2

(I k
j2 j1

(x)), I k
j2 j1

(x) ∈ Bk , therefore

by S(k) and induction hypothesis I k
j3 j2

(I k
j2 j1

(x)) = I k
j3 j1

(x). Hence we need to show

I k
j3 j2(y) = I k+1

j3 j2
(y) (7.28)

where y = I k
j2 j1

(x). If the map I k
j3 j2

was not modified at the step k + 1, i.e. I k
j3 j2

= I k+1
j3 j2

,

there is nothing to prove. Hence we can assume that I k+1
j3 j2

has been modified at step k + 1 of

the modification procedure by applying Lemma 7.7 to the maps I k
j3 j2

, I k
j2, j0

, I k
j3, j0

for some
j0 ∈ Jb1 . We divide two cases.
Case 1: There is not any z ∈ Bk such that I k

j2, j0
(z) = y. In this case (7.28) follows

immediately from (7.24).
Case 2:There exists z ∈ Bk such that I k

j2, j0
(z) = y.The idea is that in this case themap I k

j3 j2
was already correct and needed not to be modified. Observe first that x = I k

j1 j2
(I k

j2, j0
(z)),

I k
j2, j0

(z) ∈ Bk . Moreover by (7.23) and by how we chose β at the beginning, we have
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Fig. 2 Scheme for the proof of (♠)

I j1 j2(I j2, j0(z)) ∈ B10t (0), hence thanks to assumption B) we have that ( j1, j0) ∈ A. There-
fore by induction hypothesis, since Tl = (b2, b1, a1)with l ≤ k, we have I k

j1, j0
(z) = x . From

this we infer that I k
j3 j1

(I k
j1, j0

(z)) = I k
j3 j1

(x) ∈ Bk . Therefore again by induction hypothesis
since Th = (b3, b1, a1) with h ≤ k, we have

I k
j3, j0(z) = I k

j3 j1(I k
j1, j0(z)) = I k

j3 j1(x) = I k
j3 j2(y) = I k

j3 j2(I k
j2, j0(z)).

Hence from (7.25) we deduce (7.28). This concludes the proof of Theorem 7.5 (Fig. 2). ��

7.2 Gluing locally definedmanifold-to-manifold immersions

In this section we prove another technical tool, Theorem 7.9 stated below, independent of the
rest of the note. This is a variation of a result due to Cheeger [7, Lemma 3.6 and Lemma 4.1]
and provides a criterion to show that two Riemannian manifolds are diffeomorphic. More in
details it says that given a manifold M , a family of coordinate-charts and for each chart a
smooth embedding from that chart to another manifold, given that they don’t differ too much
on the intersection of the charts (condition (7.31)), we can modify them by a small amount
and glue them together to obtain a smooth immersionmap defined in the whole M . This result
will be used in the proof of themetric Reifenberg’s theorem to build themanifold-to-manifold
maps (see Sect. 5.5).
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Theorem 7.9 For every N , n ∈ N and L ≥ 1 there exist C3 = C3(n, N , L) > 0 and
ε3(n, N , L) with the following property. Let q ∈ N with q ≥ 2 and t > 0. Let M, M be
smooth n-dimensional Cq manifolds and let ϕ j : B2t (0) ⊂ R

n → M, j = 1, . . . , m (m

possibly +∞), be Cq embeddings and set for every j = 1, . . . , m and i = 0, . . . , N B j
i :=

ϕ j (B(2−i/N )t (0)). Suppose that M ⊂ ∪ jϕ j (Bt (0)) and that for every j1, j2 = 1, . . . , m

‖D(ϕ−1j1
◦ ϕ j2)‖, |∂i j (ϕ

−1
j1
◦ ϕ j2)k |t ≤ L, (7.29)

on the domain of definition of ϕ−1j1
◦ϕ j2 (if non-empty). Moreover suppose that we can partition

the set of indices {1, . . . , m} into sets I1, I2 . . . , IN such that for every j, j̄ ∈ Ik we have

B j ∩ B j̄
0 = ∅. Finally suppose that there exists a family of Cq embeddings h j : B j

0 → M
for j = 1, . . . , m such that for every couple of indexes j1 ∈ Ih, j2 ∈ Il with 1 ≤ h < l for
which B j1

l−1 ∩ B j2
l−1 �= ∅ we have

h j1(B j1
l−2 ∩ B j2

l−2) ⊂ h j2(B j2
0 ), (7.30)

‖Hj1 j2 − id‖
C1

(
ϕ−1j2

(B
j1

l−2∩B
j2

l−2)
)
,t
≤ ε. (7.31)

for some ε ≤ ε3, where Hj1 j2 = ϕ−1j2
◦ h−1j2

◦ h j1 ◦ ϕ j2 (that is well defined by (7.30)).

Then there exists a Cq-immersion h : M → M such that h is obtained by modifying
slightly the maps h j in the following sense

h = h j ◦ ϕ j ◦ Hj ◦ ϕ−1j (7.32)

in ϕ j (Bt (0)) for every j ∈ Ik where Hj : B2t (0) → B2t (0) is a diffeomorphism of class Cq

such that ‖Hj − id‖C1(B2t (0)),t ≤ C3ε.

Remark 7.10 The above theoremdoes not appear in [7] as it is stated here. Themain difference
is that here we have an infinite number of maps and that we have also an explicit C1 control
on the error of the modification, which will be crucial in our application in Sect. 5.5. This
forces us also to assume a C2 control on the charts (see (7.29)), which is not present in [7].
For these reasons, even if the proof is analogous to the one in [7], we will include it here for
completeness. �

We can now move to the proof which builds upon the technical Lemma 7.8 proved in the
previous section.

Proof of Theorem 7.9 Before starting, we need to define constants ηi for i = 1, . . . , N in the
following way. Let C2 = C2(n, 1

L N ), δ2 = δ2(n, 1
L N ) < 1 be the constants given in Lemma

7.8. Moreover let c = C(n, L) > 1 be the constant given in Lemma 4.8. Define η1 := ε and
inductively ηk+1 := ηk D for some constant D = D(L, C2, N , n) > 1, big enough, to be
determined later. Moreover we take ε3 = ε3(n, N , L) small enough to satisfy

ε3 ≤ δ2

cL NC2DN
. (7.33)

Before moving to the main body of the proof, we state a preliminary technical claim, which
elementary proof will be given at the end.

Claim: Suppose that B j
r ∩ B j̄

r �= ∅ for some r ≥ 2 and some indices j, j̄ . Define the set

�r := ϕ−1j (B j
r ∩B j̄

r ). Then the set {x ∈ B2t (0) | d(x,�r ) < t
L N } is contained in the domain

of ϕ−1
j̄
◦ ϕ j .
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We can now pass to the core of the argument. We will construct by induction Cq maps

ĥk :
⋃

j∈Ii
i=1,...,k

B j
k → M

with the following properties. For every h < k

ĥk = ĥh, in
⋃

j∈Ii
i=1,...,h

B j
k . (7.34)

Moreover for every j1 ∈ Ik, j2 ∈ Il with l > k such that B j1
l−1 ∩ B j2

l−1 �= ∅ then

ĥk

(
B j1

l−1 ∩ B j2
l−1

)
⊂ h j2(B j2

0 ). (7.35)

Notice that (7.35) implies that the map Ĥ j1 j2 := ϕ−1j2
◦ h−1j2

◦ ĥk ◦ ϕ j2 is a well defined map

Ĥ j1 j2 : ϕ−1j2

(
B j1

l−1 ∩ B j2
l−1

)
→ B2t (0), then we also require

‖Ĥ j1 j2 − id‖C1,t ≤ ηk (7.36)

on ϕ−1j2

(
B j1

l−1 ∩ B j2
l−1

)
.

To start the induction for k = 1 we set ĥ1 := h j1 in B j1
1 for every j1 ∈ I1. Recall that

B j1
1 , with j1 ∈ I1, are all disjoint and hence ĥ1 is well defined. Then we need only to check

(7.35), (7.36), but these are clearly satisfied thanks to (7.30) and (7.31), since η1 = ε.
Suppose now we have constructed maps ĥ1, . . . , ĥk and consider any jk+1 ∈ Ik+1. By

induction hypothesis for every jh ∈ Ih with h ≤ k by the map Ĥ jh , jk+1 := ϕ−1jk+1 ◦h−1jk+1 ◦ ĥh ◦
ϕ jk+1 is well defined and satisfies ‖Ĥ jh , jk+1 − id‖C1,t ≤ ηh ≤ ηk on on ϕ−1jk+1

(
B jh

k ∩ B jk+1
k

)
.

Moreover from (7.34) ĥh = ĥk on B jh
k for every jh as above. Thus we can patch the maps

Ĥ jh , jk+1 together to get a map Ĥ jk+1 := ϕ−1jk+1 ◦ h−1jk+1 ◦ ĥk ◦ ϕ jk+1 defined on the whole set

U2 := ϕ−1jk+1

(
(
⋃k

i=1
⋃

j∈Ii
B j

k ) ∩ B jk+1
k

)
and satisfying ‖Ĥ jk+1 − id‖C1(U2),t ≤ ηk ≤ δ2 (by

(7.33)). Set now U1 := ϕ−1jk+1

(
(
⋃k

i=1
⋃

j∈Ii
B j

k+1) ∩ B jk+1
k+1

)
. Clearly U1 ⊂ U2 and we also

claim that

dRn (Ū1, U c
2 ) ≥ t

1

L N
(7.37)

To prove this is sufficient to show that

dRn

(
ϕ−1jk+1(B j

k+1 ∩ B jk+1
k ), (ϕ−1jk+1((B j

k )c ∩ B jk+1
k )

)
≥ t

1

L N
,

for every j ∈ Ji , and i = 1, . . . , k. This can be seen using (7.29). Indeed suppose the
above is false, then there exist x ∈ B(2−(k+1)/N )t (0) and y ∈ ϕ−1jk+1((B j

k )c ∩ B jk+1
k ) such that

dRn (ϕ−1jk+1(ϕ j (x)), y) < t 1
L N . Then the Claim above implies that the whole segment joining

ϕ−1jk+1(ϕ j (x)) and y is in the domain of ϕ−1j ◦ ϕ jk+1 . Hence by (7.29) we must have that

dRn (x, ϕ−1j (ϕ jk+1(y))) < t/N , however by construction ϕ−1j (ϕ jk+1(y)) ∈ B(2−k/N )t (0)c

which is a contradiction. This prove (7.37). Therefore we can apply Lemma 7.8 with
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U1, U2, H = Ĥ jk+1 , ε = ηk, η = 1
L N , t = t . Thus we obtain, after an obvious restric-

tion, a Cq -diffeomorphism H̃ jk+1 : B2t (0) → B2t (0) such that H̃ jk+1 |U1 = Ĥ jk+1 |U1 and

‖H̃ jk+1 − id‖C1(B2t (0)),t ≤ C2ηk <
1

N Lc
, (7.38)

where the last inequality follows by (7.33). We now define the function

h̃ jk+1 := h jk+1 ◦ ϕ jk+1 ◦ H̃ jk+1 ◦ ϕ−1jk+1 , (7.39)

on B jk+1
0 . Clearly h̃ jk+1 = ĥk on ϕ jk+1(U1) = (

⋃k
i=1

⋃
j∈Ii

B j
k+1) ∩ B jk+1

k+1 . Repeat now

the above construction and define maps h̃ jk+1 for every jk+1 ∈ Ik+1. From the previous

observation and the fact that B jk+1
0 ∩ B jk+1

0 = ∅ for every jk+1, jk+1 ∈ Ik+1 the map

ĥk+1 :=
{

ĥk on
⋃k

i=1
⋃

j∈Ii
B j

k+1,
h̃ jk+1 on B jk+1

k+1 for jk+1 ∈ Ik+1,
(7.40)

is a well defined Cq map ĥk+1 : ⋃k+1
i=1

⋃
j∈Ii

B j
k+1 → M . Moreover it is clear from the

definition and from the induction hypothesis that (7.34) is verified for ĥk+1. We need now
to verify (7.35) and (7.36). Observe that it is enough to check these two conditions for
j1 ∈ Ik+1, j2 ∈ Il with l > k + 1, since in the other cases they are true by (7.40) and
induction hypothesis.

For (7.35) take j1 ∈ Ik+1, j2 ∈ Il with l > k + 1, such that B j1
l−1 ∩ B j2

l−1 �= ∅ and
pick x in such set. In particular x = ϕ j1(y) = ϕ j2(z) for some y, z ∈ B

(2− l−1
N )t (0). Since

B j1
l−1 ⊂ B j1

k+1, ĥk+1(x) = h̃ j1(x). Thus from (7.38) we have that

h̃ j1(x) = h j1 ◦ ϕ j1 ◦ H̃ j1(y) ∈ h j1(ϕ j1(B
(2− l−2

N )t (0))) = h j1(B j1
l−2). (7.41)

On the other hand we have that

h̃ j1(x) = h j1 ◦ ϕ j1 ◦ H̃ j1 ◦ ϕ−1j1
(ϕ j2(z)),

moreover from the Claim and (7.38), we deduce that H̃ j1(ϕ
−1
j1

(x)) is in the domain of

ϕ j1 ◦ ϕ−1j2
. Therefore we can write

h̃ j1(x) = h j1 ◦ ϕ j2 ◦ (ϕ−1j2
◦ ϕ j1) ◦ H̃ j1 ◦ (ϕ−1j1

◦ ϕ j2)(z).

From the above, using (7.38) and Lemma 4.8 we deduce that

h̃ j1(x) ∈ h j1(ϕ j2(B
(2− l−2

N )t (0))) = h j1(B j2
l−2). (7.42)

Then (7.35) follows combining (7.41) and (7.42), using (7.30). It remains to show (7.36) for
j1 ∈ Ik+1, j2 ∈ Il for l > k+1. Observe that by (7.35) that we just proved we can define the
map Ĥ j1 j2 on ϕ−1j2

(B j1
l−1 ∩ B j2

l−1) as above. Moreover since ϕ−1j2
(B j1

l−1 ∩ B j2
l−1) ⊂ ϕ−1j2

(B j1
k+1)

we deduce from (7.40)

Ĥ j1 j2 = ϕ−1j2
◦ h−1j2

◦ ĥk ◦ ϕ j2 = ϕ−1j2
◦ h−1j2

◦ h̃ j1 ◦ ϕ j2

= ϕ−1j2
◦ h−1j2

◦ (h j1 ◦ ϕ j1 ◦ H̃ j1 ◦ ϕ−1j1
) ◦ ϕ j2

= (ϕ−1j2
◦ h−1j2

◦ h j1 ◦ ϕ j2) ◦ ϕ−1j2
◦ ϕ j1 ◦ H̃ j1 ◦ ϕ−1j1

◦ ϕ j2

= Hj1 j2 ◦ (ϕ−1j2
◦ ϕ j1) ◦ H̃ j1 ◦ (ϕ−1j1

◦ ϕ j2),
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on ϕ−1j2
(B j1

l−1 ∩ B j2
l−1), where Hj1 j2 is the map in the hypothesis of the theorem. (Observe

that in order to plug in the term ϕ j2 ◦ ϕ−1j2
in the third line, we used the Claim as above). Set

now f := ϕ−1j2
◦ ϕ j1 and g := f ◦ H̃ j1 ◦ f −1. With this notation Ĥ j1 j2 = Hj1 j2 ◦ g. From

(7.29), (7.38) and Lemma 4.8 we have that

‖g − id‖C1,t ≤ cC2ηk < 1, (7.43)

on ϕ−1j2
(B j1

l−1 ∩ B j2
l−1). Therefore combining (7.31), (7.43) and Lemma 4.5 we obtain

‖Ĥ j1 j2 − id‖C1,t ≤ C̃(ηk + ε) ≤ ηk(C̃ + 1),

on ϕ−1j2
(B j1

l−1∩B j2
l−1),where C̃ is constant depending only onC2 and L . Hence (7.36) follows

provided we choose D ≥ C̃ + 1.
Since the induction procedure is now proved, we can define the required map as h := ĥN .

The assumption M ⊂ ∪ jϕ j (Bt (0)) and (7.40) grant that h is defined on the whole M and it
of class Cq . Moreover (7.38), (7.39) and (7.40) imply (7.32) together with the bound

‖H̃ j − id‖C1(B2t (0)),t ≤ C2ηN ≤ εDN C2,

hence it is sufficient to take C3 ≥ DN C2. Recall also that ĥ1 := h j1 in B j1
1 for every j1 ∈ I1.

Thus, up to proving the Claim, the proof is concluded.

Proof of the Claim: Define the sets �r−1 := ϕ−1j (B j
r−1 ∩ B j̄

r−1), �0 := ϕ−1j (B j
0 ∩ B j̄

0 ),

which are both contained in the domain of ϕ−1j ◦ ϕ j̄ . Thus it is enough to prove that

{x ∈ B2t (0) | d(x,�r ) <
t

L N
} ⊂ �r−1.

Pick x ∈ B2t (0) \�r−1 and and set ρ := d(x,�r ) > 0. Fix ε > 0 arbitrary. There exists a
point y ∈ �r such that |y− x | ≤ ρ+ ε. Moreover, since y ∈ �r , x ∈ �c

r−1 and �r ⊂ �r−1,
then there must be at least one point p, lying in the segment joining x and y, with p ∈ ∂�r−1.
However, since the maps ϕ j , ϕ j̄ are homeomorphisms, we must have that �r−1 ⊂⊂ �0 and

∂�r−1 ⊂ ∂ B(2− r−1
N )t (0) ∪ ϕ−1j ◦ ϕ j̄ (∂ B(2− r−1

N )t (0)).

Moreover �r ⊂ B(2− r
N )t (0) ∩ ϕ−1j ◦ ϕ j̄ (B(2− r

N )t (0)). Hence if p ∈ ∂ B(2− r−1
N )t (0) it holds

|p− x | ≥ t/N ≥ 1/(L N ). If instead p ∈ ϕ−1j ◦ ϕ j̄ (∂ B(2− r−1
N )t (0)), since the map ϕ−1

j̄
◦ ϕ j

is L-Lipschitz by (7.29), we must have that

|x − y| ≥ |x − p| ≥ t

L N
.

Hence ρ + ε ≥ t
L N and from the arbitrariness of ε we conclude. ��
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