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Abstract. Understanding the generalization properties of neural networks on
simple input–output distributions is key to explaining their performance on real
datasets. The classical teacher–student setting, where a network is trained on
data generated by a teacher model, provides a canonical theoretical test bed.
In this context, a complete theoretical characterization of fully connected one-
hidden-layer networks with generic activation functions remains missing. In this
work, we develop a general framework for such networks with large width, yet
much smaller than the input dimension. Using methods from statistical physics,
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we derive closed-form expressions for the typical performance of both finite-
temperature (Bayesian) and empirical risk minimization estimators in terms of
a small number of order parameters. We uncover a transition to a specialization
phase, where hidden neurons align with teacher features once the number of
samples becomes sufficiently large and proportional to the number of network
parameters. Our theory accurately predicts the generalization error of networks
trained on regression and classification tasks using either noisy full-batch gradient
descent (GD) (Langevin dynamics) or deterministic full-batch GD.

Keywords: learning theory, machine learning, deep learning
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1. Introduction and related works

Predicting theoretically the generalization abilities of complex neural architectures for
generic tasks in terms of the number of parameters and training samples is a daunt-
ing task. The statistical physics approach has been successful in doing so in the past
few decades [1–3], where the performance of a network is characterized by the typical
generalization error over synthetic data generated by probabilistic models of increasing
statistical complexity. The replica method from the physics of disordered systems [4, 5]
is particularly effective for studying feed-forward networks solving supervised learning
tasks in the high-dimensional regime. The two classical, complementary settings in this
area are the storage capacity problem [6], where a network is tasked with memorizing
a random input-output mapping, and the teacher–student scenario [7], where a rule
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mapping labels to input data is instantiated also in a form of a similar random network
architecture.

While the analysis of the typical performance of single-layer networks (perceptrons)
is—at least in the case of continuous parameters—relatively straightforward and clas-
sic [8], the one-hidden layer case is much more challenging. In particular, research
has been mainly focused on the case of committee machines, where the second-layer
weights are not trained. A variety of works (detailed in the next section) analyzed
the information-theoretic limits of supervised learning in committee machines, where
a network is trained on P independent N -dimensional examples, with the sample-to-
parameter ratio α := P/N =ON (1) and N →∞ . The general picture emerging is that
generalization performance is controlled by the ratio of the dataset size and the number
of network parameters. In particular, specialization of hidden neurons in the direction
of the ones in the teacher can only occur when the number of samples is of the order of
the number of network parameters, i.e. P ∝NK.

Classical results exist for the simpler case of tree architectures (with non-overlapping
receptive fields of the hidden units) and for fully connected (FC) committees with sign
activation function [7, 9–11]. While recent studies [12, 13] started addressing the case
of arbitrary activations, a general theory of learning using empirical risk minimization
(ERM) is not yet present in the statistical mechanics literature. This gap is particularly
relevant for modeling more realistic machine-learning tasks, where the learner lacks
access to the true data-generating distribution—unlike in Bayes-optimal (BO) settings.
This framework allows for the exploration of mismatched priors and provides a pathway
to understand how emergent neural representations adapt to the underlying structure
of the data. In this work, we study the learning problem in the limit where the input
dimension N diverge and the number of hidden units K is large, yet much smaller
than N. More precisely, we consider the regime 1≪K ≪N , taking N →∞ first and
subsequently analyzing the large-K limit. While this asymptotic setting formally allows
for joint scalings such as K = o(N), our analysis is controlled in the sequential limit
described above, and the joint-scaling regime should be understood as a consistent
asymptotic extension. This scaling enables a typical-case analysis via the replica method
in terms of a finite number of order parameters (i.e. sufficient statistics that characterize
the generalization error).

We therefore study the typical performance of ERM estimators in a teacher–student
setup with generic activation function and fixed (non-trainable) second-layer weights,
investigating the emergence of learning phase transitions. We obtain closed form expres-
sions for the weight statistics and the overlap between the teacher and student weight
vectors, thus providing a theoretical prediction for the generalization error as a func-
tion of sample-to-parameter ratio α̃ := α/K, expressed as the ratio of training set size
and the total number of adjustable weights in the network. We show that our frame-
work accurately predicts the performance of Langevin dynamics (LD), including in the
vanishing-noise limit, and also captures the test-time behavior of networks trained with
pure gradient descent (GD). Our analysis identifies distinct learning regimes, notably
a computationally hard phase (i.e. a statistical–computational gap) in which posterior
sampling methods such as LD exhibit exponentially slow convergence. To probe this
regime, we consider an informed initialization of LD, where the student weights are
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initialized in the vicinity of the teacher configuration, enabling the dynamics to reach
specialized states that are otherwise algorithmically hard to sample.

Related works— Shallow neural networks have been extensively studied using a
statistical physics framework [14], where a description of the typical learning and gen-
eralization behavior over a joint input-label ensemble can be provided in the limit of
large input dimension N →∞. The specific phenomenology of such a problem is related
to the number of hidden units.

In the K =ON (1) regime, a two-layer neural network falls into the category of multi-
index functions. Classical works studied online learning dynamics in such a model,
deriving a set of ordinary differential equations for the sufficient statistics of the hidden
representations [15–19]. In the teacher–student setting, where all information about
the teacher is available to the student except for the input-to-hidden-layer weights, a
rigorous classification of the difficulty in recovering the target function via approximate
message passing (AMP)/TAP-like algorithms has been established in [20]. The work [21]
systematically classified SGD performance on two-layer neural networks for any class
of multi-index functions based on the leap complexity of the target function.

While many questions have been resolved for finite index, the large-index K regime
remains to be explored. The regime 1≪K ≪N has been addressed both in the tree [22–
24] and the FC case [7, 10, 25–28]. These classical studies focused on sign (or erf [29])
activation function—with either binary or spherically constrained first-layer weights—
and i.i.d. inputs. In the FC case, [30] studied the effect of L2 regularization using an
annealed approximation, corresponding to the large-dataset limit. A FC model with a
bounded C2 activation function with bounded first and second derivatives was stud-
ied from a Bayesian-optimal perspective in [31], where the authors supported replica
predictions with rigorous theorems, proposing an efficient inference algorithm based
on AMP. In the ERM context, a simple kernel order parameter has been shown to
control the storage capacity in the simplified case of a tree committee with generic
activation functions [32–34]. Using similar methods, a recent work identified analog-
ous kernel order parameters for generic activation function and a particular choice of
second-layer weights [35]. We further note the works [12, 13], which analyzed networks
with square-summable activation functions using Hermite expansions and a simplifying
approximation in the limit of a very large random dataset. Finally, we also mention a
recent burst of interest for the extensive-width regime K =O(N) [36–39]. In particular,
when comparing our work with [37], a key distinction in the extensive-K regime is the
emergence of kernel-like learning in the small-data regime (which does not occur in
our narrow-but-large-K setting). Conversely, both scalings converge on specialization
in the high-α regime. We emphasize that, based on our theoretical observations, for
large sample-to-parameter ratio, the Bayes-optimal generalization error (BOE) in our
framework is consistent with the extensive width result of [37]. However, exact analyt-
ical agreement for all values of α requires K/N → 0. In other cases, while the BOE may
match, the underlying order parameters differ. Our approach remains analytically tract-
able by reducing the problem to a fixed set of scalar order parameters. This avoids the
complex functional matrix order parameters– and the necessary integration of replica
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theory with random matrix models, specifically the Harish Chandra–Itzykson–Zuber
‘spherical’ integral [40, 41]—required in the K =O(N) case.

Our contributions— In this work, we develop a complete theoretical characterization
of the typical performance of a one-hidden-layer neural network in the regime 1≪K ≪
N –again formally interpreted as a sequential limit N large first then K large—in the
presence of i.i.d. inputs and responses generated from a teacher network with the same
structure.

Our contributions are the following:

• We compute the generalization error and the corresponding learning curves as a
function of the number of samples, for narrow and shallow networks with gen-
eric activation functions and a generic loss, in the classic teacher–student setting.
Unlike previous works, which used an annealed calculation [12, 13] for regression,
our approach relies on a quenched computation of the free entropy using the replica
method, whose predictions have been validated through Langevin-based simulations.
While our results agree with the annealed computation for very large dataset regime,
finite datasets can display a continuous-to-discontinuous behavior, as we report for
the ReLU activation function. This computation is of independent interest to the
machine learning community, and we anticipate that it will have further applications
in learning theory.

• We study the limit in which the Bayesian posterior concentrates on minima of
the empirical loss, and experimentally compare its predictions to solutions found
by ERM using GD and LD. While LD can sample from the posterior when run
long enough, GD is a deterministic optimizer and does not explore the full pos-
terior. Remarkably, we find that GD converges to solutions whose generalization
performance is equivalent to those obtained by LD, suggesting that optimization
and sampling dynamics can yield statistically similar learned representations.

• We provide a phase diagram highlighting the role of the data-to-parameters ratio
α̃ and the L2 regularization strength λ in shaping the properties of the equilib-
rium solution. This characterization identifies the optimal regularization required to
approach the BO error.

• In the BO setting, taking the K →∞ limit after N →∞ recovers the BOE reported
in [37] for activation functions without second Hermite polynomial in their Hermite
decomposition. This suggests that for such activations, the large-width (K ) and
large-dimension (N ) limits commute. For a general activation function, while both
theories predict asymptotically (as α̃→∞) the same generalization error, our results
exactly match those of [37] at all α̃ only when γ :=K/N → 0.

2. Setting and main results

2.1. ERM, and statistical physics formulation

Throughout the paper, we consider the standard supervised learning setup with a syn-
thetic dataset D := {(xµ,yµ⋆ )}Pµ=1, with responses generated by a two-layer teacher neural
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network. The samples are thus generated as follows: (i) Construct the target function
by sampling entry-wise i.i.d. the first-layer teacher weights W ⋆ = (w⋆

k ∈ RN )Kk=1 ∈ RK×N

from PW ⋆, and the second-layer weights A⋆ = (A⋆
k)

K
k=1 from PA, with finite first and

second moments. (ii) The inputs xµ are i.i.d. standard Gaussian vectors: xµ ∼N (0,IN ).
(iii) The responses/labels (yµ⋆ )

P
µ=1 are generated as

yµ⋆ = φA⋆

(
W ⋆xµ, zµ

√
∆⋆
)

:= f

(
1√
K

∑
k⩽K

A⋆
kσ

(
w⋆

k ·xµ

√
N

)
−B⋆

√
K + zµ

√
∆⋆

)
. (1)

The activation function σ : R→ R acts entry-wise and is differentiable almost every-
where, and the readout function f : R→ R defines the task; e.g. in the case of regression
one has f(x) = x whereas in the case of binary classification f(·) = sign(·). The i.i.d.
zµ ∼N (0,1) are label noise whose standard deviation is controlled by ∆⋆. For analytical
convenience, we introduce the term B⋆ in the second layer, fixed to remove the mean
of the second-layer pre-activation.

Given the datasetD, we study the problem of learning the target in a teacher–student
(realizable) setting under the ERM framework, using a student (trainable) model with
same parametric form as the target. We focus on the case where the trainable model is
already set with the correct readout weights (which are few compared to the inner ones)
and we thus skip the dependency on those weights to lighten notations, i.e. A⋆ =A and
φA⋆(·, ·) = φA(·, ·); our main running example will be all-ones readouts, as is usually the
case in the literature on committee machines. The student’s bias B, like B⋆, is adjusted
to remove the mean of the readout pre-activation. In practice, B is updated separately
during learning once per epoch, based on the current state of the weights. The ERM
with weight decay we consider reads

W erm ∈ argminLP (W ) , with

LP (W ) :=
∑
µ⩽P

ℓ(yµ⋆ ,φA (Wxµ,0))+
λ

2
∥W∥2F. (2)

We consider the standard notion of mean-square generalization error ϵg : for a test sample
(xnew,ynew⋆ ) with same law as the samples in the training data and a given W , we define

ϵg (W ) :=
1

4l
Exnew,ynew⋆

[
(ŷW (xnew)− ynew⋆ )2

]
(3)

with l =0 for regression and l =1 for classification, ŷW (x) := φ(Wx,0) is the student
prediction.

Statistical mechanics formulation— We analyze this setup in the high-dimensional
regime where the network architecture (matching the target) has a large width, yet
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vanishingly small compared to the input data dimension, and the number of training
samples P = PN scales linearly with the number NK of trainable parameters:

N →∞, with K ≫ 1 (so thatN ≫K), and finite

α̃ : = lim
N→∞

PN

NK
∈ (0,∞) . (4)

In order to analyze the problem in this asymptotic limit using statistical mechanics,
it is useful to introduce a temperature (later taken small) and the associated Gibbs-
Boltzmann measure:

Pβ (W | D) =
1

Zβ
exp(−βLP (W )) , (5)

where Zβ is the partition function (normalization factor), and β > 0 is an inverse tem-
perature that controls the measure’s concentration around solutions with small loss,
going from Bayesian learning at finite β to ERM when it diverges.

The starting point of the statistical physics approach to learning is to compute
the log-partition function, the so-called free entropy: lnZβ/(NK). We expect it to be
self-averaging, i.e. its variance w.r.t. the realization of the problem (teacher and data)
vanishes as N →∞ (this is proven using standard concentration techniques, see e.g.
[42]). This allows us to focus on its expectation value

Φβ,K := lim
N→∞

1

NK
EW ⋆,D,z lnZβ, (6)

where Ez denotes the expectation w.r.t. to the label noise. Computing Φβ,K yields the
order parameters of the problem—sufficient statistics of interest—particularly those
related to the generalization error, whose characterization is our main goal. The finite
temperature equivalent of the generalization error is the average Gibbs error, defined
as

ϵGibbs (β) :=
1

4l
EW ⋆,D,z,xnew

⋆ ,ynew⋆

[⟨
(ŷW (xnew)− ynew⋆ )2

⟩]
, (7)

where ⟨ · ⟩ denotes the average w.r.t. the Gibbs-Boltzmann measure (5). Again by the
self-averaging property, in the aforementioned high-dimensional limit, the Gibbs error
approaches ϵg(W typ) whereW typ is a typical sample from the Gibbs measure. This latter
error converges to ϵg(W erm) as β →∞. This makes the finite (but low) temperature
analysis suitable to study the performance of ERM. By the same argument we can
approximate the training error of ERM using

ϵtr (β) := EW ⋆,D,z

⟨ 1

P

∑
µ⩽P

ℓ(yµ⋆ ,φA (Wxµ,0))

⟩ . (8)
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The asymptotic regime in equation (4) formally allows for joint scaling of the net-
work width with the input dimension, such as K ∝N δ with δ < 1. However, the replica
computation presented below is controlled in the sequential limit, where N ,P →∞ a
fix (but arbitrary) K. In this limit, the free entropy is obtained from an extremization
over K ×K overlap matrices. In a second step, we consider the regime of large but
finite K. Here, we assume the overlap matrices are parameterized by a uniform diagonal
and off-diagonal structure, as suggested in [11] and detailed in the following section.
Upon rescaling the free entropy by K, the stationary equations admit a well-defined
large-K limit, yielding asymptotically equivalent results. Consequently, the joint-scaling
regime (K ∝N δ with δ < 1) should be interpreted a heuristic extension consistent with
these asymptotic equations, rather than a rigorously derived limit within the current
framework.

2.2. Main results: closed form formulas for the free entropy, test and training errors

Replica symmetric free entropy, and order parameters— In order to state our
main results we need to introduce some definitions. Define the so-called replica sym-
metric (RS) potential

KΦRS
β,K (m,q,v) := GSI (m,q,v)+ α̃KGE (m,q,v) , (9)

where m denotes a K ×K matrix whose elements can be expressed in terms of two para-
meters md and ma as m=mdIK +(ma/K)1K1

⊺
K and similarly for v,q. This parametriza-

tion of the overlap matrices can be justified in the regimeK ≪N . By invoking statistical
permutation symmetry—naturally suggested by the indistinguishable nature of the hid-
den units—we expect overlaps between distinct units to concentrate. This allows us to
describe the system using a reduced set of scalar order parameters rather than tracking
every individual pair. This choice is further constrained by asymptotic self-consistency:
to ensure the network’s output variance remain O(1) in the large K limit, these off-
diagonal overlaps must scales as O(1/K). If they were O(1), the K(K − 1) correlations
between different units sum would cause a divergence. Thus, the 1/K scaling represents
a structurally stable state where units are collectively balanced, and where individual
fluctuations around their mean become negligible in the thermodynamic limit.

Then, the ‘entropic potential’ is

GSI (m,q,v) :=
K

2

[
1+

qa−m2
d

vd
− (qd+ vd)βλ+ ln(2πvd)

]
− 1

2
log

(
vd

vd+ va

)
+

1

2(vd+ va)

[
qa− 2mdma

−m2
a−

va
vd

(
qd−m2

d

)
− (vd+ va)(qa+ va)βλ

]
,

(10)
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whereas the ‘energetic potential’ reads

GE (m,q,v) : = Eξ∼N (0,IK)

ˆ
dyZT (m,q,v;y,ξ,A) lnZS (m,q,v;y,ξ,A) ,

ZT : = Ez∼N (0,1)

ˆ
RK

dTN
(
T;mq−1/2ξ, IK −mq−1m

)
× δ
(
y−φA

(
T,z

√
∆⋆
))

,

ZS : =

ˆ
RK

dZN
(
Z; q1/2ξ, v

)
exp[−βℓ(y,φA (Z,0))] ,

(11)

where N ( · ;µ,Ω), denotes the normal p.d.f. with mean vector µ ∈ RK and covariance
matrix Ω. The RS potential allows us to approximate the free entropy through its
extremization. Most importantly, the stationary equations constraining its extremizers
give us directly access to the sufficient statistics and, consequently, the training and test
errors. The RS approximation to the free entropy thus reads

Φβ,K = extrm,q,vΦ
RS
β,K (m,q,v) . (12)

The extremization extr selects a solution (m*,q*,v*) of the stationary equations (called
‘RS equations’), obtained from ∇ΦRS

β,K = 0, maximizing the RS potential. The replica
method predicts that with high probability, in the high-dimensional limit the order
parameters (called overlaps) have the following limits:

W ⋆W ⊺
a

N
→m*,

W aW
⊺
b

N
→ q*,

W aW
⊺
a

N
→ q*self := q*+ v*, (13)

where W a and W b are conditionally (on D) i.i.d. samples from the Gibbs measure.
The sufficient statistics are thus three K ×K matrices whose physical meaning are: q*,
the student-student overlap, quantifies the average correlation between two different
weight samples from the Gibbs measure (5); q*self, the self-student overlap, measures the
correlation matrix between learned weight vectors of a single configuration; and finally
m*, the teacher–student overlap, describes the alignment between the learned weights
and the teacher’s. In the high-dimensional limit, our theory assumes that these matrices
have constant diagonal and off-diagonal entries (up to irrelevant fluctuations), with the
latter scaling differently with K. This assumption, along with the application of the
central limit theorem following the approach in tree-like committee machines [32, 33],
leads to a substantial simplification of the RS entropy and enables the treatment of
general activation functions for large K, see the supplementary material (SM) for the
complete derivation.

We note that the overlap structure assumed here is similar to that used in the
capacity calculations for this architecture [1, 25] and in the teacher–student setting
with spherical constraint [11] in the large-K limit. Nevertheless, the absence of the
spherical constraint, together with the introduction of the bias term in a non-Bayes
optimal setting, distinguishes the present derivation. These additions are crucial to
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obtain well-defined RS equations for general activation functions and to explicitly ana-
lyze the specialization transition. Moreover, this setting is arguably relevant from a
machine-learning perspective, as it corresponds to ERM rather than Bayesian learning.

Generalization error— Let µA, νA be the first and second moments of PA, respect-
ively. Let also (t, s) be a centered Gaussian vector with covariance elements E[t2] =
E(1,1,1,0)+∆⋆, E[s2] = E(q*self,d,q*self,d,q*self,d,q*self,a) and E[ts] = E(1,q*self,d,m*

d,m
*
a) where,

in the large width limit K →∞ (taken after N →∞), the function E(xd,yd,zd,za) is

E (xd,yd,zd,za) = νAK0 (xd,yd,zd)−µ2
AK0 (xd,yd,0)−

zaµ
2
A

xdyd
K1 (xd,yd,0) ,

Kp (d1,d2,a) := E(x1 x2)∼N (0,Ω) [(x1x2)
pσ (x1)σ (x2)] with Ω =

(
d1 a
a d2

)
.

(14)

Given (m*,q*,v*), a solution of the RS equations maximizing the RS potential (9),
the RS approximation to the (Gibbs) generalisation error limN→∞ ϵGibbs is given by
E(t,s)[(f(t)− f(s))2]. Notice that K0(d1,d2,a) coincides with the NNGP kernel [43, 44]
of large-width neural networks at initialization. Similarly, the RS approximation to the
training error limN→∞ ϵtr reads ∂βGE|m*,q*,v*.

3. Numerical experiments and comparison with theoretical predictions

As our analysis describes a Bayesian posterior over the first-layer weights with a β-
dependent likelihood, our primary algorithm for testing is LD, due to its explicit tem-
perature dependence and theoretical guarantee of sampling the Gibbs measure when it
reaches equilibrium. We consider two distinct initializations: LD Planted Init, where the
student parameters are initialized near the ground truth, and LD Random Init, with
i.i.d. N (0,1) initial weights. Across data regimes, at least one of these LD variants con-
sistently displays a test error matching well the theoretical prediction extracted from a
solution of the RS equations that locally maximizes ΦRS

β,K .
We perform numerical simulations at K =10 and N =500. While the theoretical

equations predict a slight shift in the specialization threshold as K increases towards
the asymptotic limit, K =10 and N =500 is sufficient to capture the relevant physical
features—such as the specialization transition and the emergence of a hard phase—while
allowing for extensive LD sampling within reasonable computational limits.

The global maximizer corresponds to the ‘equilibrium branch’ of the theory, describ-
ing typical student weights dominating the Gibbs measure, which may coexist with other
solutions associated with metastable states, as described below. We also compare our
β →∞ theory to GD, identifying regimes where GD performance aligns well with the
theory, despite lacking guarantees for solving the non-convex ERM problem. Although
neither GD nor LD consistently reach the minimal generalization error of ERM across
all α̃, our theoretical framework reliably describes their performance. A single GD run
took at most 16 h, while LD required up to 58 h, including GPU and CPU time. Total
compute time for all figures is 42 effective GPU hours (see SM).
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Figure 1. Free entropy ΦRS
β,K (first panel) and order parameters associated with the

stationary solutions of the RS equations, as a function of the sample-to-parameter
ratio α̃, for quadratic activation function σ(x) = x2, MSE loss, weight decay λ=0.1,
number of hidden units K =10 and β=10. Blue curves represent off-diagonal com-
ponents of the teacher–student overlap m*, the student-student overlap q*, and
the self-student overlap q*self . Red curves represent the dominant diagonal compon-
ents of these quantities. The dotted-dashed lines correspond to the permutation-
symmetric branch (where m*

d = q*d = 0), the solid lines to the specialization branch
(m*

d > 0,q*d > 0) and the dashed one to the memorization branch (m*
d = 0,q*d > 0).

While our theory extends to broader settings, for the sake of illustration we focus
on regression with a mean-square (MSE) loss and classification with Hinge loss. Given
the non-convex nature of the problem, our theory yields multiple stationary solutions
of the RS free entropy potential, characterized by the order parameters (m*,q*,v*). We
describe them in the next paragraph and figure 1. Once this picture is further detailed,
we then provide numerical validations for all predicted observables for regression at
finite β (figure 2) and ERM (figure 3). Finally, we numerically validate our theory
adapted to study the BO setting for classification (figure 4).

Solutions of the replica symmetric equations and the specialization
transition— To begin illustrating our theory, we present a complete description of
all stationary solutions of the RS equations in figure 1, for regression with MSE loss
ℓ(y,x) = (y−x)2/2, and quadratic activation σ(x) = x2, for which the solutions are well
separated. The phenomenology discussed here remains broadly general for different
activation functions. The first panel in figure 1 shows the value of the free entropy,
while the order parameters corresponding to each stationary solution are shown in the
remaining panels (with matching style of curve). In the particular setting shown here,
a unique stationary solution exists up to α̃≈ 0.7, which we refer to as permutation-
symmetric (PS). There, the diagonal overlap q*d = 0, implying that the solution exhibits
global permutation symmetry: permuting the hidden units in a typical weight configur-
ation sampled from the Gibbs measure yields an equivalent configuration. At the same
time, as we show in the second panel, in this phase each hidden unit of the student is
equally correlated with every hidden unit of the teacher, resulting in m*

d = 0. We refer
to this as the PS branch (dotted-dashed lines). Notice that this PS branch persists for
all values of α̃. For α̃≳ 0.7, two new solutions of the saddle point equations appear. The
first one, that we name specialized branch (solid lines), corresponds to a phase where
the hidden units in the student begin to align with specific teacher units as α̃ increases
(m*

d > 0, second panel), leading to PS breaking (q*d > 0, third panel). The second type
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of solution (dashed lines) is what we call the memorization branch, in analogy to the
storage capacity problem: despite exhibiting PS breaking (q*d > 0, third panel), in this
phase the student does not align with the teacher, resulting in poor generalization abil-
ities. As we show in the first panel, for α̃ > 0.7, the solution with the largest free entropy
corresponds to the specialized branch, meaning that the student finally starts learning
the teacher rule.

Comparison with experiments— In figure 2, we illustrate the remarkable agreement
between the analytical results for the overlaps, equation (13), and the generalization
error described in section 2.2.2, with numerical results obtained from LD. Notably,
systems with as few as K =10 hidden units are already well described by our large-
width theory. Previous work using a simplified annealed calculation [12] showed that
the choice of activation function influences the nature of the learning phase transition.
In a similar regression setting, the authors found that networks with ReLU activation
undergo a continuous phase transition at a critical value of α̃. We recover this result, as
shown in the upper-left panel in figure 2, where we observe a specialization transition
at α̃spec. In this large-dataset regime, the quenched computation effectively reproduces
the annealed prediction, which corresponds to the small β limit. However, our more
accurate quenched computation predicts that for sufficiently large β, i.e. close to the
ERM setting, ReLU networks exhibit a discontinuous phase transition (see left panel
in figure 3). In contrast, for networks with an Erf activation, we observe a discon-
tinuous transition, independently of β (upper-right panel of figure 2 and right panel
in figure 3). Discontinuous transitions are associated with the presence of metastable
thermodynamic states. Depending on the initialization, these states can trap LD, pre-
venting it from sampling the Gibbs measure. We identify the presence of metastability
by running LD with both random and teacher-close initializations of the weights. In
the latter case, LD follows the specialized branch for α̃⩾ α̃s, where the teacher–student
overlap increases with the training set size. Conversely, with random initialization, LD
approaches the specialization branch at a value α̃ > α̃spec and not at the theoretical
transition. This signals the possible presence of a hard phase for LD, where it fails
to equilibrate when the weights are initialized randomly. A theoretical explanation for
this may require a finer analysis taking into account the effects of ‘replica symmetry
breaking’ in physics jargon [4, 45].

The specific branches that becomes stable around the specialization transition α̃spec

depends on β. At intermediate temperatures (e.g. β=10), the transition occurs between
the permutation-symmetric and specialized branches (see right-upper panel of figure 2).
In contrast, in the β →∞ limit, the transition shifts to one between the memorization
and specialized branches (see right panel of figure 3). This indicates that at low tem-
peratures the PS branch loses stability to the memorization branch.

The results obtained using LD with random initializations support this; in the
β →∞ limit, both the generalization error and order parameters converge to the cor-
responding memorization branch for α̃ < α̃spec (figure 3). Notably, we observe in the
same figure that GD with random initialization recovers the statistics of typical ERM
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Figure 2. Generalization error ϵg and teacher–student overlap for noise-free regres-
sion task (∆⋆ = 0) as functions of the sample-to-parameter ratio α̃. Results are
shown for inverse temperature β=10, weight decay λ=0.1, and activation func-
tions σ(x) = ReLU(x) (Left), which exhibit a continuous specialization transition,
and σ(x) = Erf(x/

√
2) (Right) which exhibit a discontinuous specialization trans-

ition. Theoretical curves are derived from the RS equations. The teacher–student
overlaps are parametrized as m*

0 =m*
d+m*

a/K (diagonal) and m*
1 =m*

a/K (off-
diagonal). The solid lines represent the equilibrium RS solutions (globally max-
imizing free entropy), while the dashed lines for the Erf case denote metastable
solutions. The specialized branch becomes the equilibrium at α̃⩾ α̃spec; for Erf, this
branch emerges at a spinodal point α̃s < α̃spec. Markers represent averages over 500
LD samples with K =10 and N =500, for a single dataset. Generalization error is
computed on 1000 test samples; error bars show standard deviations. Notably, for
α̃ > α̃spec, LD with random initialization fails to follow the RS equilibrium branch,
suggesting metastability effects or dynamical barriers not fully captured by the RS
equilibrium analysis.

minimizers. Such observation aligns with recent work suggesting that (S)GD concen-
trates on solutions with probabilities close to the Bayesian posterior [46–49], provid-
ing a possible explanation for why GD reliably finds typical ERM minimizers despite
non-convex landscape. However, at finite system size, initializing at the planted solu-
tion alongside incomplete equilibration may trap the dynamics in atypical low-error
states. Consequently, the observed generalization error can dip below the asymptotic
BO bound, reflecting the lack of full posterior sampling.
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Figure 3. Generalization error ϵg for noise-free regression (∆⋆ = 0) as a func-
tion of the sample-to-parameter ratio α̃. (Left) σ(x) = ReLU(x); (Right) σ(x) =
Erf(x/

√
2). At large β both activations exhibit a discontinuous specialization trans-

ition. Results corresponds to ERM (β →∞ limit) with weight decay λ=0.01, where
typical configurations are sampled from the memorization state for α̃ < α̃spec. The
equilibrium and metastable RS branches are denoted by solid and dashed black
lines, respectively, while the orange line represents the BO error (BOE), which
vanishes for α̃⩾ 1. Numerical results for a single dataset with K =10 and N =500,
are obtained via LD at β = 104 (averaging over 500 samples) and a single GD
estimator with random initialization. Generalization error is computed on 1000
test samples; error bars indicate standard deviation. Notably, for α̃ < α̃spec, LD
results with planted initialized can fall below the Bayes-optimal prediction. This
apparent violation is likely due to initialization bias and slow relaxation dynamics,
which prevent the system from reaching the true equilibrium within the simulation
time.

A similar behavior was observed for two-layer neural networks in the extensive-
width regime in the BO setting with σ(x) = x2 [36] 8. In our case, we observed that GD
reaches the specialization branch at values significantly larger than α̃spec– specifically, at
α̃ReLU
GD ≃ 2.3 and α̃Erf

GD ≃ 2.5. This discrepancy likely stems from subdominant, atypical
configurations that attract GD but are not captured by our theory. While the BOE [31]
remains a strict lower bound in the thermodynamic limit, finite-size effects and biased
(planted) initialization can lead to apparent violations in LD simulations at small α̃ due
to incomplete equilibration. Nevertheless, as discussed in the next section, ERM can
closely approach the BOE when the regularization λ is properly tuned.

Classification— Analogous comparisons between theory and simulations can be done
in the classification case (where f = sign). In figure 4 we show the accuracy (1− ϵg)
as a function of α̃ for both ReLU and Erf activations in the noiseless case (∆⋆ = 0)
found by doing ERM on the hinge loss, in the BO setting (obtained by setting λβ = 1
and β →∞). In both cases the theory predicts that the equilibrium is given by the
specialized branch. This is in contrast with the sign activation, which was investigated

8 Maillard et al [36] observed a gap between the performance of GD with small regularization and the BO one in the noisy
teacher–student regression setting with σ(x) = x2. Interestingly, in their paper GD follows a smooth trajectory, which may reflect
the memorization branch we described here, a branch that could still exist in the extensive-width regime K = O(N) they consider.
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Figure 4. Accuracy as a function of α̃ for classification with f(x) = sign(x) and
no label noise (∆⋆ = 0). Activations: (Left) σ(x) = ReLU(x) and (Right) σ(x) =
Erf(x/

√
2). Solid lines: ERM theory with Hinge loss in the Bayes-optimal setting

(i.e. βλ= 1 and β →∞); markers: LD Planted Init. Accuracy is the average fraction
of correctly classified samples by the student. Each point averages 500 LD-sampled
equilibria at β = 104, K =10, N =500 for one dataset. Student weights are pro-
jected onto the unit sphere at each update, and teacher weights have unit norm.
Accuracy is computed on 1000 test samples; error bars show standard deviations.

in [10, 26], for which one has a discontinuous transition from the permutation-symmetric
to the specialized branch. A study of the small data regime where the size of the dataset
is proportional to the size of the input (i.e. α= P/N =O(1)), shows that in both those
cases the transition from the PS solution is continuous (see SM for additional plots and
details).

4. Phase diagram and extensive-width limit

Understanding how the regularization strength and the data-to-parameter ratio shape
the equilibrium solution is a central question in learning theory. In this section, we
characterize the resulting phase diagram and investigate how the limit K →∞ in our
setting relates to the N →∞ limit, clarifying the interplay between width and input
dimension.

Phase diagram— This diagram is a key outcome of the replica analysis: it identifies
which of the PS, Memorization, and Specialization learning phases is the equilibrium
state, and which are metastable, as a function of training set size and the inverse
of the regularization strength. Specifically, it shows when the system admits multiple
coexisting phases—some close to yielding BO performance, and others only locally
stable–, and moreover allows us to determine the optimal regularization strength in
terms of generalization performance as a function of α̃.
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The optimal regularization strength depends on the sample-to-parameter ration α̃,
reducing overfitting in low-data regimes while enabling alignment with the teacher in
high-data regimes. Contrary to convex optimization problems [50], the replica analysis
reveals a discontinuous behavior of the optimal regularization as a function of the train-
ing set size, a behavior generally difficult to grasp using statistical learning bounds.
In particular, for α̃ < α̃BO

sp there coexist two learning phases: Memorization and PS.
Although neither describes a phase where the student aligns with the teacher, the latter
is still preferable in terms of generalization performance since it matches the BO per-
formance for small α̃. In this regime, a large regularization strength is optimal: it keeps
the system in the PS phase, avoiding overfitting and preventing harmful memorization.

For α̃ > α̃BO
sp , the student starts having enough samples to align with the teacher,

causing the specialization phase to emerge and gradually become stable. To enter this
phase, λ must be drastically reduced: small enough to allow alignment with the teacher,
yet large enough to avoid entering the Memorization phase, which can coexist with
specialization in the large-data regime and give rises to metastable configurations where
algorithms like GD or LD can easily get trapped. In this regime, the replica analysis
shows that the best regularization is found near the boundary in the (λ−1, α̃) plane
where Memorization loses global stability and Specialization becomes the only stable
learning phase. This can be better observed in the right panel of figure 5, where no single
value of λ saturates the BOE across all α̃. Based on these fixed-λ curves, we reconstruct
in red the effective learning curve that a student trained with the λopt across α̃ would
follow.

The replica analysis thus predicts non-trivial, discontinuous behavior of the optimal
regularization as a function of training set size, due to the presence of distinct learning
phases—PS, Memorization, and Specialization–across data regimes. This phase diagram
provides key theoretical insights into the algorithmic limitations of standard training
procedures such as GD and LD, illustrating when the specialized phase is metastable,
i.e. exists but hard to reach via common optimization methods.

The extensive width limit— It is natural to ask how the following two limits are
related: the one treated in the present paper, namely K →∞ after N →∞, and the
small-but-extensive width limit considered in [37], where N ,K →∞ jointly with K =
γN and γ ≪ 1 but independent of N. In figure 6, we address this question in the BO
setting by plotting the BOE for three activation functions, from left to right:

σ(x) = Erf

(
x√
2

)
, σ(x) =He3(x), σ(x) =He2(x)+

1√
6
He3(x),

where we use the normalized probabilist’s Hermite polynomials Hen(x) :=
(−1)n√

n!
ex

2/2 dn

dxn e
−x2/2. Across the panels, the solid lines for different values of γ cor-

respond to the extensive-width prediction of [37], while the dashed lines represent the
results obtained from our theory of narrow-network. In the left and middle panels of
figure 6, the two theories coincide for all values of the sample-to-parameter ratio α̃. In
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Figure 5. Phase diagram (Left) and generalization error (Right) of a two-layer
student neural network with activation function Erf(x/

√
2), trained on a regres-

sion task via ERM (β →∞) with MSE loss ℓ(x,y) = (x− y)2/2, as a function of
the inverse regularization λ−1 and the sample-to-parameter ratio α̃. The training
data are generated by a teacher network with matching architecture, label noise
∆* = 10−4, and K =10 hidden units. (Left) Phase diagram in the (α̃,λ−1) plane
showing three learning regimes. In the permutation-symmetric (PS) phase, hid-
den units across different student networks—initialized differently but trained on
data generated by the same teacher—remain uncorrelated (q*d ≃ 0); this occurs for
small α̃ and λ > λm. In the memorization phase, hidden units across different stu-
dent networks—initialized differently but trained on data generated by the same
teacher—become mutually correlated, yet remain uncorrelated with the teacher’s
hidden units (q*d > 0, m*

d ≃ 0); this corresponds to intermediate α̃ and λ < λm. The
bold blue line at α̃m marks the onset of stability of this solution. In the specializ-
ation phase, student units align with teacher units (m*

d > 0). The bold green line
α̃sp marks the stability threshold, while the dashed purple line α̃s indicates where
the specialized solution first appears (metastable until crossing the green bound-
ary). The dashed vertical red line α̃BO

sp is the BO specialization threshold, and the
horizontal dashed pink line λm marks where the regularization becomes beneficial
as a network can escape to go from the PS to memorization region. Bold purple
scripts indicates that these solutions are present only as metastable states. (Right)
Bayesian optimal error (BOE, orange) and Gibbs generalization error as functions
of α̃. Solid curves denote equilibrium solutions, while dashed curves represent meta-
stable ones. Across different α̃ (highlighted in red in both panels), λopt denotes the
value of the regularization strength for which the student’s generalization error best
approaches the BOE.

these cases, the collapse of the predictions for different γ in [37] is a consequence of the
absence of the second Hermite coefficient in the activation functions. In particular, the
specialization transition matches that of the extensive-width case. In the right panel,
we observe that as γ→ 0 the two theories agree across all data-to-parameter ratios
(here, taking γ = 1/50 already yields a quasi-perfect match), while for non-vanishing γ
they (quickly) converge to the same limit as α̃→∞. These observations suggest that
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Figure 6. Comparison of the generalization error ϵg −∆* as a function of the
sample-to-parameter ratio α̃= P/(NK) in the Bayes-optimal setting, between our
theory for narrow-networks (dashed black line, corresponding to the limit K →∞
taken after N →∞) and the extensive-width theory of [37] (colored lines, cor-
responding to the limit K,N →∞ with K = γN). (Left) σ(x) = Erf(x/

√
2) and

∆* = 0.005, (Middle) σ(x) =He3(x) and ∆* = 0.005, (Right) σ(x) =He2(x)+
1√
6
He3(x) and ∆* = 0.1.

the large-N and large-K limits commute for any α̃ when the activation function has
zero second Hermite coefficient, or ‘quasi commute’ when α̃ diverges.

5. Discussion and conclusion

We developed a theory for the typical generalization performance of a narrow one-
hidden-layer network in the teacher–student setting, under both finite-temperature
Bayesian learning and ERM. Our theory highlights the presence of distinct phases and
thermodynamic states, including metastable ones that can trap the dynamics of full-
batch GD, both with and without explicit noise. We further showed that the activation
function is responsible for the appearance of different types of transitions in a Bayesian
setting, in a manner that depends on the temperature parameter. Interestingly, we iden-
tified a memorization phase in which the student network breaks permutation symmetry
among its hidden units without aligning to the teacher’s weights. This study differs from
the recent work of [12, 13], which focuses on the large-temperature, infinite-data regime,
and from [35], which investigates the storage capacity problem. It also goes beyond clas-
sical committee-machine analysis [7, 10, 25–29] by offering a theoretical framework valid
for arbitrary inner and outer activation functions with regularized weights.

Our work paves the way for additional investigations of more complex network archi-
tectures and input distributions. A key limitation of present analysis is the focus on i.i.d.
inputs, which considerably simplifies analytical derivations. Extending the framework
to structured inputs is crucial to model the learning performance on real datasets and is
left for future work. For instance, we expect our analytical approach to be generalizable
to input distributions modeled as mixtures of Gaussian with generic mean vectors and
covariance matrices.
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Learning in two-layer networks in the K ≪N regime has been recently analyzed
using dynamical mean field theory for gradient flow [51]. The authors consider both
first- and second-layer learnable weights and identify different dynamical regimes using
a separation of time-scales argument. It would be interesting to characterize the steady
states of such learning dynamics, in relation to the equilibrium distribution induced
by Langevin-based sampling of the weight posterior. Doing so would require extending
our framework to the case of plastic second-layer weights, which we treated as known
(quenched) for simplicity. This extension also help in fully clarifying the difference
between the K ≪N case and the so-called extensive-width regime, i.e. with K =O (N)
and P =O (N), see [51, 52] and references therein.
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