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Abstract

We study linear perturbations around different black hole geometries. We describe two
methods that provide the quantization condition for the quasinormal mode frequencies
of the perturbation field. The first method is based on techniques from supersymmetric
gauge theory and conformal field theory that allow us to explicitly write the connection
coefficients for the differential equation encoding the spectral problem. With a closely
related analysis, we study one-loop effective actions of scalar fields in the black hole
backgrounds by applying a version of the Gelfand-Yaglom theorem generalized to include
regular singularities. In particular, the analytic properties of the final results are made
explicit by the contributions of the quasinormal modes. The second method provides a
perturbative expansion of the local solutions of the differential equation based on multiple
polylogarithmic functions around regular singular points and a newly introduced set of
special functions called multiple polyexponential integrals around irregular singularities.
The convergence properties of Nekrasov’s functions are also considered, because of their
relevance to the connection formulae and the physical problems analyzed.
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Chapter 1

Introduction

The research area of Mathematical Physics covers the wide spectrum of developments
of mathematical methods suitable for application to problems in physics. Two impor-
tant aspects are evident. First, the inspiration for studies identified under the label of
Mathematical Physics arises from physical phenomena and takes strength from the need
to formulate a mathematical model able to reproduce, understand, and explain physical
results obtained through observations or numerical simulations. Second, the model itself
is required to be rigorous from a purely mathematical viewpoint and is usually based on
analytic and geometric grounds.

This thesis focuses on a corner of this massive subject. The physical motivation of the
present analysis arises from the recent experimental verification of gravitational waves
[1]. Thanks to the growing data from the observations, there has been a renewed interest
in analytically computing gravitational quantities within the realm of General Relativity
to test the validity of its predictions or to measure deviations from them. Among the
relevant quantities that can be investigated, a crucial role is played by the black hole
quasinormal mode frequencies (QNMs).

For a general physical system, QNMs are the characteristic modes of energy dis-
sipation of a perturbed object or field. They compose a set of discrete and complex
frequencies, the imaginary part being associated with the decay timescale of the per-
turbation. Within general relativity, QNMs naturally appear in the analysis of linear
perturbations around fixed gravitational backgrounds. Among these, black hole geome-
tries are intrinsically dissipative due to the presence of an event horizon, which acts as
a one-way causal boundary surface, separating the communication of information at a
classical level. For example, the QNMs are encoded in the damped oscillations appearing
in the last phase of the merger of two colliding black holes, the so-called ringdown phase,
and, hence, they have a direct connection to gravitational wave observations.

From a mathematical perspective, the perturbation fields obey second-order differ-
ential equations, whose symmetries are dictated by the symmetry properties of the ge-
ometric background. In most cases, these symmetries allow one to separate variables
and reduce the problem to the study of a system of linear ordinary differential equations
(ODE)s, or a single ODE, the radial one. The quantization condition for the QNMs is
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obtained by imposing two suitable boundary conditions on the perturbation fields. In
a black hole background, one of the boundary conditions is imposed at the black hole
horizon, which is a singular point of the relevant ODE. Here, the perturbation is required
to be purely ingoing, matching the idea that nothing can escape from the region inside
the black hole horizon. The second boundary condition, instead, is more specific to the
background asymptotic geometry. In asymptotically flat spacetimes, the boundary con-
dition is imposed at spatial infinity, in asymptotically de Sitter spacetimes, the boundary
condition is imposed at the cosmological horizon, which has a radius greater than the
event horizon’s one, and in asymptotically anti-de Sitter spacetimes, the boundary con-
dition is imposed at the anti-de Sitter boundary. Moreover, also the type of boundary
condition to impose is not fixed but depends on the specific perturbation under scrutiny
(for a recent review of the computation of QNMs in different black hole geometries and
imposing different boundary conditions see [2]).

Denoting with ® the perturbation field, using the separation of variables of the per-
turbation equation, the following decomposition in Fourier modes can be imposed

O(t,r,Q) = /dwz TG 0 () R i (1) (1.1.1)

In the spherically symmetric cases, the angular functions S, ¢,7(2) coincide with the
spherical harmonics Yy ().

The analysis of the QNMs focuses on the radial differential equation, satisfied by
R, ¢ (r), and it depends on the separation constants, which can be found by solving the
coupled angular problemsE Redefining appropriately the radial variable  and the wave
function R(r), it is possible to rewrite the radial ODE in normal form,

d2
2 Y(z)+V(z)yY(z) =0, (1.1.2)

where the singularity structure of the problem is encoded in the potential V'(z). This
is why the study of black hole perturbation theory is intimately related to the study of
second-order linear ODEs on the Riemann sphere. To distinguish the second-order ODEs
in terms of their singularity structure, the starting point is given by the ODEs in which
all singular points are regular, according to the following definition [3]:

Definition 1.1.1. For a second-order differential equation of the form (1.1.2]), a point
20 is

o a regular point if V(2) is analytic at z = zp,
e a regular singular point if V(z) has a pole of order up to 2 at z = 2,

e an irreqular singular point otherwise.

'In the spherically symmetric cases, the separation constants are given in terms of the eigenvalues of
the spherical harmonics.
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A linear differential equation in which every singular point, including the point at
infinity, is a regular singularity is called Fuchsian.

The simplest case of Fuchsian ODE is the one in which the only two singular points
are at z = 0 and z = co. In this case, the differential equation can be written as

d2 1_ .2
g2 V) A () =0, (113

where we call ag € C the index of the regular singularity z = 0. If ag # 0, a basis of
independent solutions of this ODE is given by 23%00 The case ao = 0 is a special one,
and a basis of solutions is given by /z, v/z log(2).

The immediate following case is the Hypergeometric differential equation. This is a
Fuchsian ODE with regular singular points at z = 0,1,00. The main difference with
respect to the previous case is that the solutions of the Hypergeometric differential equa-
tion do not admit a Taylor series expansion that is well-defined on the whole complex
plane, but they admit local expansions centered at one of the singularities, which are
convergent until they reach the next closest singular point. These local solutions are

built out of the Gaussian Hypergeometric function

oF i (a,b;c;2) = ZWZ’“, |z| <1, (1.1.4)
k=0 ’

where a, b, ¢c € C parametrize the indices of the singular points, and where (x),, denotes
the (rising) Pochhammer symbol.

Although the local solutions are given in terms of series expansions with a finite radius
of convergence, thanks to the integral representation of the Hypergeometric functions,
it is possible to analytically continue a specific solution on the whole Riemann sphere.
Concretely, this is realized by the Hypergeometric connection formulae.

The connection formulae are particularly useful for the quantization of the QNMs
since they make it possible to impose on the same wave solution both boundary condi-
tions, which in principle are imposed in different local regions. However, in black hole
perturbation problems, the differential equation is more complicated than a Hypergeo-
metric differential equation, having a higher number of regular singularities or involving
the presence of irregular ones. For these more involved differential equations, the con-
nection matrices relating local solutions around different singularities were not known in
closed form.

A crucial contribution in this direction has been made in [4], where connection for-
mulae for the Heun differential equation and its confluence forms were obtained with
techniques coming from Liouville conformal field theory (CFT). The Heun’s differential
equation [5l [6] [7, [8] is a Fuchsian differential equation with four regular singularities. By
performing a suitable redefinition of the variable, realized by a PGLy transformation, it
is always possible to send three of the singular points in z = 0,1, 00, and, once this is
fixed, the position of the fourth singularity is determined and usually denoted with ¢,
which acts as a new modulus for the problem.
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The Heun differential equation arises in Liouville CFT from the semiclassical limit
of the BPZ equation [9)] satisfied by a five-point correlation function, where a degenerate
field appears as one of the insertions.

Liouville CFT is an interacting CFT, with coupling usually denoted with b, and with
central charge ¢ = 1 4 6Q?, where Q = b+ b~! (see [10, [IT] for detailed reviews of the
theory). As for every 2d CFT, the symmetry algebra of Liouville CFT is the Virasoro
algebra, whose generators L,, n € Z satisfy the commutation relation

[Lin, Lp] = (m —n)Lyptn + 1—62(m3 — M)0mtn,0, M,N E L. (1.1.5)

These generators characterize the mode expansion of the energy-momentum tensor 7'(z):

T(z) =Y Lpz "2 (1.1.6)

nel

In the representation theory of the Virasoro algebra, a crucial role is played by the
primary operators Va, where A is called its conformal dimensionﬂ These satisfy a
special transformation rule under conformal transformations z — w:

Va(z) dz® — Va(w) dw®. (1.1.7)

The conformal dimension A of a primary field is usually parametrized by the conformal
momentum « such that )
Q 2

We will usually denote a primary field as V,,, where the spectrum is parametrized in
such a way that o € iR. Starting from a primary operator V,, thanks to the state-
operator correspondence [12], it is possible to construct the primary state |A,), which
defines a lowest weight representations of the Virasoro algebra. The other states in the
same representation are obtained by acting on the primary state with negative Virasoro
generators and are called descendants. When considering correlation functions between
primary operators, we will use the following notation on bra states denoting the insertion
of a primary field V, at z = co:

(Ag| = lim 2222 (V,(2). (1.1.9)

Z—00
Liouville CFT allows the existence of reducible representations of the Virasoro alge-
bra. The invariant submodules are generated by null states, which have the property
of being annihilated by all the positive generators of the local conformal transforma-
tions Ly, n > 0. A primary state that admits a descendant which is a null state is

2In general, a CFT is covariant under two copies of the Virasoro algebra, a holomorphic part and an
antiholomorphic one. Each primary operator is then characterized by the holomorphic dimension A, its
antiholomorphic dimension A, and the spin J = A — A. In Liouville CFT the spectrum is diagonal, and
so A = A and J = 0 for all the operators.
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called degenerate. At level 2, there exists a null state, which is a descendant of the state

corresponding to the degenerate field ®5; having conformal weight Ay = —% — %bQ
(b72L%, + L_s) |®a,1). (1.1.10)

The null states decouple from every correlation function, that is, for every m-tuple of
primary fields V,,, one has

m

(T Vau(z) [p72L2 ) + L_o] @2,(2)) = 0. (1.1.11)
=1

Using the local Ward identities [12], it is possible to express the (m + 1)-point function
involving the descendant field in terms of differential operators acting on (m + 1)-point
functions of primary fields. Indeed, since the operators L_, can be represented as dif-
ferential operators, we have that the (m + 1)-point correlation function including the

degenerate insertion,
m

(J ] Ve (20) @21 (2)), (1.1.12)

=1

satisfies a partial differential equation (PDE) known as BPZ equation [9):

192 &K/ 1 0 A;
[172822+;<z—zi82i+(z—zi)2>

If we perform the operator product expansion (OPE) [12] between the degenerate field
®5 1(z) and one of the primary fields Vj, (z;),

m

(]| Ve (2:)@2,1(2)) = 0. (1.1.13)

=1

D91(2)Va, (2i) Z Coé2 ez — zi)§¥°‘iVai¢(zi) +0 ((z — zi)§$ai“> . (1.1.14)

inside the correlator ([1.1.12), where the OPE coefficients Cgﬁ are determined by the

three-point functions of the theoryﬂ7 we obtain the conformal block expansion of a basis
of local solutions of the BPZ equation for z ~ z;. By considering the correlation function

(Ao |V (1) Vo, (£) P21 (2) | Ao), (1.1.15)

where we assume 0 < [t| < 1, we can introduce the conformal-block expansion
(Aoo|Van (1) Ve, () P2,1(2)| Ao) =

N N (1.1.16)
Z / dO( Cozgelao COétOlo@ Caooala

i

2
ap o g1, 2
o« et —
3(@ Oeaoaa >

oo t

3Tt is commonly said thet Liouville CFT is solved, in the sense that the three-point functions admit
explicit expressions known as DOZZ formulae [13| [14].
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where b
agza—ﬁi, 0 = =+1, (1.1.17)

and § denotes the conformal blocks, and the norm squared reflects the fact that both
holomorphic and anti-holomorphic contributions are considered. Since these give anal-
ogous contributions, we only consider the holomorphic ones in what follows. In the
semiclassical limit,

b— 0, o; — 00, ba; = a; finite, (1.1.18)

the divergence of the conformal blocks exponentiates [I5] and the z-dependence becomes
subleading:

a1« o z AL V241 1
5 (al o Tagg a2’1;t, > — tRamBay=Ragg ;73 H0bA0 oy [1)2 (F(t)+ 0(62))} , (1.1.19)

[e) 0 t

where F denotes the classical four-point conformal block and is related to the conformal
block without the degenerate insertion by

3 <a1 ot t> — tAa"Ra—Rag exp [612 (F(t) + O(b%)} . (1.1.20)

(075 O50’

The divergences in the conformal blocks can be cured by dividing the original confor-
mal block by the one without the degenerate insertion. We denote the resulting finite,
semiclassical conformal block by

F <a1 0™ a0g 21 Z> _
Qoo (o)) t
L) :
nd = 700,310 oypy [—2(‘9&017(15)] : [1 +0 (t, Eﬂ .

b—0
— 3 (O[l aat;t)
O G
(1.1.21)

In the semiclassical limit, the BPZ equation satisfied by (|1.1.15) becomes a Heun differ-
ential equation

DHeun ¥ (2) = 0, (1.1.22)
P~ L G d-ad | f-al —j-ditditaitd  (-Du
T de2 22 (z—1)2 (2 —1)2 2(z—1) 2(z—=1)(z —t)’
where OF (1)
t
=t 1.1.23

and ag, a1, a¢, A denote the indices of the singular points.

The Heun equation also enters the computation of surface operators in N’ = 2 SU(2)
supersymmetric gauge theory with Ny < 4 [I6] 17, [I8, [19]. This is not a coincidence.
Indeed, there exists a correspondence between 2d Liouville CFT and 4d N' = 2 SU(2)
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supersymmetric gauge theory in the so-called -background, the AGT correspondence
[20]. This makes a precise dictionary between quantities defined in the two theories,
and, in particular, relates the 2d Liouville conformal blocks to the Nekrasov’s instanton
partition functions [21], 22].

Thanks to AGT correspondence, the connection formulae for the Heun equation and
its confluence forms obtained in [4] have an explicit dependence on special functions,
namely the Nekrasov-Shatashvili (NS) functions |23], which are obtained performing a
suitable limit in the 2-background parameters and admit a structure defined by a series
expansion in t. We describe the conventions used for these functions in Appendix [A] It
has been shown that these functions are building blocks to compute quantum periods
[24, 25], 26], 27, 28], eigenfunctions [29} 30, 31, B2, B3], 34], and Fredholm determinants
[35, [36].

Being defined as series expansions, a natural question concerns the convergence prop-
erties of these special functions. These are currently unknown in full generality but several
studies on the convergence of Nekrasov’s instanton functions have been conducted with
different methods and for specific ranges of the gauge parameters |37, [38] [39} 140, [41], [42].
We describe in Chapter [4] how estimates for the convergence radius under some genericity
assumptions on the 2-background parameters can be obtained from known combinatorial
results.

The NS functions were initially applied to studying spectral problems describing
black hole perturbation theory in [43], where QNMs in four-dimensional asymptotically
flat black holes were considered. The approach has then been generalized to various
gravitational backgrounds and extends beyond the QNMs computation [44, 45| 46, 47,
48, 1491 50, 51 52) 53, B4, 55 66|, 57, 58| 59, 60, 61, 62] [63] 64, 65, [66], 67, 68, 69, [70, [71], [72].
Also, a related approach based on Painlevé equations has been developed in |73, [74]
75, [76, [77), [78, [79], 80, 81} 82]. Other interesting related results have been elaborated in
[83], 184, (85, 1861, 87, [88], 89, 90, 01, 92} 93], 94 95], 96, 97, 98], 99, 100, 10T, 102] 103, [104] 105].

The techniques arising from supersymmetric gauge theory and Liouville CFT have a
wide range of applicability in black hole perturbation theory. However, depending on the
specific gravitational dictionary and the imposed boundary conditions, there are cases
in which the method is less effective. For this reason, in Chapter [2] we also apply an
alternative perturbative method E| This method is similar to Hamiltonian perturbation
theory, and although the numerical implementation of this algorithm is well known (see
e.g. [46, 110l 111]), the analytic computation becomes quickly quite complicated.

For the problems at hand, the following Ansatz for the eigenfunctions is introduced
in local regions of the punctured sphere on which the differential equation is defined

¥(2) = ho(2) + ) w(2)r", (1.1.24)

k>1

where £ is some suitably chosen expansion parameter. At each order in k, ¥(z) is

4We remark that similar methods were already developed, for example, the method of matched asymp-
totic expansions (see [106] for a review). An important application to black hole problems can be found
in [I07] 108}, [109], whose technique became known as the MST method.
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determined by a second-order equation

U (2) + @(2) i (2) + v(2) Yu(2) + me(z) = 0, (1.1.25)

which we solve by using the method of variation of parameters. The functions ¢ and v
in ([1.1.25)) are known from the original differential equationﬂ and the non-homogeneous
part of the differential equation 7(2) is fully determined by the solutions to the previous
orders ¥, (z) with m <k — 1. Let 1g(2), go(2) be the two solutions of the homogeneous

part of 1.1.25E| Then, we write the generic solution to (|1.1.25)) asm

Vi (2) = ek go(z) — go(2) /Z Yo(2') gfo(é,)) dz" +vo(z) /z go(2") gfo(é,)) dz',  (1.1.26)

where Wy(z) is the Wronskian between the two leading order solutions

Wo = to(2) g0(2) — ¥6(2) go(2)- (1.1.27)

Imposing the two boundary conditions and gluing the solutions in the different local
regions fixes the integration constants ¢ and provides the quantization of the frequency
of the perturbation.

In the case of asymptotically (anti-)de Sitter spacetime, only regular singularities
appear in the differential equation, with the number of singular points depending on
the specific type of perturbation. For the spectral problems we are interested in and
which we describe in Sec. we focus on cases with four and five singularities.
In all the analyzed cases, the leading order solutions are described in terms of rational
or logarithmic functions, and their Wronskian is a rational function. Hence, the wave
function at order x* is described in terms of multiple polylogarithms of weight k and lower
[112, 113].

For the kind of perturbations studied in Sec. and Sec. the wave function can
be determined in terms of multiple polylogarithms in a single variable

S k1

. z
Lis,.on2) = D g (1.1.28)
Sk

k1>ka>->kp>1

The positive integer n is called level, and the sum s1 + --- + s, is called weight.
The multiple polylogarithms satisfy an integral recurrence relation, that differs ac-
cording to the value of the first weight s;. For s; > 2, one has

d
z EL1817---78n (2) = Lig,—1,.. 5, (%) (1.1.29)

®The wave equation is understood to be Taylor expanded as ¥"(z) + 5o, k" (r(2)¥/(2) +
v(2)¥(2)) = 0, so that one finds explicitly n(2) = S°F _ (0m (2)8)_m(2) + vim(2)r—m(2)). In the
text, po(2) = ¢(z) and vo(z) = v(z).

5These are the two solutions of the leading order differential equation, go(z) being the one that does
not satisfy the relevant boundary condition.

"The integrals appearing in are the indefinite ones.
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and, for s; =1,
d _. .
(1-— Z)aLll,SQ,...,sn (2) = Lig,,.. 5, (2). (1.1.30)

For the gravitational perturbation studied in Sec. the wave function can be
determined in terms of multiple polylogarithms in several variables

= zlfl L2k
Lig, o0 (21, 0y 20) = > e Ta—l (1.1.31)
ki>kp>e>kp>1 0L T
The integral recurrence relations satisfied by these functions are
21 0z Ligy, 60 (21,0 2n) = Lisi—1, s, (21, ..., 2n) (1.1.32)
for s1 > 1, and
(1 = 21)0 Lit gy, s, (21, -+, 2n) = Lig,, s, (2122, 23, ..., 2n). (1.1.33)

for s1 = 1.

We refer to Appendix [B] for the needed properties of these special functions.

In the case of asymptotically flat black holes, one of the boundary conditions is im-
posed at spatial infinity, which is an irregular singularity of the differential equation.
Around this point, which in our conventions corresponds to z = 0o, we encounter leading
order solutions of the ODE which are given by products of rational functions and expo-
nential functions. In the first order of perturbation, the solution of the ODE involves the
exponential integral

Ei(z) = / itdt. (1.1.34)

—0o0
This function can also be written as a Taylor series expansion around z = 0 plus a
logarithm:
Ei(z) = v + log(—z) + kzl o (=2l <, (1.1.35)

where v denotes the Euler-Mascheroni constant. When computing the next orders of
perturbation, we need to take further integrations, and an iterative structure similar to
the one defining the multiple polylogarithms appears.

Therefore, in Appendix [C| we define functions that generalize the exponential inte-
gral as multiple polylogarithms do for the logarithm. For studies on related functions
see [114], [I15] 116, 117, 118, 119, 120]. We are interested in the properties of the mul-
tiple polyexponential functions both for z — oo, where, in the black hole problem, the
boundary condition is imposed, and for z = 0, where the local solution is required to
glue continuously with the local solution of the nearby local region.

Taking inspiration from the recursive integral structure of the multiple polyloga-
rithms, we define the set of multiple polyexponential integrals as

z et
ELil,SQ,..‘,Sn (Z) = _/ ? ELiSQ,...,Sn (_t) dt,
_010 (1.1.36)
n ELis, —1,s5,..,s, () dt,

z

S1 > 1: ELiSl,---vs" (Z) - /

—00
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where n, s1,...,s, € Z~o and the starting point is
ELi; (2) = Ei(2). (1.1.37)

The integer n is called level and the sum s1+- - -+s,, is called weight. These functions have
an explicit asymptotic behavior when z — oo and satisfy the following simple recursive
derivative relations:

—e*ELiy,  s.(—2) s1=1,

_ (1.1.38)
EL151_17527W7SH(2’) S1 > 1.

d ..
zaELlshsg,...,sn (Z) = {

To make contact with the behavior at z = 0, we will generalize the Taylor series in
(1.1.35) and define the set of undressed multiple polyexponential functions:

1 2k
€ls1,82...,sn(2) = Z mk—l', (1.1.39)

k1>ko>->kp>1

where again n, s1,..., S, € Z~g.

From this definition, it can be proved that the recursive differential relation satisfied
by the undressed multiple polyexponential functions is not as simple as and
involves sums over ordered partitions of integers.

As a consequence, it is not straightforward to find the relations between the undressed
multiple polyexponential functions and the multiple polyexponential integrals. However,
it is possible to define a new set of functions, that we call dressed multiple polyexponential
functions, and we denote with ELy, 5 (2), starting from (sums of) the undressed ones
that satisfy the integral recurrence relation analogous to :

d
ZaEL81,S2,...,sn(3) = { (1.1.40)

When the level is equal to 1, these simply coincide with the corresponding undressed
functions
ELgs(2) = els(z), for all s € Zo. (1.1.41)

The first difference appears in the definition of EL; ¢(2). By noticing that
d z
S Z eliop(s)(2) = — Z elop(s)(2) — e%els(—2), (1.1.42)
op(s) op(s)

we define the functions

ELLS(Z) = Z elop(s—i—l) (Z), (1143)
op(s+1)
that satisfy
d
Z&ELLS(Z) = —e’EL4(—2). (1.1.44)
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Defining the dressed functions with higher levels in such a way that the recursions
are satisfied, it is possible to determine the relations between the EL functions with the
undressed ones analogous to . From these relations, it is possible to provide the
Taylor series expansion of the dressed multiple polyexponential functions around z = 0.
Moreover, starting from the relation , which we can rewrite with the new

notations as
ELi;(2) = v + log(—=2) + EL;(2), (1.1.45)

the validity of the integral recurrence relations (1.1.40)) and (1.1.38) also makes it pos-
sible to write the relations between the dressed multiple polyexponential functions and

the multiple polyexponential integrals. In particular, the general relation depends on
coefficients whose structure is determined by multiple zeta values (MZVs). For useful
properties of the MZVs, see [121), [122] 123, 124], 125, 126], 127, 128 129, 130} 131 132,
133, 134, [135], 1306, [137]. We discuss the three different sets of functions in Appendix
[Cl This will enable us to control the behavior of the solution of the original ODE both
around z = 0 and in the asymptotic region z — oc.

The study of QNMs is strictly related to the computation of the one-loop Euclidean
quantum actions. A general formalism for the study of the quantum effective actions in
a black hole background in Euclidean quantum gravity [138] was settled in [139], where
a formula for the computation of determinants in thermal spacetimes in terms of QNMs
was proposed. The results were then interpreted in Lorentzian geometry in [140] [141].
So far, explicit calculations were restricted to three-dimensional black holes or more in
general problems reducible to Hypergeometric operators. In Chapter we devise a
method to compute the one-loop determinants directly from the connection coefficients
of the Heun equations by generalizing the Gelfand-Yaglom method [142] to differential
operators with regular singularities.

We perform the full computations in the cases of scalar perturbations in Kerr-de Sitter
black hole in four dimensions, in Schwarzschild-de Sitter black hole in four dimensions,
and in Schwarzschild-anti-de Sitter in five dimensions, where the radial problem is en-
coded in a Heun differential equation and the boundary conditions are imposed in regular
singular points of the problem. The application of the Gelfand-Yaglom method to higher
dimensional differential operators admitting the separation of variables is not a novelty,
as it has been studied in [I43]. Similar formulae for the computation of determinants of
differential operators with regular singularities appear also in [144].

Our analysis gives closed formulae for the determinants leading to the one-loop effec-
tive action and the rule to compute their spectrum from the NS function of the quantum
integrable system associated with the specific Heun equation arising in the gravitational
problem. The expressions we find make explicit the analytic properties of the one-loop ef-
fective actions with respect to the gravitational parameters and the precise contributions
of the QNMs.

We conclude with Chapter [5| drawing the conclusions, highlighting the main results,
and pointing to open problems and further outlook.
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Chapter 2

Black hole linear perturbations and
QNMs

In this chapter, we discuss linear perturbations around different four-dimensional space-
times. We first study the Schwarzschild-de Sitter black holes, where we find the quasi-
normal mode frequencies by applying the two methods described in the introduction. We
then discuss the Schwarzschild-anti-de Sitter case, for which the gauge theory method is
less effective. Finally, we study the asymptotically flat Schwarzschild black hole in the
small frequency expansion, comparing the results with the gauge theory method analyzed
in [43].

2.1 Perturbations of de Sitter black holes in four dimensions

2.1.1 Schwarzschild de Sitter black hole

The metric describing the de Sitter Schwarzschild black hole in four dimensions (SdSy)
18

ds? = —f(r)dt? + f(r)"tdr? + r2dQ3 (2.1.1)

with oM A
_q_2M A 2.1.2
fry=1-22L A 2.12)

where M is the mass of the black hole and A > 0 is the cosmological constant. In what
follows, we fix A = 3, and then we suppose M to be in the range 0 < M? < 1/27 to have
three real roots for the equation rf(r) = 0, since otherwise we would have unphysical
solutions. We denote these roots by

Rn, R, (2.1.3)
where Ry, €]0,1/+/3[ is the smallest positive real root, and Ry are real and given in terms

of Rh by
"Ry £ /4 3R2
R, " (2.1.4)

- 2
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We study a class of linear perturbations of the SdS; geometry with spin s € {0, 1,2},
encoded in the following radial equation (see [I145] and reference therein)

2, (), W= V(r) _
<6T + ) Or + 72 > R(r) =0, (2.1.5)

where the potential is

V(r)=f(r) [M +(1—s%) (2;\34)} . (2.1.6)

r2

For s = 0, this equation describes conformally coupled scalar perturbations; for s =
1, electromagnetic perturbations; and for s = 2, odd (Regge-Wheeler or vector-type)
gravitational perturbations.

The boundary conditions we impose on the wave function are the presence of only
ingoing modes at the event horizon Ry and the presence of only outgoing modes at the
cosmological horizon R;. These conditions can be made explicit by introducing the
tortoise coordinate r, defined by

dr
fr)
In terms of 7., the behavior of R(r) near Ry, Ry is described by plane waves, so we ask
that R(r) behaves as exp(—iwr,) for r ~ Ry, and as exp(iwry) for r ~ Ry. The latter
radial equation apparently has five regular singular points located at r = {0, Ry, R+, 00}.
However, as pointed out in [I46], under the change of variable

dry = (2.1.7)

_ T(RJ,_ — R_)

=~ =/ 2.1.
and redefinition of the wave function
P(z) = Z*w/2(z - 1)*5/2(,2 — t)*e/2 f(r) Im R(r), (2.1.9)
where
t = M
Ri(R- —Rp)’
v=1-2s,
S—1— 2iw Ry (2.1.10)
(R4 — Rp)(Ry — R-)’
2w Ry,
=14
‘=TT 3Ry

the singularity at infinity is removed, and the equation becomes a Heun equation

d? v 0 € d afz—q -
[dz2+<z+z—1+z—t)dz+z(z—1)(z—t) (=) =0, (21.11)
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with
2iw R_
(R- — Rp)(R- — Ry)’
B=1—s, (2.1.12)
‘- 00+ 1) N (1—s)*Ry  s(1-s)R2
R.(R-—-Rp) R,—R- Ry(R,—R_)

a=1—s+

In the z coordinate, the horizon r = Ry is mapped to z = t, the cosmological horizons
r = R4 are mapped to z = 1 and z = oo, respectively, while the origin, » = 0, is mapped
to z =0.

The boundary conditions described for R(r) imply the following behaviors for the
function 2:

P(z) ~ 1 for z~1,

P(z) ~ (2 — t)l—e for = ~ 1. (2.1.13)

We now want to obtain the analytic formula from which the quasinormal modes can be
computed in the limit where ¢ is small, 0 < ¢ < 1, or, equivalently, Ry, is small, R, < 1.
For this purpose, we write the following dictionary for the gauge parameters in terms
of Heun’s parameters and gravitational quantities (see appendix [A] for the conventions
used):

t_Rh(R—_R+)
Ri(R-—Rp)’
I—v
ao—T—S,
al—l_é— iWR+
2 Ry — Rp)(Ry —R_)’
L ( :thh)( +~ R-) (2.1.14)
“T Ty T I sR
a—p twR_

Ooo = )
2 (R- — Rp)(R- — Ry)
" —2q + 2taf + ve — t(y + d)e
B 2(t — 1) '

Connection Problem
The computation of quasinormal mode frequencies is obtained by imposing purely ingoing
boundary conditions at the event horizon z = ¢ and purely outgoing at the positive

cosmological horizon z = 1. The independent solutions of the Heun equation for z ~ ¢
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are

t—1" 11—t 1-t¢

q—(B—v—90)(a—y—t—7(e—1)
t—1’ 1—t¢ ’

P (z) = Heun(t 4—tB 86, ‘t>

wg)(z) =(z— t)l_eHeun< (2.1.15)

—1
—a+v+5,—ﬁ+v+6,2—e,6,’i_t>7

and the ones for z ~ 1 are

— o 1_
r-t

—a—1+46
1—t> Heun(t,q—(é—l)vt—(ﬂ—l)(a—5+1),

o0 = -

t—=z
(2.1.16)
Taking into account the boundary conditions , the connection coefficient between
1&9 and zpil) has to be set equal to zero. Indeed, after selecting the local solution ws:)
around the black hole horizon, we can rewrite it around z = 1 as

1—
—B+v+L,a—0+1,2—46,7,t 2).

vl =clf o iy wl, (2.1.17)

where Ctlfrr,Ctl; denote the connection coefficients. To select the local solution ¢(_1) it is
therefore sufficient to impose Ctljf =0.
In terms of the connection matrices of hypergeometric functions

F(729’a2)11(1 + 29&1)
r (% +0a; — 0'as —|—CL3) T (% +0a; — 0ay — CL3)

Moy (a1, az; a3) = : (2.1.18)

where 6,60 = 4, the connection formula for small ¢ from z ~ ¢ to z ~ 1 is given by

t—%-ﬁ-ao—at(l _ t)—%"rale_%aatF(t)wS:)(z) =

Z M+g(at, a: CL())M(,U),(CL, ar; aoo)toaef%&lF(t)(l - t)atf%eiw(a1+at)+%8alF(t)qp(_l)(Z)+
o=+

Z MJro(ata a: aO)M(—oH—(aa ar; aoo)toae—%aaF(t)(l o t)at—%eiﬂ'(—al‘i‘[lt)—%aalF(t)w—(:) (Z)

o=+
(2.1.19)
This leads us to the quantization condition for the quasinormal modes in the form
Y Mio(ar, a3 a) Moy (a, ar; ace)t7e” 2770 = 0, (2.1.20)
o=+

26



which can be rewritten as

420,0.F (1) L'(1+ 2a)® H F(E—a+a;+01a0)T(5 —a—ar+ 0 ax)
(1 —2a)? FE+a+a+01a0)(5+a—ar+6ax)

=1 (2.1.21)
01,02=+

Note that this is nothing but
exp (0g Fran(t)) = 1, (2.1.22)

where Fpyi(t) is the full NS free energy, since the ratio of Gamma functions in (2.1.22))
represents the 1-loop corrections.

QNDMs at large /

The previous quantization condition gets simplified in the large £ limit, where we neglect
non-perturbative effects in £ of the form RfL. This regime was studied for AdSs black
holes in [147, 59], since in this limit, the quasinormal mode frequencies become real, and,
via the AdS/CFT correspondence, they compute the dimensions of certain operators in
the holographic conformal field theory, see [148] 149, 150, 151, 152) [153], 154 155] and
references therein. In the de Sitter case, in this regime, the quasinormal mode frequencies
are purely imaginary, and their interpretation from the point of view of holography is,
at present, less clear.
In the leading order in Ry, a ~ + (€ + %) Choosing the plus sign, the quantization
condition
Z Mo (at, a3 a0) M (_g)4(a, ax; o0 )17 2% 1) — (2.1.23)
o==%

simplifies to
My _(at,a;a0) My (a,aq; aoo)t*“e%‘%F(t) =0, (2.1.24)
since the other term is exponentially suppressed. This condition is satisfied if and only if

I'(2a)I'(1 — 2a4)T'(1 + 2a)T(—2a1)
FG+a+a+a)l(3+a+a—a)T(3+a—a1 —ax)'(5 +a— a1 +ax)

=0,

(2.1.25)
which is solved at the poles of the Gamma functions in the denominator. Only the last
one admits poles among the four Gamma functions in the denominator, consistently with
our regime Ry < 1. These are given by the condition

1
3 +a—a;+aw =—n, with n e Zsg. (2.1.26)

Expanding the parameters in Rp and writing w as
o
w=Y wpRf, (2.1.27)
k=0
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we obtain from this condition

wo =1i(—f —n—1);

w1 = O;
—_ _ i 4 2 3 2 2
wy = 8€(€+1)(2€+1)(2€—1)(2€+3){£ (60n2 + 60n + 22) + €% (120n> + 48ns
+122n + 245 + 45) + (% [8n7 (357 + 2) + n (965 + 19) + 8s* + 44s® + §]
+ € [4n? (65® — 11) +n (24s* — 43) + 20s* — 4s* — 15] + 12(n + 1)%s* (s* — 2) };
w3 = O;

(2.1.28)
Higher orders can also be computed systematically, but their expressions are cumbersome;
hence we do not write them explicitly. Notice that in this limit, all the odd orders wogt1
seem to vanish. Moreover, these formulas are correct for finite £ up to order R}QLEH, as will
be shown in Sec. We also note that we expect the series to be convergent
in Ry, the need for non-perturbative effects in £ can be inferred from the fact that at
higher orders this series develops some apparent poles in £. For instance, for s = 0 a pole
at £ = 0 appears in the expression of wy:

i(n+1)4

7 +0 () . (2.1.29)

W4‘s:0 =

2.1.2 Perturbation theory around dS,
QNMs in pure dSy

The pure de Sitter case can be obtained by taking the limit ¢ — 0 or, equivalently,
Rp — 0. As the event horizon disappears in this limit, it is enough to consider only the
region near the cosmological horizon r = R4. In this limit, the Heun equation becomes
a Hypergeometric equation, whose solutions are

PTG R~ — 0 —iwg; =265 2), 2 TR0+ 104+ 1 —iwo; 20+ 2;2),  (2.1.30)

where wyq is the leading order term in the Ry expansion of the frequency (2.1.27)). Since ¢
is a non-negative integer, the hypergeometric functions get truncated to polynomials as

l .
—0.—f — o —20: % :E : _1\k ¢ (_E_Zwo)kzk

, 2\ 201 (204 D)? T (iwg — £
oFL (041,041 —iwg; 20 + 25 2) = (—1)" (5) ((2 ol +)1)) T (i(f)() 7 +)1) X

0 . .
ok (O (Hl—iwo)y, (L _ yiwo (=€ + iwo)y, L
<2 (1 (o) S (- ) -
(2.1.31)
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The boundary conditions require that the radial part of the gravitational perturbation
R (r) is well-defined as » — 0. Using the dictionary for the wave function (2.1.9), we
rewrite the latter requirement in terms of ¢ (2):

D2 (2) = 252 (2) ~ 1 for 2~ 0. (2.1.32)

Thus, we have to pick a regular solution at z ~ 0 and consider an additional factor of
z~5t1/2 Looking at the first solution from , we can see that z*5*1/22F1(—€, —{—
iwo; —20; z) is not regular at z ~ 0 for any allowed value of ¢. Indeed, the other combi-
nation gives the solution, which is regular at z ~ 0:

V2R (041,041 —iwg; 204 2; 2) ~ 212 < 0. (2.1.33)
In addition, the boundary conditions at the cosmological horizon require the eigenfunc-

tion to be regular with a well-defined Taylor expansion at z = 1. This is possible only if
iwy € Z>o (due to the term (1 — 2)** in (2.1.31))). Moreover, to avoid the poles in the

Gamma functions in (2.1.31)):

14

r (in — f) o . . _
w1 01D~ kHZ (iwo — k)71, (2.1.34)

we must exclude all the values of iwg that are smaller or equal to ¢ (these poles indicate
that the second expression in (2.1.31) have to be rewritten in terms of log(z — 1) for
iwg =0,0—1,...,—¢+1,—¢). This gives the well-known quantization condition for the
QNM frequencies of the pure dSy:

iwo=L+n+1, withn € Z>o. (2.1.35)

The corresponding eigenfunction is

i,y — its e () (D b
=32 <k><2e+2>k | (2.1.36)

We also note that the discarded solution is

l
gh(2) = 2277 (1 — )] kzzo (=1 (i) (E‘_;;)): Pl (2.1.37)

The Wronskian between fOL and gé is
WE(z) = —(2041)2%72(1 — 2)". (2.1.38)
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Left Region

Here we call the region near the cosmological horizon r = R, left region due to the
analogy with the corresponding quantum mechanical problem on the complex plane.
The local variable in this region is z, and the leading order solutions in R, (and so in
t) of the Heun equation (2.1.11)) are given in (2.1.36)), (2.1.37). Expanding in small Ry,

the solution and the frequencies we get for the outgoing solution w(j) at the cosmological
horizon

(=2)%w;  nl (20— 1)
(iwr +L€+n+1) (L+n)!

020 +n+1)!
20+ DI+ n)!

Y () = fo(2) + 90(2) + O (Ry).

(2.1.39)
where wy is a coefficient in the R}, expansion of the frequency . Since go(z) blows
up as z — 0, it should not be present in the leading order of the wave function in the
left region. Hence, we require wy; = 0. On the other hand, the incoming wave solution at
the cosmological horizon is

9 (2) ~ (2 = 1) (1 + iwlog (z — 1) Ry) + O (R2) . (2.1.40)

After we fix w; = 0 and proceed with the perturbative method, the logarithm function
log (¢ — 1) appears in higher orders in Ry, (and t). The only source of this function is the
incoming wave solution , and we will be canceling any contributions of log (z — 1)
by fixing the coefficients cx in the perturbative expansion of the wave function ,
(120).

After establishing the boundary condition, we compute the integrals in . As
we show in Appendix these integrals are described in terms of the multiple polylog-
arithms in a single variable:

o) k1

. z
Lis,,....s, (2) = Z I (2.1.41)
k1>ko>>kp>1 1 - hn

The latter admits for s1 > 2:

d
z aLiShm,sn (2) = Lig,—1,.. s, (2) (2.1.42)
and for s; =1, n > 2:
d . .
(1= 2) Lt g0 (2) = Ly, (2). (2.1.43)

The weight of the multiple polylogarithm Li,, . (%) is s; + -+ sy, and the level is n.
At each order t*1 both integrands in (1.1.26) are linear combinations of the following
terms with maximum weight k:

Z:;:O Qm 2" lo (Z)Pl , Z:i:o ﬁm 2"

2 (z — 1)71 22 (2 — 1)j2 Lig,,..s, (1= 2), (2.1.44)
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where 71 2, 41,2, j1,2, P1 are some non-negative integers, and 0 < p; <k, s1+---+s, < k.
After taking the integrals, the only new functions that appear are multiple polylogarithms
of maximum weight k£ 4+ 1. Moreover, both integrals in ((1.1.26]) are linear combinations

of terms similar to ([2.1.44):

> Ym 2™
1=l (z — 1)t

ro+1 5 m
2m=0 Om * Lis,. s, (1— 2) (2.1.45)

p1
log (), e (z—l)h_l i

and terms containing new combinations of logarithms and multiple polylogarithms that
were not present in (2.1.44]):

log (z—1), log(2)"™, Lig, .z (1—2), (2.1.46)
where the maximum weight is k + 1:

S1 4+ + 85 <k+1. (2.1.47)

One of the differences between (2.1.44) and (2.1.45)) is that r1 2, 1,2, and j1 2 are shifted
by 1 or —1. These shifts are specific to the left region of the SdS, case (and even then
may be subjected to reevaluation for some values of quantum numbers n, ¢, and s that
we did not consider). In the right region, the shifts are different but can be determined
case by case. Even though the optimal choice of shifts depends on the case at hand, there
is a choice of big enough shifts applicable to all quantum numbers for both regions.

To summarize, we reduced the problem of solving the initial ODE in a given order in
t to a system of linear equations on the coefficients in front of the functions from ([2.1.46))
and Y, 5mE| The resulting corrections ka (z) to the wave function in the left region are
linear combinations of the following functions:

l1 l2
> hamlog (), > 2 Ly s, (1-2), (2.1.48)

m=—k1 m=—kso

where k12, l12, p1 are some non-negative integers, 0 < p; <k, s; +--- + s, < k, and
C,%, f{;l are z-independent quantities.

Right Region

The right region is near the event horizon r = Ry, or z = t. We introduce the local
variable 2 = t/z so that the horizon is at 2% = 1. In the 2 variable, the equation

reads
d%p(21) N (2 — 5t € ) dw(zR)+

(dzFt)2 R 2R —¢) + 2B(ZzR—-1)) dzR

(2.1.49)
aft — gzt
* <zR>2<zi ErgUE =0

"Here we simplified the index structure of v, and d,,, the full list of indices should be v, (p1) and
5m(p1, Slyeeny Sk)A
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In the remaining part of this subsection, we will mostly omit the R index on the z variable
(except for the cases where it could be confusing). We take as leading order solutions in
R}, (and so in t) of this equation

fé:i(z) =2 R (0 — 5, —( 4 5, -20;2) =
l—s

—l—s (s =) (=€ —3), G
-~ kz_% (—20);, kU (2.1.50)
/—1 J4
gé%(z) =2~ { Z asemz” "+ IOg(l - Z) Z bsﬂmz_m} s
with
o (—1)ttm+1 (2041  (L+m)!
S it ) (m—s) (L +8)(l—s) ({—m) (2.1.51)

Agpm = — bsém(HZ—l—s + HZ—S — dm+ts — Hm—s)‘

The Wronskian between fOR and gé% is

20+1

W(ﬁ(z) = m

(2.1.52)

Here we would like to comment on the choice of the logarithm function log (1 — zR)
in the solution géz. The other possible choice of the logarithm could be, for example,
log (zR — 1). This choice dictates what functions will appear in higher orders in ¢ and
affects the R, expansion of the frequency w. Throughout the discussion, we work with
the principal value of the complex logarithm, and thus the change in the argument affects
the position of the branch cut on the complex z plane. Our wave function 1 (z) can be
viewed as an analytic continuation of the physical solution on half of the real line r > 0.
In the de Sitter case, the coordinate transformation z (r) is with real parameters
R4 . Since we want the solution to be continuous across the real slice Ry, < r < R, the
branch cut should not cross the interval t < z® < 1, where ¢ is small and positive. This
leaves us with log (1 — zR), and the branch cut runs from 2z = 1 to 2 = +00. The other
logarithm function that appears in higher orders in ¢ is log (ZR), and the corresponding
branch cut runs from zf* = 0 to 2 = —co also avoiding the interval t < 2% < 1 (see
Figure .

The boundary condition near the horizon requires us to keep the solution corre-
sponding to the incoming wave and discard the one corresponding to the outgoing wave.
According to 7 the two solutions behave like

outgoing wave : 1/1(_t) (zR) ~1, 2, (2.1.53)
incoming wave : ¢5:) (ZR) ~ (1 — zR)l_e, 2. -

Since 1—e = O(Ry},), both waves in the right-hand side of (2.1.53)) have Taylor expansions
in Ry that start with 1. One must also consider the higher orders in Ry to distinguish
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r<0 0<r<Rp

Figure 2.1: Branch cuts (dashed red lines) on the complex 2% plane for de Sitter black
holes.

the two expansions. The incoming wave solution has a particular dependence on the
logarithm function log (1 — z) in each order in Ry, (or t):

i (2) ~ 1= 2iwglog (1 — 2) Ry + O (R3), 2z~ 1. (2.1.54)

In the leading order in Ry both w(_t) and 1/15:) are given by the same function f{* (2). Since

the other function gf*(2) contains the logarithm, it enters ¢(j) in the higher orders in
Rp,. The constants ¢ from are fixed by matching with the logarithmic behavior
of the incoming wave solution in each order in Ry,

The integrals in are again described in terms of the multiple polylogarithms
in a single variable (see Appendix . We construct the linear basis of functions for
each integral in the way it was done in the previous section for the left region. The only
difference is that we need to add powers of the second logarithm function log (1 — z) to

formulas ([2.1.44])), (2.1.45)) and (2.1.46]). In particular, the second integrand from (|1.1.26])

at order t* of the form
i (2)

Wit (2)

gtt(2) (2.1.55)
will have a maximum weight & because the logarithm function log (1 — z) is present in
the leading order solution géLz (z). The resulting integral, however, will be of the same
weight k& due to the pole structure in (2.1.55)). Eventually, the corrections f,f (z) to the
wave function in the right region are linear combinations of the following functions of
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maximum weight k:

I
D Gz log (1 —2)P log (2)™

m=—ki

l (2.1.56)
2
> e log (1 - 2)P Liy, s, (1—2),

m=—ko

where k12, [1,2, p1,2,3 are some non-negative integers, and 0 < p; +p2 < k, p3+s1+---+
s < k.

Results for QNM frequencies

The final step in the perturbative procedure is to glue the local solutions by requiring
that the wave function and its first derivative are continuous at the intersection of the
two regions. There is a certain freedom in choosing the intersection point as long as it
lies in the region of convergence of both local solutions. We choose the point z = ¢1/2,
which is the same as z©* = t1/2. Note that the expansions of =% (zL’R) are given as
series expansions around z/f =1 up to orders t™L.R:

O (2) =18 (2) + D fE) + 0 (1t

ki}m (2.1.57)

wR (ZR) :f(l)'% (ZR) + Z flf(zR)tk 4 O (tmR+1) )
k=1

What happens when we take z2% ~ /2 and expand for a small ¢? Some terms ka(z)tl’C
in 9" (z) will contribute to orders lower than ¢t*. This could lead to a reshuffling, where,
for example, f{(z)t becomes the leading order contribution at z ~ t1/2. This happens

when ¢ > 1, as seen from ([2.1.36|):

fOL <t1/2> -~ t(s—l—ﬁ)/Q’

2.1.58
flL (t1/2> o f(s—0H1)/2. ( )

However, since we are within the radius of convergence of ¥ (2), this reshuffling involves
only a finite number of terms. For all values of quantum numbers we have considered, the
reshuffling is superficial and goes away after the frequency is set to one of the quasinormal
modes.

The continuity condition

=0 (2.1.59)

2=t1/2

oo (G
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can be equivalently stated as

e (t1/2) —C (1) PE <t1/2) ’
0:9" (2) =C (1) 94" (t/2)

2=t1/2

(2.1.60)

9
2=t1/2

where C(t) is a normalization factor. The advantage of (2.1.60)) is that we can use one
of the equations to understand which orders in ¢t we can trust when expanding (2.1.57))
at zIF = ¢1/2 then use the other one to fix the frequencies.

Using Mathematica, we compute the local solutions up to orders my = 10 and mpr =
7. This allows us to determine the Rj expansion of the frequency up to order R% or
less depending on the value of £. In all computed orders, we find the real part of the
quasinormal modes is zero, which agrees with the earlier observations made by numerical
computations [156, 157, [I58]. The results for the imaginary part of the quasinormal
mode frequencies wy, ¢ 5, starting from n = 0, are

5 1287 119
Im (wo00) = — 1 — gR%L — 3R} — [128 + 2log (2Rh)} R} + [wz - 15log(2Rh)] R

25 102621 271
ke — Z—log (2Ry,) — 5log?(2Ry,) + 6 c(s)] Ry + O (R}),

37 T 1024 4

B 7o, 7123, . [2757809 32 )
Im (w07171) = 2 12 Rh + 1798 Rh + SRh + |: 124416 + 3 log (2Rh):| Rh
4
— 57 [13+72 7® — 468log(2Ry,)| R}, + O (R})
27 51423 72333 747 79 60278 884 503
1T = — _ 2 R? 74_7]%6_77 - -
m (wo,2,2) 20" T 16000 ™ T 3200000 h T 5 th 512000 000
144 9
— —log (2Ry) R + =5 (625 +240 7% —10081log (2Ry)] R) + O (R}?) .

(2.1.61)
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Let us also report the results for n = 1:

17 9791
Im (w17070) =—2— ZR%L — 24 R:}SL — |:64 + 32 IOg <2Rh):| R?L

1408 1770481
+ [327% — 654 — 384log (2Ry,)] R, + [37# -

— 3276 log (2R},) — 2561og? (2Ry,) + 384 ¢ (3)] Ry + O (R}),

21 9 4137 4 5 249 879 6
< B+ og Bn + T2 Ry + [ Tooq T 144 log (2Rh)] R (2.1.62)

+ [303 — 216 7 + 1188 log (2Ry,)| R), + O (R}),

Im(wijp1)=—3—

71 1910399 44927 058 551 768
I — 4 LRy 2700 BRIALE00090 pe (OO pr
m (wr,22) 30" T 108000 '~ 194400000 ' 5 Ik
685 871572615430 2048
— log (2Ry,) | RS
279936 000 000 5 los( h)] h
64
+ 355 (2880 7% — 53 — 10656 log (2Ry)] R + O (Ry”) .

Some of the results presented above were shortened for the reader’s convenience. The
full expressions and more expansions of frequencies for other choices of ¢ and s can be
found in the Mathematica files on https://github.com/GlebAminov/BH_PolyLog. The
irrational numbers entering these QNM frequencies are log(2) and multiple zeta values.

2.2 Perturbations of anti-de Sitter black holes in four di-
mensions

The metric describing the AdS, Schwarzschild black hole is given by (22.1.1), with A < 0.
We denote the roots of rf(r) = 0 by

Rp,  Rs, (2.2.63)

where, for A < 0, Ry are complex conjugate and given by

—Ry, £iy/3R? — 2

Ry = 5 )
in terms of the BH horizon Ry € Rsg. We fix A = —3 and study the same perturbations of
the Schwarzschild de Sitter case, described by equation . According to AdS,/CFTj3
holography, the conformally coupled scalar field is dual to scalar operators of conformal
dimension A = 1 or A = 2, from the relation p? = A(A — 3). The main difference with
the SdS4 case lies in the boundary conditions we impose on the solution. Indeed, we still
require the presence of only ingoing modes near the horizon but impose the vanishing
Dirichlet boundary condition at the AdS boundaryE]

(2.2.64)

?In the context of AdS/CFT, these are not always the more physically relevant boundary conditions.
Alternatively, one often considers Robin boundary conditions, which we discuss in Sec.
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With the change of variables

T‘(R_ — R+)
= 2.2.65
) = ) (22.65)
and redefinition of the wave function
_ _ _ Ry (R_ — Ry)
— 20y _1)/2(y )2 At T 2.2.
V() = =72 = 1) = ) TR S S RO, (22.60)
with
L Ry(Ry — R_)
R_(Ry — Rp)’
v=1-2s,
5— 2iw R_ (2.2.67)
(R- — Rp)(R- — Ry)’
21w Ry,
e=1-— ,
1+ 3R7

the singularity at infinity is removed, and the equation (2.1.5) becomes a Heun equation
(2.1.11)) with

a—1—s4 2iw Ry
(R4 — Rp)(Ry — R-)’
B=1-s, (2.2.68)
(0+1) (1-3s)2R,  s(1—s)R%

R_(R,—Ry)  Ry—R+ R_(Ry—Ry)
In these coordinates, the horizon is at z =t while the boundary is at

R
Zoo =1— R—f. (2.2.69)
We also consider the small black hole limit, R < 1.
The boundary conditions in terms of the v function are given by

P(z) ~1 for z ~t,
¥(200) = 0.
Notice that the AdS boundary (2 = 2o ) is not a singular point of the perturbation
equation. This makes the approach based on the Seiberg-Witten theory less effective.

One can write the quantization condition using the connection formulae between Heun
functions, but in this case, an expansion of the Heun functions in R}, is needed.

(2.2.70)

2.2.1 QNMs in pure AdS,

The pure AdSy case can be recovered in the limit ¢ — 0 or, equivalently, Ry, — 0. In this
limit, the z variable is given by

z= (2.2.71)




and the AdS boundary is at z = 2. The leading order solutions in ¢ of the Heun equation

(2.1.11)) are given by
PTG R (—l —l 4 wo;—262), 2T FI(CH 10+ T+ w20+ 252),  (22.72)

where wy is the leading order term in the R} expansion of the frequency . As in
the de Sitter case, these hypergeometric functions reduce to , where we replace
—iwg by wo.

The first boundary condition from tells us that the wave function v (z) is
regular at z = 0. This singles out the second solution from . Then, the second

boundary condition at z = 2 requires the following expression to vanish:

(204 1) F(“"S‘Z)
AN (%)

D Fy (041, 0+ 1+wp; 20+2;2) = 4~ [1 + (—1)““’0“} , (2.2.73)

which gives the quantization condition for the QNM frequencies of the pure AdSy
wo=~Cl+2n+2, ne€ ZZO or wo=-—-¥¢—2n—2, ne ZZD' (2.2.74)

Here we have two branches of frequencies, positive and negative, and one is related to
another by the complex conjugation of the radial part of the perturbation R (7).

In the following subsections, we will perturb around the pure AdS case to obtain the
corrections for the Schwarzschild anti-de Sitter small black holes. Following the same
logic as in the de Sitter case, we will divide the space into two regions: left (L) and
right (R). The left region describes the physical space near the AdS boundary with
r — 00, and the right one is the space near the horizon r = Ry. After having determined
the expansion of the solution 1 (z) in each region up to certain orders in the expansion
parameter ¢, we require that the function v (z) and its first derivative are continuous in
a point in the intersection of two regions, which we can fix at z = #1/2 (other values of z
are possible as long as they lie inside the convergence radius of the two solutions).

2.2.2 Left Region

The local coordinate in the left region is z, and the AdS boundary is at z.,, which has
the following expansion in Rp:

3R +4+iRpy /3R +4 R? ,
oo = =2+ iRy — 1 : 2.2.75
z T +iRn— = + O (Ry) ( )

The wave function in the left region 1" (z) satisfies the same Heun equation (2.1.11]).
The form of the leading order solutions depends on which branch of frequencies we choose
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in (2.2.74). For the negative branch wy = —¢ — 2n — 2, we have

2n+1
L 5 —Z£+s _ym 2n+1 (£+1)m Zm
fE () = S (-1) ( )( ,

= m 20+42),,
' (2.2.76)
gb () =2+t mz_o (—1)™ <:1> (26(_22£;m 2)m o
and for the positive branch wg = ¢ + 2n + 2:
2n+1
fE(2) _( - 2n+£+2 Z <2n+1> mzm’
) ot (26— 2m—2) (2.2.77)
()= s z o () e
For both branches, the Wronskian can be written in terms of wg as
WE(2) = —(204+1)2%72(1 — 2) 01, (2.2.78)

We will apply the perturbative method to both positive and negative values of wg, but
the final result is straightforward. The only difference between the two branches is the
sign of the real part of the frequency expansion , which again corresponds to
complex conjugation of R (r).

The boundary condition in the left region is simply %% (2o,) = 0. Since fI(2) =0
and g¥ (2) # 0, we get the following perturbative expansion for the wave function in the
left region:

W (2) = f5 () + D0 fe ()t (2.2.79)

k>1

where ka(z) are given by (|1.1.26[). The constants ¢; in ([1.1.26)) are fixed by expanding

Y (250) in powers of ¢ and requiring the coefficients in this expansion to vanish.

As we explain in Appendix the integrals in are described in terms of the
multiple polylogarithms in a single variable . Since the weights of the multiple
polylogarithms appearing at order t* are less or equal to k, we can construct a linear
basis of functions in which the integrals in can be expanded. We take the same
steps f as we did in the SdSy case to do this. The only difference is that
we add the second logarithm function log (z — 1) to . To be more precise, the
integrands in at order t**1 are given by the linear combination of the following
functions:

2= Om 2" log (z — 1)P* log ()"

le (Z _ 1) (2280)
TP ALy (12

22 (z — 1)
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Inside the horizon,
0<r <Ry

log (2)

Unphysical,
Im(r) #0

Figure 2.2: Branch cuts (red lines) on the complex z plane for anti-de Sitter black holes.

where 712, 112, j1,2, P1,2,3 are some non-negative integers and p; + p> < k, p3 + 51 +
-+++ 8, < k. The reasoning behind our choice of the branches of the logarithm functions
log (z) and log (z — 1) is the same as in Sec. We want the wave function ¢ (z) to
be continuous across the real slice R, < r < 4+o00. In the SAdS, case, the coordinate
transformation z (r) is given by with complex parameters Ry. Taking into
account that r and Ry, are real, we have from :

(Re(z) —1)* +Im (2)* = 1. (2.2.81)

Thus, the real slice is approximately half the circle with the center in z = 1 on the
complex z plane (see Figure . It starts at z = ¢t and ends at z = 2z4. Simple
analysis shows that Im (¢£) > 0 and Im (2o,) > 0 when Rj, > 0. This justifies our choice
of logarithm functions since both branch cuts do not cross the real slice. On the other
hand, if one picks log (1 — z) instead of log (z — 1), the corresponding branch cut would
touch the real slice at the point z = 2 when evaluating ¥" (25,). This, in turn, would
lead to incorrect results for QNM frequencies.

2.2.3 Right region

In the right region, we introduce the local coordinate

t
L (2.2.82)



The horizon is now situated at z® = 1. The wave function in the right region % (zR)
satisfies the following equation in terms of z%:

d2yR +<2—'y_1_ 5t N € )dwR aft—qzt R

(dzR)2 2R 2R(ZR—t)  2B(zR—-1)) dzF (zR)2 (R —1) (21t —1t)
(2.2.83)

Suppressing the R index on 2z, the two leading order solutions are given by

=S (“F) g

= m ) (=24),,
v , (2.2.84)
gt (2) :z_s{ Z asem 2~ +log (1 — z) Z bsem z_m},

where the constants aggm, bsern can be determined for any £ > s > 0 as

Astm = _bsém (HZ—I—S + Hf—s - Hm+s - Hm—s) y

(—1)cFm (2041)! (£ +m)!
(m+s)!(m—38)! (£+s)!(l—3s)—m)

bs(m =

The expressions in (2.2.84)) are independent of which branch of frequencies we choose in

(2.2.74) because the leading order of (2.2.83)) does not contain wg. The Wronskian of fé%
and gé% is given by
20+1

WOR(Z) = m

(2.2.85)

The boundary condition in the right region tells us that ¥® is regular at 2% = 1. Thus,
we can write the following perturbative expansion:

V(=) = 5t () + ) (2.2.86)

k>1

where f,f(z) are computed using . Unlike in the left region, the choice of the
logarithm function in g/’ () is unimportant. This is due to the boundary condition that
requires canceling contributions of log (1 — 2) in each order t*. The resulting corrections
fE(2) are linear combinations of the following functions of maximum weight k:

l1 12
Z CB 2 log (2)P1 Z ER M Ligy e (1= 2), (2.2.87)
m=—k1 m=—ko

where k12, l1 2, p1 are some non-negative integers, and 0 < p; <k, s; +---+ s, < k.
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2.2.4 Results for QNM frequencies

To determine the QNM frequencies, we use the continuity condition in the form ([2.1.60)):

e (t1/2> = C ()t (tl/Q), 9.0F (2) = O (1) 0,08 (t/2) , (2.2.88)

2=t1/2 z=t1/2

where 51t (zL’R) are computed up to orders my g in ¢ around 2L = 1.

O (2) =18 (2) + D fE) + 0 (1t
kj}m (2.2.89)
¢R (ZR) :fé? (ZR) + Z f]f(ZR)tk +0 (tmRJrl) )
k=1

Similarly to the SdS, case, the reshuffling of terms (2.1.58)) occurs in % (z) when we
take z ~ t1/2. For all values of quantum numbers we have considered, this reshuffling is
superficial and goes away after the frequency is set to one of the quasinormal modes.

Using Mathematica, we compute the local solutions up to orders my = 7 and mp = 8
(sometimes even up to my = 9 and mpr = 10). This allows us to determine the Rj,
expansion of the frequency up to order R,Z or less depending on the value of /. In all
computed cases, the imaginary part does not appear before order 2¢ 4+ 2 in Ry:

Im (wy 0,5) ~ R, (2.2.90)

As mentioned, the results computed for negative and positive branches of wq only differ
by the sign in the real part of the frequency expansion. Below are the results for the
real and imaginary parts of the quasinormal mode frequencies wy, ¢ ; corresponding to the
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positive branch, starting from n = 0:

4 1 24
Re (W()’O,(]) =2—-— Rh — ( > Rh
T 4 72

94 16

A 208 112 ; .

8 16
Im (w()’o,()) = — ; R%L - <8 + ) R?L

407 65 128 192 5
—<3 —;—TIOgQRh) 3 3C(>> +O(Rh)a
4 27 140\ _,
Re (0.)[)71,1) =3 - ;Rh + (8 - 32> Rh
601 18 2020 168 3 4

1 264
Im (wo11) = 0 R4 (24 - 96) Ry — <607r ? - % log (2 Ry)

11536 1344 :
973 g3 C()) +O(Rh)’
64 37 80896 2567 1536256 512
4- = LDV R2 - 1
Re(woz2) =4 = 35 Bn + ( 6 1125 772> h < 5 101%r  1a e?

120946 688 57344 A
8437573 225 3C()) a0 (Ra),

128 . (256 6144\ . .
Im (W072’2) = — g Rh - <5 + 25 2> R 0 (Rh) .
(2.2.91)
For n = 1 we have:
40 25 5200 160w 45064 800
g2 2 020 po (2007 2900% S0 e (2
Re (wi00) gl T < 6 277r2>Rh < 9 sir  ox 82
128 1200800 22400
——— log (R — O (R}
T g (Rn) + 243 3 973 gt >> nt ( )
32 2240 640 4252 1920
Im (wi00) = — = R2 — (64 + R~ T - log (2 Rp,)
= T 972 3 3T T
(2.2.92)

101120 35840

973 - 373 C( )> +O(R2)7

&R 2071 791372 o (215w 27888631
157 120 3375 w2 h 9 40500 7

40678 5269420724 103544
S5 5 108 (2 - O (R
tomsn 08t s T e 0 )> h O (),
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Re (w17171) =5 —




400 1000 39904 125007 328711 49880
I _ _ R4 —_ e 5 — — 1 2R
m (wi1,1) 3 b ( 3 ° 277r2> h < o T orn on 10821
14315216 481600 6 .
243 73 9 73 C(?’)) Ry +0O (i),
Re (11.24) =6 — 384 675 12163072\ ,, (11527 49433312
12.2) =07 g5 T 298 4287572 ) 35 42875
13824 1544254324736 442368
log (2 — 3R+ 0O (R}
97 8@+ Jperem s T o )> nt O ()
1792 _, (5376 385024\ . o
Im (W1,272) = — 57 Rh - < 5 + 75 7'['2 > Rh + O (Rh) .
(2.2.93)

Some of the results presented above were shortened for the reader’s convenience. The
full expressions and more expansions of frequencies for other choices of n, £, and s can
be found in the Mathematica files on https://github.com/GlebAminov/BH_PolyLog.
From these, one can see that the irrational numbers entering these QNM frequencies are
log(2), m, and Euler sums.

Analytically computing f (z) from , we can also determine the subleading
term in the QNM frequency expansion with n =0 and £ > 1:

22642 90 4 2 ((£+1))?
T L(l+1) (20+2)

wors=L+2— Ry +O(R}). (2.2.94)
For small enough values of Ry, our results agree with the numerical ones obtained earlier
in [I59]. Since the frequency expansions in higher orders in R}, include multiple zeta
values (B.1.14)), we use different identities of the form (B.1.15)-(B.1.18) to compute the
corresponding numerical values. Tables present the numerical results from the
frequency expansions truncated at RZL (in the scalar case with n = [ = 0, the expansion
was computed up to order R,GI and truncated at the same order). In these tables, bold
digits are the ones that are stable and agree with the numerical results obtained directly
from the Heun function and the continuity condition (2.1.59). The digit is considered
stable if it does not change when higher orders of R}, are added to the expansion of the
frequency. For example, below are the numerical results from electromagnetic frequency
expansion with n =0, £ =1 truncated at different powers of R;, = 1/20:

Ry wo11 = 2.936338022763,

RZ . wo11 = 2.932954718005,

R} . wo11 = 2.932365431000,

Rp: w11 = 2.932257833944 — 0.000031830989 4, (2.2.95)
RY . wo11 = 2.932232789345 — 0.000042370624 1,

RY . wo11 = 2.932227305824 — 0.000051050731 4,

Rl : w11 = 2.932226938543 — 0.000053055262 i.
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Table 2.1: Numerical results from conformally coupled scalar QNM frequency expansion

with n =0, £ =0.

Table 2.2: Numerical results from electromagnetic QNM frequency expansion with n = 0,

{=1.

Table 2.3: Numerical results from odd gravitational QNM frequency expansion with

n=0,¢=2.

Rh Re (w07070) —Im (Ck)O’0,0)
1/16 | 1.90959612832 0.01366850348
1/18 | 1.92054810947 0.01043093333
1/20 | 1.92919836511 0.00820901816
1/50 | 1.97338628700 0.00111849/1/
1/100 | 1.98698625043 0.00026598052

Ry,

Re (wo,m)

—Im (wo,1,1)

1/16
1/18
1/20
1/50
1/100

2.913628697405
2.924065021823
2.932226958543
2.973953080507
2987127374910

0.000151017506
0.000086542953
0.00005 3055262
0.000000967146
0.000000055027

Ry,

Re (WO,QQ)

—Im (wo2,2)

1/15
1/18
1/20
1/50
1/100

3.903277526509
3.920419458200
3.928811737917
3.972361286120
3.986303374608

0.000001160789
0.000000363885
0.000000186778
0.000000000619
0.000000000009
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2.3 Scalar Sector of Gravitational Perturbations of SAdS,
black holes

Following [160], one can consider a subdivision of gravitational perturbations in differ-
ent sectors (scalar, vector, or tensor), whose distinction comes from the expansions in
scalar, vector, or tensor spherical harmonics on the S? component of AdS,. In Sec.
we considered the vector sector of gravitational perturbations (s = 2). We now focus
on the scalar sector and impose a different boundary condition at the AdS boundary,
namely a Robin boundary condition [161] [162] 163 164 [165] [166], see also [167] for very
recent developments. This choice of boundary condition is motivated by the AdS/CFT
correspondence, and it ensures that the perturbations do not deform the metric on the
boundary of AdS.

From the point of view of the dual CFT, these boundary conditions are related to
double-trace deformations, see for instance [168, [169, 170] and references therein. In
particular, we analyze the so-called low-lying quasinormal frequencies, which, according
to AdS/CFT duality, are related to hydrodynamic modes of the 3d thermal CFT on the
boundary [I71, (72, (73, (74 175, 166, (176, 177, 178, 179]. We will therefore expand
our quasinormal frequencies for large values of Ry, Ry > 1, differently from the previous
sections. Defining

m=000+1)—2 with > 2, (2.3.96)

the equation describing the scalar sector of gravitational perturbations in AdSy can be
written as (see [160] eq. (3.1)] for the definition of the master variable ®)

o (), | W =Vs(r) B
(@ TR T e >q>(’“> =0, (2.3.97)
where
fry=1-20 42
_ ) [ 6MY\ . 36M° Y (2.3.98)
VS(T)_(mr_i_GM)Q {m +<2+ . >m +—3 <m+2r += )]

This equation has five regular singularities, located at r = 0, Ry, R+, R5, where
3Ry (1+ R2)

—Rp +iy/4 + 3R2
Ry = Ry = —2Ch TN (2.3.99)

2 ’ m

The new singularity Rs, coming from the potential Vg(r), is in the unphysical region
r < 0. Similarly to the previous cases, we introduce the change of variables

R
2 (r) = Th (2.3.100)
and the new wave function ‘
Y (2) =11 (r). (2.3.101)
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The master equation ([2.3.97) then becomes

i (2) — 2271 (2) + 2iwR; !

v (2) + o h (2)
/ -1 . o1 (2.3.102)
| T(z) =227 (2) +2iwRy, +%(z) $(2) =0
2f(2) P(2)* ’
where
2, 2
== (142424 55 ).
Ry
f(z2) [ 5 < 6Mz> 5  36M222 ( 2M 2 2R,§>]
YV (z) = m° 4+ {2+ m°+ —— (m+ +—== 1],
(2) (mRy, + 6Mz)* Ry, R} Ry, 22
(2.3.103)
and M is related to Ry via
2M =Ry, (1+Rj). (2.3.104)
The boundary conditions in terms of the v function are given by
Y(z) ~1 for z ~ 1,
(2.3.105)

=0.

d [¥(2) 31+ RY)  iw] ¥(z)

dz z m Ry, z
The five regular singularities of the equation (2.3.97) have three different scalings with
R, — oo. The singularity at » = 0 doesn’t scale, the singularities R1 and Ry scale
linearly, and Rj scales as R%. Hence, we will divide the space into three different regions

and apply the perturbative method.
The three local variables are

2=0

x=R}/(mr)+1/3
for the left region (near the AdS boundary),
y=Ry/r

for the middle region, and
z=Rp/r

for the right one (near the BH horizon)ﬁ Here the regions are labeled left and right
as they appear on the complex z plane (see Figure . From the point of view of the

3We choose to add an intermediate region with local variable y to increase the efficiency of the
computation. According to our estimations , without the middle region, one would need to
compute at least 48 orders in the expansion of the wave function in the left region to get the
frequency expansion up to ws (assuming we do not increase the number of corrections computed in the
right region). Adding the middle region allows us to get the same result by computing e (z) up to
order 15.
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complex z plane, the left and middle regions represent two zoomings close to the origin,
with different scalings. Considering the normal form of the differential equation ([2.3.102)),

"(2) + Va(2)9(2) = 0, (2.3.106)

the potential V,(z) has the following expansion in 1/Rj,

25 +162% — 8 1

2
The two rescalings = ~ % and y = Rj z are such that, in both variables, the dif-
ferential equation in normal form has a potential, V,(z) and V,(y), respectively, with
non-vanishing leading order in 1/ Ry,

(2.3.108)

Out of the three, the right region is the one in which it is more challenging to expand
the solution of the differential equation. In particular, the solution involves multiple
polylogarithms in several variables, which we analyze in Appendix [B-3]
Since we work with Rj > 1, the small parameter is « = 1/Ry, and the frequency
expansion can be written as
w=>Y wpa. (2.3.109)
k>0

The intersections of the three regions and the boundary points r = Rj, 00 determine
three intervals in which the wave function should be continuous:

r e [1,1+ 1] . ye [1,073/4} . ze [a1/4,1} . (2.3.110)
3’3 am

From the point of view of x and y, the first two intervals have infinite lengths, their

left endpoints are at finite values and their right endpoints are chosen to meet the next

region (and so they become infinite because of the different scalings of the local variables

in powers of Ry). Finally, we will derive the low-lying QNM frequencies by requiring

that the wave function and its first derivative are continuous at the intersection points

y =1and z = a'/%. As we explain later, the second intersection point z = a*/4 is chosen
to avoid the reshuffling of terms in the wave function expansion ([2.3.127]).

2.3.1 Left Region

The left region represents the region close to the AdS boundary, where we impose the
Robin boundary condition. The local variable in this region is

R3
r=—nh
mr

1 a3 1
- = — 4+ = 2.3.111
+ 3 mr + 3’ ( )
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Figure 2.3: Complex z plane for scalar sector of gravitational perturbations in SAdSy.
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and the AdS boundary is at = 1/3. The master equation in the left region is obtained by
applying the coordinate transformation z = o®m (z — 1/3) to (2.3.102)) and substituting
¥ (z) with ¢ (). In the leading order in «, we get

6 2(1—6z)

6z
o2l (x) + ol () - —L ol () + O (a) = 0. 2.3.112
6 )+ g 08t @)~ S (@) 40 (@) (23112)
The two leading order solutions are
1
1 (2.3.113)
ok (@) =2 (2-3).

Since fF satisfies the Robin boundary condition

{(in <¢L(x1)> + [3(1 +a?) +i0z3mw] iL(:r)}

=0, (2.3.114)
1
3

1 ~Hl.-
the following perturbative expansion for the wave function in the left region can be
written:

Yl (z) = £ (2) + > f (2) o, (2.3.115)

E>1

We do not use ([1.1.26)) to compute ka (x) as they are simple Laurent polynomials in
x. The form of these polynomials depends on whether k is even or odd. The following
general result holds for the first 30 computed orders:

k—1—4sin(kT)?

= (o) X e

=kt (2.3.116)

k—3+4 sin(kT)?

foroi (z) = <37 - ;) Z agk—1,5 2",

s=0

where the coefficients aj, ; depend on the parameters m and w;. For example, we have
for k=1,2,3,4:

3
1 1 1 1 1
f%(m):($_3>?)l‘27 fzf(m):(x—g) <9$3—W—z’mw1>.

In each order in «, the contribution of g{ is fixed by the Robin boundary condition. The
contribution of fOL is arbitrary and can be absorbed into a normalization of the wave
function ¥ (x). We choose the normalization so that fOL is only present in the leading
order.

fE (z) =0, fE (@) = —imwo (2 — 2 ),
| 3 (==3) o
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2.3.2 Middle Region

To match the wave function expansions in the left and right regions, we introduce an
intermediate region with the local variable

4R2 -2
y=—h =2 (2.3.118)

r T

The master equation in the middle region is obtained by applying the coordinate trans-
formation z = ay to (2.3.102) and substituting 1 (z) with ¥™ (y). In the leading order

in o, we get

%6 (1) = 0,5V (1) + O (e) 0. (23.119)

The two leading order solutions are

My =1
‘ZZM EZ; _ y;‘ (2.3.120)

Strictly speaking, there is no boundary condition in the middle region. However, there is
a way to use the expansion of the wave function in this region and apply the boundary
condition near the horizon y ~ a~!. This requires a resummation of infinitely many
terms, and the results agree with the ones obtained using three regions instead of just
two. Here we focus on the procedure with three regions as it allows us to get more orders
in the QNM frequency expansion. To justify our choice of functions féw and gé\/[ , we
can either use the gluing procedure or look at the behavior near the horizon. In the first
couple of orders in a, there is no resummation of terms in the wave function ¥™ (y) when
we take y ~ o~ !. Since near the horizon géw (y) ~ a3, it can only appear in orders o

and higher. This leads to the following perturbative expansion of the wave function:

va(y) = £ () + > ()a”. (2.3.121)

k>1
Similarly to the left region, the corrections f(y) are Laurent polynomials of the form

k-4 sin(kT)?

R = D b’ (2.3.122)

s=—k
where coefficients by s also depend on the parameters m and w;. Starting from order
a3, the gluing procedure fixes the contribution of g(])\/[ , so we keep the corresponding

integration constants c% in the expressions for f,ﬁw , k > 3. Out of the 27 computed
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orders, we present the first 4:

Mw:%,
m2
¥ )= 1~ i,
; ym3 . (2.3.123)
3 (y) = *WJF@ *iw1y+6§4y3,
4 2
fi'(y) = STy4 —Z;—iw2y+2§n6§4y2+0¥y3-

2.3.3 Right Region

The local variable in the right region is z, and the event horizon is at z = 1. The leading

order in « of (2.3.102)) is

(=" +2)
z(z3—1)

The two leading order solutions are

24 (2) + 2.v (2) + O (a) =0. (2.3.124)

(2.3.125)
gé% (z) = log (1 — 23)
The Wronskian between these solutions is
322
W (2) = a1 (2.3.126)

According to the boundary conditions , the wave function in the right region
is regular at z = 1. The corresponding perturbative expansion of the wave function is
then

() = [ (2) + D[R (2) o~ (2.3.127)

k>1

The corrections f,f (z) are computed with the help of (1.1.26]), where the constants ¢
are fixed by the regularity condition at z = 1. The integrals in (|1.1.26]) can be described

in terms of the multiple polylogarithms in several variables:

ot Zkl Skn
Lis1,...,sn (Zlv R Zn) = Z kélizn (23128)
ki>kg>->k,>1 1 T
For s1 > 2, these functions satisfy
2105 Lisy s (215 oy 2n) = Ligi—1,. s, (21, -+, 2n) (2.3.129)



and for s1 =1, k > 2,
(1 —21) 0, Litsy.s, (21, .-y 2n) = Lisy s, (122,23, ..., 2n) - (2.3.130)

The weight and level of Lig, g, (21,...,2,) are s; + -+ + s, and n. When taking the
integrals in with the input from this section, we will only encounter multiple
polylogarithms with s; = s9 = -+ = s, = 1 (see Appendix for more details). In
this case, the weight and level are the same. Moreover, all arguments z; with ¢ > 2 are
constants and can take one of the three possible values: 1, u;, and ue. These constants
are the third roots of unity

1 i3 1 V3
-—- 7" = -4 2= 2.3.131
Ul 5 5 U2 2+ 5 (33)

that arise in the following decomposition of gff (2):
gt (2) =log (1 — 2) +log (1 — u12) + log (1 — uz) . (2.3.132)

Similarly to the previous cases with multiple polylogarithms, the corrections f,f (2) at
order o are described in terms of functions Lis, .., (21,...,2yn) of weight k and lower.
This allows us to construct a linear basis of functions, in which f#(2) can be expanded:

l
anmz_kl n]szm
(1 —up2)™ (1 — ugz)™
l
Znizfiﬁ fizm

(1 —u12)2 (1 — ugz)’

log (1 — 2)P log (1 — u12)P? log (1 — ug2)??,

log (1 — 2)"*log (1 — u12)" log (1 — ug2)"® Ligy, (21,22, -+, 2n)

(2.3.133)

where 412, ji12, k12, l12, p; are non-negative integers, and 0 < p; + p2 + p3 < K,

0 <ps+ps+ps+n <k Since the first argument in Ligy, (21,22, ...,2n) can take one
of the three possible forms

21 =2, 21 =Uz, Or 2| = U2Z, (2.3.134)

we have 3F functions that can enter the basis at level k > 2. However, this number is
reduced due to the identities that involve multiplication by ordinary logarithm functions
log (1 — 2), log (1 — u12), and log (1 — ugz) (see Appendix [B.3)). These identities allow
us to use only two forms of the first argument z; = uyz and z; = wugz. The reduced
number of multiple polylogarithms that enter the basis is 8 x 3¥73 for k > 3, and just 3
for k = 2:

Lil,l (ulz, ul) s Li171 (ulz, UQ) s Li171 (UQZ, ul) . (2.3.135)
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Using Mathematica, we compute 7 corrections fk,R (z); the first two are

W
(=) :7% (u1log (1 —u12) — uzlog (1 — ugz)),
9
R mooiwg . ) )
S LY L L
f2'(2) P 3\/5[ i1,1 (w12, u1) +wy Lig g (uez, u1) — ug Liy 1 (w12, u2) ]

2

W,

+ W% log (1 — ulz)2 —log (1 — qu)2 —up log (1 —up2)log (1 — qu)}
.9 .

Z(JJO w1_2wO

+ ——log (1l —2)[uilog (1 —usz) —uslog (1 —u1z)| + ——— log (1 — usz
3\/§g( ) [u1 log ( 22) — ug log ( 12) ] 7 g ( 272)
. 2

U2 Wy — U1 W1 R R

P20 MW 00 (1= 2) + bl g (2),

7 g(1—2)+0by gy (2)
where
R UlwWi iw%
by = + [uglog (1 —up) —uglog (1 —ug) — 3us]. (2.3.136)

V3 33

We estimate the following behavior of f,f (z) as z — 0 based on the obtained results:

k>1: fih g (2) ~227F,

2.3.137
for(z) ~ 27", ( )

Thus, to avoid the reshuffling of terms, we choose the gluing point between the middle
and the right region to be z = o/,

2.3.4 Results for QNM frequencies

We need two continuity conditions to determine the QNM frequencies, at z = a*/4 and

Z =
M (a—3/4) _ 011%4 () R <a1/4> ’

(2.3.138)
o, yM (z/a)

= Cf () 9:0" (2)

)
z=ql/4

z=ql/4
v (134 (am)™) = Oy (@) v (1),

2.3.139
ORI (1/3 +z (an)_1> ( )

= Cyy (a) 0:9M (2/a)

Z=x

Z=x

The first condition in (2.3.138)) is used to fix the integration constants c]k\/[ , and the second
one gives the coefficients wy in the QNM frequency expansion (2.3.109)). The first seven
computed orders of the wave function expansion in the right region allow us to determine
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wi up to k = 6:

o — m+2
0 — 2 )
m
L{)lZ—?,
V2m m+ym + 2
Wy = + 15+v3m —9log (3)],
YT36Vm 2 108V2 | T 9 lox 3)
m(m+2) . . :
wg = — ——— |Liy 1 (u, u1) + uiLig g (ue, uy) — ugliy 1 (ur, u
3 1873 [Lir1 (u1,u1) 1Li1 (uz2,u1) 2Lt 1 (u1,u2)]
mm+2)r1 5, . 2
——— 7w —6imlog (3) + 9 (ue — 3uy)log (3
2005 | 8 (3) +9 (u2 — 3u1) log (3)’]
im (m+ 3)
im(m+2)°%27 _ .
wg = — TV Ligyy, (w1, ur,ur) — ug Ligyy, (u1,u1,1) —ug Liggy, (w1, 1, u2)

—2uy Li{1}3 (ul,UQ, 1) — (u1 d 112):| + ...,

m(m+2)2{, : .
wy =——F—|L ui, U1, ui, 1) + ug Li uy, Lug,ur) — 2L ui, 1,1, u
5 16273 1{1}4( 1,u1,u1, 1) 2 {1}4( 1 1,u1) 1{1}4( 1 2)

—uy Ligyy, (u1,1,u9,1) = 2ug Ligyy (w1, u2,1,1) —ug Ligyy, (u1,us, ug, 1)
m (m + 2)*

486+/3

—2us Li{1}4 (ug, ug, u1, 1):| + ...,

- (U1 e U2):| + |:3 L1{1}4 (ula 17 uy, 1) + 6uy L1{1}4 (ulv 17 17“1)

(2.3.140)
where we shortened the results for ws and ws for readers convenience. The full re-
sults, including the result for wg, can be found in the Mathematica files on https:
//github.com/GlebAminov/BH_PolyLog. Notice that, as compared to the QNM frequen-
cies computed in Sec. and Sec. here the frequencies involve different irrational
numbers, for instance, log 3, v/3, as well as colored multiple zeta values of level 3.

Upon taking the scaling limit

Ry — o0, £ — o, q, (2.3.141)

—
3Ry,

where q stays constant, we reproduce the results for the QNM frequencies of the M2-brane
in the AdS4 background (see Table IV in [I75]) which are directly linked to hydrody-
namics [I71) I73], 174, 172]. Also, the following rescaling of the frequency is needed:

2w
n=—". 2.3.142
3R, ( )
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Applying this limit to (2.3.140)), we obtain an expansion of tv in g:

w=> g, (2.3.143)
k>1

where 11, 1oy, and tog agree with the results from [I75], and the new results are

V3 7203 + 240w + 72
oy = — —— |Liy 1 (uy,uy) +uiLig 1 (o, uy) — uoliiy 1 (ug, us)| +
4 16 [Lirq (u1,u1) 1Li1 (ug,u1) — uglin g (w1, uz)] 3843
12iV3+iw V3 5
— ———— log (3) + —= (u2 — 3uy)log (3)7,
6173 g (3) 128(2 1) log (3)
5 = — 597/ [L1{1}3 (w1, w1, ur) — wg Ligyy, (u1,u1,1) —ug Ligyy, (w1, 1, u2)
—2us9 Li{l}s (U1,UQ,1) — (111 4 112)} +...,
g = - Ligyy, (w1, ur,u1,1) +ug Ligyy, (wa, 1w, un) — 2Liggy, (w1, 1,1, u9)

—uy Ligyy, (u1,1,u2,1) —2ug Ligyy (w1, u2,1,1) —ug Ligyy, (u1,us, ug, 1)

1 . .
—(m uz)} + 6473 [3141{1}4 (u1,1,u1,1) + 6wy Ligyy, (ur,1,1,u1)
—2ug Lifyy, (u2,ug,u1, 1)] Ty
(2.3.144)
where we shortened the results for 15 and twg for readers convenience. The full results,
including the result for w7, can be found in the Mathematica files on https://github.
com/GlebAminov/BH_PolyLog. The numerical values of these coefficients are

1
] = \/5’
o
o = 1
toz = 0.155473446153645..., (2.3.145)

oy = 0.067690388847266... -1,
s = —0.010733416957692...,

g = 0.013959543659902... - ¢,
w7 = —0.016615814626711... .

These alternate between real and imaginary parts, precisely as predicted in [166, [176].
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2.4 Perturbations of asymptotically flat Schwarzschild black
holes in four dimensions

In this section, we study the same class of linear perturbations around the asymptotically
flat Schwarzschild black hole of mass M that are described by the Regge-Wheeler equation

(2.1.5) with

Fo)=1-=—. (2.4.146)

This can be conveniently rewritten as a SU(2) Seiberg-Witten quantum curve with three
fundamental hypermultiplets (Ny = 3) [I8, 9] or, equivalently, as a confluent Heun
equation [6].

The Regge-Wheeler equation can be rewritten in the form of a quantum spec-
tral curve

HU(z)=EVU (x) (2.4.147)

with the following Hamiltonian:

2
~ h h
H = p2 4 t1/2" H (iﬁ + M; + 2) 4+ /2= (Z'p + M3 — 2) ) (2.4.148)
j=1
After fixing i = 1, the spectral curve parameters such as energy, masses, and the coupling
constant can be written in terms of the black hole parameters ¢, s, and Mw:

2
E-—(E—i—;) , Mi=—-s, My=s, M3=0, t=-4iMw. (2.4.149)

The main goal of this section is to find an analytic description of scattering amplitudes
for each type of perturbation field. To do so, we utilize three complementary approaches:
an analytic small-frequency expansion, the study of the monodromy properties, and the
correspondence with the Seiberg-Witten theory [43].

The small parameter, which we denote with ¢, is proportional to the frequency w of
the perturbation field, leading to a small-frequency expansion of the spectral problem.
Around the black hole horizon, we select the local solution representing the purely incom-
ing wave. Near spatial infinity, the local solution is represented as a linear combination
of the purely outgoing and purely incoming waves:

Dioe) = AL + By, (2.4.150)

where A and B are the reflection and incidence coefficients, respectively. The elements
of the scattering matrix, which we call scattering elements for brevity, S = Sy s are then
defined as

A

= —. 2.4.151
5= (24.151)

These have been studied semi-analytically [180} 18T 107, 109 108 [182] 183 [184] and,
most recently, via gauge theory methods [I85]. Closely related are the studies of Green
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functions in Schwarzschild spacetime [186 [I87, (188, [189]. The monodromy of the two
solutions 1[)01”) and LZ)EI;O) around spatial infinity leads to a partial differential equation
on the scattering elements. Solving this equation, it is possible to find the exact logt
dependence of S. The remaining integration constant ¢(t) is given by its Taylor expansion
in ¢ and can be further related to the Seiberg Witten B-period [190, 191 24] 25| 26]
27, 28]. We perform explicit checks of this relation and specify the resummations that
occur to express the instanton expansions as small-frequency expansions. As a result, an
alternative expression of the scattering amplitudes in terms of the Nekrasov-Shatashvilli
free energy [24] is obtained, which aligns with the recent studies of the Kerr-Compton
amplitudes carried out in [I85]. The poles of the scattering elements will provide results
for the quasinormal mode (QNM) frequencies wy, ¢ .

2.4.1 Regge-Wheeler equation in different local regions

The first goal is to find local solutions around the Regge-Wheeler equation’s regular and
irregular singular points in the small-frequency regime. For that purpose, it is necessary
to write down the corresponding differential equations in local variables zgr, zjs, and zy.
A wave function transformation is also performed to rewrite the Regge-Wheeler equation
as a quantum spectral curve, simplifying the solution in the near-horizon region.

Introducing the local variable

2M
2R =" (2.4.152)
T

and redefining the radial part of the perturbation R (r) in the Regge-Wheeler equation
R(r) = 25" (1= 202 /20y (zp), (24.153)
we arrive at the differential equation in the near-horizon region:

" 2r(2zp — 1)+ w (2€+ 1225 + (1—4s%) 2% —2t
hor Z%%( 1) hor 42%(21{ — 1)

Vhor =0,  (2.4.154)

where o = 1(zR) is the local wave function. The boundary condition at the horizon
becomes

Vhor = Vi, ~ 1, 2p — 1. (2.4.155)

To set up the perturbative approach, one should be able to write the leading-order
solutions of (2.4.154)) and their Wronskian in terms of elementary functions. This is
indeed possible for integer values of ¢ and s such that £ > s > 0:

l—s

hor( ) — (s = Ok (L =98k k—t-1/2
= Z 24 ) kl “R ’
k=0
o
9 (2r Z som 2R ? +log (1—2R) Z bsem 25" 1/2, (2:4.156)
m=—Ss m=s
ooy — 2041

2r(1 — zR)’
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where the constants agp,, bsem are

Aspm = — szm (HZ+8 + Hﬁ—s - Hm+s - Hmfs) 5
o (—1)FFmHl (204+1)!  (£+m) (2.4.157)
S it s (m—s)! (C+ ) (€—s) (—m)!’

The local variable in the near-spatial infinity region is

t
zp = —. (2.4.158)
ZR
The corresponding local wave function 1) = 1 (21) satisfies the following differential
equation:

" 2b+1 , (20 +1)%z, — 227 + 1 (1 — 4s?)
=0 2.4.159
O R s i) By =0, (24159
and the boundary condition at the spatial infinity is
Yooy = WOty ~ ez T2 2 o0, (2.4.160)

The behavior of the incoming wave at spatial infinity is needed too:
Yt ~ 22— oo (2.4.161)
The leading order solutions and their Wronskian in the near-spatial infinity region are

féoo)(zL) = eszzZZ_l/2 pe(zL),
o) —f—
0™ () = 2, au(zn), (2.4.162)
00 e *L
Wy (z1) = (-1 —,
L

where py(z1) and g(zp) are the following polynomials of degree ¢:

4 | m+1 l—m (_o9|m
2

mjo | (2.4.163)
( ) <£_ Lm;—lJ)Qé—m (_2 L% +2€_1)” )
Q\zL) = 2L
e AN 2[5 -
In the intermediate region, the local variable is
£1/2
= —, (2.4.164)
2R

and the corresponding wave function ;9 = 1(2ar) satisfies the differential equation

" 2 2 +1 o (20 + 1)2zps + Y2 (1 — 452 — 222))
mid M — +1/2 mid 42%4 (t1/2 _ ZM)

Ymia = 0.  (2.4.165)
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The corresponding leading order solutions and their Wronskian are given by

. 1
§ear) = 2
. _y—1
g zm) = 2y 2 (2.4.166)
. 20 +1
W () = — 1=
M

2.4.2 Local wave functions

The polylog approach allows us to compute the wave function ¥y, perturbatively in
the parameter ¢ up to any given order (the constraint being the exponential growth of
the number of multiple polylogarithm functions entering each order). The particular
functions appearing in the near-horizon region are multiple polylogarithms in a single

variable
0o k1

. z
Lis) . s, (2) = Z S (2.4.167)
Ry

k1>ko>>kp>1

which have been extensively studied and have many known properties [112] 113, 192
193], [194] . To give a taste of the results, we present a few computed orders of the wave
function in the case £ = s = 0:

i — t — or
e (zr) = zR1/2 + = zR1/2 (log(zR) — le) + ¢2 3 (zr) + O (t?’) ,

2
PR () = _ Lis(2r) N log(zr) Li1(2R) N 52r+4 (11zg +6)log(zp) N log?(zR)
2 \WR) = 412 e o4 02 3/2 12 -
2R 2R Zp 24 2p 8zp
(2.4.168)

The integration constants ckR are fixed in each order in ¢ by requiring regularity as zgp — 1
and expressed in terms of multiple zeta values of weight less or equal to k. Depending
on the quantum numbers, the near-horizon wave function was computed up to orders
th =13,14,15.

The wave function in the intermediate region is the simplest one since this region
includes two regular singularities at zp; = 0 and z3; = oo in the leading order in ¢. Each
order of ¥;q is a Laurent polynomial in z}\f and a polynomial in log zps. The first few
orders of the t-expansion in the case £ = s = 0 are

1/2 t1/2 3/2 t 1/2, 9 3/2
Ymid(2m) = 2p;” — S A TG A (23 — 3log zm) + O (t / > : (2.4.169)

The integration constants c]k\/[ are determined by the following continuity condition be-

tween the two local wave functions wﬁ(‘)r and Ymiq:

o (52)

where the gluing point A can be placed anywhere in the interval (tl/ 2, to), and where ¢ is
considered to be real for simplicity (until the computation of the QNMs). Putting A closer

=0, (2.4.170)

ZR=A
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to t*/2 would increase the maximum order to which the near-horizon wave function needs
to be computed. Thus, we choose A = /¢, which is far enough from ¢'/2 and not too
close to t°. With this choice of A, the maximum required order in ¢ for the intermediate
wave function is at least ¢}~ 5tRaX /2.

Since radial infinity is an irregular singular point of the differential equation, we must
modify the polylog approach to find the local wave function in the near-spatial infinity
region. Instead of multiple polylogarithms, new special functions appear in the perturba-
tive expansion - multiple polyexponential integrals ELiy, s, (2). These functions can be
defined as iterated integrals of exponential integral Ei(z) and are much less studied (for
the study of related functions see [114], [115] 116l 117, 118, 119, [120]). As with multiple
polylogarithms, the level of ELis, ., (2) is n and the weight is s; + -+ + sp,. The first
special function of this kind is the exponential integral itself:

> k:
ELii(2) = Ei(z) = v + log(—2) + Y — o MAre(=2) < (2.4.171)
k=1
The functions with higher weight are defined recursively as

z t
S =15 it ()= = [ Bl (-0,
L (2.4.172)

) 1 .
s1>1: ELiy .. (2) = / S ELis, 1,00 (1) .

—0o0

All the main properties of these functions can be found in Appendix [C]
The solution in the near-spatial infinity region can be written as a linear combination
of the purely outgoing wave w?élot) and the purely incoming wave 1/1220 ):

Doy = AYRS) + Byl (2.4.173)
The first few orders of this solution in the case of £ = s = 0 are
W (z1) = e 2 VP (S (2n) + P US (21) + O (1) (2.4.174)

L ., 32
wlout(ZL):izL Y2 ELiy(—2) + 5 o Y

—2p —1/2
—e Lz log 2,

1 _ . ) 1721, — 6
ﬂéﬁ)m(ZL) = —— [e ™ ELij1(21) + 2 ELip(—2;)] -~ ELij (—2)+
4 L/ 24 ZL/
TEL 13 8
+ ¢ log(zr) [log(zL) —e*L ELij(—z1) — zzl] + e 7L L,
2 iﬂ 24 ziﬂ
Wit (2n) = 2 2 ) () + 205 (21) + O (£2) (2.4.175)
_ 1 _
ﬁ? (21) = 3 zL3/2 3 e “Lz 1/2 ELiy(z1),
ELij1(—21) & e % 11z, +8 172, +6 . ,
écﬁl)(zL) = 421/2 o z1/2 e?L Z% — - ELii(zr) + 12 ELia(2z)
L
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To fix the integration constants c% and determine the coefficients A and B, we impose

the continuity condition:
0, log <T/J(oo)>

=0, 2.4.176
¢mid ( )

ZL=A

where A\ = #1/6. In the above equation, one needs to know how polyexponential integrals
behave as z — 0. As we show in Appendix |C| ELiy, ., (2) admit relations sim-
ilar to (1.1.35) with another set of functions we call undressed multiple polyexponential
functions ely, . s, (%) defined as

k1

z (2) > -

€lsy,s9,....,sn\R) = S1 1.8 Sn *

e KRSV ES? . ko
ki>ko>->k,>1 11 M2 "

(2.4.177)

As a result of , we obtain A and B in the form of series expansions in the
parameter ¢, which also depend on the logarithm of t. Computing B/A gives us the
perturbative expansion of the inverse scattering elements S~!. The first few orders in
the case of £ = s =0 are

1 2 1
S = _1+§(1 — i —27) <1+7t+72t2> t+5; (9—5im+37%+12+%) (L + 1) ¢?
1
+ 1 (—15+ 784w+ 357 + 3i7® — 36logt — 12((3) — 367 — 24+°) 7 + O (t*),
(2.4.178)
where 7 is the Euler—Mascheroni constant. The maximum order to which we were able to
compute the inverse scattering elements is 14 for { = s = 0 and 13 for £ = s = 1,2. At the
same time, the near-spatial infinity wave function was computed up to order téax =16
for £ = s = 0 and up to t&_ = 15 for higher values of £ and s. The first few orders of
the inverse scattering elements in the cases £ = s = 1,2 are

1 2
Sljll:1+1(2m—5+47) (1+7t+72t2>t
1 206
— (25 —16+2 — —47%) (1 2 2.4.1
+32<5 6y 5 7T>( +t)t ( 79)
1 37 72

Ne)
(@)

+<—33+16'y3+14i7r+ —2i7r3+8C(3))t3+(9(t4),

-1
S 2

1 : 7 o
—1+6(10—67—317T) 1—|—7t—|—§t t

1 1779

+ = <—1OO+3672+ 35m +97r2> (1+~t)t° (2.4.180)
1 324im 124472
_ -1 3 _ _ oY) 3 3 4 ]

+ 56 (73 6y - o5~ T2im 8C(3)>t + 0 ()
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2.4.3 Monodromy in the near-spatial infinity region

Having computed the perturbative expansion of the near-spatial infinity wave function,
one can study the monodromy of the two solutions ¢E’£) and 1/)?;0) In the near-spatial
infinity region, when ¢t — 0, the two regular singularities at r =0 (2 = 0) and r =2 M
(zr, = t) are very close. A small oriented loop around z;, = 0 incircling both singularities
is equivalent to a loop around spatial infinity with opposite orientation. Thus, the only
monodromy matrix available to us in the near-spatial infinity region is M = M.
Changing the branch of the logarithm by

log z;, — log z1, + v, (2.4.181)

induces the following monodromy transformation of local solutions:

qu)ut)) <¢out

D) =M |5, (2.4.182)
<¢<m> e

where the monodromy matrix is a 2 X 2 matrix:

Mu M”) . (2.4.183)

M) = (i e

Here, we treat the parameter y as a continuous variable, not necessarily equal to 2 min,
n € Z. Thus, M is an element of a one-parameter Lie group with an identity element at
y = 0. The corresponding Lie algebra generator is

p=M\0). (2.4.184)
The determinant of M is
det M = e Y1, (2.4.185)
which results in
Trp = —t. (2.4.186)

Similar monodromy matrices were studied earlier using other methods in the context of
the confluent Heun equation or Painlevé V equation [73, [74] [77, 195, [78]. As compared
to the results in [I95], one of the simpler differences is an additional factor of e ¥%/2 in
front of the monodromy matrix, which is due to the wave function transformation.

Each element of the monodromy matrix is obtained as a series expansion in ¢, which
we computed up to order tﬁlax. These perturbative expansions permit to determine the
exact dependence of M on the parameter y:

My = e /2 <cosh(y B) + (/1112—6[@2) sinh(y 6)) . Mg =e V2 % sinh(y ),

My — o912 (aosh@ 8) - “‘“2_5“22) sinh(y B)) - Mo = e iy ),
(2.4.187)
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where p1;; are the elements of the generator u, and f is related to the determinant of :

+2
B =1/ i det p. (2.4.188)

In , the parameters that depend on quantum numbers ¢ and s are p;; and
B = 6@,5-

The perturbative expansions of the two local solutions allow us to determine the
elements of p up to the same order t% . For example, the first few orders in the t-
expansion of p1; in the case £ = s = 0 are

iT o T2 3 4
pn =t 4 ot +O(th. (2.4.189)

The corresponding Taylor expansion for 3 is

7 9449 , 102270817 3
— 17— t "+ 0(t°). 2.4.190
24 120960 * 2133734400 * ( ) ( )

It is possible to find the exact expressions for j111 and p12 in terms of 3, s and a new
function & s = & 5(t):

Bo,o =

e '™t — cos(27 B)

t
t)=—5—1 2.4.191
Ha(t) 2 ip sin(2 7 ) ’ ( 91)
2”6 (% - B) 5@ s
) = — ’ : 2.4.192
aat) sin(27 )T (1+5+8) T (1+4L—p) ( )
where £ ¢ satisfies
§o.s(t) §o,s(—t) = 1. (2.4.193)
In the case £ = s = 0, § s admits the following Taylor expansion:
2 2 41
00(t) = 1—§t+—5t2——3t3+—t4+0(t5). (2.4.194)

6 72 315 72576

The remaining elements p;; can be obtained using the trace and the determinant of p:

t2
p11 + pog = —t, a2 por = pa1 pas + B — T (2.4.195)

Following [195], we look at the eigenvalues of the monodromy matrix M rescaled by
eyt/2.

e Py 0 -
eV PM=U < 0 e5y> U, (2.4.196)

which tells us that 8 is related to the flat modulus a of the corresponding Seiberg-
Witten curve. However, 8 is obtained by resumming instanton corrections using the
dictionary between the gauge theory quantities and the black hole parameters. To be
more precise, a can be computed by inverting the Matone relation [I196] perturbatively
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in the instanton parameter A = ¢. The resulting instanton expansion depends on both
A and the frequency w (also proportional to ¢ via (2.4.149)). In the £ = s = 0 case, the
following expansion for a can be derived:

1 iwA (272w* + T0w? — 11) A2
4= /8?2 _ 14 + +0 (A%,  (24.197
2 4V8w? =1 64 (8w?—1)*%(8w? +3) 9 )

where we fixed M = 1/2 for simplicity. When rewriting this expansion using the single
parameter t, infinitely many orders in A contribute to the same order in ¢. For example,
one can check the following:

ia=—— % +0 (). (2.4.198)

This leads us to the relation between a and [y ,:

1
ia= 05— frs. (2.4.199)

To check this claim, we can approximately compute coefficients in front of t* and t* for
¢ = s =0 using 15 instanton orders in (2.4.197)):

1
ia~ =5 = 029170 +0.07816 " + O (1), (2.4.200)

which are indeed close to —7/24 ~ —0.29167 and 9449/120 960 ~ 0.07812. The resum-
mation of infinitely many instantons comes from the poles of the Nekrasov partition
function in a, and it starts at order t**2 for higher values of £. This means, for example,
that for ¢ = 1, the first two instantons provide an exact expression for a up to order ¢.
Indeed, we have for £ =s =1

3 47

s 2 2 4
la=—3— g5t + 0 (%) (2.4.201)

and
47 5 43908 007

4 6
T 240 1137024000 : 2.4.202
210"~ T137022000¢ TO ) (2.4.202)

B1,1

In Appendix @, generic formulas are presented for the coefficients in front of t2%, k =
1,2,3 in the expansion of 3¢, which are valid for £ > k and can be computed via the
instanton expansion.

2.4.4 Scattering elements

Applying the monodromy transformation (2.4.182f) to the full solution in the near-spatial
infinity region

V(o) = AYES) + BY), (2.4.203)
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allows us to understand how the scattering elements S = A/B behave under the shift of
the logarithm logt — logt + y:

My S (tlogt +y) + Moy

S (t,logt .
(t,log )%Mlgs(t,logt—i—y)—i—/\/lm

(2.4.204)

Since changing the branch of the logarithm should not affect any physical quantities, the
following functional relation should hold:

M1 S (t,logt +y) + Moy
— S (t,logt), 2.4.205
Mia S (t,logt +y) + Maa (t;log?) ( )

which can be verified in the small ¢ expansion. It follows that the y-dependence is only
apparent:

d S (t,logt
4 [Mu St logt 1) +M21] = 0. (2.4.206)
dy [Mi2S (¢ logt +y) + Maz | |,
At y = 0, the monodromy matrix is an identity matrix
Mitly=0 = Maaly=0 =1, Mialy=0 = Mai|y=0 =0, (2.4.207)

which leads to the following first-order differential equation on the inverse scattering

elements:

9 1 -
=_r LA “22) — (2.4.208)

dlogt S (t,logt) S (t,log t)2 S (t,logt

The exact dependence of the scattering elements on logt can thus be derived:

1 t+2
_ o t2m B (¢ + Blogt) (2.4.209)

S (t,logt) 2 pig p21

where the integration constant is a function of t: ¢ = ¢(t). Computing ¢(t) up to
a certain order in t, we verify that it is related to the B-period of the corresponding
Seiberg-Witten curve with some additional contributions. In terms of 3, we have:

T'(-20-28) 1g I'(m; —¢—f)
L(20+23+2) _izlogr(mjimﬁﬂ)

o(t) =imp+ <€+;> logt + log

=1

1. sin[m (8 —1/2)] 2k
-5 . + t°",
2 Tsin[r (B8 +1t/2)] kz>0 Phsk
(2.4.210)
where the hypermultiplet masses m; are
t t
m =g +s, mo= 378 Mm3=g, (2.4.211)

and the coefficients ¢ can be computed perturbatively. The first few coefficients in the
case of £ = s =0 are

7\ 8587 59423 233
kzm ©0,0,k og (9) 70560" T oosranran! TO ) ( )

66



One might notice that ¢ (¢) depends on (£+ 1/2)logt, which would seemingly violate
the differential equation ([2.4.208]). However, 1/2 logt is canceled by the expansion of the
log-Gamma functions, and the contribution of £logt can be rewritten as

t2462x -1

tanh (flogt-i—a:) = m,

(2.4.213)
which makes it invisible for the partial derivative with respect to logt in the small ¢
expansion. Another consequence of is that the contribution of log (t) to the
expansion of the inverse scattering amplitudes is delayed to order t2¢+3, in agreement
with (ZLI73).

Let us comment on the relation with the Seiberg-Witten B-period in more detail. We
can see that ¢ (¢) contains the perturbative part of the B-period, which is given by the
a-derivative of the Nekrasov-Shatashvili (NS) free energy with Ny = 3 and h = 1:

8Fpert —1—21(1 I'(mj+ia+1/2)
= —2alogt— 21l 1 2.4.214
da @708 ”’g (1—2 Zog my—iat1j2) )
Taking into account relation (2.4.199)) between a and /3, we can write for ¢ (¢):
1 0Fpery 1. sin[m(8—1t/2)]
logt = | 2k (2.4.215
@ (1) + Blogt =imf+ 5= — 5 log ey B+t/2 +kz>0905k ( )
This leads to think that the sum
o=0rs =Y Prspt’® (2.4.216)

k>0

is related to the instanton part of the NS free energy. To confirm this relation, we
compute the a-derivative of the instanton expansion and substitute (2.4.197)) to get for
{=s=0:
0 Fy, Sw? —1 —1920 W% — 912w* + 40w? 4 45) A?
o VBT, | 2) +O (A%, (24.217)
da 8iw 256 w2v/8w? — 1 (8w? + 3)

Rewriting this as an expansion in ¢ will result in resumming infinitely many orders in A.
Using 15 instanton corrections, we get approximately:

iaﬂnst
2 Jda

where only even powers of t are present consistently with (2.4.212). All the numeric
coefficients in the above instanton resummation also agree with (2.4.212)), where

~ —0.25095 — 0.12213 ¢ + 0.05985t* + O (¢°) (2.4.218)

0000~ —0.25131, o1 ~ —0.12170, g2 ~ 0.05968. (2.4.219)

In this case, the resummation of instantons starts at order ¢3¢, which is due to the a-
derivative that increases the order of the poles in each instanton contribution. Thus, for
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¢ = 2, the first two instantons should be enough to match the coefficient o 1 exactly.
Taking £ = s = 2, we get
i 8 Enst 125 2 4
= =—t"+0(t 2.4.220
2 Oda 1568 + ( ) ’ ( )

which agrees with the expansion for (o :

125 , 53950959337 ,
1568~ 2280051680256

Plugging the relation between ¢y ¢ and the instanton expansion back into (2.4.215)),
gives

P22 = +0(t%). (2.4.221)

i 0Fpert 1 OFnge 1, sin[w(8—1t/2)]
qb()—i—ﬁlogt—mrﬁ—i—z 34 t5 P _510gsin[7r(5+t/2)]’ (2.4.222)

which provides an alternative description for the scattering elements in terms of the NS
free energy and the flat modulus a.

2.4.5 QNM frequencies

The poles of the scattering elements obtained in the previous section determine the
quasinormal mode frequencies w;,, = wy, ¢ s, provided the relation between ¢ and w given
n (2.4.149). The corresponding condition for the inverse scattering elements is

1

I = 0, (2.4.223)

which we call the quantization condition for short. The latter can be rewritten with the

help of (2.4.209) as

ZoriFe 11 28 (2.4.224)
Substituting the element of the monodromy generator (2.4.191)), we get
(142
02¢+2p log(t) _ elmtr28) 1 _ 2im Sm [ (ﬁ + )} (2.4.225)

1 _eint—2p) _ © sm[w(ﬁ_g)]'

Now, we can use the expression (2.4.210) for ¢ (¢) in terms of 3, where i7 8 and the
logarithm of sines conveniently cancel with the right-hand side of ([2.4.225)):

02 Py20+2B+1 L(-2¢-2p)° H L(m;+£+6+ )_1. (2.4.226)

L(20+283+2) L (m; —£—B)

By taking the logarithm, we can also rewrite (2.4.226)) in a form equivalent to the quan-
tization of the Seiberg-Witten B-period:

0 Fpert + 0 Enst

Ja 9a =27 (TL + 1) , ne ZZO7 (24227)
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where a is related to 8 via (2.4.199)).

Quantization condition (2.4.226f requires a simple input in the form of two Taylor
expansions in ¢, where only even powers of ¢ are present:

Brs =3 Brsit™, @os=> orent’t. (2.4.228)

E>1 k>0

For given quantum numbers ¢ and s, the coefficients ¢ ; 1, and ¢y s . are rational numbers,
except for ¢o,0,0 = log (7/9). Moreover, it is possible to derive generic formulas for By s 1,
>k and gk, £ > k from the instanton expansion (see Appendix@. Since f is entirely
determined by the monodromy in the near-spatial infinity region, the coefficients Sy,
can be computed solely from the perturbative expansions of w?glot) and w%go). The second
Taylor expansion ¢y, is related to the Seiberg-Witten B-period and thus also requires
the knowledge of the near-horizon wave function i .

The radius of convergence r of the t-expansion of 3 s seems to depend on the angular
quantum number ¢: r = ry. For £ = 0, we have approximately [t| < ro ~ 1. This
radius might be related to the poles in the instanton expansion for a . The first
pole appears at order A? and is of the form 8w? + 3, which is equivalent to 3 — 22,
provided M = 1/2. If this is true, then ¢ is indeed close to one: 19 = m However,
we don’t know if the poles in the instanton expansion are meaningful for the black hole
perturbation theory or if they are remnants of the inversion of the Matone relation.
Acknowledging its speculative nature, one can continue the above argument for higher
values of £. The poles in each order of the instanton expansion are of the form 27ia + k,
k € N. We have for a in the leading order:

1\2
a2:2w2—<€+2> +0O(A), (2.4.229)
which corresponds to the poles in ¢ at
2 (204 1)
R::k(2f+). (2.4.230)

As we mentioned earlier, the pole at ¢ = 0 leads to the resummation of the instanton
expansion into ([2.4.228]). The next pole closest to t = 0 is given by k = 2/ with ¢ > 0.
Thus, we get the following estimation for the radius of convergence of ;¢ in (2.4.228)):

40+1
(>0: rg=1/ ; . (2.4.231)

By taking the square root of the ratios |8y s x/Be.s k+1], We can also estimate the radius
of absolute convergence r‘gbs for £ =0,1,2:

rabs ~ 1, S~ 13 8PS~ 16 (2.4.232)
For comparison, we have

ro~1.2, 7 ~16, ry~2.1. (2.4.233)
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The above 7, values allow us to compute the fundamental frequencies wg /s via
(2.4.226) or (2.4.227). Using the t-expansions of 3¢, and ¢, from Appendix |§|7 we
get:

wo,0,0 = £0.220911 — 0.2097921,

wo11 = +0.497254 — 0.1859394, (2.4.234)
Wo a9 = +0.747289 — 0.177543i,

where the digits in bold agree with the reference numerical results from [197] with the
rounding in the last bold digit.

2.5 Summary

In this chapter, we considered different methods to analytically compute QNMs of dif-
ferent spacetime geometries. The gauge theory method, or instanton approach, is not
new, as it was first introduced in the context of black hole perturbations in [43]. The
polylog method, involving an expansion of the wave solutions in terms of multiple poly-
logarithms and multiple polyexponential integrals is, instead, a novelty. We remark that,
however, other perturbative methods have been developed to study QNMs and scattering
amplitudes, such as, for example, the method of matched asymptotic expansions. We in-
vestigated in detail the relation between our method and the instanton approach. In the
same way, it would be important to relate it also with the MST method [107, 108, [109)] in
the case of asymptotically flat spacetime. The latter involves a matching of asymptotic
expansions in which the local solutions are expressed as series of hypergeometric func-
tions depending on an additional parameter v - the renormalized angular momentum.
The coefficients in such series expansions obey a three-term recurrence relation, which
permits to express the parameter v and the outgoing and incoming amplitudes as ex-
pansions in powers of € = 2 M w (which equals the instanton parameter that we denoted
with ¢ up to a constant factor of —21).

The expansions provided by MST method were used in [184, 198, [199] to study the
dynamical tidal response of black holes by matching them with the predictions of the
point particle effective field theory. This tidal response of black holes is characterized
by the so-called dynamical Love numbers. In particular, it was shown that the wave
amplitude ratio factorizes into two parts: the near-zone, which carries information about
finite-size effects due to the black hole, and the far-zone, which contains the relativistic
post-Minkowskian corrections. This factorization of the scattering elements was then
analyzed in [I85], where it was rewritten in the gauge theory language. In this way, the
connection between the instanton approach and the MST method was established, and
the parameter v of the MST method was identified with the gauge modulus a. By the
same logic, our parameter [ is also related to the renormalized angular momentum v
through . It would be essential to establish the exact form of this relation.
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Chapter 3

Determinants of Klein-Gordon
operators in black hole geometries

In this chapter, we apply the Gelfand-Yaglom theorem (see Appendix to compute
determinants of the second-order separable differential operators which compute the one-
loop effective actions in the BH backgrounds. More precisely, we consider the conformally
coupled Klein-Gordon differential operator in four-dimensional Kerr-de Sitter black holes
and the Klein-Gordon differential operator in Schwarzschild anti-de Sitter black holes in
five dimensions. In both cases, the action of the scalar field can be written as

S[®, g = / APz /=g (—;g’“’V,A) vV, o — ;,ﬁqﬂ), (3.0.1)

where g, is the metric of the spacetime, and the resulting differential operator can be
written as

1
{\/jgau (V=99"9,) — ,ﬂ] o=[0-p*®=0, (3.0.2)
where, for Kerr-de Sitter BH in four dimensions, we fix x? = 2 so that it realizes the
conformal coupling if the de Sitter radius has unit norm, whereas, for Schwarzschild anti-
de Sitter black hole in five dimensions, we consider u to be generic. In the latter case, it
is convenient to reparametrize p as

= A(A —4), (3.0.3)

where A corresponds to the conformal dimension of the scalar field living in the holo-
graphic dual 4d CFT. We require A ¢ Z in order to avoid logarithmic solutions for the
radial function around the AdS boundary.

3.1 One-loop black hole effective actions and Gelfand-Yaglom

theorem

The Gelfand-Yaglom theorem provides a way to compute the logarithm of the inverse
of the partition functions associated with the above Klein-Gordon differential operators.
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The computation of the full determinant det (D — u2) can be reduced to the computation
of the determinant of a radial 1-dimensional operator which depends on the eigenvalues of
the other separated problems and their degeneracies. We use the following decomposition
in Fourier modes of the wave function ®

O(t,r,Q) = / dw Z eithSwj’m(Q)Rw’g’m (r). (3.1.4)

> m
In the spherically symmetric cases, the angular functions S, ¢,7(2) coincide with the
spherical harmonics Yy 7(€2). Starting from the problem

(O—p?) @ =\, (3.1.5)

and using (1.1.1)), we obtain a system of coupled second-order differential equations for
S0 () and Ry, ¢7(7), of the form

Drade,ﬁ,ﬁi(r) = (Afﬁi + A) Rw,é,’rﬁ(r)’ (3 1 6)

Dangsw,&ﬁi(ﬂ) = _Aéﬁz Sw,Z,ﬁz(Q)a .
for some second-order differential operators Dyoq and Dayg, and where Ay denotes the
separation constant at fixed values of the quantum numbers.

The expression of the separation constant is obtained from the angular equation and
then, when substituted into the radial equation, gives the determinant in terms of w and
the quantum numbers. In the Kerr-de Sitter case, the separation constant is expressed
as an instanton expansion in terms of NS functions. In the Schwarzschild-(anti-)de Sitter
cases, the angular eigenfunctions reduce to the spherical harmonics and the separation
constant has an exact expression in terms of the quantum number £.

In the asymptotically de Sitter black hole problems, around the points in which the
boundary conditions are imposed — which are horizons of the BH geometry — a basis of
independent solutions of the radial equation behaves like

R0 () ~ exp(Fiwry), (3.1.7)

where r, is the tortoise coordinate. When w is analytically continued to assume values
in the complex plane, the boundary conditions select the correct local solutions accord-
ing to the sign of the imaginary part of w. In the asymptotically anti-de Sitter black
hole problem, this still holds for the boundary condition imposed around the black hole
horizon, but the second boundary condition is imposed at the AdS boundary which is a
regular point, and the selected solution depends on the value of the mass of the scalar
perturbation.
The full determinant has an expression of the form

oo

log(det (O — ,uQ)) = / dw Z log (det (Dyaqa — Aem) [w]) - (3.1.8)

—00 =
lm
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When applying the Gelfand-Yaglom theorem to the 1-dimensional radial operator,
we introduce a new variable z such that the radial differential equation can be brought
in Heun’s form

DHeun¢(Z):
@ h-d 1@ l-d j-d-d-drdiu
Heun = 922 22 (z—1)2  (2—1)? z(z—1) 2(z—1t)

(3.1.9)
and z = 0 and z = 1 become the two singular points in which we impose the boundary
conditions. Let

PR(z) = (- 2)7F = 1+ 0(z— )], i=1,2 (3.1.10)

be the fundamental system of local solutions around z = 2. The solution selected by the
boundary condition at z = Z is the one having in front of the exponent a; the same sign
of Re(az). For the problems we consider, this condition changes according to the values
of the gravitational quantities. In particular, around the singularities corresponding
to horizons of the geometry, the condition depends on the sign of Im(w), when this is
analytically continued to take values on the complex plane.

Let us denote with wgz/)\ (z) the solution selected by the boundary condition at z = 2.
Using the connection formulae, we can write

V0 (2) = CLipt S (2) + Crzati (2), (3.1.11)

where we denote with Cj1 x,Ci2 ) the connection coefficients, which depend on A (but are
independent of z).

In order to apply the Gelfand-Yaglom theorem, we introduce a reference problem
whose differential operator Diaq is a Hypergeometric one, obtained by simplifying the
Heun differential equation keeping the indices of the singular points at z =0 and z =1
fixed. When computing ratios of the determinants of the two radial operators (the one
of the original problem and the one of the reference problem), we have

det (Draqg — Aem — A) ~ Ci2,x
det (f)rad — )\) Cran

(3.1.12)

where C denotes the connection matrix of the reference problem. The above statement
holds since both the left-hand side and the right-hand side (as functions of \) have zeros
in the eigenvalues of D;,q — Ay and poles in the eigenvalues of f)rad. The fact that the
connection coefficient Clg » has zeroes in the eigenvalues is due to the fact that if \ is
an eigenvalue, then w )\( ) = 0 because of the boundary condition, and 11} ( )=0if

and only if C,, A= = 0. Moreover in the limit A — oo the ratio ( m tends to 1. We

thus conclude that
det (Draq — Aem)  Ciz2a=0

det (ZN)rad) a C~12,,\=0 .

(3.1.13)
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Finally, as described in Appendix [G] we can compute the regularized determinant for
the reference Hypergeometric potential. This provides a solution for the determinant of
the radial Heun differential operator, which is of the form

Ci2,3=0

det (Drad — Agm) = 2 ,
et (Praa = Aem) = 27 550 0 ST 5drar)

(3.1.14)

as obtained in Appendix[G.3] where ag, a1 denote the indices of the singularities at z = 0
and z = 1 of the Heun differential operator, and where 6y, 0; = =+, the signs being the
same of the ones of the real parts of the indices ag, a1, respectively.

In the following sections, we concretely compute the determinants for the gravitational
problems, and in the last section (see Sec. we discuss the results and rewrite the
previous formulae more explicitly.

3.2 Kerr-de Sitter spacetime in four dimensions

The four-dimensional Kerr-de Sitter metric in Chambers-Moss coordinates can be written
as
7'2 + 1'2 2 T2 + x2
A dr® 4+ — 5 A o
r (ady — 22) (1 + $a?)
A, — (agy — 2 (1 + §2?) 42
- 2
(r2 4 22) (1 + 2%pu)?

a% — x? A
; 2( = — [(r2 +a%H>2<1 + 3x2> — (abu —x2>Ar] dg?
agy(r? +22) (1 + gagy)

(ady — 2%) A
+2 5 BZI 2 A, — (P +adg) 1+ gxz dtde,
CLBH(T‘ +x )(1 + gaBH)

ds® = dz?

(3.2.15)
where

T = agy cos b,

A (r) =12 —2Mr + aby — /3\7"2(7“2 +ddy) = —13\(7‘ — Ry)(r—R_)(r— Rp)(r — R;).

(3.2.16)

In the previous equations, M is the mass parameter of the black hole, agy is the param-
eter characterizing its angular momentum, A > 0 is the cosmological constant, and we
have factorized A,(r) in linear terms, where R}, is the event horizon, R; is the inner hori-
zon, and Ry represent cosmological horizons, one of which is negative, R_ € R.q, and
the other one is positive and bigger than the event horizon, Ry > Ry. In the following
discussion, we fix A = 3 and we work in the small black hole regime, which corresponds to
taking the black hole radius small compared to the norm of the de Sitter radius, R < 1.
Using the decomposition , the conformally coupled Klein-Gordon equation can
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be separated into an angular equation and a radial equation which read

2

w(r? + a%y) — agg m|? a2
i(Ar(T)d§£T)> + [[ (r" + BH) Af(i) ] (1 + BH) _ o2 Apm R(T) =0,
(3.2.17)
{(ﬁn [(Q%H — x2) (1 + 952) iﬂ]
(3.2.18)

2
{0+ aiy) wlady — 2?) — apum]}
(ady — 22)(1 + 22)
where with Ay, we denote the separation constant. Both equations can be written in

Heun’s form [146], 200} [82]. We first address the problem of quantization of the separation
constant.

— 222 + Agm}S(x) =0,

3.2.1 Angular Problem
The singularities of the angular equation are
+apy, +i. (3.2.19)

The Kerr-de Sitter black hole solution is well defined if the agy parameter lies in the
range 0 < apg < 2 — v/3. Indeed, the extreme cases in which two or more singularities
coincide can be obtained by solving the system

{ifgg Z 8? (3.2.20)
.
Solving the system in r and M, gives the solutions
M =r — a}yr — 2r°, (3.2.21)
and
- i\}g\/l — by — \Joby — Mady + 1, 2

1 4
i\/g\/l — gy + \foby — Mady + 1.
These are consistent with the physical requirements M > 0 and 0 < agyg < 1 if and only

ifO<aBH<2—\/§.
Let us perform the following change of variables:
2i(x + apn)

= a0 LT (3.2.23)

This change of variables maps

(r4 = —i,21 = —apH, T2 = i, T3 = aBH, 00) >
oo Liamg 9 (3.2.24)
00,21 =020 =1, 3= —— 5,200 = )
1 2 5T (agn+ 12" apny +14
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We note that, for 0 < agg < 2 — /3, one has |t| < 1. Let us define

Aw(l’) = (CL2BH — 332) (]. —+ 172) R
9,(;‘) _ a4 agy)[w(afy — 23) — apn m]’ k=123 (3.2.25)
Al ()

If we transform the angular wave function as
3 (a)
S(x) = (2 — 200 H z—2) % w(z), (3.2.26)

we can remove the apparent singularity in 2z, and the angular equation becomes a Heun
equation

d? y ) € d afz—q

= 4 (2 <4 aPErd - 2.2
[d22+<z+z—1+z—t> dz+z(z—1)(z—t)]w(z) 0 (8:2:27)

with
_ dian
(CLBH—i-Z')Q7
a=1—1iw+iagg(m — appw), B=1,
o (3.2.28)

vy=1-m, d =1—iw + iapg(m — appw), e=1+m,

Ay + 2aBH [(1—a}y)w+ (ay — i)m + z]

(aph + )2

The dictionary that gives the parameter of the Heun’s operator in normal form (3.1.9)),
is given by

m m
ag = 57 at = _57
] ]
a =g [w(l + aQBH) - aBHm] , oo = —3 [w(l + (LQBH) - aBHm] ,
1+ 2A0, — m? + 2agn (i — im? + 2mw) + adg(—1 + 8m — 3m?) + 4adz(m — 2)w
u =

Q(GBH — i)2
(3.2.29)
We impose as boundary conditions the regularity of the solutions at § = 0, 7w, which
correspond to x = tapy, and so to z =t and z = 0.
For z ~ app the original angular function has the following two behaviors:

m
2

s® () ~ (x — apn)

) . (3.2.30)
Sy (x) ~(x —apH) 2.

Therefore, we take S ~ Sg) if m > 0, and we take § ~ Sg) if m < 0.
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For x ~ —apy the original angular function has the following two behaviors:

m‘g

SO (@) ~ (2 + agn)”

3.2.31
SO (@) ~ (z + apu) ?, ( )

I3

Therefore, we take S ~ S(,O) if m <0, and we take S ~ S@ if m > 0.

The boundary conditions are satisfied if the following requirement is imposed on the
v.e.v. parameter a (see Appendix [A] for the relevant definitions and conventions) which
parameterizes the composite monodromy around x = 0 and x = ¢:

1
a=/{0+ 2 with ¢ > |m| and ¢ € N. (3.2.32)
The v.e.v. parameter a is related to the parameter u of the Heun differential equation
through the Matone relation
L 9 9 o OF()
u:—1+at +aj—a +t7, (3.2.33)
where F(t) is the instanton partition function with four fundamental multiplets in the NS
limit (see Appendix [A] for the relevant definitions and conventions). Using the gravita-
tional dictionary for u and the quantization condition a = ¢+ %, we obtain the following
expansion of the separation constant:

OF(t
Apms = (CLBH — 1)2£(€ + 1) + 2aBHm(a]23Hw — apgm — w) — (aBH — 1)2t§).
(3.2.34)
As expected, expanding this expression around agyg = 0 gives

Apms =L+ 1) — 2mapn w + O(ady). (3.2.35)

3.2.2 Radial Problem and expression for the determinant

For the radial equation, let us perform the following change of variables:

Ry —R_ - R

= L (3.2.36)

*T“ R, —R, r—R_
This sends

(ra=R_,r1 = Ry,r2 = Ry,r3 = R;,00) —
Ri—R- Ri—R,  _Ri—R (3.2.37)
R. —R, Ri—-R_'™"R,_R,)

(oo,21:0,22:1,z3 =t=

We remark that ¢ < 0, so that in the interval z €]0, 1] there are no singularities. Let us
define

0" = " _[w(r?+ady) — apum)(1+ady), k=1,....4 (3.2.38)
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If we transform the radial function as
3 (r)
R(r) = (2 = 2z00) [ [ (2 = 2:) % w(2), (3.2.39)
k=1

we can remove the singularity in z,, and the radial equation becomes a Heun equation
(13.2.27)) with

Ry~ R_ Ri—R,

t = .
Ry —R, Ri—R_
21
a=1+ AR [w(R: + a}y) — apam](1 + ady),
p=1,
21 2 2 2
v = 1-— W[W(Rh + aBH) - CLBHm](l + aBH)? (3240)
21
21
tt—1) 2R} + Apm
=(t—1 t — t !
q= (= Diaota) +Ha+a) - T+ tat P m o

where the indices of the singular points are

1

ap = AR [w(Ri + a2BH) —apgm](1 + a%H),
i 2, 2 2

ar = N (R) [W(Rl + aBH) — CLBHm](l + CLBH),
" ! (3.2.41)

U= NRD w(RZ + ajy) — aprm](1 + agy),

— i R2 2 1 2
e = 5y U + ) — a1+ ),
and the parameter u in the Heun equation (3.1.9) is given by

uz—2q—|—2to¢ﬂ+’ye—t(’y+5)e' (3.2.42)

20t — 1)

We distinguish two cases according to the sign of Im(w).

Let us start from the case Im(w) > 0. In this case Re(ap) < 0 and Re(a;) > 0.
Then, the local solutions of the normal form of the Heun equation (and normalized as in
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(E.1.16])) selected by the boundary conditions are
@Z}SO) (2) = t_€/227/2(2 - 1)6/2(’2 - t)E/Q Heun (t? q,a, 57 7> 57 Z) )

) o —a—1446
W0G) = (=) 2 - 10—y (2]

(3.2.43)
Heun<t,q—a(ﬁ—|—5—2)+(5—1)((14—5—1—157)’

1_
a+1—6,1+7—,6’,2—(5,v,ttz>.
— Z

The connection formula between the two local solutions changes according to the position
of the singularity ¢ in the z-space. The small black hole regime corresponds to the regime
It| < 1|H The connection coefficient in terms of which we can express the determinant is

the one in front of w(_l)(z) starting from the solution w(_o) (z) in the connection formula

[F-2.19):

/ 1 1 o’
Z M _g(ag, a; ar) M (_gr—(a, a; oo )t~ 0 exp (—28a0F(t) + 58,11F(t) — 28aF(t)> :
0'==+
(3.2.44)
In the case Im(w) < 0, the local (normalized) solutions selected by the boundary
conditions are

wSLO) (2) = eiﬂ(f6/276/2)t76/22177/2(Z _ 1)5/2(2 _ t)e/z><
X Heun(tvq_ (’Y_ 1)<t6+6)70‘+1_77/6+1 _772_77572)7

DD (2) = (1= £)/27/2(5 — 1Y9/2(5 — 1)/? G - i) L (3.2.45)

x Heun (t,q+a(5—5)7a,5+7—ﬁ,é,%ti_z)-
— Z

The connection coefficient in terms of which we can express the determinant is the one
in front of @bi”(z) starting from the solution @Z)EB)(,Z) in the connection formula (F.2.19):

/ 1 1 !
Z Mg (ao, a; ar) M(_gr4(a, ax; oo )10 T exp <28a0F(t) - iaalF(t) - i@aF(t)> .
0'==+

(3.2.46)

3.2.3 Determinant of radial operator

We can finally write the result for the determinant of the radial differential operator,
following the procedure explained in Appendix [G.I] and [G.2] The reference problem we

'The other regime [t| > 1, would lead to a simpler connection formula, more similar to a
Hypergeometric-like connection problem, but still involving the presence of the NS functions (see Ap-

pendix .
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consider for the radial operator is a Hypergeometric problem having the same indices at
the singular points z =0 and z = 1.

For Im(w) > 0, we have Re(ap) < 0 and Re(a;) > 0. The formula for the (regularized)
determinant reads

27T (—260'a)T(1 — 26'a)

jeloms T (3 —a0—0atoa)l (3 —0ata+0ax) (3.2.47)

1 1 0
x exp (=50 F() + 500 F(H) = S0.F(1) ) .

t—a0+9’a %

For Im(w) < 0, we have Re(ap) > 0 and Re(a;) < 0. The formula for the (regularized)
determinant reads

Z 270 (—260"a)T(1 — 20'a) ao+0'a
o X
0/ =+ Ho‘:j:r(% + ao —HICL—FO'(It)F(% _0/(1—(11 +O’CLOO)
| 1 ” (3.2.48)
X €Xp <28a0F(t) - §0a1F(t) - 28aF(t)> .

We can summarize the two formulae together introducing 7 = Im(w)/|Im(w)| as

QWP(—QQ/G)F(l - 29/0,)
det(prad - Afm) = Z H T (1 —nag—0a+oa ) r (l —0la + t‘oa ) %
/=4 1lo==% 3 — Tao aToat 2 a -+ 1a1 T 0 loo

—naot+0'a g (1 n v
X t exp 2(%UF(t) + 28Q1F(t) 5 0 F(t) | .

(3.2.49)
The (anti-)quasinormal modes are directly given by the zeroes of the above expression.

3.2.4 Schwarzschild-de Sitter spacetime in four dimensions

In this subsection, we want to briefly comment on how the previous formula also gives
the solution for the determinant of the same operator around the four-dimensional
Schwarzschild-de Sitter black hole, which is a spherically symmetric spacetime. In par-
ticular, the angular problem, in this case, is solved by the spherical harmonics, and the
only nontrivial problem is the radial one, which can be solved precisely as in the previous
discussion, but with a simplified dictionary.

The metric describing the Schwarzschild-de Sitter black hole in four dimensions (SdSy4)
is given in ([2.1.1)).

The conformally coupled Klein-Gordon equation in the SAS geometry can be obtained
from the Kerr-dS one by sending the rotation parameter apg — 0. This also sends the
singularity R; — 0 and the angular equation becomes trivial, giving an exact result for
the separation constant

Agm = £(0+1). (3.2.50)
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The radial equation, instead, remains a Heun equation (3.1.9)), whose parameters can be
deduced from the ones in (3.2.41)) and (3.2.42):

,_ Bn Ry —R- u__2£(£+1)+(Rh+R+)2 . iwRy,
" R. R.-Ry’ B 2R, (2R, + Ry) " (Rn—R_)(Ry — Rp)’
why wWwR_
a; = a; =0, Qoo =

(R4 — R)(Rp — Ry)’ (Bp — R-)(R- — Ry)
(3.2.51)
With this new dictionary, the expression of the determinant is given by (13.2.49)), as in

the Kerr case.

3.2.5 Pure de Sitter spacetime in four dimensions

An additional simplification can be obtained from the previous problem in the limit
in which R, — 0. This leads to the determinant of the same operator in the pure
de Sitter spacetime in four dimensions. In this case, the radial problem reduces to a
Hypergeometric differential equation:

A2 Al +1)(z—1)+ (w? +1) 2

— =0. .2.52
dz2 + 4(z —1)222 ¥(z) =0 (3.2.52)
The indices of the singularities z = 0 and z = 1 are
1 Tw
apg — —{ — 5, a; = ? (3253)

The sign of Re(ag) is always negative, whereas the sign of Re(a;) depends on the sign of
the imaginary part of the frequency. Therefore, the local solution selected around z ~ 0
is the one behaving like

v (2) = 257 (2) (1 4+ 0(2)). (3.2.54)
The selected solution around z ~ 1 is

V() = (- 1) F (1+0(z—1)), ifIm(w) >0,

. (3.2.55)
o (2) = (2= 175 (1+0(z—1)), if Im(w) < 0.
Redefining the wave function as
W(z) = 2z — 1) T w(z) (3.2.56)
we can rewrite the differential equation as in with
a=0+1, b=L+1—iw, c=2(+2. (3.2.57)

Using the connection formulae (F.1.4) and the results in Appendix the determinant

can be written as
27

Frl+1r¢+1—inw)’
where 17 = Im(w)/|Im(w)|. The zeros in w of the previous functions are given by the
quasinormal mode frequencies w = —i({ + n + 1) and by the anti-quasinormal mode
frequencies w = i(£ +n + 1).

(3.2.58)

81



3.2.6 Reduction of the determinant from Schwarzschild-de Sitter to
pure de Sitter

In this subsection, we want to comment on how the result of the determinant in the
pure de Sitter geometry can be obtained from the Schwarzschild-de Sitter case in the
limit R, — 0 (or, equivalently, sending to zero the mass of the black hole M — 0). We
already stressed that starting from the determinant in the Kerr-de Sitter case and sending
the rotation parameter agy — 0, one obtains the determinant of the Schwarzschild-de
Sitter case, which has the same expression but with the reduced dictionary. This is
a smooth limit, in the sense that the result can be obtained simply by looking at the
limit of the parameters for agg — 0. In the reduction to the pure de Sitter case, the
equation becomes a Hypergeometric equation in a non-trivial way, namely by a collision
of singularities.

Let us start by rewriting the determinant of the Schwarzschild-de Sitter case written
in the following form:

21 Y g Mg (a0, a; ar) M(_gry—(a, a1; as) y
F(l — 2ao)r(2a1)

1 1 , (3.2.59)
pa0ta g (_QaaoF(t) + 500 F(t) = S0uF (t)) )

where we took the Im(w) < 0 case (the Im(w) > 0 case is analogous).

By considering the limit Ry — 0, we have to implement the limit ¢ — 0 in the Heun

differential operator (G.1.1). Comparing the reduced operator with (3.2.52)), we can see
that the new index ag at z = 0 is given by

1 20 4+ 1)2
a2 = —= —u+al+a? :g. (3.2.60)
4 Rh—>0 4

Note that this is not obtained smoothly from ag by sending R; — 0 because of the
collision of singularities. Moreover,

1
a? =—;ut ag + a} = aj. (3.2.61)

Rh—>0

Indeed, when 0 and ¢ collide, the monodromy parametrized by a becomes simply the mon-
odromy around z = 0. Therefore, in (3.2.59)), the first connection matrix M _g (ag, a; at)
trivializes and reduces to the identity matrix?|

Let us now fix, consistently with the previous subsections, the signs ag = —¢ — % and

2This can also be seen from the Liouville three-point functions by considering one of the three inser-
tions to reduce to the identity insertion, see Appendix A in [4] for the detailed definitions and conventions.
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a—f+ % Then, the determinant (3.2.59)), in the limit R, — 0, reduces to

27 T(1-20' ({+3)+O(Ry)T (iw
[Zr ( ((+3) +O(BA)T (iw)

L2+ 2)0(w) | T (5-0 ((+35) +OR))T (50 (¢+35) +iw)
X (—2Rh)€+§+9/(€+§)] [14 O (R log(Ry))] = (3.2.62)
2m

TS [1+ O (Rylog(Rn))],

which is the result obtained in the previous subsection, . Passing to the final
result, we used the fact that the choice of the sign #’ = + forces the corresponding
channel to go to zero, as can be seen from the dependence on R}gfﬂ and noticing that
the ratio of Gamma functions I' (=20 + O (Ry,)) /T (—¢ + O (R})) gives a finite quantity
in the Ry — 0 limit.

3.3 Schwarzschild anti-de Sitter spacetime in five dimen-
sions

The metric of the five-dimensional Schwarzschild-anti-de Sitter black hole (SAdSs) is
ds® = —f(r)dt® + f(r)~tdr? + r2dQ3, (3.3.63)

where d)2 is the volume element of the 3-sphere and, normalizing the AdS radius to 1,

1) = <1 - ff) (4 R+ 1), (3.3.64)

where Rj, is the radius of the black hole horizon. We again work in the small black hole
regime, 0 < Rp < 1.

The wave equation satisfied by (the Fourier modes Ry, of) a massive scalar field ®
in this black hole background is given by

2
[7}33 <T3f(T)ci“> " fry E(K:Q_ 2 Ala- 4)} Fewlr) =0, (3309

where A is the dimension of the scalar-operator dual to the scalar field in the bulk,
related to the mass p of the field by = \/A(A — 4). The problem is symmetric under
A +— 4 — A. We assume in what follows A > 2 and A ¢ N in order not to be in a log
case.

Defining a new variable

r? — R}QL
=~ h 3.3.66
Ty RZ+1 ( )
and redefining the wave function as
A — szRh
Roo(r) = (z—1)* 22 “Fat2w,,(2), (3.3.67)
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where )
R? iwRy
fo ot g TR s s A e 3.3.68
rR+1 2R + 17 » 6= 5 ( )

the differential equation becomes a Heun equation (|3.2.27)), where the complete dictionary
is given by

___ R’
RZ+1’
(4—A)(2R; +1) +wy/R? +1 — iRpw
B 4R +2 ’
(4—A)(1+2R}) —wy/R} +1—iRpw
b= ARZ +2 ’
iwRy,
")/ QR%L + 1 Y 9y € )
_ (2RZ +1) (L(0+2) + (A —4) (A —2)R}) + 2iRpw (A — 2)R? + 1) — Riw?
4 8RI+ 12R2 + 4 '
(3.3.69)
We remark that again ¢ is real and negative. The parameters of the equation in normal
form (3.1.9) are
SRy o A—2 o wyRi]
"ToeRr+ T T 2 YT 9@eRy +1) (3.3.70)
_ U(0+2) + 2R} +2
8R: +4 '

In the z variable, the black hole horizon is located at z = 0 and the AdS boundary at
z = 1. The main important difference in this case with respect to the problems in an
asymptotically de Sitter spacetime is the fact that the choice of the local solution near
the AdS boundary does not depend on the sign of the imaginary part of w, but just on
the parameter A. This is because the corresponding boundary condition is imposed at
the AdS boundary and not in a horizon of the geometry. With the assumptions we made
on A, the local solution of the Heun equation in normal form selected at z = 1 is given

(1) —e/2 /2 1-¢ 2zt Tt
Pi(2) = (1 =) (2 = 1) T2 (2 — t) 1-¢ X

1—
Heun <t,q—(5—l)yt—(5—1)(a—(5+1),—5—|—’y+1,0¢—5+1,2—5,7,tt_2

(3.3.71)
For the choice of the local solution around r = Rj,, we again divide the cases according
to the sign of Im(w). In the case Im(w) > 0 we have Re(ap) < 0 and the local solution
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of the normal form of the Heun equation (and normalized as in (E.1.16))) selected by the
boundary condition is

$O(2) =t~ (2 = 1)°(z - )/ Heun (£, ¢, @, 8,7, 4, 2).. (3.3.72)

Considering again the regime in which [t| < 1, the connection coefficient in terms of
which we can express the determinant is the one in front of 1/)(_1)(2) starting from the

solution w@(z) in the connection formula (F.2.19)), namely

/ 1 1 o’
Z M _g/(ag, a; at)M(—G’)—(aa ai; aoo)t_a0+9 * exp (_2aaoF(t) + §aa1F(t) - 28aF(t)> .
0=+
(3.3.73)
In the case Im(w) < 0, the local (normalized) solution around z = 0 selected by the
boundary condition is

f)(z) _ eiﬂ(*5/276/2)t7€/2217’y/2(Z _ 1)5/2(z _ t)e/ZX (5.374
X Heun(t7q_ (7_ 1)(t6+€),0¢+ 1 _’775—’_1 _772 _7767’2)'

The connection coefficient in terms of which we can express the determinant is the one

in front of w(_l)(z) starting from the solution wg?)(z) in the connection formula (F.2.19)),
that is

/ 1 1 0
Z My (a0, a3 ar) M(_g—(a, a1; 00 )t* % exp <28aoF(t) + §3a1F(t) - 28aF(t)> :
o=+

(3.3.75)

3.3.1 Determinant of radial operator

We can again write the expression of the (regularized) determinant according to the sign
of Im(w), remembering that we always have Re(a;) > 0.

For Im(w) > 0, we have Re(ap) < 0 and the formula for the (regularized) determinant
reads

27T (—20/a)T(1 — 26a) t=90+0' oxp (—%moF(t) + 100, F(t) — %’aap(t))

o [[,.oT (3 —a0—0a+oa)l (3 —0a+a+0ax)
(3.3.76)
For Im(w) < 0, we have Re(ag) > 0 and the formula for the (regularized) determinant

reads

27T (—20/a)T(1 — 26/a) t%0+0'% exp (%OCLOF(t) + 10, F(t) - %’&LF(t))

(3.3.77)
HJ:iF(% + ap —H’Q—f—aat)I’(% —0a+ay —|—Uaoo)

0'=+
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We can unify the two formulae above by introducing n = Im(w)/|Im(w)| and get

270 (—260"a)T(1 — 20'a)
det(Drad—AZm)ZZ H I‘(l_ —0a+ )F(l—e’ T T )><
o=y Llo=+1 (3 — 700 a—T0oa 3 a+ay+0ag

/
« ¢~ nao+b'a GXP(*gaaoF(t) + %QHF(t) — %8aF(t))'

(3.3.78)

3.3.2 Pure anti-de Sitter spacetime in five dimensions

As in the asymptotically de Sitter case, sending R; — 0 simplifies the problem, reducing
it to the pure AdSs case, whose relevant differential equation is again of Hypergeometric
type. Following the same procedure of the SAdSs problem, or reducing the dictionary in
the limit Ry = 0, we can write the radial differential equation in normal form as

+2)(z—1) + 2 [w? (1l —2)+2— (A —2)

P (2) + A(z —1)222

P(z) =0, (3.3.79)

which is a Hypergeometric differential equation.

The boundary conditions are imposed at the origin z = 0 and at the AdS boundary
z = 1. We notice that both points do not represent horizons of the geometry, and the
indices in these singular points do not depend on w:

‘+1 A
ag 5 @ 5 (3.3.80)
Assuming again A > 2 and A ¢ N, the determinant can be written as
2
i (3.3.81)

T (S5 T (557)

We notice that the zeros in w of the determinant are real and given by the normal modes
of AdSs

w=—L—A—-2n and w=/0+A+2n, with ne€ Z>. (3.3.82)

3.4 Detailed analysis of the effective actions

In the previous sections, we computed the determinant of the radial differential operator
in Heun’s form, which can be written as

Ci2
(1 + 290@0)F(291a1> ’

det (Dyaq — Aem) = 27TF (3.4.83)

where ag, a; denote the indices of the singularities at z = 0 and z = 1 of the Heun differ-
ential operator, C1o denotes the Heun connection coefficient between the local solution at
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z = 0 satisfying the boundary condition and the discarded local solution at z = 1, and
where 6y, 01 = +, according to the sign of Im(w).

However, it is important to notice that the problems we considered are parity-
time(PT)-symmetric, and the full determinants are symmetric for the transfor-
mation w — —w. In particular, the contribution coming from the analytic continuation
for Im(w) < 0 gives the same result obtained for the analytic continuation for Im(w) > 0.
More precisely, our determinant for the radial part has the following property:

det™ (Dyog — Ap for 1
det (Dyag — Ag) ] = 4 9¢¢ " (Prad = Awi) ], for - Im{w) >0, (3.4.84)
det™) (Dyaq — Ap) [w], for Im(w) < 0,
with
det(_) ( rad — Afm) [w] = det(+) (Drad - Aﬁ’rﬁ) [_w]' (3'4'85)

We conclude that our final result for the one-loop effective action of a real scalar field
is given by

log(det (O — ,u2)) = /_OO dw Z log (det(+) (Dyaq — Azm)[(d]) . (3.4.86)

£

In the above formula, one has to substitute

/ /
det(+)( rad—Aem Z 27TF(—20 ) ( —129 a) %
“ [[,—aT (A —ay—0a+oa)T (3 —0a+a+0ax)
0/

X O exp(— 00 F (1) 500, F(0) — S 0uF (1)),
(3.4.87)
where, for the analyzed problems, the dictionaries of the quantities are given in (3.2.41
for the Kerr-de Sitter case, in for the Schwarzschild-de Sitter case, and in (3.3.70}
for the Schwarzschild-anti-de Sitter case.

One can see that the two summands in ) have different behaviors, which are
determined by the exponential factor 7' 2.

Since we always took a to be positive, in the limit in which ¢ is small (that in
our problems corresponded to the small black hole regime) we can argue that the term
proportional to t* is subleading compared to the one proportional to ¢=®. In particular,
we can write

log (det ™ (Praa — Agm)[w]) =

o 270 (2a)T(1 + 2a) t = %exp (— 304, F(t) + 204, F(t) + 30.F (t)) N
g ngif‘(%—G0+a+0at)r(%+a+al+0aoo)

@)

1 1

o _F(—2a)2HI’(%—ao—ka%—aat)l‘(%—ka—{—al—|—Uaoo)
& I'(2a)? U:if(§—ao—a+aat)f‘(§fa+a1+aaoo)

t2a exp(—@aF(t))> ,
(3.4.88)
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where the second line encodes the correction terms to the leading result in the first line.

This suggests that, in the decomposition in , the effects due to the presence
of the black hole are subleading compared to the ones due to the asymptotic geometry.
This is equivalent to saying that the contribution to the near-horizon zone is subleading
compared to the far-zone (for a discussion on the distinction of these regions see [I85]).

We add that, since the leading order of a in the small black hole regime is determined
by the angular quantum number ¢, the previous decomposition is also significant in the
limit £ > 1. Indeed, for large values of ¢, the term t?* is exponentially suppressed,
and the first line of the previous decomposition already gives a good estimate for the
(logarithm of the) radial determinant.

We finally remark that, in the Schwarzschild-de Sitter case, this small R, expansion
gives purely imaginary QNMs (see [157] and the results in Sec. , as it happens for pure
de Sitter spacetime. Analogously, in the Schwarzschild-anti-de Sitter case, neglecting the
second channel in (3.4.87), produces purely real QNMs (see [59]), as it happens for pure
anti-de Sitter spacetime.

More precisely, in the small Rj expansion of the QNMs,

w= Z wy, RE, (3.4.89)
k>0

where the dependence on the quantum numbers is implied, the first orders wy can be
found by looking at the zeros of

I['(2a)I'(1 + 2a)
ngif(%—a0—|—a—i—o'at)I’(%—|—a—i—a1—|—aaoo)

1 1 1
70 % exp (—20a0F(t) + 50a, F () + zaaF(t>> )

X
(3.4.90)

which is equivalent to looking at the poles in the Gamma functions in the denomina-
t01E|. For the four-dimensional Schwarzschild-de Sitter case this gives the correct coeffi-
cients wy for 0 < k < 204 1 (see the results in Sec. , while for the five-dimensional
Schwarzschild-anti-de Sitter case this gives the correct coefficients wy for 0 < k < 20+ 2

(see [59[).

For the higher-order coeflicients wy, the quantization condition involves both channels

3This is justified by gauge theory considerations, since F'(t) can be expressed as a series expansion in
t (see Appendix [A]), and, therefore, there are no zeroes in the exponential functions.

“In [59] the small expansion parameter is  which in the small black hole regime behaves like u ~ R3.
The near-horizon zone starts contributing when the QNMs develop an imaginary part, which behaves

like ,ulJr% .
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of the connection coefficient:

I'(2a)1(1 + 2a) t—o%0—
[,esT (3 —a0+a+oa)T (3 +a+a +0oax)

exp Gaalp(t) — SOu (D) + ;aap(t)> +

I'(=2a)T(1 — 2a) t—a0+0
[,esT (3 —a0—a+0a)T (3 —a+a +0ax)
1 1

exp <;8a1F(t) ~ 30 F (1) - 28aF(t)> —0,

X

(3.4.91)

X

that is

F(—2a)2Hg:iF(%—ao+a+aat)F(%+a+a1+oaoo)
F2a)?[[,_.T(3-av—a+o0a)T (3 —a+a1+0ax)

2 exp(—09,F(t)) = 1.

(3.4.92)
Again, this is a manifestation of the fact that in the small Rj regime the contribution
of the near-horizon zone is delayed compared to the far-zone, and the order of delay is
determined by the angular quantum number /.

3.4.1 Wick rotation and the thermal version

In this final part, we analyze the thermal version of the one-loop quantum effective
actions, show how our results generalize the ones already present in the literature [139]
140] and reduce to the latter when the relevant differential equation reduces to the
Hypergeometric one.

Let us Wick rotate the spacetime metric to real-time by defining ¢ = i7, where 7 has
periodicity equal to the inverse of the temperature T' of the spacetime. We can introduce
the thermal frequencies by setting

iwp=27Tk, kelzZ. (3.4.93)

With these redefinitions, it is possible to connect our results with the one in [I39]. In
particular, the results for w with a positive imaginary part correspond to computation
with k& < 0, whereas the results for w with a negative imaginary part correspond to
computation with k£ > 0.

Let us see the match in the pure de Sitter and anti-de Sitter cases, where the radial
differential equations are of Hypergeometric type.

In the four-dimensional de Sitter case, our result, using also the PT symmetry, can
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be rewritten ad’|

27
log (det (O — 1i?) sz’g< T(+1)T (£+1+27TT|1€!)>_

k€EZ £,m

2m
_ ZZ@Hl)log <g!r(£+1+2wT|kl)> ’

k€Z =0

(3.4.94)

where we used that the degeneracy for each ¢ > 0 is equal to 2¢ + 1 due to spherical
symmetry.
Using Weierstrass’s definition of the Gamma function

T(0+1+2rTk|) =

exp(—y (L + 1421 T k) 15 (+1+27T k7! (+1+2nT |k
1
i | n P

)

n

(3.4.95)
we can write the full determinant as (for the equality in the formula see the comment in
footnote [9)

_ 20+1
oo [ 2n(e 1+ 2m TR T, (14 S22

det (0 - M2) B H H @Zl+27rT|k| -

keZ 1=0 _5! exp(—y (L + 1+ 2nT|k|) [T,Z, exp(———)

oo [ oo T [e'e) n 20+1
B 3 [k b VB L= ] _
icn o L0 exp(—y (0 + 1+ 20 T k) TI5, exp(EH2rTIA

n

20+1
_ H H 2w Hn:0(27TT) %
L E! exp(f’y(€+1+2ﬂ'T|k‘])) e Gl T k]

> 1 nexp(
Crn+l 20+1

kEZ £=0n=0

(3.4.96)
where, in the final result, the first line is just an overall entire function (without any
poles and zeroes in k, which corresponds to w). Notice that since the QNMs of pure de
Sitter spacetime are given by —i(¢ + n + 1), this result is consistent with formula (2.10)

in [140].
In the pure AdS5 case, the reasoning is analogous and, up to the overall factor, the
structure of zeros can be seen from the infinite product arising from the Gamma functions

1 1
T (A+€2—wk> T <A+€2+wk) T (A+E+227riT|k|> T <A+27227riT\k\) :

(3.4.97)

5In writing the equality, we neglect UV divergencies due to the infinite products over the quantum
numbers in the right-hand side. These should be cured by subtracting local counterterms, which can be
analyzed, for example, with heat kernel methods or WKB-type approximations. In [140], the authors
also comment on the possibility of absorbing these divergences into the cosmological constant, Newton’s
constant, and local couplings to higher curvature terms in the gravity sector.
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The infinite product contribution gives

det (O — p?) ~
Hﬁ[A—i—EJerTk|A+€—27rz’T|k:]X
keZ £=0 2 2
H<1+A+£+27rsz\> <1 A+£—2MT;M>]“*”2:
n=1 2n 2n
10—0[[27MT <| n A+€> —27iT <| - A+€> y (3.4.98)
P 2miT 2miT
< 2miT (\k|+ 2n+A+€) —27iT (Ik! - 2n+A+e>]“+”2 _
L) 2miT 2 2miT

(¢41)2

N HH !H <|k| 2n;7TAT+£) (’k‘+i2n;—7rAT+€>

k€Z ¢=0 Ln=0

where we used that the degeneration for each £ > 0 is given by (£ + 1)2. This again

coincides with formula (2.10) in [140] using ([3.3.82)).
For the cases considered in (3.4.96)) and ([3.4.98]) we can also give the explicit formula
for the {-function regularized one-loop action. We have

—5t [ oo o]

1 dt  1l+e i(e+n+1
Cas, (s) = ) /O —t SN @e+1)e )t (3.4.99)

£=0 n=0

in the four-dimensional de Sitter case, and

ﬁtOO o0

1 dt slte (20+n+A —(204n+A)t
CAds5(8)=F(S)/O i d > (+1)? [ )t 4 e >] (3.4.100)
£=0 n=0

in the five-dimensional anti-de Sitter case.

In the black hole problems, extracting explicitly the relevant factors as in from
the Heun connection coefficients is complicated, since the zeros come from requiring the
sum of the two channels in to vanish, and it is no longer possible to look only in
the infinite product structure of the Gamma functions.

However, if we consider the small Ry, limit and the decomposition , the leading
contribution of the determinant is given by

—ap—a
det |:| 'LL H H - 27TF(2CL)F( +2a)t1 %
ieh e [T, T (5—a+a+oa)l(5+a+a+0as) (3.4.101)

X exp (—Qaaoﬂt) F200F() ;aam)) |

where again the substitution 1w = 27 T k is implied.
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In all the considered cases, the leading order of a in the expansion in R, (and also
in the small agy expansion for the Kerr-de Sitter case) depends only on the angular
quantum number ¢, and both indices ag and a; start with higher orders in Ry, therefore,
neglecting the corrections in the last line in , the factors

27T(2a)T'(1 + 2a)t—% ¢
[I,esT (3 —ar+a+oa

e (—é@aoF(t) + %&llF(t) + ;aaF(t)) (3.4.102)

only contribute as entire functions and do not give any contributions to zeros or poles in
w, and all the analytic structure can be written by the infinite products in the Gamma
functions

1 1 = lia4a+a
F(2+a+a1:taoo)o< <1+2 ! s
n
1

statatac

-1
) . (3.4.103)

Moreover, since t ~ Ry, only the leading order of a contributes, and the reasoning
proceeds as in the Hypergeometric cases.

In the final analytic structure, there is also one important difference between the Kerr-
de Sitter case and the spherically symmetric cases, which is given by the degeneracies
coming from the angular problem. In the spherically symmetric problems in four dimen-
sions, these are given by N*)(£) = 2¢ 4 1, and in five dimensions by N©®)(£) = (£ +1)2,
for each ¢ > 0. In this approximation, the analytic structure in the leading order can
therefore be read from

det (O — p?) ~
TRT{ TN CRRRRET b VA (R e
k€Z t=0 Lo==* n=1o=% n

(3.4.104)
with d = 4,5. In the Kerr-de Sitter case, instead, the formula reads

det (D — ,u2) ~

HH H [H( +a+a1+aaoo>HH< 2+a—|—6:11+0aoo>]7

k€Z (=0m=—¢ Lo==% n=1o==+
(3.4.105)

and each pair of values (¢, m) gives a different contribution.

Although there are no closed expressions for the QNMs of the generic BH, we still
can write approximate formulae by expanding in the BH radius R} by using the explicit
power expansion of the QNMs . As these, to the first order can be found from
the zeros of (3.4.104)) and (3.4.105)), we get the following approximated expressions.

For the four-dimensional Kerr-de Sitter case in the small-rotating regime, one gets

1 dt  1+e i(6+n+1)—apy m+O(R2 a2, |t
T A 22 =9 y) W AT

£=0 m=—£¢n=0
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where we used that the first order correction in Ry, of the QNMs vanishes for any value of
the quantum numbers. This reduces in the agy — 0 Schwarzschild limit to (see Sec.

0 - (=0 n= o

where, for ¢ > (ﬂand n >0,

i 3
RU+ )2+ )2l —1)20+3) 0
02 (120n* + 122n + 45) + £ (160> + 19n + 8) — (44n” + 43n + 15)] :

w9y = —

60n° + 60n + 22) +
(3.4.108)

For the five-dimensional Schwarzschild-anti-de Sitter case one has, instead,

1 d
(sads;(s) = 1“(3)/0 Ttts

1+€ Z ZZ (¢ +1) { [204+n+A—@9 R24+O(R3)|t +e—[2£+n+A+agR§+0(Rz)]t}
— €

)

(3.4.109)
where (see eq.(47) in [59])

. A? 4+ A(6n — 1) +6n(n — 1)
Qg = — 2T+ 1) : (3.4.110)

The full result, rewritten in a form that makes explicit the analytic structure depend-
ing on the QNMs (see the quantization condition (3.4.92))), is (for the equality in the
formula see the comment in footnote [5))

det (D — /f) =

11 27T(2a)T (1 + 2a)t =%~ exp(— 194, F(t) + 100, F(t) + 20, F (t))
X
U_iI‘(% —ap+a+oa)T (3 +a+a1+0ax)

kEZ L,m
[ [(—2a)?[,_.T (3 —aot+a+oa)T (3 +a+ai+0ax)
o L
2

2% exp(— 9 F(t
F2a)?[[,_.T (3 -—a0—a+0a)T (3 —a+a1+0ax) exp( ()

(3.4.111)
where the substitution is implied, and the structure depending on QNMs can be
read from the second line.

We remark again that, given a fixed ¢y, the coefficients of the QNMs expansion
up to order 2{y + 1 (for the four-dimensional cases) or 2{y + 2 (for the five-
dimensional case) in Ry, can be determined by the poles in , where the additional

SFor £ > 0 the correction ws can be found from the zeros of . The case ¢ = 0 is more subtle.
The full quantization condition must be used in this case. However, in the expansion in Ry, the
leading order of the v.e.v. parameter a equals 1/2, and the NS function F(¢) has a pole for this value
of the parameter. To find the analytic expression for wa, we first assume ¢ to be generic in , and
only in the final expansion in Ry we send ¢ — 0.
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complication compared to the Hypergeometric cases comes from the fact that a is ex-
pressed as an instanton expansion and w (or, equivalently, k) appears in the coefficients
of such expansion.

3.5 Summary

In this chapter, we proved a singular version of the Gelfand-Yaglom theorem and applied
it to compute determinants of differential operators relevant in the context of black hole
perturbation problems. The final results are written in terms of the connection formulae
for Heun’s equation. In the final part, we analyzed the thermal version of the one-loop
effective actions, showing how our results reduce to the ones already present in the liter-
ature [139, [140] when the relevant differential equation simplifies to the Hypergeometric
one.

The main novelty of our approach is the use of the techniques from Liouville CFT,
and more precisely of the connection formulae for Fuchsian differential equations, in the
computation of spectral determinants. It would be interesting to extend this analysis to
confluent forms of the differential equations, which arise, as seen in the previous chapter,
in asymptotically flat spacetime.
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Chapter 4

Convergence of Nekrasov’s functions

In this chapter, we study the convergence properties of Nekrasov’s instanton partition
functions with matter in the adjoint and fundamental representations. We refer to Ap-
pendix [A] for the notations used for the Young diagrams and the building blocks of the
Nekrasov functions.

4.1 Convergence of U(N) Instanton Partition Function with
adjoint matter

We begin our analysis with the study of the convergence properties of the instanton
partition function of N' = 2* U(NN) gauge theory
ZN=2"U(N) _

inst

N
k m m
> > 1111 <1 - €1Ln(5)+62(Am(5)+1)> (1 EEGES) eQAyxs)) g

k>0 D?|:k i=1scY;

H H <1_ai—&j—61Lyj($)—|—62(AYi(S)+1)> %

1<i#j<N seY;

H <1 B —a; +a; + €1 (Ly,(r)+ 1) — EQij(r)) '

reY;
(4.1.1)
In the products above we collected first the pairs with ¢ = j (in what follows we will call
these contributions diagonal), and then the pairs (i,j) with ¢ # j (in what follows we
will call these contributions nondiagonal). From a direct inspection of , one can
see that the coefficients of the series are well defined under the assumptions

Arg (62> #0 and &£ (a; —aj) € Aler,e2) V1I<i<j<N, (4.1.2)
€1

where A(ep, €2) is the 2-dimensional lattice

A(61,62) = {Z eC ’ z €eal+ GQZ}, (4.1.3)
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which we will use in the proof of the

Theorem 4.1.1. The instanton partition function of the N = 2* U(N) gauge theory, as
a power series in the complexr parameter t, is absolutely convergent at least for

|m‘ —2(N—1)
1+ — 4.1.4
1] < ( ; D@m)) | (4.1.4)

where m is the mass of the adjoint multiplet, and

D(d, e, €e2) = 1§£§1J'11§N{pe/rxr(1€1362){\ai —a; —p|}}. (4.1.5)

From this result, two corollaries can be proved. The first comes from the fact that
the N/ = 2* instanton partition function reduces to the N/ = 2 SYM instanton partition
function in the double scaling limit t — 0 and m — oo with A = tm?" kept finite.

Corollary 4.1.2. The instanton partition function of the U(N) pure gauge theory, as a
power series in the complex parameter A, is convergent over the whole complex plane.

The second corollary comes from the fact that if the mass of the adjoint multiplet
goes to zero, m — 0, the N/ = 2* instanton partition function reduces to the N' = 4
instanton partition function.

Corollary 4.1.3. The instanton partition function of the N =4 U(N) gauge theory, as
a power series in the complex parameter t, is convergent in the region [t| < 1.

Remark 4.1.1. By using known analytic properties of the partition function , one
can lift to milder conditions for the values of the a-parameters. Indeed, the second
condition, which we imposed to a priori get rid of the possible poles in the non-diagonal
part, can be reduced to the set of actual poles as classified in [201, [202, [203).

Remark 4.1.2. The content of Corollary is a higher rank generalisation of an
observation about the SU(2) SYM N = 2 instanton partition function given in [{2].

Remark 4.1.3. Corollary[4.1.3 is trivial. Indeed, it is well known that the N'= 4 par-
tition function is equal to ¢(t)™N, ¢(t) being the Euler function.

4.1.1 Proof of Theorem [4.1.1]
It is useful to divide the assumption
Arg (62> £0 (4.1.6)

in the two subcases:

L Tm(£) #0;

2. Re(i—f) < 0.
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First Subcase

Suppose

Let § > 0 be a real number such that

min{‘lm(EQ) ‘, Im<q> ‘} > 0.
€1 €9
Notice that § < 1.

We first analyze the products over the boxes of one of the diagrams, say Y1, whose
contributions come from the diagonal factors, namely we look for a bound on

11 (1 el a5 1)> <1 ST OE GQAyl(S)) ‘ (4.1.7)

SEY]

An analogous reasoning also holds for the diagonal contributions of the other diagrams
Yo,....YnN.
We begin by estimating the denominators in the previous product. Let us fix a box
s € Y7, and let us consider the term
1

| —€e1lyi (s) + e2(Ay (s) + 1|

By recalling the definition of hook length, hy, (s) = Ly, (s) + Ay, (s) + 1, we can without
loss of generality suppose

(4.1.8)

hy, (s) — 1.

AY1 (S) > 9

Then, if we collect a factor of €1, we have

| —e1lyi(s) + €2(Ay; (s) + DI = |ea] - [Lyi (s) — g(Ayl(S) +1)]

> |ey] - 'Im<z ‘ (Ay, (s) + 1) (4.1.9)

s a5 EEL () ),

Analogously, for the term
1

le1(Ly, (s) + 1) — ea Ay, ()|’ (4.1.10)

we have

(L33 () 1) = a9 = a1 (5) +1 = 2y ()] > el [im (2 |- Ao

hy1 (S) — 1.

Z|51|‘5' 5

(4.1.11)
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Notice that, if hy,(s) = 1, then both Ly,(s) = Ay,(s) = 0, and the previous term is
hy, (s)

simply |e1] = |e1]hy; (s) > [e1]-6- =4, and, if by, (s) > 2, then (hy; (s)—1)/2 > hy, (s)/4.
Therefore, also this term is always bounded by |e1]| -6 - hyi(s).

If we instead considered a box s for which

h -1
Ay, (s) < %’
2
we would have L )
Ly, (s) > 3’1(‘92)_
In this case, we collect factors of €5 from both terms to obtain
hy, (s
|~ e () + ea(Ayi () + )] = o] -6- L)
s (5) (4.1.12)
s
1Dy () + 1) — 24y, ()] > fea] -6 - ™0
Now, fix
le| = min{|eq], |e2]}- (4.1.13)
Then,
1 < 4
| —€e1Ly; (s) + e2(Ay; (s) + 1)] = [e[ - Dy, (s)’
. X (4.1.14)
< .
le1(Ly; (s) +1) — €24y, ()| ~ |e| -6 - by (s)
Therefore, we have that
I (- —marame ) (U ammame)
ey, —€e1Ly, (s) + e2(Ay, (s) + 1) e1(Ly;(s) + 1) — 24y, (s)
H<1—|— m2—m(€1+62) >‘
[—€1Ly (s) + e2(Ay; (s) + D][er(Ly; (s) + 1) — 24y, (s)] /| — (4.1.15)

seYq

16|/m2—m(e1+e2)|
H 1+16]m2—m(61+62)] :H 1+ng
&2[€[*hy; (s)? hy (s)?

SEY] seYq

We now consider the remaining terms, which come from the nondiagonal contribu-
tions. We analyze the products over the boxes of Y1, coming from the pairs (1,2) and
(2,1). The products over the boxes of the diagram Y5 in the same pairs will be analogous,
and the same holds for any other couple of pairs (i, 5), (4,1%).

The terms we consider are then

1l (e reme ) Camaram T —am )
(4.1.16)
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With our assumptions on the vev parameters a; we have that the denominators are never
zero. Let us define

Dzj((_ia 61762) min {|a’L —a; — p|} (4117)
pEA(Gl,Ez)

We have that

g (1 T a1 —as — 61Ly2(:;—|— e2(Ay, (s) + 1)) <1 Cay—a+ EI(LYQEZ) +1) - eszl(s))‘ =

|m| [m|
51;1 (1 T ar — a2 — 1Ly, (5) + el Ay () + 1)!) <1 T az —ar +alln(9) + 1) - €2AY1(8)\>

2|Y7 |
< <1+ ‘m’> .
- Dio(d, €1, €2)

Putting the bounds (4.1.15) and (4.1.18)) together, we can conclude

> S ITI (- mereme ) U ameramm)

k>0 |Y| Lk 1=1s€Y; 4

H 11 (1_ az‘—aj—ﬁlLYj(S)Jr@(An(S)Jrl)) -

1<i#j<N s€Y;

(4.1.18)

11 (1 - —q +ai+61(LY;(r;’)+1) —€2A1/j(r)) ‘ :

reY;
16|m2—m(e1+ea)|

S ST (1 T ()

(1 €1,€
k>0 |y| L i=1s€Y; i=1 j7#1 Z] 12

(4.1.19)
Now, let us define

D(C_i, 61,62) 1<£I;EJH<N{D”(G 61,62)} (4.1.20)

The following result (which is Theorem 1.2 in [204]) is useful:

Proposition 4.1.4. For any complex number z the following holds:

> I (1 - hy) 1:1 (1-27)™" = g(a), (4.1.21)

Yey seY
where ¢ is the Euler function.
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We remind that ¢(x) is convergent for |z| < 1. Then,

lﬁ\m m(el—&-eg)\

m”—mieites)| 2|Y3|
322 m|
St ST (10— J I () <
k>0 i=1s€Y; i=1 j#i Dij(a, €1, €2
|V|=k j
]\ [ - i —
5
t{14+ =———— — | =
>l (14 ) ] ST (s
k>0 |y| L i=1s€Y;
im) o(N-1)] Zim IYil N 16]m? 6277'1(|§1+62)\
> 0 saaa) IR
Vi, Yn€EY D(@,e1, e2) i=1 seY; hy, (s)
im| 2(N—1)7 1Y 16]m? —;ln(‘gﬁrez)l N
62|e
> |t|<1+q ) ] I+ ——— _
= [ D(d, €1, €2) oy hy (s)
t{l+—=———
o1 |< + D(5,61,62)> ’
(4.1.22)
where in the last line we used (4.1.21)) with
m| 2AND) 16|m2 — m(e1 + )|
=t 14+ ———— d =— . 4.1.23
T = |( + D@, e1, ) and z 522 ( )

Hence, we can conclude that the instanton partition function is convergent in the region

defined by
im| —2(N-1)
t 14— . 4.1.24
1< (14 5 (1.1.21)

a, €1, 62)

Second Subcase

Suppose otherwise that

Re(eQ) <0,

€1

8= Re( )>O
€1

Again, we start by analyzing the products over the boxes of one of the diagrams, say Y7,
coming from the diagonal contributions, that is, we look for a bound on

and let

m

sl;lzl <1 " —e1Ly, (s) +Z(Ay1(s) T 1)> (1 EEAOEDE EZAY1(5)> ‘ (4.1.25)
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We begin by estimating the denominators. For every box s € Y7, we have

€
al- [Re [ 39 - 2(an (o) + 1) | =
! (4.1.26)
€
- [1(9) — (s () + DRe (2| =
- (1 (9) + 6A () + 1)
Fix v = min{3, 1}. Then,
1 1 1
< 4.1.27
Al (3) T A @)+ ] = o] 7 ) 12
Analogously, for the other term in the product, we have
! <11 (4.1.28)
le1(Lyi (s) + 1) — 24y, ()] ~ ler] vhyi(s) -
Then,
I (- =z o) (- s i) |-
L\ h e e ® D (L, () + 1) — e2Av, (5)
<1+ m? — m(er + €2) ) <
LU @ e @ Daln @+ D) - adn@])| = (@120
[m?—m(e1+ea)|
[m?* — m(e1 + 62)|> [e1 122
1+ = 14—
11 (1 P 1l (572
An analogous bound holds for all diagrams Y5, ..., Yy. For the nondiagonal contributions

we use the same bound (4.1.18]) of the previous subsection. Therefore, in this case we
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have

Ztk Z H H (1_ —elL%(s)—i—EQ(Ayi(S)—i-l))

k>0 |}7|:k i=1s€Y;

(1 T ezAms)) g
Il 11 <1_ | — aj —€1LY(W;+€2(AYZ- s) + )>

1<i#j<N s€Y;

1
<

(s)
11 (1 —aj+a +61(LY:Z‘) +1) - 621419(7’)) '

reY;

|m —m(er -‘1—62)

ka Z H H Iq\2 HH <1+ |)>2|Yi .

a €1,€
K20 (Vo i=1seY; i=1 ji Dij(d, 1, €2

im)| 2(N-1)7* [m? |m|(261+ez)\
> 11+ o) ] ST (e

k>0 |V |=k i=1s€Y;
Z [ |m’ 2(N-1) Zi:l |Y|lj_\/'[ H Mﬂ
|t] (1 + ) ] 6172
Vi, YnEY D(d, €1, €2) i—1 seY; v (s)
1Yl m?—m(er+e)] \ )V
Im| 2= 172
(14 pam il | G
YZGY [ D(a7 €1, 62) SIGTY hY(S)2
[m2 —m(e1 +eo)|
Im| 2AN=1) N(_ B _1>
{14+ ————
a |< +D(6,61,62)> ’
(4.1.30)
where in the last line we used (4.1.21)) with
Im| >2<N—1> Im2 — m(e; + e)]
=1+ =——— and z=— . 4.1.31
{1+ baae a2 #130)

Hence, as in the previous case, the instanton partition function is convergent in the region

defined by
it < (1+ _dml T
D(aa €1, 62) )

Remark 4.1.4. Let us note that in the case ea/e; € Rog the 2-dimensional lattice
A(e1, €2) degenerates into a 1-dimensional lattice. Therefore, if we move sufficiently away
from the line spanned by €1 in the complex plane, that is, if, for every i # j, a; — a; has
a big enough distance from the set {z € C | z = rey,r € R}, the constant D(d, €1, €2) can
become very large and the radius of convergence tends to 1.

(4.1.32)
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4.1.2 Corollary 4.1.2 from N =2* to N =2 SYM

The results on the convergence of the A/ = 2 instanton partition function can be deduced
from the ones on the N/ = 2* instanton partition function. Indeed, if one considers the
double scaling limit in which the mass of the adjoint multiplet m becomes large m — oo
and the instanton parameter ¢ becomes small, ¢ — 0, in such a way that A := tm?"
remains finite, the instanton partition function of the N' = 2* U(N) theory
reduces to in the expansion parameter A instead of t.

From (4.1.32)), we find

2V < (14— (1 T - (4.1.33)
m e e—— o — .
B D(d, €1, €2) im| = D(@, €1, €2)

which in the above limit reduces to |A| < co.

4.1.3 Corollary [4.1.3} from N =2* to N =4

The instanton partition function of the N'=4 U(N) gauge theory can be written as

Z U =5 N 1= S (k) H A FN = = o(t)~", (4.1.34)

k>0 |Y|=k k>0 g=1

which is convergent in the region || < 1.
This result can also be obtained from the analysis of the N’ = 2* U(N) theory setting
to zero the mass of the adjoint multiplet, as it is obvious from (4.1.32)).

4.2 U(N) Instanton Partition Functions with Fundamental
Matter

Also in this case, we work under the assumptions (4.1.2). Moreover, we assume €;+€3 = 0
and set
€:=€ = —€, Q;:=a;/€, [ =my]/e. (4.2.35)

In this notation, the instanton partition function reads

U(N) ,N 1
Zlnbt f= Z Nf 2N Z H H Q; — Oéj - hYZ((m7n)) + (Y;/)m - (Y/

k>0 |V |=k 6i=1 (m,n)eY; J )m

1
(mln_)[ey. a; — aj + hy,((m,n)) — (Y]’)m + (Y )m

N Ny
H H H [ + pr +m —n].

=1 (m,
(4.2.36)
We observe that in this case reduces to oy — o ¢ Z for every 1 <i < j < N.
The main result we find is
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Theorem 4.2.1. The instanton partition function of the U(N) gauge theory with Ny =
2N fundamental multiplets has at least a finite radius of convergence.

The instanton partition function of the U(N) gauge theory with Ny < 2N fundamental
multiplets is absolutely convergent over the whole complex plane.

We consider in the sum starting from k£ > 1, as it does not change the
convergence properties of the series.

Many steps will be necessary to arrive at our final result, so it is useful to divide the
coefficient functions into simpler factors and analyze them separately.

We start by considering the products over the boxes of one specific Young diagram,
let us take Y7, which are

Hr 1[041+/1,T+m—n 1
(mln_[eY hYl((m’ n J];_,gll (mln_[eYl ( Q1 — Q5 — hYI((m7 n)) + (Yll)m - (Yj/)m)g'
(4.2.37)

We first analyze the Ny = 2N case of the theorem, in which we have the same number
of factors in the numerator and denominator of (4.2.37). In particular, we can factor

(4.2.37)) in two types of products:

(m7n)eyl Yy \\im, n
and
ar+ pr +m—mn ‘ |
thre{l,...,N dje{2,...,N}.
( 1_)[€Y a1 — aj — hy; ((m,n)) + (Y)m — (Y] )m with 7 € { }andj € { )
m,n 1

(4.2.39)
The key result on the first kind of product is the following

Lemma 4.2.2. For every Young diagram Y with k > 1 boxes and for every fized complex
number z, the following inequality holds

it (G| S

k4 2max{1,|z|}VEk — 1 - 2vEmax{1, |z} — 1 ‘ y
2mk(2max{1, |z|}\f— 1) k

X

2max{1,|z|}vVk—1
( Q\fmax{l |z|} — 1)

1 1 1
(12(k: + 2vVEmax{1, |z|} — 1) C12k+1 12(2vVE max{1, |z|} — 1) + 1> '
(4.2.40)

We will denote f(z, k) the function on the right hand side of (4.2.40)).
The key result on the second kind of product is the following
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Lemma 4.2.3. For every pair of diagrams (Y1, Y2) with |Yi|+|Ya| = k > 1 and for every
pair of fired complexr numbers z1, zo, the following inequality holds

H z1+1—J H Zo+1—7

_ — ;g A P Ay _ ;7)) — Ay A
ey 10— o2 = hvi((69)) + ()i — (V)i S len — a2 + by ((05)) — (V)i + (Y1)

< ( 16 (1 o ‘i“z’))kf@l,k)f(@,k),

min{1, |a; — ag|} Cia(d@)
(4.2.41)
where
Cij(a@) = Hlel% la; — o —m| > 0. (4.2.42)
We will use the notation
16 |, — oy
i (d) = 1 . 4.2.43
0@ = i —ay (0 E@ ) 42.43)

4.2.1 Proofs of Lemma [4.2.2] and Lemma [4.2.3

We start by proving Lemma The following results will be important in the proof.
First, the following formula, that appears in equation 7.207 of exercise 7.50 of [205], is
crucial:

Proposition 4.2.4. For a Young diagram Y with k bozes, if ¢(c) denotes the number
of cycles in the permutation o € Sy, and xY (¢) is the character of the irreducible repre-
sentation of Sy associated to the partition Y of k and evaluated in the element o € Sy,

then
z + 7 — ] C(U)
= X . 4.2.44
I w e e

This holds as a polynomial identity for all z € C.
Moreover, we will use also the following result, that is Lemma 5 of [206]:

Proposition 4.2.5. Let Y be a partition of k > 1. Let sq(Y') be the side length of the
largest square contained in Y; that is, the largest j such that Y; > j. Let o € Si be a
permutation with c(o) cycles. Then

X" (0)] < (2sq(Y))). (4.2.45)
Finally, from [207, 208| and references therein, the following holds

Proposition 4.2.6. For every natural number m, the expectation value of m<@), over
all the permutations of Sy weighted uniformly, is equal to

koam = 1). (4.2.46)

sy = ("
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This result can be extended to noninteger m by considering the right hand side of
the equation as the generalized binomial coefficient.

Proof of Lemma . From the identity (4.2.44), it follows that

z4+1—7 1 o
11 M' = L@ = DICINEL (4.2.47)

(i,j)EY ' oc€Sk oc€Sk

Moreover, using (4.2.45)) and the fact that

sq(Y) < Vk, (4.2.48)
we can conclude
XY (0)] < (2VE)), (4.2.49)
so that
11 ; Z“ <1 Z VA < = 3 2vEmax{L, |10, (4.2.50)
(4,4 ) k! =
(4,9) EY €Sk gESy
Now, the expression
1
o > [2VEmax{1, |z[}]*7) (4.2.51)
’ o€Sk

is the expectation value of [2v/kmax{1,|z|}]*®) with the uniform measure, where all
permutations have the same probability, given by 1/k!. From Proposition we can
use the generalized binomial coefficient in order to obtain

zti—j k4 2vEmax{1,|z|} — 1
(i}ly hY(“ni))’ = ( k ) (4.2.52)

We can write

(k: +2vEkmax{1, |2]} - 1) _ T(k+2vkmax{1,|2}) (4.2.53)
k T(k 4+ 1)T(2vEk max{1, |z|})’ o
Using Stirling approximation in the form
27mn (g)n eI < I'(n+1) <V2mn (g)neﬁ, (4.2.54)
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we have

<k + 2\/Ema;<{1, 2|} — 1) _

\/27r(k + 2max{1, |z|}VEk — 1) (k + 2max{1, |2}k — 1)k+2max{l,\ZI}\/Efle%?max{l,\Zl}\/Efl
\/ﬂ\/2ﬂ'(2 max{1,|z|}VE — 1) kF(2max{1, |z[}vE — 1)2max{1,|z|}\/E—1€k:+2max{1,|z|}\/E—1

Xex( 1 R 1 )_
P\T2(k + ovhmax{l, o[} — 1) 12k +1  120@vEmax({l 2]} — 1) +1)
Et2max{LoVE -1 (1 2vEmax{L, |z} — 1 ’
- 2

2rk(2max{1, |z|}vk — 1)

k 2max{1,|z[}vk—1
x 1+
( 2\/Emax{1,|z]}—1)

1 1 1
X ex — — .
P <12(k FovEmax{L |2} — 1) 12k+1  122vkmax{l, 2]} — 1) + 1>
(4.2.55)
O

Remark 4.2.1. Let us remark that the binomial coefficient (4.2.53)) is increasing in k.
Indeed, considering the ratio of the binomial coefficient with k = r + 1 and k = r, we
have that

r+142y/r+1m 1, —1 r+24/r max{1,|z
(T T ) rvavimad(Ulal) o (g5
(r+2\/77max{1,\zl|}—1) - ('r+2\/17max{1,\zl|}—1) r+1 = L. 2.

Therefore when we consider a N-tuple of Young diagrams Y1, ..., YN with |Y;| = k; and
Z ki =k =1, we can bound the quantity [ ], ey Wmn”)) with f(z,k). This bound
holds also if the diagram Y; is empty, since f(z, k) > 1 if k > 1.

In order to prove Lemma we need some further preliminary results which we
now discuss. Since we have found a sharp bound for the products of the form

11 ;JF(Z—;) (4.2.57)
ey

we can write the second type of product (3.4.105) as (we fix 7 = 2 in (3.4.105) for
simplicity)

Z+1—)
1l ar—az = hy, ((i,0) + )i — ()i

(1,3)€EY1
[[ ot by, ((1,5) (4:2.58)
S e )+ 0 0
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and so we can reduce to estimate the products of the form

11 hy, (i, 4))

a1 — g — hy, ((5,5)) + (Y])i — (V)i (4.2.59)

(7’7])€Y1

Let us fix a pair of Young diagrams Y7, Y2 with |Y7| + |Ya| = & > 1. Let us consider
first the product over the boxes of Y;. We suppose Y7 to be nonempty, otherwise the
product would clearly be bounded with 1, and the final estimate would also include that
case. Let us divide the set of boxes of Y7 in two subsets: we call B;(Y7) the set of boxes
of Y1 for which hy, ((7,7)) = (Y{)i — (Y3)i, and Ba(Y7) the set of boxes of Y7 for which
hy, ((i,7)) # (Y{)i — (Y3);. We have then

hya((.9)) )
I o - =

(Z7J)EY1

hy, ((4,4)) "
1 a1 — ag — hy, ((4, 7)) + (Y])i — (Y3);

(4,5)€B1(Y1)

a1 — o —hyy ((,5)) + (V)i — (¥3);

H hY1((Z7]))

(4,5)€B2(Y1)
hYl((/i7j)) hY1((Z7.7))

B ST | SO e (O R P T
—hyi ((6:5) + (V)i = (V)i _

ol )+ D )
()i — (¥3)i —hy (6, 5)) + (Y7)i = (¥2)s

(z',j)el_[Bqu) G (zyj)el_[Bz<Y1>a1_a2_h“((i’j))ﬂyf)i_(y“’/)i

H hY1((Zaj))

~hy, ((i,7)) + (Y])i — (Y3)i

(i,j)€B2(Y1)
We consider the three products in the last line one by one.
Lemma 4.2.7. The first product in the last line of can be bounded as follows
11 (V)i — (¥3)i
Giebio) MY

Proof. See Sec. O

2k
~ min{l,|a; — as|}F’

(4.2.61)

Remark 4.2.2. Since for every fundamental hypermultiplet there is an identical product
over the bozxes in Bi1(Y3), we notice that, for a given index i of the box, only one of the

two equalities hy, ((¢,7)) = (Y{)i — (Y3)i and hy,((i,7)) = (Y9): — (Y{)i can be satisfied,
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since the left hand sides are always positive, but the right hand sides are one the opposite
of the other. Therefore, for a fized index i, only one of the factors

. AW AV AR
07 = ()i ()i = ()
o] — Q9 a1 — Qg

appears in the product over the boxes in Bi(Y1) and over the boxes in By(Y2), so the
previous estimate actually bounds the product of the two products of the first kind (the
one for Y1 and the one for Ys).

We now pass to the second product in (4.2.60]).
Lemma 4.2.8. The second product in the last line of (4.2.60)) can be bounded as follows

I

(4,3)€B2(Y1)

—hy, ((,5)) + ()i — (Y2);
ar —ag — hy, ((4,5)) + ()i — (¥Y3)i

loay — s

< (1 + 012(07)>|Y1|, (4.2.62)

where
Ci2(d@) = min |y — ag — n.
nel

Proof. We have

(3,7)€B2(Y1)

a1 — ay — s ((1.3)) + (V] )
H o] — Qg — hyl((l,j)) + (Yll)l — (Y2/)z - (4263)

(4,7)€B2(Y1)

a1 — 9
11 (Y1)<1 e ) O 07

(i,5)€B2

and so

—hy, ((4,5)) + (Y])i = (Y3)i
ar — oz = hy; ((i,5)) + (Y])i — (Y3)i

‘041—042| IYll
< 1+m . (4.2.64)

[I

(i,5)€B2(Y1)

where
Ci2(@) = min |a; — ag — n.
nez

We finally bound the third product.
Lemma 4.2.9. The third product in the last line of (4.2.60) can be bounded as follows

. (6)) .
(Lj)el_[Bz(Yl) T (i) + (Y= | = (4.2.65)
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Proof. See Sec. O

Remark 4.2.3. Referring to the proof in Sec.[{.4] and considering the analogous product
over the bozes in Ys, we would have to bound the product

1 (i, 5)
(4,7)€B2(Y2)Nith row of Ya hYQ((Z’])) - [(Yg)l - (}/1/)2] .

(4.2.66)

But then, for a fized i, we have either (Y{)i—(Y3)i =0, (Y{)i—(Y3); > 0 or (Y3);—(Y{)i >
0. If we are in the first case, both products over the boxes in the ith row of Y1 and over
the ith row of Yo are bounded by 1. If we are in the second case, the product over the
bozes in the ith row of Yo is bounded by 1, and, if we are in the third case, the product
over the bozes in the ith row of Y1 is bounded by 1. Therefore, for every i, only one
product has to be considered to give an upper bound. Hence, the previous bound, with |Y1]|
replaced by k, is a bound for the product of the two products of the third kind (the one
for Y1 and the one for Ys).

We are now finally ready to prove Lemma

Proof of Lemma : Putting together (4.2.61)), (4.2.62)) and (4.2.65)), and using

the remarks after the previous lemmas, we conclude that

hYl((ivj))
(i}gyl a1 —az — hy, ((4,5)) + (Y{)i — (Y3)

= <min{1, pEry <1 * W))k
(4.2.67)

To conclude the proof of lemma it only remains to include the bounds of the
products of the form analyzed in lemma [£.:2:2] both for Y7 and Y. Since the inequality

hYQ((ivj))
a1 — g+ hy, ((4,5)) — (Y5): + (Y]

(4,5)€Y2

z+1—7
(UIEYZ ()] < f(a, k) (4.2.68)

holds for both [ = 1,2, we can write the following estimate

I

(1,5)eY1

< (g ooy (1 W»k Jen ]2 ).

z1+1—7
Q] — Qg — hyl((Z,j)) + (Yll)l - (YZI)l

Zo4+1—]
a1 —az + hy, ((4,7)) — (Y3): + (Y{);

(7’7])6)/2

(4.2.69)
0
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4.2.2 Proof of Theorem [4.2.1]

In the Ny = 2N case, using Lemma and Lemma we can arrange the products
in the numerator and denominator of the coefficients of the instanton partition function

(4.2.36|) to conclude that

N NfZQN
U(N) N;=2N o
12000 NN < ST k) (T T S + e k) 11 gi(@)*,
k>1 =1 r=l1 (1)1 aNY? | i)

(4.2.70)
where py (k) denotes the number of N-coloured partitions of the integer k. If p(k) denotes
the number of partitions of k, we can bound py (k) with p(k)N*!, since the former can
be seen as the number of partitions of N integers whose sum equals k, and so any of
these N numbers has to be smaller than k. Moreover, we can use the following estimate,
known as Ramanujan-Hardy formula [209]:

Proposition 4.2.10. If p(k) is the number of partitions of the natural number k, the

following holds:
p(k) ~ 4\}§]<;GXP (77\/ 2;) , for k — oo. (4.2.71)

Therefore, applying the root test to (4.2.70)), and using that

1/k
1 2k
lim p(k)"/* = lim exp | m\/ — =1
J ) k=00 (4\/§k p( 3 )) (4.2.72)
Jim (flou+pr k)YE =1 Vi=1,...,N Vr=1,...,Ny,
—00

we conclude that the radius of convergence of the right-hand side is given by

11 lg9i(@)] " = 11 [min{l, \loi — ajl} <1 " |Og'm_(§)j|>] i

{(.)€{1,-. N} | i} {(.)€{1,. N} | i}
(4.2.73)

Hence, we can conclude the first part of the theorem, that is the fact that the instanton
partition function of the U(N) gauge theory with Ny = 2N fundamental multiplets with
the Omega background €; + €3 = 0 is absolutely convergent at least for

. o))
- i T+ —=—=" )| - 4274
: {(i’j)e{lv--ljfl\f}2 | i} [mm{l’ | — ay} < Cij (@) ( )

The case Ny < 2N can now be easily proved by noticing that the decoupling limit of
fundamental hypermultiplets is achieved with the double scaling limit in which ¢ — 0
and one of the masses, say mi, goes to infinity m; — 00, in such a way that A = tmy
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remains finite. Indeed, from the expression (A.1.10)), one can see that in this limit the
function becomes

k>0 [V]=k =1 (mn)€Y:

N
U(N), Ny 1
Zinst f—Z(tml)k Z H H a; — a; — €Ly, ((m,n)) + 2 (Ay,((m,n)) + 1)
1

H a; — aj + €1 (Ly,((m,n)) + 1) — e2Ay;((m,n))

(m,n)€Y;
N a; +e(m—1)+e(n—1)
H H |:1 + 7 1 2
, my
=1 (m,n)€Y;
N Ny

H H H[ai‘i'fl(m_l)“‘@(n—l)—i—m,q]—>

=1 (m,n)e)fi r=2

N
_ 1
PN | B | ey s (TR ER PP
1

k20 ¥ |=k 6d=1 (mn)eY;

(m,ln_)Ieyj ai — aj + €1 (Ly,((m,n)) + 1) — eaAy; ((m, n))

H H[ai—kel(m—1)+62(n—1)+mr],

(m,n)€Y; r=2

N Ny
=1

(4.2.75)
which is the instanton partition function with one fundamental hypermultiplet less. The
radius of convergence of this latter series in A can be obtained by multiplying by
my and letting m; — oo, which means that the series is absolutely convergent for any A.

The proof for lower Ny is obtained by repeated application of the above argument. [

4.3 Proof of Lemma [4.2.7]

We know that the boxes in By (Y1) satisfy hy, ((¢,7)) = (Y{); — (Y3);. This can happen
at most for one box in each row of Y7, since the left hand side strictly decreases moving
on the right on a fixed row of the diagram, while the right hand side remains constant.
Therefore, we can bound the product as follows:

11 Y — (V)| ajesion (Y1) — (Y3)dl

_ - — | B ()]
(iebivy 1T o1 — e (4.3.76)

max{1,[(Y])1 — (Yg)1[} - - max{1, |(Y{)v1), — (Y2) v, |}
lap — ag|lBr(YD)] ’

where we bounded the product in the numerator with the product of all the differences
between rows’ lenghts ((Y1);1 is the height of the first column of Y7, that is the number
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of rows of Y1), and we modified the factors taking the maximum with 1, because it could
happen that, in a fixed row i of Y7, there is not a box which is in B;(Y7) and (Y7); = (Y3);
holds, and we want to avoid that the right hand side vanishes for this reason.

From the last term in , we can bound the numerator using the geometric-
arithmetic mean inequality:

max{l, |(Y1/)1 - (Y2/)1|} T maX{1> |(}/1,)(Y1)1 - (YQI)(Y1)1|} <

<max{1, 1(Y))1 — (Y9)1]} + - - - + max{1, |(Y1')(y1)1 — (YZI)(Y1)1|}> (Y1)1
(Y1)1

= ((éj)l)m)l = ((Y{:)l) <2

where we used that for the binomial coefficient, for every 1 < k < n, the following bounds

always hold . .
1) =()<(5%)"

For the denominator, we have to distinguish the cases in which |a; — ag| > 1 and
|an — ag| < 1. In the first case, we simply bound the fraction with the bound of the
numerator; in the second case, we have that, since (Y1); < k, ]al—a2|‘Bl ()l > |y — o |F.
Therefore,

11

(i,5)€B1(Y1)

(4.3.77)

2k
- min{l, |Oél — Oéz’}k '

(Y{)i — (Y5)
a1 — Q9

(4.3.78)

4.4 Proof of Lemma 4.2.9

Let us first find a bound on the product over the boxes in By(Y7) in one fixed row of Y;.
After that, we will multiply the bounds on all the rows of Y. We can write

hy, ((i, 4))
(ivj)GBz(Yﬂlgth row of Y1 —hv (( )) + ( ) ( )z

11 (Em))

n. Nl
(3,7)€B2(Y1)Nith row of Y1 (Yl)’ (Y2)l]

(4.4.79)

hY1((i7]))

Note that the denominator is different from 0 for all the factors, since we are only
multiplying over the boxes in By (Y7).

We suppose (Y{); > (Y3); for every i, since otherwise the previous product would be
clearly bounded by 1 in the ith row.

Then, for a given row i, the product over the boxes in the ith row of Y7 can be splitted
in two parts: the product over the boxes for which hy, ((7, 7)) — [(Y{)i — (Y3);] is positive,
and the product over the boxes for which the same quantity is negative. Note that, since
we are assuming (Y7); — (Y5); > 0, the latter product is present if and only if in the ith
row there is a box, let us denote it with (i,5*), such that hy, ((z,7%)) = [(Y{)i — (Y3)i],
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since the quantity hy, ((¢,7)) — [(Y{)i — (Y3):] is strictly decreasing moving to the right
on a fixed row.

Therefore, we first consider the product over the boxes for which that quantity is
positive (that correspond to the boxes at the left of (i,;*) if this box is present in the
ith row). We can rewrite the factors of this first part of the product as

hyl((i,j)) _ [(Y{)z - (Y2/)Z] + (Yg)l - ] + AY1((Z7])) + 1, (4.4.80)

which is of the form
ﬁ a + bj
= b

with b; € N and bjy1 < b; for all j, and a > 0 constant (since moving to the right
Ay, ((i,7)) decreases). But then a product of this form is bounded by
a+1l a+2 a+n
1 2 n
Indeed, if a > 0 and b > ¢ > 0, it is always true that
a+b <0 + c’
b — ¢

(4.4.81)

since, under those hypothesis,

a+b <@ +c
b — ¢
But then, b, > 1 (since it is an integer number and for hypothesis it is positive), and,
since bj_1 > bj for all j = 2,...,n, we have that b; >n —j+1forall j=1,...n—1;so
the previous bound holds.
In our case, n is at most j* — 1, so we can bound this first part of the product with

< (a+bc<(a+c)b < ac<ab <= c<b.

=1 / / / / i*
1 [(Y])s —in)i] +r <(Y1)z‘ —23_)1‘1“ - 1)_ (4.4.82)
r=1

We can bound the second part of the product (if there are boxes on the right of
(i,7%)) as follows. First, from hy, ((¢,75%)) = (Y{)i — (Y3)i, it follows that
Ay, ((4,57) + (Yz)i + 1 ="
Then, we rewrite
hy (55" + 7)) = (V)i =" =1+ A (1,57 + 7)) + 1 =
= (Y1) — (Y3)i + (¥2)i = 5" =7 + Ay ((i,57)) — [An ((2,57))
— Ay ((G,5"+ )] +1
= (Y1)i — (¥3)i + (¥2)i — [Ani ((5,57)) + (Yz)i + 1] = r + Ay, ((2,57)) +
—[Avi((i,57) = An (( 5" + )] +1 =

= (Y)i — (V3)i —r = [Av ((4,57)) — Avi (G, 5" + 1)),
(4.4.83)
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for every 0 < r < (Y{); — j*. Moreover,
[(YD)i = (Y2)i] = hyy (0,57 + 7)) =7 + [Avi (1, 57) = A (@, 5" + 7). (4.4.84)

Since the quantity [Ay, ((7,7%)) — Ay, ((¢,5* +1))] is positive, we have that the product
over the boxes on the right of (i,j*) is bounded by

(Y])i—g*
(V)i = ()i —r " yp (W)= (Y)i—r _ (V)i —(¥Y3)i—1
I1 = ]I = CW2)i T ) g 485)

.= r T (Y1)i —J*

J=j*+r r=1
Putting together (4.4.82)) and (4.4.85)), the product over the boxes of the ¢th row of Y7 is
bounded by

AV AW ko /Y, .,
Jr=1 (Y1)i—J

Since j* < (Y{); and j* > (Y3);, we have that

((Y{)i —(Y])i + j* — 1) _ <2(Y1/)i —(¥2)i — 1> < 20)i=(¥9)s

-1 - j -1 -

(4.4.87)
((Yl,)% - (YQI)Z - 1> < 90)i—=(Y3)i
(¥{)i — j* -
We conclude that

AV . ko AV AV

((Yl)z (‘Y2)z +J 1> <(Y1)z / (Y2)‘z 1> < 93(¥Di (4.4.88)
Jr—1 (Y{)i —Jj*
Considering the product of this bound for all the rows of Y7, we can conclude
hyi (i, 5)) V1|

— < 8l (4.4.89)

11 —hy ((4,7)) + (Y{)i = (Y2)i

(4,5)€B2(Y1)

4.5 On the convergence of Painlevé 7-functions

The Kyiv formula conjectured in [210] states that Painlevé 7-functions can be expressed
as discrete Fourier transforms of suitable full Nekrasov partition functions. This is the
core issue of Painlevé/gauge theory correspondence [211]. Concretely, according to the
Kyiv formula, the PVI 7-function is related to the Nekrasov function as follows

TVI(t; a, S) _ t*98*9t2(1 _ t)910t Z Snt(a+n)2ZU(2) Nf:4(a + n)ZU(Q) Nf:4(t, o+ n),

1loop inst
nez
(4.5.90)
where
ZU@ Nf:4(a) por—e G40+ 000 + 0'(a +n))G(1 + 61 + 0050 + 0" (o + 1))
1loop -

G1+2(a+n)G(1—2(a+mn))
(4.5.91)
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is the one loop contribution to the full partition function written in terms of Barnes G
functions, and the re-scaled masses (4.2.35)) are related to the f-parameters by

p1 =01 — 0, p2="00—0;, pu3="00+0;, pg=01+ 0.

The 7-function is the one associated to the isomonodromic deformation prob-
lem for the Riemann sphere with four regular singularities, with #s parameterizing the
associated monodromies.

In order to study the convergence properties of the series (4.5.90]), we can make use
of the results obtained in the previous section together with the asymptotic behavior of
the one-loop coefficients. The latter can be determined from the reflection formula:

G- 2) = G((;:)Z) exp ( /0 e cot(m')dz’) (4.5.92)

and the asymptotic formula for z — oo [212]
log(G(1+a+z2)) =

z+a / 322 22 1 a? 1 (4.5.93)
5 log(2m) + ¢'(—1) 1 az+(2 12+2+az log(z) + O R

which holds for all a € C and where ¢’(—1) is a known (-constant. From this, we have
that, for a € C and Z 5 n — oo,

n? 3n?
log(G(1+a+n)) = > log(n) — - 7 O(nlog(n)). (4.5.94)
To evaluate the n — oo limit of the other set of Barnes functions, we note that the
integral in the reflection formula is given by

mzlog(l — exp(2miz)) — & (w222 + Lis(exp(2miz))) .

z 2
/ 72’ cot(m2')d2 = 2 (4.5.95)
0 ™

Since the asymptotic of the above integral is given by —%W?’LQ + O(n), we have that, for
every b € C and for Z 3 n — oo,
n? 3n? i

log(G(1—b—n)) = 5 log(n) — v §7rn2 + O(nlog(n)). (4.5.96)

Therefore, neglecting terms of order nlog(n), which are subleading, the one-loop coeffi-
cient in the limit Z > n — oo reads

[oores G+ 0+ 000+ 0'(a+n)G(1 + 61 + 000 + 0’ (a + 7))
Gl1+2(a+n)G(1l—2(a+mn))

n2 8 . 4
<n2exp(—3f)) (exp(—“r2”2)) ' (4.5.97)
2 = oan2”
(2n)? n im(2n 24
(205" exp(-2572) ) (exp(~ )
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This immediately implies that the convergence radius of the 7V-function series is driven
by the one of the Zj, coefficient, for which we derived the lower bound in
Theorem [1.2.1] Actually, from modularity, one expects the true region of convergence to
be [t| < 1.

The 7-functions for Painlevé V and III; i = 1,2, 3 equations are obtained by imple-
menting in the gauge theory the suitable coalescence limits. These correspond to the
holomorphic decoupling of fundamental masses. As far as the one-loop coefficient is con-
cerned, the holomorphic decoupling lowers the number of factors in the numerator of
, which implies even stronger convergence properties driven by the denominator,
as one can see from . We therefore conclude that the corresponding Painlevé
7T-functions have an infinite radius of convergence. Actually, this was already shown to
hold for the PIII3 equation in [42].

The above, together with Theorem [4.2.1] provide a proof of the following

Theorem 4.5.1. Let 2a ¢ Z. The 7-function for PVI equation has at least a finite radius
of absolute and uniform convergence, while those of PV and PIII; i = 1,2,3 equations
have an infinite radius of absolute and uniform convergence.

Let us also mention that an extension of Kyiv formula for the isomonodromic defor-
mation problem on the torus was introduced in [213, 214]. For the one-punctured torus
the corresponding equations are given by Manin’s elliptic form of PVI equation with
specific values of the monodromy parameters, and the related 7-function is obtained in
terms of the partition function of the U(2) N' = 2* theory

7_U(2) N=2* (t, a, S) _ ZD/this‘w (4598)

where )
Ziisy =t () 201 (a7 + p+ Q(7))01 (a7 + p — Q(7))

is given in terms of the solution of the corresponding Painlevé equation Q(7) and

Zp =Y st Z0 D N= 0 4y 20N (a4 n) (4.5.99)

lloop inst
nez

with s = €?™ and t = e2™". The one-loop coefficient is given by

o Nz _ G(L— =20+ n))G(1 = i +2(a +n))

1loop G(1+2(Oé+n))G(1—2(O(+n)) s (45100)

where = m/e is the re-scaled adjoint mass.

Theorem 4.5.2. Let 2a ¢ 7Z. The T-function (4.5.98) has at least a finite radius of
absolute and uniform convergence.

Proof. With the same asymptotic formulas used before, see Sec. [H, we have that, as
n — oo,

G(l—pu—2(a+n)G1—p+2(a+mn)) 2 (sin(m(p + 2a)) 2n
GA+20+n)GA—-2(a+n) (2n) (Sm@m)> (4.5.101)
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up to 1/n corrections, where the proportionality constant is independent of n. This
does not spoil the convergence radius of the instanton sector and the proof follows from
Theorem 111 O

4.6 Summary

In this chapter, we proved some results on the convergence of Nekrasov functions in four-
dimensional N = 2 gauge theories as power series in the complexified gauge coupling. We
proved that, under some genericity assumption of the gauge parameters, if the theory is
asymptotically free, then the multi-instanton series has an infinite radius of convergence,
whereas, if the theory is conformal, the multi-instanton series has at least a finite radius
of convergence. In the final part, we applied our results to analyze the convergence
properties of Painlevé T-functions.

The convergence properties of Nekrasov functions or, thanks to the AGT duality [20],
of conformal blocks have been studied with several different methods [37, [38], 215] 40,
411, [42]. The novelty of our approach is the study of these properties with the use of the
explicit combinatorial formulae parametrized by Young diagrams. The advantage of our
results compared to other methods is the independence of the estimates of the radius of
convergence on some parameters of the theory, like the masses of fundamental matter.
It would be interesting to see if combining our technique with other methods could help
improve these estimates of the radii of convergence in the conformal theories.
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Chapter 5

Conclusions and Outlook

In the thesis, we studied black hole linear perturbations from several complementary
perspectives. We began Chapter [2] by using the approach based on the NS functions
in the context of four-dimensional de Sitter Schwarzschild black holes. In this setup,
the NS functions allow us to compute the large ¢ expansion of QNMs systematically.
We find that, up to non-perturbative effects in ¢, the QNMs are (negative) imaginary
numbers that are even functions of Rj. To include non-perturbative effects, switch-
ing to the polylog approach is convenient. Once non-perturbative effects are included,
QNMs are no longer even in Rj. Nonetheless, we still find a branch of purely imagi-
nary modes, thereby providing analytical confirmation of the results obtained through
numerical studies in [1506, 216, 157, 158]. Exploring the interplay between the NS and
polylog approaches would be interesting. In particular, the appearance of multiple poly-
logarithms and multiple zeta values may be related to the behavior of the NS functions
close to their singular points, see e.g. [217, 218] 219].

In Sec. we used the polylog method to study conformally coupled scalar, elec-
tromagnetic, and vector-type gravitational perturbations in Schwarzschild AdS, black
holes. The NS functions are less effective for these perturbations because the point at
spatial infinity is not a singular point of the equation. If we considered massive scalar
perturbation instead, the underlying equation would have five regular singular points
and spatial infinity would be mapped into one of them. Hence, we switch to the polylog
method for Dirichlet and Robin boundary conditions. As an application, in Sec.
we use this technique to study the low-lying modes of the scalar sector of gravitational
perturbations and compute several orders in the 1/R}, expansion. Even in the hydro-
dynamic expansion, this allowed us to go beyond the results presently available in the
literature. From the point of view of holography, the polylog method presents finite spin
predictions for the dual 3d CFT.

In Sec. we extended the polylog method to study linear perturbations around the
asymptotically flat Schwarzschild spacetime. In this case, spatial infinity is an irregular
singular point, and we needed to introduce new sets of special functions, multiple poly-
exponential functions and multiple polyexponential integrals. Considering the properties
of the local solutions around spatial infinity under the monodromy transformations, we
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obtained a partial differential equation on the scattering amplitudes, which fixes their
exact dependence on logt. The remaining constant of integration was related to the
Seiberg-Witten quantum period via the resummation of infinitely many instantons. We
found agreement with the previous results obtained via the Seiberg-Witten theory [43].

In Chapter |3 we analyzed the determinants of differential operators describing scalar
field perturbations in Kerr-de Sitter black hole in four dimensions, in Schwarzschild-de
Sitter black hole in four dimensions, and in Schwarzschild-anti-de Sitter in five dimen-
sions, where the radial problem is encoded in a Heun differential equation. Applying
the techniques from supersymmetric gauge theory, and the connection formulae for Heun
equations, we focused on the resulting analytic structure described by QNMs contribu-
tions. In particular, we could see that the effects due to the presence of the black hole
are subleading compared to the ones due to the asymptotic geometry. This is equivalent
to saying that the contribution to the near-horizon zone is subleading compared to the
far-zone (for a discussion on the distinction of these regions see [185]).

The Heun connection formulae have an explicit dependence on Nekrasov’s functions.
This is why, in Chapter [4, we proved some results on the convergence of Nekrasov func-
tions in four-dimensional N' = 2 gauge theories as power series in the complexified gauge
coupling. In short, we proved that, under some genericity assumption of the gauge pa-
rameters, if the theory under scrutiny is asymptotically free, then the multi-instanton
series has an infinite radius of convergence, whereas, if the theory is conformal, then the
multi-instanton series has at least a finite radius of convergence. We also applied our re-
sults to analyze the convergence properties of some Painlevé m-functions, using the Kyiv
formula conjectured in [210], which states that Painlevé 7-functions can be expressed as
discrete Fourier transforms of suitable full SU(2) Nekrasov partition functions.

About the convergence properties of Nekrasov’s functions, one obvious extension
of our analysis would be to linear and circular quiver gauge theories in general -
background, which, on the two-dimensional CFT counterpart, correspond to conformal
blocks with several insertions on the sphere and torus, respectively. It would also be
interesting to extend the approach and results of our work to the corresponding five-
dimensional gauge theories on a circle. A crucial improvement would be to extend the
results to different 2-backgrounds, especially in the presence of fundamental matter. In
particular, this could provide some insights about the convergence properties of the NS
functions.

There are many further interesting questions that arise from our analysis and many
further directions that deserve to be explored.

First, the same techniques we presented can be applied in different and more compli-
cated black hole geometries, for example, in higher dimensions or in the presence of elec-
tric/magnetic charges. Also, different types of perturbation fields, and possibly bound-
ary conditions, can be considered. This typically gives rise to ODEs with more regular
and /or irregular singularities. In asymptotically anti-de Sitter spacetime, this could allow
us to make contact with past and recent developments in the study of holographic CFTs
[2201, 221, 2221, 223, [174], 224, 168, 169, 170}, 148, 147, 225, [149] 150, 151, 152, [153], 1541 [155].
When considering rotating and/or charged black holes, instead, our techniques could
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make it possible to detect phase transitions and/or (in)stabilities of the black hole.

One of the most challenging questions would be to go beyond linear perturbation
theory. The analyzed methods allow for the computation of the eigenfunctions and the
Green functions, which are essential inputs to go beyond the linear theory.

Also, more technical questions can be addressed within our formalism. The eigen-
functions corresponding to the QNMs are usually not normalizable, and, in general,
they do not form a complete set. It would be interesting to study these completeness
properties and the pseudo-spectrum of the associated differential operators. The lat-
ter is relevant to studying the spectral stability of black hole QNM frequencies, namely
evaluating how they move in the complex plane under small perturbations of the dif-
ferential operator [226], 227]. For self-adjoint operators in non-dissipative systems, the
spectrum is stable under perturbations [228], meaning that small perturbations of the
operator (in some fixed norm) lead to small movements of the operator’s eigenvalues
on the complex plane. In the case of dissipative systems such as black holes, instead,
instabilities could arise because of the non-completeness of the set of eigenfunctions
[229, 230, 231, 232, 233, 234, 235, 236, 237, 238).
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Appendix A

(Gauge theory notations and
conventions

In this appendix, we fix our conventions on Young diagrams and gauge theory quantities
used throughout the work. For the latter, we mostly follow the notations of [239].

Definition A.1.1. A partition of a positive integer k is a finite non-increasing sequence
of positive integers Y7 > --- > Y, > 0 such that Y ; | Y; = k.

We denote the number of partitions of k& as p(k). The Y;s that appear in a given
partition are called parts of the partition.

Definition A.1.2. We say that a partition is N-coloured if each part of the partition
can have N possible colours.

We denote the number of N-coloured partitions of k as py (k).
We introduce some important functions related to the partitions of integers. Let 7
be a complex number with Im7 > 0, and let ¢ = 2™,

Definition A.1.3. The Dedekind n function is defined as
1 oo
n(t) =tar [T(1—1").
n=1

The requests on 7 and t are justified by the following:

Proposition A.1.4. The infinite product

o0

[Ta-

n=1

converges absolutely if |t| < 1.
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Definition A.1.5. The FEuler function is defined as

o0
o(t) = [J(1—").
n=1
) Note that the Euler function coincides with the Dedekind n function up to a factor
t24.

Proposition A.1.6. For every N > 1, the generating function for py(k) is given by

> pn(k) H 1_t] (A.1.1)
k=0

We always identify a partition of a natural number k with a Young diagram Y with k
boxes, arranged in left-justified rows, with the row lengths in non-increasing order, such
that the parts Y1 > Yo > --- > Y, > 0 of Y (such that Y1 +---+ Y, = k) denote the
heights of the columns of the diagram. Moreover, we denote with Y/ > Yy > --- > Y] > 0
the lengths of the rows of Y. We denote with Y the set of all Young diagrams.

If every box s is labeled with a pair of indices (7,7), with 1 <i <Yjand 1 <j <Y/,
that denotes its position in the diagram, we define the arm length and the leg length of
s as

Ay(S) = YJ - ’i,

Ly(s) = Y/ — (A.1.2)

respectively.
Moreover, we use the following

Definition A.1.7. If Y is a Young diagram and s = (4,7) is one of its boxes, we call
hook of s the set of boxes with indices (a, b) such that a =7 and b > jora > iand b= j.

We denote with hy ((¢,7)) or hy(s) the number of boxes in the hook of s in Y. It is
easy to see that, if s € Y, then

hy(s) = Ay(s) + Ly(s) + 1. (A.1.3)

For a box s = (i,7), we define the following quantities, crucial for the definitions of
the instanton partition functions:

E(a,Y1,Y2,s) =a — €1Ly,(s) + e2(Ay,(s) + 1)
vla,s=(i,7)) =a+e(i—1)+e(j—1).
We are now ready to define the useful contributions for the U (V) instanton partition

functions [240, 241]. We begin with the contribution of a bifundamental hypermultiplet
of mass m:

(A.1.4)

Zhituna(@, Y5 b, Wi m H 11 (E(a — b, Y, W;,s) —m)
i,j=1 s€Y; (A15)
I (e1 + 2 — Eb; — ai, W;, Vi, 1) —m),
reW;
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where with Y we denote an N-tuple Y = (Y1,...,Yn) of Young diagrams, and the same
for W, while @ = (a1,...,ay) and b = (b1, ...,by) denote the vacuum expectation values
(v.e.v.) of the scalar component of the vector multiplets on the Coulomb branch.

From this, the contributions of an adjoint hypermultiplet of mass m and of a vector
multiplet can be written as

Zadj (67 ?7 m) blfund(_'

o N (A.1.6)
ZVEC(av Y) = [Zadj( Y

Finally, the contributions for fundamental and antifundamental hypermultiplets read
as follows:

qund 7 H H al7 —m-+e€ + 62)7

i=1s€Y; (A.1.7)

Zantifund(a:a }77 m) = qund(c_iv }77 €1 + €3 — m)

We finally recall the expressions of Nekrasov’s instanton partition functions.
The instanton partition function of the N' = 2* gauge theory with gauge group U(N)
can be written as

N=2 (N % a; —a; — 61Lyj(8)—|—62(Ayi(S)—|—1)—m
1nst Zt Z H H *CL]*€1LY]~(S)+€2(AYZ~(S)+1)

k20 |V |=kti=1s€Y;

(A.1.8)

H —a; + a; + 61(L}fi(’l") + 1) — EQij (’I“) -m
—a; + a; + 61(Lyi (r)y+1)— €2ij (r)

Y

reYj

where the sum over |}7| = k means that we are summing over N-tuples of Young diagrams
(Y1,...,Yn) such that the sum of the number of the boxes in all the diagram is equal to
k.

The instanton partition function of the N' = 2 super Yang-Mills gauge theory with
gauge group U(N) can be written as

ZN=2U(N) _
mbt Ztk Z H H a; — aj —61LY( )+62(AY( )+1)

k20 |V |=k ti=1s€Y; (Alg)
1
—aj +a; + €1(Ly; ()+1)*62Ay()

reY;

For what concerns the instanton partition function of the U () gauge theory with Ny
(anti)fundamental hypermultiplets, our analysis does not depend on whether the matter
is in the fundamental or antifundamental representation, and, to simplify the notation,
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we restrict to consider only the antifundamental matter. Hence, we can write

N
N=2 U(N), Ny k 1
Z. =
inst Zt Z H H a; —aj — 61Lyj((m,n)) + €9 (Ayz((m,n)) + 1)
1

k>0 ‘?\:k 1,j=1 (m,n)eY;

(m,ln_[)eyj a; — aj + €1 (Ly,((m,n)) + 1) — 24y, ((m, n))

N Ny
H H H[ai—kel(m—1)+62(n—1)+mr],
i=1 (m,n)€Y; r=1
(A.1.10)
where m,., r = 1,..., Ny, are the masses of the antifundamental hypermultiplets.

In Sec. we used the instanton part of the NS free energy to express the quanti-
zation condition for the QNMs. To take the NS limit of the instanton partition function
of the N' = 2 SU(2) gauge theory with Ny = 4 fundamental hypermultiplets, it is
convenient to redefine the hypermultiplet contribution as

Zhyp (6,17,m> = H H [@k +m+tea (2 - ;) T € (j - ;)} - (A.1.11)

k=1,2 (i,j)€Ys

We take ¢ = 1 and @ = (a, —a). We denote with my, mg, ms, my the masses of the four
hypermultiplets and we introduce the gauge parameters ag, at, a1, @so satisfying

myp = —a¢ — aop,

mo = —ag + ap, (A 1 12)
ms3 = aeo + a1, o

m4 = —Qeo + G1.-

Moreover, we denote with ¢ the instanton counting parameter ¢t = e?™", where 7 is related
to the gauge coupling by
0 47
T=-Fi5—. (A.1.13)
9ym
The instanton part of the NS free energy is then given as a power series in ¢ by

ea—0

4
F(t) = lim eylog [(1 — t)726271(%+“1)(%+at) Ztly‘zvec (d’, ?> H Zhyp ((1’, }77"”@')
% =1

(A.1.14)
In the text, we also refer to the full NS free energy, which contains not only the instanton
part but also the classical and one-loop contributions. This is explicitly given by

1 1
Fran(t) = F(t) — a®log(t) — Z¢(_2) <; —a— mz) - Z¢(_2) <; +a-— mz) +
=1

i=1
+D (1 4 2a) + 02 (1 - 2a),
(A.1.15)
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where

P2 (2) = /0 Cat log [T'(t)] . (A.1.16)

The gauge parameter a is expressed in a series expansion in the instanton counting
parameter t, obtained by inverting the Matone relation [196, 242]

1

where the parameter u is the complex moduli parametrizing the corresponding SW curve.
Explicitly, the expansion reads as follows

1 2_ 2 _ .2 .2 \(1 2
1 (§+u—at—a0—a1+a )<§+u—2at)
a:i{\/——u+af+a3+ = t+ Ot p.

4 2(1+2u—2a%—2a%)\/—%—u+a%+a%

(A.1.18)
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Appendix B

Multiple Polylogarithms

B.1 Useful facts about multiple polylogarithms in a single
variable

We start by recalling the definition of multiple polylogarithms in a single variable:

[e’e] Zkl
Lis,,...sn (2) = Z P (B.1.1)
ki >hy > >k >1 0L T
These satisfy
d . :

2 iy (2) = Lisy 1, (2) (B.1.2)

for s1 > 2, and

d . :

(1 - Z) EL117827“'7STL (Z) = L1527---73n (Z) . (B]‘S)

for sy =1,n> 2.

There are many identities between polylogarithms and multiple polylogarithms. Be-
low is the list of identities that are relevant in our case. First, for multiple polylogarithms
of the form Liy s, . s, (2), we have:

Liny (2) = Y log (1 - 2y (B.1.4)

n!

Taking derivatives and using (2.1.42)) and (2.1.43)), it is easy to show by induction that

n—1
n>1: Y Ligngs1(2) +2Lina (2) +log (1 — 2) Lin (2) = 0, (B.1.5)
k=1
m>1 it n-l
{ n ; 17 : Z Likm—k+1n (2) + Z Lip kn—kt1 (2) + Lim,1n (2) + 2 Linna (2) +
o k=1 k=1
+log (1 — z) Liyp (2) = 0. (B.1.6)
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Generalizing the last two identities to an arbitrary level, one gets the following identity,
which we use to express Lij s, . s, (2) in terms of multiple polylogarithms Li,, . .., (2)
with 1 > 2:

n s;—1 n—1
§ E Llsl,...,si_l,k,s;,si+1,...,sn (Z) + E :LlSl7---75i,175z‘+1,---75n (Z) + 2L1517---75n71 (Z) +
i=1 k=1 =1

+log (1 — z) Lis, .6, (2) =0, (B.1.7)

where in the first double sum, we insert index k in the position of s; and then move s;
to the next position while modifying it as

s; =8 —k+1. (B.1.8)

Up to weight 4, all multiple polylogarithms in a single variable can be expressed as
ordinary polylogarithms by combining the above identities and the following ones [192]
243

Lig; (2) +Li3 (1 — 2) —log (1 — z) Lip (1 — 2) — % log (z)log (1 — 2)> = ¢ (3) =0, (B.1.9)

Liz 1 (2) — Lig (2) 4+ Lig (1 — 2) — Liy ( z 1) +log (1 — 2) Liz (2) = i log (1 — z)*

z —

LA (z)log (1 — )3+121 (1—2)%*+¢(3)log (1 — )+”—4
6 g (2) log z 9 og Z og z 90’
(B.1.10)

1
Lig 11 (2) +Lig (1 —2) —log (1 — 2) Liz (1 — 2) + = log (1 — 2)* Lis (1 — 2) =
bl 2
A (B.1.11)

1
= g—o - glog(z)log(l —2)%,
4Lig; (2) + 2 Ligs (2) — Liz (2)* = 0. (B.1.12)

There are identities for weight higher than 4, but not enough to express all multiple
polylogarithms as ordinary polylogarithms. For example, we have for weight 5:

Lis1 11 (2) + Lis (1 — 2) — log (1 — 2) Lis (1 — 2) + = log (1 — 2)? Liz (1 — 2) =
. - (B.1.13)
5 log (1 - 2)2 Lig (1 — 2) + 57 108 (=) log (1 - 2P+ ¢(5).

The latter can be checked by taking a derivative and using identity For the
applications to BH problems, we choose not to use the powers of polylogarithms in any
basis, which reduces the number of relevant identities.

Multiple zeta values (MZVs) and Euler sums arise when evaluating the quasinormal
mode frequencies:

Lig,, s, (1) =C(s1,...,50), Lis, . s, (=1)=C(—51,52,...,5n). (B.1.14)
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Some of these values can be computed using the known relations [244) 245] 246, 247| of
the form:
a,b>1: ((a,b)+¢(bya)=C(a)(b)—((a+D), (B.1.15)

n—1

n@2n+1)+> n(2k)¢2n+1-2k), (B.1.16)
k=1

2n—1

C(~2n,1) = 3¢ (2n+1) -
where
n(z)=(1-2"")¢(2). (B.1.17)

In particular, the following MZVs and Euler sums of weight 5 can be written in terms of
Riemann (-functions [247]:

9 7 w2 11
C23)=5C6) -5 C3), (B.2)="03) -5 ),
7T2 7'('2
C4,1)=2¢() = =CB), ((-2,3) = g; C(5) — 5 ¢, (B.1.18)
71' 7T2
<<—3,2>=;%c<5>—5 (), 4 =TC3) - ).

Lastly, we need expansions of multiple polylogarithms around z = 1. Such an expan-
sion for the polylogarithm Li, (z) with n > 1 is given by [248| 249]

k
Lin (e#) = 2 [H,_1 — log (— Z C(n—k k‘, (B.1.19)

where H), is the n-th harmonic number and |u| < 27. To derive the same for Li; , (2),
we integrate both sides of the following equation:

i (e = % L, (e B.1.20
@ ll,n(e)—l_e# ln(e)’ ( L. )
where
et 1 p2i—1
=————— B B.1.21
1 _ ot 2 [ JZI 25 o (2]) ( )
Up to a constant of integration ¢y, we get:
1 s uk
n>2: Liiy(¢") =cin— ¢ (n)log (=) = SLing () = > Cn—k)
km1
1 BQ] M2j+n71 1
— _ 1
(n—1)! < (2j)! 2j +n—1 1t ooy e (k)
_i i By; C(2j+n—k‘)&k
o R (25)!  (k—29)! k
k#£2j+n—1
(B.1.22)
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Using (B.1.14)) and the above polylogarithm identities, one obtains the first few coeffi-

cients ¢y . For example, from (B.1.5) and ( - m, we get

3 i

0172 == _5 C (3) y C173 = —m (B123)

Now, we can get the expansion for Liy, , (e#) by consecutively integrating (B.1.22):

m—1 k m—1
. _ % © 1.
le,n (e'u) == kz;) Cm—k,n ﬁ + C (n) m [Hm—l — IOg (—,u)] — 5 L1m+n (e“)
0 pktm=1 N Boj ((2j+n—k) (k—1)
o —k J k+m—1
Z Cn=k) g k+m—1 Z kz ) (k—2/) (k+m—1n"
k#n—1 k;ﬁ2]+7]L 1

Baj (2§ +mn —2)! u?—2
T (n—1) IZ QJ < L [H2j4ntm—2 + Hpo1 — Hajin—o —log (—p)],

(2] +n+m—2)!

(B.1.24)

for every m > 1, n > 2. Again, the integration constants ¢, , can be computed with the
help of the known identities:

7.‘_4

ﬁa

2 2 2
a= T = OB 0 C(), es= - CBBC0), = 5 C(3)-5C().

In the same way, one can derive the expansion for Li,, 1 by consecutively integrating
Lil,I:

m—2 M oo Mk+m_1
Lip,1 (/) ZZ;)Cm k,1) kf ;C m[log(—ﬂ)‘f‘ﬂk—ﬂmm—ﬂ
-1
pmto1 2 — Hi1
—— = log (—p)* — Hp—1log (— H,,_
QT 5 108 (=) = H1log (—p1) + m1,2+kzl -
12, = k! Hk+m_1
+oY 0> C=HCE—k+1) P,
2],:1/I€:J,+1 (k4+m—1)! 1 (k—j)!
(B.1.25)
for every m > 1, and where H,, 2 is the generalized harmonic number of the form
v 1 B.1.26
= = (B.1.26)
k=1

B.2 Solving integral recurrence relations

In sections [2.1.2] and [2.2.2) we claimed that the wave functions 1” (2) at order t* (or,
equivalently, R,’?L) are described in terms of multiple polylogarithms of weight k and lower.
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Here, we prove this claim, but first, let us clarify the terminology. The notion of weight
is related to the power of a logarithm function, as seen in the following identity:

Ligy (2) = (=1)" log (1 — 2)". (B.2.27)

n!

Thus, we will ascribe weight to the ordinary logarithm functions as follows. For any
product of two logarithms

m,n>0: log(z)"log(z—1)", (B.2.28)
the weight equals n+m > 0. For the product of a logarithm and a multiple polylogarithm
n>1,m>0: log(z—1)"Lis,, s, (1—2), (B.2.29)

the weight is m 4+ s; + - -+ + s, > 0. Here we do not consider the other possible product
log (2)™ Lis,,....s, (1 — z) because, due to the identities of the form , this product
can always be rewritten as a linear combination of multiple polylogarithms. Some simple
examples are:

log (z) Lip (1 — 2) = —Liy o (1 — 2) — 2Lig; (1 — 2), (B.2.30)

1
5 log (2)2 Lis (1 — Z) = Lil’LQ (1 — Z) + 2L1172’1 (1 — Z) + 3Li271,1 (1 — Z) . (B231>

In general, multiple polylogarithm functions can not be rewritten as powers of ordinary
logarithm functions. We will use both logarithms and multiple polylogarithms of a certain
weight to build a linear basis in which the wave function can be expanded at a certain
order in ¢t. In what follows, all powers of logarithms are non-negative integers.

We are going to prove our claim by induction. In the first order in ¢, the integrands
in the recurrence relations are just rational functions of the form

m
Lm=0dm = _ (B.2.32)

with non-negative integers ro, ig, jo that depend on the quantum numbers of the scalar,
electromagnetic, or gravitational perturbations. These rational functions can be broken
up into a sum of monomials in z and poles at z = 0,1 with the help of the identities

nym>0: M:§<z>(z_l)l_m’ (B.2.33)

1 " n+m—1-1\1 ~/n+m-—j—1 1
—_— 7 — - O — B.2.4
2n(1—2)™ Z( m—1 >ZZ+Z< n—1 > 1—2)’ (B-2:34)

where in the last identity n,m > 1. Thus, the wave function % (z) ar order ¢ is de-
scribed in terms of rational functions and logarithms of weight 1: log (2) and log (z — 1).
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Next, we assume that the integrands in the recurrence relations at order t**! are linear
combinations of functions with maximum weight & :

m 0 dm Z D1
lo z—1)"1o
2 (7 — 1) g( ) g (2)"
22:0 m 2" p3 T
S (2177 log (2 — 1) Lis, s, (1 — 2). (B.2.35)

After breaking up rational functions with the help of , we will consider all possible
integrals case by case and show that the maximum weight after the integration is k£ + 1.
Splitting this last part of the proof into three steps is helpful. In each step, we will deal
with the following integrals:

1. Integrals that increase the maximum weight by one.

2. Integrals that do not increase the maximum weight and involve only one logarithm
or multiple polylogarithm: log (2)™, log (z — 1)", or Lis, s, (1 — 2).

3. Integrals that do not increase the maximum weight and involve the following prod-
ucts of logarithms: log ()" log (2 — 1)" and log (# — 1)™ Lis, 5, (1 — 2).

Step 1. Four types of integrals increase the maximum weight. In each case the
integrand has a factor of 2= or (z —1)~*. For the product of two logarithms of weight
n+m, n,m > 0 we have:

log (2)™log (z — 1)" m+n L
/ (2) - ( ) dz = (=1)™ ! il Z i log — )/ L1,y (1= 2),
(B.2.36)
log (2)™ log (z — 1)" Py ' Li
(B.2.37)

where in the last integral m > 1 and Lin7{1}0 = Li,. The resulting weight after the
integration is 1 +n + m. In the more general case of integrals involving multiple poly-
logarithms, we have (m > 0):

log (z — 1)™
/Og(z) Lig, ., (1—2) dz =

m S -1 J T -

1t S dog (1Y L i1 (1= 2),
log (z — 1)™

/og(z) Lig, .5, (1 —2) dz =

m “ _1j I T .
1t S S g (2= 1Y Ligy a0, (1 2).

(B.2.38)
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Again, after the integration, the weight was increased by 1 from m + s; + --- + s, to
14+m+s1+ -+ s,. The above identities were obtained by repeated integrations by
parts.

Step 2. The integrands in this step are products of one logarithm or multiple poly-
logarithm with 2™ or (2 — 1)", with n # —1. Moreover, it is enough to consider only the
negative powers of (z — 1) since all positive powers can be reduced to monomials in z.
We start with integrals involving the log (z) function:

n#-—1: /z”log(z)mdz:(—l)m n—i—lmHZ n+1jlog()

(B.2.39)
n>2: / (lzog_(lz))n dz = . i - ((—1)” + (z—ll)n_l> log (z) —

(=1)"
1—n

(D"~ 1
log(z—1 - B.2.40
g ( )+1_n;j(z_1)] ( )

log (2)™ Py . . .
>2: = 1 — (-1 'L 1—
m = / (Z ~ 1)2 dz 1— 2 og (2) ( ) m 127{1}771—2 ( z) ,

nm>2: / l(zg_(zl); dz = - i - ((—1)” n (z—11)”1> log (2)™ +

n—1 m—1

man M m n [ log(z

B IR S e (g”l)ld (B.2.41)
1=2 o

where the last equation allows us to take the corresponding integral recursively. In prin-
ciple, the integrals with the other logarithm log (z — 1) can be obtained from f
by shifting the variable z — 1 —z. This, however, would change the argument of
multiple polylogarithms from (1 — z) to z. Since we want our multiple polylogarithms to
converge in the disk [1 — z| < 1 (or |1 — 2| < 1 when s; > 2), we rewrite (B.2.40)—(B.2.41)
using the function log (z — 1):

log (z — 1) e 1 log (2) 1 «— 1
>2: dz = 1 -1
"= / zn - 1—n 0 (2 )+1—n+n—1]_ sz

1 - 1" -1
m>0: /og(zZQ ) dz= 72 log (z —1)™




> 9 log (z — 1)™ l-n _ 1 — [log(z— 1)
N /og(z ) dz=Z log(z—l)m+1m Z/og(z ; ) dz
n -n 2

+(-1) 1—nz log (2= 1) Lip_; (1 —2).

(B.2.42)
In all the integrals taken so far in step 2, we can explicitly see that the maximum weights
before and after integration are the same.
For the integrals that involve multiple polylogarithms Lis, s, (1 — 2), we consider
the two cases s; = 1 and s; > 2 separately. First, we look at the integrals with non-
negative powers of z:

> 9 m+1
{n >0 : /Zm Li]'7827~~-73n (1 - Z) dZ = ° Lil7327~~-73n (1 - Z)

m >0 m+1
1 .
R—— /Zm Lis, sn (1 = 2)dz, (B.2.43)
> 2 . Zml 1
{ T)ll_Z() /ZleSh ,Sn. (1—2)(?12: m+ 1 L1817 ,Sn (1_2)

m+1 Z/z Lis, 1.59,..6, (1 — 2)dz. (B.2.44)

The above integrals can be taken recursively until one gets integrals of the form (B.2.39)
and the maximum weight of the final result is equal to k. Similarly, we have for the
integrals with negative powers of z (except for 1/z):

n > 2, 1 . Zlm i
{ oo / i Pitsa,on (L= 2)d2 = o Lt s (1= 2)

m > 2 _
1 1
tr o [ o Hseeesn (1= 2)d2, (B.2.45)
5122, [P 1 =
{ 771’L_> 9 : /zm Llsl,...,sn (1 — Z) dz = m /zl Llslfl,sz,...,sn (1 — z) dz
N 1=2
L. _ 1 _ 1-m -1
L IZ—SIR Lo +- 1— Lig,, s, (1 =2). (B.2.46)

Finally, we consider the integrals with multiple polylogarithms divided by (z —1)™
m > 2:

n>2, 1 , )" 4+ (z -
{ 5 [t (-zyde= TN FEZD o (1—2)

m > 2 1—m

m m m—1 l
Cym (1) '
+ 1—m L152+17--~75n (1 - Z) + m— 1 — s 1)1 LlS?v--~75n (1 - Z) dZ’ (B247)
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$1> 2, 1 . z—1tm

m =2 z—1) 11—
1 / e (1-2)d (B.2.48)
m=1 ) Goy Mt (17 2) 42 2
Step 3. Here we have to deal with four types of integrals:
7l i m n
: : log (z -1 B.2.4
{n,le /Z og (2)" log (z — 1)" dz, ( 9)
mz1 / o(e) loglz 1] g, (B.2.50)
n,m > 1 (z — 1)
1 '
{nz;; L /zm log (z — 1) Lis, s, (1 — 2)dz, (B.2.51)
m2 2 log (= — 1)/
L Ty M (L7 2)dz B.2.52
{jzl / (Z—l)m 11,...,n( Z) z ( 5)

In each case, we can use integration by parts to reduce the weight of one of the logarithms
by 1. Applying integration by parts recursively allows us to reduce all integrals of the
form (B.2.49)—(B.2.52) to one of the integrals from step 2 or 1. For example, in the case

of (B.2.49)), we have

/Zj log (Z)m log (2 — 1)71 dz = (_1)m m! LI+ m (_l)l

( + 1) log (2)'log (z — 1)"

m m'n Ui (—1)l . 1 Z‘j 1 1 n—1
— (-1 +1 1 1 —1 dz. B.2.53
( ) (] 1)m+1 P I (.7 ) / P 1 0og (Z) 0og (Z ) z ( )

We simplify the integral in the right-hand side of (B.2.53) by breaking up the rational
function z/*1/ (2 — 1) into a sum of monomials in z and poles at z = 0, 1:

2+ 1 4 !
1 >0 = 2.
j>0 po— Zl+lEOZ’ (B.2.54)
ZJt+1 1 —J—1 .
| < —2: = — -, B.2.
)= z—1 z—-1 ;Z ( 55)

Almost all the resulting integrals are of the first type (B.2.49) with the power of log (z — 1)
reduced by 1. The remaining two integrals

/ log (z)? log (z — 1)" ! dr and / log (z)" log (z — 1)" ! A (B.2.56)
z z—1 o

were already taken in step 1, and the maximum weight is n+m = k. Recursively applying

this procedure, one can either express (B.2.49) in terms of integrals like (B.2.56]) or reduce
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it to (B.2.39)). In the same way, (B.2.50)) can be essentially reduced to (B.2.39|) with z
replaced by (z — 1). Finally, the last two types of integrals, (B.2.51) and (B.2.52)), are
reducible to a combination of integrals from (B.2.43)—(B.2.48)).

To summarize, we have shown by induction that the wave function ¢” (2) at any order
t¥ is a linear combination of certain functions of weight k or lower. The only special
functions needed are multiple polylogarithms with argument (1 — z) (another possible
argument would be z, but it would not be consistent with the boundary condition at the
AdS boundary in the SAdS case). The same can be done for the wave function in the
right region, ¥ (2).

B.3 Multiple polylogarithms for hydrodynamic QNMs

For the computations of gravitational QNMs in the scalar sector (Sec. , we intro-
duced an expansion of the solution using the multiple polylogarithms in several variables
(2.3.128). An alternative definition could be given in terms of one—formsﬂ [250]

1
Ligy, . sn (21,00, 20) = / Wi w2, w0 (B.3.57)
0
where &
z
1 t? Z # 07
wy=¢ - % (B.3.58)
dt
—, z=0.
t
All the integrals in Sec. [2.3] do not include wy after the simplification, which means that
§1 =89 = -+ =5, = 1. We define the relevant multiple polylogarithms as
z
Li{l}n(zlz, 29,y 2n) = / Way Wy zg + v Way ooz s (B.3.59)
0
where z; € {1,u1,us} for every ¢ = 1,...,n and uj, ug are the third roots of unity

(2.3.131)). We consider the following products of ordinary logarithm functions and mul-
tiple polylogarithms to describe the wave function:
log (1 — 2)P log (1 — uy 2)"? log (1 — ug 2)P?

B.3.60
log (1 — 2)"log (1 — u1 2)” log (1 — ug )" Liyy, (212,22, -+, 2n) - ( )

At order o*; only functions with maximum weight & appear, so that 0 < p; +pa+p3 < k
and 0 < pg + ps + pg +n < k. However, at a fixed weight, some identities make the
functions listed in linearly dependent. For example, at level n = 2, we have the
following identities:

Lii (2, u1) = log(1 — uq 2) log(1 — 2) — Liy 1 (ug 2, u2),
Lij 1 (2, u2) = log(1l — ug z) log(1 — 2) — Lij 1 (u2 2, u1), (B.3.61)
log

Liy 1 (ug z,u2) = log(1 — uy ) log(1 — ug z) — Liy 1 (u1 2, u1),

'For w.,,...,w., differential one-forms, with w., = f., (t)dt for some function f.,, we define induc-
. x T t
tively fo T fo fan (t)dt fo Wiy oo Wy
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including the ones that reduce to the single variable case:
1
Liia(z,1) = 3 log (1 —2)% . (B.3.62)
Thus, out of 9 possible functions Liy 1(z12, 22) at level k = 2, we only need 3:

Liig (u12z,u2), Lirg (uiz,u1), Ling (uez,ur). (B.3.63)

In the rest of the appendix, we will try to classify the identities arising at a given level
n and find what multiple polylogarithms are needed to form a linear basis in .
According to , there is a one-to-one correspondence between multiple poly-
logarithms and ordered multisets of one-forms {w.,, Wz 2y, - -+, W2,.. 2, }. If two multiple
polylogarithms are related by the permutation of the one-forms in the corresponding or-
dered multisets, then an identity exists between these two. However, this identity could
be reducible in the sense that it can be split into smaller ones. To show this, we integrate

by parts the right-hand side of (B.3.59):

z z d
/ Way Wiy zg - v Way ooz = / &Lil(zlt)dthm Wiy =
0 0

. . (B.3.64)
. . 2122
= Lll(zlz)/ Wayzg -+ - Way 2y — / dt Lll(zlt)il Wiy zpzg « - - Way .z s
0 0 — 2129t
where Lij (z1t) is the ordinary logarithm function:
Lij (z1t) = —log (1 — 21t) (B.3.65)

and
Lij(212) / Wayzg o Wayzy = —10g (1 — 212) Ligyy, (21222, 23, .. -, 2n)- (B.3.66)
0

Continuing the integration by parts, we obtain

Z1...%n

z z
/ Wy Wayzg -+ - Wiy 2y D / dtLi (z1t)Liy (z122t) ... Lig (21 . .. zn_lt)li =
0 0 —2Z1...2nt

z
= / dtLil (ylt)Lil(ygt) e Lil(yn_lt)yin,
0 1 —ynt

(B.3.67)
where y; = z1---z; for j = 1,...,n. From this last integral, one can reconstruct by the
reverse process any other multiple polylogarithm for which the representation in (B.3.59)
involves the integrals of the same one-forms in a different order. In the intermediate steps

of this procedure, there appear products of the form

Lifyy,, (z%l) Zy., zgf) - Ligy,,, (zgr) Zy., z%i), with mi+---+m, =n. (B.3.68)

It is possible to rewrite these in terms of products in (B.3.60) using shuffle relations
(see for example Eq. (5.4) in [251]). The result is an identity involving two multiple
polylogarithms that are related by the permutation of the corresponding one-forms.

139



Let us describe with a concrete identity at level 4 how this works. We prove that

Liy11,1(2,u1,1,u9) = — 2Liy 111 (u1 2,1, u2,1) — Liy 11,1 (w1 2, ug, ui, ug) (B.3.69)
—LiLl,l(ul Z,l,’LLQ) log(l —Z). o
By definition, the left-hand side is
z
Lil’1,171(2, ui, 1, UQ) = / W1Wy Wy W1 = —Lil,m(ul Z, 1, UQ) log(l — Z)
0 (B.3.70)

z
. Ul dt
_ Lit (#) —2—
/0 i1 ( )1 o Zwulwl,

where in the last equality we integrated by parts. Therefore, we reduce to proving that

c . uy dt . .
/ L11 (t)lllewulwl = 2L11’17171(u1 Z, 1, ug, 1) + L11’17171(’U,1 Z,U2,U1, UQ). (B371)
0

We have
z uy dt “d .
/ L11(t)117wulw1 :/ —Li 1 (ur t, ug)wy, w1 =
0 — Ul z 0 de
N wr di (B.3.72)
LiLl(ul z, ’LLQ)LiLl(’LLl Z, Ug) — / LiLl(ul t, Ug) 1 ! w1.
0 — Ul t
Moreover,
z up dt /Z d_.
L t,ug) ———wi1 = | —L t,1 =
/0 11,1(“1 7u2)1 o twl T 11,1,1(U1 ) 7U2)w1
. . z . dt B.3.
L1171,1(U1 Z, 1, u2)L11 (z) — / L11,171(U1 t, 1, UQ) 1 : = ( 3 73)
0 _
Liy 1, (u1 2,1, ug)Lig (2) — Lit 11,1 (2, w1, 1, ug).
Putting together (B.3.71)-(B.3.72)-(B.3.73), it remains to prove that
Liy (w1 2, ug)Liy 1 (ur 2, u2) — Liv 11 (ur 2, 1, u)Lig (2) + Ligg 1,1 (2, w1, 1, ug) = (B.3.74)

2Li1111(w 2,1, u2, 1) + Ling 11 (w2, u2, ua, ug).
Applying the shuffle relation to the first two terms in left-hand side, we have

Lilyl(ul Z, uz)Lil’l(UI Z, UQ) = 4Li1 1.1 1(U1 Z, 1, ug, 1) =+ 2Lil 1.1 1(U1 Z,U2,U1, UQ),

5Lyt IR ]

Litg,(ur 2,1, ug)Lig (2) = 2Li1 10,1 (w1 2, 1, ug, 1) 4+ Liy 111 (w1 2, ug, ui, u)

yLsdy IR ]

+ Lip1,1,1(2,u1, 1, u2).

sLyty

(B.3.75)
Therefore, as we wanted, the left-hand side of (B.3.74) becomes
4Liy 11,1 (w1 2,1, u9, 1) 4+ 2Ld4 11,1 (w1 2, w2, ur, ug) — [2Li1 11,1 (ur 2, 1, ug, 1)
+ Lit,1,1,1(u1 2, ug, ur, ug) + Liv 11 (2, ur, 1 ug)] + Ling (2, u1, Lug) = (B.3.76)

2Liq 10,1 (w1 2, 1, ug, 1) + Lig 11,1 (w1 2, ug, g, ug).

It Rkl
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Let us remark that with the previous procedure, one can find several identities at a
fixed level involving the same multiple polylogarithm. To choose which elements to add
to the basis, we followed the criterium that we omit the multiple polylogarithms with
the first argument z. This criterium comes from the regularity condition on the wave
function at z = 1. Moreover, when possible, we tried to include the same number of
multiple polylogarithms with the first argument uq z and with the first argument us 2
(for example, it is not possible at level n = 2).

For completeness, let us write the elements of level 3 that we add to our basis:

Liy i (w1 2z,1,u2), Lipgg(uiz,1,ur), Litgg(uiz,ug, 1), Lijgq(uwrz,u,u),

Liy 11 (v z,u1,1),  Liyig(uez,1,ur), Lingg (uez,ui, 1), Lingg (u2 2, u2,u2),
(B.3.77)
and the nontrivial identities with the other functions of the same level (other identities
are obtained by exchanging u; with ug):

Lir1(ug 2,u2,1) =
log(1 — u1 2)?log(1 — ug 2)
2 )

Lilylyl(ul 2,1, ul) + LiLl(ul 2, ul) log(l — Ul Z) —

Liy11(z,u2,1) =
log(1 — ug 2)?log(1 — 2)
2 )

Lij11(ug 2,1, up) 4+ Liy 1 (ug2 2, up) log(1 — ug 2) —

Lii1a(z,u1,1) =

log(1 — u1 2)?log(1 — 2)
9 )

LiLLl('LLQ Z, U9, ul) = —2L1171,1(U1 Z, U1, 1) — Lil,l(ul zZ, ul) log(l — U9 Z),

Lilylyl(ul z,1, UQ) + LiLl(ul 2, ’LLQ) log(l — U1 Z) —

Lit (2, ur,u1) =
Lil,l,l(u2 Z, U9, UQ) — LiLl(ul zZ, ul) log(l — Z) —+ Lil’l(ul Z, Ug) log(l — U9 Z),
Lil,l,l(za usg, ’LL1) = *2Lil’171(UQ Z, U1, 1) — Li]_’]_(’U/Q zZ, ul) IOg(l — Z),

Lii11(2,ur, u2) = —2Liy 1,1 (w1 2, u2, 1) — Lip 1 (ug 2, ug) log(1 — 2).
(B.3.78)
Computing all the identities up to level n = 7, we arrive at the following conclusion:
the number of multiple polylogarithms needed to form a basis in at level n > 3
is 8 x 3773, Even though this significantly reduces the number of functions used at a
certain level n, we still need to compute the identities for all 3" functions to go to the
next level n + 1.
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Appendix C

Multiple polyexponential integrals

C.1 Multiple polyexponential functions: definitions
First, we define a set of functions we call undressed multiple polyexponential functions:
1 2k

o0 k.
z
eln (Z) = E n kf" €l51,...75n (Z) = E 7]{:191 ]{;s” 7]{:1' . (Cll)
k:l . ... n .

k1>ka>-->kp>1

The latter functions are straightforward in terms of their series expansion around z = 0,
but taking the derivative proves more challenging. If the first index s; is greater than
one, we have a simple polylogarithm-like derivative

d
s1>1: =z &els1 77777 sn (2) = €lsy 16,50 (2) (C.1.2)

However, when s; = 1, the derivative rule becomes harder:
d n .z
z £6l17527._73n (z) = —61527._73” (Z)—(—l) € Z cee Z elop(SQ),...,op(sn) (—Z), (Cl?))
op(s2)  op(sn)

where we sum over all ordered partitions of s; € N, ¢ > 2:

op(1)={1}, op(2)={2,(1,1)}, op(3)=1{3,(2,1).(1,2),(1,1,1)} (C.1.4)

and so on.
Observing that

d z
e Z eliop(n) (2) = — Z elop(n) (2) —e“ely (—2), (C.1.5)
op(n) op(n)
one is led to define the following dressed multiple polyexponential function:

ELL" (Z) = Z elop(n—l—l) (Z) (016)
op(n+1)
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which satisfies the following derivative rule:

z di ELiy (2) = —e*EL, (—2), (C.1.7)
z

where

EL, (2) =el, (2). (C.1.8)

Motivated by the definition of EL; ,, (2), we define the complete set of dressed multiple

polyexponential functions via the following recursive derivative rules:

d
z & EL17527"'7STL (Z) = _ez EL527~~75n (_Z) ’

q (C.1.9)
s1>1: =z P ELs, .., (2) = ELg —1,60,....6n (%),
where the integration constants are fixed by
ELs, . s, (0)=0. (C.1.10)

Compared with undressed functions ely, . s, (2), the new set of functions has simple
derivative rules, but more involved series expansions around z = 0. In our first example

(C.1.6)), the Taylor expansion is given by

k1

1 z
k1>ke>->knt12>1 kika ... kny1 kil

To generalize the relations and Taylor expansions to an arbitrary number of indices,
it is convenient to introduce an operator @ between two vectors v = (vi,...,v;) and
u=(u,...,u;j):

vou=(v1,...,0%-1,0 + U, u2,...,u;). (C.1.12)

If the second vector is a scalar, we have:
veu=(vi,...,0-1,0 +u). (C.1.13)

For an even number of indices n = 2k, the relation between the dressed and undressed
functions is

ELTl,Sh.n,m,Sk (Z> = Z Z el(m—1)6901)(51+1)69~--69(7"k—1)€90p(sk+1) (z) (C~1~14)
op(s1+1) op(sk+1)

If, instead, the number of indices n is odd, n = 2k + 1 with £ > 1, we have

ELTl,Sl,...,T‘k,Sk,T‘k+1 (Z) = Z T Z el(Tl—1)@0})(81-‘rl)@"'@(’f’k—1)@Op(8k+1)@7'k+1 (Z) :
op(si+1)  op(sk+1)
(C.1.15)
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Introducing the notation

J
1<j<k: wj=) s, (C.1.16)
=1

we can write down the Taylor expansions for the dressed functions:

wi+1 k—1 ky

1 1 z
ELr 51, rhssk (2) = Z H o H T | (C.1.17)
. k] . k . kl kl.
k1> >k, 121\ J=2 j=1 "wi+tl
wg+1 1 k 1 Zkl
ELT‘17817---,7"k78k,7‘k+1 (2’) = Z H o H W W (C.1.18)
k1> 2ke 21 \ =2 0 ) \j=1 Pwitl )AL

C.2 Multiple polyexponential integrals

The asymptotic behavior of polyexponential functions EL,, (z) at z — +o00 is determined
by their relations with a set of functions called polyexponential integrals ELi,, (2), defined

as
* ELi,—
n>2: ELin(z):/ ELin-1 (1)

— 00

dt, ELi; (2) =Ei(z). (C.2.19)

Using L’Hépital’s rule, the leading asymptotic behavior of ELi, (z) at z — +o00 can be

derived: ;

ELi, (2) = j—n (1 +0 (\zy‘l)) . (C.2.20)

Starting with the known relation for the exponential integral
Ei(z) =y +log(—z) + EL; (2) (C.2.21)

and applying recursively the definition (C.2.19), we get the following general result for

n > 1:
)n—k

ELiy (2) = ELp (2) + > k(,z;_k_)' L™=k (1)log (—z)" . (C.2.22)
k=0

The previously defined dressed multiple polyexponential functions have the following
property:

ELy,,..s, (0) = 0. (C.2.23)

Thus, they are naturally described in terms of their Taylor expansions. The corresponding

multiple polyexponential integrals tend to zero as z — —oo and can be defined using
definite integrals:

z et
ELil)s%-“vSn (Z) = _/ ? ELiSQu“-)sn (_t) dt?
o0 (C.2.24)

zZ
. 1 .
s1>1: ELi, s (2)= / n ELis, —1.55,..s, (t)dt.

—00
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The general relation between multiple polyexponential integrals and dressed multiple
polyexponential functions is

S1 ( 1)k1 1

EL.S s = ELS o
lsy,sn (2) O Z (k1 — 1)1 (s1 — kp)! )

cLif, sy,....5n l0g (—2

n—1
(-1 ( 71+k —k . i \si—k
+ 2 . Z . (k - ]. S'L - k]_ ' ]H ] ]+1) Clei75i+17-~~75n log((_l) Z) ! X
- (C.2.25)

X ELISl‘Hﬂl*k27~~~75i71+ki71*k5i (Z)

(_1)k1+1 n—1

+ Z m H (sj_l—;kfl k3+1) (kn) (1)log ((—1)" Z)Sn*kl o

sn2k12>>kn>0 J=1

X EL181+k1 —ko,....5n—1+kn—1—kn (Z) )

where the constants cLiy, s, s, are defined as

dt

oo
k1 >1: cLig sy, sn _/ e"tlog (t)" 7 EL,,.. s, () ; (C.2.26)
0

As for the asymptotic behavior, one can prove that all multiple polyexponential in-
tegrals ELis, . s, (2) behave at most like 1/2 when z — —oo. The starting point is the
asymptotic series for the exponential integral:

» [n—1
ELi (2) = % (Z L Rn(z)> , (C.2.27)

k
z
k=0

where R, (z) is a remainder, which is explicitly given by

et

R, (z)=nlze™” /_Oo rEsy dt. (C.2.28)

Introducing the multiple harmonic numbers, defined as

j1—1 1 jnflfl 1
817 S Z 51 E Z j?’ m,S1,...,8n € L>1, (0.2.29)

j1= 1 Jj2=1 Jn=1
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the asymptotic expansions for multiple polyexponential integrals are given by

EL1817--~752n+1 (z) =

N s1—1 Sop41—1
(—DXm=rozm T T T, D) e
o3 e o),
j:Z:ano S2m—+1
ELis; 50 (2) =
sg—1 59, —1

N c_ n e P

Z (—1)] 143 =1 s2m—1 F( ) H(l, ey 1,53—}-1,..‘,1, ey 1) +0 1
j—3n 5 27 N 2N+ )
J=2m=152m

(C.2.30)
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Appendix D

Results for 3, £, and ¢ expansions

The small-frequency approach described in sections and provides us with the
following perturbative results for By, & s, and ¢y s with £ = s =0,1,2. When S, and
5&3aredeuﬂnﬂnedlu)tocmdertK,theConﬁspondhqgexpanﬁonsof¢&5canlmaconqnmed
up to order t572¢=2 In case £ = s = 0, the wave functions in the near-spatial infinity
region were computed up to order !¢, which fixes the first 14 orders of Bo,0 and &y and
12 orders of g o:

7 9 9449 , 102270817 4 4988909608861 4

P00 =51" " Tono60 " * 2133734400 150556299264 000

72237319625071 987 410 2008359560 158182591511 412

2655813119016960000 86 646 394 825 172 582 400 000
202 956 264 764 222561 313 859
02 956 264 764 788 667 A4 0 (119)

9656699 112 995 968 225 640 448 000 000

(D.1.1)

bo() =12 B B s, 41, 225487 5 51838301
00 =25 Y " T35 T 7a576 T 177811200 6401203200

9481089257 284742073739 4 722761773679487 4

1568294784000 90333779558 400 + 304311919 887 360 000
108 778 841 322 632 893 410 1711007301901126 757149

87641832927 559 680 000 1754589495209 744 793 600 000
10726170068189907 710593 5

21055073942 516 937 523 200 000
4383394423080102339340164 317 5

+ 10622 369 024 295 565 048 204 492 800 000
68395 977167815587016 740406979 14

318671070 728 866 951 446 134 784 000 000

+ 0 (),
(D.1.2)
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oo (T 8BS 59423233 ., 3034619927027
Y00 =989 )~ 70560 995 742 720 131736 761 856 000
2636632572686 279887 s 6348255806061 211753575743

136331740 109537280000 429 874 426 326 387 474 432000 000
120127293342 168 835 533078 304 741 15 ()

9463 565 130 736 048 861 127 639 040 000

(D.1.3)
For ¢ = s = 1, we computed the near-infinity local wave functions up to order ¢'4, which
gives

47 43908007 4 1897955762232049 ¢

— " — t
240 1137024000 +_126588975206400000
916976 100036495015111773 ¢

124023735 704 345 444 352 000 000
5706721543769 515470350083 430 384 773 410

1410389488815 788497 680 728 064 000 000 000
106 995 634 360 703 511 437 460 300 615 557 539 248 229 319

44908789408 918 140 501 620 712 312 039 014 400 000 000 000

Bi1 =

2+ 0 (1),
(D.1.4)

fu(t) = 125, 25 1TL g 29555, 26305804327
LI = 4 32 4512 288 768 1004 674 406 400

38025119711 6 152296 572400211831

6429916 200 960 111854018492 375 040 000
1089548 738109409027 4 2259394074262 863 197636 203 9

2863462873404 801 024 000 15655 338981 194 233 518 489 600 000
1293517008 380421 728073 421 410

20038833895 928 618 903 666 688 000
1549762537865 582971 981 233 948 038 333 (1

48554031908 479118826 650 311 065 600 000 000
6224 927205 898 953 592 055 383 850 794 531

395494 659 909 066 276 987 987 988 316 160 000 000

4+ 0 (),
(D.1.5)

8959597 ,  455691732736543 4 74327495711146 205449777 4

~ 7068800 4407171729408 000 +_1226665736133046272000000
29832726 638 753 503 996 423 316 486 442073 t8+—C)(ﬂ0)

793193404 821 187 035 447 794 073 600 000 000

P11

(D.1.6)
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For ¢/ = s = 2, we also computed the near-infinity local wave functions up to order t'4
and got the following results for 322, 2.2, and 2 o:

107 o 1695233 4 76720109901233 4

T840 148176000 30764716 012 800 000
71638 806 585 865707 261481

99644 321 084 605 000 704 000 000
270360664 939 833 821 554 899 493 653 643 10

1152641 264 228 149 083 523 559 424 000 000 000
25911378 819560 727 799 984 792 720 318 253 742 297 427

317331168450 503 888 940 177 332 763 456 307 200 000 000 000

B2,2

t2+0 (1),
(D.1.7)
2 1 4 9
bra(t) =1- ¢4 B _TBp, T85 4 1007354000 .,  B96T8I5EY

3 18 96 2592 10871884 800 + 39138785280
6050 546 248023481 39569841898687 ¢

1231227907 338 240 000 * 41040930 244 608 000
49266134378 785551042377 4 6918422754413 573300251

306757 182671 647123046400 000 368 108 619 205 976 547 655 680 000
8229146 383 510495 333 773 316 804 837 11

3548430888956 507 708 078 122 598 400 000 000
1543339979694 704 523 189 885578 017

2129058 533 373 904 624 846 873 559 040 000 000

10

2+ 0 (¢,
(D.1.8)

12 2922774 29477261
5 2 53950959337 9227746 558 029 477 26 t6+(’)(t8)- (D.1.9)

T 1568 2280051680256 b 3905473 390495 507 353 600

¥2,2

It is possible to determine the generic expressions for By s, £ > k and @p sk, £ > k
using the instanton part of the NS free energy Fi,s¢ with Ny = 3. We start by inverting
the Matone relation to determine the modulus a as a function of w, £, s, and the instanton
parameter A:

1\? | OF
2 _ 2 - inst
a® =2w <£—|—2> +A N (D.1.10)

In general, when getting the small-frequency expansion of a, infinitely many orders in
A can contribute to the same order in ¢t or w. However, when ¢ > k > 1, the first
2k instantons are enough to compute the t-expansions of a and ;s up to order 2k
The perturbative expansion of ¢y ; can be determined by taking the a-derivative of Fi
and substituting the instanton expansion of a obtained earlier by inverting the Matone
relation. Unless ¢ > k, infinitely many orders in A contribute to the same order t* of
@y, For £ > k, we use the first 2 k instantons to obtain the generic expressions of ¢y q .

Below are the results for 3,1, £ > 1 and ¢ 2, £ > 2. To simplify the expressions,
we introduce the notation L = £ (£ + 1):

1

(>1: frog=—o
= Bt 2(2#1)5(

1507 —11L +6s* (L —1) +3s), (D.1.11)
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0>2: 62,3,2 =
2 { 8 3 2
- 9% (L —2) (560 L* — 840 L* + 63 L + 45)
((20—-1)5)%(2¢ - 3),
+45* L (5040 LS — 39480 L° + 106 015 L* — 124514 L* + 58 737 L? — 3528 L — 2970)
+25* (8400 L° — 65800 L° + 171689 L* — 152670 L* + 40113 L* + 4752 L — 1620)

+L* (L —2) (18480 L° — 105000 L* + 155295 L* — 82625 L* + 8733 L + 3240)

+45% (2800 L° — 19880 L* + 32907 L* — 16 731 L> — 81 L + 810)},

(D.1.12)
where (g),, is the rising Pochhammer symbol.
Similarly, we have for ¢y 1 and ¢y o:

(>1: pper = Ll): [L?+4s* (1407 —24 L +9) + 35" (8L - 3)]
0 2(20-1)y)
(D.1.13)
> 2: Pe,s2 =
420+ 1)3

— 3(L —2)2 L% (622848 L7 — 6212544 L5 + 21712272 L°
IR TEN PR SR !

— 32554372 L* + 22795266 L — 5708997 L* — 1088 640 L + 583 200)

+4Ls* (1061376 L7 — 15044 160 L® + 86 481 808 L™ — 260 933804 L° + 444628 113 L°
— 420000264 L* + 187434000 L* — 5375808 L* — 25048 440 L + 6 415 200)

+4s* (1018752 L7 — 14267744 L% + 79516 264 L7 — 221 705538 L5 + 322081092 L°
— 232063569 L* + 61460370 L* + 15646 770 L* — 12830400 L + 2 187 000)

+45° (735232 L% — 9344576 L 4 43334736 L® — 93552300 L° 4 98 731 791 L*

— 43634700 L® — 1363716 L? + 6 765 120 L — 1749600) + 135 (L — 2)° s* (8448 L°

— 41152 L* 4 49488 L? — 5076 L? — 5130 L + 2025) }
(D.1.14)

As mentioned earlier, the distinction between the cases in which a finite or an infinite
number of instantons contribute to the same order in ¢ arises from the presence of the
poles at integer values of £ in the NS function. We remark that the resummation of
infinitely many instantons in the t-expansion differs from the apparent resummation in
the pure instanton approach. There, this resummation may be avoided by analytically
continuing ¢ to be a generic complex number, and taking the limit / — Z>( only in the
final step of the computation. This procedure is discussed in [I85], where the authors
show that the fized-¢ prescription and the generic-f prescription lead to the same answer
for the computation of the scattering phase-shift in Kerr spacetime. The same reasoning
also applies when computing the coefficients of the QNM frequencies of Schwarzschild-de
Sitter spacetime in 4 dimensions in the Taylor series expansion around Rj, = 0 (R, being
the radius of the event horizon) as discussed in footnote 6.
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Appendix E

Gelfand-Yaglom theorem

E.1 Gelfand-Yaglom theorem for regular differential opera-
tors

Let us introduce the setting in which the standard Gelfand-Yaglom theorem applies. Let

d2
be a second-order differential operator defined on the interval z = [0, 1]. Let us consider

the eigenvalue problem

D% = )\nwm (E.1.2>
with 1, satisfying the Dirichlet boundary conditions
Un(0) =¥, (1) =0, (E.1.3)

where {A,}, is the set of eigenvalues of D, which is required to be discrete, non-
degenerate, and bounded from below. Suppose we can solve the associated problem

’DU)\:)\U,\, (E.1.4)
with u) satisfying the boundary conditions
ux(0) =0, u)\(0)=1. (E.1.5)

We call this uy(z) the normalized solution of (D — A)u =0 at z = 0.

Then, one has that uy(1) is equal to zero if and only if A is an eigenvalue of the
operator D. Indeed, uy(1) = 0 if and only if u) satisfies both the Dirichlet boundary
conditions at z = 0 and at z = 1, but then u) coincides with one of the eigenfunctions
of D, that is A = \,, for some n.

Let D be some reference differential operator and @y the corresponding eigenfunction
satisfying . D is obtained by D by considering a deformation of the potential
V(z). It holds

det (D—X) _ un(1) (E.1.6)

det (@ _ )\) (1)
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Indeed, seen as functions of A, both the left-hand side and the right-hand side have
zeros in the eigenvalues of D and poles in the eigenvalues of D. Therefore, the two must
coincide up to a constant. Moreover,

D_
lim det ( A)

Jim = (@ - A) =1, (E.1.7)

assuming the deformation of the potential V(z) to be bounded and not modifying the
asymptotic of the spectrum. Hence, we can conclude that

det(D)  det(D—X)| (1)
det (f)) det (f) - /\) a0 Wa=o(1)

(E.1.8)

Remark E.1.1. As a consequence of the theorem, we conclude that the ratio of deter-
minants of two differential operators only depends on the normalized solutions of the
corresponding differential equation.

We also comment on the fact that it is not restrictive to consider differential operators
in the normal form (E.1.1)). Indeed, let us consider a second-order differential equation

of the form 2 1
4 p(y)— = E.19
)z + UG+ <l0)] o) =0 (819
with the properties that b(y) is differentiable and a(y) is twice differentiable. We can
first redefine the variable as

foydg\/% 1 1
p=— VY ith cz/ dj———, (E.1.10)
o Va(y)

C
so that the interval y = [0, 1] is mapped onto the interval z = [0,1] and the differential
equation becomes of the form
d? d

o2+ BRI + ()] o) =0, (E.1.11)

where
b(y) — 5a'(y)
Valy)

Then, redefining the wave function ¢ as

6(2) = exp(—% / dz CB(2))(=), (E.1.13)

the differential equation becomes

B(z) = 1(2) = c(y). (E.1.12)

2
[iQ + V(z)] W(z) =0, (B.1.14)
with o o
V(z) = C*y(2) — 75(2)2 - 53/(2)- (E.1.15)
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E.1.1 Gelfand-Yaglom version for regular singular points

Suppose now that the potential V(z) has regular singular points at z = 0 and z = 1. We
denote with % =+ ap the roots of the indicial equation at z = 0. Then, supposing not to be
in a log case, there exists a fundamental system of solutions of the differential equation
Di(z) = 0 around z = 0 given by

W =z
Y =2

and the Wronskian between the two solutions is (constant in z) equal to 2ay.

Let us suppose Re(ag) > 0. In order to apply the Gelfand-Yaglom theorem in the
regular singular case, the standard vanishing Dirichlet boundary condition at z = 0 is
reformulated by asking the function v to satisfy

TR+ 0(2)],
"+ 0(2)],

(E.1.16)

N[ (SIS

lim (Z%—ao) L (z) = 0. (E.1.17)
z—0
Analogous formulae hold at z = 1.

Suppose that the points z = 0 and z = 1 are regular singular points of both the
equations Dy (z) = 0 and 751;(2’) = 0 with equal indices ag = dg and a1 = a1. Suppose,
moreover, Re(ag) > 0 and Re(a;) > 0. Then,

det(D) _ S (E.1.18)
det (D) Ci2
where Ci9 is the connection coefficient relating the local solutions around the two regular
singular points:

O (2) = iyl (2) + CravM (2), (E.1.19)

and the same for C~11 and C~12.

Let us prove . The strategy is to consider the associated problem as in the
standard Gelfand-Yaglom theorem, but taking the normalized solution at a point close to
z = 0 in terms of the corresponding local solutions . Then, using the connection
matrix, it is possible to analytically continue the solution close to the point z = 1 and
evaluate it there. Removing the cut-off, we get .

The normalized solution at z = 0 satisfying u(5(d) = 0 and u/[a](é) =1 is given by

)
N 20,0

_ v (0) )
) = O e

e — (_01 é) . (E.1.21)

Let us now analytically continue this solution to the neighborhood of z =1, as

e\ (2), (E.1.20)

where

O (2) = i (2), (E.1.22)

)
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and evaluate

05
up)(1+8) = 1/%2&( )eijcjwﬁ)(l +4). (E.1.23)
0
By using the expansion of the local solutions around z = 0 and z = 1, and denoting
1 1
pg()) = 5 + ag, pg]) = 5 — ap,
(E.1.24)
ow_1 . w_1_
Pro= 5 Lo P =5 701,
one finds ) o "
upy(1+8) = 5 ((w ) ¢i;Cjik (5’/% ) [1+0(58)]. (E.1.25)
Consider now the ratio L
_|_
o) ,), (E.1.26)
U[(;](l +6 )

where the denominator is given by the above procedure for the reference operator D and
with the same cut-off assignment. As we remove the cut-off, in the limit §,8" — 0 and
using the assumptions ag, a1 > 0, the leading order term is given by

det(D) (144 o —527900,(5)

T Cpp

—a Cia

. (E.1.27)

[SIE I ST

im — <~ = lim : —
det(D)  s5—0t U (L+06")  65—0t —§2-90C, o (§")

Similar results were obtained in [144].
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Appendix F

Connection problems for

Hypergeometric and Heun equations

In this appendix, we recall the connection coefficients that analytically continue the local
solutions around the singularity at z = 0 in the region around the singularity at z = 1

for the Heun and Hypergeometric differential operators.

F.1 Hypergeometric connection formulae

For the Hypergeometric equation

2

21— ) gt (e (at bt 1)2) - — ab| w(z) =

a basis of local solutions around z = 0 is given by

w(2) = 9 Fi(a, b;¢; 2),
wgf])(z) =% F(a—c+1,b—c+1;2—¢2),

and a basis of local solutions around z = 1 is given by

w(z) =P (abia+b+1—c1— 2),

Sr(z) (1—2)"%%F(c—a,c—bc—a—b+1;1—2).

The connection formulae between these solutions are
_T(eT(c—a—0b) L(e)(a+b—c)
“Te—are—n" ¥~ Tarm v+ &)
T@2—-¢Tl(c—a—0b) Ir'2—ol(a+b—c)
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(1 — a)T(1 —b) W (z) + Tla—ctr Dib—ctrD)"

(F.1.1)

(F.1.2)

(F.1.3)

(F.1.4)



Let us consider the normal form of the equation but supposing the index of the singularity
at z = oo to satisfy a2, = 1/4:

1 2 1 2 1 2 2

i—a i—a 5—ag—a
W'(z) + 4z2°+ 12 0 _liyz)=0, (F.1.5)

where the dictionary with the a, b, ¢ parameters is

1-c c—a—2>b
apg = 5 ay = T, (F16)

and with inverse
a=1—ay—ai, b=-—-ag—a1, c=1-2a. (F.1.7)

A basis of local solutions around z = 0 is given by

$O0) = (z - 12z 0w (z) =
=(z— 1)%+a1 23790, (—ap + a1, —ap + a1 + 1;1 — 2ay; 2) (F.18)
$P(2) = (z = Dz 0w (z) = -
= (z—1)2191 2379, Py (ag + ay, a0 + a1 + 131 + 2a0; 2)
whose Wronskian is equal to 2ag, and a basis of local solutions around z = 1 is given by
Wz) = (2 = 1)2" 15390, (4
(4
:(2_1)%% 3+a 09F (ap — a1, 14+ ap—ai;1 —2a1;1 — 2), (F.1.9)
W) =(z—1)2mz20 wlz -
J’_
:(271)%+a % 2F1(0+a1,1+a0+a1,1+2a1,172)
whose Wronskian is equal to 2a;. The corresponding connection formulae read
(0) I'(1 — 2a0)I'(2a1) (1) (1 — 2a0)l'(—2a1) (1)
z) = z) + z),
,¢ ( ) F(—a0+a1)1“(1—a0+a1)w ( ) F(l—ao—al)I‘( ao—al)w—i_ ( )
(0) . F(l + ZaO)F(Qal) (1) F(l + 2(10)F( 2&1) (1)
Vvi(z) = 2+ v (2).
I'(ao + a)I'(1 + ao + a1) (1 +ao —a1)l(ap — ar)

(F.1.10)

F.2 Heun connection formula for |{| <1

The analogous problem was solved for the Heun equation in [4], where connection formu-
lae between semiclassical Liouville conformal blocks were studied. We are interested in
the regime in which |¢| < 1, but, in the next section, we also show the analogous formulae
for the regime [t| > 1.
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The conformal block for small ¢ around z = 0 (see ((1.1.16)) and ([1.1.19))) reads
3(0‘1 a ™ agp Mt Z) . (F.2.11)

(78S (7)) t

The conformal block for small ¢ around z = 1 reads

Y

A, CA— _ oy o I} z—1
tAoo+A1+A2,1 Ay AO(l_t)Aoo+AO+A2,1 Ay Al(z_t) 2A2,13< 004 Ooaw 2’1't )

o aq z—1
(F.2.12)
In the semiclassical limit, these read
F “ aata aQ’l't z
oo 00 a07 )
. (F.2.13)
_1 ag Qoo az1, , #—
(t(1—1t)"2(z t)]-"(ata a19 a it . —t>'

The connection formula between the two semiclassical blocks, written in terms of the
connection matrices of the Hypergeometric functions
['(—260"a2)T'(1 + 20a1)

il T , where 0,60 =+
T (5 + 0a; — 0'as +a3) r (5 + fa; — 0'aq —a3)

Mg (a1, az;a3) =

(F.2.14)
reads
a, a a z 0’
f(a:o a™ agg a?(,)l; t, t> = Z Moer (ao, a; ar) M(_grygr (a, a1; aoo) €Xp (—28aF(t)>
0,07 =+
/ _1 ag Qoo asy  2—1
(1 —1)72 (2 —t T’
< 0(1 = 0) ¢ (- 07 (10 it 22 ),
(F.2.15)
F(t) being the classical 4-point conformal block (see Appendix
_pf@ o
Ft)=F <aoo ap': t> . (F.2.16)

We also need to relate the expansions of these semiclassical blocks to the local solutions
of the Heun equation in normal form

W (2) ~ 2700 [1 4 O(2)),

(F.2.17)
() ~ (2 = 1)+ 1+ Oz - 1)].
The semiclassical blocks’ expansions read
a; a az 1 z _ 0 1 z
oo it ) e (500 ) o [ (1)
ay O asq , #—1 t 1/2 1igrg
Fl “a a7t ~l——] (212 x (F.2.18)
ag al z—t 1—1¢

exp <—92H8a1F(t)> [1 e) (t, z: 1)} ,
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where F(t) is the conformal block (F.2.16]).

It follows that the connection formula between the solutions of the Heun equation
reads

vy (2) = > Copr Y (z),  with

0=+
Coor = Z Moo (ao, a; at)M(*Q’)H”(av ar; aoo)t9a0+9'a X (F.2.19)
0'==+
" /
exp (500 F(0) = GOuF(0) - GOuF())

F.3 Heun connection formula for |¢| > 1

The connection formula between the points z = 0 and z = 1 in the regime [t| > 1 is
simpler since the two singular points are on the same side of the pants decomposition of
the four-punctured sphere.

In the semiclassical limit, the conformal blocks around z = 0 and z = 1 read

a; a a 1
t1/2]: t a 1CL09 271;732 )
Qoo ap ¢

) (F.3.20)
t — 1)1/2e0ma ag ag az1, 1—
( ) e aooa aig al’t—l, Z 0,
respectively. The connection formula between them reads
1 (a ar  azp 1
tz F a “ag -,z ) =
Uoo ap t
(F.3.21)

/; 1
> Moy (ag, a1;a) (t — 1)z¢f mf< U0 agy P — 1 - Z) :
o=t (oo g =1

The semiclassical blocks’ expansions read

a; a as1 1 1 0 1 1
f(a:oa oo ;él;t,z> ~ 172 exp (—28a0F(t)> z3Thao0 {1 +0 <t,z>] ,
1 /o /
]__<at aaoaw, CLa271' 1— Z> -~ (t— 1)7% 69 iTa (Z _ 1)%+9 ai
Lt —

X exp <_02/6‘“F(t)> {1 +0 <t—11 1- Zﬂ )

(F.3.22)
where F'(t) is the conformal block

1
F:F<%am;). (F.3.23)
oo Qo t
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It follows that the connection formula between the solutions of the Heun equation

with the expansion (F.2.17)) reads
V()= Y Cop ) (2),  with

br== ) ” (F.3.24)
Coor = Mg (ao, ar; a) exp <28a0F(t) - 28a1F(t)> :
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Appendix G

Determinant of Heun differential
operators and Gelfand-Yaglom
theorem

G.1 Heun normalized with Hypergeometric

For applying the Gelfand-Yaglom theorem to the BH problems, we need to compute
(ratio of) determinants of differential operators of Heun’s and Hypergeometric’s type.

Indeed, the spectral problems in which we are interested are encoded by Heun dif-
ferential equations with both boundary conditions imposed at singular points. If we
consider the normal form of the Heun operator

D. a2 %—Q%Jr%—a%+i—a?7%—a%—a?—a%+ago+u+ u
Cd2? 22 (z—1)2 (2 —1)?2 2(z—1) 2(z—1t)|’

(G.1.1)
the simpler problem can be taken to be a Hypergeometric operator, which can be obtained
by modifying the potential setting u = 0, a? = i. For simplicity, we also set a2, = i.

This gives

i2+ %—G(Q) %_a% _%_a%_a% (G12>
dz? 22 (z—1)2 2(2—1) |~ o

This simplification is such that the indices of the singularities at z = 0 and z = 1 are
kept fixed. Using the connection coefficients for the Heun equation and Hypergeometric
equation (see the previous Appendix), we can take the ratio of determinants as the ratio
of connection coefficients, distinguishing the cases according to the signs of Re(ag) and

Re(ay).
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For example, in the case Re(ap) > 0 and Re(a;) > 0, we have

det (D)

det (ﬁ) -
Y g—+ Myg(ao, a; ar) M(_gry—(a, a; o )t00 0 exp(50ay F(t) + 304, F(t) — %/(%F(t))

F(1+2a0)F(2a1)
F(1+ao+a1)F(ao+a1)

(G.1.3)

G.2 Computation of determinant for Hypergeometric oper-
ators

In this Appendix, we use a different method to compute the determinant of generic
Hypergeometric differential operators. Using the result of the ratio of determinants
, this gives a prescription on how to compute the (regularized) determinant for
Heun differential operators.

Let D; be the Hypergeometric differential operator in normal form with generic in-
dices of the singularities, parametrized by the parameters a, b, c:

d? +2c[z(a+b—1)+1]+z[—z(a—b)2—4ab+z} —c?

Dy: — . G.24
2 4(z —1)222 ( )
Let Do be the Hypergeometric differential operator in the form
d> Je—(a+b+1)z] d ab
Dy: — _— . G.2.5
2 dz? * 2(1—2) dz  2(1-2) ( )

We have that if 1 x(2) is an eigenfunction for D; with corresponding eigenvalue A, then

_atbtl—c

Pan(z) =272 =) TF dial) (G-2.6)
is an eigenfunction for Dy with the same eigenvalue A. Indeed,

Datpaa(2) =
[z—c/2(z _ 1) lerbH=02p el 1)(““’“_0)/2} [z_c/g(z - 1)_(“+b+1_c)/2¢1,x(z)} =

2—0/2(2 o 1)—(a+b+1—c)/2plw17)\(z> — Z—c/2(2 - 1)—(a+b+1—c)/2)\,¢17>\(z) _ )\?/)2,)\(2)'
(G.2.7)
Therefore, the determinant of the two differential operators is the same, since the two
have the same eigenvalues.
Now, thanks to the Gelfand-Yaglom theorem and the remark [E.1.1] the determinant
of D5 is equal to the determinant of the operator

2

d d
Ds : z(l—z)@—l—[c—(a—l—b—l—l)z}&—ab, (G.2.8)
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since the differential equations D21(z) = 0 and D31p(z) = 0 have the same solutions.
Indeed, to apply the Gelfand-Yaglom theorem and compute the determinants of Do
and D3, one can transform them in the normal form using the procedure outlined in
Appendix [E] and finally, normalizing with respect to the same reference operator, one
finds the same result for the two computations.
Finally, in order to compute the determinant of D3, we can look into the eigenvalue
problem
(D3 — N w(z) =0. (G.2.9)

A basis of independent solutions of this differential equation around z = 0 is given by

1 1
w@(z): oFy <—2\/a2—2ab+b2—4>\+;—l—2,2\/a2—2ab—|—b2—4)\+;+g;c;z),

1 b
w—(i—O)(Z)ZzlC2F1<_2\/a2_2ab+b2—4/\+;+2—c+17

1 a b
Va2 —-2ab+b02 4N+ -+ - —c+1;2—¢;
2\/@ ab+0b A 5 tg—ctl cz

(G.2.10)
The selected solution around z = 0 is wg))(z). The connection coefficient in front of the
discarded solution around z =1 is given by

re—c¢)'(c—a—"a)
I’<1—i—%\/a2—2ab+b2—4)\—%—%)I‘(l—%\/@Q—Qab%—bQ—ll)\—%—%)
(G.2.11)

Therefore, the A, that ensure the correct boundary conditions for the solution are ob-
tained by the quantization condition

1 a b 1 a b
2 /a2 2 _ e v 2 a2 2 _ e v _
1+2\/a 2ab + b? — 4\, 573 n or 1 2\/@ 2ab + b? — 4\, 573 n,
(G.2.12)
with n € Z>o, that is,
A=(1-b+n)(—-14+a—n). (G.2.13)

Hence, denoting with a tilde the regularization of the previous infinite product, the
determinant is given by

T 2w

detDs = anou —b4n)(~-1+a—n)= DT a)’

where we used the Zeta regularization and the Lerch’s formula [252].

(G.2.14)

G.3 Regularized determinant for Heun differential opera-
tors

Comparing the differential operator D; in (G.2.4) with the operator D in (G.1.2), we
have that the two are related by the dictionary

a=1—ay—a, and b= —ay—a. (G.3.15)
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With the result of the previous subsection, we have that

27
I'(1+ap+a)l(ap + al)'

detD = Hn>0(1 +ap+a+n)(—ap—a; —n) = (G.3.16)

We conclude that we can give a formula for the (regularized) determinant of the Heun
differential operator (G.1.1)), under the assumption Re(ag) > 0 and Re(a1) > 0:

X

2T (—20"a)T(1 — 26’
detD:Z : 7T (/ CL) ( . CL)/
efziHa:ir(§+a0—9a+0at)f‘(§—9a+a1+aaoo)

/
p00'a o (;aaoF(t) + %aalF(t) - ZaaF(t)> :

(G.3.17)

Let us remark that this result is equal to the Heun connection coefficient in front of
the discarded solution at z = 1, divided by the two Gamma functions whose arguments
depend on the indices of the singularities where the two boundary conditions are im-
posed. The 27 factor comes from the Zeta function regularization. This normalization
gives analogous results as the ones obtained in the work [140], where the subtraction of
the Gamma functions is motivated by physical arguments, introducing the Rindler-like
region.

G.4 Reduction of connection coefficient

Here, we prove that in the limit in which the Heun differential operator D reduces to
the Hypergeometric one, the ratio in (G.1.3)) becomes equal to 1. Notice that we are not
taking a collision limit, but we are just fitting the parameters so that the singularity at

z =t becomes an apparent one. ~
The differential operator D in ((G.1.1)) reduces to D in (G.1.2)) by setting

1
Gt =000 =5, U= 0. (G.4.18)
Using the instanton expansion
1 OF(t)
u:—Z—&—ag—l—a(Q)—aQ—i—tT, (G.4.19)
we get
a=ztag, F(t)=0. (G.4.20)

Let us choose the plus sign. In the Hypergeometric connection matrices appearing in the
determinant of D

Mg (ao, a;ar) Mgy (a,a1;a00) =
I'(142a9)T(—20"a)T (1 —20"a)T (2a1)
F(%—I—ao—ﬁ’a—i-at)f‘(%—i—ao—Q’a—at)f‘(% —G’a—i—al—&—aoo)l“(% —0'a—+aq —aoo)’
(G.4.21)
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one can see that the choice #’ = + makes one of the arguments of the Gamma functions in
the denominator equal to 0 under the dictionary (if we had chosen the different
sign ag = —a, then the reasoning would have been the same with 6/ = —). Therefore,
the determinant of D reduces to channel corresponding to 6’ = —:

T (14 2a0)T (2a)T (1 + 2a) T (2a1)

X
F'(3+a+a+a)l (34+a+a—a)T (3+a+ar+ax)l (34+a+a—a)
1 1 1
tao—a exp <28a0F(t) + iaalF(t) + 28(1F(t)> —
R (14 2a0)*T (2a0) T (2a1) ~ T(1+42a)T (2a1)
I'(142a9)T (2a0) T (14 ag +a1)T (ao +a1) T (14+ag+a1)T (ag+a1)
(G.4.22)

where we used (G.4.18) to pass to the second line. The last result is precisely the
determinant of D appearing in the denominator of (G.1.3) (equivalently, one of the
Hypergeometric connection coefficients).
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Appendix H

Useful asymptotics for Barnes
G-function

Here we collect some useful asymptotic formulae used in chapter

log(G(1 — p+2(a+n))) =

n a — " ’
) )+ 2 o

# (8 5 B o e ) tostem) + 0 (1)),

log(G(1 — p—2(a+n))) =

pt2(otn)
log(G(1+ pu+2(a+n))) — (p+2(a+n))log(2r) + / 72’ cot(nz')dz’ =
0

2n + 2 1 2
= %OH—M log(27) — log(A) + — — 3(2n)

12 4
2n)2 1 2o+ p)?
( > 12 2
+ (n+2(a+n))log(l — exp(2mi(p + 2a0)) )+
i (m2(1+ 2(a + n))? + Liz(exp(2mi(p + 2a)))) Lo ( 1> ,

— (200 + p)(2n)+

+ (2a+ u)(2n)> log(2n) — (1 + 2(a + n)) log(27)+

2 n
(H.0.2)
log(G(1 4+ 2(a+n))) =
n Q n)?
2n +2 log(27) — log(A) + 1—12 — 3(24 S (20)(2n)+ (H.0.3)

2 12 2

N <(2n)2 1 n (20)* + (2a)(2n)> log(2n) + O <i> ,

169



log(G(1 —2(a+n))) =

2(a+n)
log(G(1+2(av+n))) — (2(ax +n)) log(27) + /0 72’ cot(n2')ds =

_2nt2a log(27) — log(A) + 1 3(2n)° — (2a)(2n)+
(2721)2 L ey 2 4 (H.0.4)

+ ( 5 " 1o + 5 + (2a)(2n)> log(2n) — (2(a + n)) log(27)+
+ (2(a +n)) log(1 — exp(4mia))+

(2 2 7; :
i (m*(2(a + n)) 2—17—TL12(eXp(4ma))) Lo (i)

Hence, the following holds
. (G(l —u—2(a+n))G(1 —p+2(« +n))> _
G(14+2(a+n))G(1 —2(a+n))

2nlog (1 _f }?g&i’; ;;)2 a))) — 2mipn + i log(2n) — plog(2r) .
+ 2alog <1 — 16){—1;)23(7;@(51/;;)26“))> + plog(1 — exp(2mi(p + 2a)))

B Lig(exp(2mi(p + 2a))) — Lig(exp(4miar)) B iir(‘uQ +dap) 4+ O (1) '

27 2

Therefore, up to 1/n corrections,

G(l—p—2(a+n)G(1l—p+2(a+n)) 2 (sin(m(p+ 20)) )"
G +2(a+n)G1—-2(@+n) (@n)* <sm(2m)) » (HO6)

where the proportionality constant is independent of n.
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