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A B S T R A C T

In the last years, the LIGO, Virgo, and KAGRA collaboration (LVK) has re-
ported the detection of 90 gravitational-wave (GW) events resulting from the
coalescence of stellar compact binaries. With the ongoing fourth observing run,
new events are being discovered daily. This expanding collection of GW obser-
vations represents a novel avenue for exploring the physics of binary compact
objects, their host galaxies, and the wider Universe. Besides individually re-
solved events, GW detectors are also searching for the stochastic gravitational-
wave background (SGWB), given by the superposition of numerous unresolved
GW signals. Several astrophysical and cosmological processes are expected
to produce a SGWB. Among these, the SGWB generated by coalescing bina-
ries has notably captured the attention of the scientific community. Just a few
months ago, in June 2023, the leading Pulsar Timing Array experiments world-
wide announced the groundbreaking detection of a SGWB in the nano Hertz
band, likely attributed to coalescing supermassive black-hole binaries. In the
frequency range explored by ground-based instruments, ranging between a
few and a few hundred Hertz, the SGWB resulting from the merging of stellar
compact binaries is expected to be the predominant stochastic signal. While
this SGWB has not yet been observed, the LIGO/Virgo data have set upper
limits on its amplitude and anisotropies. Studying the SGWB from coalescing
stellar compact binaries, which is the central focus of this Thesis, is crucially im-
portant. Indeed, the SGWB gives access to the unresolved population of bina-
ries, merging since the beginning of stellar activity. Currently, this unresolved
population constitutes the majority. However, even with third-generation inter-
ferometers, such as the Einstein Telescope and Cosmic Explorer, which will be
able to detect individual events up to very high redshifts, the SGWB will allow
us to study those sources that produce fainter GW signals, potentially unveil-
ing distant or sub-dominant families of binaries. Moreover, being by definition
a collective signal, the SGWB is an effective tool to study population-level prop-
erties of the sources. Finally, the anisotropies of the SGWB reflect those of the
large-scale structure (LSS) of the Universe, making the SGWB an interesting
cosmological probe as well. For all these reasons, over the last few decades,
the SGWB from coalescing stellar compact binaries has been the focus of nu-
merous studies, both theoretical and observational. These studies aimed to
characterize both the intensity and the anisotropies of such a signal.

This Thesis is built upon the original scientific publications from my Ph.D.
work, aiming to contribute to the current understanding of the properties
of both the isotropic and anisotropic components of the SGWB from stel-
lar compact binaries. This involves studying their features both directly and
through cross-correlations with other cosmic fields, investigating their detec-
tion prospects, and evaluating their effectiveness as observables to constrain
the astrophysical and cosmological processes at play. In particular, I devel-
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oped a theoretical framework to predict the intensity and anisotropies of the
SGWB. This framework is rooted in merger rate predictions that leverage state-
of-the-art binary population synthesis codes, complemented by empirical, data-
driven descriptions of the galactic environments where these populations form
and evolve. An essential aspect for characterizing the SGWB anisotropies is an
effective evolution of cosmological perturbations, which I achieved through
advanced Boltzmann solvers. Other critical ingredients include models for the
GW emission of single binaries, based on their individual properties, and spec-
ifications for the scan strategy and sensitivity of the considered GW detectors.
By combining all these elements, I generated theoretical predictions for both
the frequency spectrum of the SGWB amplitude and the angular power spec-
trum of the SGWB anisotropies, accounting for various detectors and types of
binaries — specifically, binary black holes, binary neutron stars, and neutron
star-black hole binaries. Moreover, I characterized the astrophysical SGWB as
a tracer of the LSS, providing analytical expressions for its redshift distribu-
tion, bias, and magnification bias, subsequently evaluated across multiple sce-
narios. Expanding upon this established framework, I developed a method to
simulate full-sky maps of the SGWB signal, accounting for both its clustering
properties and the intrinsic Poissonian nature arising from the discrete distri-
bution of sources in space and time. This approach was useful for evaluating
the shot noise, which is an essential factor to take into account for studying
the detection prospects for the SGWB anisotropies.

Several studies have shown that cross-correlating the SGWB with other cos-
mic fields is an effective method to mitigate the impact of shot noise and
enhancing the detectability of the common underlying anisotropies induced
by the LSS. Therefore, I focused my investigation on the potential of cross-
correlating the SGWB from coalescing binaries with the Cosmic Microwave
Background (CMB) lensing. After computing the expected cross-correlation
angular power spectra, I studied their detection prospects using present and
forthcoming GW interferometer networks, both on Earth and in space (e.g.,
LISA and DECIGO). I conducted these analyses for both stellar compact bi-
naries and extreme/intermediate mass ratio BH binaries, specifically within a
newly proposed framework for massive BH seed formation through repeated
mergers of stellar remnants, migrating toward the galactic center because of
gaseous dynamical friction.

Finally, I recently shifted my focus to studying how different astrophysical
and cosmological prescriptions impact the amplitude and shape of the fre-
quency spectrum of the SGWB amplitude. The primary goal was to determine
which properties of the source population, as well as the galactic and cos-
mological environments, can be reverse-engineered from future SGWB mea-
surements. In particular, I developed a theoretical framework to use the high-
frequency peak of the SGWB from binary neutron stars as an observable to
constrain a selection of astrophysical and cosmological parameters. This in-
volved using a Markov Chain Monte Carlo analysis with a mock data-set of
SGWB measurements.
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1S T O C H A S T I C G R AV I TAT I O N A L - WAV E
B A C K G R O U N D S

The purpose of this opening chapter is to provide a context for my doctoral
research project. I will discuss the fundamental concepts concerning stochastic
gravitational-wave backgrounds (SGWBs) and offer a concise overview of the
current state of research in this field. The chapter is divided in five sections,
organized as follows. In Section 1.1, I will introduce stochastic backgrounds,
providing different definitions of such signals and a concise overview of the
standard mathematical framework used to describe them. In Section 1.2, I will
offer a brief description of the main sources of SGWB and their observational
properties. In Section 1.3, I will discuss SGWB anisotropies and review the key
related results in the literature. In Section 1.4, I will outline the basic concepts
about the detection strategies for stochastic backgrounds. In Section 1.5, I will
review the main results of current detection efforts and discuss the detection
prospects with forthcoming instruments.

1.1 what is a stochastic background?

Gravitational waves (GW) are subtle perturbations of the spacetime metric gen-
erated by energetic events occurring throughout the Universe. They were pre-
dicted by Albert Einstein back in 1916 [1, 2], arising as a natural consequence
of his theory of general relativity [3]. A century later, in early 2016, the first
direct detection of a GW signal was announced by the Laser Interferometer
Gravitational-wave Observatory (LIGO) [4] and Virgo [5] collaborations, mark-
ing the inauguration of the GW astronomy era. LIGO consists of two 4 km-long
laser interferometers, one located in Hanford, Washington, the other in Liv-
ingston, Lousiana, while Virgo is a 3 km-long laser interferometer in Cascina,
Italy. This very first signal, named GW150914 after its date of observation in the
two LIGO detectors (September 14th, 2015), was also the first observation of a
binary black hole merger. This discovery not only confirmed the existence of
stellar-mass black hole binaries, but also demonstrated that their merger could
occur within the current age of the Universe. A few years later, another mile-
stone was reached through the measurement of the first GW signal produced
by a binary neutron star merger, GW170817 [6]. This detection marked the be-
ginning of GW multi-messenger astronomy, with simultaneous observations
of the event and its source across the electromagnetic spectrum [7]. By the end
of the third observing run, 90 confirmed GW signals were recorded, originat-
ing from the final moments of binary black hole and neutron star coalescences
(see Figure 1) [8, 9]. Recently, also the japanese Kamioka Gravitational Wave
Detector (KAGRA) joined the operational network of ground-based detectors
[10]. Many more detections are being announced during the current fourth
LIGO/Virgo/KAGRA (LVK) observing run, started in May 2023.

1



2 stochastic gravitational-wave backgrounds

1.1.1 Standard definition and historical introduction

All the LVK detections so far have involved coherent measurements of resolved
waveforms within the detector data-streams, each originating from a single,
point-like source. However, these detections represent only a tiny fraction of
the vast GW landscape. The majority consists of unresolved signals arising
from extended sources or multiple point sources, too numerous or too faint to
be detected individually. All these unresolved sources combine incoherently,
leading to the emergence of GW backgrounds. These backgrounds are usually
treated as stochastic phenomena due to their non-deterministic strain signals
and are commonly referred to as stochastic gravitational-wave backgrounds
(SGWBs). Some of them exhibit stochastic properties due to their generation
process, such as the SGWB generated by inflationary tensor modes. Others,
instead, display stochastic behavior as a result of the limitations of the specific
detectors used for their observation, such as the cumulative signal given by the
superposition of multiple compact binary coalescences. Notably, a SGWB of
this latter nature is a detector-dependent observable, as it intrinsically depends
on the detection threshold.

A variety of sources, both astrophysical and cosmological, are expected to
produce a SGWB. The most relevant ones will be reviewed in Section 1.2.
The main sources of SGWB in the frequency band probed by ground-based
interferometers (∼ 10 − 103 Hz) are coalescing binary systems composed of
stellar-origin compact objects, namely binary black holes (BBHs), binary neu-
tron stars (BNSs), and neutron star-black hole binaries (NSBHs). While there
has been no detection of such SGWB yet, the LVK collaboration established an
upper limit on its amplitude and anisotropies [11, 12]. The only direct measure-
ment of a SGWB so far has been recently announced by the North American
Nanohertz Observatory for Gravitational Waves (NANOGrav), European Pulsar
Timing Array (EPTA), and Parkes Pulsar Timing Array (PPTA). These pulsar
timing array (PTA) experiments search for GWs looking for correlated modula-
tions in the arrival times of radio pulses from a group of galactic millisecond
pulsars [13–15]. The origin of the detected signal is still uncertain, but it is
most probably due to inspiralling supermassive black hole binaries (SMBBH) in
the center of distant galaxies [16]. I will discuss these and other outcomes of
current detection efforts in Section 1.5.

1.1.2 GW strain and Stokes parameters

When studying the propagation of GWs, it is common to work within the
framework of linearized general relativity. In this context, GWs are treated as
small perturbations to the Minkowski flat spacetime:

gµν ≈ ηµν + hµν, (1)

where gµν is the metric, ηµν is the Minkowski metric, and hµν is the metric
perturbation.
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Figure 1: Graphical visualization of the 90 binary mergers observed during the first
three LVK observing runs. Credit: LIGO-Virgo-KAGRA/Aaron Geller/North-
western at https://media.ligo.northwestern.edu/gallery/mass-plot

The production of GWs is a direct consequence of general relativity and can
be predicted through the Einstein equations. In particular, GWs are generated
when there exists a non-zero second derivative of the mass quadrupole mo-
ment with respect to time. GWs carry both energy and momentum, causing
energy loss from the emitting system. To first order in the metric perturba-
tions, the vacuum Einstein field equation can be written as a wave equation in
the De Donder gauge:

□
(
hµν −

1

2
ηµνh

α
α

)
= 0, (2)

where the box operator is the D’Alambert operator, defined as □ = ∂α∂
α. The

solution of this equation can be expressed as a linear combination of plane
waves,

hµν = Aeµνe
ikαx

α
, (3)

where eµν is the normalized polarization tensor, and kα is the wave four-
vector. By inserting this solution back into Equation (2), the dispersion relation
kαk

α = 0 is recovered. This implies that GWs travel at the speed of light. Fi-
nally, by imposing the transverse-traceless gauge, hµν is reduced to a purely
spatial perturbation, hij, which carries two physical degrees of freedom. Equiv-
alently, this corresponds to two independent spin-2 polarization states.

Now, returning to our original goal, let’s formulate a general expression for
the spatial metric perturbation in the context of a stochastic background. The
metric perturbations caused by a SGWB at time t and position x can be writ-

https://media.ligo.northwestern.edu/gallery/mass-plot


4 stochastic gravitational-wave backgrounds

ten as an infinite superposition of plane waves with polarizations P, observed
frequencies f, and coming from all directions in the sky n̂ [17]:

hij(t, x) =
∫+∞
∞ df

∫
S2
d2n̂

∑
P=+,×

hP(f, n̂)ePij(n̂)e
i2πf(t+n·x/c). (4)

In Equation 4, n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ), where (θ,ϕ) are the standard
angular coordinates on the 2-sphere. The spatial wave vector is explicitly ex-
pressed as k = 2πfn̂/c, with c being the speed of light. Since the spatial metric
perturbations hij(t, x) are real, the complex modes in the frequency domain
must respect the reality condition h⋆P(f, n̂) = hP(−f, n̂). The provided expres-
sion for the stochastic metric perturbation is presented in the linear polariza-
tion basis. The orthogonal basis tensors eP are defined as:

e+ = eθ ⊗ eθ − eϕ ⊗ eϕ, (5)

e× = eθ ⊗ eϕ + eϕ ⊗ eθ, (6)

where

eθ = (cos θ cosϕ, cos θ sinϕ,− sin θ) (7)

eϕ = (− sinϕ, cosϕ, 0) (8)

are the standard unit vectors tangent to the 2-sphere. In the case of a stochas-
tic background, both the metric perturbations hij(t, x) and the Fourier ampli-
tudes hP(f, n̂) are random fields. The statistical properties of the background
are determined by the probability distributions associated with these random
fields. Most often, it is assumed that the amplitudes are drawn from a Gaussian
distribution1. This implies that all the statistical properties of the amplitudes
are entirely characterized by their second order moments. When dealing with
stochastic backgrounds, two other common assumptions are typically made.
Firstly, the SGWB is often assumed to be static, meaning that amplitudes at
different frequencies are statistically independent. Secondly, it is considered to
have no phase coherence across the sky, implying that the phases of the signal
originating from different directions are statistically independent. Given these
assumptions, the second-order moments of the Fourier amplitudes correspond
to the following ensemble averages:

1 This is a good approximation for cosmological backgrounds, as they derive from primordial
perturbations, which are adiabatic, Gaussian and nearly scale-invariant in most cosmological
models. For a SGWB of astrophysical origin, instead, this assumption may break. However,
the central limit theorem guarantees that the Gaussian approximation is valid if the signal is
sourced by a sufficiently large number of independent events and any high signal-to-noise
outlier has been subtracted from the detector data-stream.
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(
⟨h+(f, n̂)h⋆+(f ′, n̂ ′)⟩ ⟨h+(f, n̂)h⋆×(f ′, n̂ ′)⟩
⟨h×(f, n̂)h⋆+(f ′, n̂

′)⟩ ⟨h×(f, n̂)h⋆×(f ′, n̂ ′)⟩

)
=

= δ2(n̂− n̂)δ(f− f ′)

(
I(f, n̂) +Q(f, n̂) U(f, n̂) − iV(f, n̂)
U(f, n̂) + iV(f, n̂) I(f, n̂) −Q(f, n̂)

)
,

(9)

where I(f, n̂) represents the intensity, Q(f, n̂) and U(f, n̂) give the linear po-
larization, and V(f, n̂) denotes the circular polarization [18]. The quantities I,
Q, U and V are known as Stokes parameters and are real functions. They of-
fer a comprehensive description of the signal’s polarization, in analogy with
the electromagnetic Stokes parameters employed for photons. It’s important to
note a key distinction: while electromagnetic Q and U Stokes parameters trans-
form as spin-2 quantities under rotation, their counterparts for the GW strain
transform as spin-4 quantities. In both cases, intensity behaves as a scalar, while
V transforms as a pseudo-scalar. Lastly, another common assumption is that
the SGWB is unpolarized. If it is the case, all the Stokes parameters, except for
the intensity, vanish, simplifying the previous equation to [19, 20]:

⟨hP(f, n̂)h⋆P ′(f ′, n̂ ′)⟩ = δ(P,P ′)δ2(n̂− n̂ ′)δ(f− f ′)I(f, n̂). (10)

Another quantity commonly used in most SGWB studies that conveys the same
information as the intensity I(f, n̂) is the one-sided power spectral density (PSD)
of the Fourier modes of the SGWB, denoted as Sh(f, n̂). The PSD is defined
through [21–23]

⟨hP(f, n̂)h⋆P ′(f ′, n̂ ′)⟩ = δ(P,P ′)

2

δ2(n̂− n̂ ′)

4π

δ(f− f ′)

2
Sh(f, n̂), (11)

so that it is manifest that Sh(f, n̂) = 16 π I(f, n̂).

Considerations about polarized stochastic backgrounds

For completeness, I conclude this subsection with a few considerations about
the polarization in the SGWB. Throughout this Thesis, I will assume that the
SGWB is unpolarized, encoding all the information in its intensity. While this
assumption is generally justified, as most sources of SGWB are expected to
produce a (mostly) unpolarized signal, it is important to note that various
physical mechanisms can generate a polarized SGWB or inject polarizations
into signals that would be intrinsically unpolarized. Many theoretical scenarios
predict the existence of a polarized cosmological SGWB. For example, parity-
violating interactions in the early Universe can source a SGWB with a net
circular polarization [24–27].However, similar to the cosmic microwave back-
ground (CMB), the polarization effect is typically small, and, as a consequence,
assuming the absence of polarization is often reasonable for most purposes.
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On the other hand, the SGWB given by astrophysical sources is generally ex-
pected to be unpolarized. This is because the polarization of the GW signal
emitted by each source is averaged out over various inclination angles rela-
tive to the observation direction. Nonetheless, some interesting mechanisms
could induce a net polarization also in the astrophysical SGWB, possibly de-
tectable by present and forthcoming GW instruments. For instance, a certain
level of polarization can be generated in an initially unpolarized SGWB by dif-
fusion through massive structures encountered during propagation [28]. This
effect ultimately results from the astrophysical SGWB displaying some level of
anisotropy, attributed to different mechanisms discussed in Section 1.3. Similar
to the phenomenon in the CMB due to Thomson scattering, the combined ef-
fects of SGWB anisotropies and the polarization-dependence of the scattering
cross-section are responsible for the generation of polarization. Furthermore,
recent studies have shown that the anisotropic distribution of astrophysical
sources leads to an effective circular polarization of the astrophysical SGWB
[29]. In contrast to the isotropic case, the average over the inclination angle
yields a non-zero amount of circular polarization, which coherently sums at
low frequencies.

1.1.3 The energy density parameter

The standard cosmological framework is based on the assumption of a ho-
mogeneous and isotropic spacetime, accurately portraying our Universe on
large scales. This is described by the Friedmann-Robertson-Walker (FRW) met-
ric, obtained multiplying the spatial part of a static metric by a time-dependent
function called scale factor, denoted as a(t):

ds2 = −dt2 + a2(t)

(
dr2

1−Kr2
+ dS2

)
. (12)

The constant K characterizes the curvature of spacetime and can take values of
{−1, 0, 1}, corresponding to an open, flat, or closed Universe, respectively. Our
Universe can be reasonably approximated as flat, as cosmological measure-
ments indicate that K is consistent with 0. Likewise, the most comprehensive
representation of a homogeneous and isotropic stress-energy tensor is given
by the following diagonal matrix:

Tµν =


ρ(t) 0 0 0

0 −p(t) 0 0

0 0 −p(t) 0

0 0 0 −p(t)

 , (13)

where ρ(t) and p(t) represent the total density and pressure, respectively.
These quantities include contributions from all the various energy components
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in the Universe. The dynamic of the metric is governed by the Einstein field
equations, which, for the FRW metric, reduce to two independent differential
equations for the scale factor, known as the Friedmann equations:

(
ȧ(t)

a(t)

)2
≡ H2(t) = 8πG

3
ρ+

Kc2

a2(t)
, (14)

ä(t)

a(t)
= −

4πG

3

(
ρ+

3p

c2

)
. (15)

Here, H(t) is the Hubble rate, which quantifies the expansion of the Universe,
and G = 6.67× 10−11m3kg−1s−2 is the universal gravitational constant. Given
that K = 0, the total energy density today is given by

ρc =
3H20c

2

8πG
= 7.8× 10−9 erg cm−3, (16)

which is know as critical energy density2. H0 is the present value of the Hub-
ble rate, known as the Hubble constant 3. Another fundamental quantity to
be introduced is the cosmological redshift z, which quantifies the change in
wavelength of photons received from distant objects due to the Universe’s ex-
pansion:

z =
1

a(t)
− 1. (17)

We now possess all the ingredients to reorganize the Friedmann equations into
a more convenient form, which expresses the Hubble rate as a function of time
in terms of the energy density contributions from all the species that populate
the Universe:

H(t) = H0

(
ΩR(1+ z)

4 +ΩM(1+ z)3 +ΩΛ

)1/2
, (18)

where Ωi ≡ ρi/ρc are the density parameters of each energy component:
radiation (R), which includes photons and relativistic neutrinos, matter (M),
which includes baryons and cold dark matter, and the cosmological constant
(Λ). GWs are incorporated into this equation as a part of the radiation energy
density, alongside photons and neutrinos. They are all considered to be carried
by massless particles traveling at the speed of light. We can therefore write:

2 Note that the ρ in the Friedman’s Equations (14) represents the volumetric mass density. In
contrast, here we define ρc as a volumetric energy density, which explains the presence of the
extra c2 factor.

3 The measured value of H0 is approximately 70 kmMpc−1s−1. However, there is a tension
between the values obtained with local measurements (see e.g., Refs [30, 31]) and primordial
probes [32]. For a thorough review of the Hubble tension, see Ref. [33]
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ΩR = Ωγ +Ων +Ωgw + ... (19)

The present-day value of the radiation density is very small (ΩR ≈ 10−4). How-
ever, Equation (18) shows that at high redshifts, the expansion of the Universe
was dominated by radiation. As a consequence, any additional contributions
to ΩR, including those from primordial GWs, would leave an imprint on cos-
mological probes from the early Universe. These effects are mainly observed in
the CMB and the predicted light element abundances from the Big Bang nucle-
osynthesis (BBN). In the most recent analyses, a combination of CMB and BBN
data is integrated with external data-sets such as measurements of the baryon
acoustic oscillation scale [34], resulting in

Ωgw < 1.2× 10−6
(

H0
100 kms−1Mpc−1

)−2

. (20)

With these stringent constraints on Ωgw, it is reasonable to consider GWs as
small perturbations in the Universe, in line with our original assumption. They
do not significantly influence the broader cosmological framework but rather
adhere to the propagation rules established by the Universe’s energy content
and structure.

The density parameter appearing in Equations (19) and (20) encapsulates the
total energy density of GWs at all frequencies, as it is the quantity that actually
determines the expansion rate. However, since all the GW searches focus on
particular frequency bands, it is convenient to define a frequency spectrum
for the energy density parameter. In particular, the magnitude of the SGWB
is usually reported in terms of its energy density per logarithmic frequency4

interval with respect to the critical energy density of the Universe [20–22, 35]:

Ωgw(f) =
1

ρc

dρgw(f)

d ln f
. (21)

This quantity refers to the isotropic amplitude of the SGWB over the entire sky.
Of course, most stochastic backgrounds feature also some level of anisotropy,
which can be taken into account by adding a directional dependence in the
previous definition of the energy density parameter:

Ωgw(f, n̂) =
1

ρc

dρgw(f, n̂)
d ln f dn̂

, (22)

where n̂ always represents the unit vector along the line of sight.
It is useful to relate the energy density parameter to the intensity Stokes

parameter I(f, n̂) and the PSD Sh(f, n̂) defined in Equations (10) and (11), re-
spectively. To this purpose, let’s recall that the stress-energy tensor of GWs is
given by the Isaacson expression [36]

4 It is important to note that here we are referring to the observed frequency.
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Tµν =
c2

32πG
⟨∂µhij∂νhij⟩, (23)

where hij is the spatial part of the metric perturbation and the angle brackets
denote an average over many wavelengths. The energy density is given by the
00 component:

ρgw =
c2

32πG
⟨ḣijḣij⟩. (24)

Inserting the plane-wave decomposition of Equation (4) and rewriting the two-
point statistics of each plane wave in terms of the intensity parameters in Equa-
tion (10), we obtain:

ρgw =
πc2

2G

∫∞
0
df

∫
S2
dn̂ f2I(f, n̂). (25)

Now, by noticing that Equation (22) implies that

ρgw =
ρc

4π

∫∞
0

df

f

∫
S2
dn̂ Ωgw(f, n̂) (26)

and comparing the latter expression with the one in Equation (25), it is easily
inferred that

Ωgw(f, n̂) =
4π2c2

ρcG
f3 I(f, n̂) =

32π3

3H20
f3 I(f, n̂). (27)

From this equation, given that Sh(f, n̂) = 16π I(f, n̂), we also have:

Ωgw(f, n̂) =
2π2

3H20
f3Sh(f, n̂). (28)

Indeed, the directional expressions in Equations (27) and (28) hold also for the
corresponding isotropic quantities integrated or averaged over the sky:Ωgw(f),
Sh(f) and I(f). Another quantity often used to quantify the strength of the
expected signal is the characteristic strain defined by

hc(f) =
√
f Sh(f), (29)

so that

Ωgw(f) =
2π2

3H20
f2h2c(f). (30)
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Figure 2: Examples of detector data-streams populated by stochastic backgrounds
with different time-domain properties: shot noise (top panel), popcorn (mid-
dle panel), and Gaussian (bottom panel). The δ parameter is the duty cycle,
the mean ratio between the event duration and the time interval between
consecutive events. Credits: Figure 2 of Ref. [37], Regimbau (2011).

1.1.4 Observational properties of the SGWB

In Section 1.1, we saw the standard definition according to which a stochastic
background is a random GW signal produced by the incoherent superposi-
tion of a large number of unresolved events. In this formulation, a random
signal means that it can be described only statistically. The characterization
can be done using the expectation values of the field variables or, equivalently,
the Fourier components of the plane-wave expansion of the metric perturba-
tions of Equation (4). While generally accepted, the above definition could be
misleading due to the inclusion of the term "unresolved". Indeed, this term de-
pends on observation details, such as detector sensitivity and total observation
time, rather than the intrinsic properties of the SGWB. An alternative, opera-
tional definition for the SGWB was introduced in Refs. [23, 38] in the context
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of Bayesian inference. According to this definition, a GW signal is stochastic if
a Bayesian model selection calculation prefers a stochastic signal model over
any deterministic signal model. In contrast, a signal is resolvable if it can be
decomposed into separate (e.g., non-overlapping in either time or frequency
domains) and individually detectable signals, again in a Bayesian model selec-
tion sense. If the SGWB comes from the superposition of signals from numer-
ous astrophysical sources, removing any bright signal above the background is
necessary. This action isolates a residual non-deterministic signal with specific
statistical properties.

For the backgrounds given by the superposition of several unresolved yet in-
dividually defined events, it is possible to identify three observational regimes,
represented in Figure 2. These regimes, Poissonian, popcorn and Gaussian,
are distinguished by the frequency at which the individual events occur [37].
In the Poissonian or shot noise regime, GWs appear as isolated bursts in the
detector time-stream. The number of sources is so reduced that the time inter-
val between events is much longer than the duration of a single event. In the
Gaussian or continuous regime, the time-stream is populated by a large num-
ber of overlapping signals, so that the central limit theorem applies. The over-
lapping waveforms create a continuous background that obeys the Gaussian
statistic and is completely determined by its spectral properties. The popcorn
or intermittent regime, instead, lies somewhere in between the Poissonian and
Gaussian ones. In this case, the time interval between events is of the same
order of the duration of the single events, so that the waveforms may overlap
but the statistic is not Gaussian anymore. The discriminating factor between
regimes is encapsulated in the duty cycle, which is the mean ratio of the event
duration to the time interval between consecutive events.

1.2 sources of stochastic background

Stochastic backgrounds are typically classified into two broad categories ac-
cording to the nature of their production mechanism: astrophysical or cosmo-
logical. In this section, I will present an overview of the various phenomena
that can generate a SGWB. I will briefly discuss the most likely SGWB sources
and their key observational features (see Ref. [39] for an extensive review). I
will particularly emphasize the discussion on stellar compact-object binaries,
as they produce the SGWB that constitutes the central focus of this Thesis.

1.2.1 Cosmological backgrounds

The first class of stochastic backgrounds is generated by cosmological sources,
typically during the early Universe. Most of these primordial backgrounds
arise from stochastic processes, resulting in inherently stochastic signals, like
for example the SGWB generated by the evolution of vacuum fluctuations dur-
ing inflation. However, cosmological backgrounds can also exhibit stochastic
behavior due to the overlapping of multiple signals, as in the case of cosmic
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strings. Moreover, the majority of cosmological backgrounds are assumed to
be unpolarized since the underlying stochastic processes do not favor a spe-
cific reference frame in most instances. In the following, I will offer a concise
overview of the primary sources of cosmological backgrounds. For a more in-
depth exploration, I refer the interested reader to the comprehensive review
presented in Ref. [40].

Figure 3: An overview of the most probable SGWB sources across the frequency spec-
trum. The light blue curve shows the prediction for single-field slow-roll
inflation with a canonical kinetic term. The pink curve shows a SGWB from
Nambu–Goto cosmic strings. The brown curve shows a SGWB from inspi-
ralling SMBBHs. The two grey curves show the SGWB generated by first-order
phase transitions at two different energy scales. The yellow curve shows a
GWB generated by stellar-mass compact binaries. The dashed and dotted
lines are the sensitivity curves and observational constraints from present
and forthcoming detectors, as described further in Sections 1.4 and 1.5. Cred-
its: Figure 7 of Ref. [41], Renzini et al. (2022).

Cosmic inflation and reheating

One of the most significant sources of a cosmological SGWB is undoubtedly
cosmic inflation. A fundamental prediction of any inflationary model is the
generation of an irreducible stochastic background, the detection of which
would be a smoking-gun probe of inflation [42]. In the standard single-field,
slow-roll inflationary scenario, tensor fluctuations of the metric are adiabatic,
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Gaussian, and approximately scale-invariant, resulting in a SGWB with sim-
ilar properties. In this case, the energy density Ωgw will be approximately
frequency independent for f ≫ H0 ≈ 10−18 Hz and will be primarily char-
acterized by its amplitude5. The amplitude of the SGWB produced during
inflation is usually described through the tensor-to-scalar ratio (r), defined as
the ratio between the amplitudes of the power spectra of tensor and scalar per-
turbations of the metric. These primordial perturbations are also expected to
imprint a pattern of B-modes in the polarization of the CMB, which has not
been detected yet. However, the current best upper limit for r comes from the
joint analysis of Planck and BICEP/Keck data, which yields r < 0.032 at 95%
C.L. at the pivot scale k⋆ = 0.05Mpc−1 [43]. This corresponds to a present time
energy density of Ωgw ≲ 10−16 at f ≈ 10−17 Hz, a level well below the reach
of present or planned GW detectors. A crucial point is that, even in the sim-
plest, single-field framework, different inflationary scenarios predict different
values of r. The study of observational signatures of the primordial SGWB thus
provide a way to discriminate among specific models. Moreover, if we move
beyond single-field inflation, even more specific signatures can be generated.
In presence of additional fields besides the inflaton, an extra SGWB can be
produced [44–46]. The scalar density perturbations generated during inflation
may also source GWs: this may occur either at second order in perturbation
theory [47] or by acting as seeds for primordial black holes [48, 49].

Interestingly, classical generation of GWs is also possible during the reheat-
ing phase [50]. Therefore, primordial stochastic background also opens a poten-
tial window on the reheating mechanisms, and related parameters. It has been
shown that the Laser Interferometer Space Antenna (LISA) [51] will be able to
probe inflationary scenarios beyond the irreducible vacuum tensor modes ex-
pected from any inflationary background. [52]. However, the prevailing consen-
sus within the scientific community is that precision measurements of the CMB
remain the best chance to obtain definitive evidence of inflation and to differ-
entiate between various inflationary models. Notably, a number of present and
forthcoming CMB experiments are specifically aimed at B-mode detection [53–
57].

Phase transitions

After inflation, a cosmological SGWB may have been generated as a conse-
quence of phase transitions. In particular, first-order phase transitions would
proceed via the nucleation of true-vacuum bubbles. In this scenario, the pro-
duction of GWs is due to three processes: bubble collisions [58–60], and the
resulting magnetohydrodynamic turbulence [61, 62] and propagation of sound
waves in the primordial plasma [63, 64]. The characteristic power spectrum of
a SGWB formed by bubble collisions presents a sharp peak at the frequency
related to the energy scale at which the transition occurred. Several theoretical

5 Note that for lower frequencies there is an increase in the predicted energy density of the
SGWB as perturbations from the early Universe that were frozen out (being larger than ob-
servable size of the Universe) re-enter and propagate again as GWs.
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scenarios involving first-order phase transitions could give rise to a SGWB that
might be detectable by LISA, as discussed in Ref. [65].

Cosmic strings

Phase transitions can also lead to the creation of stable topological defects, with
cosmic strings being a prominent example. These line-like topological defects
are generated through spontaneous symmetry breaking during the early Uni-
verse. Once formed, their dynamical evolution results in a dense network of
cosmic string loops, oscillating at relativistic speeds and producing abundant
GWs that collectively contribute to a robust SGWB [66]. Additionally, when
cosmic strings intersect, they form cusps and kinks, generating bursts of GWs.
The superposition of all these GW bursts over the history of the Universe con-
tributes to an overall SGWB [67–69]. Figure 3 shows an overview of the SGWB
sources discussed in this Section across the frequency spectrum.

1.2.2 Astrophysical backgrounds

The second category of stochastic backgrounds, the astrophysical ones, arises
from the superposition of many unresolved GW signals generated by astro-
physical sources, both galactic and extragalactic. All sources that are too faint
or numerous to be individually resolved contribute collectively to the genera-
tion of a diffuse, incoherent background. This background can be considered
stochastic in the limit where the number of sources is very large. If the sources
are extragalactic, the resulting signal exhibits a nearly homogeneous distribu-
tion all over the sky, with minimal anisotropies associated to the large-scale
structure (LSS) distribution of matter in the Universe. Moreover, assuming that
the orientation of individual sources is random, these SGWB are generally ex-
pected to be unpolarized, as the polarizations of the single GW signals emitted
by the various sources is averaged out over the different inclination angles
relative to the direction of observation.

Merging binaries

Perhaps the most studied SGWB signal in the literature is the one sourced
by merging compact-object binary systems. These include black hole binaries,
neutron star binaries, white dwarf binaries, and systems given by a mixed
pair of these objects. Black hole binaries in particular are a vast category of
sources, as the mass of each black hole in the binary ranges between 5M⊙
and 1010M⊙.6 Specifically, a black hole is considered massive for MBH =

105 ÷ 1010M⊙, intermediate for MBH = 102 ÷ 105M⊙, and stellar mass for
MBH = 5÷ 102M⊙. The binaries where the two objects fall within the same

6 The lower mass of 5M⊙ refers to the lack of BHs between the Tolman–Oppenheimer–Volkoff
limit, which sets the maximum mass of a neutron star to 2.9M⊙ [70], and 5M⊙, as seen in low-
mass X-ray binary observations [71, 72]. This possibily prohibited region in the mass space is
known as lower mass gap [73].
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mass category have a mass ratio close to one. On the other hand, there are
binaries where the two objects belong to different families, leading in some
cases to extremely low values of the mass ratio. The GW events associated to
these objects are called extreme mass ratio inspirals (EMRI).

The intrinsic astrophysical features defining a binary system, such as its to-
tal mass, mass ratio, and spin, significantly influence the properties of the GW
emission. In particular, the total mass of a binary impacts the characteristic am-
plitude of the GW signal and the maximum frequency it reaches. Nevertheless,
across the mass spectrum, the GW power spectra exhibit similar characteristics.
During the early stages of binary evolution, known as the inspiral phase, the
energy emission increases adiabatically as the binary orbit gradually shrinks
and is well-approximated by a power-law behavior, as explained in Subsection
1.2.3. Subsequently, a powerful burst of energy accompanies the merger event,
followed by a sudden decline in GW emission during the ringdown phase as the
newly formed compact object stabilizes. These three phases are also reflected in
the peculiar shape of the SGWB produced by merging binaries, as it is shown
in Figure 4. Notably, the peak of the GW emission associated with the merger
event occurs at higher frequencies for lighter binary systems. This determines
the frequency band at which specific classes of binaries are typically observed.
For instance, the SGWB produced by stellar binaries is expected to dominate
the frequency range accessible to ground-based interferometers (10− 103 Hz).
In the lower frequency range, within the LISA band (10−3 − 10−2 Hz), the
SGWB from massive black holes and EMRIs become observable, along with
the confusion-limited background generated by double white dwarfs within
the Milky Way [74]. Lastly, the SGWB produced by merging supermassive
black holes (SMBHs) occupies the extreme low-frequency regime (10−9 − 10−8

Hz), which is explored by PTA experiments. Additional details on the detection
techniques at the different frequency bands, along with insights into ongoing
and forthcoming experiments, will be provided in Sections 1.4 and 1.5.

The SGWB is a collective signal, whose properties are given by the features
of the population of binaries contributing to it. Specifically, the binary mass
distribution and event rate, both varying with redshift, have a significant in-
fluence on the amplitude and shape of the resulting SGWB. It is possible to
reconstruct the mass distribution and redshift history from the SGWB through
meticulous modeling and combination with direct measurements of individual
events, as shown in Ref. [75], for example. When using such phenomenolog-
ical approaches, however, it’s important to acknowledge that the selection ef-
fects of the detector can introduce limitations in fully sampling the parameter
space. Alternative approaches involve probing the redshift-dependent event
rate through a detailed modeling of the specific astrophysical conditions favor-
ing the formation and merger of stellar compact binaries. For instance, empir-
ical constraints for the galaxy star formation and chemical enrichment, com-
bined with prescriptions for compact binary mergers obtained through stellar
evolution simulations, can provide a well-grounded theoretical framework for
predicting the expected GW emission, as seen in Refs. [76, 77]. This kind of
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Figure 4: Typical frequency behavior of the energy density as a function of the ob-
served frequency for a SGWB produced by merging compact binaries. The
power-law, peak and exponential cutoff regimes correspond to the inspiral,
merger and ringdown phases, respectively, as explained in the text. This
specific plot shows the SGWB produced by merging BNSs, computed as
explained in Subsection 1.2.3, according to the astrophysical prescriptions
presented in Chapter 2.

approach forms the foundation of the results presented in this Thesis and will
be extensively discussed in the following chapters.

Unmodeled bursts

Additional astrophysical sources of SGWB encompass asymmetric supernova
explosions [78–80] and rotating neutron stars that do not exhibit perfect spher-
ical symmetry [81, 82]. It is important to note that these sources are considered
minor contributors in comparison to coalescing compact binaries, mainly due
to their weaker characteristic signals and the greater complexity required to
model them (indeed, they are often referred to as unmodeled bursts). On the
other hand, this latter fact implies that these secondary sources will inevitably
become subjects of a stochastic search, which can also be viewed as a generic,
"unmodeled" approach to detect GW power, making it suitable for identifying
signals from these less predictable astrophysical sources.

1.2.3 The SGWB from coalescing binaries

Since the SGWB generated by coalescing compact binaries is the primary focus
of this Thesis, this subsection will be dedicated to deriving the expression for
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its energy density parameter.7 Specifically, I will summarize the various equiv-
alent methodologies outlined in several previous works [37, 83–90]. Let’s start
by performing a useful manipulation of the definition of the energy density
parameter, introduced in Equation (21):

Ωgw(f) =
1

ρc

dρgw

d ln f
=
f

ρc

dEgw

dVdf
=

f

ρcc

dEgw

dSdtdf
, (31)

where Egw is the total energy carried by the stochastic background, so that
dEgw/dSdtdf is the total energy flux per unit time and frequency in the ob-
server frame. At this point, we can expand the previous equation as follows:

Ωgw(f) =
f

ρcc

∫
dzdθp(θ) F(f, z|θ)

dṄ

dz
(z|θ). (32)

In Equation (32), p(θ) is the probability distribution of the astrophysical pa-
rameters θ that characterize the sources (e.g. chirp mass, mass ratio, spin, etc.).
F(f, z|θ) is the averaged energy flux per unit observed frequency emitted by
merging compact binaries located at redshift z and characterized by the in-
trinsc astrophysical parameters θ:

F(f, z|θ) =
1

4πd2L

dEgw

df
(f|θ) =

1

4πr2(1+ z)

dEgw

dfs
(fs|θ), (33)

where dEgw/df is the emitted gravitational spectral energy and fs = f(1+ z) is
the frequency in the source frame. dL(z) and r(z) are the luminosity distance
and the proper distance, respectively, and depend on the adopted cosmology.
The last element of the integral in Equation (32) is the rate of mergers per
unit redshift interval. This quantity can be expressed in terms of the intrinsic
merger rate per unit comoving volume, R(z|θ), as follows:

dṄ

dz
(z|θ) = R(z|θ)

dV

dz
, (34)

with

dV

dz
=
4πc r2(z)

H(z)
, (35)

where H(z) = H0h(z) is the Hubble rate. By combining everything together, we
arrive at the well-known expression for the SGWB energy density parameter,
as reported in [37, 83–90]:

7 Using the parameter Ωgw to describe the energy density of GWs emitted by astrophysical
events may seem unconventional as, historically, it is considered a cosmological quantity. Nev-
ertheless, over the years, it has become a well-established convention, enabling practical cross-
disciplinary comparisons among researchers.
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Ωgw(f) =
8πGf

3H30c
2

∫
dzdθp(θ)

dEgw

dfs
(fs(z)|θ)

R(z|θ)

(1+ z)h(z)
. (36)

As it will become clear in the next chapters, this equation holds particular sig-
nificance within this Thesis, as it serves as a foundational tool for calculating
the SGWB energy density across different scenarios. Throughout my research,
I extensively used this expression to estimate Ωgw(f) for various astrophysical
sources, within distinct theoretical frameworks. This involved the incorpora-
tion of different prescriptions for the merger rates R(z|θ), the emitted energy
spectra dEgw/df, and even the adopted cosmology, which enters in the value
of H0 and the expression of h(z).

Let’s now explore a practical example involving the inspiral of binaries in
circular orbit. In the Newtonian limit, a circular binary system with component
masses m1 and m2 that merges due to gravitational-radiation loss emits the
following energy spectrum (see e.g. Ref. [83]):

dEgw

dfs
=

(πG)2/3

3
M
5/3
c f

−1/3
s , (37)

where Mc is the chirp mass of the binary system, given by

Mc =
(m1m2)

3/5

(m1 +m2)1/5
. (38)

If we assume for our example that the population of binaries is defined only
by their chirp masses, then the total merger rate per unit comoving volume
can be written as:

R(z) =

∫Mc,max

Mc,min

dMcR(z|Mc), (39)

where the integration extremes depend on the specific features of the source
population. Substituting everything into Equation (36) and rearranging the
terms, we obtain:

Ω
insp
gw (f) =

8(πG)5/3f2/3

9H30c
2

∫zmax

0
dz

∫Mc,max

Mc,min

dMc
p(Mc)M

5/3
c R(z|Mc)

(1+ z)4/3h(z)
. (40)

Equation (40) provides a simple spectral dependence for Ωinsp
gw (f), which may

be condensed in

Ω
insp
gw (f) = Ω

insp
gw (fref)

(
f

fref

)2/3
, (41)
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where Ωinsp
gw (fref) is the energy density evaluated at a reference frequency fref.

This power-law behavior captures the actual trend of the SGWB produced by a
realistic population of binaries in the frequency range where all the contribut-
ing binaries are in their inspiral phase, as it can be seen in the low-frequency re-
gion in Figure 4. During the merger and ringdown phases, instead, the energy
output changes substantially with respect to the simple expression reported in
Equation (37), leading to a different behavior also for the resulting SGWB, as
it can be seen Figure 4 at higher frequencies.

1.3 anisotropies

My Ph.D. project was primarily focused on theoretical modeling and detec-
tion prospects for the anisotropies of the SGWB produced by binary mergers.
In this section, I will provide a general introduction to anisotropies and an
overview of the related literature, aiming to contextualize my research. I will
briefly discuss different theoretical models and computation strategies for the
anisotropic stochastic background and its cross-correlation with other cosmic
fields. The fundamental concepts about directional searches and observational
constraints will be outlined in Sections 1.4 and 1.5. In most cases, the SGWB
is nearly uniform with small fluctuations. Anisotropy in stochastic signals can
be attributed to three main causes. First, it may derive from inhomogeneities
in the generation mechanisms, such as a specific distribution of sources, in-
evitably resulting in an anisotropic signal. Second, as GWs propagate, they
accumulate line-of-sight effects by crossing the matter density field that is un-
evenly distributed throughout the Universe. Third, the motion of the observer
with respect to the rest frame of the SGWB sources produces an anisotropic
distortion of the signal, caused by the Doppler effect. In the case of astrophys-
ical backgrounds, the spatial distribution of GW sources is a biased tracer of
the underlying matter distribution. Conversely, primordial backgrounds show
anisotropies related to processes during the early Universe.

1.3.1 Introduction to SGWB anisotropies

To describe the SGWB anisotropies, let’s recall the definition of fractional en-
ergy density parameter per unit solid angle, introduced in Equation (22):

Ωgw(f, n̂) =
1

ρc

dρgw(f, n̂)
d ln f dn̂

. (42)
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Using this expression, we can compute the full-sky average of the anisotropic
SGWB, commonly known as the monopole8:

Ωgw(f) =
1

4π

∫
S2
dn̂Ωgw(f, n̂). (43)

It is useful to split the energy density parameter in two parts: an isotropic one,
which depends only on frequency and corresponds to the full-sky average, and
an anisotropic one, which depends also on the direction of observation:

Ωgw(f, n̂) = Ωgw(f) + δΩgw(f, n̂). (44)

In analogy with the formalism used for CMB temperature and polarization fluc-
tuations and galaxy clustering, we can also define the energy density contrast9:

δgw(f, n̂) =
Ωgw(f, n̂) −Ωgw(f)

Ωgw(f)
=
δΩgw(f, n̂)

Ωgw(f)
. (45)

At first order, the energy density contrast can be expanded into three contribu-
tions that represent three different causes of anisotropy:

δgw ≈ δsgw + δl.o.s.
gw +D n̂ · v̂obs. (46)

In Equation (46), δsgw is the source term related to the intrinsic inhomogeneities
in the distribution of the SGWB emitters. δl.o.s.

gw is the propagation term that
contains all the accumulated line-of-sight effects [91]. D n̂ · v̂obs is the kinematic
dipole induced by the observer’s peculiar velocity vobs with respect to the rest
frame of the SGWB sources [92, 93]. Interestingly, the propagation term has
contributions similar to those of CMB anisotropies, including the Sachs–Wolfe
effect, caused by the local curvature at the source position, and the integrated
Sachs–Wolfe effect, caused by the curvature perturbations encountered during
propagation along the line-of-sight [94], a Doppler term, due to the peculiar
motion of the sources, and higher order effects such as gravitational lensing
and redshift-space distortions. All these terms have been the subject of intense
study in the last years. I will summarize the main different approaches in
Subsection 1.3.2.

Most works in the literature assume that δgw(f, n̂) behaves like a zero mean
Gaussian random field. Under this assumption, the energy density contrast is
fully characterized by its two-point correlation function:

8 Many works in the literature use a different notation, where Ωgw represents the total SGWB
energy density integrated over the sky. This notation differs from the one adopted here by a
factor 4π.

9 The energy density contrast is a normalized quantity, which is insensitive to the adopted
notation for Ωgw. Hence, it can be used for unambiguous comparisons of different results.
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C2P(f, θ) = ⟨δgw(f, n̂)δgw(f, n̂ ′)⟩, (47)

where the angle brackets represent the average over all direction pairs (n̂, n̂ ′)
with given separation angle θ = cos−1(n̂ · n̂ ′). The first moment ⟨δgw⟩ is zero
by definition, and all the higher order moments either vanish or can be ex-
pressed in terms of C2P(f, θ) [95]. The statistical isotropy of the Universe im-
plies that the two-point correlation function depends only on the relative angle
θ. In particular, C2P(f, θ) is larger for the values of θ that correspond to more
pronounced spatial correlations in the sky. It is common practice to perform a
multipole expansion of C2P(f, θ):

C2P(f, θ) =
∞∑
ℓ=0

2ℓ+ 1

4π
Cℓ(f)Pℓ(cos θ), (48)

where Pℓ(cos θ) are the Legendre polynomials of degree ℓ. The coefficients
Cℓ(f), known as angular power spectrum, contain all the information about the
statistics of the SGWB anisotropies. An explicit expression for Cℓ(f) can be
obtained by inverting Equation (48):

Cℓ(f) = 2π

∫1
−1
d cos θC2P(f, θ)Pℓ(cos θ), (49)

which can be constrained empirically from the two-point correlation function
of a measured SGWB map. Roughly speaking, the value of the angular power
spectrum Cℓ evaluated at different multipoles ℓ represents the magnitude of
the SGWB fluctuations on angular scales of about π/ℓ. In particular, the quan-
tity ℓ(ℓ+ 1)Cℓ/2π is approximately the contribution to the variance of δgw per
logarithmic bin in ℓ, as can be seen by considering [93, 96]:

σ2δgw
= C2P(θ = 0) =

∑
ℓ

2ℓ+ 1

4π
Cℓ ≈

∫
d ln ℓ

ℓ(ℓ+ 1)

2π
Cℓ. (50)

Hence, the quantity ℓ(ℓ+ 1)Cℓ/2π is often shown in plots instead of simply Cℓ.
As an alternative, the angular power spectrum can also be estimated directly
from multiple realizations of the SGWB map. For instance, let’s consider a map
of the SGWB energy density contrast at a given frequency f. We can decompose
it into spherical harmonic components

δgw(f, n̂) =
∞∑
ℓ=0

+ℓ∑
m=−ℓ

δgw,ℓm(f)Yℓm(n̂), (51)

and then estimate the angular power spectrum as:
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Cℓ(f) =
1

2ℓ+ 1

+ℓ∑
m=−ℓ

⟨(δgw,ℓm(f))2⟩, (52)

where the angle brackets represent the ensemble average over multiple random
realizations of δgw(f, n̂).

The angular power spectrum of Equations (49) and (52) refers to the energy
density contrast δgw. Hence, it does not depend on the overall amplitude of the
SGWB, but only on the relative strength of the fluctuations with respect to the
monopole Ωgw. To quantify the absolute amplitude of the SGWB anisotropies,
it is useful to introduce the angular power spectrum of the fluctuation δΩgw,
defined in Equation (44). In this case, we start from the two-point correlation
function for δΩgw [96]:

CΩ
2P(f, θ) = ⟨δΩgw(f, n̂)δΩgw(f, n̂ ′)⟩, (53)

and, following the same steps, we obtain the angular power spectrum of the
energy density fluctuation. Since δΩgw = Ωgw δgw, we have

CΩℓ (f) = Ω
2
gwCℓ(f). (54)

1.3.2 Theoretical models in the literature: an overview

In recent years, significant effort has been dedicated to the theoretical charac-
terization of the SGWB anisotropies. To give a context for my own research, I
will provide a brief overview of the main approaches. Since I mostly worked
on the astrophysical SGWB from merging compact binaries, I will focus on the
frameworks to compute the anisotropies of this type of background. Neverthe-
less, some of the approaches I will discuss already include the cosmological
stochastic background and can be easily adapted to other types of astrophysi-
cal stochastic backgrounds.

The anisotropies of the cosmological stochastic background retain precious
information about the primordial mechanisms generating GW emissions and
the early-time characteristics of the Universe, such as its geometry and particle
content. Numerous studies in the literature focus on calculating the angular
power spectrum of the anisotropies resulting from various cosmological gen-
eration processes like, e.g., Refs. [97–101]. The computation of the anisotropies
of the astrophysical SGWB, instead, relies on (i) the underlying cosmology, (ii)
the large-scale structure of the Universe and its effect on GW propagation, and
(iii) the local astrophysics on galactic and sub-galactic scales.

A Boltzmann approach

The first formalism to calculate an explicit theoretical expression for the SGWB
anisotropies, both cosmological and astrophysical, was proposed in Ref. [91],



1.3 anisotropies 23

Contaldi (2017). In analogy with CMB calculations, the author adopts a Boltz-
mann approach to describe the perturbations in the distribution function of the
tensor modes propagating the energy flux of the SGWB. Furthermore, the au-
thor uses a line-of-sight method to calculate the angular power spectrum of the
SGWB anisotropies. Indeed, the anisotropies are induced not only by inhomo-
geneities in the source distribution but also by those encountered during the
SGWB propagation through the large-scale structure of the Universe. The main
result is a general expression for the SGWB anisotropies, which consists of a
time integral of a Legendre-expanded source function. All the contributions to
the SGWB source function are attributed to well-understood physical effects,
which have counterparts in the CMB source function as well. These contribu-
tions include a density term resulting from the inhomogeneous distribution of
the emitters, the Sachs-Wolfe effect, the Integrated Sachs-Wolfe effect, and a
Doppler term originating from the peculiar velocities of the GW emitters. An
important difference from the CMB case is that the photons reach the observer
from a constant-time hypersurface, while the sources of the SGWB have a non-
trivial redshift distribution. The obtained expression is finally used to provide
preliminary estimates of the anisotropies for the primordial SGWB generated
during inflation and the astrophysical SGWB from merging compact binaries.
The initial findings presented in Ref. [91] paved the way for subsequent analy-
ses, where more accurate descriptions of the astrophysical source mechanisms
for anisotropies were incorporated.

A coarse-graining approach

The first theoretical expression for the energy density anisotropies for the as-
trophysical SGWB was derived in Refs. [102, 103], Cusin et al. (2017,2018). The
authors use a "coarse-graining" approach, distinguishing the three physical
scales in the problem: cosmological, galactic and subgalactic. The largest scale
is the one of the cosmic flow, which controls the evolution of the matter density
contrast and peculiar velocity. Galaxies are then assumed to be a biased tracer
of matter, and are associated with an effective GW luminosity. This GW lumi-
nosity takes into account the contribution of different astrophysical sources to
the total GW emission from each galaxy, which is characterized by a selection
of astrophysical parameters, such as mass and metallicity. As their main result,
the authors present a covariant expression for the SGWB anisotropies valid
in any spacetime, as well as its application to a perturbed FRW Universe. Us-
ing this framework, the first predictions of the power spectrum of the SGWB
anisotropies have been presented in Ref. [96], for the contribution of binary
black holes mergers at frequencies in the LVK band. The influence of various
astrophysical prescriptions on the angular power spectrum was investigated
in Ref. [104] and extended to the LISA band in Ref. [105].
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Further approaches and a comparison

Building upon the formalism outlined in Cusin et al. (2017,2018), at least two
other frameworks have been proposed to compute the anisotropies of the astro-
physical SGWB. One was introduced in Ref. [93], Jenkins et al. (2018), initially
applied to cosmic strings and then extended to merging compact binaries in
Refs. [95, 106]. The angular power spectrum of the SGWB anisotropies has been
determined using two complementary approaches: an analytical approach fea-
turing simple expressions for the galaxy number density and galaxy-galaxy
two-point correlation function, and a detailed numerical study using an all-
sky mock galaxy catalogue from the Millennium simulation [107]. It has been
pointed out in the literature [108, 109] that there is a tension between the pre-
dictions of Refs. [95, 106] and those of Refs. [96, 104]. The discrepancy between
the two estimates probably depends on various factors, including different
treatments of sources at very low redshift, of non-linear clustering at small
scales and of shot noise, which results from the discreteness of the sources in
both space and time.

Finally, the second approach based on Cusin et al. (2017,2018) was presented
in Refs. [110, 111], Bertacca et al. (2020) and Bellomo et al. (2022), where a new
derivation of the SGWB anisotropies in a cosmological context was proposed.
In these works, the angular power spectrum is computed accounting for all
the projection effects intervening between the source and the observer. The
authors, in particular, argue the presence of additional effects in their result,
not previously taken into account in the literature. One such effect is a "Kaiser
projection term", arising from peculiar velocity Doppler shifts.

All the mentioned results for the expression of the astrophysical SGWB
anisotropies were compared in Ref. [112], Pitrou et al. (2020). The authors
show that the various predictions are essentially equivalent when appropri-
ate matching of terms and integration by parts are performed. Indeed, all the
formulations contain the same well-known cosmological effects, implying that
discrepancies can only emerge in the treatment of galactic and sub-galactic
physics.

1.3.3 Shot noise and cross-correlations

Unlike cosmological stochastic backgrounds, typically originating from ex-
tended sources, the astrophysical SGWB is given by the superposition of a
large yet finite number of unresolved events. These sources are discrete in
both space and time. Therefore, the Poissonian fluctuations in this finite pop-
ulation of sources induce a white shot noise component in the angular power
spectrum. The shot noise is very large [113–116], and the intrinsic anisotropies
induced by the LSS are often concealed beneath it. One possible solution to
reduce the impact of shot noise is to cross-correlate the SGWB anisotropies
with other cosmic fields that trace the LSS. In this way, it is possible to enhance
the intrinsic anisotropies due to the LSS. Cross-correlations of the astrophsyi-
cal SGWB with galaxy number counts, galaxy lensing, CMB anisotropies have
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been extensively studied in the literature . Of course, the same principle ap-
plies to cosmological backgrounds, which typically do not suffer from shot
noise. Cross-correlations with CMB temperature anisotropies offer an effective
way to amplify the power of anisotropies in the cosmological SGWB as a probe
of the early Universe [117–121]. Lastly, the detection of intrinsic anisotropies in
the SGWB is further complicated by the presence of instrumental noise. This
noise contribution, often larger than the shot noise, must be considered in all
detectability studies. The angular power spectrum of instrumental noise for
various networks of detectors mapping the SGWB was calculated in Ref. [122],
Alonso et al. (2020). The calculation took into account the network configura-
tion, individual detector noise properties, and scan strategy.

1.3.4 Kinematic anisotropies

Aside from the intrinsic anisotropies discussed in the previous subsection,
there are also kinematic anisotropies due to the peculiar motion of our de-
tectors with respect to the rest frame of the SGWB. This process results in a
dipole in the SGWB, with the Doppler enhancement of the intensity of the GW
sources we are moving towards and a corresponding reduction in the intensity
of the sources we are receding from. The kinematic dipole is a well-known ef-
fect that has already been measured with high precision in other cosmological
observables, such as the CMB temperature fluctuations [123], or the number
counts of quasars and radio galaxies [124]. Notably, measuring the kinematic
dipole in the SGWB could potentially provide insights into the existing tension
between the dipole measured from the CMB and the number counts of radio
sources [125].

Within the SGWB, the Doppler boost generates kinematic anisotropies from
the rest-frame monopole. Furthermore, it causes the modulation and aberra-
tion of existing rest-frame anisotropies [92]. Notably, these kinematic effects
are amplified when the SGWB is characterized by sizeable tilts in its rest-frame
energy density Ωgw(f) or intrinsic anisotropies. As a result, Doppler effects
offer complementary probes of the SGWB frequency profile and its intrinsic,
rest-frame anisotropies. Kinematic anisotropies are one of the guaranteed fea-
tures of the SGWB and are expected to be quite strong, possibly the first ones
to be measured, provided that the corresponding monopole has a sufficiently
high signal-to-noise ratio. Recent detection studies for the kinematic dipole
using present and forthcoming GW instruments have been put forth for both
the astrophysical SGWB [126–128] and resolved sources [129]. Specifically, the
Einstein Telescope (ET) is potentially able to detect a dipole anisotropy at the
level of Cℓ=1 ∼ 10−24, which is the size of the kinematic dipole expected from a
SGWB component on the edge of being detected by LVK at O5 sensitivity. LISA,
on the other hand, will have better sensitivity to detecting a quadrupole (i.e.,
ℓ = 2) than for the dipole (i.e., ℓ = 1). The SGWB energy density required to
observe the kinematic dipole induced by the motion of the LISA detector with
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Figure 5: The GW spectrum with the main sources and detectors in the various fre-
quency bands. Credits: ESA https://www.esa.int.

respect to the SGWB rest frame is Ωgw ∼ 2× 10−11. In contrast, the sensitivity
to the quadrupole is a factor ∼ 103 larger than that to the dipole [130].

1.4 detection strategies

In this section, I will give a general overview of the most common detection
strategies for stochastic searches. The discussion is mostly based on the com-
prehensive and pedagogical review of current and proposed detection meth-
ods provided in Ref. [23], Romano&Cornish (2017).

1.4.1 Searches across the GW spectrum

As we already discussed in Section 1.2, there are many different astrophysical
and cosmological sources of stochastic backgrounds. These sources emit GWs
within specific frequency ranges. Indeed, different instruments and detection
techniques are needed to access signals in different frequency bands. An il-
lustration of the GW frequency spectrum, together with potential sources and
relevant detectors, is shown in Figure 5. In the following, I will highlight a few
important GW experiments, both operational and planned.

Ground-based interferometers

Ground-based laser interferometers search for GWs between 10 Hz and a few
kHz. Gravity gradient and seismic noise are the limiting noise sources below
10 Hz, and photon shot noise above a couple of kHz. At these frequencies,
the main sources of GWs are the coalescences of stellar binary systems. The

https://www.esa.int
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current "second generation" (2G) ground-based detectors are L-shaped laser in-
terferometers with arms spanning a few kilometers in length. The 2G detector
network includes four operational facilities: the two detectors of the Laser Inter-
ferometer Gravitational-wave Observatory in the United States [4], the Virgo
detector in Italy [5], and the Kamioka Gravitational Wave Detector in Japan
[10]. KAGRA joined the other three detectors only recently for their fourth
observing run (O4). To these, we can add the GEO600 detector in Germany,
which, however, does not have comparable sensitivity to the others given its
smaller size [131]. The individual collaborations behind these detectors have
joined efforts under the LIGO/Virgo/KAGRA collaboration. In the future, the
Indian Initiative in Gravitational-wave Observations plans to set up more ex-
perimental facilities, such as LIGO India [132]. Beyond these, the next phase of
advancements involves the so-called "third generation" detectors (3G), such as
the ET in Europe [133–135] and the Cosmic Explorer (CE) in the United States
[136, 137]. 3G detectors will provide an improvement in sensitivity by one or-
der of magnitude and a significant enlargement of the bandwidth. The current
design of 3G detectors is based on several innovative concepts. For instance,
ET is planned as a single underground observatory to drastically reduce seis-
mic noise. In the current concept, it has a triangular shape with three nested
detectors, allowing for a null stream to act as a veto against disturbances and
enabling the resolution of GW polarizations. Within each of the three detectors,
a "xylophone" configuration will be employed, featuring two interferometers
tuned to different frequency bands.

Spaced-based interferometers

In the frequency range between 10−4 Hz and 10−1 Hz, corresponding to
timescales from hours to minutes, planned space-based interferometers such
as the Laser Interferometer Space Antenna (LISA) will explore a variety of GW
sources [51, 74]. These include (i) SMBBHs with masses ∼ 106 M⊙, (ii) extreme
mass ratio inspirals, and (iii) the stochastic confusion noise generated by white-
dwarf binaries within our Galaxy. Interestingly, LISA will also be able to detect
coalescing stellar binaries, eventually entering in the LVK band within a few
years, thus paving the way for multi-band GW astronomy [138]. The current
configuration of LISA involves three satellites in an equilateral triangle forma-
tion, with arm length of 2.5 million km. Each satellite will house two lasers,
two telescopes, and two test masses. This particular design is a variation of
the original LISA concept, and was officially selected by the European Space
Agency (ESA) in February 2017 to be their third major mission in the Cos-
mic Vision Program. The earliest launch date for LISA is 2034. A test mission
named LISA Pathfinder was launched in December 2015, successfully meeting
or surpassing all requirements for a crucial subset of the LISA technologies
[139]. At higher frequencies, between 0.1 Hz and 10 Hz, corresponding to pe-
riods between 10 s and 0.1 s, there are proposals for 2G space-based instru-
ments: the Big-Bang Observer (BBO) [140] and the DECIhertz interferometer
Gravitational-wave Observatory (DECIGO) [141]. Such detectors would bridge
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the frequency gap between LISA and ground-based interferometers. The pri-
mary sources in this band are intermediate-mass (103–104 M⊙) BBHs, galactic
and extra-galactic BNSs, and cosmological stochastic backgrounds.

Pulsar timing arrays

At frequencies between 10−9 Hz and 10−7 Hz, corresponding to periods of or-
der years to decades, pulsar timing arrays (PTAs) can be used to search for GWs.
This is done by carefully monitoring the arrival times of radio pulses from an
array of galactic millisecond pulsars, looking for correlated modulations in
the arrival times induced by a passing GW [142, 143]. The major current PTA
experiments include the North American Nanohertz Observatory for Gravita-
tional Waves (NANOGrav) [144], the Parkes Pulsar Timing Array (PPTA) [145],
the European Pulsar Timing Array (EPTA) [146], and the consortium of these
collaborations known as the International Pulsar Timing Array (IPTA) [147, 148].
Over the years, these searches have continuously enhanced their sensitivity by
upgrading instrument back-ends and discovering more millisecond pulsars
that were added to the arrays. These improvements have progressively placed
tighter upper limits on the amplitude of the SGWB, until the first evidence for
a stochastic signal was announced by the NANOGrav, ETPA and PPTA col-
laborations in July 2023 [13–15]. The origin of this signal is still uncertain, but
the leading hypothesis is a SGWB formed from the incoherent superposition
of signals produced by the inspiral of SMBBHs in the center of distant galaxies
[16].

CMB experiments

At the extreme low-frequency end of the spectrum, corresponding to GW peri-
ods of order the age of the Universe, numerous CMB experiments are looking
for evidence of the primordial SGWB in the B-mode component of CMB po-
larization maps [149, 150]. Numerous ground-based experiments are currently
scanning the microwave sky in search of the primordial B-modes, including
the BICEP2/Keck Array [151], the POLARBEAR/Simons Array [152, 153], the
Atacama Cosmology Telescope [154], and the South Pole Telescope [155]. Fur-
thermore, the next decade will see a great increase in the detection efforts with
a new generation of experiments including the Simons Observatory (SO) [57]
and the Stage-IV network of ground-based observatories (CMB-S4) [156]. As
for space-borne experiments, the Japan Aerospace Exploration Agency has se-
lected the LiteBIRD [157] as the second strategic large-class mission. In 2014,
BICEP2 announced the detection of relic GWs from inflation [158], but it was
later shown that the observed B-mode signal was due to contamination by
intervening dust in the galaxy [159, 160]. So at present, these experiments
have been able to only set upper limits on the amount of GWs in the early
Universe [43]. These constraints severely limit the possibility of detecting the
relic gravitational-wave background with any of the higher-frequency detec-
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tion methods, unless its spectrum features characteristic bumps or increases
with frequency [161].

1.4.2 Stochastic search methods

In the following, I will give an overview of the stochastic search methods,
mainly focusing on cross-correlation methods for ground-based detectors.

Cross-correlation methods

Stochastic GW signals are indistinguishable from instrumental noise in a sin-
gle detector, but are correlated between pairs of detectors in ways that differ, in
general, from instrumental noise. Cross-correlation methods basically use the
random output of one detector as a template for the other, taking into account
the physical separation and relative orientation of the two detectors. To under-
stand the basic idea, let’s consider the simple case of a pair of co-located and
co-aligned detectors attempting to measure a SGWB. The data-streams from
those detectors will be:

d1(t) = s(t) +n1(t),
d2(t) = s(t) +n2(t),

(55)

where s(t) is the common GW signal, and n1(t) and n2(t) are the detector
noises, with n1,n2 ≫ s. A straightforward way to obtain the GW signal is to
cross-correlate the outputs of the two detectors:

⟨d1(t)d2(t)⟩ = ⟨s2(t)⟩+ ⟨s(t)n1(t)⟩+ ⟨s(t)n2(t)⟩+ ⟨n1(t)n2(t)⟩
≈ ⟨s2(t)⟩,

(56)

where the angle brackets represent the time average. Since it is assumed that
the noise in each detector is statistically independent from one another, and
also from the stochastic background, the cross-correlation of the two data-
streams is just the variance of the stochastic signal. However, in practical scenar-
ios, the two detectors will be displaced from one another, resulting in slightly
different detected signals. The implications of this will be discussed further
below. Cross-correlation methods can be applied when using two or more de-
tectors that respond to a common GW signal. On the other hand, when dealing
with a single detector, or multiple detectors with correlated noise (such as LISA
or ET), stochastic searches require alternative methods to distinguish the signal
from the noise. This distinction might be achieved through differences between
the spectra of the noise and the GW signal, or the modulation of an anisotropic
signal due to the motion of the detector (as expected for the confusion noise
from galactic white-dwarf binaries for LISA).
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Detector response

Since GWs are weak, the detector’s output s(t) is linear in the metric pertur-
bations hij(t, x) and can be written as the convolution of hij(t, x) with a filter
function known as detector response Rij(t, x):

s(t) = (R ∗h)(t, x) =
∫+∞
∞ dτ

∫
d3yRij(τ,y)hij(t− τ, x−y), (57)

where x is the location of the measurement at time t. In terms of a plane-wave
expansion of the metric perturbations introduced in Equation (4), we have:

s(t) =

∫+∞
∞ df

∫
S2
dn̂

∑
P=+,×

hP(f, n̂)Rij(f, n̂) ePij(n̂) e
i2πft, (58)

or, in the frequency domain,

s̃(f) =

∫
S2
dn̂

∑
P=+,×

hP(f, n̂)Rij(f, n̂) ePij(n̂), (59)

where

Rij(f, n̂) = ei2πfn̂·x/c
∫+∞
∞ dτ

∫
d3yRij(t, x) e−2iπ(τ+n̂·y/c). (60)

Further specifications of the response function depend on the specific detector
under consideration. Indeed, the functional form of Rij(f, n̂) is determined by
the detection strategy implemented by the instrument, such as laser interferom-
etry or pulsar timing, as well as the geometry and orientation of the detector.
For a derivation of the response function for various types of detectors, I refer
the interested reader to Ref. [23].

Overlap reduction function

We saw that a SGWB manifests itself as a non-vanishing correlation between
the data taken by two or more detectors. This correlation differs, in general,
from that due to instrumental noise, allowing us to distinguish between a
SGWB signal and other noise sources. To quantify the expected correlation
due to a SGWB, let’s consider the simple case of two detectors, labeled as I
and J. In the presence of a GW signal, the data acquired by the two detectors
will have the form

dI(t) = sI(t) +nI(t),
dJ(t) = sJ(t) +nJ(t).

(61)
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Assuming that the instrumental noises of the two detectors are uncorrelated,
the expected correlation of the data-streams is just the correlation of the detec-
tor responses to the GW signal, ⟨dIdJ⟩ = ⟨sIsJ⟩. If we also assume that the GW
signal is due to a stationary, Gaussian, isotropic, and unpolarized SGWB, then

⟨sI(t)sJ(t ′)⟩ =
1

2

∫+∞
−∞ df ei2πf(t−t

′) ΓIJ(f)Sh(f), (62)

where Sh(f) is the PSD of the SGWB strain, defined in Equation (11), and

ΓIJ(f) =
1

8π

∫
S2
d2n̂

∑
P=+,×

RPI (f, n̂)R
P∗
J (f, n̂) (63)

is the so-called overlap reduction function of the two detectors, written in
terms of the response function projected onto the polarization basis tensors:

RP(f, n̂) = Rij(f, n̂)ePij(n̂). (64)

In the frequency domain, Equation (63) becomes

⟨s̃I(f) s̃J(f ′)⟩ =
1

2
δ(f− f ′) ΓIJ(f) Sh(f), (65)

from which we can see that ΓIJ(f) plays the role of a transfer function between
the PSD of the SGWB strain, Sh(f), and the cross-correlation of the detector
outputs, ⟨s̃I(f) s̃J(f ′)⟩. Therefore, the overlap function can be interpreted as the
reduction in sensitivity of the cross-correlation of the detector outputs due to
the non-trivial response of the detectors and their separation and orientation
relative to one another. Indeed, in the expression for the overlap reduction
function in Equation (63), four length scales are involved: the lengths of the
two detectors, L1 and L2, which appear in the response functions RPI (f, n̂)
and RPJ (f, n̂); the separation of the detectors, l = |xI − xJ| , which appears in
the exponential factor; and the wavelength of the GW signal, λ = c/f. It is
often convenient to define a normalized overlap reduction function γIJ(f) by
requiring that γIJ(0) = 1 for two co-located and co-aligned detectors. For two
identical equal-arm Michelson interferometers, this leads to the relation

γIJ(f) =
5

sin2 β
ΓIJ(f), (66)

where β is the opening angle between the two arms [23]. For example, β = 90◦

for LIGO and β = 60◦ for LISA. In the formalism outlined above, we have
ignored any time-dependence in the detector response resulting from the de-
tectors’ motion relative to the GW source. In reality, this time-dependence is
always present: for ground-based instruments, it is caused by the Earth’s revo-
lution around the Sun, while for space-borne instruments, it arises from their
own motion along the orbit. Overall, this relative motion induces a modulation
in both the amplitude and the phase of the response function.
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Isotropic search methods

Let’s now examine a cross-correlation search for a Gaussian, stationary, unpo-
larized, isotropic background using two detectors, I and J, with uncorrelated
noise. Let T be the total observation time. In the frequency domain, the mea-
surements are given by the complex-valued cross-correlation:

CIJ(f) = d̃I(f)d̃J(f), (67)

where d̃I(f) and d̃J(f) are the Fourier transforms of the time-series output of
the two detectors reported in Equation (61). Since we assumed uncorrelated
noise between detectors, the expectation value of the cross-correlation is:

⟨CIJ⟩ =
T

2
ΓIJ(f)Sh(f), (68)

which is the same result of Equation (65), where we have replaced the δ(f−
f ′) by its finite-time version δT (f − f

′) = T sinc(π(f − f ′)T), which equals T
for f = f ′. In the weak-signal limit, which is typically verified for ground-
based interferometers, the covariance matrix of the correlated measurement is
dominated by the diagonal terms:

Cff ′ = ⟨CIJ(f)C∗
IJ(f

′)⟩− ⟨CIJ(f)⟩⟨C∗
IJ(f

′)⟩
≈ ⟨nI(f)n∗

I(f
′)⟩⟨nJ(f)n∗

J(f
′)⟩

=
T

4
PnI(f)PnJ(f)δ(f− f

′),

(69)

where PnI(f) and PnJ(f) are the noise PSDs in the two detectors:

⟨n(f)n∗(f ′)⟩ = 1

2
Pn(f)δ(f− f

′). (70)

There are numerous methods for searching for an isotropic stochastic back-
ground. Many of them rely on the cross-correlation statistics discussed earlier.
Below, I will briefly overview the optimal filtering technique. Let’s suppose we
are searching for a stochastic background with a power-law spectrum

Ωgw(f) = Ωref

(
f

fref

)α
, (71)

where Ωref is the value of the energy density parameter at the frequency fref.
Then, according to Equation (28),

Sh(f) =
3H20
2π2

Ωref

f3ref

(
f

fref

)α−3
= ΩrefHα(f), (72)



1.4 detection strategies 33

where

Href(f) =
3H20
2π2

1

f3ref

(
f

fref

)α−3
. (73)

At this point, it is possible to use the cross-correlation statistic presented in
Equations (68) and (69) to write down an optimal filter to apply to the data
and draw out an estimate for the amplitude Ωα (see Refs. [20, 23, 39, 162] for
different derivations):

Ω̂ = N

∫+∞
−∞ df

ΓIJ(f)Hα(f)

PnI(f)PnJ(f)
d̃I(f)d̃

∗
J(f), (74)

where

N =

[
T

2

∫+∞
−∞ df

Γ2IJ(f)H
2
α(f)

PnI(f)PnJ(f)

]−1
. (75)

The variance and signal-to-noise ratio of the estimator Ω̂α are:

σ2
Ω̂α

=

[
T

∫+∞
−∞ df

Γ2IJ(f)H
2
α(f)

PnI(f)PnJ(f)

]−1
=
N

2
, (76)

and

ρ =
√
T

[∫+∞
−∞ df

Γ212(f)S
2
h(f)

PnI(f)PnJ(f)

]1/2
. (77)

All in all, the expression

Q̃(f) = N
ΓIJ(f)Hα(f)

PnI(f)PnJ(f)
(78)

is the standard optimal filter used also in the official isotropic stochastic searches
of the LVK collaboration [11, 163, 164].

Anisotropic search methods

The estimator of Equation (74) works well with a Gaussian, isotropic, sta-
tionary, and unpolarized stochastic background. However, for more general
searches, it is possible to create estimators by considering if one (or more) of
these assumptions does not hold. Indeed, to map the SGWB, one needs to re-
lax the isotropic assumption, allowing the signal to have preferred directions
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in the sky. Then, to reconstruct the angular information, one may use equal-
time correlations of data from different detectors and the motion of individual
detectors with respect to the signal’s rest frame.

There are several methods for searching for anisotropic SGWBs, starting
with the seminal paper of Ref. [17], Allen&Ottewill (1997), which laid the foun-
dation for subsequent strategies. This first approach consists in searching for
modulations in the correlated output of a network of detectors, focusing on
harmonics of the rotational or orbital frequency of the detectors (e.g., daily ro-
tational motion for ground-based detectors, or yearly orbital motion for space-
based detectors). This method assumes a known distribution of the SGWB
intensity I(f, n̂) (see Equation (10)), and filters the data in order to maximize
the signal-to-noise ratio of the correlated signal’s harmonics. One class of ap-
proaches uses cross-correlated data from a network of detectors to construct
maximum-likelihood estimates of the SGWB intensity across the sky, disregard-
ing any time-domain phase information present in the data. These methods
produce full-sky maps of I(f, n̂), similar to how maps of the CMB tempera-
ture anisotropies are created [19, 165–168]10. Other approaches aim to measure
both the amplitude and phase of the stochastic background at every point in
the sky, making minimal assumptions about the signal’s statistical properties.
This "phase-coherent" approaches result in full-sky maps of the real and imag-
inary components of the random fields hP(f, n̂), where P = {+,×} [171–173]. A
detailed analysis of all these methods can be found, e.g., in Ref. [23].

1.4.3 Sensitivity curves

When discussing the detectability of GW signals using current or planned de-
tectors, a typical approach is to plot the characteristic strain hc(f) of the pre-
dicted signal hc(f) =

√
f Sh(f), as defined in Equation (29), and compare it to

sensitivity curves of different detectors [21]. A standard way to build the sen-
sitivity curve is by taking the ratio of the detector’s noise PSD Pn(f) to its sky-
and polarization-averaged response to a GW signal R(f), defining an effective
characteristic strain of the noise amplitude:

heff =

√
f
Pn(f)

R(f)
=
√
fSn(f), (79)

where R(f) = ΓII(f) is obtained by setting I = J in Equation (63) and repre-
sents the transfer function between the GW signal’s PSD Sh(f) and the detector
response auto-power:

⟨s̃(f)s̃∗(f ′)⟩ = 1

2
δ(f− f ′)R(f)Sh(f). (80)

10 These works are specifically applied to ground-based interferometers. See Refs. [169, 170] for
intensity mapping methods applied to PTAs.
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For deterministic signals, if the characteristic strain hc(f) lies above the detec-
tor sensitivity curve, then the signal has signal-to-noise ratio ρ > 1. Stochastic
backgrounds, on the other hand, are typically searched for by cross-correlating
data from two or more detectors. Therefore, it is appropriate to adjust the
height of a sensitivity curve to account for the total observation time. For uncor-
related detector noise, the expected signal-to-noise ratio of a cross-correlation
search for frequencies between f and f+ δf scales like

√
Tδf [174]. Therefore,

the effective characteristic strain of the noise heff should be multiplied by a
factor of (Tδf)−1/4. Also, instead of the characteristic strain, most analyses
show directly the SGWB energy density Ωgw(f) ∝ f2hc(f), as in Equation (30).
Even with this rescaling, however, the standard sensitivity curves do not grasp
the fact that stochastic searches also benefit for the broadband nature of the
signal. Indeed, the integrated signal-to-noise ratio of Equation (77) scales like√
Nbins =

√
∆f/δf, where Nbins is the number of frequency bins of width δf in

the total bandwidth ∆f. The specific value of the proportionality constant de-
pends not only on the detector geometry, but also on the spectral shape of the
stochastic background. Moreover, every stochastic search must involve at least
two detectors, so that the sensitivity to the background depends also on the
configuration of the detector network under consideration, whereas standard
sensitivity curves are referred to one single detector.

To overcome all these issues, an alternative form of sensitivity curve that in-
corporates multiple detectors and the integrated nature of the detection statis-
tic was proposed in Ref. [174]. These sensitivity curves, known as power-law
integrated sensitivity curves (PLSs), are defined as the envelope of the limits
that can be placed on power-law stochastic backgrounds with different spectral
indices at a fixed value of the signal-to-noise ratio. Thus, any line (on a log-log
plot) that is tangent to the power-law integrated sensitivity curve corresponds
to a stochastic background power-law spectrum with an integrated signal-to-
noise ratio of ρ = ρfix by construction. This implies that if the predicted back-
ground, characterized by Ωgw(f), consistently lies below the sensitivity curve,
then it possesses ρ < ρfix. Conversely, if the curve representing a predicted
power-law background with Ωgw(f) ∝ fα lies above the sensitivity curve, it

will be observed with an expected signal-to-noise ratio ρ = Ω
pred
α /Ωα > 1.

Here, Ωpred
α represents the value of the predicted power-law spectrum evalu-

ated at a certain fref, while Ωα represents the value of the power-law spectrum
with the same index α that is tangent to the sensitivity curve, always at f = fref.

1.5 current and forthcoming detection efforts

I will conclude this opening chapter with an overview of the current and up-
coming detection efforts. First, I will provide a brief review of the results from
the stochastic searches conducted by the LVK collaboration and the recent de-
tection announced by PTA experiments, representing the first-ever direct mea-
surement of a SGWB. Then, I will discuss the possibilities of measuring the
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stochastic background using the main forthcoming GW observatories: the 3G
ground-based detectors ET and CE, and the space-borne interferometer LISA.

1.5.1 Results of the LVK stochastic searches

The most recent stochastic search results from the LVK collaboration are ob-
tained using data from the third observing run (O3) of the "second generation"
detectors (2G) detectors LIGO and Virgo, combined with data from the first
two observing runs, O1 and O2. In the following, I will briefly summarize the
results of the LVK analyses, that were carried out for both an isotropic and
anisotropic stochastic background [11, 12].

Figure 6: Posteriors for the amplitudeΩref and spectral index α for a power-law SGWB
obtained with the LIGO/Virgo O3 data. The dashed gray lines indicate the
prior distributions. Credits: Figure 4 from Ref. [11].

Isotropic searches: upper limits on the SGWB

The latest LVK isotropic stochastic search consists in the application of the
cross-correlation technique outlined in Subsection 1.4.2 to the data taken dur-
ing O3 by the LIGO Hanford, LIGO-Livingston, and Virgo detectors. The anal-
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Figure 7: Forecast of the SGWB due to compact binary coalescence obtained from
LIGO/Virgo O3 data. Left panel: Individual contributions expected from BBH,
BNS, and NSBH coalescences. Right panel: Expected amplitude of the total
SGWB, as well as the LIGO/Virgo O3 PLS curve [11, 174]. The expected
sensitivities of the LIGO/Virgo network at design sensitivity and the an-
ticipated LIGO A+ configuration are also reported for comparison (see
https://dcc.ligo.org). Credits: Figure 23 from Ref. [9].

ysis searches for the existence of a Gaussian, stationary, unpolarized, isotropic
background by applying the optimal filter defined in Equation (78) to the cross-
correlation of the data from three distinct baselines: Hanford–Livingston (HL),
Hanford–Virgo (HV), and Livingston–Virgo (LV). The optimal filter is built for
a power-law SGWB with energy density

Ωgw(f) = Ωref

(
f

fref

)α
, (81)

where fref = 25 Hz, which is approximately the start of the most sensitive
frequency band for the isotropic search [164]. The results of the search are con-
sistent with uncorrelated noise, hence there is no clear evidence of a SGWB.
Therefore, the LVK analysis sets upper limits on the SGWB amplitude for three
fixed spectral indices: α = 0, typically associated with a scale-invariant cosmo-
logical background, for example, from cosmic strings and slow-roll inflation
[40]; α = 2/3, describing a population of inspiralling compact binaries (see
Equation (41)); and α = 3, corresponding to a flat strain power that approx-
imately describes certain astrophysical sources such as supernovae [175]. At
a 95% confidence level and using a log-uniform prior, the analysis concluded
that Ωref is less than 5.8× 10−9 for α = 0, 3.4× 10−9 for α = 2/3, 3.9× 10−10
for α = 3, and 6.6 × 10−9 when marginalizing over α. The posterior in the
Ωref − α plane is shown in Figure 6. The observations from LIGO/Virgo O3

have significantly increased our knowledge of the compact binary population.
Therefore, the latest LVK stochastic search analysis also provides an updated
forecast of the SGWB due to compact binaries, aligning with the most recent ob-
servations and their adopted fiducial astrophysical prescriptions [11, 163, 164].

https://dcc.ligo.org
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The left panel of Figure 7 shows the LVK forecasts for the individual contri-
butions from binary black hole (BBH), binary neutron star (BNS), and neutron
star-black hole binary (NSBH) to the astrophysical SGWB. The uncertainties
for BNSs and NSBHs stem from Poisson uncertainties in their merger rates,
while the forecast for BBHs also accounts for systematic uncertainties associ-
ated with their imperfectly known mass distribution [9]. The blue band in the
right panel of Figure 7 represents the LVK estimate of the total SGWB resulting
from the superposition of these three source types. For comparison, the solid
black curve is the LIGO/Virgo O3 sensitivity to the SGWB [11, 174]. While the
estimate for the SGWB amplitude is currently below the detection threshold, it
may become accessible with future detectors, such as the planned “A+” LIGO
configuration.

Figure 8: Left panel: Posterior constraints on the BBH merger rate combining LVK
stochastic search results and direct BBH detections. The black line shows the
median estimate of RBBH(z), while grey lines are the 90% credible bounds.
The dashed red line is proportional to the cosmic star formation rate used in
the analysis [176]. Right panel: 2D posterior on the parameters λ1 and zpeak
describing RBBH(z). While the stochastic measurements from LIGO/Virgo
O3 alone (solid line) are not competitive, those from future observing runs
(dashed lines) may impose tighter constraints on these parameters. Credits:
Figures 6 and 7 from Ref. [11].

Constraining the BBH merger rate

Figure 7 presents LVK current best estimates for the SGWB based on an astro-
physically plausible model for the merger rate RBBH(z) of stellar BBHs. How-
ever, one can attempt to directly measure RBBH(z) by combining individual
detections of compact binaries with upper limits on the SGWB. This approach
was initially presented in Ref. [75] and then applied to the latest LVK results
in Ref. [11]. The analysis assumes a broken power law form for the mass distri-
bution of BBH mergers [9] and a phenomenologically-parametrized form for
their merger rate:
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RBBH(z) = C(λ1, λ2, zpeak)
R0(1+ z)

λ1

1+

(
1+z
1+zpeak

)λ1+λ2 . (82)

Under this form, the merger rate evolves as RBBH(z) ≈ (1+ z)λ1 at z ≲ zpeak

and RBBH(z) ≈ (1+ z)−λ2 at z ≳ zpeak. Using the individual BBH detections
from LIGO/Virgo O3 in combination with the latest LVK stochastic search
results, the parameters governing both the mass and redshift distributions
of BBH mergers are jointly inferred. The resulting constraints on the BBH
merger rate as a function of redshift are shown in Figure 8. Each blue line
represents a single draw from the obtained posteriors on the BBH mass dis-
tribution and merger rate history. The black and gray curves are the median
estimated merger rate and central 90% credible bounds, respectively. The BBH
merger rate approximately traces star formation, but it seems to increase more
slowly with redshift, consistently with a non-vanishing time delay distribu-
tion between binary formation and merger. The constraints on the behavior of
RBBH(z) at z < 0.5 are primarily driven by individual detections rather than
stochastic results. This is elucidated in the right panel of Figure 8, showing the
joint λ1 − zpeak posterior, marginalized over the remaining parameters govern-
ing the BBH mass and redshift distributions. The solid black contour shows
the values of λ1 and zpeak that would yield a SGWB detection with SNR = 2 in
O3. Hence, values to the right of this contour can be excluded based on SGWB
non-detection. Conversely, individual BBH detections allow for a measurement
of λ1, but are not expected to significantly constrain zpeak, likely extending be-
yond the LIGO/Virgo horizon. However, with continued data collection, the
non-detection (or potential detection) of the SGWB may provide informative
constraints on λ1 and zpeak. Indeed, as additional individual BBH detections
occur, the constraints on λ1 will continue to improve, revealing an increasingly
narrow, nearly-vertical contour in the λ1 − zpeak plane. In parallel, ongoing
time integration in stochastic searches will exclude a growing portion of this
plane, ruling out large values for both λ1 and zpeak.

Directional searches: upper limits on the angular power spectrum

The latest LVK searches for anisotropic stochastic backgrounds use data from
the first three LIGO/Virgo observing runs and rely on the cross-correlation
techniques presented in Ref. [23]. In particular, three different analyses are ap-
plied to the data: (i) the broadband radiometer analysis (BBR) [165], targeting
a small number of resolvable, persistent point sources emitting GWs over a
wide frequency band; (ii) the spherical harmonic decomposition (SHD) [167],
seeking extended sources by reconstructing the harmonic coefficients of the
GW power across the sky; and (iii) the narrowband radiometer analysis (NBR)
[177], studying frequency spectra from three astrophysically relevant sky lo-
cations: Scorpius X-1, Supernova 1987A, and the Galactic Center [12]. None
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of the three analyses shows evidence for anisotropic GWs, setting direction-
dependent upper limits on the GW emission. Figure 9 shows the upper limits
on the power spectrum of anisotropies, defined in Equation (52) at each an-
gular scale ℓ. These limits were determined using the spherical harmonic de-
composition analysis on the combined LIGO/Virgo data from O1, O2, and O3.
They correspond to a power-law SGWB with the three distinct spectral indices
α discussed in the previous subsection.

Figure 9: Upper limits at 95% confidence level on the angular power spectrum us-
ing the spherical harmonic decomposition analysis on O1+O2+O3 combined
LIGO/Virgo data. The results are obtained for a power-law SGWB with three
different spectral indices α. Credits: Figure 4 of Ref. [12].

1.5.2 Results of stochastic searches with PTAs

PTA experiments monitor the time of arrival of light pulses emitted by a group
of galactic millisecond pulsars to detect the passage of a GW signal. Pulsars
are highly magnetized rotating neutron stars emitting beams of electromag-
netic radiation from their magnetic poles. Some pulsars, known as millisecond
pulsars, have rotation periods of the order of 10−3 s. Due to their extraordi-
narily stable rotation, millisecond pulsars can be used as clocks rivaling the
stability of the best atomic clocks on Earth. The fact that pulsars are such
accurate clocks enables precise measurements of their rotational, astrometric,
and binary parameters based on the times of arrival of their pulses. In 1983,
Hellings and Downs suggested that correlations between the time-of-arrival
perturbations of multiple pulsars could reveal a GW signal buried in pulsar
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Figure 10: Bayesian reconstruction of the correlations between pulsars, modeled as a
cubic spline within a power-law model with variable spectral index. The
violins represent the marginal posterior densities (with median and 68%
credible values) of the correlations at the knots. The knot positions are cho-
sen on the basis of the features of the Hellings–Downs correlation curve
(dashed black line). Credits: Figure 2 of Ref. [13].

noise [143]. From a statistical inference standpoint, the problem of detecting
GWs with PTAs is analogous to GW searches with earth- or space-based inter-
ferometers. Two crucial differences are (i) irregular observation times, which
are better analyzed in the time-domain rather than in the Fourier-domain, and
(ii) noise sources (intrinsic pulsar noise, frequency-dependent fluctuations due
to the interstellar medium, and timing model errors) correlated on the same
timescales of GWs. This requires that GW signal and noise are estimated jointly.
Thus, standard analyses are performed within a Bayesian framework that rep-
resents all noise sources as Gaussian processes and relies on model comparison
to establish a detection [178]. PTAs are geared towards detecting stochastic
backgrounds rather than deterministic GW signals. Indeed, as PTA datasets
grow in extent and sensitivity, the SGWB is expected to manifest as an ex-
cess residual power observed across multiple pulsars. In 2020, after years of
null results and progressively decreasing upper limits on the SGWB ampli-
tude, such an observation was reported for the NANOGrav 12.5 yr dataset [179]
and later validated through analogous analyses on PPTA [180], EPTA [181], and
IPTA [182] datasets. However, such an excess of power could originate from
intrinsic pulsar processes or a common systematic noise, and it could not be
automatically attributed to an SGWB. Confirming a SGWB detection requires
identifying phase-coherent interpulsar correlations with the characteristic pat-
tern predicted by Hellings and Downs. In Refs. [13–15], the NANOGrav, EPTA
and PPTA collaborations announce the detection of a stochastic signal corre-
lated among their monitored pulsars. The correlations between the pulsars fol-
low the expected Hellings–Downs pattern. The Bayesian reconstruction of the
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correlations between 67 pulsars in the NANOGrav 15-year dataset is shown in
Figure 10. The presence of a SGWB with a power-law spectrum is strongly fa-
vored over a model considering only independent pulsar noises, with a Bayes
factor11 of 1014. These PTA detections mark the first-ever direct measurement
of a SGWB. The principal results of the PTA analyses are referred to a fiducial
power-law spectrum of characteristic GW strain

hc(f) = AGWB

(
f

ff

)α
. (83)

However, the analysis is performed in terms of the timing-residual cross-power
spectral density

Sab(f) = Γab
A2GWB
12π2

(
f

fref

)−γGWB

f−3ref , (84)

where γGWB = 3− 2α and Γab = Γ(ξab) is the overlap reduction function de-
scribing the average correlations between two pulsars a and b as a function of
their separation angle ξab. For an isotropic SGWB, Γab is given by the Hellings-
Downs curve. The posterior distributions for AGWB and γGWB are shown in
Figure 11. The value γGWB = 13/3 (corresponding to α = 2/3), expected for
binary coalescences, is only marginally compatible with the obtained poste-
rior. Several astrophysically motivated models of supermassive black-hole bi-
nary (SMBBH) populations are able to reproduce the observed SGWB. However,
retrieving the measured SGWB amplitude requires either a large number of
model parameters to be at the edges of expected values, or a small number of
parameters to be notably different from standard expectation [16]. In conclu-
sion, even though SMBBHs are the most probable source of SGWB in the nHz
band, the NANOGrav results highlight the importance of accurately modeling
binary evolution for reproducing realistic SGWB spectra.

1.5.3 Stochastic searches with 3G detectors

Third-generation (3G) laser interferometers, including the Einstein Telescope
(ET) [133–135] and Cosmic Explorer (CE) [136, 137], are expected to come online
before the end of the 2030s. These observatories will outperform the sensitivity
of current 2G detectors by several orders of magnitude, extending the detec-
tion horizon for BBH mergers to z ∼ 10 [183]. This suggests that 3G detectors
will have the capacity to resolve over 99.9% of all stellar BBHs in the Uni-
verse [184]. Therefore, only a small fraction of BBHs will remain unresolved,
contributing to the SGWB. The situation is quite different for BNS mergers, as
individual events will only be resolvable up to z ∼ 1 [134]. Indeed, 3G de-
tectors will have an extraordinary sensitivity to stochastic backgrounds. The

11 The Bayes factor is the ratio of the marginal likelihoods of two competing statistical models,
used to quantify the support for one model over the other.
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Figure 11: Posterior distributions of the SGWB amplitude and spectral index, with
68%, 95%, and 99% credible regions. The dashed black line represents the
value γGWB = 13/3, expected for a SGWB due to binary mergers. This value
is inside the 99% credible region. The dashed curves in the log10AGWB
subpanel show its marginal posterior density for a γGWB = 13/3 model. All
the posteriors are computed at the reference frequencies fref = 1 yr−1 (blue)
and 0.1 yr−1 (orange). Credits: Figure 2 of Ref. [13].

power-law integrated sensitivity curves PLS [174] for various 3G network con-
figurations, compared with the LIGO/Virgo O3 sensitivity, are shown in Figure
12. In this plot, the PLS curves for ET are computed based on the current tri-
angular design, as described in Subsection 1.4.1. However, alternative config-
urations for ET involving two L-shaped interferometers have been proposed
recently [135]. In the context of stochastic backgrounds, the triangular configu-
ration performs better at higher frequencies. On the other hand, configurations
with two L-shaped interferometers are preferred for lower frequencies, up to
several tens of Hz, but only when the detectors are co-aligned. This compar-
ison is made clear in Figure 13, taken from Ref. [135], where the sensitivity
curves of various ET configurations are presented. This plot also shows the
three main targets stochastic searches with 3G detectors: the search of popula-
tion III stars, the study of star formation history and BBH formation channels,
and the residual background from BNSs. As we saw in Equation (41), the low-
frequency part of the SGWB spectrum is proportional to f2/3, as most of the
contributing binaries are in their inspiral phase. This power-law behavior is
common to all binary types, whereas the position and shape of the peak, as-
sociated to the frequencies where the sources stop emitting GWs (see Figure
4), depend on the features of the specific populations. Therefore, the distinct
signatures of specific populations on the SGWB manifest as deviations from
the f2/3 behaviour. The peak of the SGWB from BBHs is expected to fall in the
100-1200 Hz frequency range. The main factors influencing the shape and the
position of the peak are the star formation history, the evolution of the metal-
licity of the galactic environment and the different binary formation channels
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Figure 12: Power-law integrated sensitivity curves (PLS) [174] for different 3G detector
networks. The labels 20–20, 40–20 and 40–40 correspond to two Cosmic
Explorers (CE) in the US, with the numbers indicating the arm length in km.
ETD, ETD–20, and ETD–40 denote the sensitivity of Einstein Telescope (ET)
alone and combined with a CE in the US. Likewise, CES–20 and CES–40

correspond to the sensitivity of a 20-km CE in Australia combined with a
20- or 40-km CE in the US. A SGWB with energy densityΩgw(fref = 300Hz)

intersecting these curves would be detected with a signal-to-noise ratio of
3 after one year of observation. Dashed lines show the expected SGWB
for cosmic strings, preheating, and standard slow-roll inflation, computed
according to reasonable models described in the caption of the original plot.
Credits: Figure 5.4 of Ref. [137].

[183, 185]. Therefore, the detection of this signature from 3G detectors would
be a new powerful probe of for stellar and galaxy formation and evolution.
The signature from population III stars [186] is expected to emerge in the 5-200

Hz frequency range [187–189]. Indeed, the remnants of these ancient, metal-
free stars are predicted to be very massive and to merge at lower frequencies
compared to other types of binaries. Moreover, the merger rate density of pop-
ulation III remnants is expected to reach its maximum value at very high red-
shifts, z ∼ 8 − 16, further shifting the SGWB peak at lower frequencies [190,
191]. Finally, as previously mentioned, 3G detectors will detect the majority
of BBHs. However, a significant portion of BNSs will remain unresolved, re-
sulting in a strong SGWB. The detection of this background will be a key tool
in studying the features of the BNS population in the Universe [187]. Other
potential sources of SGWB that could be observed with 3G detectors are pri-
mordial black holes. Indeed, the merger rate of primordial BBHs is predicted to
steadily increase towards redshifts z ≳ 50 [192], creating a high-redshift source
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Figure 13: Power-law integrated sensitivity curves (PLS) [174] for various proposed
configurations of the Einstein Telescope (ET): triangular configuration and
two L-shaped interferometers, with different arm-lengths and mutual ori-
entations. The plot also shows the three main targets for stochastic searches
with 3G detectors: the star formation history and the different BBH for-
mation channels, the residual SGWB from BNSs, and Population III stars.
Credits: Figure 32 of Ref. [135].

of stochastic background. Furthermore, after subtracting the signals from re-
solved and unresolved compact binary coalescences, the attention can also be
directed towards cosmological backgrounds.

The response of 3G detectors to anisotropic stochastic backgrounds has been
extensively studied [128, 193–196]. All these studies converge on the conclu-
sion that, in the best-case scenario, only the first few multipoles of the angular
power spectrum will be accessible. In particular, ET and CE are potentially
able to detect a dipole anisotropy at the level of Cℓ=1 ≈ 10−24, which is the
size of the kinematic dipole expected from a SGWB on the edge of being de-
tected by LVK at design sensitivity [92]. For ET, it has been shown that the
configurations featuring two L-shaped detectors have a better sensitivity to
odd multipoles compared to the standard triangular configuration. This im-
provement is attributed to the different baselines. Indeed, the baseline of the
three nested interferometers is equivalent to the length of one arm (10 or 15

km), whereas the two L-shaped detectors have a substantially larger baseline.
Consequently, the overlap reduction function for the triangular configuration
is predominantly even under parity, resulting in poor sensitivity to odd mul-
tipoles [135]. The situation is expected to improve when SGWB anisotropies
are combined with electromagnetic observations. One of the primary targets
for future detectors is to cross-correlate both resolved events and stochastic
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backgrounds with galaxy catalogues, CMB anisotropies, and other tracers of
the LSS.

1.5.4 Stochastic searches with LISA

Stochastic searches with LISA face different challenges compared to ground-
based interferometers and PTAs. The cross-correlation techniques discussed in
Section 1.4 are unfeasible because LISA is considered a single instrument, con-
sisting of a triangular constellation of three spacecraft orbiting the Sun. How-
ever, as each spacecraft exchanges laser beams with the others, it is possible to
synthesize multiple interferometry signals using the data from these six laser
links [197]. One particular combination of data, called the T channel, approx-
imately corresponds to a null channel, and is relatively insensitive to GWs.
Other combinations, such as the so-called A and E channels [198], are much
more sensitive to GW signals. Using the T channel to measure the instrumental
noise, the relative power levels in the {A,E, T } channels can be used to sepa-
rate a stochastic signal from the noise [199]. Working within this framework,
known as time-delay interferometry (TDI), the computation of LISA’s sensitiv-
ity to both stochastic backgrounds and deterministic GW sources is discussed
in several studies, such as Refs. [200, 201].

One of the major challenges for LISA data analysis will be that of component
separation, as a large variety of long-lasting signals will contribute to the same
frequency band overlapping in time [202]. In particular, LISA will be sensitive
to multiple stochastic backgrounds, including an anisotropic confusion-limited
background from galactic white-dwarf binaries [203], a nearly isotropic back-
ground originating from BNSs and either primordial or stellar-origin BBHs
[204], massive BBHs [205, 206] and extreme mass ratio inspirals [207]. More-
over, LISA may also detect primordial backgrounds arising from inflation [52],
first-order phase transitions [65], and cosmic strings [69].

Anisotropic stochastic searches with LISA use the motion of the LISA con-
stellation around the Sun to map the signal in the rest frame of the solar sys-
tem’s center of mass. The approach presented in Ref. [208] maintains a fixed
noise model, simulates mock data, and uses a maximum-likelihood technique
to assess the mapping capabilities of LISA. The study reveals that, under the
best-case scenario where the signal dominates with a high signal-to-noise ratio
at frequencies around 0.1 Hz, the angular resolution would be ℓmax ≈ 15. An-
other method, proposed in Ref. [209], addresses the mapping issue by setting
priors on the spherical harmonic components of the signal and then solving
for their amplitudes in a Bayesian framework, using a single TDI channel. This
approach is particularly valuable when the sky distribution of the signal is
well-known, as for the galactic white dwarf binary background. The angular
response of LISA to various multipoles for a statistically isotropic SGWB were
computed in Ref. [130]. Using the {A,E, T } TDI basis, the authors compute the
angular response as a function of frequency for both channel auto-correlations
(AA, EE, and TT) and cross-correlations (AE and AT = ET). Due to its configu-
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ration being even under parity, LISA has a better response to even multipoles.
Specifically, the sensitivity to the quadrupole (ℓ = 2) is better than that for
the dipole (ℓ = 1). The authors also quantify the minimum energy density re-
quired to observe the kinematic dipole (quadrupole) induced by the motion of
LISA with respect to the rest frame of the SGWB, which is Ωgw ∼ 2× 10−11
(10−8) for the dipole (quadrupole). Finally, the authors perform a forecast to
assess the detectability of the lowest multipoles of the SGWB angular power
spectrum through a Fisher matrix analysis.
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This Chapter is based on the following publication:

G. Capurri, A. Lapi, C. Baccigalupi, L. Boco, G. Scelfo, T. Ronconi
Intensity and anisotropies of the stochastic gravitational wave background from merg-
ing compact binaries in galaxies
JCAP 11.032 (Nov 2021), arXiv:2103.12037

In this chapter, I will discuss the methods and results of the initial study I
carried out as part of my PhD project, forming the foundation for much of the
subsequent work.

2.1 introduction and motivation

In this first work, we establish a phenomenological framework to characterize
both the isotropic and the anisotropic parts of the stochastic gravitational-wave
background (SGWB) given by stellar compact-object binary coalescences. Our
analysis is built on empirical, data-driven prescriptions for galactic physics,
and the outcome of state-of-the-art binary population synthesis codes. We de-
rive predictions for the isotropic SGWB energy density as a function of fre-
quency, distinguishing the contribution of different binary types, namely bi-
nary black holes (BBH), neutron star-black hole binaries (NSBH), and binary
neutron stars (BNS). We present our predictions for two distinct networks
of ground-based interferometers: the current network of second-generation
(2G) instruments, LIGO, Virgo, and KAGRA (LVK), and the forthcoming third-
generation (3G) detector Einstein Telescope (ET). Since the binaries that produce
the SGWB generally reside inside galaxies, and galaxies trace the underlying
dark matter distribution, the anisotropies of the SGWB are themselves a tracer
of matter. Thus, as a first step towards a robust theoretical modeling of the
SGWB anisotropies, we characterize the SGWB energy density as a tracer of
the large-scale structure (LSS). Then, we compute the angular power spectrum
of the SGWB anisotropies using the Boltzmann solver CLASS [210, 211]. Finally,
we develop a methodology to simulate a full-sky map of the SGWB, taking into
account both the intrinsic Poisson nature of the signal as well as its clustering
properties.

The Chapter is structured as follows: in Section 2.2, I describe the empirical
prescriptions that we used to characterize the binary population; in Section
2.3, I present our predictions for the isotropic SGWB energy density; in Section
2.4, I discuss the characterization of the SGWB energy density as a tracer of the
LSS; in Section 2.5, I describe our treatment of SGWB anisotropies and compute
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their angular power spectrum; in Section 2.6, I present our nover framework
to produce simulated full-sky maps of the expected SGWB signal; finally, in
Section 2.7, I draw the conclusions of this first work.

Throughout this work, the standard flat ΛCDM cosmology with parameter
values from the Planck 2018 legacy release is adopted, with Hubble rate to-
day corresponding to H0 = 67.4 km s−1 Mpc−1, Cold Dark Matter (CDM)
and baryon abundances with respect to the critical density corresponding to
ΩCDMh

2 = 0.120 and Ωbh2 = 0.022, respectively, reionization optical depth
τ = 0.054, amplitude and spectral index of primordial scalar perturbations
corresponding to ln(1010AS) = 3.045 and nS = 0.965, respectively [32].

2.2 characterization of the binary population

We characterize the population of coalescing compact binaries and compute
their merger rates following the approach outlined in Boco et al. (2019, 2021)
[76, 77]. The merger rate per unit comoving volume V and chirp mass Mc can
be computed as:

d2Ṅ

dVdMc
(t) =

∫
dtd

∫
dZ

d3N

dMSFRdMcdtd
(Mc, td|Z)

d2ṀSFR

dVdZ
(Z, t− td), (85)

where t is the cosmic time, equivalent to redshift, MSFR is the star-formed
mass, td is the delay time between the formation of the progenitor binary and
the merging of the compact-object binary, and Z is the galaxy metallicity [212,
213]. The first term in the integral is related to stellar and binary evolution and
represents the number of binary mergers per unit of star-forming mass per
chirp mass and time delay bin. It can be decomposed into three factors:

d3N

dMSFR dMc dtd
(Z) =

dN
dMSFR

(Z)
dp

dMc
(Z)

dp
dtd

, (86)

where dN/dMSFR is the number of merging binaries per unit of mass formed
in stars at metallicity Z, dp/dMc is the metallicity-dependent chirp mass distri-
bution, and dp/dtd is the normalized distribution of delay times between the
formation of the progenitor binary and the merger. For the first two factors,
we rely on the results of the StarTrack population synthesis simulations1 [214,
215]. In principle, the StarTrack code could also provide a delay time distribu-
tion, which would be a function of both chirp mass and metallicity. However,
several studies based on both simulations and observations suggest that the
dependence on these two parameters is weak [214–218]. The delay time distri-
bution is often found to be proportional to t−1d , normalized to unity between
a minimum value td,min ∼ 107 − 108 yr and the age of the Universe (see e.g.,
Refs. [215, 216] for StarTrack). The value of td,min and the subsequent normal-
ization of the distribution is highly uncertain since it strongly depends on the
model prescriptions. Therefore, we assume dp/dtd ∝ t−1d with td,min = 50

1 We use simulation data publicly available at https://www.syntheticuniverse.org/, specifi-
cally the ’reference B’ model in Refs. [214, 215].

https://www.syntheticuniverse.org/
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Myr, independently on metallicity and binary type. Still, we must emphasize
that this is an approximation, albeit supported by the aforementioned works.
In principle, we should use the distribution retrieved from the code.

Figure 14: Differential merger rates R = d2Ṅ/dV dMc as a function of redshift and
chirp mass for BBHs and BNSs, obtained combining the output of the
StarTrack population synthesis code with the empirical galactic prescrip-
tions described in Ref. [77]. Both the merger rates are normalized to the
local values inferred by LIGO/Virgo during the second observing run [219,
220].

The second term in the integral of Equation (85) is related to galaxy evo-
lution and represents the star-forming mass per unit time, comoving volume
and metallicity. We compute it using semi-empirical prescriptions. Following
the procedure presented in Boco et al. (2021) [77], we use the star forma-
tion rate function (SFRF) as galaxy statistics and the fundamental metallicity
relation (FMR) to assign metallicity to galaxies. The SFRF d2N/d logψ/dV
represents the galaxy number density per logarithmic bin of star formation
rate (SFR). We use the empirical prescription for the SFRF derived in Ref. [221].
This prescription is based on galaxy luminosity functions measured at various
redshifts across the Ultra-Violet (UV), Infra-Red (IR), submm, and radio bands.
The gas phase metallicity Z of the interstellar medium is derived using the
empirical FMR, as discussed in Refs. [222–225]. The FMR is a three-parameter
relation among the stellar mass of the galaxy (M⋆), the SFR (ψ), and the gas-
phase metallicity (Z). Since galaxies are parametrized and counted through the
SFRF statistics, we need to relate the SFR to M⋆ in order to derive a metallicity.
We do so using the main sequence (MS) of star forming galaxies, an obser-
vational redshift dependent power law relationship between the stellar mass
and the SFR [226–232]. Even though the galaxy main sequence is a relation
followed by most of the star-forming objects, there is a non negligible popu-
lation of galaxies, known as starbursts, which lies above the main sequence:
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Figure 15: Upper panels: Differential merger rate as a function of redshift at fixed chirp
mass for BBHs (left) and BNSs (right). Lower panels: Differential merger rate
as a function of chirp mass at fixed redshift for BBHs (left) and BNSs (right).

their SFR is higher with respect to the SFR predicted by the main sequence
at a given mass. In order to model this population, we follow Ref. [77], which
provides aM⋆ distribution dp/dM⋆(M⋆|z,ψ) for galaxies at fixed value of SFR.
Combining together all these ingredients, we can compute the galactic term of
Equation (85) as:

d2ṀSFR

dVdZ
(Z|z) =

∫
d logψψ

d2N

dVd logψ

∫
dM⋆

dp

dM⋆
(M⋆|z,ψ)×

× dp

dZ

∣∣∣∣
FMR

(Z|ZFMR(M⋆,ψ)) ,
(87)

where dp/d logZ|FRM ∝ exp[−(logZ− logZFMR(M⋆,ψ))2/2σ2FMR] is a log nor-
mal distribution around the logarithmic metallicity value set by the FMR at
fixed stellar mass and SFR.

The resulting merger rates are in good agreement with the local estimates
by LIGO and Virgo, as shown in Ref. [77]. The overall normalization of the
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merger rates is the result of many different and complex physical processes
related to stellar evolution that could in principle depend on the binary type
(e.g., binary fraction, common envelope development and survival, natal kicks,
mass transfers). In order to reduce the impact of the huge uncertainties in
the modeling of these processes, we decide to rescale our results to match
the LIGO/Virgo local merger rates estimations, as already done in previous
works [233–235]. Incidentally, in this way we also partially reabsorb the effect of
adopting the approximated delay time distribution dp/dtd ∝ t−1d . The original
values of the local rates are 32Gpc−3 yr−1 for BBHs, 150Gpc−3 yr−1 for BNSs,
and 13Gpc−3 yr−1 for NSBHs. This values are compatible with the LIGO/Virgo
estimations2 [219, 220]: 23.9+14.9

−8.6 Gpc−3 yr−1 for BBHs, 320+490−240Gpc−3 yr−1 for
BNSs and 45+75−33Gpc−3 yr−1 for NSBHs. The rescaled merger rates as a func-
tion of redshift and chirp mass for BBHs and BNSs are shown in Figure 14.
The plots in Figure 15 show explicitly the redshift (upper panels) and chirp
mass (lower panels) dependence of the merger rates. The redshift distribution
of the merger rates is highly influenced by the star formation history of the
host galaxies: most of the BBH events come from z ∼ 2− 3, whereas most of
the BNS ones come from slightly lower redshifts, z ∼ 2. The chirp mass de-
pendence, instead, is mainly determined by the stellar prescriptions and the
derived binary mass function, which is largely uncertain in the high mass end,
since in that regime different formation channels may enter into play compli-
cating the evolutionary scenario [236]. All in all, the features of the merger
rates strongly depend on the adopted astrophysical prescriptions.

Finally, I emphasize that our method for computing the merger rates offers
a twofold benefit. On the one hand, the galactic part is totally empirical and
does not rely on the results of any cosmological simulation or semi-analytic
framework. Therefore, employing empirical prescriptions allows us to circum-
vent the issue of selecting one among various competing astrophysical models.
While the empirical relations we use come with their observational errors, they
establish a robust and well-motivated astrophysical scenario in a field charac-
terized by significant theoretical uncertainties. On the other hand, using the
SFRF as galaxy statistics, we are able to assess the contribution of galaxies
with different properties to the overall binary merger rate and subsequent GW
emission. The fundamental notions of galaxy statistics and evolution used for
the works presented in this Thesis can be found in Appendix A.

2.3 the isotropic component of the sgwb

The SGWB is usually described through the energy density parameter defined
in Equation (22):

Ωgw(f, n̂) =
1

ρc

dρgw(f, n̂)
d ln f dn̂

, (88)

2 Note that these are the LIGO/Virgo estimates from the second observing run, which were the
latest results available at the time of publication. Specifically, we normalize to the mode value
given by LIGO/Virgo.
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where ρc = 3H20c
2/8πG is the critical density, introduced in Equation (16),

and ρgw is the SGWB energy density observed at frequency f, coming from
the direction n̂ in the sky. The energy density parameter can be split into an
isotropic term Ωgw(f) and a directional energy density contrast δΩgw(f, n̂):

Ωgw(f, n̂) = Ωgw(f) + δΩgw(f, n̂). (89)

The termΩgw is the average energy density per unit solid angle at the observed
frequency f. The total energy density across the sky is given by:

Ωgw(f) =

∫
S2
dn̂Ωgw(f, n̂) = 4πΩgw(f), (90)

assuming that the density contrast δΩgw(f, n̂) is a zero-mean field. Since re-
sults for isotropic models of the SGWB are usually expressed in terms of the
total energy density in the literature, we are going to express our results in
terms of Ωgw(f).3

2.3.1 Theoretical modeling

Let’s now focus on the isotropic component of the SGWB energy density. The
SGWB is given by the superposition of all the unresolved GW signals coming
form coalescing binaries. The intensity of such signals mainly depends on the
chirp mass and redshift of the source binary. Indeed, the waveform of a GW
produced by a coalescing binary is proportional to:

h̃(f) ∝ M
5/6
z D−1

L (z) F(f) , (91)

where Mz = Mc(1+ z), DL(z) is the binary luminosity distance, and F(f) is a
function of frequency that depends on the orbital evolution phase and is typi-
cally computed using post-Newtonian approximations or numerical relativity
codes. The isotropic part of the SGWB energy density is directly related to the
binary merger rates and the energy spectrum of the GW signal generated by
each source, as we saw in Equation (36) of Chapter 1. In reality, it also de-
pends on the detector’s sensitivity: instruments with higher sensitivity resolve
a larger fraction of GW signals, reducing the overall SGWB intensity. All in all,
the isotropic energy density of the SGWB is given by [37, 83–90]:

Ωgw(f) =
8πGf

3H30c
2

∫
dz

∫
dMc

R(z|Mc)

(1+ z)h(z)

dE

df
(fe(z)|Mc)

∫ ρ̄
0
dρPρ(ρ|Mc, z), (92)

where:

3 Notice that here I adopted a different notation with respect to the published work, Ref. [116],
where Ωgw(f) denotes the integrated energy density instead of the sky-averaged one.
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• R(z|Mc) = d2Ṅ/dVdMc is the intrinsic merger rate per unit comoving
volume and per unit chirp mass, as computed in Section 2.2;

• h(z) = [ΩM(1+ z)3+ 1−ΩM]1/2 is the redshift evolution of the Hubble
parameter for a flat ΛCDM cosmology;

• dE/df(z|Mc) is the energy spectrum of the GW emitted by a coalescing
binary with chirp mass Mc at redshift z;

• fe = (1+ z)f is the frequency in the rest frame of the source;

• Pρ(ρ|Mc, z) is the sky-averaged distribution of the signal-to-noise ratio ρ.
It represents the signal-to-noise ratio at which a GW from a binary with
chirp mass Mc merging at redshift z would be detected by a specific
detector.

The idea behind Equation (92) is to sum the contributions from all GW events
with a signal-to-noise ratio below the assumed detection threshold of ρ̄ = 8.4.
In this way, we compute the energy density of the residual background, coming
from unresolved events only. The total background, including both resolved and
unresolved events, can be calculated by setting ρ̄ = ∞ in Equation (92). This
sets the signal-to-noise ratio integral to unity, considering the contribution of
all events. Following the formalism presented in Refs. [237, 238], we compute
the sky-averaged distribution of signal-to-noise ratio as

Pρ(ρ|Mc, z) = PΘ(Θρ)
Θρ

ρ
, (93)

in terms of the orientation function

Θ =
ρ

8

DL(z)

R0

[
1.2M⊙

(1+ z)Mc

]5/6
1√

ζISCO + ζinsp + ζmerg + ζring
, (94)

and its distribution function

PΘ =

5Θ(4−Θ)3/256 for 0 < Θ < 4,

0 otherwise.
(95)

The quantity R0 in Equation (94) is the detector characteristic distance param-
eter given by

R20 =
5

192

√
Ndet

M2⊙
πc3

(
3G

20

)5/3
x7/3, (96)

4 This is a reasonable value for ground based interferometers. See e.g. Ref. [219].
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where Ndet is the number of co-located detectors, and x7/3 is the auxiliary
quantity

x7/3 =

∫∞
0

df

(πM⊙)1/3f7/3S(f)
, (97)

with S(f) being the noise spectral density. The functions ζISCO, ζinsp, ζmerg and
ζring specify the overlap of the waveform with the observational bandwidth
during the inspiral, merger and ring-down phases of the event [239]. They are
given by:

ζISCO =
1

(πM⊙)1/3 x7/3

∫2fISCO

0

df

S(f)

1

f7/3
,

ζinsp =
1

(πM⊙)1/3 x7/3

∫fmerg

2fISCO

df

S(f)

1

f7/3
,

ζmerg =
1

(πM⊙)1/3 x7/3

∫fring

fmerg

df

S(f)

1

f4/3fmerg
,

ζring =
1

(πM⊙)1/3 x7/3

∫fcut

fring

df

S(f)

1

f
4/3
ringfmerg

[
1+

(
f− fring

σ/2

)2]−2
,

(98)

where fmerge, fring, fcut and σ are phenomenological waveform parameters and
fISCO is the redshifted frequency at the innermost stable circular orbit (ISCO):

fISCO ≃ 2198

1+ z

(
Mtot

M⊙

)−1

Hz, (99)

with Mtot being the total mass of the binary in solar masses. Finally, the energy
spectrum emitted by the binary is taken as [88, 239]:

dE

df
(z|Mc) ≃

(πG)2/3M
5/3
c

3
×



f−1/3 f < fmerg

f−1merg f
2/3 fmerg ⩽ f < fring

f−1merg f
−4/3
ring f2[

1+

(
f− fring

σ/2

)2 ]2 fring < f ⩽ fcut

(100)

2.3.2 Predicted SGWB amplitude

We compute the SGWB energy density for BBHs, BNSs, and NSBHs using
Equation (92) within the astrophysical setup described in Section 2.2. In partic-
ular, we consider the merger rates normalized to the local values inferred by
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Figure 16: Energy density parameter of the total SGWB generated by all the events, re-
solved and unresolved, as a function of the observed frequency. The curves
are based on the astrophysical prescriptions described in Section 2.2, using
Equation (92) with ρ̄ = ∞. The colors represent the SGWB produced by
different types of merging binaries: BBHs (blue), NSBHs (red), and BNSs
(green). We show both the predictions obtained normalizing the merger
rates to the local rates inferred by LIGO/Virgo [219, 220] (solid lines), and
those obtained using the original rates as computed in Equation (85) (dotted
lines). The two families of curves are both within the range of amplitudes
defined by the error bars of the LIGO/Virgo estimates, represented by the
shaded areas.

LIGO/Virgo. For completeness, in Figure 16, we also plot the curves obtained
with the original (non-normalized) rates and we show that they lie within the
range of amplitudes defined by the LIGO/Virgo error bars. We present our
results for both the total background, which includes all events (resolved and
unresolved), and the residual background, obtained by excluding the events
resolved by the detector. For the residual background, we consider the 2G de-
tector network LIGO/Virgo at design sensitivity and the forthcoming 3G detec-
tor Einstein Telescope. The results for the total and residual background are
shown in Figure 16 and 17, respectively.

All the curves in Figures 16 and 17 feature the typical shape expected for a
SGWB given by the superposition of signals produced by coalescing binaries,
already discussed in Chapter 1. At low frequencies, the dominating contri-
bution comes from the inspiral phase and the energy density is proportional
to f2/3. As the frequency increases, the contribution from the merger phase
becomes more and more important, and energy density reaches a peak. The
frequency of the SGWB peak is related to the typical mass of the considered
binary systems. Lower chirp masses result in higher merger frequencies, caus-
ing the SGWB from BBH mergers to peak at lower frequencies compared to
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Figure 17: Energy density parameter of the residual SGWB for LIGO/Virgo (left panel)
and Einstein Telescope (right panel) computed using Equation (92) within
the astrophysical set-up described in Section 2.2, using ρ̄ = 8. The color
code is the same as in Figure 16. The shaded areas represent the range of
amplitudes defined by the error bars of the LIGO/Virgo estimations. The
dashed grey lines represent the power-law integrated sensitivity curves for
the considered detectors at design sensitivity. In the LIGO/Virgo panel, we
also show the sensitivity during the third observing run (solid grey curve)
and the current upper limit on the isotropic SGWB: Ωgw ⩽ 3.4× 10−9 at 25

Hz for a power-law background with a spectral index of 2/3 [11].

that from BNS mergers. At higher frequencies, the energy density behavior is
dominated by the ringdown phase, characterized by a rapid exponential de-
crease. The substantial impact of various astrophysical prescriptions on the
energy density makes it difficult to directly compare our results with previous
studies. Nevertheless, we can observe that both the shape and amplitude of
our detector-independent spectra in Figure 16 align with the findings in Refs.
[37, 89, 90, 240]. The relative amplitudes of the backgrounds coming from dif-
ferent types of binaries depend on several factors, including the merger rates,
the typical strengths of the emitted GW, and the fraction of events resolved
by the detector. In our astrophysical framework, BNS binary systems have the
largest merger rate density, followed in order by NSBH and BNS. On the other
hand, binary systems with higher chirp mass produce louder GWs, so that
BBH events are the most intense, followed by NSBH and BNS. Without consid-
ering the detector, these two effects combine together so that the BBH systems
produce the SGWB with the largest amplitude, followed by BNS and NSBH.
For LIGO/Virgo this order is preserved since the fraction of resolved events
is very low. The situation is quite different for ET, which is expected to detect
most of BBH systems up to z ∼ 10 and most of the BNS systems up to z ∼ 1, as
we will discuss in more detail in the next section. Therefore, for ET, the stochas-
tic backgrounds produced by BBHs and NSBHs are slightly lower than the one
produced by BNSs. The higher sensitivity of ET leads to a lower observed en-
ergy density compared to LIGO/Virgo. This is because ET will be able detect
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a larger number of events, resulting in fewer unresolved events contributing to
the SGWB.

Finally, we compare the predicted SGWB amplitudes with the sensitivities
of the considered detectors. The dashed grey lines in Figure 17 represent the
power-law integrated sensitivity curves [174] for LIGO/Virgo and ET. ET will
have greater sensitivity and will cover a wider frequency range compared to
2G detectors like LIGO and Virgo. The expected signal for LIGO/Virgo is ap-
proximately one order of magnitude below the upper limit obtained from the
first half of the third observing run, which stands at Ωgw ⩽ 3.4× 10−9 at 25

Hz for a power-law background with a spectral index of 2/3. However, the ex-
ceptional sensitivity of ET will ensure the detection of the astrophysical SGWB,
despite its reduced amplitude due to the large number of resolved GW events.
Both LIGO/Virgo and ET have a better sensitivity to SGWBs within the fre-
quency range between ∼ 10 Hz and a few hundreds of Hz. For the rest of the
analysis, we will focus on an intermediate reference frequency fref = 65 Hz.

2.3.3 Total and residual background

Filtering out the resolved events to obtain the residual background not only
dampens the overall amplitude of Ωgw(f), as a consequence of the reduced
number of events that contribute to the background, but also shifts the posi-
tion of the high-frequency peak and slightly changes its shape. These effects
are clearly visible in Figure 18, where the total and residual backgrounds for
LIGO/Virgo and ET are directly compared. The modification of the peak re-
flects the fact that the population of unresolved binaries contributing to the
residual background has different properties compared to the total population.
Specifically, it has overall higher redshifts and masses, as both very nearby and
very massive events are more easily detected individually. Indeed, the extent
to which the properties of the unresolved population of binaries differs from
that of the total population depends on the sensitivity and configuration of the
considered network of detectors.

In this work, we consider only compact remnants of Population I/II stars.
Their merger rate peaks at z ∼ 2− 3, and their individual masses hardly go
over 100M⊙. For this reason, the overall shape of Ωgw(f) for the residual back-
ground remains a power-law ∝ f2/3, followed by a single peak and an expo-
nential decay. Other studies, such as Ref. [187], include in their analysis also
Population III stars. These stars are a hypothetical population of very ancient,
metal-poor stars formed in the young Universe, just at the onset of stellar ac-
tivity. They are characterized by high masses, contributing to the SGWB at low
frequencies. Since binaries of Population III remnants would be very distant
in redshift, their GW signals are not only highly redshifted, but also extremely
faint. Therefore, they would be buried under the signals of younger, closer
binaries when considering the total background. However, they could be ob-
servable in the residual background within next-generation ground-based de-
tectors, such as ET, which will be able to resolve the majority of BBH up to
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Figure 18: Comparison of total and residual SGWB. Filtering out the resolved events
not only reduces the amplitude of Ωgw(f), but also changes the position
and the shape of its high-frequency peak. The color code is the same as in
the previous figures.

high redshifts. If this is the case, Population III binaries would show up as
a secondary peak in the Ωgw(f) of the residual background, located at lower
frequencies compared to the peak associated with Population I/II stars.

2.4 characterizing the sgwb as a tracer of the lss

In this work, we are studying the SGWB given by the superposition of GW
signals emitted by coalescing binaries. Most of the stellar compact-object bina-
ries in the Universe reside within galaxies. Since the large-scale distribution of
galaxies trace the total matter distribution, the SGWB energy density is also a
tracer of matter. In this Section, we characterize the astrophysical SGWB as a
tracer of the large-scale structure (LSS). There are four physical quantities that
fully characterize a cosmic field as tracer of the LSS:

• the redshift distribution, which quantifies the contribution from sources at
different redshifts;

• the bias, which expresses the mismatch between the distribution of the
tracer and the underling dark matter distribution;

• the magnification bias, which quantifies the change in the observed field
density induced by gravitational lensing;

• the evolution bias, which reflects the fact that the number of sources is
not necessarily conserved across different redshift due to the possible
formation of new objects.
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In the following, we derive all these quantities for the SGWB energy density
from scratch. Then, we evaluate them numerically within the astrophysical
framework we described in Section 2.2.

Redshift distribution

By definition, we can express the energy density Ωgw as:

Ωgw =

∫
dz
dΩgw

dz
. (101)

Thus, the redshift distribution can be easily computed from Equation (92) by
removing the integral over redshift:

dΩgw

dz
(z, f) =

8πGf

3H30c
2

1

(1+ z)h(z)

∫
dMc

d2Ṅ

dMcdV
(z|Mc)

dE

df
(fe(z)|Mc)×

×
∫ ρ̄
0
dρ Pρ(ρ|Mc, z) .

(102)

Indeed, the redshift distribution is a function of the observed frequency, but
in the following we focus on a reference frequency, fref = 65 Hz, which lies
more or less at the center of the frequency band where both LIGO/Virgo and
ET are more sensitive to SGWB (see the sensitivity curves in Figure 17). In
Figure 19, we plot dΩgw/dz as a function of redshift at the reference frequency.
We show the results for the total background (ρ̄ = ∞ in Equation (102)) and
the residual background (ρ̄ = 8 in Equation (102)), for both LIGO/Virgo and
ET. The distribution dΩgw/dz for the total background is almost flat up to
z ≲ 1 due to a compensation between the increasing number of mergers and
the dilution of the GW flux. At z ≳ 1, dΩgw/dz starts to decrease because
the merging rates flatten at those redshifts, not compensating anymore for
flux dilution. At even higher redshifts, dΩgw/dz decreases rapidly due to the
absence of merging binaries. The curves for the residual background reflect the
fact that an real detector will resolve a substantial number of nearby events,
particularly BBHs. As a result, these resolved events do not contribute to the
SGWB. Hence, the redshift distributions for LIGO/Virgo and ET decline at
low redshifts, so that intermediate redshifts are the ones that contribute most
to the SGWB energy density. This effect is more evident for ET, which has a
better sensitivity than LIGO/Virgo and is expected to resolve the majority of
BBH events up to z ≲ 10 and BNS events up to z ≲ 1. As a consequence, ET
will observe a residual SGWB whose energy density mainly comes from events
located at 1 ≲ z ≲ 3.

Bias

The bias bΩ quantifies the mismatch between the distribution of the SGWB
energy density and the total matter distribution. Since we are considering the
SGWB produced by coalescing binaries inside galaxies, the bias of its energy
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Figure 19: Redshift distributions dΩgw/dz for BBH (solid) and BNS (dashed) events
at fref = 65 Hz. The solid curves are the redshift distributions of the energy
density for the total background. The dotted and dashed curves are the
redshift distributions of the energy density for the residual background for
LIGO/Virgo and ET, respectively.

density is directly related to the bias of the host galaxies. To derive an expres-
sion for bΩ, we start from the bias b(z,ψ), associated to a galaxy at a given
redshift z with given star formation rate (SFR) ψ. Following the procedure pre-
sented in Ref. [241], we associate the SFR of each galaxy to the mass of its
dark matter halo through an abundance matching technique. Then, we assign
to a galaxy with SFR ψ the bias of the corresponding halo. The abundance
matching is a standard method to derive a monotonic relationship between
the galaxy and the halo properties. This is done by matching the correspond-
ing number densities in the following way:∫∞

log10ψ
d log10ψ

′ d2N

d log10ψ ′ dV
=

=

∫∞
−∞ d log10M

′
H

d2N

d log10M
′
H dV

1

2
Erf
[

log10(MH(ψ))/M ′
H√

2σ̃

]
,

(103)

where Erf[·] is the error function, d2N/d log10ψ
′/dV is the star formation rate

function (SFRF) and d2N/d log10M
′
H/dV is the galaxy halo mass function, i.e.,

the mass function of those halos that are hosting one individual galaxy (see
Appendix A for further details). MH(ψ) is the relation we are looking for
and σ̃ = σd log10MH/d log10ψ is the scatter around that relation (we set
σlog10ψ ≃ 0.15). Once M(ψ) is determined, we assign to each galaxy the bias
corresponding to the halo associated with its SFR, i.e, b(z,ψ) = b(z,MH(z,ψ)),
where b(z,MH) is computed as in Ref. [242] and approximated as in Ref. [243].
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Figure 20: Bias of the SGWB energy density for BBH, BNS and NSBH as a function of
redshift at fref = 65 Hz for ET.

In order to assign a redshift-dependent bias to the SGWB energy density, we
weight the galaxy bias b(z,ψ) with the energy density per unit redshift and
SFR, which keeps into account the contribution of GWs coming from galax-
ies with different SFRs. The energy density per unit redshift and SFR can be
computed in the same way as the redshift distribution of Equation (102), using
the merger rate per unit volume, chirp mass and SFR, d2Ṅ/dMcdVd log10ψ,
instead of the merger rate per unit volume and chirp mass. All in all, the bias
of the SGWB energy density is given by:

bΩ(z, f) =

∫
d log10ψ

d2Ωgw

dzd log10ψ
(z,ψ, f) b(z,ψ)

∫
d log10ψ

d2Ωgw

dzd log10ψ
(z,ψ, f)

. (104)

In Figure 20, we show the bias of the SGWB energy density for BBH, BNS and
NSBH binaries as a function of redshift at fref = 65 Hz for ET. Since it mainly
reflects the behavior of the galaxy bias, the bΩ(z) increases with redshift for all
binary types. However, the bias for BBHs and NSBHs is smaller than the one
for BNSs because black holes need a lower metallicity to form. An environment
with lower metallicity, in turn, requires a lower SFR. Since low-SFR galaxies
have a smaller bias at all redshifts, the SGWB produced by coalescing binaries
containing at least one black hole comes from galaxies with smaller biases, on
average.

Magnification bias

Let’s now focus on the effect of gravitational lensing on the SGWB. In the
geometrical-optics limit, a gravitational lens with a magnification factor µ en-
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Figure 21: Magnification bias of the SGWB energy density for BBHs, BNSs, and NSBHs
as a function of redshift at fref = 65 Hz for LIGO/Virgo (solid lines) and ET
(dashed lines).

hances the signal-to-noise ratio ρ of a GW signal by a factor of
√
µ, without

altering the shape of the observed waveform. For what concerns strong lens-
ing, we verified that the effect of lenses with magnification µ > 2 on the SGWB
energy density is negligible. Instead, weak lensing can affect the SGWB in two
ways: by boosting the amplitude of some events through magnification and
by reducing the received GW flux due to volume dilution. The overall effect,
given by the interplay of these two factors, is encoded in the magnification bias.
Adapting the general derivation that is found in the appendix of Ref. [244] to
the case of SGWB, we define the magnification bias sΩ of the SGWB energy
density through

dΩlensed
gw

dz
=
dΩgw

dz

[
1+ κ(5sΩ − 2)], (105)

where κ is the lensing convergence. After some manipulation, we obtain the
explicit expression

sΩ,ρ̄(z, f) = −
1

5

d log10
(dΩgw(f,z,<ρ)

dz

)
d log10 ρ

∣∣∣∣∣
ρ=ρ̄

. (106)

This expression for the magnification bias is similar to the one derived in Refs.
[245, 246] for resolved GW events: a crucial difference is that we are now con-
sidering only the GW events that are below the detection threshold ρ̄. When we
compute the SGWB considering all events, resolved and unresolved, the two
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effects of weak lensing - growth of energy density due to magnification and
dilution of flux - balance each other. Therefore, weak lensing does not affect
the anisotropies of the SGWB in this case, as already shown in Ref. [110]. For
this reason, we set the magnification bias to 0.4, i.e., the value for which the
two competing effects cancel out. The situation is different when we account
for the detector sensitivity by subtracting the resolved GW events from the en-
ergy budget. In this case, the lensing magnification boosts some events above
the detection threshold, so that they are resolved by the detector and do not
contribute to the energy density. This is reflected by a negative magnification
bias, as it can be seen in Figure 21, where we plot sΩ(z) for LIGO/Virgo and
ET. The magnification bias is different from zero where there is a considerable
amount of events with a signal-to-noise ratio close to the detection threshold.
Accordingly, for BBHs it goes to zero at higher redshifts than for NSBHs and
BNSs, since BBH events are more energetic and can be resolved up to higher
redshifts. For the same reason, the magnification bias for the extremely sensi-
tive ET is lower than zero up to very high redshifts, especially for BBHs.

Evolution Bias

Finally, the evolution bias takes into account that new sources are continuously
formed throughout cosmic history, so that the number of sources is not neces-
sarily conserved in redshift. Adapting the definition for resolved GW events
presented in Ref. [246], the evolution bias of the SGWB energy density can be
written as:

fevo
Ω =

d ln
(dΩgw
dzdn̂

)
d lna

, (107)

where a is the scale factor. As we will see in Equations (110) and (111), the
evolution bias appears only in sub-leading contributions in the computation of
the SGWB anisotropies.

2.5 the sgwb anisotropies

Now that we have characterized the SGWB energy density as a tracer of the
LSS, we are ready to compute its anisotropies. As discussed in Chapter 1, these
anisotropies are due to the inhomogeneous distribution of sources in the Uni-
verse and the propagation effects that GWs experience as they travel from the
source to the observer.

2.5.1 Theoretical modeling

Similar to the isotropic term Ωgw(f), the anisotropic term δΩgw(f, n̂) is influ-
enced by the local astrophysical conditions at both galactic and sub-galactic
scales, as well as the underlying cosmology. However, the anisotropies are also
affected by the LSS and its impact on the distribution of sources and the prop-
agation of GWs. Analytic expressions for the anisotropies of the astrophysical
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SGWB, derived from the mentioned ingredients, are already present in the lit-
erature (see, e.g., [91, 93, 110, 112]). In Section 2.4, we characterize the SGWB
energy density as a tracer of the LSS. This allows us to use the Boltzmann
solver CLASS [210, 211] to compute the angular power spectrum of the SGWB
anisotropies. Indeed, the formalism for computing the SGWB anisotropy an-
gular power spectrum is similar to the one used for computing the power
spectrum of galaxy number counts. We can therefore use the CLASS routines
dedicated to number counts [247] also in our case. Despite the analogy in the
two formalisms, it is crucial to handle the conceptual differences with care.
Indeed, the physics of number counts is intrinsically tomographic, whereas
the physics of SGWB is somehow blind to the location in redshift space of
the sources, since the superposition of all the unresolved events is calculated
integrating along z. Therefore, in order to adapt the number count formalism
to the SGWB, we must reduce the analysis to a single redshift bin that spans
from z = 0 up to a certain zmax, beyond which the GW contributions are negli-
gible. In this way, all the events in the considered redshift range are integrated
together and contribute to the angular power spectrum of the energy density
contrast:

Cℓ =
2

π

∫
dk

k
P(k)

[
δΩℓ(k)

Ωgw

]2
, (108)

where

δΩℓ(k) =

∫zmax

0
dz
dΩgw

dz
W(z|zmax/2) δΩℓ(k, z) . (109)

In Equation (108), P(k) is the primordial matter power spectrum as a function
of wavenumber k, dΩgw/dz is the redshift distribution of the SGWB energy
denasity, as defined in Equation (102). The window function W(z|zmax/2), is
a top hat function centred at zmax/2, designed to equally weigh all the events
occurring the redshift range. Finally, δΩℓ(k, z) is the relativistic angular fluctu-
ation of the density of the tracer, which is determined by density (den), velocity
(vel), lensing (len) and gravity (gr) effects [246, 248, 249]:

δΩℓ(k, z) = δΩden
ℓ (k, z) + δΩvel

ℓ (k, z) + δΩlen
ℓ (k, z) + δΩgr

ℓ (k, z) . (110)

The significance of each of these terms varies based on the specific configu-
ration, such as redshift bins and window functions. However, the main con-
tribution typically comes from the density term. The full expressions of the
relativistic effects in the fluctuation δΩℓ are:

δΩden
ℓ (k, z) = bΩ δ(k, τz)jℓ

δΩvel
ℓ (k, z) =

k

H
j ′′ℓ V(k, τz)+

+

[
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Ω − 3)

H

k
jℓ +

(H ′

H2
+
2− 5sΩ
r(z)H

+ 5s− fevo
Ω

)
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]
V(k, τz),

(111)
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δΩlen
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(27)

where bΩ, sΩ, and fevo
Ω are the bias, magnification bias, and evolution bias of

the SGWB energy density, introduced in Section 2.4. Moreover, r is the confor-
mal distance on the light cone, τ = τ0− r is the conformal time, τz = τ0− r(z),
jℓ, j ′ℓ and j ′′ℓ are the Bessel functions and their derivatives evaluated at y = kr(z)

if not explicitly stated, H is the conformal Hubble parameter, the prime symbol
stands for derivatives with respect to conformal time, δ is the density contrast
in the comoving gauge, V is the peculiar velocity, Φ and Ψ are Bardeen poten-
tials.

2.5.2 Angular power spectrum

The anisotropies of the SGWB from astrophysical sources has been studied
in recent works [95, 96, 104, 106, 114]. Discrepancies in the results obtained
in these works have been observed and discussed in Refs. [108, 109]. There,
the authors suggest that the discrepancies could arise from variations in the
astrophysical modeling and treatment of galaxy clustering. The goal here is to
present the predicted signal within the astrophysical framework introduced in
Section 2.2, which features new descriptions of both stellar and galactic physics.
In the following, I will discuss our results and analyze the phenomenology of
our predictions.

We compute the angular power spectrum of the SGWB anisotropies using
the Boltzmann solver CLASS. In particular, we consider the redshift bin zbin =

[0, 8], using a top-hat window function in order to weight all the events equally.
One drawback of using CLASS is that it allows only one bias and magnification
bias value for each redshift bin. This limitation is significant because bias and
magnification bias change noticeably with redshift, as shown in Figures 20

and 21. To overcome this issue, we use a weighted mean of bΩ(z) and sΩ(z)
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Figure 22: Angular power spectrum of the anisotropies of the total SGWB produced by
BBHs, BNSs, and NSBHs at fref = 65 Hz. The black dotted lines represent
the power-law fit at large angular scales, whose slopes are also reported.

in the considered redshift interval, where the weight is given by the redshift
distribution of the SGWB energy density:

⟨bΩ⟩ =

∫
dz
dΩgw

dz
bΩ(z)∫

dz
dΩgw

dz

and ⟨sΩ⟩ =

∫
dz
dΩgw

dz
sΩ(z)∫

dz
dΩgw

dz

(28)

Considering the strong redshift dependence of both bias and magnification
bias, relying on this approximation should be avoided in the future. Indeed,
modifying CLASS to incorporate redshift-dependent bias and magnification
bias would lead to more accurate results. As an initial step, we computed the
angular power spectrum of the anisotropies in the total background, given by
the superposition of all events, both resolved and unresolved. It’s important to
emphasize again that the SGWB measured by a real detector is given by the
unresolved events only. Nevertheless, analyzing the anisotropies in the total
background is interesting for two main reasons:

1. The total SGWB provides a detector-independent estimate of the expected
signal amplitude;

2. Working with the total SGWB enables a comparison of our results with
other predictions in the literature.

In Figure 22, we show the angular power spectrum of the anisotropies in the
total SGWB for BBHs, BNSs, and NSBHs at fref = 65 Hz. Independently on
the binary type, the spectra behave as a power-law at large angular scales and
bend at smaller scales, reaching a peak at l ∼ 5× 103. The slope of the power-
law is close to 1, which means that Cℓ ∝ 1/ℓ approximately, as it was also
found in Refs. [96, 104].
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Figure 23: Angular power spectrum of the anisotropies of the residual SGWB pro-
duced by BBHs, BNSs, and NSBHs at fref = 65 Hz. Here, the SGWB is
obtained integrating only the unresolved GW signals, for LIGO/Virgo (left)
and ET (right). The black dotted lines represent the power-law fit at large
scales.

One important innovation of this work is the analysis of the statistical prop-
erties of the anisotropies in the residual SGWB, as potentially measured by
real detectors, i.e., considering only the unresolved GW events. The angular
power spectrum of the SGWB anisotropies at fref = 65 Hz for LIGO/Virgo and
ET are shown in Figure 23. For both detectors and for all binary types, the
angular power spectrum behaves as a power law at large angular scales, as we
also found when considering the total background. In this case, however, the
power law is steeper and its slope is close to 2. Indeed, the value of the slope is
slightly different for different binary types and detectors. We investigated the
frequency behavior of the angular power spectra analyzing the anisotropies
of the SGWB also at f = 33, 65, 105 and 209 Hz. We found that the slopes at
large angular scales are constant with frequency. This feature could be used
to distinguish the contribution of the various type of coalescing binaries from
future measurements.

We compare our results with the current LIGO/Virgo upper limit obtained
from the data of the first three observing runs. In Ref. [12], these upper limits
are presented in terms of C̃l1/2 = ΩgwCℓ

1/2, and the associated 95% upper
limit at 25 Hz is C̃ℓ1/2 ≲ 1.9× 10−9 sr−1 for 1 ⩽ ℓ ⩽ 4, assuming an isotropic
background with a spectral index of 2/3. Based on our results for Ωgw =

4πΩgw and Cℓ at fref = 65 Hz, we obtain C̃1/2ℓ ≃ 3× 10−14 sr−1 at ℓ = 2

for both BBHs and BNSs, which is significantly below the current upper limit.
Regarding ET, in Ref. [193], the amplitude required for the ℓ = 2 multipole to
produce a S/N = 1 in one year of observation with two ET detectors is reported
as C̃ℓ1/2 ≲ 1.5× 10−14 sr−1 at 10 Hz, assuming an isotropic background with
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a spectral index of 0. Our results for ET at fref = 65 Hz yield C̃1/2ℓ ≃ 6− 8×
10−15 sr−1 for the ℓ = 2, slightly below the minimum value found in Ref. [193].

2.5.3 A tomographic approach

Interestingly, our framework yields different predictions for different sources
and detector types. This is the result of the complex interplay between vari-
ous factors in the calculation, including the redshift distribution of the sources,
their bias, and their magnification bias. In the following, I will provide a qual-
itative interpretation of these features, with a particular emphasis on the large
angular scales. From Figures 22 and 23, it is apparent that the main difference
between the power spectra of total and residual backgrounds is a steeper slope
at large angular scales. The interpretation of this feature is not trivial because
of the integrated nature of the SGWB. The SGWB, indeed, is given by the in-
coherent superposition of GW events up to a typical maximum redshift zmax.
Hence, there is no direct relation between wavenumbers and angular scales.
Instead, a given wavenumber contributes to all multipoles ℓ ≲ ℓmax(k), where
ℓmax(k) is related to zmax through

ℓmax(k) = k
[
τ0 − τ(zmax)

]
, (29)

where τ(z) is the conformal time and τ0 = τ(0). Still, it is possible to identify
the contributions of events at different redshifts using a tomographic approach.
The results must then be interpreted taking into account the redshift distribu-
tion of the energy density. The tomographic analysis consists in computing
the angular power spectrum of the SGWB anisotropies in the redshift bins
zbin = [0, 1], [1, 3] and [3, 8] and to compare them with the results in the total
redshift interval zbin = [0, 8] presented in Section 2.5. In Figure 24, we show the
power spectra of the SGWB anisotropies in these redshift bins for BBHs and
BNSs and for both the total and residual backgrounds. We focus on the shape
of the curves and do not consider their amplitude, which is typically higher
for thinner redshift bins.

The upper panels of Figure 24 show the results of the tomographic analysis
for the total SGWB. Remarkably, the power spectra have similar behaviors for
both BBHs and BNSs. In both cases, the power-law slope at large angular scales
is approximately ≈ 1 for the redshift bin zbin = [0, 1], while it steepens to ap-
proximately ≈ 2 for the redshift bins zbin = [1, 3] and zbin = [3, 8]. This pattern
leads us to deduce that the power-law slope is correlated with the distance of
the considered sources. Specifically, the slope tends to be milder when the dom-
inant contribution comes from sources at lower redshifts, whereas it steepens
when the primary contribution comes from high-redshift sources. This obser-
vation is consistent with the fact that nearby events mostly contribute to the
SGWB anisotropies at large angular scales. As we already saw in Figure 19, the
redshift distribution of the total SGWB remains relatively flat up to z ∼ 1 for
both BBHs and BNSs. Therefore, the energy density of the total SGWB is pre-
dominantly shaped by nearby events, from which we receive the most intense
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Figure 24: Tomographic analysis of the SGWB anisotropies for BBH and BNS coalesc-
ing binaries at fref = 65Hz. We consider the total SGWB (upper panels), and
the residual SGWB for LIGO/Virgo (middle panels) and ET (lower panels).

GW signals. This is the reason why the overall signal, integrated within the
redshift bin zbin = [0, 8], features a mild slope (≈ 1) for both BBHs and BNSs.

The middle panels of Figure 24 show the results of the tomographic analysis
for the residual SGWB for LIGO/Virgo. In this scenario, the detectors resolve
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many nearby events, leading to a suppression of the contribution from low-
redshift sources, particularly pronounced for BBH events (as shown by the
blue curves in Figure 19). As a consequence, the power spectra have different
behaviors at large scales for BBHs and BNSs. In the case of BNS events, the
power spectra features a steeper slope (≈ 2) for the redshift bins zbin = [1, 3]
and zbin = [3, 8], while a milder slope (≈ 1.5) is observed for zbin = [0, 1]. In
contrast, for BBHs, the slope remains ≈ 2 across all redshift bins. This is be-
cause even for zbin = [0, 1], the main contribution comes from events at z ≳ 0.5,
given that many nearby BBH events are resolved by the detector. These ob-
servations clarify why the power spectra of the anisotropies of the residual
SGWB over the total redshift interval zbin = [0, 8] generally display a steeper
profile at large angular scales compared to the total SGWB. Furthermore, we
infer that the power spectrum for BNSs has a milder slope than that for NS-
BHs and BBHs because the signal is given by a higher number of low-redshift
unresolved BNS events, contributing significantly at larger angular scales. As
previously highlighted, the specific behavior of each curve is the result of the
interplay of numerous factors. However, for LIGO/Virgo, the SGWB energy
density is mainly given by a population of events at relatively low redshifts.
Therefore, the complexities associated with the LSS and gravitational lensing
are mitigated, allowing for a qualitative interpretation of the different slopes
observed for different sources.

Finally, the lower panels of of Figure 24, show the results for ET. In this case,
the slope at larger angular scales remains ≈ 2 across all redshift bins, regard-
less of the binary type. This behavior stems from the fact that ET will be able
to resolve all nearby events, including both BBHs and BNSs, as shown by the
redshift distributions in Figure 19. This explains why all the power spectra
feature steep slopes (≈ 2) for ET. However, this alone does not provide a com-
plete interpretation of the slightly different slopes observed for different binary
types (as also shown in Figure 23). Compared to LIGO/Virgo, ET is sensitive
to a SGWB generated by a population of events situated at higher redshifts.
Therefore, accurately capturing all the intricate effects associated with the LSS
and gravitational lensing, which significantly influence the computation of the
power spectrum, becomes more challenging.

2.6 a framework to simulate full-sky maps of the sgwb

In this Section, I introduce a technique to simulate full-sky maps of the ex-
pected SGWB density contrast, δgw(f, n̂). The peculiarity of the astrophysical
SGWB with respect to other backgrounds, such as the CMB, is that it is given
by the superposition of numerous unresolved point sources, instead of a single
extended source. Since these sources are discrete in space and time, the SGWB
statistics will follow a Poisson distribution. In order to simulate a realistic sig-
nal, we therefore need to develop a framework that produces maps with a
poissonian statistic and the cosmological clustering expected for the GW emit-
ters. To this purpose, we adapt the procedure presented in Ref. [250] to the
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Figure 25: Simulated full-sky map of the SGWB generated by BBH and BNS binaries
at fref = 65 Hz. As an example, we show the residual SGWB for ET after
T = 1 yr of observation. Both plots have been realized with the HEALPix
package, using Nside = 64, which corresponds to an angular resolution of
θpix = 55’. In order to remove the ringing effect arising when manipulating
the harmonic coefficients, the maps have been smoothed with a Gaussian
filter corresponding to σ = θpix.

case of the SGWB. A preliminary step is to produce a purely poissonian map
of the energy density contrast, without any clustering. First, we compute the
mean number of unresolved events per unit time in each pixel:

⟨Ṅpix⟩ =
4π

Npix

∫
dz

∫
dMc

d3Ṅ

dn̂dzdMc

∫ ρ̄
0
dρPρ(ρ|z,Mc) . (30)

In Equation (30), Npix is the number of pixels in the map and dṄ/dn̂dzdMc
is the merger rate per unit redshift, solid angle and chirp mass, which can be
easily obtained from the differential merger rate of Equation (85) through:
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d3Ṅ

dn̂dzdMc
=

d2Ṅ

dVdMc

c r(z)

H0 h(z)
, (31)

where r(z) is the comoving distance. We then create a map assigning to each
pixel a number of events per unit time extracted from a Poisson distribution
with mean ⟨Ṅpix⟩. We assign to each event in each pixel a chirp mass and a
redshift that we generate randomly from a 2D probability distribution obtained
from the differential merger rate dṄ/dzdMc. In this way, we can compute the
energy density in each pixel summing the contributions from all the events:

ΩPoiss
gw =

8πGf

3H30c
2

1

T

∑
i

dE/df(zi,Mc i)
4π(1+ zi)r2(z)

, (32)

where T is the considered observing time (T = 1 yr, in our case). At this stage,
we have a map of the SGWB energy density which follows a pure Poisson
statistics, without any clustering. In order to inject the clustering induced by
the LSS, we first compute the energy density contrast of the purely poissonian
map:

δPoiss
gw =

ΩPoiss
gw − ⟨Ωgw⟩

⟨Ωgw⟩
. (33)

Then, using the HEALPix5 package [251, 252], we compute the harmonic coef-
ficients aPoiss

ℓm of the density contrast map. At this point, we can introduce the
correlation given by the angular power spectrum CCLASS

ℓ obtained with CLASS

in the following way:

aℓm = aPoiss
ℓm

√
CPoiss
ℓ +CCLASS

ℓ√
CPoiss
ℓ

. (34)

Finally, by performing an inverse harmonic transform, we obtain the clustered
density contrast δgw, from which the energy density at each pixel can be easily
computed as Ωgw = ⟨Ωgw⟩(1+ δgw). In Figure 25, we show a full-sky realiza-
tion of the SGWB energy density contrast produced by BBH and BNS coalesc-
ing binaries at fref = 65 Hz. For simplicity, we focus on the residual SGWB for
ET. In Figure 26, we plot the angular power spectra of the two maps, together
with the theoretical power spectra obtained with CLASS and the power spectra
of the purely poissonian maps (no clustering). As expected, the angular power
spectrum of the shot noise is flat across all multipoles and its amplitude is
related to the chosen integration time. Increasing T, the number N of events in
each pixel increases and the shot noise amplitude decreases as 1/

√
N. We find

5 http://healpix.sourceforge.net
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that, for T = 1 yr, the shot noise dominates over the signal, especially for BBHs.
For BNSs, the shot noise is relatively lower due to the higher merger rate, as
seen in Figures 14 and 15. Accordingly, the number of merging BNSs per year
in each pixel, is higher than the number BBHs, and the resulting shot noise is
lower. All in all, it is clear that being able to remove the shot noise is crucial to
obtain an estimate of the intrinsic angular power spectrum of the SGWB from
real data. Recent studies addressed this issue, finding that the effect of shot
noise can be reduced cross-correlating the signal with other probes [102, 104,
113–115, 118, 253, 254].

Figure 26: Comparison of the angular power spectra of the simulated SGWB map
(solid black) and the purely poissonian map (dashed grey) with the theo-
retical angular power spectrum of SGWB anisotropies obtained with CLASS

(orange). The power spectrum of shot noise is flat across all multipoles and
it dominates over the signal at most scales. The shot noise is lower for BNSs,
since the merger rate is higher than for BBHs.

2.7 discussion and conclusions

In this chapter, I discussed a theoretical characterization of the SGWB gener-
ated by the superposition of unresolved GW signals produced by binary coales-
cences in galaxies. This SGWB is expected to be the dominant contribution in
the frequency band of ground-based interferometers. The significant amount of
astrophysical and cosmological information encoded in this particular SGWB
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makes its characterization one of the primary goals for the GW community.
Our predictions rely on an empirical, data-driven approach to galactic astro-
physics, which allows us to track the evolution of individual galaxies. We also
use the outcomes of population synthesis codes to model stellar and binary
evolution.

We have characterized the energy density parameter of the SGWB as a tracer
of LSS. This involved computing its redshift distribution, bias, and magnifica-
tion bias. We then used the Boltzmann solver CLASS to calculate the angular
power spectrum of SGWB anisotropies. We presented our predictions for the
isotropic energy density and the angular power spectrum of anisotropies of
the residual SGWB for LIGO/Virgo and ET. In this context, we filtered out
events with expected signal-to-noise ratios that would enable LIGO/Virgo or
ET to resolve them individually. Additionally, we also analyzed the scenario in
which all GW events, both resolved and unresolved, contributed to the SGWB.
This allowed us to compare our findings with existing literature. We presented
our results for all binary types – namely, BBHs, NSBHs, and BNSs. We also per-
formed a tomographic analysis in order to isolate the contribution of sources
located at different redshifts. Finally, we have introduced a framework for sim-
ulating realistic full-sky maps of the SGWB. This framework accounts for both
the poissonian nature of the signal and the cosmological clustering properties.
With this technique, we were able to estimate the amplitude of the shot noise
caused by the discreteness of sources in space and time. Our findings show
that the shot noise dominates over the pure clustering signal, especially in the
case of the SGWB generated by BBH events, given their lower merger rate
compared to BNS events.

In the following chapters, I will present our subsequent works, in which
we extend the results presented in this chapter in several different ways. First,
we employ our pipelines to cross-correlate the SGWB with other cosmic fields.
Cross-correlations are highly effective in mitigating the impacts of shot noise
and instrumental noise, as discussed in Chapter 3. In Chapter 4, I will show
how we expanded our analysis to include other sources of SGWB and various
detectors. Finally, in Chapter 5, I will investigate how different astrophysical
and cosmological models affect our results concerning the isotropic SGWB.



3C R O S S - C O R R E L AT I O N W I T H C M B L E N S I N G :
T H E O RY A N D D E T E C T I O N P R O S P E C T S

This chapter is based on the following publication:

G. Capurri, A. Lapi, C. Baccigalupi
Detectability of the cross-correlation between CMB lensing and stochastic GW back-
ground from compact object mergers
Universe 8.3 (Mar. 2022) , arXiv:2111.04757

The anisotropies of the stochastic gravitational-wave background (SGWB) pro-
duced by stellar compact binaries coalescences constitute a new probe of the
large-scale structure (LSS). However, the shot noise caused by the discreteness
of the GW sources in space and time and the limited angular resolution of
GW instruments hamper the detection of the intrinsic anisotropies induced
by the LSS. In this chapter, I will investigate the potential of cross-correlating
forthcoming high precision measurements of the SGWB energy density and
the Cosmic Microwave Background (CMB) lensing convergence to mitigate the
effect of shot noise.

3.1 introduction and motivation

The SGWB generated by stellar compact binary coalescences has garnered sig-
nificant interest in the scientific community [37, 84–90, 187, 240]. Indeed, it
anticipated to be the dominant stochastic background in the frequency range
explored by ground-based detectors (f ∼ Hz-kHz). Although it has not been
measured yet, existing data from the LIGO/Virgo network have already placed
upper bounds on both its amplitude and anisotropies [11, 12]. The binaries that
produce this SGWB are the outcomes of stellar evolution and are primarily lo-
cated inside galaxies. As a consequence, the SGWB anisotropies reflect the
distribution of galaxies in the Universe and constitute themselves a tracer of
the LSS, as we discussed in Chapter 2. Therefore, the anisotropic SGWB has
been extensively studied in recent years, with a significant focus on theoretical
modeling [91, 95, 96, 102–104, 106, 110–112, 116], observational searches [193,
208, 255–258], and data analysis techniques [18, 167, 168, 171, 173, 259, 260].

The two main challenges in detecting SGWB anisotropies in the Hz-kHz
band are the limited angular resolution of GW detectors and the shot noise.
The former issue is associated with the noise characteristics of the detector,
their projection onto the sky, as well as the network configuration and scan
strategy. [23, 122]. In contrast, shot noise arises because the SGWB consists
of the superposition of individual events that are discrete in both space and
time, leading to a high level of uncertainty in the predicted SGWB energy
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density. Several recent studies have addressed the shot noise issue, showing
that its expected amplitude is orders of magnitude higher than the clustering
induced by the LSS [113–116]. Cross-correlation with other tracers of the LSS
has been proposed as a potential solution to mitigate the impact of shot noise.
Specifically, cross-correlations with galaxy number counts, weak lensing, and
CMB temperature fluctuations have already been investigated [102, 104, 118,
119, 253, 254, 261].

In this chapter, I discuss the cross-correlation between the astrophysical
SGWB and the CMB lensing convergence1. The aim of the study is to investi-
gate whether cross-correlation with another cosmic field, tracing the same un-
derlying dark matter distribution, can reveal the intrinsic SGWB anisotropies
in the presence of both shot noise and instrumental noise. We chose to work
with CMB lensing convergence, which is as an integrated tracer of the LSS, like
the SGWB, and will be constrained with high precision by future CMB exper-
iments. Starting from the detailed models of stellar and binary evolution [214,
215] and galaxy astrophysics [76, 77], described in Chapter 2, we compute the
anisotropies of the SGWB for binary black holes (BBH), binary neutron stars
(BNS) and neutron star-black hole binaries (NSBH). We also consider different
present and forthcoming ground-based detectors: the LIGO/Virgo/KAGRA
network (LVK) [4, 5, 10], the Einstein Telescope (ET) [134, 135, 264], and Cos-
mic Explorer (CE) [136, 137]. Using the framework for distributing GW emitters
across the sky and simulating a full-sky map of the SGWB developed discussed
in the last section of Chapter 2, we estimate the shot noise. Finally, we explore
the potential of the cross-correlation with upcoming high-precision measure-
ments of CMB lensing by the Simons Observatory (SO) [57]. SO is a powerful
future probe that will observe arcminute-scale CMB anisotropies with high
sensitivity, allowing us to characterize the lensing signal with unprecedented
precision and use it to enhance sensitivity to cosmological GWs [265].

The chapter is structured as follows: in Section 3.2, I will review the char-
acterization of the CMB lensing as a tracer of the LSS through its kernel, and
I derive an analogous quantity for the SGWB as well. In Section 3.3, I will
provide an overview of the theory behind the cross-correlation of two cosmic
fields. In Section 3.4, I will present our results for the cross-correlation angu-
lar power spectra and study the detectability of such signals with present and
forthcoming instruments. Finally, in Section 3.5 I will discuss the results and
draw the conclusions.

Throughout this work, we assume the standard flat ΛCDM cosmology with
parameter values from the Planck 2018 legacy release [32], with Hubble rate
today corresponding to H0 = 67.4 km s−1 Mpc−1, Cold Dark Matter (CDM)
and baryon abundances with respect to the critical density corresponding to
ΩCDMh

2 = 0.120 and Ωbh2 = 0.022, respectively, reionization optical depth

1 Although the cross-correlation of CMB lensing with resolved GW sources was already em-
ployed as a probe of general relativity and dark energy [262, 263], this is the first time to our
knowledge that CMB lensing is cross-correlated with the SGWB, exploiting the fact that both
cosmic fields are tracers of the underlying dark matter distribution.
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τ = 0.054, amplitude and spectral index of primordial scalar perturbations
corresponding to ln(1010AS) = 3.045 and nS = 0.965, respectively.

3.2 sgwb and cmb lensing as tracers of matter

In this section, I provide a review the standard CMB lensing description, closely
following Refs. [266, 267]. Then, I recall the characterization of the SGWB as a
tracer of the LSS presented in Chapter 2, and we use this characterization to
derive an expression of a kernel for the SGWB energy density.

3.2.1 The lensing kernel

The LSS between the last-scattering surface and the observer gravitationally
deflects CMB photons. This process leaves small imprints on the observed tem-
perature and polarization fluctuations of the CMB. Specifically, the effect of
gravitational lensing on CMB photons can be described as a remapping of the
unlensed temperature anisotropies Θ(n̂) by a two-dimensional vector field in
the sky, known as the deflection field d(n̂) [268]:

Θ̃(n̂) = Θ(n̂+d(n̂))

= Θ(n̂+∇ϕ(n̂))
= Θ(n̂) +∇iϕ(n̂)∇iΘ(n̂) +O(ϕ2),

(35)

where Θ̃(n̂) is the lensed temperature fluctuation and ϕ(n̂) is the CMB lensing
potential:

ϕ(n̂) = −2

∫z⋆
0

cdz

H(z)

r⋆ − r(z)

r⋆r(z)
Ψ(r(z)n̂, z). (36)

In Equation (36), r(z) is the comoving distance to redshift z, r⋆ is the comov-
ing distance to the last-scattering surface at z⋆ ≈ 1090, H(z) is the Hubble
parameter, and Ψ(r(z)n̂, z) is the three-dimensional gravitational potential at
the point on the photon path given by r(z)n̂. The deflection field is defined as
d(n̂) = ∇ϕ(n̂), where ∇ is the the two-dimensional gradient on the sphere.
Since the lensing potential is an integrated measure of the gravitational po-
tential, it is convenient to describe the CMB lensing by means of the lensing
convergence, which is proportional to the two-dimensional Laplacian of the
lensing potential and can be written as a weighted integral over redshift of the
projected dark matter density contrast δ [269]:

κ(n̂) = −
1

2
∇2ϕ(n̂) =

∫z∗
0
Wκ(z)δ(r(z)n̂, z). (37)

The weight inside the integral is known as lensing kernel and describes the
lensing efficiency of the matter distribution. The lensing kernel is given by:
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Wκ(z) =
3Ωm

2c

H20
H(z)

(1+ z)r(z)
r∗ − r(z)

r⋆
, (38)

where Ωm and H0 are the present-day values of the matter density and the
Hubble parameter, respectively.

3.2.2 Derivation of the SGWB energy density kernel

As usual, we describe the SGWB using the energy density parameter:

Ωgw(f, n̂) =
1

ρc

d3ρgw(f, n̂)
d ln f d2n̂

=
8πGf

3H20c
2

d3ρgw(f, n̂)
dfd2n̂

, (39)

where ρc = 3H20c
2/8πG is the critical density and ρgw is the SGWB energy

density at the observed frequency f, arriving from the unit solid angle centred
around the observed direction n̂. The energy density parameter can be split
into an isotropic term and a directional fluctuation:

Ωgw(f, n̂) = Ωgw(f) + δΩgw(f, n̂) . (40)

In this work, we consider the astrophysical SGWB given by the incoherent su-
perposition of GW signals produced during the coalescence of stellar compact-
object binaries inside galaxies. Assuming that the SGWB, as well as the galaxies
that host the coalescing binaries, traces the peaks of the underlying dark matter
distribution, the energy density contrast δgw = δΩgw/Ωgw can be expressed
as a line-of-sight integral of the dark matter density contrast:

δgw(f, n̂) =
∫z⋆
0
WΩ(f, z)δ(r(z)n̂, z), (41)

where the SGWB kernel WΩ(f, z) is the sum of two terms:

WΩ(f, z) =
bΩ(f, z)

dΩgw

dz
(f, z)(∫

dz ′
dΩgw
dz ′

) + µ(f, z). (42)

The first term is the product of the bias bΩ, which quantifies the mismatch
between the distribution of the SGWB and the total matter density, and the
SGWB redshift distribution dΩgw/dz. The second term takes into account the
effect of weak lensing on the observed SGWB energy density and is given by:

µ(f, z) =
3Ωm

2c

H20
H(z)

(1+ z)r(z)×

×
∫z⋆
z
dz ′
(
1−

r(z)

r(z ′)

)(
sΩ(f, z) − 1

) dΩgw

dz
(f, z)(∫

dz ′
dΩgw
dz ′

) ,

(43)
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where sΩ is the magnification bias. We derived and discussed the expressions
of the redshift distribution dΩgw/dz, the bias bΩ and the magnification bias
sΩ in Chapter 2. For this work, we adopt the same framework to describe
the SGWB, with only minor modifications that I discuss in Appendix B. The
redshift distribution, bias and magnification bias of the SGWB can be evalu-
ated once specific models for stellar and binary evolution and galaxy astro-
physics have been chosen. In this work, we adopt the same prescriptions out-
lined in Section 2.2, originally presented in Refs. [76, 77]. We use the merger
rates obtained combining the results of the StarTrack population synthesis
code2, specifically the ‘reference B’ model in Refs. [214, 215], with data-driven
prescriptions for the host galaxies. In particular, we use the merger rates com-
puted employing the empirical star formation rate function (SFRF) as galaxy
statistics and the fundamental metallicity relation (FMR) to assign metallicity
to galaxies3 (see Figures 15 and 14). To reduce the impact of the uncertain-
ties in the astrophysical modeling, we re-scale the merger rates to match the
local values measured by LIGO and Virgo during the second observing run4

[219, 220]: 23.9+14.9
−8.6 Gpc−3 yr−1 for BBHs, 320+490−240Gpc−3 yr−1 for BNSs and

45+75−33Gpc−3 yr−1 for NSBHs.

3.3 cross-correlation of two cosmic fields

In this section, I will provide an overview of the theoretical background for the
cross-correlation of two cosmic fields, closely following Refs. [266, 267]. All the
formulas will be specific for the SGWB and the CMB lensing convergence, but
they can be easily adapted to other cosmic fields as well. The kernels of both
the considered cosmic fields, CMB lensing and SGWB, are broad functions of
redshift, as we will verify in Section 3.4. Therefore, we can compute the cross-
correlation angular power spectrum using the Limber approximation [270]:

CκΩℓ =

∫z⋆
0

dz

c

H(z)

r2(z)
Wκ(z)WΩ(z)P

(
k =

l

r(z)
, z
)

, (44)

where P(k, z) is the matter power spectrum, which we compute using CLASS5

[210, 211]. The nonlinear evolution of the matter power spectrum is taken into
account using the HALOFIT prescription [271]. Assuming that both the SGWB
and the CMB lensing behave as Gaussian random fields6, the variance of CκΩℓ
is given by:

2 Simulation data publicly available at https://www.syntheticuniverse.org.
3 See Appendix A for an overview of galaxy statistics and evolution.
4 Please note that these were the most recent estimates at the time of publication. Currently, the

most up-to-date estimates are the ones obtained during the third observing run, which are
slightly different [9].

5 The Cosmic Linear Anisotropy Solving System, available at http://class-code.net.
6 We saw in Chapters 2 and 2 that this is not always true for the SGWB. Indeed, in the frequency

band of ground-based interferometers, the discreteness of sources in space and time causes
a large shot noise, which dominates over the intrinsic LSS-driven anisotropies and follows a
poissonian statistics. Nevertheless, the angular power spectrum still offers a valuable tool to
study the properties of the SGWB anisotropies and serves as a good starting point.

https://www.syntheticuniverse.org
http://class-code.net
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(
∆CκΩℓ

)2
=

(
CκΩℓ

)2
+
(
Cκκℓ +Nκκℓ

)(
CΩΩℓ + SΩΩℓ +NΩΩℓ

)
(2ℓ+ 1)fsky

, (45)

where fsky is the sky fraction covered by both the SGWB and the CMB lensing
surveys,Nκκℓ is the lensing noise, SΩΩℓ andNΩΩℓ are the SGWB shot noise and
instrumental noise, respectively. For our analysis, we employ the Simons Ob-
servatory lensing noise curves [57] and we adopt the fiducial Large Aperture
Telescope value fκsky = 0.4 for the sky fraction. Since GW experiments cover

the full sky (i.e. fΩsky = 1), we use the limiting value fsky = fκsky for the cross-
correlation. As for the SGWB, we compute the instrumental noise curves for
different detector network configurations using the software schNell7 [122],
while we evaluate the SGWB shot noise contribution through the novel map-
making technique developed in [116] and discussed in Section 2.6. The signal-
to-noise ratio (S/N) at each multipole ℓ is then given by:

(
S

N

)2
ℓ

=

(
CκΩℓ

)2(
∆CκΩℓ

)2 =
(2ℓ+ 1)fsky

(
CκΩℓ

)2(
CκΩℓ

)2
+
(
Cκκℓ +Nκκℓ

)(
CΩΩℓ + SΩΩℓ +NΩΩℓ

) , (46)

and the cumulative S/N for multipoles up to ℓmax is

(
S

N

)
(ℓ < ℓmax) =

√√√√ ℓmax∑
ℓ=ℓmin

(
S

N

)2
ℓ

. (47)

The auto-correlation angular power spectra for both the SGWB and CMB lens-
ing can be calculated in a similar manner. For the SGWB, we have:

CΩΩℓ =

∫z⋆
0

dz

c

H(z)

r2(z)

[
WΩ(z)

]2
P

(
k =

l

r(z)
, z
)

. (48)

The associated S/N is given by

(
S

N

)2
ℓ

=
(2ℓ+ 1)

2

(
CΩΩℓ

)2(
CΩΩℓ + SΩΩℓ +NΩΩℓ

)2 , (49)

where SΩΩℓ and NΩΩℓ are the shot noise and the instrumental noise, respec-
tively. Notice that for SGWB searches we have fΩsky = 1. The angular power
spectrum in Equation (48) is the same quantity we examined in Chapter 2. For
this work, however, we use a different formulation involving the kernels de-
rived in the previous subsection and the Limber approximation, whereas in

7 The package is public available at https://github.com/damonge/schNell.

https://github.com/damonge/schNell
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our previous work did a full computation using the Boltzmann solver CLASS.
With CLASS, we were able to take into account all the relativistic effects, while
the kernel of Equation 42 contains only the clustering and the lensing terms.
We verified that the angular power spectra calculated using the two pipelines
differ by a factor of order unity. Indeed, relativistic effects play a subdominant
role in comparison to clustering and lensing. This is shown, for instance, in
Ref. [110], where the maximum contribution is estimated to be around 10%,
encompassing the Kaiser term that can be eliminated through integration by
parts, as detailed in Ref. [112]. Hence, we choose to prioritize the simplicity
gained through a fully analytical approach8, even at the cost of neglecting
relativistic effects. This decision also considers the substantial impact of shot
noise and instrumental noise, in addition to the significant uncertainties in
the astrophysical modeling. These factors have a much larger effect than the
error incurred by neglecting the subdominant relativistic terms. Nonetheless,
a comprehensive estimation of SGWB anisotropies should incorporate all the
relativistic effects, particularly as our understanding of the astrophysical mod-
eling becomes more precise and we approach the detection threshold. In that
case, even a small deviation of a few percentage points is relevant.

Finally, the auto-correlation power spectra can be evaluated as:

Cκκℓ =

∫z⋆
0

dz
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[
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]2
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with an associated S/N given by:
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)2 . (51)

where Nκκℓ is the lensing noise and fκsky is sky fraction covered by the con-
sidered CMB survey. Notice that differently from the S/N for the SGWB of
Equation (49), in Equation (51) the shot noise is not present, as the CMB lens-
ing is a continuous field.

3.4 detection prospects for the cross-correlation signal

We study the cross-correlation between the astrophysical SGWB and the CMB
lensing convergence in two different scenarios. First, we examine the case
where all GW events are taken into account when computing the SGWB en-
ergy density. Second, we consider the residual SGWB as potentially measured
by a specific detector network, i.e. we only take into account the contribution
of the unresolved events. The events that can be resolved individually are fil-
tered out by means of a signal-to-noise threshold, which we fix at the reference

8 Moreover, within this analytic approach, we can utilize redshift-dependent values for bias and
magnification bias. This flexibility was not possible with CLASS, which requires a single value
of bias and magnification bias per redshift bin.
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value of ρ̄ = 8 (see Appendix B for more details). We include in our analysis
the present and forthcoming ground-based GW detectors LIGO, Virgo, and
KAGRA (LVK) [4, 5, 10], Einstein Telescope (ET) [135] and Cosmic Explorer (CE)
[136]. In Table 1, we report the detector coordinates and orientation angles that
we plug into the schNell to compute the noise curves for specific network con-
figurations. In particular, for the anisotropies of the residual SGWB detected
by LVK, we consider a network composed of the first four interferometers in
Table 1 and the associated noise curves. Instead, to investigate the detectability
of the anisotropies of the residual SGWB measured by ET or CE, we consider
a network composed of LVK and ET or CE, respectively. In all cases, we con-
sider an integration time of T = 1 yr. Finally, we also consider an extended
network given by all the detectors taken into account in this work. We use the
noise curves of this extended network for T = 1 yr and T = 10 yr to study
the detectability of the total background, given by all resolved and unresolved
events. We work at the reference frequency of fref = 65 Hz, which falls in the
middle of the sensitivity bands of all the considered detectors.

Detector Latitude Longitude Orientation
(deg) (deg) (deg)

LIGO Hanford 46.6 -119.4 171.8
LIGO Livingston 30.7 -90.8 243.0

Virgo 43.6 10.5 116.5
KAGRA 36.3 137.2 225.0

ET∗
40.1 9.0 90.0

CE∗
40.8 -113.8 90.0

Table 1: Location coordinates and orientation angles of the detectors considered in
this work. For the forthcoming 3G detectors Einstein Telescope and Cosmic
Explorer, we adopted arbitrary locations and orientations, assuming that the
detectors will be built in one of the proposed sites: Sardinia (Italy) and Utah
(USA), respectively. See [122] for further details on the definition of the coor-
dinates and the orientation angles.

3.4.1 SGWB kernel for different detector networks

In Figure 27, we show the SGWB kernel for different binary types (BBHs, NS-
BHs, and BNSs) and detector networks (LVK, LVK+ET, and LVK+CE), which
was computed using Equation (42). For comparison, we also show the lens-
ing kernel, computed according to Equation (38). The lensing kernel is a broad
function of redshift. It reaches its peak at around z ≃ 2 and gradually decreases
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Figure 27: SGWB kernel for BBHs, NSBHs, and BNSs (in blue, red and green, respec-
tively) at fref = 65 Hz. The black curve is the lensing kernel. In the upper
left panel, we consider the total SGWB given by both resolved and unre-
solved events. In the other three panels, instead, we consider the residual
SGWB for the considered detector networks (LVK, LVK+ET, and LVK+CE).

at higher redshifts, making the CMB lensing convergence a powerful probe of
LSS up to the last-scattering surface. In the upper-left panel of Figure 27, we
consider the total SGWB obtained by integrating all GW events, both resolved
and unresolved. In this case, the SGWB kernel has a broad shape and peaks
around z ≲ 1 for all types of binaries. The exact position of the peak and the
shape of the kernel result from the intricate interplay among three factors: the
merger rate, the energy carried by each GW event, and the SGWB bias. On the
one hand, the shape of the redshift distribution, dΩgw/dz, reflects the fact that
the merger rate peaks in conjunction with the cosmic star formation rate at
around z ≃ 2 and then rapidly declines at higher redshifts (see Figure 19). On
the other hand, closer GW events contribute more to the total energy density
because their GW flux is less diluted. Moreover, the SGWB bias is an increas-
ing function of redshift (as shown in the upper panels of Figure 20), which
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means that it gives more weight to more distant objects. The kernel for BBHs
is slightly broader than that for NSBHs and BNSs because BBHs have a greater
chirp mass and produce more energetic GW signals, contributing significantly
up to higher redshifts. In the upper-right panel of Figure 27, we show the ker-
nels of the residual SGWB for the LVK detector network. The residual SGWB is
obtained by filtering out individually resolved events. Notably, this operation
removes many nearby events, giving a proportionally higher weight to more
distant events. As a result, the kernels are broader and peak at slightly higher
redshifts compared to the total SGWB. From the lower panels of Figure 27, it
is apparent that these effects are even more pronounced when 3G detectors
are involved. Both ET and the CE will be able to individually resolve most
BBH mergers up to z ≃ 10, and most NSBH and BNS mergers up to z ≃ 1− 2.
Consequently, the kernels are significantly broader compared to previous cases
and peak at higher redshifts. It is also apparent that these kernels have a more
extensive overlap with the lensing kernel. As we will discuss in the follow-
ing subsection, this overlap has a substantial impact on the cross-correlation
results. The non-monotonic behavior characterizing the SGWB kernels at low
redshifts for ET and CE is a consequence of the lensing term in Equation (42).
As explained in Chapter 2, the effect of lensing is to reduce the SGWB en-
ergy density, elevating some events above the detection threshold, enabling
direct resolution by the instrument. This could be the origin of the small dip
at z ≃ 0.2− 0.3.

3.4.2 Cross-correlation angular power spectra

In Figure 28, we show the auto- and cross-correlation power spectra for all
binary types and detector networks. Although we perform the calculations in
the Limber approximation, the SGWB auto-correlation power spectra are in
good agreement9 with the previous results obtained with CLASS [210, 211] and
presented in Chapter 2. At large angular scales, most of the spectra behave as a
power-law whose slope depends on the source type and detector network. For
networks including ET and CE, the large-scale behavior is significantly affected
by the magnification bias and the power-law is broken. As expected, the Ω× κ
cross-correlation power spectrum always lies between the two auto-correlation
power spectra. The fact that the cross-correlation is strong is quite remarkable
and constitutes one of the most important findings of this paper since it proves
that the large-scale distribution of late-time objects such as merging compact
binaries is well correlated with the linear structures probed by CMB lensing.

9 In this work we opted for a simpler analytic treatment with respect to the one adopted in
[116], neglecting some of the relativistic effect that are instead taken into account using CLASS

to compute the power spectra. However, we verified that the results obtained with the two
pipelines are compatible within a factor of order unity, which do not affect our overall results.
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Figure 28: In each panel, we show the auto-correlation angular power spectrum of the
SGWB as dashed lines and the cross-correlation angular power spectrum of
Ωgw × κ as solid lines. The panels correspond to different sources (BBHs,
NSBHs, or BNSs) and detector networks (LVK, LVK+ET, LVK+CE), as well
as the detector-independent case (i.e., the total SGWB). For reference, the
lensing convergence auto-correlation angular power spectrum is also plot-
ted.

3.4.3 Detectability with a network of 3G detectors

The subtle SGWB anisotropies produced by the LSS, described by the power
spectra in Figure 28, coexist with the much larger ones caused by the spatial
and temporal discreteness of the GW sources. Indeed, the shot noise power
spectrum exceeds the SGWB auto-correlation power spectrum by several or-
ders of magnitude (see, e.g., Figure 26). The instrumental noise is an even
more significant obstacle for measuring intrinsic SGWB anisotropies. For all
the considered detector networks, the noise curve Nℓ is orders of magnitude
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larger than the shot noise power spectrum Sℓ. For these reasons, as we can see
in Figure 29, the S/N of the auto-correlation power spectra are far smaller than
unity for all sources and detector configurations.

The cumulative S/N of the Ω× κ cross-correlation, displayed in Figure 30,
shows that cross-correlating with CMB lensing convergence is an effective way
to mitigate the impact of instrumental and shot noise: indeed, it is around
three orders of magnitude larger than the one of auto-correlation. The cross-
correlation with another tracer of the same underlying dark matter distribution
actually enhances the SGWB anisotropies induced by the LSS. However, the in-
strumental noise is too high and this substantial improvement is not sufficient
to guarantee a direct detection of the cross-correlation signal.

Figure 29: Cumulative S/N as a function of ℓmax for the SGWB auto-correlation angu-
lar power spectrum. The curves have been evaluated summing the equation
29 from ℓmin = 1 up to ℓmax.

As a final step, we try to increase as much as possible the S/N using a
network with the five instruments considered in this work to detect the total
SGWB. Combining the outputs of more detectors is an effective way to reduce
the noise curve Nℓ, whereas considering the total background enhances the
signal because the amplitude of the monopole is higher than for the residual
background. Moreover, we also explore the benefits of measuring the GW sig-
nal for a longer integration time, T = 10 yr. In Figure 31 we show the results of
this analysis. The left panel showz the noise curves for T = 1 yr and T = 10 yr
together with the shot noise and auto-correlation power spectra. The enhanced
sensitivity of the extended network enables the observation of a flat shot noise
power spectrum. However, the amplitude of the intrinsic anisotropies is well
below the noise level, as we can see in the right panels: despite a two-orders-
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Figure 30: Cumulative S/N for Ω× κ cross-correlation angular power spectrum as a
function of ℓmax. The curves are evaluated by means of equations 46 and 47

starting from ℓmin = 1.

of-magnitude enhancement, the cumulative S/N of the cross-correlation is still
too low to allow a direct detection even for T = 10 yr.

3.5 discussion and conclusions

The anisotropies of the SGWB produced by merging binaries in galaxies hold
valuable information about the physical properties of GW emitters, including
their distribution in redshift and their position in the sky. However, the signal is
covered under the shot noise caused by the spatial and temporal discreteness of
GW emitters. Moreover, the limited angular resolution of GW interferometers
is a significant obstacle to the detection of SGWB anisotropies. Recent works
have already shown that cross-correlating the SGWB with other cosmological
probes can effectively mitigate the impact of shot noise. In this chapter, we
explored the potential of cross-correlating the SGWB with CMB lensing. We
provided forecasts for the cross-correlation of upcoming high-precision mea-
surements of the SGWB energy density and CMB lensing convergence. Our
analysis specifically considered the detector network LVK at design sensitivity,
the Einstein Telescope, and Cosmic Explorer, along with the Simons Observa-
tory for CMB measurements

Starting from detailed models of stellar and galactic astrophysics, based on
simulations and data-driven prescriptions, we characterized the SGWB energy
density as a tracer of LSS, derived its kernel and compared it with the CMB
lensing kernel. We computed the auto- and cross-correlation angular power
spectra in the Limber approximation for BBHs, BNSs, and NSBHs. Notably,
we found a strong correlation between the two cosmic fields for each binary
type and detector network. This result is non-trivial, as it implies a meaningful
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Figure 31: Left panel: the grey lines represent the noise curves Nℓ for the extended
network given by LIGO/Virgo/Kagra + ET + CE, for two different integra-
tion times: T = 1 yr (dashed) and T = 10 yr (dotted). The noise curves
are compared with the shot noise power spectrum Sℓ for the two differ-
ent integration times and the auto-correlation power spectrum Cℓ for the
anisotropies of total SGWB. Right panels: auto- and cross-correlation cumu-
lative S/N. The colour code is the same as in the previous figures.

correlation between the distribution of merging binaries, as traced by SGWB
anisotropies, and the linear structures probed by CMB lensing. Finally, we
computed the S/N for both the auto- and the cross-correlation power spectra.
To this purpose, we used the shot noise estimation naturally provided by the
novel framework for distributing GW emitters in the sky, as presented in Sec-
tion 2.6. We also computed the instrumental noise using the public package
schNell [122].

We found that the cumulative S/N for the auto-correlation is very low. This
is primarily because the instrumental noise surpasses in amplitude both the
signal and the shot noise by several orders of magnitude, even when consider-
ing the 3G detectors ET and CE. While cross-correlating the SGWB with CMB
lensing effectively boosts the S/N by at least three orders of magnitude, this
improvement is not enough to guarantee the detection of the intrinsic SGWB
anisotropies induced by the LSS. On a more positive note, our findings sug-
gest that combining all the instruments considered in this work into a single
network, at the very least, help constrain the shot noise that still contains valu-
able information about the total number of events contributing to the signal
throughout the observation time.

In conclusion, we found that cross-correlating the astrophysical SGWB with
CMB lensing significantly enhances the S/N. However, our analysis has shown
that instrumental noise remains a major limiting factor for the S/N of both
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auto- and cross-correlation. Nonetheless, this study provides a useful frame-
work for computing SGWB cross-correlations and estimating the associated
S/N, providing valuable insights that directly impact our understanding of
SGWB anisotropies generated by the LSS.





4S E A R C H I N G F O R S G W B A N I S O T R O P I E S W I T H
C O N S T E L L AT I O N S O F D E T E C T O R S

This Chapter is based on the following publication:

G. Capurri, A. Lapi, L. Boco, C. Baccigalupi
Searching for anisotropic stochastic gravitational-wave backgrounds with constella-
tions of space-based interferometers
ApJ 943,72 (Feb. 2023), arXiv:2212.06162

Recent studies have shown that the angular resolution of ground-based detec-
tors is too poor to characterize the anisotropies of the stochastic gravitational-
wave background (SGWB) except from the largest angular scales. In this Chap-
ter, we ask ourselves if a constellation of space-based instruments could be
more effective for measuring the SGWB anisotropies. We consider three possi-
ble detector configurations: i) the Laser Interferometer Space Antenna (LISA),
ii) a constellation of multiple LISAs in orbit around the Sun, and iii) the Deci-
hertz Interferometer Gravitational-wave Observatory (DECIGO). We examine
the SGWB generated by two astrophysical sources: stellar compact binary coa-
lescences, and a recently proposed scenario for supermassive black-hole (SMBH)
seed formation through repeated mergers of stellar remnants.

4.1 introduction and motivation

Measuring the anisotropies of the astrophysical SGWB faces two main chal-
lenges: the limited angular resolution of GW detectors to a diffuse SGWB map-
ping and the presence of shot noise. The angular resolution primarily depends
on the noise properties of the detector and how they project onto the sky. It is
also influenced by the configuration of the detector under consideration [122].
On the other hand, the shot noise arises because the astrophysical SGWB re-
sults from the superposition of numerous unresolved events, which are dis-
crete in both space and time. Recent studies have addressed the issue of shot
noise, revealing that its power spectrum exceeds that of the intrinsic SGWB
anisotropies induced by the large-scale structure (LSS) by orders of magnitude
[113–116]. To mitigate the impact of shot noise, cross-correlations with other
tracers of the LSS have been proposed. Several studies have explored cross-
correlations with galaxy number counts [115, 253, 254, 261] and CMB temper-
ature fluctuations [118, 119, 272]. These studies have shown that the limited
angular resolution of ground-based instruments hinders the measurement of
the angular power spectrum of SGWB anisotropies beyond the first few mul-
tipoles, even if the cross-correlation with other probes alleviate the impact of
instrumental and shot noise.
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This led us to inquire whether a constellation of space-based detectors might
be more effective in measuring the SGWB anisotropies. The large separation
among the instruments forms a long interferometric baseline that should re-
sult in a sensibly improved angular resolution. Specifically, we focused on two
instruments: the Laser Interferometer Space Antenna (LISA) [51, 273, 274] and
the Deci-hertz Interferometer Gravitational-wave Observatory (DECIGO) [141,
275, 276]. As a case study, we explore two distinct astrophysical sources of
SGWB. First, we investigate the detection prospects for the anisotropies of the
SGWB generated by stellar binary coalescences [11, 12, 37, 91, 95, 96, 102–104,
106, 110–112, 116]. Additionally, we study the anisotropies of the SGWB pro-
duced by intermediate and extreme mass ratio BH binaries formed in the cores
of dusty star-forming galaxies due to the migration towards the center of com-
pact stellar remnants. This process, induced by the dynamical friction with the
gaseous environment, constitutes a potential formation mechanism for SMBH
seeds [277, 278].

The plan of the Chapter is the following: in Section 4.2, we describe the
considered detectors, with particular interest on the computation of their an-
gular sensitivity. In Section 4.3, we review the astrophysical processes that
produce the stochastic backgrounds that we include in the analysis presented
in this work. In Section 4.4, we discuss the detection prospects for the isotropic
amplitude of the SGWB. In Section 4.5, we present the results for the SGWB
anisotropies. In particular, we compute their amplitude and discuss their de-
tection prospects. In Section 4.6, we show the results concerning the cross-
correlation between the SGWB and the CMB lensing. Finally, in Section 4.7, we
comment our results and draw our conclusions.

Throughout this work, we adopt the standard flat ΛCDM cosmology with
parameter values from the Planck 2018 legacy release, with Hubble rate to-
day corresponding to H0 = 67.4 km s−1 Mpc−1, Cold Dark Matter (CDM)
and baryon abundances with respect to the critical density corresponding to
ΩCDMh

2 = 0.120 and Ωbh2 = 0.022, respectively, reionization optical depth
τ = 0.054, amplitude and spectral index of primordial scalar perturbations
corresponding to ln(1010AS) = 3.045 and nS = 0.965, respectively [32].

4.2 detector constellations

In this section, we provide a general overview of the instruments we consider
in this work: the Laser Interferometer Space Antenna (LISA) and the Deci-
hertz Interferometer Gravitational-wave Observatory (DECIGO). After a brief
description of the main features of these detectors, we focus on a more de-
tailed report of the specific prescriptions for the noise curves and the angular
sensitivity we used for our analyses.



4.2 detector constellations 95
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Figure 32: Cartoon representation of the proposed configurations LISA (left) and DE-
CIGO (right), described in the text. We also show the three different constel-
lations of multiple LISAs we use for this work.

4.2.1 LISA

LISA is a space-based GW observatory selected to be one of the three projects
of the European Space Agency’s long-term plan, addressing the scientific theme
of the Gravitational Universe [51, 273, 274]. LISA will consist of three space-
craft trailing the Earth around the Sun in a triangular configuration, with a
mutual separation between spacecraft pairs of about 2.5 million kilometers, as
shown by the cartoon representation in the left panel of Figure 32. The laser
beams that connect the three satellites combine via time-delay interferometry.
Because of its long arm length, LISA will be most sensitive in the millihertz
frequency regime. The proposed launch year for LISA is 2037, and the mis-
sion lifetime is four years, with a possible six-year extension. A test mission
- called LISA pathfinder [139, 279] - was launched in 2015 to test the technol-
ogy necessary for LISA. The goal of LISA pathfinder was to demonstrate a
noise level 10 times worse than the one needed for LISA, but it exceeded this
goal by a large margin, approaching the LISA requirement noise levels. The
scientific goals of LISA are numerous since the instrument sensitivity window
is extremely rich in GW sources. Among them, we mention: studying the for-
mation and the evolution of compact binary stars in our galaxy; tracing the
origin, growth, and merger history of massive BHs across cosmic ages; prob-
ing the dynamics of dense nuclear clusters using extreme mass ratio inspirals;
understanding the astrophysics of stellar BHs; exploring the fundamental na-
ture of gravity; measuring the rate of expansion of the Universe; understanding
stochastic backgrounds and their implications for the early Universe; searching
for GW bursts and unforeseen sources.

For this work, we calculate the LISA sensitivity curve using the parametric
expression reported in Ref. [200], assuming the nominal mission lifetime of
four years. To compute the noise angular power spectrum (Nℓ), we use the
public code schNell 1, developed to calculate the angular power spectrum of

1 Publicly available at https://github.com/damonge/schNell.

https://github.com/damonge/schNell
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the instrumental noise in interferometer networks mapping the SGWB [122].
The code already contains the detector specifications to compute the angular
sensitivity of LISA. We modified the code to evaluate the angular sensitivity of
a network of multiple LISA-like observatories in orbit around the Sun, spaced
apart at equal distances along the orbit. We show the specific configurations
we consider for this work in the left panel of Figure 32. Multiple LISAs operat-
ing together as a detector network have a better angular sensitivity because of
the larger interferometric baseline. Indeed, according to the Rayleigh criterion,
the angular resolution of a GW detector is proportional to δθ ∝ λ/Dρ, where
λ is the GW wavelength, ρ is its signal-to-noise ratio of the GW event, and D is
the aperture of the interferometric baseline (see Ref. [280] for example). A large
aperture can be synthesized by having more than one detector operating simul-
taneously with a separation of a significant fraction of an astronomic unit, as it
is the case for the configurations shown in Figure 32. In the lower right panel
of Figure 33, we plot the ratio between the Nℓ for different constellations of
LISAs and the ones for a single LISA. We find that using two LISAs improves
the angular sensitivity quite remarkably, especially for the even multipoles
favored by the parity of the LISA antenna pattern. The angular sensitivity im-
proves further by adding more detectors, even though the highest contribution
results from adding the second LISA. Indeed, when we pass from one to two
LISAs, the effective aperture of the network increases from a few million km to
around two astronomic units. Instead, the aperture remains of the same order
of magnitude when we add more than two clusters around the orbit. For this
reason, there is a spectacular sensitivity improvement when adding a second
LISA cluster and a modest one when adding more. As a consequence, we will
report only the results of the analysis with a constellation with two LISAs.

4.2.2 DECIGO

DECIGO is the planned Japanese space GW antenna [141, 275, 276]. It will
target Gs produced by astrophysical and cosmological sources in the 0.1 - 10

Hz frequency range. In this sense, DECIGO aims to bridge the frequency gap
between LISA and ground-based detectors. A key advantage of DECIGO spe-
cializing in this frequency band is that the expected confusion noise, caused by
irresolvable GW signals such as the ones from galactic white dwarf binaries,
is low above 0.1 Hz. Moreover, DECIGO can serve as a follow-up for LISA by
observing inspiralling sources that have moved above the mHz band or as a
predictor for ground-based instruments by detecting inspiralling sources that
have not yet moved into the 10 Hz - kHz band. DECIGO will consist of four
clusters of observatories in heliocentric orbit: two of them will be in the same
position, whereas the other two will be evenly distributed around the Sun, as
shown in the right panel of Figure 32. Each cluster consists of three spacecraft,
which form an equilateral triangle with a side of ∼ 1000 km (the exact values of
the parameters are still debated). Each instrument has a drag-free system and
contains two mirrors floating inside the satellite as proof masses. DECIGO will
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Figure 33: Upper left: LISA’s and DECIGO’s sensitivity curves expressed as total power
spectral density. Upper right: noise angular power spectra for DECIGO (four
clusters) and a single cluster. Lower left: noise angular power spectra for
LISA and constellation of two LISAs in orbit around the Sun. Lower right:
relative improvement of the Nℓ of a constellation of several LISA detectors
with respect to LISA’s ones for the various multipoles.

measure the change in the distance caused by a passage of a GW between the
two mirrors by employing a Fabry–Pérot cavity. Once launched, the mission
lifetime of DECIGO will be at least three years. Before that, the DECIGO work-
ing group plans to launch the scientific pathfinder B-DECIGO in the 2030s to
demonstrate the technologies required for DECIGO. The most relevant goal for
DECIGO is to detect primordial GWs. However, there are many other scientific
targets, such as probing the acceleration and expansion of the Universe, test-
ing the accuracy of general relativity, examining the symmetry between the
two polarizations of GWs, and determining to which extent primordial BHs
contribute to dark matter [281]. Finally, DECIGO could reveal the formation
mechanism of SMBHs in the center of distant galaxies by detecting GWs com-
ing from entreme/intermediate mass ratio BH binaries. Of course, the present
work has relevance concerning this latter scientific objective. For more infor-
mation about DECIGO’s scientific targets, we remand the interested reader to
Ref. [141].

For this work, we compute DECIGO’s sensitivity curve, including radiation
pressure noise, shot noise, internal thermal noise, and gas thermal noise, fol-
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lowing the prescriptions discussed in Refs. [282, 283]. In particular, we employ
the detector parameters2 presented in Ref. [283]. For the angular sensitivity,
instead, we modified the public code schNell to compute the angular power
spectrum of the instrumental noise. Specifically, we included an additional
class of objects apt to describe a single DECIGO cluster. We then obtained the
complete detector as a network of four clusters oriented and positioned around
the orbit as depicted in the right panel of Figure 32. In the upper right panel
of Figure 33, we show the noise angular power spectrum for a single DECIGO
cluster and the complete DECIGO configuration (four clusters).

4.3 sgwb sources

We choose two astrophysical GW sources as our case studies. First, we consider
the SGWB produced by stellar binary coalescences, specifically binary black
holes (BBH) and neutron stars (BNS). As we will see in more detail in Section
4.4, these sources emit GWs in a broad frequency band. Even if the bulk of
the signal resides in the Hz-kHz range, we expect the SGWB produced by
merging compact binaries to constitute one of the most relevant components
also in the deci-Hz band. Second, we choose the SGWB produced during one
of the possible formation processes for SMBH seeds. This particular scenario
envisages multiple mergers of stellar remnants that sink toward the galactic
center dragged by gaseous dynamical friction. Since the chirp mass and the
mass ratio of the binaries involved in this scenario span a broad range of values,
the SGWB frequency spectrum is very extended and includes the sensitivity
bands of both LISA and DECIGO.

4.3.1 Coalescing stellar compact binaries

We characterize the population of coalescing stellar binaries and compute their
merger rates following the approach presented in Refs. [76, 77]. There, the au-
thors combine the results of stellar population synthesis codes with different
observationally derived prescriptions for the host galaxies. For our analysis,
we adopt the merger rates computed using the empirical Star Formation Rate
Function as galaxy statistics and the Fundamental Metallicity Relation to as-
sign metallicity to galaxies, combined with the results of the StarTrack simula-
tions3, specifically the ‘reference’ model in [214, 215] (see Figure 8 of Ref. [77]).
This state-of-the-art method to compute the merger rates presents a twofold
benefit. On the one hand, the galactic part is entirely observational-based, not
relying on the results of any cosmological simulation or semi-analytic frame-
work. On the other hand, since it uses the Star Formation Rate Function as
galaxy statistics, one can assess the contribution of galaxies with different prop-
erties to the overall merger rate. Indeed, such empirical approaches also have

2 Notice that the values of those parameters are not definitive and are still to be confirmed by
the DECIGO working group.

3 Simulation data publicly available at https://www.syntheticuniverse.org/

https://www.syntheticuniverse.org/
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their downsides. Mainly, the observational uncertainties affect all the final pre-
dictions, especially at high redshift. The resulting merger rates are in good
agreement with the recent local determination by the LVK collaboration, as
shown in Refs. [77, 116]. The redshift distribution of the merger rates highly
depends on the star formation history of the host galaxies. Most of the BBH
events come from z ∼ 2− 3, whereas most of the BNS ones come from slightly
lower redshifts, z ≲ 2. The chirp mass dependence, instead, is mainly deter-
mined by the stellar prescriptions and the derived binary mass function, which
is largely uncertain in the high-mass regime, where different formation chan-
nels may enter into play, complicating the evolutionary scenario (see Ref. [236]
for an example). All in all, the particular features of the merger rates strongly
depend on the adopted astrophysical prescriptions: we refer the interested
reader to Ref. [77] for a more in-depth treatment. The overall normalization of
the merger rates results from many different and complex physical processes
related to stellar evolution that, in principle, could depend on the binary type
(binary fraction, common envelope development/survival, natal kicks, mass
transfers, etc.). In order to reduce the impact of the uncertainties in the astro-
physical modeling, we decide to re-scale all the merger rates per unit comoving
volume to match the values measured by LIGO and Virgo as reported in [9]:
17.9− 44Gpc−3 yr−1 at z = 0.2 for BBHs, and 10− 1700Gpc−3 yr−1 at z = 0 for
BNSs, where the intervals are a union of 90 % credible intervals for the differ-
ent methods used in the paper. Specifically, we calculate the logarithmic mean
of the 90 % intervals and normalize our merger rates to retrieve those values at
z = 0.2 for BBHs and z = 0 for BNSs. In this way, we maintain the redshift and
chirp mass dependencies that we obtain with the methods described above but
re-scale all the results to match the measured local values. Indeed, such a nor-
malization directly affects all the results presented in this paper. Nonetheless,
we stress that the local values of the merger rates we get with our calculations
are inside the error bars of the LVK estimates, as it is shown in Figure 16.

4.3.2 SMBH seeds formation process

The recent observations of high redshift quasars (z ≳ 7) powered by SMBHs
with M > 109M⊙ have created tension between the estimated age of the Uni-
verse at those redshifts and the typical timescales of SMBH growth [284–287].
Indeed, at z ≳ 7, the age of the Universe was shorter than ≲ 0.8 Gyr, whereas
the accretion timescale driven by the gas disk (Eddington-like) is ≳ 0.75 Gyr.
There are two classes of possible solutions to relieve this tension. The first
way out invokes super-Eddington accretion rates, whereas the second involves
mechanisms able to rapidly produce heavier BH seeds (M ≳ 103 − 105M⊙),
reducing the time required to attain the final billion solar masses by standard
Eddington accretion. In Refs. [277, 278], the authors submit a new scenario to
form heavy BH seeds, alternative or at least complementary to the other mech-
anisms. Specifically, they propose that BH seeds grow in the inner, gas-rich
regions of dusty star-forming galaxies via multiple mergers with stellar com-
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pact remnants that migrate toward the center because of gaseous dynamical
friction. Indeed, the dynamical drag subtracts energy and angular momentum
from the moving object, making it sink toward the galactic center. The process
is particularly efficient in dusty star-forming galaxies because they feature high
star formation rates and huge molecular gas reservoirs concentrated in a com-
pact region of a few kiloparsecs. These conditions foster the efficient sinking
of numerous compact remnants toward the galactic nucleus via gaseous dy-
namical friction. In Ref. [277], the authors show that this mechanism can grow
heavy BH seeds of masses 104 − 106M⊙ within some 107 yr, so possibly al-
leviating the problem of SMBH formation at high redshift. With an accurate
modeling of the gas distribution and the dynamical friction force, the authors
of Ref. [277] derive a fitting formula for the dynamical friction timescale. Con-
sequently, they exploit the expression for the dynamical friction timescale to
compute the merging rate of compact remnants at different galactic ages, so
evaluating the contribution of this process to the growth of the central SMBH
seed. A more detailed description of this accretion mechanism can be found in
Appendix C. Of course, the repeated mergers of stellar BHs with the central
growing seed would produce GW emission, whose detection could be a smok-
ing gun test for this scenario. In particular, the superposition of the unresolved
GW events constitutes an SGWB that extends over a wide range of frequencies,
as we will see in the following.

4.4 detection prospects for the monopole

Stochastic gravitational-wave backgrounds are usually described through their
energy density parameter Ωgw(f, n̂). We have already derived and discussed
the expression of the isotropic component (Ωgw(f) = 4πΩgw(f), aka the mono-
lope), in Sections 1.2.3 and 2.3.1. In Chapter 2, we described the emitting bi-
naries through their chirp mass, without considering other binary parameters
like the mass ratio or the spin. This approximation was reasonable because the
chirp mass is the parameter that most significantly influences the features of
the SGWB. Moreover, the stellar binaries observed by LIGO and Virgo typically
have a mass ratio close to one. However, for the binaries involved in the forma-
tion of SMBH seeds, this approximation is no longer valid, as the mass ratio
could assume significantly small values. Therefore, it becomes necessary to in-
corporate the mass ratio into the expression of Ωgw(f), which now appears as
follows:

Ωgw(f) =
8πGf

3H30c
2

∫
dz

1

(1+ z)h(z)

∫
dMc

d2Ṅ

dVdMc
×

×
∫
dq
dp

dq
(q|Mc, z)

dE

df
(fe(f, z)|Mc,q),

(52)

where Mc is the chirp mass, fe = (1+ z)f is the source frequency, d2Ṅ/dVdMc
is the intrinsic merger rate per unit comoving volume and chirp mass, h(z) =
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[ΩM(1+ z)3 + 1−ΩM]1/2, and dE/df(fe(z)|Mc,q) is the energy spectrum of
the signal emitted by a single binary [239]. With the previous expression, we
can evaluate the intensity of the total SGWB, given by the superposition of all
the events, resolved and unresolved. It is also possible to compute the residual
SGWB by subtracting the contributions of GW signals that lie above the detec-
tion threshold. The residual SGWB has a different frequency dependence and
a globally lower amplitude (see Ref. [116] for coalescing stellar binaries and
Ref. [278] for SMBH seeds formation). In this work, however, we focus on the
total SGWB since it has a higher amplitude and is more likely to be detected.

In Figure 34, we plot the isotropic energy density parameter of the two astro-
physical SGWBs analyzed in this paper as a function of the observed frequency.
The blue and green curves represent the monopole for merging BBHs and
BNSs, respectively. At lower frequencies, as expected, the GWs emitted during
the inspiral phase dominate the signal, and the energy density parameter be-
haves as a power-law ∝ f2/3. At higher frequencies, the contribution from the
merger phase becomes more and more relevant. After peaking at f ∼ 102− 103

Hz, the curves undergo an exponential drop related to the suppression of GW
emission after the ringdown. The SGWB produced by coalescing stellar bina-
ries has the largest amplitude in the frequency band of ground-based detectors.
This signal will probably be observed for the first time at those frequencies,
where it constitutes the dominant contribution to the total SGWB given by
all possible sources. Still, the SGWB produced by coalescing stellar binaries
also has great relevance for the space-based interferometers that operate at
lower frequencies. The dashed and dotted grey curves in Figure 34 represent
the power-law integrated sensitivity curves (PLS) for LISA and DECIGO, re-
spectively. The PLS is a graphic representation of the detector sensitivity for
SGWBs that considers the increase in sensitivity that comes from integrating
over frequency other than time [174]. This representation is strictly valid for
SGWBs characterized by a power-law frequency dependence in the sensitivity
band of the detectors, but it is usually employed to assess the ability of an
instrument to measure a SGWB. Specifically, an SGWB whose energy density
parameter is tangent to the PLS has a signal-to-noise ratio equal to one. It fol-
lows that LISA can marginally detect the monopole of the SGWB produced
by coalescing stellar binaries, whereas DECIGO can measure it with very high
significance. The black curve in Figure 34 represents the frequency spectrum
of the SGWB amplitude for the SMBH seeds formation process. The signal
extends over a broad range of frequencies, including the sensitivity bands of
both LISA and DECIGO. This is because the chirp masses of the involved bi-
naries can have very different values. Indeed, at the beginning of the process,
the central object is still very light, and the chirp mass has ’stellar’ values. As
the central BH grows, the chirp mass increases and reaches values up to 106

solar masses. High-mass mergers are more numerous and populate the low-
frequency regime, whereas low-mass ones contribute at higher frequencies. In
particular, the SGWB amplitude peaks around 10−6 − 10−5 Hz, where there
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is a lack of planned GW detectors4. However, the amplitude remains more or
less flat up to 10−1 Hz before experiencing a gradual decrease followed by
an exponential drop at f ≳ 103 Hz, which corresponds to the lower possible
chirp masses involved in the process. Comparing the SGWB monopole ampli-
tude with the PLSs, it follows that both LISA and DECIGO should be able
to measure it with high significance. Because of its remarkable intensity in a
frequency band where other SGWBs are less relevant, this signal - if detected -
could be a smoking-gun probe of its origin process.

Figure 34: SGWB energy density for the SMBH seed formation process (black), stellar
BBHs (blue) and BNSs (green). The grey lines represent the PLS curves for
LISA (dashed) and DECIGO (dotted), computed assuming total observing
times of four and three years, respectively.

4.5 detection prospects for anisotropies

In this work, we calculate the angular power spectrum of the SGWB anisotropies
according to the framework presented in Chapter 3, which we briefly sketch
hereafter (see also Chapter 3). Assuming that the SGWB is a biased tracer of
the underlying dark matter distribution, we can express the energy density

4 Actually, Refs. [288, 289] show that the µHz gap could be filled by searching for deviations
in the orbits of stellar and planetary binary systems caused by their resonant interaction with
GWs.
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contrast δgw = δΩgw/Ωgw as a line-of-sight integral of the dark matter density
contrast δ(r(z)n̂, z):

δgw(f, n̂) =
∫z⋆
0
dz WΩ(f, z)δ(r(z)n̂, z), (53)

where r(z) is the comoving distance to redshift z and z⋆ ≈ 1090 is redshift at
the last-scattering surface. The kernel WΩ(f, z) is the sum of two terms:

WΩ(f, z) =
bΩ(f, z)dΩgw

dz (f, z)(∫
dz ′

dΩgw
dz ′

) + µ(f, z). (54)

The first term is the product of the linear bias bΩ, which quantifies the mis-
match between the distribution of the SGWB and the total matter density, and
the SGWB redshift distribution dΩgw/dz. We compute bΩ and dΩgw/dz as
discussed in Section 2.4. The second term accounts for the effect of weak grav-
itational lensing on the observed SGWB energy density. In this work, however,
we consider only the total background that does not perceive any net impact
from the weak lensing because its two effects - growth of energy density due
to magnification and dilution of flux - balance each other in the absence of
a detection threshold [110, 116]. For this reason, we will neglect the lensing
term µ from now on. The left panels of Figures 35 and 36 show the kernel of
the SGWB produced by the SMBH seed formation mechanism and coalescing
stellar binaries, respectively, evaluated at various frequencies of interest. Even
though the two processes are different and produce different SGWB signals
(see Figure 34), the kernels look similar because both the processes produce
more GW events in concurrence with the peak of the cosmic star formation
rate at z ∼ 2. At higher redshifts, the kernels rapidly decrease because stellar
remnants, which populate both kind of binaries, are less and less numerous.
Since the kernel WΩ is a broad function of redshift for both the SGWB sources
we consider for this work, we compute the angular power spectrum using the
Limber approximation [270] in the following way:

CΩℓ =

∫z⋆
0

dz

c

H(z)

r2(z)

[
WΩ(z)

]2
P

(
k =

l

r(z)
, z
)

, (55)

where c is the speed of light and P(k, z) is the matter power spectrum, which
we computed using the CLASS5 public code [210, 211]. We account for the non-
linear evolution of the matter power spectrum by using the HALOFIT prescrip-
tion [271]. The right panels of Figures 35 and 36 show the angular power spec-
trum of the anisotropies for the SGWB produced by the two processes. We
evaluate the power spectra (and the kernels) at the frequencies f = 1 mHz and
f = 0.1 Hz, optimal for a survey with LISA and DECIGO, and at the frequency

5 The Cosmic Linear Anisotropy Solving System, available at http://class-code.net

http://class-code.net
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where the two processes produce the signal with the largest amplitude. For
SMBH seed formation, this frequency is f = 5× 10−6 Hz, whereas for merging
compact binaries, we use f = 65 Hz.

Figure 35: Left panel: Kernel of the SGWB produced by the SMBH seed formation pro-
cess evaluated at three frequencies of interest. Right panel: Angular power
spectrum of the anisotropies of the SGWB produced by the same process.

Assuming that the SGWB behaves as a Gaussian random field, the signal-to-
noise ratio (S/N) of the CΩℓ is given by:

(
S

N

)2
ℓ

=
(2ℓ+ 1)

2

(
CΩℓ
)2(

CΩℓ + SΩℓ +NΩℓ
)2 , (56)

where SΩℓ and NΩℓ are the shot noise and the instrumental noise, respectively.
We evaluate the shot noise by exploiting the map-making technique discussed
in Chapter 2, which includes both Poisson statistics and clustering properties.
For the instrumental noise, instead, we use the prescriptions described in Sec-
tion 4.2. All in all, the three main ingredients for the computation of the S/N
are the angular power spectrum of the SGWB anisotropies Cℓ (aka the signal),
the shot noise Sℓ and the instrumental noise Nℓ. To visually compare the con-
tributions of signal, shot noise and instrumental noise, in the left panels of
Figures 37 and 38, we plot these quantities at the various multipoles for our
two sources (coalescing stellar binaries and SMBH seeds formation) and for
the three considered detector configurations (LISA, constellation of two LISAs
and DECIGO). Throughout this work, we will assess the potential detectability
of the various signals by using the cumulative S/N for multipoles up to ℓmax,
which is given by:

(
S

N

)
(ℓ < ℓmax) =

√√√√ ℓmax∑
ℓ=ℓmin

(
S

N

)2
ℓ

. (57)
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Figure 36: Left panel: Kernel of the SGWB produced by stellar BBHs (blue) and BNSs
(green) evaluated at three frequencies of interest. Right panel: Angular power
spectrum of the anisotropies of the SGWB produced by coalescing compact
binaries.

We show the cumulative S/N for the various considered cases in the right
panels of Figures 37 and 38. For the SGWB produced during the formation of
SMBH seeds, it turns out that the auto-correlation of the anisotropies is not
detectable in both LISA’s and DECIGO’s frequency bands. Around f = 1 mHz,
both the shot noise and the LISA instrumental noise are too high compared to
the angular power spectrum of the anisotropies, even if we consider the opti-
mistic scenario of two LISAs operating for ten years. At DECIGO’s frequencies,
instead, the signal is higher than the instrumental noise, but the shot noise con-
stitutes a killing factor for the overall S/N. Such a high shot noise depends on
the small number of merger events contributing at f = 0.1 Hz. Indeed, the
merger events that contribute to those high frequencies have a relatively low
chirp mass (Mc ≲ 103M⊙) and are a tiny fraction of the total (see Figure 3

in Ref. [278]). The results for the SGWB produced by coalescing stellar bina-
ries are only slightly better. A general comment is that the anisotropies of the
SGWB produced by BBHs are more intense than the ones for BNSs because
the overall amplitude of the SGWB is higher. Nevertheless, the shot noise is
sensibly lower for BNSs than for BBHS since the BNS merger rate is around
two orders of magnitude higher (see Section 2.2). Consequently, a detector will
measure much more BNSs mergers during a given observation time, leading
to a lower shot noise. All in all, the S/N for BNSs is higher than the S/N for
BBHs. As we already commented in Section 4.4, in both LISA’s and DECIGO’s
frequency range, the SGWB produced by merging binaries has a power-law
behavior ∝ f2/3. Therefore, at f = 1 mHz, the signal is too low to be detected
even by two LISAs. Instead, at f = 0.1 Hz, the SGWB is slightly more intense:
this, together with the incredibly low DECIGO’s instrumental noise, causes the
S/N to be higher. In particular, for an observation time T = 10 yr, the S/N for
BNSs reaches the threshold value of one for ℓmax ∼ 10.
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Figure 37: Results for the auto-correlation of the SGWB produced through the SMBH
seed formation process. Upper left: Angular power spectrum of the SGWB
anisotropies, shot noise, and instrumental noise for an observation time
T=4 yr with LISA (or a constellation of two LISAs) at f=1 mHz. Upper right:
Signal-to-noise ratio for the nominal LISA lifetime of four years (solid) and
for an extended observation time of ten years (dashed). We show the results
for LISA alone (red) and for two LISAs (orange). Lower left: Angular power
spectrum of the SGWB anisotropies, shot noise, and instrumental noise for
an observation time T=3 yr with DECIGO at f=0.1 Hz. Lower right: Cumu-
lative signal-to-noise ratio for the nominal DECIGO lifetime for three years
(solid) and for an extended observation time of ten years (dashed).

4.6 cross-correlation with cmb lensing

The take-home message from the previous Section is that a measurement of
the SGWB anisotropies is very challenging even with a constellation of space-
based interferometers. The combined effects of instrumental and shot noise
make the task extremely arduous, even with a long observation time. As al-
ready suggested in many works, a possible way to enhance the intrinsic SGWB
anisotropies is the cross-correlation with another tracer of the LSS. Previous
works discuss the benefits of cross-correlating the astrophysical SGWB with
galaxy number counts [115, 253, 254, 261], weak lensing [102, 104], and CMB
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Figure 38: Results for the auto-correlation of the SGWB produced by coalescing stel-
lar binaries, specifically BBHs (blue) and BNSs (green). Upper left: Angular
power spectrum of the SGWB anisotropies, shot noise, and instrumental
noise for T=4 yr with LISA (or a constellation of two LISAs) at f=1 mHz.
Upper right: Signal-to-noise ratio for the nominal LISA lifetime of four years
(solid) and for an extended observation time T=10 yr (dashed). We only
show the results for a constellation composed of two LISAs. Lower left: An-
gular power spectrum of the SGWB anisotropies, shot noise, and instru-
mental noise for an observation time of T=3 yr with DECIGO at f = 0.1
Hz. Lower right: Cumulative signal-to-noise ratio for the nominal DECIGO
lifetime of three years (solid) and for an extended observation time of ten
years (dashed).

temperature and polarization fluctuations [118, 119, 272]. Here, we re-propose
the cross-correlation with the CMB lensing convergence. We characterize CMB
lensing as a tracer of the LSS following the approach presented in Chapter 3,
which - in turn - is inspired to Refs. [266, 267]. The CMB lensing convergence κ
is defined as the laplacian of the lensing potential ϕ, and we can express it as
a weighted integral over redshift of the projected dark matter density contrast
δ:
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κ(n̂) = −
1

2
∇2ϕ(n̂) =

∫z∗
0
dz Wκ(z)δ(r(z)n̂, z), (58)

where r(z) is the comoving distance to redshift z, and z⋆ = 1090 is the redshift
at the last-scattering surface. The weight inside the integral is the lensing kernel
Wκ, which describes the lensing efficiency of the matter distribution and is
given by

Wκ(z) =
3Ωm

2c

H20
H(z)

(1+ z)r(z)
r∗ − r(z)

r⋆
, (59)

where r⋆ is the comoving distance to the last-scattering surface and Ωm and
H0 are the present-day value of the matter density and the Hubble parameter,
respectively. Similarly to what we did for the auto-correlation, we compute the
angular power spectrum of the cross-correlation as:

CκΩℓ =

∫z⋆
0

dz

c

H(z)

r2(z)
Wκ(z)WΩ(z)P

(
k =

l

r(z)
, z
)

. (60)

Assuming that also the CMB lensing is a Gaussian field, the S/N of the cross-
correlation is given by:

(
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N

)2
ℓ
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(2ℓ+ 1)fsky

(
CκΩℓ

)2(
CκΩℓ

)2
+
(
Cκℓ +N

κ
ℓ

)(
CΩℓ + SΩℓ +NΩℓ

) . (61)

In the previous expression, fsky is the sky fraction covered by both the SGWB
and the CMB surveys, Cκℓ is the auto-correlation angular power spectrum of
the CMB lensing convergence and Nℓ is the lensing noise. Notice that in the
lensing-related terms in the denominator (aka the cross-correlation and the
lensing convergence auto-correlation), we have only the contribution from cos-
mic variance since the shot noise is absent when considering a diffuse field
such as the lensing convergence. For our analysis, we employ the lensing noise
curves for CMB-S4 [290, 291] and the Simons Observatory (SO) [57]. For both
surveys, we adopt the Large Aperture Telescope configuration sky fraction
fκsky = 0.4. Since GW experiments cover the entire sky (i.e. fΩsky = 1), we use
the limiting value fsky = fκsky for the cross-correlation. In the following, we
will show only the results for CMB-S4 for a matter of simplicity. Indeed, it
has lower noise, and the final S/N does not strongly depend on the adopted
lensing noise curve. Moreover, the Simons Observatory will be active in a few
years, while CMB-S4 is likely to be more contemporary to the GW detectors
we are considering for this work.

In Figure 39, we show the S/N of the cross-correlation angular power spec-
trum for the SGWB produced during the formation of SMBH seeds. As dis-
cussed in the previous Section, the shot noise in the DECIGO band is too high
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and compromises the S/N even if we cross-correlate the SGWB with CMB
lensing. In the mHz band, instead, the situation is more promising. As ex-
pected, LISA alone is not able to resolve the signal, but with a constellation
of two LISAs6, the cross-correlation S/N reaches unity at ℓmax ∼ 50 for T = 4

yr and at ℓmax ∼ 30 for T = 10 yr. In principle, this means that one should
be able to probe the signal by summing the contributions from enough multi-
poles. However, we still don’t know if the large noise contributions will allow
us to obtain the Cℓ from the raw maps up to such high ℓmax. In Figure 40,
we show the results for the cross-correlation between the CMB lensing con-
vergence and the SGWB produced by coalescing stellar binaries. In the LISA
band, the SGWB amplitude is too low to access the signal, even with the help
of cross-correlations. In the DECIGO band, instead, there are more chances to
measure the cross-correlation signal. For the nominal mission lifetime of T = 3

yr, the S/N reaches unity at ℓmax ∼ 20 for BNSs, while it always stays below
one for BBHs. However, if we consider a longer observation time T = 10 yr, the
S/N will reach unity at ℓmax ≲ 10 for BNSs and ℓmax ≲ 40 for BBHs.

Figure 39: Cumulative S/N of the cross-correlation between the SGWB produced by
SMBH seed formation process and the CMB lensing convergence, measured
with CMB-S4. Left panel: S/N with LISA (red) and a constellation of two
LISAs (orange) observing for four (solid) and ten (dotted) years. The black
line corresponds to S/N = 1. Right panel: S/N for DECIGO observing for
three (solid) and ten (dotted) years.

6 We performed the analysis also for the constellations of three and four LISAs depicted in
Figure 32. The results improve only slightly (less than 1%) with respect to the configuration
with two LISAs. Indeed, the Nℓ are only a few times lower (see Figure 33) and, in any case,
smaller than the Cℓ and Sℓ evaluated at the multipoles that contribute most to the S/N (ℓ = 2
and ℓ = 4, see the left panels of Figures 37 and 38).
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Figure 40: Cumulative S/N of the cross-correlation between the SGWB produced by
coalescing stellar binaries (BBHs in blue and BNSs in green) and the CMB
lensing convergence, measured with CMB-S4. Left panel: S/N with a constel-
lation of two LISAs for four (solid) and ten (dotted) years of observing time.
Right panel: S/N for DECIGO observing for three (solid) and ten (dotted)
years. The black line corresponds to S/N = 1.

4.7 discussion and conclusions

In this Chapter, we investigated the possibility of probing the anisotropies of
the astrophysical SGWB by using constellations of space-based interferometers.
For our analysis, we considered a network composed of multiple LISAs and
the planned Japanese mission DECIGO, which is already a constellation of
four detector clusters. We tested these detector configurations with two differ-
ent anisotropic SGWBs of astrophysical origin. First, we considered the SGWB
produced by merging stellar compact binaries: even though this signal is dom-
inant in the Hz-kHz band, its contribution is also relevant in the mHz and
deci-Hz bands. Second, we considered the SGWB produced during a newly
proposed scenario for SMBH seed formation through consecutive mergers of
stellar remnants brought into the galactic center by gaseous dynamical fric-
tion. This process, recently developed in Refs. [277, 278], produces an SGWB
in an extended frequency band, ranging from 10−7 Hz up to 1 Hz, making it a
potential target for space-based interferometers. Following the formalism pre-
sented in Chapter 3, we computed the angular power spectrum of the SGWB
anisotropies for both sources, the shot noise, and the instrumental noise for all
the considered detector configurations. We then used these ingredients to eval-
uate the S/N for the auto-correlation power spectra. As expected, we found
that measuring the SGWB anisotropies alone is very challenging even with a
constellation of space-based interferometers. A possible exception holds for the
SGWB produced by merging binary neutron stars, observed with DECIGO for
at least ten years. In this case, the cumulative S/N reaches unity at ℓmax ≲ 10

with our prescriptions. Indeed, there are large uncertainties in the astrophys-
ical modeling, and the exact amplitude of the signal could be very different
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from the one we computed with our prescriptions. The detection prospects
sensibly improve when considering cross-correlations with other tracers of the
LSS. In particular, we cross-correlated our SGWB signals with the CMB lensing
convergence. We computed the S/N of the cross-correlation power spectrum
by including the lensing noise curves for CMB-S4 and the Simons Observa-
tory. We found that a constellation of two LISAs operating for ten years can
marginally probe the cross-correlation between CMB lensing and the SGWB
produced during the formation of SMBH seeds. Specifically, the S/N reaches
unity at ℓmax ∼ 30. Moreover, we found that DECIGO can instead probe the
cross-correlation between CMB lensing and the SGWB produced by merging
compact binaries. For an observation time of ten years, the S/N reaches unity
at ℓmax ≲ 10 for BNSs and ℓmax ≲ 40 for BBHs. All in all, the anisotropies
of the SGWB contain a large amount of astrophysical and cosmological in-
formation that makes them a sought-after target for present and future GW
observatories. However, there is the possibility the numerous observational
challenges might hinder their exploration using ground-based interferometers,
particularly beyond the initial multipoles. Through this preliminary analysis,
we showed that using a constellation of space-based interferometers could sub-
stantially enhance the angular sensitivity, potentially enabling the investigation
of SGWB anisotropies, especially through cross-correlations with other cosmic
fields such as CMB lensing.
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The SGWB produced by merging neutron stars features a peak in the kHz fre-
quency band. In this chapter, I discuss e new theoretical framework to exploit
such a distinguishing feature through a Markov Chain Monte Carlo analysis
using a simulated data-set of SGWB measurements within this frequency band.
The aim is to use the peak of the SGWB as an observable to constrain a selec-
tion of astrophysical and cosmological parameters describing the SGWB.

5.1 introduction and motivation

The SGWB coming from compact binary coalescences is one of the main targets
of present and forthcoming GW observatories. Indeed, such a signal (i) comes
from all merging binaries since the beginning of stellar activity, and hence
contains information about the entire population of sources; (ii) it is a tracer
of the large-scale structure, as its anisotropies reflect those of the underlying
dark matter distribution; (iii) it is dominant within the frequency band probed
by ground-based interferometers. As a consequence, an effective modeling of
this specific component is needed to isolate other SGWB sources that might be
present in the signal. As we discussed in the previous chapters, the amplitude
and shape of the energy density Ωgw(f) are influenced by several astrophys-
ical factors. Another intriguing and largely unexplored characteristic of the
SGWB from compact binary coalescences is its sensitivity to a set of cosmo-
logical parameters, including the Hubble parameter H0. Relying on a robust
set of astrophysical and cosmological parameters is fundamental to provide
an accurate description of the SGWB signal. On the other hand, the measure-
ment of SGWB amplitude across multiple frequencies gives the opportunity to
constrain these parameters. The majority of the binary coalescences building
up the SGWB are in their inspiral phase between 10 Hz and a few hundred
Hz, and the energy density parameter follows a power-law behavior with a
fixed slope, Ωgw(f) ∝ f2/3. Hence, in this regime, there is a strong degeneracy
between the astrophysical and cosmological parameters that characterize the
SGWB, as their complex interplay shows up only as variations in the amplitude
of the power-law. As a consequence, constraining the different parameters sep-
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arately is impossible in this regime. In contrast, the scenario is different above a
few hundred Hz. In this high-frequency regime, an increasingly larger portion
of binaries evolves towards the merger and ringdown phases. Thus, the energy
density parameter Ωgw(f) features a distinctive peak, as shown in Figure 41.
The shape of the peak is influenced by a combination of astrophysical factors,
such as the mass and redshift distribution of the merging binaries, as well
as cosmological factors, including the value of the Hubble parameter H0, the
matter content of the Universe, and the effective equation of state of dark en-
ergy. Therefore, the kHz range might contain additional information to better
constrain the astrophysical and cosmological parameters describing the SGWB
signal.

Figure 41: Frequency behavior of the energy density parameter. The power-law, peak
and exponential cutoff regimes correspond to the inspiral, merger and ring-
down phases, as explained in the text. This plot shows the SGWB produced
by merging BNS, computed as described in Chapter 2 according to the as-
trophysical prescriptions presented in Refs. [76, 77].

The aim of this chapter is to study the information concealed in the peak of
the SGWB. I will investigate how different sets of astrophysical and cosmologi-
cal parameters affect the amplitude and shape of Ωgw(f) in the high-frequency
regime. Furthermore, I will show how a series of measurements within the kHz
range can help to constrain these parameters. Finally, I will give some insights
on the required sensitivity in the high-frequency regime needed to measure the
H0 parameter and possibly shed light on the Hubble tension [33]. There are al-
ternative methods to estimate the value of the Hubble constant using GWs as,
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for example, with resolved signals. Each measurement provides the luminosity
distance to the source, while the corresponding redshift can be obtained using
various approaches, including the redshifted masses and a galaxy catalog [134,
135, 292]. The value of H0 is then inferred from the dL− z relation. The method
presented in this chapter represents a completely independent approach.

This chapter is organized as follows. In Section 5.2, I briefly recall the deriva-
tion of the SGWB energy density parameter for binary coalescences. Then, I
identify a set of astrophysical and cosmological parameters suitable for de-
scribing a specific family of coalescing binaries (i.e., BNSs) and study how
different values of such parameters affect Ωgw(f). In Section 5.3, I describe our
methodology for exploiting the high-frequency features of the SGWB through
a Markov Chain Monte Carlo analysis using a simulated data set of SGWB
measurements. In Section 5.4, I study how well different input values of the
astrophysical and cosmological parameters are retrieved with the MCMC anal-
ysis. Finally, I discuss the results and draw the conclusions in Section 5.5.

5.2 study of physical dependencies

In this section, I give an overview of the astrophysical and cosmological de-
pendencies of the SGWB energy density parameter. Following Refs. [37, 83–90,
293], Ωgw(f) can be re-written as1:

Ωgw(f) ≡ 1

ρc

dρgw(f)

d ln f
=
f

ρc

d2Egw

dVdf
=

f

ρcc

d3Egw

dSdtdf
, (62)

where Egw is the total energy carried by the stochastic background, so that
d3Egw/dSdtdf is the total energy flux per unit time and frequency in the ob-
server frame. By expanding Equation (62), we get

Ωgw(f) =
f

ρcc

∫
dzdθa p(θa) F(f, z|θa)

dṄ

dz
(z|θa). (63)

In Equation (63), p(θa) is the probability distribution of the source astrophys-
ical parameters, θa. F(f, z|θa) is the averaged energy flux per unit observed
frequency emitted by coalescing binaries located at redshift z and character-
ized by the astrophysical parameters θa:

F(f, z|θa) =

dEgw

df
(f|θa)

4πd2L(z|θc)
=

dEgw

dfs
(fs|θa)

4πr2(z|θc)(1+ z)
, (64)

where dEgw/df is the emitted gravitational spectral energy and fs = f(1+ z)

is the frequency in the source frame. dL(z|θc) and r(z|θc) are the luminosity

1 Here I derive the expression of Ωgw(f) following exactly the same steps of the derivation
reported in Section 1.2.3. However, here I hightlight more explicitly the dependence on the
astrophysical and cosmological parameters.
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Figure 42: The energy density of the SGWB produced by merging BNS systems ex-
hibits different behaviors for different values of the cosmological and as-
trophysical parameters considered in our analysis: θc = {H0,ΩM,w} and
θa = {Mc,α}. In each panel, we explore the effect of varying a single pa-
rameter while keeping the others fixed at their reference values: Href

0 = 67

km s−1Mpc−1, Ωref
M = 0.31, wref = −1, Mref

c = 1.25 M⊙, and αref = 3.8.

distance and the proper distance, respectively, and depend on the adopted
cosmology, defined by the cosmological parameters θc. The last term of the
integral in Equation (63) is the rate of mergers per redshift interval. This quan-
tity can be expressed in terms of the intrinsic merger rate per unit comoving
volume, R(z|θa), as follows:

dṄ

dz
(z|θa) = R(z|θa)

dV

dz
, (65)

with

dV

dz
=
4πc r2(z|θc)

H(z|θc)
, (66)

where H(z|θc) = H0h(z|θc) is the Hubble rate. By combining everything to-
gether, we obtain the well-known expression for the SGWB energy density
parameter, as reported in Refs. [37, 83–90, 293]:
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Ωgw(f) =
8πGf

3H30c
2

∫
dzdθa p(θa)

dEgw

dfs
(fs, z|θa)

R(z|θa)

(1+ z)h(z|θc)
. (67)

The adopted cosmological model affects Ωgw(f) through the H0 parameter.
Furthermore, it influences the behavior of h(z|θc), which has distinct func-
tional forms depending on the adopted cosmological scenario. Here, we use
a standard flat cosmology, with the Hubble parameter H0, the matter density
parameter ΩM, and the dark energy equation of state w as free parameters. In
this scenario, the expression for h(z|θc), with θc = {H0,ΩM,w}, is:

h(z|θc) =

√
ΩM(1+ z)3 +ΩΛ(1+ z)3(1+w), (68)

where ΩΛ = 1−ΩM for the flatness requirement. The top panels of Figure 42

show the dependence of Ωgw(f) on the set of cosmological parameters. From
Figure 42, it is apparent that the SGWB energy density is most sensitive to
H0, as Ωgw ∝ H−3

0 . This means that higher values of H0 result in a reduced
SGWB amplitude because a faster cosmic expansion leads to a more signif-
icant dilution of the energy density. However, assessing the sensitivity of a
SGWB measurement to the Hubble parameter using Ωgw(f) may not be the
most suitable approach. Notably, a substantial dependence on H0 arises from
the presence of ρc in the definition of Ωgw(f). As a consequence, instead of
relying on Ωgw(f), we will use the spectral density Sh(f), which is directly
measured measured by GW detectors. Indeed, a detector produces an output
of the measured GW strain, h(t). From the correlation of the outputs of two
detectors one can measure the root mean square of the strain, h2rms, or, equiv-
alently, the power spectral density (PSD) Sh(f), which is defined through (see
e.g. Refs. [21, 23]):

h2rms =
〈∑
ij

hijhij

〉
=

∫∞
0
dfSh(f). (69)

The PSD and the energy density parameter are related through

Sh(f) =
3H20
2π2f3

Ωgw(f), (70)

so that

Sh(f) =
4G

πH0c2
f−2

∫
dzdθa p(θa)

dEgw

dfs
(fs, z|θa)

R(z|θa)

(1+ z)h(z|θc)
. (71)

The astrophysical dependencies of Ωgw(f) are embedded within the merger
rate and the GW spectral energy, and are more complex than the cosmologi-
cal ones. Indeed, the intricate interplay of numerous processes, spanning from
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the physics of stars and binary systems to that of the host galaxies, decisively
shapes the formation, evolution and merger of compact binaries. As a conse-
quence, capturing all the involved processes with a limited set of parameters
is challenging. The difficulty is particularly pronounced in the case of BBHs,
as their mass and redshift distributions show complex and distinctive features,
heavily influenced by a multitude of astrophysical factors, including the evolu-
tion of massive stars (e.g. pair instability, core collapse, natal kicks, etc.), differ-
ent binary formation channels (e.g. isolated, dynamical, etc.), binary evolution
processes (e.g. stable mass transfer, common envelope, etc.), and the metal-
licity and star formation rate of the galactic environment (see, e.g, Refs. [76,
77, 236, 294–296] for a comprehensive description of relevant physics at play).
For BNSs, the complexity level is significantly reduced. Firstly, uncertainties
concerning the galactic environment are smaller compared to the BBH case.
Indeed, BNS systems are minimally affected by metallicity variations, with
their evolution mainly depending on the galaxy main sequence (i.e the rela-
tion between stellar mass and star formation rate), which is empirically well-
constrained [230, 297]. Secondly, though there are larger uncertainties on the
stellar side, the mass spectrum of neutron stars sharply peaks around 1.3 M⊙
[298, 299]. For our analysis, therefore, we have decided to work with the SGWB
produced by BNS systems, which can be described with a reasonable number
of astrophysical parameters. Specifically, we focus on the stellar domain and
characterize the BNS population through two key astrophysical parameters,
θa = {Mc,α}, where Mc represents the value at which the chirp mass distri-
bution peaks, and α denotes the common envelope efficiency parameter [217,
300]. On the galactic side, instead, given the increasing confidence in forthcom-
ing observational constraints, we rely on empirical, data-driven prescriptions,
based on multi-band measurements of the galaxy main sequence and metallic-
ity. In particular, we establish a fixed fiducial scenario for metallicity and main
sequence, the B18 FMR model in Ref. [296]. In the lower panel of Figure 42,
we show how Ωgw(f) depends on the parameters θa. Notably, different values
of Mc cause a shift in the peak’s position, as BNS populations with different
masses merge at different typical frequencies. Conversely, varying α leads to
a significant change in the amplitude of the SGWB, as it directly affects the
number of merging BNS binaries.

5.3 methods : markov chain monte carlo analysis

In this work, we characterize the SGWB using its PSD, Sh(f), which is linked
to the energy density parameter, Ωgw(f), through Equation (70). As already
mentioned, we adopted this approach for two reasons: i) Ωgw(f) introduces a
further dependence on H0, potentially affecting the relationship between the
SGWB amplitude and the Hubble parameter, and ii) the PSD is more directly
related to the GW strain, the quantity measured by detectors. However, since
the results about the SGWB are usually expressed in terms of Ωgw(f), we also
present our results in terms of Ωgw(f) instead of Sh(f). As a preliminary step,
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Figure 43: The solid line in the left (right) panel represents our model of Ωgw(f)

(
√
Sh(f)) for the SGWB produced by coalescing BNSs. The coloured lines

are the PLS curves of LIGO-Virgo-KAGRA (LVK), Einstein Telescope (ET),
and ET in combination with two Cosmic Explorers, one in the US and one
in Australia. The red and blue points represent a hypothetical data-set with
the corresponding errors, as explained in the text.

we calculate the PSD at different frequencies in the range [10 Hz-5.5 kHz], con-
sidering different sets of astrophysical and cosmological parameters. The PSD
values are our mock measurements, and we also associate an error to each
of them. The error is calculated by computing the 1σ power-law integrated
sensitivity curve (PLS) [174] for a specific network of detectors, assuming an
observation time T = 1 yr. The value of the 1σ-PLS at each frequency repre-
sents the amplitude of a power-law SGWB with a signal-to-noise ratio of 1,
providing a reasonable estimation of the error for our measurements. Once
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Figure 44: Example of the mock data-set that we actually use for our analysis. Ωgw(f)

is computed using a specific set of input values for our parameters θa and
θc (see Table 2). The data points, in red, are obtained sampling Ωgw(f) at
seven distinct frequencies. The associated errors are fixed to the ET 1σ-PLS
in the 1-100 Hz regime (blue points), and at progressively low arbitrary
values in the kHz regime (green points).

we have our data-set with errors, we perform a Markov Chain Monte Carlo
(MCMC) analysis to retrieve the input values of the astrophysical and cosmo-
logical parameters that we used to generate the data. We use the code emcee,
which is an MIT licensed pure-Python implementation of Goodman & Weare’s
Affine Invariant MCMC Ensemble sampler [301].

In Figure 43, we show a collection of mock data points along with their
corresponding errors, computed in the context of a detection with three differ-
ent networks: (i) the current network of second-generation instruments, LIGO,
Virgo, and KAGRA (LVK) [4, 5, 10] at design sensitivity (post-O5), (ii) the
third-generation detector Einstein Telescope (ET) [134, 135], and (iii) an ex-
tended network composed of ET and two Cosmic Explorer (CE) detectors [136,
137], one in the US and one in Australia. The left panel of Figure 43 shows
the expected Ωgw(f) based on our fiducial values of the astrophysical and cos-
mological parameters, as reported in Table 2. We also show our mock data
(red points), which are given by the expected values of Ωgw(f) at specific fre-
quencies where measurements are assumed to be taken at: f = 10 Hz, 50 Hz,
1.5× 103 Hz, 2.5× 103 Hz, 3.5× 103 Hz, 4.5× 103 Hz, and 5.5× 103 Hz. The
first two frequencies are strategically chosen within the region where LVK,
ET, and CE have maximum sensitivity to stochastic backgrounds. These data
points are crucial for constraining the amplitude of the SGWB. Instead, the five



5.3 methods : markov chain monte carlo analysis 121

data points in kHz range are essential to characterize the peak of the SGWB,
as it is shown in the zoomed-in region in the left plot of Figure 43. The errors
of our mock measurements (blue points) match the values of the PLS of the
considered detector network at the observed frequencies. In the right panel of
Figure 43, we present the same quantities as in the left panel, but expressed in
terms of the PSD using Equation (70). From Figure 43, it is apparent that LVK
at design sensitivity will only marginally detect the SGWB. In contrast, the im-
proved sensitivity of ET will allow the detection of the SGWB in the frequency
range from a few Hz to a few hundred Hz. Moreover, the PLS shown in the
plot refers to the current expectations for ET sensitivity. Once online, the detec-
tor will undergo continuous upgrades, similar to LVK, that will improve the
sensitivity band to possibly reach the SGWB peak. In particular, pushing the
performances of ET in the kHz regime in future implementations, for example
through ad-hoc optical configuration of the ET-HF interferometer, would be
beneficial to this purpose. Finally, combining ET with other third-generation
detectors, such as CE, will enhance the overall sensitivity and may help to give
further insights on the high-frequency features of the SGWB.

The primary objective of this paper is to build up a science case to assess
whether the SGWB measured in the kHz band can serve as a reliable observ-
able to constrain cosmological and astrophysical parameters. To accomplish
this goal, we manually fix the sensitivity in the kHz band so to reach a good
level of constraining power on the astrophysical and cosmological parameters.
Figure 44 shows a typical data-set that we used for our theoretical analysis,
with manually fixed errors in the kHz band (green points). For the first two
data points, we use the errors associated with ET. We generate different data-
sets using the fiducial values of the parameters θc and θa, as reported in Ta-
ble 2. The real values of Mc,α and w are highly uncertain, thus we randomly
pick their fiducial values inside the prior ranges typically used in the literature
[217, 300, 302–305]. In contrast, for H0 and ΩM, we take the latest values ob-
tained by Planck [32]. For H0, we also consider an additional fiducial value,
corresponding to the local measurement from Cepheid variables and Type Ia
supernovae [31]. All the priors distributions are flat, except that of Mc, which
is a Gaussian with σMc

= 0.2M⊙ centered around 1.2M⊙. We then perform
an MCMC to retrieve the input values of our parameters. Finally, we study
the amplitude of the posterior contours for different choices of the kHz PLS,
which give an estimate of the constraining power of our observable.

Finally, we emphasize that following this preliminary science case, we plan
to apply our methodology to more advanced scenarios. For example, the de-
scription of BNS systems could be enhanced by including the dependence on
the neutron star equation of state. The equation of state affects the masses of
the binary components and the GW waveforms, both contributing to the SGWB
energy density. We also plan to extend our study to BBHs, which are expected
to produce a SGWB with a peak at lower frequencies (a few hundred Hz).
As mentioned earlier, the BBH case requires a larger number of parameters
to be described because the properties and evolution of such systems heavily
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Parameter Fiducial value(s) Prior interval Units

Mc 1.25 [1,1.5] M⊙

α 3.8 [1,5] /

H0
67.4

[50,90] km s−1Mpc−1
73

ΩM 0.315 [0.04, 0.5] /
w -1.5 [-2,0] /

Table 2: Fiducial values and prior intervals for our astrophysical and cosmological pa-
rameters. All the priors are flat, except from the one for Mc, which is assumed
to be a Gaussian with σMc

= 0.2 centered around M̄c = 1.2.

depend on the metallicity and various formation channels. Furthermore, since
the next-generation GW detectors will resolve the majority of coalescing BBHs,
implementing our methodology for such systems will involve considering the
residual SGWB, obtained by excluding all resolved events from the energy
density computation.

5.4 results : constraints on a selection of parameters

In Figure 45, we show the joint constraints (68% and 95% confidence regions)
and marginalized posterior distributions on Mc, α and H0 for two sets of input
values, {1.25 M⊙, 3.8, 67.4 km s−1Mpc−1} and {1.25 M⊙, 3.8, 73 km s−1Mpc−1}.
In Table 3, we report the associated marginalized percentage constraints at the
68% confidence level. The input values for H0 are chosen to match the most
recent Planck and local estimates, respectively [31, 32]. For both sets of input
parameters, we explore the constraining power of our mock data-set for differ-
ent kHz sensitivities. We find that a PLS = 1× 10−11 is the poorest sensitivity
for which the data have some constraining power on the three considered pa-
rameters. For higher values of the PLS, the posteriors are dominated by the
priors and thus become uninformative. At PLS = 1× 10−11, instead, the astro-
physical parameters are retrieved quite well, so as the Hubble parameter. At
this sensitivity level, however, it is not possible to distinguish between the two
H0 input values with enough significance. Notice that a precise determination
of H0 is further complicated by the strong degeneracy with α, as both param-
eters affect the amplitude of the SGWB leaving mostly unvaried its shape (see
Figure 42). As expected, the constraining power increases for lower values of
the PLS. In particular, with a PLS = 5× 10−12 (2.5× 10−12) it is possible to
distinguish the two conflicting values of the Hubble parameter at 1(2)σ.

We also investigate the constraining power of our mock data-set when in-
corporating the other cosmological parameters, ΩM and w. In Figure 46, we
show the joint constraints (68% and 95% confidence regions) and marginalized
posterior distributions on our full set of parameters θa and θc. We also report
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PLS 1× 10−11 PLS 5× 10−12 PLS 2.5× 10−12

Mc 0.2% 0.1% 0.1%
α 4.2% 2.1% 1.0%
H0 6.5% 3.2% 1.6%

Table 3: Marginalized percentage constraints at the 68% confidence level on Mc, α and
H0, with input values {1.25M⊙, 3.8, 73 km s−1Mpc−1}, for the three different
kHz sensitivity levels.

PLS 1× 10−11 PLS 5× 10−12 PLS 2.5× 10−12

Mc 0.4% 0.3% 0.3%

α 8.7% 7.5% 6.2%

H0 11% 9, 7% 8.2%

ΩM 9.4% 7.1% 6.5%

w 25% 21% 17%

Table 4: Marginalized percentage constraints at 68% confidence level on all the param-
eters, with input values {1.25M⊙, 3.8, 73 km s−1Mpc−1, 0.315, −1.5}, for the
three different kHz sensitivity levels.

the associated marginalized percentage constraints at the 68% confidence level
in Table 4. As expected, including a larger number of parameters in our model
leads to broader posterior constraints. The increased complexity of the param-
eter space results in multimodal posterior distributions with several secondary
peaks and introduces a higher level of degeneracy, especially for the parame-
ters α and H0. Nevertheless, the constraining power of our data-set remains
significant, as the posteriors add information with respect to the priors for all
parameters and at all kHz sensitivity levels.

5.5 discussion and conclusions

In this chapter, I studie the constraining capabilities of mock SGWB measure-
ments in the kHz frequency regime. In the high-frequency range, the SGWB
energy density shows a distinctive peak that contains most of the physical in-
formation. There are several stellar, galactic, and cosmological processes that
affect the amplitude and shape of the SGWB. However, within the frequency
range explored by ground-based interferometers, the SGWB follows a power-
law behavior with a fixed f2/3 slope. As a result, SGWB measurements in this
region only allow for the determination of the signal’s amplitude, leading to
considerable degeneracy among the physical factors responsible for its produc-
tion. In contrast, the frequency band above a few hundred Hz offers a unique
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opportunity to probe the distinct peak of the SGWB, allowing us to constrain
the astrophysical and cosmological processes that generate the signal.

As a first step, we identified a set of astrophysical and cosmological parame-
ters that effectively characterize the SGWB sources. We focused our analysis on
the SGWB generated by coalescing BNSs, instead of BBHs and NSBHs, because
they are minimally affected by metallicity and mainly depend the redshift evo-
lution of the galaxy main sequence, which is well constrained. We adopt em-
pirical, data-driven prescriptions for the galactic environment and restrict our
selection of astrophysical parameters to the stellar domain. We use only two
astrophysical parameters to describe the BNS population, θa = {Mc,α}, where
Mc is the chirp mass at which the BNS mass distribution peaks, and α is the
common envelope efficiency parameter. On the cosmological side, both ampli-
tude and shape of the SGWB depend on the adopted scenario. Each cosmol-
ogy is defined by specific parameters, either directly or indirectly influencing
the expression for the energy density of the SGWB, as given in Equation (67).
Specifically, we work with the parameters θc = {H0,ΩM,w}, where H0 is the
Hubble parameter, ΩM the matter density parameter, and w the dark energy
equation of state parameter. We first investigated how varying these parame-
ters affects the SGWB energy density. Then, we did an MCMC analysis using
a set of mock data covering a frequency range between a few tens of Hz and
a few kHz. The main goal was to evaluate the constraining power of these
data on our set of astrophysical and cosmological parameters. For the data
points in the ∼ 10 Hz range, we set the errors to match the PLS of ET. For
those in the kHz, instead, we assume progressively lower errors. Restricting
the analysis only to the parameters {Mc,α,H0}, we discovered that our mock
data had constraining power for PLSs lower than 10−11 in the kHz frequency
band. With a PLS of 5× 10−12 and 2.5× 10−12, we could retrieve the Hubble
parameter with a precision that has the potential to solve the Hubble tension at
1σ and 2σ, respectively. Including also the remaining parameters, ΩM and w,
we observed a decay in the constraining power. The increased complexity of
the parameter space leads to the emergence of several secondary peaks in the
posterior distributions. Despite this, the data still add valuable information to
the priors, offering potential insights into the values of our astrophysical and
cosmological parameters.

In conclusion, our science case establishes the relevance of the SGWB gener-
ated by BNSs as a robust observational tool within the kHz frequency range. Its
characteristic peak contains a significant amount of physical information, en-
abling effective constraints on many astrophysical and cosmological processes
involved in the production of the SGWB. Despite the complex interplay among
numerous parameters, this observable remains effective in providing valuable
insights, when measured with sufficient precision.
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Figure 45: Joint constraints (68% and 95% confidence regions) and marginalized
posterior distributions on Mc, α and H0, for two sets of input values
{1.25M⊙, 3.8, 67.4 km s−1Mpc−1} and {1.25M⊙, 3.8, 73 km s−1Mpc−1}, and
three different sensitivity levels in the kHz range.
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Figure 46: Joint constraints (68% and 95% confidence regions) and marginalized pos-
terior distributions on all the considered parameters, Mc, α, H0, ΩM and
w, for three different sensitivity levels in the kHz range. The input values
for the parameters are {1.25M⊙, 3.8, 73 km s−1Mpc−1, 0.315,−1.5}.



6C O N C L U S I O N S A N D F U T U R E P E R S P E C T I V E

In this Thesis, I have presented the original scientific results obtained during
my Ph.D., mainly focusing on the SGWB generated by stellar compact binary
coalescences. My work involved the development of a theoretical framework
to characterize the intensity and anisotropies of this signal, along with its cross-
correlation with other cosmic fields, its detection prospects, and its potential
as an observable to constrain the astrophysical and cosmological processes at
play. This framework can be applied to different sources of SGWB, each mod-
eled with distinct prescriptions and observed with various GW detectors. Al-
though I explored several specific scenarios during my Ph.D., the established
framework stands as an effective starting point for both theoretical and ob-
servational studies concerning astrophysical stochastic backgrounds. In this
closing chapter, I will summarize the main findings presented in this Thesis.
Additionally, I will provide brief descriptions of ongoing projects and outline
my research plans for the future.

6.1 main results

Intensity and anisotropies of the SGWB from stellar compact binary coalescences

In Chapter 2, I introduced the theoretical framework I used to calculate the
expected intensity and anisotropies of the SGWB throughout this Thesis. This
framework relies on the outputs from the StarTrack binary population synthe-
sis code and empirical, data-driven prescriptions for the galactic environment
(Section 2.2). Employing these galactic empirical prescriptions, which I have
briefly reviewed in Appendix A, allowed me to circumvent the issue of select-
ing one among various competing astrophysical models. While the used empir-
ical relations come with their observational errors, they establish a robust and
well-motivated astrophysical scenario in a field characterized by significant
theoretical uncertainties. Using these prescriptions, I evaluated the amplitude
of the SGWB as a function of frequency, specifying the contribution of binary
black holes (BBH), binary neutron stars (BNS), and neutron star-black hole bina-
ries (NSBH). I considered both the total SGWB, given by the superposition of
all GW events, resolved and unresolved, and the residual SGWB, which is ob-
tained subtracting the events whose signal-to-noise ratio is above the detection
threshold. I studied the residual SGWB for two different networks of ground-
based detectors: the second-generation network composed of LIGO, Virgo and
KAGRA (LVK), and the next-generation GW observatory Einstein Telescope
(ET). Even at design sensitivity, for LVK the unresolved events will continue
to be the vast majority. In contrast, the exceptional sensitivity of ET will en-
able the detection of the majority of GW events up to extremely high redshifts.
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As a consequence, the residual background for ET is anticipated to be signif-
icantly lower than the total one, potentially unveiling ’hidden’ sub-dominant
populations of merging binaries (Section 2.3).

Transitioning to the analysis of anisotropies, my initial focus was charac-
terizing the SGWB as a tracer of the large-scale structure (LSS). This involved
computing the redshift distribution, bias, and magnification bias of the SGWB
energy density. Crucially, this characterization was possible due to the empir-
ical approach for the galactic environment. By classifying the host galaxies
of the GW source based on their star formation rates, I could effectively use
this classification to determine the clustering properties of the SGWB, derived
from the well-established ones of the host galaxies (Section 2.4). Leveraging
this characterization of the SGWB as a tracer of the LSS, I calculated the an-
gular power spectrum of its anisotropies using the Boltzmann solver CLASS. I
computed the expected angular power spectra for both the total SGWB, allow-
ing comparison with previous studies, and, for the first time to my knowledge,
the residual SGWB. Additionally, I performed a tomographic analysis to iden-
tify the contributions of GW events located at various redshifts to the SGWB
anisotropies across different scales (Section 2.5). Finally, I introduced a novel
method to simulate full-sky maps of the SGWB. This method accounts for both
clustering properties and the intrinsic Poissonian nature of the signal, originat-
ing from the discrete distribution of sources in space and time. This framework
was essential for quantifying the impact of the resulting shot noise, character-
ized by a flat angular power spectrum significantly larger than the anisotropies
induced by the LSS (Section 2.6).

Cross-correlation with CMB lensing: theory and detection prospects

Numerous recent studies have shown that using the cross-correlation with
other cosmic fields – tracers of the same LSS, such as galaxy number counts,
galaxy lensing, and CMB temperature fluctuations – is an effective method to re-
duce the impact of shot noise. In Chapter 3, I investigated the cross-correlation
of the SGWB from stellar binary coalescences with CMB lensing. As a starting
point, I characterized the two fields as tracers of the LSS, using a shared no-
tation involving the definition of kernels (Section 3.2). Then, I computed the
cross-correlation angular power spectra for BBHs, BNSs, and NSBHs, and for
both the total and residual stochastic backgrounds. I considered several detec-
tor networks including both present and forthcoming ground-based detectors
– namely, LIGO, Virgo, KAGRA, Einstein Telescope and Cosmic Explorer. The
results revealed a substantial level of correlation between these two fields. This
finding is non-trivial, suggesting that the distribution of merging binaries, as
observed through SGWB anisotropies, is meaningfully correlated with the lin-
ear structures probed by CMB lensing (Section 3.4). Subsequently, I calculated
the signal-to-noise ratio (S/N) for both the SGWB×SGWB auto-correlation and
the SGWB×CMB lensing cross-correlation, accounting for shot noise and in-
strumental noise. This computation was done for a network of GW detectors
including all the considered GW instruments, combined with the Simons Ob-
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servatory for CMB lensing measurements. The results show that the S/N for
the cross-correlation substantially surpasses that of the auto-correlation, prov-
ing the efficacy of the cross-correlation with CMB lensing in mitigating the
impact of shot noise. Nevertheless, the relatively poor angular resolution of
GW detectors remains a significant limitation, hindering the detection of the
SGWB anisotropies beyond the first few multipoles.

An important caveat is that, in this analysis, I made the assumption that
both the SGWB and CMB lensing were Gaussian fields. This assumption is
not always true for the SGWB, particularly in the frequency band explored
by ground-based detectors. Properly incorporating the statistical properties of
the SGWB, along with the ongoing advancements in data analysis and map-
making techniques, would likely enhance the prospects for detection. Never-
theless, my analysis serves as an initial step in evaluating the effectiveness
of cross-correlation with CMB lensing in enhancing the intrinsic LSS-induced
anisotropies in the SGWB.

Searching for SGWB anisotropies with constellations of space-based detectors

In Chapter 4, as follow-up work, I explored the potential of using a constella-
tion of space-based detectors to measure the anisotropies of the SGWB. This
study aimed to address the challenge of limited angular resolution discussed
in the previous work. A detector configuration with multiple instruments in
orbit around the Sun has a notably increased interferometric baseline of ≈ 1

AU, compared to ≈ 1 Earth radius for ground-based interferometers, resulting
in a significantly enhanced angular resolution. The pipeline remains similar
to the one for the previous work discussed in Chapter 3, albeit with a focus
on space-based interferometers. Specifically, my analysis included a constella-
tion of multiple LISA-like detectors, operating within the mHz frequency band,
and the proposed Japanese mission DECIGO, which operates within the deci-
Hz band (Section 4.2). Furthermore, in addition to stellar compact binaries,
I also studied the SGWB generated by repeated mergers of stellar remnants
with massive BH seeds situated at the centers of distant galaxies (Section 4.3).
This was done within the context of the recently proposed massive BH seed
formation process discussed in Appendix C.

I computed the angular resolution of the considered detector configurations
(Section 4.2), the expected amplitude of the SGWB produced by stellar com-
pact binaries and consecutive mergers with massive BH seeds (Section 4.4).
Then, I focused specifically on anisotropies, and computed the S/N of both the
SGWB×SGWB auto-correlation and the SGWB×CMB lensing cross-correlation,
for both the considered SGWB sources and the different constellations of de-
tectors (Sections 4.5 and 4.6). The analysis revealed that a constellation of two
LISAs, observing for a decade, can marginally detect the cross-correlation be-
tween CMB lensing and the SGWB generated during the formation of massive
BH seeds. Specifically, the S/N reaches unity at ℓmax ≲ 30. Furthermore, I
found that DECIGO can probe the cross-correlation between CMB lensing and
the SGWB produced by merging compact binaries. With an observation time



130 conclusions and future perspective

of ten years, the S/N reaches unity at ℓmax ≲ 10 for BNSs and ℓmax ≲ 40

for BBHs. In summary, this preliminary analysis has shown that employing a
constellation of space-based interferometers could enhance angular sensitivity
sufficiently enough to investigate the SGWB anisotropies, particularly through
cross-correlations with other cosmic fields such as CMB lensing.

Astrophysical and cosmological relevance of the SGWB high-frequency features

In Chapter 5, I studied how to use the high-frequency features of the SGWB to
constrain a selection of astrophysical and cosmological parameters. The SGWB
energy density is determined by various factors – stellar, galactic, and cosmo-
logical. However, for binary coalescences, the low-frequency regime is char-
acterized by a power-law behavior with a fixed slope ∝ f2/3, resulting in an
extreme degeneracy where any modification merely shifts the amplitude of
the signal. In contrast, the shape and location of the high-frequency peak are
influenced by different factors in different ways. Hence, a series of SGWB mea-
surements within the frequency band where the peak is located would offer
valuable insights into the physical processes at play. In this study, I developed
a theoretical framework to use the peak of the SGWB from coalescing BNSs to
constrain a set of astrophysical and cosmological parameters. I achieve this by
performing a Markov Chain Monte Carlo (MCMC) analysis on a collection of
simulated SGWB measurements within the kHz band. The choice of focusing
on BNSs was motivated by their relatively simple mass distribution, peaking
at approximately ∼ 1.3 M⊙, and slight dependence on metallicity. As a conse-
quence, it was possible to describe BNS systems through a limited number of
astrophysical parameters, at least at first approximation.

First, I examined how varying the values of astrophysical and cosmological
parameters (i.e., the peak of the chirp mass distribution, the common enve-
lope efficiency parameter, the Hubble parameter, the matter content parameter
and the dark energy effective equation of state) impacts the morphology of
the SGWB (Section 5.2). Then, I defined a mock SGWB data-set and outlined
the MCMC procedure in Section 5.3. Based on the prior assumptions on the
parameters, it was possible to recover the input values of the chirp mass and
common envelope efficiency with percent accuracy. The cosmological expan-
sion history, described by the Hubble constant, matter abundance, and the
effective equation of state of dark energy, was also successfully reconstructed
(Section 5.4). Moreover, I provided insights into the required sensitivity in the
high-frequency regime needed to measure the H0 parameter with sufficient
precision to possibly shed light on the Hubble tension. While there exist vari-
ous methods to estimate the Hubble constant using GWs, the approach intro-
duced in this work stands as a completely independent method.

Besides the specific results obtained for the parameters considered in this
study, I have developed a methodology that can be applied in future research
investigating other features of the astrophysical sources generating stochastic
backgrounds. I am already planning on employing this method to analyze
the SGWB from merging stellar BBHs and revisiting case of BNSs, this time
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focusing on the influence of different equations of state for neutron stars. I will
delve further into this plan in Section 6.3.

6.2 ongoing projects

Cross-correlation with galaxy lensing and ISW

I’m currently working on two projects related to the cross-correlation of the
SGWB with other cosmic fields. One project, in collaboration with Dr. Carmelita
Carbone (staff researcher at INAF-IASF in Milan), focuses on cross-correlating
the SGWB from stellar compact binary coalescences with galaxy lensing and
the integrated Sachs-Wolfe effect of the CMB. The expected cross-correlation
signal will be computed using a constraint mapping approach to combine my
theoretical predictions for the SGWB angular power spectrum (Chapters 2 and
3) with the outcomes of cosmological simulations of galaxy lensing and the in-
tegrated Sachs-Wolfe effect. The final goal is to assess the detectability of such
signals by combining data from the Euclid mission with SGWB maps from
forthcoming GW instruments.

Cross-correlation with galaxy number counts

The second project, in collaboration with Dr. Lumen Boco (postdoc at SISSA),
focuses on modeling the cross-correlation between the SGWB and resolved GW
events from stellar compact binary coalescences with galaxy number counts.
The initial phase of the study involves developing a semi-empirical model to
compute the distribution of the stellar content, generated within galaxies at
a specific time ti, among galaxies with different masses at a subsequent time
tf. The aim is to predict the ’GW luminosity’ of galaxies, which is related to
the rate and properties of the merger events occurring in each galaxy at a
time tf, based on binary systems formed at earlier an time ti. Identifying the
galaxies that host specific GW events is crucial for cross-correlation studies
for two reasons. First, assigning a probability of hosting a merger event to
galaxies with specific properties allows us to select the most suitable survey
to observe galaxies with the highest probability. Second, the selection of those
galaxies that most likely host binary mergers is essential for achieving a high
correlation level and maximizing the S/N.

Constraining the hierarchical merger scenario with the SGWB

A third ongoing project, on which I am working in collaboration with Prof.
Davide Gerosa, Dr. Arianna Renzini, and Dr. Riccardo Buscicchio (University
of Milano-Bicocca), aims to explore the possible constraints on the hierarchi-
cal merger scenario through the (non-)detection of the SGWB. While the ma-
jority of compact binary mergers observed by LIGO and Virgo involves first-
generation BHs originating from the collapse of massive stars, a smaller subset
may comprise second (or higher) generation black holes resulting from prior
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mergers. These hierarchically assembled BBHs possess distinctive features, in-
cluding greater masses, dimensionless spins clustered around a characteristic
value of ≈ 0.7, and a delayed redshift distribution. These unique characteris-
tics significantly influence the GW emission, affecting both individual events
and the SGWB. Hierarchical mergers are a unique and relatively clean case
where a single astrophysical prediction connects these two qualitatively dif-
ferent observables. The goal of this project is to answer the question: can the
current non-detection of the SGWB be used to put constraints on the number
of LIGO/Virgo events that have been hierarchically assembled?

6.3 future plans

In the next few months, I plan to wrap up the ongoing projects described
in the previous section. Then, I would like to dedicate some of my time to
further developing those projects. Furthermore, a research line I am planning
on pursuing involves building upon my latest project discussed in Chapter 5.
Following this initial science case, my aim is to employ this methodology in
more advanced scenarios. For example, I intend to refine the description of BNS
systems by integrating the dependence on the neutron star equation of state.
Indeed, the equation of state significantly affects the masses of the NSs and
the features of the waveforms, both contributing to the overall energy density
of the SGWB. I also plan to extend the analysis to BBH systems, which are ex-
pected to produce a SGWB with a peak at lower frequencies (a few hundred
Hz). As discussed in Chapter 5, the BBH case requires a larger number of pa-
rameters to be described because the properties and evolution of such systems
heavily depend on the metallicity and various formation channels. Further-
more, since next-generation detectors will resolve the majority of coalescing
BBHs, implementing this methodology for such systems will involve consid-
ering the residual SGWB, obtained by excluding all resolved events from the
energy density computation.

Finally, given the vast volume of data expected from current and future GW
observatories, my focus in the upcoming years is to bridge theoretical and ob-
servational perspectives and enhance my skills in data interpretation. In the
following, I will outline a few specific ideas for achieving these goals within
my research background. As a member of ET, one of my focuses for the com-
ing years is to explore the potential of stochastic searches with third-generation
ground-based experiments. Since ET will detect a significant portion of BBH
events, the SGWB will predominantly originate from BNSs and possibly from
sub-populations of BBHs. Moreover, by combining stochastic searches results
with resolved events, one can gain insights into important properties related to
the source population, such as the star formation history and the initial mass
functions. This can be achieved, for example, using empirical, data-driven pre-
scriptions for the galactic environment, thus reverse-engineering these proper-
ties from GW data. Finally, I aim to broaden my knowledge of stochastic search
techniques to enhance my ability to forecast more refined detection prospects
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for physically motivated signals. Concerning SGWB anisotropies, for example,
one of my plans is to understand the potential of upcoming instruments, both
in space and on Earth. One approach I am excited about involves assessing
how these instruments would respond to specific anisotropic signals, such as
the simulated SGWB maps presented in Chapter 2, and determining what we
can learn about their generation mechanisms.





AE L E M E N T S O F G A L A X Y S TAT I S T I C S A N D
E V O L U T I O N

An innovative aspect of the work presented in this Thesis is the use of empiri-
cal, data-driven prescriptions for the galactic environment. This approach was
crucial in many ways. Employing empirical prescriptions allows us to circum-
vent the issue of selecting one among various competing astrophysical models.
While the empirical relations we use come with their observational errors, they
establish a robust and well-motivated astrophysical scenario in a field char-
acterized by significant theoretical uncertainties. By using the star formation
rate (SFR) as a galaxy statistic and the fundamental metallicity relation (FMR)
to assign metallicities, we have identified the contributions of galaxies with
distinct features (e.g., SFR, metallicity, halo mass) to the total GW emission.
This method is crucial in obtaining accurate predictions of the merger rates as
functions of redshift and chirp mass, as extensively discussed in Refs. [76, 77].
These refined predictions for the merger rates significantly impact the ampli-
tude and shape of the SGWB. Furthermore, understanding the contributions
of galaxies with different SFR to the SGWB was fundamental in calculating
the bias of the SGWB energy density. Indeed, this calculation started from the
bias of the host galaxies, which was in turn obtained matching the SFR with
the mass of the dark matter halo. For all this reasons, I believe it is useful to
provide a very basic overview of the elementary concepts of galaxy statistics
and evolution that I employed for the work presented in this Thesis.

The galaxy stellar mass function

The galaxy stellar mass function (GSMF) d2N/d logM⋆dV is the number of
galaxies per unit comoving volume per bin of stellar mass at different red-
shifts. It is typically built deriving the stellar mass from near-IR observations,
dividing the mass range in bins and counting the galaxies in each bin in a
given volume. The overall GSMF is usually fitted via a single Schechter func-
tion [309]:

d2N

d logM⋆dV
= Φref

(
M⋆

Mref

)α
exp

(
−
M⋆

Mref

)
, (72)

which is characterized by a power-law behaviour at M⋆ ≪ Mref and an expo-
nential cut at M⋆ ≫ Mref, which hinders the presence of extremely massive
galaxies. This behavior is clearly visible in Figure 47, which shows the redshift
evolution of the GSMF as obtained by Davidzon et. al (2017) [306]. The total
stellar mass density can be determined by integrating the GSMF multiplied by
the stellar mass itself:
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Figure 47: Evolution of the total galaxy stellar mass function between z = 0.2 and
z = 5.5 obtained by Davidzon et. al (2017) [306] for the COSMOS2015 galaxy
sample. Credits: Figure 15 of Ref. [306].

ρ⋆ =

∫
d logM⋆M⋆

d2N

d logM⋆dV
. (73)

The galaxy main sequence

The main sequence (MS) is a well-known relation between the stellar mass
and the SFR of star-forming galaxies. This relation has been established both
through observational data and theoretical models. Most studies describe it as
a power-law relation, whose slope and normalization depend on redshift, with
a scatter of σMS = 0.2−0.3 dex1. Figure 48 shows the MS obtained by Speagle et
al. (2014) [230] from a compilation of observational studies in the literature. The
varying slope of the MS and the two orders of magnitude change in the SFR at
fixed mass across different redshifts are clearly visible. The evolution of slope
and normalization of the MS is still debated, with relevant differences among
various works. Nevertheless, the MS is extremely useful, as it offers a relation
between the mass and SFR of star-forming galaxies which can be used for both
observational and theoretical purposes. Another point to be highlighted, is
that not all galaxies lie on the MS. A family of highly star-forming objects, the
so-called starburst galaxies, is found to be ≈ 0.6− 1 dex above it. The fraction
of starburst galaxies with respect to the total is though to be less than a few

1 The term dex was coined within astrophysics as a convenient unit indicating the order of
magnitude of any number or ratio. Specifically, the dex is defined as the number of (possi-
bly fractional) orders of magnitude separating two values. For example, log10(5) ≈ 0.7 and
log10(8) ≈ 0.9, so the ratio of 8 to 5 is ≈ 0.2 dex.
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Figure 48: Main sequence (MS) of star-forming galaxies plotted at several redshifts.
The widths of the distributions represent the scatters around the best-fit
MSs from Speagle et al. (2014) [230]. Credits: Figure 8 of Ref. [230].

percent [227], but since they produce stars at a very high rate, it is important
to take into account also their contribution.

The galaxy star formation rate function

The galaxy star formation rate function (SFRF) d2N/dV/d logψ is the num-
ber density of galaxies per logarithmic SFR bin. The SFRF is often derived
from the UV and IR luminosity functions of galaxies, as luminosity correlates
with the SFR [221, 310]. Typically, a galaxy’s SFR is linked to its UV lumi-
nosity, mainly originating from young, blue stars. However, because dust ab-
sorbs UV radiation and re-emits it in the mid/far-IR range, estimating the
SFR based solely on UV data can significantly underestimate it. Nonetheless,
for galaxies with relatively low SFR (ψ ≲ 30− 50M⊙/yr) and minimal dust
content, estimating the SFR from UV data alone is still possible using stan-
dard UV slope corrections [311]. In contrast, highly star-forming galaxies with
ψ ≳ 30− 50M⊙/yr are much more rich in dust, so that UV corrections tend to
fail. Therefore, the estimates of the SFR must be based on far-IR/(sub)mm
wide-area surveys [312]. However, given the sensitivity limit of far-IR sur-
veys, the shape of the SFR functions at the bright end becomes progressively
more uncertain at z ≳ 3. Despite these limitations, relevant constraints in the
high-redshift regime have been obtained from the combination of deep ra-
dio surveys, far-IR/(sub)millimeter stacking and super-deblending techniques,
and targeted far-IR/(sub)millimeter observations of significant samples of star-
forming galaxies and quasar hosts (see Refs. [76, 77, 307] for a complete review



138 elements of galaxy statistics and evolution

Figure 49: Star formation rate functions (SFRF) at different redshifts computed by Lapi
et al. (2017) [307]. Solid lines show the function obtained from UV plus far-
IR/(sub)millimeter and radio data, referring to the overall population of
galaxies. Dotted lines (only plotted at z = 0 and 1) show those from (dust-
corrected) UV data, referring to disk galaxies. The data points represent
the collection of UV, far-IR/(sub)millimeter, and radio data specified in the
caption of the original figure. Credits: Figure 1 of Ref. [307].

of these observations). All these data-sets all well-approximated by a simple
Schechter function:
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where N(z), ψc(z), and αc(z) are redshift-dependent fitting parameters [221].
Figure 49, shows the mentioned datasets and the resulting fitted SFRF obtained
by Lapi et al. (2017) [307]. Notably, at z ≳ 1, heavily obscured, highly star-
forming galaxies dominate the bright end of the SFRF, representing the pro-
genitors of local massive elliptical galaxies. In contrast, mildly star-forming
galaxies populate the faint end, likely evolving into spheroid-like objects with
relatively low stellar mass. At z ≲ 1, late-type disk galaxies, with SFRs of a few
solar masses per year, are well captured by the UV-inferred SFRF.

Star formation rate density

Another fundamental quantity is the star formation rate density (SFRD), ρψ,
which is the stellar mass formed per unit time and volume at a specific redshift.
From the SFRF, the cosmic SFR density can be easily estimated as:

ρψ(z) =

∫
d logψψ

d2N

d logψdV
(ψ, z). (75)
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Figure 50: Cosmic star formation rate density as a function of redshift. The black dot-
dashed curve is the result of the integration of the measured SFRF. The black
solid line shows the result obtained integrating the SFRF reconstructed from
the galactic stellar mass functions in combination with the main sequence.
For reference, the dotted line shows the determination by Madau & Dick-
inson [308]. The data points are from the UV, radio, far-IR/(sub)millimeter
observations reported in the caption of the original figure. Credits: Figure 2

of Ref. [77].

Another method to estimate the cosmic SFRD is convolving the GSMFs of star
forming galaxies at different redshifts with a probability distribution around
the MS [215]:

ρψ(z) =

∫
d logM⋆

d2N

d logM⋆dV
(z,M⋆)

dp

d logψ
(ψ|z,M⋆) (76)

The probability distribution dp/d logψ(ψ|z,M⋆) simply describes the galaxy
distribution in SFR at fixed stellar mass and redshift, according to the observa-
tions. For example, in Boco et al. (2021) [77], it is modeled as double Gaussian,
one for the galaxies within the MS, and one for starburst galaxies. The cosmic
SFRD, as determined from these two methods, is shown in Figure 50. Notably,
the SFRD computed using these methods tends to exhibit significantly higher
values compared to many previous determinations, including the famous one
by Madau & Dickinson [308]. This discrepancy arises from recent discoveries
made through IR and far-IR/submm observations with Herschel and ALMA.
These observations have unveiled a substantial number of dusty, star-forming
galaxies that are strongly attenuated or even invisible in the optical/UV bands.
These dusty galaxies, characterized by extremely high levels of star formation
(∼ 50− 3000M⊙/yr), have a substantial impact on the overall star formation
during the cosmic period between 2 ≲ z ≲ 6 [313, 314].
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Figure 51: Left panel: mass-metallicity relation of local SDSS galaxies as obtained in
Mannucci et al. (2010) [222]. The grey-shaded areas contain 64% and 90% of
all SDSS galaxies, with the thick central line showing the median relation.
The colored lines show the median metallicity as a function of M⋆ of galax-
ies with different SFR. Right panel: median metallicity as a function of the
SFR for galaxies with different M⋆. Credits: Figure 1 of Ref. [222].

Chemical evolution and metallicity scaling relations

The gas-phase metallicity significantly impacts the evolution of massive stars,
regulating the intensity of stellar winds and hence determining the mass of
stellar remnants. Therefore, accurately modeling the metallicity is crucial in
calculating the redshift and mass distributions of binary systems. There are
several methods to measure the gas-phase metallicity of a galaxy. These meth-
ods generally rely on looking for metal recombination emission lines in HII
regions [315]. On a global scale, the interplay between the metallicity and other
galactic properties, such as the stellar mass and the SFR, is naturally reflected
by different scaling relations. These empirical relations carry precious informa-
tion on the chemical evolution history of galaxies and play a crucial role in
determining the the properties of the binary systems that they host.

The mass-metallicity relation (MZR) establishes a correlation between gas-
phase metallicity (Zgas), often derived from strong optical oxygen emission
lines as 12+log(O/H), and stellar mass (M⋆). Empirically observed, the MZR
remains valid across objects with stellar masses spanning five orders of mag-
nitude. When considering a fixed stellar mass, the MZR generally suggests
a decrease in Zgas at higher redshifts. However, the extent of this redshift-
dependent evolution remains the subject of an active debate [316, 317]. The
fundamental metallicity relation (FMR) is a three-parameter correlation among
M⋆, SFR, and Zgas. The inclusion of the SFR accounts for the secondary de-
pendence of metallicity on this quantity. Initially observed by Mannucci et al.
(2010) [222] in local SDSS galaxies, this relation suggests that Zgas decreases
with increasing SFR at fixed M⋆. This observation has been consistently sup-
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Figure 52: Galaxy halo mass function at various redshifts (solid lines), as obtained by
Aversa et al. [241] from the halo mass function (dashed lines) by adding the
global subhalo mass function and subtracting the mass function of multiply
occupied halos. The dotted line is the resulting group halo mass function
at z = 0 (obtained subtracting the solid line from the dashed one). The
curves are compared with empirical determinations from X-ray and optical
observations. Credits: Figure 14 of Ref. [241].

ported by larger data-sets, showing an anti-correlation between Zgas and SFR
across galaxies with the same stellar mass and redshift. The FMR is thought
to be almost redshift independent, which is supported by observations extend-
ing up to z ∼ 3.5 [223–225]. In the studies presented in this Thesis, I used the
FMR to assign metallicities to galaxies with given M⋆ and SFR. In Figure 51, I
show the FMR for SDSS galaxies, as reported by Mannucci et al. (2010). For a
comparison of the binary merger rates computed with the MZR and the FMR,
please refer to Boco et. al (2021) [77].

The galaxy halo mass function

Relating the properties of galaxies with those of the associated dark matter
halo was fundamental in characterizing the SGWB as a tracer of the LSS. There-
fore, I will conclude this Appendix by briefly addressing the galaxy halo mass
function (GHMF). The GHMF is the the mass function (i.e., the number den-
sity per logarithmic bin of mass) of halos not containing subhalos and possibly
hosting only a single galaxy. Indeed, dark matter halos are not standalone
entities, but are rather characterized by the presence of many substructures,
known as subhalos. Subhalos are smaller and less massive halos orbiting in
the potential well of a larger halo and may host small satellite galaxies. In or-
der to characterize the galaxy distribution as a tracer of the underlying dark
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matter distribution, it is necessary to identify those halos that are more likely to
host only one galaxy. In this Thesis, I used the GHMF computed by Aversa et.
al (2015) [241], shown in Figure 52. There, the authors derive the mass function
associated with halos hosting one individual galaxy following a computation
that includes two steps: (i) accounting for the possibility that a halo contains
various subhalos, and (ii) probabilistically excluding halos corresponding to
galaxy systems rather than to individual galaxies.

Once we have statistically associated each galaxy with its own dark matter
halo (hosting only one galaxy), it is possible to relate the various galactic prop-
erties to the halo mass Mh. This is usually done through abundance matching,
which is a standard procedure to derive a monotonic relationship between
the galaxy and the halo properties by matching the corresponding number
densities. For example, in Equation (103) of Chapter 2, I used an abundance
matching to link the SFR with Mh. This was necessary for assigning to galax-
ies with a given SFR a bias b(z,ψ), which crucially enters in the computation
of the SGWB bias bΩ(z) of Equation (104). Indeed, there are many different
prescriptions for evaluating the bias of dark matter halos as a function of their
mass Mh. I used the b(z,MH) prescription from Sheth et al. (1999) [242], ap-
proximated as in Lapi&Danese (2014) [243].



BR E F I N E D D E F I N I T I O N O F D E T E C T I O N
T H R E S H O L D A N D M A G N I F I C AT I O N B I A S

In this Appendix, I briefly review the theoretical model for the SGWB devel-
oped in Chapter 2 and used throughout all this Thesis. In particular, I report
here a slightly improved version which I adopted in Chapters 3 and 4.

As I extensively discussed, a crucial tool for the description of any SGWB is
its isotropic energy density Ωgw(f). This quantity can be computed summing
the contributions of all the GW events whose signal-to-noise ratio is below a
given detection threshold ρ̄. For compact binary coalescences, the expression
for Ωgw(f) is:
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where Mc is the chirp mass, fe = (1 + z)f is the frequency at the source
frame, R = d2Ṅ/dVdMc is the intrinsic merger rate, h(z) = [ΩM(1 + z)3 +

1−ΩM]1/2, dE/df(fe(z)|Mc) is the energy spectrum of the GW signal emit-
ted by a single binary, ρ is the signal-to-noise ratio associated to a certain GW
event, ρ̄ is the detection threshold, and Pρ(ρ|Mc, z) is the sky-averaged distri-
bution of signal-to-noise ratio for a given detector at given chirp mass and
redshift. The difference between Equation (77) and the corresponding one in
Chapter 2, Equation (92), is in the presence of the function ϵρ̄(ρ). We introduce
ϵρ̄(ρ) as an efficiency function that sets the sharpness of the signal-to-noise ra-
tio threshold. In the simplest case, which we adopted in Chapter 2, ϵρ̄ is a step
function centered around ρ̄, so that its effect is to sharply remove all the GW
events whose signal-to-noise ratio is greater than ρ̄. In the studies presented
in Chapters 3 and 4, instead, we opted for a smooth threshold given by an
error function with amplitude equal to the square root of the variance of the
sky-averaged distribution of ρ.

In order to characterize the SGWB as a tracer of the LSS and evaluate its
kernel by means of Equation (42), we need to compute its redshift distribu-
tion dΩgw/dz, its bias bΩ and its magnification bias sΩ, whose expressions
are reported in Section 2.4. Clearly, the new definition of detection threshold
particularly affects the magnification bias, which depends on those events that,
due to the lensing magnification, move from below to above the threshold.
Moreover, with respect to the original expression of Equation (79), we slightly
modify the definition of magnification bias, simply by a numerical factor 4/5.
Both definitions are equally used in the literature and, in this case, it was easier
to work with this other definition:
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Figure 53: Redshift distribution, bias and magnification bias of the SGWB energy den-
sity for BBHs (blue), NSBHs (red) and BNSs (green), for ET at fref = 65 Hz.

dΩlensed
gw

dz
≡
dΩgw

dz

[
1+ κ(sΩ − 1)], (78)

where κ is the lensing convergence, so that

sΩ,ρ̄(z, f) = −
1

2

d log10
(dΩgw(f,z,<ρ)

dz

)
d log10 ρ

∣∣∣∣∣
ρ=ρ̄

. (79)

Figure 53 shows the redshift distribution, bias and magnification bias of the
residual SGWB for ET at fref = 65 Hz, computed with the slightly different
prescriptions discussed in this Appendix.



CG R O W T H O F S U P E R M A S S I V E B L A C K H O L E
S E E D S V I A G A S E O U S D Y N A M I C A L F R I C T I O N

In this Appendix, I briefly review the supermassive black hole (SMBH) seed
growth mechanism recently proposed in Boco et al. (2020, 2021) [277, 278].
This new mechanism envisages the migration of stellar compact remnants –
and eventually primordial black holes (PBHs) – via gaseous dynamical friction
toward the central high-density regions of the star-forming progenitors of local
early-type galaxies (ETGs) at z ≳ 1. Once in the galactic center, the remnants
undergo consecutive mergers giving birth to the SMBH seed.

Figure 54: Schematic representation of the SMBH seed formation process involving
repeated mergers with stellar remnants sinking into the galactic center due
to gaseous dynamical friction. Credits: Figure 1 of Ref. [277].

The recent observations of high redshift quasars (z ≳ 7), powered by SMBHs
with M ≳ 109 M⊙, have created tension between the estimated age of the Uni-
verse at those redshifts and the typical timescales of SMBH growth [284–287].
Indeed, the age of the Universe at z ≳ 7 was around tage ∼ 0.7 Gyr, while the
time to grow a SMBH with M ≳ 109 M⊙ through standard Eddington accre-
tion is around tacc ∼ 0.7 Gyr. Possible solutions to this conundrum are divided
in two classes: those envisaging a faster super-Eddington accretion, and those
proposing a rapid formation of a massive seed that is subsequently further
grown through standard Eddington accretion. The mechanisms proposed by
Boco et. al (2020,2021) belongs to the second category and exploits the process
of gaseous dynamical friction. An object moving in a gaseous environment

145



146 growth of smbh seeds via gaseous dynamical friction

Figure 55: Growth of the central BH mass as a function of the galactic age τ, due to the
gaseous dynamical friction process. The red line, and the green, cyan and
black shaded areas show the contributions of stellar remnants, PBHs, gas
accretion, and the total accretion, respectively. The shaded areas show the
effect of varying the PBH-to-DM (dark matter) fraction from 0.01 (dashed
edge lines) to 1 (solid edge lines). Credits: Figure 1 of Ref. [278].

feels the dynamical friction force, given by the interaction between the object
itself and its gravitationally-induced gas wake [318]:

FDF ∝
4πG2m2ρ2

v2
, (80)

where m and v are the mass and the velocity of the object, respectively, and
ρ is the density of the gaseous environment. This dynamical drag subtracts
energy and angular momentum from the moving object, making it sink to-
ward the galactic center. The idea behind the proposed method, schematically
depicted in Figure 54, is therefore the following. The central SMBH seed is
formed via subsequent mergers of stellar (or primordial) BHs, migrating to the
central region of the galaxy via gaseous dynamical friction. In recent years, the
radio interferometer ALMA observed a large population of star-forming dust-
obscured galaxies at high redshift, featuring a high SFR, ψ ∼ 102 − 103M⊙/yr,
a huge gas reservoir, Mgas ∼ 1010 − 1012M⊙, and a compact size, R ∼ 1 kpc.
These galaxies have extremely high gas densities and a large number of stars
and compact remnant available, which makes them perfect candidates for the
dynamical friction-induced growth process to occur.

Running a series of dynamical simulations, the authors of Boco et al. (2020)
[277] derived a fitting formula for the dynamical friction migration timescale,
τDF. They then showed that, under reasonable assumptions and initial condi-
tions, this process can build up a central BH of ∼ 104 − 106M⊙ within some
107 − 108 yr, so effectively providing heavy seeds before standard Eddington
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Figure 56: Cosmic merger rate density as a function of redshift, due to the gaseous
dynamical friction process. The red solid line refers to migrating stellar
compact remnants, the green shaded area to migrating PBHs. Credits: Fig-
ure 2 of Ref. [278].

Figure 57: Cosmic chirp mass distribution at z ∼ 2. The red shaded area refers to
migrating stellar compact remnants, while the green one to migrating PBHs.
Credits: Figure 3 of Ref. [278].

accretion takes over to become the dominant process for further SMBH growth.
The total central BH growth as a function of time is shown in Figure 55, to-
gether with the contribution of different accretion processes. The merger rates
per unit chirp mass in a galaxy with spatially-integrated SFR ψ at redshift z can
be computed arguing that the merger rates of the migrating compact objects
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contributing to the growth of the central BH seed at a time τ depend on the
birth rates of such objects at a time τ− τDF, weighted by the corresponding dis-
tributions of initial positions and velocities. The resulting merger rate densities
as a function of redshift and chirp mass are shown in Figures 56 and 57. The
specific features of the merger rates are commented in Refs. [277, 278], and can
be used to compute the GW signals emitted during the entire process. Indeed,
the repeated mergers of stellar and primordial BHs with the central growing
seed copiously produce GWs, whose detection can be used to test this scenario.
In Boco et al. (2020) [277], the authors compute the expected detection rate for
individual GW events originating from this mechanism as possibly detected
by forthcoming GW interferometers – namely, the ET, the LISA and the DECIGO.
Since the typical masses of the binaries involved in this process can be small
(stellar, at the beginning of the process) as well as very large (supermassive,
at the end of the process), the resulting GW signals span a wide range of fre-
quencies. In Boco et al. (2021) [278], to which I actively contributed, the SGWB
produced during this process is also computed. The energy density of such
SGWB is plotted as a function of the observed frequency in Figure 34 of Chap-
ter 4, where I discuss the detection prospects for both the intensity and the
anisotropies of such signal with constellations of space-based detectors.
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