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DERIVED EQUIVALENCES FOR THE FLOPS OF TYPE C, AND A¢ VIA
MUTATION OF SEMIORTHOGONAL DECOMPOSITION

HAYATO MORIMURA

ABsTrACT. We give a new proof of the derived equivalence of a pair of varieties connected by the
flop of type C; in the list of Kanemitsu [13], which is originally due to Segal [22]. We also prove
the derived equivalence of a pair of varieties connected by the flop of type A4G in the same list.
The latter proof follows that of the derived equivalence of Calabi—Yau 3-folds in Grassmannians
Gr(2,5) and Gr(3, 5) by Kapustka and Rampazzo [15] closely.

1. INTRODUCTION

Let G be a semisimple Lie group and B a Borel subgroup of G. For distinct maximal
parabolic subgroups P and Q of G containing B, three homogeneous spaces G/P, G/Q, and
G/(P N Q) form the following diagram:

F:=G/(PNQ)
P:=G/P Q:=G/0

We write the hyperplane classes of P and Q as & and H respectively. By abuse of notation,
the pull-back to F of the hyperplane classes & and H will be denoted by the same symbol.
The morphisms w_ and @, are projective morphisms whose relative O(1) are O(H) and O(h)
respectively. We consider the diagram

[\

where

e V_is the total space of ((w_).O(h + H))" over P,

e V. is the total space of(w,).O(h + H))" over Q,

e V is the total space of O(—h — H) over F,

e (_,t,, and ¢ are the zero-sections,

e ¢_and ¢, are blow-ups of the zero-sections, and

e ¢_and ¢, are the affinizations which contract the zero sections.

If V_ and V, have the trivial canonical bundles, then one expects from [4, Conjecture 4.4] or

[16, Conjecture 1.2] that V_ and V, are derived-equivalent.
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When G is the simple Lie group of type G,, Ueda [24] used sequence of mutations of
semiorthogonal decompositions of D?(V) obtained by applying Orlov’s theorem [20] to the
diagram (1.1) to prove the derived equivalence of V_ and V.. This sequence of mutations in
turn follows that of Kuznetsov [18] closely.

In this paper, by using the same method, we give a new proof to the following theorem,
which is originally due to Segal [22], where the flop was attributed to Abuaf:

Theorem 1.1. Varieties connected by the flop of type C, are derived-equivalent.

The term the flop of type C, was introduced in [13], where simple K-equivalent maps in
dimension at most 8 were classified. There are several ways to prove Theorem 1.1. In [22],
Segal showed the derived equivalence by using tilting vector bundles. Hara [8] constructed
alternative tilting vector bundles and studied the relation between functors defined by him and
Segal.

The flop of type AS , is also in the list of Kanemitsu[13]. It connects V_ and V., for P =
Gr(r — 1,2r — 1) and Q = Gr(r, 2r — 1). Similarly, we prove the following theorem:

Theorem 1.2. Varieties connected by the flop of type A4G are derived-equivalent.

Although the proof of Theorem 1.2 is parallel to that of the derived equivalence of Calabi—
Yau complete intersections in P = Gr(2,5) and Q = Gr(3, 5) defined by global sections of the
equivariant vector bundles dual to V_ and V, in [15, Theorem 5.7], we write down a full detail
for clarity. As explained in [24], the derived equivalence obtained in [15] in turn follows from
Theorem 1.2 using matrix factorizations.

We also give a similar proof of derived equivalences for a Mukai flop and a standard flop.
For a Mukai flop, Kawamata [16] and Namikawa [19] independently showed the derived equiv-
alence by using the pull-back and the push-forward along the fiber product V_ Xy, V.. Adding-
ton, Donovan, and Meachan [1] introduced a generalization of the functor of Kawamata and
Namikawa parametrized by an integer, and discovered that certain compositions of these func-
tors give the P-twist in the sense of Huybrechts and Thomas [11]. They also considered the case
of a standard flop, where the derived equivalence is originally proved by Bondal and Orlov [5].
Our proof is obtained by proceeding the mutation performed in [5] and [1] a little further in a
straightforward way. Hara [7] also studied a Mukai flop in terms of non-commutative crepant
resolutions.

For a standard flop, Segal [21] showed the derived equivalence by using the grade restriction
rule for variation of geometric invariant theory quotients (VGIT) originally introduced by Hori,
Herbst, and Page [10]. VGIT method was subsequently developed by Halpern-Leistner [6] and
Ballard, Favero, and Katzarkov [2]. It is an interesting problem to develop this method further
to prove the derived equivalence for the flop of type C, and AY, and a Mukai flop.

Notations and conventions. We work over an algebraically closed field k of characteristic
0 throughout this paper. All pull-back and push-forward are derived unless otherwise speci-
fied. The complexes underlying Ext*(—, —) and H*(-) will be denoted by hom(—, —) and h(-)
respectively.

Acknowledgements. The author would like to express his gratitude to Kazushi Ueda for guid-
ance and encouragement. The author would like to thank anonymous reviewers for their careful
reading of the manuscript and their many suggestions and comments. The author declare that
he has no conflict of interest.

2. FLOP OF TYPE C;

Let P and Q be the parabolic subgroups of the simple Lie group G of type C, associated with

the crossed Dynkin diagrams x<s and e<. The corresponding homogeneous spaces are the
2



projective space P = P(V), the Lagrangian Grassmannian Q = LGr(V), and the isotropic flag
variety F = Pp (fpl /.Zp) = Po (o) - Here V is a 4-dimensional symplectic vector space, .Z5"
is the rank 3 vector bundle given as the symplectic orthogonal to the tautological line bundle
Z» = Op(—h) on P, and .%4 is the tautological rank 2 bundle on Q. Note that Q is also a
quadric hypersurface in P*. Tautological sequences on Q = LGr(V) and F = Pq (%) give

2.1 0— S —> 00V — 5 —0
and
(2.2) 0 - Op(-h + H) — % — Op(h) = 0,

where % = @’ .. We have
(@.). (Ox(H)) = (L | 5o) ® L)
and
(@), (Ox(h) = 7y,

whose determinants are given by Op(2h) and Og(H) respectively. Since wp = Op(—4h), wq =
O¢(-3H), and wr = Op(—2h — 2H), we have wy_ = Oy_, wy, = Oy,, and wy = Oy(-h — H).
Recall from [3] that

(2.3) D"(P) = (Op(-2h), Op(—h), Op, Op(h)),
and from [17] (cf. also [14]) that
D"(Q) = (Oq(—H), %3(~H),0q, Og(H)).

Since ¢. are blow-ups along the zero-sections, it follows from [20] that

(2.4) D"(V) = (@ D"(P), ®_(D"(V.)))
and

(2.5) D"(V) = (L.@;D"(Q), ®.(D"(V,))),
where

®_ = ((-) ® Ov(H)) 0 ¢* : D"(V_) = D"(V)
and
D, = ((-) ®Oy(h) o ¢, : D"(V,) = D"(V).

By abuse of notation, we use the same symbol for an object of D’(F) and its image in D(V)
by the push-forward ¢.. (2.3) and (2.4) give

D’(V) = (Ox(=2h), Op(=h), Ok, Og(h), ®_(D"(V_))).

Since wy = Oy(—h — H), by mutating the first term to the far right, and then ®_(D”(V_)) one
step to the right, we obtain

D"(V) = (Og(=h), O, Ox(h), Ox(~h + H), ®1(D"(V_))),
where
Dy = Rop(-h+r) © P-.

In the sequel, we will use the following fact.

Lemma 2.1. Given two vector bundles Eg, Fr on F, if h (8;7/ QFr(-h—H )) ~ 0, then we have

homo, (Er, F¥) ~ h (&} ® Fr).
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Proof. We have

homy, (Er, Fr¥) = homy, ({Ev(h + H) — Ev}, Fr)
~ h({& ® Fr — & ® Fr(—h — H)})
~ h(E ® Fr) .

Note that the canonical extension of Og(h) by Op(—h + H) associated with

homy, (Ox(h), Op(—h + H)) =~ h(Op(-2h + H))
~ h ((@,).0r(-2h) ® Og(H))
= h(Oql-1])
~ Kk[-1]

is given by the short exact sequence (2.2). By mutating Og(—h + H) one step to the left, Op(—h)
to the far right, and then ®;(D"(V_)) one step to the right, we obtain

D"(V) = (Or, . Op(h), Op(H), ©2(D"(V))),
where
D, = Riopy © Di.
One can easily see that Op(h) and Og(H) are orthogonal, so that
(2.6) D*(V) = (Ox, 7y, Or(H), Op(h), ©2(D"(V))).
By mutating ®,(D”(V_)) one step to the left, and then Og(h) to the far left, we obtain
D"(V) = (Ox(~H),Op, 5, Op(H), ®3(D"(V))),
where
D3 := Loy © P2
We have
homy, (Of, 7% ) ~h(H) =V,

and the dual of (2.1) shows that the kernel of the evaluation map Oy ® V¥ — 7 is Sf =
¢ (—=H). By mutating ./ one step to the left, we obtain

(2.7) D"(V) = (Ox(-H), 75 (—H), Or, Ox(H), D3(D"(V))).
By comparing (2.7) with (2.5), we obtain a derived equivalence
® = @' o®;: D(V_) - D’(V,),
where
D’ (=) = (:)s © () ® Oy(=h)) : D"(V) - D(V.)

is the left adjoint functor of ®@,.



3. FLOP OF TYPE A

Let P and Q be the parabolic subgroups of the simple Lie group G of type A4 associated with
the crossed Dynkin diagrams e——e—e and s—e—x—s . The corresponding homogeneous spaces are

the Grassmannians P = Gr(2, V), Q = Gr(3, V), and the partial flag variety F = Pp (/\2321\,’) =

Pq (/\25’()). Here V is a 5-dimensional vector space, 2 is the dual of the universal quotient
bundle on P, and ., is the tautological rank 3 bundle on Q. We have

(@_). (Op(H)) = A\*Dp
and
(@.). Ok() = 2.7,

whose determinants are given by Op(2h) and Oq(2H) respectively. Since wp = Op(—5h), wq =
O¢(-5H), and wy = Op(-3h —3H), we have wy_ = Oy_, wy, = Oy, and wy = Oy(-2h —2H).

First, we adapt several lemmas in [15] to our situation. To distinguish vector bundles which
are obtained as a pull-back to F from P or Q, we put tilde on the pull-back from Q. By abuse
of notation, we use the same symbol for an object of D’(F) and its image in D’(V) by the
push-forward ¢..

Lemma 3.1. homy, (QQF,OF (h+ aH)) ~ ( for integers -4 < a < 2.
Proof. We have
homo, (2. O (h + aH)) = h (2§ (h + aH)) = 0,

where the first and the second isomorphisms follow from Lemma 2.1, Borel-Bott-Weil theorem
and [15, Lemma 5.1] respectively. O

Similarly, one can deduce Lemma 3.2 and Lemma 3.3 below from~[15, I;emma 5.2, Lemma
5.3] by checking that Og ((a — 1)H), &} ® E; ((a — D)h —2H), and 7' ® Fy (=2h + (a — 1)H)
are acyclic as an object of D*(F).

Lemma 3.2. homy, (O, Of (h + aH)) = 0 for integers =3 < a < —1.
Lemma 3.3. Let &, & be the pull-back to F of vector bundles &,&" on P, and let %, 9}}7 be
the pull-back to ¥ of vector bundles ¥, F"' on Q. Then we have homy, (SF, &g (ah — H)) ~0
and homy, (?,:1;, %F' (=h+ aH)) =~ 0 for all integers a.

The parallel result to the following lemma was tacitly used in [15].
Emma 3.4. As an object of D*(V), Oy, c@}, ¥, and Sy are left orthogonal to 9;/ (h-2H),
Sy (h—2H),Op 2h — 2H), and Dy respectively.

Lemma 3.5 below and the tautological sequence show that Ry, ng ~ 57; and Rp, 7 ~ Zx
in Db(V).

Lemma 3.5. homy, (‘,@?ﬁ ,OF> =~ V and homy, (#%,0f) = V.

Again, both Lemma 3.4 and Lemma 3.5 follow from Lemma 2.1 and Borel-Bott-Weil theo-
rem. Lemma 3.6 below and the exact sequences

0> Opth—H)—> D% — D5 — 0
and

0> % — %5 — Op(h—H) - 0
obtained in [15] show that Ro,¢_Zr ~ 2g[1] and LOF(_MH)SZF\/’ ~ .7y in D(V).
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Lemma 3.6. homo, (Zp, O(h - H)) = K[-1] and homo, (Op(=h + H), %) = k.
Proof. We have
homo, (2, Op(h — H)) = h(2y(h - H)) ~k[-1],

where the isomorphisms follow from Lemma 2.1 and Borel-Bott-Weil theorem. Similarly, we
have

homo, (Os(—h + H), ) = h (' (h - H)) = k.

Recall from [17] (cf. also [14])
D"(P) = (S(=2h), Op(=2h), Fp(=h),Op(=h), - - ,.p(2h), Op(2h)),

and
(3.1 D" (Q) = (Oq, 2q,0q(H), 2o9(H), -+ ,0¢(4H), 2o(4H)).
Since ¢. are blow-ups along the zero-sections, it follows from [20] that
(3.2) D" (V) = (.@* D*(P),1.@" D" (P)(h + H), ®_(D"(V_)))
and
(3.3) D"(V) = (,.@’ . D"(Q), 1.@’ D"(Q)(h + H), ©.(D"(V.))),
where

®_ = ((-) @ Oy(2H)) 0 ¢* : D*(V_) = D"(V)
and

D, = ((-) ® Oy(2h)) o ¢} : D"(V,) - D"(V).
We write O; ; := Og(ih + jH). (3.1) and (3.3) give a semiorthogonal decomposition of the form
D*(V) = (000, 200,001, 20,1, C02> 202, 003, 203, 004 2o
Ol,l s '3@'1,1 ’ 01,2’ <§1,29 01,3’ ‘=§1,3’ 01,43 '3@'1,4’ Ol,Sa <§1,53 q)+(l)b(‘7+))>'

Since wy = Oy(-2h—2H), by mutating the first five terms to the far right, and then ®_(D"(V.))
five steps to the right, we obtain

D*(V) = (2,003, 293,004, 204,011, 211,012, 21,01 3
0@-1,3, O\4, c§1,4, O, oél,s, 02, eéz,z, 03, o§2,3, 04, D(D"(V,))),
where

(I)l =R (I)+.

= = o
(022,222,023,223,024)

One can easily see that O;; is orthogonal to O3, B@Vw, Op4, and ,@vo,g, by Lemma 3.1 and
Lemma 3.2, so that

D'(V) = <~Q~0,2, 011,003, me’ O 4, e@~0,4, 051,1, 02, e@~1,2, O3
213,012,014, 214,015, 215, 222,013, 253,024, D1 (D (V).

By mutating Qvo,z, &02’3, £F2V1,1 , and Q;z one step to the right, we obtain by 0@11 =) glv’z, Lemma
3.5, and Lemma 3.6

Db(V) = <Ol,1’ QO,Z’ 00,3’ Q:),f;’ 00,4’ e@10,4’ Ol,2$ 5‘%'\:/2’ §1,27 01,3

032,213,014, 214,015, 215,023, 524, 223,024, D1 (D (V.,)).
6



By mutating O, and O, four steps to the left, we obtain by Lemma 3.1, Lemma 3.2, and
Lemma 3.6

D*(V) = (011, 202,012,003, 203,045 o@yo,zx, %2, °§1,2’ O3
012, 213,023,014, 21 4,0, 5, QNLS, 37273, Q~2,3, Oy.4, © (D" (V,))).
One can easily see that 57172 is orthogonal to O 4 and .QVOA by Lemma 3.4, so that
D*(V) = (011, 202,012,003, 203, 571?2, O 4, QAE)A, °§1,2, O3

02,2’ °@1,3’ 02,3’ Ol,4$ Ql,‘l’ ﬁ:&a 01,59 °§],5’ §2,3, 02,47 (Dl (Db(V+))>'

By mutating O3 and O, 4 two steps to the right, O; 3 and O, 4 three steps to the left, and then
Oy 4 and O 5 two steps to the right, we obtain by Lemma 3.5 and Lemma 3.6

D"(V) = (01,1, 22,012,503, 715, 003,013, So.4. 713, Ooa
022, 213,023, 14, 52’3 014, 024, A5, 3’4, 015, D1 (D"(V,)).
By mutating O ; to the far right, and then @, (D*(V.)) one step to the right, we obtain
D’ (V) = (242,012, %03, 192 003,013, L04, 13, 004, 022
213,043, 514, 555,014,004, F1 5. 754, 015,033, ©2(D(V.,))),
where
®; == R, o D;.
By Lemma 3.2, Lemma 3.3, and Lemma 3.4, we obtain
D"(V) =(2y3,012,9,022, 503,003,013, 915, 213,0,3
S5 033, 04,004, 14,014, 02,4, 534, S5, 015, ©2(DP (V).
By mutating ®,(D"(V,)) ten steps to the left, and then last ten terms to the far left, we obtain
D"(V) = (L1011, 22,007, 512,0-12,002, Lo, S -13,0-13
202,012, 91,022, 503,003,013, 915, 213,023, @3(D"(V,))),
where
D3 = L7y, 053.74.004:714.014.024.7 715015 © P2
By Lemma 3.3, we obtain
D (V) = (Z01: 011, L22,0-22, 12,012,002, 75, 202,012
A 022, 13,013, 703,003,013, 715, 213,013, ®3(D"(V,))).

By mutating 2y, and 2, ; two steps to the left, the first two terms to the far right, and then
®3(D”(V,)) two steps to the right, we obtain by oo = <10, Lemma 3.4, and Lemma 3.6

(3.4) D"(V) =(552,0-25,.%-12,0-12, 52,002, 712,012, 522,022
13,013, 703,003, 713,013, 523,013, S5, 033, D4(D"(V.))),
where
Q4 = R7y,0,5) © 3.
By comparing (3.4) with (3.2), we obtain a derived equivalence
® = O o dy: D(V,) > D"(V.),
7



where
D' (=) = (¢-). 0 ((-) ® Oy(-2H)) : D"(V) = D"(V.)
is the left adjoint functor of ®_.

4. MUKAI FLOP

For n > 2, let P and Q be the maximal parabolic subgroups of the simple Lie group of
type A, associated with the crossed Dynkin diagrams x—e-- and e--e—x. The corresponding
homogeneous spaces are the projective spaces P = PV, Q = PV", and the partial flag variety
F = F(1,n;V), where V is an (n + 1)-dimensional vector space. Since wp = O(—(n + 1)h),
wq = O(—(n + 1)H), and wy = O(—nh — nH), we have wy_ = Oy_, wy, = Oy,, and wy =

O(-=(n—1h—-(n-1H).

Lemma 4.1. Og(—ih + jH) and Op(—(i + D)h + (j — 1)H) are acyclic for 1 < j < n—1 and
I1<i<n-j

Proof. Since j—n < —i < —-land j—n—-1 < —i—1 < -2, the derived push-foward of
Ox(—ih + jH) and Op(—(i + 1)h + (j — 1)H) vanish by [9, Exercise II1.8.4] unless i = n — 1 and
J = 1, in which case the acyclicity of Og(—nh) is obvious. O

Lemma 4.2. homy, (Ox(ih — jH),Or) ~0for 1 < j<n-1land1 <i<n-j.
Proof. We have
homy, (Or(ih - jH),Or) =~ h({Or(=ih + jH) = Op(=(i + Dh + (j — DH)}),

which vanishes by Lemma 4.1. O
Recall from [3] that

4.1) D*(P) = (Op,Op(h), - - - ,Op(nh))

and

(4.2) D*(Q) = (Oq,Oq(H), - -+ ,Oq(nH)).
Since ¢. are blow-ups along the zero-sections, it follows from [20] that

(4.3) D"(V) = (.w' D"(P), - ..’ D"(P) ® Oy((n — 2)H), D_(D"(V_)))

and

(4.4) D*(V) = (@ D"(Q),- -+ ,t.w’,D"(Q) ® Oy((n - 2)h), ®.(D"(V.))),

where

®_ = ((-)®Oy((n— 1)H)) o ¢’ : D"(V_) - D"(V)
and
®, = ((-) ® Oy((n — k) o ¢}.: D*(V,) - D"(V).
We write O; j := Og(ih + jH). (4.1) and (4.3) give a semiorthogonal decomposition of the form
D"(V) = (HAy, @_(D"(V-))
where A 1s given by

OO,O 01,0 On—2,0 On—l,O On,O

O],l e On—2,1 On—],l On,l On+l,l
4.5) . : : ) .

On—l,n—Z On—l,n—2 On,n—l On+1,n—2 02n—2,n—2-
8



Note from Lemma 4.2 that there are no morphisms from right to left in (4.5). Since wy

O_(1-1)-(n-1), by mutating first

OO,O Ol,O e 011—2,0
Ol,l U On—2,1
On—2,n—2

to the far right, and then ®_(D?(V_)) to the far right, we obtain
D" (V) = (A, D(D"(V))),
where
D1(D°(V2)) 1= R0, 11 O30 ) © D
and A, 1s given by

On—l,O On,O
On—l,l On,l On+1,1

Orz—l,n—Z On,n—Z On+1,n—2 e OZn—3,n—2 02n—2,n—2
On—l,n—l On,n—l On+1,n—1 e OZn—3,n—1
On,n On+1,n e OZn—3,n
0n+1,n+1 e OZn—3,n+l
02n—3,2n—3~

By mutating ®;(D”(V_)) one step to the left, and then O,,_»,,_, to the far left, we obtain
(4.6) D"(V) = (A, ©(D(V.))),
where
(Dz(Db(V—)) = Lo, ,,, © D
and A, is given by

On— 1,-1
On—] 0 On,O
On—l,l On,l 0n+1,1

On—l,n—Z On,n—l On+l,n—2 Oln—3,n—2

On—l,n—l On,n—l On+l,n—1 e OZn—3,n—l
On,n On+1,n e OZn—3,n

On+1,n+1 e OZn—3,n+1

02n—3,2n—3-

By comparing (4.6) with (4.2) and (4.4), we obtain a derived equivalence

D = (¢,). 0 (=) ® O_@2,-2)0) © Dy : D’(V_) = D(V,).
9

~



5. STANDARD FLOP

For n > 1, let P and Q be the maximal parabolic subgroups of the semisimple Lie group

G = SL(V)XSL(V") associated with the crossed Dynkin diagram x—e——e @ e--——e and e —— &
-+ The corresponding homogeneous spaces are the projective spaces P = PV, Q = PV",
and their product F = PV X PV". Since wp = O(—(n + 1)h), wg = O(—(n + 1)H), and wy =
O(—(n+ 1)h — (n+ 1)H), we have wy_ = Oy_, wy, = Oy, and wy = O(—nh — nH).

Lemma 5.1. homy, (Op(ih — jH),Op) ~0for1 < j<n—-1land1 <i<n-—j
Proof. We have
homy, (Og(ih — jH),Or) = h({Op(=ih + jH) = Op(=(i + Dh + (j - DH)}),
which vanishes for 1 <i<n-j<n-1. O
It follows from [20] that
(GRY) D'(V) = (@' D"(P), -+ ,L.w"D"(P) ® O((n — 1)(h + H)), D_(D"(V_)))
and
52 D'(V) = (@' DQ). - .L.w.D"(Q&O((n - 1)(h+ H)), 0., (D"(V.)),
where
®_ = (=) ® Oy(n(h + H)) o ¢ : D"(V_) — D"(V)
and
D, = (=) @ Oy(n(h + H)) 0 ¢ : D"(V,) = D"(V).
We write O; j := Og(ih + jH). (4.1) and (5.1) give a semiorthogonal decomposition of the form
D"(V) = (Ao, @_(D"(V-))

where (A is given by

OO,O 01,0 T On—Z,O On—l,O On,O
01,1 e On—2,l On—l,l On,l On+l,l
(5.3) ' : : : :
On—2,n—2 On—l,n—Z On,n—Z On+1,n—2 e OZn—Z,n—Z
On—l,n—l On,n—l On+l,n—l e O2n—2,n—l 02n—1,n—1-

Note from Lemma 5.1 that there are no morphisms from right to left in (5.3). Since wy =
Ov(—nh — nH), by mutating first

OO,O Ol,O toe On—Z,O
01,1 toe On—2,1
On—2,n—2

to the far right, and then ®_(D’(V_)) to the far right, we obtain
D" (V) = (A, ©(D"(V.))),
where

(Dl(Db(V_)) = R<On,na'" 502i1*2,2n*2> © ®_
10



and A, is given by

On—l,O On,O
On—l,l On,l On+1,1

On—l,n—l On,n—l On+1,n—1 OZn—Z,n—l OZn—l,n—l

On,n On+l,n e 02n—2,n
0n+l,n+l tte 0211—2,n+1
OZn—2,2n—2~

By mutating @, (D*(V_)) one step to the left, and then O,,_,- to the far left, we obtain
(54) D"(V) = (A, ©:(D"(V))),
where
O(D"(V.)) = Lo, ,,, o ¥
and A, is given by

On—l,—l
On—l,O On,O
On—],l On,l On+l,l

On—l,n—l On,n—l On+l,n—l 02n—2,n—1

On,n On+1,n ot OZn—Z,n
On+l,n+1 ot OZn—Z,n+l
0211—2,2n—2-

By comparing (5.4) with (4.2) and (5.2), we obtain a derived equivalence
D = (1), © (=) ® O—au1)0) © Dy D(V_) = D(V,).

Remark 5.1. The way of presenting our proof in Section 4 and 5 is called chess game by some

authors [12, 23].

REFERENCES

[1] Addington, N., Donovan, W., Meachan, C.: Mukai flops and P-twists. J. Reine. Angew. Math. 748,

227-240 (2019)

2] Balllard, M., Favero, D., Katzarkov, L.: Variation of geometric invariant theory quotients and derived

categories, J. Reine. Angew. Math. 746, 235-304 (2019)

[3] Beilinson, A.A.: Coherent sheaves on P” and problems in linear algebra. Funct. Anal. Appl. + 12, 214-

216 (1978)

[4] Bondal, A., Orlov, D.: Derived categories of coherent sheaves. Proceedings of the International Congress

of Mathematicians. Vol. I (Beijing, 2002), Higher Ed. Press, Beijing, pp. 47-56 (2002)

[5] Bondal, A., Orlov, D.: Semiorthogonal decomposition for algebraic varieties, arXiv:alg-geom/9506012

(1995)

[6] Halpern-Leistner, D.: The derived category of a GIT quotient. .J. Am. Math. Soc. 28(3), 871-912 (2015)
[7] Hara, W.: Non-commutative crepant resolution of minimal nilpotent orbit closure of type A and Mukai

flops. Adv. Math. 318, 355-410 (2017)

[8] Hara, W.: On derived equivalence for Abuaf flop: mutation of non-commutative crepant resolutions and

spherical twists, arXiv:1706.04417 (2018)
[9] Hartshorne, R.: Algebraic geometry. Springer-Verlag (1977)
11



[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

[18]

[19]
[20]

[21]
[22]

[23]
[24]

Herbst, M., Hori, K., Page, D.: Phases of N=2 theories in I+1 dimensions with boundary,
arXiv:0803.2045 (2008)

Huybrechts, D., Thomas, R.: P-objects and autoequivalences of derived categories. Math. Res. Lett.
13(1), 87-98 (2006)

Jiang, Q., Leung, C.: Derived category of projectivization and flops, arXiv:1811.12525 (2018)
Kanemitsu, A.: Mukai pairs and simple K-equivalence, arXiv:1812.05392 (2018)

Kapranov, M.: On the derived categories of coherent sheaves on some homogenous spaces. Invent. Math.
92(3), 479-508 (1988)

Kapustka, M., Rampazzo, M.: Torelli problem for Calabi-Yau threefolds with GLSM description, Com-
mun. Num. Theor. Phys. 13(4), 725-761 (2019).

Kawamata, Y.: D-equivalence and K-equivalence. J. Differ. Geom. 61(1), 147-171 (2002)

Kuznetsov, A.: Exceptional collections for Grassmannians of isotropic lines. Proc. Lond. Math. Soc.
97(1), 155-182 (2008)

Kuznetsov, A.: Derived equivalence of Ito-Miura—Okawa—Ueda Calabi—Yau 3-folds, J. Math. Soc. Jpn.
70(3), 1007-1013 (2018)

Namikawa, Y.: Mukai flops and derived categories, J. Reine. Angew. Math. 560, 65-76 (2003)

Orlov, D.: Projective bundles, monoidal transformations, and derived categories of coherent sheaves. Izv.
Ross. Akad. Nauk Ser. Mat. 56(4), 852-862 (1992)

Segal, E.: Equivalence between GIT quotients of Landau—Ginzburg B-models. Commun. Math. Phys.
304(2), 411-432 (2011)

Segal, E.: A new 5-fold flop and derived equivalence. Bull. Lond. Math. Soc. 48(3), 533-538 (2016)
Thomas, R.: Notes on HPD. Algebraic Geometry: Salt Lake City 2015. AMS (2018)

Ueda, K.: G2-Grassmannians and derived equivalences. Manuscripta Math. 159(3-4), 549-559 (2019)

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF Tokyo, 3-8-1 KomaBa, MEGURO-KU, TOKYO,
153-8914, Japan.

Email address: morimura@ms.u-tokyo.ac.jp, hmorimur@sissa.it

Current address: SISSA, via Bonomea 265, 34136 Trieste, Italy.

12



