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Abstract

In this thesis we study the spectral properties of the Second Variation of an optimal
control problem. In particular we focus on three aspects: the asymptotic distribution of
the spectrum on the real line, the change in Morse index of an extremal subject to di�erent
boundary conditions and the determinant.

We provide, under some regularity assumptions, an exhaustive Weyl-type law for the
eigenvalue of the Second Variation.

We prove a formula for the change of Morse index of an extremal satisfying di�erent
sets of boundary conditions. We apply it to get iteration formulas for periodic extremals
and discretization formulas that reduce the problem of computing the index to a �nite
dimensional one. Moreover we present some ideas on how to apply the theory to variational
problems on graphs.

Finally we provide a way to compute the determinant of the Second Variation in terms
of the fundamental solution of a system of ODEs, proving a generalized Hill-type formula.
Application to stability are discussed.





Chapter 1

Introduction

Given a function f , how can we �nd its maxima and minima? This is a central question
in Calculus since its birth and even before in Fermat and Descartes works in the �rst half
of XVII century. Well, the answer is simple (is it really?) look at the �rst and second

derivatives! The leitmotiv of this work is the Second Variation of an optimal control
problem and its (spectral) properties.

But . . . what is an optimal control problem? Well, this is a bit long to explain. A
detailed and formal account is given in Appendix B. Let us try to explain it here more
informally, like you would do at a dinner table, when someone dares to ask the much
dreaded question �So, what is it that you do exactly?�.

The situation we want to study is the following: suppose you have a particle (modelling
a car, skies, a robot . . . ) and you want to move it from initial to �nal state. You might
have restrictions on the way you move, depending on the shape of the object you are trying
to control. Take for instance a car and the problem of parallel parking: your wheels do not
simply turn! This kind of restrictions on motion are sometimes called non holonomic, it
means that they cannot be written in terms of the position alone. They explicitly depend
on the velocity of your particle too. A control problem consists in deciding if, given these
restrictions on the movement of your particle, it is actually possible to move it from a given
initial position to a given �nal one.

The word optimal comes into play when you add to this picture a way to select the best
trajectory to connect your initial and �nal state. This is usually done adding the datum
of a functional to your problem and requiring that the best trajectories are minima (or
maxima) of the latter. In Riemannian geometry one would take the kinetic energy. In
classical mechanics one would add to that a potential. One could also take the total time
itself as the way to weight trajectories, this would be called a time optimal problem.

And the Second Variation? Well, as Fermat already discovered in the thirties (of the
XVII century, of course), minima and maxima are necessarily critical points. However not
all critical points are minima or maxima, su�cient conditions were later formulated in terms
of the second derivative. It is well known that, when dealing with real functions on open
sets Ω ⊆ Rn, the second derivative at a point p is represented by a symmetric matrix which
can be naturally identi�ed with a quadratic form. Thus, for us, the Second Variation will be
a quadratic form on a suitable Banach space. It essentially gives a quadratic approximation
of the functional we use to select the best trajectory in our optimal control problem.

The next word I would pick after Second Variation of an optimal control problem to
describe this work would be spectrum. Every result stated in this thesis deals with either
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Chapter 1 Section 1.1

the distribution of the spectrum Σ of the Second Variation on the real line or can be used
to compute quantities such as:

lim
ε→0+

∏
|λ|>ε,λ∈Σ

λ, lim
ε→0+

∑
|λ|>ε,λ∈Σ

(λ− 1)k, k ∈ N.

In optimal control one is particularly interested in the cardinality of the negative part
of the spectrum of the second variation, the so called index. The reason is that the index
tells you in how many independent ways you can reduce the value of your cost for a given
trajectory. Generally speaking, if you wish to �nd the optimal strategy to interact with
your system you ought to look for trajectory with 0 index.

I think that these few lines are enough to give a taste of things to come. If you are not
satis�ed with this explanation yet (even though in my experience most people are at this
point), well, here is the rest.

The starting goal of my research project was to extend the results in [7] to compute
the determinant of the Second Variation. Here by determinant we mean a suitable limit
of the product of the eigenvalues of the Second Variation, as in the previous formula. The
�rst step in this direction was to develop a formalism to write the Second Variation in a
fashion similar to the �xed point case. However, in doing so, other questions and ideas
sprung up. Thanks to Ivan's interest in variational problems on graphs, quantum graphs
and so on, Chapter 4 was born. Trying to understand if one could recover the Second
Variation of an LQ optimal control problem (see [12][Chapter 16]) just by its spectrum (as
in the famous �Can you hear the shap of a drum?� problem) led to Chapter 3 and to a
general distribution law for the eigenvalues of the Second Variation. Ultimately I managed
to prove an extension of the result in [7], this is the content of Chapter 5.

This �rst Chapter is meant to serve as an account of the main results achieved dur-
ing my PhD studies at SISSA under the supervision of Prof. Andrei Agrachev and Ivan
Beschastnyi. I will go over them in the next sections and try to give a bit of perspective
on some of them. Most of what it is presented here is contained in [18, 15, 17]. I will not
follow strictly the chapters order and delay the most technical result to the last section.
Considerable e�ort was put in order to adapt not always matching notations, avoid as
much as possible repetitions and realize a manuscript with the most coherent presentation
I could achieve. For any doubt and possible inconstancy, however, refer to the original
sources.

I chose to con�ne everything that could be labelled as background material to Appen-
dices A and B with the sole exception of the di�erentiation of the Endpoint map which
is recalled in Section 2.1 since it serves as motivation for the rest of the Chapter. I will
introduce the objects needed when needed. For a systematic exposition please, refer to the
appendices.

1.1 Morse Index and Graphs

This section gives an account of the contents of Chapter 4. The main result there is
a formula to compute the di�erence of Morse index of an extremal (loosely speaking a
critical point of the functional we consider) satisfying di�erent sets of boundary conditions.
The motivation behind this formula is to apply second variation techniques to variational
problems on graphs, much of the material appearing here can be found in [15].
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Chapter 1 Section 1.1

Notice that when we speak of extremals or critical points we usually mean curves in
the cotangent bundle of our state space, see Theorem B.1 for a precise statement of this
fact. To understand why this is so, think of a problem of classical mechanics or Rieman-
nian geometry. Critical points of the action functional satisfy Euler-Lagrange equations
which are second order di�erential equations. Thus the initial position alone is not enough
to parametrize all solutions! By graphs here we mean metric graph as in the following
de�nition:

De�nition 1.1 (Metric graph). A metric graph is a graph G = (G0,G1), where G0 is the
set of vertices and G1 is the set of parametrized edges. Each edge e ∈ G1 is parametrized
either by a �nite interval [0, le] for some le > 0 or by [0,+∞).

In particular, metric graphs are oriented, i.e. any edge is endowed with an orientation
and we can speak of initial (source) and �nal (target) point of an edge. De�ne the maps
s, t : G1 → G0, for each edge s(e) is the initial point whereas t(e) the �nal one.

We can partition the set of vertices in two using the map just introduced, we de�ne
the following:

Gf0 = {v : ∃!e ∈ G, t(e) = v or s(e) = v}, Gc0 = G0 \ Gf0

In plain words Gf0 is the set of vertices with just one edge either issuing from or reaching
it.

Example 1.1. Assume that G is a compact metric graph and consider the space H1(G), i.e.
continuous functions u with the propriety that ue := u|e ∈ H1([0, le]). We impose certain

boundary conditions (Dirichlet, Neumann, . . . ) on Gf0 and consider the functional:

J (u) =
∑
e∈G1

∫ le

0

u̇2
e

2
− |ue|

p

p
dt, p ∈ (2, 6). (1.1)

We wish to compute the Morse index of the critical points of this functional. To do this
we cut the graph and consider the edges separately as a curve γ (after re-parametrization)

from [0, 1] to R#G1 . The continuity conditions and the extra constraints on Gf0 can be
expressed as boundary conditions for γ, i.e. in the form (γ(0), γ(1)) ∈ N ⊆ R2#G1 . For

example, if we impose homogeneous Dirichlet boundary conditions on Gf0 , N reads:

N = {(q, q′) ∈ R2#G1 : qe = qe′ if s(e) = s(e′), q′e = q′e′ if t(e) = t(e′)} ∩Nf ,

Nf = {(q, q′) ∈ R2#G1 : qe = 0 if s(e) ∈ Gf0 , q
′
e = 0 if e ∈ Gf0 }.

The choice of the functional in eq. (1.1) is not random. There is an extensive literature
concerning the existence and non-existence of ground state (i.e. global minimizers) of the
energy in eq. (1.1). The real issue here is that one wishes to consider also non compact
graph. For example with a �nite number of edges some of which with in�nite length, see
[3, 2, 4, 23] and [1, 21]. Or periodic graphs, i.e. graph with a relatively simple structure
repeated in�nitely many times, see for example [28] or [29]. Our hope is to be able to
extract some necessary optimality conditions, using our techniques, to characterize local
minimizers of this problem. Maybe involving �ner properties such as number of oscillations
or monotonicity. This is currently under investigation jointly with Ivan Beschastnyi.

We can slightly generalize the previous example and consider the following situation: to
each edge e ∈ G1 of the graph we associate a dynamical system feu(q) on some manifoldM e
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Chapter 1 Section 1.1

and a Lagrangian ϕe(t, u, q). We consider boundary conditions N ⊆
∏
e∈G1

M e×
∏
e∈G1

M e

and look for the critical points of:

J (u) =
∑
e∈G1

∫ le

0
ϕe(t, u, qu(t))dt.

A typical situation is when all the M e are the same manifold and we impose a continuity
condition at the vertices in Gc0 and additional ones (Dirichlet, Neumann...) to the vertices

in Gf0 .
So, a �rst step to have e�ective ways of computing the Morse index for this class

of problems is to �nd e�ective formulas to compute the Morse index of the problem in
eq. (B.2) for general boundary conditions.

The topic is quite classical and several extension of the classical Morse theorem for
conjugate points are available. See for example [50]. In the case of �xed endpoints the
celebrated Morse theorem states that the index of the second variation is equal to the
number of conjugate points along the extremal counted with multiplicity. Let us explain
this fact brie�y. In some (regular) situation is possible to formulate the condition of being
an extremal in terms of an autonomous Hamiltonian system on the cotangent bundle
of the state space. Second order conditions are stated in terms of the linearisation (i.e.
the di�erential of the Hamiltonian �ow) along the �xed extremal. Loosely speaking these
maps give in�nitesimal variations of the trajectory under consideration. In formulae Morse
Theorem reads:

ind−(Q) =
∑
t∈(0,1)

dim(Π ∩ Φt(Π)).

Here Π denotes the vertical subspace and Φt the fundamental solution of the linearisation
of the (extremal) �ow mentioned above (see Appendix B).

When dealing with more general boundary conditions the Morse Index cannot be ex-
press just in terms of conjugates point and correction terms appear. A huge number of
works in literature deals with this problem and several intersection indices in the Lagrange
Grassmannian have been introduced, see for instance [30, 49, 53, 25].

Here we are not going to pursue this direction. The strategy will be to single out the
contribution given by the boundary conditions. We will denote by QΠ the second variation
for the problem with �xed endpoints and QN the second variation for boundary conditions
given by N . We are going to prove a formula that relates the di�erence ind−(QN ) −
ind−(QΠ) to Maslov index as de�ned in De�nition A.3 and eq. (A.3). More generally we
can consider the situation in which an extremal λt : [0, 1] → T ∗M satisfy multiple sets of
boundary conditions and try to compute the change of index. For instance, if you think
to the example of the graph above, such a formula would provide a way to compute the
change of index if we decide to impose an extra Dirichlet condition on a vertex v ∈ Gc0 thus
shrinking the space of variations.

We can also apply this ideas in a more abstract way to recover iteration formula for the
concatenation of periodic extremal and discretization formulas, this is done in Sections 4.1
to 4.3.

We are going now to state the result. First of all let us introduce the Jacobi equation.
It is a time dependent Hamiltonian system on Tλ0T

∗M given as follows:

Φ̇t = ZtZ
∗
t JΦt (1.2)

4



Chapter 1 Section 1.2

Here J is a coordinate representation of the symplectic form on Tλ0T
∗M and Zt is the

matrix valued function appearing in the expression of the second variation given in de�-
nition 2.1 (see Appendix B and eq. (B.11)). Equation (1.2) can be a bit mysterious: let
us shed some light on it. One should think of it as a substitute of the linearisation of
the extremal �ow appearing in Morse theorem. The reason why we need such system is
to cover degenerate situation in which the extremal �ow is non-smooth and we cannot
really speak of linearisation or when we consider abnormal extremal (see Appendix B and
De�nition B.2). Notice, moreover, that the Hamiltonian de�ning Jacobi equation is non
negative. This is because we work with the so called optical Hamiltonian systems as in-
troduced in [16]. These are systems that have a non negativity condition on a Lagrangian
subspace: the way in which we compute the the Second Variation allows to separate this
positive part from all the rest. What remains is exactly Equation (1.2).

The second object that will appear in the formulas is Maslov index of a triple of
Lagrange subspaces. Its appearance is ubiquitous in the �eld and in problems of intersec-
tion theory in the Grassmannians (see Appendix A.2). The precise de�nition is given in
eq. (A.3). What it is important to know for now is that it is an invariant of triples of La-
grangian subspaces and measures their relative position assigning to each triple L0,L1,L2

an integer i(L0, L1, L2) satisfying:

−dim(M) ≤ i(L0, L1, L2) ≤ dim(M).

The third and last de�nition is that of annihilator of the boundary conditions. It is a
submanifold of T ∗M , denoted by Ann(N), which plays the same role as the normal bundle
in Riemannian geometry. It projects onto N and Ann(N) ∩ T ∗nM consists of:

Ann(N) ∩ T ∗nM = Ann(TnN) := {λ ∈ T ∗nM : λ(X) = 0,∀X ∈ TnN}.

It turns out that Ann(N) is Lagrangian submanifold of T ∗M with the standard symplectic
form. This creates a small sign issue when dealing on T ∗(M ×M) and σ ⊕ (−σ), as we
always do. Finally let us de�ne A(N)λ0 as the tangent space of Ann(N) at λ0. Note that
we will drop the subscript when non strictly necessary. See Appendix A and eq. (A.10) for
further details.

Theorem 1.1. Suppose that λt is a strictly normal extremal (see De�nition B.2 and the

beginning of next Section) satisfying the transversality conditions for two distinct submani-

folds N and Ñ (see Theorem B.1). Denote by Φt the fundamental solution of eq. (1.2) and
by Γ(Φ̃∗Φt) the graph of its composition with the di�erential Φ̃∗ of the re-parametrization

�ow given in eq. (B.11). Let QN and QÑ be the respective second variation, then it holds:

ind−QÑ − indQN = i(A(N),Γ(Φ̃∗Φ1), A(Ñ)) + d0. (1.3)

The number d0 appearing above is determined by the following relation:

d0 = dim
(
A(N) ∩ Γ(Φ̃∗Φ1) /A(N) ∩ Γ(Φ̃∗Φ1) ∩A(Ñ)

)
− dim

(
TN /TN ∩ TÑ

)
Remark 1.1. We always work with the symplectic form (−σ)⊕σ when dealing with graphs
of symplectomorphisms. In particular the Maslov index i(·, ·, ·) appearing in eq. (1.3) must
be computed with said form.

Remark 1.2. If we assume that the maximum condition of PMP de�nes a C2 function Ht

in the neighbourhood of the extremal λt, the symplectomorphism Φ̃∗Φ1 is the fundamental
solution of the linearisation of the �ow generated by ~Ht along λt. See for example [12][
Proposition 21.3].
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Chapter 1 Section 1.2

1.2 Functional determinants and Hill-type formulae

In this section we present the topic of Chapter 5. We will stick to a fairly regular situa-
tion. First of all we will assume that the extremal we are �xing satis�es Legendre strong
condition, as in the previous section. Together with this extremal, always comes a control
function ũ. It represents the optimal strategy we have devised to stir the particle from the
initial to the �nal position. We will assume that ũ is a regular point of the Endpoint map.
That is, λt is a strictly normal extremal as in de�nition B.2. All this notions are explained
in Appendix B. Notice that, the condition of being a regular point of the Endpoint map,
is automatically satis�ed by extremals of mechanical, Riemannian, and LQ problems. So
there is no loss of generality in thinking of those for the moment. The already mentioned
Legendre condition is a strict convexity condition, with respect to the velocity, of the maxi-
mized Hamiltonian along the extremal. It satis�ed, for instance, by the already mentioned
class of problems.

Under these hypothesis the Second Variation can be naturally interpreted as the Hessian
of the cost J we are considering, restricted to the smooth manifold given by a level set of
the Endpoint map.

Our goal is to compute the determinant of the Second Variation. We will prove a
formula which relates this determinant to the fundamental solutions of an ODE system in
a �nite dimensional space, much in the spirit of Gelfand-Yaglom Theorem.

Under the hypothesis above, the Second Variation Q is induced by a Fredholm operator
and can be written, after appropriate choice of scalar product, as 1 + K where K is a
compact operator. Various ways of de�ning a determinant function on spaces of operators
of this form can be found in the literature, going all the way back to the works of Poincaré,
Fredholm and Hilbert. If the operator K one considers is in the so called trace class, i.e.
the sequence of its eigenvalues (with multiplicity) gives an absolutely convergent series, a
de�nition of determinant which involves an in�nite product of its eigenvalues is possible.

In our case, however, the classical approach is not immediately applicable since, generi-
cally, the operators one encounters when considering Second Variations are not trace class,
as it will be clear from Theorem 1.5. We will see that, under some technical assumptions,
this class of operators either has a particularly symmetric spectrum or it is trace class.
This symmetry allows us to talk about trace and determinant of the operators K and
1 +K in the sense of principal limits. A similar approach has been independently adopted
in the works [38, 37] to study the spectrum of Hamiltonian systems. The di�erence here
is the choice of projectors: we use directly the eigenprojectors of the Second Variation.

There are other ways to de�ne the determinant of the Second Variation, of course.
For instance, the theory of regularized determinants, see [55], provides a way to de�ne
regularized determinants for all Fredholm operators of the form 1 + K, enforcing some
condition on the summability of the singular values of K. One introduces the so-called
trace ideals Sp for p ≥ 1 and de�nes an appropriate analytic function on each of them
which mimics the properties of the determinant. Trace ideals are de�ned as follows: let K
be a compact operator and {sn(K)}n∈N be the collection of its (ordered) singular values,
K belongs to Sp if

∑
n∈N s

p
n(K) <∞. For every m ∈ N one maps the class Sn to S1, i.e.

trace class operators, and consider the (analytic) function:

Sm 3 K 7→ det1

(1 +K) exp

m−1∑
j=1

(−K)j

j

 := detm(1 +K)

6



Chapter 1 Section 1.2

This de�nitions preserves many of the properties of �nite dimensional determinants, how-
ever introduces a heavy non linearity! Moreover, notice that the ideals Sn, n ∈ N, are
increasing but the various de�nition of determinants do not agree. If K ∈ Sm with m < n
then detn(1 +K) 6= detm(1 +K).

Our approach, which is of course less general, however, provides an actual extension of
the de�nition of determinant given for trace class operators. It involves just the in�nite
product of the eigenvalues and thus, whenever the compact part of the second variation is
trace class, it gives exactly the usual determinant det1 de�ned for trace class operators.

It is worth pointing out two main features of our construction. First of all it relates
the determinant of 1 + K to the fundamental solution of a �nite dimensional system of
ODEs. This provides a way to actually compute the determinant and allows to recover
some classical results such as Hill's formula for periodic trajectories. This kind of formulas
have important applications since allow to relate variational properties of an extremal (i.e.
the eigenvalues of the second variation) to dynamical properties such as stability, which
are determined by the eigenvalues of the linearisation of the Hamiltonian system of which
the extremal we are considering is solution. For details about Hill formula and stability
issues we just mention the papers [20] and [40] and refer to the discussion at the beginning
of Chapter 5.

We stress that our results are formulated in a quite general framework which encom-
passes Riemannian, sub-Riemannian and Finsler geometry, mechanical systems on mani-
folds to name a few. Moreover the techniques can be applied without virtually any mod-
i�cations to treat constrained variational problems on graphs as done in Chapter 4 to
compute the Morse index.

Yet another possible de�nition of determinant, this time for (pseudo-)di�erential op-
erators, is the following. To a self-adjoint di�erential operator L with a set of boundary
condition B one associates a ζ− function de�ned as:

ζ(s) =
∑

λ∈spec(L)

λ−s, s ∈ C with <(s) su�ciently big.

The series converges on some half-plane <(s) > c0 and is then extended to a unique
meromorphic function on the whole plane by analytic continuation. The determinant of
L is then de�ned to be − log(eζ

′(s))|s=0. The reader is referred to [31] for details. Let us
just point out that ζ−regularization techniques are the ones employed to obtain expression
for quantities such as the ratio of the determinants of two di�erential operators. These
constructions are carried out in many paper such as [46] for Sturm-Liouville problems and
[32] in the general framework of elliptic operators on section of vector bundles. A relation
between regularized determinants and zeta-regularization is given in [34]. In principle one
could recover similar results to the ones obtained in [33] for the determinant of elliptic
operators on quantum graphs or [45] for Sturm-Liouville di�erential operators. However
our formulas appearance would be slightly di�erent since we make a di�erent choice of
reference operator.

We can interpret the expression of the second variation coming from Chronological
Calculus (see [12][Chapter 3]) as the composition of a di�erential operator and the inverse
of another one, canonically associated to the problem. As reference we use some symplectic
version of the parallel transport operator along our extremal. A precise de�nition of what
we mean by parallel transport will be given later on, in Appendix A and Section 5.1, where
all the objects mentioned above will be properly de�ned.

7
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Let us state now our result. Denote by m(λ) the multiplicity of an eigenvalue λ of Q,
we de�ne the determinant of Q as:

det(Q) = lim
ε→0

∏
|λ−1|>ε

λm(λ), where λ ∈ Spec(Q).

We introduce now a variation of Jacobi equation as given in eq. (1.2). To de�ne it
we use the two matrix valued functions Zt ∈ Matk×2 dim(M)(R) and Ht ∈ Matk×k(R)
introduced before. The precise way to compute them is explained in eq. (B.11). Let δs be
dilations of a parameter s ∈ R of the �bre, i.e. the kernel of the di�erential of the natural
projection π : T ∗λ0

M → M . The dilation δs is de�ned by the relations π∗(δ
sw) = π∗(w)

for all w ∈ Tλ0T
∗M and δsv = sv for all v ∈ ker(π∗). Let J be some representation in

coordinates of the standard symplectic form on Tλ0T
∗M , using the maps just introduce

let us de�ne the following quadratic form:

βs(λ) =
1

2
〈λ, JδsZtH−1

t (δsZt)
∗Jλ〉, λ ∈ Tλ0T

∗M.

We will call Jacobi equation the following ODEs system on Tλ0T
∗M :

λ̇ = ~βs(λ), λ ∈ Tλ0T
∗M.

and denote its fundamental solution at time t as Φs
t . Notice that for s = 1 we recover

exactly eq. (1.2).
The last maps we will need is a family of symplectomorphism of Tλ0T

∗M × Tλ1T
∗M

which depend on the choice of a scalar product on each space. Let g0 and g1 be two scalar
products on Tλ0T

∗M and Tλ1T
∗M respectively. Assume that at each λi, Πi := ker(π∗)

has a Lagrangian orthogonal complement wrt gi which we denote by Π⊥i . Denote by prV
the orthogonal projection onto V and set:

As0(η) = η + (1− s)J−1
0 prΠ⊥0

η, η ∈ Tλ0(T ∗M),

As1(η) = η + (1− s)(J−1
1 + Φ̃∗ ◦ prΠ0 ◦ Φ̃−1

∗ )prΠ⊥1
η, η ∈ Tλ1(T ∗M).

This maps preserve the �bre Π0 and Π1 respectively and move any Lagrangian subspace
closer and closer to the �bre as s goes to in�nity.

The datum of the boundary condition is encoded in a Lagrangian submanifold of(
T ∗(M × M), (−σ) ⊕ σ

)
, the annihilator of N already appearing in the statement of

Theorem 1.1. Take a sub-manifold N ⊆M ×M , the explicit de�nition is as follows:

Ann(N) =
⋃
q∈N
{(λ0, λ1) ∈ T ∗q (M ×M) : 〈λ0, X0〉 = 〈λ1, X1〉,∀(X0, X1) ∈ TqN}.

In light of PMP (see Theorem B.1), critical points of J with boundary conditions given
by N , lift to the cotangent bundle to curves λt such that (λ0, λ1) ∈ Ann(N). Fix now a
complement to T(λ0,λ1)Ann(N), say VN , and denote by πN the projection onto this latter
subspace with kernel the tangent space to the annihilator.

We are ready now de�ne a function that plays the role of the characteristic polynomial
of Q. For a map f denote by Γ(f) its graph, set:

pQ(s) = det(πN |Γ(As1Φ̃∗Φs1A
s
0)).

With this notation our main result reads as follows:

8
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Theorem 1.2. Assume that the matrix −Ht > α for some α > 0 (Legendre strong
condition) and that at least one of the following holds:

i) the maps t 7→ Zt and t 7→ Ht are piecewise analytic in t;

ii) the dimension of the space of controls is k ≤ 2;

iii) the operator I −Q is trace class;

Let λ ∈ Spec(Q) and m(λ) be its multiplicity, the limits:

det(Q) = lim
ε→0

∏
|λ−1|>ε

λm(λ), tr(Q− 1) = lim
ε→0

∑
|λ−1|>ε

m(λ)(λ− 1).

are well de�ned and �nite. Moreover, for almost any choice of metrics g0 and g1 we have

that pQ(0) 6= 0 and that:

det(1 + s(Q− 1)) = pQ(0)−1es(tr(Q−1)−pQ(0)′)pQ(s).

Remark 1.3. The hypothesis about the regularity of Zt and Ht are needed to obtain the
asymptotic for the spectrum of Q − 1 that guarantee the existence of the trace and of
the determinant as limits. They can be weakened somehow by requiring that the skew-
symmetric k × k matrix Z∗t JZt is continuously diagonalizable (see [7]).

Remark 1.4. The constants pQ(0), pq(0)′ and tr(Q − 1) are completely explicit and are
given in terms of iterated integrals in Lemmas 5.3 and 5.4.

In particular we have the following corollary:

Corollary 1.1. Under the assumption above, the determinant of the second variation Q
satis�es:

det(Q) = pQ(0)−1etr(Q−1)−pQ(0)′ det(πN |Γ(Ψt)).

Where Ψt = Φ̃∗Φ1 and coincides with the fundamental solution of the linearisation of the

extremal �ow, whenever the latter is de�ned.

1.3 Characterization of the Second Variation

Alas, we turn to the last topic that will be touched in this thesis. In this section we are
going to overview the contents of Chapters 2 and 3. The common theme is the Second
Variation for Dirichlet boundary conditions. As explained and done in the previous section,
we will not work with just a trajectory, but with its lift to the cotangent bundle. This lift
is given by PMP (Theorem B.1) and we denote it by λt. Let ũ be the relative optimal
control.

In Appendix B is shown that the second variation at a critical point (λt, ũ) of an optimal
control problem is a quadratic form (or a family of quadratic forms when the corank of
the critical point is ≥ 2) de�ned on the kernel of the �rst di�erential. In Proposition B.2
the following formulas to represent the derivatives of the endpoint map and the second
variation (here we use the notation summarized in eq. (B.11)) are given:

dũE
t
q0(v) = π∗(Φ̃t)∗

∫ t

0
Zτvτdτ

λtd
2
ũE

t
q0(v, v) =

∫ t

0

(
〈Hτvτ , vτ 〉+

∫ τ

0
σλ0(Zθvθ, Zτvτ )dθ

)
dτ.

9
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One should not be bother too much by these formulas. A quick glance and plain ac-
ceptance is advised for the moment. A rigorous derivation is given in Section 2.1 and ap-
pendix B. The message one ought to take home by looking at this equations is that the
second variation is expressed in integral form. Zτ and Hτ are function from the interval
[0, t] to the space of k×2 dim(M) and k×k matrices respectively, where k ≤ dim(M) is the
number of control parameters of the system. They should be interpreted as coe�cients of
the Second Variation. From now on we will forget about where this quadratic form comes
from and how we obtained it and study it just as a quadratic form on L2([0, t],Rk).

The main focus of this section is the study of the second term appearing in the expres-
sion of the second variation, namely on operators of the form:

K(v)(τ) =

∫ τ

0
σλ0(Zτ ·, Zθvθ)dθ. (1.4)

They are always compact. The domain of de�nition is usually taken to be L∞([0, t],Rk)
since one works with Lipschitz continuous curves. However it is clear that they extend to
continuous operators on L2([0, t],Rk). For this reason we will always work on L2([0, t],Rk)
with the standard Hilbert structure.

We are going to present here a result about the asymptotic distribution of their spectrum
and a simple characterization of this class. It turns out that the following properties identify
the operators as in eq. (1.4):

i) there exists a �nite co-dimensional subspace of L2([0, 1],Rk), which we call V, on
which K becomes a self-adjoint operator, i.e. :

〈u,Kv〉 = 〈Ku, v〉 ∀u, v ∈ V, (1.5)

ii) K is an Hilbert-Schmidt operator with an integral kernel of a particular form, namely:

K(v)(t) =

∫ t

0
V (t, τ)v(τ)dτ, v ∈ L2([0, 1],Rk). (1.6)

Where V (t, τ) is a matrix whose entries are L2 functions. We call the class of operator
satisfying this last condition Volterra-type operators.

This characterization is summarized in the following theorem. Let A denote the skew-
symmetric part of K, which we assume to satisfy eqs. (1.5) and (1.6):

A =
1

2

(
K −K∗

)
.

Denote by Im(A) the image of A.

Theorem 1.3. Let be K an operator satisfying eq. (1.5) and eq. (1.6). Then A has �nite

rank and completely determines K. More precisely, if A has rank 2m and is represented

as:

A(v)(t) :=
1

2
Z∗tA0

∫ 1

0
Zτv(τ)dt,

for a skew-symmetric 2m× 2m matrix A0 and a 2m× k matrix Zt then:

K(v)(t) =

∫ t

0
Z∗tA0Zτv(τ)dτ.

10
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We can rephrase the above statement in terms of the second variation at a strictly
normal critical point (see De�nition B.2). We have the following:

Theorem 1.4. Suppose V ⊂ L2([0, 1],Rk) is a �nite codimension subspace and K and

operator satisfying eqs. (1.5) and (1.6). Then (K,V) can be realized as the second variation

of an optimal control problem at a strictly normal regular extremal. To any such couple we

can associate a triple ((Σ, σ),Π, Z) consisting of:

i) a �nite dimensional symplectic space (Σ, σ);

ii) a Lagrangian subspace Π ⊂ Σ;

iii) a linear map Z : L2([0, 1],Rk)→ Σ such that Im(Z) is transversal to the subspace Π.

This triple is unique up to the action of stabΠ(Σ, σ), the group of symplectic transforma-

tions that �x Π. Any other triple is given by ((Σ, σ),Π,Φ ◦ Z) for Φ ∈ stabΠ(Σ, σ).

Vice versa any triple ((Σ, σ),Π, Z) as above determines a couple (K,V). We can de�ne

the skew-symmetric part A of K as:

〈Au, v〉 = σ(Zu,Zv), ∀u, v ∈ L2([0, 1],Rk),

A determines the whole operator K and its domain is recovered as V = Z−1(Π).

Before giving the precise statements of the next result about the spectral asymptotic,
let us pause a little the discussion to recall some general facts about the spectrum of
compact operators. Mainly to �x notation and give a couple of de�nitions.

Given a compact self-adjoint operator K on an Hilbert space H, we can de�ne a
quadratic form setting Q(v) = 〈v,K(v)〉. The eigenvalues of Q are by de�nition those
of K and we will denote Σ±(Q) the positive and negative parts of the spectrum of Q.

By the standard spectral theory of compact operators (see [54]) the non zero eigenvalues
of K are either �nite or accumulate at zero and their multiplicity is �nite. Consider
the positive part of the spectrum of Q, Σ+(Q) and λ ∈ Σ+(Q). Denote by mλ the
multiplicity of the eigenvalue λ. We can introduce a monotone non increasing sequence
{λn}n∈N indexing the eigenvalues of K, requiring that the cardinality of the set {λn =
λ} = mλ for every λ ∈ Σ+(Q).

This will be called the monotone arrangement of Σ+(Q). We can perform the same
construction indexing by −n, n ∈ N, the negative part of the spectrum Σ−(Q). This time
we require that the sequence {λ−n}n∈N is non decreasing. Provided that Σ±(Q) are both
in�nite, we obtain a sequence {λn}n∈Z.

The next de�nition is non-standard and the term capacity probably already used in
too many di�erent contests. The terminology is inspired by [7] and extended here to cover
our case. It will essentially encode the �rst term of the asymptotic of {λn}n∈Z.

De�nition 1.2. Let Q be a quadratic form Q on a Hilbert space H and j ∈ N

i) if j is odd, Q has j−capacity ξ > 0 with reminder of order ν > 0 if Σ+(Q) and
Σ−(Q) are both in�nite and:

λn =
ξ

(πn)j
+O(n−ν−j) as n→ ±∞,

11
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ii) if j is even, Q has j−capacity (ξ+, ξ−) with remainder of order ν > 0 if either both
Σ+(Q) and Σ−(Q) are in�nite and:

λn =
ξ+

(πn)j
+O(n−ν−j) as n→ +∞,

λn =
−ξ−
(πn)j

+O(n−ν−j) as n→ −∞,

where ξ± ≥ 0 or if at least one between Σ+(Q) and Σ−(Q) is in�nite and the relative
monotone arrangement satis�es the corresponding asymptotic relation;

iii) if the spectrum is �nite or λn = O(n−ν) as n → ±∞ for any ν > 0, we say that Q
has ∞−capacity.

The behaviour of the sequence {λn}n∈Z is closely related to the following counting
functions:

C+
j (n) = #{l ∈ N : 0 <

1
j
√
λl
< n} C−j (n) = #{l ∈ N : −n > −1

j
√
|λ−l|

> 0}

The requirement of De�nition 1.2 for the j−capacity can be translated into the following
asymptotic for the functions C±j (n):

C±j (n) =
ξ±
π
n+O(n1−ν) as n→ ±∞

We mention here some of the properties of the j−capacity. Without loss of generality
we state the properties for the positive part of the spectrum, analogue results hold for the
negative one.

i) (Homogeneity) if Q1 and Q2 are quadratic forms on two Hilbert spaces H1 and
H2 of j−capacity ξ1 and ξ2 respectively with the same remainder ν, then aQ1 has
j−capacity aξ1 and the sum Q1⊕Q2 on H1⊕H2 has j−capacity ( j

√
ξ1 + j
√
ξ2)j both

with remainder ν.

ii) (Independence of restriction) If V ⊆ H is a subspace of �nite codimension then Q
has j−capacity ξ with remainder ν if and only if its restriction to V has j−capacity
ξ with remainder ν.

iii) (Additivity) if Q1 has j−capacity ξ with remainder ν and Q2 has j−capacity 0 with
remainder of the same order ν, then their sum Q1 + Q2 has the capacity ξ with
remainder ν ′ = (j+ν)(j+1)

j+ν+1

We will focus now on quadratic forms Q coming from operators of the form given in
eq. (1.4) in light of Theorem 1.3. After a change of coordinates we can assume without
loss of generality that the symplectic form is the standard one and thus, using eq. (A.1),
we will consider the following quadratic form on L2([0, 1],Rk)::

Q(v) = 〈v,K(v)〉 =

∫ 1

0

∫ t

0
〈Ztv(t), JZτv(τ)〉dτdt. (1.7)

We will always make the assumption that Zt is a 2n×k matrix which depends piecewise
analytically on the parameter t ∈ [0, 1] through out this section. Let f be a smooth function

12



Chapter 1 Section 1.3

on [0, 1] and let k ∈ N, denote by f (k) = dkf
dtk

the k−th derivative with respect to t. For
j ≥ 1 de�ne the following matrix valued functions:

Aj(t) =

{(
Z

(k)
t

)∗
JZ

(k)
t if j = 2k + 1(

Z
(k−1)
t

)∗
JZ

(k)
t if j = 2k

(1.8)

We use ρt to denote any eigenvalue of the matrix Aj(t). If j = 2k, de�ne:

µ+
t,2k :=

∑
ρt:ρt>0

2k
√
ρt µ−t,2k :=

∑
ρt:ρt<0

2k
√
|ρt|.

For odd indices, A2k−1 is skew-symmetric and thus the spectrum is purely imaginary. So
we de�ne the function:

µt,2k−1 =
∑

ρt:−iρt>0

2k−1
√
−iρt.

We are now ready to state the following result:

Theorem 1.5. Let Q be the quadratic form in eq. (1.7). Q has either ∞−capacity or

j−capacity with remainder of order ν = 1/2. More precisely, let j ≥ 1 be the lowest integer

such that Aj(t) is not identically zero, then

i) if j = 2k − 1, the (2k − 1)−capacity ξ is given by:

ξ =

(∫ 1

0
µt,2k−1dt

)2k−1

,

and thus for n ∈ Z su�ciently large:

λn =

( ∫ 1
0 µt,2k−1dt

)2k−1

(πn)2k−1
+O(n−2k+1/2).

ii) if j = 2k, the 2k−capacity (ξ+, ξ−) is given by:

ξ± =

(∫ 1

0
µ±t,2kdt

)2k

,

and thus for n ∈ Z su�ciently large:

λn =

( ∫ 1
0 µ
±
t,2kdt

)2k

(πn)2k
+O(n−2k−1/2).

iii) if Aj(t) ≡ 0 for any j then Q has ∞−capacity.
Remark 1.5. It is worth remarking that in Theorem 1 of [7] the order of the remainder for
the 1−capacity was a little better, 2/3 and not 1/2.

In particular, combining with Theorem 1.3 and assuming the kernel V (t, τ) in eq. (1.6)
is an analytic function in t and τ , we have the following bound on the 1−capacity in terms
of A, the skew-symmetric part of K.

Corollary 1.2. Let Σ be the spectrum of A, if the matrix V (t, τ) in eq. (1.6) is analytic,
the 1−capacity of K can be bound by

ξ ≤ 2
√
m

√ ∑
ρ∈Σ:−iρ>0

−ρ2 ≤ 2
√
m

∑
ρ∈Σ:−iρ>0

|ρ|.
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Chapter 2

The Second Variation

This chapter contains the proofs of theorems Theorem 1.3, Theorem 1.4 and the construc-
tion we will employ several times through out the work to reduce an optimal control with
moving boundary conditions to a �xed points one. Much of the notation used here is
introduced either in Appendix B or Section 1.3, however we will soon recall brie�y some
facts about the di�erentiation of the Endpoint map to keep the chapter as self contained
as possible. The topics presented here are essentially contained in [18] and [15].

The chapter structure is the following. In Section 2.1 we recall how to di�erentiate the
Endpoint map of a control system for Dirichlet boundary condition. The topic is quite
standard and further references can be found in [5, 8, 12]. In Section 2.2 we study the
integral representation of the second variation thus obtained and characterize the class
of integral operators one can realize as second variation of an optimal control problem.
Finally Section 2.3 describe how we reduce the second variation with moving endpoints to
the well known case of Dirichlet boundary conditions.

2.1 Second Variation with �xed endpoints

Consider an optimal control problem on a smooth manifold M . Roughly speaking the
situation is as follows: we specify a family of Lipschitz curves imposing some restriction
on its velocity and we want to �nd the best strategy (with respect to some cost functional)
to stir a point q0 to a point q1. This problem is formalized as follow (see Appendix B for
more details). We take a family of vector �elds fu(q) on M depending on some parameter
u ∈ U ⊆ Rk and look at the solutions of

q̇u = fu(t)(qu)

for u ∈ L∞([0, 1], U). This will be our family of Lipschitz curve. The weight we assign to
each trajectory will be determined by a smooth function ϕt as follows:

J (u) =

∫ 1

0
ϕt(u, qu(t), t)dt

We denote by Etq0(u) the map that takes a function u(·), the control, and gives back
the solution of the above equation at time t with initial condition q0.

Any optimal control problem can be reduced to the study of an appropriate Endpoint
map simply by adding the cost as an extra variable or can be seen as a problem of con-
strained optimization with constraints given by the level set of the Endpoint map (see
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[12, 43, 14]). We are going now to recall the integral representation for the derivatives of
the Endpoint map, complete details are given in Appendix B.

We consider the following family of functions on T ∗M :

hu : T ∗M → R, hu(λ) = 〈λ, fu〉+ νϕ(u, π(λ)), ν ≤ 0.

By Pontryagin Maximum Principle (Theorem B.1) optimal trajectories with control ũ lift
to curves in the cotangent bundle satisfying λ̇ = ~hũ(t)(λ) and maxu hu(λ) = hũ(λ).

Fix an optimal control ũ and the relative extremal λt. Consider the function hũ(λ) =
hũ(t)(λ) and de�ne the following non autonomous �ow (which will play the role of parallel
transport in this context):

d

dt
Φ̃t = ~hũ(Φ̃t) Φ̃0 = Id (2.1)

It has the following properties:

i) It extends to the cotangent bundle the �ow which solves q̇ = f tũ(q) on the base. In
particular if λt is an extremal with initial condition λ0, π(Φ̃t(λ0)) = qũ(t) where qũ
is an extremal trajectory.

ii) Φ̃t preserves the �bre over each q ∈ M . The restriction Φ̃t : T ∗qM → T ∗
Φ̃t(q)

M is an

a�ne transformation.

We use the symplectomorphism Φ̃t to pull back the whole curve λt to the starting point
λ0. We can express all the �rst and second order information about the extremal using
the following map and its derivatives:

btu(λ) = (htu − htũ) ◦ Φ̃t(λ)

Notice that:

i) btu(λ0)|u=ũ(t) = 0 = dλ0 b
t
u|u=ũ(t) by de�nition.

ii) ∂ub
t
u|u=ũ(t) = ∂u(htu ◦ Φ̃t)|u=ũ(t) = 0 since λ(t) is an extremal and ũ the relative

control.

Thus the �rst non zero derivatives are the order two ones. We de�ne the following
maps:

Zt = ∂u~b
t
u(λ0)|u=ũ(t) : Rk = Tũ(t)U → Tλ0(T ∗M)

Ht = ∂2
ubt(λ0)|u=ũ(t) : Rk = Tũ(t)U → T ∗ũ(t)U = Rk

(2.2)

We denote by Π = kerπ∗ the kernel of the di�erential of the natural projection π :
T ∗M →M .

Proposition (Di�erential of the endpoint map). Consider the endpoint map Et : Uq0 →
M . Fix a point ũ and consider the symplectomorphism Φ̃t and the map Zt de�ned above.

The di�erential is the following map:

dũE(vt) = dλ(t)π ◦ dλ0Φ̃t(

∫ t

0
Zτvτdτ) ∈ TqtM

16



Chapter 2 Section 2.1

In particular, if we identify Tλ0(T ∗M) with R2m and write Zt =

(
Yt
Xt

)
, ũ is a regular

point if and only if vt 7→
∫ t

0 Xτvτdτ is surjective. Equivalently if the following matrix is
invertible:

Γt =

∫ t

0
XτX

∗
τ dτ ∈Matn×n(R), det(Γt) 6= 0

If dũE
t is surjective then (Et)−1(qt) is smooth in a neighbourhood of ũ and is tangent

space is given by:

Tũ(Et)−1(qt) = {v ∈ L∞([0, 1],Rk) :

∫ t

0
Xτvτdτ = 0}

= {v ∈ L∞([0, 1],Rk) :

∫ t

0
Zτvτdτ ∈ Π}

In this case optimal control problems can be formulated as constrained minimization
problems. We take as submanifold of L∞([0, 1],Rk) the set (Etq0)−1(q1) and functional to
minimize the cost J . In the sequel we will often restrict to this situation. See [14] for a
more detailed discussion.

At critical points is well de�ned (i.e. independent of coordinates) the second variation
of dũE

t
q0 . It is a map de�ned on the kernel of the �rst di�erential with values in the

cokernel (see appendix B or [12][Chapter 20] for further details). When the image of the
�rst di�erential is an hyperplane it reduces to a quadratic form. Such extremals are called
of corank 1, see De�nition B.2. This happens, for instance, when we are in the situation
of constrained minimization described above. In this case the second derivative of the
extended Endpoint map (i.e. lifted to manifold M × R to include the cost as a variable)
can be expressed with the function Zt and Ht de�ned in eq. (2.2).

Using chronological calculus (see again [12] or [5] and proposition B.2) it is possible to
write the second derivative of the functional J (i.e. the second derivative of the extended
Endpoint map) on ker dũE

t ⊆ L∞([0, 1],Rk) as follows.

Proposition (Second variation). Suppose that (λ(t), ũ) is a critical point of J with �xed

initial and �nal point. For any u ∈ ker dũE
t
q0 the second variation has the following ex-

pression:

d2
ũJ (u) = −

∫ 1

0
〈Htut, ut〉dt−

∫ 1

0

∫ t

0
σ(Zτuτ , Ztut)dτdt

The associated bilinear form is symmetric provided that u, v lie in a subspace that projects

to a Lagrangian one via the map u 7→
∫ 1

0 Ztutdt.

d2
ũJ (u) = −

∫ 1

0
〈Htut, vt〉dt−

∫ 1

0

∫ t

0
σ(Zτuτ , Ztvt)dτdt

The formula just derived for the second derivative of the cost in the case of an extremal
which is also a regular point of the Endpoint map actually hold in more general context.
In particular, for any η ∈ T ∗qtM such that ηdũE

t
q0 = 0 the second variation can always be

written as:

η d2
ũE

t
q0(u) = −

∫ t

0
〈H̃tut, ut〉 −

∫ t

0

∫ τ

0
σP̃ ∗t (η)(Z̃τuτ , Z̃tut)dτdt
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Where Pt denotes the �ow of fũ(t)(q) at time t, Z̃tut is an element of TP̃ ∗t η
T ∗M and H̃t

a family of symmetric matrices. In the following section we are going thus to consider
abstractly operators on L∞([0, 1],Rk) (or their extension to L2) of this form, focusing
especially on the compact part:

K(u)(t) =

∫ 1

0
σ(Zt·, Zτuτ )dτ. (2.3)

2.2 Characterization of the Second Variation

This section is devoted to the proof of Theorem 1.3 and his reformulation in Theorem 1.4.
It roughly says that any integral operators with integral kernel of the form given in eq. (1.6)
which becomes symmetric on a �nite codimension subspace actually can be represented as
in eq. (2.3) and it is completely determined by its skew-symmetric part. We recall here
the statement:

Theorem. Let be K an operator satisfying eq. (1.5) and eq. (1.6). Then A has �nite rank

and completely determines K. More precisely, if A has rank 2m and is represented as:

A(v)(t) :=
1

2
Z∗tA0

∫ 1

0
Zτv(τ)dt,

for a skew-symmetric 2m× 2m matrix A0 and a 2m× k matrix Zt then:

K(v)(t) =

∫ t

0
Z∗tA0Zτv(τ)dτ. (2.4)

Proof of Theorem 1.3. The proof of the �rst part of the statement follows from a couple
of elementary considerations. In the sequel we will use the short-hand notation A for
Skew(K).

Fact 1: Equation (1.5) holds if and only if A has �nite rank

Suppose that K|V is symmetric. Consider the orthogonal splitting of L2[0, 1] as V ⊕ V⊥.
Equation (1.5) can be reformulated as A(V) ⊆ V⊥, thus Im(A(L2[0, 1])) ⊆ V⊥ + A(V⊥)
which is �nite dimensional.

Conversely, if the range of A is �nite dimensional, we can decompose L2[0, 1] as Im(A)⊕
ker(A), where the decomposition is orthogonal by skew-symmetry. Thus, on ker(A), K is
symmetric.

Fact 2: A determines the kernel of K

It is well known that, if K is Hilbert-Schmidt, then K∗ is Hilbert-Schmidt too. Since we
are assuming eq. (1.6) it is given by:

K∗(v)(t) =

∫ 1

t
V ∗(τ, t)v(τ)dτ.

So we can write down the integral kernel A(t, τ) of A as follows:

A(t, τ) =

{
1
2V (t, τ) if τ < t

−1
2V
∗(τ, t) if t < τ.
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The key observation now is that the support of the kernel of K is disjoint form the support
of the kernel of K∗. Thus the kernel of A determines the kernel of K (and vice versa).

Now, since we are assuming that A has �nite dimensional image, we can present its
kernel as:

A(t, τ) =
1

2
Z∗tA0Zτ ,

where A0 is a skew-symmetric matrix and Zt is a dim(Im(A)) × k matrix that has as
rows the elements of some orthonormal base of Im(A). Without loss of generality we can
assume A0 = J . In fact with an orthogonal change of coordinates A0 decomposes as a
direct sum of rotation with an amplitude λi. Rescaling the coordinates by

√
λi yields the

desired canonical form J .

Now we prove corollary 1.2. This result relates the spectrum of the skew-symmetric
part of any operator satisfying eqs. (1.5) and (1.6) and its capacity, a spectral invariant
introduced in [7] whose de�nition was recalled in Section 1.3.

Proof of Corollary 1.2. First of all notice that, now that we have written down any oper-
ator satisfying eqs. (1.5) and (1.6) in the same form as those in eq. (1.4), we can apply
all the results about the asymptotic of their eigenvalues. In particular, if we assume that
the space Im(A) ⊂ L2([0, 1],Rk) is generated by piecewise analytic functions, the ordered
sequence of eigenvalues satis�es:

λn =
ξ

πn
+O(n−5/3), as n→ ±∞.

Notice that we are using a better estimates on the reminder (for the case of the
1−capacity) then the one given in Theorem 1.5 that was given in [7]. We denote by
M † = M̄∗ the conjugate transpose. Set 2m = dim(Im(A)), since the map t 7→ Zt is
analytic, there exists a piecewise analytic family of unitary matrices Gt such that:

G†tZ
∗
t JZtGt =



iζ1(t)
. . .

iζl(t)
−iζ1(t)

. . .

−iζl(t)
0


Without loss of generality we can assume that the function ζi are analytic on the whole
interval and everywhere non negative. Recall that the coe�cient ξ appearing in the asymp-
totic was computed as ξ =

∫ 1
0 ζ(t)dt =

∫ 1
0

∑l
i=0 ζi(t)dt.

Let us work on the Hilbert space L2([0, 1],Ck) with standard hermitian product. Notice
that G : L2([0, 1],Ck) → L2([0, 1],Ck), v 7→ Gtv is an isometry, thus the eigenvalue of
Skew(K) = A remain the same if we consider the similar operator G−1 ◦A◦G which acts
as follows:

G−1 ◦ A ◦G(v) =
1

2
G†tZ

∗
t J

∫ 1

0
ZτGτv(τ)dτ
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To simplify notation let's forget about this change of coordinates and still call Zt the
matrix ZtGt. Write Zt as:

Zt =



y∗1(t)
...

y∗m(t)
x∗1(t)
...

x∗m(t)


.

We introduce the following notation: for a vector function vi the quantity (vi)j stands for
j−th component of vi.

We can now bound the function ζ(t) in terms of the components of the matrix Zt:

2ζ(t) =
k∑
j=1

|(Z†t JZt)jj | ≤
m∑
i=1

k∑
j=1

|(xi)j(ȳi)j − (yi)j(x̄i)j |(t)

=

m∑
i=1

k∑
j=1

2|Im((xi)j(ȳi)j)| ≤
m∑
i=1

k∑
j=1

2|(xi)j ||(yi)j | =
m∑
i=1

2〈|xi|, |yi|〉(t)

Where the vector |v| is the vector with entries the absolute values the entries of v.
Integrating and using Hölder inequality for the 2 norm, we get:

ξ =

∫ 1

0
ζ(t)dt =

m∑
i=1

||xi||2 ||yi||2.

The next step is to relate the quantity on the right hand side to the eigenvalues of
A. The strategy now is to modify the matrix Zt in order to get an orthonormal frame of
Im(A). Keeping track of the transformations used we get a matrix representing A, then
it is enough to compute the eigenvalues of the said matrix.

We can assume, without loss of generality that 〈xi, xj〉L2 = δij . This can be achieved
with a symplectic change of the matrix Zt. Then we modify the yj in order to make them
orthogonal to the space generated by the xj . We use the following transformation:(

Yt
Xt

)
7→
(

1 M
0 1

)(
Yt
Xt

)
=

(
Yt +MXt

Xt

)
where M is de�ned by the relation

∫ 1
0 YtX

∗
t +MXtX

∗
t dt =

∫ 1
0 YtX

∗
t dt+M = 0. The last

step is to make yj orthonormal. If we multiply Yt by a matrix L we �nd the equation

L
∫ 1

0 YtY
∗
t dtL

∗ = 1 , so L = (
∫ 1

0 YtY
∗
t dt)

− 1
2 . Thus the matrix representing A in this

coordinates is one half of:

A0 =

(
L−1 0
−M∗ 1

)(
0 −1
1 0

)(
L−1 −M

0 1

)
=

(
0 L−1

−L−1 M∗ −M

)
If we square A0 and compute the trace we get:

−1

2
tr(A2

0) = tr(L−2)− 1

2
tr((M∗ −M)2) ≥ tr

(∫ 1

0
YtY

∗
t dt

)
=

m∑
i=1

||yi||22
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Call Σ(A) the spectrum of A, since A is skew-symmetric it follows that:

−1

2
tr(A2

0) = 4
∑

µ∈Σ(A),−iµ>0

−µ2 ≥ 0.

Recalling that ||xi|| = 1 and putting all together we �nd that:

ξ ≤
m∑
i=1

||yi||2 ≤
√
m

√√√√ m∑
i=1

||yi||22 = 2
√
m

√ ∑
µ∈Σ(A),−iµ>0

−µ2.

Example 2.1. Consider a matrix Zt of the following form:

Zt =

[
ξ1(t) ξ3(t)

0 ξ2(t)

]
Z∗t JZt =

[
0 −ξ1ξ2(t)

ξ2ξ1(t) 0

]
The capacity of K is given by ζ =

∫ 1
0 |ξ1ξ2|(t)dt. We can assume that 〈ξ2, ξ3〉 = 0 and

||ξ2|| = 1.
A direct computation shows that the eigenvalue of SkewK are ±i2

√
(||ξ1||2 + ||ξ3||2).

This shows that the two quantities behave in a very di�erent way. If we choose ξ2 very
close to ξ1 and ξ3 small, capacity and eigenvalue square are comparable. If we choose ξ3

very big the capacity remains the same whereas the eigenvalues explode. In particular
there cannot be any lower bound of ζ in terms of the eigenvalues of K.

Remark 2.1. There is a natural class of translations that preserves the capacity. Take any
path Φt of symplectic matrices (say L2 integrable), the operators constructed with Zt and
ΦtZt have the same capacity (but the respective skew-symmetric part clearly do not have
the same eigenvalues).

Set KΦ(v) =
∫ t

0 Z
∗
t JΦ−1

t ΦτZτvτdτ and Σ+(KΦ) the set of eigenvalues of Skew(KΦ)
satisfying −iσ ≥ 0. It seems natural to ask if:

ζ(K) = 2 inf
Φt∈Sp(n)

√ ∑
σ∈Σ+(KΦ)

−σ2

Take for instance the example above and suppose for simplicity that ξ1 and ξ2 are
positive and never vanishing. Using the following transformation we obtain:

Z ′t =

√ ξ2
ξ1

−ξ3√
ξ1ξ2

0
√

ξ1
ξ2

[ξ1 ξ3

0 ξ2

]
=

[√
ξ1ξ2 0
0

√
ξ1ξ2

]

and in this case the eigenvalue became ±i2 〈ξ1, ξ2〉, precisely half the capacity.

2.2.1 Proof Theorem 1.4

In this section we reformulate Theorem 1.3 as a characterization of the compact part of
the second variation of an optimal control problem at a strictly normal regular extremal
(see de�nition B.2). The statement we are going to prove is the following:
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Theorem. Suppose V ⊂ L2([0, 1],Rk) is a �nite codimension subspace and K and operator

satisfying eqs. (1.5) and (1.6). Then (K,V) can be realized as the second variation of an

optimal control problem at a strictly normal regular extremal. To any such couple we can

associate a triple ((Σ, σ),Π, Z) consisting of:

i) a �nite dimensional symplectic space (Σ, σ);

ii) a Lagrangian subspace Π ⊂ Σ;

iii) a linear map Z : L2([0, 1],Rk)→ Σ such that Im(Z) is transversal to the subspace Π.

This triple is unique up to the action of stabΠ(Σ, σ), the group of symplectic transforma-

tions that �x Π. Any other triple is given by ((Σ, σ),Π,Φ ◦ Z) for Φ ∈ stabΠ(Σ, σ).
Vice versa any triple ((Σ, σ),Π, Z) as above determines a couple (K,V). We can de�ne

the skew-symmetric part A of K as:

〈Au, v〉 = σ(Zu,Zv), ∀u, v ∈ L2([0, 1],Rk),

A determines the whole operator K and its domain is recovered as V = Z−1(Π).

Remark 2.2. The uniqueness part of the theorem maybe needs a quick comment. One
should think of this indeterminacy as the dependence of the second variation on the choice
of a particular set of coordinates on the base manifold. Choosing coordinates at a point
λ0 is equivalent to choosing a Lagrange subspace complementary to Π. The action of
stabΠ(Σ, σ) is transitive on Πt.

Proof. The proof is essentially a reformulation of Theorem 1.3. Given the operator we con-
struct the symplectic space (Σ, σ) taking as vector space the image of the skew-symmetric
part Im(A) and as symplectic form 〈A·, ·〉.

The transversality condition correspond to the fact that the di�erential of the endpoint
map is surjective.

The only thing left to show is uniqueness of the triple. Without loss of generality we
can assume that the symplectic subspace (Σ, σ) = (R2n, σ) is the standard one and that
the Lagrangian subspace Π is the vertical subspace. In this coordinates

Z(v) =

∫ 1

0
Ztvtdt =

∫ 1

0

(
Yt
Xt

)
vtdt.

De�ne the following map:

F : L2([0, 1],Matn×k(R))→ L2([0, 1]2,Matk×k(R)), Yt 7→ Z∗t JZτ = X∗t Yτ − Y ∗t Xτ .

It is linear if Xt is �xed. To determine uniqueness we have to study an a�ne equation thus
is su�cient to study the kernel of F . Suppose for simplicity that Xt and Yt are continuous
in t. We have to solve the equation:

F (Yt) = Z∗t JZτ = σ(Zt, Zτ ) = 0.

Consider the following subspace of R2n

V [0,1] =
{ l∑
i=1

Ztiνi : νi ∈ Rk, ti ∈ [0, 1], l ∈ N
}
⊂ R2n
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It follows that F (Yt) = 0 if and only if the subspace V [0,1] is isotropic. Since we are in
�nite dimension, we can consider a �nite number of instants ti to which we can restrict to
generate the whole V [0,1]. Call I the set of this instants. Without loss of generality we can
assume that {

∑
i∈I Xtiνi, νi ∈ Rk, ti ∈ I} = Rn.

This is so since the image of Z is transversal to Π and thus Γ =
∫ 1

0 XtX
∗
t dt is non

degenerate. In fact, if the subspace {
∑l

i=1Xtiνi| νi ∈ Rk, l ∈ N} were a proper subspace
of Rn, there would be a vector µ such that 〈µ,Xtν〉 = 0, ∀t ∈ [0, 1] and ∀ν ∈ Rn. Thus an
element of the kernel of Γ. A contradiction.

Now we evaluate the equation F (Yt) = 0 ⇐⇒ Y ∗t Xτ = X∗t Yτ at the instants t = ti
that guarantee controllability. One can read o� the following identities:

Y ∗t vj = X∗t cj

where the v′js are a base of Rn and cj free parameters. Taking transpose we get that
Yt = GXt.

It is straightforward to check that, if Yt = GXt, G must be symmetric, in fact:

ZtJZτ = Y ∗t Xτ −X∗t Yτ = X∗t (G∗ −G)Xτ = 0 ⇐⇒ G = G∗

And so uniqueness is proved when Xt and Yt are continuous.

The case in which Xt and Yt are just L
2 (matrix-)functions can be dealt with similarly.

One has just to replace evaluations with integrals of the form
∫ t+ε
t−ε Zτνdτ and

∫ t+ε
t−ε Xτνdτ

and interpret every equality t almost everywhere.

The only thing left to show is how to construct a control system with given (K,V)
as second variation. By the equivalence stated above it is enough to show that we can
realize any given map Z : L2([0, 1],Rk)→ Σ with a proper control system. We can assume
without loss of generality that (Σ, σ) is just R2m with the standard symplectic form and
Π is the vertical subspace. With this choices the map Z is given by :

v 7→
∫ 1

0
Ztvtdt =

∫ 1

0

(
Ytvt
Xtvt

)
dt

The operator K is then given by K(v) =
∫ t

0 Z
∗
t JZτvτdτ and V = {v|

∫ 1
0 Xtvtdt = 0}.

Consider the following linear quadratic system on Rm:

fu(q) = Btu ϕt(x) =
1

2
|u|2 + 〈Ωtu, x〉,

where Bt and Ωt are matrices of size m× k, the Hamiltonian in PMP reads:

hu(λ, x) = 〈λ,Btu〉 −
1

2
|u|2 − 〈Ωtu, x〉

Take as extremal control ut ≡ 0, it easy to check that the re-parametrization �ow Φ̃t de�ned
in eq. (B.11) is just the identity and the matrix Zt for this problem is the following:

Zt =

(
Ωt

Bt

)
So it is enough to take Ωt = Yt and Bt = Xt.
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2.3 Second Variation with moving endpoints

Up until now we have consider just optimal control problems with Dirichlet boundary
condition. In this section we construct a suitable space of variations for optimal control
problems with boundary conditions N ⊆M ×M which will be always used in the sequel.
The idea behind the construction is rather simple: we wish to employ the machinery
introduce in the previous section to di�erentiate the Endpoint map in the case of Dirichlet
boundary condition. To do so we introduce now a auxiliary control system that extends
our original one and incorporates the boundary conditions. We will consider at �rst the
case of separated boundary conditions, i.e. N of the form N = N0 ×N1.

Assume that we are given a control system as in eq. (B.2) and an extremal λt satisfying
the �rst order optimality condition of PMP. Denote by λ0 and λ1 the initial and �nal
covector of said extremal and by q0 and q1 the respective projection on the base manifold.

Let us �x a family of vector �elds X1
0 , . . . , X

dim(N0)
0 and Xj

1 , . . . X
dim(N1)
1 with the

following properties:

i) span{Xj
i }

dim(Ni)
j=1 = TqNi for any q in a neighbourhood (inside Ni) of qi.

ii) they generate a local integrable distribution in a neighbourhood (inside M) of qi. In
particular the leaf through qi coincide with Ni.

Consider now the following (linear with respect to the control) vector �elds:

f iv(q) =

dim(Ni)∑
j=1

Xj
i (q)vj , v ∈ Rdim(Ni).

We take as controls û elements of the Hilbert space Rdim(N0) ⊕ L2([0, 1],Rk) ⊕ Rdim(N1).
With a slight abuse of notation, we can think to this vectors as functions on [−1, 2] which
are constant on [0, 1]c. We will denote by u0 the value of û on [−1, 0), by u1 its value on
(1, 2] and by u the restriction on [0, 1]. De�ne then the following optimal control problem:

f̂ tû(q) =


f0
u0

(q) for t ∈ [−1, 0),

f tu(q) for t ∈ [0, 1],

f1
u1

(t) for t ∈ (1, 2].

J (û) =

∫ 1

0
ϕ(t, u(t), qu(t))dt (2.5)

We have the following easy observation:

Lemma 2.1. The problem given in eq. (B.2) with moving boundary conditions N = N0×N1

is locally equivalent to the one in eq. (2.5) with �xed endpoints.

Proof. Recall that we are �xing an extremal λt and call ũ the relative optimal control.
It is also an extremal for the auxiliary system, with optimal control given by ū. We can
identify it with:

λ̂t =


λ0 for t ∈ [−1, 0],

λt for t ∈ [0, 1],

λ1 for t ∈ [1, 2].

û =


0 for t ∈ [−1, 0),

ũ for t ∈ [0, 1],

0 for t ∈ (1, 2].

(2.6)
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For any variation of the curve qt = πλt with endpoints, say (r0, r1), su�ciently close to
(q0, q1) there exists controls (u0, u1) such that:

q̇ = fu0(q),

q(−1) = q0,

q(0) = r0.


q̇ = fu1(q),

q(1) = r1,

q(2) = q1.

It follows that qt is also a variation for the auxiliary system. Vice-versa, since we �xed an
integrable distribution and assumed that the leaf through (q0, q1) coincides with N0 ×N1,
any integral curve of the �elds f0

v and f1
v does not leave N0 nor N1 respectively. Thus, the

restriction of the variation to [0, 1] gives a variation for the original system with the right
boundary conditions. The situation is depicted in �g. 2.1.

The last observation we have to make to conclude is that the cost functional is the
same for both the problems.

γ

α̂N0 N1

q0 q1

Figure 2.1: An admissible extended variation α̂ of an extremal curve γ

The curve described in eq. (2.6) is actually an extremal for the auxiliary problem. We
are going to write down the �rst order conditions coming from PMP and check this. The
Hamiltonians appearing in PMP read:

htû(λ) =


〈λ, f0

u0
(q)〉 for t ∈ [−1, 0),

〈λ, f tu(q)〉 − ϕ(t, u, q) for t ∈ [0, 1],

〈λ, f1
u1

(q)〉 for t ∈ (1, 2].

In particular the maximum condition maxv h
t
v(λ̂t) = htû(λ̂t) implies that the initial

condition (λ0, λ1) must lie in the annihilator of the boundary conditions. This is because
a linear function has maximum only if it is constantly zero.

Now we can di�erentiate the Endpoint map of the auxiliary system using the machinery
for �xed endpoints and get integral expression for the �rst and second variation. Let us
start with the �ow generated by ~htû. By the discussion above we have that (λ0, λ1) lie in

the annihilator of N0×N1 and thus they are equilibrium points of the ~htû. The �ow reads:

Φ̂t =


1 for t ∈ [−1, 0),

Φ̃t for t ∈ [0, 1],

Φ̃1 for t ∈ (1, 2].
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So we can simplify the expression of ~btû(λ) = (~htû − ~htū) ◦ Φ̂t(λ) and of its derivatives at
λ = λ0. We have the following identities:

~btû(λ) =


−−−−−−−→
〈λ, f0

u0
(q)〉 for t ∈ [−1, 0),

~btu(λ) for t ∈ [0, 1],
−−−−−−−−−→
〈Φ̃∗1λ, f1

u1
(q)〉 for t ∈ (1, 2].

Ẑt = ∂û~b
t
û(λ)|λ=λ0 =


Z0 for t ∈ [−1, 0),

Zt for t ∈ [0, 1],

Z1 for t ∈ (1, 2].

Ĥt =


0 for t ∈ [−1, 0),

Ht for t ∈ [0, 1],

0 for t ∈ (1, 2].

In this case the maps Z0 and Z1 are constant, the next lemma shows that they take value
in the annihilators of the boundary conditions:

Lemma 2.2. The image of Z0 : Rdim(N0) → Tλ0T
∗M is contained in Tλ0Ann(N0). Simi-

larly (Φ̃1)∗Z1 maps Rdim(N1) into the tangent space of Ann(N1). Both maps are injective

and transversal to Πλi ∩ TλiAnn(Ni).

Proof. Recall that f0i generate the tangent space toN0 close to q0. De�ne the Hamiltonians

lj(λ) = 〈λ,X0
j 〉, j = 1, . . . ,dimN0.

Then Ann(N0) can be equivalently described as the common part of the zero locus of lj
inside π−1(N0):

Ann(N0) = {λ ∈ T ∗M : π(λ) ∈ N0, lj(λ) = 0, j = 1, . . . ,dimN0}.

But then by the de�nition of a Hamiltonian vector �eld

dλ0 lj(Z0v) = dλ0 lj(
~lkvk) = σλ0(~lkvk,~li) = 〈λ0, [X

0
kvk, X

0
i ]〉 = 0,

where the last equality is due to involutivity of the family X0
kvk.

Similarly one has that Z1u1 is always tangent to the image of Ann(N1) under the
di�erential of (Φ̃1)−1.

Following the discussion of Appendix B, we have that the di�erential of the Endpoint
map at the point û is given by:

dûE(v̂) = π∗

∫ 2

−1
Ẑtv̂tdt = π∗

(
Z0v0 +

∫ 1

0
Ztvtdt+ Z1v1

)
.

In particular the tangent space to �xed endpoint variation is given by ker dūE. We will
call this subspace V and it is given by the following condition:

V = {(u0, u, u1) : Z0u0 +

∫ 1

0
Ztutdt+ Z1u1 ∈ Πλ0}

We are now in the position to give the following de�nition:
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De�nition 2.1 (Second Variation). The second variation at û is the quadratic form de�ned
on V:

Q(v̂) =

∫ 1

0

(
−〈Htvt, vt〉+ σ(Ztvt,

∫ t

0
Zτvτdτ + Z0v0)

)
dt+

+σ(Z0v0 +

∫ 1

0
Ztvtdt, Z1v1).

(2.7)

The formula in eq. (2.7) is obtain from eq. (B.9) and proposition B.2 using the fact
that Ẑt is locally constant with values in isotropic subspaces for t ∈ [−1, 0] ∪ [1, 2].

Up until now, we have consider boundary conditions of the type N = N0×N1. To the
general case N ⊆M ×M we duplicate the variables and work on M ×M with boundary
conditions Ñ = ∆ × N . Here ∆ ⊆ M × M denotes the diagonal subspace given by
∆ = {(q, q) : q ∈M}. The new dynamic is given by:

f̃ tu(r, q) =

(
0

f tu(q)

)
It is straightforward to check that a curve satis�es the boundary conditions for the initial
problem if and only if it satis�es the boundary conditions ∆×N for the new one.

Remark 2.3. One could be more rigorous and work with actual functions living in a sub-
space of L2([−1, 2],Rk′) where k′ = max{dim(N0),dim(N1), k} just rede�ning in the ob-
vious way the various objects appearing in the formulas. Alternatively one can work with
k non commuting vector �elds at the endpoints and select a dim(Ni) subspace of controls
that maps onto the tangent space of Ni. However, this just introduces notational nuisances
and no tangible bene�ts.
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Chapter 3

Asymptotics of the Spectrum

The focus of this chapter is the spectrum of the Second Variation. We were able to depict
a quite complete picture and compute the asymptotic distribution of the eigenvalues of
the Second Variation in a good degree of generality. The result presented in this chapter
is contained in [18]. The starting point of this work was Theorem 1 of [7]. It gives an
asymptotic relation for the order sequence of the eigenvalues of the compact part K of the
second variation given in eq. (2.3). Namely if {λn}n∈Z is said sequence we have either:

λn ∼
ξ

n
, n→ ±∞ as for some ξ > 0 or λn = O(n−2).

Here ξ, called capacity or 1−capacity in De�nition 1.2, is determined explicitly by the
integral kernel of K as explained in Section 1.3. The natural question which arose was:
what happens when λn = O(n2)? Can we provide a similar type of asymptotics? The
answer turn out to be positive and it is given by Theorem 1.5.

The main di�culty we had to address is that we could not reduce the boundary value
problem for the eigenvalues of K to a known one (or at least known to the author) like
it was done in [7]. For this reason the proof of Theorem 1.5 is rather long and requires
analysing explicitly various toy models to build proper estimates.

For reader's convenience we recall here the statement of Theorem 1.5; we will consider
the following quadratic form on L2([0, 1],Rk):

Q(v) = 〈v,K(v)〉 =

∫ 1

0

∫ t

0
〈Ztv(t), JZτv(τ)〉dτdt.

We will always make the assumption that Zt is a 2n×k matrix which depends piecewise
analytically on the parameter t ∈ [0, 1]. For j ≥ 1 recall the de�nition of the matrices Aj(t),
they are given as follows:

Aj(t) =

{(
Z

(k)
t

)∗
JZ

(k)
t if j = 2k − 1(

Z
(k−1)
t

)∗
JZ

(k)
t if j = 2k

We use ρt to denote any eigenvalue of the matrix Aj(t). If j = 2k, de�ne:

µ+
t,2k :=

∑
ρt:ρt>0

2k
√
ρt µ−t,2k :=

∑
ρt:ρt<0

2k
√
|ρt|.
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For odd indices, A2k−1 is skew-symmetric and thus the spectrum is purely imaginary. So
we de�ne the function:

µt,2k−1 =
∑

ρt:−iρt>0

2k−1
√
−iρt.

Theorem. Let Q be the quadratic form de�ned in eq. (1.7). It has either ∞−capacity or

j−capacity with remainder of order ν = 1/2. More precisely, let j ≥ 1 be the lowest integer

such that Aj(t) is not identically zero, then

i) if j = 2k − 1, the (2k − 1)−capacity ξ is given by:

ξ =

(∫ 1

0
µt,2k−1dt

)2k−1

,

and thus for n ∈ Z su�ciently large:

λn =

( ∫ 1
0 µt,2k−1dt

)2k−1

(πn)2k−1
+O(n−2k+1/2).

ii) if j = 2k, the 2k−capacity (ξ+, ξ−) is given by:

ξ± =

(∫ 1

0
µ±t,2kdt

)2k

,

and thus for n ∈ Z su�ciently large:

λn =

( ∫ 1
0 µ
±
t,2kdt

)2k

(πn)2k
+O(n−2k−1/2).

iii) if Aj(t) ≡ 0 for any j then Q has ∞−capacity.

Before diving into the proof let me just remark that the asymptotic relation we prove
in the statement apply to the Second Variation for optimal control problems with moving
endpoints given in De�nition 2.1 too. It is easy to check that after restricting it to a �nite
codimension subspace it coincides with the �xed points one and by Proposition 3.3 this
does not alter the asymptotic relations of Theorem 1.5.

3.1 The principal term of Q
We begin now the proof Theorem 1.5. We start with Lemma 3.1 to single out the main
contributions to the asymptotic of the eigenvalues of Q (the quadratic form de�ned in
eq. (1.7)). The �rst non zero term of the decomposition we give will determine the rate of
decaying of the eigenvalues (see Proposition 3.4).

Before showing this and prove the precise estimates we need to carry out the explicit
computation of the asymptotic in some model cases, namely when the matrices Aj are
constant. Then we have to show how the j−capacity behaves with respect to natural oper-
ations such as direct sum of quadratic form or restriction to �nite codimension subspaces
(Proposition 3.3).
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Let us start with some notation:

vk(t) =

∫ t

0
vk−1(τ)dτ, v0(t) = v(t) ∈ L2([0, 1],Rm)

Suppose that the map t 7→ Zt is real analytic (or at least regular enough to perform the
necessary derivatives) and integrate by parts twice:

Q(v) =

∫ 1

0
〈Ztv(t),

∫ t

0
JZτv(τ)dτ〉dt

=

∫ 1

0
〈Ztv(t), JZtv1(t)〉 − 〈Ztv(t),

∫ t

0
JŻτv1(τ)dτ〉dt

=

∫ 1

0
〈Ztv(t), JZtv1(t)〉+ 〈Ztv1(t), JŻtv1(t)〉dt+

+

∫ 1

0
〈Żtv1(t), J

∫ t

0
Żτv1(τ)dτ〉dt−

[
〈
∫ 1

0
Ztv(t)dt, J

∫ 1

0
Żtv1(t)dt〉

]
If we impose the condition

∫ 1
0 vtdt = 0 (⇐⇒ v1(1) = 0) the term in brackets vanishes:

〈
∫ 1

0
Ztv(t)dt, J

∫ 1

0
Żtv1(t)dt〉 = 〈

∫ 1

0
Ztv(t)dt, JZ1v1(1)〉 − 〈

∫ 1

0
Ztv(t)dt, J

∫ 1

0
Ztv(t)dt〉

and we can write Q as a sum of three terms

Q(v) = Q1(v) +Q2(v) +R1(v)

In analogy we can make the following de�nitions:

Q2k−1(v) =

∫ 1

0
〈Z(k−1)

t vk−1(t), JZ
(k−1)
t vk(t)〉 =

∫ 1

0
〈vk−1(t), A2k−1(t)vk(t)〉

Q2k(v) =

∫ 1

0
〈Z(k−1)

t vk(t), JZ
(k)
t vk(t)〉dt =

∫ 1

0
〈vk(t), A2k(t)vk(t)〉dt

Rk =

∫ 1

0
〈Z(k)

t vk(t), J

∫ t

0
Z(k)
τ vk(τ)dτ〉dt

Vk = {v ∈ L2([0, 1],Rm) : vl(1) = 0, ∀ 0 < l ≤ k}

Here the matrices Aj(t) are exactly those de�ned in eq. (1.8).

Lemma 3.1. For every j ∈ N, on the subspace Vj, the form Q can be represented as

Q(v) =

2j∑
k=1

Qk(v) +Rj(v) (3.1)

The matrices A2k(t) are symmetric provided that
d
dtA2k−1(t) ≡ 0. On the other hand A2k−1

is always skew symmetric.

Proof. It is su�cient to notice thatR1(v) has the same form asQ(v) but with v1 instead of v
and Żt instead of Zt. Thus the same scheme of integration by parts gives the decomposition.

Notice that A2k(t) = A∗2k(t) + d
dtA2k−1(t) thus the skew-symmetric part of A2k(t) is

zero if A2k−1 is zero or constant. A2k−1(t) is always skew-symmetric by de�nition.
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3.2 The asymptotic in some model cases

Now we would like to compute explicitly the spectrum of the Qj when the matrices Aj are
constant. Unfortunately describing the spectrum with boundary conditions given by the
Vj is quite hard. Already for Q4 the equation determining it cannot be solved explicitly.

We will derive the Euler-Lagrange equation for Qj and turn instead to periodic bound-
ary conditions for which everything becomes very explicit and show how to relate the
solution for the two boundary value problems we are considering. Let us write down the
Euler-Lagrange equations for the forms Qj . If j = 2k integration by parts yields:

Q2k(v)− λ||v||2 =

∫ 1

0
〈vk(t), A2kvk(t)〉 − λ〈v0(t), v0(t)〉dt

=

∫ 1

0
〈v0(t), (−1)kA2kv2k(t)− λv0(t)〉dt+

+
k−1∑
r=0

(−1)r
[
〈vk−r(t), A2kvk+r+1(t)〉

]1

0

Notice that the boundary terms vanish identically if we impose the vanishing of vj for
1 ≤ j ≤ k at boundary points.

We change notation and de�ne w(t) = v2k(t) and w(j)(t) = dj

dtj
(w(t)). The new equa-

tions are:

w(2k)(t) =
(−1)k

λ
A2kw(t)

We can perform a linear change of coordinates that diagonalizes A2k to reduce to m
systems of dimension 1. Imposing periodic boundary conditions, we are thus left with the
following boundary value problem:

w(2k)(t) =
(−1)kµ

λ
w(t) w(j)(0) = w(j)(1) for 0 ≤ j ≤ 2k − 1 (3.2)

The case of odd j is very similar, in fact Q2k−1(v) can be rewritten as:

Q2k−1(v)− λ||v||2 =

∫ 1

0
〈vk−1(t), A2k−1vk(t)〉 − λ〈v0(t), v0(t)〉dt

=

∫ 1

0
〈v0(t), (−1)k−1A2k−1v2k−1(t)− λv0〉dt+ b.t.

Here by b.t. we mean boundary terms as the one appearing in the previous equation.
They again disappear if we assume that vj ∈ Vj . Thus we end up with a boundary value
problem similar to the one we had before with the di�erence that now the matrix A2k−1

is skew-symmetric.

w(2k−1)(t) =
(−1)k−1

λ
A2k−1w(t)

If we split the space into the kernel and invariant subspaces on which A2k−1 is non
degenerate we can decompose Q2k−1 as a direct sum of two-dimensional forms. Imposing
periodic boundary conditions, we end up with the following boundary value problems:{

w
(2k−1)
1 (t) = − (−1)(k−1)µ

λ w2

w
(2k−1)
2 (t) = (−1)(k−1)µ

λ w1

{
w

(j)
1 (0) = w

(j)
1 (1),

w
(j)
2 (0) = w

(j)
2 (1)

for 0 ≤ j ≤ 2k − 2. (3.3)
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Lemma 3.2. The boundary value problem in eq. (3.2) has a solution if and only if

λ ∈
{ µ

(2πr)2k
: r ∈ N

}
.

Moreover any such λ has multiplicity 2. In particular, the decreasing sequence of λ for

which eq. (3.2) has solutions satis�es:

λr =
µ

(2πdr/2e)2k
=

µ

(πr)2k
+O(r−(2k+1)), r ∈ N

Similarly the boundary value problem in (3.3) has a solution if and only if:

λ ∈
{ |µ|

(2πr)2k−1
: r ∈ Z

}
and any such λ has again multiplicity 2. The monotone rearrangement of λ for which there

exists a solution to the boundary value problem is:

λr =
|µ|

(2πdr/2e)2k−1
=

|µ|
(πr)2k−1

+O(r−(2k)), r ∈ Z

Proof. Any solution of the equation w(2k)(t) = (−1)kµ
λ w(t) can be expressed as a combina-

tion of trigonometric and hyperbolic functions with the appropriate frequencies.
Without loss of generality we can assume µ > 0, we have to consider two separate

cases:

Case 1: k even and λ > 0 or k odd and λ < 0

In this case the quantity (−1)kµλ−1 > 0. If we de�ne a2k = (−1)kµλ−1 > 0 for a > 0,
we have to solve:

w(2k)(t) = a2kw(t), w(j)(0) = w(j)(1), 0 ≤ j < 2k. (3.4)

A base for the space of solutions to the ODE is then {eωjat : ω = eiπ/k}. For us it
will be more convenient to switch to a real representation of the space of solutions. Notice
the following symmetry of the even roots of 1, if η is a root of 1 di�erent form ±1,±i
then {η, η̄,−η,−η̄} are still distinct roots of 1 (this is also a Hamiltonian feature of the
problem).

If we write η = η1+iη2, this symmetry implies that the space generated by the following
exponential functions {eηt, eη̄t, e−ηt, e−η̄t} is the same as the space generated by

{sin(η2t) sinh(η1t), sin(η2t) cosh(η1t), cos(η2t) sinh(η1t), cos(η2t) cosh(η1t)}.

Let us rescale these functions by a (so that they solve eq. (3.4)) and call their linear
span Uη, we then de�ne U1 to be the span of {sinh(t), cosh(t)} and Ui = {sin(t), cos(t)}.
Note that Ui appears if and only if k is even.

Thus the solution space for our problem is the space
⊕

η Uη where η ranges over the

set E = {η : <(η) ≥ 0,=(η) ≥ 0, η2k = 1}.
Now we have to impose the boundary conditions. Notice that, if k is even then Ui is

made of periodic functions, so they are always solutions. We can look for more on the
complement

⊕
η 6=i Uη. Suppose by contradiction that w is one of such solutions. Write
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w =
∑

η wη with wη ∈ Uη and let b be the sup{<(η) : η ∈ E,wη 6= 0}. It follows that
either sinh(b at) or cosh(b at) is present in the decomposition of w. It follows that:

w(t) = sinh(b at)
w(t)

sinh(b at)
= sinh(b at)g(t), 0 6≡ |g(t)| < C for t large enough

and so |w| is unbounded as t → +∞ (or −∞) and thus w is not periodic. It follows that

there are periodic solutions only if k is even (and thus λ > 0) and a = 2πr = 2k

√
µ
λ . Notice

that we have two independent solutions, so if we order the solution decreasingly we have:

λr =
µ

(2πdr/2e)2k
, r ∈ N

Case 2: k odd and λ > 0 or k even and λ < 0

In this case we have to look at the roots of −1 but the argument is very similar. If k
is even there are no solutions, since you lack purely imaginary frequencies. If k is odd, set
|µλ−1| = a2k, then the boundary value problem is:

w(2k)(t) = −a2kw(t) w(j)(0) = w(j)(1), 0 ≤ j < 2k.

The roots of −1 are just the roots of 1 rotated by i. Now the space of solutions is⊕
η 6=1 Uη. We �nd again two independent solutions, if we order them we get:

λr =
µ

(2πdr/2e)2k
, r ∈ N

Notice that positive µ gives rise to positive solutions. Thus if we consider µ < 0, we
get the same result but with switched signs.

We can reduce the odd case (eq. (3.3)) to the even one. Consider the 1−dimensional
equation of twice the order, i.e.:

w
2(2k−1)
1 (t) = −µ

2

λ2
w1

Now, the discussion above tells us that there are exactly two independent solutions with

periodic boundary conditions whenever λ satis�es 2k−1

√
µ
|λ| = 2rπ. It follows that again

there are two independent solutions, this times for both signs of λ. If we order them we
get:

λr =
µ

(2πdr/2e)2k−1
, λ−r =

µ

(2πbr/2c)2k−1
, r ∈ N

Proposition 3.1. Let µ > 0 and s ∈ (0,+∞), denote by ηs the number of solutions of

eq. (3.2) with λ greater than s and similarly denote by ωs be the number of solutions with

λ bigger than s of:

w(2k)(t) =
(−1)kµ

λ
w(t), w(j)(0) = w(j)(1) = 0, k ≤ j ≤ 2k − 1 (3.5)

Then |ωs − ηs| ≤ 2k. The same conclusion holds for eq. (3.3).
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Proof. The result follows from standard results about Maslov index of a path in the La-
grange Grassmannian. References on the topic can be found in [10, 9, 6] and more details
are given in Appendix A.2. Let us illustrate brie�y the construction. Let (Σ, σ) be a sym-
plectic space, the Lagrange Grassmannian is the collection of Lagrangian subspaces of Σ
and it has a structure of smooth manifold. For any Lagrangian subspace L0 we de�ne the
train of L0 to be the set: TL0 = {L Lagrangian : L∩L0 6= (0)}. TL0 is a strati�ed set, the
biggest stratum has codimension 1 and is endowed with a co-orientation. If γ is a smooth
curve with values in the Lagrangian Grassmannian (i.e. a smooth family of Lagrangian
subspaces) which intersects transversally TL0 in its smooth part, one de�nes an intersection
number by counting the intersection points weighted with a plus or minus sign depending
on the co-orientation. Tangent vectors at a point L of the Lagrange Grassmannian (which
is a subspace of Σ) are naturally interpreted as quadratic forms on L. We say that a curve
is monotone if at any point its velocity is either a non negative or a non positive quadratic
form. For monotone curves, Maslov index counts the number of intersections with the
train up to sign. For generic continuous curves it is de�ned via a homotopy argument.

Denote by MiL0(γ) the Maslov index of a curve γ and L1 be another Lagrangian
subspace. In [6] the following inequality is proved:

|MiL0(γ)−MiL1(γ)| ≤ dim(Σ)

2
(3.6)

Let us apply this results to our problem. First of all let us produce a curve in the
Lagrange Grassmannian whose Maslov index coincides with the counting functions ωs and

ηs. The right candidate is the graph of the fundamental solution of w(2k)(t) = (−1)kµ
λ w(t).

We write down a �rst order system on R2k equivalent to our boundary value problem,
if we call the coordinates on R2k xj , set:

xj+1(t) = w(j)(t)⇒ ẋj = xj+1 for 1 ≤ j ≤ 2k − 1, ẋ2k =
(−1)kµ

λ
x1.

For simplicity call (−1)kµ
λ = a, the matrix we obtain has the following structure:

Aλ =


0 a
1 0

. . .
. . .

1 0


This matrix is not Hamiltonian with respect to the standard symplectic form on R2k but
is straightforward to compute a similarity transformation that sends it to an Hamiltonian
one (recall that we already used that Aλ has the spectrum of an Hamiltonian matrix).
Moreover the change of coordinates can be chosen to be block diagonal and thus preserves
the subspace B = {xj = 0, k ≤ j}, which remains Lagrangian too. Since later on we will
have to show that the curve we consider is monotone we will give this change of coordinates
explicitly. De�ne the matrix S setting Si,k−i+1 = (−1)i−1 and zero otherwise. It is a matrix
that has alternating ±1 on the anti-diagonal. De�ne the following 2k × 2k matrices:

G =

(
1 0
0 S

)
G−1 =

(
1 0
0 (−1)kS

)
Âλ = GAλG

−1
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Set N to be the lower triangular k× k shift matrix (i.e. the left upper block of Aλ above)
and E the matrix with just a 1 in position (1, k) (i.e. the left lower block of Aλ). The new
matrix of coe�cients is:

Âλ =

(
N a(−1)kES
SE −N∗

)
ES = diag(0, . . . , 0, 1), SE = diag(1, 0, . . . , 0).

Now we are ready to de�ne our curve. First of all the symplectic space we are going to use
is (R4k, σ⊕(−σ)) where σ is the standard symplectic form, in this way graphs of symplectic
transformation are Lagrangian subspaces. Sometimes we will denote the direct sum of the
two symplectic forms with opposite signs with σ 	 σ too. Let Φλ be the fundamental
solution of Φ̇t

λ = ÂλΦt
λ at time t = 1. Consider its graph:

γ : λ 7→ Γ(Φ1
λ) = Γ(Φλ), λ ∈ (0,+∞)

Once we prove that γ is monotone, is straightforward to check that MiB×B(γ|[s,+∞))
counts the number of solutions to boundary value problem given in eq. (3.5) for λ ≥ s and
similarly MiΓ(I)(γ|[s,+∞)) counts the solutions of eq. (3.2) for λ ≥ s. Here Γ(I) stands for
the graph of the identity map (i.e. the diagonal subspace).

Let us check that the curve is monotone. As already mentioned, tangent vectors in the
Lagrange Grassmannian can be interpreted as quadratic forms. Being monotone means
that the following quadratic form is either non negative or non positive:(

∂λγ
)
(ξ) = σ(Φλξ, ∂λΦλξ), ξ ∈ R2k

We use the ODE for Φλ(t) to prove monotonicity:

σ(Φλξ, ∂λΦλξ) =

∫ 1

0

d

dt

(
σ(Φt

λξ, ∂λΦt
λξ)
)
dt+ σ(Φ0

λξ, ∂λΦ0
λξ)

=

∫ 1

0
σ(ÂλΦt

λξ, ∂λΦt
λξ) + σ(Φt

λξ,
(
∂λÂλ Φt

λ + Âλ∂λΦt
λ

)
ξ)dt

=

∫ 1

0
σ(Φt

λξ, ∂λÂλ Φt
λξ)dt

Where we used the facts that ∂λΦ0
λ = ∂λId = 0 and that Âλ is Hamiltonian and

thus JÂλ = −Â∗λJ to cancel the �rst and third term. It remains to check J∂λÂλ. It
is straightforward to see that it is a diagonal matrix with just a non zero entry, thus is
either non negative or non positive. So ∂λγ is either non positive or non negative being
the integral of a non positive or non negative quantity (the sign is independent of ξ).

Now the statement follows from inequality (3.6).

We are �nally ready to compute the asymptotic for Qj when the matrix Aj is constant.
The next Proposition translate the estimate on the counting functions ηs and ωs de�ned
in Proposition 3.1 to an estimate for the eigenvalues.

Proposition 3.2. Let Qj be any of the forms appearing in eq. (3.1).

i) Suppose j = 2k and Q2k(v) =
∫ 1

0 〈A2kvk, vk〉dt with A2k symmetric and constant and

let Σ2k be its spectrum. De�ne

ξ+ =

 ∑
µ∈Σ2k,µ>0

j
√
µ

j

and ξ− =

 ∑
µ∈Σ2k,µ<0

j
√
|µ|

j

.
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Then Q2k has capacity (ξ+, ξ−) with remainder of order one. Moreover, if A2k is

m×m and r ∈ N, for r ≥ mk

ξ+

πj(r − 2mk − p(r))j
≥ λr ≥

ξ+

πj(r + 2mk + p(r))j
(3.7)

where p(r) = 0 if r is even or p(r) = 1 if r is odd. Similarly for negative r with ξ−.

ii) Suppose j = 2k+1 and Q2k+1(v) =
∫ 1

0 〈A2k+1vk−1, vk〉dt with A2k+1 skew-symmetric

and constant and let Σ2k+1 be its spectrum. De�ne

ξ =

 ∑
µ∈Σ2k+1,−iµ>0

j
√
−iµ

j

.

Then Q2k+1 has capacity ξ with remainder of order one. Moreover , if A2k is m×m
and r ∈ Z, for |r| ≥ mk

ξ

πj(r − 2mk − p(r))j
≥ λr ≥

ξ

πj(r + 2mk + p(r))j
. (3.8)

Proof. First of all we consider 1−dimensional system and we write the inequality |ηs−ωs|
as an inequality for the eigenvalues. Notice that if we have two integer valued function
f, g : R→ N and an inequality of the form:

g(s) ≥ #{λ solutions of eq. (3.5) : λ ≥ s} ≥ f(s),

it means that we have at least f(s) solutions bigger than s and at most g(s). This implies
that the sequence of ordered eigenvalues satis�es:

λf(s) ≥ s, λg(s) ≤ s.

Now we compute this quantities explicitly. In virtue of Proposition 3.1 we can take as
upper/lower bounds for the counting function g(s) = ηs + 2k and f(s) = ηs − 2k. We
choose the point s = µ

(2πr)j
. It is straightforward to see that:

ηs

∣∣∣
s= µ

(2πr)j

= 2#{l ∈ N :
µ

(2πl)j
≥ µ

(2πr)j
} = 2r.

And thus we obtain:
λ2(r−k) ≥

µ

(2πr)j
, λ2(r+k) ≤

µ

(2πr)j
.

Now if we change the labelling we �nd that , for l ≥ k:
µ

(2π(l − k))j
≥ λ2l ≥

µ

(2π(l + k))j
.

By de�nition λ2l ≥ λ2l+1 ≥ λ2l+2 and thus we have a bound for any index r ∈ N.
Now we consider m−dimensional system, notice that we reduced the problem, via

diagonalization, to the sum of m 1−dimensional systems. Thus our form Qj is always a
direct sum of 1− dimensional objects. We show now how to recover the desired estimate
for the sum of quadratic forms.
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First of all observe that counting functions are additive with respect to direct sum.
In fact, if Q = ⊕mi=1Qi, λ is an eigenvalue of Q if and only if it is an eigenvalue of
Qi for some i. We proceed as we did before. Suppose that Qa is 1−dimensional and
Qa(v) =

∫ 1
0 µa|vk(t)|

2dt. Let us compute ηs in the point s0 = (
∑m

i=1
j
√
µi)

j/(2πl)j :

2#

{
r ∈ N :

µa
(2πr)j

≥
(
∑m

i=1
j
√
µi)

j

(2πl)j

}
= 2#

{
r ∈ N :

j
√
µa

(
∑m

i=1
j
√
µi)r

≥ 1

l

}

Set for simplicity ca =
j
√
µa

(
∑m
i=1

j
√
µi)

, it is straightforward to see that the cardinality of the

above set is #{r ∈ N : r ≤ cal} = bcalc. Now we are ready to prove the estimates for the
direct sum of forms. Adding everything we have:

2
m∑
a=1

(bcalc+ k) ≥ #
{
eigenvalues of Q ≥

(
∑m

i=1
j
√
µi)

j

(2πl)j

}
= 2

m∑
a=1

(bcalc − k)

It is clear that
∑m

a=1 ca = 1 and that l+mk ≥
∑m

a=1(bcalc+k), similarly
∑m

a=1(bcalc+k) ≥
l −m(k + 1) since bcalc ≥ cal − 1. Rewriting for the eigenvalues with l ≥ mk we obtain:

(
∑m

i=1
j
√
µi)

j

(2π(l −mk))j
≥ λ2l ≥

(
∑m

i=1
j
√
µi)

j

(2π(l +mk))j
.

It is straightforward to compute the bounds in eqs. (3.7) and (3.8) observing again λ2l ≥
λ2l+1 ≥ λ2l+2.

Remark 3.1. The shift m appearing in eqs. (3.7) and (3.8) is due to the fact we are consid-
ering the direct sum of m quadratic forms. It is worth noticing that this does not depend
on the fact that we are considering a quadratic form on L2([0, 1],Rk) and the estimates in
eqs. (3.7) and (3.8) hold whenever we consider the direct sum of m 1−dimensional forms
with constant coe�cients. This consideration will be used in the proof of Theorem 1.5
below.

3.3 Properties of the capacity

Now we prove some properties of the capacities which are closely related to the explicit
estimate we have just proved for the linear case. As done so far we state the proposition
for ordered positive eigenvalues. An analogous statement is true for the negative ones.

Proposition 3.3. Suppose that Q is a quadratic form on an Hilbert space and let {λn}n∈N
be its positive ordered eigenvalues. Suppose that:

λn =
ζ

nj
+O(n−j−ν) ν > 0, j ∈ N as n→ +∞.

i) Then for any such Qi on a Hilbert space Hi the direct sum Q = ⊕mi=1Qi satis�es:

λn =
( m∑
i=1

j
√
ζi
n

)j
+O(n−j−ν) ν > 0, j ∈ N as n→ +∞.
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ii) Suppose that U is a subspace of codimension d <∞ then

λn(Q|U ) =
ζ

nj
+O(n−j−ν) ⇐⇒ λn(Q) =

ζ

nj
+O(n−j−ν),

as n→ +∞.

iii) Suppose that Q and Q̂ are two quadratic forms. Suppose that Q is as at the beginning

of the proposition and Q̂ satis�es:

λn(Q̂) = O(nj+µ) µ > 0, as n→ +∞.

Then the sum Q′ = Q+ Q̂ satis�es:

λn(Q′) =
ζ

nj
+O(nj+ν

′
), ν ′ = min{ j + µ

j + µ+ 1
(j + 1), j + ν}.

Proof. The asymptotic relation can be written in terms of a counting function. Take the
j−th root of the eigenvalues of Qi, then it holds that

#{n ∈ N | 0 ≤ 1
j
√
λn
≤ k} = j

√
ζik +O(k1−ν)

So summing up all the contribution we get the estimate in i).
The min-max principle implies that we can control the n−th eigenvalue of Q|U with

the n−th and (n+ d)-th eigenvalue of Q i.e.:

λn(Q|U ) ≤ λn(Q) ≤ λn−d(Q|U ) ≤ λn−d(Q)

So, if the codimension is �xed, it is equivalent to provide and estimate for the eigenvalues
Q or for those of Q|U .

For the last point we use Weyl law. We can estimate the i+ j-th eigenvalue of a sum
of quadratic forms with the sum of the i−th and the j-th eigenvalues of the summands.
Write, as in [7], Q′ as Q+Q̂ and Q as Q′+(−Q̂). and choose i = n− bnδc and j = bnδc in
the �rst case and i = n and j = bnδc in the second. This implies:

λn+bnδc(Q) + λbnδc(Q̂) ≤ λn(Q′) ≤ λn−bnδc(Q) + λbnδc(Q̂)

The best remainder is computed as ν ′ = maxδ∈(0,1) min{(j + µ)δ, j + 1− δ, j + ν}.

Collecting all the facts above we have the following estimate on the decaying of the
eigenvalues of Qj , independently of any analyticity assumption of the kernel.

Proposition 3.4. Take Qj as in the decomposition of lemma (3.1). Then the eigenvalues

of Qj satisfy:
λn(Qj) = O

( 1

nj

)
as n→ ±∞

Moreover for any k ∈ N and for any 0 ≤ s ≤ k the forms Q2k+1 and Q2k have the same

�rst term asymptotic as the forms:

Q̂2k+1,s(v) = (−1)s
∫ 1

0
〈A2k+1vk+1+s(t), vk−s(t)〉dt

Q̂2k,s(v) = (−1)s
∫ 1

0
〈A2kvk+s(t), vk−s(t)〉dt
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Proof. Let's start with even case, j = 2k. It holds that:

|Q2k(v)| = |
∫ 1

0
〈Atvk(t), vk(t)dt| ≤ C

∫ 1

0
〈vk(t), vk(t)〉dt

Where C = maxt ||At||. By comparison with the constant coe�cient case we get the bound.

Suppose now that j = 2k − 1. As before there is a constant C such that

|Q2k(v)| = |
∫ 1

0
〈Atvk(t), vk+1(t)dt| ≤ C‖vk‖2‖vk+1‖2

Consider now the following quadratic forms on L2([0, 1],Rk):

Fk(v) =

∫ 1

0
||vk(t)||2dt = ‖vk‖22, Fk+1(v) =

∫ 1

0
||vk+1(t)||2dt = ‖vk+1‖22

De�ne Vn = {v1, . . . , vn}⊥ where vi are linearly independent eigenvectors of Fk associated
to the �rst n eigenvalues λ1 ≥ · · · ≥ λn. Similarly de�ne Un = {u1, . . . , un}⊥ to be the
orthogonal complement to the eigenspace associated to the �rst n eigenvalues of Fk+1. It
follows that:

λ2n(Q2k+1) ≤ max
v∈Vn∩Un

C‖vk‖2‖vk+1‖2 ≤ C max
v∈Vn

‖vk‖2 max
v∈Un

‖vk+1‖2

We already have an estimate for the eigenvalues of Fk and Fk+1 since we have already
dealt with constant coe�cients case. In virtue of the choice of the subspace Vn and Un,
the maxima in the right hand side are the square roots of the n − th eigenvalues of the
respective forms. Thus one gives a contribution of order n−k and the other of order n−k−1

and the �rst part of the proposition is proved.

For the second part, without loss of generality suppose that j = 2k. The other case is
completely analogous.

Q2k(v) =

∫ 1

0
〈vk, Atvk〉dt =

∫ 1

0
〈vk,

∫ t

0
Aτvk−1(τ) + Ȧτvk(τ)dτ〉dt

= −
∫ 1

0
〈vk+1(t), Atvk−1(t) +

∫ 1

0
〈vk+1(t), Ȧtvk(t)〉dt

The second term above is of higher order by the �rst part of the lemma and so iterating
the integration by parts on the �rst term at step s we get that:∫ 1

0
〈vk+s(t), Atvk−s(t)〉dt = −

∫ 1

0
〈vk+s+1(t), Atvk−s−1(t)〉dt+

+

∫ 1

0
〈vk+s+1(t), Ȧτvk−s(t)〉dt

The second term of the right hand side is again of order n2k+1, this can be checked in
the same way as in the �rst part of the proposition. This �nishes the proof.
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3.4 Proof of Theorem 1.5

Now we prove the main result of this chapter:

Proof of Theorem 1.5. Suppose that j = 2k is even. We work on Vk = {v ∈ L2([0, 1],Rm) :
vj(0) = vj(1) = 0, 0 < j ≤ k}. Then

Q(v) = Q2k(v) +Rk(v) =

∫ 1

0
〈Atvk(t), vk(t)〉dt+Rk(v)

Since the matrix At is analytic we can diagonalize it piecewise analytically in t (see
[44]). Thus there exists a piecewise analytic orthogonal matrix Ot such that O∗tAtOt is
diagonal. By the second part of Proposition 3.4, if we make the change of coordinates
vt 7→ Otvt we can reduce to study the direct sum of m 1− dimensional forms. Without
loss of generality we consider forms of the type:

Q2k(v) =

∫ 1

0
at||vk(t)||2dt =

∫ 1

0
atvk(t)

2dt

where now at is piecewise analytic and vk a scalar function.
For simplicity we can assume that at does not change sign and is analytic on the whole

interval. If that were not the case, we could just divide [0, 1] in a �nite number of intervals
and study Q2k separately on each of them.

Suppose you pick a point t0 in (0, 1) and consider the following subspace of codimension
mk in Vk:

Vk ⊃ V t0
k = {v ∈ Vk : vj(0) = vj(t0) = vj(1) = 0, 0 < j ≤ k}

For t ≥ t0, de�ne v
t0
j :=

∫ t
t0
vt0j−1(τ)dτ and v0 = v ∈ Vk. It is straightforward to check

that on V t0
k the form Q2k splits as a direct sum:

Q2k(v) =

∫ t0

0
〈Atvk(t), vk(t)〉dt+

∫ 1

t0

〈Atvt0k (t), vt0k (t)〉dt

Now by Proposition 3.3 (points i) and ii)) we can introduce as many points as we want
and work separately on each segment and the asymptotic will not change (as long as the
number of point is �nite).

Now we �x a partition Π of [0, 1], Π = {t0 = 0, t1 . . . tl−1, tl = 1}. Consider the
subspace VΠ = {v ∈ L2 | vs(ti) = vs(ti+1) = 0, 0 < s ≤ k, ti ∈ Π} which has codimension
equal to k|Π|. Set a−i = mint∈[ti,ti+1] at and a

+
i = maxt∈[ti,ti+1] at. Finally de�ne vtik (t) =∫ t

ti
· · ·
∫ τ1
ti
v(τ)dτ . . . dτk−1. It follows immediately that on VΠ:

∑
i

a−i

∫ ti+1

ti

vtik (t)2dt ≤ Q2k(v) ≤
∑
i

a+
i

∫ ti+1

ti

vtik (t)2dt

Now, we already analysed the spectrum for the problem with constant at on [0, 1]. The
last step to understand the quantities on the right and left hand side is to see how the
eigenvalues rescale when we change the length of [0, 1].

If we look back at the proof of Lemma 3.2, it is straightforward to check that the length
is relevant only when we impose the boundary conditions, we �nd that the eigenvalues are:
λ = a`2k

(2πn)2k and again double.
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In particular the estimates in eqs. (3.7) and (3.8) are still true replacing µi with a
±
i `

2k.
If we replace now ` by |ti+1 − ti| and sum the capacities according to Proposition 3.3

we have the following estimate on the eigenvalues on VΠ, for n ≥ 2k|Π|:

(∑
i(a
−
i )

1
2k (ti+1 − ti)

π(n+ 2|Π|k + p(n))

)2k
≤ λn(Q2k

∣∣
VΠ

) ≤
(∑

i(a
+
i )

1
2k (ti+1 − ti)

π(n− 2|Π|k − p(n))

)2k

Moreover the min-max principle implies that, for n ≥ k|Π|:

λn
(
Q2k

∣∣
VΠ

)
≤ λn

(
Q2k

)
≤ λn−k|Π|

(
Q2k

∣∣
VΠ

)
In particular for n ≥ 3k|Π| we have:

(∑
i(a
−
i )

1
2k (ti+1 − ti)

π(n+ 2|Π|k + p(n))

)2k
≤ λn(Q2k) ≤

(∑
i(a

+
i )

1
2k (ti+1 − ti)

π(n− 3|Π|k − p(n))

)2k
(3.9)

We address now the issue of the convergence of the Riemann sums. Set:

I±a =
∑
i

(a±i )
1
2k (ti+1 − ti)

and Ia =
∫ 1

0 a
1
2k dt. It is well know that I±a → Ia as long as supi |ti − ti+1| goes to zero.

We need a more quantitative bound on the rate of convergence. Using results from [24] for
and equispaced partition, we have that:

|Ia − I±a | ≤ C±a
1

|Π|
=

C(a, k,±)

codim(VΠ)

Where C(a, k,±) is a constant that depends only on the function a and on k and the
inequality holds for |Π| ≥ n0 su�ciently large, where n0 depends just on a and k.

Consider the right hand side of eq. (3.9), adding and subtracting Ia
(πn)2k , we �nd that

for n ≥ max{n0, k|Π|}:

λn(Q2k) ≤
( Ia
πn

)2k
+
( I+

a

π(n− 3|Π|k − p(n))

)2k
−
( Ia
πn

)2k
.

A simple algebraic manipulation shows that there are constants C1, C2 and C3 such
that the di�erence on the right hand side is bounded by

C1n
2k|Π|−1 + C2(n2k − |Π|2k(n/|Π| − 1)2k)

C3(n− 3k|Π|)2kn2k

for n ≥ max{3k|Π|, n1|Π|, n0} where n1 is a certain threshold independent of |Π|.
The idea now is to choose for n a partition Π of size |Π| = bnδc to provide a good

estimate of λn(Q). The better result in terms of approximation is obtained for δ = 1
2 .

Heuristically this can be explained as follows: on one hand the �rst piece of the error term
is of order n−2k−δ, comes from the convergence of the Riemann sums and gets better as
δ → 1. On the other hand the second term comes from the estimate on the eigenvalues
and get worse and worse as nδ becomes comparable to n.

A perfectly analogous argument allows to construct an error function for the left side
of eq. (3.9) which decays as n−2k−1/2 for n su�ciently large.
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We have proved so far that, if we are dealing with quadratic forms on scalar functions,
Q2k has 2k−capacity ξ+ = (

∫ 1
0

2k
√
atdt)

2k. Now we apply point i) of Proposition 3.3 to
obtain the formula in the statement for forms on L2([0, 1],Rm). Finally notice that by
Proposition 3.4 the eigenvalues of Rk(v) decay as n−2k−1. If we apply point iii) of Propo-
sition 3.3 we �nd that Q2k(v) + Rk(v) has the same 2k−capacity as Q2k with remainder
of order 1/2.

Now we consider the case j = 2k − 1. The idea is to reduce to the case of j = 4k − 2
as in the proof of Lemma 3.2 and use the symmetries of Q2k−1 to conclude. In the same
spirit as in the beginning of the proof let us diagonalize the kernel A2k−1. We thus reduce
everything to the two dimensional case, i.e. to the quadratic forms:

Q(v) =

∫ 1

0
〈vk(t),

(
0 −at
at 0

)
vk−1(t)〉dt at ≥ 0 (3.10)

It is clear that the map v0 7→ Ov0 where O =

(
0 1
1 0

)
is an isometry of L2([0, 1],R2)

and Q(Ov0) = −Q(v0) and so the spectrum is two sided and the asymptotic is the same
for positive and negative eigenvalues.

Now we reduce the problem to the even case. Let's consider the square of Q2k−1. By
proposition (3.4) Q2k−1 has the same asymptotic as the form:

Q̂2k−1 = (−1)k+1

∫ 1

0
〈Atv2k−1(t), v0(t)〉dt F (v0)(t) = (−1)k+1Atv2k−1(t)

So we have to study the eigenvalues of the symmetric part of F . It is clear that:

(F + F ∗)2

4
=
F 2 + FF ∗ + F ∗F + (F ∗)2

4

Thus we have to deal with the quadratic form:

4Q̃(v) = 〈[2F 2 + F ∗F + FF ∗](v), v〉
= 2〈F (v), F ∗(v)〉+ 〈F ∗(v), F ∗(v)〉+ 〈F (v), F (v)〉

The last term is the easiest to write, it is just:

〈F (v), F (v)〉 =

∫ 1

0
〈−A2

t v2k−1(t), v2k−1(t)〉dt

which is precisely of the form of point i) and gives 1
4 of the desired asymptotic. The

operator F ∗ acts as follows:

F ∗(v) = (−1)k+1

∫ t

0

∫ t2k−1

0
· · ·
∫ t1

0
At1v0(t1)dt1 . . . dt2k−1

Using integration by parts one can single out the term Atv2k−1. To illustrate the procedure,
for k = 1 one gets:

F ∗(v) = Atv1(t)−
∫ t

0
Ȧτv1(τ)dτ

〈F ∗(v), F ∗(v)〉 =

∫ 1

0
〈−A2

t v1(t), v1(t)〉dt+ 2

∫ 1

0
〈Atv1(t),

∫ t

0
Ȧτv1(τ)dτ〉dt+

+

∫ 1

0
〈
∫ t

0
Ȧτv1(τ)dτ,

∫ t

0
Ȧτv1(τ)dτ〉dt
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The other terms thus do not a�ect the asymptotic since by Proposition 3.4 they decay
at least as O(n3). The proof goes on the same line for general k.

The same reasoning applies to the term 〈F (v), F ∗(v)〉. Summing everything one gets
that the leading term is

∫ 1
0 〈−A

2
t v2k−1(t), v2k−1(t)〉dt and so this is precisely the same case

as point i). Recall that At is a 2× 2 skew-symmetric matrix as de�ned in eq. (3.10), thus
the eigenvalues of the square coincide and are a2

t . It follows that, for n su�ciently large,
the square of the eigenvalues of Q̃ satisfy:

λn(Q̃) =

( ∫ 1
0 2 4k−2

√
a2
tdt
)4k−2

π4k−2n4k−2
+O(n−4k−2− 1

2 )

It is immediate to see that

( ∫ 1
0 2 4k−2

√
a2
tdt
)4k−2

(πn)4k−2 =

( ∫ 1
0

2k−1
√
atdt
)4k−2

(πn/2)4k−2 . This mirrors the fact

that the spectrum of Q2k−1 is double and any couple λ,−λ is sent to the same eigenvalue
λ2. Thus the (2k − 1)−capacity of Q2k−1 is (

∫ 1
0

2k−1
√
atdt)

2k−1.

Moreover, given two sequences {an}n∈N and {bn}n∈N,
√
a2
n + b2n = an

√
1 + b2n

a2
n
≈ an(1+

bn
an

+O( bnan )) so the remainder is still 2k − 1 + 1
2 .

Arguing again by point i) of Proposition 3.3 one gets the estimate in the statement.

The last part about the ∞−capacity follow just by Proposition 3.4. If Aj ≡ 0 for any
j then for any ν ∈ R, ν > 0 we have λnn

ν → 0 as n→ ±∞.

Remark 3.2. We can interpret Theorem 1.5 as a quantitative version of various necessary
optimality conditions that one can formulate for certain classes of singular extremals (see
[12, Chapter 20] or [8, Chapter 12]). Moreover, leaving optimality conditions aside, The-
orem 1.5 gives the asymptotic distribution of the eigenvalues of the second variation for
totally singular extremals (see de�nition B.2).

As mentioned in appendix B we can produce a representation of the second variation
also in the non strictly normal case which is at least formally very similar to the normal
case. However, a common occurrence is that the matrix Ht completely degenerates and
is constantly equal to the zero matrix. This is the case for a�ne control systems and
abnormal extremal in Sub-Riemannian geometry, i.e. systems of the form:

fu =
l∑

i=1

fiui + f0, fi smooth vector �elds

In this case Legendre condition Ht ≤ 0 (see the previous section) does not give much
information. One, then, looks for higher order optimality conditions. This is usually
done exactly as in Lemma 3.1: the �rst optimality conditions one �nds are Goh condition

and generalized Legendre condition which prevent the second variation from being strongly
inde�nite.

In the notation of Lemma 3.1 Goh conditions is written as Q1 ≡ 0 i.e. Z∗t JZt ≡ 0. It
can be reformulated in geometric terms as follows, if λt is the extremal then

λt[∂ufu(q(t))v1, ∂ufu(q(t))v2] = 0, ∀ v1, v2 ∈ Rk

From Theorem 1.5 it is clear that if Q1 6≡ 0, the second variation has in�nite negative
index and that eigenvalues distribute evenly between the negative and positive parts of
the spectrum. Then one asks that the second term Q2 is non positive de�nite, otherwise
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the negative part of the spectrum of −Q2 becomes in�nite. In our notation this condition
reads

(Z
(1)
t )∗JZt ≤ 0 ⇐⇒ σ(Z

(1)
t v, Ztv) ≤ 0, ∀ v ∈ Rk.

Again it can be translated in a di�erential condition along the extremal, however this time
it will in general involve more than just commutators if the system is not control a�ne.

If Q2 ≡ 0, one can take more derivatives and �nd new conditions. In particular, using
the notation of Lemma 3.1, one has always to ask that the �rst non zero term in the
expansion is of even order and that the matrix of its coe�cients is non positive in order to
have �nite negative index.
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Chapter 4

The Morse index of the Second

Variation

This chapter focuses on the computation of the Morse index of the Second Variation for
problems with moving endpoints. We give a proof of the formula in Theorem 1.1 and
apply it to some concrete situations. For example we give iteration formulae for extremals
under periodic boundary conditions and discretization formulae which reduce the problem
of computing the index to a �nite sum of �nite dimensional contributions.

The results of this chapter are mainly contained in [15] and were obtained jointly with A.
Agrachev and I. Beschastnyi. The topic is classical and there are various sources for similar
formulae in literature tracing back to [22, 30, 53, 25, 30]. A result similar to Theorem 1.1
has been obtain independently in [41]. Our proofs have a di�erent �avour than the ones
involving intersection theory in the Lagrange Grassmannian. They essentially relay on
linear algebra and the structure of the Second Variation.

Through out this section we will use the notation introduce in Sections 1.1 and 2.3
and appendices A.2 and B. In particular we will use the construction in Section 2.3 to
reduce moving boundary conditions to �xed points one.

Before going to the proof of the main result however, we will focus on some applications.
In the upcoming section we will give a formula to compute the Morse index of an extremal
substituting the in�nite dimensional space of variations with a �nite dimensional one.
We will prove a �ltration formula for minimization problems on graphs, in the spirit of
Example 1.1 of Section 1.1. Lastly we will prove iteration formulae for periodic extremal
giving counterparts of the results in [22, 30].

4.1 Discretization formula

We will work with an optimal control problem as given in eq. (B.2) and a strictly normal
extremal λt. In order to formulate the next result, we need the de�nition of conjugate
times and conjugate points (for Dirichlet boundary conditions).

De�nition 4.1. Given µ ∈ T ∗M , denote by Πµ the vertical subspace Tµ(T ∗π(µ)M). Given

an extremal λ : [0, 1]→ T ∗M of an optimal control problem as in eq. (B.2), let Φt be the
fundamental solution of Jacobi equation (eq. (1.2)) at time t. we say that an instant of
time t ∈ [0, 1] is conjugate if the map

π∗ ◦ (Φt)|Πλ(0)
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has a kernel. The corresponding point q(t) = π(λ(t)) is said to be a conjugate point.

The above de�nition is completely analogous to the classical given in terms of the
linearisation of the extremal �ow (when the latter is de�ned). In fact the map Φ̃t intro-
duced in eq. (B.11) preserves the submanifolds Πm = π−1(m) for any m ∈ M and the
symplectomorphism (̃Φt)∗Φt coincides with the fundamental solution of the linearisation
of the extremal �ow (see [12][Proposition 21.3]) . To simplify notation we will denote by
Θt = (Φ̃t)∗Φt and Θs,t the map ΘtΘ

−1
s . The latter notation is nothing else than the stan-

dard notation for non autonomous linear �ows. We will denote by Γ(Θt) its graph and by
Γ(Θ) the graph at time t = 1.

A consequence of Theorem 1.1 is the following result.

Theorem 4.1 (Discretization). Let λ : [0, 1]→ T ∗M be an extremal as above with Dirichlet

boundary conditions, i.e. N = {q0} × {q1}. Let Ξ = {t0, . . . , tn} be a partition of [0, 1].
The following formula holds:

ind−Q ≥
n−1∑
i=0

i
(
Θ−1
i+1,i(Πi+1),Πi,Θi,i−1 ◦ · · · ◦Θ1,0(Π0)

)
, (4.1)

where Πi = Tλ(ti)(T
∗
π(λ(ti))

M) ' T ∗π(λ(ti))
M . Moreover, equality holds if maxi |ti+1 − ti| is

su�ciently small and no ti is a conjugate time.

In particular, strong Legendre condition along the extremal, ensures that the Morse
index is �nite and that the conjugate points form a discrete set. This will guarantee that,
under mild conditions and after enough successive re�nements of the partition, formula
(4.1) will give exactly the Morse index of the extremal. The following picture illustrate
how the admissible variation in the case we �x some intermediate points {q(ti)} change.

M M

�xed �xed
�xedfree

γ γ

Figure 4.1: Variation of γ in the original problem and a problem with extra �xed vertices.

Let us �rst prove the formula when only one extra vertex is introduced. Let γ = π(λ)
be an extremal curve in a problem with �xed end-points. Take a point t∗ ∈ (0, 1). Let us
call γ1 = γ|[0,t∗] and γ2 = γ|[t∗,1] the restrictions. Qγi will denote the second variation of
the segment as an extremal curve with �xed points. Recall that Πi = Tλ(ti)(T

∗
π(λ(ti))

M) '
T ∗π(λ(ti))

M is the vertical subspace over the point γ(ti).
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Proposition 4.1. The index of the second variation Qγ can be computed as follows:

ind−Qγ = ind−Qγ1 + ind−Qγ2 + i
(
Θ−1

2 (Π2),Π1,Θ1(Π0)
)

+ k, (4.2)

where k = dim(Θ2(Π1) ∩Π2) + dim(Θ1(Π0) ∩Π1)− dim(Θ−1
2 (Π2) ∩Π1 ∩Θ1(Π0)).

Proof. Let us consider the following three points in M :

q0 = γ(0), q1 = γ(t∗), q2 = γ(1).

Variations of γ as a curve form q0 to q2 do not necessarily pass by the point q1 at
time t∗ but satisfy a continuity condition there. Instead of considering a problem on two
segments we double the state space and work on just one interval. To do this we break up
[0, 1] in two intervals and consider the dynamics separately (i.e. duplicate the variables).
The new boundary conditions which allow us to glue the two pieces together are of the
form:

(γ1(0), γ2(t∗), γ1(t∗), γ2(1)) ∈ {q0} ×∆× {q2} = {(q0, q1, q1, q2)| q1 ∈M}.

Now we are going to compare the following two problems. The �rst one is �xed end-

points, we impose that the curve starts from (q0, q1) and arrives to (q1, q2). The second
one is curves satisfying the constraints given by the manifold N = {q0}×∆×{q2} de�ned
above.

Recall that γ is a projection of a solution λ : [0, 1] → T ∗M of the Hamiltonian
system. Let us consider the tangent space to the annihilator of N at the point λ =
(λ(0), λ(1), λ(1), λ(2)). Fix a system of coordinates, which determines a complement to
the subspace kerπ∗ = Π1 which we call B. In these coordinates the annihilator reads:

TλA(N) =




ν1

α+X
α+X
ν2

 : α, νi ∈ Π1, X ∈ B

 .

The other space appearing is the graph of the two symplectomorphisms Θ1 and Θ2

coming from the Hamiltonian �ows of PMP on intervals [0, t∗] and [t∗, 1]. It will be denoted
by Γ(Θ1 ×Θ2).

Let us look at the subspace on which the Maslov form m is de�ned, (TλA(N) + Π4) ∩
Γ(Θ1 ×Θ2), where Π4 = Π0 ×Π2

1 ×Π2. This is de�ned by the following equations,
ξ1

ξ2

Θ1(ξ1)
Θ2(ξ2)

 =


ν1

α+X
α+X
ν2

+


µ1

µ2

µ3

µ4

 ⇐⇒ ξ1 ∈ Π0,Θ2(ξ2) ∈ Π2, ξ2 −Θ1(ξ1) ∈ Π1,

where α, νi, for i = 1, 2 and µj for j = 1, . . . 4 lie in the vertical subspace over the respective
points, whereas X ∈ B is in the horizontal space. In particular Maslov form reads:

m(ξ1, ξ2) = σ(µ3 − µ2, X) = σ(Θ1(ξ1)− ξ2, ξ2) = σ(Θ1(ξ1), ξ2) = σ(ξ2,−Θ1(ξ1)).

So, if we call η = Θ2(ξ2) ∈ Π2 and ξ = ξ1 we have ξ ∈ Π0, η ∈ Π2 and Θ−1
2 (η)−Θ1(ξ) ∈ Π1

and see that the form coincides with:

m(Π4,Γ(Θ1 ×Θ2), TλA(N)) = m(Θ−1
2 (Π2),Π1,Θ1(Π0)).
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The additional terms popping up in Theorem 1.1 are

dim(Γ(Θ1 ×Θ2) ∩Π4) = dim(Θ1(Π0) ∩Π1) + dim(Θ−1
2 (Π2) ∩Π1)

and

dim(Γ(Θ1 ×Θ2) ∩Π4 ∩ TλA(N)) = dim(Θ−1
2 (Π2) ∩Θ1(Π0) ∩Π1)

as a quick calculation shows.

We can now prove Theorem 4.1.

Prood of Theorem 4.1. The statement will follow from Proposition 4.1. First of all notice
that in eq. (4.2) all terms are positive, this gives easily that ind−Q ≥ i

(
Θ−1

2 (Π),Π,Θ1(Π)
)

when the partition is Ξ = {0, t∗, 1}. For a general Ξ apply Proposition 4.1 iteratively
to {0, tj−1, tj} where j runs from 2 to n. This allows to express the index of the second
variation of γ|[0,tj ] as the sum of the index of the second variation of γ|[0,tj−1] and γj :=
γ|[tj−1,tj ] plus Maslov index terms and dimensions of intersections.

Iteratively replacing the terms ind− Qγ|[0,tj ]
we obtain the following formula:

ind−Qγ =
n−1∑
j=0

ind−Qγj + i
(
Θ−1
j+1,j(Πj+1),Πj ,Θj,j−1 ◦ · · · ◦Θ1,0(Π0)

)
+ dim(Θj,0(Π0) ∩Πj) + dim(Θj+1,j(Πj) ∩Πj+1)− dim(Θj,0(Π0) ∩Πj ∩Θ−1

j+1,j(Πj+1)).

Here the maps Θj,j−1 are de�ned as in the statement of Theorem 4.1. The notation
is related to law of composition of non autonomous �ows and is justi�ed by the fact that
Θj,k ◦Θk,l = Θj,l.

The index is presented as sum of three positive terms: the �rst one Qγi is zero when
each segment γ|[ti,ti+1] is minimizing [12, Theorem 21.3]. Under Legendre strong conditions
this is the case when supi |ti − ti−1| is small enough (see [12] for instance). The same goes
for dim(Θi+1,i(Πi)∩Πi+1)−dim(Θi,0(Π0)∩Πi∩Θ−1

i+1,i(Πi+1)). Moreover dim(Θi,0(Π0)∩Πi)
is zero precisely when ti is not a conjugate time for γ.

Thus equality holds exactly when our hypotheses on the partition are satis�ed.

Remark 4.1. The hypothesis on the partition Ξ can be weakened if we change a bit our
way of counting. If we add to the dimension of the negative space the dimension of the
null space of the Maslov form we can essentially forget about avoiding conjugate points of
γ.

You can see that the correction term k in Proposition 4.1 is in fact the dimension of
the kernel of the Maslov form m

(
Θ−1

2 (Π2),Π1,Θ1(Π1)
)
. The quantity:

n−1∑
i=1

(ind−+ ker)
(
m
(
Θ−1
i+1,i(Πi+1),Πi,Θi,i−1 ◦ · · · ◦Θ1,0(Π0)

))
still approximates from below the negative index and includes the contribution of conjugate
points of γ that are possibly present in the partition.

Remark 4.2. If we combine Theorem 1.1 and Theorem 4.1 we can obtain a formula for
the index involving just the Maslov index i and dimension of intersections for arbitrary
boundary conditions.
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4.2 Filtration formula

In the previous subsection we have proven a discretization formula for the �xed end-point
problem on an interval. The idea was to introduce extra vertices inside the single edge and
apply an iterative procedure of �xing each of the new vertices one by one. Note that if we
would have �xed all of the vertices at the same time, a direct application of eq. (1.3) would
result in computation of the Maslov index in a symplectic space of a very big dimension.
Instead the recursive nature of the proof allows us to reduce greatly the dimensionality of
the problem.

A way of reducing the dimensionality in formula (1.3) for problems with separated
boundary conditions is discussed in paper [19]. The argument works when all of the
Lagrangian spaces in the �nal formula are transversal. We can reproduce this argument
in a greater generality using Theorem 1.1.

Assume that each vertex v ∈ G0 is constrained to lie on a separate submanifoldNv ⊂M .
We construct a manifold N of boundary conditions in M2|G1| in the following way: de�ne
the map ŝ : M |G1| →M |G0| sendingme → ms(e). Here s (and t) denote the source and target

maps as de�ned in Section 1.1. Similarly we get t̂ : M |G1| → M |G0| sending me → mt(e).

We then de�ne N = (ŝ× t̂)−1(
∏
v∈G0

Nv) which now is a subset of M2|G1|.

We can introduce a �ltration of vertices

∅ = G0
0 ⊂ G1

0 ⊂ · · · ⊂ G
|G0|
0 = G0,

such that

|Gj0| = |G
j−1
0 |+ 1, i = 1, . . . , |G0|.

To each set Gj0 we associate boundary conditions Nj ⊂ N in the following way. We assume

that vertices v ∈ Gj0 vary on Nv, while vertices v ∈ G0 \ Gj0 are assumed to be �xed and
perform the construction explained few lines above. Thus we activate variations of each
individual vertex at a time and track how the index changes as we do so.

We now apply Theorem 1.1 to compute ind−QNj+1 − ind−QNj . Let us introduce some
simplifying notations. Recall that s, t : G1 → G0 are the source and the target maps. Let
vj ∈ Gj+1

0 \ Gj0 be the activated vertex. We introduce a separate notation for the set of
edges that are incident to vj :

Gj1 = s−1(vj) ∪ t−1(vj).

A naive guess would be that when we activate a vertex, the only relevant contributions
come from the edges incident to a given vertex. Thus we de�ne forgetful projections πGj1
which forget all the edges except the ones incident to vj :

πGj1
: Tλ̄(T ∗M)G1 × Tλ̄(T ∗M)G1 → Tλ̄(T ∗M)G

j
1 × Tλ̄(T ∗M)G

j
1 .

Subspaces Tλ̄A(Nj−1) and Tλ̄A(Nj) can have a big intersection. For sure this intersec-
tion contains the subset Vj = π−1

Gj1
(0), which is an isotropic subspace. This means that we

can perform a symplectic reduction to the space V ⊥j /Vj . Let

πj : Tλ̄(T ∗M)|G1| × Tλ̄(T ∗M)|G1| → V ⊥j /Vj
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be the projection maps for each j = 1, . . . , |G1|. We can then de�ne shortened notations
for the images:

Ajj−1 = πj(Tλ̄A(Nj−1)),

Ajj = πj(Tλ̄A(Nj)),

Γ(Θj) = πj(Γ(Θ)).

By property (A.6), we can factor out Vj in the de�nition of the Maslov index and get

i(Tλ̄A(Nj−1),Γ(Θ), Tλ̄A(Nj)) = i(Ajj−1,Γ(Θj), A
j
j)

and for the same reason

dim (Tλ̄A(Nj−1) ∩ Γ(Θ))− dim (Tλ̄A(Nj) ∩ Γ(Θ) ∩ Tλ̄A(Nj−1)) =

= dim
(
Ajj−1 ∩ Γ(Θj)

)
− dim

(
Ajj−1 ∩ Γ(Θj) ∩Ajj

)
.

Finally since Nj−1 ⊂ Nj , we have that

dim(Tπ(λ̄)Nj−1 ∩ Tπ(λ̄)Nj)− dim(Tπ(λ̄)Nj−1) = 0.

Now we collect all of the terms and sum by the index j = 1, . . . , |G0|. As the result we
obtain a formula that expresses the di�erence between the index of the second variation Q
of the original problem with the index of the second variation Q0 := QN0 of the problem
with the same graph and �xed vertices:

ind−Q− indQ0 =

|G0|∑
j=1

ind−QNj − ind−QNj−1

=

|G0|∑
j=1

i(Ajj−1,Γ(Θj), A
j
j) + dim

(
Ajj−1 ∩ Γ(Θj)

)
− dim

(
Ajj−1 ∩ Γ(Θj) ∩Ajj

)
.

This is the same formula as in [19] modulo terms containing dimensions of intersections.
We end this subsection with a couple of remarks regarding this formula. First of all, in

practice the dimensions are reduced even more because Ajj−1∩A
j
j 6= ∅. Nevertheless further

reductions depend on the structure of the graph and the �ltration chosen. Secondly, at
�rst sight it may seem that the formula is a sum of local contributions, because we have
used only edges incident to a given vertex in the derivation. However, this is not the case.
The non-locality is hidden in the reduced space V ⊥j /Vj and the corresponding projection
πj .

For example, in the case when G1 is a tree, we can de�ne a partial order ≤ on G0 by
saying that v ≤ w if the minimal path from v to the root crosses less or equal number of
vertices than the minimal path from w to the root. If we choose a �ltration, which orders
vertices one by one compatible with the partial ordering, one can identify the set Gj0 with

a sub-tree of G. Then the formula for the indices i(Ajj−1,Γ(Θj), A
j
j) will contain terms

involving symplectomorphisms of all of the edges in the sub-tree determined by Gj0 and not
only of the incident edges. This can be checked via a long but straightforward calculation.
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4.3 Iteration Formulae

We now investigate the case of periodic extremals. We are going to prove two versions of
iteration formulae, namely Theorem 4.2 and theorem 4.3 below. Suppose that γ is a closed
periodic extremal trajectory. It is straightforward to see that iterations (i.e. concatenation
of γ with itself) are still critical points. For the �rst formula we are going to compute
an iterative scheme similar to the one used to prove Theorem 4.1. The following drawing
represent the procedure in the case we iterate twice a periodic extremal of period T . We
split the interval [0, 2T ] into two separate intervals of length [0, T ], adding a continuity
condition at T gives the variational problem for the original extremal.

M M

free

free free

free

γ γ

We will use the following notation: γk will denote the k−th iteration of γ whereas
ind−Qγ and ind−Qγk the Morse index of γ and γk respectively as periodic trajectories.
We want to compute the di�erence ind−Qγk − k ind−Qγ .

First of all we compute the di�erence ind−Qγk − ind−Qγk−1 . Let us consider the
following manifolds of constraints:

∆� := {(q1, q2, q2, q1) : qi ∈M, } ⊂M2 ×M2,

∆2 = {(q1, q2, q1, q2) : qi ∈M} ⊂M2 ×M2.

When we restrict to variations satisfying the boundary conditions given by ∆�, we con-
sider variations of γk as a periodic trajectory, whereas when we take boundary conditions
∆2, we consider independent variations of γk−1 and γ as periodic trajectories, as explained
visually in Section 4.3 above. Now we prove the following lemma:

Lemma 4.1. Here n = dim(M), let Γj = Γ(Θj) the graph of Θj. Then:

ind−Qγk − ind−Qγk−1 = ind−Qγ + i
(
Γk−1, TλA(∆),Γk)− n+ dim

(
ker(Θk−1 − 1)

)
.

Proof. The statements follows applying Theorem 1.1. We take as N1 = ∆� and as N2 =
∆2. The part coming from the dimension is immediate, the intersection of the tangent
spaces has dimension n while the dimension of ∆2 is 2n. So we get a −n.
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For the part concerning the intersection between annihilators and graphs, one can
check that T(λ(0),λ(0))A(∆2) ∩ Γ(Θk−1 × Θ) is isomorphic to the sum of ker(Θk−1 − 1)
and ker(Θ − 1). The triple intersection consists of ker(Θ − 1) and thus the term in the
statement.

From the de�nitions it follows that, when we impose the boundary conditions ∆2, we
have ind−QN2 = ind−Qγk−1 + ind−Qγ , so the only thing to check is the Maslov index
part.

The equation de�ning the subspace are the following:
ξ1

ξ2

Θk−1(ξ1)
Θ(ξ2)

 =


X1 + Y1

X2 + Y2

X2 + Y1

X1 + Y2

 Xi, Yi, ξi ∈ Tλ(0)(T
∗M).

By subtracting the second and the third equations, and then the �rst and the fourth
equations we �nd

ξ2 −Θk−1(ξ1) = Y2 − Y1,

Θk−1(ξ1)−Θk(ξ2) = Θk−1(Y1 − Y2).

Changing coordinates and setting η = Θk−1(ξ1), Y1 − Y2 = η1 and η2 = ξ2 we get:

(η, η) ∈ TλA(∆) ∩ (Γk−1 + Γk) ⇐⇒
(
η
η

)
=

(
η1 + η2

Θk−1(η1) + Θk(η2)

)
So we can see that the Maslov form reduces to a form on ∆ ∩ (Γk−1 + Γk). Moreover the
quadratic form reads:

m(ξ1, ξ2) = σ(X2, Y1 − Y2)− σ(X1, Y1 − Y2) = σ(ξ2 −Θ(ξ2), Y1 − Y2)

= σ(η2 −Θ(η2), η1)

= σ(η2, η1)− σ(Θ(η2), η1)

= −σ(η1, η2) + σ(Θk−1(η1),Θk(η2)).

Which is exactly m(Γk−1, TλA(∆),Γk) in the coordinates just introduced. And thus the
formula is proved.

The �rst iteration formula is now a direct consequence of the Lemma just proved:

Theorem 4.2 (Iteration Formulae I). The index of the k−th iteration of γ as a periodic

trajectory satis�es:

ind−Qγk − k ind−Qγ =

k∑
j=1

i
(
Γ(Θj−1), TλA(∆),Γ(Θj)

)
− dim(M) + dim(ker(Θj−1 − 1)).

(4.3)

Proof. We will use an inductive procedure in a similar spirit as in the proof of Theorem 4.1.
First we will look at γk as the concatenation of γk−1 and γ and express the di�erence
ind−Qγk − ind−Qγ in terms of ind−Qγk−1 .
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This is the �rst step of the scheme and was proved in Lemma 4.1. Then we apply the
argument iteratively to obtain:

ind−Qγk − k ind−Qγ =
k∑
j=1

i(Γj−1, TλA(∆),Γj)− n+ dim(ker(Θj−1 − 1)).

Which is precisely the formula in the statement.

Now we prove the second iteration formula.

Theorem 4.3 (Iteration Formulae II). The index of the k−th iteration of γ as a periodic

trajectory satis�es:

ind−Qγk − k ind−Qγ =
k−1∑
j=1

dim(M)− dim(ker(Θ− ωj))− i(Γ(Θ),∆,Γ(ωjΘ)). (4.4)

Where ω is a primitive k−th root of the unity.

Proof. We work on the space Mk = M × · · ·×M . The �rst set of boundary conditions we
are going to consider is the following:

∆� := {(q1, . . . , qk, r1 . . . rk) : ri, qi ∈M, qi = ri−1} ⊂Mk ×Mk.

Set q0 = γ(0) = γ(1). Any curve satisfying the boundary conditions ∆� at (q0, . . . , q0)
gives a variation of the k−th iterate of γ seen as periodic trajectory.

The other sets of constraints we are going to introduce are the following:

∆k = {(q1, . . . , qk, q1, . . . , qk) : qi ∈M} ⊂Mk ×Mk,

q
0

= {(q0, . . . , q0) : q0 = γ(0) = γ(1)}.

The �rst boundary condition is the product of 2k copies of the diagonal. Any curve
satisfying this set of constraints at point (q0, . . . , q0) is a variation of γk as k independent
periodic trajectories γ. The second boundary condition corresponds to k copies of a single
point q0. Variations of γk satisfying these latter conditions are k independent variations
of γ as a trajectory with �xed points.

Set for brevity ∆k = TλA(∆k), ∆� = TλA(∆�) and Γ = Γ(Θ × · · · × Θ) to be the
product of k copies of Γ(Θ). We have TλA(q

0
) = Π2k

λ(0) = Π2k where λ(0) is the initial
covector of the lift to the cotangent bundle.

First of all we compute directly ind−Qγk using Theorem 1.1, comparing with the �xed
points problem. We get:

ind−Qγk = k ind−Q0 + i
(
Π2k,Γ,∆�

)
+ dim(Γ ∩Π2k)− dim(Γ ∩Π2k ∩A(∆�)).

Here the notation ind−Q0 stands for the index of Q at γ seen as a trajectory with �xed
end points. First of all we analyse the term i

(
Π2k,Γ,∆�

)
. To compute it we present the

Maslov form as the direct sum of k forms de�ned on a n−dimensional subspace. This is
done in Lemma 4.2, where we use the complexi�ed version of Maslov index.

The term i
(
Π2k,Γ,∆�

)
is thus the sum of contributions of the type i

(
Π2,Γ(ωjΘ),∆

)
where ω is a primitive root of unity.

55



Chapter 4 Section 4.3

i
(
Π2k,Γ,∆�

)
=

k−1∑
j=0

i
(
Π2,Γ(ωjΘ),∆

)
.

Now we apply Theorem 1.1 to the second set of boundary conditions, i.e. ∆k. We �nd
that:

k ind−Qγ = k ind−Q0 + i
(
Π2k,Γ,∆k

)
+ dim(Γ ∩Π2k)− dim(Γ ∩Π2k ∩∆k).

Exactly as in the previous case the piece i
(
Π2k,Γ,∆k

)
splits as a sum. But this time the

reason is more apparent: we are considering independent variation on each iteration. It
follows that i

(
Π2k,Γ,∆k

)
= k i

(
Π2,Γ(Θ),∆

)
Now we subtract the two equations and we are left with the following expression for

ind−Qγk − k ind−Qγ :

ind−Qγk − k ind−Qγ =
k−1∑
j=0

(
i
(
Π2,Γ(ωjΘ),∆�

)
− i
(
Π2,Γ(Θ),∆

))
+

+ dim(Γ ∩Π2k ∩∆k)− dim(Γ ∩Π2k ∩∆�).

Let's rewrite the term involving the intersections. It is straightforward to see that
dim(Γ ∩ Π2k ∩ ∆k) = k dim(Γ(Θ) ∩ Π2 ∩ ∆). In turn this can be easily seen to be
k dim(ker(Θ− 1) ∩Π).

For the second piece it holds that:

dim(Γ ∩Πk ∩∆�) =

k−1∑
j=0

dim(ker(Θ− ωj) ∩Π).

We prove this below, in Proposition 4.2. Putting all together we get:

dim(Γ∩Π2k∩∆k)−dim(Γ∩Πk∩∆�) =
k−1∑
j=0

dim(Γ(Θ)∩Π2∩∆)−dim(ker(Θ−ωj)∩Π). (4.5)

Now we can use the cocycle property given in eq. (A.7) with the subspaces Π, Γ(ωjΘ),
Γ(Θ) and ∆ to express the terms in the sum using the Maslov index of the spaces Γ(ωjΘ)
and ∆. These computations are collected in Proposition 4.2. What we �nd is that:

i
(
Π2,Γ(ωjΘ),∆

)
− i
(
Π2,Γ(Θ),∆

)
= −i

(
Γ(Θ),∆,Γ(ωjΘ)

)
− dim(ker(Θ− 1) ∩Π)+

+ dim(ker(Θ− ω−j) ∩Π)− dim ker(Θ− ω−j) + dim(M).

Since we are summing over j = 0, . . . , k − 1 and ω is a primitive k-th root of unity,
we have that

∑k−1
j=0 dim(ker(Θ − ω−j) ∩ Π) =

∑k−1
j=0 dim(ker(Θ − ωj) ∩ Π) and thus the

intersection of the eigenspaces with the �bre cancel out with the part coming from triple
intersection given in eq. (4.5).

Summing up we �nally obtain:

ind−Qγk − k ind−Qγ =
k−1∑
j=1

dim(M)− dim ker(Θ− ωj)− i
(
Γ(Θ),∆,Γ(ωjΘ)

)
.

Which is exactly the statement of the theorem.
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Lemma 4.2. Let ω ∈ C be a primitive k−th root of 1. The Maslov form m(Π2k,Γ,∆�)
splits a direct sum

⊕k−1
i=0 mi where:

mi = m(Π2,Γ(ωiΘ),∆).

Proof. We will use the Hermitian version of Maslov index. Any real subspace V appearing
in the proof will stand for its complexi�cation V ⊗ C without any mention of the tensor
product operation. Let us write down the equation de�ning the space (Π2k + ∆�) ∩ Γ.

v ∈ Γ ⇐⇒ v = (ξ1, . . . , ξk,Θ(ξ1), . . . ,Θ(ξk)), ξj ∈ Tλ0(T ∗q0M).

On the other hand belonging to Π2k + ∆� means:

v ∈ Π2k + ∆� ⇐⇒ v = (µ1, . . . , µk, ν1, . . . , νk), µi+1 − νi ∈ Π,

where µk+1 = µ1. So the space (Π2k+∆�)∩Γ is given by {(ξ1, . . . , ξk) : ξi+1−Θ(ξi) ∈ Π}.
Maslov form is computed in the following way. Let

ξi = Xi + αi,

Θ(ξi) = Xi+1 + βi,

where αi, βi ∈ Π, Xi ∈ Tλ0(T ∗M). Then we have

m(ξ) =

k∑
i=1

−σ(ᾱi, Xi) + σ(β̄i, Xi+1) =

k∑
i=1

−σ(ᾱi, Xi) + σ(β̄i−1, Xi)

=
k∑
i=1

σ(−ᾱi + β̄i−1, Xi) =
k∑
i=1

σ(−ᾱi + β̄i−1, ξi)

=
k∑
i=1

σ(Θ(ξ̄i−1)− ξ̄i, ξi) =
k∑
i=1

σ(Θ(ξ̄i−1), ξi)− σ(ξ̄i, ξi).

Where in the third equality we simply shifted the second index cyclically.
Suppose that ω is a primitive k−th root of the identity and make the following change

of variables.

ξ = (ξ1, . . . , ξk) 7→

(
k∑
i=1

ξi, . . . ,

k∑
i=1

ωj(i−1)ξi, . . . ,

k∑
i=1

ω(k−1)(i−1)ξi

)
=: η,

which essentially is just the Kronecker product of the identity with the transpose of Van-
dermonde's matrix obtained with {1, ω, . . . , ωk−1}. In the new coordinates the equation
reads:

ηl − ωl−1Θ(ηl) =
k∑
i=1

ω(l−1)(i−1)ξi −
k∑
i=1

ω(l−1)iΘ(ξi)

=
k∑
i=1

ω(l−1)iξi+1 − ω(l−1)iΘ(ξi)

=

k∑
i=1

ω(l−1)i(ξi+1 −Θ(ξi)) ∈ Π.
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So in the new coordinates the space (Π2k + ∆�) ∩ Γ splits as the direct sum
⊕k

l=1{η :
η − ωlΘ(η) ∈ Π}.

The inverse transformation is given by the following rule:

ξi =
1

k

k∑
l=1

ω−(i−1)(l−1)ηl.

If we plug in the second term of the Maslov form we have:

k∑
i=1

σ(Θ(ξi), ξi+1) =
1

k2

k∑
i,l,s=1

σ(Θ(ω(i−1)(s−1)η̄s), ω
−i(l−1)ηl)

=
1

k2

k∑
i,l,s=1

ωi(s−l)ω−(s−1)σ(Θ(η̄s), ηl) =
1

k2

k∑
l,s=1

( k∑
i=1

(ωi(s−l))ω1−sσ(Θ(η̄s), ηl)
)
.

In particular the only non zero terms are those for which s = l since the sum of powers
of any primitive root (up to k) is zero.

We can handle similarly the �rst term. In this way we �nd that the Maslov form on
our subspace splits in the following way:

m(η) =
1

k

k∑
s=1

σ(ωs−1Θ(ηs), ηs)− σ(η̄s, ηs).

The factor 1
k is irrelevant for us and comes just from the change of coordinates. The last

step is to identify the summands with m(Π2,Γ(ωs−1Θ),∆). Let's write down the kernel
for these forms. The space we have to look at is (Π2 + ∆) ∩ Γ(ωs−1Θ). It is de�ned by:

η = α+X ωs−1Θ(η) = β +X α, β ∈ Π.

By the de�nition the Maslov form is given by

m(η) = −σ(ᾱ,X) + σ(β̄,X) = σ(ωs−1Θ(η)− η̄, η).

Proposition 4.2. The following relation holds:

i
(
Π2,Γ(ωjΘ),∆

)
− i
(
Π2,Γ(Θ),∆

)
= −i

(
Γ(Θ),∆,Γ(ωjΘ)

)
+ dim(M) + dj , (4.6)

where dj = −dim(ker(Θ− 1)∩Π) + dim(ker(Θ−ω−j)∩Π)−dim ker(Θ−ω−j). Moreover

the space Γ ∩Π2k ∩∆� splits as a direct sum and its dimension is given by:

dim(Γ ∩Π2k ∩∆�) =

k−1∑
j=0

dim(ker(Θ− ωj) ∩Π).

Proof. The second part can be deduced by the proof of Lemma 4.2. In fact the space
Π2k ∩ Γ ∩∆� is isomorphic to

⊕
i ker(Θ− ωi) ∩ Π. This can be either directly computed

from the de�nition of the spaces or deduced in the following way.
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Let P represent the standard k−cycle which maps ξi → ξi+1 and ξk → ξ1. A direct
calculation shows that ∆� = Γ(P ). Thus any element of ∆� ∩ Γ can be written as(

ξ
Pξ

)
=

(
ξ

diag(Θ)(ξ)

)
⇐⇒ P−1diag(Θ)(ξ) = ξ ⇐⇒ diag(Θ)P−1(η) = η, η = Pξ.

i.e. an eigenvalue problem.

The core of the proof of Lemma 4.2 consisted in the diagonalization of the following
matrix: Θ

. . .

Θ

P−1 ∼

ω
0Θ

. . .

ωk−1Θ


with the remaining elements understood to be zero. The transformation diagonalizing the
matrix we used preserves the �bre. So it follows that Π2k ∩ Γ ∩ ∆� is the sum of the
eigenspaces ker(Θ− ωj) intersected with the �bre Π.

Now we prove the �rst part of the proposition. Let us apply the cocycle property to
the subspaces Π2, Γ(ωjΘ), Γ(Θ) and ∆.

i
(
Π2,Γ(ωjΘ),∆

)
− i
(
Π2,Γ(Θ),∆

)
= i
(
Γ(Θ),Π2,Γ(ωjΘ)

)
− i
(
Γ(Θ),∆,Γ(ωjΘ)

)
+ ci,

ci = dim(Θ(Π) ∩Π)− dim(ker(Θ− 1) ∩Π) + dim(ker(Θ− ω−j) ∩Π)+

− dim ker(Θ− ω−j).

The formula is almost the one given in the statement except for the terms dim(Θ(Π)∩Π)
and i

(
Γ(Θ),Π2,Γ(ωjΘ)

)
and a lacking dim(M).

We can compute the Maslov index term in the following way. Notice that Γ(ωjΘ)
and Γ(ωlΘ) are transversal if the index j is di�erent form l. It follows that the space
on which the form is de�ned is Π2. Moreover the equations are ξ1 + ξ2 = ν1 ∈ Π and
Θ(ξ1 + ωjξ2) = ν2 ∈ Π. Thus Maslov form reads:

m(ν1, ν2) = −σ(ξ̄1, ξ2) + ωjσ(Θ(ξ̄1),Θ(ξ2)) = (ωj − 1)σ(ξ̄1, ξ2).

We can invert the equations to write them on Π2. We get ξ2 = 1
1−ωj (ν1 − Θ−1(ν2))

and ξ1 = 1
1−ωj (Θ−1(ν2)− ωjν1) and thus the form is equivalent to:

m(ν1, ν2) =
1

ω̄j − 1
(σ(ν̄2,Θ(ν1)) + ω−jσ(ν̄1,Θ

−1(ν2))).

This form has zero signature and kernel isomorphic to two copies of Θ(Π)∩Π. This is
a general fact and can be seen as follow. Suppose the matrix representing the quadratic
form has the following expression:

M =

(
0 X
X̄∗ 0

)
m(ν1, ν2) = 〈ν̄1, Xν2〉+ 〈ν̄2, X̄

∗ν1〉.

Let be Q and R unitary matrices which gives the singular values decomposition for X,
i.e. QXR = D for D = diag(d2

i ), diagonal and with non negative entries.
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Apply the following change of coordinates toM:(
Q 0
0 R̄∗

)(
0 X
X̄∗ 0

)(
Q̄∗ 0
0 R

)
=

(
0 D
D 0

)
.

And then apply another change:(
1 −1
1 1

)(
0 D
D 0

)(
1 1
−1 1

)
=

(
−2D 0

0 2D

)
.

Thus the non zero eigenvalues of the matrixM are ±d2
i , where d

2
i > 0 are the positive

singular values of X. The kernel ofM has dimension 2 dim ker(X).

This is precisely our situation: �x a Lagrangian complement to the �bre Π, and consider
the matrices associated to Θ and ω−j

ω−j−1
JΘ−1. In blocks they can be written as:

Θ =

(
A B
C D

)
, JΘ−1 =

(
C∗ −A∗
D∗ −B∗

)
, JΘ =

(
−C −D
A B

)
.

We are using coordinates in which the �bre Π is the span of the �rst n coordinates. Thus
the block we have to consider is always the upper left one. Our form, with this conventions,
is written as:

m(ν1, ν2) =

〈
ν̄2,

1

1− ω−j
Cν1

〉
+

〈
ν̄1,

ω−j

ω−j − 1
C∗ν2

〉
.

So for us X = ω−j

1−ω−jC
∗. Thus our form has zero signature, is de�ned on a 2 dim(M)

dimensional vector space and the kernel is isomorphic to two copies of the kernel of X.
The latter is easily seen to be Θ(Π) ∩Π.

Thus it follows that i
(
Γ(Θ),Π2,Γ(ωjΘ)

)
= dim(M)− dim(Θ(Π)∩Π). Inserting above

we get the formula in the statement.

We can consider the function S1 3 z 7→ i(Γ(Θ),∆,Γ(zΘ)). It has very nice properties
and an explicit description in terms of the monodromy matrix Θ. These ideas are collected
in the following proposition.

Proposition 4.3. The number i
(
Γ(Θ),∆,Γ(ωjΘ)

)
corresponds to the number of negative

eigenvalues of the following matrix:

Mωj =
1

1− ω−j
J
(
ω−j + 1− ω−jΘ−Θ−1

)
.

If we consider the function S1 3 z 7→ i
(
Γ(Θ),∆,Γ(zΘ)

)
, it is locally constant with at

most 2n jumps at eigenvalues of Θ. Moreover the jumps are bounded in amplitude by

dim(ker(Θ− z)) where z ∈ S1.

Proof. The �rst part is just a straightforward computation. Take for any α ∈ S1:(
ξ1

Θ(ξ1)

)
+

(
ξ2

αΘ(ξ2)

)
=

(
X
X

)
⇒

{
(1− α)ξ2 = X −Θ−1(X),

(α− 1)ξ1 = αX −Θ−1(X).
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If α 6= 1 the two graphs are always transversal and the Maslov quadratic form can be
written in terms of the variable X:

m(X) = −σ(ξ̄1, ξ2) + ασ(Θ(ξ̄1),Θ(ξ2)) = (α− 1)σ(ξ̄1, ξ2)

=
1

1− ᾱ
σ
(
ᾱX̄ −Θ−1(X̄), X −Θ−1(X)

)
=
ᾱ+ 1

1− ᾱ
σ(X̄,X)− 1

1− ᾱ
σ((ᾱΘ + Θ−1)(X̄), X).

It follows that the kernel is Mα = 1
1−ᾱJ

(
ᾱ+ 1− ᾱΘ−Θ−1

)
.

For the second part notice that the map α 7→Mα is continuous away from 1 with values
in the space of Hermitian matrices.

A change of index can occur only at those points in which the determinant of Mz is
zero, thus at most 2n times. Moreover the jumps are the following:

det(Mα) = 0 ⇐⇒ det(ᾱ+ 1− ᾱΘ−Θ−1) = 0, α 6= 1.

In particular, notice that Θ and Θ−1 can be put in the same block triangular form.
For example one can choose to put Θ in its Jordan form. On the diagonal, at a block
corresponding to eigenvalue λ of Θ, the elements are ᾱ+ 1− ᾱλ− 1

λ . This quantity is zero

if and only if α = λ
|λ|2 i.e. if α is an eigenvalue of Θ that lies on the circle.

Thus the jumps are at most 2n. The part on the bound follows by this observation:
take a Jordan block of Θ with eigenvalue λ. Then the corresponding block of Θ−1 will have
λ̄ on the diagonal and (−1)kλ̄k+1 on the k−th upper diagonal. This implies that on the
�rst upper diagonal of the λ block of λ̄Θ + Θ−1 we considered you end up with −λ̄+ λ̄2,
which is di�erent from zero. Thus each λ−block contributes with a single eigenvalue and
so the jumps are controlled by dim(ker(Θ− λ)).

4.4 Second Variation with moving endpoints

Let λ : [0, 1] → T ∗M be an extremal satisfying PMP for the problem in eq. (B.2) with
N = N0 × N1. Denote by ũ the corresponding control and by γ(t) = π(λ(t)), t ∈ [0, 1]
the extremal curve on the manifold M . As discussed in Section 2.3 we can extend γ to an
admissible curve of the auxiliary system in eq. (2.5)

γ̂ =


q0, if t < 0,

γ(t), if t ∈ [0, 1],

q1, if t > 1,

ˆ̃u(t) =


0, if t < 0,

ũ(t), if t ∈ [0, 1],

0, if t > 1.

In order to simplify slightly the notations, we will omit in the future the hat symbol for ˆ̃u
by essentially identifying ũ ∼ (0, ũ, 0).

In Section 2.3 we computed the �rst and second variations at a critical point ũ. To do
this, we used the already existing formulas for the �xed end-point problem which can be
found in several references such as [12] but applied to the auxiliary system in eq. (2.5).

Recall that Π := Πλ0 denotes the vertical subspace, namely the tangent space to �bre
T ∗qM described in eq. (A.9). The kernel of the di�erential of the endpoint mapping and
the second variation are:

ker dũE =

{
v̂ ∈ RdimN0 ⊕ L∞([0, 1],Rk)⊕ RdimN1 :

∫ 2

−1
Ẑtv̂(t)dt ∈ Π

}
, (4.7)
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Q(v̂, ŵ) =

∫ 2

−1

[
−Ht(v̂(t), ŵ(t))−

∫ t

−1
σ(Ẑτ v̂(τ), Ẑtŵ(t))dτ

]
dt, (4.8)

where v̂, ŵ ∈ ker dũE. We can expand the expressions for the �rst and second variations
knowing the particular form of Ẑt. We split the integrals into three integrals over the
intervals [−1, 0], [0, 1] and [1, 2] and simplify the integrands using the skew-symmetry of σ
(see Section 2.3 and de�nition 2.1). We obtained the equalities:

ker dũE =

{
v ∈ L∞[0, 1], vi ∈ RdimNi :

∫ 1

0
Ztv(t)dt+ Z0v0 + Z1v1 ∈ Π

}
, (4.9)

Q(v̂, ŵ) =

∫ 1

0

[
−Ht(v(t), w(t))− σ

(
Z0v0 +

∫ t

0
Zτv(τ), Ztw(t)

)
dτ
]
dt

−σ
(
Z0v0 +

∫ 1

0
Ztv(t)dt, Z1w1

)
.

(4.10)

We are going to work now with this quadratic form and prove Theorem 1.1.

4.4.1 Jacobi equation and Second Variation

For brevity denote V = ker dũE. Inside V we look at a distinguished subspace

V = {v̂ ∈ V : v0 = 0, v1 = 0} , (4.11)

which corresponds to variations that �x the end-points q0, q1 of an extremal curve γ at
�rst order. More precisely, they constitute the tangent space to the manifold of controls
�xing the end-points of γ. Hence Q|V is the second variation of the optimal control problem
with �xed end-points and there exist e�cient ways of computing the index of this quadratic
forms using generalisations of classical Jacobi �elds [12, Section 21]. Our goal is to compute
the di�erence

indQ− indQ|V

in terms of geometric objects on the manifold M , which will result in formula eq. (1.3)
when N = N0×N1. The main tool for computing the di�erence of indices is the following
folklore lemma.

Lemma 4.3. Suppose that Q is a continuous quadratic form on a Hilbert space. Then for

any subspace V of �nite codimension it holds:

indQ = indQ|V + indQ|
V
⊥Q + dim

(
V ∩ V ⊥Q/(V ∩ kerQ)

)
. (4.12)

For us the Hilbert space will be the subspace V. Thus

V ⊥Q = {v̂ ∈ V : Q(v̂, ŵ) = 0,∀ŵ ∈ V },

and the kernel of Q on V is

kerQ = {v̂ ∈ V : Q(v̂, ŵ) = 0, ∀ŵ ∈ V}.
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In the following discussion we derive boundary value problems whose di�erential equa-
tion is a Jacobi equation. The solution to those boundary value problems encode all the
information about each term in formula (4.12).

By de�nition the subspace V is the set of variations v̂ = (v0, v, v1) such that:∫ 1

0
Ztv(t)dt ∈ Π, and v0 = 0, v1 = 0

. Moreover, since Π is a Lagrangian subspace∫ 1

0
Ztv(t)dt ∈ Π ⇐⇒ σ

(∫ 1

0
Ztv(t)dt, ν

)
= 0, ∀ ν ∈ Π

and so:

v̂ ∈ V ⊥Q ⇐⇒ Q(v̂, ŵ) = 0, ∀ ŵ ∈ V

⇐⇒ Q(v̂, ŵ) =

∫ 2

−1
σ(ν, Ẑtŵ(t))dt, ∀ν ∈ Π, ∀ ŵ ∈ V.

Using formula (4.10) we have that for almost every t ∈ [0, 1] and a vector ν ∈ Π:

Ht(v(t), ·) + σ

(∫ t

0
Zτv(τ)dτ + Z0v0, Zt·

)
= σ(Zt·, ν).

By the strong Legendre condition Ht is invertible. This allows us solve the equation for
the variation v and obtain

v(t) = H−1
t σ

(
Zt·,

∫ t

0
Zτv(τ)dτ + Z0v0 + ν

)
.

Set

η(t) =

∫ t

0
Zτv(τ)dτ + Z0v0 + ν.

Di�erentiating η and plugging in the expression for the variation v shows that η satis�es
the following equation for almost all t ∈ [0, 1]:

η̇(t) = ZtH
−1
t σ(Zt·, η(t)). (4.13)

This equation is known as the Jacobi equation [12, Theorem 21.1]. Using the de�nition
of Z0 and Lemma lemma 2.2 we �nd that η(t) satis�es (4.13) with π∗η(0) ∈ Tq0N0. To
obtain conditions at t = 1, we have to use the fact that v̂ ∈ V. In this case from (4.9) it
follows that there exists ξ ∈ Π such that

η(1) =

∫ 1

0
Zτv(τ)dτ + Z0v0 + ν = ξ + ν − Z1v1.

Thus the variation v̂ ∈ V ⊥Q de�nes a function η : [0, 1] → Tλ(0)(T
∗M) which solves the

following boundary value problem{
η̇(t) = ZtH

−1
t σ(Zt·, η(t)),

π∗η(0) ∈ Tq0N0, π∗η(1) ∈ (π ◦ Φ̃−1)∗(Tq1A(N1)).
(4.14)
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The second space in the boundary condition is the pull back of N1 to q0 using the �ow
of the control system with the extremal control ũ. From this it is immediate to compute
the dimension of V ∩ V ⊥Q . It is enough to substitute vi = 0 in the above equations
and thus consider solution starting from Π and arriving to Π. Since the Jacobi equation
derived above is exactly the same as the Jacobi equation for problem with �xed points, we
immediately see that dim(V ∩ V ⊥Q) is the multiplicity of the point q1 as conjugate point.

In the same spirit we can compute the dimension of kerQ∩V using the Jacobi equation.
We have

kerQ ∩ V = {v̂ ∈ V : Q(v̂, ŵ) = 0, ∀ŵ ∈ V}.
Using the same argument as above we �nd that for every ν ∈ Π

0 = σ(Z0·, ν)

Q(v, ·) = σ(Zt·, ν)

σ
(∫ 1

0 Ztv(t)dt, Z1·
)

= σ(Z1·, ν)

The second equation allows us to recover a solution of the Jacobi equation η using the
same argument as above, when we considered variations v̂ ∈ V ∩ V ⊥Q . The �rst equality
gives us a condition on ν and consequently on η(0), while the third condition give us a
condition for η(1). Namely

η(0) ∈ Π ∩ Tλ(0)A(N0), η(1) ∈ Π ∩ Φ̃−1
∗ Tλ(1)A(N1).

The following proposition collects all the facts proved above and clari�es the correspon-
dence between controls and solutions of the boundary value problems.

Proposition 4.4. Consider system (4.13), to any solution η satisfying the boundary value

problem (4.14) we can associate a variation v ∈ V ⊥Q such that η̇(t) = Ztv(t) and vice-versa,
modulo solutions satisfying η(0), η(1) ∈ Π and η̇ = 0. Moreover:

i) elements inside V ∩ V ⊥Q correspond to solutions of (4.13) satisfying the boundary

conditions:

η(0) ∈ Π, η(1) ∈ Π;

ii) elements of kerQ ∩ V correspond to solutions satisfying the boundary conditions:

η(0) ∈ Π ∩ Tλ(0)A(N0), η(1) ∈ Π ∩ Φ̃−1
∗ Tλ(1)A(N1);

iii) elements in kerQ correspond to solutions of (4.13) satisfying the boundary conditions:

η(0) ∈ Tλ(0)A(N0), η(1) ∈ Φ̃−1
∗ Tλ(1)A(N1).

Proof. Following the derivation of the Jacobi equation and associated boundary conditions
it only remains to prove the �rst part by computing the kernel of the map η 7→ v. If v̂ = 0,
then v ≡ 0 for all t ∈ [0, 1] and v0 = 0, v1 = 0. This implies that η ≡ ν.

Vice versa, let η be constant with η(0) ∈ Π. Since Zi are injective and have non-
trivial projections to Tπ(λ(0))M , it follows that vi = 0. Moreover η̇(t) = Ztv(t) = 0 and

consequently, by de�nition of V ⊥Q,

0 = Q(v̂, ŵ) =

∫ 1

0
Ht(v(t), w(t))dt, ∀ŵ ∈ V.

In particular Ht(v(t), v(t)) = 0 for almost every t ∈ [0, 1]. But then by the strong Legendre
condition v ≡ 0. Point (iii) can be obtained in a similar fashion as point (i) and (ii).
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As before we will denote by Θ the symplectomorphism Φ̃∗ ◦ Φ, where Φ̃∗ is the di�er-
ential of the re-parametrization �ow given in eq. (B.11) and Φ the fundamental solution of
eq. (4.13). As usual Γ(Θ) will stand for the graph of Θ.

Remark 4.3. It can be shown that (4.13) is closely related to the linearisation of the
extremal �ow along the �xed extremal λ we are considering (when the latter is de�ned),
see for example [13]. It is the linearisation at λ(0) of the Hamiltonian �ow of btũ(λ) =
(H −hũ(t)) ◦ Φ̃t(λ) which coincides with the linearisation of (Φ̃t)

−1 ◦ etH . Let us denote by
Φt the �ow of the Jacobi equation (4.13) at time t and let

Γ(Φt) = {(η(0), η(t)) : η(0) ∈ Tλ(0)(T
∗M)} ⊂ Tλ(0)(T

∗M)× Tλ(0)(T
∗M)

be its graph. Then in this notation

Γ(Θt) = (I × Φ̃t)∗Γ(Φt).

We can now compute the restriction of Q to V ⊥Q and prove the following result.

Proposition 4.5. Let Q be the quadratic form of second variation for the problem in

eq. (B.2) and V be the subspace of variations (4.11). Then

ind−Q = ind−Q|V + i
(
Π2
λ,Γ(Θ), TλA(N)

)
+ dim(Γ(Θ)∩Π2

λ)−dim(Γ(Θ)∩Π2
λ ∩TλA(N))

Moreover, the Maslov index of the triple can be replaced by i
(
(Π2

λ)W ,Γ(Θ)W , TλA(N)W
)

where W = TλA(N)∩Π2
λ and the superscript means everything is computed on the reduced

subspace with respect to W .

Proof. In view of Proposition 4.4 and Remark 4.3 it only remains to prove that

ind−Q
V
⊥Q = i

(
Π2
λ,Γ(Θ), TλA(N)

)
.

Since (v0, v, v1) ∈ V ⊥Q , we have that, ∀w ∈ L2[0, 1],∀ν ∈ Π:∫ 1

0

[
Ht(v, w) + σ

(
Z0v0 +

∫ t

0
Zτv(τ)dτ, Ztw(t)

)]
dt = σ

(∫ 1

0
Ztw(t)dt, ν

)
.

Combining the last expression with (4.10) gives us:

Q(v̂) = −σ
(
Z0v0 +

∫ 1

0
Ztv(t)dt, Z1v1

)
− σ

(∫ 1

0
Ztv(t)dt, ν

)
= −σ(ξ, Z1v1) + σ(Z1v1 + Z0v0, ν)

= −σ(ν, Z0v0) + σ(ξ + ν,−Z1v1)

(4.15)

where we have used that

ξ = Z0v0 + Z1v1 +

∫ 1

0
Ztv(t)dt ∈ Π.

From the derivation of the Jacobi equation it follows that

η(0) = ν + Z0v0 η(1) = ν + Z0v0 +

∫ 1

0
Ztv(t)dt = ν + ξ − Z1v1.
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Hence the restriction of Q to V ⊥Q coincides with the quadratic form

m
(
Π2,Γ(Φ), Tλ(0)A(N0)× Φ̃−1

∗ Tλ(1)A(N1)
)
.

Note that Q|
V
⊥Q is actually de�ned on a slightly smaller space, because Z0v0 do not

span the whole Tλ(0)A(N0) and similarly Z1v1 does not span Φ̃−1
∗ Tλ(1)A(N1) correspond-

ingly.
Nevertheless we obtain the correct Maslov form. In fact, the map Z0 : Rk → Tλ(0)A(N0)

is injective and its image is transversal to Π ∩ Tλ(0)A(N0) (and the same is true for the

Z1). The sum of spaces Π ∩ Tλ(0)A(N0) and Π ∩ Φ̃−1
∗ Tλ(1)A(N1) lies in the kernel of the

Maslov form. Removing it does not change the domain since ImZ0 + Π = Tλ(0)A(N0) + Π
(and similarly for Z1).

Hence we can either reduce by Π ∩ Tλ(0)A(N0) ⊕ Π ∩ Φ̃−1
∗ Tλ(1)A(N1) or work on the

original space. The index is the same.
We now apply the map I × (Φ̃t)∗ to each Lagrangian space inside the Maslov index of

the triple above. By Remark 4.3 we get

i
(
Π2,Γ(Φ), Tλ(0)A(N0)× Φ̃−1

∗ Tλ(1)A(N1)
)

= i
(
Π2
λ,Γ(Θ), TλA(N)

)
.

4.4.2 Proof of Theorem 1.1

Before proving the general formula, we prove a corollary of Proposition 4.5. Assume that
we have an optimal control problem as in eq. (B.2) and two sets of possible boundary
conditions:

(q(0), q(1)) ∈ N0 ×N1 =: N

and
(q(0), q(1)) ∈ Ñ0 × Ñ1 =: Ñ .

and assume that a curve λ : [0, 1]→ TM is an extremal in both problems simultaneously,
which simply means that λ is a solution of the Hamiltonian system of PMP and satis�es the
transversality conditions for both boundary conditions at the same time, i.e. λi annihilates
the sum TλiNi + TλiÑi. A relevant example to keep in mind is when N ⊂ Ñ . In this case
if λ satis�es the transversality conditions for Ñ it satis�es the transversality conditions for
N automatically.

Consider the two second variations QN and QÑ corresponding to the two optimal
control problems with boundary conditions like above. Using Proposition 4.5 we can �nd
the di�erence between the Morse indices of those two quadratic forms.

Corollary 4.1. Using the notations of this section the following formula holds

ind−QÑ − ind−QN = i
(
TλA(N),Γ(Θ), TλA(Ñ)

)
+ dim(Γ(Θ) ∩ TλA(N))+

− dim(Γ(Θ) ∩ TλA(N) ∩ TλA(Ñ)) + dim(Tπ(λ)N ∩ Tπ(λ)Ñ)+

− dimTπ(λ)N. (4.16)

Proof. Apply Proposition 4.5 to get an expression for ind−QÑ and ind−QN . Subtracting
one from the other gives

ind−QÑ − ind−QN = i
(
Π2
λ,Γ(Θ), TλA(Ñ)

)
− i
(
Πλ,Γ(Θ), TλA(N)

)
+

+ dim(Γ(Θ) ∩Πλ ∩ TλA(N))− dim(Γ(Θ) ∩Πλ ∩ TλA(Ñ))
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Apply formula (A.7) with L0 = Π2
λ, L1 = Γ(Θ), L2 = TλA(Ñ) and L3 = TλA(N). After

cancellations this results in

ind−QÑ − ind−QN = i
(
Γ(Θ), TλA(Ñ), TλA(N)

)
− i
(
Π2
λ, TλA(Ñ), TλA(N)

)
+

+ dim(Γ(Θ) ∩ TλA(N))− dim(Γ(Θ) ∩ TλA(N) ∩ TλA(Ñ))−
− dim(Π2

λ ∩ TλA(Ñ)) + dim(Π2
λ ∩ TλA(N) ∩ TλA(Ñ)).

Terms dim(Γ(Θ)∩TλA(N)), dim(Γ(Θ)∩TλA(N)∩TλA(Ñ)) are already exactly as in the
formula of the statement. It remains to simplify all of the remaining terms.

By formula (A.8)

i
(
Γ(Θ), TλA(Ñ), TλA(N)

)
= i
(
TλA(N),Γ(Θ), TλA(Ñ)

)
since we have an even permutation of subspaces inside. By lemma A.3 we have

i
(
Π2
λ, TλA(Ñ), TλA(N)

)
= i
(
TλA(N),Π2

λ, TλA(Ñ)
)

= 0.

Finally, straight from the de�nition of an annihilator, it follows that

dim(Π2
λ ∩ TλA(Ñ)) = 2 dimM − dimTπ(λ)Ñ

and

dim(Π2
λ∩TλA(N)∩TλA(Ñ)) = 2 dimM−dimTπ(λ)Ñ−dimTπ(λ)N+dim(Tπ(λ)N∩Tπ(λ)Ñ).

Combining all of the above results in formula (4.16).

Remark 4.4. Notice that if N = {q0} × {q1} we obtain exactly the formula from Proposi-
tion 4.4 as expected. Another necessary remark is that formula (4.16) might seem asym-
metric at �rst. We expect, that if we exchange N and Ñ , then the resulting right-hand
side will change sign. This is not entirely obvious just from the expression itself. How-
ever, this is indeed the case, because the di�erence between i

(
TλA(N),Γ(Θ), TλA(Ñ)

)
and

i
(
TλA(Ñ),Γ(Θ), TλA(N)

)
is not zero, but an expression involving dimensions of intersec-

tions of various subspaces as can be seen from formula (A.7).

Now we are ready to prove Theorem 1.1. We will reduce the case of general boundary
conditions (q0, q1) ∈ N ⊆ M × M to the case with separated boundary conditions by
introducing extra dummy variables.

Proof of Theorem 1.1. Consider optimal control problem as in eq. (B.2). We can lift it to
an optimal problem on M ×M by considering a new control system:{

ẋ = 0,

q̇ = f tu(t)(q),
(4.17)

with boundary conditions

(x(0), q(0), x(1), q(1)) ∈ ∆×N ⊂M4. (4.18)

It is clear that there is a one-to-one correspondence between admissible curves of the
original problem and admissible curve of (4.17)-(4.18). For this reason we can consider
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admissible curves (4.17)-(4.18) which minimize the functional of eq. (B.2). For clarity,
assume that the maximum condition of PMP de�nes a regular function in a neighbourhood
of the extremal. The Hamiltonian system of PMP is then given by{

µ̇ = 0,

λ̇ = ~Ht(λ),
λ, µ ∈ T ∗M.

and its �ow is given by I × Ψt. This is not restrictive since in the non regular case the
linearisation of this �ow will be simply replaced by Φ̃∗Φ, as already mentioned several
times.

We can now apply directly Corollary 4.1 to the boundary conditions ∆×Ñ and ∆×N .
In order to see that everything indeed reduces to formula (1.3) without writing explicitly
the lengthy formula here, let us go term by term starting from the last one. Let λ =
(λ(0), λ(0), λ(0), λ(1)). We have

dim
(
Tπ(λ)(∆×N) ∩ Tπ(λ)(∆× Ñ)

)
− dim

(
Tπ(λ)(∆×N)

)
=

= dimTπ(λ)∆ + dim(Tπ(λ)N ∩ Tπ(λ)Ñ)− dimTπ(λ)∆− dimTπ(λ)N

= dim(Tπ(λ)N ∩ Tπ(λ)Ñ)− dimTπ(λ)N.

In order to deal with the last term choose Darboux coordinates around λ(0) and λ(1)
which �x the horizontal and the vertical subspaces. For this computation we identify
Tλ(0)(T

∗M) ' Tλ(1)(T
∗M) =: Σ. Let S : Σ → Σ be the map, which changes the sign of

the vertical part. In Darboux coordinates it is given by the matrix(
−1 0
0 1

)
.

In particular, we have

σ(Sµ1, Sµ2) = −σ(µ1, µ2), ∀µ1, µ2 ∈ Σ.

Let us write down explicitly each individual subspace entering the formula. Due to our
conventions of signs for the symplectic form on (T ∗M)4 we have −σ on the �rst two copies
of T ∗M and σ on the last two. We have to distinguish the two de�nitions of annihilator
here, Â(N) is the annihilator when we use σ⊕σ whereas A(N) is given by eq. (A.10), and
is the right object to use when the symplectic form is (−σ) ⊕ σ. Notice once again that
S × I(Â(N)) = A(N).

TλA(∆×N) = {(Sξ, ξ, ν1, ν2) : ξ ∈ Σ, (ν1, ν2) ∈ TλÂ(N)},
TλA(∆× Ñ) = {(Sξ̃, ξ̃, ν̃1, ν̃2) : ξ̃ ∈ Σ, (ν̃1, ν̃2) ∈ TλÂ(Ñ)}, (4.19)

Γ(I ×Θ) = {(η1, η2, η1,Θη2) : η1, η2 ∈ Σ}.

From expressions in (4.19) it directly follows that

dim(Γ(I ×Θ) ∩ TλA(∆×N)) = dim(Γ(Θ) ∩ TλA(N))

dim(Γ(I ×Θ) ∩ TλA(∆×N) ∩ TλA(∆× Ñ)) = dim(Γ(Θ) ∩ TλA(N) ∩ TλA(Ñ)).
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In order to simplify the Maslov index term, we note that the intersection of annihilators
contains the following isotropic subspace

W = {(Sξ, ξ, 0, 0) : ξ ∈ Σ}.

For this reason we can perform a reduction to the space W⊥/W . We have

W⊥ = {(Sξ2, ξ2, ξ3, ξ4) : ξi ∈ Σ}.

Thus we can identifyW⊥/W with the image of the projection π1 : Σ4 → Σ2 to the last two
terms (Σ×Σ, σ⊕σ). Let us consider the space (W⊥+W )∩Γ(I×Θ), it is straight forward
to check that its projection is the subspace {(η,Θη) : η ∈ Σ}. We can now calculate the
Maslov form on the reduced space. First of all we write down the equation de�ning the
subspace: {

ν1 + ν̃1 = η,

ν2 + ν̃2 = Θη.

where (ν1, ν2) ∈ TλÂ(N), (ν̃1, ν̃2) ∈ TλÂ(Ñ), η ∈ Σ. It follows that

m ((η,Θη)) = σ(ν1, ν̃1) + σ(ν2, ν̃2) = −σ(Sν1, Sν̃1) + σ(ν2, ν̃2),

But this is exactly the Maslov form m
(
TλA(N),Γ(Θ), TλA(Ñ)

)
. Hence

i
(
TλA(∆×N),Γ(I ×Θ), TλA(∆× Ñ)

)
= i
(
TλA(N),Γ(Θ), TλA(Ñ)

)
.
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Chapter 5

Determinant of the Second Variation,

Hill-type formulae and stability

The purpose of this chapter is to give some formulas to compute the determinant of the
Second Variation for a general optimal control problem. The main result (Theorem 1.2)
provides an extension of the classical Hill's formula in celestial mechanics (�rst appearing
in [35]) and proved by Poincaré ([52]) to a quite general class of optimal control problems.
Classical Hill's formula provides a way to compute the Fredholm determinant of an operator
of the form 1 +K where K is a trace class operator in terms of the fundamental solution
of a linear Hamiltonian system of the form ẋ = JHtx.

As discussed in Section 1.3 and Chapter 3, however, the second variation will not in
general be a trace class operator. It is possible, though, to produce certain �nite dimen-
sional approximation of the Second Variation for which the partial trace and determinant
converge. This strategy is explained and applied for example in [39] or [20] using Poincaré's
original argument. However, if the operator is not trace class, this limits may very well
depend on the approximation chosen. Using theorem 1.5 and [7][Theorem 1] we know that,
at least under the analyticity assumption on Ht and Zt, that the following limits exists
and are �nite:

lim
ε→0+

∑
λ∈Spec (K),|λ|>ε

m(λ)λ, lim
ε→0+

∏
λ∈Spec (K),|λ|>ε

(1 + λ)m(λ).

It is worth noticing that this limits correspond to a di�erent choice of �nite dimensional
approximation from the one in [20, 39]. Thus our formulas have di�erent normalizations.
The result we are going to prove here is an equality, for s ∈ R, of the form:

det(1 + sK) := lim
ε→0+

∏
λ∈Spec (K),|λ|>ε

(1 + sλ)m(λ) = (−1)dim(M)aebs det(M s
1 +M s

2 Φ̃∗Φ
s).

(5.1)
where M s

1 and M s
2 are suitable matrices which depend on the boundary conditions we

are imposing; a > 0 and b are explicit constants and Φ̃∗ the �ow we use to trivialize
a neighbourhood of the extremal (see eq. (B.11)). The matrix Φs is the fundamental
solution of a Jacoby-type equation de�ned in eq. (5.15). For s = 1 it coincides with the
already mentioned standard one given in eq. (1.2). As remarked in Chapter 4, Φ̃∗Φ

1 is the
linearisation of the maximized Hamiltonian whenever the latter is de�ned.

This kind of formulas have attracted a lot of interest since their appearance, especially
when dealing with periodic minimizers. The main reason is that they provide a connection

71



Chapter 5 Section 5.0

between the stability properties of the trajectories and the parity of their Morse index.
See for example [20] for a detailed account about Hill's formula for both continuous and
discrete Lagrangian system with quasi periodic conditions or [40, 42] for the case of more
general boundary conditions.

As far as the connection with stability goes, in [20] for instance, using Hill's formula,
some criteria for the linear instability of closed geodesics are given. Similar results can be
found in [56, 51] or [57, 58, 42] where one deals with periodic extremal with additional
symmetries.

Let us explain brie�y the idea behind some of these results. It is well known, see
for example [49, 27], that the spectrum of a symplectic matrix is stable with respect to
inversion and conjugation. This means that if Φ ∈ Sp(2n) and λ ∈ Spec (Φ) then λ̄, λ−1

and λ̄−1 belong to the spectrum of Φ too. The orbit of any point z ∈ C with respect to
inversion and conjugation is made up of either 4, 2 or 1 point. If =(z) 6= 0 and z does not
lie on S1, it contains four points. If it lies on S1 ∪ R \ {±1} it contains 2 and if it z is ±1
or 0 it is a �xed point. Thus a fundamental for this action is the set D de�ned as:

D = D1 ∪D2 ∪D3, D1 = {z : =(z) > 0, |z| > 1},
D2 = {z : |z| = 1,=(z) > 0} ∪ {z : Im(z) = 0, |z| > 1}, D3 = {±1, 0}.

Denote by m(λ) the algebraic multiplicity of an eigenvalue λ of Φ. If 1 is not in the
spectrum of Φ the determinant of Φ− 1 can be decomposed as follows:

det(Φ− 1) = 2m(−1)
∏

λ∈D1∩SpecΦ

(
((λ− 1)(λ̄− 1))2

|λ|2

)m(λ) ∏
λ∈D2∩SpecΦ

(
−(λ− 1)2

λ

)m(λ)

Clearly eigenvalues inD1 just give a positive contribution to the determinant. It is straight-

forward to check that if λ lives in D2 ∩ S1 then −(λ−1)2

λ = |λ− 1|2, which is positive, and
that if λ ∈ D2 ∩ R− the contribution is positive too. It follows that the sign of the deter-
minant is determined by the presence of an odd number of real positive eigenvalues greater
than 1, counted with algebraic multiplicity.

On the other hand the sign of the determinant of the Second Variation is determined
by the number of negative eigenvalues, so assuming that it is non degenerate sg(det(Q)) =
(−1)ind(Q). Now, Theorem 5.1 and Theorem 5.2 link the determinant of fundamental
solution of Jacobi equation (eq. (1.2)) and the determinant of the Second Variation through
the following formula:

det(Q)(−1)dim(M) = a det(Φ− 1), a > 0.

Which in particular implies that non degenerate extremals with odd index on even dimen-
sional manifolds (and extremal with even index on odd dimensional manifolds) are linearly
unstable.

However, if the critical point is degenerate, as often happens for periodic geodesics,
Hill's formula alone is of little help since both sides of the equation are zero. Two solutions
to this problem have been proposed in [20]. The �rst one consist in removing the known
�rst integrals reducing the system to new one, on a smaller space. Then proving a Hill
formula for the reduced system and �nding a relation for the Morse index of the starting
trajectory and the reduced one. The second is via a perturbative argument. One changes
the domain of the quadratic form W 1,2([0, T ],Cm) with periodic boundary conditions to
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W 1,2([0, T ],Cm) with v(0) = ρv(T ) and ρ ∈ S1. Then the sign of its determinant is
the same as (−1)dim(M)ρ− dim(M) det(Φ − ρ). The same argument explained above with
1 replaced by ρ shows that this is negative if and only if there is an odd number of real
eigenvalues grater then 1 (counted with algebraic multiplicity). In the proof we already
construct a perturbation of the second variation, namely the characteristic polynomial in
eq. (5.1). It will be object of further investigation whether one can exploit this natural
parameter to give some new stability criteria.

A by-product of our discussion will be integral expressions for the trace of the compact
part of the second variation (see for instance lemma 5.3). Similar formulas have been
employed in [36, 42] to get bounds on the Morse index of an extremal, its degeneracy and
stability properties. These ideas trace back to the work of Krein [59, 47, 48]. He considered

equations of type ẋ = λJHtx with Ht ≥ 0 and
∫ T

0 Htdt > 0 and found a bound on |λ|,
in terms of Ht, which guaranties that the solution is spectrally stable. Here by spectral
stability we mean that the eigenvalues of the fundamental matrix lie on the unit circle.
The arguments rely heavily on the positivity assumptions, however in [41] the authors
managed to prove some inequalities on the number of eigenvalues on the unit circle for
stable systems subjects to positive perturbations. All this criteria are express through
bounds on the trace of the compact part of the second variation.

Another application of all those formulas is the following observation. Take a summable
sequence an of positive real numbers and consider the sequence Sk :=

∑
n a

k
n. Then, for k

su�ciently large, it is monotone. Denote by L := limk→∞ Sk. It is straightforward to see
that L ∈ N ∩ {0,+∞}. In fact if all an are smaller than 1 L = 0, L is �nite and non zero
if and only if there are L an equals to 1 and +∞ if there is at least one an ≥ 1. This in
particular shows that if

∑
λ∈Spec (K) λ

2k is smaller than 1 the extremal in consideration is
a non degenerate minimum and if limk S2k = n0 its Morse index is zero with at most n0

degeneracy. In this case one can read o� the nullity evaluating limk S2k+1. Unfortunately
the expression for the trace we get are not so simple and same work is still needed to
understand how much information one can really extract form this relation. This topic too
will be object of further investigations.

In Section 5.2 we are going to present some application and speci�cation of our result.
We deduce the classical Hill's formula (Theorem 5.1) and a slightly more general version
for non mechanical systems on Rn (Theorem 5.2). The rest of the chapter is devoted to
the proof of Theorem 1.2. Much of the material presented here is contained in [17].

5.1 The Second Variation

The aim of this section is to recall the de�nition of Second Variation we are going to use and
introduce a proper metric structure on the space of variations to compute the eigenvalues.
Details for the �rst part are given in Section 2.3. Let n0, n1 ∈ N and consider the Hilbert
space H = Rn0 ⊕ L2([0, 1],Rk) ⊕ Rn1 . The scalar products that we will employ are given
by the direct sum of scalar products on the summands. Let (Σ, σ) be a symplectic space
and consider a linear map Z : H → Σ given by:

Z(u) = Z0u0 +

∫ 1

0
Ztutdt+ Z1u1, u = (u0, ut, u1) ∈ H.

Suppose that Π ⊂ Σ is a Lagrangian subspace transversal to the image of the map Z and
de�ne V = Z−1(Π). For an appropriate choice of Z and Π, the second variation will be
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the quadratic form given in the following de�nition:

De�nition 1 (Second Variation). The second variation at ũ is the quadratic form de�ned
on V ⊆ H:

Q(u) =

∫ 1

0

(
〈ut, ut〉+ σ(Ztut,

∫ t

0
Zτuτdτ + Z0u0)

)
dt+

+σ(Z0u0 +

∫ 1

0
Ztutdt, Z1u1).

Moreover we will make the following assumptions: the extremal of the original problem
is strictly normal and satis�es Legendre strong condition, this means that for t ∈ [0, 1]:

Xt := π∗Zt satis�es

∫ 1

0
X∗tXt > 0, −Ht > α > 0.

5.1.1 The scalar product on the space of variations

As already mentioned, we will assume through out this chapter Legendre strong condition,
that is the matrix −Ht is positive de�nite on [0, 1], with uniformly bounded inverse. This
allows to use −Ht to de�ne an Hilbert structure on L2([0, 1],Rk) equivalent to the standard
one. We have still to de�ne the scalar product on a subspace transversal to V0 = {u0 =
u1 = 0}. A natural choice would be to introduce two metrics on Tλ0T

∗M and Tλ1T
∗M

and pull them back to the space of controls using the maps Z0 and Φ̃∗Z1 : Rn → Tλ0T
∗M .

Let us call any such metrics g0 and g1.

De�nition 5.1. For any u, v ∈ H de�ne:

〈u, v〉 = −
∫ 1

0
Ht(ut, vt)dt+ g0(Z0u0, Z0v0) + g1(Φ̃∗Z1u1, Φ̃∗Z1v1)

Since the symplectic form σ is a skew-symmetric bilinear form there exists a gi−skew-
symmetric linear operator Ji such that:

gi(JiX1, X2) = σ(X1, X2), ∀X1, X2 ∈ TλiT
∗M, i = 0, 1.

Notice that in general the matrix Ji fails to be an almost complex structure and J2
i 6=

−1, in other words the metric and symplectic structures need not be compatible.
In terms of the symplectic form the scalar product can be written as:

〈u, v〉 = −
∫ 1

0
Ht(ut, vt)dt+ σ(J−1

0 Z0u0, Z0u0) + σ(J−1
1 Φ̃∗Z1u1, Φ̃∗Z1u1)

Now we are going to compute the orthogonal complement to V inside H using the
Hilbert structure just introduced. We will denote by the symbol ⊥i the orthogonal com-
plement, in TλiT

∗M , with respect to the scalar product gi.

Lemma 5.1. With this choice of scalar product the orthogonal complement to V is given

by:

V⊥ = {(v0,−H−1
t JZ∗t ν, v1) : ν ∈ Π}

where v0 and v1 are determined by the following conditions:

Z0v0 − J0ν ∈ ImZ⊥0
0 , Φ̃∗Z1v1 − J1Φ̃∗ν ∈ Im Φ̃∗Z

⊥1
1 .
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Proof. Suppose that u ∈ V⊥. Let us test v against variations with �xed end-points. Namely
such that ui = 0 and

∫ 1
0 Ztutdt ∈ Π. Recall that Π is Lagrangian, thus the condition∫ 1

0 Ztutdt ∈ Π can be equivalently formulated as σ(
∫ 1

0 Ztutdt, ν) = 0 for all ν ∈ Π. This

implies that the linear functional de�ning the subspace {u : ui = 0,
∫ 1

0 Ztutdt ∈ Π} are
ut 7→

∫ 1
0 σ(Ztut, ν)dt and so:

〈v, u〉 = −
∫ 1

0
〈Htvt, ut〉dt = 0, ∀u ∈ V ⇐⇒ vt = −H−1

t σ(ν, Zt·), ν ∈ Π.

Thus it follows that vt = −H−1
t Z∗t Jν. Now take a generic u ∈ V and compute:

〈v, u〉 = σ(ν,

∫ 1

0
Ztutdt) + σ(J−1

0 Z0v0, Z0u0) + σ(J−1
1 Φ̃∗Z1v1, Φ̃∗Z1u1)

Now we get rid of the term
∫ 1

0 Ztutdt using the fact that u ∈ V and thus:

σ

(
ν,

∫ 1

0
Ztutdt

)
= −σ(ν, Z0u0 + Z1u1)

It follows that

〈v, u〉 = −σ(ν, Z0u0 + Z1u1) + σ(J−1
0 Z0v0, Z0u0) + σ(J−1

1 Φ̃∗Z1v1, Φ̃∗Z1u1)

= σ(J−1
0 Z0v0 − ν, Z0u0) + σ(J−1

1 Φ̃∗Z1v1 − Φ̃∗ν, Φ̃∗Z1u1)

Notice that the two quantities are independent. If 〈u, v〉 = 0 then both σ(J−1
0 Z0v0 −

ν, Z0u0) and σ(J−1
1 Φ̃∗Z1v1 − Φ̃∗ν, Φ̃∗Z1u1) must be zero at the same time.

This follows from the fact that the map u 7→ π∗
∫ 1

0 Ztutdt is surjective. You can build
in�nitesimal variations of the form (u0, ut, 0) and (0, ut, u1) in such a way that Z0u0 and
Z1u1 span the whole Im(Z0) and Im(Z1) respectively.

This implies that v0 and v1 are completely determined by the value of ν and so:

σ(J−1
0 Z0v0 − ν, Z0u0) ⇐⇒ Z0v0 − J0ν ∈ Im(Z0)⊥0

σ(J−1
1 Φ̃∗Z1v1 − Φ̃∗ν, Z1u1) ⇐⇒ Φ̃∗Z1v1 − J1Φ̃∗ν ∈ Im(Φ̃∗Z1)⊥1

Now we use the Hilbert structure just introduced to write the quadratic form associated
to compact part K of the second variation given in eq. (2.7).

Preliminarily we can perform the change of coordinates in L2 sending vt 7→ (−Ht)
1
2 vt

and substituting Zt with Zt(−Ht)
− 1

2 . In this way the Hilbert structure on the interval
becomes the standard one.

We introduce a further piece of notation, call pr0 (respectively pr1) the orthogonal pro-
jection on Im(Z0) (respectively Im(Φ̃∗Z1)) with respect to scalar product g0 (respectively
g1). Let L be a partial inverse to Φ̃∗Z1 i.e. a map L : Tλ0T

∗M → Rn de�ned by the
relation LΦ̃∗Z1v1 = v1. Set:

Λ(u) = Lpr1 J1Φ̃∗

(
Z0u0 +

∫ 1

0
Ztutdt+ Z1u1

)
(5.2)
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Lemma 5.2. The second variation, as a bilinear form, can be expressed as: Q(u, v) =
〈u+Ku, v〉 where u, v ∈ V and K is the operator de�ned by:

Ku =

 −u0

−Z∗t J
( ∫ t

0 Zτuτdτ + Z0u0

)
−u1 − Λ(u)

 (5.3)

where Λ(u) is given above, in eq. (5.2).

Proof. A quick manipulation of the expression involving the symplectic form in De�ni-
tion 2.1 yields the following:∫ 2

−1

∫ t

−1
σ(Zτuτ , Ztvt)dτdt =

∫ 0

−1

∫ t

−1
σ(Zτuτ , Ztvt)dτdt+

∫ 1

0

∫ t

−1
σ(Zτuτ , Ztvt)dτdt

+

∫ 2

1

∫ t

−1
σ(Zτuτ , Ztvt)dτdt

=

∫ 1

0
σ

(∫ t

0
Zτuτdτ + Z0u0, Ztvt

)
dt+ σ

(
Z0u0 +

∫ 1

0
Ztutdt+ Z1u1, Z1v1

)
=

∫ 1

0
σ

(∫ t

0
Zτuτdτ + Z0u0, Ztvt

)
dt+ g1

(
J1Φ̃∗

(
Z0u0 +

∫ 1

0
Ztutdt+ Z1u1

)
, Φ̃∗Z1v1

)
Recall that Zt is constant on [0, 1]c. Moreover the maps Z0 and Z1 take values in isotropic
subspaces. We use this fact to simplify the expression in the �rst line. Now, it is clear that
in the last term:

g1

(
J1Φ̃∗

(
Z0u0 +

∫ 1

0
Ztutdt+ Z1u1

)
, Φ̃∗Z1v1

)
only the projection onto the image of Φ̃∗Z1 plays a role and it is straightforward to check
that:

g1

(
J1Φ̃∗

(
Z0u0 +

∫ 1

0
Ztutdt+ Z1u1

)
, Φ̃∗Z1v1

)
= g1(Φ̃∗Z1Λ(u), Φ̃∗Z1v1).

Recall that we have normalize Ht to −1, thus the �rst summand can be rewritten as
follows:∫ 1

0
σ

(∫ t

0
Zτuτdτ + Z0u0, Ztvt

)
dt =

∫ 1

0
〈Z∗t J

(∫ t

0
Zτuτdτ + Z0u0

)
, vt〉dt

If now we add and subtract g(Z0u0, Z0v0) and g(Z1u1, Z1v1) to single out the identity
we obtain precisely the formula in the statement.

5.2 Hill-type formulas

We present here some applications of theorem 1.2. We deduce Hill's formula for periodic
trajectory and specify it to the eigenvalue problem for Schrödinger operators. In the second
sub-section we present a variation of the classical Hill formula for systems with drift. In this
section we will mainly deal with periodic and quasi-periodic boundary conditions, meaning
that the boundary condition we take are of the form N = Γ(f) for a di�eomorphism
f : M →M of the state space.
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5.2.1 Driftless systems and classical Hill's formula

In this section we consider drift-less systems with periodic boundary conditions on Rn and
specify the formulas of Theorem 5.3 for this class of problems.

First of all let us explain what we mean by drift-less systems. Let t 7→ Rt a family of
symmetric matrices of size n× n and let us denote by u a function in L∞([0, 1],Rn).

Consider the following family of vector �elds fu(q), their associated trajectories qu(t)
and the action functional A(u):

fu(q) = u(t),

{
q̇u = fu(q) = u(t),

q(0) = q0 ∈ Rn

A(u) =
1

2

∫ 1

0
|u|2 − 〈Rtqu(t), qu(t)〉dt.

(5.4)

We impose periodic boundary conditions, i.e. we take N = ∆ = {(q, q) ∈ R2n : q ∈
Rn}. The Hamiltonian coming from the Maximum Principle takes the form:

H(p, q) = max
u∈Rk
〈p, u〉 − 1

2
(|u|2 − 〈Rtq, q〉) =

1

2
(〈p, p〉+ 〈Rtq, q〉). (5.5)

Let us denote the �ow generated by H by Ψt and �x a normal extremal λt and its
control ũ(t). The �ow Φ̃ we use to re-parametrize the space is given by the Hamiltonian:

hũ(t)(p, q) = 〈p, ũ(t)〉+
1

2
〈Rtq, q〉 ⇒

{
ṗ = −Rtq
q̇ = ũ(t).

Φ̃t(p, q) =

(
1 −

∫ t
0 Rτdτ

0 1

)(
p
q

)
+

(
−
∫ t

0

∫ τ
0 Rτ ũ(r)drdτ∫ t
0 ũ(τ)dτ

)

(Φ̃t)∗ =

(
1 −

∫ t
0 Rτdτ

0 1

)
, Zt = (Φ̃−1

t )∗∂u~h
t
u =

(∫ t
0 Rτdτ

1

)
Let us call R̂ = −

∫ 1
0 Rτdτ . The annihilator to the diagonal is nothing else than the

graph of the identity. We will now de�ne Qs as in eq. (5.18) and pQ(s) as det(Qs) as in
Section 1.2 (actually up to a scalar, but this is irrelevant). For η ∈ Tλ0T

∗M set:

Qs(η) =
(
−1 1

)( η

As1Φ̃∗Φ
s
1A

s
0η

)
= (As1Φ̃∗Φ

s
1A

s
0 − 1)η ∈ Tλ0T

∗M.

Here the symplectic maps Asi for i = 0, 1 are de�ned in section 1.2 and eq. (5.7). They are
expressed in terms of the projection on the �bre Πi and its orthogonal Π⊥i and move, as
|s| → +∞, any Lagrange subspace closer and closer to Πi. A coordinate representation is
given few lines below.

It is clear that the kernel of Qs is precisely the intersection of the graph with the
diagonal subspace. Since we are working on R2n we can de�ne the determinant of this map
as:

pQ(s) = det(Qs) = det(As1Φ̃∗Φ
s
1A

s
0 − 1)

As already mentioned in Section 1.2 this function is a multiple of the characteristic poly-

nomial of K. It satis�es:

pQ(s) = aebs det(1 + sK), a ∈ C∗, b ∈ C
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Now we are going to compute the normalization factors. This is done essentially evaluating
pQ(s) and its derivative in zero. This will give us the relations:

pQ(0) = a, a(b+ tr(K)) = ∂spQ(s)|s=0.

We have now to work a bit and write down precisely all the quantities appearing in the
formulas. It is straightforward to compute the matrix representations of the maps As0 and
As1. In this setting the projections onto Π0 and Π⊥0 are given by:

prΠ0 =

(
1 0
0 0

)
, prΠ⊥0

=

(
0 0
0 1

)
If we denote by G0 and G1 the restriction to Π⊥0 and Π⊥1 respectively, of the metrics chosen
at the initial and �nal point, we see that:

As0 =

(
1 (1− s)G0

0 1

)
, As1 =

(
1 (1− s)(G1 − R̂)
0 1

)
As1Φ̃∗ =

(
1 sR̂+ (1− s)G1

0 1

)
The value of Φs

t at s = 0 is given in Lemma 5.4, in this case, since Yt =
∫ t

0 Rsds and
Xt = 1, we obtain the following:

Φ0
t =

(
1 0
Γ 1

)
=

(
1 0
t 1

)
∂sΦ

s
t |s=0 =

(
Θ 0
Ω −Θ∗

)
=

( ∫ t
0

∫ τ
0 Rsds 0∫ t

0

∫ τ
0

∫ τ
r Rsdsdrdτ −

∫ t
0

∫ τ
0 Rsds

)

We will still adopt the notation of Lemma 5.4 for the submatrices of Φ0
t and ∂sΦ

s
t |s=0. Let

us compute the value of pQ(s) in zero. Putting all together we have:

pQ(s)|s=0 = det

((
1 G1

0 1

)(
1 0
Γ 1

)(
1 G0

0 1

)
−
(

1 0
0 1

))
After a little bit of computation we �nd that Qs|s=0 satis�es:

Qs|s=0 =

(
G1Γ G0 +G1 +G1ΓG0

Γ ΓG0

)
, det(Qs|s=0) = (−1)n det(Γ) det(G1 +G0),

(Qs|s=0)−1 =

(
−G0(G1 +G0)−1 Γ−1 +G0(G1 +G0)−1G1

(G1 +G0)−1 −(G1 +G0)−1G1

)
We can compute the derivative det(Qs) at s = 0, we �nd that:

∂sQs = (∂sA
s
1)Φ̃∗Φ

s
1A

s
0 +As1Φ̃∗(∂sΦ

s
1)As0 +As1Φ̃∗Φ

s
1(∂sA

s
0)

=

(
(G1 − R̂)Γ G1 − R̂

0 0

)(
1 G0

0 1

)
+

+

(
1 G1

0 1

)((
Θ 0
Ω −Θ∗

)(
1 G0

0 1

)
+

(
0 G0

0 ΓG0

))
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We use now Jacobi formula for the derivative of the determinant of a family of invertible
matrices. It reads:

∂s det(Ms) = det(Ms) tr(∂sMsM
−1
s ).

Without going into the detail of the actual computation, which at this point is just matrix
multiplication, we have that:

∂s det(Qs)|s=0 = tr(∂s(Qs)Q
−1
s )|s=0 = tr((G1 +G0)−1(G0 −G1 + R̂) + Γ−1Ω)

The last quantity we have to compute is tr(K). To do so we use Lemma 5.3. Mind that
in the statement of the Lemma one works with twice the variables, taking as state space
Rn × Rn and using the symplectic form (−σ) ⊕ σ on R2n × R2n. The quantities with ˜
on top always refer to the system in R4n, where we have a trivial dynamic on the �rst
factor and the boundary condition we impose are in this case ∆×∆ (see the beginning of
Section 5.3.2 for more details). The formula given in the lemma reads:

tr(K) =− dim(N) + tr[π1
∗Φ̃
−1
∗ pr1J̃1Φ̃∗(Z̃0)]

+ tr

[
Γ−1

(
Ω + (π2

∗ − π1
∗)Φ̃

−1
∗ pr1J̃1Φ̃∗(

∫ 1

0
Z̃tZ

∗
t J |Πdt)

)]
Let us explain all the objects appearing in the formula. π̃i∗ denotes the di�erential of the
natural projection on the i−th factor. The matrix Φ̃∗ is given here by:

Φ̃∗ =


(

1 0
0 1

)
0

0

(
1 R
0 1

)


Moreover the matrices Z̃0, Z̃t and Z̃1 are:

Z̃0 =


0
1
0
1

 , Z̃t =


0
0∫ t

0 Rτdτ
1

 , Z̃1 =


0
1
−R
1

 , Φ̃∗Z̃1 =


0
1
0
1


The map pr1 denotes the orthogonal projection onto the image of Z̃1. We are using the
scalar product g0⊕g1 on Tλ0T

∗M×Tλ1T
∗M to de�ne it. One can check that the following

map is the coordinate representation of pr1:

pr1 = (G0 +G1)−1


0 0 0 0
0 G0 0 G1

0 0 0 0
0 G0 0 G1

⇒ pr1J̃1 = (G0 +G1)−1


0 0 0 0
−1 0 1 0
0 0 0 0
−1 0 1 0


Now everything reduces to some tedious matrix multiplications. The second term in

the expression of the trace reads:

tr[π1
∗Φ̃
−1
∗ pr1J̃1Φ̃∗(Z̃0)] = tr(R̂(G0 +G1)−1).

For the third term notice that (π2
∗ − π1

∗)(Φ̃∗)
−1pr1 is identically zero since Φ̃∗ does not

change the projection on the horizontal part and we are working with periodic boundary
conditions. It follows we are left with tr(Γ−1Ω). Summing up we have computed that:

tr(K) = tr(ΩΓ−1 + R̂(G0 +G1)−1)−dim(M).

We have thus reduce Theorem 1.2 to the following result:
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Theorem 5.1 (Hill's formula). Let us consider a critical point of the functional given in

eq. (5.4) with periodic boundary conditions. Let 1 +K be the second variation, and Ψ the

fundamental solution of Ψ̇ = ~H, where H is given in eq. (5.5). Then the following equality

holds:

det(1 +K) = (−1)ne−n det(G−1) det(1−Ψ)

where we chose G0 = G1 = 1
2G.

Remark 5.1. If we are working on the interval [0, T ] instead of [0, 1] everything remains
essentially unchanged. The only di�erence is that now det(Γ) = Tn and so this extra factor
appears in the formulas.

We can apply the previous result to study boundary value problems for Sturm-Liouville
equations. Let us illustrate the case of Schrödinger equation with periodic boundary con-
ditions. Fix now the normal extremal of eq. (5.4) given by (p(t), q(t)) = (0, 0) and the
relative control ũ = 0. Consider the cost R̃t = Rt + λ, for λ ∈ R. Consider the second
variation of the functional

Aλ(u) =
1

2

∫ 1

0
|ut|2 + 〈(Rt + λ)qu(t), qu(t)〉dt

at the point ũ = 0. It is given by the operator 1 +Kλ where:

〈Kλ(u), u〉 = λ

(∫ 1

0

∫ t

0
〈(τ − t)u(τ), u(t)〉dτdt+ 〈u0, u0〉

)
+ 〈K0(u), u〉

Then we have the following corollary:

Corollary 5.1. Let λ ∈ R, Ψλ the fundamental matrix of the lift to R2n of the following

ODE on R2n:

q̈(t) = (Rt + λ)q(t)

The determinant of the operators 1 +Kλ can be expressed as:

det(1 +Kλ) = (−1)ne−n det(G−1) det(1−Ψλ),

where G = 2G0 = 2G1 as in the previous statement.

5.2.2 System with drift and Hill-type formulas

In this section we give a version of Hill's formula for linear systems with drift. They are
again linear system with quadratic cost of the following form:

fu(q) = Atq +Btu(t),

{
q̇u = fu(q) = Atqu +Btu(t),

q(0) = q0 ∈ Rn

A(u) =
1

2

∫ 1

0
|u|2 + 〈Rtqu(t), qu(t)〉dt.

(5.6)

Where At is n×n matrix and Bt a n×k one, both with possibly non-constant coe�cients.
The maximized Hamiltonian and the one used to reparametrize take the form:

H(p, q) = 〈p,Atq〉+
1

2
(〈BtB∗t p, p〉+ 〈Rtq, q〉)

htũ(t) = 〈p,Btũ(t) +Atq〉+
1

2
〈Rtq, q〉.
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In particular if we call Φ̂t the fundamental solution of q̇ = Atq, we can write similar
formulas as in the previous case using variation of constants. We �nd that the lift of Φ̂t to
the cotangent bundle and its di�erential are:

Φ̃t(p, q) =

(
(Φ̂∗t )

−1 −(Φ̂∗t )
−1
∫ t

0 Φ̂∗τRτ Φ̂τdτ

0 Φ̂t

)(
p
q

)
+

(
−(Φ̂∗t )

−1
∫ t

0 Φ̂∗τRτ Φ̂τ

∫ τ
0 Φ̂−1

r Brũ(r)drdτ

Φ̂t

∫ t
0 Φ̂−1

r Brũ(r)dr

)

(Φ̃t)∗ =

(
(Φ̂∗t )

−1
∗ −(Φ̂∗t )

−1
∫ t

0 Φ̂∗τRτ Φ̂τdτ

0 Φ̂t

)
As boundary conditions manifold we take N = Γ(Φ̂t + Φ̂t

∫ t
0 Φ̂−1

r Brũ(r)dr). Notice that
since only the tangent space matters the translation is irrelevant and it would be the same
as if we considered Γ(Φ̂t) (or work with control ũ = 0). In particular we can take as T0

and T1 in the de�nition of Qs (see eq. (5.18)) to be the following:

T ∗0 J0 =

(
0 1
−1 0

)
, T ∗1 J1 =

(
0 −(Φ̂t)

−1

Φ̂∗t 0

)
Set as before R̂ = −(Φ̂∗t )

−1
∫ t

0 Φ̂∗τRτ Φ̂τdτ , the upper right minor of (Φ̃t)∗. A quick compu-
tation shows that:

T ∗1 J1A
s
1Φ̃∗ =

(
1 (1− s)Φ̂∗tG1Φ̂t + sΦ̂∗t R̂
0 1

)
:= Âs1Φ̃∗t

In particular we are again brought to consider a function of the same type as the one in
the previous section:

pQ(s) = det(Âs1Φ̃∗Φ
s
1A

s
0 − 1).

In particular this means that the computation already done before are again valid, we ave
just to substitute the new values of G1 and Γ. It holds:

det(Qs) = (−1)n det(Γ) det(Φ̂∗tG1Φ̂t +G0),

∂s det(Qs)|s=0 = tr(((Φ̂∗tG1Φ̂t +G0)−1(G0 − Φ̂∗tG1Φ̂t + Φ̂∗t R̂) + Γ−1Ω)

Now we have to apply Lemma 5.3 to compute the trace of the compact part of the
second variation. Here pr1 and Z̃1 are di�erent since we have changed boundary conditions.
However we have the same kind of simpli�cation as in the previous computation. Let us
write explicitly the new objects:

Z1 =


0
1
0

Φ̂t

 , pr1 =


0 0 0 0

0 LG0 0 LΦ̂∗tG1

0 0 0 0

0 Φ̂tLG0 0 Φ̂tLΦ̂∗tG1

 , L = (G0 + Φ̂∗tG1Φ̂t)
−1

In the end the trace reads:

tr(K) = tr(Γ−1Ω + Φ̂∗t R̂(Φ̂∗tG1Φ̂t +G0)−1)− dim(M).

In particular, if we set G = 2G1 and choose G0 = Φ̂∗tG1Φ̂t we have the following:
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Theorem 5.2 (Hill's formula with drift). Suppose that a critical point of the functional

given in eq. (5.6), with boundary conditions N = Γ(Φ̂t + Φ̂t

∫ t
0 Φ̂−1

r Brũ(r)dr), is �xed. Let

Φt be the lift to T
∗M of Φ̂t given by the pullback of 1−forms. Let G be our choice of scalar

product, Γ =
∫ t

0 Φ̂τBτB
∗
τ Φ̂∗τdτ and Ψt the fundamental solution of the Hamiltonian system

given by:

H(p, q) = 〈p,Atq〉+
1

2
(〈BtB∗t p, p〉+ 〈Rtq, q〉)

Let 1 +K be the second variation at said critical point, then:

det(1 +K) = (−1)ne−n−2
∫ t
0 tr(Aτ )dτ det(G−1) det(Γ−1) det(Ψt − Φt).

Proof. It is enough to complete the proof to evaluate pQ(s) at s = 1 and the determinant

of Φ̂∗tG1Φ̂t. For the �rst part we have:

det(Q1) = det(T ∗1 J1Φ̃∗tΦ
1
1 − T ∗0 J0) = det(Φ−1

t (Φ̃t)∗Φ
1
1 − 1)

= det(Ψt − Φt).

For the second claim notice that det(Φ̂∗tG1Φ̂t) = det(G1) det(Φ̂t)
2 and det(Φ̂t) solves the

ODE
d

dt
det(Φ̂t) = det(Φ̂t) tr(At).

5.3 Proof of Hill's formula for general boundary conditions

In this section we provide a proof of Theorem 1.2. At �rst we work with separated boundary
conditions and then reduce the general case to the former. The proof is a bit long so we
try to give here a concise outline. The idea is to construct an analytic function f which
vanishes precisely on the set {−1/λ : λ ∈ Spec(K)} ⊆ R. Particular care is needed to show
that the multiplicity of the zeros of this function equals the multiplicity of the eigenvalues
of K. We do this in Proposition 5.1 and Proposition 5.2 respectively. We show that this
function decays exponentially and use a classical factorization Theorem by Hadamard to
represent it as

f(s) = askebs
∏

λ∈Spec(K)

(1 + λs)m(λ), a, b ∈ C, a 6= 0, k ∈ N.

To prove the general case, we double the variables and consider general boundary
conditions as separated ones. In this framework we compute the value of the parameters
a, b and k appearing in the factorization.

5.3.1 Separated boundary conditions

We brie�y recall the notation, we are working with an extremal λt with initial and �nal
point (λ0, λ1) ∈ Ann(N), where N = N0×N1 are the separated boundary conditions. We
are assuming that λt is strictly normal and satis�es Legendre strong conditions. We work
in a �xed tangent space, namely Tλ0T

∗M , to do so we backtrack our curve to its starting
point λ0 using the �ow generated by the time dependent Hamiltonian:

htũ(λ) = 〈λ, fũ(t)(q)〉 − ϕt(q, ũ(t)).
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We denote the di�erential of said �ow by Φ̃∗. We have a scalar product gi on TλiT
∗M ,

for each i = 0, 1. We assume that the orthogonal complement to the �bre at λi, Πi =
TλiT

∗
π(λi)

M is a Lagrangian subspace and that the range of Z0 (and Φ̃∗Z1 respectively) is

contained in Π⊥0 (resp. Π⊥1 ).

Remark 5.2. If we �x Darboux (i.e. canonical) coordinates coming from the splitting
Πi ⊕Π⊥i it is straightforward to check that gi takes a block diagonal form with symmetric

n × n matrix Gji on the main diagonal. Similarly we can write down the coordinate
representation of the matrix Ji and �nd:

gi(X,Y ) =

〈(
G1
i 0

0 G2
i

)(
X1

X2

)
,

(
Y1

Y2

)〉
, Ji =

(
0 −(G1

i )
−1

(G2
i )
−1 0

)
.

For s ∈ R (or C) we introduce the following symplectic maps:

As0(η) = η + (1− s)J−1
0 prΠ⊥0

η, η ∈ Tλ0(T ∗M),

As1(η) = η + (1− s)(J−1
1 + Φ̃∗ ◦ prΠ0 ◦ Φ̃−1

∗ )prΠ⊥1
η, η ∈ Tλ1(T ∗M).

(5.7)

Notice that the transformation Asi are indeed symplectomorphisms. In (canonical)
coordinates given by Πi and Π⊥i they have the following matrix representation:

Asi =

(
1 (1− s)Si
0 1

)
, S∗i = Si.

The last map we are going introduce is two families of dilation in Tλ0(T ∗M), one of
the vertical subspace and one of its orthogonal complement. Let s ∈ R (or C) and let us
de�ne the following maps:

δs : Tλ0T
∗M → Tλ0T

∗M, δsν = s prΠ0ν + prΠ⊥0
ν

δs : Tλ0T
∗M → Tλ0T

∗M, δsν = prΠ0ν + s prΠ⊥0
ν

(5.8)

Proposition 5.1. Let Asi be the maps given in eq. (5.7) and let Φs
1 be the fundamental

solution of the system:

η̇ = Zst (Zst )∗Jη, Zst = δsZt,

The operator 1 + sK restricted to V has non trivial kernel if and only if there exists

(η0, η1) ∈ T(λ0,λ1)(Ann(N)) such that

As1 ◦ Φ̃∗ ◦ Φs
1 ◦As0 η0 = η1

In particular, the geometric multiplicity of the kernel of 1+sK equals the number of linearly

independent solutions of the above equation.

Proof. The equation for the kernel becomes 〈u, v〉 + 〈sKu, v〉 = 0 ∀u, v ∈ V which means
u+ sKu ∈ V⊥ i.e. (see Lemma 5.1 for a description of V⊥):

u0 = su0 + v0 ⇒ (1− s)u0 = v0

ut = sZ∗t J
( ∫ t

0 Zτuτdτ + Z0u0

)
+ Z∗t Jν

(1− s)u1 = sΛ(u) + v1

(5.9)
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Let us substitute Zt with Z
s
t = δsZt. It is immediate to check, using the de�nition in

eq. (5.8), that:

sZ∗t J

∫ t

0
Zτuτdτ = (Zst )∗J

∫ t

0
Zsτuτdτ.

Moreover Z∗t Jν = (Zst )∗Jν and sZ∗t JZ0 = (Zst )∗JZs0 since δsZ0 = Z0.

All the calculation we will do from here on are aimed at rewriting eq. (5.9) as a boundary
value problem in Tλ0T

∗M × Tλ0T
∗M . Let us start with the second equality in eq. (5.9)

and set

η(t) =

∫ t

0
Zsτuτdτ + Zs0u0 + ν, η(0) = Zs0u0 + ν.

The linear constraint de�ning V implies:

Z0u0 +

∫ 1

0
Ztutdt+ Z1u1 ∈ Π ⇐⇒ Z0u0 +

∫ 1

0
Zst utdt+ Zs1u1 ∈ Π

⇐⇒ η(1) + Zs1u1 ∈ Π0

⇐⇒ Φ̃∗(η(1) + Zs1u1) ∈ Π1

This means we are looking for solution that have initial condition in π−1
∗ TN0 and �nal

value in π−1
∗ TN1. If we multiply by Zst the second equation in eq. (5.9), we are brought

to consider the following problem:{
η̇(t) = Zst (Zst )∗Jη(t)

(π∗η(0), π∗η(1)) ∈ T (N0 ×N1)
(5.10)

Now we use the remaining equations in eq. (5.9) to reduce the space π−1
∗ (T (N0×N1)) to a

Lagrangian one. Let us regard the �rst and third line in eq. (5.9) as equations in Tλ0T
∗M

and Tλ1T
∗M . Using the maps Z0 and Φ̃∗Z1 we obtain:{

(1− s)Z0u0 = Z0v0 = pr0J0ν

(1− s)Φ̃∗Z1u1 = Φ̃∗Z1v1 + sΦ̃∗Z1Λ(u) = pr1J1Φ̃∗ν + sΦ̃∗Z1Λ(u)

Notice that, for u ∈ V we have that:

s(Z0u0 +

∫ 1

0
Ztutdt+ Z1u1) = Z0u0 +

∫ 1

0
Zst utdt+ Zs1u1

This implies that the term sΦ̃∗Z1Λ(u) can be rewritten as:

sΦ̃∗Z1Λ(u) = s pr1J1Φ̃∗(Z0u0 +

∫ 1

0
Ztutdt+ Z1u1) = pr1J1Φ̃∗(η(1) + Zs1u1 − ν)

If substitute Z0u0 with prΠ⊥0
η(0) we end up with the equations:

{
(1− s)prΠ⊥0

η(0) = pr0J0ν = pr0J0η(0)

(1− s)Φ̃∗Z1u1 = pr1J1Φ̃∗(η(1) + Zs1u1)
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Now we do the same kind of substitution for the term Zs1u1. Using the projections on
Π0 and Π⊥0 and recalling that Φ̃∗ sends Π0 to Π1, we have:

Zs1u1 = s prΠ0Z1u1 + prΠ⊥0
Z1u1 = (s− 1) prΠ0Z1u1 + Z1u1

pr1J1Φ̃∗Z
s
1u1 = (s− 1) pr1J1Φ̃∗prΠ0Z1u1 + pr1J1Φ̃∗Z1u1

= (s− 1) pr1J1Φ̃∗prΠ0Z1u1

Last equality being due to the fact that the image of Φ̃∗Z1 is isotropic and thus
J1 Im(Φ̃∗Z1) ⊂ Im(Φ̃∗Z1)⊥. Moreover Φ̃∗Z1u1 coincides with the projection of −Φ̃∗η(1)
on Π⊥1 . Thus we are left with equations:{

(1− s)prΠ⊥0
η(0) = pr0J0ν = pr0J0η(0)

(1− s)(−prΠ⊥1
Φ̃∗η(1) + pr1J1Φ̃∗prΠ0Z1u1) = pr1J1Φ̃∗η(1)

(5.11)

It is straightforward to check that pr1J1Φ̃∗prΠ0Z1u1 depends only on the projection
of Z1u1 on Π⊥0 . Moreover expanding 1 = Φ̃∗ ◦ Φ̃−1

∗ and using the relation Φ̃∗Z1u1 =
−prΠ⊥1

Φ̃∗η(1), the second equality in eq. (5.11) can be rewritten as:

(s− 1)prΠ⊥1
Φ̃∗η(1) = pr1J1Φ̃∗η(1) + (1− s)pr1J1Φ̃∗prΠ0Φ̃−1

∗ prΠ⊥1
Φ̃∗η(1) (5.12)

If s = 1 we have that pr0(J0η(0)) and pr1J1Φ̃∗η(1) are zero. Consider the �rst case,
the equation is equivalent to:

σ(η(0), Z0w0) = g0(J0η(0), Z0w0) = g0(pr0J0η(0), Z0w0) = 0, ∀w0 ∈ Rdim(N0).

Thus we are looking for solution starting from Tλ0Ann(N0). Similarly setting s = 1 in the
second equality we �nd that η(1) must lie inside Tλ1Ann(N1).

Now, we want to interpret the boundary conditions as an analytic family of Lagrangian
subspaces depending on s. To do so we employ the following linear map de�ned in eq. (5.7):

As0(η) = η + J−1
0 (1− s)prΠ⊥0

η

If η ∈ Tλ0Ann(N0) we have that prΠ⊥0
η = pr0η and pr0J0η = 0 and thus:

prΠ⊥0
(As0(η)) = prΠ⊥0

(η) ∈ Im(Z0)

pr0J0(As0(η)) = pr0(J0η + (1− s)prΠ⊥0
η)

= pr0J0η + (1− s)prΠ⊥0
η

= (1− s)prΠ⊥0
(As0(η))

So we have shown that As0(Tλ0Ann(N0)) is precisely the space satisfying the �rst set
of equations. A similar argument works for the �nal point. Let us recall the de�nition of
As1 given in eq. (5.7):

As1(η) = η + (1− s)(J−1
1 + Φ̃∗prΠ0Φ̃−1

∗ )prΠ⊥1
η.

Now we check that the boundary condition for the �nal point are satis�ed if As1 ◦
Φ̃∗ η(1) ∈ Tλ1Ann(N1). In fact, take any η in Tλ1Ann(N1), it holds:

prΠ⊥1
(As1)−1η = prΠ⊥1

η,

prΠ1(As1)−1η = prΠ1η + (s− 1)(J−1
1 + Φ̃∗prΠ0Φ̃−1

∗ )prΠ⊥1
η,

pr1J1(As1)−1η = (s− 1)pr1(1 + J1Φ̃∗prΠ0Φ̃−1
∗ )prΠ⊥1

η.
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It is now straightforward to substitute the last equality in eq. (5.12) and check that indeed
(As1)−1(Tλ1Ann(N1)) is the right space.

Let us call Φs
1 the fundamental solution of eq. (5.10) at time 1 and denote by Γ(Φs

1) its
graph. It follows that s ∈ R \ {0} is in the kernel of 1 + sK if and only if:

Γ(Φ̃∗ ◦ Φs
1) ∩As0(Tλ0Ann(N0))× (As1)−1(Tλ1Ann(N1)) 6= (0)

which is equivalent to the condition:

Γ(As1 ◦ Φ̃∗ ◦ Φs
1 ◦As0) ∩ Tλ0Ann(N0)× Tλ1Ann(N1) 6= (0) (5.13)

Now we prove the part about the multiplicity. Suppose that two di�erent controls u
and v give the same trajectory ηt solving eq. (5.10). Since the maps Z0 and Z1 are injective
it must hold that v0 = u0 and v1 = u1. Moreover

∫ t
0 Zτuτdτ =

∫ t
0 Zτvτdτ and thus:

Ku = Z∗t J

∫ t

0
Zτuτdτ = Z∗t J

∫ t

0
Zτvτdτ = Kv.

However Volterra operator are always injective and thus u = v.
Vice-versa consider u = 0 and see whether you get solution of the system above that do

not correspond to any variation. Since u0 and u1 are both zero we are considering solution
starting from the �bre and reaching the �bre. Plugging in ut = 0 we obtain:

0 = η̇ = Zst (Zst )∗Jη = Zst (Zst )∗Jν

However prΠ⊥Z
s
t (Zst )Jν = XtX

∗
t ν and by assumption the matrix

∫ 1
0 XtX

∗
t dt is invert-

ible. Thus we get a contradiction.

Remark 5.3. If we complexify all the subspaces involved in the proof of Proposition 5.1,
i.e. tensor with C we can take also s ∈ C.

We can reformulate the intersection problem in the statement of Proposition 5.1 as fol-
lows. Let π̃ the orthogonal projection, with respect to g1, onto the subspace Tλ1Ann(N1)⊥

and de�ne a map Qs as:

Qs : Tλ0Ann(N0)→ Tλ1Ann(N1)⊥, Qs(η) = π̃(As1Φs
1A

s
0)(η). (5.14)

Let us �x now two bases, one of Tλ0Ann(N0) and one of Tλ1Ann(N1). Construct two
2n × n matrices using the elements of the chosen basis, let us call the resulting objects
T0 and T1 respectively. It follows that J1T1 is a base of Tλ1Ann(N1)⊥. De�ne the scalar
function det(Qs) as the determinant of the n×n matrix T ∗1 J1A

s
1Φs

1A
s
0T0. Clearly di�erent

choices of basis give simply a scalar multiple of det(Qs) and thus is well de�ned:

pQ(s) = det(Qs) =
det(T ∗1 J1A

s
1Φs

1A
s
0T0)

det(T ∗0 T0)1/2 det(T ∗1 J1J∗1T1)1/2

Moreover det(Qs)|s=s0 = 0 if and only if there exists at least a solution to our boundary
problem. Notice that map s 7→ det(Qs) is analytic in s since the fundamental matrix
is an entire map in s (see [7][Proposition 4]). The following Proposition shows that the
multiplicity of any root s0 6= 0 is equal to the number of independent solutions to the
boundary value problem.
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Proposition 5.2. The multiplicity of any root s0 6= 0 of detQs equals the dimension of

the kernel of Qs.

Proof. The proof is done in two steps. First of all we show that the equation det(Qs) = 0
is equivalent to det(Rs) = 0 where Rs is a symmetric matrix, analytic in s. Once one
knows this, it su�ce to compute ∂sR

s and show that it is non degenerate to show that the
multiplicity of the equation is the same as the dimension of the kernel.

Step 1: Replace Qs with a symmetric matrix

First of all we can consider s ∈ R since all the roots are real. As remarked above the
determinant of the matrix Qs is zero whenever the graph of As1Φ̃∗Φ

s
1A

s
0 intersect the sub-

space L0 = T(λ0,λ1)(Ann(N0 ×N1)). Suppose that s0 is a time of intersection and choose
as coordinates in the Lagrange Grassmannian L0 and another subspace L1 transversal to
both L0 and Λs := Γ(As1Φ̃∗Φ

s
1A

s
0). This means that, if (Tλ0T

∗M)2 ≈ {(p, q)|p, q ∈ R2n}
we can identify L0 = {q = 0} and L1 = {p = 0}.

In this coordinates Λs is given by the graph of a symmetric matrix, i.e. is the following
subspace Λs = {(p,Rsp)} where again Rs is analytic in s.

The quadratic form associated to the derivative ∂sR(s) can be interpreted as the ve-
locity of the curve s 7→ Λs inside the Grassmannian, it is possible to compute it choosing
an arbitrary base of Λs and an arbitrary set of coordinates. Invariants such as signature
and nullity do not change (see for example [10, 14] or [6]). Take a curve λs = (ps, R

sps)
inside Λs then one has:

S(λs) = σ(λs, λ̇s) = 〈ps, ∂sRsps〉

Recall that we will be using the symplectic form given by (−σλ0) ⊕ σλ1 , in order to
have that graph of a symplectic map is a Lagrangian subspace.

Step 2: Replace Λs with a positive curve

We slightly modify our curve to exploit an hidden positivity of the Jacobi equation. We
substitute the fundamental solution Φs

1 with the following map:

Ψs = Ψs
1 = δsΦ

s
1δ 1

s
.

It is straightforward to check that Ψs is again a symplectomorphism and that it is the
fundamental solution of the following ODE system at time t = 1:

Ψ̇s
t = sZtZ

∗
t JΨs

t , Ψs
0 = Id. (5.15)

On one hand we are introducing a singularity at s = 0 but on the other hand we are
going to show that the graph of Ψs becomes a monotone curve and its velocity is fairly
easy to compute.

First of all, hoping that the slight abuse of notation does not create any confusion, let
us introduce a family of dilations similar to the δs,δ

s also in Tλ1T
∗M . The de�nition is

analogous to the one in eq. (5.8) but with Π1 and Π⊥1 and we will denote them with the
same symbol.

Let us consider the following symplectomorphisms:

δsA
s
1Φ̃∗Φ

s
1A

s
0δ 1

s
= δsA

s
1Φ̃∗δ 1

s
ΨsδsA

s
0δ 1

s
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Notice that the dilations δs preserve the subspaces TλiAnn(Ni) and thus the intersection
points between the graph of the above map and the subspace T(λ0,λ1)Ann(N0 × N1) are

unchanged. Let us rewrite the maps δsA
s
0δ 1

s
and δsA

s
1Φ̃∗δ 1

s
. For the former:

δsA
s
0δ 1

s
= δs(1 + (1− s)J−1

0 prΠ⊥0
)δ 1

s
= 1 +

1− s
s

J−1
0 prΠ⊥0

= Bs
0

For the latter a computation in local coordinates and the fact that the dilations δs and Φ̃∗
do not commute yield:

δsA
s
1Φ̃∗δ 1

s
= δs(1 + (1− s)(J−1

1 + Φ̃∗prΠ0Φ̃−1
∗ )prΠ⊥1

)Φ̃∗δ 1
s

= (1 +
1− s
s

J−1
1 prΠ⊥1

)Φ̃∗ = Bs
1Φ̃∗

Thus we take, for s 6= 0, as curve Λs := Γ(Bs
1Φ̃∗Ψ

sBs
0), the graph of the symplectomor-

phism just introduced. Notice that Ψs is actually analytic, the singularity at s = 0 come
only form the maps Bs

i .

Step 3: Computation of the velocity

Now we compute the velocity of the graph of Bs
1Φ̃∗Ψ

sBs
0. Take a curve

λs = (η,Bs
1Φ̃∗Ψ

sBs
0η)

inside Λs and let us compute the quadratic form associated to the velocity:

S(λs) = −σ(η, ∂sη) + σ(Bs
1Φ̃∗Ψ

sBs
0η, ∂s(B

s
1Φ̃∗Ψ

sBs
0η))

= σ(Bs
1Φ̃∗Ψ

sBs
0η, (∂sB

s
1)Φ̃∗Ψ

sBs
0η) + σ(ΨsBs

0η, (∂sΨ
s)Bs

0η)+

+ σ(Bs
0η, ∂s(B

s
0)η)

Let us consider the terms of the type σ(Bs
i x, ∂sB

s
i x). It immediate to compute the

derivative in this case, recall that Bs
i x = x + (1−s)

s J−1
i prΠ⊥i

x. It follows that ∂sB
s
i =

− 1
s2
J−1
i prΠ⊥i

thus the �rst and last term read as:

σ(Bs
1ξ, (∂sB

s
1)ξ) = − 1

s2
σ(ξ, J−1

1 prΠ⊥1
ξ)

=
1

s2
g1(prΠ⊥1

ξ, prΠ⊥1
ξ), where ξ = Φ̃∗Ψ

sBs
0η,

σ(∂s(B
s
0)η,Bs

0η) = − 1

s2
σ(Bs

0η, J
−1
0 prΠ⊥0

η) = − 1

s2
g0(J0η, J

−1
0 prΠ⊥0

η)

=
1

s2
g0(prΠ⊥0

η, prΠ⊥0
η).

Notice we used the fact that Ji (and thus J−1
i ) is gi−skew symmetric. Now we rewrite

the middle term. We present it as the integral of its derivative using the equation for Ψs
t .

Let us use the shorthand notation x = Bs
0η. We obtain:

d

dt
(σ(Ψs

tx, (∂sΨ
s
t )x)) = σ(∂tΨ

s
tx, (∂sΨ

s
t )x) + σ(Ψs

tx, (∂s∂tΨ
s
t )x)

= sσ(ZtZ
∗
t JΨs

tx, ∂sΨ
s
tx) + sσ(Ψs

tx, ZtZ
∗
t J∂sΨ

s
tx)

+σ(Ψs
tx, ∂s

(
sZtZ

∗
t

)
JΨs

tx).
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The �rst and second term have opposite sign and thus cancel out. What remains is:

d

dt
(σ((∂sΨ

s
t )x,Ψ

s
tx)) = σ(Ψs

tx, ZtZ
∗
t JΨs

tx) = g(Z∗t JΨs
tx, Z

∗
t JΨs

tx)

Integrating over [0, 1] and using the fact that ∂sΨ
s
t |(0,0) = 0 we get that:

σ(∂sΨ
sx,Ψsx) =

∫ 1

0
g(Z∗t JΨs

tx, Z
∗
t JΨs

tx)dt.

Using the notation || · || to denote the norm with respect to the corresponding metric
and summing everything up we �nd the following expression for the velocity of our curve:

Ss(λs) =
1

s2

(
‖prΠ⊥0

η‖2 + ‖prΠ⊥1
ΨsBs

0η‖2
)

+

∫ 1

0
‖Z∗t JΨs

tB
s
0η‖2dt

Since each term of the sum is non positive Ss(λs) is zero if and only if each term is
zero. From the �rst one we obtain that η must be contained in the �bre. Notice that Bs

0

acts as the identity on Π0 and thus in this case ‖prΠ⊥1
Φ̃∗Ψ

sBs
0η‖2 = ‖prΠ⊥1

Ψsη‖2.
It follows that Ψs

tB
sη = Ψs

tη is a solution of the Jacobi equation (5.10) starting and
reaching the �bre (recall that Φ̃∗(Π0) = Π1). Let us consider now the third piece, since
the integrand is positive it must hold that for almost any t, Z∗t JΨs

tη = 0. If we multiply
this equation by Zt we �nd that:

ZtZ
∗
t JΨs

tη = 0 = Ψ̇s
tη.

It follow that we are dealing with a constant solution starting and reaching the �bre.
However this contradicts the assumption that the matrix

∫ 1
0 XtX

∗
t dt is non degenerate. In

fact, if we substitute a non zero constant solutions starting from the �bre in eq. (5.10), we
�nd that prΠ⊥0

(η) =
∫ 1

0 XtX
∗
t dt η 6= 0

The following proposition is proved in [7].

Proposition 5.3. There exists c1, c2 > 0 such that:

‖Φs
1‖ ≤ c1e

c2|s| ∀ s ∈ C

Moreover Φs
t is analytic and the function s 7→ det(Qs) is entire and satisfy the same type

of estimate.

This fact tell us that detQs is an entire function of order ρ ≤ 1. We know its zeros which
are determined by the eigenvalues of K and thus we can apply Hadamard factorization
theorem ([26]) to present it as an in�nite product. It follows that we have the following
identity:

det(Qs) = askebs
∏

λ∈Sp(K)

(1 + sλ)m(λ) a, b ∈ C, a 6= 0, k ∈ N (5.16)

where m(λ) is the geometric multiplicity of the eigenvalue λ. To determine the remaining
parameters it su�cient to know the value of det(Qs) and a certain number of its derivatives
at s = 0 (depending on the value of k). Assume for now that k = 0, a straightforward
computation shows that:

det(Qs)|s=0 = a, ∂s det(Qs)|s=0 = a(b+ tr(K)).

We will compute these quantities in the next section for a general set of boundary condition
manifold N .
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5.3.2 General boundary condition

In this section we use Proposition 5.1 to prove a determinant formula for general boundary
conditions N ⊆M ×M . We reduce this case to the case of separate boundary conditions.

Let us consider M ×M as state space, with the following dynamical system:

fu(q′, q) =

(
0

fu(q)

)
, (q′, q) ∈M ×M.

and boundary conditions ∆ × N . With this de�nition, any extremal between two points
q0 and q1 lifts naturally to an extremal between (q0, q0) and (q0, q1). However the end
point map of the new system is no longer surjective since any trajectory is con�ned to
a submanifold of the form {q̂} ×M . We have to slightly modify the arguments of the
previous section but everything remains essentially unchanged.

First of all notice that Pontryagin maximum principle implies that the lift of the ex-
tremal curve q̃(t) = (q0, q(t)) is the curve λ̃(t) = (−λ0, λ(t)). This is because the initial
and �nal covector of the lift must annihilate the tangent space of the boundary condi-
tions manifold. In this case N0 = ∆ and the annihilator of the diagonal subspace is
{(λ,−λ) : λ ∈ Tλ0T

∗
q0M}. Moreover, by the orthogonality condition in PMP (see Theo-

rem B.1), we know that (−λ(0), λ(1)), the initial and �nal points of the original extremal,
annihilate the tangent space of N .

Thus, if we want to work in one �xed tangent space, we have to multiply the �rst
covector by −1. This changes the sign of the symplectic form and we are thus brought to
work on Tλ0T

∗M × Tλ0T
∗M with symplectic form (−σ)⊕ σ.

With this change of sign, the tangent space to the annihilator of the diagonal gets
mapped to the diagonal subspace of Tλ0T

∗M × Tλ0T
∗M . The tangent space to the anni-

hilator of the boundary conditions N is mapped to the tangent space of:

A(N) = {(µ0, µ1) : 〈µ0, X0〉 − 〈µ1, X1〉 = 0, ∀(X0, X1) ∈ TN}.

Let Asi be the map given in eq. (5.7). The following proposition is the counter part of
Proposition 5.1 for general boundary conditions.

Proposition 5.4. Let Φs
1 be the fundamental solution of the Jacobi system:

η̇ = Zst (Zst )∗Jη.

The operator 1+sK restricted to V has non trivial kernel if and only if there exists (η0, η1) ∈
T(λ0,λ1)A(N) such that

As1 ◦ Φ̃∗ ◦ Φs
1 ◦As0 η0 = η1 (5.17)

The geometric multiplicity of the kernel equals the number of linearly independent solutions

of the above equation.

Proof. We apply Proposition 5.1 to the new problem. As already mentioned, since we are
working with the symplectic form (−σ) ⊕ σ, we have to substitute the annihilator of the
diagonal with:

A(∆) = {(λ, λ) : λ ∈ T ∗M} ⇒ Tλ0(A(∆)) = {(η, η) : η ∈ Tλ0T
∗M}

We have also more freedom in choosing the Riemannian metrics g0 and g1 at the
boundary points. Since we are working with a product space it seems reasonable to take
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the sum of metrics de�ned on each factor. Set g0,j to be the metric on the j−th component
of the initial point and g1,j the metric on the j−th component of the �nal one.

De�ne the maps Âsi in the same fashion as in eq. (5.7) but on the bigger space
(TλiT

∗M)2. Since we chose gi = gi,1 ⊕ gi,2 these maps split as the direct sums of two
symplectomorphisms. We have Âsi = (Asi,1)−1 ⊕ Asi,2 for i = 0, 1. Writing this in matrix
form means:

Âsi =

(
(Asi,1)−1 0

0 Asi,2

)
Notice that we have to take the inverse on the �rst component to be consistent with the
de�nition in eq. (5.7) because of the di�erent sign of the symplectic form.

The solution to the Jacobi system is the same as the original one on the second compo-
nent and the identity on the �rst one. Thus the second variation has a kernel if and only
if:

Âs1

(
1 0

0 Φ̃∗Φ
s
1

)
Âs0

(
η
η

)
∈ T(λ0,λ1)A(N), η ∈ Tλ0T

∗M

It is straightforward to get rid o� the diagonal and write the equations in terms of the
intersection of a graph and of the annihilator of the boundary conditions. Take (η0, η1) ∈
T(λ0,λ1)A(∆), then (As0,1)(As1,1)η0 = η. Inserting in the equation above we have that

As1,2Φ̃∗Φ
s
1A

s
0,2A

s
0,1A

s
1,1η0 = η1.

Notice that in the case we are considering the map As1,1 has the same structure as

the maps As0,j since Φ̃∗ acts as the identity on the �rst component and the extra piece

Φ̃∗prΠ0Φ̃∗prΠ⊥0
vanishes. In particular it depends only on the metric we are �xing on the

�nal point. So it is clear that As0,2A
s
0,1A

s
0,2 depends only on the sum of the corresponding

metrics. Thus we recover precisely the formula in the statement.
Notice that, again, to trivial variations correspond constant solutions starting from the

�bre and reaching the �bre. So in principle we would have to factor out the trivial dynamic
on the �rst component. However the boundary condition (η, η) ∈ Π∩A(∆) implies that any
such constant solution must have the same initial condition. Since there are no constant
solution starting from the �bre for the original Jacobi system it follows that the equation
As1 ◦ Φ̃∗ ◦ Φs

1 ◦ As0η0 = η1 has the same number of independent solutions as the dimension
of kernel of 1 + sK.

Now we de�ne an analogous map to the one in eq. (5.14). Let πN be the orthogonal
projection on the space T(λ0,λ1)A(N)⊥ and consider the map:

Qs : Γ(As1Φ̃∗Φ
s
1A

s
0)→ T(λ0,λ1)A(N)⊥, Qs(η) = πN (η). (5.18)

Let T = (T0, T1) be any linear invertible map from R2n to the space T(λ0,λ1)A(N). We
denote by J the map (−J0)⊕J1 representing the symplectic form (−σλ0)⊕σλ1 . As in the
previous section we de�ne the following scalar function:

det(Qs) =
det(T ∗1 J1A

s
1Φ̃∗Φ

s
1A

s
0 − T ∗0 J0)

det(T ∗0 J0J∗0T0 + T ∗1 J1J∗1T1)1/2

Remark 5.4. The two de�nition given by eq. (5.18) and eq. (5.14) agree (up to a positive
scalar) whenever the boundary conditions are of the type N0×N1. Moreover, eq. (5.18) is
essentially the same de�nition given in eq. (5.14) applied to the extended system introduced
at the beginning of this section, where we take as boundary conditions ∆×N (obviously
again, up to a positive scalar).
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Proposition 5.5. The multiplicity of any roots s0 6= 0 of the equation det(Qs) is equal to
the geometric multiplicity of the boundary value problem.

Proof. First of all notice that the same proof of Proposition 5.2 works for the curve of the
extended system verbatim. The only slight di�erence is that the velocity of the curve is non
degenerate only on the intersection with TA(N). But this is still su�cient to conclude.

In the remaining part of this section we carry out the computation of the normalizing
factors of the function det(Qs). As already mentioned at the end of the previous section a
classical factorization theorem by Hadamard (see [26]) tells us that:

det(Qs) = askebs
∏

λ∈Sp(K)

(1 + sλ)m(λ) a, b ∈ C, a 6= 0, k ∈ N

where m(λ) is the geometric multiplicity of the eigenvalue. We are now going to compute
the values of a, b ∈ C and k.

Theorem 5.3. For almost any choice of metrics g0, g1 on TλiT
∗M , det(Qs|s=0) 6= 0.

Whenever this condition holds, the determinant of the second variation is given by:

det(1 + sK) = det((Qs|s=0)−1)es(tr(K)−tr(∂sQs (Qs)−1|s=0)) det(Qs) (5.19)

Proof. First of let us show that, for almost any choice of scalar product, k = 0 and thus
a = det(Qs1|s=0) 6= 0. This is equivalent to a transversality condition between the graph of
the symplectomorphism As1Φ̃∗Φ

sAs0 and the annihilator of the boundary conditions N .
We can argue as follows: consider the following family of maps acting on the Lagrange

Grassmannian of Tλ0T
∗M × Tλ1T

∗M depending on the choice of scalar products G0 and
G1:

FG = (As0)−1 ×As1|s=0, G = (G0, G1), Gi > 0.

It is straightforward to see that they de�ne a family of algebraic maps of the Grass-
mannian to itself. For any �xed subspace L0, we have that F−1

G (L0) is arbitrary close
to Π0 × Π1, for Gi large enough. Notice that Γ(As1Φ̃∗Φ

sAs0) ∩ L0 6= (0) if and only if
Γ(Φ̃∗Φ

s) ∩ F−1
G (L0) 6= (0). It is straightforward to check using the formula in Lemma 5.4

that Γ(Φ̃∗Φ
s) is transversal to Π0 × Π1 and thus to F−1

G (L0) for any �xed L0 and Gi
su�ciently large. Now, since everything is algebraic in G and there is a Zariski open set in
which we have transversality, the possible choices of Gi for which k > 0 are in codimension
1.

Let us assume that k = 0 and compute b. Di�erentiating the expression for det(Qs) in
eq. (5.16) at s = 0 we �nd that:

∂s det(Qs)|s=0 = a(b+ tr(K))

A integral formula for the trace of K is given in Lemma 5.3. The derivative of det(Qs)
can be computed using Jacobi formula:

∂s det(Qs)|s=0 = a tr(∂sQ
s (Qs)−1)|s=0.

An explicit expression of the derivatives of the map Qs can be computed using Lemma 5.4.
It follows that b = tr(∂sQ

s (Qs)−1) − tr(K) and we obtain precisely the formula in the
statement.
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Before giving the explicit formula for tr(K) and the derivatives of the fundamental
solution to Jacobi equation at s = 0 we need to make some notational remark and write
down a formula for the second variation in the same spirit of eq. (2.7). We are working
on the extended state space M ×M with twice the number of variables of the original
system and trivial dynamic on the �rst factor and separated boundary conditions. The
left boundary condition manifold is the diagonal ofM×M and the right one is our starting
N . We apply the formula in eq. (2.7) to this particular system, we denote by Z̃t and Z̃i the
matrices for the auxiliary problem, in general everything pertaining to it will be denoted
with a tilde. Identifying T(λ0,λ0)T

∗(M ×M) with Tλ0T
∗M × Tλ0T

∗M we have that:

Z̃0u0 =

(
Z0u0

Z0u0

)
, Z̃1 =

(
Z0

1u1

Z1
1u1

)
, Z̃t =

(
0
Zt

)
.

We still work on the subspace V = {(u0, ut, u1) : Z̃0u0 +
∫ 1

0 Z̃tut + Z̃1u1 ∈ Π}. However it
is clear that the this equation implies that:

Z0u0 + Z0
1u1 ∈ Π0 and Z0u0 + Z1

1u1 +

∫ 1

0
Ztutdt ∈ Π0

It follows that control u0 is completely determined by u1. Moreover we can assume that
Z0u0 = −Z0

1u1 since we are free to choose any system of coordinates and any trivialization
of the tangent bundle of the manifolds ∆ and N . Technically we are working with di�erent
scalar products on each of the copies of Tλ0T

∗M . However it is easy to see that on the
space V only the sum of this metrics plays a role. We will denote it g0. Now we are ready
to state the following:

Lemma 5.3. The second variation of the extended system, as a quadratic form, can be

written as 〈(I +K)u, u〉 where K is the symmetric (on V) compact operator given by:

−〈Ku, u〉 =

∫ 1

0

∫ t

0
σ(Zτuτ , Ztut)dτdt− σ

(
Z0

1u1,

∫ 1

0
Ztutdt

)
+σ

(∫ 1

0
Ztutdt− Z0

1u1, Z
1
1u1

)
+ g0(Z0

1u1, Z
0
1u1)

+(Φ̃∗g1)(Z1
1u1, Z

1
1u1).

Moreover, de�ne the following matrices:

Γ =

∫ 1

0
XtX

∗
t dt, Ω =

∫ 1

0

∫ t

0
XtZ

∗
t JZτXτdτdt.

Denote by pr1 the projection onto T(λ0,λ1)A(N) and by πi∗ the di�erential of the natural

projections πi : T ∗M → M relative to the i−th component, i = 1, 2. The trace of K has

the following expression:

tr(K) =− dim(N) + tr[π1
∗Φ̃
−1
∗ pr1J̃1Φ̃∗(Z̃0)]

+ tr

[
Γ−1

(
Ω + (π2

∗ − π1
∗)Φ̃

−1
∗ pr1J̃1Φ̃∗(

∫ 1

0
Z̃tZ

∗
t J |Πdt)

)]
Proof. The �rst part is a straightforward computation combining the expression obtained
in Lemma 5.2 for the second variation with the observation concerning the structure of the
maps Z0 and Z1 made before the statement and the choice of the Riemannian metrics.
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Now, notice that the codimension of the space giving �xed endpoints variations V for
the extended system in H is 2 dim(M). Moreover it is de�ned as the kernel of the linear
functional:

ρ : (u0, ut, u1) 7→ π̃∗(Z̃0u0 +

∫ 1

0
Z̃tutdt+ Z̃1u1) ∈ Tπ(λ0)M × Tπ(λ0)M.

It is straightforward to check that the following subspace is 2 dim(M)−dimensional and
transversal to ker ρ:

V ′ = {(u0, Z
∗
t Jν, 0) : ν ∈ Π, u0 ∈ RdimM}

The trace of K on the whole space splits as a sum of two pieces, the trace of K|V
and the trace of K|V ′ . We can then further simplify and compute separately the trace on
V ′ ∩ {u0 = 0} and its complement V ′ ∩ {ν = 0}. We are going to compute the trace of K
on the whole space and then the trace of K|V ′ , determining in this way the value of K|V .

Consider H = H1 ⊕H2. Where

H1 = {u : u = (0, ut, 0)}, H2 = {u : u = (u0, 0, u1)}.

It is straightforward to check that H⊥1 = H2 for our class of metrics and that H1 ≡
L2([0, 1],Rk). Using eq. (2.7), the restrictions of the quadratic form K̂(u) = 〈u,Ku〉 to
each one of the former subspaces read:

K̂|H1(u) =

∫ 1

0

∫ t

0
σ(Ztut, Zτuτ )dtdτ, K̂|H2(u) = σ(Z̃0u0, Z̃1u1)− ‖u‖2H.

The trace of the �rst quadratic form is zero (see [7][Theorem 2]) whereas the trace of the
second part is just −dim(N). Thus we have that:

tr(K|V) = −dim(N)− tr(K|V ′)

To compute the last piece we apply K to a control u ∈ V ′ ∩ {u0 = 0} using the explicit
expression of the operator given in Lemma 5.2. Recall that pr1 is projection onto the image
of Φ̃∗Z̃1. It follows that:

K(u) =

(
0,−Z∗t J

∫ t

0
Zτuτdτ,−Lpr1J̃1Φ̃∗

(∫ 1

0
Z̃tutdt

))
=

(
0,−Z∗t J

∫ t

0
Zτuτdτ,−Λ(u)

)
.

Now we write K(u) in coordinates given by the splitting V ⊕V ′. To do so we have �rst
to consider ρ ◦K(u). It is given by:

−ρ ◦K(u) = π̃∗

(∫ 1

0
Z̃tZ

∗
t J

∫ t

0
ZτZ

∗
τJν + Φ̃−1

∗ pr1J̃1Φ̃∗(

∫ 1

0
Z̃tZ

∗
t Jνdt)

)
=

(
0

Ων

)
+ π̃∗Φ̃

−1
∗ pr1J̃1Φ̃∗(

∫ 1

0
Z̃tZ

∗
t Jνdt).

(5.20)

Set Γ =
∫ 1

0 X
∗
tXtdt, it easy to check that, if u ∈ V ′, then

ρ(u) =

(
X0u0

Γν +X0u0

)
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for an invertible matrix X0 which, without loss of generality, can be taken to be identity.
It follows that the projection on the �rst component of ρ ◦K(u) is completely determined
by the second term in eq. (5.20). Let us call πi∗ for i = 1, 2 the projection on the i−th
component. It follows that an element (Z0û0, Z

∗
t Jν̂, 0) = û ∈ V ′ has the same projection

as K(u) if and only if:

ρ ◦ (K(u)− û) = 0 ⇐⇒

{
û0 = X−1

0 π1
∗Φ̃
−1
∗ pr1J̃1Φ̃∗(

∫ 1
0 Z̃tZ

∗
t Jνdt)

ν̂ = Γ−1
(

Ων + (π2
∗ − π1

∗)Φ̃
−1
∗ pr1J̃1Φ̃∗(

∫ 1
0 Z̃tZ

∗
t Jνdt)

)
In particular the restriction to V ′ ∩ {u0 = 0} is given by:

ν 7→ Γ−1

(
Ω + (π2

∗ − π1
∗)Φ̃

−1
∗ pr1J̃1Φ̃∗(

∫ 1

0
Z̃tZ

∗
t Jdt)

)
ν.

A similar strategy applied to V ′ ∩ {ν = 0} tells us that the last contribution for the
trace is given by the following map:

u0 7→ X−1
0 π1

∗Φ̃
−1
∗ pr1J̃1Φ̃∗Z̃0u0.

It is worth pointing out that indeed the trace does not depend on X0 and that the vector∫ 1
0 Z̃tZtJνdt is the following:

∫ 1

0
Z̃tZtJνdt =


(

0
0

)
(

Θν
Γν

)


In particular if the boundary conditions are separated (i.e. N = N0 ×N1) the part of the
trace coming from V ′ ∩ {u0 = 0} depends only on the projection onto Tλ1N1.

Lemma 5.4. The �ow Φs
t |s=0 and its derivative ∂sΦ

s
t |s=0 are given by:

Φs
t |s=0 =

(
1 0∫ t

0 XτX
∗
τ dτ 1

)
, ∂sΦ

s
t |s=0 =

( ∫ t
0 YτX

∗
τ dτ 0∫ t

0

∫ τ
0 XτZ

∗
τJZrX

∗
r drdτ −

∫ t
0 XτY

∗
τ dτ

)

Proof. It is straightforward to check that Φs
1|s=0 and ∂sΦ

s
1|s=0 solve the following Cauchy

problems:Φ̇0
t =

(
0 0

XtX
∗
t 0

)
Φ0
t ,

Φ0
0 = Id.

∂sΦ̇
0
t =

(
0 0

XtX
∗
t 0

)
∂sΦ

0
t +

(
YtX

∗
t 0

0 −XtY
∗
t

)
Φ0
t ,

∂sΦ
0
0 = 0.

Solving the ODE one obtains the formula in the statement.
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Appendix A

Symplectic Geometry and Maslov

index

A.1 Linear symplectic geometry

Let Σ be a �nite dimensional (real) vector space and σ a non degenerate skew-symmetric
bilinear form on Σ. The couple (Σ, σ) is called symplectic vector space and σ the symplectic
form. An example is given by R2n with the standard symplectic form:

σst

((
x1

x2

)
,

(
y1

y2

))
= xT1 y2 − xT2 y1, xi, yi ∈ Rn

Using the standard euclidean product on R2n, we can introduce a 2n × 2n matrix J as
follows and write the symplectic form as:

σst

((
x1

x2

)
,

(
y1

y2

))
= 〈
(

0 −1
1 0

)(
x1

x2

)
,

(
y1

y2

)
〉 := 〈J

(
x1

x2

)
,

(
y1

y2

)
〉 (A.1)

It turns out that any symplectic subspace is isomorphic to the standard one just introduced,
meaning that there exists a linear isomorphism F : Σ → R2n such that σst(Fv, Fw) =
σ(v, w) for all v, w ∈ Σ. Any such map is called (linear) symplectomorphism. The group of
symplectomorphisms of (R2n, σst) is denoted by Sp(2n,R). It is a non compact Lie group
of dimension n(2n+ 1). It can be realized as a subgroup of GL(2n,R), as the set:

Sp(2n,R) = {F ∈ GL(2n,R) : FJF T = J}.

In a symplectic vector space we have a concept of orthogonality induced by the sym-
plectic form. Given V ⊆ Σ we denote by V ∠ the following subspace:

V ∠ := {v ∈ Σ : σ(v, w) = 0∀w ∈ V }. (A.2)

We can distinguish three classes of subspaces inside a symplectic space:

i) Isotropic if V ∠ ⊇ V ;

ii) Lagrangian if V ∠ = V ;

iii) Coisotropic if V ∠ ⊆ V ⊥.
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We will be particularly interested in Lagrangian subspaces. They are characterized by the
property of being the maximal subspaces on which σ restricts to the zero form and have
always dimension n. It is well know that the group Sp(2n,R) acts transitively on couples
of transversal Lagrangian subspace (see for instance [27, Theorem 1.15]). This is not the
case for triples. This fact will be central in the de�nition of Maslov index. In the sequel
we will also need the following fact. Fix L0 and L1 Lagrangian subspaces then one can
always �nd coordinates in which the symplectic structure becomes the standard one, L0 is
mapped to the span of the �rst n coordinates and L1 to the span of the last n.

The collection of all Lagrangian subspaces is called Lagrange Grassmannian and de-
noted by:

Lag(Σ) = {V ⊂ Σ : σ(v, w) = 0 ∀ v, w ∈ V }.

It is a smooth, closed n(n + 1) algebraic manifold. Its geometry will be discussed in the
subsequent sections.

Even if all symplectic spaces are equivalent to standard one, we list here some common
constructions to get new symplectic spaces.

Example A.1. Take a symplectic space (Σ, σ) and de�ne Σ′ = Σ⊕Σ with symplectic form
given by (−σ)⊕ σ:

((−σ)⊕ σ)

((
v1

v2

)
,

(
w1

w2

))
= σ(v2, w2)− σ(v1, w1).

Σ′ is a symplectic space and more importantly graphs of symplectic maps are Lagrangian
subspaces.

Example A.2. Take a vector space V and its dual V ∗. De�ne the vector space Σ = V ⊕V ∗
with symplectic form:

σ

((
λ1

v1

)
,

(
λ2

v2

))
= λ1(v2)− λ2(v1).

One can check that σ is non degenerate. We have a distinguished class of Lagrangian
subspaces sitting inside Lag(Σ). Take W ⊆ V and de�ne its annihilator to be:

Ann(W ) = {λ ∈ V ∗ : λ(w) = 0∀w ∈W}.

It is straightforward that the subspaces of the form W ⊕ Ann(W ) have dimension n and
are Lagrangian.

A.2 Lagrange Grassmannians and intersection indices

In this section we collect some information about the geometry of Lagrange Grassmannian
and curves in it (i.e. 1−parameter families of Lagrange subspaces).

First of all let us introduce an atlas on Lag(Σ) made up of a�ne charts. Take a couple
of transversal Lagrangian subspaces L0 and L1. By what stated in the previous section we
can always assume Σ ≈ R2n with the identi�cations:

L0 ≈ {(y, 0) : y ∈ Rn}, L1 ≈ {(0, x) : x ∈ Rn}.

For any symmetric n × n matrix S, we can consider the subspace LS := {(Sx, x) : x ∈
Rn}. It is straightforward to check that LS is Lagrangian and transversal to L0. This
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correspondence gives a map between the space of symmetric matrices and an open set of
the Lagrange Grassmannian. We call this set Lt0 since it coincides with the collection of
all subspaces transversal to L0.

The complementary set to Lt0 , which we call the train of L0 and we denote byML0 , is
a singular hypersurface in Lag(Σ). One can check using the charts de�ned above that it
coincides locally with the set {S ∈Matn(R), S = ST , rank(S) < n}. In particular the rank
induces a strati�cation of ML0 . The smooth stratum corresponds to {rank(S) = n − 1}
whereas the singular ones have codimension at least 3.

It is possible to endow ML0 with a co-orientation, in plain words this means that at
each point we can choose consistently an outer normal to ML0 . This is because of the
following interpretation of tangent vectors to Lag(Σ). Take a curve of Lagrangians Lt and,
for each t de�ne the following quadratic form on Lt:

Q(lt) = σ(lt, l̇t), lt ∈ Lt

Here lt denotes a curve inside Lt and l̇t. The formula above de�nes a quadratic form
which corresponds to the velocity of Lt. To see this correspondence we �x one of the chart
mentioned above and write Lt = {(Stx, x) : x ∈ R2n}. It is straight forward to compute Q
on a curve of the type t 7→ (Stx, x) and see that Q((Stx, x)) = 〈x, Ṡtx〉.

This in particular allows to de�ne a co-orientation on (the smooth part of) ML0 as
follows. Suppose that Lt ∩ L0 = span{l}, we say that Lt crosses positively if L̇t(l) > 0.
The facts that ML0 has singularity in codimension grater than 2 and it is co-orientable,
allows us to speak about general position and intersection number of smooth curves with
ML0 .

De�nition A.1 (Maslov Index of a smooth curve). Fix a Lagrange subspace L0 and a
smooth curve Lt of Lagrangian subspaces. Assume that the endpoints of Lt are transversal
to L0. Maslov Index is de�ned as the intersection number of Lt with ML0 . If Lt is in
general position it holds:

MiL0(Lt) =
∑

t:Lt∩L0=(l)

sgn(L̇(l)).

Luckily enough it is not necessary to put curves in general positions to compute their
Maslov index. Using the a�ne charts introduced above one can prove the following (see
[11][Chapter 1]):

Proposition A.1. Assume that the curve Lt, t ∈ [t0, t1] lives inside a chart of the type Lt2
and that L2 ∩ L0 = (0). Then, in coordinates given by L0 and L2, there exists a family of

symmetric matrices such that Lt = {(Stx, x) : x ∈ Rn}. The Maslov index of Lt is given
by:

MiL0(Lt) = ind− St0 − ind− St1 .

Here ind− St denotes the number of negative eigenvalues (or Morse index) of St.

In particular given a curve Lt with t ∈ [t0, t1] we can �nd a partition {s0 < · · · < sm}
of [t0, t1] and �nite number of Lagrangian subspaces transversal to L0 and Lt|[si,si+1] and
present the Maslov index of a curve as the sum of local contribution as in the proposition.
To the reader familiar with a little algebraic topology this construction may look very
similar to the one for an angle function in C\{0}. Indeed both the spaces have fundamental
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group isomorphic to Z (see the remark below) and, when considering closed loops, the
Maslov index gives a morphism between π1(Lag(Σ)) and the integers.

We are going now to list some of the properties of Maslov index we will use in the
sequel. For proofs and detailed discussion one can look in [27, 14, 6, 11]. First we will need
the following de�nition:

De�nition A.2. A curve Lt is (strictly) positive if its velocity satis�es L̇t ≥ 0 (respectively
> 0). We say that it is (strictly) negative if L̇t ≤ 0 (respectively < 0).

Proposition A.2. i) We say that two curves Lt and L
′
t de�ned on [t0, t1] if there exists

a smooth family Λt,s such that Λt,0 = Lt and Λt,1 = L′t and Λ1,s and Λ0,s do not

intersectML0 for s, t ∈ [t0, t1]. If Lt and L
′
t are homotopic then:

MiL0(Lt) = MiL0(L′t).

ii) If L0 and L
′
0 are two Lagrangian subspaces transverse to both Lt0 and Lt1, the Maslov

index satis�es:

|MiL0(Lt)−MiL′0(Lt)| ≤ n.

iii) If Lt is a closed curve then for any L0 and L′0 we have:

MiL0(Lt) = MiL′0(Lt).

iv) If Lt is a strictly positive curve with endpoints transversal to L0 then:

MiL0(Lt) =
∑

t∈[t0,t1]

dim(Lt ∩ L0).

Remark A.1. It turns out that Lagrange Grassmannians are homogeneous space. In fact
one can show that the group U(n), which we identify as a subgroup of GL(2n,R), acts
transitively on Lag(R2n). The stabilizer of this action is given by a subgroup isomorphic
to O(n) and thus Lag(R2n) ≈ U(n)/O(n). This implies in particular that Lag(Σ) is not
simply connected and its fundamental group is isomorphic to Z.

Maslov index and crossing form

In this section we introduce a quadratic form which we will need in the following, theMaslov

form. We will also relate it with the Maslov index of path introduce in the previous section
and then prove some properties of the Maslov form needed in the sequel.

De�nition A.3 (Maslov index). Take three Lagrangian subspaces L0, L1, L2. Consider
the isotropic subspace L′1 := L1 ∩ (L0 + L2), if l1 ∈ L′1 then l1 = l0 + l2 with li ∈ Li. The
following quadratic form is called the Maslov form of the triple (L0, L1, L2):

m(l′1) = σ(l0, l2).

If we want to be explicit about which Lagrangian subspaces are being used ,instead of just
m, we will write m(L0, L1, L2).

The numbers ind+m, ind−m and sg m and dim kerm are invariants of the triple
(L0, L1, L2). The Kashiwara index is the signature of the Maslov form:

τ(L0, L1, L2) = sg m = ind+m− ind−m.

100



Chapter A Section A.2

The negative Maslov index is de�ned as

i
(
L0, L1, L2

)
= ind−m. (A.3)

Example A.3. Suppose L0 and L2 are transversal. We can identify the symplectic space
with the standard one (R2n, σ) as given in eq. (A.1). Since any couple of Lagrangian
subspaces can be mapped into each other, we can �nd a symplectomorphism which simul-
taneously maps L0 to B and L2 to Π.

Any L1 can be represented as L1 = {Aq + Cp = 0, q ∈ B, p ∈ Π} where AC∗ = CA∗

and rank[A,C] = n. If A or C is invertible then the matrix expression of the Maslov form
is given by −A−1C or C−1A respectively, which have the same signature of ∓AC∗.

The Kashiwara index and the Maslov index have the following properties:

i) (Alternating) τ(Ls(0), Ls(1), Ls(2)) = (−1)sg(s)τ(L0, L1, L2), where s is a permutation.

ii) (Cocycle property, [27, Theorem 1.32])

τ(L0, L1, L2)− τ(L1, L2, L3) + τ(L0, L2, L3)− τ(L0, L1, L3) = 0. (A.4)

iii) (Relation between the negative index, [6, Lemma 5])

τ(L0, L1, L2) = −2 i(L0, L1, L2) + dim(L1 ∩ (L0 + L2))− dim kerm

= −2 i(L0, L1, L2) + n− dim(L0 ∩ L2)− dim(L0 ∩ L1)

− dim(L1 ∩ L2) + 2 dim(L0 ∩ L1 ∩ L2).

(A.5)

iv) (Symplectic reduction) If V ⊆ L0 ∩ L2 is an isotropic subspace we can consider
LV := (L ∩ V ⊥ + V )/V which is a Lagrangian subspace of the reduced space. It
holds that:

i
(
L0, L1, L2

)
= i
(
LV0 , L

V
1 , L

V
2

)
(A.6)

Suppose now that Lt is a smooth curve inside Lag(Σ) and L0 a �xed Lagrangian
subspace. Suppose that Vt′ = Lt′ ∩ L0 6= (0) for some t′ ∈ (t0, t1) and that L̇t′ |Vt′ is a non

degenerate quadratic form. The quadratic form L̇t′ |Vt′ is sometimes called crossing form.
We have the following proposition (see for instance [30, 11, 27] for a proof and compare
with proposition A.1):

Proposition A.3. Assume that L′0 is transversal to L0 and Lt|[t′−ε,t+ε]. Under the hy-

pothesis above, for ε > 0 small enough:

2 MiL0(Lt|[t′−ε,t′+ε]) = τ(L′0, Lt′−ε, L0)− τ(L′0, Lt′+ε, L0)

= sg L̇t′ |Lt′∩L0 .

In particular one recovers point iv) of proposition A.2 assuming just that the restriction
of the velocity of Lt is positive on the intersection Lt ∩ L0.

Unlike the Kashiwara index, the Maslov index satis�es only a generic cocycle property.
This is shown in the next lemma which will be needed later on. The defect of being a
cocycle is measured by the intersections of the four Lagrangian subspaces one considers.

101



Chapter A Section A.2

Lemma A.1. The following formulas hold:

3∑
i=0

(−1)i+1i
(
L0, . . . , L̂i, . . . L3

)
= dim(L1 ∩ L3)− dim(L0 ∩ L2)+

+
3∑
i=0

(−1)i+1 dim(L0 ∩ · · · ∩ L̂i ∩ · · · ∩ L3).

(A.7)

i
(
L0, L1, L2

)
= i
(
L1, L2, L0

)
= i
(
L2, L0, L1

)
. (A.8)

Proof. The proof is just a computation using the cocycle identity for the signature in
eq. (A.4).

We use formula (A.5) to get a relation between the signature and the index for each
term on the left of (A.7). The part involving intersections of pairs of Lagrangian spaces,
after the summation, gives the contribution

2
(

dim(L1 ∩ L3)− dim(L0 ∩ L2)
)
.

The triple intersection do not simplify and thus their coboundary appears. Sometimes
it is useful to think about this remainder as the di�erence of the dimensions of two quotient
spaces. L1 ∩L3 in which we factor out the space L1 ∩L3 ∩L0 +L1 ∩L3 ∩L0 and L0 ∩L2

quotient by L0 ∩ L2 ∩ L1 + L0 ∩ L2 ∩ L3.
Next apply the �rst part with L3 = L0. The right hand side of the formula is then

zero. Moreover the terms i
(
L0, L1, L0

)
and i

(
L0, L0, L2

)
are zero since the Maslov form is

zero.
It follows that i

(
L0, L1, L2

)
= i
(
L1, L2, L0

)
, i.e. we obtain the invariance under cyclic

permutations.

A.2.1 The complex picture

In this section we will sketch the main features of the complex version of Maslov index and
symplectic geometry just introduced. We work almost always with real coe�cients but at
some points we need to switch to complex ones, mainly for spectral issues.

Take as vector space C2n ≈ R2n ⊗ C. Consider the complex version of the symplectic
form:

σC(X,Y ) = σ(X̄, Y ), X, Y ∈ C2n.

Clearly σC remains a non degenerate bilinear form. We can speak, as in the real case
of, Lagrangian, isotropic and co-isotropic subspaces. Here we list some of the properties of
the σC and complex Lagrange Grassmannian:

i) (Darboux basis) Since σC is non degenerate, every time two Lagrangian subspaces
L0, L1 are considered, there exists a basis in which σC has the standard form.

ii) (Grassmannian of Lagrangian subspaces ) In the real case the Lagrange Grassman-
nian is a homogeneous space di�eomorphic to U(n)/O(n). It turns out that the
complex one is di�eomorphic to U(n) (and thus still a real manifold). We can diag-
onalize the symplectic form obtaining:

1

2

(
i −1
1 −i

)(
0 −1
1 0

)(
−i 1
−1 i

)
=

(
i 0
0 −i

)
.
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Thus we have two subspaces on which σC is non degenerate, the eigenspace Vi relative
to i and V−i, the one relative to −i. It is thus clear that if V is Lagrangian, V must
be transversal to both the eigenspaces. So it can always be represented as a graph of
an invertible linear operator from Vi → V−i (or vice versa). It remains to check what
kind of linear maps are allowed. Using again the coordinates in which σC is diagonal
we get:

σC

(( x
Rx

)
,

(
y
Ry

))
= i〈x̄, y〉 − i〈R∗R̄x̄, y〉 = i〈(1−R∗R̄)x̄, y〉.

Since we need this quantity to be zero for any x, y ∈ Cn we get R̄R∗ = 1 and thus
R ∈ U(n). It follows that the complex Grassmannian is di�eomorphic to U(n).

iii) (Atlas for the Lagrange Grassmannian) Take two transversal subspaces L0, L1. Using
Darboux coordinates, we can build an a�ne chart as in the real case (compare with
appendix A.2). This time, though, we consider Hermitian matrices. The subspaces
VS = {(x, Sx) : S = S̄∗, x ∈ L0} are Lagrangian subspaces.

iv) ( Inclusion of the real version )Notice that if V is a real Lagrangian subspace, then
V ⊗C is Lagrangian with respect to the new symplectic form. In particular the real
Lagrange Grassmannian embeds in the complex one.

Take now three Lagrangian subspaces, the Maslov form is still well de�ned. Suppose
that λ1 ∈ L1 ∩ (L0 + L2):

m(λ1) = σC(λ0, λ2) = σ(λ̄0, λ2).

Lemma A.2. The Maslov form is a Hermitian form.

Proof. Notice that m(λ1) = σ(λ0, λ̄2) = m(λ̄1). We have to show that m(λ1) = m(λ̄1) but
this follows from the fact the subspaces are Lagrangian.

m(λ1)−m(λ̄1) = σ(λ̄0, λ2)− σ(λ0, λ̄2) = σ(λ̄0 + λ̄2, λ2)− σ(λ0, λ̄2 + λ̄0)

= σ(λ̄1, λ2)− σ(λ0, λ̄1) = σ(λ̄1, λ1) = 0.

This means that the quadratic form is real and thus m is Hermitian.

Thus the eigenvalues of m are real and the index and the signature are well de�ned
exactly as in the real case. More importantly, if we take Lagrangian subspaces of the form
L0 ⊗C,L1 ⊗C and L2 ⊗C the real and complex invariants coincide! All the properties of
Maslov and Kashiwara index listed in the previous section extend in a natural way to this
context, with real dimensions replaced by complex ones. The proof of [27, Theorem 1.32]
works in the Hermitian case as well, since our quadratic forms are all real by Lemma A.2.
It su�ce to substitute the word symmetric with the word Hermitian in the proofs.

A.3 Symplectic Manifolds

LetM be a smooth manifold, if there exists a non degenerate closed 2−form σ then (M,σ)
is called a symplectic manifold. In particular this means that each tangent space (TpM,σp)
is a symplectic vector space for every p ∈M .
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An example of symplectic manifold we will encounter very often is the cotangent bundle
of a smooth manifold, denoted by T ∗M . The symplectic form is given by the di�erential
of the so called tautological (or Liouville) 1−form s. It is de�ned as follows:

sλ(X) = λ(π∗X), ∀λ ∈ T ∗M,X ∈ TλT ∗X.

Here π : T ∗M → M denotes the natural projection and π∗ its di�erential. In local
coordinates (p, q) (q = (qi)i being local coordinates on M and p =

∑
i pidqi the ones on

the �bre) one can check that ds = dp ∧ dq and thus de�nes a non degenerate 2−form.
Notice that with this choices we are essentially identifying a chart of T ∗M with an open
set of the model space (R2n, σst). This turns out to hold for any symplectic manifold as
the next theorem shows.

Theorem A.1 (Darboux). Let (M,σ) be a symplectic manifold and m ∈ M . Then there

exists an open neighbourhood U of m and coordinates (p, q) such that σ = dp ∧ dq on U .

Suppose now that F : (M,σ) → (M ′, σ′) is a di�eomorphism, if F ∗σ′ = σ we say
that F is a symplectomorphism. A natural way to obtain di�eomorphisms is trough �ows.
Given a (complete) vector �eld X one obtains a family of di�eomorphisms Φt by solving
the ODE system

Φ̇t = X(Φt),

Φ0 = Id.

In a similar way one can produce symplectomorphisms using special classes of vector �elds:
Hamiltonian and symplectic �elds. A vector �eld X, is Hamiltonian if there is a smooth
function H such that dH(Y ) = σ(Y,X) for all smooth vector �elds Y . H is called Hamil-

tonian function and X is often denoted by ~H. A vector �eld for which we can �nd a
Hamiltonian only locally, i.e. in a neighbourhood of every point, is called symplectic.
The �ow of Hamiltonian and symplectic vector �elds is always a one parameter group of
symplectomorphisms.

As for the linear case we can give the notions of Lagrangian, isotropic and co-isotropic
submanifold. We say that N is a Lagrangian (resp. isotropic or co-isotropic) submanifold
if TnN is a Lagrangian (resp. isotropic or co-isotropic) subspace of TnM for any n ∈ N .
Curves are obvious example of isotropic manifold, if the ambient space is a cotangent
bundle then we have two important classes of examples of Lagrangian submanifolds.

Example A.4. Assume that f : M 7→ R is a smooth function, then df : M → T ∗M is a
section of T ∗M and gives and embedding of M into T ∗M . It is straightforward to check,
in local coordinates, that the tangent space to df(M) can be identify with the graph of the
Hessian of f , which is obviously Lagrangian.

Example A.5. Let λ ∈ T ∗M and consider the following subspace, which we usually call
�bre:

Πλ := {ξ ∈ Tλ(T ∗M) : π∗(ξ) = 0} = kerπ∗. (A.9)

Using the linear structure of T ∗M it is easy to see that this is the tangent space to kerπ
at λ.

Example A.6. Assume that N ⊆ M is a submanifold and let n ∈ N . We de�ne the
following subspace of T ∗nM :

Ann(TnN) := {λ ∈ T ∗nM : λ(X) = 0, ∀X ∈ TnN}.
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By example A.2, Ann(TnN) ⊕ TnN is Lagrangian vector space, one can check in local
coordinates that this is the tangent space to:

Ann(N) := ∪n∈NAnn(TnN).

For further reference we give also the following de�nition:

Aλ(N) := TλAnn(N). (A.10)

where we omit the dependence on the point λ when there is no confusion. Be careful,
however, that we often consider manifoldM ×M and their cotangent bundle T ∗M ×T ∗M
with symplectic form (−σ) ⊕ σ, as in example A.1. This is not the tautological form,
however the two structure are related by the following symplectomorphism:

S : (λ, η) 7→ (−λ, η) ∈ T ∗M × T ∗M.

It is easy to check that the S∗((−σ) ⊕ σ) is the tautological form σ ⊕ σ. Often we will
write A(N) instead of S A(N) and just specify which symplectic form we are using.

We now prove the following Lemma about the Maslov form we will use in the sequel.

Lemma A.3. Given the standard symplectic structure (Σ, σ) = (Tλ(T ∗M), ds) and three

submanifolds N0, N1, N2 ⊂M . Assume that:

λ ∈ Ann(N0) ∩Ann(N1) ∩Ann(N2)

and N1 ⊆ N0 (or N1 ⊆ N2) , then following formula holds

m
(
Aλ(N0), Aλ(N1), Aλ(N2)

)
≡ 0.

The same holds if M = M ′ ×M ′ and T ∗M is endowed with the form (−σ′) ⊕ σ′. In

this case A(Ni) are modi�ed accordingly as explained after eq. (A.10).

Proof. Let L0 = TλA(N0), L1 = TλA(N1) and L2 = TλA(N2). Fix some coordinates in a
neighbourhood of λ such that dsλ is the standard form on R2n ' Tλ(T ∗M). The subspace
L0 + L2 is the space:(

ν0

X0

)
+

(
ν2

X2

)
, Xi ∈ Tπ(λ)Ni, νi(Tπ(λ)Ni) = 0,

for i = 0, 2. Since the sum above should lie in L1 ∩ (L0 + L2), we have that X0 + X2 =
X1 ∈ Tπ(λ)N1 and ν0 + ν2 = ν1, with ν1 such that ν1(Tπ(λ)N1) = 0. If we compute now
the Maslov form, we get:〈

J

(
ν0

X0

)
,

(
ν2

X2

)〉
= 〈ν0, X2〉 − 〈ν2, X0〉.

Suppose without loss of generality that N1 ⊆ N0. The equation X0 + X2 = X1 implies
that X2 = X1 −X0 ∈ Tπ(λ)N0 and thus 〈ν0, X2〉 = 0. Therefore the quadratic form is the
zero form since:

〈ν2, X0〉 = 〈ν2, X0 +X2〉 = 〈ν2 + ν0, X0 +X2〉 = 〈ν1, X1〉 = 0.
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For the second part, we work on the cotangent bundle ofM = M ′×M ′ which is isomorphic
to T ∗M ′ × T ∗M ′. Label the coordinates as (λ0, λ1), call the standard form on T ∗M ′, σ′

and consider the following di�eomorphism:

S : (λ0, λ1) 7→ (−λ0, λ1).

It is straightforward to check that S∗(σ′ ⊕ σ′) = (−σ′) ⊕ σ′ and S maps A(Ni) as given
in eq. (A.10) to SA(Ni). Since Maslov index is invariant with respect to the action of
symplectomorphisms, the statement follows.
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Appendix B

Control systems

In this section we collect some basic facts about control system and the endpoint map,
mainly to set notation and as reference for the other chapters.

Suppose that M is a smooth manifold, U is a subset of Rk and f tu a family of smooth,
complete possibly non autonomous vector �elds. We assume that they are measurable
and locally bounded in t if they explicitly depend on time. We say that (M,f tu) is control
system, we call M state space and U the control parameter space. Any point q0 ∈ M is
called state and any L∞ function u : [0, 1] → U control. To any couple (q0, u(t)) we can
associate a Cauchy problem: {

q̇ = fu(t)(q),

q(0) = q0.
(B.1)

We usually work with [0, 1] for notational convenience, but any interval [0, τ ] would do.
For �xed q0 ∈M , we say that a control is admissible if the corresponding Cauchy problem
has solution de�ned on [0, 1]. Any solution to the Cauchy problem above with u admissible
is called admissible trajectory. We will denoted any such curve by qu(t) to underline the
dependence on the control. The following proposition si proved in [14]:

Proposition B.1. The space of admissible trajectories is a smooth Banach manifold mod-

elled on the space L∞([0, 1],Rk)× Rn.
We de�ne now one of the main tools of geometric control theory, the Endpoint map.

Take a couple (q0, u) of state and admissible control, for t ∈ [0, 1] we de�ne the endpoint
map at time t:

Etq0(u) = qu(t), qu(·) solution of eq. (B.1).

It turns out that Etq0 is a smooth map from the space of admissible controls to the state
space M . In particular, if we �x the initial condition and look at the level sets (Etq0)−1(q)
for q ∈ M , and assume that the di�erential of the endpoint map is surjective, they are
smooth submanifolds of the space of admissible controls.

Suppose now that you are given a smooth, in the space and control variable, function
ϕ(t, u, q), measurable in t and locally bounded. We can de�ne an integral functional on
the space of admissible controls as follows:

min
u∈(Etq0 )−1(q)

J (u) = min
u∈(Etq0 )−1(q)

∫ 1

0
ϕ(t, u(t), qu(t))dt. (B.2)

Minimizing the functional in eq. (B.2) and �nding the control u which realizes the
minimum is called an optimal control problem.
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Remark B.1. The functional in eq. (B.2) correspond to variational problems with Dirichlet
boundary conditions, i.e. we are minimizing the cost among curves with the same end-
points. We can generalize it slightly considering couples of initial condition and control
(q0, u) and requiring that (q0, E

t
q0(u)) is contained in a �xed submanifold N ⊆ M ×M ,

the boundary conditions.

The �rst step to approach it, is to �nd the critical points of the functional J on the
space of admissible controls. They are characterized by the so called �rst order necessary
optimality condition and can be summarize in the Theorem we are going to state now,
known as Pontryagin Maximum Principle. De�ne the following family of functions on
T ∗M × R:

htu(λ, ν) = 〈λ, fu〉+ νϕ(t, u, q).

Theorem B.1 (PMP). If ũt is a critical point of the functional J and q̃t is the relative

admissible trajectory, then there exists a Lipschitz curve λt : [0, 1] → T ∗M and a number

ν ∈ R such that:

i) q̃t = πλt for all t ∈ [0, 1];

ii) (λt, ν) 6= 0 for a.e. t ∈ [0, 1];

iii) ν ≤ 0;

iv) λ̇t = ~htũ(t)(λt, ν) for a.e. t ∈ [0, 1];

v) htũ(t)(λt, ν) = maxu∈U h
t
u(λt, ν) for a.e. t ∈ [0, 1].

Moreover if we are working with boundary conditions N ⊆ M ×M (see remark B.1) we

have the additional condition:

vi) (−λ0, λ1) ∈ Ann(T(q̃0,q̃1)N).

There are essentially two possibility for the value of the parameter ν, it can be either
0 or −1 after re-parametrizing λt.

De�nition B.1. Any curve satisfying the conditions of Pontryagin Maximum Principle
with ν = −1 is called normal extremal. If ν = 0 we will call it abnormal extremal.

B.1 Optimal control problems via Lagrange multipliers

The purpose of this section is to rephrase the problem in eq. (B.2) as a constrained mini-
mization problem with the aid of Lagrange multipliers rule. If f : Rd → R and g : Rd → Rm
are smooth functions, the classical result from calculus says that, looking for critical points
of f restricted to the zero level set of g, if the latter is regular, is equivalent to look for free
critical points on Rd × Rm of the function f(x, λ) = f(x) − 〈λ, g(x)〉. In other words one
has to solve the equations g(x) = 0, and ∇f(x) − λJac(g)(x) = 0 in λ and x if Jac(g)(x)
has full rank along {g(x) = 0}.

We need a slight generalization of this principle, which allows the function g to have
singularities. It says that �nding critical points of f constrained to {g(x) = 0} is equivalent
to solving the system ν∇f(x)− λJac(g)(x) = 0 and g(x) = 0 in x, λ and ν. This is is the
same as the following condition: de�ne that map F = (f, g), �nding critical points of f on
the set {g(x) = 0} is equivalent to �nding critical points of F .

108



Chapter B Section B.1

It turns out that as long as the codomain of g is �nite dimensional, the same principle
holds. First order conditions for the optimal control problem in eq. (B.2) are equivalent
to �nding critical points of J restricted to the level sets of the endpoint map and thus
equivalent to critical points of the following extended Endpoint map:

F tq0(u) =

(∫ t
0 ϕ(τ, u(τ), qu(τ))dτ

Etq0(u)

)
=

(
J tq0(u)

Etq0(u)

)
(B.3)

In particular optimal control problems in eq. (B.2) with Dirichlet boundary conditions (i.e.
minimizing among Lipschitz trajectory joining q0 and q1) are equivalent to the following
system: {

Etq0(u) = q1,

λt dE
t
q0(u)− ν dJ tq0(u) = 0

We are going now derive integral expression for the �rst and second di�erential of the
endpoint map Etq0 (and of F tq0). However to do so we need to introduce some tools of
Chronological Calculus. Details can be found in [12].

B.1.1 Chronological Calculus

The scope of Chronological calculus is to develop a formalism to work with non-linear
systems as if they were linear ones. The idea is to substitute the non-linear space M
with the algebra C∞(M). Points become linear functionals, vector �elds derivations and
di�eomorphisms are mapped to automorphisms. For proofs, and issues as topology used
and continuity, check [12][Chapter 2]. We can rephrase the problem of solving an ODE
on M as �nding the solution to a linear ODE for operators on C∞(M). To do so let us
introduce the following dictionary:

q ∈M ⇐⇒ q̂ ∈ (C∞(M))∗, q̂(f) = f(q).

X ∈ Vec(M) ⇐⇒ X̂ ∈ Der(C∞(M)), X̂(f) = df(X).

F ∈ Diff(M) ⇐⇒ F̂ ∈ Aut(C∞(M)), F̂ (f) = f ◦ F.

Let F ∈ Diff(M), it acts on Vec(M) as follows: F∗(X)F (p) = dpF Xp. This means

that, as derivations, F̂ ◦ (F∗X̂) = X̂ ◦ F̂ . This action is the so called adjoint action of
Aut(C∞(M)) on Der(C∞(M)) and we denote it by Ad F̂−1. On Der(C∞(M)) we have a
natural structure of Lie algebra given by the commutator on vector �elds. We can think
of Der(C∞(M)) as the Lie algebra of Aut(C∞(M).

Any ODE q̇ = Vt(q) can then be rephrased as an equation for its �ow, seen as a linear
operator on C∞(M):

d

dt
Φ̂t = Φ̂t ◦ Vt, Φ̂0 = I.

The solution to this equation is unique and it is denoted by −→exp
∫ t

0 Vτdτ , the right chrono-
logical exponential. It is possible to give an asymptotic expansion of the solution, the so
called Volterra series. The Cauchy problem above in integral form reads:

Φt = I +

∫ t

0
Φτ ◦ Vτdτ = I +

∫ t

0
Vτdτ +

∫ t

0

∫ t1

0
Φt1 ◦ Vt1 ◦ Vτdτdt1.
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De�ning the symplex ∆n(t) = {t ≥ t1 ≥ · · · ≥ tn ≥ 0} and iterating we get, for m ∈ N:

Φt = I +
m−1∑
n=0

∫
∆n(t)

Vtn ◦ · · · ◦ Vτdtn . . . dτ +

∫
∆m(t)

Φtm ◦ Vtm ◦ · · · ◦ Vτdtm . . . dτ

We will use this together with the following formula for the variation of vector �elds to
di�erentiate a vector �eld depending on a parameter. Suppose you have two �elds Vt and
Wt, one can show (see [12][Section 2.7]), that the solution of Ψ̇t = Ψt ◦ (Vt +Wt), can be
expressed in terms of −→exp

∫ t
0 Vτdτ as follows:

−→exp

∫ t

0
Vτ +Wτdτ = −→exp

∫ t

0
Ad

(
−→exp

∫ τ

0
Vrdr

)
Wτdτ ◦ −→exp

∫ t

0
Vτdτ.

Expanding the �rst term using Volterra series, we �nd that:

−→exp

∫ t

0
Ad

(
−→exp

∫ τ

0
Vrdr

)
Wτdτ = I +

∫ t

0
Ad

(
−→exp

∫ τ

0
Vrdr

)
Wτdτ

+

∫ t

0

∫ τ

0
Ad

(
−→exp

∫ θ

0
Vrdr

)
Wθ ◦Ad

(
−→exp

∫ τ

0
Vsds

)
Wτdθdτ + . . .

We can use this formula to obtain expression for the derivatives of a �ow depending on
parameter ε. Assume that Vτ (ε) is a vector �eld depending on time and the parameter ε,
for ε0 �xed we can write Vτ (ε) = Vτ (ε0) + Vτ (ε) − Vτ (ε0). Apply the formula above with
Wτ = Vτ (ε)− Vτ (ε0), to compute the value of the derivative one has to di�erentiate:

−→exp

∫ t

0
Ad

(
−→exp

∫ τ

0
Vr(ε0)dr

)
(Vτ (ε)− Vτ (ε0))dτ (B.4)

Now Volterra series comes in help. Since Wτ (ε0) = 0, when we di�erentiate term by term
the above series only a �nite number of terms appear, in particular for the �rst derivative
we have:

∂ε
−→exp

∫ t

0
Vτ (ε0)dτ =

∫ t

0
Ad

(
−→exp

∫ τ

0
Vr(ε0)dr

)
∂εVτ (ε0)dτ ◦ −→exp

∫ t

0
Vτ (ε0)dτ (B.5)

Set Pτ (ε0) = −→exp
∫ τ

0 Vr(ε0)dr to simplify a bit the notation. For the second derivative,
di�erentiating twice eq. (B.4) yields:∫ t

0
AdPτ (ε0)∂2

ε Vτ (ε0)dτ + 2

∫ t

0

∫ τ

0
AdPθ(ε0)∂εVr(ε0) ◦AdPτ (ε0)∂εVτ (ε0)dθdτ (B.6)

This formulas are the main tools we will use to get integral expression for the derivatives
of the endpoint map de�ned in the previous sections.

B.2 Di�erentiation of the Endpoint map

Now we apply the formulas, especially eq. (B.5), of the previous section to compute the
�rst and second di�erentials of the Endpoint map. Assume an extremal λt, either normal
or abnormal, has been �xed. By point iv) of Theorem B.1 it solves the equation:

λ̇t = ~htũ(λt)
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We have to di�erentiate at the point u = ũ(t), the optimal control. Take another control
v, by the formula in eq. (B.5), we can write the Endpoint map at ũ + εv as follow. We
stress that this is an equality of linear functionals on C∞(M).

Etq0(ũ+ εv) = q0 ◦ −→exp

∫ t

0
Ad

(
−→exp

∫ τ

0
Vr(ε)dr

)
∂εVτ (ε)dτ ◦ −→exp

∫ t

0
fũ dτ.

Here the one parameter family of vector �elds is given by:

Vt(ε)(q) = fũ(t)+εv(t)(q)− fũ(q)⇒

{
∂εVt(ε)|ε=0 = ∂ufũ(t) v(t),

∂2
ε Vt(ε)|ε=0 = ∂2

ufũ(t) (v(t), v(t)).

Let us call the �ow generate by fũ(t), Pt. Clearly Pt(q0) = Etq0(ũ) := qt gives back the
starting critical trajectory at time t. We have seen in the previous section that the action
of AdF on vector �elds is the same as the push-forward of F−1. In particular we have
that:

q0 ◦Ad

(
−→exp

∫ τ

0
Vr(ε)dr

)
∂εVτ (ε)|ε=0 = q0 ◦ Pτ ◦ ∂ufũ(τ)v(τ) ◦ P−1

τ .

Now take f ∈ C∞(M) and notice that we have to exchange the order in the former
expression since when we di�erentiate X ◦ P (f) = X(f ◦ P ) = df dP X. This implies that
the di�erential of the endpoint map is:

dũE
t
q0 v = (Pt)∗

∫ t

0
(Pτ )−1

∗ ∂ufũ(qτ ) v(τ)dτ. (B.7)

For the second derivative we use eq. (B.6), substituting Vt(ε) and its derivatives and eval-
uating in zero yields:

d2
ũE

t
q0(v, v) =(Pt)∗

(∫ t

0
(Pτ )−1

∗ ∂2
ufũ(τ) (v(τ), v(τ))dτ+

+ 2

∫ t

0

∫ τ

0
(Pθ)

−1
∗ ∂ufũ(qθ) v(θ) ◦ (Pτ )−1

∗ ∂ufũ(qτ ) v(τ)dτ dt

)
.

(B.8)

Remark B.2 (Intrinsic Hessian). It is well known that the �rst di�erential of a map is a
well de�ned linear map, independent on the coordinates chosen. This is no longer true for
the second di�erential. For example, given any smooth function f on Rd, there is always
a change of coordinates that make it linear in a neighbourhood of a regular point. The
second derivative of function is a well de�ned quadratic form on the kernel of the �rst
di�erential, with values in the cokernel (i.e. the space Codomain(df)/ Im(df)). Thus the
second derivative will be the family of quadratic forms λtd

2
ũE

t
q0 for λt such that λtdũE

t
q0 ≡ 0

de�ned on ker(dũE
t
q0). (for further details see [12][Chapter 20])

The second term in eq. (B.8) can be rewritten in terms of commutator of vector �elds.
In fact if we split [0, t] × [0, t] in two simplexes, say ∆< = {(τ, θ) : θ < τ} and ∆> =
{(τ, θ) : θ > τ}, we have the following equalities for every f ∈ C∞(M):(∫ t

0
Xθdθ

)
◦
(∫ t

0
Yτdτ

)
(f) =

∫ t

0

∫ t

0
Xθ(Yτ (f))dθdτ

=

∫
∆<

Xθ ◦ Yτ (f)dθdτ +

∫
∆>

Xθ ◦ Yτ (f)dθdτ

=

∫
∆<

(Xθ ◦ Yτ +Xτ ◦ Yθ)(f)dθdτ.
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In particular this implies the following:

2

∫ t

0

∫ τ

0
Xθ ◦ Yτ =

∫ t

0
Xθdθ ◦

∫ t

0
Yτdτ +

∫ t

0

∫ τ

0
[Xτ , Yθ]dτdθ.

The second derivative is intrinsically de�ned on the kernel of the �rst derivative, with
values in its co-kernel (see remark B.2). We are thus interested in the family of quadratic
forms ηd2

ũE
t
q0 , where ηdũE

t
q0 ≡ 0. In particular, if λt is our extremal eq. (B.8), the second

di�erential can be written as:

λt d
2
ũE

t
q0(v, v) =λt(Pt)∗

(∫ t

0
(Pτ )−1

∗ ∂2
ufũ(τ) (v(τ), v(τ))dτ+

+

∫ t

0

∫ τ

0
[(Pθ)

−1
∗ ∂ufũ(qθ) v(θ), (Pτ )−1

∗ ∂ufũ(qτ ) v(τ)]dτ dt

)
.

(B.9)

By point iv) of Theorem B.1 follows that λt(Pt)∗ = λ0. Moreover we can rewrite the
formula above in symplectic terms, using the functions htu(λ) = 〈λ, f tu〉 appearing in the
statement of PMP. For a vector �eld Z, possibly depending on extra parameters u and on
time t, de�ne the function hZ(λ) := 〈λ, Z〉 on T ∗M . One can check (see again [12]) the
following identities:

∂2
uhZu(λ) = 〈λ, ∂2

uZu〉,

h[Xt,Yt](λ) = 〈λ, [Xt, Yt]〉 = σλ(~hX ,~hY ).
(B.10)

The only issue to address now is to interpret eq. (B.9) in an intrinsic way. Notice that
the objects appearing as integrands always live in the tangent space to the initial point λ0.
This is why we are allowed to speak about integrals. We use now the solution of λ̇ = ~htũ(λ)
to perform a time dependent change of coordinates that backtracks the extremal λt to λ0

and rewrite the integrands in term of this �ow, using the just mentioned identities. Let
us call this �ow Φ̃t . This procedure is in some equivalent to �xing a connection and
de�ning a parallel transport operator which trivializes the bundle λ∗tT (T ∗M). De�ne the
Hamiltonian:

btu(λ) = (htu − htũ) ◦ Φ̃t(λ)

Combining with the identities written in eq. (B.10) we have the following equalities (see
[12][Chapter 20.3]):

〈λ0, [(Pθ)
−1
∗ ∂ufũ(qθ) v(θ), (Pτ )−1

∗ ∂ufũ(qτ ) v(τ)]〉 = σλ0(∂u~b
θ
u, ∂u

~bτu)

〈λ0, (Pτ )−1
∗ ∂2

ufũ(v(t), v(t))〉 = ∂2
ub
t
u(λ0)(v(t), v(t)),

By the discussion in the previous sections (see eq. (B.3)), we can formulate optimal
control problems in terms of the endpoint map of an auxiliary system. Thus to get the
second variation of an extremal for an optimal control problem we have to consider the
following �elds on M × R:

f̂ tu(q, x) =

(
ϕ(t, u, q)
f tu(q)

)
It turns out that this is equivalent to using the Hamiltonians htu(λ) = 〈λ, f tu〉+ νϕ(t, u, q)
appearing in the statement of Theorem B.1 on T ∗M . Through out the thesis we will use
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the following notation for the matrices appearing in the expression of the second derivative.
We summarize it all here for further references:

Hamiltonians of PMP: htu(λ) = 〈λ, f tu〉+ νϕ(t, u, q), htũ(λ) = htũ(t)(λ),

Re-parametrization �ow (or parallel transport):
d

dt
Φ̃t = Φ̃t ◦ ~htũ,

Re-parametrized Hamiltonian: btu(λ) = (htu − htũ) ◦ Φ̃t(λ)

Second Variation's coe�cients: Zt := ∂u~b
t
u(λ)|λ=λ0 , Ht := ∂2

ub
t
u(λ)|λ=λ0 .

(B.11)

We collect here formulas for the �rst two derivatives of the endpoint map.

Proposition B.2 (Derivatives of the Enpoint map). Suppose that (ũt, λt) is a couple of

optimal control and extremal for the optimal control problem in eq. (B.2) with Dirichlet

boundary conditions. With the notation introduced above and summarized in eq. (B.11) the
�rst di�erential of the Endpoint map is given by the following map:

dũE
t
q0(v) = π∗(Φ̃t)∗

∫ t

0
Zτvτdτ.

The second di�erential is given by the quadratic mapping in eq. (B.8). Moreover, for

v ∈ ker dũE
t
q0, the projection along the extremal λt satis�es:

λtd
2
ũE

t
q0(v, v) =

∫ t

0

(
〈Hτvτ , vτ 〉+

∫ τ

0
σλ0(Zθvθ, Zτvτ )dθ

)
dτ.

B.3 Classes of extremals

In this section we collect some de�nitions we will use later.

De�nition B.2. An extremal λt with optimal control ũ(t) is called:

i) regular if Ht(v, v) < −α‖v‖2 for α > 0 and v ∈ Rk,

ii) strictly normal if λt is a normal extremal and the di�erential of the endpoint map is
surjective

iii) totally singular if Ht ≡ 0.

The condition given in i) is often referred to as Legendre strong condition and is a
su�cient condition for the �niteness of the index of λtd

2
ũE

t
q0 .

De�nition B.3. We say that an extremal is of corank m ≥ 1 if the space TqtM/Im(dũE
t
q0)

has dimension m.

In particular strictly normal extremal have always corank 1. In this case the second
derivative is actually a quadratic form on a subspace of L∞([0, t],Rk) of codimension
dim(M).
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