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Abstract

In this thesis we study the spectral properties of the Second Variation of an optimal
control problem. In particular we focus on three aspects: the asymptotic distribution of
the spectrum on the real line, the change in Morse index of an extremal subject to different
boundary conditions and the determinant.

We provide, under some regularity assumptions, an exhaustive Weyl-type law for the
eigenvalue of the Second Variation.

We prove a formula for the change of Morse index of an extremal satisfying different
sets of boundary conditions. We apply it to get iteration formulas for periodic extremals
and discretization formulas that reduce the problem of computing the index to a finite
dimensional one. Moreover we present some ideas on how to apply the theory to variational
problems on graphs.

Finally we provide a way to compute the determinant of the Second Variation in terms
of the fundamental solution of a system of ODEs, proving a generalized Hill-type formula.
Application to stability are discussed.






Chapter 1

Introduction

Given a function f, how can we find its mazrima and minima? This is a central question
in Calculus since its birth and even before in Fermat and Descartes works in the first half
of XVII century. Well, the answer is simple (is it really?) look at the first and second
derivatives! The leitmotiv of this work is the Second Variation of an optimal control
problem and its (spectral) properties.

But ...what is an optimal control problem? Well, this is a bit long to explain. A
detailed and formal account is given in Appendix B. Let us try to explain it here more
informally, like you would do at a dinner table, when someone dares to ask the much
dreaded question “So, what is it that you do exactly?”.

The situation we want to study is the following: suppose you have a particle (modelling
a car, skies, a robot ...) and you want to move it from initial to final state. You might
have restrictions on the way you move, depending on the shape of the object you are trying
to control. Take for instance a car and the problem of parallel parking: your wheels do not
simply turn! This kind of restrictions on motion are sometimes called non holonomic, it
means that they cannot be written in terms of the position alone. They explicitly depend
on the velocity of your particle too. A control problem consists in deciding if, given these
restrictions on the movement of your particle, it is actually possible to move it from a given
initial position to a given final one.

The word optimal comes into play when you add to this picture a way to select the best
trajectory to connect your initial and final state. This is usually done adding the datum
of a functional to your problem and requiring that the best trajectories are minima (or
maxima) of the latter. In Riemannian geometry one would take the kinetic energy. In
classical mechanics one would add to that a potential. One could also take the total time
itself as the way to weight trajectories, this would be called a time optimal problem.

And the Second Variation? Well, as Fermat already discovered in the thirties (of the
XVII century, of course), minima and maxima are necessarily critical points. However not
all critical points are minima or maxima, sufficient conditions were later formulated in terms
of the second derivative. It is well known that, when dealing with real functions on open
sets 2 C R"™, the second derivative at a point p is represented by a symmetric matrix which
can be naturally identified with a quadratic form. Thus, for us, the Second Variation will be
a quadratic form on a suitable Banach space. It essentially gives a quadratic approximation
of the functional we use to select the best trajectory in our optimal control problem.

The next word I would pick after Second Variation of an optimal control problem to
describe this work would be specirum. Every result stated in this thesis deals with either
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the distribution of the spectrum 3 of the Second Variation on the real line or can be used
to compute quantities such as:

lim A, li A—1)* keN.
e—0t H e—l)r(r)l+ Z ( )
[A|>€, X [A|>e, X

In optimal control one is particularly interested in the cardinality of the negative part
of the spectrum of the second variation, the so called index. The reason is that the index
tells you in how many independent ways you can reduce the value of your cost for a given
trajectory. Generally speaking, if you wish to find the optimal strategy to interact with
your system you ought to look for trajectory with 0 index.

I think that these few lines are enough to give a taste of things to come. If you are not
satisfied with this explanation yet (even though in my experience most people are at this
point), well, here is the rest.

The starting goal of my research project was to extend the results in [7] to compute
the determinant of the Second Variation. Here by determinant we mean a suitable limit
of the product of the eigenvalues of the Second Variation, as in the previous formula. The
first step in this direction was to develop a formalism to write the Second Variation in a
fashion similar to the fixed point case. However, in doing so, other questions and ideas
sprung up. Thanks to Ivan’s interest in variational problems on graphs, quantum graphs
and so on, Chapter 4 was born. Trying to understand if one could recover the Second
Variation of an L@ optimal control problem (see [12][Chapter 16]) just by its spectrum (as
in the famous “Can you hear the shap of a drum?”’ problem) led to Chapter 3 and to a
general distribution law for the eigenvalues of the Second Variation. Ultimately [ managed
to prove an extension of the result in [7], this is the content of Chapter 5.

This first Chapter is meant to serve as an account of the main results achieved dur-
ing my PhD studies at SISSA under the supervision of Prof. Andrei Agrachev and Ivan
Beschastnyi. I will go over them in the next sections and try to give a bit of perspective
on some of them. Most of what it is presented here is contained in [18, 15, 17]. T will not
follow strictly the chapters order and delay the most technical result to the last section.
Considerable effort was put in order to adapt not always matching notations, avoid as
much as possible repetitions and realize a manuscript with the most coherent presentation
I could achieve. For any doubt and possible inconstancy, however, refer to the original
sources.

I chose to confine everything that could be labelled as background material to Appen-
dices A and B with the sole exception of the differentiation of the Endpoint map which
is recalled in Section 2.1 since it serves as motivation for the rest of the Chapter. I will
introduce the objects needed when needed. For a systematic exposition please, refer to the
appendices.

1.1 Morse Index and Graphs

This section gives an account of the contents of Chapter 4. The main result there is
a formula to compute the difference of Morse index of an eztremal (loosely speaking a
critical point of the functional we consider) satisfying different sets of boundary conditions.
The motivation behind this formula is to apply second variation techniques to variational
problems on graphs, much of the material appearing here can be found in [15].

2
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Notice that when we speak of extremals or critical points we usually mean curves in
the cotangent bundle of our state space, see Theorem B.1 for a precise statement of this
fact. To understand why this is so, think of a problem of classical mechanics or Rieman-
nian geometry. Critical points of the action functional satisfy Fuler-Lagrange equations
which are second order differential equations. Thus the initial position alone is not enough
to parametrize all solutions! By graphs here we mean metric graph as in the following
definition:

Definition 1.1 (Metric graph). A metric graph is a graph G = (Go, G1), where Gy is the
set, of vertices and G is the set of parametrized edges. Each edge e € G; is parametrized
either by a finite interval [0, [.] for some [, > 0 or by [0, +00).

In particular, metric graphs are oriented, i.e. any edge is endowed with an orientation
and we can speak of initial (source) and final (target) point of an edge. Define the maps
s,t: G1 — Go, for each edge s(e) is the initial point whereas t(e) the final one.

We can partition the set of vertices in two using the map just introduced, we define
the following:

gg ={v:Jee G, tle)=vors(e)=v}, Gi= go\gg
In plain words g({ is the set of vertices with just one edge either issuing from or reaching
it.
Ezample 1.1. Assume that G is a compact metric graph and consider the space H(G), i.e.

continuous functions u with the propriety that u. := ul. € H([0,l]). We impose certain
boundary conditions (Dirichlet, Neumann, ...) on gg and consider the functional:

le 72 P
T (u) = Z/ %— el” i e (2.6). (1.1)
ecGy 0 p

We wish to compute the Morse index of the critical points of this functional. To do this
we cut the graph and consider the edges separately as a curve v (after re-parametrization)
from [0,1] to R#91. The continuity conditions and the extra constraints on Qg can be
expressed as boundary conditions for «, i.e. in the form (y(0),7(1)) € N C R*#91, For
example, if we impose homogeneous Dirichlet boundary conditions on Qg , N reads:

N ={(q,q) € R2#01 . ge = qe if s(e) = s(€'),q. = ¢l if t(e) = t(e)} N Ny,
Nf = {(q7q/) €R2#gl 1 Qe :Oifs(e) c gg’qé:()jfeg gg}

The choice of the functional in eq. (1.1) is not random. There is an extensive literature
concerning the existence and non-existence of ground state (i.e. global minimizers) of the
energy in eq. (1.1). The real issue here is that one wishes to consider also non compact
graph. For example with a finite number of edges some of which with infinite length, see
[3, 2, 4, 23] and [1, 21]. Or periodic graphs, i.e. graph with a relatively simple structure
repeated infinitely many times, see for example [28] or [29]. Our hope is to be able to
extract some necessary optimality conditions, using our techniques, to characterize local
minimizers of this problem. Maybe involving finer properties such as number of oscillations
or monotonicity. This is currently under investigation jointly with Ivan Beschastnyi.

We can slightly generalize the previous example and consider the following situation: to
each edge e € G; of the graph we associate a dynamical system f¢(q) on some manifold M®

3
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and a Lagrangian ¢°(t,u, q). We consider boundary conditions N C [] Mex]]

and look for the critical points of:

e€gy 6691

Z/ “(t,u, qu(t))dt.

e€G1

A typical situation is when all the M€ are the same manifold and we impose a continuity
condition at the vertices in G§ and additional ones (Dirichlet, Neumann...) to the vertices
in gg .

So, a first step to have effective ways of computing the Morse index for this class
of problems is to find effective formulas to compute the Morse index of the problem in
eq. (B.2) for general boundary conditions.

The topic is quite classical and several extension of the classical Morse theorem for
conjugate points are available. See for example [50]. In the case of fixed endpoints the
celebrated Morse theorem states that the index of the second variation is equal to the
number of conjugate points along the extremal counted with multiplicity. Let us explain
this fact briefly. In some (regular) situation is possible to formulate the condition of being
an extremal in terms of an autonomous Hamiltonian system on the cotangent bundle
of the state space. Second order conditions are stated in terms of the linearisation (i.e.
the differential of the Hamiltonian flow) along the fixed extremal. Loosely speaking these
maps give infinitesimal variations of the trajectory under consideration. In formulae Morse
Theorem reads:

ind”(Q) = Y dim(IIN &y(IT)).
te(0,1)

Here II denotes the vertical subspace and ®; the fundamental solution of the linearisation
of the (extremal) flow mentioned above (see Appendix B).

When dealing with more general boundary conditions the Morse Index cannot be ex-
press just in terms of conjugates point and correction terms appear. A huge number of
works in literature deals with this problem and several intersection indices in the Lagrange
Grassmannian have been introduced, see for instance [30, 19, 53, 25].

Here we are not going to pursue this direction. The strategy will be to single out the
contribution given by the boundary conditions. We will denote by Q1 the second variation
for the problem with fixed endpoints and Q) the second variation for boundary conditions
given by N. We are going to prove a formula that relates the difference ind™ (Qn) —
ind™ (Qm) to Maslov index as defined in Definition A.3 and eq. (A.3). More generally we
can consider the situation in which an extremal A : [0, 1] — T M satisfy multiple sets of
boundary conditions and try to compute the change of index. For instance, if you think
to the example of the graph above, such a formula would provide a way to compute the
change of index if we decide to impose an extra Dirichlet condition on a vertex v € G§ thus
shrinking the space of variations.

We can also apply this ideas in a more abstract way to recover iteration formula for the
concatenation of periodic extremal and discretization formulas, this is done in Sections 4.1
to 4.3.

We are going now to state the result. First of all let us introduce the Jacobi equation.
It is a time dependent Hamiltonian system on T),7*M given as follows:

Oy = 2,7 TPy (1.2)

4
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Here J is a coordinate representation of the symplectic form on T)\,7*M and Z; is the
matrix valued function appearing in the expression of the second variation given in defi-
nition 2.1 (see Appendix B and eq. (B.11)). Equation (1.2) can be a bit mysterious: let
us shed some light on it. One should think of it as a substitute of the linearisation of
the extremal flow appearing in Morse theorem. The reason why we need such system is
to cover degenerate situation in which the extremal flow is non-smooth and we cannot
really speak of linearisation or when we consider abnormal extremal (see Appendix B and
Definition B.2). Notice, moreover, that the Hamiltonian defining Jacobi equation is non
negative. This is because we work with the so called optical Hamiltonian systems as in-
troduced in [16]. These are systems that have a non negativity condition on a Lagrangian
subspace: the way in which we compute the the Second Variation allows to separate this
positive part from all the rest. What remains is exactly Equation (1.2).

The second object that will appear in the formulas is Maslov index of a triple of
Lagrange subspaces. Its appearance is ubiquitous in the field and in problems of intersec-
tion theory in the Grassmannians (see Appendix A.2). The precise definition is given in
eq. (A.3). What it is important to know for now is that it is an invariant of triples of La-
grangian subspaces and measures their relative position assigning to each triple Lg,L1,Lo
an integer i(Lg, L1, Lo) satisfying:

—dlm(M) S i(Lo,Ll,Lg) § dlm(M)

The third and last definition is that of annihilator of the boundary conditions. It is a
submanifold of 7% M, denoted by Ann(N), which plays the same role as the normal bundle
in Riemannian geometry. It projects onto N and Ann(N)NT; M consists of:

Ann(N)YNTyM = Ann(T,N) :={ e T;M : \(X) =0,vX € T,,N}.

It turns out that Ann(N) is Lagrangian submanifold of 7% M with the standard symplectic
form. This creates a small sign issue when dealing on T*(M x M) and o @ (—0), as we
always do. Finally let us define A(N),, as the tangent space of Ann(N) at \g. Note that
we will drop the subscript when non strictly necessary. See Appendix A and eq. (A.10) for
further details.

Theorem 1.1. Suppose that A is a strictly normal extremal (see Definition B.2 and the
beginning of next Section) satisfying the transversality conditions for two distinct submani-
folds N and N (see Theorem B.1). Denote by ®, the fundamental solution of eq. (1.2) and
by F(i)*(I)t) the graph of its composition with the differential ®, of the re-parametrization
flow given in eq. (B.11). Let Qn and Q be the respective second variation, then it holds:

ind~ Qg —indQn = i(A(N),T(®.81), A(N)) + do. (1.3)
The number dg appearing above is determined by the following relation:
dy = dim (A(N) NT(®,®1) / A(N) NT(®,.®1) N A(N)) — dim (TN /TN NTN)

Remark 1.1. We always work with the symplectic form (—o) @ o when dealing with graphs
of symplectomorphisms. In particular the Maslov index i(, -, -) appearing in eq. (1.3) must
be computed with said form.

Remark 1.2. If we assume that the maximum condition of PMP defines a C? function H*
in the neighbourhood of the extremal \;, the symplectomorphism ®, P is the fundamental
solution of the linearisation of the flow generated by H' along );. See for example [12][
Proposition 21.3].
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1.2 Functional determinants and Hill-type formulae

In this section we present the topic of Chapter 5. We will stick to a fairly regular situa-
tion. First of all we will assume that the extremal we are fixing satisfies Legendre strong
condition, as in the previous section. Together with this extremal, always comes a control
function . It represents the optimal strategy we have devised to stir the particle from the
initial to the final position. We will assume that @ is a regular point of the Endpoint map.
That is, A is a strictly normal extremal as in definition B.2. All this notions are explained
in Appendix B. Notice that, the condition of being a regular point of the Endpoint map,
is automatically satisfied by extremals of mechanical, Riemannian, and LQ problems. So
there is no loss of generality in thinking of those for the moment. The already mentioned
Legendre condition is a strict convexity condition, with respect to the velocity, of the maxi-
mized Hamiltonian along the extremal. It satisfied, for instance, by the already mentioned
class of problems.

Under these hypothesis the Second Variation can be naturally interpreted as the Hessian
of the cost J we are considering, restricted to the smooth manifold given by a level set of
the Endpoint map.

Our goal is to compute the determinant of the Second Variation. We will prove a
formula which relates this determinant to the fundamental solutions of an ODE system in
a finite dimensional space, much in the spirit of Gelfand-Yaglom Theorem.

Under the hypothesis above, the Second Variation @ is induced by a Fredholm operator
and can be written, after appropriate choice of scalar product, as 1 + K where K is a
compact operator. Various ways of defining a determinant function on spaces of operators
of this form can be found in the literature, going all the way back to the works of Poincaré,
Fredholm and Hilbert. If the operator K one considers is in the so called trace class, i.e.
the sequence of its eigenvalues (with multiplicity) gives an absolutely convergent series, a
definition of determinant which involves an infinite product of its eigenvalues is possible.

In our case, however, the classical approach is not immediately applicable since, generi-
cally, the operators one encounters when considering Second Variations are not trace class,
as it will be clear from Theorem 1.5. We will see that, under some technical assumptions,
this class of operators either has a particularly symmetric spectrum or it is trace class.
This symmetry allows us to talk about trace and determinant of the operators K and
1+ K in the sense of principal limits. A similar approach has been independently adopted
in the works [38, 37] to study the spectrum of Hamiltonian systems. The difference here
is the choice of projectors: we use directly the eigenprojectors of the Second Variation.

There are other ways to define the determinant of the Second Variation, of course.
For instance, the theory of regularized determinants, see [55], provides a way to define
regularized determinants for all Fredholm operators of the form 1 + K, enforcing some
condition on the summability of the singular values of K. One introduces the so-called
trace ideals &, for p > 1 and defines an appropriate analytic function on each of them
which mimics the properties of the determinant. Trace ideals are defined as follows: let K
be a compact operator and {s,(K)},en be the collection of its (ordered) singular values,
K belongs to &), if Y°, .y sh(K) < oo. For every m € N one maps the class &, to &, i.e.
trace class operators, and consider the (analytic) function:

N~ KV

Sm 3> K —det; [ (14 K)exp
J

= det,, (1 + K)

J=1
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This definitions preserves many of the properties of finite dimensional determinants, how-
ever introduces a heavy non linearity! Moreover, notice that the ideals &,,, n € N, are
increasing but the various definition of determinants do not agree. If K € &,, with m <n
then det, (1 + K) # det,, (1 + K).

Our approach, which is of course less general, however, provides an actual extension of
the definition of determinant given for trace class operators. It involves just the infinite
product of the eigenvalues and thus, whenever the compact part of the second variation is
trace class, it gives exactly the usual determinant det; defined for trace class operators.

It is worth pointing out two main features of our construction. First of all it relates
the determinant of 1 + K to the fundamental solution of a finite dimensional system of
ODEs. This provides a way to actually compute the determinant and allows to recover
some classical results such as Hill’s formula for periodic trajectories. This kind of formulas
have important applications since allow to relate variational properties of an extremal (i.e.
the eigenvalues of the second variation) to dynamical properties such as stability, which
are determined by the eigenvalues of the linearisation of the Hamiltonian system of which
the extremal we are considering is solution. For details about Hill formula and stability
issues we just mention the papers [20] and [10] and refer to the discussion at the beginning
of Chapter 5.

We stress that our results are formulated in a quite general framework which encom-
passes Riemannian, sub-Riemannian and Finsler geometry, mechanical systems on mani-
folds to name a few. Moreover the techniques can be applied without virtually any mod-
ifications to treat constrained variational problems on graphs as done in Chapter 4 to
compute the Morse index.

Yet another possible definition of determinant, this time for (pseudo-)differential op-
erators, is the following. To a self-adjoint differential operator L with a set of boundary
condition B one associates a (— function defined as:

((s) = Z A% s € C with R(s) sufficiently big.
A€spec(L)

The series converges on some half-plane R(s) > ¢o and is then extended to a unique
meromorphic function on the whole plane by analytic continuation. The determinant of
L is then defined to be —log(e¢'®))|,—g. The reader is referred to [31] for details. Let us
just point out that (—regularization techniques are the ones employed to obtain expression
for quantities such as the ratio of the determinants of two differential operators. These
constructions are carried out in many paper such as [46] for Sturm-Liouville problems and
[32] in the general framework of elliptic operators on section of vector bundles. A relation
between regularized determinants and zeta-regularization is given in [34]. In principle one
could recover similar results to the ones obtained in [33] for the determinant of elliptic
operators on quantum graphs or |45] for Sturm-Liouville differential operators. However
our formulas appearance would be slightly different since we make a different choice of
reference operator.

We can interpret the expression of the second variation coming from Chronological
Calculus (see [12]|Chapter 3]) as the composition of a differential operator and the inverse
of another one, canonically associated to the problem. As reference we use some symplectic
version of the parallel transport operator along our extremal. A precise definition of what
we mean by parallel transport will be given later on, in Appendix A and Section 5.1, where
all the objects mentioned above will be properly defined.

7
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Let us state now our result. Denote by m(A) the multiplicity of an eigenvalue A of @,
we define the determinant of () as:

— 1 m(X)
det(Q) 11_r>r(1)|)\lzl> ATV where A € Spec(Q).

We introduce now a variation of Jacobi equation as given in eq. (1.2). To define it
we use the two matrix valued functions Z; € Matyyoqim(ar)(R) and Hy € Matgxx(R)
introduced before. The precise way to compute them is explained in eq. (B.11). Let ¢° be
dilations of a parameter s € R of the fibre, i.e. the kernel of the differential of the natural
projection 7 : Ty M — M. The dilation 6° is defined by the relations m.(5°w) = m.(w)
for all w € Ty\,T*M and ¢°v = sv for all v € ker(m,). Let J be some representation in
coordinates of the standard symplectic form on T),7*M, using the maps just introduce
let us define the following quadratic form:

1
Bs(N) = 5\, JOSZyHH(8°Z)* TN, A€ Ty, T*M.
We will call Jacobi equation the following ODEs system on T),7™"M:
A=B(\), XeT\T*M.

and denote its fundamental solution at time ¢ as ®;. Notice that for s = 1 we recover
exactly eq. (1.2).

The last maps we will need is a family of symplectomorphism of T)\,7*M x T\, T*M
which depend on the choice of a scalar product on each space. Let gp and g1 be two scalar
products on T)\,7*M and Ty, T*M respectively. Assume that at each \;, II; := ker(m)
has a Lagrangian orthogonal complement wrt g; which we denote by HiL. Denote by pry
the orthogonal projection onto V' and set:

Aj(m) =n+ (1= 8)Jg 'pryen, 1 € Tn(T*M),
Aj(n) =n+ (L= s)(Jy '+ Puoprig o O prygen, € T, (T°M).

This maps preserve the fibre Ilg and II; respectively and move any Lagrangian subspace
closer and closer to the fibre as s goes to infinity.

The datum of the boundary condition is encoded in a Lagrangian submanifold of
(T*(M x M),(—0) ® o), the annihilator of N already appearing in the statement of
Theorem 1.1. Take a sub-manifold N C M x M, the explicit definition is as follows:

Ann(N) = | J{(Xo, M) € Ty (M x M) : (Ao, Xo) = (A1, X1),V(Xo, X1) € T,N}.
qgeN

In light of PMP (see Theorem B.1), critical points of J with boundary conditions given
by N, lift to the cotangent bundle to curves A; such that (Ag, A1) € Ann(N). Fix now a
complement to Ty, x,)Ann(N), say Vi, and denote by 7y the projection onto this latter
subspace with kernel the tangent space to the annihilator.

We are ready now define a function that plays the role of the characteristic polynomial
of Q. For a map f denote by I'(f) its graph, set:

Pq(s) = det(Tnlr asd, @5 45))-

With this notation our main result reads as follows:
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Theorem 1.2. Assume that the matriv —H; > « for some a > 0 (Legendre strong
condition) and that at least one of the following holds:

i) the maps t — Z; and t — Hy are piecewise analytic in t;
i) the dimension of the space of controls is k < 2;

i11) the operator I — Q 1is trace class;

Let \ € Spec(Q) and m(\) be its multiplicity, the limits:
— 1 m(A) ~ 1) = i _
det(Q) = lim IT ™, w@-1=1lim > mH)\-1).

e—0
[A—1]>¢ [A—1]>e€
are well defined and finite. Moreover, for almost any choice of metrics gg and g1 we have

that pg(0) # 0 and that:
det(1 + s(Q — 1)) = po(0) s (@=D=pa(0) )y (s).

Remark 1.3. The hypothesis about the regularity of Z; and H; are needed to obtain the
asymptotic for the spectrum of @) — 1 that guarantee the existence of the trace and of
the determinant as limits. They can be weakened somehow by requiring that the skew-
symmetric k x k matrix Z;JZ; is continuously diagonalizable (see [7]).

Remark 1.4. The constants pg(0), py(0)" and tr(Q — 1) are completely explicit and are
given in terms of iterated integrals in Lemmas 5.3 and 5.4.

In particular we have the following corollary:

Corollary 1.1. Under the assumption above, the determinant of the second variation Q)
satisfies:
det(Q) = po(0) 1™ @ VPO det(my|r(y,))-

Where Uy, = ®,®1 and coincides with the fundamental solution of the linearisation of the
extremal flow, whenever the latter is defined.

1.3 Characterization of the Second Variation

Alas, we turn to the last topic that will be touched in this thesis. In this section we are
going to overview the contents of Chapters 2 and 3. The common theme is the Second
Variation for Dirichlet boundary conditions. As explained and done in the previous section,
we will not work with just a trajectory, but with its lift to the cotangent bundle. This lift
is given by PMP (Theorem B.1) and we denote it by A;. Let @ be the relative optimal
control.

In Appendix B is shown that the second variation at a critical point (A, @) of an optimal
control problem is a quadratic form (or a family of quadratic forms when the corank of
the critical point is > 2) defined on the kernel of the first differential. In Proposition B.2
the following formulas to represent the derivatives of the endpoint map and the second
variation (here we use the notation summarized in eq. (B.11)) are given:

t
02E! (v) = (). / Zovdr
0
t T
)\td%Eéo(v,v) :/ <<H7—UT,UT>+/ U,\O(Zg’ve,ZTUT)dQ) dr.
0 0

9
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One should not be bother too much by these formulas. A quick glance and plain ac-
ceptance is advised for the moment. A rigorous derivation is given in Section 2.1 and ap-
pendix B. The message one ought to take home by looking at this equations is that the
second variation is expressed in integral form. Z, and H, are function from the interval
[0, %] to the space of k x 2dim(M) and k x k matrices respectively, where k < dim(M) is the
number of control parameters of the system. They should be interpreted as coefficients of
the Second Variation. From now on we will forget about where this quadratic form comes
from and how we obtained it and study it just as a quadratic form on L2([0,#], R¥).

The main focus of this section is the study of the second term appearing in the expres-
sion of the second variation, namely on operators of the form:

K(v)(r) = /0 " ona(Zoes Zove)do. (1.4)

They are always compact. The domain of definition is usually taken to be L>([0, ], R¥)
since one works with Lipschitz continuous curves. However it is clear that they extend to
continuous operators on L2([0,¢], R¥). For this reason we will always work on L2([0, t], R¥)
with the standard Hilbert structure.

We are going to present here a result about the asymptotic distribution of their spectrum
and a simple characterization of this class. It turns out that the following properties identify
the operators as in eq. (1.4):

i) there exists a finite co-dimensional subspace of L2([0, 1], R¥), which we call V, on
which K becomes a self-adjoint operator, i.e. :

(u, Kv) = (Ku,v) Yu,v €V, (1.5)

ii) K is an Hilbert-Schmidt operator with an integral kernel of a particular form, namely:
t

K(v)(t) :/ V(t,7)o(r)dr, v e L*([0,1],R¥). (1.6)
0

Where V (¢, 7) is a matrix whose entries are L? functions. We call the class of operator
satisfying this last condition Volterra-type operators.

This characterization is summarized in the following theorem. Let A denote the skew-
symmetric part of K, which we assume to satisfy egs. (1.5) and (1.6):

1 *
A= (K-K").
Denote by Im(.A) the image of A.

Theorem 1.3. Let be K an operator satisfying eq. (1.5) and eq. (1.6). Then A has finite
rank and completely determines K. More precisely, if A has rank 2m and is represented
as:

1
AW) (1) = %ZZAO /0 Zoo(rdt,

for a skew-symmetric 2m x 2m matriz Ay and a 2m x k matriz Z; then:
¢
K()(t) = / 2 Ao Zyo()dr.
0

10
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We can rephrase the above statement in terms of the second variation at a strictly
normal critical point (see Definition B.2). We have the following:

Theorem 1.4. Suppose V C L%([0,1],R¥) is a finite codimension subspace and K and
operator satisfying eqs. (1.5) and (1.6). Then (K,V) can be realized as the second variation
of an optimal control problem at a strictly normal reqular extremal. To any such couple we
can associate a triple ((3,0),11, Z) consisting of:

i) a finite dimensional symplectic space (¥,0);
ii) a Lagrangian subspace 11 C X;
i) a linear map Z : L*([0,1], R¥) — X such that Im(Z) is transversal to the subspace II.

This triple is unique up to the action of stabr (3, 0), the group of symplectic transforma-
tions that fix II. Any other triple is given by ((X,0),II,® 0 Z) for ® € stabp (X, o).

Vice versa any triple ((3,0),11, Z) as above determines a couple (K,V). We can define
the skew-symmetric part A of K as:

(Au,v) = o(Zu, Zv), Yu,v € L*([0,1],R"),
A determines the whole operator K and its domain is recovered as V = Z~1(II).

Before giving the precise statements of the next result about the spectral asymptotic,
let us pause a little the discussion to recall some general facts about the spectrum of
compact operators. Mainly to fix notation and give a couple of definitions.

Given a compact self-adjoint operator K on an Hilbert space H, we can define a
quadratic form setting Q(v) = (v, K(v)). The eigenvalues of Q are by definition those
of K and we will denote ¥4 (Q) the positive and negative parts of the spectrum of Q.

By the standard spectral theory of compact operators (see [51]) the non zero eigenvalues
of K are either finite or accumulate at zero and their multiplicity is finite. Consider
the positive part of the spectrum of Q, ¥, (Q) and A € ¥,(Q). Denote by m) the
multiplicity of the eigenvalue A. We can introduce a monotone non increasing sequence
{An}nen indexing the eigenvalues of K, requiring that the cardinality of the set {\, =
A} =my for every A € ¥,(Q).

This will be called the monotone arrangement of ¥, (Q). We can perform the same
construction indexing by —n, n € N, the negative part of the spectrum ¥_(Q). This time
we require that the sequence {A_, }nen is non decreasing. Provided that ¥4 (Q) are both
infinite, we obtain a sequence { Ay }nez.

The next definition is non-standard and the term capacity probably already used in
too many different contests. The terminology is inspired by [7] and extended here to cover
our case. It will essentially encode the first term of the asymptotic of {\, }nez-

Definition 1.2. Let Q be a quadratic form Q on a Hilbert space H and j € N

i) if j is odd, Q has j—capacity £ > 0 with reminder of order v > 0 if ¥;(Q) and
Y¥_(Q) are both infinite and:

An = -+ O0(n ) as  n— oo,
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ii) if j is even, Q has j—capacity (£4,&_) with remainder of order v > 0 if either both
¥4+(Q) and ¥_(Q) are infinite and:

_ E-‘r —v—j
An = (xn)7 +O(n ) as n — oo,

= 767

(7n)?

An +0(Mn™"7) as n— —oo,

where &£ > 0 or if at least one between ¥, (Q) and ¥ _(Q) is infinite and the relative
monotone arrangement satisfies the corresponding asymptotic relation;

iii) if the spectrum is finite or A\, = O(n™") as n — 4oo for any v > 0, we say that Q
has co—capacity.

The behaviour of the sequence {\,}ncz is closely related to the following counting
functions:

CHn)=#{1eN:0< ——<n} C;(n)=#{eN:—n>——— >0}
l

VA 1Al
The requirement of Definition 1.2 for the j—capacity can be translated into the following
asymptotic for the functions Cf (n):

§

+ S+ 1-v
Cj(n)—?n%—O(n ) as n— +oo

We mention here some of the properties of the j—capacity. Without loss of generality
we state the properties for the positive part of the spectrum, analogue results hold for the
negative one.

i) (Homogeneity) if Q; and Qg are quadratic forms on two Hilbert spaces H; and
Ho of j—capacity & and & respectively with the same remainder v, then aQ; has
j—capacity a&1 and the sum Q; @ Qs on Hi @ Hz has j—capacity (¥/&1 + ¥/&2)’ both
with remainder v.

ii) (Independence of restriction) If V C H is a subspace of finite codimension then Q
has j—capacity £ with remainder v if and only if its restriction to V has j—capacity
¢ with remainder v.

i) (Additivity) it Q; has j—capacity £ with remainder v and Qy has j—capacity 0 with
remainder of the same order v, then their sum Q; + Qs has the capacity £ with

: 1 )G+
remainder v = R |

We will focus now on quadratic forms Q coming from operators of the form given in
eq. (1.4) in light of Theorem 1.3. After a change of coordinates we can assume without
loss of generality that the symplectic form is the standard one and thus, using eq. (A.1),
we will consider the following quadratic form on L2([0, 1], R¥)::

Q) = (v, K(v)) = /O /0 (Zyo(t), ] Zoo(7))drdt. (1.7)

We will always make the assumption that Z; is a 2n x k matrix which depends piecewise
analytically on the parameter ¢ € [0, 1] through out this section. Let f be a smooth function

12
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on [0,1] and let k € N, denote by f*) = dtk the k—th derivative with respect to t. For
j > 1 define the following matrix valued functions:

o [ @)z ifj =2k +1 s
i(t) = (Zt(kq))*JZt(k) if j = 2k (1.8)

We use p; to denote any eigenvalue of the matrix A;(¢). If j = 2k, define:

phw = D W = ), Vil

pt:pt>0 pt:pt<0

For odd indices, Agi_1 is skew-symmetric and thus the spectrum is purely imaginary. So

we define the function:
Hi2k—1 = Z R —ipy.
pt:—ip>0

We are now ready to state the following result:

Theorem 1.5. Let Q be the quadratic form in eq. (1.7). Q has either co—capacity or
J—capacity with remainder of order v = 1/2. More precisely, let j > 1 be the lowest integer
such that A;(t) is not identically zero, then

i) if j =2k — 1, the (2k — 1)—capacity £ is given by:

) 2%—1
= (/ Mt,2k—1dt> ,
0

and thus for n € Z sufficiently large:
1 2k—1
(fo Mt,2k:—1dt>
n = (7n)2k—1

i) if 7 = 2k, the 2k—capacity (4,&_) is given by:

+ O(n_2k+1/2).

2k

1
é.:l: = <A ,u’t det> )

and thus for n € Z sufficiently large:

<fo Mtzk >2k

R

i) if Aj(t) =0 for any j then Q has co—capacity.
Remark 1.5. 1t is worth remarking that in Theorem 1 of [7] the order of the remainder for
the 1—capacity was a little better, 2/3 and not 1/2.

In particular, combining with Theorem 1.3 and assuming the kernel V (¢, 7) in eq. (1.6)
is an analytic function in ¢ and 7, we have the following bound on the 1—capacity in terms
of A, the skew-symmetric part of K.

Corollary 1.2. Let X be the spectrum of A, if the matriz V(t,7) in eq. (1.6) is analytic,
the 1—capacity of K can be bound by

¢<2vm | > —pp<2vm Y ol

pEX:—ip>0 pPEX:—ip>0

13






Chapter 2

The Second Variation

This chapter contains the proofs of theorems Theorem 1.3, Theorem 1.4 and the construc-
tion we will employ several times through out the work to reduce an optimal control with
moving boundary conditions to a fixed points one. Much of the notation used here is
introduced either in Appendix B or Section 1.3, however we will soon recall briefly some
facts about the differentiation of the Endpoint map to keep the chapter as self contained
as possible. The topics presented here are essentially contained in [18] and [15].

The chapter structure is the following. In Section 2.1 we recall how to differentiate the
Endpoint map of a control system for Dirichlet boundary condition. The topic is quite
standard and further references can be found in [5, &, 12]. In Section 2.2 we study the
integral representation of the second variation thus obtained and characterize the class
of integral operators one can realize as second variation of an optimal control problem.
Finally Section 2.3 describe how we reduce the second variation with moving endpoints to
the well known case of Dirichlet boundary conditions.

2.1 Second Variation with fixed endpoints

Consider an optimal control problem on a smooth manifold M. Roughly speaking the
situation is as follows: we specify a family of Lipschitz curves imposing some restriction
on its velocity and we want to find the best strategy (with respect to some cost functional)
to stir a point ¢p to a point ¢. This problem is formalized as follow (see Appendix B for
more details). We take a family of vector fields f,(¢) on M depending on some parameter
uw € U C R¥ and look at the solutions of

Gu = fu(t) (Qu)

for w € L*°([0,1],U). This will be our family of Lipschitz curve. The weight we assign to
each trajectory will be determined by a smooth function ¢; as follows:

1
J(u) :/0 ot (u, qu(t), t)dt

We denote by Ef (u) the map that takes a function u(-), the control, and gives back
the solution of the above equation at time ¢ with initial condition gg.

Any optimal control problem can be reduced to the study of an appropriate Endpoint
map simply by adding the cost as an extra variable or can be seen as a problem of con-
strained optimization with constraints given by the level set of the Endpoint map (see

15
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[12, 13, 14]). We are going now to recall the integral representation for the derivatives of
the Endpoint map, complete details are given in Appendix B.
We consider the following family of functions on 77" M:

ha :T*M =R, ha(N) = (A, fu) + ve(u,7(N), v <O0.

By Pontryagin Maximum Principle (Theorem B.1) optimal trajectories with control @ lift
to curves in the cotangent bundle satisfying A = E&(t)<)\) and maxy, hy(A) = hg(A).

Fix an optimal control @ and the relative extremal \;. Consider the function hg(\) =
ha)(A) and define the following non autonomous flow (which will play the role of parallel

transport in this context):

d- - - -
&, = hg(d;)  do=1d (2.1)

dt
It has the following properties:

i) It extends to the cotangent bundle the flow which solves ¢ = fL(g) on the base. In
particular if A; is an extremal with initial condition Ay, m(®:(Ao)) = qa(t) where gz
is an extremal trajectory.

ii) &, preserves the fibre over each ¢ € M. The restriction ®; : ;M — Tg (q)M is an
t

affine transformation.

We use the symplectomorphism ®, to pull back the whole curve \; to the starting point
Ao. We can express all the first and second order information about the extremal using
the following map and its derivatives:

bi,(A) = (hl, — h%) o ©4(N)
Notice that:
i) bZ()‘U)|u=ﬂ(t) =0=d,, bmu:ﬁ(t) by definition.

i) Oubllu—i(y = Ou(hl o ®y)|u—a) = O since A(t) is an extremal and @ the relative
control.

Thus the first non zero derivatives are the order two ones. We define the following
maps:

Zy = 8, (No)uza(ry : RF = Ty U — T (T M)

) (2.2)
H; = 83bt(>‘0)‘u:ﬁ(t) RV = TayyU = TyyU = R

We denote by II = kerm, the kernel of the differential of the natural projection m :
M — M.

Proposition (Differential of the endpoint map). Consider the endpoint map E' : Uy, —
M. Fix a point 4 and consider the symplectomorphism ®; and the map Z; defined above.
The differential is the following map:

5 t
dﬂE('Ut) = d/\(t)ﬂ‘ o d/\oq)t(/ ZTUTdT) € thM
0
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In particular, if we identify T\, (T*M) with R*™ and write Z; = <§?>, @ is a regular
t

point if and only if v; — fot Xrv.dr is surjective. Equivalently if the following matrix is
invertible:

t
T, = / X, X*dr € Matyen(R), det(Ty) %0
0

If dgE! is surjective then (E*)~!(g) is smooth in a neighbourhood of @ and is tangent
space is given by:

Ti(EY M g) = {v € L=([0,1],R*) : /0 X,vpdr =0}

= {v € L™(|0, 1],Rk) : /Ot Zrvdr € 11}

In this case optimal control problems can be formulated as constrained minimization
problems. We take as submanifold of L*([0, 1], R¥) the set (Ef )™ (q1) and functional to
minimize the cost J. In the sequel we will often restrict to this situation. See [14] for a
more detailed discussion.

At critical points is well defined (i.e. independent of coordinates) the second variation
of dgE;O. It is a map defined on the kernel of the first differential with values in the
cokernel (see appendix B or [12][Chapter 20| for further details). When the image of the
first differential is an hyperplane it reduces to a quadratic form. Such extremals are called
of corank 1, see Definition B.2. This happens, for instance, when we are in the situation
of constrained minimization described above. In this case the second derivative of the
extended Endpoint map (i.e. lifted to manifold M x R to include the cost as a variable)
can be expressed with the function Z; and H; defined in eq. (2.2).

Using chronological calculus (see again [12] or [5] and proposition B.2) it is possible to
write the second derivative of the functional 7 (i.e. the second derivative of the extended
Endpoint map) on ker dz E* € L>=([0, 1], R¥) as follows.

Proposition (Second variation). Suppose that (A(t),w) is a critical point of J with fized
wnitial and final point. For any u € ker dﬂEéD the second variation has the following ex-
pression:

1 1 gt
437 (u) = —/ (Hyug, ug)dt — / / o(Zrur, Zyuy)drdt
0 0 Jo

The associated bilinear form is symmetric provided that u,v lie in a subspace that projects
to a Lagrangian one via the map u — fol Zyugdt.

1 1 pt
d%j(u) = —/ (Hyug, ve)dt —/ / o(Zrur, Zyvy)drdt
0 0o Jo

The formula just derived for the second derivative of the cost in the case of an extremal
which is also a regular point of the Endpoint map actually hold in more general context.
In particular, for any n € Tj; M such that ndﬂEéo = 0 the second variation can always be
written as:

t [ _ _
nd%E;O(u) = —/0 (Hyuyg, ug) —/0 /0 th*(n)(ZTuT,Ztut)det
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Where P; denotes the flow of f5;)(¢) at time ¢, Zyuy is an element of Tp*nT*M and H,
a family of symmetric matrices. In the following section we are going thus to consider
abstractly operators on L°°([0,1],R¥) (or their extension to L2) of this form, focusing
especially on the compact part:

1
K(u)(t):/o o(Z+, Zrur)dr. (2.3)

2.2 Characterization of the Second Variation

This section is devoted to the proof of Theorem 1.3 and his reformulation in Theorem 1.4.
It roughly says that any integral operators with integral kernel of the form given in eq. (1.6)
which becomes symmetric on a finite codimension subspace actually can be represented as
in eq. (2.3) and it is completely determined by its skew-symmetric part. We recall here
the statement:

Theorem. Let be K an operator satisfying eq. (1.5) and eq. (1.6). Then A has finite rank
and completely determines K. More precisely, if A has rank 2m and is represented as:

1
A(w)(t) = %ZZ‘AO /0 Zoo(rdt,

for a skew-symmetric 2m x 2m matriz Ag and a 2m x k matriz Z, then:

K)(t) = /0 Zf Ao Zrvo(T)dT. (2.4)

Proof of Theorem 1.3. The proof of the first part of the statement follows from a couple
of elementary considerations. In the sequel we will use the short-hand notation A for

Skew(K).
Fact 1: Equation (1.5) holds if and only if A has finite rank

Suppose that K|y is symmetric. Consider the orthogonal splitting of L2[0,1] as V @ V*.
Equation (1.5) can be reformulated as A(V) C V*, thus Im(A(L?[0,1])) € V*+ + A(V1)
which is finite dimensional.

Conversely, if the range of A is finite dimensional, we can decompose L?[0,1] as Im(A)®
ker(A), where the decomposition is orthogonal by skew-symmetry. Thus, on ker(A), K is
symmetric.

Fact 2: A determines the kernel of K

It is well known that, if K is Hilbert-Schmidt, then K* is Hilbert-Schmidt too. Since we
are assuming eq. (1.6) it is given by:

K (0)(t) = /t V* (r, t)o(7)dr-

So we can write down the integral kernel A(t,7) of A as follows:

1 .
Alt,7) = 2V(t,7') fr<t
— VA (rt)ift <.
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The key observation now is that the support of the kernel of K is disjoint form the support
of the kernel of K*. Thus the kernel of A determines the kernel of K (and vice versa).

Now, since we are assuming that A has finite dimensional image, we can present its
kernel as:

1
Alt,T) = iZfAOZT,

where Aj is a skew-symmetric matrix and Z; is a dim(Im(.A)) x k matrix that has as
rows the elements of some orthonormal base of Im(A). Without loss of generality we can
assume Ag = J. In fact with an orthogonal change of coordinates Ay decomposes as a
direct sum of rotation with an amplitude );. Rescaling the coordinates by \/A; yields the
desired canonical form J. O

Now we prove corollary 1.2. This result relates the spectrum of the skew-symmetric
part of any operator satisfying eqs. (1.5) and (1.6) and its capacity, a spectral invariant
introduced in [7] whose definition was recalled in Section 1.3.

Proof of Corollary 1.2. First of all notice that, now that we have written down any oper-
ator satisfying eqgs. (1.5) and (1.6) in the same form as those in eq. (1.4), we can apply
all the results about the asymptotic of their eigenvalues. In particular, if we assume that
the space Im(A) C L%(]0,1], R¥) is generated by piecewise analytic functions, the ordered
sequence of eigenvalues satisfies:

Ap = £ +0(n7%3), asn— too.
™
Notice that we are using a better estimates on the reminder (for the case of the
1—capacity) then the one given in Theorem 1.5 that was given in [7]. We denote by
Mt = M* the conjugate transpose. Set 2m = dim(Im(A)), since the map t ~ Z; is
analytic, there exists a piecewise analytic family of unitary matrices G; such that:

i1 (t)

iG ()
GiZrJ2,G, = —iC1(t)

—iQy(t)
0

Without loss of generality we can assume that the function (; are analytic on the whole
interval and everywhere non negatlve Recall that the coefﬁcient ¢ appearing in the asymp-
. 1
totic was computed as & = [; ((t)d fo o Gilt
Let us work on the Hilbert space LQ([O, 1],Ck) Wlth standard hermitian product. Notice
that G : L?([0,1],C*) — L2([0,1],C*), v + Gyv is an isometry, thus the eigenvalue of
Skew(K) = A remain the same if we consider the similar operator G~ o Ao G which acts
as follows:

1 1
G loAdoGv) = QGIZ;‘J/ Z.Gro(T)dr
0
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To simplify notation let’s forget about this change of coordinates and still call Z; the
matrix Z;G;. Write Z; as:

z,— | ¥m(®)

We introduce the following notation: for a vector function v; the quantity (v;); stands for
j—th component of v;.
We can now bound the function ((¢) in terms of the components of the matrix Z;:

2¢(t)

Il
]~
N
k‘
N
\\)-/
=
IN
gk
—
&
S—
<
<y
SN—
<
|
—~
<
C}_/
~—~
I
N
=
=

m k m
= ZZ [Tm () (5:)5)] < D> 20@a);ll(wa)i| = D 2(|il, lwil) (¢)
i=1 j=1 ] = i=1

Where the vector |v| is the vector with entries the absolute values the entries of wv.
Integrating and using Hdélder inequality for the 2 norm, we get:

1 m
sz/o g(t)dt=i21||xi\|2|yi|2.

The next step is to relate the quantity on the right hand side to the eigenvalues of
A. The strategy now is to modify the matrix Z; in order to get an orthonormal frame of
Im(A). Keeping track of the transformations used we get a matrix representing A, then
it is enough to compute the eigenvalues of the said matrix.

We can assume, without loss of generality that (x;,x;)72 = d;;. This can be achieved
with a symplectic change of the matrix Z;. Then we modify the y; in order to make them
orthogonal to the space generated by the x;. We use the following transformation:

Y\ (1 M\ (Y _ (Yt MX,

X, 0o 1)\x,) "~ X,
where M is defined by the relation [} Y, X} + MX,X;dt = [} V;X;dt + M = 0. The last
step is to make y; orthonormal. If we multiply Y; by a matrix L we find the equation

L[ YYrdtL* = 1, so L = ([} Y;Y;"dt)"2. Thus the matrix representing A in this
coordinates is one half of:

A — L=t 0\ /0 -1\ /L' -M 0 L1
07 \-m* 1)1 o 0 1 ~L7' M*—-M
If we square Ay and compute the trace we get:

1 2\ _ -2 1 * 2 ! * _ = 2
g ) =) = Gl =30 o (i) =3l
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Call ¥(A) the spectrum of A, since A is skew-symmetric it follows that:

1
) tr(Af) =4 Z —u?>0.

neX(A),—iu>0

Recalling that ||z;|| = 1 and putting all together we find that:

m m
<Y Mo < vm | Sl =2vm | Y 2,
=1 i=1

neEX(A),—iu>0

Example 2.1. Consider a matrix Z; of the following form:

&) &) . B 0 —&162(1)
Zt‘[ 0 &(t)} Zt']Zt_[@fl(t) 0 ]

The capacity of K is given by ( = fol |€1&2|(t)dt. We can assume that (€2,&3) = 0 and
leal = 1. |

A direct computation shows that the eigenvalue of SkewK are Zi./(][&1][2 + [|&][?).
This shows that the two quantities behave in a very different way. If we choose & very
close to & and &3 small, capacity and eigenvalue square are comparable. If we choose &3
very big the capacity remains the same whereas the eigenvalues explode. In particular
there cannot be any lower bound of ¢ in terms of the eigenvalues of K.

Remark 2.1. There is a natural class of translations that preserves the capacity. Take any
path ®; of symplectic matrices (say L? integrable), the operators constructed with Z; and
®,Z; have the same capacity (but the respective skew-symmetric part clearly do not have
the same eigenvalues).

Set K®(v) = [} ZfJ®;'®, Z v;dr and S+ (K®) the set of eigenvalues of Skew(K?®)
satisfying —io > 0. It seems natural to ask if:

((K)=2 inf Z —0?

PSP ext (k)

Take for instance the example above and suppose for simplicity that & and & are
positive and never vanishing. Using the following transformation we obtain:

4o V& &E [51 53]:[\@52 0 ]
o J2|l0 & 0 V&

1
&2

and in this case the eigenvalue became %(51, &2), precisely half the capacity.

2.2.1 Proof Theorem 1.4

In this section we reformulate Theorem 1.3 as a characterization of the compact part of
the second variation of an optimal control problem at a strictly normal regular extremal
(see definition B.2). The statement we are going to prove is the following:
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Theorem. Suppose V C L%([0, 1], R¥) is a finite codimension subspace and K and operator
satisfying eqs. (1.5) and (1.6). Then (K,V) can be realized as the second variation of an
optimal control problem at a strictly normal reqular extremal. To any such couple we can
associate a triple ((X,0),11, Z) consisting of:

i) a finite dimensional symplectic space (X,0);
ii) a Lagrangian subspace 11 C X;
i) a linear map Z : L([0,1], R¥) — X such that Im(Z) is transversal to the subspace II.

This triple is unique up to the action of staby (3, 0), the group of symplectic transforma-
tions that fix II. Any other triple is given by ((X,0),1I,® o Z) for ® € stabp(3,0).

Vice versa any triple (3,0),11, Z) as above determines a couple (K,V). We can define
the skew-symmetric part A of K as:

(Au,v) = o(Zu, Zv), Yu,v € L*([0,1],R¥),

A determines the whole operator K and its domain is recovered as V = Z~Y(II).

Remark 2.2. The uniqueness part of the theorem maybe needs a quick comment. One
should think of this indeterminacy as the dependence of the second variation on the choice
of a particular set of coordinates on the base manifold. Choosing coordinates at a point
Ao is equivalent to choosing a Lagrange subspace complementary to II. The action of
stabry (X, o) is transitive on IIM.

Proof. The proof is essentially a reformulation of Theorem 1.3. Given the operator we con-
struct the symplectic space (X, o) taking as vector space the image of the skew-symmetric
part Im(.A) and as symplectic form (A-, ).

The transversality condition correspond to the fact that the differential of the endpoint
map is surjective.

The only thing left to show is uniqueness of the triple. Without loss of generality we
can assume that the symplectic subspace (£,0) = (R?",¢) is the standard one and that
the Lagrangian subspace II is the vertical subspace. In this coordinates

1 1 Y,
Z(U) = / Zt’l)tdt = / < t> ’Utdt.
0 0 \Xt

Define the following map:
F: L*([0,1], Mat,«x(R)) — L*([0,1]*, Matyxx(R)), Y:— Z;JZ, = X}'Y, — Y} X,.

It is linear if X; is fixed. To determine uniqueness we have to study an affine equation thus
is sufficient to study the kernel of F'. Suppose for simplicity that X; and Y; are continuous
in t. We have to solve the equation:

FYW=2/JZ, =0(Z,Z;) = 0.
Consider the following subspace of R?"
l
vl — { S Zivi:vieRE €010 € N} c R>"
i=1
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It follows that F(Y;) = 0 if and only if the subspace V%1 is isotropic. Since we are in
finite dimension, we can consider a finite number of instants ¢; to which we can restrict to
generate the whole V%1, Call T the set of this instants. Without loss of generality we can
assume that {> ;. X¢, v, 15 € RF t; € I} = R".

This is so since the image of Z is transversal to Il and thus I' = fol X X/dt is non
degenerate. In fact, if the subspace {22:1 X;.vi|v; € RF |1 € N} were a proper subspace
of R™, there would be a vector u such that (u, X;v) =0, Vt € [0,1] and Vv € R™. Thus an
element of the kernel of I'. A contradiction.

Now we evaluate the equation F\(Y;) = 0 <= YX, = X/Y; at the instants t = ¢,
that guarantee controllability. One can read off the following identities:

* _ * .
Yivj = Xic¢

where the v}s are a base of R™ and c; free parameters. Taking transpose we get that
Y;g = GXt
It is straightforward to check that, if Y; = GX;, G must be symmetric, in fact:

T JZ, =YiXe — X;Y, =X (G- G)X, =0 < G=G"

And so uniqueness is proved when X; and Y; are continuous.

The case in which X; and Y; are just L? (matrix-)functions can be dealt with similarly.
One has just to replace evaluations with integrals of the form fttj: Z vdr and fttj: X vdr
and interpret every equality ¢ almost everywhere.

The only thing left to show is how to construct a control system with given (K,V)
as second variation. By the equivalence stated above it is enough to show that we can
realize any given map Z : L%([0, 1], R*) — ¥ with a proper control system. We can assume
without loss of generality that (3, 0) is just R?™ with the standard symplectic form and
IT is the vertical subspace. With this choices the map Z is given by :

1 1
vV > / Zyudt = / (Y%Ut> dt
0 0 \Xevr

The operator K is then given by K(v) = fg ZtJZrvrdr and V = {v| fol Xpvedt = 0}.
Consider the following linear quadratic system on R™:

1
fu(q> = Btu @t($> = 5‘“‘2 + <Qtu7 $>,
where B; and §2; are matrices of size m x k, the Hamiltonian in PMP reads:
Lo
hy(X, z) = (A, Byu) — §|u| — (Quu, x)

Take as extremal control u; = 0, it easy to check that the re-parametrization flow ®; defined
in eq. (B.11) is just the identity and the matrix Z; for this problem is the following:

So it is enough to take ; = Y; and B; = X;. O
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2.3 Second Variation with moving endpoints

Up until now we have consider just optimal control problems with Dirichlet boundary
condition. In this section we construct a suitable space of variations for optimal control
problems with boundary conditions N C M x M which will be always used in the sequel.
The idea behind the construction is rather simple: we wish to employ the machinery
introduce in the previous section to differentiate the Endpoint map in the case of Dirichlet
boundary condition. To do so we introduce now a auxiliary control system that extends
our original one and incorporates the boundary conditions. We will consider at first the
case of separated boundary conditions, i.e. N of the form N = Ny x Nj.

Assume that we are given a control system as in eq. (B.2) and an extremal )\; satisfying
the first order optimality condition of PMP. Denote by Ag and A; the initial and final
covector of said extremal and by qg and g; the respective projection on the base manifold.

Let us fix a family of vector fields X&,...,Xgim(NO) and X{,...X?im(]vl) with the
following properties:
dim(N;)

i) span{Xij}j:1

= T, N; for any ¢ in a neighbourhood (inside N;) of ¢;.

ii) they generate a local integrable distribution in a neighbourhood (inside M) of ¢;. In
particular the leaf through ¢; coincide with ;.

Consider now the following (linear with respect to the control) vector fields:
dim(N;)
L= X, veRM™W.
j=1

We take as controls @ elements of the Hilbert space RU™(No) ¢ 1.2([0, 1], RF) @ RIm(N),
With a slight abuse of notation, we can think to this vectors as functions on [—1, 2] which
are constant on [0,1]¢. We will denote by wg the value of @ on [—1,0), by w; its value on
(1,2] and by u the restriction on [0, 1]. Define then the following optimal control problem:
o (q) for ¢ € [_1>O)a

uo

. 1
fi(a) = { filq) for ¢ € 0,11, 7(0) = / oltu(t), qu()dt  (25)
FL(t) for t € (1,2]. 0

We have the following easy observation:

Lemma 2.1. The problem given in eq. (B.2) with moving boundary conditions N = Ny x Ny
is locally equivalent to the one in eq. (2.5) with fized endpoints.

Proof. Recall that we are fixing an extremal A; and call & the relative optimal control.
It is also an extremal for the auxiliary system, with optimal control given by w. We can
identify it with:

Ao for t € [-1,0], 0 for t € [-1,0),
A= N for t €[0,1], @ =< afortel01], (2.6)
A1 for t € [1,2]. 0 for t € (1,2].
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For any variation of the curve ¢ = mA; with endpoints, say (ro,r1), sufficiently close to
(go, q1) there exists controls (ug,u1) such that:

q:fUO(Q)a q:ful(Q)a
q(—1) = qo, q(1) =ry,
q(0) = ro. q(2) = q1.

It follows that ¢; is also a variation for the auxiliary system. Vice-versa, since we fixed an
integrable distribution and assumed that the leaf through (qo, ¢1) coincides with Ny x Ny,
any integral curve of the fields f0 and f! does not leave Ny nor Nj respectively. Thus, the
restriction of the variation to [0, 1] gives a variation for the original system with the right
boundary conditions. The situation is depicted in fig. 2.1.

The last observation we have to make to conclude is that the cost functional is the
same for both the problems. O

Figure 2.1: An admissible extended variation & of an extremal curve ~

The curve described in eq. (2.6) is actually an extremal for the auxiliary problem. We
are going to write down the first order conditions coming from PMP and check this. The
Hamiltonians appearing in PMP read:

<)‘7 fSO(Q» for t € [_170)a
ha(N) = S (A fi(@)) = ¢(t,u, q) for ¢ € [0,1],
(A, full(q)> for t € (1,2].

In particular the maximum condition max, h%(\;) = hZ(j\t) implies that the initial
condition (Ag, A1) must lie in the annihilator of the boundary conditions. This is because
a linear function has maximum only if it is constantly zero.

Now we can differentiate the Endpoint map of the auxiliary system using the machinery
for fixed endpoints and get integral expression for the first and second variation. Let us
start with the flow generated by Hz By the discussion above we have that (Ao, A1) lie in
the annihilator of Ny x N1 and thus they are equilibrium points of the f_ift The flow reads:

1 for t € [-1,0),
qA)t = (ft for t € [0, 1},
®;  forte (1,2
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—

So we can simplify the expression of B'tu(,\) = (Etu — ht) o ®y(\) and of its derivatives at
A = Ap. We have the following identities:

_
A\ foo(@))  fort e [~1,0),
bh(N) = { bt (N) for ¢ € [0, 1],
T 1
(PTA, fu, (@)  for t € (1,2].
Zy fort € [~1,0), 0 forte[-1,0),
Zy = 0gb(Naerg =8 2, fortel0,1], H,={H, fortel0,1],
Zy forte(1,2]. 0 forte(l,2].

In this case the maps Zy and Z; are constant, the next lemma shows that they take value
in the annihilators of the boundary conditions:

Lemma 2.2. The image of Zp : RAMNO) s T\ T*M s contained in Ty, Ann(Np). Simi-

larly (1) Z1 maps RY™ND) into the tangent space of Ann(Ny). Both maps are injective

and transversal to Iy, N Ty, Ann(N;).

Proof. Recall that fo; generate the tangent space to Ny close to qg. Define the Hamiltonians
L) =X,  j=1,...,dimNp.

Then Ann(Np) can be equivalently described as the common part of the zero locus of I;
inside 7= (Np):

Ann(No) ={A e T"M : () € Ny, [;(A\) =0, j=1,...,dim Np}.
But then by the definition of a Hamiltonian vector field
daolj(Zov) = dagly(lkvr) = oy (lkvr, 1) = (Ao, [Xok, X7]) =0,
where the last equality is due to involutivity of the family X ;8”k~
Similarly one has that Zju; is always tangent to the image of Ann(Np) under the

differential of (®1)~". O

Following the discussion of Appendix B, we have that the differential of the Endpoint
map at the point 4 is given by:

2 1
dﬂE(@) = Tx / th)tdt = Tx <Z()UO + / Zt’Utdt + ZlUl) .
0

In particular the tangent space to fixed endpoint variation is given by kerdzE. We will
call this subspace V and it is given by the following condition:

1
V = {(ug,u,u1) : Zoug +/ Zywdt + Zyuy € 1Ty, }
0
We are now in the position to give the following definition:
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Definition 2.1 (Second Variation). The second variation at @ is the quadratic form defined
on V:

1 ¢
Q(0) = / <—<Htvt7vt> + U(Ztvta/ Zrvdt + Zovo)> dt+
0 0 (2.7)

1
+o(Zovy + / Zyvydt, Zyv1).
0

The formula in eq. (2.7) is obtain from eq. (B.9) and proposition B.2 using the fact
that Z, is locally constant with values in isotropic subspaces for t € [—1,0] U [1,2].

Up until now, we have consider boundary conditions of the type N = Ny x Ny. To the
general case N C M x M we duplicate the variables and work on M x M with boundary
conditions N = A x N. Here A C M x M denotes the diagonal subspace given by
A ={(q,q): g € M}. The new dynamic is given by:

Fulrna) = (fii?@)

It is straightforward to check that a curve satisfies the boundary conditions for the initial
problem if and only if it satisfies the boundary conditions A x N for the new one.

Remark 2.3. One could be more rigorous and work with actual functions living in a sub-
space of L2([—1,2], R*) where &’ = max{dim(Np), dim(N;),k} just redefining in the ob-
vious way the various objects appearing in the formulas. Alternatively one can work with
k non commuting vector fields at the endpoints and select a dim(N;) subspace of controls
that maps onto the tangent space of V;. However, this just introduces notational nuisances
and no tangible benefits.
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Chapter 3

Asymptotics of the Spectrum

The focus of this chapter is the spectrum of the Second Variation. We were able to depict
a quite complete picture and compute the asymptotic distribution of the eigenvalues of
the Second Variation in a good degree of generality. The result presented in this chapter
is contained in [I8]. The starting point of this work was Theorem 1 of [7]. It gives an
asymptotic relation for the order sequence of the eigenvalues of the compact part K of the
second variation given in eq. (2.3). Namely if {\, }nez is said sequence we have either:

An ~ é,n — +oo as forsome £ >0 or A\, =O0(n"?).
n

Here &, called capacity or 1—capacity in Definition 1.2, is determined explicitly by the
integral kernel of K as explained in Section 1.3. The natural question which arose was:
what happens when )\, = O(n?)? Can we provide a similar type of asymptotics? The
answer turn out to be positive and it is given by Theorem 1.5.

The main difficulty we had to address is that we could not reduce the boundary value
problem for the eigenvalues of K to a known one (or at least known to the author) like
it was done in [7]. For this reason the proof of Theorem 1.5 is rather long and requires
analysing explicitly various toy models to build proper estimates.

For reader’s convenience we recall here the statement of Theorem 1.5; we will consider
the following quadratic form on L2([0, 1], R¥):

1 gt
Q(v) = (v, K(v)) :/0 /()(Ztv(t),JZTv(T»det.

We will always make the assumption that Z; is a 2n X k matrix which depends piecewise
analytically on the parameter ¢ € [0,1]. For j > 1 recall the definition of the matrices A;(t),
they are given as follows:

A8 = (z8 g z*) if j=2k—1
PETV@EEY a2 = ok

We use p; to denote any eigenvalue of the matrix A;(t). If j = 2k, define:

ﬂ:mc = Z ot g o *= Z Vpl.

pt:pt>0 pt:pt<0
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For odd indices, Agi_1 is skew-symmetric and thus the spectrum is purely imaginary. So

we define the function:
Pt ,2k—1 = Z Y —ipy.
pt:—ipt>0

Theorem. Let Q be the quadratic form defined in eq. (1.7). It has either co— capacity or
J—capacity with remainder of order v = 1/2. More precisely, let j > 1 be the lowest integer
such that A;(t) is not identically zero, then

i) if j =2k — 1, the (2k — 1)—capacity £ is given by:

1 2k—1
§= (/ Nt,2k1dt> ;
0

and thus for n € Z sufficiently large:

( fl i dt) 2k—1
0 Ft2k—1 —2k+1/2
An = ()2 +O(n 2.,

i) if j = 2k, the 2k—capacity (§4,§_) is given by:

1 2k
é.:l: = <A ,U/;:det> )

and thus for n € Z sufficiently large:

fl wit,, dt
L= ( O(Wt;)k% ) +O(n~ 212y,

2k

i) if Aj(t) =0 for any j then Q has co—capacity.

Before diving into the proof let me just remark that the asymptotic relation we prove
in the statement apply to the Second Variation for optimal control problems with moving
endpoints given in Definition 2.1 too. It is easy to check that after restricting it to a finite
codimension subspace it coincides with the fixed points one and by Proposition 3.3 this
does not alter the asymptotic relations of Theorem 1.5.

3.1 The principal term of Q

We begin now the proof Theorem 1.5. We start with Lemma 3.1 to single out the main
contributions to the asymptotic of the eigenvalues of Q (the quadratic form defined in
eq. (1.7)). The first non zero term of the decomposition we give will determine the rate of
decaying of the eigenvalues (see Proposition 3.4).

Before showing this and prove the precise estimates we need to carry out the explicit
computation of the asymptotic in some model cases, namely when the matrices A; are
constant. Then we have to show how the j—capacity behaves with respect to natural oper-
ations such as direct sum of quadratic form or restriction to finite codimension subspaces
(Proposition 3.3).
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Let us start with some notation:
t
op(t) = / o1 (F)dr, wolt) = v(t) € L2([0, 1], R™)
0

Suppose that the map ¢ — Z; is real analytic (or at least regular enough to perform the
necessary derivatives) and integrate by parts twice:

1 t
Q(v):/o <Ztv(t),/0 JZv(T)dT)dt
= / 1<Ztv(t), JZw1(t)) — (Zpw(t), / t J Zvy ()dr)dt
0 0
1
. /0 (Zyo(t), T Zeor(£)) + (Zovr (£), J Zevr (£))dt+
1 t 1 1
n /0 (Zen (1), /0 Zoon (r)dr)dt — [( /0 Zyo(t)dt, J /0 Zm(t)dw}

If we impose the condition fol vdt = 0( <= v1(1) = 0) the term in brackets vanishes:

1 1 1 1 1
</ Ztv(t)dt,J/ Ztvl(t)dt> = </ Zyo(t)dt, JZyvi(1)) — </ Ztv(t)dt,J/ Zyo(t)dt)
0 0 0 0 0
and we can write Q as a sum of three terms
Q(v) = Q1(v) + Q2(v) + Ry (v)

In analogy we can make the following definitions:

1 1
Qi1 (v) = /0 (25 Doy (1), 725 Vg (1)) = /0 (V1 (), Ay (£)0r (1))
1

1
Qope(v) = /0 (ZF D(t), JZ8 v () dt = / (vg(t), Ao (£)vi(£)) dt

0
1 t
Ry, = / (ZF i (t), T / Z®) y(7)dr)dt
0 0
Vi = {v € L*([0,1],R™) : vy(1) = 0, VO < I < k}
Here the matrices A;(t) are exactly those defined in eq. (1.8).

Lemma 3.1. For every j € N, on the subspace V;, the form Q can be represented as
2
Q(v) = Qk(v) + R;(v) (3.1)
k=1
The matrices As(t) are symmetric provided that %Agk_l(t) = 0. On the other hand A4
1s always skew symmetric.

Proof. Tt is sufficient to notice that Ry (v) has the same form as Q(v) but with vy instead of v
and Z; instead of Z;. Thus the same scheme of integration by parts gives the decomposition.

Notice that Agy(t) = A3 (t) + % Aoj_1(t) thus the skew-symmetric part of Agy(t) is
zero if Agp_q is zero or constant. Asp_1(¢) is always skew-symmetric by definition. O
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3.2 The asymptotic in some model cases

Now we would like to compute explicitly the spectrum of the Q; when the matrices A; are
constant. Unfortunately describing the spectrum with boundary conditions given by the
Vj is quite hard. Already for Q4 the equation determining it cannot be solved explicitly.
We will derive the Euler-Lagrange equation for Q; and turn instead to periodic bound-
ary conditions for which everything becomes very explicit and show how to relate the
solution for the two boundary value problems we are considering. Let us write down the
Euler-Lagrange equations for the forms Q;. If j = 2k integration by parts yields:

1
%MW—MMP—A<WG%%WAM—Awﬁ%m@Mt

1
:A<m@%G4VA%wHﬂ—A%@»ﬁ+

1

k—1
+> (-1 {(kar(t), A2kvk+r+1(t)>} o
r=0
Notice that the boundary terms vanish identically if we impose the vanishing of v; for
1 < j <k at boundary points. _
We change notation and define w(t) = vox(t) and wl)(t) = %(w(t)). The new equa-
tions are:

w(Qk)(t) _ (_;)kA%w(t)

We can perform a linear change of coordinates that diagonalizes Agi to reduce to m
systems of dimension 1. Imposing periodic boundary conditions, we are thus left with the
following boundary value problem:

w) (1) = (_1)\)kuw(t) w(0) = wW (1) for 0 < j <2k —1 (3.2)

The case of odd j is very similar, in fact Qox—1(v) can be rewritten as:
1

Qok—1(v) — AlJv][? :/ (vk—1(t), Aok—1vk(t)) — Avo(t), vo(t))dt
0

1
:/0 (o(t), (—1)F "1 Agy_yvgp_1 (1) — Mvg)dt + b.t.

Here by b.t. we mean boundary terms as the one appearing in the previous equation.
They again disappear if we assume that v; € V;. Thus we end up with a boundary value
problem similar to the one we had before with the difference that now the matrix Agg_1
is skew-symmetric.

(_1)!671

A

If we split the space into the kernel and invariant subspaces on which As,_1 is non
degenerate we can decompose Qi1 as a direct sum of two-dimensional forms. Imposing
periodic boundary conditions, we end up with the following boundary value problems:

w1 (t) = Agg—1w(?)

(2k—1) _ (=g @y — ,,0)
{w%%—n(t) ey, " {w%j)(o) _ w%j)(l - for0<j<2k-2 (33
Wy (t) = —5—"w wy " (0) = wy (1)
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Lemma 3.2. The boundary value problem in eq. (3.2) has a solution if and only if

A€ k:rGN}.

(e

Moreover any such A has multiplicity 2. In particular, the decreasing sequence of \ for
which eq. (3.2) has solutions satisfies:

_ H __ M —(2k+1
> = Gl G O e

Similarly the boundary value problem in (3.3) has a solution if and only if:

)\e{(zﬂlf;%_l:rez}

and any such X has again multiplicity 2. The monotone rearrangement of \ for which there
exists a solution to the boundary value problem is:

|l |1l (%
o @r[r/2])2FT ~ (mr)2-1 +0(r~ "), rez

_1\k
Proof. Any solution of the equation w(?*) (t) = %w(t) can be expressed as a combina-
tion of trigonometric and hyperbolic functions with the appropriate frequencies.
Without loss of generality we can assume p > 0, we have to consider two separate
cases:

Case 1: k even and A > 0 or k odd and A <0

In this case the quantity (—1)*uA~! > 0. If we define a®* = (—1)*uA~! > 0 for a > 0,
we have to solve:

w) (t) = a®w(t), w9 (0)=w(1), 0<j < 2k (3.4)

A base for the space of solutions to the ODE is then {e*’® : w = ¢"/F}. For us it
will be more convenient to switch to a real representation of the space of solutions. Notice
the following symmetry of the even roots of 1, if 5 is a root of 1 different form +1,+4
then {n,7n,—n,—n} are still distinct roots of 1 (this is also a Hamiltonian feature of the
problem).

If we write 7 = 11 +1m2, this symmetry implies that the space generated by the following
exponential functions {e", ™ e~ e~} is the same as the space generated by

{sin(nat) sinh(n1t), sin(nat) cosh(nt), cos(nat) sinh(n;t), cos(nat) cosh(nit)}.

Let us rescale these functions by a (so that they solve eq. (3.4)) and call their linear
span Uy, we then define Uy to be the span of {sinh(t),cosh(t)} and U; = {sin(t), cos(t)}.
Note that U; appears if and only if k is even.

Thus the solution space for our problem is the space 6977 U, where 1 ranges over the
set £ ={n:R(n) >0,3(n) >0,n* =1}

Now we have to impose the boundary conditions. Notice that, if k is even then Uj; is
made of periodic functions, so they are always solutions. We can look for more on the
complement @n 4 U,. Suppose by contradiction that w is one of such solutions. Write
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w =}, wy with wy € Uy and let b be the sup{R(n) : n € E,w, # 0}. It follows that
either sinh(bat) or cosh(bat) is present in the decomposition of w. It follows that:

w(t) = sinh(b at)sinqﬁ((l?cw) =sinh(bat)g(t), 0 |g(t)] < C for t large enough

and so |w| is unbounded as t — +o00 (or —oo) and thus w is not periodic. It follows that
there are periodic solutions only if & is even (and thus A > 0) and a = 27r = 2’\“/%. Notice

that we have two independent solutions, so if we order the solution decreasingly we have:

I
M= Gl TN

Case 2: k odd and X\ > 0 or k even and A <0

In this case we have to look at the roots of —1 but the argument is very similar. If &k
is even there are no solutions, since you lack purely imaginary frequencies. If k is odd, set
|uA~1| = a?*, then the boundary value problem is:

w(%)(t) _ —azkw(t) w(j)(O) - w(j)(l), 0<j<2k.

The roots of —1 are just the roots of 1 rotated by ¢. Now the space of solutions is
EBU £1 U,. We find again two independent solutions, if we order them we get:

_ H
SR

Notice that positive p gives rise to positive solutions. Thus if we consider p < 0, we
get the same result but with switched signs.

We can reduce the odd case (eq. (3.3)) to the even one. Consider the 1—dimensional
equation of twice the order, i.e.:

w0 () = L

Now, the discussion above tells us that there are exactly two independent solutions with
periodic boundary conditions whenever X\ satisfies 2’@*}/& = 2rm. It follows that again

there are two independent solutions, this times for both signs of A. If we order them we

get:
s

I

e /2P

Ay = reN
]

Proposition 3.1. Let p > 0 and s € (0,400), denote by ns the number of solutions of
eq. (3.2) with X\ greater than s and similarly denote by ws be the number of solutions with
A bigger than s of:

2k (=1)Fpu : - .
w) () = L Zw(t), wD0)=wPD(1)=0, k<j<2k-1 (3.5)
Then |ws — ns| < 2k. The same conclusion holds for eq. (3.3).
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Proof. The result follows from standard results about Maglov index of a path in the La-
grange Grassmannian. References on the topic can be found in |10, 9, 6] and more details
are given in Appendix A.2. Let us illustrate briefly the construction. Let (X, 0) be a sym-
plectic space, the Lagrange Grassmannian is the collection of Lagrangian subspaces of 3
and it has a structure of smooth manifold. For any Lagrangian subspace Lg we define the
train of Ly to be the set: Ty, = {L Lagrangian : LN Lo # (0)}. T, is a stratified set, the
biggest stratum has codimension 1 and is endowed with a co-orientation. If v is a smooth
curve with values in the Lagrangian Grassmannian (i.e. a smooth family of Lagrangian
subspaces) which intersects transversally 77, in its smooth part, one defines an intersection
number by counting the intersection points weighted with a plus or minus sign depending
on the co-orientation. Tangent vectors at a point L of the Lagrange Grassmannian (which
is a subspace of ) are naturally interpreted as quadratic forms on L. We say that a curve
is monotone if at any point its velocity is either a non negative or a non positive quadratic
form. For monotone curves, Maslov index counts the number of intersections with the
train up to sign. For generic continuous curves it is defined via a homotopy argument.

Denote by Mir,(v) the Maslov index of a curve 4 and L; be another Lagrangian
subspace. In [6] the following inequality is proved:

dim()

[Miz, () — Miz, ()] < <5

(3.6)

Let us apply this results to our problem. First of all let us produce a curve in the
Lagrange Grassmannian whose Maslov index coincides with the counting functions w, and
ns. The right candidate is the graph of the fundamental solution of w(®*)(¢) = %w(t).

We write down a first order system on R2* equivalent to our boundary value problem,

if we call the coordinates on R2?* xj, set:

: i
xj11(t) = w(])(t) =dj=aj41 for 1 <j<2k—1, o= ( )\) Mml'
For simplicity call (71)\)16“ = a, the matrix we obtain has the following structure:
0 a
1 0
Ay =
1 0

This matrix is not Hamiltonian with respect to the standard symplectic form on R?* but
is straightforward to compute a similarity transformation that sends it to an Hamiltonian
one (recall that we already used that Ay, has the spectrum of an Hamiltonian matrix).
Moreover the change of coordinates can be chosen to be block diagonal and thus preserves
the subspace B = {z; = 0,k < j}, which remains Lagrangian too. Since later on we will
have to show that the curve we consider is monotone we will give this change of coordinates
explicitly. Define the matrix S setting S; x—ij+1 = (—1)“1 and zero otherwise. It is a matrix
that has alternating +1 on the anti-diagonal. Define the following 2k x 2k matrices:

. 1 0 -1 _ 1 0 A -1
=) @} ) Amone
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Set N to be the lower triangular k x k shift matrix (i.e. the left upper block of Ay above)
and F the matrix with just a 1 in position (1, k) (i.e. the left lower block of Ay). The new
matrix of coefficients is:

. ( N a(-1)*ES

Ay = SE N > ES = diag(0,...,0,1), SE =diag(1,0,...,0).

Now we are ready to define our curve. First of all the symplectic space we are going to use
is (R* 0@ (—0)) where o is the standard symplectic form, in this way graphs of symplectic
transformation are Lagrangian subspaces. Sometimes we will denote the direct sum of the
two symplectic forms with opposite signs with ¢ & ¢ too. Let ®, be the fundamental
solution of &4 = A\®, at time ¢ = 1. Consider its graph:

Y: A= T(®)) =T(®)), M€ (0,4+00)

Once we prove that v is monotone, is straightforward to check that Mipx (7[5 4+00))
counts the number of solutions to boundary value problem given in eq. (3.5) for A > s and
similarly Mip(p)(7][s,400)) counts the solutions of eq. (3.2) for A > s. Here I'(I) stands for
the graph of the identity map (i.e. the diagonal subspace).

Let us check that the curve is monotone. As already mentioned, tangent vectors in the
Lagrange Grassmannian can be interpreted as quadratic forms. Being monotone means
that the following quadratic form is either non negative or non positive:

(D7) (€) = o(DAE, D DAE), € € R¥

We use the ODE for ®(t) to prove monotonicity:

1

a(PrE, nDAE) = o DLE, D PRE))dt + o(RRE, DL DYE)

1
/ o(AyDLE, D\ PEE) 4 o (DL, (OnAy D% + Ar0\DK)E)dt
0

=

- /0 (B¢, Or Ay D)t

Where we used the facts that (9,\<I>E{ = dyId = 0 and that A, is Hamiltonian and
thus Jfb\ = —Aj{J to cancel the first and third term. It remains to check J(‘?)\A,\. It
is straightforward to see that it is a diagonal matrix with just a non zero entry, thus is
either non negative or non positive. So dy7 is either non positive or non negative being
the integral of a non positive or non negative quantity (the sign is independent of &).

Now the statement follows from inequality (3.6). O

We are finally ready to compute the asymptotic for Q; when the matrix A; is constant.
The next Proposition translate the estimate on the counting functions ns and w, defined
in Proposition 3.1 to an estimate for the eigenvalues.

Proposition 3.2. Let Q; be any of the forms appearing in eq. (3.1).

i) Suppose j = 2k and Qo (v) = fol (A vk, vk )dt with Agi, symmetric and constant and
let Yoy, be its spectrum. Define
J J
o= > Vi) amde=| >

HEX ok, u>0 HEX ok, u<0
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Then Qs has capacity (E4,&—) with remainder of order one. Moreover, if Aoy is
mxm and r €N, for r > mk

= £+
i (r —2mk — p(r))J 2 Ar 2 I (r + 2mk + p(r))J (3.7)

where p(r) =0 if r is even or p(r) = 1 if r is odd. Similarly for negative r with &_.

i) Suppose j = 2k+1 and Qap41(v) = f01<A2k+1vk,1,vk>dt with Asgyq skew-symmetric
and constant and let Yopy1 be its spectrum. Define

¢ = > K-
HEXop+1,—iu>0

Then Qopi1 has capacity & with remainder of order one. Moreover | if Ao is m X m
and r € Z, for |r| > mk

: > A 2> ¢

i (r — 2mk — p(r)) T+ 2mk 4 () (3.8)

Proof. First of all we consider 1—dimensional system and we write the inequality |75 — ws|
as an inequality for the eigenvalues. Notice that if we have two integer valued function
f,9: R — N and an inequality of the form:

g(s) > #{\ solutions of eq. (3.5) : A > s} > f(s),

it means that we have at least f(s) solutions bigger than s and at most g(s). This implies
that the sequence of ordered eigenvalues satisfies:

Af(s) 28 Agls) < 8-

Now we compute this quantities explicitly. In virtue of Proposition 3.1 we can take as
upper/lower bounds for the counting function g(s) = ns + 2k and f(s) = ns — 2k. We
choose the point s = £~ It is straightforward to see that:

(27r)d
p p
s =2 l N: - > - = 2r.
Ml S HUEN G 2 Gy =
And thus we obtain: [ L
A = Gy 20 =

Now if we change the labelling we find that , for [ > k:

7

1%

(2w (l — k))
By definition A9y > Agy11 > Agiao and thus we have a bound for any index r € N.

Now we consider m—dimensional system, notice that we reduced the problem, via
diagonalization, to the sum of m 1—dimensional systems. Thus our form Q; is always a
direct sum of 1— dimensional objects. We show now how to recover the desired estimate
for the sum of quadratic forms.
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First of all observe that counting functions are additive with respect to direct sum.
In fact, if @ = @®2,9;, A is an eigenvalue of Q if and only if it is an eigenvalue of
Q; for some i. We proceed as we did before. Suppose that Q, is 1—dimensional and
Qu(v) = fol talvr(t)|?dt. Let us compute 7 in the point sg = (31, /i)’ /(2wl):

[ (i §/m) VHa 1
2 eN: - > . =2 eEN: —7+——> -
#{"” @y = (2nl) VN S v T
Set for simplicity ¢, = %, it is straightforward to see that the cardinality of the

=1
above set is #{r € N:r < ¢4} = |¢,l|. Now we are ready to prove the estimates for the
direct sum of forms. Adding everything we have:

2;(LCQZJ +k)> #{eigenvalues of Q@ > (21(22;;)]#1)} = 2;([&;” — k)
It is clear that " | ¢, = 1 and that [4+mk > > | (|cql|+k), similarly > 0" ([col]+k) >
Il —m(k+ 1) since [cql] > cql — 1. Rewriting for the eigenvalues with | > mk we obtain:

(i ) oy /)
2r(l . k) = Azt = (2m(l i mk))i’

It is straightforward to compute the bounds in eqs. (3.7) and (3.8) observing again Ay >
A2i+1 = Ao O

Remark 3.1. The shift m appearing in eqs. (3.7) and (3.8) is due to the fact we are consid-
ering the direct sum of m quadratic forms. It is worth noticing that this does not depend
on the fact that we are considering a quadratic form on L?([0, 1], R¥) and the estimates in
egs. (3.7) and (3.8) hold whenever we consider the direct sum of m 1—dimensional forms
with constant coefficients. This consideration will be used in the proof of Theorem 1.5
below.

3.3 Properties of the capacity

Now we prove some properties of the capacities which are closely related to the explicit
estimate we have just proved for the linear case. As done so far we state the proposition
for ordered positive eigenvalues. An analogous statement is true for the negative ones.

Proposition 3.3. Suppose that Q is a quadratic form on an Hilbert space and let {\, }nen
be its positive ordered eigenvalues. Suppose that:

¢

)\ — —

+0(n77") v>0,j €N asn— +oo.

i) Then for any such Q; on a Hilbert space H; the direct sum Q = @ Q; satisfies:

A\, = (i ?)j+0(n_j_”) v>0,7€Nasn— +oo.
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i) Suppose that U is a subspace of codimension d < oo then

M(Ql) = S £ 0 TI) = M(Q) = St 0T )

as n — +00.

i11) Suppose that Q and 0 are two quadratic forms. Suppose that Q is as at the beginning
of the proposition and Q satisfies:

M(Q) = O/ ™) 1 >0, as n — 4o,
Then the sum Q' = Q + O satisfies:

i + O(nj+”,), v = min{,ji
n’ Jtp+1

M(Q) = (G+1),5+v}

Proof. The asymptotic relation can be written in terms of a counting function. Take the
j—th root of the eigenvalues of Q;, then it holds that

#{n e N|0 < <k} =<{/Gk+OK'™)

1
s
So summing up all the contribution we get the estimate in 7).

The min-max principle implies that we can control the n—th eigenvalue of Q|y with
the n—th and (n + d)-th eigenvalue of Q i.e.:

)\n(Q|U) < An(Q) < )\n—d(Q’U) < )\n—d(Q)

So, if the codimension is fixed, it is equivalent to provide and estimate for the eigenvalues
Q or for those of Q|y.

For the last point we use Weyl law. We can estimate the ¢ + j-th eigenvalue of a sum
of quadratic forms with the sum of the i—th and the j-th eigenvalues of the summands.
Write, as in [7], Q" as 0+Q and Q as Q’+(—Q). and choose i = n — Ln‘” and j = Ln‘” in
the first case and i = n and j = |n°] in the second. This implies:

At 09 (Q) + Ao (Q) € An(Q) < Ay 15)(Q) + Aps) (Q)
The best remainder is computed as v/ = maxse(g,1) min{(j + p)d,j +1—46,5 +v}. O

Collecting all the facts above we have the following estimate on the decaying of the
eigenvalues of Q;, independently of any analyticity assumption of the kernel.

Proposition 3.4. Take Q; as in the decomposition of lemma (3.1). Then the eigenvalues
of Q; satisfy:
1
An(Q5) :O(E> as n — +oo

Moreover for any k € N and for any 0 < s < k the forms Qopy1 and Qo have the same
first term asymptotic as the forms:

1
Qopr1,5(v) = (—1)8/0 (Ak 1Vt 14s(1), vi—s(t))dt
1
Qu(®) = (1)° [ (a0 ol
0

39



Chapter 3 Section 3.4

Proof. Let’s start with even case, j = 2k. It holds that:

1 1
10(v)] = | /0 (Ao (t), vy (B)dt] < C /0 (or (1), v (1))t

Where C' = max; || A¢||. By comparison with the constant coefficient case we get the bound.
Suppose now that j = 2k — 1. As before there is a constant C' such that

1
|Qok(v)] = !/ (Agvp(t), viy1(t)dt] < Cllogll2l|vell2
0

Consider now the following quadratic forms on L?([0, 1], R¥):

1 1
Fi(v) = /0 op@)2dt = [vkl3s Fia (v) = /0 o (8)| Pt = [l 12

Define V,, = {v1,...,v,} where v; are linearly independent eigenvectors of I}, associated
to the first n eigenvalues A\; > --- > \,. Similarly define U, = {uy,...,u,}* to be the
orthogonal complement to the eigenspace associated to the first n eigenvalues of Fy1q. It
follows that:

Aon(Qakt1) < max  Cllvgll2||vks1le < C max |Jvg|l2 max ||vgs1||2
veV, vely,

n n n

We already have an estimate for the eigenvalues of Fj and Fj11 since we have already
dealt with constant coefficients case. In virtue of the choice of the subspace V,, and Uy,
the maxima in the right hand side are the square roots of the n — th eigenvalues of the
respective forms. Thus one gives a contribution of order n~* and the other of order n %=1
and the first part of the proposition is proved.

For the second part, without loss of generality suppose that j = 2k. The other case is
completely analogous.

1 1 t
Qo (v) = /0 (g, Agvp)dt = /0 (Vg /O Arvp_1 (1) + Ayop(7)dr)dt
1 1
—— [ o ® A ® + [ (@), A0 de
0 0

The second term above is of higher order by the first part of the lemma and so iterating
the integration by parts on the first term at step s we get that:

1 1
| s At = = [ a0, A @)t
0 0

1
T / Uk (£), Arv_y (1))t

The second term of the right hand side is again of order n?**1, this can be checked in
the same way as in the first part of the proposition. This finishes the proof. O
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3.4 Proof of Theorem 1.5

Now we prove the main result of this chapter:

Proof of Theorem 1.5. Suppose that j = 2k is even. We work on Vj, = {v € L2([0,1],R™) :
v;(0) = v;(1) =0, 0 < j < k}. Then

1
Q(v) = Qo (v) + Ri(v) = /0 (Arvr(t), vg(t))dt + Ry (v)

Since the matrix A; is analytic we can diagonalize it piecewise analytically in ¢ (see
[44]). Thus there exists a piecewise analytic orthogonal matrix O; such that O} A;O; is
diagonal. By the second part of Proposition 3.4, if we make the change of coordinates
v — Oyvy we can reduce to study the direct sum of m 1— dimensional forms. Without
loss of generality we consider forms of the type:

1 1
ng(v):/o at|vk(t)||2dt:/0 atvk(t)th

where now a; is piecewise analytic and v a scalar function.

For simplicity we can assume that a; does not change sign and is analytic on the whole
interval. If that were not the case, we could just divide [0, 1] in a finite number of intervals
and study O, separately on each of them.

Suppose you pick a point tg in (0, 1) and consider the following subspace of codimension
mk in Vk:

Vi D Vto = {’U eV ’Uj(O) = ’Uj(t[)) = Uj(l) =0,0<j5< k‘}

For t > tg, define vto = ft (1)dt and vy = v € Vi. It is straightforward to check
that on Vto the form ng sphts as a dlrect sum:

to 1
Qui(v) = /0 (Avon(t), v (1))t + / (Aolo (), o (1)) dt

Now by Proposition 3.3 (points ) and 7)) we can introduce as many points as we want
and work separately on each segment and the asymptotic will not change (as long as the
number of point is finite).

Now we fix a partition IT of [0,1], II = {t9 = 0,¢1...t;—1,4; = 1}. Consider the
subspace Vi = {v € L?|vs(t;) = vs(tit1) = 0,0 < s < k, t; € 11} which has codimension
equal to k|H| Set a; = mingep, 4,,,) ar and a+ = maXe[y, ¢,.,] at- Finally define v (t) =

fh- pro(T)dr .. dry—y. Tt follows immediately that on Vir:

t;
Z /z+ dt < sz < Z /H—l )

Now, we already analysed the spectrum for the problem with constant a; on [0, 1]. The
last step to understand the quantities on the right and left hand side is to see how the
eigenvalues rescale when we change the length of [0, 1].

If we look back at the proof of Lemma 3.2, it is straightforward to check that the length
is relevant only when we impose the boundary conditions, we find that the eigenvalues are:
A= ﬁ and again double.
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In particular the estimates in eqs. (3.7) and (3.8) are still true replacing j; with ai*¢2".
If we replace now ¢ by |t;+1 — t;| and sum the capacities according to Proposition 3.3

we have the following estimate on the eigenvalues on Vi, for n > 2k|I1]:

(Ei(ai);’“(ti+1 —ti)

Soi(af ) (tigs — tl-))zk
m(n + 2|k + p(n))

2k
)= Mm@l < (S o)

Moreover the min-max principle implies that, for n > kI

)\n(Q2k‘VH) < A (Qak) < An7k|H|(Q2k|VH)

In particular for n > 3k|II| we have:

(Zi(ai)ﬁ(tm —t) (3.9)

Zi(aj)i (tiy1 — t¢)>2k
7(n + 2|1k + p(n))

2k
) < An(Qar) < <7T(n — 3|k — p(n))

We address now the issue of the convergence of the Riemann sums. Set:
1
I = (a) % (tip1 — ti)
i

and I, = fol aidt. It is well know that Iai — I, as long as sup, |t; — t;+1| goes to zero.
We need a more quantitative bound on the rate of convergence. Using results from [24] for
and equispaced partition, we have that:

1 C(a,k, %)
I, — Fl<or— = 20—/
| ol =Ca III]  codim(Viy)

Where C(a,k,£) is a constant that depends only on the function a and on k and the
inequality holds for |II| > ng sufficiently large, where ng depends just on a and k.

Consider the right hand side of eq. (3.9), adding and subtracting W, we find that
for n > max{no, k|II|}:

An(Qae) < (7{%)% + <7r(n — 31{1{14: — p(n)))Qk B <%>2k

A simple algebraic manipulation shows that there are constants Cp,Co and C5 such
that the difference on the right hand side is bounded by

Cin®M I~ 4 Cy(n® — [I* (n/|TT] — 1)°F)
Cs(n — 3k|I1|)2kn2k

for n > max{3k|II|, n1|II|,no} where ny is a certain threshold independent of |II|.

The idea now is to choose for n a partition II of size |II| = |n%| to provide a good
estimate of A\,(Q). The better result in terms of approximation is obtained for § = 1.
Heuristically this can be explained as follows: on one hand the first piece of the error term
is of order n=2#=% comes from the convergence of the Riemann sums and gets better as
6 — 1. On the other hand the second term comes from the estimate on the eigenvalues
and get worse and worse as n® becomes comparable to n.

A perfectly analogous argument allows to construct an error function for the left side

of eq. (3.9) which decays as n=2=1/2 for n sufficiently large.
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We have proved so far that, if we are dealing with quadratic forms on scalar functions,
Qo has 2k—capacity £, = (fol Q{C/(Ttdt)%. Now we apply point i) of Proposition 3.3 to
obtain the formula in the statement for forms on L?([0,1],R™). Finally notice that by
Proposition 3.4 the eigenvalues of Ry (v) decay as n=2*~1. If we apply point iii) of Propo-
sition 3.3 we find that Qo (v) + Ri(v) has the same 2k—capacity as Qg with remainder
of order 1/2.

Now we consider the case j = 2k — 1. The idea is to reduce to the case of j = 4k — 2
as in the proof of Lemma 3.2 and use the symmetries of Qox_1 to conclude. In the same
spirit as in the beginning of the proof let us diagonalize the kernel Agg_;. We thus reduce
everything to the two dimensional case, i.e. to the quadratic forms:

1
Qv) = /0 (ve(t), (C?t _Slt> vp—1(t))dt a; >0 (3.10)

It is clear that the map vg — Owvg where O = <(1) (1)> is an isometry of L?(]0, 1], R?)

and Q(Ovp) = —Q(vp) and so the spectrum is two sided and the asymptotic is the same
for positive and negative eigenvalues.

Now we reduce the problem to the even case. Let’s consider the square of Qor_1. By
proposition (3.4) Qo1 has the same asymptotic as the form:

1
Qo1 = (—1)k+1/0 (Apae—1(t),vo(t))dt — F(vo)(t) = (—1)* Ayvgp_1 ()

So we have to study the eigenvalues of the symmetric part of F. It is clear that:
(F+F*)? F?4+ FF*+ F*F + (F*)?
4 4
Thus we have to deal with the quadratic form:
4Q(v) = ([2F? + F*F 4 FF*](v), v)
= 2(F(v), F*(v)) + (F*(v), F*(v)) + (F(v), F(v))

The last term is the easiest to write, it is just:

1
(F(v), F(v)) = /O (= A2vgp 1 (8), vop1 ()}t

which is precisely of the form of point i) and gives i of the desired asymptotic. The
operator F* acts as follows:

il t plog—1 ty
F*(U) = (—1) + / / AtlvO(tl)dtl ~--dt2k—1
0 JO 0

Using integration by parts one can single out the term A;vg_1. To illustrate the procedure,
for £k =1 one gets:

t

F*(0) = Aor(t) — /0 Ao (7)dr

1 1 t
(F*(v), F* (v)) = /0 (= A2v (£), 01 (£))dt + 2 /0 (A (1), /O A ()dr)di+

N /O Y /O " doon(r)dr, /O Ao (r)dr)di
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The other terms thus do not affect the asymptotic since by Proposition 3.4 they decay
at least as O(n3). The proof goes on the same line for general k.

The same reasoning applies to the term (F'(v), F*(v)). Summing everything one gets
that the leading term is fol(—Afvgk_l(t), vok—1(t))dt and so this is precisely the same case
as point 7). Recall that A; is a 2 x 2 skew-symmetric matrix as defined in eq. (3.10), thus
the eigenvalues of the square coincide and are a?. It follows that, for n sufficiently large,
the square of the eigenvalues of Q satisfy:

(fol 9 4k,%/a>%dt)4k’—2

A Afp_9_1
An(Q) = Ak—2ak—2 +O0(n=*7272)

(folz 4k—2 afdt)4k_2 B (fo1 2k*\1/adt)4k_2
- (7n/2)%k—2
that the spectrum of Qo1 is double and any couple A, —\ is sent to the same eigenvalue

A2. Thus the (2k — 1)—capacity of Qop_1 is (fol 26-3/agdt)?F =1,
Moreover, given two sequences {ay nen and {by, fnen, \/a2 + b2 = any/1+ Z—% ~ an (14

Z—Z + O(Z—Z)) so the remainder is still 2k — 1+ 3.
Arguing again by point ) of Proposition 3.3 one gets the estimate in the statement.
The last part about the co—capacity follow just by Proposition 3.4. If A; = 0 for any
j then for any v € R, v > 0 we have A,n” — 0 as n — +o0. O

It is immediate to see that . This mirrors the fact

(ﬂ-n)4k—2

Remark 3.2. We can interpret Theorem 1.5 as a quantitative version of various necessary
optimality conditions that one can formulate for certain classes of singular extremals (see
[12, Chapter 20| or [8, Chapter 12]). Moreover, leaving optimality conditions aside, The-
orem 1.5 gives the asymptotic distribution of the eigenvalues of the second variation for
totally singular extremals (see definition B.2).

As mentioned in appendix B we can produce a representation of the second variation
also in the non strictly normal case which is at least formally very similar to the normal
case. However, a common occurrence is that the matrix H; completely degenerates and
is constantly equal to the zero matrix. This is the case for affine control systems and
abnormal extremal in Sub-Riemannian geometry, i.e. systems of the form:

l

Ju= Z fiui + fo,  fi smooth vector fields
i=1

In this case Legendre condition H; < 0 (see the previous section) does not give much
information. One, then, looks for higher order optimality conditions. This is usually
done exactly as in Lemma 3.1: the first optimality conditions one finds are Goh condition
and generalized Legendre condition which prevent the second variation from being strongly
indefinite.

In the notation of Lemma 3.1 Goh conditions is written as Q; = 0ie. Z;JZ; =0. It
can be reformulated in geometric terms as follows, if A; is the extremal then

)‘t[aufu(Q(t))Ula 8ufu(Q(t))UQ] = 0, vvlv”? € Rk

From Theorem 1.5 it is clear that if Q; # 0, the second variation has infinite negative
index and that eigenvalues distribute evenly between the negative and positive parts of
the spectrum. Then one asks that the second term Qs is non positive definite, otherwise
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the negative part of the spectrum of —Qs becomes infinite. In our notation this condition
reads
(ZWY gz, <0 < o(2Mv, Zw) <0, Vo € RE.

Again it can be translated in a differential condition along the extremal, however this time
it will in general involve more than just commutators if the system is not control affine.

If Q2 =0, one can take more derivatives and find new conditions. In particular, using
the notation of Lemma 3.1, one has always to ask that the first non zero term in the
expansion is of even order and that the matrix of its coefficients is non positive in order to
have finite negative index.
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Chapter 4

The Morse index of the Second
Variation

This chapter focuses on the computation of the Morse index of the Second Variation for
problems with moving endpoints. We give a proof of the formula in Theorem 1.1 and
apply it to some concrete situations. For example we give iteration formulae for extremals
under periodic boundary conditions and discretization formulae which reduce the problem
of computing the index to a finite sum of finite dimensional contributions.

The results of this chapter are mainly contained in [15] and were obtained jointly with A.
Agrachev and 1. Beschastnyi. The topic is classical and there are various sources for similar
formulae in literature tracing back to |22, 30, 53, 25, 30]. A result similar to Theorem 1.1
has been obtain independently in [11]. Our proofs have a different flavour than the ones
involving intersection theory in the Lagrange Grassmannian. They essentially relay on
linear algebra and the structure of the Second Variation.

Through out this section we will use the notation introduce in Sections 1.1 and 2.3
and appendices A.2 and B. In particular we will use the construction in Section 2.3 to
reduce moving boundary conditions to fixed points one.

Before going to the proof of the main result however, we will focus on some applications.
In the upcoming section we will give a formula to compute the Morse index of an extremal
substituting the infinite dimensional space of variations with a finite dimensional one.
We will prove a filtration formula for minimization problems on graphs, in the spirit of
Example 1.1 of Section 1.1. Lastly we will prove iteration formulae for periodic extremal
giving counterparts of the results in [22, 30].

4.1 Discretization formula

We will work with an optimal control problem as given in eq. (B.2) and a strictly normal
extremal A\;. In order to formulate the next result, we need the definition of conjugate
times and conjugate points (for Dirichlet boundary conditions).

Definition 4.1. Given p € T*M, denote by II, the vertical subspace T”(T:(H)M). Given
an extremal A : [0, 1] — T*M of an optimal control problem as in eq. (B.2), let ®; be the
fundamental solution of Jacobi equation (eq. (1.2)) at time ¢t. we say that an instant of
time ¢ € [0, 1] is conjugate if the map

° (q)t)’HA(o)
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has a kernel. The corresponding point ¢(t) = w(\(t)) is said to be a conjugate point.

The above definition is completely analogous to the classical given in terms of the
linearisation of the extremal flow (when the latter is defined). In fact the map ®; intro-
duced in eq. (B.11) preserves the submanifolds II,, = 7~ *(m) for any m € M and the
symplectomorphism (®;).®; coincides with the fundamental solution of the linearisation
of the extremal flow (see [12|[Proposition 21.3]) . To simplify notation we will denote by
0, = ((th)*(IJt and ©,; the map 0;0;!. The latter notation is nothing else than the stan-
dard notation for non autonomous linear flows. We will denote by I'(©;) its graph and by
I'(0) the graph at time ¢ = 1.

A consequence of Theorem 1.1 is the following result.

Theorem 4.1 (Discretization). Let A : [0, 1] — T*M be an extremal as above with Dirichlet

boundary conditions, i.e. N = {qo} X {q1}. Let Z = {to,...,tn} be a partition of [0,1].
The following formula holds:

|
—_

ind_ Q Z i(@;rlu(HiH), HZ', @i,i—l o--+0 @1,0(1_[0)), (41)

)

I
o

where 11; = T)\(ti)(T*()\(ti))M) ~ T;(A(ti))M' Moreover, equality holds if max; |tiy1 — t;| is

sufficiently small cmﬂd no t; 1s a conjugate time.

In particular, strong Legendre condition along the extremal, ensures that the Morse
index is finite and that the conjugate points form a discrete set. This will guarantee that,
under mild conditions and after enough successive refinements of the partition, formula
(4.1) will give exactly the Morse index of the extremal. The following picture illustrate
how the admissible variation in the case we fix some intermediate points {q(¢;)} change.

free fixed

NN ) A

R T AR

M M

Figure 4.1: Variation of 7 in the original problem and a problem with extra fixed vertices.

Let us first prove the formula when only one extra vertex is introduced. Let v = ()
be an extremal curve in a problem with fixed end-points. Take a point t* € (0,1). Let us
call y1 = 7ljo+] and y2 = 7|~ 1) the restrictions. Q,, will denote the second variation of
the segment as an extremal curve with fixed points. Recall that 1I; = T/\(ti)(T;()\(ti))M) o~
T;(/\(ti))M is the vertical subspace over the point ~y(¢;).
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Proposition 4.1. The index of the second variation Q~ can be computed as follows:
ind~ Q, = ind~ Q4, +ind~ Q,, + (05 (1), Iy, 01 (y)) + &, (4.2)

where k = dim(05(IT;) N Tlz) + dim (O (M) N TT;) — dim(65 ! (ITy) N TT; N O1(T1p)).

Proof. Let us consider the following three points in M:

20 =70), q =70, q@=+01).

Variations of v as a curve form ¢g to g2 do not necessarily pass by the point ¢; at
time t* but satisfy a continuity condition there. Instead of considering a problem on two
segments we double the state space and work on just one interval. To do this we break up
[0,1] in two intervals and consider the dynamics separately (i.e. duplicate the variables).
The new boundary conditions which allow us to glue the two pieces together are of the
form:

(71(0); 72(8), 11 (#7),72(1)) € {0} x A x {g2} = {(90, 91, 01, 42)| @1 € M }.

Now we are going to compare the following two problems. The first one is fized end-
points, we impose that the curve starts from (qo,q1) and arrives to (qi1,¢2). The second
one is curves satisfying the constraints given by the manifold N = {qo} X A x {g2} defined
above.

Recall that v is a projection of a solution A : [0,1] — T*M of the Hamiltonian
system. Let us consider the tangent space to the annihilator of N at the point A =
(A(0), A(1),A(1),A(2)). Fix a system of coordinates, which determines a complement to
the subspace ker m, = II; which we call B. In these coordinates the annihilator reads:

141

a+ X

RAN) = a+X
1)

o,y elll, X eB

The other space appearing is the graph of the two symplectomorphisms ©1 and ©9
coming from the Hamiltonian flows of PMP on intervals [0, t*] and [t*, 1]. It will be denoted
by F(@l X (")2)

Let us look at the subspace on which the Maslov form m is defined, (T\A(N) + II*) N
['(61 x O3), where IT* = Iy x I1? x TI,. This is defined by the following equations,

51 V]_ ,LLl

&2 _ ot X fh2 -
e | = la+x + s < & €1y, 02(&) €1l & — 01(&1) € 114,
O2(&2) 2 pa

where o, v, for i = 1,2 and p; for j = 1,...4 lie in the vertical subspace over the respective
points, whereas X € B is in the horizontal space. In particular Maslov form reads:

m(&1,82) = o(us — p2, X) = 0(01(&1) — &2, &2) = 0(01(&1),82) = (&2, —01(&1))-

So, if we call n = O3(&s) € TIy and € = &; we have € € Ty, n € Iy and O, () —01(¢) € Iy
and see that the form coincides with:

m(H4, F(@l X @2), TAA(N)) = m(@;l(ﬂg), Hl, @1(1_[0)).
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The additional terms popping up in Theorem 1.1 are
dim(T'(0; x ©2) N1I*) = dim(6(ITy) N TI) + dim (0, (TTz) N 1;)

and
dim(T'(0; x B2) NIT* N THA(N)) = dim(0; ! (ITy) N O (TTp) N1I;)

as a quick calculation shows. O

We can now prove Theorem 4.1.

Prood of Theorem /4.1. The statement will follow from Proposition 4.1. First of all notice
that in eq. (4.2) all terms are positive, this gives easily that ind™ Q > i(@;l(ﬂ), I, ©,(11))
when the partition is = = {0,¢*,1}. For a general = apply Proposition 4.1 iteratively
to {0,t;—1,t;} where j runs from 2 to n. This allows to express the index of the second
variation of 7\[07%] as the sum of the index of the second variation of 7\[0@71] and v; =
'y|[tj_17tj] plus Maslov index terms and dimensions of intersections.

Iteratively replacing the terms ind™ Qﬂ[ we obtain the following formula:

0.¢5]
n—1
ind™ Q7 = Z ind™ Q%. -+ i(gfil,j(nj+1)7 Hj, @j,j—l o---0 @170(1_[0))
=0
+dim(©,,0(Io) NI1;) + dim(©,11,5(TT;) N 1) — dim(8;,0(To) NI N O ;(j41)).

Here the maps ©;,_1 are defined as in the statement of Theorem 4.1. The notation
is related to law of composition of non autonomous flows and is justified by the fact that
Ojk © Ok = Ojy.

The index is presented as sum of three positive terms: the first one @), is zero when
each segment ([, 1, ] is minimizing [12, Theorem 21.3]. Under Legendre strong conditions
this is the case when sup, |t; — t;—1| is small enough (see [12] for instance). The same goes
for dim(@HM (Hl) ﬂHH»l) —dim(@l"o(ng) NII; ﬂ@ijrll,i (HH»l)) Moreover dim(@i’o (Ho) ﬁHz)
is zero precisely when ¢; is not a conjugate time for ~.

Thus equality holds exactly when our hypotheses on the partition are satisfied. O

Remark 4.1. The hypothesis on the partition = can be weakened if we change a bit our
way of counting. If we add to the dimension of the negative space the dimension of the
null space of the Maslov form we can essentially forget about avoiding conjugate points of
5.

You can see that the correction term k in Proposition 4.1 is in fact the dimension of
the kernel of the Maslov form m(G)Q_l(Hg), 114, @1(H1)). The quantity:

n—1

Z(ind’ + ker) (m(@;}l’i(ﬂiﬂ), I1;,©;;-10---0 91,0(H0))>

i=1
still approximates from below the negative index and includes the contribution of conjugate
points of v that are possibly present in the partition.

Remark 4.2. If we combine Theorem 1.1 and Theorem 4.1 we can obtain a formula for
the index involving just the Maslov index ¢ and dimension of intersections for arbitrary
boundary conditions.
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4.2 Filtration formula

In the previous subsection we have proven a discretization formula for the fixed end-point
problem on an interval. The idea was to introduce extra vertices inside the single edge and
apply an iterative procedure of fixing each of the new vertices one by one. Note that if we
would have fixed all of the vertices at the same time, a direct application of eq. (1.3) would
result in computation of the Maslov index in a symplectic space of a very big dimension.
Instead the recursive nature of the proof allows us to reduce greatly the dimensionality of
the problem.

A way of reducing the dimensionality in formula (1.3) for problems with separated
boundary conditions is discussed in paper [19]. The argument works when all of the
Lagrangian spaces in the final formula are transversal. We can reproduce this argument
in a greater generality using Theorem 1.1.

Assume that each vertex v € Gy is constrained to lie on a separate submanifold N, C M.
We construct a manifold N of boundary conditions in M?291! in the following way: define
the map § : M9 — M9l sending m, — My(e)- Here s (and t) denote the source and target
maps as defined in Section 1.1. Similarly we get ¢ : M9l — A% sending m, — Mi(e)-
We then define N = (§ x f)_l(]_[vego N,) which now is a subset of M9,

We can introduce a filtration of vertices

0=00cglc.- cgl® =g,

such that
Gl=16""1+1,  i=1,....1Gl.

To each set gg we associate boundary conditions N; C N in the following way. We assume
that vertices v € gg vary on N,, while vertices v € Gy \ gg are assumed to be fixed and
perform the construction explained few lines above. Thus we activate variations of each
individual vertex at a time and track how the index changes as we do so.

We now apply Theorem 1.1 to compute ind™ Qn,,, —ind™ Qn;. Let us introduce some
simplifying notations. Recall that s,t : G — Gp are the source and the target maps. Let
v; € gg“ \ gg be the activated vertex. We introduce a separate notation for the set of
edges that are incident to v;:

Gl =571 (v)) Ut (1))

A naive guess would be that when we activate a vertex, the only relevant contributions

come from the edges incident to a given vertex. Thus we define forgetful projections Mg
1

which forget all the edges except the ones incident to v;:

Ts(T*M)9 x T5(T*M)9 — T5(T*M)9 x T5(T*M)9 .

T
g1

Subspaces T A(N;_1) and T5A(N;) can have a big intersection. For sure this intersec-

tion contains the subset V; = 775]-1(0), which is an isotropic subspace. This means that we
1

can perform a symplectic reduction to the space VjL /V;. Let
i T(T M) < T3 (T M) — vk v;
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be the projection maps for each j = 1,...,]|G1|. We can then define shortened notations
for the images:

By property (A.6), we can factor out V; in the definition of the Maslov index and get

i(T3A(N; 1), T(©), TRA(N))) = i(A]_y,

r(6;), A})
and for the same reason
dim (T5A(N;j—1) NT(0)) — dim (T5A(N;) NT'(©) NT5A(N;-1)) =
— dim (4]_, NT(6,)) — dim (4]_, NT(0;)N A7) .
Finally since N;_1 C Nj;, we have that
dim(T7 3y Nj—1 N T x)Nj) — dim(T7 5y Nj-1) = 0.

Now we collect all of the terms and sum by the index j =1,...,|Gg|. As the result we
obtain a formula that expresses the difference between the index of the second variation
of the original problem with the index of the second variation @) := @, of the problem
with the same graph and fixed vertices:

|Gol
ind” Q —ind Qo = » _ind~ Qn, —ind” Qn,_,
j=1
|Go|
Z J_.T(6;), A1) + dim (AJ 1mr(@j))

— dim (A;._1 NT(©;)N Ag) :

This is the same formula as in [19] modulo terms containing dimensions of intersections.

We end this subsection with a couple of remarks regarding this formula. First of all, in
practice the dimensions are reduced even more because A;_l ﬁA; # (). Nevertheless further
reductions depend on the structure of the graph and the filtration chosen. Secondly, at
first sight it may seem that the formula is a sum of local contributions, because we have
used only edges incident to a given vertex in the derivation. However, this is not the case.
The non-locality is hidden in the reduced space V;-J- /V; and the corresponding projection
Tj-

For example, in the case when G; is a tree, we can define a partial order < on Gy by
saying that v < w if the minimal path from v to the root crosses less or equal number of
vertices than the minimal path from w to the root. If we choose a filtration, which orders
vertices one by one compatible with the partial orderlng, one can identify the set QO with
a sub-tree of G. Then the formula for the indices i(A% |, T(0,), Al +) will contain terms

involving symplectomorphisms of all of the edges in the sub-tree determined by gg and not
only of the incident edges. This can be checked via a long but straightforward calculation.

J—D
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4.3 Iteration Formulae

We now investigate the case of periodic extremals. We are going to prove two versions of
iteration formulae, namely Theorem 4.2 and theorem 4.3 below. Suppose that -y is a closed
periodic extremal trajectory. It is straightforward to see that iterations (i.e. concatenation
of v with itself) are still critical points. For the first formula we are going to compute
an iterative scheme similar to the one used to prove Theorem 4.1. The following drawing
represent the procedure in the case we iterate twice a periodic extremal of period T. We
split the interval [0,27] into two separate intervals of length [0,7], adding a continuity
condition at T gives the variational problem for the original extremal.

free — free —
u free 1

S~ free

We will use the following notation: v* will denote the k—th iteration of v whereas
ind” @, and ind” Q. x the Morse index of v and +* respectively as periodic trajectories.
We want to compute the difference ind™ Q. » — k ind™ Q.

First of all we compute the difference ind™ Q. x —ind™ Q. x-1. Let us consider the
following manifolds of constraints:

AO = {(qlquaQQ7QI> 1q; € Mv} - M2 X MQ)

A ={(q1,q2,q1,q2) : s € M} C M?* x M>.
When we restrict to variations satisfying the boundary conditions given by A®, we con-
sider variations of 4* as a periodic trajectory, whereas when we take boundary conditions

A2, we consider independent variations of =1 and v as periodic trajectories, as explained
visually in Section 4.3 above. Now we prove the following lemma;:

Lemma 4.1. Here n = dim(M), let IV = I'(©7) the graph of ©7. Then:
ind” Q. —ind” Q-1 = ind” Qy +i(T" 1, THA(A),T%) — n + dim (ker(0°~' —1)).

Proof. The statements follows applying Theorem 1.1. We take as Ny = A® and as Ny =
A2, The part coming from the dimension is immediate, the intersection of the tangent
spaces has dimension n while the dimension of A? is 2n. So we get a —n.
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For the part concerning the intersection between annihilators and graphs, one can
check that T{y0)x0)A(A%) N ['(©%1 x ©) is isomorphic to the sum of ker(©F~! — 1)
and ker(© — 1). The triple intersection consists of ker(© — 1) and thus the term in the
statement.

From the definitions it follows that, when we impose the boundary conditions A2, we
have ind” Qn, = ind” Q4x-1 + ind™ @, so the only thing to check is the Maslov index
part.

The equation defining the subspace are the following:

&1 Xi+Y
&2 _ [ X+ Y2 voe x
&) | | X2+ 1 Xi Yo & € Tyo) (T7M).
O(&2) X1 +Y;

By subtracting the second and the third equations, and then the first and the fourth
equations we find

& —0M(g) =Y, — 1,
O (&) — 0F (&) = 0" (1 - Ya).

Changing coordinates and setting n = ©F~1(&;), Y1 — Yo = n; and 1 = & we get:

) € A NI4T = (1) = (g MR )

So we can see that the Maslov form reduces to a form on A N (I'*~1 + T'*). Moreover the
quadratic form reads:

m(&1,&2) = 0(X2,Y1 — Y2) —0(X1, Y1 = Y2) = 0(§&2 — ©(£2),Y1 — Y2)
= o(n2 — ©(n2), m)

= o(n2,m) — a(O(n2), m)

= —a(ni,m2) + (0 (m), ©F (m2)).

Which is exactly m(T'*~1, TyA(A),T*) in the coordinates just introduced. And thus the
formula is proved. O

The first iteration formula is now a direct consequence of the Lemma just proved:

Theorem 4.2 (Iteration Formulae I). The index of the k—th iteration of v as a periodic
trajectory satisfies:

k
ind” Qx — k ind™ @, = > i(T(6771), TAA(A),T(67)) — dim(M) + dim(ker(67 " — 1)).

j=1
(4.3)

Proof. We will use an inductive procedure in a similar spirit as in the proof of Theorem 4.1.
First we will look at v* as the concatenation of 4~ and ~ and express the difference

ind” Q. —ind” @, in terms of ind™ Q. k-1.
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This is the first step of the scheme and was proved in Lemma 4.1. Then we apply the
argument iteratively to obtain:

k
ind” Qux — k ind™ Qy =Y i(T 1 TyA(A),T9) — n + dim(ker(6/ " — 1)).
j=1
Which is precisely the formula in the statement. O

Now we prove the second iteration formula.

Theorem 4.3 (Iteration Formulae II). The index of the k—th iteration of vy as a periodic
trajectory satisfies:

k-1
ind” Q.x — k ind” Qy = Z dim(M) — dim(ker(© — w’)) —i(T(©), A, T(w/©)). (4.4)
j=1

Where w is a primitive k—th root of the unity.

Proof. We work on the space M* = M x --- x M. The first set of boundary conditions we
are going to consider is the following:

A© = {(ql,...,qk,rl...rk):ri,qi e M,q; :Tz‘_l} C Mk X Mk.

Set go = v(0) = v(1). Any curve satisfying the boundary conditions A® at (qo, - - -, qo)
gives a variation of the k—th iterate of v seen as periodic trajectory.
The other sets of constraints we are going to introduce are the following:

Ak:{(QIa"'vqkaqlv"'aqk>:QiGM}CMk XMk,
gy = {(d0r-»a0) 0 = 7(0) =~ (D)},

The first boundary condition is the product of 2k copies of the diagonal. Any curve
satisfying this set of constraints at point (qo,...,qo) is a variation of +* as k independent
periodic trajectories y. The second boundary condition corresponds to k copies of a single
point qy. Variations of 4* satisfying these latter conditions are k independent variations
of v as a trajectory with fixed points.

Set for brevity AF = TyA(AF), A® = TYA(A®) and T = I'(© x --- x ©) to be the
product of k copies of I'(©). We have ThA(g,) = Hi’(fo) = II%* where A(0) is the initial
covector of the lift to the cotangent bundle.

First of all we compute directly ind™ ), using Theorem 1.1, comparing with the fixed
points problem. We get:

ind~ Qx = k ind~ Qo + i (TI**,T', A”) + dim(T" N I1%) — dim(T' N TT%* N A(A®)).

Here the notation ind™ Qg stands for the index of () at v seen as a trajectory with fixed
end points. First of all we analyse the term i(H%, I, AO). To compute it we present the
Maslov form as the direct sum of k forms defined on a n—dimensional subspace. This is
done in Lemma 4.2, where we use the complezified version of Maslov index.

The term ¢(II?*,T", A®) is thus the sum of contributions of the type i(II*,I'(w/©), A)
where w is a primitive root of unity.

95



Chapter 4 Section 4.3

N
—_

i(T1%%,T,A%) =) (%, T(w/0),A).

<
I
o

Now we apply Theorem 1.1 to the second set of boundary conditions, i.e. A*. We find
that:

kind~ Qy = kind™ Qo + i (I1*, T, A*) + dim(T' N T1%) — dim(I" N TI%* N AF).

Exactly as in the previous case the piece i(l‘[%7 T, Ak) splits as a sum. But this time the
reason is more apparent: we are considering independent variation on each iteration. It
follows that i(H%, T, Ak) = ki(HQ,F(@), A)

Now we subtract the two equations and we are left with the following expression for
ind” Qx — k ind” Q:

k—1 '

ind”™ Qx — k ind” Q, = Y (i(I2, T(w/0), A%) = i(I%,1(©), A) )+
j=0
+dim(I' N T2 N AF) — dim(I N T1%F 0 A”).

Let’s rewrite the term involving the intersections. It is straightforward to see that
dim(T' N T1%* N A*) = kdim(T'(©) N 112 N A). In turn this can be easily seen to be
kdim(ker(© — 1) N 1II).

For the second piece it holds that:

k—1
dim(T NTI* N A”) =) " dim(ker(© — w/) N1I).
j=0

We prove this below, in Proposition 4.2. Putting all together we get:
k—1 ‘
dim(DNITFNAR) —dim(TNITPNA®) =)~ dim(I'(©)NII*NA) —dim (ker(©—w’ )NIT). (4.5)
j=0

Now we can use the cocycle property given in eq. (A.7) with the subspaces II, T'(w’©),
I'(0) and A to express the terms in the sum using the Maslov index of the spaces I'(w’©)
and A. These computations are collected in Proposition 4.2. What we find is that:

i(I1%, 0w’ ©),A) —i(II*,T(0),A) = —i(I'(©),A,T(w©)) — dim(ker(© — 1) N 1)+
+ dim(ker(© — w ™) NI) — dimker(© — w™) + dim(M).

Since we are summing over j = 0,...,k — 1 and w is a primitive k-th root of unity,
we have that Z;:é dim(ker(© —w™)NII) = Z?;é dim(ker(© — w’) N II) and thus the
intersection of the eigenspaces with the fibre cancel out with the part coming from triple
intersection given in eq. (4.5).

Summing up we finally obtain:

k—1
ind” Qx — k ind” @, = > dim(M) — dimker(6 — w’) — i(T(©), A, T(w'©)).
Jj=1

Which is exactly the statement of the theorem. O
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Lemma 4.2. Let w € (C be a primitive k—th root of 1. The Maslov form m(II?¢, T, A®)
splits a direct sum @Z o mi where:

m; = m(II%, T(w'0), A).

Proof. We will use the Hermitian version of Maslov index. Any real subspace V appearing
in the proof will stand for its complexification V' ® C without any mention of the tensor
product operation. Let us write down the equation defining the space (II?* + A®)NT.

vel <= v=(,..,&,0(&),...,0(&)), & €T (TyyM).
On the other hand belonging to II?* + A® means:
velI? + A® — v= (1o oy Y1y e e oy Vk)y Mgl — Vi € 11,

where g1 = p1. So the space (II?* + A®)NT is given by {(&1,...,&) : &1 —0O(&) € I}
Maslov form is computed in the following way. Let

gi — Xz + (078
O(&) = Xip1 + 5,

where o, 8; € I, X; € T),(T*M). Then we have

—o (@, X;) +o(Biz1, X;)

M-

k
Z 00417 +J(627 H—l):
=1

=1

I
E

k
o(=ai+Bi1, Xi) = Y _o(—ai + Bi1,%)
=1

i=1

M?r‘

k
o(O(&1) —&,&) =Y 00 1),&) — 08, &).
i=1

=1

Where in the third equality we simply shifted the second index cyclically.
Suppose that w is a primitive k—th root of the identity and make the following change
of variables.

k
§:(€1’~-'a€k <Z§l""’zwj(i_1)£i,~ Zwk 1)(i— 1 )_ n,
=1

which essentially is just the Kronecker product of the identity with the transpose of Van-
dermonde’s matrix obtained with {1,w,... ,wkil}. In the new coordinates the equation
reads:

k
m— OJZ 1@ 77l Zw (1-1)(i— 1)5 Zw(l—l)ig(g)
=1
= ZW(Z_l)i€i+1 —wVie(E)

k
=> Wi - 0(g) e
i=1
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So in the new coordinates the space (II?* + A®) N T splits as the direct sum @le{n :
n—w'O(n) € 11}.
The inverse transformation is given by the following rule:

1k lll
Gmp

If we plug in the second term of the Maslov form we have:

i=1 i,l,s
k k k
LS o, i? s (S o)
i,l,s=1 s=1 =1

In particular the only non zero terms are those for which s = [ since the sum of powers
of any primitive root (up to k) is zero.

We can handle similarly the first term. In this way we find that the Maslov form on
our subspace splits in the following way:

ws 19 778 7]5) _U(ﬁsa"?s)-

||M?r‘

The factor % is irrelevant for us and comes just from the change of coordinates. The last
step is to identify the summands with m(II?, T'(w® @), A). Let’s write down the kernel
for these forms. The space we have to look at is (II* + A) N T'(w*™1O©). Tt is defined by:

n=a+X WO =p+X a,pecll
By the definition the Maslov form is given by

m(n) = —o(a, X) +0(8,X) = o(w*=10(n) —7,7).

Proposition 4.2. The following relation holds:

i(I1%, 0 (w/©),A) —i(II*,T(0),A) = —i(I'(0),A,T(w0)) + dim(M) +d;,  (4.6)
where d; = — dim(ker(© — 1) N1II) + dim(ker(© — w™7) NII) — dim ker(© —w ™). Moreover
the space T NII2K N AC splits as a direct sum and its dimension is given by:

k—1
dim(T NI N A®) =) dim(ker(© — w/) N1I).
j=0

Proof. The second part can be deduced by the proof of Lemma 4.2. In fact the space
I1?* N I'N A® is isomorphic to @, ker(© — w®) NII. This can be either directly computed
from the definition of the spaces or deduced in the following way.
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Let P represent the standard k—cycle which maps & — &1 and & — &1. A direct
calculation shows that A® = I'(P). Thus any element of A® N T can be written as

N _( ¢ iy B I
<P£> - <diag(@)(§)) <= P diag(©)(§) = ¢ «= diag(©)P~ " (n) =n, n = P&

i.e. an eigenvalue problem.

The core of the proof of Lemma 4.2 consisted in the diagonalization of the following
matrix:

) w’O
Pt~ .
) wk-1e

with the remaining elements understood to be zero. The transformation diagonalizing the
matrix we used preserves the fibre. So it follows that II?* N T' N A® is the sum of the
eigenspaces ker(© — w’) intersected with the fibre II.

Now we prove the first part of the proposition. Let us apply the cocycle property to
the subspaces 12, T'(w/0), ['(0) and A.

i(I1%, T’ ©),A) —i(II*,T(©),A) =i(T'(0),1I%,I'(w/0))
—i(T(0),A,T(wO)) + ¢,

¢; = dim(O(I) NTI) — dim(ker(6© — 1) N II) + dim(ker(© — w ™) NII)+
— dimker(© —w™).

The formula is almost the one given in the statement except for the terms dim(O(II)NII)
and ¢(I'(©),11%,T'(w/©)) and a lacking dim(M).

We can compute the Maslov index term in the following way. Notice that T'(w/©)
and T'(w'©) are transversal if the index j is different form [. It follows that the space
on which the form is defined is IT2. Moreover the equations are &L+ & =1 €11 and
O(&1 + W) = vy € I, Thus Maslov form reads:

m(v1, ) = —0(1,62) + W (0(61),0(&2)) = (W —1)a(&1,&2).

We can invert the equations to write them on IT2. We get & = 1jwj (11 — 071 ())
and & = l_le (©7(v2) — w/vy) and thus the form is equivalent to:
1

(O’(DQ, @(l/l)) + w_jo'(ﬂl, @_I(VQ))).

m(vy,va) = — 7

This form has zero signature and kernel isomorphic to two copies of ©(II) NII. This is
a general fact and can be seen as follow. Suppose the matrix representing the quadratic
form has the following expression:

0 X .
M = <)_(* 0) m(vy,va) = (U1, Xvo) + (g, X 11).

Let be @ and R unitary matrices which gives the singular values decomposition for X,
i.e. QXR = D for D = diag(d?), diagonal and with non negative entries.

29



Chapter 4 Section 4.3

Apply the following change of coordinates to M:

(3 #) (5 0) (6 5= 0)

And then apply another change:

1 -1 0 D 1 1\ _ (-2D 0
1 1 D 0 -1 1) 0 2D)°
Thus the non zero eigenvalues of the matrix M are j:d%, where df > () are the positive
singular values of X. The kernel of M has dimension 2 dim ker(X).
This is precisely our situation: fix a Lagrangian complement to the fibre II, and consider

the matrices associated to © and w“;ilJ@_l. In blocks they can be written as:

(A B L [Cr —A _(-C -D
@_<C D), 76 _<D* _B*), J@-(A B).

We are using coordinates in which the fibre II is the span of the first n coordinates. Thus
the block we have to consider is always the upper left one. Our form, with this conventions,
is written as:

(v1,0) = { 79, ——C ) + ( w7 o
miy, I = 14 A 1% vV, —— 1% .
1,2 2’1—(.0_] 1 170&)_]—1 2

So for us X = 1:":_]- C*. Thus our form has zero signature, is defined on a 2dim(M)
dimensional vector space and the kernel is isomorphic to two copies of the kernel of X.
The latter is easily seen to be O(II) N1II.

Thus it follows that i(I'(©),1I?,I'(w/©)) = dim(M) — dim(6(II) N1II). Inserting above

we get the formula in the statement. O

We can consider the function S' > 2 +— i(['(0), A, T'(20)). It has very nice properties
and an explicit description in terms of the monodromy matrix ©. These ideas are collected
in the following proposition.

Proposition 4.3. The number i (F(@), A,F(wj@)) corresponds to the number of negative
etgenvalues of the following matriz:

M, = J(w*j+1—w*j@—e*1).

1—w

If we consider the function S* > z — i(T'(©),A,T(20)), it is locally constant with at
most 2n jumps at eigenvalues of ©. Moreover the jumps are bounded in amplitude by
dim(ker(© — z)) where z € S.

Proof. The first part is just a straightforward computation. Take for any o € S':

(ott) * (aoten) = () = {El__o{ﬁ Do o
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If o # 1 the two graphs are always transversal and the Maslov quadratic form can be
written in terms of the variable X:

m(X) = —0(&, &) + ac(0(6),0(&2)) = (a — 1) (&1, &)
=1 ! o—(a)‘( -0 1(X), X —- @*%X))

et
Ot % x) -

— 1_@0((&@+@‘1)(X),X).

It follows that the kernel is M, = ﬁJ(o‘z +1—a0 — @_1>.

For the second part notice that the map o — M, is continuous away from 1 with values
in the space of Hermitian matrices.

A change of index can occur only at those points in which the determinant of M, is
zero, thus at most 2n times. Moreover the jumps are the following:

det(M,) =0 <= det(a+1-a® -0 =0, a#1.

In particular, notice that ©® and ©~! can be put in the same block triangular form.
For example one can choose to put © in its Jordan form. On the diagonal, at a block
corresponding to eigenvalue A of O, the elements are & +1—a\ — % This quantity is zero
if and only if a = ﬁ i.e. if « is an eigenvalue of © that lies on the circle.

Thus the jumps are at most 2n. The part on the bound follows by this observation:
take a Jordan block of © with eigenvalue A. Then the corresponding block of © ! will have
X on the diagonal and (—1)k¥A**1 on the k—th upper diagonal. This implies that on the
first upper diagonal of the X block of A@ + ©~! we considered you end up with —\ 4+ A2,
which is different from zero. Thus each A—block contributes with a single eigenvalue and
so the jumps are controlled by dim(ker(© — \)). O

4.4 Second Variation with moving endpoints

Let A : [0,1] — T*M be an extremal satisfying PMP for the problem in eq. (B.2) with
N = Ny x Ni. Denote by @ the corresponding control and by v(t) = w(A(¢)), t € [0,1]
the extremal curve on the manifold M. As discussed in Section 2.3 we can extend « to an
admissible curve of the auxiliary system in eq. (2.5)

q, ift <0, 0, ift <o,
F=q), iftel0,1],  at)=a), iftelo,1],
q, ift>1, 0, ift> 1.

In order to simplify slightly the notations, we will omit in the future the hat symbol for u
by essentially identifying @ ~ (0, @, 0).

In Section 2.3 we computed the first and second variations at a critical point %. To do
this, we used the already existing formulas for the fixed end-point problem which can be
found in several references such as [12] but applied to the auxiliary system in eq. (2.5).

Recall that II := II), denotes the vertical subspace, namely the tangent space to fibre
T; M described in eq. (A.9). The kernel of the differential of the endpoint mapping and
the second variation are:

2
ker dz E = {@ € RImNo gy 1200, 1], R¥) @ RIm N1 / Zo(t)dt € H} : (4.7)
-1
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2 t
Qi) = [ [ mole).00) - [ o(Zo(r). Zuile)ar]at, (45)

-1

where 0, € kerdgFE. We can expand the expressions for the first and second variations
knowing the particular form of Z;. We split the integrals into three integrals over the
intervals [—1,0], [0,1] and [1, 2] and simplify the integrands using the skew-symmetry of o
(see Section 2.3 and definition 2.1). We obtained the equalities:

1
ker dg E = {v e L*[0,1],v; € RAmNi . / Zw(t)dt + Zovg + Zyvy € H} , (4.9)
0

Q(6,0) = /01 [— Hy(o(t),w(t)) — o (Zovo + /Ot ZT?)(T),Zt'w(t)) dr} dt

. (4.10)
—0 (Zovo —I—/ Zyo(t)dt, Z1w1> )
0
We are going to work now with this quadratic form and prove Theorem 1.1.
4.4.1 Jacobi equation and Second Variation
For brevity denote V = kerdyz F. Inside V we look at a distinguished subspace
V:{f)eV:vo:O,vl:O}, (4.11)

which corresponds to variations that fix the end-points qg, ¢1 of an extremal curve v at
first order. More precisely, they constitute the tangent space to the manifold of controls
fixing the end-points of . Hence Q|y is the second variation of the optimal control problem
with fixed end-points and there exist efficient ways of computing the index of this quadratic
forms using generalisations of classical Jacobi fields [12, Section 21]. Our goal is to compute
the difference

ind @ — ind Qv

in terms of geometric objects on the manifold M, which will result in formula eq. (1.3)
when N = Ny x Ni. The main tool for computing the difference of indices is the following
folklore lemma.

Lemma 4.3. Suppose that Q) is a continuous quadratic form on a Hilbert space. Then for
any subspace V' of finite codimension it holds:

indQ =ind Qv + ind Q|1 + dim (V NV /(V NkerQ)). (4.12)
For us the Hilbert space will be the subspace V. Thus
Vie = {6 eV:Qb,w) =0,V eV},
and the kernel of QQ on V is
ker@Q ={0€V:Q(v,w) =0,V € V}.
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In the following discussion we derive boundary value problems whose differential equa-
tion is a Jacobi equation. The solution to those boundary value problems encode all the
information about each term in formula (4.12).

By definition the subspace V' is the set of variations 0 = (vg, v, v1) such that:

1
/ Zy(t)dt € II, and v9g =0, v1 =0
0

. Moreover, since II is a Lagrangian subspace

1 1
/ Zyw(t)dt €Il <= o (/ Zyo(t)dt, 1/) =0,Vrvell
0 0
and so:
beVie —= Q(h,0)=0,YweV

2
— Qi) = / (v, Zuid(B))dt, W € TLY i€ V.
1

Using formula (4.10) we have that for almost every t € [0, 1] and a vector v € II:

Hy(v(t),") + o (/Ot Z.v(r)dr + Zovo, Zt-> = o(Zy,v).

By the strong Legendre condition Hy is invertible. This allows us solve the equation for
the variation v and obtain

t
o(t)=H'o <Zt‘,/ Zo(T)dT + Zogvg + V> )
0
Set .
n(t) = / Zyv(T)dT + Zovg + v.
0

Differentiating n and plugging in the expression for the variation v shows that n satisfies
the following equation for almost all ¢ € [0, 1]:

i(t) = ZuH; o (Zy,n(t)). (4.13)

This equation is known as the Jacobi equation [12, Theorem 21.1|. Using the definition
of Zp and Lemma lemma 2.2 we find that n(t) satisfies (4.13) with m,n(0) € T,,No. To
obtain conditions at ¢t = 1, we have to use the fact that © € V. In this case from (4.9) it
follows that there exists & € 1I such that

1
n(l) = / Zro(T)dT + Zovg + v =€+ v — Zyvy.
0

Thus the variation ¥ € V1@ defines a function n : [0,1] — T\(0)(T* M) which solves the
following boundary value problem

{7'7(0 = ZiH; o (Zpn(#) (4.14)

7.(0) € Ty No,  mun(L) € (w0 &), (T, A(NL)).
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The second space in the boundary condition is the pull back of N1 to qg using the flow
of the control system with the extremal control 4. From this it is immediate to compute
the dimension of V N V+@. It is enough to substitute v; = 0 in the above equations
and thus consider solution starting from II and arriving to II. Since the Jacobi equation
derived above is exactly the same as the Jacobi equation for problem with fixed points, we
immediately see that dim(V NV +@) is the multiplicity of the point ¢; as conjugate point.

In the same spirit we can compute the dimension of ker QNV using the Jacobi equation.
We have

kerQNV ={0eV:Q(0,w) =0, Vb € V}.

Using the same argument as above we find that for every v € 11

0= O'(Zo‘, V)

Q(Uv ) - U(Zt'a V)

1

o (fo Zyo(t)dt, Zl-) =o(Z1-,v)
The second equation allows us to recover a solution of the Jacobi equation 7 using the
same argument as above, when we considered variations © € V N V1. The first equality

gives us a condition on v and consequently on 7(0), while the third condition give us a
condition for n(1). Namely

n(0) € INTy\yA(No),  n(1) € TN Ty 1) A(Ny).
The following proposition collects all the facts proved above and clarifies the correspon-
dence between controls and solutions of the boundary value problems.

Proposition 4.4. Consider system (4.13), to any solution n satisfying the boundary value
problem (4.14) we can associate a variation v € Vé‘ such that 0(t) = Zw(t) and vice-versa,
modulo solutions satisfying 1(0),n(1) € II and n = 0. Moreover:

i) elements inside V N VL@ correspond to solutions of (4.13) satisfying the boundary
conditions:
n(0) €10, n(1) € 1I;

ii) elements of ker Q NV correspond to solutions satisfying the boundary conditions:

n(0) € TN Tyo)A(No), n(1) € TN, ' Ty1yA(N);

ii1) elements in ker Q correspond to solutions of (4.13) satisfying the boundary conditions:
1(0) € Ta0)A(No),  1(1) € D Th1)A(Ny).

Proof. Following the derivation of the Jacobi equation and associated boundary conditions
it only remains to prove the first part by computing the kernel of the map n — v. If v =0,
then v =0 for all t € [0,1] and v9 = 0, v; = 0. This implies that n = v.

Vice versa, let n be constant with 7(0) € II. Since Z; are injective and have non-
trivial projections to Tr(x0))M, it follows that v; = 0. Moreover 7(t) = Zyv(t) = 0 and
consequently, by definition of V1€,

1
0=Q(6,d) = /0 Hy(v(t),w(t))dt, VeV

In particular Hy(v(t),v(t)) = 0 for almost every ¢ € [0,1]. But then by the strong Legendre
condition v = 0. Point (¢ii) can be obtained in a similar fashion as point (¢) and (i7). [
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As before we will denote by © the symplectomorphism @, o ®, where @, is the differ-
ential of the re-parametrization flow given in eq. (B.11) and ¢ the fundamental solution of
eq. (4.13). As usual I'(0) will stand for the graph of ©.

Remark 4.3. It can be shown that (4.13) is closely related to the linearisation of the
extremal flow along the fixed extremal A we are considering (when the latter is defined),
see for example [13]. It is the linearisation at A(0) of the Hamiltonian flow of bL()\) =
(H —hgw) o ®,(\) which coincides with the linearisation of (®;)~ o et Let us denote by
®; the flow of the Jacobi equation (4.13) at time ¢ and let

L(®¢) = {(n(0),n(t)) : n(0) € Tro)(T" M)} C Ti0)(T" M) x Ti0)(T" M)
be its graph. Then in this notation
[(0;) = (I x @), T(dy).
We can now compute the restriction of @ to V1@ and prove the following result.

Proposition 4.5. Let Q be the quadratic form of second variation for the problem in
eq. (B.2) and V be the subspace of variations (4.11). Then

ind” Q = ind~ Qv +i(II,T(0), TAA(N)) + dim(I'(©) NII3) — dim(I'(©) NII5 N TAA(N))

Moreover, the Maslov index of the triple can be replaced by i((Hi)W,F(@)W,TAA(N)W)
where W =T A(N) ﬂHi and the superscript means everything s computed on the reduced
subspace with respect to W .

Proof. In view of Proposition 4.4 and Remark 4.3 it only remains to prove that
ind~ Q1o = i(II3,T(0), TyA(N)).

Since (vo,v,v1) € V@, we have that, Yw € L?[0,1],Vv € II:

/Ol [Ht(v,w) +o (Zovo + /Ot Zro(T)dr, th(t)>] dt = o </01 Zyw(t)dt, 1/> _

Combining the last expression with (4.10) gives us:

1 1
Q) = -0 <Zovo +/0 Zy(t)dt, Z1v1> -0 (/o Zw(t)dt,y)
= —0o(§, Z1v1) + o(Z1v1 + Zowo, v)

= —o(v, Zovo) + o (& + v, —Z1v1)

(4.15)

where we have used that
1
§ = Zovo + Z1v1 +/ Zyo(t)dt € T1.
0
From the derivation of the Jacobi equation it follows that
1
n(0) = v+ Zovo n(1) = v+ Zovo + / Zwt)dt = v+ €& — Zyvy.
0
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Hence the restriction of Q to V9 coincides with the quadratic form
m (T2, T(®), Ty ) A(No) x &, Th1)A(N1)).

Note that Q]V 1o is actually defined on a slightly smaller space, because Zyvg do not
span the whole T}y A(No) and similarly Z;v; does not span CiD,le,\(l)A(Nl) correspond-
ingly.

Nevertheless we obtain the correct Maslov form. In fact, the map Zy : RF — T\ 0)A(No)
is injective and its image is transversal to I1 N Ty A(No) (and the same is true for the
Zy). The sum of spaces I N Ty A(Np) and TIN <i>*_1T>\(1)A(N1) lies in the kernel of the
Maslov form. Removing it does not change the domain since Tm Zy + IT = T} ) A(No) + 11
(and similarly for Z7).

Hence we can either reduce by IT N Ty A(No) & IIN @;1TA(1)A(N1) or work on the
original space. The index is the same.

We now apply the map I x (‘i%)* to each Lagrangian space inside the Maslov index of
the triple above. By Remark 4.3 we get

(12, T(®), Th0)A(No) x @' Ty A(N1)) = i(I13,T(0), TAA(N)).

4.4.2 Proof of Theorem 1.1

Before proving the general formula, we prove a corollary of Proposition 4.5. Assume that
we have an optimal control problem as in eq. (B.2) and two sets of possible boundary
conditions:

(¢(0),q(1)) € No x Ny =: N
and . 3 .

(¢(0),q(1)) € No x Ny =: N.

and assume that a curve A : [0,1] — T'M is an extremal in both problems simultaneously,
which simply means that A is a solution of the Hamiltonian system of PMP and satisfies the
transversality conditions for both boundary conditions at the same time, i.e. A; annihilates
the sum Ty, NV; + T}, N;. A relevant example to keep in mind is when N C N. In this case
if \ satisfies the transversality conditions for N it satisfies the transversality conditions for
N automatically.

Consider the two second variations @y and Qg corresponding to the two optimal
control problems with boundary conditions like above. Using Proposition 4.5 we can find
the difference between the Morse indices of those two quadratic forms.

Corollary 4.1. Using the notations of this section the following formula holds
ind” Q5 — ind™ Qn = i(ThA(N),T(0), ThA(N)) + dim(I'(8) N Th A(N))+
— dim(I(©) NTHA(N) NTAA(N)) + dim(Tr(y)N N Ty N)+
—dim T, N. (4.16)

Proof. Apply Proposition 4.5 to get an expression for ind™ Q5 and ind™ Q. Subtracting
one from the other gives

ind~ Qg —ind~ Qn = i(I13,T(0), ThA(N)) — i(I, T(O), Ty A(N))+
+dim(I'(©) NTIy N THA(N)) — dim(T'(©) N Ty N THA(N))
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Apply formula (A.7) with Ly = 113, L; = T'(©), Ly = TAA(N) and Lz = Ty A(N). After
cancellations this results in ;
ind” Qg —ind~ Qn = i(I'(0), ThAA(N), TAA(N)) — i (TI3, TaA(N), TAA(N) ) +
+ dim(T ( YN THA(N)) — dim(T(0) N TAA(N) N Ty A(N))—
— dim(T1} N ThA(N)) + dim(IT3 N THA(N) N THA(N)).
Terms dim(T'(©) NTAA(N)), dim(I'(©) N Ty A(N) NTHA(N)) are already exactly as in the

formula of the statement. It remains to simplify all of the remaining terms.
By formula (A.8)

i(T(0), THNA(N), ThA(N)) = i(TAA(N),[(©), ThA(N))
since we have an even permutation of subspaces inside. By lemma A.3 we have
i(I13, TAA(N), TAA(N)) = i(TAA(N),TI3, Ty A(N)) = 0.
Finally, straight from the definition of an annihilator, it follows that
dim(1I} N TAA(N)) = 2dim M — dim T,;(\) N
and
dim(INTHAA(N)NTHAA(N)) = 2dim M —dim Ty () N —dim Ty () N +dim (T ) NN T () N).

Combining all of the above results in formula (4.16).
O

Remark 4.4. Notice that if N = {qo} X {g1} we obtain exactly the formula from Proposi-
tion 4.4 as expected. Another necessary remark is that formula (4.16) might seem asym-
metric at first. We expect, that if we exchange N and N, then the resulting right-hand
side will change sign. This is not entirely obvious just from the expression itself. How-
ever, this is indeed the case, because the difference between i (TyA(N),T'(0), TAA(N)) and
i(T, ZVA(N),T(©), TA\A(N )) is not zero, but an expression involving dimensions of intersec-
tions of various subspaces as can be seen from formula (A.7).

Now we are ready to prove Theorem 1.1. We will reduce the case of general boundary
conditions (qp,q1) € N C M x M to the case with separated boundary conditions by
introducing extra dummy variables.

Proof of Theorem 1.1. Consider optimal control problem as in eq. (B.2). We can lift it to
an optimal problem on M x M by considering a new control system:

{i =0 (4.17)
q= fi(t)(Q)a .

with boundary conditions
(2(0),49(0),2(1),9(1)) € A x N € M*. (4.18)

It is clear that there is a one-to-one correspondence between admissible curves of the
original problem and admissible curve of (4.17)-(4.18). For this reason we can consider
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admissible curves (4.17)-(4.18) which minimize the functional of eq. (B.2). For clarity,
assume that the maximum condition of PMP defines a regular function in a neighbourhood
of the extremal. The Hamiltonian system of PMP is then given by

L Z0
B=2 A €T M.
A=),

and its flow is given by I x W;. This is not restrictive since in the non regular case the
linearisation of this flow will be simply replaced by P, D, as already mentioned several
times.

We can now apply directly Corollary 4.1 to the boundary conditions A x N and A x N.
In order to see that everything indeed reduces to formula (1.3) without writing explicitly
the lengthy formula here, let us go term by term starting from the last one. Let A =
(A(0),A(0),A(0), A(1)). We have

= dim Ty A)A + dim (T A)N N TM)N) — dim TW(A)A — dim Ty, N

= dim(Tyr ()N N Ty V) — dim Ty N.
In order to deal with the last term choose Darboux coordinates around A(0) and A(1)
which fix the horizontal and the vertical subspaces. For this computation we identify

Ty (T*M) = T\q)(T*M) =: X. Let S : ¥ — X be the map, which changes the sign of
the vertical part. In Darboux coordinates it is given by the matrix

(0 1)

o(Sp1, Spe) = —o(p1, p2),  Vpi,pe € 2.

In particular, we have

Let us write down explicitly each individual subspace entering the formula. Due to our
conventions of signs for the symplectic form on (7*M)* we have —a on the first two copies
of T*M and o on the last two. We have to distinguish the two definitions of annihilator
here, A(N) is the annihilator when we use o @ o whereas A(N) is given by eq. (A.10), and
is the right object to use when the symplectic form is (—o) @ o. Notice once again that
S x I(A(N)) = A(N).

TAA(A x N) = {(S¢, & v1,1) : € € X, (v1,12) € TVA(N)},
ThA(A x N) = {(SE,€,in,19) : € €%, (i1, 0) € THVA(N)}, (4.19)
LI x ©) = {(n1,m2,m,0m2) : m,m2 € X}

From expressions in (4.19) it directly follows that

dim(T'(I x ©) NTHA(A x N)) = dim(I'(©
dim(T(I x ©) NTHAA(A x N) NTHA(A x N)) = dim(I'(©

S
5 3
B
=2 =
:)\_/
=
=
=
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In order to simplify the Maslov index term, we note that the intersection of annihilators
contains the following isotropic subspace

W ={(5¢,&0,0) : £ € X}
For this reason we can perform a reduction to the space W+ /W. We have

Wt = {(S&,&,8,8) : & € X}

Thus we can identify W /W with the image of the projection 71 : £* — X2 to the last two
terms (X x ¥,0@0). Let us consider the space (WL +W)NT'(I x ©), it is straight forward
to check that its projection is the subspace {(n,0n) : n € £}. We can now calculate the
Maslov form on the reduced space. First of all we write down the equation defining the
subspace:

v+ =mn,

Vo + g = @7]

where (v1,12) € TNA(N), (71, 72) € TAA(N), 7 € 2. Tt follows that
m((777 677)) = U(Vhﬁl) + U(V2752) = _U(Sljhs&l) + U(V27 192)7
But this is exactly the Maslov form m(ThA(N), F(@),TAA(N)). Hence

i(TAA(A x N), (I x ©), TNnA(A x N)) = i(ThA(N),T(0), ThA(N)).
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Chapter 5

Determinant of the Second Variation,
Hill-type formulae and stability

The purpose of this chapter is to give some formulas to compute the determinant of the
Second Variation for a general optimal control problem. The main result (Theorem 1.2)
provides an extension of the classical Hill’s formula in celestial mechanics (first appearing
in [35]) and proved by Poincaré ([52]) to a quite general class of optimal control problems.
Classical Hill’s formula provides a way to compute the Fredholm determinant of an operator
of the form 1 + K where K is a trace class operator in terms of the fundamental solution
of a linear Hamiltonian system of the form ¢ = JHx.

As discussed in Section 1.3 and Chapter 3, however, the second variation will not in
general be a trace class operator. It is possible, though, to produce certain finite dimen-
sional approximation of the Second Variation for which the partial trace and determinant
converge. This strategy is explained and applied for example in [39] or |20] using Poincaré’s
original argument. However, if the operator is not trace class, this limits may very well
depend on the approximation chosen. Using theorem 1.5 and [7][Theorem 1] we know that,
at least under the analyticity assumption on Hy and Z;, that the following limits exists
and are finite:

lim > m(A)A, lim 11 (14 )™,

e—0t e—0t
AeSpec (K),|A\|>e AeSpec (K),|A\[>e
It is worth noticing that this limits correspond to a different choice of finite dimensional
approximation from the one in [20, 39]. Thus our formulas have different normalizations.
The result we are going to prove here is an equality, for s € R, of the form:
det(1 + sK) := lim 11 (14 sX)™WN = (=1)3mM)gebs et (M7 + M5 D, D).
e—0t

A€Spec (K),|A\|>e

(5.1)
where M7 and Mj; are suitable matrices which depend on the boundary conditions we
are imposing; a > 0 and b are explicit constants and P, the flow we use to trivialize
a neighbourhood of the extremal (see eq. (B.11)). The matrix ®° is the fundamental
solution of a Jacoby-type equation defined in eq. (5.15). For s = 1 it coincides with the
already mentioned standard one given in eq. (1.2). As remarked in Chapter 4, ®,®! is the

linearisation of the maximized Hamiltonian whenever the latter is defined.
This kind of formulas have attracted a lot of interest since their appearance, especially
when dealing with periodic minimizers. The main reason is that they provide a connection
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between the stability properties of the trajectories and the parity of their Morse index.
See for example [20] for a detailed account about Hill’s formula for both continuous and
discrete Lagrangian system with quasi periodic conditions or |10, 12] for the case of more
general boundary conditions.

As far as the connection with stability goes, in [20] for instance, using Hill’s formula,
some criteria for the linear instability of closed geodesics are given. Similar results can be

found in [56, 51 or [57, 58, 12] where one deals with periodic extremal with additional
symmetries.

Let us explain briefly the idea behind some of these results. It is well known, see
for example [19, 27], that the spectrum of a symplectic matrix is stable with respect to

inversion and conjugation. This means that if ® € Sp(2n) and A € Spec (®) then A, A~!
and A\~! belong to the spectrum of ® too. The orbit of any point z € C with respect to
inversion and conjugation is made up of either 4, 2 or 1 point. If &(z) # 0 and z does not
lie on S!, it contains four points. If it lies on S'UR\ {£1} it contains 2 and if it z is 41
or 0 it is a fixed point. Thus a fundamental for this action is the set D defined as:

D =DiUDyUDs, D12{223(2)>0,|Z|>1},
Dy={z:]2| =1,%(2) >0} U{z: Im(z) =0, |z| > 1}, Ds={%1,0}.

Denote by m(A) the algebraic multiplicity of an eigenvalue A of ®. If 1 is not in the
spectrum of ® the determinant of ® — 1 can be decomposed as follows:

A—1 5\_1 2\ m(A) _)\_12 m(\)
da(@ -y =0 ] (SRR T (SRR

AeD1NSpec & AeD>NSpec @

Clearly eigenvalues in D; just give a positive contribution to the determinant. It is straight-
forward to check that if A lives in Dy N'S' then 7(%71)2 = |\ — 1|2, which is positive, and
that if A € Do NR_ the contribution is positive too. It follows that the sign of the deter-
minant is determined by the presence of an odd number of real positive eigenvalues greater
than 1, counted with algebraic multiplicity.

On the other hand the sign of the determinant of the Second Variation is determined
by the number of negative eigenvalues, so assuming that it is non degenerate sg(det(Q)) =
(=1)md@) " Now, Theorem 5.1 and Theorem 5.2 link the determinant of fundamental
solution of Jacobi equation (eq. (1.2)) and the determinant of the Second Variation through
the following formula:

det(Q) (=14 — g det(® — 1), a > 0.

Which in particular implies that non degenerate extremals with odd index on even dimen-
sional manifolds (and extremal with even index on odd dimensional manifolds) are linearly
unstable.

However, if the critical point is degenerate, as often happens for periodic geodesics,
Hill’s formula alone is of little help since both sides of the equation are zero. Two solutions
to this problem have been proposed in [20]. The first one consist in removing the known
first integrals reducing the system to new one, on a smaller space. Then proving a Hill
formula for the reduced system and finding a relation for the Morse index of the starting
trajectory and the reduced one. The second is via a perturbative argument. One changes
the domain of the quadratic form W12([0,T],C™) with periodic boundary conditions to
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Wh2([0,7],C™) with v(0) = pv(T) and p € S'. Then the sign of its determinant is
the same as (—1)3m(M),—dim(M) det(® — p). The same argument explained above with
1 replaced by p shows that this is negative if and only if there is an odd number of real
eigenvalues grater then 1 (counted with algebraic multiplicity). In the proof we already
construct a perturbation of the second variation, namely the characteristic polynomial in
eq. (5.1). It will be object of further investigation whether one can exploit this natural
parameter to give some new stability criteria.

A by-product of our discussion will be integral expressions for the trace of the compact
part of the second variation (see for instance lemma 5.3). Similar formulas have been
employed in |30, 12] to get bounds on the Morse index of an extremal, its degeneracy and
stability properties. These ideas trace back to the work of Krein [59, 47, 48]. He considered
equations of type © = AJH;x with H; > 0 and fOT Hidt > 0 and found a bound on ||,
in terms of H;, which guaranties that the solution is spectrally stable. Here by spectral
stability we mean that the eigenvalues of the fundamental matrix lie on the unit circle.
The arguments rely heavily on the positivity assumptions, however in [41] the authors
managed to prove some inequalities on the number of eigenvalues on the unit circle for
stable systems subjects to positive perturbations. All this criteria are express through
bounds on the trace of the compact part of the second variation.

Another application of all those formulas is the following observation. Take a summable
sequence a, of positive real numbers and consider the sequence S := ) af. Then, for k
sufficiently large, it is monotone. Denote by L := limy_,,, Sg. It is straightforward to see
that L € NN {0, +oo}. In fact if all a,, are smaller than 1 L = 0, L is finite and non zero
if and only if there are L a, equals to 1 and +oo if there is at least one a,, > 1. This in
particular shows that if Z)\ESpec (K) A?F is smaller than 1 the extremal in consideration is
a non degenerate minimum and if limy Sy = ng its Morse index is zero with at most ng
degeneracy. In this case one can read off the nullity evaluating limy Sop1. Unfortunately
the expression for the trace we get are not so simple and same work is still needed to
understand how much information one can really extract form this relation. This topic too
will be object of further investigations.

In Section 5.2 we are going to present some application and specification of our result.
We deduce the classical Hill’s formula (Theorem 5.1) and a slightly more general version
for non mechanical systems on R™ (Theorem 5.2). The rest of the chapter is devoted to
the proof of Theorem 1.2. Much of the material presented here is contained in [17].

5.1 The Second Variation

The aim of this section is to recall the definition of Second Variation we are going to use and
introduce a proper metric structure on the space of variations to compute the eigenvalues.
Details for the first part are given in Section 2.3. Let ng,n; € N and consider the Hilbert
space H = R™ @ L2([0,1], R¥) @ R™. The scalar products that we will employ are given
by the direct sum of scalar products on the summands. Let (X, 0) be a symplectic space
and consider a linear map Z : H — X given by:

1
Z(u) = Zoug +/ Zywdt + Ziuy,  u = (ug, ug,uy) € H.
0

Suppose that II C ¥ is a Lagrangian subspace transversal to the image of the map Z and
define V = Z~Y(II). For an appropriate choice of Z and II, the second variation will be
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the quadratic form given in the following definition:

Definition 1 (Second Variation). The second variation at @ is the quadratic form defined
on Y CH:

1 t
Qu) = /0 ((ut,ut) + U(Ztut,/o Zourdr + Z0u0)> dt+

1
+O'(Z()U0 + / Zyugdt, Zlul).
0

Moreover we will make the following assumptions: the extremal of the original problem
is strictly normal and satisfies Legendre strong condition, this means that for ¢ € [0, 1]:

1
X; := m,Z; satisfies / XXy >0, —H;>a>0.
0

5.1.1 The scalar product on the space of variations

As already mentioned, we will assume through out this chapter Legendre strong condition,
that is the matrix —H; is positive definite on [0, 1], with uniformly bounded inverse. This
allows to use —H; to define an Hilbert structure on L?([0, 1], R¥) equivalent to the standard
one. We have still to define the scalar product on a subspace transversal to Vy = {uy =
u; = 0}. A natural choice would be to introduce two metrics on T\,T*M and T, T*M
and pull them back to the space of controls using the maps Zp and ®,Z; : R" — Ty, T*M.
Let us call any such metrics gy and g.

Definition 5.1. For any u,v € H define:

1
(u,v) = / Hy(ug, ve)dt + go(Zouo, Zovo) + g1(P«Z1ur, PiZivr)
0

Since the symplectic form o is a skew-symmetric bilinear form there exists a g;—skew-
symmetric linear operator J; such that:

gi(Jin,XQ) = O’(XI,XQ), VXl,XQ € T)\iT*M, 7= 0, 1.

Notice that in general the matrix J; fails to be an almost complex structure and J? #
—1, in other words the metric and symplectic structures need not be compatible.
In terms of the symplectic form the scalar product can be written as:

1
(u,v) = _/ Hy(ug, v)dt + a( Ty Zouo, Zouo) + o (J; ' @uZyuy, uZiug)
0

Now we are going to compute the orthogonal complement to V inside H using the
Hilbert structure just introduced. We will denote by the symbol L; the orthogonal com-
plement, in T\, 7" M, with respect to the scalar product g;.

Lemma 5.1. With this choice of scalar product the orthogonal complement to V is given

by:
V= {(vo, —H; 'JZfv,v1) 1 v € 1T}

where vy and vy are determined by the following conditions:

Zovo — Jov € Im Zy°,  ®.Zyv; — J1®uv € Im &, 27
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Proof. Suppose that u € V1. Let us test v against variations with fixed end-points. Namely
such that u; = 0 and fol Zyugdt € 11 Recall that II is Lagrangian, thus the condition

fol Zyugdt € 11 can be equivalently formulated as o(fol Zyugdt,v) = 0 for all v € II. This
implies that the linear functional defining the subspace {u : u; = 0, fol Zywdt € 11} are
up fol o(Zyug, v)dt and so:

1

(v,u) = —/ (Hyvg,ug)dt =0, Yu €V <= vy = —H; 'o(v, Z), vell
0

Thus it follows that v, = —H; ' Zf Jv. Now take a generic u € V and compute:

1 ~ ~
(v, u) = g(y,/ Zywdt) + o (J5 Zovo, Zouo) + o(J; 1@ Z1v1, @uZyuy)
0
Now we get rid of the term fol Zyudt using the fact that v € V and thus:

1
o (V,/ Ztutdt) = —o(v, Zouo + Z1u1)
0

It follows that

<v,u> = *O‘(l/, Zoug + Zlul) + J(J(leovo, ZQUQ) + U(Jflé*Zlvl, é*Zlul)
= U(JO_IZ(]’UO — U, Zouo) + J(Jl_li’*Zlvl — (i)*y, é*Zlul)

Notice that the two quantities are independent. If (u,v) = 0 then both o (J; ' Zovg —
v, Zyug) and J(Jflfi)*Zlvl —d,v, é*Zlul) must be zero at the same time.

This follows from the fact that the map u — 7, fol Zyugdt is surjective. You can build
infinitesimal variations of the form (ug,u,0) and (0, u, uq) in such a way that Zyup and
Ziuy span the whole Im(Zy) and Im(Z7) respectively.

This implies that vy and vy are completely determined by the value of v and so:

J(J(;1ZOUO -V, ZOUO) <— Zovg — Jov € Im(ZO)LO

U(Jl_lci)*zl’l)l — ‘i)*V, Zlul) <~ Q:)*Zlvl — Jl(i)*y < Im(&)*ZﬁJ‘l
0

Now we use the Hilbert structure just introduced to write the quadratic form associated
to compact part K of the second variation given in eq. (2.7).

Preliminarily we can perform the change of coordinates in L? sending vy — (—Ht)%vt
and substituting Z; with Zt(—Ht)_%. In this way the Hilbert structure on the interval
becomes the standard one.

We introduce a further piece of notation, call pro (respectively pri) the orthogonal pro-
jection on Im(Zp) (respectively Im(®,Z;)) with respect to scalar product go (respectively
g1). Let L be a partial inverse to ®,7, i.e. amap L : T\, 7*M — R"™ defined by the
relation L@*Zlvl = vy. Set:

1
A(u) = Lpry 12 (ZOUO + / Zyupdt + Z1u1> (5.2)
0
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Lemma 5.2. The second variation, as a bilinear form, can be expressed as: Q(u,v) =
(u+ Ku,v) where u,v € V and K is the operator defined by:

Ku = —Z;J( J Zougdr + Zouo) (5.3)
—uy — A(u)
where A(u) is given above, in eq. (5.2).

Proof. A quick manipulation of the expression involving the symplectic form in Defini-
tion 2.1 yields the following:

2t 0t 1 gt
/ / o(Zrur, Zyvy)drdt :/ / U(ZTUT,ZtUt)det+/ / o(Zrur, Zyvy)drdt
—1J-1 —1J-1 0 J-1

2 t
+/ / o(Zrtur, Zyvy)drdt
1 -1
1 t 1
_ / a( / ZTquT—i—Zouo,Ztvt) dt—i—a(Zouo—i— / Ztutdt—l—Zlul,Zlvl)
0 0 0

1 t 1
_ / o < / Zourdr + Zouo, Zwt) dt + g1 (J1<I>* <Zgu0 + / Zyugdt + Zlul),é*Zﬂq)
0 0 0

Recall that Z; is constant on [0, 1]°. Moreover the maps Zy and Z; take values in isotropic
subspaces. We use this fact to simplify the expression in the first line. Now, it is clear that
in the last term:

1
g1 (qu)* <Z0’U,0 + / Zyupdt + Zl’U,l) , <I>*Zlvl>
0

only the projection onto the image of ®, 7, plays a role and it is straightforward to check
that:

1
g1 (qu)* (Z()UU + / Zyugdt + Zlul) , <I>*Z1v1) = gl(q)*ZlA(U), (I)*Zl’Ul).
0

Recall that we have normalize H; to —1, thus the first summand can be rewritten as
follows:

1 t 1 t
/ o ( / ZTquT—I—Zouo,Ztvt) dt = / (Z;‘J( / ZTquT+Zou0),vt)dt
0 0 0 0

If now we add and subtract g(Zyug, Zovo) and g(Z1u1, Z1v1) to single out the identity
we obtain precisely the formula in the statement. O

5.2 Hill-type formulas

We present here some applications of theorem 1.2. We deduce Hill’s formula for periodic
trajectory and specify it to the eigenvalue problem for Schrédinger operators. In the second
sub-section we present a variation of the classical Hill formula for systems with drift. In this
section we will mainly deal with periodic and quasi-periodic boundary conditions, meaning
that the boundary condition we take are of the form N = T'(f) for a diffeomorphism
f: M — M of the state space.

76



Chapter 5 Section 5.2

5.2.1 Driftless systems and classical Hill’s formula

In this section we consider drift-less systems with periodic boundary conditions on R™ and
specify the formulas of Theorem 5.3 for this class of problems.
First of all let us explain what we mean by drift-less systems. Let ¢t — R; a family of
symmetric matrices of size n x n and let us denote by u a function in L*°([0, 1], R™).
Consider the following family of vector fields f,(q), their associated trajectories g, ()
and the action functional A(u):

Gu = fu(q) = u(t>7

fulg) = ult) {q(O) =q€R"

. (5.4)
A = 5 [ 1l = B (0). )

We impose periodic boundary conditions, i.e. we take N = A = {(q,q) € R?" : ¢ €
R™}. The Hamiltonian coming from the Maximum Principle takes the form:

Hp,0) = max(p,u) = 3 (> = (Rg.0) = 3(0.0) + (Regsa). - (53

Let us denote the flow generated by H by ¥, and fix a normal extremal A; and its
control 4(t). The flow ® we use to re-parametrize the space is given by the Hamiltonian:

haw (p:q) = (p, a(t)) + %(th’ 79 = {Z i ;(f)t.q
R () (I Rty
q)t(pv q) - (0 01 > (q> + ( ’ j%ﬁ(’i‘)d’r )
(&), = ((1) b 1er7‘> L Zy = (D71).0.h, = (fo ]ird7->

Let us call R = — fol R.dr. The annihilator to the diagonal is nothing else than the
graph of the identity. We will now define Q° as in eq. (5.18) and pg(s) as det(Q®) as in
Section 1.2 (actually up to a scalar, but this is irrelevant). For n € T\, 7*M set:

Q*(n) = (-1 1) (A{@*Z)i/lﬁn) = (A]Q.PTA; — 1)n € T, T M.
Here the symplectic maps Af for i = 0,1 are defined in section 1.2 and eq. (5.7). They are
expressed in terms of the projection on the fibre II; and its orthogonal Hf‘ and move, as
|s| — +o0, any Lagrange subspace closer and closer to II;. A coordinate representation is
given few lines below.

It is clear that the kernel of @° is precisely the intersection of the graph with the
diagonal subspace. Since we are working on R?” we can define the determinant of this map
as:

po(s) = det(Q°) = det(A; D, D5AS — 1)

As already mentioned in Section 1.2 this function is a multiple of the characteristic poly-
nomial of K. It satisfies:

po(s) = ae® det(1 +sK), acC*beC

7



Chapter 5 Section 5.2

Now we are going to compute the normalization factors. This is done essentially evaluating
po(s) and its derivative in zero. This will give us the relations:

pQ(0) = a, a(b+ tr(K)) = dspq(s)]s=o-

We have now to work a bit and write down precisely all the quantities appearing in the
formulas. It is straightforward to compute the matrix representations of the maps A and
Aj. In this setting the projections onto Il and Hé are given by:

10 0 0
P =10 o) P = \o 1

If we denote by Gg and G the restriction to HOL and Hf respectively, of the metrics chosen
at the initial and final point, we see that:

45 = <(1) (1—13)G0>7 A — ((1) (1—3)(1(;1 —R))

sz (1 sR+(1—s)Gy
Alq}*‘(o 1 >

The value of ®§ at s = 0 is given in Lemma 5.4, in this case, since Y; = fot Rsds and
X¢ =1, we obtain the following:

o (1 0\ (10
(I)t_<r 1>_<t 1)
t T
sd
8S<I>f’s=0: © 0* = t [_O[[QR ° tQ-
Q -0 Jo Jo |7 Redsdrdr  — [y [ Rsds

We will still adopt the notation of Lemma 5.4 for the submatrices of ®Y and 9;®§|s—. Let
us compute the value of pgy(s) in zero. Putting all together we have:

o= (5 9) (DG 9)-(9)

After a little bit of computation we find that Qg|s—o satisfies:

GiI' Go+ G+ GiI'Gq
Qs|s:0 =

r I'G, ) ,  det(Qs|s=0) = (—1)" det(T") det(G1 + Go),

(Qulso) ™t = —Go(G1 + Go) ! T71+ Go(G1+ Go) Gy
s1s=0 (G1 + Go)_l —(G1 + Go)_lGl

We can compute the derivative det(Qs) at s = 0, we find that:

05Qs = (0sA3) DL BT Af + A5D.(0,05) Af + AP, D5 (0:A7)
_ ((G1 —RIT G- R) <1 G0> N

D@ 20D 8
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We use now Jacobi formula for the derivative of the determinant of a family of invertible
matrices. It reads:

D det(My) = det(Ms) tr(ds M M Y).
Without going into the detail of the actual computation, which at this point is just matrix
multiplication, we have that:

B det(Qs)|s—o = t1(8s(Qs)Q3 )]s = tr((G1 + Go) "Gy — G1 + R) +T71Q)

The last quantity we have to compute is tr(K). To do so we use Lemma 5.3. Mind that
in the statement of the Lemma one works with twice the variables, taking as state space
R™ x R" and using the symplectic form (—o) @ o on R?" x R?". The quantities with ~
on top always refer to the system in R*", where we have a trivial dynamic on the first
factor and the boundary condition we impose are in this case A x A (see the beginning of
Section 5.3.2 for more details). The formula given in the lemma reads:

tr(K) = — dim(N) + tr[r @ 1 priJ1®,(Zp)]
1
+ tr [F_l <Q + (72 — wi)q>;1pr1J1c1>*(/ ZtZt*J|Hdt))]
0

Let us explain all the objects appearing in the formula. 7% denotes the differential of the
natural projection on the i—th factor. The matrix ®, is given here by:

b1)
o ()

KA
*

Moreover the matrices Zy, Z; and Z; are:

0 0 0 0
. 1 . 0 . 1 - 1
o) Y| fRdr | TP -R) = o
1 1 1 1

The map pri denotes the orthogonal projection onto the image of Zi. We are using the
scalar product go @ g1 on T)\,T*M x T, T*M to define it. One can check that the following
map is the coordinate representation of pry:

0 0 0 O 0 0 0 O

410 Gog 0 G ~ _ -1 0 1 0

pri = (Go + Gl) 1 0 00 0 01 = priJ1 = (Go + Gl) 1 0 00 0
0 Go 0 Gy -1 0 1 O

Now everything reduces to some tedious matrix multiplications. The second term in
the expression of the trace reads:

tr[rl @7t priJ1®.(Z0)] = tr(R(Go + G1)7Y).

For the third term notice that (72 — 7})(®,) 'pry is identically zero since ®, does not
change the projection on the horizontal part and we are working with periodic boundary
conditions. It follows we are left with tr(I'~'€2). Summing up we have computed that:

tr(K) = tr(Q0 " + R(Go + G1)~1)— dim(M).

We have thus reduce Theorem 1.2 to the following result:
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Theorem 5.1 (Hill’s formula). Let us consider a critical point of the functional given in
eq. (5.4) with periodic boundary conditions. Let 1 + K be the second variation, and VU the
fundamental solution of U = ﬁ, where H is given in eq. (5.5). Then the following equality
holds:

det(1 + K) = (—1)"e " det(G~ 1) det(1 — ¥)

where we chose Gy = G1 = %G,

Remark 5.1. If we are working on the interval [0,77] instead of [0, 1] everything remains
essentially unchanged. The only difference is that now det(I') = T™ and so this extra factor
appears in the formulas.

We can apply the previous result to study boundary value problems for Sturm-Liouville
equations. Let us illustrate the case of Schrodinger equation with periodic boundary con-
ditions. Fix now the normal extremal of eq. (5.4) given by (p(t),q(t)) = (0,0) and the
relative control ©@ = 0. Consider the cost Rt = Ry + A, for A € R. Consider the second
variation of the functional

1
Ax(u) = ;/U lue]® 4+ ((Re 4+ N)qu(t), qu(t))dt

at the point u = 0. It is given by the operator 1 + K where:

(Ko (), ) = A ( / 1 / (e — tyulr), u(t))drdt + <uo,uo>) T {Ko(u), u)

Then we have the following corollary:

Corollary 5.1. Let A € R, W, the fundamental matriz of the lift to R®™ of the following
ODE on R?":

G(t) = (R + M)q(t)

The determinant of the operators 1 + K can be expressed as:
det(14 K)) = (=1)"e " det(G 1) det(1 — W),

where G = 2Gy = 2G1 as in the previous statement.

5.2.2 System with drift and Hill-type formulas

In this section we give a version of Hill’s formula for linear systems with drift. They are
again linear system with quadratic cost of the following form:

Gy = fu(Q) = At‘]u + Btu(t)a

fulg) = A+ Bult) {q(O) =g €R"

. (5.6)
Al = 5 [ + Fuau(o) )

Where A; is n x n matrix and By a n X k one, both with possibly non-constant coeflicients.
The maximized Hamiltonian and the one used to reparametrize take the form:

Hp,q) = (5, Aua) + 5 (BBip. ) + (Ruas)

- 1
hiy = (P, Bra(t) + Ag) + 5 (Rug, q).
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In particular if we call &, the fundamental solution of q = Ayq, we can write similar
formulas as in the previous case using variation of constants. We find that the lift of ®; to
the cotangent bundle and its differential are:

- (@) (@)1 fy PR Drdr (D
$ - QT
t(p7 q) ( 0 @t q
N —(®})~" [§ ®ER, D, [T & Bra(r)drdr
P, fg &1 B a(r)dr
(&), = (®7)" —(@)) 7" [y LR Drdr
’ 0 Dy

¥
~—
*

As boundary conditions manifold we take N = I'(®; + &, f(f ®-'B,a(r)dr). Notice that
since only the tangent space matters the translation is irrelevant and it would be the same
as if we considered I'(®;) (or work with control @ = 0). In particular we can take as Tp
and 71 in the definition of Qs (see eq. (5.18)) to be the following:

. 0 1 . 0 —(d,) 1
= (% 2). e (g 4)

Set as before R = —(flt)f)*l fg ‘i):RT(i)TdT, the upper right minor of (®;),. A quick compu-
tation shows that:

~ — A* 0 /\* » A~ ~
Ty J1 AP, = <(1) (1 S)‘I)tGll‘I)t+S(I)tR> — A3

In particular we are again brought to consider a function of the same type as the one in
the previous section: )
po(s) = det(AT@,PTA; — 1).

In particular this means that the computation already done before are again valid, we ave
just to substitute the new values of G; and I'. It holds:

det(Qs) = (—1)" det(T") det(®} G1®; + Gy),
0, det(Qs)|s=0 = tr(((®;G1®; + Go) ™! (Go — ®;G1®; + &[R) +T7'Q)

Now we have to apply Lemma 5.3 to compute the trace of the compact part of the
second variation. Here pry and Z; are different since we have changed boundary conditions.
However we have the same kind of simplification as in the previous computation. Let us
write explicitly the new objects:

0 0 0 0 0
1 |0 LGy 0 L¥;Gy B Sy & -1
&, 0 LGy 0 b LdiGy

In the end the trace reads:
tr(K) = tr(D71Q 4+ &F R(P; G1 Dy + Go) ™) — dim(M).

In particular, if we set G = 2G1 and choose Gy = @;“Glét we have the following:
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Theorem 5.2 (Hill’s formula with drift). Suppose that a critical point of the functional
given in eq. (5.6), with boundary conditions N = I'(®; + &, f(f B, a(r)dr), is fived. Let
D, be the lift to T*M of o, given by the pullback of 1—forms. Let G be our choice of scalar
product, I' = fot (i)-,—BTB:(i);k_dT and V; the fundamental solution of the Hamiltonian system
given by:

H(p,q) = (p, Arq) + % ((BeBip,p) + (Req, )

Let 1 4+ K be the second variation at said critical point, then:
det(1 + K) = (—1)"e 2o (AT qot(G=1) det(T 1) det (T, — ).

Proof. It is enough to complete the proof to evaluate pg(s) at s = 1 and the determinant
of ®;G1P;. For the first part we have:

det(Q') = det(T7.J,®; O — T3 Jo) = det (D, (Py). P — 1)

For the second claim notice that det(®:G1®;) = det(Gy) det(®;)? and det(®;) solves the
ODE

%det(ﬁ)t) = det(®,) tr(4,).

O

5.3 Proof of Hill’s formula for general boundary conditions

In this section we provide a proof of Theorem 1.2. At first we work with separated boundary
conditions and then reduce the general case to the former. The proof is a bit long so we
try to give here a concise outline. The idea is to construct an analytic function f which
vanishes precisely on the set {—1/X: A € Spec(K)} C R. Particular care is needed to show
that the multiplicity of the zeros of this function equals the multiplicity of the eigenvalues
of K. We do this in Proposition 5.1 and Proposition 5.2 respectively. We show that this
function decays exponentially and use a classical factorization Theorem by Hadamard to
represent it as

fs)=aste™ [ (+x9)™V, abeCa#0keN.
A€Spec(K)

To prove the general case, we double the variables and consider general boundary
conditions as separated ones. In this framework we compute the value of the parameters
a,b and k appearing in the factorization.

5.3.1 Separated boundary conditions

We briefly recall the notation, we are working with an extremal A\; with initial and final
point (Ag, A1) € Ann(N), where N = Ny x Nj are the separated boundary conditions. We
are assuming that A is strictly normal and satisfies Legendre strong conditions. We work
in a fixed tangent space, namely T,7*M, to do so we backtrack our curve to its starting
point Ag using the flow generated by the time dependent Hamiltonian:

ha(A) = (N, faw) (@) — @ilg, (t)).
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We denote the differential of said flow by ®,. We have a scalar product g; on T\, T*M,
for each @ = 0,1. We assume that the orthogonal complement to the fibre at A;, II; =
TAiT;()\A)M is a Lagrangian subspace and that the range of Zy (and ®,Z; respectively) is

contained in TI3- (resp. II7).

Remark 5.2. If we fix Darboux (i.e. canonical) coordinates coming from the splitting
II; & Hf it is straightforward to check that g; takes a block diagonal form with symmetric
n X n matrix G{ on the main diagonal. Similarly we can write down the coordinate
representation of the matrix J; and find:

o= ((§ B E)00) - (e D)

For s € R (or C) we introduce the following symplectic maps:

(L= 38)Jg 'prgn, 1 € Tng (T*M),

o . ) (5.7)
(1=s)(Jy "+ Pxoprm, o O )pryen,  n € Th, (T7M).

Notice that the transformation A; are indeed symplectomorphisms. In (canonical)
coordinates given by II; and HZ-L they have the following matrix representation:

s (1 (1—15)S; N
A»—(O 1 ), Sr=S5;.

The last map we are going introduce is two families of dilation in T),(T*M), one of
the vertical subspace and one of its orthogonal complement. Let s € R (or C) and let us
define the following maps:

0 TnT*M — T\,T*M, 0°v = spra,v + Ly
5.8
0s : TnyT*M — T),T*M, v = pro,v + SPrgLy (5:8)

Proposition 5.1. Let A be the maps given in eq. (5.7) and let ®F be the fundamental
solution of the system:
n=2;(Z)"JIn, Z;=062Z,

The operator 1 + sK restricted to V has non trivial kernel if and only if there exists
(m0,m) € Tixg,an) (Ann(N)) such that

Aj 0B, 0@ 0 Afmo = m

In particular, the geometric multiplicity of the kernel of 1+sK equals the number of linearly
independent solutions of the above equation.

Proof. The equation for the kernel becomes (u,v) + (sKu,v) = 0 Yu,v € V which means
u+ sKu € V- ie. (see Lemma 5.1 for a description of V1):

ug = sug +vg = (1 — s)ug = v
up = sZt*J( & Zoundr + ZOU()) + ZF v (5.9)
(1 —s)u; = sA(u) + v
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Let us substitute Z; with Z} = 6°Z;. It is immediate to check, using the definition in
eq. (5.8), that:

t t
sZFJ / Zyurdr = (Z9)*J / Zu.dr.
0 0

Moreover Z;Jv = (Z7)*Jv and sZ} JZy = (Z})*J Z§ since 6°Zy = Zy.

All the calculation we will do from here on are aimed at rewriting eq. (5.9) as a boundary
value problem in T, T*M x T\, T*M. Let us start with the second equality in eq. (5.9)
and set

t
n(t) = / Ziurdr + Ziug +v, n(0) = Ziug + v.
0

The linear constraint defining V implies:

1 1
Zoug + / Zyupdt + Z1uq € Il < Zgug + / qutdt + qul eIl
0 0

< n(l)+ Zju €1y
= O,(n(1) + Zjuy) € 1L
This means we are looking for solution that have initial condition in 77T Ny and final

value in 7, 1T N;. If we multiply by Z; the second equation in eq. (5.9), we are brought
to consider the following problem:

(5.10)

{ﬁ(t) = Z3(Z3)* In(t)
(men(0), men(1)) € T(No x Ny)

Now we use the remaining equations in eq. (5.9) to reduce the space 7, 1(T(No x N1)) to a
Lagrangian one. Let us regard the first and third line in eq. (5.9) as equations in T, 7" M
and Ty, T*M. Using the maps Zp and ®,Z; we obtain:

(1 - S)Z(]U() = Z()’U() = p?’oJol/
(1-— s)<i>*Z1u1 =&, 7201 + si)*ZlA(u) = prljlfi)*u + s&)*ZlA(u)

Notice that, for u € V we have that:

1 1

s(Zoug +/ Zyupdt + Zyuy) = Zouo —I—/ Ziwdt + Ziuy
0 0
This implies that the term s®,Z;A(u) can be rewritten as:
~ ~ 1 ~
s®, Z1A(u) = spriJ1P.(Zoug —I—/ Zyugdt + Zyuy) = priJi®.(n(1) + Ziuy — v)
0
If substitute Zyug with prnoﬂy(O) we end up with the equations:

(1= s)prian(0) = proJov = proJon(0)
(1 —5)P.Z1uy = pr1J1P.(n(1) + Z5u1)
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Now we do the same kind of substitution for the term Zju;. Using the projections on
IIp and HUL and recalling that ®, sends Il to II;, we have:

Ziuy = spr,Z1uy +prptZiun = (s = 1) proy Ziur + Zyuy
prlJlé*qul =(s— l)prlqu:)*erOZlul + pri 1. Z1ug
= (s — 1) prii®@upro, Z1uy

Last equality being due to the fact that the image of ®,7Z, is isotropic and thus
J1Im(®,Z;) C Im(®,.Z1)*. Moreover ®,Z1u; coincides with the projection of —®,n(1)
on II{-. Thus we are left with equations:

(1 = s)pren(0) = proJov = proJon(0) (5.11)
(1-— s)(—prnLé*n(l) + pri1®.pro, Z1ur) = priJi®.n(1)

It is stralghtforward to check that pr1J1<I>*erOZ1u1 depends only on the projection
of Zyuy on Ho Moreover expanding 1 = P, o <I> I and using the relation , Ziug =
—pros ®,n(1), the second equality in eq. (5.11) can be rewritten as:

(s = Dpriy Dan(1) = priJi®an(1) + (1 = s)pr1i®aprin, @ prgy on(1) - (5.12)

If s = 1 we have that pro(Jon(0)) and priJ;®.n(1) are zero. Consider the first case,
the equation is equivalent to:

7 (n(0), Zowo) = go(Jon(0), Zowo) = go(proJon(0), Zowo) = 0, Yuwy € RIMNo),

Thus we are looking for solution starting from T, Ann(Np). Similarly setting s = 1 in the
second equality we find that n(1) must lie inside T, Ann(Ny).

Now, we want to interpret the boundary conditions as an analytic family of Lagrangian
subspaces depending on s. To do so we employ the following linear map defined in eq. (5.7):

Aym) =0+ I (L = s)pran

If n € Ty, Ann(Np) we have that Prpsn = pro7 and proJon = 0 and thus:

() = prog(n) € Im(Zo)

() = pro(Jon + (1 — s)prLn)
= proJon + (1 = s)pren
= (1 = s)prz (Ag(n))

So we have shown that A{(T»,Ann(Np)) is precisely the space satisfying the first set
of equations. A similar argument works for the final point. Let us recall the definition of
A3 given in eq. (5.7):

Prog (4
proJo(A

oOmw Own

Aj(n) =n+ (1 —s)(J; " + @uprr, @, )prnu?

_ Now we check that the boundary condition for the final point are satisfied it Aj o
O, n(l) € T, Ann(Ny). In fact, take any n in T\, Ann(Ny), it holds:

prnf(As)fln =Dprut,
prmn, (A5) ' = prmyn + (s — 1)(J7 ' + @upro, @5 )prnw,
pridi(A) 'y = (s — Dpri(1 + J1@.pro, @5 )anM)
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It is now straightforward to substitute the last equality in eq. (5.12) and check that indeed
(A5)~H(T\, Ann(Ny)) is the right space.

Let us call ® the fundamental solution of eq. (5.10) at time 1 and denote by I'(®%) its
graph. It follows that s € R\ {0} is in the kernel of 1 + sK if and only if:

D(®. 0 ®F) N AJ(Trg Ann(No)) x (A7)~ (T, Ann(IN1)) # (0)
which is equivalent to the condition:
[(AS 0 @, 0 @5 0 A3) N Ty, Ann(Ng) x Ty, Ann(Ny) # (0) (5.13)

Now we prove the part about the multiplicity. Suppose that two different controls u
and v give the same trajectory n; solving eq. (5.10). Since the maps Zy and Z; are injective
it must hold that vy = ug and v; = u;. Moreover fg Zourdr = fg Z.v.dr and thus:

t t
Ku= Zt*J/ Zurdr = Z;‘J/ Z-vdr = Kv.
0 0

However Volterra operator are always injective and thus u = v.

Vice-versa consider u = 0 and see whether you get solution of the system above that do
not correspond to any variation. Since ug and u; are both zero we are considering solution
starting from the fibre and reaching the fibre. Plugging in u; = 0 we obtain:

0=1n=2;(Z;)"In = Z;(Z;)" Jv

However pri. Z;(Z7)Jv = X X[ v and by assumption the matrix fol X X[ dt is invert-
ible. Thus we get a contradiction. O

Remark 5.3. If we complexify all the subspaces involved in the proof of Proposition 5.1,
i.e. tensor with C we can take also s € C.

We can reformulate the intersection problem in the statement of Proposition 5.1 as fol-
lows. Let 7 the orthogonal projection, with respect to g1, onto the subspace T,\lAm”L(Nl)L
and define a map Q° as:

Q° : Th,Ann(No) — Ty, Ann(Ny)*t,  Q%(n) = 7 (A5 A5)(n). (5.14)

Let us fix now two bases, one of Th,Ann(Ny) and one of Ty, Ann(N;). Construct two
2n X n matrices using the elements of the chosen basis, let us call the resulting objects
Ty and T respectively. It follows that J177 is a base of Ty, Ann(Np)+. Define the scalar
function det(Q?) as the determinant of the n x n matrix T7".J; A;®§ AjTy. Clearly different
choices of basis give simply a scalar multiple of det(Q®) and thus is well defined:

B det (T J1 A5 05 AZTh)
 det (T To) Y2 det(Ty Jy JfTy)Y/2

po(s) = det(Q®)

Moreover det(Q®)|s=s, = 0 if and only if there exists at least a solution to our boundary
problem. Notice that map s — det(Q®) is analytic in s since the fundamental matrix
is an entire map in s (see |7][Proposition 4|). The following Proposition shows that the
multiplicity of any root sp # 0 is equal to the number of independent solutions to the
boundary value problem.
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Proposition 5.2. The multiplicity of any root sg # 0 of det Q° equals the dimension of
the kernel of Q°.

Proof. The proof is done in two steps. First of all we show that the equation det(Q®) =0
is equivalent to det(R®) = 0 where R® is a symmetric matrix, analytic in s. Once one
knows this, it suffice to compute d;R® and show that it is non degenerate to show that the
multiplicity of the equation is the same as the dimension of the kernel.

Step 1: Replace Q° with a symmetric matriz

First of all we can consider s € R since all the roots are real. As remarked above the
determinant of the matrix Q° is zero whenever the graph of A5®,®$ A3 intersect the sub-
space Lo = Ty, x,)(Ann(No x N1)). Suppose that sp is a time of intersection and choose
as coordinates in the Lagrange Grassmannian Ly and another subspace L; transversal to
both Ly and A := D(A3®,85A5). This means that, if (Tx,7*M)? ~ {(p,q)|p,q € R*"}
we can identify Lo = {¢ =0} and L; = {p = 0}.

In this coordinates Ay is given by the graph of a symmetric matrix, i.e. is the following
subspace As = {(p, R°p)} where again R® is analytic in s.

The quadratic form associated to the derivative 0sR(s) can be interpreted as the ve-
locity of the curve s — Ay inside the Grassmannian, it is possible to compute it choosing
an arbitrary base of Ag and an arbitrary set of coordinates. Invariants such as signature
and nullity do not change (see for example |10, 14] or [6]). Take a curve A\s = (ps, R°ps)
inside Ag then one has:

S()‘s) = U()\57 )\s) = <p57 asRsps>

Recall that we will be using the symplectic form given by (—oy,) @ 0y,, in order to
have that graph of a symplectic map is a Lagrangian subspace.

Step 2: Replace Ag with a positive curve

We slightly modify our curve to exploit an hidden positivity of the Jacobi equation. We
substitute the fundamental solution ®§ with the following map:

U = U5 = 5,836,

It is straightforward to check that W? is again a symplectomorphism and that it is the
fundamental solution of the following ODE system at time ¢ = 1:

WS =sZ, 27 Vs, U = Id. (5.15)

On one hand we are introducing a singularity at s = 0 but on the other hand we are
going to show that the graph of U® becomes a monotone curve and its velocity is fairly
easy to compute.

First of all, hoping that the slight abuse of notation does not create any confusion, let
us introduce a family of dilations similar to the d5,0° also in T)\,7*M. The definition is
analogous to the one in eq. (5.8) but with II; and II{- and we will denote them with the
same symbol.

Let us consider the following symplectomorphisms:

s ASD, D5 A501 = 0,A5D.61 W 0, A50,
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Notice that the dilations d, preserve the subspaces Ty, Ann(N;) and thus the intersection
points between the graph of the above map and the subspace T{y, x,)Ann(No x Ny) are

unchanged. Let us rewrite the maps d;A501 and 55Af<i>*5;. For the former:

1—
dsA501 = 05(1 4+ (1 — s)Jo_leré)(h =1+ TSJO_Ieré = B

For the latter a computation in local coordinates and the fact that the dilations d; and &3*
do not commute yield:

0 450,01 = 0s(1+ (1 —s)(J7 L + @*prnoé*_l)prnf)fi)*é;

1—s ~ -
= (14 = g ) B, = Bl

Thus we take, for s # 0, as curve Ay :=I'(Bj®,¥*B}), the graph of the symplectomor-
phism just introduced. Notice that W® is actually analytic, the singularity at s = 0 come
only form the maps B;.

Step 3: Computation of the velocity
Now we compute the velocity of the graph of B @*WSBS . Take a curve
As = (1, B{®,U°Bin)
inside As and let us compute the quadratic form associated to the velocity:
S(As) = —o(n,0sn) + o (B{®. 0" Bin, ds(B{®. U° Bin))
= o(Bi. V" Bn, (0,B)8.9° Byn) + o (¥ Bin, (9.0°) Bin)+
+ o(Bgn, 0s(Bg)n)

Let us consider the terms of the type o(B{z,0;B{x). It immediate to compute the

(lj) J  prpz. It follows that 0sB5 =

derivative in this case, recall that Bjr = = +

—%J-_lerL thus the first and last term read as:
S 7 i

1 _
O'( f&a (ast)f) = _ga(ga Jl 1pTHf-£)
1 -
= 91 € pris€), where € = &, B,
1 _ 1 _
o (9s(B3)n, Byn) = ——o(Bin, Jo 'progn) = =90 (Jon, Jg prougn)
1
= 290(Pruy 1 pring ).
Notice we used the fact that J; (and thus Ji_l) is g;—skew symmetric. Now we rewrite

the middle term. We present it as the integral of its derivative using the equation for U3.
Let us use the shorthand notation x = Bjn. We obtain:

d
— (0(Wiz, (0:97)x)) = 0 (9 Viw, (0:¥7)x) + o (Viw, (0:0:¥7)x)

dt
= s0(Z: Zf JVix,0sVix) + so(Vix, Z, Z] JO,¥ix)
+o(Viz,0s(s2: 2) J V).
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The first and second term have opposite sign and thus cancel out. What remains is:

d * S
o7 (c((0sV))z, Vix)) = o (Vix, Z1 Z; JVix) = g(Z; JVix, Z] JVix)

Integrating over [0, 1] and using the fact that 0sW¢|( ) = 0 we get that:
1
o(0:,0%x, Uz) = / 9(Z JVix, Z; JViz)dt.
0

Using the notation || - || to denote the norm with respect to the corresponding metric
and summing everything up we find the following expression for the velocity of our curve:

1 .
S4(As) = =5 (Ilpragnll® + lIpro, w* Bin|?) + /0 |2 w; Bin|*dt

Since each term of the sum is non positive Ss(As) is zero if and only if each term is
zero. From the first one we obtain that 7 must be contained in the fibre. Notice that Bj
acts as the identity on Iy and thus in this case Hprnll O, U Byn||? = Hprnf VAR

It follows that ¥§B*n = ¥{n is a solution of the Jacobi equation (5.10) starting and
reaching the fibre (recall that ®,(Ilo) = II;). Let us consider now the third piece, since
the integrand is positive it must hold that for almost any t, Z;J¥in = 0. If we multiply
this equation by Z; we find that:

177 Ty =0 = U,

It follow that we are dealing with a constant solution starting and reaching the fibre.
However this contradicts the assumption that the matrix fol X Xjdt is non degenerate. In
fact, if we substitute a non zero constant solutions starting from the fibre in eq. (5.10), we
find that pr. (n) = fol X X[dtn#0 O

The following proposition is proved in [7].
Proposition 5.3. There exists c1,co > 0 such that:
|®5]| < cre®ll vsecC

Moreover ®f is analytic and the function s — det(Q?) is entire and satisfy the same type
of estimate.

This fact tell us that det Q° is an entire function of order p < 1. We know its zeros which
are determined by the eigenvalues of K and thus we can apply Hadamard factorization
theorem (|26]) to present it as an infinite product. It follows that we have the following
identity:

det(Q®) =ashe™ [ (1+s)™ abeC,a#0,keN (5.16)
AESP(K)

where m(\) is the geometric multiplicity of the eigenvalue X\. To determine the remaining
parameters it sufficient to know the value of det(Q*) and a certain number of its derivatives
at s = 0 (depending on the value of k). Assume for now that k = 0, a straightforward
computation shows that:

det(Q°)|s=0 = a, 05 det(Q®)|s=0 = a(b + tr(K)).

We will compute these quantities in the next section for a general set of boundary condition
manifold N.
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5.3.2 General boundary condition

In this section we use Proposition 5.1 to prove a determinant formula for general boundary
conditions N C M x M. We reduce this case to the case of separate boundary conditions.
Let us consider M x M as state space, with the following dynamical system:

fuld q) = (qu)) , (d',q) € M x M.

and boundary conditions A x N. With this definition, any extremal between two points
qo and ¢ lifts naturally to an extremal between (qo,qo) and (qo,q1). However the end
point map of the new system is no longer surjective since any trajectory is confined to
a submanifold of the form {G} x M. We have to slightly modify the arguments of the
previous section but everything remains essentially unchanged.

First of all notice that Pontryagin maximum principle implies that the lift of the ex-
tremal curve §(t) = (qo, q(t)) is the curve A(t) = (—=Xo, A(t)). This is because the initial
and final covector of the lift must annihilate the tangent space of the boundary condi-
tions manifold. In this case Ny = A and the annihilator of the diagonal subspace is
{N=A) : A € Ty, Ty M}. Moreover, by the orthogonality condition in PMP (see Theo-
rem B.1), we know that (—A(0), A(1)), the initial and final points of the original extremal,
annihilate the tangent space of V.

Thus, if we want to work in one fixed tangent space, we have to multiply the first
covector by —1. This changes the sign of the symplectic form and we are thus brought to
work on T, T*M x T»,7*M with symplectic form (—o) & o.

With this change of sign, the tangent space to the annihilator of the diagonal gets
mapped to the diagonal subspace of T)\,T*M x Ty, 7*M. The tangent space to the anni-
hilator of the boundary conditions N is mapped to the tangent space of:

A(N) = {(po, 1) : (o, Xo) — (p1, X1) =0, ¥(Xo, X1) € TN}

Let A? be the map given in eq. (5.7). The following proposition is the counter part of
Proposition 5.1 for general boundary conditions.

Proposition 5.4. Let ®] be the fundamental solution of the Jacobi system:
0= Z(Z7)"In.

The operator 14+sK restricted to V has non trivial kernel if and only if there exists (no,n1) €
Tixoa)A(N) such that
A5 0D, 0®5 0 Ao =m (5.17)

The geometric multiplicity of the kernel equals the number of linearly independent solutions
of the above equation.

Proof. We apply Proposition 5.1 to the new problem. As already mentioned, since we are
working with the symplectic form (—o) @ o, we have to substitute the annihilator of the
diagonal with:

AA) ={(AA) : A e T*M} = Ty, (A(A)) ={(n,n) : n € Tx, T"M}

We have also more freedom in choosing the Riemannian metrics go and ¢; at the
boundary points. Since we are working with a product space it seems reasonable to take
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the sum of metrics defined on each factor. Set go ; to be the metric on the j—th component
of the initial point and gy ; the metric on the j—th component of the final one.

Define the maps Af in the same fashion as in eq. (5.7) but on the bigger space
(T\,T*M)?. Since we chose g; = 9i,1 @ g;2 these maps split as the direct sums of two
symplectomorphisms. We have /lf = (AfJ)_1 ® Aj, for ¢ = 0,1. Writing this in matrix

form means:
As = ((Af,l)_l 2 >
0 0,2
Notice that we have to take the inverse on the first component to be consistent with the
definition in eq. (5.7) because of the different sign of the symplectic form.

The solution to the Jacobi system is the same as the original one on the second compo-
nent and the identity on the first one. Thus the second variation has a kernel if and only
if:

f<1~0>#<®eT A(N), neTyT*M
1 0 <I>*<I>{ 0 n (Ao,A1) y 1N Ao

It is straightforward to get rid off the diagonal and write the equations in terms of the
intersection of a graph and of the annihilator of the boundary conditions. Take (19, 71) €
Tiaon)A(A), then (Af;1)(A71)n0 = 7. Inserting in the equation above we have that
AT,Q@*‘I’fAS,zAg,lAiﬂIO =m-

Notice that in the case we are considering the map Af; has the same structure as
the maps ASJ since @, acts as the identity on the first component and the extra piece

(b*pTH()@*pTHé_ vanishes. In particular it depends only on the metric we are fixing on the
final point. So it is clear that Af,Af;Aj o depends only on the sum of the corresponding
metrics. Thus we recover precisely the formula in the statement.

Notice that, again, to trivial variations correspond constant solutions starting from the
fibre and reaching the fibre. So in principle we would have to factor out the trivial dynamic
on the first component. However the boundary condition (n,n) € IINA(A) implies that any
such constant solution must have the same initial condition. Since there are no constant
solution starting from the fibre for the original Jacobi system it follows that the equation
A3 0 ®, 0 ®% 0 ASnp = m; has the same number of independent solutions as the dimension
of kernel of 1+ sK. O

Now we define an analogous map to the one in eq. (5.14). Let mn be the orthogonal
projection on the space T(AO,,\l)A(N)l and consider the map:

Q° 1 T(A;D. D5 A45) — T AN, Q°(n) = (). (5.18)

Let T' = (Tp, T1) be any linear invertible map from R*" to the space Ty, x,)A(NN). We
denote by J the map (—.Jy) @ J; representing the symplectic form (—oy,) @ o,. As in the
previous section we define the following scalar function:

(M@ﬂ_dMﬁﬁM@ﬁ%fﬁh)
 det(Ty JoJ3 Ty + T J1 JTh)Y/2

Remark 5.4. The two definition given by eq. (5.18) and eq. (5.14) agree (up to a positive
scalar) whenever the boundary conditions are of the type Ny x N1. Moreover, eq. (5.18) is
essentially the same definition given in eq. (5.14) applied to the extended system introduced
at the beginning of this section, where we take as boundary conditions A x N (obviously
again, up to a positive scalar).
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Proposition 5.5. The multiplicity of any roots so # 0 of the equation det(Q?®) is equal to
the geometric multiplicity of the boundary value problem.

Proof. First of all notice that the same proof of Proposition 5.2 works for the curve of the
extended system verbatim. The only slight difference is that the velocity of the curve is non
degenerate only on the intersection with TA(N). But this is still sufficient to conclude. [

In the remaining part of this section we carry out the computation of the normalizing
factors of the function det(Q®). As already mentioned at the end of the previous section a
classical factorization theorem by Hadamard (see [26]) tells us that:

det(Q*) =aste” [ (1+s)™™ abeCa#0,keN
AESP(K)

where m(\) is the geometric multiplicity of the eigenvalue. We are now going to compute
the values of a,b € C and k.

Theorem 5.3. For almost any choice of metrics go,g1 on T\,T*M, det(Q*|s=0) # O.
Whenever this condition holds, the determinant of the second variation is given by:

det(1 + sK) = det((Q®|s—g)1)e*(rE)=tr(2:Q° (") " |s=0)) qet(Q*) (5.19)

Proof. First of let us show that, for almost any choice of scalar product, k = 0 and thus
a = det(Q7|s=0) # 0. This is equivalent to a transversality condition between the graph of
the symplectomorphism A‘{Ci)*<I>SA8 and the annihilator of the boundary conditions N.
We can argue as follows: consider the following family of maps acting on the Lagrange
Grassmannian of T\, 7*M x T\, T*M depending on the choice of scalar products G and
G1:
Fo = (AS)_I X Aﬂszo, G = (Go,Gl),Gi > 0.

It is straightforward to see that they define a family of algebraic maps of the Grass-
mannian to itself. For any fixed subspace Lo, we have that F; Y(Ly) is arbitrary close
to Iy x IIj, for G; large enough. Notice that I'(Aj®.P°A§) N Ly # (0) if and only if
[(®,.9%) N F;'(Lo) # (0). It is straightforward to check using the formula in Lemma 5.4
that I'(®,®%) is transversal to Ilg x IT; and thus to F;*(Lo) for any fixed Lo and G,
sufficiently large. Now, since everything is algebraic in G and there is a Zariski open set in
which we have transversality, the possible choices of G; for which k£ > 0 are in codimension
1.

Let us assume that & = 0 and compute b. Differentiating the expression for det(Q?®) in
eq. (5.16) at s = 0 we find that:

0s det(Q?)]s=0 = a(b + tr(K))

A integral formula for the trace of K is given in Lemma 5.3. The derivative of det(Q?)
can be computed using Jacobi formula:

s det(Q®)]s=0 = a tr(8:Q° (Q%)™)|s=o-

An explicit expression of the derivatives of the map Q° can be computed using Lemma 5.4.
It follows that b = tr(9:sQ° (Q*)~!) — tr(K) and we obtain precisely the formula in the
statement. O
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Before giving the explicit formula for tr(K) and the derivatives of the fundamental
solution to Jacobi equation at s = 0 we need to make some notational remark and write
down a formula for the second variation in the same spirit of eq. (2.7). We are working
on the extended state space M x M with twice the number of variables of the original
system and trivial dynamic on the first factor and separated boundary conditions. The
left boundary condition manifold is the diagonal of M x M and the right one is our starting
N. We apply the formula in eq. (2.7) to this particular system, we denote by Z; and Z; the
matrices for the auxiliary problem, in general everything pertaining to it will be denoted
with a tilde. Identifying T{y, x,yT™ (M x M) with T),T*M x Tx,T*M we have that:

- Zou - 7% - 0
Zoug = (ZEuE) , 1= (lez;) , L= <Zt> .
1

We still work on the subspace V = {(uq, us, u1) : Zoug + fol Zoug + Zyuy € IT}. However it
is clear that the this equation implies that:

1
Zougy + Z?ul e€lly and Zyug+ leul Jr/ Zyupdt € 1l
0

It follows that control ug is completely determined by w;. Moreover we can assume that
Zoug = —Z%u since we are free to choose any system of coordinates and any trivialization
of the tangent bundle of the manifolds A and N. Technically we are working with different
scalar products on each of the copies of T, 7*M. However it is easy to see that on the
space V only the sum of this metrics plays a role. We will denote it gg. Now we are ready
to state the following:

Lemma 5.3. The second variation of the extended system, as a quadratic form, can be
written as (I + K)u,u) where K is the symmetric (on V) compact operator given by:

1 gt 1
—(Ku,u) = / / o(Zrur, Zyuy)drdt — o (Z?ul,/ Ztutdt>
0 0 0

1
+o < / Zyugdt — ZVuq, Z11u1> + go(Z0uy, Z9uy)
0
+(2*91)(Z{ur, Ziua).

Moreover, define the following matrices:

1 1 t
I = / X, Xpdt, Q= / / X, 2 J 7. X drdt.
0 0 0

Denote by pry the projection onto Ty, x,)A(N) and by 7l the differential of the natural
projections w : T*M — M relative to the i—th component, i = 1,2. The trace of K has
the following expression:

tr(K) = — dim(N) + tr[rl @1 pri 1@, (Zp)]
1
+ tr [F_l <Q + (72 — w,{)@;lprlJl@*(/ ZtZt*J|Hdt))]
0

Proof. The first part is a straightforward computation combining the expression obtained
in Lemma 5.2 for the second variation with the observation concerning the structure of the
maps Zy and Z; made before the statement and the choice of the Riemannian metrics.
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Now, notice that the codimension of the space giving fixed endpoints variations V for
the extended system in #H is 2dim(M ). Moreover it is defined as the kernel of the linear
functional:

1
p: (uo,ut,ul) — 7~T*(Z[)’u,0 + / Ziupdt + Zlul) € Tﬂ(/\O)M X Tﬂ(/\O)M.
0

It is straightforward to check that the following subspace is 2dim(M )—dimensional and
transversal to ker p: .
V' = {(ug, Z} Jv,0) : v € II, ug € RI™M}

The trace of K on the whole space splits as a sum of two pieces, the trace of K|y
and the trace of K|y». We can then further simplify and compute separately the trace on
V' N {ug = 0} and its complement V' N {r = 0}. We are going to compute the trace of K
on the whole space and then the trace of K|y, determining in this way the value of K|y.

Consider H = H1 ® Hy. Where

Hi={u:u=(0,u,0)}, Ho={u:u=(up,0,ur)}.

It is straightforward to check that ’Hf = Ho for our class of metrics and that Hy; =
L2([0,1],R¥). Using eq. (2.7), the restrictions of the quadratic form K(u) = (u, Ku) to
each one of the former subspaces read:

1t
K|y, (u) = / / o(Zyug, Zrus)dtdr, K|y, (u) = o(Zouo, Ziui) — HUH%
0 JO

The trace of the first quadratic form is zero (see [7|[Theorem 2|) whereas the trace of the
second part is just —dim (V). Thus we have that:

tr(Kly) = —dim(N) — tr(K|y»)

To compute the last piece we apply K to a control u € V' N {uy = 0} using the explicit
expression of the operator given in Lemma 5.2. Recall that prq is projection onto the image
of ®,7;. It follows that:

¢ 1
K(u) = <0, Zf]/o Zrurdr, —L priJ1 D, (/0 Ztutdt)>

t
= <0, —Zt*J/ Zrudr, —A(u)> .
0

Now we write K (u) in coordinates given by the splitting V& V’. To do so we have first
to consider p o K (u). It is given by:

1 t 1

—po K(u) =, </ thg:]/ ZTZjJqucI»*lprlJl@*(/ ZthJydt)>
0 0 0

. ) o (5.20)

:< )—i—ﬁ*(l)*lprlJl(I)*(/ Zy Z; Jvdt).
Qu 0

Set I' = fol X/ Xydt, it easy to check that, if u € V', then

( )_ XOUO
) = T'v + Xoug
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for an invertible matrix Xo which, without loss of generality, can be taken to be identity.
It follows that the projection on the first component of po K(u) is completely determined
by the second term in eq. (5.20). Let us call 7% for 4 = 1,2 the projection on the i—th
component. It follows that an element (Zytg, Z;J©,0) = @ € V' has the same projection
as K (u) if and only if:

iy = Xo wld  pri 18 ([ 225 Jvdt)
po(K(u)—4)=0 <= < _ o N -
v =T (Qy + (72 = m) @ pri1®.( ZtZz‘Judt))

In particular the restriction to V' N {ug = 0} is given by:
~ ~ o~ 1 ~
vis I (Q + (72 — oo ! pr1J1<I)*(/ ZtZt*Jdt)> v.
0

A similar strategy applied to V' N {r = 0} tells us that the last contribution for the
trace is given by the following map:

ug — Xo_lﬂi(i):l plel(i)*Zouo.

It is worth pointing out that indeed the trace does not depend on Xy and that the vector
fol Z1 Zy Jvdt is the following:

0

0

1

T'v

In particular if the boundary conditions are separated (i.e. N = Ny x Np) the part of the
trace coming from V' N {up = 0} depends only on the projection onto Ty, V. O]

Lemma 5.4. The flow ®}|s—o and its derivative 0sP7|s—o are given by:

. 1 0 . by, X*dr 0
(I)t’s:O = < ) 5 as(bt’s:O = ( f() )

X, Xrdr 1 T X, ZF 7, X drdr  — [L X, Y*dr
fO T 0Jo T r 0 T

Proof. 1t is straightforward to check that ®f|;—9 and 0s®f|s—0 solve the following Cauchy
problems:

. 0 0 . 0 0 Y, X* 0
$0 = 39, 9, b9 = 9,00 + | 3,
X, X} 0 X, X} 0 0 —XY

Y = Id. 959 = 0.

Solving the ODE one obtains the formula in the statement. O
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Appendix A

Symplectic Geometry and Maslov
index

A.1 Linear symplectic geometry

Let ¥ be a finite dimensional (real) vector space and o a non degenerate skew-symmetric
bilinear form on Y. The couple (X, o) is called symplectic vector space and o the symplectic
form. An example is given by R?" with the standard symplectic form:

T
Ost (< 1) ) <y1>> = I{yQ - xgyla iy Ys S Rn
T2 Y2

Using the standard euclidean product on R?", we can introduce a 2n x 2n matrix J as
follows and write the symplectic form as:

()66 DE o) ()

It turns out that any symplectic subspace is isomorphic to the standard one just introduced,
meaning that there exists a linear isomorphism F : ¥ — R?" such that oy (Fv, Fw) =
o(v,w) for all v,w € 3. Any such map is called (linear) symplectomorphism. The group of
symplectomorphisms of (R?", o) is denoted by Sp(2n,R). It is a non compact Lie group
of dimension n(2n + 1). It can be realized as a subgroup of GL(2n,R), as the set:

Sp(2n,R) = {F € GL(2n,R) : FJFT = J}.

In a symplectic vector space we have a concept of orthogonality induced by the sym-
plectic form. Given V C ¥ we denote by V“ the following subspace:

Vii={veX:olv,w)=0Vw € V}. (A.2)
We can distinguish three classes of subspaces inside a symplectic space:
i) Isotropic if V4 D V;
ii) Lagrangian if V< =V ;
iii) Coisotropic if V4 C VL.
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We will be particularly interested in Lagrangian subspaces. They are characterized by the
property of being the maximal subspaces on which o restricts to the zero form and have
always dimension n. It is well know that the group Sp(2n,R) acts transitively on couples
of transversal Lagrangian subspace (see for instance [27, Theorem 1.15]). This is not the
case for triples. This fact will be central in the definition of Maslov index. In the sequel
we will also need the following fact. Fix Lg and L; Lagrangian subspaces then one can
always find coordinates in which the symplectic structure becomes the standard one, Ly is
mapped to the span of the first n coordinates and L to the span of the last n.

The collection of all Lagrangian subspaces is called Lagrange Grassmannian and de-
noted by:

Lag(X) ={V Cc ¥ :0(v,w) =0Vv,w e V}.

It is a smooth, closed n(n + 1) algebraic manifold. Its geometry will be discussed in the
subsequent sections.

Even if all symplectic spaces are equivalent to standard one, we list here some common
constructions to get new symplectic spaces.

Ezample A.1. Take a symplectic space (X, 0) and define ¥/ = ¥ @ ¥ with symplectic form
given by (—o) @ o:

(o) ®0) ((2) , CZ;)) = o(v2, w2) — o vy, wy).

Y is a symplectic space and more importantly graphs of symplectic maps are Lagrangian
subspaces.

Ezample A.2. Take a vector space V and its dual V*. Define the vector space X =V @ V*

with symplectic form:
A1 A2 _ _

One can check that o is non degenerate. We have a distinguished class of Lagrangian
subspaces sitting inside Lag(X). Take W C V and define its annihilator to be:

Ann(W) ={A e V*: A(w) =0Vw € W}.

It is straightforward that the subspaces of the form W & Ann(W) have dimension n and
are Lagrangian.

A.2 Lagrange Grassmannians and intersection indices

In this section we collect some information about the geometry of Lagrange Grassmannian
and curves in it (i.e. 1—parameter families of Lagrange subspaces).

First of all let us introduce an atlas on Lag(X) made up of affine charts. Take a couple
of transversal Lagrangian subspaces Lo and L;. By what stated in the previous section we
can always assume ¥ ~ R?"” with the identifications:

Lo~ {(y,0):y e R"}, L1 ={(0,z):2eR"}.

For any symmetric n X n matrix S, we can consider the subspace Lg := {(Sxz,z) : = €
R™}. Tt is straightforward to check that Lg is Lagrangian and transversal to Lg. This
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correspondence gives a map between the space of symmetric matrices and an open set of
the Lagrange Grassmannian. We call this set Lg‘ since it coincides with the collection of
all subspaces transversal to Ly.

The complementary set to L@, which we call the train of Ly and we denote by My, is
a singular hypersurface in Lag(X). One can check using the charts defined above that it
coincides locally with the set {S € Mat,(R),S = ST, rank(S) < n}. In particular the rank
induces a stratification of Mp,,. The smooth stratum corresponds to {rank(S) = n — 1}
whereas the singular ones have codimension at least 3.

It is possible to endow My, with a co-orientation, in plain words this means that at
each point we can choose consistently an outer normal to My,. This is because of the
following interpretation of tangent vectors to Lag(3). Take a curve of Lagrangians L; and,
for each t define the following quadratic form on L;:

Qly) = U(Zt,jt), ly € Ly

Here [; denotes a curve inside L; and it. The formula above defines a quadratic form
which corresponds to the velocity of L;. To see this correspondence we fix one of the chart
mentioned above and write L; = {(S;z,x) : # € R®"}. It is straight forward to compute Q
on a curve of the type t — (Syz, z) and see that Q((Syz,z)) = (x, Syz).

This in particular allows to define a co-orientation on (the smooth part of) My, as
follows. Suppose that L; N Lo = span{l}, we say that L; crosses positively if L;(l) > 0.
The facts that My, has singularity in codimension grater than 2 and it is co-orientable,
allows us to speak about general position and intersection number of smooth curves with

My,

Definition A.1 (Maslov Index of a smooth curve). Fix a Lagrange subspace Ly and a
smooth curve L; of Lagrangian subspaces. Assume that the endpoints of L; are transversal
to Lg. Maslov Index is defined as the intersection number of L; with My,. If L; is in
general position it holds:

Mir, (L) = Z sgn(L(1)).

t:LiNLo=(1)

Luckily enough it is not necessary to put curves in general positions to compute their
Maslov index. Using the affine charts introduced above one can prove the following (see
[11][Chapter 1]):

Proposition A.1. Assume that the curve Ly, t € [to, t1] lives inside a chart of the type Lg”
and that Ly N Ly = (0). Then, in coordinates given by Lo and Lo, there exists a family of
symmetric matrices such that Ly = {(Siz,x) : x € R"}. The Maslov index of L; is given
by:

MiLO (Lt) =ind™ Sto —ind™ Stl.

Here ind™ Sy denotes the number of negative eigenvalues (or Morse index) of Sy.

In particular given a curve L; with t € [to,?1] we can find a partition {sp < -+ < s;,}
of [to,t1] and finite number of Lagrangian subspaces transversal to Ly and Lt|[si,si 4] and
present the Maslov index of a curve as the sum of local contribution as in the proposition.
To the reader familiar with a little algebraic topology this construction may look very
similar to the one for an angle function in C\{0}. Indeed both the spaces have fundamental
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group isomorphic to Z (see the remark below) and, when considering closed loops, the
Maslov index gives a morphism between m(Lag(X)) and the integers.

We are going now to list some of the properties of Maslov index we will use in the
sequel. For proofs and detailed discussion one can look in [27, 11, 6, 11]. First we will need
the following definition:

Definition A.2. A curve L, is (strictly) positive if its velocity satisfies L; > 0 (respectively
> 0). We say that it is (strictly) negative if L; < 0 (respectively < 0).

Proposition A.2. 1) We say that two curves Ly and L} defined on [to, t1] if there exists
a smooth family Ay s such that Ayg = Ly and Ayy = L} and Ay s and Ao s do not
intersect My, for s,t € [to,t1]. If Ly and L} are homotopic then:

Mig, (Li) = Mig, (L}).

i) If Lo and L{, are two Lagrangian subspaces transverse to both Ly, and Ly, , the Maslov
index salisfies:
|Mir,(L¢) — MiL6(Lt)] <n.

i) If Ly is a closed curve then for any Ly and L}, we have:

Mir,, (Lt) = MiLé(Lt).
i) If Ly is a strictly positive curve with endpoints transversal to Ly then:

Miz, (L) = > dim(L; N Lo).
tG[to,tﬂ

Remark A.1l. It turns out that Lagrange Grassmannians are homogeneous space. In fact
one can show that the group U(n), which we identify as a subgroup of GL(2n,R), acts
transitively on Lag(R?"). The stabilizer of this action is given by a subgroup isomorphic
to O(n) and thus Lag(R?*") ~ U(n)/O(n). This implies in particular that Lag(X) is not
simply connected and its fundamental group is isomorphic to Z.

Maslov index and crossing form

In this section we introduce a quadratic form which we will need in the following, the Maslov
form. We will also relate it with the Maslov index of path introduce in the previous section
and then prove some properties of the Maslov form needed in the sequel.

Definition A.3 (Maslov index). Take three Lagrangian subspaces Lo, L1, Ly. Consider
the isotropic subspace L} := L1 N (Lo + L), if I3 € L} then Iy = ly + I3 with [; € L;. The
following quadratic form is called the Maslov form of the triple (Lg, L1, L2):

m(ly) = o(lo, ).

If we want to be explicit about which Lagrangian subspaces are being used ,instead of just
m, we will write m(Lo, L1, La).

The numbers ind™ m, ind~m and sgm and dimkerm are invariants of the triple
(Lo, L1, L2). The Kashiwara index is the signature of the Maslov form:

7(Lo, L1, Lo) = sgm = ind™ m — ind~ m.
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The negative Maslov index is defined as
i(Lo, Ll, Lz) =ind™ m. (A3)

Example A.3. Suppose Lg and Lo are transversal. We can identify the symplectic space
with the standard one (R?",0) as given in eq. (A.1). Since any couple of Lagrangian
subspaces can be mapped into each other, we can find a symplectomorphism which simul-
taneously maps Lo to B and Lo to II.

Any L; can be represented as Ly = {Aq¢+ Cp = 0,q € B,p € II} where AC* = CA*
and rank[A,C] = n. If A or C is invertible then the matrix expression of the Maslov form
is given by —A~1C or C~' A respectively, which have the same signature of FAC*.

The Kashiwara index and the Maslov index have the following properties:
i) (Alternating) (L), Ls1), Ls(2)) = (=1)%9C)r(Lg, L1, Ly), where s is a permutation.
ii) (Cocycle property, [27, Theorem 1.32])

7(Lo, L1, Lo) — (L1, Lo, L3) + 7(Lo, Lo, L3) — 7(Lo, L1, L3) = 0. (A.4)

iii) (Relation between the negative indez, [0, Lemma 5|)

T(Lo, Ly, Lg) = —2i(L0, Ly, L2) + d1m(L1 N (Lo + Lg)) — dim kerm
= *2i(L0, Ly, LQ) +n— dlm(Lo N L2) — dlm(Lo N Ll) (A5)
~ dim(L1 N Ly) + 2dim(Lo N Ly N Lo).

iv) (Symplectic reduction) If V. C Lo N Ly is an isotropic subspace we can consider
LV := (LNV+ 4+ V)/V which is a Lagrangian subspace of the reduced space. It
holds that:

i(Lo, L1, Lo) = i(Ly, LY, LY) (A.6)

Suppose now that L; is a smooth curve inside Lag(X) and Lo a fixed Lagrangian
subspace. Suppose that Vi = Ly N Lo # (0) for some t' € (tp,t1) and that Lt”Vt/ is a non
degenerate quadratic form. The quadratic form Lt’|Vt/ is sometimes called crossing form.
We have the following proposition (see for instance [30, 11, 27] for a proof and compare
with proposition A.1):

Proposition A.3. Assume that L} is transversal to Ly and Lt‘[t/fe,tﬁ}- Under the hy-
pothesis above, for € > 0 small enough:

2 MiLO (Lt’[t’—ct’-i-e]) - T(L67 Ly, LO) - T(L67 Lt’+67 LO)
=59 Lt”Lt/ﬁLo-

In particular one recovers point iv) of proposition A.2 assuming just that the restriction
of the velocity of L; is positive on the intersection L N L.

Unlike the Kashiwara index, the Maslov index satisfies only a generic cocycle property.
This is shown in the next lemma which will be needed later on. The defect of being a
cocycle is measured by the intersections of the four Lagrangian subspaces one considers.
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Lemma A.1. The following formulas hold:

3
Z(*l)ﬂ—li([/o, - ,f/i, ... Lg) = dim(Ll N Lg) — dim(Lo N L2)+

=0 , (A.7)
+> (=1 dim(Lo NN LN -+ 0 La).

=0
i(Lo, L1, Lo) = i(L1, Lo, Lo) = i(La, Lo, L1). (A.8)

Proof. The proof is just a computation using the cocycle identity for the signature in
eq. (A4).

We use formula (A.5) to get a relation between the signature and the index for each
term on the left of (A.7). The part involving intersections of pairs of Lagrangian spaces,
after the summation, gives the contribution

2<dim(L1 N Ls) — dim(Lo N Lg)).

The triple intersection do not simplify and thus their coboundary appears. Sometimes
it is useful to think about this remainder as the difference of the dimensions of two quotient
spaces. L1 N L3 in which we factor out the space Ly N L3N Lo+ L1 N L3N Ly and LogN Lo
quotient by LoN Lo N Ly + Lo N Ly N Ls.

Next apply the first part with Ls = Lg. The right hand side of the formula is then
zero. Moreover the terms i(Lo, Ly, Lo) and i(Lo, Lo, L2) are zero since the Maslov form is
ZEro.

It follows that i(Lo, Ly, Lg) = i(Ll, Lo, Lo), i.e. we obtain the invariance under cyclic
permutations. 0

A.2.1 The complex picture

In this section we will sketch the main features of the complex version of Maslov index and
symplectic geometry just introduced. We work almost always with real coefficients but at
some points we need to switch to complex ones, mainly for spectral issues.
Take as vector space C?" ~ R?" @ C. Consider the complex version of the symplectic
form:
oc(X,Y)=0(X,Y), X,Y €C®™

Clearly oc¢ remains a non degenerate bilinear form. We can speak, as in the real case
of, Lagrangian, isotropic and co-isotropic subspaces. Here we list some of the properties of
the oc and complex Lagrange Grassmannian:

i) (Darboux basis) Since oc is non degenerate, every time two Lagrangian subspaces
Lg, L1 are considered, there exists a basis in which o¢ has the standard form.

ii) (Grassmannian of Lagrangian subspaces ) In the real case the Lagrange Grassman-
nian is a homogeneous space diffeomorphic to U(n)/O(n). It turns out that the
complex one is diffeomorphic to U(n) (and thus still a real manifold). We can diag-
onalize the symplectic form obtaining:

(6 NE -6
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Thus we have two subspaces on which o¢ is non degenerate, the eigenspace V; relative
to ¢ and V_;, the one relative to —¢. It is thus clear that if V' is Lagrangian, V' must
be transversal to both the eigenspaces. So it can always be represented as a graph of
an invertible linear operator from V; — V_; (or vice versa). It remains to check what
kind of linear maps are allowed. Using again the coordinates in which oc¢ is diagonal
we get:

ac( (gx) , (é’y) ) = i(z,y) — i(R*RZ,y) = i{(1 — R*R)Z, y).

Since we need this quantity to be zero for any x,y € C" we get RR* = 1 and thus
R € U(n). It follows that the complex Grassmannian is diffeomorphic to U(n).

iii) (Atlas for the Lagrange Grassmannian) Take two transversal subspaces Lo, L1. Using
Darboux coordinates, we can build an affine chart as in the real case (compare with
appendix A.2). This time, though, we consider Hermitian matrices. The subspaces
Vs = {(x,Sz) : S = S*,x € Lo} are Lagrangian subspaces.

iv) ( Inclusion of the real version )Notice that if V is a real Lagrangian subspace, then
V ® C is Lagrangian with respect to the new symplectic form. In particular the real
Lagrange Grassmannian embeds in the complex one.

Take now three Lagrangian subspaces, the Maslov form is still well defined. Suppose
that Ay € L1 N (LO + Lg):

m()\l) = O'C()\O, )\2) = 0'(5\0, )\2)

Lemma A.2. The Maslov form is a Hermaitian form.

Proof. Notice that m(\1) = o(Ao, Aa) = m(\1). We have to show that m(\;) = m(\;) but
this follows from the fact the subspaces are Lagrangian.

m()\l) — m()\l) = U(;\o, )\2) — U()\(), 5\2) = 0'(5\0 + 5\2, )\2) — O'()\Q, 5\2 + 5\0)
= U(A17 )\2) - O-(A07 )\1) = U()\17 )\1) =0.

This means that the quadratic form is real and thus m is Hermitian. O

Thus the eigenvalues of m are real and the index and the signature are well defined
exactly as in the real case. More importantly, if we take Lagrangian subspaces of the form
Ly ®C,L; ® C and Lo ® C the real and complex invariants coincide! All the properties of
Maslov and Kashiwara index listed in the previous section extend in a natural way to this
context, with real dimensions replaced by complex ones. The proof of [27, Theorem 1.32]
works in the Hermitian case as well, since our quadratic forms are all real by Lemma A.2.
It suffice to substitute the word symmetric with the word Hermitian in the proofs.

A.3 Symplectic Manifolds

Let M be a smooth manifold, if there exists a non degenerate closed 2—form o then (M, o)
is called a symplectic manifold. In particular this means that each tangent space (T,M, op)
is a symplectic vector space for every p € M.
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An example of symplectic manifold we will encounter very often is the cotangent bundle
of a smooth manifold, denoted by T*M. The symplectic form is given by the differential
of the so called tautological (or Liouville) 1—form s. It is defined as follows:

sx(X) = A(mX), VAET*M,X € T\T*X.

Here w : T*M — M denotes the natural projection and m, its differential. In local
coordinates (p,q) (¢ = (gi); being local coordinates on M and p = >, p;dg; the ones on
the fibre) one can check that ds = dp A dg and thus defines a non degenerate 2—form.
Notice that with this choices we are essentially identifying a chart of T*M with an open
set of the model space (R?",04). This turns out to hold for any symplectic manifold as
the next theorem shows.

Theorem A.1 (Darboux). Let (M,o) be a symplectic manifold and m € M. Then there
exists an open neighbourhood U of m and coordinates (p,q) such that o = dp A dq on U.

Suppose now that F : (M,0) — (M’,0’) is a diffeomorphism, if F*¢’ = o we say
that F is a symplectomorphism. A natural way to obtain diffeomorphisms is trough flows.
Given a (complete) vector field X one obtains a family of diffeomorphisms ®; by solving
the ODE system

D, = X (D),
Dy = Id.

In a similar way one can produce symplectomorphisms using special classes of vector fields:
Hamiltonian and symplectic fields. A vector field X, is Hamiltonign if there is a smooth
function H such that dH(Y) = o(Y, X) for all smooth vector fields Y. H is called Hamil-
tonian function and X is often denoted by H. A vector field for which we can find a
Hamiltonian only locally, i.e. in a neighbourhood of every point, is called symplectic.
The flow of Hamiltonian and symplectic vector fields is always a one parameter group of
symplectomorphisms.

As for the linear case we can give the notions of Lagrangian, isotropic and co-isotropic
submanifold. We say that N is a Lagrangian (resp. isotropic or co-isotropic) submanifold
if T,,N is a Lagrangian (resp. isotropic or co-isotropic) subspace of T),M for any n € N.
Curves are obvious example of isotropic manifold, if the ambient space is a cotangent
bundle then we have two important classes of examples of Lagrangian submanifolds.

Example A.4. Assume that f : M — R is a smooth function, then df : M — T*M is a
section of T*M and gives and embedding of M into T*M. It is straightforward to check,
in local coordinates, that the tangent space to df (M) can be identify with the graph of the
Hessian of f, which is obviously Lagrangian.

Ezample A5. Let A € T*M and consider the following subspace, which we usually call
fibre:
Iy :={£ e T\(T"M) : m(§) = 0} = ker 7. (A.9)

Using the linear structure of T*M it is easy to see that this is the tangent space to ker
at A.

Example A.6. Assume that N C M is a submanifold and let n € N. We define the
following subspace of T¥M:

Ann(T,N) == {A € T*M : \(X) = 0,VX € T,N}.
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By example A.2, Ann(T,N) @ T,,N is Lagrangian vector space, one can check in local
coordinates that this is the tangent space to:

Ann(N) := UpenAnn(T,N).
For further reference we give also the following definition:
Ax\(N) := T\Ann(N). (A.10)

where we omit the dependence on the point A when there is no confusion. Be careful,
however, that we often consider manifold M x M and their cotangent bundle T* M x T M
with symplectic form (—o) @ o, as in example A.1. This is not the tautological form,
however the two structure are related by the following symplectomorphism:

S:(An)—=(=A\n) eT*"M xT*M.

It is easy to check that the S*((—o) @ o) is the tautological form o @ o. Often we will
write A(N) instead of S A(N) and just specify which symplectic form we are using.

We now prove the following Lemma about the Maslov form we will use in the sequel.

Lemma A.3. Given the standard symplectic structure (X,0) = (I\(T*M),ds) and three
submanifolds No, N1, No C M. Assume that:

A € Ann(Ny) N Ann(N1) N Ann(Ns)
and N1 C Ny (or N1 C Ny , then following formula holds
m(A)\(No), A)\(Nl), A)\(Ng)) =0.

The same holds if M = M' x M’ and T*M is endowed with the form (—c') @ o’. In
this case A(N;) are modified accordingly as explained after eq. (A.10).

Proof. Let Ly = ThA(Ny), L1 = ThA(N;1) and Ly = T\A(N3). Fix some coordinates in a
neighbourhood of A such that dsy is the standard form on R?" ~ T\ (T*M). The subspace
Lo + Lo is the space:

14 1P
(Xo> + <X2> o X €Ty, vilTryNi) = 0,

for ¢ = 0,2. Since the sum above should lie in Ly N (Lo + L2), we have that Xy + Xy =
X1 € Tr(nN1 and v + vo = 11, with vy such that v (T N1) = 0. If we compute now
the Maslov form, we get:

(1 (2)- () -

Suppose without loss of generality that Ny C Ny. The equation Xg + Xo = X7 implies
that Xo = X1 — Xo € Tr(»)No and thus (19, X2) = 0. Therefore the quadratic form is the
zero form since:

(va, Xo) = (12, Xo + X2) = (v + 19, Xo + X2) = (11, X1) = 0.
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For the second part, we work on the cotangent bundle of M = M’ x M’ which is isomorphic
to T*M' x T*M'. Label the coordinates as (Ag, A1), call the standard form on T*M’, o’
and consider the following diffeomorphism:

S (Ao, A1) = (Ao, A1)

It is straightforward to check that S*(o/ @ ¢’) = (—0’) ® ¢’ and S maps A(N;) as given
in eq. (A.10) to SA(N;). Since Maslov index is invariant with respect to the action of

symplectomorphisms, the statement follows.
O
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Appendix B

Control systems

In this section we collect some basic facts about control system and the endpoint map,
mainly to set notation and as reference for the other chapters.

Suppose that M is a smooth manifold, U is a subset of R* and f! a family of smooth,
complete possibly non autonomous vector fields. We assume that they are measurable
and locally bounded in ¢ if they explicitly depend on time. We say that (M, f.) is control
system, we call M state space and U the control parameter space. Any point qo € M is
called state and any L function w : [0,1] — U control. To any couple (qo,u(t)) we can

associate a Cauchy problem:

q(0) = qo.

We usually work with [0, 1] for notational convenience, but any interval [0, 7] would do.
For fixed qo € M, we say that a control is admissible if the corresponding Cauchy problem
has solution defined on [0, 1]. Any solution to the Cauchy problem above with u admissible
is called admissible trajectory. We will denoted any such curve by q,(t) to underline the
dependence on the control. The following proposition si proved in [14]:

Proposition B.1. The space of admissible trajectories is a smooth Banach manifold mod-
elled on the space L*°([0, 1], R¥) x R™.

We define now one of the main tools of geometric control theory, the Endpoint map.
Take a couple (go,u) of state and admissible control, for t € [0,1] we define the endpoint
map at time t:

t _ -
By (u) = qu(t), qu(-) solution of eq. (B.1).

It turns out that Efm is a smooth map from the space of admissible controls to the state
space M. In particular, if we fix the initial condition and look at the level sets (Eéo)*l(q)
for ¢ € M, and assume that the differential of the endpoint map is surjective, they are
smooth submanifolds of the space of admissible controls.

Suppose now that you are given a smooth, in the space and control variable, function
©(t,u,q), measurable in ¢t and locally bounded. We can define an integral functional on
the space of admissible controls as follows:

1
min  J(u)=  min /0 o(t,ul(t), qu(t))dt. (B.2)

ue(Bl) " (q) ue(El) " (q)

Minimizing the functional in eq. (B.2) and finding the control w which realizes the
minimum is called an optimal control problem.
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Remark B.1. The functional in eq. (B.2) correspond to variational problems with Dirichlet
boundary conditions, i.e. we are minimizing the cost among curves with the same end-
points. We can generalize it slightly considering couples of initial condition and control
(qo,u) and requiring that (qo,EéD(u)) is contained in a fixed submanifold N C M x M,
the boundary conditions.

The first step to approach it, is to find the critical points of the functional 7 on the
space of admissible controls. They are characterized by the so called first order necessary
optimality condition and can be summarize in the Theorem we are going to state now,
known as Pontryagin Maximum Principle. Define the following family of functions on
T*M x R:

BLOV) = (O fu) + ().

Theorem B.1 (PMP). If 4; is a critical point of the functional J and G is the relative
admissible trajectory, then there exists a Lipschitz curve N\ : [0,1] — T*M and a number
v € R such that:

i) Ge = 7w\ for allt € 0,1];
i) (M,v) #0 for a.e. t €]0,1];
i) v < 0;
w) A\ = ﬁ%(t)()‘t’ v) for a.e. t €[0,1];
v) h%(t)()\t’ v) = maxyey hl, (A, v) for a.e. t €[0,1].

Moreover if we are working with boundary conditions N C M x M (see remark B.1) we
have the additional condition:

’UZ) (—/\0, )\1) € A’I’L?’L(T(qmql)N)

There are essentially two possibility for the value of the parameter v, it can be either
0 or —1 after re-parametrizing A;.

Definition B.1. Any curve satisfying the conditions of Pontryagin Maximum Principle
with v = —1 is called normal extremal. If v = 0 we will call it abnormal extremal.

B.1 Optimal control problems via Lagrange multipliers

The purpose of this section is to rephrase the problem in eq. (B.2) as a constrained mini-
mization problem with the aid of Lagrange multipliers rule. If f : R — R and ¢ : R* — R™
are smooth functions, the classical result from calculus says that, looking for critical points
of f restricted to the zero level set of g, if the latter is reqular, is equivalent to look for free
critical points on R? x R™ of the function f(x,\) = f(z) — (A, g(z)). In other words one
has to solve the equations g(x) = 0, and V f(z) — AMac(g)(z) = 0 in A and = if Jac(g)(x)
has full rank along {g(z) = 0}.

We need a slight generalization of this principle, which allows the function g to have
singularities. It says that finding critical points of f constrained to {g(x) = 0} is equivalent
to solving the system vV f(x) — Aac(g)(z) =0 and g(x) = 0 in =, A and v. This is is the
same as the following condition: define that map F' = (f,g), finding critical points of f on
the set {g(x) = 0} is equivalent to finding critical points of F.
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It turns out that as long as the codomain of g is finite dimensional, the same principle
holds. First order conditions for the optimal control problem in eq. (B.2) are equivalent
to finding critical points of J restricted to the level sets of the endpoint map and thus
equivalent to critical points of the following extended Endpoint map:

F! (u (fo 7), qu(T ))dT) _ (%(@) (B3)

(U) Egy ()

In particular optimal control problems in eq. (B.2) with Dirichlet boundary conditions (i.e.
minimizing among Lipschitz trajectory joining go and ¢;) are equivalent to the following

system:
Eé()( ) = ql?
M dE} (u) —vdT} (u) =0

We are going now derive integral expression for the first and second differential of the
endpoint map E (and of Ft ,)- However to do so we need to introduce some tools of
Chronological Calculus Detalls can be found in [12].

B.1.1 Chronological Calculus

The scope of Chronological calculus is to develop a formalism to work with non-linear
systems as if they were linear ones. The idea is to substitute the non-linear space M
with the algebra C*°(M). Points become linear functionals, vector fields derivations and
diffeomorphisms are mapped to automorphisms. For proofs, and issues as topology used
and continuity, check [12][Chapter 2]|. We can rephrase the problem of solving an ODE
on M as finding the solution to a linear ODE for operators on C*°(M). To do so let us
introduce the following dictionary:

gEM = € (CT(M))", a(f) = f(a).
X € Vee(M) < X € Der(C®(M)), X(f)=df(X).
F e Diff(M) <= F € Aut(C®(M)), F(f)=foF.

Let F' € Diff(M), it acts on Vec(M) as follows: Fi(X)p() = dpF’ Xp. This means
that, as derivations, Fo (F*X) = X o F. This action is the so called adjoint action of
Aut(C®(M)) on Der(C=(M)) and we denote it by Ad F~1. On Der(C®(M)) we have a
natural structure of Lie algebra given by the commutator on vector fields. We can think
of Der(C*°(M)) as the Lie algebra of Aut(C*(M).

Any ODE ¢ = Vi(q) can then be rephrased as an equation for its flow, seen as a linear
operator on C*>°(M):
%(I)t:q)to%, (I)Q:I
The solution to this equation is unique and it is denoted by @ fot V.dr, the right chrono-
logical exponential. It is possible to give an asymptotic expansion of the solution, the so
called Volterra series. The Cauchy problem above in integral form reads:

t t t1
b, =1+ / S .oVidr=1 +/ Vidr + / / Dy, 0V, o Vidrdty.
0 0 0 Jo
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Defining the symplex A, (t) = {t >t; > --- > t, > 0} and iterating we get, for m € N:

m—1
<1>t_1+2/ tho...odetn...dTJr/ ®, oV, o--oVidly,...dr
=0 JAn(t) A (t)

We will use this together with the following formula for the variation of vector fields to
differentiate a vector field depending on a parameter. Suppose you have two fields V; and
Wy, one can show (see [12][Section 2.7]), that the solution of U, = 0, 0 (Vi + Wy), can be
expressed in terms of exp fot V,.dr as follows:

t t T t
(ﬁ%/ VT+WTdT:¢ﬁ/ Ad Qﬁ/ wdr> WTdToeﬁ/ V,dr.
0 0 0 0

Expanding the first term using Volterra series, we find that:

t T t T
eTf)/ Ad ((ﬁ/ vm) WTdT:I+/ Ad (aﬁ/ wdr> W.dr
0 0 0 0

t T 0 T
+/ / Ad (&ﬁ/ wdr> Wy o Ad (@/ Vsds> W,dfdr + . ..
0 JO 0 0

We can use this formula to obtain expression for the derivatives of a flow depending on
parameter €. Assume that V;(e) is a vector field depending on time and the parameter e,
for €g fixed we can write V;(e) = V(&) + Vi (€) — Vr(e0). Apply the formula above with
W, = V:(e) — V:(€), to compute the value of the derivative one has to differentiate:

= | " Ad (5 [ Vitealar ) (v(6) = Viten)yar (5.4)

Now Volterra series comes in help. Since W;(ey) = 0, when we differentiate term by term
the above series only a finite number of terms appear, in particular for the first derivative
we have:

o [ Vileoyir= [ ad (5 [ vetcar) avstenrir o | Vilw)dr  (B5)

Set Pr(ey) = exﬁfg Vr(eo)dr to simplify a bit the notation. For the second derivative,
differentiating twice eq. (B.4) yields:

t t T
/ Ad P, (e0)O2V (eg)dr + 2 / / Ad Py(€0)0.Vi(eo) © Ad Pr(e0)0.Vi(co)dbdr  (B.6)
0 0 Jo
This formulas are the main tools we will use to get integral expression for the derivatives
of the endpoint map defined in the previous sections.
B.2 Differentiation of the Endpoint map

Now we apply the formulas, especially eq. (B.5), of the previous section to compute the
first and second differentials of the Endpoint map. Assume an extremal A, either normal
or abnormal, has been fixed. By point iv) of Theorem B.1 it solves the equation:

Ar = hE ()

110



Chapter B Section B.2

We have to differentiate at the point u = 4(t), the optimal control. Take another control
v, by the formula in eq. (B.5), we can write the Endpoint map at @ + ev as follow. We
stress that this is an equality of linear functionals on C°°(M).

EL (it + ev) _qooﬁ%/ Ad (ﬁ/ dr)@V dm@/ fz dr.
Here the one parameter family of vector fields is given by:

aﬁ%(€)|620 ufu(t U(t)v
O2Vi(€)le=0 = 05 faqry (v(t), v(t))-

Let us call the flow generate by fy), P5. Clearly Pi(qo) = Efm (@) := ¢ gives back the
starting critical trajectory at time t. We have seen in the previous section that the action
of AdF on vector fields is the same as the push-forward of F~!. In particular we have
that:

Vi(e)(a) = fa@)+eut ()—fa(Q)=>{

qo o Ad (erD/ Vr(e)dr> OeVr(€)|e=0 = qo © Pr 0 8y fa(ryv(7) 0 Py 1.
0

Now take f € C°°(M) and notice that we have to exchange the order in the former
expression since when we differentiate X o P(f) = X(f o P) = df dP X. This implies that
the differential of the endpoint map is:

d@Eéo v= (Pt)*/ (Pp): Y 0ufalgr) v(r)dr. (B.7)
0

For the second derivative we use eq. (B.6), substituting V;(e) and its derivatives and eval-
uating in zero yields:

3 B, (v,0) (Pt)*< /0 (P 02 fagr) (v(1), 0(7))dr+
(B.8)

+2/0 /OT(PG)*_laufﬂ(%)U(Q)O(PT)*—lﬁufa(qT)U(T)det>.

Remark B.2 (Intrinsic Hessian). It is well known that the first differential of a map is a
well defined linear map, independent on the coordinates chosen. This is no longer true for
the second differential. For example, given any smooth function f on R? there is always
a change of coordinates that make it linear in a neighbourhood of a regular point. The
second derivative of function is a well defined quadratic form on the kernel of the first
differential, with values in the cokernel (i.e. the space Codomain(df)/Im(df)). Thus the
second derivative will be the family of quadratic forms )\td2 Et for A\; such that \;dg qu =0
defined on ker(dzE. ). (for further details see |12]|Chapter 20])

The second term in eq. (B.8) can be rewritten in terms of commutator of vector fields.
In fact if we split [0,¢] x [0,¢] in two simplexes, say Ac = {(7,60) : § < 7} and A5 =
{(7,0) : 0 > 7}, we have the following equalities for every f € C*°(M):

(/Ot ng@) o (/Ot YTd7'> / / Xo(Y7(f))dodr

= | XyoVi(f)dodr + | XpoY-(f)dbdr
A< A>

/ (Xg o Y; + X, o Yp)(f)dodr.
Ac
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In particular this implies the following:

t T t t t T
2/ / XpoY, = / Xpdb o/ Y. dr —i—/ / [ X, Yyldrde.
0 Jo 0 0 0 Jo

The second derivative is intrinsically defined on the kernel of the first derivative, with
values in its co-kernel (see remark B.2). We are thus interested in the family of quadratic
forms nd2EL, , where ndzE! = 0. In particular, if \; is our extremal eq. (B.8), the second
differential can be written as:

At d%E;O (Ua U) :)\t(Pt)* (/0 (P‘r)*_l 85f1](7’) (U(T)7 U(’T))dT—I—

t T (B9>
+/0 /0 [(Pa)llaufa(qe)v(H),(PT)Zlaufa(qT)v(v)]dnit).

By point iv) of Theorem B.1 follows that A(P;). = Ag. Moreover we can rewrite the
formula above in symplectic terms, using the functions k% (\) = (A, fL) appearing in the
statement of PMP. For a vector field Z, possibly depending on extra parameters u and on
time ¢, define the function hz(A) := (X, Z) on T*M. One can check (see again [12]) the
following identities:

aZhZu(A) = (A, aZZu>v

h[XﬂQ](A) =\ [X, Y)) = Ux(ﬁx,ﬁy).

The only issue to address now is to interpret eq. (B.9) in an intrinsic way. Notice that
the objects appearing as integrands always live in the tangent space to the initial point Ag.
This is why we are allowed to speak about integrals. We use now the solution of A = E%()\)
to perform a time dependent change of coordinates that backtracks the extremal A; to Ag
and rewrite the integrands in term of this flow, using the just mentioned identities. Let
us call this flow ®; . This procedure is in some equivalent to fixing a connection and
defining a parallel transport operator which trivializes the bundle \JT'(T*M). Define the
Hamiltonian:

(B.10)

bl (N) = (h, — hi) o @4(N)

Combining with the identities written in eq. (B.10) we have the following equalities (see
[12][Chapter 20.3]):

<)‘07 [(PQ)*_laufﬁ(QO) U(Q)v (PT);la’ufﬂ(QT) U(T)D =0 (8ugz, GUEZ)
Nos (Pr) 103 fa(v(t), v(t))) = 930,,(Ao) (v(t), v(1)),

By the discussion in the previous sections (see eq. (B.3)), we can formulate optimal
control problems in terms of the endpoint map of an auxiliary system. Thus to get the
second variation of an extremal for an optimal control problem we have to consider the

following fields on M x R:
; t,u,q)
t ,T) = <90( s Wy >
oD ="

It turns out that this is equivalent to using the Hamiltonians hf,(\) = (X, fL) + vp(t, u, q)
appearing in the statement of Theorem B.1 on T*M. Through out the thesis we will use
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the following notation for the matrices appearing in the expression of the second derivative.
We summarize it all here for further references:

Hamiltonians of PMP: Al (\) = (\, f!) +vo(t,u,q), hL()\) = hg(t)()\),
d- - -

Re-parametrization flow (or parallel transport): thCI)t = ®; 0 ht, (B.11)

Re-parametrized Hamiltonian: b%,(\) = (h!, — hL) o ®;())

Second Variation’s coefficients: 7, := auz?;(x)h:m Hy := 0205 (\)[amay -

We collect here formulas for the first two derivatives of the endpoint map.

Proposition B.2 (Derivatives of the Enpoint map). Suppose that (g, \t) is a couple of
optimal control and extremal for the optimal control problem in eq. (B.2) with Dirichlet
boundary conditions. With the notation introduced above and summarized in eq. (B.11) the
first differential of the Endpoint map is given by the following map:

t
dﬁE;O('U) = 7T*(<I>t)*/0 ZvdT.

The second differential is given by the quadratic mapping in eq. (B.8). Moreover, for

v € ker dﬂEéo, the projection along the extremal \; satisfies:

¢ T
)‘td%Eéo (v,v) = / <<HTUT, vr) + / ox (Zove, ZTUT)d@) dr.
0 0

B.3 Classes of extremals

In this section we collect some definitions we will use later.

Definition B.2. An extremal \; with optimal control 4(t) is called:
i) regular if Hy(v,v) < —al|jv||? for a > 0 and v € R¥,

ii) strictly normal if ) is a normal extremal and the differential of the endpoint map is
surjective

iii) totally singular if Hy = 0.

The condition given in ) is often referred to as Legendre strong condition and is a
sufficient condition for the finiteness of the index of )\td%Eéo.

Definition B.3. We say that an extremal is of corank m > 1 if the space Ty, M /Im(dz E}, )
has dimension m.

In particular strictly normal extremal have always corank 1. In this case the second
derivative is actually a quadratic form on a subspace of L>([0,t],R¥) of codimension
dim(M).
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