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Abstract

This thesis studies loop corrections to four-point functions of identical scalar
operators in four-dimensional conformal field theories with weakly coupled AdS
duals. The main goal is to determine how much of the quantum dynamics in
AdS, at all orders in the large-N perturbation, is encoded in lower-order CFT
data. We address this question using analytic bootstrap methods.

We first consider a scalar theory in AdS with a quartic interaction and isolate a
contribution to the correlator that, at any order in 1/N, is completely determined
by tree-level data. This contribution controls the leading logarithmic behavior of
double-trace anomalous dimensions in the large-spin expansion. We resum these
effects to all orders in 1/N and show that they admit an effective description in
AdS. In Mellin space, the flat-space limit of the same contribution reproduces
consecutive unitarity cuts of the corresponding bubble diagrams [1].

We then study the appearance of higher-trace operators in theories dual to
bulk ¢ and ¢* interactions. Infinite spin sums of double-trace data generate
contributions which, after crossing, have the structure of higher-trace exchanges.
This shows how multi-trace sectors arise as a necessary consequence of cross-
ing symmetry and allows us to determine part of their OPE data. Finally, we
introduce a diagrammatic framework to organize the different terms in the con-
formal block expansion. This framework makes the relations between lower- and
higher-trace data more transparent and allows crossing symmetry to be applied
to individual diagrammatic topologies [2].
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Chapter 1

Introduction

Most of our present understanding of nature rests on two remarkably successful
theoretical frameworks. One is quantum field theory, which describes elementary
particles and their interactions, and the other is general relativity, which describes
gravity as the geometry of spacetime. Each of them has been tested with great
precision within their own domain, but we still lack a complete description of
situations in which quantum effects and gravity are simultaneously important.
Anti-de Sitter (AdS) space provides a controlled setting in which this problem
can be investigated. Although it does not describe the geometry of our universe
directly, its high degree of symmetry and its special role in holography make it
a useful laboratory for studying quantum field theory in curved spacetime and
aspects of quantum gravity.

An important question is then how the interactions of quantum fields should
be described in AdS. A principal way to study the nature of interactions between
particles is through scattering. The idea is to prepare particles in the far past,
let them interact with each other, and then observe them after they become
separated again. In flat spacetime, this picture provides a well-defined description
of the scattering problem and allows us to compare theoretical calculations with
measurable outcomes. However, in generic curved spacetimes, this picture may
not apply. In particular, in AdS, particles cannot remain freely separated forever.
The geometry effectively confines them and brings them back into interaction.
As a result, the usual freely separated incoming and outgoing states cannot be
defined. Therefore, the usual notion of scattering should be replaced by another
description in AdS that still contains the physical information about how states
interact and how more complicated intermediate states are produced.

A complete description of these interactions should also include quantum cor-
rections. In perturbative quantum field theory, the different contributions are
organized by Feynman diagrams. Namely, we have tree-level diagrams, which
represent the leading interaction, and loop diagrams, which describe the quan-
tum corrections. In flat spacetime, the principles of quantum theory, in particular
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unitarity, imposes relations between loop amplitudes and simpler, lower-order am-
plitudes [3,4]. More broadly, decades of work in this setting have revealed a rich
physical and mathematical structure for scattering amplitudes in flat space [5-7].
This naturally raises the question of whether analogous structures can be for-
mulated in AdS [8]. Studying loop effects in AdS is therefore important for
clarifying how quantum consistency and multi-particle dynamics are encoded in
curved spacetimes. However, as we mentioned above, the ordinary scattering
framework is not available in AdS. So to address this question, we first need a
framework that describes AdS interactions in terms of well-defined observables.

The AdS/CFT correspondence provides such a framework by relating quan-
tum field theory in AdS to correlation functions in a conformal field theory (CFT)
defined on its boundary [9-11]. For CFTs with a large-N expansion and a large
gap in their spectrum, the dual bulk theory is expected to admit a weakly cou-
pled effective field theory description [12]. In this regime, the 1/N expansion
of boundary correlators is related to perturbation theory in AdS [13-16]. This
perturbative expansion is represented by Witten diagrams, which are the AdS
analogue of Feynman diagrams. In these diagrams, bulk interaction vertices are
connected to operator insertion points on the boundary.

Conformal field theories are also important in their own right. Many physical
systems near continuous phase transitions exhibit scale-invariant behavior and
can be described by CFTs. Although these systems may be physically very dif-
ferent, certain properties near the transition can be universal. Therefore, CFTs
can provide a common framework for understanding a broad class of phenomena
and studying their universal properties.

Coming back to the AdS/CFT context, the strong constraints imposed by
conformal symmetry make the boundary CFT a powerful tool for studying AdS
loop physics, which is otherwise very hard to access through direct computa-
tions. A CFT four-point function can be decomposed into conformal blocks, each
representing the exchange of a family of operators in a chosen operator product
expansion (OPE) channel. The dimensions of the exchanged operators and their
OPE coefficients constitute the CFT data. Crossing symmetry, which requires
the OPE decompositions in different channels to describe the same correlation
function, imposes non-trivial consistency conditions on the CF'T data. The con-
formal bootstrap combines these conditions with unitarity to constrain and, in
some cases, determine the CFT data. [17-19].

At one loop, in a scalar theory dual to a bulk ¢* interaction, crossing symmetry
allows the corrections to the double-trace data to be reconstructed from tree-
level information [8]'. At higher loops, tree-level data are no longer sufficient to

IRelated one-loop double-trace data in ¢* theory have also been computed directly in
AdS, [20] and AdSs [21]. See also [22-29] for other works on loop physics using direct AdS
computations.
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determine the complete correlator. New corrections from previous orders enter,
and higher-trace operators also begin to contribute. Nevertheless, a particular
part of the answer remains fixed by tree-level data at every order.

This thesis does not attempt to determine complete correlators at arbitrary
loop order. Instead, it addresses three related problems. The first is which part
of the higher-loop data continues to be fixed by tree-level information and how
this part can be understood in the bulk scattering picture. The second is how
the higher-trace operators required by crossing symmetry arise from lower-trace
CFT data. The third is how to organize the different products of OPE data and
the corresponding terms in the conformal block expansion in a diagrammatic way
that keeps track of their channel dependence. We study these questions for four-
point functions of identical scalar operators O in four-dimensional CFTs with
weakly coupled AdS duals in large-N expansion.

The first problem is considered in a theory with a non-derivative quartic
interaction in the bulk and hence a Z, symmetry in the CFT side. At every
order N=2% we isolate a contribution to the correlator that depends only on the
leading OPE coefficients and the tree-level anomalous dimensions of double-trace
operators. At one loop, this contribution determines the complete correction to
the double-trace data. At higher loops, it gives only part of the answer, but we
will argue that this is a physically meaningful part.

The anomalous dimensions obtained from this contribution have a character-
istic large-spin behavior. Denoting the conformal spin by J, at order N~2* the
result takes the form

(k) (k) ()
(1) k2 Co N
e leading log N log J <J2AO + J2Ao+2 + J2A0+4 + ) ) K22 (11)

So, at every order in 1/N, tree-level data determine the coefficient of the highest
power of log J to all orders in the 1/J expansion.

The part of the OPE data described by (1.1) has also a interpretation in
terms of bulk unitarity cuts.? When expressed in Mellin space, its flat-space
limit at order N2 reproduces the consecutive cuts of a chain of x — 1 bubbles.
The correspondence therefore relates the part of the CFT data fixed by tree-level
information to the maximally cut part of the bulk loop amplitude.

The second problem studied in this thesis concerns higher-trace operators.
Their appearance can be understood by combining crossing symmetry with the
infinite spin sums appearing in the conformal block expansion of the double-trace
sector. The sum over a double-trace family can generate terms with new behavior
that is not visible in the individual conformal blocks. After crossing, some of these
terms have precisely the form required by higher-trace exchanges.

2Related analyses in the case of N' =4 SYM were carried out in [30,31].
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We apply this idea to theories dual to bulk ¢* and ¢* interactions. In the
quartic theory, infinite sums over double-trace operators produce the contribu-
tions associated with quadruple-trace operators at order N . We use these terms
to determine part of the OPE data of the quadruple-trace family. The result is
obtained as a large-spin expansion for a general external dimension and in closed
form in a special case.

In the theory with a cubic interaction, the absence of a Zy symmetry allows
operators containing both even and odd numbers of O’s to appear in the OPE.
k-trace operators enter at order N~2¥_ and part of their large-spin OPE data can
be extracted from spin sums constructed from double-trace information. This
connects to the problem of understanding multi-particle states in AdS from CFT
data [32,33].

The third problem is motivated by the relation between the contribution fixed
by tree-level data and the maximal cuts of bubble diagrams [1]. We introduce a
more general diagrammatic representation for organizing products of OPE data
and the corresponding terms in the conformal block expansion. This represen-
tation keeps track of their channel dependence and makes it possible to apply
crossing symmetry to subsets of terms associated with a given diagrammatic
topology. In particular, it identifies the crossed-channel spin sums responsible
for the higher-trace contributions mentioned above.

1.1 Structure of the thesis

The thesis is organized into three parts. Part I introduces the necessary back-
ground. Chapter 2 reviews the main elements of conformal field theory, including
correlation functions, the operator product expansion, conformal blocks, crossing
symmetry, and generalized free fields. Chapter 3 reviews the AdS/CFT corre-
spondence, the relation between the large-N expansion and bulk perturbation
theory, the interpretation of multi-trace operators, and Witten diagrams.

Part II introduces the analytic methods used in the later chapters. Chapter 4
presents the Lorentzian inversion formula and explains how CFT data can be
extracted at finite spin and in a large-spin expansion. It also introduces the
peeling method used in the explicit calculations. Chapter 5 discusses infinite spin
sums and finite-spin corrections to the large-spin solution. Chapter 6 introduces
the Mellin space representation of CFT correlators and explains how flat-space
scattering amplitudes can be extracted from it.

Part III contains the main results of the thesis. Chapter 7 studies the uni-
versal contribution fixed by tree-level data, and their relation to maximal cuts of
bubble diagrams. Chapter 8 studies how higher-trace operators arise from infi-
nite spin sums in theories dual to ¢* and ¢? interactions. Chapter 9 introduces a
diagrammatic representation for organizing the terms in the conformal block ex-
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pansion and their associated OPE data. The final chapter summarizes the results
and discusses possible directions for future works.

For clarity, the origin of material adapted from the author’s publications is
as follows. Chapter 7 largely reproduces, with adaptations to notation and pre-
sentation, material from Bubbles in AdS [1], which is joint work with Agnese
Bissi and Giulia Fardelli. Chapters 8 and 9 largely reproduce material from the
author’s paper Higher-Trace Operators and Cut Diagrammatics in the Conformal
Block Ezpansion [2]. Some material in other chapters is also adapted from the
latter paper, particularly the discussions in Section 4.3.2 and Section 5.1, as well
as some points in Section 10.1.



Part 1

Foundations



Chapter 2

Basics of Conformal Field Theory

A conformal field theory is a quantum field theory invariant under a symmetry
group known as the conformal group. Conformal field theory provides the ba-
sic framework for the discussion in this thesis. Conformal symmetry strongly
constrains correlation functions of local operators. In this theory, the position
dependence of two-point and three-point functions is completely fixed up to a
set of constants. Four-point functions are the first correlators whose position de-
pendence is not completely fixed by conformal symmetry and therefore contains
dynamical information. The four-point function of identical scalar operators will
be the main object of study throughout this thesis.

In this chapter, we review the basic ingredients of conformal field theory that
will be needed later. We begin with the definition of conformal transformations
and derive the conformal algebra. We then discuss local operators, distinguishing
between primary operators and their descendants. Next, we study correlation
functions of primary operators and organize four-point functions using the con-
formal block expansion. Finally, we introduce generalized free field theory as a
simple example of a conformal field theory.

2.1 Conformal symmetry and local operators

2.1.1 Conformal transformations

A conformal group can be placed on a d-dimensional manifold M with a back-
ground metric g, (x). A conformal transformation is a coordinate transformation

' — 2 (x) (2.1)
such that,

0x'? 0x' N 9
ww%a(ﬂﬁ) = Q(x) gy (). (2.2)
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Namely, such transformation preserves angles, but allowing a local change of
scale.
Restricting to the infinitesimal transformations,

ot — o't = 2t 4 € (2). (2.3)

Expanding (2.2) to first order in ¢* gives

2
Ve, + Ve, = pi (V,€) g - (2.4)
This is the conformal Killing equation, whose solutions generate infinitesimal
conformal transformations.
In the particular case of the flat space, which is the relevant case for this
thesis, the conformal Killing equation becomes

2
Oue, + Op€, = pi (0,€°) 6,40 (2.5)
For d > 2, its most general solution is
() = a" + w",a” + At + 2(b - z) 2t — ba?, (2.6)

where w,, = —w,,. The four terms in (2.6) generate translations, rotations,
dilatations and special conformal transformations, respectively. The case d = 2
is special because the local conformal symmetry becomes infinite-dimensional.
We will not consider that case in this thesis.

We denote the corresponding generators of these transformations by P,, M,,,
D and K. In our conventions, their action on functions of the coordinates may
be represented as

P,=-0,, M,, = x,0, — x,0,,
D = —2”0,, K, = 2°0, — 2x,2°0,. (2.8)

For d > 2, the conformal group of flat Euclidean space is locally isomorphic
to SO(d + 1,1). In Lorentzian signature, the corresponding group is locally
isomorphic to SO(d, 2).

The conformal algebra

The generators of conformal transformations satisfy the commutation relations

[MMV? Mpa] = 5Vlew o 5uvaa o 6VUMHP + 5/WMVP? (2'9)
[Muw Pp] = (5pr/¢ - 5uppw <2'10)
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[Muw Kp] = 5VpKu 5upKw <2'11)
[D, P.] = Py, (2.12)
D, K,] = —K,, (2.13)

(D, M,,] =0, (2.14)
K, P, =26,,D—2M,,, (2.15)
[P, P, =0, (2.16)
K,,K,] = 0. (2.17)

The conformal algebra in Euclidean signature is so(d 4+ 1,1), and in Lorentzian
signature it is so(d, 2).

The commutators with D show that P, and K, raise and lower, respectively,
the eigenvalue of the dilatation operator. This property will be important in
the construction of conformal representations of local operators, as we will now
discuss.

2.1.2 Local operators
Local operators can be defined at the origin and transfered elsewhere by
O(z) = " O(0)e 7. (2.18)

A local operator at the origin is characterized by its “scaling dimension” and
by its transformation law under rotation. For a scalar operator, the rotational
representation is trivial. More generally, local operators may carry Lorentz in-
dices. In this thesis, we are mostly working in scenarios in which we can restrict
ourselves into the symmetric traceless representation of the conformal group,
namely

Opisoope = Oy vpug) (1) 0" O ey () = 0. (2.19)

The integer ¢ is the rank of the tensor and is referred to as the spin of the operator.
A convenient way to write such operators is to contract them with a null
polarization vector z#, with 2% = 0 [34],

Op(z,2) = 21 20, ., (). (2.20)

Having set the representation with respect to rotation, we now move to the
remaining generators. As we mentioned earlier the generators K, and P, act as
lowering and raising operators on D eigenvalues. So we can build a representation
using the condition:

(K., Oy 0))=0 (2.21)

together with
[D, Oy (0)] = AO,y (0). (2.22)
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These two conditions define a Primary operator. We can furthermore define a
descendant operator by acting with powers of translation generator P, on the
primary.
A primary together with all of its descendant forms a conformal multiplet.
In a Unitary CF'T, conformal dimensions are bounded from below. For scalar
primary in d dimensions we have the Unitarity bound [35]:

d—2
A> —5 (2.23)
and for traceless symmetric tensor of spin ¢ > 1:
A>(0+d-—2. (2.24)

State—Operator Correspondence

To relate local operators to states, we should quantize the theory in a way adapted
to conformal symmetry. In ordinary canonical quantization one choose a time
coordinate and define states on constant-time hypersurfaces. Then the Hamilto-
nian operator generates the evolution between these time surfaces. In Euclidean
CFT, Dilatation provides a natural notion of evolution. This suggests using the
radial coordinate as Euclidean time. So we foliate the Euclidean space by spheres
centered at the origin, and states are defined on such spheres at radius r. Ra-
dial evolution describes how this state changes when the sphere is expanded or
contracted.
Writing the flat Euclidean coordinates as

! =rnt, n*=1, (2.25)
the metric takes the form:
ds® = dr® +r?dQ;_, = € (dr* + dQ5_,) (2.26)

with 7 = logr.

So the flat Euclidean space with origin removed is conformally related to the
cylinder R, x S%~1. Therefore Dilatation operator D plays the role of Hamiltonian
on the cylinder. Therefore we can write

|U(1y)) = e~ ™™D |W(7)). (2.27)

Now consider the Euclidean path integral over a ball centred at the origin. If
the fields are fixed on the boundary sphere, this path integral defines a wavefunc-
tional and hence a state on S?!. Inserting a local operator at the origin changes
this state. We therefore associate to every local operator a state:

0) = 0(0) |0). (2.28)
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Conversely, a state on S?~! may be represented by an operator insertion at
the origin. This identification is known as state-operator correspondence.
For an operator with definite scaling dimension

[D,0(0)] = Ao 0(0), (2.29)
using the invariance of the vacuum under dilatations,
D|0) =0, (2.30)

we obtain

D|O) = Ao |0). (2.31)

Therefore, the scaling dimension of an operator is equal to the energy of the
corresponding state on the cylinder.
This also gives a state interpretation of conformal multiplet. A primary op-
erator satisfies
[K,,O(0)] = 0. (2.32)

Since the vacuum is conformally invariant, it follows that
K, |0) =0. (2.33)
Moreover, the conformal algebra gives

[DvPM]:P

%)

ID,K,| = —K,. (2.34)

Therefore the primary state is a lowest energy state within a conformal multiplet
and descendants are obtained by acting with translations

PH1"'PMn‘O>7 (235)

and they have cylinder energy Ap + n.
The dual bra state is defined by radial reflection which maps the origin to
infinity
(O] = lim 222 (0| O'(z). (2.36)

T—00
Therefore we can write the inner product

(0]0) = lim 2°*° (O(z)0(0)). (2.37)

T—00

In a unitary theory, this should be positive definite. Enforcing this condition
and requiring it also for the descendant states leads to the unitarity conditions
stated earlier in (2.23) and (2.24).
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2.2 Correlation functions

We now want to discuss the correlation functions of scalar primary operators.
Conformal symmetry fixes the form of 2- and 3-point functions up to a constant.

Ch20n,
(O1(21)Oa(22)) = —122AA’A2, (2.38)
(212)2
where 115 = 11 — 29 and A, is the scaling dimension of ;. We normalize the
2-point function such that

1
For three-point functions:
J123
<(91(IE1)(92((E2)03(1’3)> = A fAy—Ag Ay tAz—Ag A+D83—Ay (2'40)
(7,) 2 (733) 2 (73)

The coefficient fio3 is called a three-point structure constant, and it is theory-
dependent. In a unitary theory, these coefficients are real.

The first correlator whose spacetime dependence is not completely fixed by
conformal symmetry is the 4-point function. For identical scalar primaries O,
conformal symmetry constrains its form to

G(u,v)
(O(21)O(12)O(23)O(24)) = : (2.41)
(z1y)R0(23,)R0

where ) o ) s
w= 2T, o Tt (2.42)

T13T24 T13T4

are called conformal cross ratios. It is often useful to parameterize them by

u=zz, v=(1-2)(1-2). (2.43)

In Euclidean signature, z is the complex conjugate of z. In Lorentzian signa-
ture z and z are independent real variables [36].

Crossing symmetry

Permutation symmetry of the operators in the correlation function implies cross-
ing symmetry.
Exchanging =, <+ x3 gives

G(u,v) — (E)AO G(v,u). (2.44)

v
Similarly, exchanging x; <> x5 gives:
u 1

G(u,v) =G (—, —) . (2.45)

v v
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2.2.1 OPE and conformal blocks

To extract the dynamical content of the 4-point function, we use the operator
product expansion (OPE). For two local operators inserted sufficiently close to
one another, their product may be expanded as a sum over local operators at one
point. For scalar primaries:

O1(2)04(0) = > fiz0, C(,0) 0,(0), (2.46)

P

where the sum runs over conformal primaries, and the descendants are generated
by the differential operator C(x,d). The coefficient fi20, is called the OPE
coefficient and with the standard normalization of two-point functions, is equal
to the three-point structure constant that appears in (O;0.0,) [36].

We refer to the set of operators in the spectrum together with their OPE co-
efficients as OPE data. All n-point functions can be built by repeatedly inserting
the OPE. Therefore, we can say that a CF'T is specified by the OPE data.

In the case of identical scalar operators, one can easily see that only even-spin
operators can appear in the O x O OPE.

Conformal block expansion

Applying the OPE inside a 4-point function, we get a decomposition into contri-
butions of conformal multiplets. Choosing a basis in which two-point functions
are diagonal, the expansion in the 12 — 34 channel for identical scalars will be:

<O(CE1)O($2)O(9E3)O($4)> = Z fOOOpfOOOqO(SC'lQ,32)0(117347a4)<0p(56'2)0q(3?4)>

0,,04
= fé00, 9%, (@), (2.47)
OP
where
gﬁf,zp(%) = C(212, 02)C(x34, 01)(Op(22) Op(24)). (2.48)
We can rewrite this as
Ao oy 98,00 0)
Garey i) = (2%p)20 (23,)%" (2.49)

Therefore using (2.41) we have

G(u,v) = Z anega.e(u,v), an = f(goou- (2.50)
Av
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ga¢(u,v) is the conformal block associated with the exchange of the corresponding
conformal multiplet. The conformal blocks are fixed completely by symmetry, and
the dynamical CFT data are encoded in the coefficients ana ;.

Conformal blocks are eigenfunctions of the quadratic and quartic Casimir
operators of the conformal group. In four dimensions, they satisfy

D (gae(u,v)) = % (A =4)A+L(l+2)) (gae(u,v)), (2.51)
Dy (ga,e(u,v)) = £(C +2)(A = 3)(A = 1) (gaelu, v)), (2.52)
where _
DQ:D—i—ﬁ—i—QZZ_ZZ((1—2)8—(1—2)3), (2.53)
D, = (Zz_zz) (D—D) (ZZ_ZZ) (D - D). (2.54)
Here
D = (1 - 2)2%0* — 2?0, (2.55)

and D is obtained by replacing z with Z and 9 = 0, with 0 = 0.
In general dimensions, the quadratic Casimir eigenvalue is

Car==[AA=d)+L(L+d—-2)]. (2.56)

1
2
This characterization leads to the explicit closed form expression for conformal
blocks at d = 4. Namely, [37]

zZZ

ga(z,2) = —— [l{¥(z) ks (2) — ks (2) k¥(z)] . (2.57)

Z—Zz 2

where
ko(x) = 27 Fy(x),  Fs(z) = 2F(8, 8,26 x). (2.58)
At small u, the conformal blocks behave as

gae(u,v) KA (function of v) (2.59)

where 7 = A —/ is the twist of the exchanged operator. We factor out this leading
power and define the reduced block

A0
gae(u,v) =u"2 ga(u,v). (2.60)
The function ga ¢(u,v) is regular as u — 0. Its behavior at small v is given by

gae(u,v) <y a(u,v)logv + b(u,v), (2.61)

where a(u,v) and b(u,v) admit a regular series expansion at small u and v.
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o l3

ey

Figure 2.1: A sphere separating the pair of operators to which the OPE is applied
from the remaining insertions.

Radius of Convergence

The convergence of the conformal block expansion follows from the convergence
of the OPE, which we now discuss.

In a generic local quantum field theory, the OPE is typically understood as
an asymptotic expansion. However, in a unitary Euclidean CFT, the OPE has a
genuine finite radius of convergence. This is an important structural advantage
of CFT over generic QFT.

Geometrically, the OPE O (z1)Os(z2) converges when there exists a sphere
separating the points xy,xs from all other insertions in the correlator, as illus-
trated in Figure 2.1.

The two operator insertions inside the sphere prepare a state on the sphere.
In radial quantization, this state can be expanded in a complete basis of cylinder
energy eigenstates. The OPE therefore converges whenever the sphere separates
the two chosen insertions from all other operators.

The conformal block expansion may be truncated by retaining only primary
operators with A < A,. At fixed cross ratios inside the region of convergence,
the resulting error decreases exponentially with A, [38].

2.2.2 Conformal bootstrap

Writing the crossing equation for a four-point function in terms of its confor-
mal block expansion is often called the bootstrap equation. For identical scalar
operators, it takes the form

Foo(u,0)+ > aneFau(u,0) =0, (2.62)
A, ¢ even
(A,0)#(0,0)
where
Fa(u,v) = vAogA,g(u, v) — uAOgAj(v, u). (2.63)

Here the first term is the contribution of the identity operator, for which

g070(u,v) = 17 ap,0 = 1. (264)
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The bootstrap equation constrains the spectrum and OPE coefficients of the
theory. In a unitary CF'T, the coefficients aa ¢ are non-negative. Therefore, we
may regard each Fa ¢(u,v) as a vector in the vector space of functions of v and
v, with non-negative coefficients in the crossing equation.

The basic idea of the numerical bootstrap [17] is to assume a possible spectrum
and test whether it is compatible with crossing symmetry and unitarity. For
example, suppose that there is no scalar primary with dimension in the interval
(A1, As). If one can find a linear functional « such that

a[Foo] > 0, (2.65)
and
olFagl 20, A>T220 Ag(ana), (2.66)
together with
a[Fag >0, A>/0+d—2, (> 2, { even, (2.67)

then applying « to the crossing equation gives

O=a[Fool+ > aaral[Fad>0, (2.68)
A, ¢ even

(A,0)7#(0,0)

which is a contradiction. The assumed spectral gap is therefore excluded.
In practice, the functional is approximated by a finite linear combination of
derivatives evaluated at the crossing-symmetric point [17,18,39,40],

alfl= D Cmn 0102 f(2,2) . (2.69)

m+n<A z:Z:%

The search for a functional satisfying the required positivity conditions then be-
comes a numerical optimization problem. By increasing the number of deriva-
tives, we can obtain stronger bounds on the allowed CFT data.

A different approach is the analytic bootstrap [8,18,19,41-52]. In this ap-
proach, one often considers controlled limits of the cross ratios, such as the double-
lightcone limit

z— 0, zZ— 1. (2.70)

In such limits, the singular behavior generated by operators in one channel must
be reproduced by an infinite sum of conformal blocks in the crossed channel. This
relation often determines asymptotic properties of the OPE data, in particular
the large-spin behavior of anomalous dimensions and OPE coefficients [42,43].
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The results in this thesis are obtained using analytic bootstrap methods. In
particular, later chapters will use the Lorentzian inversion formula [53] to extract
OPE data from the crossed-channel double discontinuity. We now discuss gener-
alized free field theory, which gives a simple exact solution of crossing symmetry
and provides the starting point for the large-N expansions considered later.

2.3 Generalized free fields

A generalized free field is a scalar primary whose correlators are built from two-
point functions by Wick contractions. Namely,

S
&
&
2
8
N
=

(O(21)O(22)O(3)O(24)) gpp = (O(21)O(2)

+ (O(21)O(23)) (O(22)O(x4))
+ (O(21)O(24)) (O(22)O(3))
1 1 1
N (27,23,) R0 * (21523,)" * (vf4a35)R0 (2.71)
Therefore, R
Garr(u,v) = 14+ u° + (%) °. (2.72)

We refer to this as the disconnected contribution.

In the 12 — 34 OPE channel, the first term is the contribution of the identity
operator. Crossing symmetry requires the remaining two terms to be reproduced
by an infinite tower of double-trace operators,

00, ~00O%9,, ---0,,0, n=20,1,..., (=0,2,4,..., (2.73)
with their scaling dimensions given by

AY) = 92Ap + 20+ 0. (2.74)

n,{

The conformal block decomposition of the generalized free field correlator is
therefore

Garr(u,0) =1+ Y any u  Gong oniee(u,v). (2.75)
n=0 ¢=0,2,...
Equivalently,

u\ Lo o0
w1 (D=3 3 0 gnciominsluv). 2.76)

n=0 ¢=0,2,...
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To see how the coefficients are fixed, consider the limit z — 0 with z fixed. The
leading contribution of a double-trace block is

P2 raniee(?,Z) = ZAO+nkAo+n+€(5) + O(ZAO+n+1) . (2.77)

At leading order in z, the crossing equation becomes

_ 1 0 _
- {1 * (1_—>A] = 3 ksl (2.78)
0=0,2,...
Expanding both sides around z = 0 determines the coefficients a(()?g recursively.

The leading term gives a(()?()) = 2, and at higher orders the contributions of the

lower-spin blocks are subtracted to determine the coefficients at higher spin.
Matching the higher powers of z and repeating the same procedure determines
the full tower of OPE coefficients.

In four dimensions, the result is [12]

o 200+ 1)(200 +2n+ € —2)

) Ao—11Ap—1
e o —Tp On Gt (279)

where
o DPla+n)I(2a+n-1)

" Tn+DI2(a)l(2a+2n —1)°
Therefore, generalized free field theory provides an exact crossing-symmetric so-
lution whose O x O OPE contains only the identity and double-trace operators.

In later chapters, the dimensions and OPE coefficients of these double-trace op-
erators will receive corrections in the large-N expansion.

(2.80)



Chapter 3

AdS/CFT and holographic
correlators

AdS/CFT Correspondence [9-11] is a conjectured equivalence between a confor-
mal field theory in d spacetime dimensions and a quantum gravity theory in the
d+1 dimensional Anti-de Sitter space. The CF'T lives on the conformal boundary
of AdS. This correspondence provides a concrete realization of the holographic
principle [54, 55].

A CFT with a perturbative bulk description have a special structure. It
possess a parameter N which control the perturbation in the bulk [56]. N is
the measure of number of degrees of freedom in the CFT. In the gauge theory
examples, N can be regarded as the rank of the gauge group. Then the CFT
should admit an expansion around N — oo limit in which correlation functions
become generalized free. In addition, for the bulk theory to admit a local low-
energy description, the spectrum of low-dimension operators must be sufficiently
sparse [12].

The purpose of this chapter is to introduce the ingredient of this holographic
description that will be used throughout the thesis. We begin by reviewing the
AdS space and the basic AdS/CFT dictionary between CFT operators and bulk
fields. We then discuss the large N limit and discuss how the % expansion of
CFT correlation function is related to perturbation theory in the bulk. Next
we will introduce the distinction between single-trace and multi-trace operators
and explore their interpretation as one-particle and multi-particle states in AdS.
Finally we review Witten diagrams, which provide the bulk representation of
CF'T correlation functions and make the relation between the large- N expansion
and the bulk loop expansion explicit.

19
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3.1 Basics of AdS/CFT

AdS space

Anti-de Sitter space is a maximally symmetric spacetime of constant negative
curvature. In the Poincare patch, the Euclidean metric of AdS,;,; can be written
as

R2
ds* = % (dz* 4 datdx,), 2> 0. (3.1)
where Ragqs is the AdS radius. z# with p = 1,...,d are coordinates along the

boundary directions, and z is the radial coordinate. The surface z = 0 defines
the conformal boundary of AdS, and lies at infinite proper distance. A rescaling
of the coordinates

zh — At z—= Az (3.2)
leaves the AdS metric invariant. More generally AdS isometries reproduce the
conformal transformations on the boundary theory. The isometry group of Eu-
clidean AdS4, 4 is SO(d + 1,1) which is the conformal group of a Euclidean CFT
in d dimensions. Similarly, the isometry group of Lorentzian AdS,.; is SO(d,2),
which is the conformal group of a Lorentzian CFT in d dimensions.

AdS/CFT Dictionary

The AdS/CFT correspondence associates every local primary operator in the
CFT with a field in the AdS bulk. Schematically

On () «— da(X) (3.3)

where Oa is a primary operator of scaling dimension A and spin ¢, and ¢a ¢ is
a bulk field with the corresponding spin. In particular, a scalar primary is dual
to a bulk scalar field, a conserved current is dual to a bulk gauge field, and the
CF'T stress tensor is dual to the graviton in the bulk.

For a scalar field of mass m, the relation between its bulk mass and the scaling
dimension of the dual operator is given by

m?R3 45 = A(A —d). (3.4)

More generally the quantum numbers of bulk fields are determined by conformal
representation of the dual operators.

3.1.1 Correlation functions from the bulk

To make the relation between bulk fields and CFT operators more precise, con-
sider a scalar field ¢ in Euclidean AdSy,; with free action

1

iRl = 5 [ XV (Y Oo0n0 + ) (3.5
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Varying this action gives the Klein-Gordon equation
(VZP=m?) ¢ =0. (3.6)
Using the metric (3.1), this equation becomes
(2202 — (d — 1)20. + 2°0,0" — m*Rigs] ¢(z,z) = 0. (3.7)

Near the boundary, looking for a solution of the form

6(z,7) = 2 () (3.8)
gives
ala —d) —m*R3 44 = 0. (3.9)
Therefore, near the boundary we can write
¢<27 33) = zA_¢(O)($) + ZA+¢(1)(£) +oeey (310)
where
d d? 9
Ai = 5 + Z + mQRAdS. (311)
Near the boundary the solution with A_ = d — A, dominates and we can write
o(z,x) = 278 J (). (3.12)
z—0

where we used ¢)(x) = J(x), which we identify it with the source of the dual
scalar operator. This source defines the CF'T partition function

Zewrll] = [IDgl exp | ~Sermlel + [ doswow)|. (1)

Therefore A, = A is the scaling dimension of the dual CFT operator. Taking
functional derivatives of the partition function gives the connected correlation
functions,

(O1)-+ O )) e = 5l (3.14)
The AdS/CFT prescription identifies
Zepr[J) = Zaas|/] (3.15)
with the boundary condition
lim 2274 (2, 2) = J(x). (3.16)

z—0
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In the semiclassical limit, the bulk path integral is dominated by the classical
solution ¢; satisfying this boundary condition. Namely

Zpas[J] =~ exp [ Spa"[¢.]] - (3.17)

Therefore, in the semiclassical limit, the on-shell action is a functional of the
boundary source J, and its functional derivatives generate connected CFT corre-
lation functions. These contributions are represented diagrammatically by tree-
level Witten diagrams, which we discuss their construction in section 3.4. Loop-
level Witten diagrams also arise from quantum fluctuations around the classical
solution.

3.2 Large N CFTs

The AdS/CFT Correspondence can in principle relate a CFT to a quantum grav-
ity theory in AdS, without requiring a perturbative bulk description. However, in
this thesis we consider a more restricted regime of CFTs that admit an expansion
controlled by a large parameter N. In gauge theory examples, N is the rank of
the gauge group. More generally it denotes a parameter with respect to which
CF'T correlation function and OPE data can be organized in an expansion around
N — oo. Now when a bulk dual exist, this gives a perturbative description as
bulk interactions and loop corrections are suppressed by inverse powers of V.

In the case of gauge theory, local operators can be organized according to the
number of traces over color indices, schematically, operators of the form

Tr (%) (3.18)
are called single-trace operators, and products such as
Tr () Tr (™) (3.19)

are double-trace operators. In a general large N CFT, we retain this terminology.
Operationally, single-trace operators are basic operators dual to the fundamental
fields in the bulk, and multi-trace operators are composite operators built from
products of single traces. The bulk interpretation of these operators will be
discussed in the next section.

We choose the parameter N such that the stress tensor two point function,
known as central charge C7 scale as Cr ~ N2. Then we can normalize the single-
trace operators in the theory such that their connected n-point function scale
as

<Ol(w1) e On(xn)>conn =0 (Nz_n) : (3-20)
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For example for a scalar single trace operator O:

(O@E)O) =~ (3.21)

T2

And its 4-point function has the following large N expansion:

(O(21)O(22)O(3)O(x4)) = (O(21)O(x3)) (O(3)O(4))
+(0(21)O(x3)) (O(2)O(24))

1
At strict N = oo, the correlator then has the same factorized form as a generalized
free field correlator. Interactions first become visible in the subleading terms of
the % expansion.

Bulk couplings. The bulk interpretation of large-N factorization follows di-
rectly from the relation between Cr and the bulk Newton constant. The Einstein-
Hilbert term in the bulk action takes the form

1 d(d—1)
rav — dd+1X — HIRI 2
S 67 / N (R + R + ) (3.23)

where R is the Ricci scalar.
The AdS/CFT dictionary relate the overall coefficient of this action to the
CFT central charge,

d—1

Ryas

Gn

Hence, the dimensionless bulk gravitational coupling behaves as

| Gn 1
Wk ~ A —— ~ —. 3.25
Gbulk Riﬁé N ( )

So in this sense, large N corresponds to weak bulk interactions.

~ Cr ~ N2 (3.24)

3.2.1 Large Gap

To write the bulk theory as a local effective field theory description, there is
another condition that the dual CFT should have. Namely, the CFT should have
a parametrically large gap in the single-trace spectrum.

Suppose that, besides the stress tensor and a set of few light operators, the
first additional single-trace operators appears only above a large gap

Agap > 1. (3.26)
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For a sufficiently heavy bulk field, its mass and dimension are related by
mBRaqs ~ A. (3.27)

Therefore, the gap implies that the corresponding bulk degrees of freedom have

masses
MheavyRAdS ~ Agahp > 1. (328)

At energies well below Myeayy, these fields can be integrated out. The large gap
is therefore the condition that allows the bulk theory to be approximated by a
local low energy effective field theory.

The distinct role of large NV and large gap is particularly visible in the example
of type IIB string theory on AdSs x S°. In this example the 't Hooft coupling is
given by

A = gymN = 4mgN, (3.29)

where gy denotes the coupling of the boundary N = 4 super-Yang—Mills theory,
and g, is the string coupling.
The AdS radius is related to the string length ¢, = Vo by

R2
—ADS — . (3.30)

Oél
At fixed Ay, the limit N — oo gives

Ath
L~ 2, 3.31
9~ (3.31)

So string-loop corrections are suppressed.

On the other hand,

s _1
~ At (3.32)

Rags
Therefore when Ay, > 1, the massive string excitations have

Rags

1
~ AL 1 (3.33)

mstringRAdS ~
S
So N suppresses the quantum bulk corrections, and Ay, suppresses finite-string-
length corrections.
So when both conditions hold, the low energy dynamics of a light scalar field
can be written schematically as

1 1 g3 94
Spue = [ dTX (Vo) + -m?®¢* + = + ot + - | 3.34
bulk / \/52( ¢)+2m¢+N¢+N2¢+ (3.34)
Thus cubic interactions are of order %, and quartic interactions are of order ﬁ
Moreover, each additional bulk loop introduce a further suppression by % This
reproduces the large N expansion of connected CFT correlation functions.
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3.3 Multi-particle states in the bulk

To discuss the bulk interpretation of CF'T operators, let us consider Lorentzian
AdS in global coordinates,

ds* = R34 (— cosh? pdt® 4+ dp* + sinh? pdQ2;_,) . (3.35)
Near the boundary, p — 0o, the metric becomes, up to an overall Weyl factor,

So, the conformal boundary of global AdS is the cylinder R x S¢!, which is the
spacetime naturally associated with radial quantization in the CFT. Translations
in global AdS time are therefore identified with dilatations in the CFT [10, 57].
So we can write

D
Hpgs = : 3.37
Ads = 7 (3.37)
For a scalar primary operator, the state—operator correspondence gives
|0) = 0(0)[0),  D|O) = Aol0). (3.38)
Therefore, the corresponding state has bulk energy
A
Exas = 3 ©. (3.39)
AdS

Consider now a scalar single-trace operator O dual to a bulk scalar field ¢. The
lowest mode of ¢ has energy Ap/Raqgs. So, the state created by the single-trace
primary is identified with the one-particle state associated with the lowest normal
mode of the bulk field,

O(0)0) s ab|o). (3.40)

More generally, the descendants of O correspond to excited one-particle states of
the same bulk field.

The interpretation of multi-trace operators follows from large- N factorization.
Consider two single-trace operators O; and Oy. A double-trace primary has the
schematic form

[0102]p ~ OO0, -+ 0, Og + -+, (3.41)

At leading order in the large-N expansion, its dimension is

AE?'))loﬂn,e - AOI + AOQ +2n + £. (342)
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These are exactly the lowest energies of the irreducible two-particle sectors in
global AdS [57]. At large N, inner products of states built from two single-trace
operators factorize schematically as

(0304|0105) = (03]01)(O04|Os)

+ (040 (04]01) + O (%) . (3.43)

Therefore, the double-trace primary creates a two-particle state,
[0102],,,£(0)]0) — |p12; 1, £). (3.44)

Bulk interactions shift the energy of this state. Equivalently, the double-trace
operator acquires an anomalous dimension,

A[Ol(')Q]n,z = Aol + A(92 +2n + l + Yn,0, (345)
so that

A(f)l =+ A(’)Q =+ 2n + é —f- ’}/n’g
Rags '

E¢>1¢>2;n,5 = (3'46>
Therefore, 7,0/ Raas is interpreted as the interaction energy of the two-particle
state.

The same argument extends to higher-trace operators [58]. Namely, an oper-
ator built from £ single-trace operators creates a k-particle state in AdS.

3.4 Witten Diagrams

Witten diagrams provide a bulk representation of CEF'T correlation functions
[10,11]. They are the AdS analogues of Feynman diagrams. External oper-
ator insertions are connected to bulk interaction vertices by bulk-to-boundary
propagators, and internal lines are represented by bulk-to-bulk propagators.

Bulk-to-Boundary Propagator. Consider a scalar field ¢ dual to a scalar
primary operator O of dimension A. The free bulk field obeys

(V2 =m?) ¢(z,2) =0 (3.47)
with the boundary condition

H(z,2) ~ 2972 J(x), A > g (3.48)

z—0
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Then requiring regularity in the interior of Euclidean AdS selects a unique solu-
tion. So we can write

bs(z,2) = /ddx’KA(z,x,x')J(x’), (3.49)

where Ka(z,z,2') is the bulk-to-boundary propagator. Here (z,x) denotes a
bulk point and 2’ denotes a boundary point. In the Poincaré patch, the scalar
bulk-to-boundary propagator is given by

A
z
K ") = R — :
s =Cs () (3.50)
where r(A
Ca = — (4) (3.51)
A (a-9)
It obeys
(V> =m®) Ka(z,2;2") =0 (3.52)
with
m?Ra .5 = A(A —d). (3.53)

The bulk-to-boundary propagator describes how a source inserted at the bound-
ary point 2’ produces a field profile in AdS.

Bulk-to-Bulk Propagator. To describe internal propagation within the bulk,
we can introduce the bulk-to-bulk propagator. Let X and Y be two bulk points.
The scalar bulk-to-bulk propagator Ga(X,Y) is defined as the Green function
satisfying
DX —Y)
9(x)
Therefore, GA(X,Y") describes the field produced at the point X by a point-like
source placed at the bulk point Y. When X = (z,z) approaches the boundary
with Y fixed, we have the behavior

(Vi —m?) Ga(X,Y) = — (3.54)

GaA(X,Y) ~ 22, 2z — 0. (3.55)

3.4.1 Examples

Witten diagrams are constructed by combining bulk propagators with interaction
vertices and integrating over the positions of the bulk vertices.
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For example, in the case of a quartic interaction, the corresponding four-point
contact Witten diagram is

Weontact () = )\/ dt X \/g(X)HKAi(X;xi). (3.56)

AdS
€ Xy
X2 xs3

As another example, consider the tree-level exchange diagram. For the ex-
change of a scalar field of dimension A,, it takes the form

Wexchange(xi) = gl2pg34p/A g dd+1X V g<X) dd+1Y V g(Y)
d

AdS
X KA1 (X, $1>KA2 (X, Z'Q)GAP (X, Y)KAs(Y; $3)KA4<Y; 1‘4).
(3.57)
I Ty
) I3

Beyond tree level, Witten diagrams are constructed by the same rules but
contain closed loops of bulk-to-bulk propagators, with the positions of all bulk
vertices integrated over AdS. These diagrams describe quantum corrections in
the bulk. In a large- N holographic CFT, each additional bulk loop is suppressed
by a factor of 1/N%. For example, a one-loop bubble diagram contributes to
the four-point function at order O(1/N*), compared with the O(1/N?) tree-level
contact diagram.

Later in this thesis, we will study such diagrams in more details, but rather
than evaluating them directly in the bulk using bulk-to-bulk and bulk-to-boundary
propagators, we will study them from a boundary perspective using conformal
bootstrap techniques. However, before turning to this analysis, we now devote
the next few chapters to develop the necessary tools.
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Analytic Methods for
Holographic Correlators
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Chapter 4

The Lorentzian Inversion
Formula

In the previous chapters, we introduced the conformal block expansion and the
crossing equation for four-point functions of identical scalar operators. In this
chapter, we introduce the Lorentzian inversion formula, originally derived in [53].
This formula is a powerful tool for extracting CFT data from the singular part
of the correlator. It is analogous in spirit to a dispersion relation, but instead
of reconstructing a function from its imaginary part, it reconstructs the OPE
data from the double discontinuity of the correlator. Moreover, the Lorentzian
inversion formula gives an analytic continuation of the OPE data in the spin
variable.

In this chapter, we give a sketch of the proof following the light-ray derivation
of [59]. After stating the formula, we explain how its poles encode the CFT data
and how it can be used in large-spin perturbation theory. We will also provide
specific examples.

4.1 Proof sketch

4.1.1 Partial wave expansion

In Chapter 2 we introduced the conformal block expansion of a conformal four-
point function. The four-point function may equivalently be expanded in confor-
mal partial waves [59-61],

(O(21)O(22)O(23)O (1)) 2/2 ~ %p A Ua (). (41)

30
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The integral runs over the upper half of the principal series. The conformal partial
wave is given by

Ua(z;) = /ddx <(’)(1:1)(9(x2)(’)A,g(x)><6A,g(x)0(x3)0(x4)>. (4.2)

Here 6A,g denotes the shadow of Oa ¢ and has scaling dimension d — A. We have
suppressed the spin indices in this schematic expression. A conformal partial
wave is a single-valued eigenfunction of the quadratic conformal Casimir. Since
the Casimir eigenvalue is invariant under A — d — A, it can be written as a
linear combination of the block of an operator and the block of its shadow:

1
\I/A,Z(xi) = ($%2)AO (x§4)AO [KA,E gA7g(u, U) + Kd_A7g gd_A7g(u, ’U)] , (43)

where K ¢ and K;_a ¢ are kinematic factors whose explicit form is not important
for this discussion.

Using the shadow symmetry of the partial waves and their coefficients, we can
unfold the contour in (4.1) and rewrite the expansion as

G(u,v) Z/ m%c A0) ga(u,v), (4.4)

—1400

where ¢(A, £) = p(A, 0)Ka .

By comparing (4.4) with the ordinary conformal block expansion, we see that
near a physical pole associated with an operator of dimension A, and spin ¢, the
function ¢(A, ¢) behaves as

an, ¢
A A A (4.5)

where aa, ;= f3p0. i the squared OPE coefficient. Thus, the function ¢(A, ¢)
contains the OPE data. This is the same object that the inversion formula re-
constructs from an integral over the singular part of the correlator.

Now consider the following object:

PA,£<$, w; T3, 904) = NA,£ / dd331 ddez <O($1)O($2)O(1’3)0($4)>
X <(’) x1) LUQ)OA o(z,w)), (4.6)

where Ma 4 is a normalization factor chosen consistently with the normalization of
¢(A,?), and we used index-free notation for the spin-¢ operator. Here O denotes
the shadow of the external scalar operator O.
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By conformal covariance, this object is proportional to the unique three-point
structure involving Oa ¢ and two external scalars [59],

Pao(z, w; 23, 24) = (A, 0){Op (2, w)O(23)O(24)). (4.7)

With the normalization specified above, the proportionality coefficient is the same
function c¢(A, £) that appears in (4.4) and stores the OPE data.

To express ¢(A, () as a Lorentzian integral, we analytically continue (4.6) to
Lorentzian signature. We now discuss this continuation.

4.1.2 Lorentzian continuation

We recall that the Euclidean correlator is single-valued whenever no two operator
insertions coincide. After continuation to Lorentzian signature, singularities can
also appear when two insertions become null separated. Therefore, Lorentzian
correlators depend on the ordering of the operators. A Lorentzian correlator with
a specified ordering is called a Wightman correlator, and it can be obtained from
the Euclidean correlator by the prescription

where the relative ordering of the infinitesimal parameters ¢; determines the or-
dering of the Lorentzian operators.

Different Lorentzian orderings are associated with different analytic contin-
uations around branch points of the correlator in the complex z and Z planes.
For the Lorentzian inversion formula, the relevant branch point is z = 1. We
therefore define the double discontinuity around z = 1 by

dDisc [G(2, 5)] = G(z, %) — %g%, 5 - %Qo(z, ?), (4.9)

where G° and G© are the two analytic continuations obtained by taking z around
Z = 1 in opposite directions. In a Lorentzian configuration in which x4 lies in
the future lightcone of x;, and x5 lies in the future lightcone of x3, this double
discontinuity is related to the following double commutator:

(23525,) 22 ([O(24), O(21)][O(2), O(w3)]) = 2dDisc [G(z, 2)]. (4.10)

Some examples of the action of the double discontinuity that will be used in the
rest of the thesis are

dDisc [(1 — 2)*] = 2sin*(7a)(1 — 2), (4.11)

and
dDisc [log(1 — 2)] =0,  dDisc [log*(1 — 2)] = 47”. (4.12)
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More generally,

dDisc [logk(l —2)] =2k(k — 1) log"%(1 — %) + lower powers of log(1 — %).
(4.13)
We now return to the object Pa, in (4.6). To obtain the Lorentzian inversion
formula, one analytically continues this object to Lorentzian signature and applies
a light transform to the exchanged operator [59].
The light transform is defined by

LOa/ (X, Z) = / daOay(Z — aX,—X), (4.14)
where (X, Z) denote embedding-space coordinates. Although the light-transformed
operator is non-local in physical spacetime, it transforms covariantly under the
conformal group. Its quantum numbers are

L:(A0)—s (1—0,1-A). (4.15)

The important property for us is that, when Re(A + ¢) > 1, the light transform
annihilates the vacuum [59]:

L[Oa,]]0) = 0. (4.16)

The proof of this statement uses the analyticity properties of Lorentzian correla-
tors and a contour argument in the auxiliary « integral.
Applying the light transform to both sides of (4.7), we obtain

L[Pa ] (2, w; x5, 24) = C(A,£)<O(I‘4)L[0A7d (x,w)@(x3)>. (4.17)

The left-hand side can also be computed by applying the light transform directly
to the integral definition (4.6). After the Lorentzian continuation and the use of
the property (4.16), the light transform of (4.6) can be written as

L{Pa] (2, w; 25, 24) = Nas / dy 'y ([O(22), O(@)|[O(2), O(z3)])

X <6($1)L[0A,€] (wi)é(x2)>
+(12). (4.18)

Here R, is the Lorentzian region selected by the light transform in which the two
commutators have support. In particular, x; is in the past of x4, and x5 is in the
future of z3. The first term is the ¢-channel contribution, and the term (1 <> 2)
gives the u-channel contribution.

To isolate ¢(A, £), one pairs the Lorentzian expression obtained above with the
three-point structure dual to the light-transformed operator. This removes the
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remaining dependence on the position and polarization of the light-ray operator.
Conformal covariance then fixes the resulting kernel. In terms of the usual scalar
conformal blocks, it is

Gord—1,a—d+1(2, 2), (4.19)

in which the shifted labels are a consequence of the light transform and the
Lorentzian pairing. All in all, the ¢-channel contribution will be given by

1 ! |z —z|¢2 _ ) _
C(t)(A>€) = ZFGA;@/O dzdz |(T)|dgz+d1,Ad+1(Za z)dDisc[G(z,2)] . (4.20)

L)
272 (28—1)T(2B)
as a double discontinuity. The u-channel gives a similar contribution ¢ (A, 0),
and the complete answer is

where kg = and we used (4.10) to write the double commutator

(A0 =D (A L) + (=1) (A, ). (4.21)

For identical scalar operators, the two crossed-channel contributions are equal. In
this case, specializing further to four spacetime dimensions, the inversion formula
takes the form

¢ 1 22
c(Al) = 1+ (=1 Kate / dz dz u getsa—3(z,Z) dDisc[G(z, 2)] . (4.22)
4 =/, z4z4 ’

In a unitary CFT, boundedness of the correlator in the Regge limit guarantees
the validity of the formula for ¢ > 1 [53]. This completes the proof sketch of
the Lorentzian inversion formula. Finally, it also worth mentioning that this
formula gives separate analytic continuations for even and odd spins. For identical
external scalars, only the even-spin continuation is nonzero.

In the next sections, we explain how the poles of ¢(A, £) encode the CFT data
in a large-NV theory and how the formula can be used in the large-spin expansion.

4.2 Extracting CFT data

We can expand a CFT holographic correlator in large-N. Namely:
1 1
g(u7 U) = g(O) (U, U) + ﬁg(l) <u7 U) + mg@) ('LL, U) +o (423>

In a large-N CF'T, the positions and residues of the poles in the OPE density
function ¢(A, ¢) also admit a perturbative expansion. Consider a family of double-

trace operators [OO], ¢, whose leading dimensions are Ag =2Ap+2n+ /4. In



CHAPTER 4. THE LORENTZIAN INVERSION FORMULA 35

large- N expansion their dimensions and their squared OPE coefficients take the

form n o
(0) Ve T

An,é — An’E + N2 + N_4 + S (424)
(1) 2
0 an,é an,ﬁ
ame:ai’%ﬁjLﬁJr..., (4.25)

These data enter in the contribution of double trace operators into c(A,¥).
Namely

Expanding this pole in powers of 1/N?, we find

1 0 1
L1 apy A
N2 (0) 0 2
A=A (Al - a)
2 1 1 0 2
L1 awr anie + aee
il ) 2
NElA - A (al) - a)

T (4.27)

Therefore, the OPE data can be read off order by order in the large-N expansion
from the coefficients of the corresponding poles.

4.2.1 Generalized free field data

At order N, we have the generalized free field correlator,

Ao
GO(u,v) =1+ ute + (9) : (4.28)

v
The first two terms have vanishing double discontinuity around z = 1. Therefore,
the only contribution to the inversion formula comes from the third term. Its
double discontinuity is

dDisc [(Eyo} — 25in? (1Ao) (%)AO . (4.29)

()
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Substituting (4.29) into the four-dimensional inversion formula gives

1 —
AO(A ) = +(2 )/musm (mAo) / dz/ dz (2= 2)

z4z4

X Grasa_s(z,2) [%} - (4.30)

This integral can be evaluated exactly. Using the explicit four-dimensional con-
formal blocks (2.57), one finds [19]

O(A, 0) = 228(A — 2)Ap [1+ (—1)] (£ + D2 — Ap)T(—Ap)T(~A + £ + 4)

[(1— Ap)l?(Ap)I? (F24554) D(A + £ — 1)I (=2=250448)

2 (ST (4 + Ao + 4) 1 (228ps0t)

X r (A72A§9+1€+4) <431)
The physical poles of this expression are located at
A=2A0p+2n+/, n=0,1,2,..., (4.32)
which reproduces the generalized free field double-trace spectrum.
Expanding (4.31) around these poles gives
a©
N~ nt . (4.33)

A—=280+2n+0 200 +2n + 0 — A
(0)

n,l?

We can therefore read off the coefficients of the poles a, ,, recovering (2.79).

4.2.2 Scalar exchange

Now let us consider another example in which the inversion integral can be eval-
uated without taking any limit of the cross-ratios. Suppose that the O x O OPE
contains a scalar operator U with Ay = 2. and squared OPE coefficient as .

The contribution of this operator to the crossed-channel conformal block ex-
pansion of G is given by

P09 ey

g(l)(Z’ 2) D) a2,0
z—Z

(4.34)

Taking the double discontinuity of it around z = 1 gives

D e

z—Z

dDisc [g(l)(z, Z)] = 2as0sin’ (1Ap)
(4.35)
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Inserting (4.35) into the inversion formula and evaluating the integral gives a
function ¢Y(A, £) with double and simple poles at

A =200+ 2n+L. (4.36)

The double-pole contribution is

(0) , (1),as

(A, ) > —— Int . (4.37)
(200 + 20+ (— A)

Extracting the coefficient of the double pole gives

a9, (Ao — 1)
(s _ _ 20 (Bo 4.38
Tt (+1)(0+200 +2n—2) (4.38)

where the superscript “as” denotes the asymptotic large-spin solution. This agrees
with the resummed asymptotic solution obtained from crossing symmetry [50].
Note that the Lorentzian inversion formula determines the contribution in
the OPE data that is analytic in spin, The result ’yf:)’as has infinite support in
spin. The complete crossing-symmetric solution also contains a contribution with
finite support. For this scalar exchange, that additional contribution is confined

to £ = 0 [50] and will be discussed in the next chapter.

4.3 Large-spin perturbation theory

The inversion formula can be evaluated over the complete Lorentzian integration
region, as in the examples above. However, in many example, the full double
integral cannot be performed in closed form. In such cases, the inversion formula
can instead be used to construct a systematic large-spin expansion of the CFT
data [19,49,53].

For identical scalar operators, the integrand of the inversion formula is sym-
metric under z <» Z. We may therefore restrict the integration region to 0 < z <
z < 1 and multiply the result by two. We can then expand the integrand around

z— 0, zZ— 1. (4.39)

The former limit isolates a particular double-trace family, and the latter deter-
mines its large-spin behavior. This regime is often referred to as the double-
lightcone limit.

In the limit z — 0, the four-dimensional conformal block appearing in the
inversion kernel behaves as

{—A+6

gersa-3(2,2) =2 7 kagpe(Z) 4+ (4.40)




CHAPTER 4. THE LORENTZIAN INVERSION FORMULA 38

Now at a given order in the large-/N expansion, suppose that the double discon-
tinuity of the correlator has an expansion of the form

dDisc[G(z,2)] = Z ZRotn Z fup(2)log? z. (4.41)
n=0 p=0

Combining this expansion with the measure and the small-z expansion of the
inversion kernel reorganizes the integrand in powers of z. At order n, the resulting
coefficient contains the contribution from f, ,(Z), together with contributions
from f,,,(2), with m < n, multiplied by subleading terms in the block expansion.
So the z-integral takes the form

1 41
/ d> ZAO-HH—%—I IngZ _ (_1)p 2P p‘
0

<A7(10} _ A>P+1 :

The total power of z in the inversion integrand therefore selects the double-trace
family labelled by n, and the power of log z determines the order of the pole. In
particular,

(4.42)

Apya 2
z 2 -1 — m, (443)
nt
Aflo’i,fa ) 4
27z llogz —» T T (4.44)
0
(- 2)

So according to (4.27), the non-logarithmic terms determine corrections to the
OPE coefficients, and terms proportional to log z determine anomalous dimen-
sions.

After the pole associated with a fixed n has been isolated, its coefficient is
determined by the remaining z integral which has the form

1
(D] = /0 dz 2%, F (B, $:26:2) D(2). (4.45)

A4l

where § = =5=. At the position of the pole associated with [0O],, ;, we have

B=0+Ao+n. (4.46)

The integral (4.45) contains the full dependence on the spin and can sometimes

be evaluated exactly. However, at large ¢, it localizes near zZ = 1, so the expansion

of D(z) around this region determines the asymptotic expansion of the CFT data.
It is natural to organize this expansion in terms of the conformal spin

P=BB-1)=U+Ao+n)(l+Ap+n—1). (4.47)

The expansion obtained from the inversion formula then takes the form of a series
in inverse powers of J, possibly accompanied by powers of log J. The practical
procedure for extracting successive terms in this series will be described next.
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4.3.1 The peeling method

We now develop a systematic large-J expansion of J3[D]. The basic ingredient
that we use is the integral

1
I(q1,q2) = / dzZ"(1 — 2)25F (g3, 93; 2¢3; 2)
0

(g + D% (qo + DT(2q1 + 2¢2 + 4)

_ , 4.48
(g1 + g2+ 2)I(q1 + 22 + 3) (4.48)
where
GB=q+q@+2 (4.49)
To use this identity we expand D(z) near Z =1 in the form
- > 1 _ Z a+m
= g L2 — (4.50)
m=0
where « is the leading power of 1 — Z.
Substituting the m-th term of this expansion into Js[D] gives
1
/ dzz2°o7m 2 (1 — 2)*Y Fy (B, B;26; %)
0
=I(f—a—m—-2,a+m), (4.51)
for which the condition (4.49) is satisfied. Using (4.48), we obtain
r'B—a—-—m-—1)I? HI(2
I(f—a—m—2,a+m)= (B-a-m-DIa+m+l) (/8) (4.52)

2B +a+m+1)

The coefficients d,,, can be found recursively without constructing the full
expansion (4.50). The first one is

do = lim =———D(2). (4.53)

After subtracting the terms already determined, the next coefficient is obtained

from

—a+m m—1

dp = lim ————— dj

=01 (1— 2)O<+m -
]:

— OH-J

(4.54)

zaﬂ

So, at each step, the leading term near z = 1 is removed before the next one is
extracted. This successive subtraction is the reason for the name peeling method.
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Having found the coefficients, the integral can then be written as
:del(ﬁ—a—m—Q,a+m). (4.55)

This is a series expansion in 1/J%. To see that, note that

I(f—a—m—2,a+m)

I(f—a—2,a)
I‘20z+m+1 H 1 MPa+m+1) 1
- T2(a+1 J2—(a+r)(a+r+1) M2(a+1) Jzm
(4.56)

Therefore, each subleading term is suppressed by two additional inverse powers
of the conformal spin. The expansion is consequently organized in even inverse
powers of J, in agreement with large-spin reciprocity [48].

Logarithms of 1 — Z can be treated using the representation

log?(1— z) = lim w? [(1 —z)"* —1]". (4.57)
w—r00
After expanding the power in brackets, the peeling procedure is applied to each

term with « replaced by « + r/w, where r = 0,...,q. We then take the limit
w — 00. This produces powers of log J in the large-spin expansion.

4.3.2 Generic exchange

We now illustrate the large-spin expansion with the exchange of a generic primary
operator. Let U denote a generic primary operator in the O x O OPE of dimension
Ay, spin {y, twist 7y = Ay — {y, and squared OPE coefficient aa,, ¢,. Its direct-
channel contribution to the correlator can be written as

G(u,v) D any .oy u™V'? gu(u,v), (4.58)

where gy denotes the corresponding reduced block. By crossing symmetry, this
contribution implies a term in the crossed channel

Ao v /2-A0

g(ua U) D Ay by U gU(Ua U) (459)

Inserting (4.59) into the Lorentzian inversion formula and taking the mentioned
double lightcone limit gives the contribution of U to the anomalous dimensions
of double trace operators at large spin expansion. If U first enters the OPE with
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coefficient of order N~P, then its contribution to the correlator starts at order
N~?P. For leading twist, the large-spin anomalous dimension takes the form?

A(A07£U77'U)+B(A076U77'U>_I_O( 1 )’

N% g, = (4.60)

JTU JTU +2 JTU +4

where J? = ({ + Ap)({ + Ap — 1) is the conformal spin for the leading twist
double trace operator.
The coefficients A and B are given by

F(A0>2 F(2£U + TU) |: . F(TU - 2)
T(Ao — Z)*T(ly + ) I'(—Ly)(ly + 10 — 1)

AAy Ly F(AO)2 F(2€U + TU) R(A(i%gUaTU)F(TU - 2):|

B = [73 Ao, Ty) +
2 T(Ao-%)T(w+%) P IR TU24 o

} . (4.61)

A = _QQAU75U

where
2
P(Ao, 1) = 7 — dry (1 4 3(Ap — 2)A0> Y (1 ~ Ao+ %) . (4.63)
and
R(Ao, by, 1v) = 1208 [465 — (tv — 2)* + 4ly (10 — 1)] — 3(% — 4)°
— 403 (=12 — 101y + 7)) — 4ly (1 — 1)(—12 — 107y + 1)
+12A0 [(TU — 921y +2) + (2 — 7y — 8)
-+ EU(TU - 1)(7’5 - 4TU - 8)]
(4.64)

For the case of single trace exchange, as a simple example, suppose that U = O.
Then p =1, 7y = Ap, and ¢y = 0. Inserting these data in (4.60) gives

(1),as _QCLAO’OF(Ao)?’ 1

70,( - F(A2_O)4 JAO
. CLAO,OF(A(Q):S A@(AO - 2) (11A?9 - 1OA() - 4) 1 4 ) 1
24T (42)" Ao —1 Jho+2 Jhott
(4.65)

Here an, 0 = fdoo- The result obtained in this way is the asymptotic solution
with infinite support in spin. In general, as we already mentioned, crossing sym-
metry also requires a contribution with finite support in spin. We will discuss this
finite-spin contributions for some special example in the next chapter. In chapter
9, we will distinguish these asymptotic and finite pieces diagrammatically.

1Using the peeling method, this can be continued systematically to higher orders in 1/J2.



Chapter 5

Spin sums and finite-spin
reconstruction

In the previous chapters we introduced the Lorentzian inversion formula and we
discussed how it can be used to extract the CFT data from the singular behavior
of the correlator in the crossed channel. We also provided some examples.

However, in the conformal block expansion, observing the singular behavior
of the terms is not always trivial. For a finite sum of exchanged operators one
may freely interchange the double discontinuity in the inversion formula with the
sum. For an infinite tower this is not automatic. Namely:

dDisc

> hn,g] # > _dDisclhn, > hae=G(u,v). (5.1)
nl n,f n,l

Infinite spin sums can generate singularities which are invisible term by term.
This mechanism will be central in chapter 8.

A sufficient condition to make the inequality of (5.1) into equality is that the
function h,, , has finite support in spin.

A convenient way to organize such sums is through twist conformal blocks.
These functions collect all operators belonging to a fixed twist family, We use
the Casimir recursion relations to find the behavior of such infinite sums around
z=1.

Another reason to study such sums is that the large spin solution obtained
from the inverision formula does not always give the complete solution to crossing.
In the presence of tree-level exchange, crossing requires additional contributions
with finite support in spin. We will review the construction of a finite-dimensional
projection of the crossing equation which determines these terms. We will first
apply it to a scalar exchange and then to a contact interaction, for which the
asymptotic contribution vanishes and the entire anomalous dimension has finite
spin support.

42
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5.1 Spin sums

Consider the double-trace family [OO], , with 7,, = 2Ap + 2n. We define the
family of spin sums

\Tn/2
_ ZzZ ~ _
Hflm)(z, z) = Zag ( J)2m Gni(2, 2), (5.2)
¢
where J is the conformal spin and
Grat(2,2) = (22)2Gne(2, 7). (5.3)

(5.2) represents the general structure of spin sums that appear in the conformal
block expansion of double-trace operators. In the literature, these objects are
often referred to as twist conformal blocks [8,49, 50, 62].

Inserting the explicit form of the four-dimensional conformal blocks (2.57)
into (5.2), we obtain

1 . .
H™ 2,Z) = —(z™2F, 2 (2) H™(2) — 2™/ Fr, s (2) H™(z , 5.4
n Z— Z 3 n 3 n

where
(0)
. a
m) () = Z J%ni ZTn /2 Fruy(2), Tn = 200 + 2n (5.5)
¢

Our goal is to determine these functions in the limit Z — 1. The functions
H,gm)(z) satisfy a recursive differential equation of the form [50]

Dy H™ Y (2) = H™(2),  Dyg=zDz", (5.6)
where the differential operator D is given by
D = (1 - 2)2?0? — 2%0,. (5.7)

A similar relation holds for FL(lm)(Z)
Given fIﬁO)(Z), the recursive relation allows us to determine Hy(lm)(i) for all
m. We now review the steps of [50] to extract a9 (z).

fly(lo)(i) appears in the conformal block expansion of the generalized free field
correlator,

G0(2) =1+ —— (Y a) Zhy Dy 1(3) - Y 2k 1 (VA (3).

Z—Z
n,l n

(5.8)
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To isolate I:L(,,O)(Z), we use the orthogonality relation

dz 1
izo 2—7”;]{5%1_1(2)/{32_%71(2) = 5n,m- (59)
This yields )
Y (2) = B (2) + B (2), (5.10)
where
B’V(LO)(Z) = Z5m+£,n—1 ai,??g?k?%mq(i), (5.11)
m,l
and 1
0)(z) — _ Ry T NGO
PO (z) 720 ke (2)(z - 2) (g (2,3) 1). (5.12)
Note that

Dy Zko(2) = ala — 1) 2k, (2). (5.13)

(m)

This implies that the functions By ’(Z) can be constructed iteratively such that

Dy BI™Y(z) = B (7). (5.14)
So we can also define P{™(2) to satisfy
Dyq P (z) = PM(%). (5.15)

The functions Bflm)(i) exhibit the same behavior as a single conformal block

in the limit Z — 1. In contrast, Pém)(é) can display new behavior, arising from
the infinite sum over spins.
From the definition of P,(LO), we find that near z = 1

PO (z) = (1_1/# +O((1—z)"2eth). (5.16)

47" (Ao = 1)a(2A0 = 3),
(Dn (Ao —3),

Using the recursion relation (5.15), we can determine the behavior of PT(Lm)(Z)
near z = 1. For Ap —m ¢ Z<,, we find

P (z) = L(l —z)"Rotm L O((1 — z)~ Aot (5.18)

2
(1= Ao)m)
In the case Ap —m € Z<y, we parametrize m = Ap + p with p € Z>o. In
such case, near z = 1 we find
1 Y,
2(p1)* I'*(Ao)

where

Y, = (5.17)

pim=30+)(z) -

(1—2)"log*(1—2)+O((1—2)"log(1—z)). (5.19)
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Finally, we note that in some cases we encounter a more general class of spin
sums of the form

7(m)(a) () — log" J . /2461 F 5.20
¢

such that the previously defined functions correspond to the case ¢ = 0, i.e.
H™(2) = H™O) (). (5.21)

For ¢ = 1, these functions can written as

N 10 1
HMO(2) = =5 o= /O By () (5.22)
n n 2(m+a _
2 Oa - J2(m+ a=0
1 0 -
— - 2 [imta) 5.23
20a " (2) a=0 ( )
— 1 2 B(m+a)(z> + P(m+a)(z)) . (5.24)
20a\ " " a=0

This allows us to define the corresponding decompositions Bflm)(l) and Pflm)(l). In
the case Ap —m ¢ Z<p, we find for the leading behavior near z = 1

PO () = (1~ 2) 20 log(1 — 2) — 24(1 — Ao + m)]

2((1 = Ao)m)
+O((1—z) 2ot og(1 — 2)) .

(5.25)

where 1(z) denotes the digamma function.

5.2 Finite-spin reconstruction

As we discussed in the previous chapter, the Lorentzian inversion formula de-
termines the part of the OPE data which is analytic in spin. However, for a
tree-level exchange, this analytic part does not fully satisfy the crossing equation
by itself. The full double-trace anomalous dimension induced by such exchange
at tree-level can be written as

1 1), 1),fin
1) = A A (5.26)

Here 1)

n,l
1),fin . oo e .
%(l 2 " is required in order to complete the exchange contribution into a crossing-

symmetric solution.

® is the analytic piece coming from the inversion formula and the term
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) o ) . . . 1),fi
We now derive a set of finite-dimensional equations which determines 77(1 Z’ "

This part is basically a quick review of the construction of [50].

We consider the exchange of a scalar operator of dimension two. Its asymp-
totic contribution was derived in the previous chapter using the inversion formula.
We recall that it is given by

2050 (Ao — 1)
(1),as _ 2,0 9
Tt (C+1)(€+ 200 +2n —2)’ (5.27)

The correlator at order N~2 take the follwoing analytic structure around z = 0
and z = 1.

g(l)(z7 2) = 770(2'7 2) 1Og210g(1 - 2) + 771(27 E) IOgZ
+ 12z, 2) log(1 — 2) + n3(z, 2), (5.28)

where the function 7;(z,z) contain no logarithms in this expansion. Now let
us focus on the function 7y(z, z). This function receive contributions only from
the anomalous dimensions, since the corrections to the OPE coefficients do not
generate log z at this order. Moreover, 7y satisfy the crossing equation by itself.

N |
amely, L nae 4
( — ) no(z,2) = (1 — z) no(l—2z,1—2). (5.29)

z

For later convenience, we define

kg (2) = —féi@ 205F (8,511 — 2), (5.30)
so that )
ks(z) = kp(z)log(1 — Z) + terms without log(1 — 2). (5.31)

The coefficient 7y can then be written as

_ fin 7 — 7 _
Mo(z2) = Y alr™ 2% [k (2D 1(2) — k(2 (?)
nl

0 (Das - e
+ Z an,élyn,é Rz k%—l—f(z)k%—l(z)

=Y 2kaprm-1(2) Sn(2). (5.32)

Here S,,(Z) denotes the coefficient of log(1 — Z) in the spin sum S,,(Z), which is
defined as
— 1),as _n _
Su(2) = a2 E T P (2). (5.33)
¢
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The infinite spin sum in this expression can affect the behavior around z = 1.
Hence, in this case, we should first do the spin sum and then expand around
z=1.

Using the form of ”y?(ll’;’as given in (5.27) we can write the corresponding recur-
sion relation for S, (z).

[D4d — (Ao+n—1)(Ao+n-— 2)] Su(2) = — 2a50(A0 — 1) HO(2). (5.34)

We remind that I—ifflo)(,?) = B ( )+ P ( ), where the P part does not contain
log(1 — %), so only BY is relevant here. We recall that

BO(2) = o alyy Zhzp_1(2), (5.35)
m,{

So now using (5.13) in (5.34) we find

. Otm - _
Sn(2) = — 2a30(A0 — 1) % a2 kz_1(2), (5.36)
n,t m,n
where
A = (n —m) (200 +m +n — 3). (5.37)

Although S,,,(Z) was defined by an infinite spin sum, the Kronecker delta restricts
S (Z) to finitely many terms.

We now turn the crossing equation into a system of algebraic equations. For
this purpose, we use the orthogonality relation (5.9) and we define

dZ ZA(’)—?) ~
[Bo) _ ]{ S - ) |
e 20 2 (1 — 2)R0-1 ko ( Z)k T<2) (5.38)

Substituting (5.32) into (5.29) and applying these projectors gives

0)_(1),fin Ao A
ai}%&,g [5n+é p ]r(z 1 21 On—1,p ]’r(L+?()]i|
nt
,as 2a A(g -1 2
+ Zane [ g™ 2’°§ ; : } burea LSy =0 0 0) (539)
p+1,n

This equation holds for all non-negative integers p and g. The first sum contains
the unknown finite-spin contribution, and the second is fixed by the asymptotic
solution. For each p and ¢, the Kronecker deltas reduce the equation to finitely
many terms.
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Now we can solve (5.39) for Vne " by inserting 77(1 2 ** as given in (5.27). This

yields:

GQ,O(AO — 1)2(71 + 1)(2A(9 +n— 3)

(1),fi
e =00 YA~ 1)(2A0 T 90 — 3)(@ho £ 20— 1)’

(5.40)

Therefore, the finite contribution has support only at £ = 0. In Chapter 9, we
distinguish diagrammatically between the finite and asymptotic contributions.

Finally, we also mention that for a quartic contact interaction, no single-trace
operator is exchanged. So in this case we have to solve:

(1),0* A A
Z a, ﬂnzd) [ n+e,p [75—(19,21 —On—1p [7(14-2()] =(p+q). (5.41)

Solving this equation for a quartic interaction without derivatives yields [12]:

ot (2800 —1)(n+1)(Ao +n—1)(2A0 +n — 3)
(Ap —1)(2A0 +2n — 3)(2A0 +2n —1) '

1 4
%(Jd) —560’700

(5.42)

which has support only at spin zero.

The overall normalization of this solution is not fixed by crossing symmetry.
However, in this thesis we fix this normalization by setting %}3"“ = 1.

Finally, we mention that here we used the superscript ¢* to distinguish the
contact contribution from the scalar-exchange contribution. In later chapters, we
might omit this superscript whenever the distinction is clear from the context, or

we might use alternative notation when both contributions are present.



Chapter 6

Mellin space

The Mellin transform provides a representation of correlation functions that is
well adapted to conformal field theory. Similar to the Fourier transform, which
is naturally associated with translations, the Mellin transform is adapted to scale
transformations. For holographic correlation functions, it provides a natural
framework for describing amplitudes in AdS [13, 14, 63-66]. Mellin space has
also been used in Polyakov—Mellin bootstrap methods and in dispersion relations
for CFT correlators [67-75].

The Mellin transformed function of holographic correlation functions is called
the Mellin amplitude. The Mellin amplitude has an analytic structure that closely
resembles that of a flat-space scattering amplitude. Local contact interactions in
AdS give polynomial Mellin amplitudes, and the exchange of a bulk field gives
a sequences of poles in the Mellin amplitude whose positions are determined
by the dimension of the dual CFT operator and their residues encode the spin
dependence of the exchanged operator.

However, this analogy should be understood with some care. A boundary cor-
relator in AdS does not define an ordinary S-matrix, since AdS does not possess
the standard asymptotic states of flat spacetime. The Mellin amplitude is a rep-
resentation of the boundary correlation function, or equivalently of the Witten
diagrams that compute it. Nevertheless, it provides the natural AdS analogue of
a scattering amplitude, so we will regard Mellin amplitudes as the appropriate
notion of amplitudes in AdS. Moreover, in the limit in which the AdS radius
becomes large, the Mellin variables can be related directly to flat-space kine-
matic invariants, and the corresponding flat-space scattering amplitude can be
recovered [13].

In this chapter, we first introduce the ordinary Mellin transform of a function
of one variable. This simple example makes the relation between the singularities
of the Mellin transform and the power-law expansion of the original function
manifest. We then introduce the Mellin representation of four-point functions of
identical scalar operators. Finally, we review the flat-space limit that will be used

49
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in the following chapters.

6.1 Mellin transform

Consider a function f(x) defined for x > 0. Its Mellin transform is defined by

Fs) = / " dea (), (6.1)

0
whenever the integral converges. The inverse transform is

c+100 dS

= — a7 f(s), 6.2
fa)= [ g (62
where the real number c is chosen inside a vertical strip in the complex s-plane
in which (6.1) converges. This region is usually referred to as the fundamental
strip.

Writing © = e¥ and s = ¢ + iv, and defining g.(y) = e® f(e¥), we obtain

flewi) = [yl (63)
So, along a fixed vertical contour, the Mellin transform is the Fourier transform of
gc(y) in the logarithmic variable y = log x, and rescaling of z become translation
of y.

The main property that will be useful for CFT correlators is the relation
between poles in Mellin space and power-law expansions of a function in position
space. Suppose that, as x — 0, the function contains a term

f(z) ~ x%log? x. (6.4)
Its contribution to the Mellin transform near s = —a follows from
1 —1)Pp!
sta—171.p . (—=1)Pp!
/0 dx logP = = Grap (6.5)
Therefore, a power ¢ produces a pole at s = —a, and a term z¢ log” x produces

a pole of order p + 1.
Similarly, if the large-x expansion contains

f(z) ~ 27 log” x, T — 00, (6.6)
then

) g p|
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Therefore, the poles to the left of the fundamental strip encode the small-x expan-
sion, and the poles to its right encode the large-x expansion. These expansions
can be recovered from (6.2) by deforming the integration contour and summing
the enclosed residues.

As a simple example, consider

1
= : 6.8
f) =1 ©5)
Its Mellin transform is
/ 1 +x
™
=T(s)I'(1 - 0 <Res < 1. 6.9
(O =s) = es (6.9
The poles at s = 0, —1,—2,... determine the expansion around z = 0. Closing
the inverse-Mellin contour to the left gives
=> (-m", 2l <L (6.10)
n=0

Instead, closing the contour to the right and picking up the polesat s =1,2,3, ...
gives

Z ) S (6.11)

1+:c_

The two asymptotic regions of the same function are therefore encoded by poles
on opposite sides of the fundamental strip.

6.2 Mellin amplitudes for CFT correlators

We now apply the preceding discussion to the four-point function of identical
scalar primary operators. As in the previous chapters, we write

(O(21)O(22)O(3)O(4)) = fo(;"‘—;A)O (6.12)
where
u =2z, v=(1-2)(1-2). (6.13)

The standard Mellin amplitude is associated with the connected part of the cor-
relator. In the large- N theories considered in this thesis, we separate

G(u,v) = G9(u,v) + Geomn (u, v), (6.14)
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where A
(@)
GO (u,v) =1+ ute + (Q—L> (6.15)
v

is the GFF contribution. It is given by disconnected Wick contractions and, in the
bulk description, by disconnected Witten diagrams. These disconnected terms
can be represented in Mellin space only distributionally and are not included
in the ordinary meromorphic Mellin amplitude. We therefore define the Mellin
representation for Geonn.

A direct double Mellin transform with respect to v and v would already pro-
vide a valid representation of the connected correlator. However, in CFT it is
useful to extract a universal product of Gamma functions from the transform.
For identical external operators, the Mellin amplitude M(s,t) is defined by

100 dsdt t  4—2Ap
Gemitot)= [ it

% T2 (%) 2 (M0—2_8> 2 (ZAOT_U) M(s,t), (6.16)

where the three Mellin variables satisfy

The variables s, t, 7 are Mandelstam-like variables. For identical external opera-
tors, crossing symmetry becomes

M(s,t) = M(s,a) = M(t, s). (6.18)

The Gamma functions in (6.16) are factored out because they contain universal
poles associated with the double-trace operators built from the external field.
The remaining function M(s,t) contains the interaction-dependent information
and is what we call the Mellin amplitude.

Large-N expansion

The connected correlator inherits the large- NV expansion introduced in the previ-
ous chapters,

1 1
Geonn (U, V) = mg(l)(u, v) + mg@) (u,v) +---. (6.19)
Correspondingly, the Mellin amplitude admits the expansion
1 1 1
M(S, t) = three(S, t) + li_loop(S, t) + WMQ—loop(S, t) 4 (620)

Here Myee is the Mellin transform of GV, and more generally the Mellin ampli-
tude associated with G*) corresponds to the (k — 1)-loop contribution in the bulk
perturbative expansion.
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6.2.1 Mellin poles

The one-variable discussion of Section 6.1 can be applied directly to (6.16). For
example, consider the dependence on the variable ¢, which is conjugate to the
cross ratio u. The corresponding Gamma function has double poles at

t=tn, tm=200+2m, m=0,1,2... (6.21)

Namely, near t = t,,,
200 — t 4 1
I? ~ . 6.22
( 2 ) GRS (6.22)

To determine the corresponding position-space behavior, it is enough to use

ul/? w2 (logu\*"
R o) = o (5 (0:29)

A pole of order ¢ in the full Mellin integrand therefore produces a term propor-
tional to log? ' u.

In particular, if the Mellin amplitude is regular at ¢ = ¢,,,, the double pole of
the Mellin measure produces a term of the form

ut° ™ log . (6.24)

If instead the Mellin amplitude itself contains a pole of order r,

(T)(S)
M(s,t) ~ ——L 6.25
(5.8) ~ T2 (6.25)
then the full integrand has a pole of order r + 2 and gives

Geonn (1, v) D uP0T™ log™ ™y, (6.26)

Therefore, a simple pole in the Mellin amplitude produces a log? u term, a double
pole produces a log® u term, and so on.

More generally, at order N~2%, the contribution proportional to log” u is en-
coded by poles of order Kk — 1 in the Mellin amplitude. This relation will be
important in chapter 7.

The pole structure of the Mellin amplitude provides a counterpart of the
conformal block decomposition. Consider a primary operator O, of dimension
A,, spin ¢,, and twist 7, = A, — ¢, appearing in the O x O OPE. Its contribution
to the polar part of the ¢-channel Mellin amplitude takes the form

M(s,t) =Y ane > Qer(s,7) (6.27)
p

—t— (7 +2r)
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The sum over p runs over the primary operators exchanged in the chosen OPE
channel, and the integer r labels their descendants.

The residues Qy, (s, 7,) are Mack polynomials [64,76]. It is useful to separate
a normalization factor and write

-2 F(Ap + Ep)(Ap - 1)€p

4¢p m!(Ap _ 1)m T4 (Ap;rfp> 2 (AO —m— Ap;fp

pr,m(san) = ) pr,m(sﬂ—p)a

(6.28)
where Q, »(s,7,) is a polynomial of degree ¢, in s, and Qo ,(s,7,) = 1. So for
scalar exchanges the residues are independent of the second Mellin variable. For
spinning exchange, the polynomial dependence of the residues plays the role of
the angular dependence of a flat-space partial wave.

The relation (6.27) is written up to some contributions that are regular at the
exchange poles. In a local bulk theory, these ambiguities are polynomials in the
Mellin variables and correspond to contact Witten diagrams. At loop level, they
are related to the freedom of adding local counterterms and hence to the choice
of renormalization scheme.

We now want to specialize the pole decomposition to the double-trace opera-
tors that appear in the large-N expansion. Their twists take the form

Tod | Tt
Tne =200+ 20+ 5+ Th e (6.29)

An important feature of (6.28) is that the normalization of the Mack polynomial
vanishes when the twist is set equal to its generalized free field value. Namely,

1 - 1
2 —p— Tt 1)
(A0 —r—75*) pg(_n_r_;rlT,;Jr...)
n+r)!J? 2 -
= % (52) + o). (6.30)

Thus, the contribution of double-trace operators to the polar part of the Mellin
amplitude begins at order N =% and is proportional to the square of their tree-level
anomalous dimensions.
Combining the primary label n with the descendant level r, the poles occur
at
t=20Ap + 2n + 2r. (6.31)

Defining m = n + r, all pairs (n,r) with the same value of m contribute to the
same Mellin pole. The one-loop contribution can therefore be organized as

= RY(s)
M1_100p<37 t) = Z t— (QA(Q + 2m)

m=0

+ crossed. (6.32)
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Here “crossed” denotes the analogous pole sequences in the s- and w-channels.
The residue Rg)(s) receives contributions from all double-trace primaries with
0<n<m.

When the tree-level anomalous dimensions have support only at ¢ = 0, the
Mack polynomials become independent of s, and the residues become constants.
In that case and specializing further to Ap = 2, we find

m

F —n—i—l)F(m—f—n—l—?)) no)

RW — (6.33)

n=0

This formula shows explicitly how the residues of the one-loop Mellin amplitude
are determined by tree-level double-trace data.
When there are several tree-level contributions, we can decompose

7 = Z'y - (6.34)
Then the square entering (6.30) becomes
(m) Zw LY. (6.35)

Consequently, the residues of the one-loop Mellin amplitude can be decomposed

as
RW — Z [RBY] i)+ (6.36)
,J

where

Zm: —4(2n 4+ 1)(2n + 3)(m + 1)?

M@ ,,1)G)
. 6.37
F'm—-—n+1C(m+n+3) a0 Tnp (6:37)

Rl

n=0

This decomposition will be used in chapter 9 when we introduce the diagrammatic
representation of products of OPE data.

6.3 Flat-space limit

A holographic description of the flat-space S-matrix can be obtained by taking
the AdS radius to infinity. In this limit, the bulk dynamics effectively reduce
to those of flat spacetime, and correlators in the boundary CFT are expected
to reproduce flat-space scattering amplitudes. As first emphasized in [13] and
later further developed in [14], this relation is most transparently realized at the



CHAPTER 6. MELLIN SPACE 56
level of the Mellin amplitude. Indeed the Mellin variables s;;' admit a direct
interpretation as the kinematic invariants in a scattering amplitude, s;; ~ p; - p;,
and the flat-space amplitude can be obtained by taking them to be large. More
concretely

Sij) A i%im2 e = e Sij | 5 Sij > 1,
VOUONT(3Y A -9) Lo Rigs 7)) "
(6.38a)
NF 3 Az — 4 oo d 1 R
A(SU) = (2 ;; 2) hm —a,@%_izi A"eO‘M Sij = ﬂsw >
RAd§3 Rpaas—oo 271 2cv
(6.38b)

where Raqg is the radius of AdSy, 1, and A is a normalization constant which, in
our normalization, we take N = 872.

I'With respect to our previous conventions: sjs =t, s13 = s and s14 = .
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Chapter 7
Bubbles in AdS

In the previous chapters, we introduced the large-N expansion of holographic
four-point functions and the analytic tools used to extract CF'T data from crossing
symmetry. We now apply these tools to loop corrections in a four-dimensional
large-N CFT dual to a scalar theory in AdS with a ¢* interaction.

At order N—*, the full double discontinuity of the correlator is completely fixed
by tree-level OPE data. Therefore, at this order, using the Lorentzian inversion
formula we can extract the full correction to the double-trace OPE data in large-
spin expansion. This provides an alternative derivation of the one-loop results
previously obtained in [§].

At higher orders, the full double discontinuity is no longer determined by
tree-level data alone. Nevertheless, at every order N 2%, the conformal block
expansion of G*)(u,v) contains a contribution proportional to af% (%(A:()))F". This
is the term containing the highest power log” u in the direct channel, which be-
comes the term containing the highest power log" v after crossing. Inserting this
contribution in the crossed-channel into the inversion formula fixes the coefficient
of log" 2 .J in the large-spin expansion of the double-trace anomalous dimensions.
So, although tree-level data do not determine the complete higher-order result,
they determine its leading logarithmic dependence on the conformal spin. We
then resum these leading-logarithmic contributions to all orders in 1/N and or-
ganize them in terms of effective double-trace exchanges with shifted twists.

By reformulating the same contribution in Mellin space, we establish a three-
way correspondence at every order N 2% between the term proportional to log” u
in the conformal block expansion, the coefficient of log"?.J in the large-spin
expansion of the double-trace anomalous dimensions, and the residues of the
poles of order x — 1 in the Mellin amplitude. All three quantities are completely
fixed by tree-level OPE data and encode the same contribution to the correlator.
In the flat-space limit, this part of the Mellin amplitude reproduces the maximal
unitarity cut of the corresponding (k — 1)-loop bubble diagram.

o8
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The chapter is organized as follows. Section 7.1 reviews the tree-level data
and the one-loop correction. Section 7.2 extends the analysis to higher orders
and develops the effective scalar-exchange description. Section 7.3 constructs the
corresponding restricted Mellin amplitude, and Section 7.4 studies its flat-space
limit and its relation to cuts of bubble diagrams.

7.1 Tree-level data and one-loop correction

We consider the four-point function of an identical scalar single-trace operator O
in a four-dimensional large-N CFT. We impose a Z; symmetry under O — —QO
and focus on the sector dual to a scalar theory in AdS with a ¢* interaction.
Gravitational interactions and additional single-trace exchanges will be neglected.
The O x O OPE therefore contains the identity and the double-trace operators
[OO],, ¢, together with higher even-trace operators that can enter at subleading
orders.

We use the large-N expansions introduced in (4.23)-(4.25). For the non-
derivative quartic interaction, the tree-level corrections have support only at spin

zero [12]. Fixing the normalization by requiring ’y(% =1, they are

(QAO — 1)(7”L + 1)(2A@ +n — 3)(AO +n — 1)

W _ 7.1
Tn0 (Ao —1)(2A0+2n —3)(2A0 +2n—1) ' (7.1)
which is what we derived in (5.42), and
1
alh = 50a (alhl1). (7.2)

All corrections with ¢ > 0 vanish at this order. For Ap = 2, the anomalous
dimensions reduce to

3
b = 2n ?fij(;rf 3) (7.3)
At order N~*, the conformal block expansion contains the term
G (u,v) %Z () w0 logu + 0,2 fanguano(wv).  (T4)
After crossing, its leading logarithmic part is
G®(u,v) > %UAO log>v > al) (%213)2 V" Gang42m0(V, 10). (7.5)

The other terms contain at most one power of logv and have vanishing double
discontinuity. Therefore, using (4.12), we obtain

2 2
dDisc [Q(z)(z, zZ)] = %UAO Z aﬁ% ('yff%) V" Ganp+2n,0(V, ). (7.6)
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So, at this order, the full double discontinuity is determined entirely by the

generalized-free-field OPE coefficients and the tree-level anomalous dimensions.
We now set Ap = 2 and project onto the leading-twist double-trace operators

by retaining the leading term in the small-z expansion. We define the functions

D@ (z) and R (%) by
dDisc [g<2>(z, zZ)] =2 [D(Q)(Z) logz + R(Q)(Z)} +O(2%). (7.7)

The function D?(z) determines the anomalous dimension, and R®) (%) deter-
mines the correction to the OPE coefficient. Expanding the crossed-channel scalar
blocks and performing the sum over n, we find near z = 1

10872 /1 — 2 4272 /1 —2\2
DO(z) = —6x2 — 1007 ( Z>—3 " ( Z> e (18)

5 z 35 z
Using the small-z form of the inversion formula kernel, the z-integral of the log-

arithmic term will be

1
/ dz 277 log 2 = —%. (7.9)
0 (44+¢—A)

It therefore produces a double pole at A = 4 + /. The coefficient of this double
pole is determined by the remaining z-integral,

! 04 A A
/ dzz7 2, F, <T+€ TJFE; A+ 0 2) D) (). (7.10)
0

This integral is evaluated at large spin using the peeling method described in
Section 4.3.1. Each successive term in (7.8) contributes two additional inverse
powers of the conformal spin J? = (¢ + 2)(¢ + 1). The resulting anomalous
dimension is

) 6 18 96 360 74304
=——11 o 7.11
Yoo = T ( Tsr T TA T e Tas st (7.11)
This agrees with the one-loop result obtained in [8].
Applying the same procedure to R(?)(z) gives
(2)
a5, 6 50 1048
W‘ﬁ(l 10J2+35J4+"')' (7.12)

Qo ¢
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7.2 Higher orders

7.2.1 Anomalous dimensions

At order 1/N*, the contribution in (7.5) captures the full double discontinuity
of the correlator and therefore determines both 7(()’22 and aé?g completely. At
higher orders this is no longer the case: dDisc receives contributions not only
from tree-level data, and in general fixing the corrections at order 1/N?* requires
knowledge of the full set of OPE data at order 1/N2*~Y_  Nevertheless, there
is always a universal part of the correlator that depends only on the leading
OPE coefficients asgz) and tree-level anomalous dimensions 77(5()), which produces
a non-vanishing dDisc. This contribution is the higher-order analogue of (7.5),
namely .

Gt 5 5 —utlog™ v Y ayy(1.0) V" Garano(v,u) (7.13)

n

where we have set Ap = 2. While this does not reproduce the full dDisc, we will
see that these “leading-log” contributions still control a specific part of the OPE
data. To distinguish the data extracted by inverting only this partial contribu-
tion from the full result, we will denote them with a *.

To see how this mechanism works, we first project onto the leading-twist sector
and evaluate the double discontinuity using (4.13). As in the one-loop analysis,
the term proportional to log z produces a double pole at A = 4 + /. At general
K, its residue contains the combination

K—2
1 (0) 2 () - (0) 2 (i)
a + a : (7.14)
(A— <4+£))2 [ 0,4 10, : 0,4 10,0
For k = 3, the sum in this expression is absent, and the double pole directly

determines f“yé?g) . The corresponding contribution in (7.13) is

1 3
G® o 4—8u2 log® v Z a,(l()’()) (7%) V" Garono(v,u). (7.15)

n

The only new feature compared with the one-loop calculation is the additional
logarithm in the z-integral, since

dDisc [log*(1 — 2)] = 127%log(1 — 2). (7.16)
We treat this logarithm using

log(1 —2) = lim w[(1-2)"* —1], (7.17)

w—00
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which is the ¢ = 1 case of (4.57). So applying the peeling procedure of Sec-
tion 4.3.1 we find:

) 6 924 (log J + ) — 899
4% = — (log J +5) + (log J + 7e)

7 9576 T

where g is the Euler-Mascheroni constant. The simple pole similarly gives

(7.18)

iy 6
0,0

A remarkable feature of these results is the appearance of log.J, unlike the re-
sults at previous order. This is significant for two reasons. First, from the in-
version formula, terms of the form log™ 2. can only arise from the integration
of log" ?(1 — 2). As follows from (4.13), this is the highest logarithm generated
in the double discontinuity by the log”v contribution in (7.13). So it follows
that the log.J part of 43 exactly matches the corresponding piece of the full
anomalous dimensions, and more generally

+ (k) _ )
Yo, logi2y Yo,/ (7.20)
with an analogous statement for the OPE coefficients. Second, this behavior could
have been anticipated from the structure of the correlator and in particular its
behavior under crossing symmetry. In fact, when expanded in conformal blocks,
G®(u,v) contains a contribution of the form

1 -
G (u,v) > utlogu Y alPrDier(u.v). (721)
¢
At large ¢, or rather large J, this contribution leads to [49]
1 o logJ, ~ log ulog®
ogu Y ay)—i-Garss (1, v) ~ logulog’v. (7.22)
7

This log v originates exclusively from the log J term and, upon crossing, provides
precisely the contribution required to reproduce the a(® (V)3 1og® ulogv struc-
ture in (7.13). For the same reason at higher order we expect log" 2 J. Starting
from k = 4, however, the situation becomes more subtle because the residue of
the double pole contains not only the new correction to the anomalous dimension
but also contributions proportional to lower-order data. Concretely, at kK = 4, as
follows from (7.14), the relevant structure is

Q5070

0
ag

~(4
9+

(7.23)
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Nevertheless, using the explicit results of (7.11) and (7.12), one sees that the
second term cannot generate log® J. Hence any log? J produced by the inversion
formula at this order must come entirely from ’y((f‘g). And by the same logic as
above, this contribution coincides with the corresponding piece of the full anoma-
lous dimension. In general, we can therefore state that the leading-logarithmic
part of the double-pole residue in (7.14) determines the coefficient of log" 2 J in

the large-J expansion of 7(()';),

where explicit evaluation for several values of x yields

k—1)"

4(=1)" 8\
s = L (142 7.25
4(—1)~tt 8\" 81\"
s == (1-7(2 7| —= .
P T(k—1) 5) T35
Reinstating the factors of 1/N, this series can actually be resummed in &, giving
the leading large J contribution to the leading twist anomalous dimension vy, =

Ve )
1 6J ™2 4 1 32 s
’VZ(N)%m[_ JA +ﬁ<J NQ—EJ 5N2)
(7.26)
4 1 448 s 6561 _ s
‘ﬁ(‘] i T ) T

Here the powers of J can be recognized as precisely the tree level anomalous
dimensions 7,% defined in (7.3),

M _ 4

1 8 1 81
Yoo = i,) =

- P 7.27
This observation leads to a compact expression for the resummation of the leading
logarithms,

y

1 fin X
707£(N) yleading ]og ~ m J4+2n+2m+€n P €n - T’Q’ (728)
n,m>0

where the coefficients f,g% are independent of N. In the next section, we will
interpret this result from an effective field theory point of view.
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= fooxn foox.,
Ay, =200 +2n

Figure 7.1: Spectral decomposition of bubble diagrams as a sum over tree-level
scalar exchanges.

7.2.2 Interpretation as a scalar exchange in AdS

To understand how an effective description emerges, let us return to the case
k = 2. In this situation, the one-loop bubble diagram can be decomposed, via
the spectral representation of [16], into a sum over tree-level scalar exchanges
Xn, With dimension 2Ap + 2n, as illustrated in Fig. 7.1. At this order, using the
appropriate OPE coefficients and setting A, = 4+2n, one recovers the result for

yé?z) in (7.11), where the exchange of the scalar of dimension 4 + 2n contributes
starting from 1/J%72". At higher orders in 1/N, we would like to push this
analogy further and formulate an effective field theory at large spin. The idea is
to not consider explicit loop computations and instead promote each of the scalars
Xn to dynamical fields in AdS with shifted dimensions A, = 4 + 2n + ﬁ%%
At large spin, the anomalous dimension of leading-twist double-trace operators

induced by the exchange of an AdS scalar takes the form [42]

L 9R30 T(R0PT(Ay,)
WN_JAX"I‘(AO—MYI‘(%)T (7.29)

2 2

Focusing for simplicity on the case n = 0, and substituting the large-N expansion
of the OPE coefficient and the shifted dimension, one immediately reproduces the
leading log J term multiplying 1/.J*

_ 3 1 (0) (1) K (—1)H 1Ogﬂ_2 J
wE T ; N2 100 (7070> N(k—1) (7.30)

where we have used 7((),18 = 1 and a(()?()) = 2. Similar logic applies for n > 1. In

this case, the expression in (7.29) does not fully determine the coefficient of the
1/J42" term, but it does fix the universal contribution corresponding to

136+ 1T 1)t 1
N* (2n 4+ 1)T'(2n +4) jatontrly/N>

(7.31)
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7.2.3 Subleading twist

So far our analysis has focused on the leading-twist operators, but the same
procedure can be applied to double-trace operators with higher twists. As an
illustration, consider the case n = 1. By extracting the z® contribution from
dDisc, one finds at large spin, for the first few orders in 1/N,

@ 30 314
ST (1+25J2 )

w30 2402

125.J2

18666 )

~ 2
Yo~ ——; log J(1+625J2+-~-

where we have omitted terms suppressed by lower powers of log J and in this case
J* = (0+3)(0+2).

It is important to mention that starting from twist eight, the anomalous
dimensions extracted from the double poles of the inversion formula may not
coincide directly with those of the pure double-trace operators. In fact, at 1/N*
order and beyond, quadruple and higher-trace operators also appear in the OPE
and mix with double traces of the same classical dimensions.! As a result, what is
obtained from the double-pole structure is an average anomalous dimension over
all such operators, and a proper diagonalization of the mixing problem would be
required to isolate the individual contributions.

7.3 Mellin space

The Mellin representation of the four-point function, its crossing properties, and
the pole structure of loop amplitudes were reviewed in Chapter 6. For higher
loops, we will instead focus on constructing a Mellin amplitude that reproduces
only the leading-log contribution in (7.13), which takes the form

= RSV (s)
R o m
M(H—l)—loop(s’t) = mz—:(] (i — 2Ag + 2m)) ! + crossed . (7.33)

Although this is only part of the full solution, it already captures significant
physical information. In what follows, we show how the coefficients RY%™Y can be
derived from tree-level data and how they reproduce the anomalous dimensions

'yé;) obtained previously.

'Recall that we define quadruple-trace operators and in general Q-trace operators as opera-
tors with 7 = QAp + 2n.
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7.3.1 Extracting the Ra(q'f_l) residues

The analogue of the conformal block decomposition for the Mellin amplitude
and the normalization of the corresponding Mack polynomials were reviewed in
Section 6.2.1. Specializing to the case where O, are the double-trace operators
with scaling dimensions and OPE coefficients given in (4.24) and (4.25), we get

(0) e (1) (2)
Upy + St )ng(s 20p + 2n + by Tnt oy )

M(s,t) = Z NG 4o
m.n t—(?AO—i—Qn—i—Qm—I— ](;;+134‘+ )

(7.34)
We first expand the Mack polynomial and by using (6.28) it is straightforward to
verify that

7<1> 7(2{; 7(1; 2
Qe,m< 200 +2n+ — Nz + Nn4 +- ) x ( - ) Qe (8,200 +2n) + O(N ).

(7.35)
In our setup, only the spin-zero tree-level anomalous dimension are non vanishing,
we can therefore set ¢ = 0, and upon further specifying Ap = 2, we obtain
(1)y2
(o) @n+3)P@n+3)T(m+n+1)° (7.36)

Com =~ 2T (m + 1)I(n + 2)*T(m + 2n + 3)

Plugging this into (7.34), we find that at order N2 the Mellin amplitude con-
tains a contribution of the form

Mo (5.8 > 000D (2 3T + 3T+ 4 1)
(k—1)-loop\ %) (t—(4+2n+2m))120(m+ 1)I(n+2)*T(m +2n+3)
(7.37)

This is precisely the term to be compared with M(,’i 1)-loop 1 n (7.33) in order

to extract the residues RV, After substituting the explicit OPE data and
changing variables m — m — n, we finally obtain

i 4-3%(n 4+ 1) (m +1)?

Gnt 1 n 3 Tm—n+ )imtnts) 50

n:0

Apart from the case x = 2 this expression cannot be resummed in an explicit
closed form 2. However, in the form given above it becomes particularly con-
venient to extract the large-m behavior, which will be relevant in the following.

2Tt is however possible to get a recursive sequence.
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First observe that for m,n large

2m +2
[(m+1)? B 1 (m—n)
Lm—n+)I(m+n+3)  (m+1)(m+2) (2m+2) (7.30)
m
1 _n(n+2)
~~ e mti

)

(m+1)(m+2)

where we have used the expansion of the binomial coefficient (g) for large ar-

gument. Expanding then all the other terms, we obtain

AR N B L 2
R(Ii—l) ~ 2 o _—/ d k2 —x
m TLZ:O 45—2m26 Jr—2 0 T € A
3 +3 (740)
KR r=1
- 22n3r< 2 )m 2

where we have used x = n/y/m. Remarkably, this expression makes manifest the
connection between the residues at order N 2% and the one-loop result

. k4+3Y [ -2\ o
R ”m—GF( : )(9\/%> (RWDys=1 (7.41)

This factorized structure closely mirrors what happens in flat space, where higher-

loop bubble diagrams can be understood as repeated insertions of the one-loop
one. We will return to this analogy in more detail in Sec. 7.4.

7.3.2 Connection to %Z)

So far, we have showed that the coefficients RU™Y are uniquely determined from
the tree-level OPE data. At the same time, in Sec. 7.2, we have seen that the
same information fixes the leading log.J contributions to the anomalous dimen-
sions at each loop order. This strongly suggests a direct correspondence between
the R terms in (7.33) and the leading large-J behavior of the anomalous
dimensions in (7.23).

As derived in detail in [8], by matching powers of logu and performing a
conformal block decomposition in Mellin space (analogous to (7.4)), one can
express the correction to the anomalous dimension at order N~2% in terms of the
corresponding Mellin amplitude

; 1 [ s\2. (200 — 5\ ° —0, (4+20p—1, &
'Y(g,z)>0 = ds M(lnfl)-loop(s’QAO)F(i) F( 2 ) 3F2( Ao, Xo ik

_% —100
(7.42)
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where M(,H—l)—loop(s7 2Ap) denotes the Mellin amplitude with the t = 2A» pole
subtracted. For large ¢, or equivalently large conformal spin J, the hypergeomet-
ric function admits the approximation

3Fy (_E, EZO%AOA; 1, %; 1) ~ F(Q(iol)Qﬁ ( ) ( ) F<(A52 ﬁJ(QAO — 5)

1 3Aps? — 53 — 352 — 2s
ﬁj(s)——JS (1+ 1272 S
(7.43)

At leading order this gives

s\2 2A0—s)2
K I'A (2 (220 =5
Vot N — HAo) / ds M{,_1)100p(S ,2Ao)( () + 5 )>, (7.44)

200~
27 ioo Js J2Ao—s

where we have set (—1)¢ = 1, since only even spins are exchanged. From this
expression, it is straightforward to see that the leading log J term can only arise

from the part of the Mellin amplitude we have denoted M (n—1)-doop 111 (7-33).
) oo K— S 2 —S 2
0 o LI(Bo) /w}s 3 Ry L3, M(35=)
0.1 2mi )i A= (5 — (200 +2m))t T8 J#o=s |7
(7.45)

The first term can be evaluated by closing the contour to the right and picking up
the pole at s = 2A» + 2m. Since each of them contributes a factor J—(280+2m)
for the leading contribution at large spin we can set m = 0. To evaluate the
second term, we can close the contour to the left and since there are no poles, it
simply vanishes. We therefore obtain

(k) - (—1)” log“ 2J
70,K>>1 ~ F(li — 1) JQAO

RyIT(Ao0)! +

(171 g (7.46)
k\ " Og’i
= —a)(160) WF@AO),
where in the second line we have used
e . T'(2A
R = o s (7.47)

o0 (M)t

Notice that setting Ap = 2, this expression exactly reproduces our previous result
in (7.30) and more generally, it makes manifest the direct correspondence between
the leading log J behavior of the anomalous dimension at (k — 1)-loops and the

restricted Mellin amplitude M (k—1)-loop"
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7.4 Flat-space limit

The flat-space limit and the integral transforms relating Mellin amplitudes to
flat-space scattering amplitudes were reviewed in Section 6.3. We now apply this
relation to the Mellin amplitudes obtained above.
Let us illustrate this by analyzing the one-loop result. For A; = 2, the Mellin
amplitude takes the form
(1)

m

M0 = 270 o)

+ crossed. (7.48)

To apply the flat-space limit, we must take s,¢ > 1 large. In this regime, the m
sum is dominated by terms with m ~ s,t > 1, so it can be approximated by an
integral. Focusing on a single channel, one finds

(7.49)

My _100p (1) \/_/ dm

where we have used the large m approximation of RY in (7.41). The integral is
divergent, but it can be regularized as

w2/m

leloop(w \/_/ dm ) (75O>

so that onc can first evaluate the integral and then set j = % and w = 0. This
yields

1 2Tme/—t
Ml—loop(t) ?NZ - 16\/_ . (751)

Plugging this result into (6.38b) we get

97 RA 45
Al—loop 8N4d NV (752)
This should be compared to the corresponding flat-space amplitude, namely the
bubble diagram in five dimensions. A straightforward evaluation of the integral,
including its symmetry factor, yields

VT
Al—bubble — )‘ﬁat 2567 <753)

The two results have exactly the same y/—T1 behavior, and this comparison fixes
the flat-space coupling to be

12v2nRass rip 48T Raas (7.54)
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where in the last equality we used N = 872.

From two loops onward, the flat space amplitude receives contributions from
Feynman diagrams of different topologies, but at each order there is always a
contribution from a chain of (x — 1) bubbles at (k — 1)-loop order. In flat space
such diagrams are simple to compute, as they factorize:

(A1 _pubble)™

flat

A(k—1)-bubble = (7.55)

Substituting this into the flat-space formula (6.38a) predicts a Mellin amplitude
of the form

1 PR SRS LI
M (.—1)-bubble(t) & (—t) T N2 73722 ° F( )

N2 2
= JJZH(MWP@))”W%Q?'5<—1>“3““7r3?r “;3 ,
(7.56)

with My _100p(t) in (7.51). It is now interesting to interpret this result in light of
our expression for the R,, coefficients. Focusing again on a single channel, we
recall that

n 1 Ry
M, = = : :
(r=1)-doop 7 N2 ; (t— (4+2m))s1 (7.57)

Using the large-m expansion of the residues given in (7.41), this can be rewritten

as
k+3\ [ -2\ 1 (RW)r—1
ME = —6T :
(H—l)—lOOp ( 2 ) (9\/7_1_) NQH ; (t _ tm)ﬁil ) (7 58)
where we have defined t,, = 4 + 2m. This result should be compared to

R,&}L) k—1
(Mi100p(1))* " = (Z ) . (7.59)

0t —t,

The two structures are evidently not equivalent: expanding the latter produces, in
(Rg))nfl
these cross-terms generate lower-order poles®, thus contributing to subleading

addition to the diagonal terms also cross terms with m; # m;. However

3As an example, consider k = 3

(1)y2 G R
Moo ()2 = (Rm 9 L,
(Mi-100p(t)) Z (t —tm)? * Z (t —tm)(t —tn)
- — (7.60)

(t—tm)l(t—tn) B (tml—tn) (t—ltm - t—ltn> - Q(ml— n) <t—1tm - t—ltn> '
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logarithms in position space. So as far as the leading log results is concerned we
can approximate

K+ 3 —2\""' 1
ME = —6I —— (M _1o0p ()1 7.61
(=1)-loop leading log ( 2 ) (9\/%) NQH( - p( )) ’ ( )

and fixing N' = 872 this exactly matches the expectation from (x — 1)-bubbles
in (7.56). In this way, we have shown how M?% precisely captures the contribution
of bubble-like diagrams, providing the Mellin-space counterpart of the flat-space
factorization property of bubble diagrams.

This correspondence with flat-space bubble diagrams also clarifies the role
of the R, coefficients. In flat space, the (k — 1)-loop bubble diagrams are the
only diagrams that admit a maximal cut in one channel, obtained by putting all
propagators on shell. Concretely, each propagator is replaced by a delta function,

1 .
e — 2mid(p?) , (7.62)
so that the diagram reduces to a product of on-shell phase-space measures. For
a chain of (k — 1) bubbles, this procedure yields

k—1

max Cutt—channel [A(n—l)—loop} 0.8 (_T)T . (763)

Remarkably, the same scaling is already encoded in the Mellin amplitude M%,
and in particular in the residues of its (k — 1) poles. In the large-m regime, it is
enough to identify m ~ T'/2 in the expansion of R,,, obtaining

RS D(m =T/2) x T*F | (7.64)

which exactly reproduces the dependence of the flat-space maximal cut. This
observation, first emphasized in [31], shows that the Mellin-space residues provide
a direct counterpart of flat-space maximal cuts. More conceptually, it highlights
that information contained purely in tree-level data already fixes universal aspects
of loop amplitudes, as illustrated in Fig. 7.2.
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Figure 7.2: Schematic relation between the order-(x — 1) residues of the Mellin
amplitude, fully determined by tree-level anomalous dimensions, and the maximal
cut of the (k — 1)-loop bubble diagrams.




Chapter 8

Higher-trace operators

In the previous chapter, we studied a universal part of the double-trace OPE
data that is completely fixed by tree-level data. We showed that this contribu-
tion is related to maximal cuts of bubble Witten diagrams and that, at order
N~—2¢_ it determines the leading log" 2 J behavior of the double-trace anomalous
dimensions.

One aim of this chapter is to understand what additional structures are gen-
erated in the conformal block expansion once infinite spin sums of double-trace
data are treated carefully. A key point, discussed in Chapter 5, is that such sums
can produce behavior in the small cross-ratio limit which is not visible at the level
of individual blocks. After applying crossing symmetry, these terms can have the
power-law structure expected from the exchange of higher-trace operators. In this
way, higher-trace operators appear as a necessary part of the crossing-symmetric
completion of the lower-trace data.

We analyze this mechanism in theories dual to bulk ¢* and ¢?® interactions.
In the ¢* theory, the crossed image of double-trace spin sums at order N8 gives
rise to quadruple-trace operators. We compute the leading-twist OPE coefficients
of these operators, as well as their first anomalous dimensions. In the ¢ theory,
k-trace operators appear at order N~2* and we determine the leading logarith-
mic part of their large-spin OPE coefficients. The diagrammatic origin of these
relations will be discussed in the next chapter.

Before turning to the higher-trace sector, we collect the double-trace data
that will be needed in the calculation.

73
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8.1 Double-trace data

8.1.1 Bubble data

In section 4.3.2 we studied the effect of generic exchange of an operator U to
the double-trace spectrum. Here we want to specify to the case in which the
operator U itself belongs to the double-trace tower. One should first observe that
the generic-exchange result in (4.60) vanishes whenever

U — QA(') € 2ZZO7 (81)

which precisely corresponds to the bare twists of double-trace operators. The
non-trivial contribution appears only after including anomalous dimensions and,
in general, after summing over the relevant tower of exchanged operators.

As discussed in Chapter 5, an infinite spin sum can generate singularities that
are invisible term by term. However, in the case of a ¢* interaction, the tree-
level OPE data have support only at spin zero. The corresponding anomalous
dimensions and OPE coefficients were given in (7.1) and (7.2). Because of this
finite support in spin, one may treat each exchanged operator independently and
afterwards sum over the level n.

We introduce the shorthand

e9) 1)

_ Tno © |, Anp

€n = 2 Un =y o+ =5 (8.2)

We then define an effective scalar exchange with

v =200 + 2n + €,, ly =0, Ay 0 = . (8.3)
This leads to F
Yoo = Z J2Do+2nt2mten (8.4)
n,m>0

The hat indicates that we keep only the contribution determined by tree-level
OPE data. The coefficients f,,,,, depend implicitly on NV and they can be expanded

as:
(0)

from = % + O(N™%). (8.5)
This effective description was discussed in the previous chapter for Ap = 2. Here
we extend it to generic Ap by reporting the first few coefficients. Using (4.61)

and (4.62), we find

F(Ao)2r(2A@ + 60)
P(=4)"T(do+5)"

Joo = —2a (8.6)
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['(A0) T (2A0 +2 +¢
Jio = —2a; (2o 2 2 2 27 (8.7)
I(~1-92)"T(Ao+1+9)
and IS
Jor = —4_§ Joo, (8.8)
where
3 — 42 — 12A2 36Apxo — 1620 — 8
S, — xo [xg — 4a oTo + 0Zo Lo ]7 1o =2A0 + €. (8.9)

1'0—1

The same method can be used to obtain arbitrarily high orders in the large-spin
expansion.

Expanding these expressions at large N gives loop-level double-trace data. At
one loop, namely at order N~*, we find

@ T'(2A0)
70,@ - JQAO
Ao 14 Ao (8 — Ao(7+200))] T(2A0) 1
+ 3(1 + QAO)J2A0+2 O J2Ao+4 : <8'10)

At two loops, tree-level data fix the coefficient of log J in the anomalous dimen-
sion:

NO _ I'(240)
0,6 log J JQAO

3(1 + 2A0)2J2Ao+2 J2Ao+4
(8.11)

More generally, at order N~2¢, the part of the higher-loop OPE data fixed by
tree-level input is the leading logarithmic term

o (8.12)

log"—2J ’

Subleading twist

So far we have focused mostly on the leading-twist double-trace family [OO]y .
In the next sections we will also need the large-spin behavior of the full tower
[O0],.s. The analysis of the previous subsection can be systematically extended
to subleading twists, but for our purposes we only need the leading large-spin
behavior at fixed n. We therefore briefly recall the standard large-spin result
of [46].



CHAPTER 8. HIGHER-TRACE OPERATORS 76

For identical external scalar operators of dimension Ay, the anomalous dimen-
sion of the double-trace operator [O0)],,, induced by the exchange of an operator
with twist 7 and spin ¢y has the leading large-spin form

Yn 1
Ine = Jv + O<J7U+2) ) (813)

where for the family [OO)],,, we use the conformal spin defined as J? = ({4 Ap +
n)({ + Ao +n — 1). The coefficient ~, is determined by a finite sum

Yn = Z Cn,mLma (814)
m=0
where
2
1 I'(Ao) 2 n! (Ao — 1)
m = — 20 + —3m—1”+m ,
e, 8[F(A@+m—1) (280 +n = 3)m(=1) (n—m)! |T(Ap — )
(8.15)
and
TU 2 TU
L. =16 aAU7gUF(2€U + TU)F(T)’L + by + 47) P —m, —m, —EU— Iy + Ao — TTU; 1]
F(m+1)2F(€U+%U) l—m—tly—", 1-m~—"ly "¢
(8.16)

Here we remind that aa,, ¢, denotes the squared OPE coefficient of the exchanged
operator.

As an example, at n = 0 only the m = 0 term contributes in (8.14), and one
finds
['(Ao)? T2y + 1)

: (8.17)
D(Ao — %) T(ly + %)

Yo = —2aa,.0,

Let us now specialize this formula to the case of ¢* interaction in the bulk.
As discussed earlier, in order to obtain the effect of tree-level data at all loops,
we can consider an effective exchange with scaling dimension and OPE coefficient
given in (8.3). Inserting this into (8.14) and expanding in 1/N, one finds at order
N4

(2 _ C” 1
’yn,f 7 + O(] ) , (818)
where the coefficient Cn can be find in closed form

2A(9 +7L—3)
I'(n+1)

G =2(1—20p) [2A% + (4n — 5)Ap + 2n° — 6n + 3] I (8.19)
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At order N~%, the result is completely fixed by this effective tree-level exchange.
At order N—%, the tree-level data fix only the coefficient of log .J in the anomalous
dimension. Therefore we find

(3) G 1
Tn.t logJ - 200 + O(J2A0+2) . (8.20)

In the following section, these large-spin data will be inserted into spin sums.

8.2 Higher-trace operators

At higher orders in the 1/N expansion multi-trace operators appear in the O x O
OPE. Thus, beyond the double-trace sector, one must also keep track of the
possible exchange of higher-trace operators.

A simplification can be obtained by imposing a Zs symmetry under O — —QO.
This forbids operators built from an odd number of O’s in the O x O OPE. This
is the situation relevant for a bulk theory with a ¢* interaction, and is the setup
used in the previous chapter. Even in this restricted setup, higher-trace operators
with an even number of single trace constituents appear at subleading orders in
the large-N expansion. However, these operators do not affect the coefficient
of the leading logJ in the large-spin expansion of the double-trace OPE data
studied in the previous chapter.

In this section, we are interested in the OPE data of the higher-trace operators
themselves. We first analyze the appearance of quadruple-trace operators in the
¢* theory. We then discuss the ¢3 theory, where the Z, symmetry is absent and
k-trace operators appear at order N—2* for integer k > 3.

8.2.1 ¢* theory

In the Zs-symmetric case, the OPE takes the schematic form
1
OxO0=1+[00],,+ m[o‘*]q,g,f SR (8.21)

Here [0*],¢1 denotes a quadruple-trace primary built from four copies of O. The
label ¢ denotes its twist level, and I denotes a possible degeneracy label. Unlike in
the double-trace sector, the labels ¢ and ¢ need not specify a unique quadruple-
trace primary. At fixed total twist and spin there can be several independent
quadruple-trace primaries, corresponding to different ways of distributing deriva-
tives among the four single-trace constituents.

The coupling of quadruple-trace operators to the external pair is suppressed by
N~%, provided the quadruple-trace operators are orthogonal to lower-trace fam-
ilies. Therefore their squared OPE coefficients first contribute to the connected
four-point function at order N 8.
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We expand the scaling dimension of quadruple-trace operators in large N as

5(1)
Ao, ,, =400 +2q + 0+ }1\;21+..-, (8.22)
and the corresponding squared OPE coefficients as
0, 1,
Uoter = T io T (8.23)

After summing over the degeneracy label, we define

b0 = Z b, (8.24)
0
b( )5qf_zbqﬂl q,0,1" (825)

So the contribution of quadruple-trace operators to the correlator at order N8
takes the form

GO (u,v) D Y b uttot g (u,v), (8.26)
q,l
where
Giaos20r0e(1,0) = uP2er G0 (4 ), (8.27)

We now consider the contribution to the same order coming from the double-trace
sector. Among the various terms, there is in particular

1 2
GW(u,v) D Z = agz utotn <’y7(122> log® U Gn.e(u, v). (8.28)
n,l

Using the large-spin result in (8.18), we can write
2 _Cnp
(%L 4) Z JAlo+2p” (8:29)
p>0

Inserting this into (8.28) and using the spin sums discussed in chapter 5, this
produces, in the small-u and small-v limit,

GW (u,v) ~ utetmypRotrlog? . (8.30)
Crossing symmetry then maps this behavior to
GW (u,v) ~ uroPy" log? v. (8.31)

The power of u in (8.31) cannot come from the direct-channel double-trace sec-
tor. Instead, it matches the power expected from a quadruple-trace block (8.26).
Thus we see that crossing symmetry forces the exchange of quadruple-trace op-
erators in the O x O OPE. This will become even more clear when we discuss
the diagrammatic representation in the next chapter.
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OPE coefficient

We now want to find the leading OPE coefficient b( for ¢ = 0. Our strategy is to
apply the Lorentzian inversion formula to G (w, ) in the crossed channel. We
then identify the poles of ca, at the positions of the quadruple-trace operators
and read off their residues. For this purpose, the only relevant contribution is
the term displayed in (8.28). Using the functions HY™(z, %) defined in (5.2) the
contribution in (8.28) can be written as

log 2Z ch HRot0) (4 7). (8.32)

We are interested in the behavior of this expression in the z — 1 limit. In the
decomposition of H™ in (5.4), only the second term is relevant for extracting
the crossed-channel singularity that gives rise to the leading quadruple-trace pole.
The first term has the behavior of an individual conformal block near Z = 1, and
therefore does not generate the behavior of interest. Thus we focus on

1 log 2Z)

-3 ch 22 Foya (2) HPAOH(2), (8.33)
Z—Zz

Near zZ = 1, we may replace H, by P,, which is defined in (5.18). Since the other
terms again have the behavior of individual conformal blocks in this limit. Doing
so we find

log? z (1 — 2)%e . l2E (s Ao+
S 111~ Bojaag? o 0 (17010 ) | ))'
8.34

Here the coefficients Y;, are defined in (5.17). Note that at leading order in (1 — Z)
expansion, only the p = 0 term contributes. In other words, only the leading term

g(4)<2,2) o=

in the large-spin expansion of 75?2 is needed to extract b(()oz.
Before proceeding, let us comment on the range of validity of this expression.
As explained in the chapter 5, the relation used above holds provided

A(g —m ¢ Zgo. (835)

In the present case m = 2Ap + p, and therefore this condition excludes integer
values of Ap. This is precisely the case in which the double-trace and quadruple-
trace towers can mix with each other. In what follows then we assume that Ap
Is non-integer.

We now use crossing symmetry to find the crossed image of (8.34). It is
convenient to define the crossing operator S by

2Z Ao
—1_2)) fl—2z1-2). (8.36)

sifte2) = (=i
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Under this transformation, the limit z — 1 is mapped to the limit z — 0. Acting
with S on (8.34), and keeping only the leading term in z we obtain

200

llog*(1 —z
D_og( Z) z

#1780 (1= Ao)2a]

GW(z,2) 5 0 (1= 2)" Fr2(1=2)Y,. (837)

n

We may now insert (8.37) into the inversion integral (4.22). In the limit that we
are taking, the z and z integrals decouple. The z-integral takes the form

Y oea 2
dzz 2z 2o — _ _ ,
/0 °F A — (4Ap + 0) (8.38)

Therefore we see that the pole is located at the position of the leading-twist
quadruple-trace operator. The residue of this pole is determined by the remaining
Z-integral.

We evaluate the z-integral by expanding the summand in (8.37) around z = 1
and integrating term by term, following the peeling method introduced in section
4.3.1. This expansion gives the large-spin expansion of the final result in powers
of 1/¢. Therefore, to obtain the first few terms in the large-spin expansion of bé?z ,
it is sufficient to know the coefficients ¢, o for the corresponding finite range of n.

The coefficients ¢, o can be extracted from (8.18). Namely we have

2 F(?Ao +n— 3)2
['(n+1)2
(8.39)
For half-integer values of Ap, the sum over n in (8.37) can be performed exactly.
For example, for Ap = g, we find

tno = Cp = 4(1 = 2A0)* [2A% + (4n — 5)Ap + 2n° — 6n + 3]

36 [32(2(43% — 365) + 725) — 1225
Do (l=2)"Fs(1-2)Y, = - 32 (2 29/3 ) ) . (8.40)

In this case the remaining z-integral in the inversion formula can be performed
exactly, without expanding around z = 1. So the resulting leading quadruple-
trace OPE coefficient for Ap = g is

b0 _ V22092 (U(C+9) + 23) (¢ + 1)
Y2254 5)(EHG)(CH T+ B)D(C+ 3)

(8.41)

For generic non-integer Ap, the leading large-spin behavior is

bO) — \/E2_4AO_2£+1F(2A0>2 |:1 +O<1):| . (842)
Y B2 (1- Do) ¢




CHAPTER 8. HIGHER-TRACE OPERATORS 81

Higher-order terms in the 1/¢ expansion can be obtained systematically by keep-
ing more terms in the expansion of the summand in (8.37) around z = 1. Thus
the leading large-spin double-trace data are sufficient to fix the leading-twist
quadruple-trace OPE coefficient to all orders in the large-spin expansion. For
special half-integer values of Ay, the sum over n can even be performed in closed
form, giving an exact expression for bé?g

Anomalous dimension

For quadruple-trace operators, the function ca, in the inversion formula (4.22)
has the following expansion

1 by 1
NSA—(4Ap +2¢+() N

) o
A— (4Ao +2q+z) (A — (4Ap 4 2¢ + 0))?
(8.43)
So the anomalous dimension 55712 should be extracted from the double pole at the
quadruple-trace position.
The relevant source of this double pole is the following term in the double-
trace sector at order N 19

Cap = —

n 0\
(u, v 324 O ute ) s (logu—k%) Gne(u,v).  (8.44)

Note that the double pole is controlled only by the part of 7,(132 which is propor-
tional to log J (See (5.25)). Therefore, the knowledge of this piece is sufficient to
determine the quadruple-trace anomalous dimension 5;12 .

As in the analysis of the OPE coefficient, we restrict our attention to the
lowest-twist quadruple-trace operators. Therefore, in the large-spin expansion

W p
= — P 8.45
o= Z s .49

only the term with p = 0 is needed. From (8.18) and (8.20), we then have

Wn,0 = _€2 = —Cn0, (846)

) n

where ¢, is given in (8.39).
Using the discussion in Chapter 5, in particular (5.25), the relevant part of
(8.44) in the limit Z — 1 becomes

1 log?(2%)
8[(1— Ao)mo]z z—1

GO (u,v) D anoy 22 Faa (2) (1-2)29 log(1-2).

(8.47)
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We now use crossing symmetry in the form prescribed in (8.36). In the crossed
channel, and in the limit z — 0, this gives

log?(1—2) 2*%°logz
8[(1— Ao)ano|” 21750

GO (u,v) D D aoYn (1= 2)" Frz(l—2). (848)

n

In this limit, the z and Z integrals in the inversion formula decouple. The z-
integral gives

1
N 4
/ dz 22 ~1H200 logz = — 5 (8.49)
0 (A —(4A0 + 1))

This produces the expected double pole at the position of the lowest-twist quadruple-
trace operator. Now it remains to evaluate the z-integral, but comparing (8.48)
with (8.37) we see that the Z integral is identical to the one for the OPE coeffi-
cient. Therefore we find

o5l = 2. (8.50)

8.2.2 ¢ theory

We now turn to a bulk theory with a cubic interaction. In the CFT this means
that O itself appears in the O x O OPE, so the Zy symmetry of the previous
subsection is absent. Schematically,

1 1
O x0=1+[00];+ -0+ > 7 O Ter + - (8.51)

k=3

Here [O*], ;1 denotes a k-trace family built out of O, r labels the twist level, and
I is a possible degeneracy label within that family. Moreover, we assume that,
up to order 1/N? in the OPE, different trace families do not mix with each other.
The scaling dimension and squared OPE coefficient of a k-trace operator can
be expanded in large N as
771532,6,[
N2

A[Ok]h&[ = kAO +2r+ 0+ + - (852)

(0)

Qg o1
a[okh&[ = —N2k + e (853)

As before, we can sum over the degeneracy label and define

0 0
axﬁ,i,z = Z al(w)n,z,z- (8.54)
I
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Our goal is to find this coefficient for the leading twist » = 0. The strategy is the
same as in the ¢* analysis. We start from the double-trace part of the conformal
block expansion and isolate the terms which, after the infinite spin sum and
crossing, have the correct small-z behavior to be interpreted as the exchange of
k-trace operators.

At order N~2¥ in the correlator, several double-trace terms have this property.
Among them, the term with the highest power of logu is

N
G® (u Qkk;l Z gO%UAo—i—n( (1)7as> log"  Gn.e(u, v). (8.55)

Here ’y( * denotes the asymptotic part of the tree-level anomalous dimension,
given in (4 65) for n = 0.

We now take the crossed channel of (8.55), perform the infinite spin sum us-
ing the method of chapter 5, and insert the result into the Lorentzian inversion
formula to read off the OPE coefficients. We will not repeat the steps of the
calculation, since they are very similar to the ¢* case. Let us only note that,
although (8.55) is not the only term that contributes to the k-trace OPE coeffi-
cient, it is the term with the highest power of logu. It therefore uniquely fixes
the coefficient of the leading log"~? ¢ behavior of a,(f()w at large spin. Thus we find

(_1)k 21—kAo—2Zﬁ <:)/ )k logk72€
ClI(co()) o1 - 2 32 e (856)
(k= 2)! (1~ A0) e |

where 4y can be read off from (4.65) and is given by

2(1AO,OF<AO>3
)

2

(8.57)

Yo = —

We remind that this result is written under the no-mixing assumption stated
earlier. Namely for £ < 0.



Chapter 9

Cut Diagrammatics

In this chapter we introduce a diagrammatic notation for organizing the terms
that appear in the conformal block expansion. These diagrams keep track of the
combinations of OPE data multiplying a given conformal block.

The motivation for this construction comes from the analysis of bubble dia-
grams carried out in Chapter 7, originally presented in [1]. In that case, it was
observed that a part of the conformal block expansion that is completely fixed
by tree-level data is related to the AdS Bubble diagrams with maximal unitarity
cuts. By “maximal” we mean that the bubble diagram is cut iteratively through
all its internal propagators. Here we extend this observation into a more system-
atic dictionary. Namely, terms in the conformal block expansion are represented
by cut diagrams. The cuts need not be maximal. We use vertical cuts to de-
note direct-channel expansion and horizontal cuts to denote the crossed-channel
expansion.

This construction is closely related to existing holographic unitarity meth-
ods [77]. In these methods, loop-level CFT data are reconstructed from products
of lower-order OPE data. The bulk formulation of [77] gives this factorization a
direct diagrammatic meaning. Namely, a cut puts internal bulk propagators on
shell and factorizes a Witten diagram into lower-loop subdiagrams.

Our construction starts instead directly from the conformal block expansion.
When an internal cut separates a diagram into subdiagrams, the associated OPE
data factorize into lower-loop data according to a product rule that we will intro-
duce. In this sense, our internal cuts, whether drawn vertically or horizontally,
have the same algebraic behavior as unitarity cuts. Since the two orientations
correspond to different OPE channels, this suggests that internal vertical and
horizontal cuts may be related to bulk unitarity cuts in the corresponding chan-
nels. However, in this work, we do not define the cuts by an on-shell operation
in the bulk, nor do we establish that the internal cuts introduced here are AdS
unitarity cuts.

Regardless of this possible bulk interpretation, this diagrammatic notation

84
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has two useful purposes on the CFT side. First, it provides a more detailed
bookkeeping of the CFT data contributing at a given order in 1/N. Second, it
makes it possible to identify crossing-closed classes of diagrams, namely subsets
of terms that are mapped into themselves under crossing.

Let us recall the conformal-block expansion of the four-point function,

Glu,v) = aneu’s gaelu,v). (9.1)

AL

In the large-N expansion we write
1
g(u7 U) = g(O) (U’7 U) + _g(l) (u7 U) + mg@) (u? U) T (92)

This is the CFT counterpart of the bulk loop expansion. At each order in 1/N,
our goal is to associate the different terms in the conformal-block expansion with
diagrams carrying specified cuts.

9.1 Disconnected contribution

At leading order the correlator is the generalized-free-field correlator,

(0) :1 Ao < ) _1 (0) Ao+n 93
G (u,v) +u~° 4+ ” —|—Zan€u (U, 0), (9.3)

where the sum runs over the double-trace operators [OO], ;. In this decomposi-
tion, the first term is the identity contribution, and the remaining disconnected
pieces are reproduced by the exchange of the double-trace tower in the direct
channel.

In terms of Witten diagrams, we can represent the three disconnected contri-

butions by
GO (u, v) _@ + @ + @ (9.4)

Note that the first diagram admits a vertical cut which does not intersect any
propagator. We interpret this cut as the exchange of the identity operator in the
direct-channel OPE, and we make the following diagrammatic identification

H = 95)

The other two diagrams admit a two-particle cut. Such a cut represents the
exchange of two-particle states, dual to the double-trace operators [OO),, . Thus,
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for a fixed exchanged double-trace operator, we make the identification

(=) () e

y

This motivates the following shorthand. A dot-cut keeps track of a fixed pairing
of the two particles across the cut. For identical external operators, we want the
cut to include the two possible pairings of the external legs on one side of the
cut. So we define the dash-cut in the following way,

ed)- ()] e

where

(9.8)

~J2, if the two dot-cut diagrams on the right-hand side coincide,
B 1, otherwise.

So the factor s removes the double counting when the two outgoing pairings give
the same diagram.
Using the dash-cut definition (9.7), the relation (9.6) can be written more

simply as |
—L 0
< | ) =dV). (9.9)
n,l

From now on, unless stated otherwise, by a cut we mean a dash-cut. When we
need to keep track of a fixed pairing across the cut, we will explicitly refer to it
as a dot-cut.

Two-fold notation. We use two related diagrammatic notations. A diagram
inside parentheses denotes the OPE data factor multiplying a conformal block.
The same diagram enclosed by a circle denotes the corresponding contribution to
the correlator, after summing over n and ¢. Thus we write

)=t () dueu). (9.10)
I n,l

For the identity contribution, the corresponding OPE coefficient is normalized to

one, as in (9.5). Therefore the disconnected correlator can be written diagram-

)
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matically as

GO (u,v) = + () (9.11)
NG

The first term represents the identity exchange, and the second term represents
the contribution of the double-trace tower in the direct channel.

Crossing. The crossing operator S defined in (8.36) acts on the circled dia-
grams, as these diagrams denote contributions to the correlator. Diagrammati-
cally, we represent this action by a rotation by 7/2, which also exchanges vertical
and horizontal cuts.

At the level of OPE data, such rotation does not change the identification.
For instance,

L 0
( i ) = -1 | =4Y. (9.12)
n,l

But for circled diagrams, we have for instance,
=S : (9.13)

With this notation, crossing symmetry equation for the disconnected correla-
tor can be written diagrammatically as

D=
+ = + (===). (9.14)
NI

9.2 Higher orders

Let us now move beyond the disconnected contribution. We want to formulate
more general rules for cutting and merging two-particle states, corresponding to
double-trace operators in the CFT.

Before doing so, we recall that multi-particle states in AdS are dual to multi-
trace operators in the boundary CFT [58,78]. A diagram may admit cuts through
one, two, three, four, or more internal propagators. These cuts therefore signal
the exchange of single-trace, double-trace, triple-trace, quadruple-trace, or higher-
trace operators in the OPE. We call a cut which intersects p-particle propagators
a p-particle cut.
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In this work we focus mainly on general rules for decomposing two-particle
cuts. Other types of cuts may also appear, and in those cases we treat the
corresponding cut diagrams as building blocks, together with their associated
OPE data.

For example, a tree-level single-trace exchange in ¢® theory contains a one-
particle cut which can be identified as

>—i—< = ang0. (9.15)

Now let us return to the two-particle cuts. We first consider the case where a two-
particle cut goes through the external legs. In that case we make the following
identifications:

| (0) |
(@) - (@) - o
| n,l |

The superscripts (0) and (1) in the diagrams distinguish two different identifica-
tions. The label (i) distinguishes inequivalent diagrams contributing to the same
OPE data, so we have

k k)(@ k k)(@
VRS DU Rl 017)

)

At tree level, this notation gives the following external two-particle cut identifi-

cations:
. (0) .
(<) = (<) = oy
|
1)

. (0) .
<K> = e (K) =), (9.19)
n,f n,l
i i
(3<) =aie (B<) = om
| |

The index ¢ = 1,2,3 labels the three inequivalent tree-level diagrams shown
above.!

IThe separation of the tree-level anomalous dimension into different bulk channels was also
considered in [77].
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At one loop, the same rule gives contributions proportional to ag%(fz and

afi;. For example,

\ (0) | 1)
() e, ()= o
n,l n,l

Product rule. Now we want to consider two-particle cuts which go through
internal propagators. Such a cut splits the diagram into two subdiagrams, which
are glued along the same two-particle state. We denote this gluing operation by
2.

We define the product rule as:

XY

X@Y =20 (9.22)
2O
n,l

The division by aﬂ removes the extra free OPE coefficient which is counted twice

when the two cut subdiagrams are multiplied.

As a simple check, applying this rule to the disconnected two-particle cut
gives agz ®9 agz = af?}, as expected.

A diagram split into f subdiagrams carries a label 7 = (14,...,vy), where
each entry specifies which OPE data identification is used for the corresponding
subdiagram. Here v; € {0,1}. We keep only the choices satisfying » . v; <
1. Contributions with ) .17, > 1 can be absorbed into higher-order OPE data
associated with diagrams with fewer cuts.

As a simple example, consider the case of one-loop bubble diagram, in which
its internal two-particle cut factorizes into two tree-level cut diagrams:

<>®<>;) - <><‘:<)L; ©2 <>:><)L; (9.23)

5

For 7 = (0,0), this gives

(0,0) )
0 1)(1 0 1)(1 0 1)(1
(><D<) = (a%00) @ (a2 00) = a% (1) (0.2
n,l

Similarly, for a (r — 1)-loop bubble diagram with maximal internal cuts we
have

(-0

(d081) 22 (a0 17)

r fa?crtors g (925)

0 na\"
— ) (1)
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This is exactly the maximal-cut contribution studied in [1]. This term, through
crossing and inversion formula, is related to an external two-particle cut in the
crossed channel. Namely,

( _[_I")_“(i) = al) W (9.26)

Circled diagrams and crossing. As we mentioned earlier, in our construc-
tion, a diagram inside parentheses denotes the OPE data factor multiplying a
conformal block, while the corresponding circled diagram denotes its contribu-
tion to the correlator after summing over the exchanged double-trace operators.

Let I'. be a diagram with a given two-particle cut denoted by c¢. We denote
the corresponding OPE data factor by

(T, (9.27)

Here U specifies the OPE data assignment associated with the subdiagrams pro-
duced by the cuts. Schematically, this factor is a product of OPE coefficients and
anomalous dimensions of the form

e ~a IT (050) ™ (9.28)

m>1

The integer w,, counts how many factors of the order 1/ N?™ anomalous dimension
appear in this term, and s denotes the order of the OPE coefficient. Both s and
the w,, are fixed by the diagram and by the choice of 7.

The corresponding contribution to the correlator is obtained by inserting this
OPE data into the conformal-block expansion. Therefore, the associated circled
diagram is defined by

") logu + 0,
O =S Mﬁgfmf,gne(u D RCE)

where Q =37 - Wn.
We can also sum over different 77 assignments and define

= Y @ (9.30)
veN (Te)

Here NV(T',) denotes the set of inequivalent allowed assignments. assignments
which give exactly the same OPE data factor, are identified and should not
counted separately.
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The full correlator at order 1/N? can then be organized as a sum over cut

diagrams,
G® (u, ) Z Z 5v @ (9.31)

reD k) ceCy(T)

Here D) denotes the set of connected diagrams contributing at order 1/N?* and
C,(I") denotes the set of inequivalent allowed vertical cuttings of a fixed dlagram
['. If two cuts give the same contribution to the conformal-block expansion, we
keep only one representative. The factor s,(I") is the dash-cut symmetry factor
defined in (9.8), evaluated for the vertical pairing. Therefore s,(I")/2 removes the
overcounting from diagrams related only by this pairing exchange.

Crossing maps vertical cuts to horizontal cuts. Therefore the usual crossing
equation for the full correlator can be written diagrammatically as

>y o=y vy 2w (9.32)

reD(k) ceCy(T) reD(k) ceCy(T)

Here Cy(I") is defined analogously as the set of inequivalent allowed horizontal
cuttings, and s, (I") is the same dash-cut symmetry factor evaluated for the hori-
zontal pairing.

(9.32) is simply the standard crossing relation rewritten in terms of cut di-
agrams. The advantage of the notation is that it allows us to ask a sharper
question, whether crossing can be imposed on smaller classes of diagrams, rather
than only on the full correlator.

With the diagrammatic representation, we can write a subset of correlator
corresponding to a subset of diagrams which are closed under crossing. For iden-
tical external particles one can take a fixed topology and sum over its channel
realizations to obtain a crossing-symmetric combination. Therefore we can write

By =5 Y (1) F/ @ (9.33)
IVe[l'] ceCy ()

where [I'] denotes the crossing orbit of a diagram I', namely the set of diagrams
obtained from I' by permuting the external points. If this orbit is closed under
crossing, then we expect a relation of the form

Sy H@mey y 2Wa e

I7e[l] ceCy (T) V€[l ceCp(IV)

At tree level, this give two independent crossing equations for the contact and
exchange topologies, which can be diagrammatically represented as

e -
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OWO-DED o

We know that (9.35) and (9.36) hold true, for example from [50]. However, (9.34)
can generate more mterestmg crossing relations at higher orders. For example, at
two loops in ¢* theory, the 2-bubble topology is not the only topology contributing
to the correlator. Nevertheless, its crossing orbit forms a crossing-closed class by
itself. We can therefore write

R DD

(9.37)

9.3 Crossing and inversion formula

In the previous section we organized crossing at the level of crossing-closed or-
bits. For a diagram topology I', we wrote the corresponding orbit contribution
after summing over all channel realizations I'' € [['] as (9.33). We now want to
refine this organization by keeping a single channel realization I”. This cannot
be achieved directly using dash-cuts, since dash-cuts can mix different channel
realizations. Therefore, to isolate a fixed I, we use dot-cuts.

We write
Gro(u, v) = Z T, (9.38)

cEC

where C,(I") denotes the set of vertical dot-cuts on I

Equation (9.38) should be understood as an auxiliary representation. The
left-hand side is the ordinary Witten diagram associated with the fixed channel
realization I"V. But the right-hand side is not written in the meaningful dash-cut
dictionary of the conformal-block expansion. We remind that individual dot-cuts
do not directly correspond to the OPE data. However, this representation is still
useful because the dot-cuts keep track of the pairings explicitly and can later be
recombined into dash-cuts.

We can now use this auxiliary representation to write a refined crossing rela-
tion. Since Grv(u,v) is the ordinary Witten diagram in a fixed channel, crossing
acts on it in the usual way. In the dot-cut representation this gives

> M- Y @ (9.39)

cGCv ) cGCh T
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Here C,(T”) denotes the set of horizontal dot-cuts. This equation should still be
understood as an auxiliary statement, since the dot-cut terms do not directly
translate into the conformal-block expansion.

However, in many cases the dot-cut equation can be rewritten by replacing
the dot-cuts with the meaningful dash-cuts, up to external horizontal cuts. For
example, for the exchange diagram one obtains relations of the schematic form:

+ [external horizontal cuts]. (9.40)

@ + p = [external horizontal cuts]. (9.41)

Diagrams with external horizontal cuts have vanishing double discontinuity
in the crossed channel. Hence they can be ignored when applying the inversion
formula. Therefore, to read off the OPE data associated with a given vertical
cut, we apply the inversion formula to the possible internal horizontal cuts.

If a diagram does not admit any internal horizontal cut, as in (9.41), then
the corresponding OPE data can only have finite support in spin. On the other
hand, for the case (9.40), we can write

(0) (2)
(X) - <MF ) | 0.42)
nt [00]e

(%)
(OO

o

Where
(LIFqu)

denotes the coefficient of the i-th order pole of the inversion function obtained
from X C G(u,v), at the double-trace position A = 2Ap + 2n + ¢

Using (9.42) we can find the known asymptotic solution. For Ap = 2 this
gives

1)2) 2a2,0
- _ . 4
Tt (+1)({+2n+2) (9:43)

This fixes the part of the exchange contribution associated with the internal
horizontal cut. To determine the remaining part, we use the full crossing relation
for the exchange topology, written in the form (9.36). This gives the finite-spin
contribution

me _g L+l 14
09 @nt DEn+3) P (9-44)
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The support at ¢ = 0 is consistent with the fact that this contribution is not
associated with an internal horizontal cut.

This split of the tree-level exchange anomalous dimension into an asymptotic
piece and a finite-spin piece was already observed in [50] and it was also dis-
cussed in Chapter 5. The new point here is that this two pieces admit distinct
diagrammatic representations, as in (9.19) and (9.20).

One-loop check

As an application, and also as a check of the diagrammatic interpretation above,
we can build one-loop objects by gluing the tree-level building blocks. We have
three tree-level pieces,

(1)(1) (1(2) (1B) (9.45)

with their diagrammatic representation given in (9.18), (9.19), and (9.20).
By merging these tree-level data we can obtain different one-loop diagrams.

Namely
(0) 2
Iy = }(, (3{) = agz <'y7(12(1)> (9.46)
n,l
© 0), M@ (1)
n,l

(0)

m:}[, 5{ _ a0, 00 (9.18)
nl
(0)

ml, g _ a9, 00,00 (9.49)

2
-0 - ey (50

nt

We can use the discussion in the Chapter 6 to obtain the Mellin amplitudes
associated to each of these diagrams. The Mellin amplitude has the form (6.32)
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and corresponding RS factors can be read off from (6.37). So we find

9(m+ 1)(3m +4)(1)m
22m+3) (%) 7

R)(T) = —

RS)(F;),) T ;:Lj;?((l;;’ 92,01 R<1)(F4) - & )m (a2,0)2»

Dy (Dm 2
Rﬁn)(riﬁ) - _2(2m + 3) (%)m (a'Q,O) :

(9.51)
Now inserting these data into the flat-space limit formula (6.38b) we find the
corresponding flat-space amplitudes

9 6
ATy) = mR3us VT, A(Dy) = \/_W_Tazo, (9.52)
3m 4T
Al3) = — a0, Aly) = ———————(as20)*,  (9.53
( 3) 4@ 2,0 ( 4) Rids (—T)3/2( 270) ( )
A(l's) = i 372 (a2,0)*. (9.54)

245 (=T)

This is exactly the corresponding flat-space amplitude in the massless limit and
upon fixing

48R AdSTT 2 2 327 2
Al = A e 9.55
Al NZ g RagsN? 42,0, ( )
where \ and ¢ are the quartic and cubic coupling constants.

(D(2) ME)

This shows consistency of associating 7, ;
(9.44) with diagrams (9.19), and (9.20).

and 7, ;" given in (9.43) and

9.4 Diagrammatic interpretation of the higher-
trace analysis

Finally, we can try to diagrammatically express the calculation performed in
Section 8.2. The advantage of the diagrammatic representation is that it makes
manifest, already at the level of cuts, which terms in the double-trace sector are
related by crossing to the appearance of higher-trace operators

In particular, for ¢* theory at three loops, the coefficient ) ;.0 Studied in Sec-
tion 8.2.1 is associated with the vertical cut of the dlagram shown in (9.56).
Diagrammatically, what we did was to determine this OPE data by applying the
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Lorentzian inversion formula to the corresponding horizontal internal cut in the
crossed channel,

(0) M
’ <0
b = — | LIF ‘E’ . (9.56)
>
qu [04]4.],2

The important point is that this relation can be read directly from the dia-
grams, before carrying out the explicit spin sum. The horizontal internal cut on
the right hand side is exactly the contribution whose crossed-channel double dis-
continuity produces the direct-channel data on the left-hand side. In this way, the
diagrammatic representation tells us in advance which part of the double-trace
sector is responsible, after crossing, for the higher-trace operators that appear in
the direct channel.

Similarly, the calculation in section 8.2.1 that obtained the anomalous dimen-
sion of this quadruple-trace family can be diagrammatically represented as

OO
b{) o) = | LIF ‘ ’ . (9.57)
<),

For the ¢3 theory, the same idea applies to the ladder diagrams studied in
Section 8.2.2. In that case the leading large-spin logarithm is obtained from the
horizontal cuts of the ladder diagram. Diagrammatically

[ (0) r Ty DT

= | LIF : . (9.58)

|
|
T
|
|
|
Pa=q '
rd

L , - =7 [OFred liogk—2¢




Chapter 10

Conclusion

In this thesis we studied loop corrections to four-point functions of identical
scalar operators in four-dimensional conformal field theories with weakly coupled
AdS duals in the large-N expansion. The central question was how much of the
higher-order bulk perturbative expansion is encoded in lower-order CFT data.
Our analysis developed along three closely related lines. First, we isolated a part
of the double-trace data that is fixed at every order by tree-level input and stud-
ied its descriptions in position space and Mellin space. Second, we investigated
how infinite sums over lower-trace operators generate the higher-trace sectors by
requiring the crossing symmetry. Third, we discussed how the different terms in
the conformal block expansion can be organized diagrammatically in a way that
keeps track of their associated OPE data. This diagrammatic representation also
makes the higher-trace appearance and the discussion on infinite spin-sums more
clear.

We now summarize the main results and discuss a few directions for future
works.

10.1 Summary of results

1. We isolated a contribution to the double-trace conformal block expansion
that is fixed entirely by tree-level OPE data. At order N~2¢ this is the term
containing the highest power of logu,

log"™ u R .
G" (u,v) D % av) (%%) T IS (TR (10.1)

et
Although this term does not determine the complete higher-order correction for
k > 2, its crossed image can be inserted into the Lorentzian inversion formula,
and at each order, it fixes the coefficient of the leading power log™ 2 J in the large-

spin expansion of the anomalous dimension of the double-trace family [OO],, ».
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In other word, denoting by &ffg the contribution obtained from (10.1), we find

,3/(“)

10.2
gy~ (10.2)

log“ 2J Z J2AO+21
>0

where the coefficients §fi are determined by tree-level OPE data.

2. The same contribution was reformulated in Mellin space. At order N2, it is
encoded in the restricted (k — 1)-loop Mellin amplitude

0 R(H 1)
ME oo — + crossed, (10.3)
r-ttoon Zot— (200 +2m)]""

whose residues R% are fixed entirely by tree-level OPE data. The flat-space
limit of this restricted amplitude reproduces the contribution obtained from con-
secutive unitarity cuts, or equivalently the maximal cut, of the corresponding
(k — 1)-loop bubble chain. This establishes a relation between the part of the
CF'T correlator fixed by tree-level data and a specific part of the associated flat-
space loop amplitude.

3. We also showed that the leading powers of log J in the large-spin expansion
of the double-trace anomalous dimensions, obtained at successive orders in 1/N,
can be resummed to all orders and organized in terms of effective double-trace
exchanges with shifted twists.

(1)

M= 2o + 2n + €y, €, = % (10.4)
For the leading-twist family, this gives
A fnm
Yo, = Z J2Ao+2n+2m+en' <105>

n,m>0

Expanding J " reproduces the leading log"™ 2 J contribution at every order. This
description was developed for Ap = 2 in Chapter 7 and extended to generic Ap
in Chapter 8, where the first few coefficients f,,, were computed explicitly in
(8.6)—(8.8).

Separately, using the large-spin results of [46] we determined the leading large-
spin behavior of the full double-trace tower at fixed n:

2) _ Cn 1 (3) Cn
vn,f - JZAO + O<J2A0+2> ) IYn,E

1
o). o

where (,, is given in closed form in (8.19).
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4. We showed how higher-trace operators appear as a consequence of crossing
symmetry once infinite spin sums over double-trace operators are taken into ac-
count. In the ¢* theory, provided that no mixing between double-trace family and
quadruple-trace family occurs, the crossed image of double-trace spin sums forces
the appearance of quadruple-trace operators at order N~8. For the leading-twist
quadruple-trace family, we computed the OPE coefficient bé?z. For the special

case of Ap = g we obtained the full spin dependence in closed form.

WO _ VT 27220 4 9)2(£(0 + 9) + 23)°T(¢ + 1)

06 2250+ 5)(C+6)(L+T)(L+8)T (£ +3) (10.7)

For generic non-integer Ay, we found
274A@72€+1F 2A 2 1
bl = VT ( ‘29) [1 +O<—>] . (10.8)
’ G [(1 = Ao)2ao)] ¢

We also computed the corresponding leading-twist anomalous dimension and ob-
tained

o5l = 2. (10.9)

5. We also studied theories with a cubic bulk interaction. Under the no-mixing
assumption used in this analysis, k-trace operators can appear at order N2
We determined the leading large-spin behavior of the leading-twist k-trace OPE
coefficient:

(_1)k 217kAof2Z\/7_T (io)k 1ng—2 /
0651 = e L (10.10)

(k= 2)1 [(1 - Ao)uso |

6. We introduced a diagrammatic representation for the conformal-block expan-
sion. We took diagrams inside parentheses to denote products of OPE data,
and diagrams enclosed in a circle to denote the corresponding contributions to
the correlator. This notation gives a refinement of crossing symmetry at two
different levels.

The first level is the crossing-closed orbit of a topology. For a crossing orbit
[T'], we wrote

ZZSV L @®- ZZS*‘ ) (9:31)

€[l ceCy(TV) €[l ceCp (1)

This expresses crossing not only for the full correlator, but also for the subset of
terms associated with a crossing-closed diagrammatic topology.

The second level is an auxiliary fixed-channel relation written in terms of dot-
cuts. Since dot-cuts keep track of the pairing across the cut, they allow one to
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resolve a fixed channel diagram I” before recombining the result into dash-cuts.
At this auxiliary level we wrote

> o@= Y @) (9.39)

('ZEC;V (F/) éEC}] (F/

Although this relation is auxiliary, it is still useful. In many examples, dot-cut
terms can be recombined into dash-cut terms, up to additional external hori-
zontal cuts. The latter have vanishing crossed-channel double-discontinuity and
therefore do not contribute to the Lorentzian inversion formula. In this way, the
dot-cut relation refines the use of the inversion formula: it gives a diagrammatic
way to identify which crossed-channel terms should be probed in order to extract
a given piece of OPE data.

7. Using the relation (9.39) for scalar exchange, we showed that the asymptotic
and finite-spin parts of the tree-level anomalous dimension, given in (5.27) and
(5.40), have different diagrammatic origins. For Ap = 2

(0)
1 2a
(1 — ADas _ _ 20 10.11
afloz, (K)M Tt (+1)(l+2n+2) (10.11)
1 ' (0) (1), 1 n+1
— = =G0 = a9 . 10.12
) =), = oo g e (012

As a check of this assignment, we glued the tree-level building blocks in scalar
¢® 4+ ¢* theory and computed the corresponding one-loop Mellin amplitudes.
We saw that their flat-space limits reproduce the expected massless flat-space
amplitudes.

8. Finally, we gave a diagrammatic interpretation of the higher-trace analysis. In
the ¢* theory, the diagrammatic representation makes manifest that the leading
quadruple-trace OPE coefficient is associated with the infinite double-trace spin
sum appearing in (8.28). This is encoded directly in the diagram (9.56). In this
sense, the diagrammatic representation helps identify which infinite spin sums can
generate higher-trace data, and which crossed cuts should be used to extract that
data through the Lorentzian inversion formula. Similarly, in the ¢® theory, the
diagrammatic relation (9.58) shows how the higher-trace OPE data are extracted
from the crossed-channel terms in (8.55).

10.2 Outlook

Several questions remain open. One is the bulk interpretation of the cut dia-
grams introduced in Chapter 9. While the maximal cuts of bubble diagrams
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reduce in the flat-space limit to ordinary unitarity cuts, it would be interesting to
determine whether the more general non-maximal cuts admit a similar flat-space
interpretation or can be understood directly as AdS unitarity cuts, perhaps along
the lines of [77].

Another important direction is to relax the no-mixing assumption used in the
higher-trace analysis. This may require including disconnected contributions and
could modify the order in the large-N expansion at which some higher-trace data
first appear.

Finally, extending the product rule of Chapter 9 from two-particle to higher-
particle cuts, including the additional degeneracies of higher-trace states, would
provide a more systematic organization of these contributions.
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