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Figure 19. Combinations of elements in V defined in (7.13) and (7.14), for
L2 = 2L1.

Moreover, the curves in the top panel of figure 19 display the same qualitative beha-
viour of

∣∣βbiloc(x)∣∣, where βbiloc(x) is the weight function (B.5) occurring in the bi-local
term (B.4), found in [22] for a massless Dirac field. The special case of adjacent intervals
can be understood by employing e.g. the panel about the matrix V corresponding to
ω = 10−30 in figure 10 of [21].
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Given the results of [23] for the fermionic case (see also appendix B), we conclude
that the collapses observed in figures 18 and 19 strongly indicate that a non-local term
should occur in the entanglement Hamiltonian of a massless scalar field, but we cannot
establish whether this term is bi-local, like in the fermionic case of [22] (see (B.4)–(B.6)),
or fully non-local, like in the case of the free chiral current model considered in [28] (see
also section 8).

It is worth exploring the local term of the entanglement Hamiltonian in the con-
tinuum limit by adapting to our case the method developed in [12–15, 17] for a single
block in infinite free chains (see [16] for the higher dimensional case of the ball), which
has provided the corresponding CFT results [8, 9].

This local term originates from the diagonal blocks in T and V. As a first step of
this analysis, we consider the thermodynamic limit of the kth diagonal of these diagonal
blocks, namely

lim
LA→∞

Ti,i+k
LA

≡ τk (xk) lim
LA→∞

Vi,i+k
LA

≡ νk (xk) xk ≡
1

LA

(
i +

k

2

)
(7.15)

where i + k/2 corresponds to the midpoint between the ith and the (i+ k)th site.
Notice that xk can also be written in the form xk = (i s+ ks/2)/(LAs), where the

lattice spacing now also occurs, and this form tells us that xk becomes a function of
the position x ∈A in the continuum limit. For a single block, the thermodynamic lim-
its (7.15) have been studied in [13, 14] for free fermionic chains, also finding some
analytic results, and in [15] for a harmonic chain, but in the latter case the corres-
ponding analytic expressions are not available in the literature. In the case where A is
the union of two disjoint blocks of a harmonic chain, the numerical results shown in
figure 17 for L2 = 2L1 and in appendix C for L2 = L1 (see figures 32 and 33) provide
some evidence that the limits in (7.15) exist and that the functions τk(xk) and νk(xk)
are not smooth. This feature prevents us from applying the continuum limit procedure
described in [15] for the single block case in a straightforward way; indeed, in that ana-
lysis, the smoothness of the functions obtained from the thermodynamic limit of the
diagonals is a crucial assumption. This lack of smoothness induces us to only consider
the combinations of matrix elements providing the discrete approximations of the first
derivatives of τk(xk) and νk(xk). Instead, we do not consider the combination of matrix
elements of V corresponding to the discrete approximation of ν ′ ′

k (x), which occurs in
the single block analysis of [15].

Following [15], let us introduce the following combinations of diagonals:

T(0)
kmax

(i)≡


Ti,i+2

kmax∑
k=1

Ti,i+k

Ti,i+2
kmax∑
k=1

Ti−k,i

V(0)
kmax

(i)≡


Vi,i+2

kmax∑
k=1

Vi,i+k ĩ ∈A<

Vi,i+2
kmax∑
k=1

Vi−k,i ĩ ∈A>

(7.16)
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which include the main diagonals of T and V, respectively, and

V(2)
kmax

(i)≡



kmax∑
k=1

k2Vi,i+k ĩ ∈A<

kmax∑
k=1

k2Vi−k,i ĩ ∈A>

(7.17)

where the relation (2.18) between the matrix index ĩ ∈ [1,LA] and the index i labelling
the sites of the chain has been used and

A< ≡ [1 ,L1/2]∪ [D+L1+1,D+L1+L2/2]

A> ≡ [L1/2+1,L1]∪ [D+L1+L2/2+1,D+LA]
(7.18)

which are well defined for even values of L1 and L2. The branches A< and A> in (7.18)
have been introduced by adapting the analysis for a single block [15] (where a symmetry
with respect to the centre of the subsystem occurs) to this case. However, a different
choice of A< and A> could provide better results. In particular, a definition of A< and
A> based on xχ seems natural, but we leave this analysis for future studies.

In this limiting procedure, the limit LA →+∞ should be taken before the limit
kmax →+∞. In the numerical analysis, where both LA and kmax are finite, this pre-
scription corresponds to keeping kmax ≪ LA. Considering LA →+∞ first, from (7.16)
and (7.17) one introduces

T (0)
kmax

(x) ≡ lim
LA→∞

T(0)
kmax

(i)

LA
V (0)
kmax

(x) ≡ lim
LA→∞

V(0)
kmax

(i)

LA
V (2)
kmax

(x) ≡ lim
LA→∞

V(2)
kmax

(i)

LA
(7.19)

where the RHSshs are functions of x ; indeed, (7.15) can be employed to write them
through the functions τk(xk) and νk(xk), which become functions of x in the continuum
limit, as highlighted above (see the text below (7.15)). Then, taking kmax →+∞ in (7.19)
leads us to introduce, respectively,

T (0)
∞ (x) ≡ lim

kmax→∞
T (0)
kmax

(x) V (0)
∞ (x) ≡ lim

kmax→∞
V (0)
kmax

(x) V (2)
∞ (x) ≡ lim

kmax→∞
V (2)
kmax

(x) .

(7.20)

Assuming that these functions are well defined, and also neglecting all the terms coming
from the second and higher derivatives of τk(xk) and νk(xk) for the local term of the
entanglement Hamiltonian in the continuum limit, we find

KA,loc =
ℓA
s2

ˆ
A

V (0)
∞ (x)

2
Φ(x)2 dx+ ℓA

ˆ
A

1

2

[
T (0)
∞ (x) Π(x)2−V (2)

∞ (x)(Φ ′ (x))
2
]
dx+O (s) .

(7.21)

In figures 20 and 21, we numerically test the functions T (0)
∞ (x) , V (0)

∞ (x) and V (2)
∞ (x)

introduced in (7.20) when L2 = 2L1 by reporting the numerical data obtained for the
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ratios T(0)
kmax

(i)/LA, V
(2)
kmax

(i)/LA and V(0)
kmax

(i) (see (7.16) and (7.17)) with increasing val-
ues of LA (see (7.19)) in the regime where kmax ≪ LA, for various values of δ and
ωLA = 10−50. In appendix C, the same quantities have been considered for L2 = L1

(see figures 34 and 35) for ωLA = 10−50. The black dashed curves in figures 20 and 34
denote the weight function (7.5), and its large separation distance limit corresponds to
the solid green curves.

The values of kmax chosen in figures 20, 21, 34 and 35 correspond to the best col-
lapses of the numerical data points among those that we have explored. In appendix C,
considering the case of equal intervals, the crucial role of the parameter kmax is invest-

igated by showing T(0)
kmax

(i)/LA and V(2)
kmax

(i)/LA for smaller and still non-trivial values of
kmax (see figures 36 and 37).

In our numerical analyses, we have observed that less precision is needed in a massless
regime with respect to the massive cases considered in section 6. Indeed, about 4000
digits have been employed when L2 ̸= L1 in the massless regime, while about 5000 have
been used to explore the large ω regime.

The collapses of the numerical data points in figures 21 and 35 suggest that the

weight function for the O(1/s2) term in (7.21) vanishes identically, namely V (0)
∞ (x) = 0

(for the analogue of this result in the single interval case, see the left panel of figure 4
in [15]). Instead, the numerical results displayed in figures 20 and 34 tell us that a
reasonable conjecture for the weight functions occurring in the O(1) terms in (7.21) can
be written through (7.5) as

T (0)
∞ (x) = βloc (x) V (2)

∞ (x) = −βloc (x) . (7.22)

Following [12], an extrapolation of the numerical data has been performed in

some cases. In particular, assuming T(0)
kmax

(i)≈ αTLA+βT and V(2)
kmax

(i)≈ αVLA+βV as
LA →∞, a fitting procedure has been employed to extract αT, βT, αV and βV from the
data sets corresponding to large enough values of LA. In the inset of the top panels in
figures 20, 34, 36 and 37, the crosses correspond to αT obtained through this extrapol-
ation procedure, and good agreement is observed with (7.5). A similar analysis for αV
has been carried out only in the regions of A where the data points have a clear trend
(e.g. in the bottom panels of figures 20 and 34, around the endpoints of the blocks),
again finding agreement with (7.5).

In summary, while the numerical data points in the top panels of figures 20 and 34

support the conjecture for T (0)
∞ (x) in (7.22), the numerical results displayed in the bot-

tom panels of these figures are quite noisy, and therefore they do not provide convincing

numerical evidence for the conjecture proposed in (7.22) for V (2)
∞ (x).

Since the data points in figure 14 show the occurrence of the hyperbolic front (7.9),
it is worth exploring the scaling of the elements in the off-diagonal blocks along this
front. The results of this analysis are reported in appendix C. Here, we just mention that
we find reasonable collapses of the data points when the elements of T along this front
are divided by logLA, when both L1 = L2 and L1 ̸= L2 (see the top panels in figures 38
and 39, respectively). In [28], a similar logarithmic scaling was observed in a free chiral
current model (see section 8). Instead, for the matrix V, while a reasonable collapse of
these elements is observed when L1 = L2 (see the bottom panel of figure 38), i.e. when
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Figure 20. The combinations of diagonals defined in the first expression of (7.16)
(top) and in (7.17) (bottom) for kmax ≪ LA (see also (7.19)) when L2 = 2L1. The
dashed black curve corresponds to (7.5) and the solid green curve to its limit
d→+∞ (see also figure 18).

the front (7.9) corresponds to the antidiagonal of V, it becomes unclear when L1 ̸= L2

(see the bottom panel of figure 39).
Let us conclude our analysis of the entanglement Hamiltonians in a harmonic chain

by remarking that, while regimes of large and vanishing ω have been explored quite
extensively in the previous sections, the most important one, where the mass parameter
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Figure 21. The combination of diagonals defined in the second expression of (7.16)
for kmax ≪ LA (see also (7.19)) when L2 = 2L1.

takes finite and non-vanishing values, has been poorly discussed, except for the brief
comments in section 3. This is because exploring this regime is very difficult. In order
to gain insights about the entanglement Hamiltonian in this complicated regime, in
appendix D we report the results of some numerical analyses for the case of a single
block whose outcomes might provide some handle for exploring the continuum limit.

8. Free chiral current model

In this section, we explore the entanglement Hamiltonian of the union of two disjoint
intervals A=A1 ∪A2 in the line for a free chiral current j (x ) given by the derivative of a
massless scalar field, whose commutation relation is

[
j(x) ,j(y)

]
= iδ ′(x− y), when the

entire system is in its ground state. This model has been explored e.g. in [28–30], and this
quantity has been studied in [28], both in a continuum and in a lattice. In appendix E,
the formulas for the entanglement entropies and the entanglement Hamiltonian in the
lattice model of a chiral current [28] are reviewed. In appendix F, we discuss the Rényi
mutual information for both a massless scalar and a chiral current.

The Hamiltonian of a lattice model on a circle made by L sites reads

Ĥ =
1

2

L∑
i=1

b̂2i . (8.1)

The operators b̂i satisfy the commutation relations corresponding to the discretization
of the commutation relation for a chiral current j (x ) in the continuum, namely
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[
b̂i , b̂j

]
= iYi,j Yi,j ≡ δj,i+1− δj,i−1 . (8.2)

Since periodic boundary conditions are imposed, matrix Y is non-invertible (indeed, its
spectrum contains two vanishing eigenvalues).

The generic element of the correlation matrix is Bi,j ≡ ⟨b̂i b̂j⟩ for finite L when the
system is in its ground state, which has been found in [28], and its limit L→+∞ reads

Bi,j =


− 1+ (−1)i−j

π (|j− i|2− 1)
|j− i| ̸= 1

i

2
Yi,j |j− i|= 1

(8.3)

whose dependence on |j− i| originates from the translational invariance of the model.
We remark that the continuum limit of the lattice model described by (8.1) contains
two free chiral currents [28, 30], as discussed in appendix E. This leads us to introduce a
factor of 2 in a proper way in the process of comparing the lattice results against those
in the continuum.

Considering the bipartition of the line characterized by subsystem A made by LA

sites (which are not necessarily contiguous), the crucial quantities related to the bipartite
entanglement are obtained by restricting the correlation matrix (8.3) to A. In partic-
ular, in this way one obtains the LA×LA matrices YA and BA from (8.2) and (8.3),
respectively, which satisfy Im(BA) = YA/2. The matrix YA is invertible only for even
values of LA. Indeed, since YA is a real, antisymmetric and tridiagonal Toeplitz matrix,
its eigenvalues are given by λj =−2icos[πj /(LA+1)], which implies that YA is not
invertible when LA is odd; hence, only even values for LA are considered in our analysis.

The technical details underlying the numerical evaluation of the entanglement
entropies and the matrix characterizing the entanglement Hamiltonian from the
matrices YA and BA are reviewed in appendix E, following [28]. Some results about
the Rényi mutual information of this model are discussed in appendix F.

In particular, by introducing the following LA×LA imaginary matrix

RA ≡−iY −1
A BA−

1

2
1 =−iY −1

A Re(BA) (8.4)

where 1 is the LA×LA identity matrix, the entanglement Hamiltonian can be
written as

K̂A ≡ b̂
t
M b̂ M ≡− i

2
h
(
R2
A

)
RAY

−1
A (8.5)

in terms of the vector of operators given by b̂
t
=
(
b̂1, . . . , b̂LA

)
and of the function h(y)

defined in (2.13).
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Figure 22. Matrix M in (8.5) for L2 = 2L1 with L1=150 and the separation dis-
tance given by δ = 1/15 (top left), δ = 4/15 (top right), δ = 8/15 (bottom left) and
δ = 3/2 (bottom right).

Since we consider the case where the subsystem A=A1 ∪A2 is made by two disjoint
blocks, the real and symmetric LA×LA matrix M in (8.5) is naturally decomposed as
follows:

M =

(
M (1,1) M (1,2)

M (2,1) M (2,2)

)
(8.6)

where the diagonal blocks M (1,1) and M (2,2) correspond to A1 and A2 , respectively;
hence, they are L1×L1 and L2×L2 symmetric matrices, respectively.

In figure 22, we show matrix M in (8.5) for L2 = 2L1 with L1=120 and various sep-
aration distances, identifying the blocks occurring in the decomposition (8.6) through
grey segments. The main diagonal and the other two diagonals next to it in both direc-
tions (hence five diagonals in total), which contain the elements with large amplitudes,
have been removed in order to make visible the remaining non-vanishing elements. The
green and red dashed lines correspond to xc and xΓ

in (7.7) and (7.9), respectively, like
in figure 14.
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Figure 23. Matrix elements |Ti,j | (top), |Vi,j | (middle) and |Mi,j | (bottom) with
i ∈A1 ∪A2 and j ∈A1 (see (3.1) and (8.6)) for L2 = 2L1 with L1=150 and the
separation distance given by δ = 2/15. The data in the top and middle panels are
obtained for ω = 10−500. While the front corresponding to xχ (see (7.10)) is visible
in the diagonal block of T and V (top and middle panels), it does not occur in the
diagonal block of M (bottom panel).

Comparing the matrix M in figure 22 for the chiral current with the matrices T
and V in figure 14 for the massless scalar, the most relevant feature to highlight is
the absence of the front given by xχ (see (7.10)) in the diagonal blocks of M, which
occurs in the diagonal blocks of T and V instead (see the dashed black curves in
figure 14). A comparison among matrices T, V and M has also been performed in
figure 23 by considering the absolute value of their elements and showing a three-
dimensional representation of their upper blocks (see (3.1) and (8.6)) for L2 = 2L1,
L1=150 and δ = 2/15 (the largest diagonals have been removed, as was done in figure 14
and in figure 22). One also realizes from figure 23 that the front for xχ (see (7.10)) does
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Figure 24. Matrix elements of M along the row labelled by i = i0. Here, L2 = 2L1,
δ = 2/15 and i0 =

2
5L1. The green, red, black and brown vertical dashed segments

denote the intersections of the row with (7.7), (7.9), (7.10) and the main diagonal,
respectively (see also the dashed lines in figures 14 and 22).

not occur in the diagonal block in the bottom panel, while it is clearly visible in the
other two diagonal blocks, as already remarked above.

We remark that the diagonal blocks M (1,1) and M (2,2) (see (8.6)) in figure 22 display
the same qualitative structure observed from the analytic expression, as shown in figure 5
of [28].

In figure 24, we display some numerical data for the matrix elementsMi0,j/LA along
the line labelled by i = i0, for L2 = 2L1, δ = 2/15, i0 =

2
5L1 and various values of L1.

The dashed vertical lines denote the intersections of the row with xc, xΓ
, xχ (see (7.7),

(7.9) and (7.10), respectively) and the main diagonal, like in figure 15. From the inset
of figure 24, we observe that the amplitude of the matrix elements increases around
the intersection with the main diagonal, xc and x

Γ
, but a significant change in the

amplitude does not occur around xχ, like in the fermionic case discussed in appendix B
(see figure 30). It is worth comparing figure 24 with figure 15, in order to appreciate
the qualitative differences in these profiles.

It is instructive to consider the single-particle entanglement spectrum of the entan-
glement Hamiltonian for the chiral current that we are exploring and to compare the res-
ult with the corresponding one for a harmonic chain in a massless regime (see figure 16).
This comparison has been performed in figure 25, for configurations with L2 = 2L1.
Taking into account the doubling in the proper way (see the caption of the figure), a
good match of the data points is observed between these two quantities. Since the two
underlying models are not equivalent [28, 30], it would be insightful to understand this
numerical agreement analytically.

Another instructive comparison between the massless harmonic chain and the lattice
model for the chiral current is based on the mutual information and its generalization
given by the Rényi mutual information, which involves the Rényi entropies, whose
continuum limit has been explored in [28, 35], finding analytic results. We remark
that, in the continuum limit, these two bosonic lattice models are different. Indeed, for
instance, the massless scalar satisfies the Haag duality, while the chiral current does not
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Figure 25. Single-particle entanglement spectrum ε̃k̃ for a chiral current and single-
particle entanglement spectrum εk for a massless (ω = 10−50), when A is made by
two blocks L2 = 2L1 (see also the bottom panel of figure 16, where the data points
for εk in this setup are also displayed). The relation k̃ = k/2 has been used in the
comparison of these two single-particle entanglement spectra.

possess this property [28]. The comparison between the Rényi mutual information in
these models is discussed in appendix F, where we also provide some numerical checks
of the analytic expressions through lattice computations (see figures 43 and 44).

In figure 26, we display some numerical data for the main diagonal Mi,i and the
first non-vanishing diagonal Mi,i+2 of matrix M defined in (8.5). Indeed, all the odd
diagonals of M vanish, namely Mi,i+2k+1 = 0 for k ⩾ 0. This feature agrees with the fact

that this model exhibits a parity symmetry (see b̂i → (−1)i b̂i in appendix E) [30], which
also implies that Bi,i+2k+1 = 0 in (8.3). Notice that, instead, all the diagonals of matrices
T and V explored in section 7 are typically non-vanishing. The collapses of the data
points in the left panels of figure 26 indicate that Mi,i/LA and Mi,i+2/LA provide well-
defined continuous functions as LA →+∞. However, the corresponding right panels
show that these continuous functions are not smooth because their second derivative is
discontinuous. This lack of smoothness has also been observed for matrices T and V
(see the right panels of figure 17).

It is worth adapting the analysis performed in section 7 for a massless harmonic
chain to a chiral current model. This leads us to consider the sum of all the elements
of a block of M along a row. In particular, in the diagonal and off-diagonal blocks of M
(see (8.6)), let us introduce, respectively,
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Figure 26. DiagonalsMi,i (top left) andMi,i+2 (bottom left) and their discrete first
derivative in the corresponding right panels for L2 = 2L1.

Mdiag (i) =
∑
j∈An

M
(n,n)
i,j i ∈An (8.7)

Moff (i) =
∑
j∈An

M
(m,n)
i,j i ∈Am m ̸= n . (8.8)

Some numerical results for these quantities are reported in figure 27, and the per-
fect collapses of the data points for increasing values of L1 indicate that the ratios
Mdiag(i)/LA and Moff(i)/LA provide well-defined functions in the thermodynamical limit
LA →+∞ for a given value of L2/L1. The results of the corresponding analyses for
matrices T and V are reported in figures 18 and 19. The dashed black curves cor-
respond to βloc(x)/4, from (7.5), and the solid green curves to its limit as the large
separation distance diverges.

By comparing the numerical results for the row-wise summations (8.7) and (8.8)
displayed in figure 27 with the corresponding ones for the row-wise summations of
matrix T in (7.13), reported in figure 18, a remarkable qualitative similarity is observed.

It is also worth adapting the procedure discussed in section 7 for a massless harmonic
chain to the chiral current model that we are exploring. Thus, in analogy with (7.16),
let us introduce
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Figure 27. Combinations of elements in M introduced in (8.7) and (8.8) for
L2 = 2L1.
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Figure 28. The combinations of diagonals in (8.9) for an optimal kmax ≪ LA when
L2 = 2L1.

M(0)
kmax

(i)≡


Mi,i+2

kmax∑
k=1

Mi,i+k ĩ ∈A<

Mi,i+2
kmax∑
k=1

Mi−k,i ĩ ∈A>

(8.9)

where A< and A> are defined in (7.18); hence, only the elements in the diagonal blocks
of M occur. In figure 28, some numerical results for (8.9) are shown, and they are
compared against the same dashed black and solid green curves occurring in figure 27.
The value of kmax ≪ LA has been chosen in the optimal way, in order to have stable
curves. Comparing figure 28 with the top panel of figure 20 for matrix T, a remarkable
similarity is observed.

The discrepancy occurring in both figures 27 and 28 between the curves defined by
the data points and the dashed black curves could be understood by properly taking
into account the non-local terms in the entanglement Hamiltonian found in [28].

9. Conclusions

In this paper, we have reported some numerical analyses for the entanglement
Hamiltonian of the union of two disjoint blocks A=A1 ∪A2 in an infinite harmonic
chain in its ground state (section 2). Our main results are obtained in the two limiting
regimes of large mass (sections 5 and 6) and vanishing mass (sections 7 and 8). Some
observations have also been made in the crossover regime where the mass parameter
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takes finite and non-vanishing values (section 3 and appendix D). Since this entan-
glement Hamiltonian has a quadratic form (2.10), it is characterized by the LA×LA
real and symmetric matrices T and V, where LA is the size of the subsystem, namely
LA = L1+L2 for two disjoint blocks, where Lj is the number of sites in the block Aj.

In a large mass regime (sections 5 and 6), we have extended the analysis of the
entanglement Hamiltonian of the single block reported in [21] to the case of two disjoint
blocks. For this configuration, matrices T and V also become tridiagonal in this regime;
hence, they are fully described by the profiles of the diagonals whose elements are Ti,i,
Vi,i and Vi,i+1. We observe that the analytic expressions for these profiles are described
by (5.1) and (5.2) when L1 = L2 and by (6.1) and (6.2) when L1 < L2, in terms of
piecewise linear functions whose slopes are written explicitly in terms of the analytic
result for the entanglement Hamiltonian of a half chain found in [7] (see section 4).
These piecewise linear functions can be discontinuous, and their disconnected terms are
represented pictorially in figure 3 for L1 = L2 and in figure 6 for L1 < L2. Remarkable
agreement with the numerical data points is observed, as shown in figure 4 when L1 =
L2 and in figures 8 and 9 when L1 < L2. The main feature to highlight about the
large mass regime is the occurrence of sharp transitions in the profiles of the diagonals
as the dimensionless parameter δ ≡D/LA changes, with D being the number of sites
separating the two blocks. Furthermore, we have observed two qualitatively different
behaviours depending on the value of the dimensionless ratio ρ≡ L1/LA characterizing
the relative size of the two blocks, introduced in (2.16), whose critical value corresponds
to L2 = 3L1 (see (6.5)) (see figure 7 for a pictorial representation). We remark that the
mutual information does not display these transitions; indeed, the area law holds in this
regime. Instead, sharp transitions corresponding to the same critical values observed
for the entanglement Hamiltonian occur in the single-particle entanglement spectrum.
This quantity is well described by continuous piecewise linear functions given in (5.13)
and (6.21) for L1 = L2 and L1 < L2, respectively. Also for the entanglement spectra,
good agreement with the numerical data points has been found, as shown in figure 5 for
L1 = L2 and in figures 10 and 11 for L1 < L2. A heuristic picture explaining the critical
values of δ observed in our numerical analyses is described in section 6.3.

In a regime of vanishing mass, both a harmonic chain in a massless limit [3] and a
free chiral current [28] have been explored, in sections 7 and 8, respectively. While in a
harmonic chain the entanglement Hamiltonian is characterized by the pair of LA×LA
matrices T and V discussed above, in a free chiral current model, it is fully described
by the LA×LA matrix M given in (8.5). All these matrices display inhomogeneities
and long-range couplings (see figures 14, 22 and 23). Besides the largest contributions
to the entanglement Hamiltonian given by the elements around the main diagonal of
these matrices, the subleading contributions are observed along specific fronts described
by the analytic expressions in (7.7), (7.9) and (7.10) (see the dashed curves in figures 14
and 22 and also the vertical dashed lines in figures 15 and 24). We remark that the fronts
corresponding to (7.10) in the diagonal blocks are not observed for a chiral current, and
this provides an interesting qualitative difference between the two models that would
be worth explaining in future studies.

The thermodynamic limit of the main contributions to the entanglement
Hamiltonian, which are given by the main diagonal and the nearby diagonals of the
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matrices mentioned above, have been explored (see figure 17 for a harmonic chain and
figure 26 for a chiral current), as was done in [13, 15] for a single block in infinite chains,
finding continuous curves with a discontinuous second derivative. The latter feature has
not been observed in the case of a single block. It would be insightful to obtain analytic
expressions for these non-smooth curves, as was done in [13] for a single block in an
infinite fermionic hopping chain.

Following the numerical analyses reported in [12, 23] to recover the weight functions
in the entanglement Hamiltonians of two disjoint blocks on the line in the continuum
limit, we have considered the summations of the matrix elements along a given row
(see (7.13), (7.14) and (8.7), (8.8)) and also some specific combinations of diagonals
(see (7.16), (7.17) and (8.9)). Remarkable collapses of the numerical data points are
observed for these row-wise summations, as shown in figures 18 and 19 for a harmonic
chain and in figure 27 for a chiral current. Instead, for the combinations of diagonals,
the collapses are less clean (see figures 20 and 21 for a harmonic chain and figure 28 for
a chiral current). These results should be compared against analytic expressions of the
weight functions occurring in the entanglement Hamiltonian of two disjoint intervals in
the continuum limit, which are available in the literature for a chiral current [28] but
are still unknown for a massless scalar. The entanglement Hamiltonian of two disjoint
intervals is non-local in both these models, and it worth exploring a possible relation
between these non-local operators. While for a chiral current a fully non-local expression
has been proposed [28], for a massless scalar we cannot establish whether this quadratic
operator is fully non-local as well or just bi-local, like for a massless Dirac field [22].

The single-particle entanglement spectra for two disjoint blocks in these two infinite
bosonic chains have also been investigated, finding the numerical results reported in
figure 16 for a harmonic chain and in figure 25 for a chiral current. Furthermore, in
figure 25 it has also been shown that a simple relation occurs between these two single-
particle entanglement spectra. Explaining such numerical agreement would gain relevant
insights into the comprehension of the relation between a harmonic chain and a chiral
current model.

Analytic results for the continuum limit are available for the mutual Rényi inform-
ation, both in a harmonic chain in a massless regime [35] and in a chiral current model
[28]. Further numerical checks of these analytic expressions are reported in appendix F
(see figures 43 and 44).

In a regime where the mass parameter is neither very large nor vanishing, some
numerical results about the entanglement Hamiltonians in a harmonic chain have been
reported, both for a single block (appendix D) and for two disjoint blocks (section 3).
In the latter case, in comparison with a large mass regime, we observe that the three-
diagonals approximation does not hold (see figure 1) and also the sharp transitions do
not occur anymore (see figure 2). For a single block, the limiting procedure employed
in [15] for a massless regime has been considered (see figure 40) and also alternative
procedures have been proposed, which display better data collapses (see figures 41
and 42). Although these results provide some interesting insights for the continuum
limit, they do not provide a prediction for the entanglement Hamiltonian of a single
interval for a massive scalar field. This operator is fully non-local, and finding its explicit
expression is still an important open problem.

https://doi.org/10.1088/1742-5468/addaa7 55

https://doi.org/10.1088/1742-5468/addaa7


Entanglement Hamiltonian of two disjoint blocks in the harmonic chain

J.S
tat.

M
ech.(2025)

073102

The results presented in this article suggest some interesting questions. For instance,
in a large mass regime, since the mutual information does not capture the sharp trans-
itions observed in the entanglement Hamiltonian and in the single-particle entanglement
spectrum, it would be interesting to find some simpler entanglement quantifier that can
detect this feature of the large mass regime. We find it is also worth trying to extend the
analysis recently described in [57] for a single block to the case of two disjoint blocks,
in order to see whether the piecewise linear profiles that we have obtained also occur
through this approach.

Our analyses can be extended in various directions. First, the quantities and vari-
ous regimes that we have discussed for a harmonic chain should also be explored in
some fermionic chains (see e.g. [66] for an interacting case). Furthermore, one could
consider the possibility of exploring entanglement Hamiltonians for an arbitrary num-
ber of disjoint blocks [22], in systems with boundaries [23, 24, 67, 68] or with point-like
defects [25], in inhomogeneous systems [69–71] and in time-dependent scenarios, such
as, for example, those provided by quantum quenches [11, 56, 72–75]. We find it would
also be worth investigating the entanglement spectra associated with these entangle-
ment Hamiltonians [11, 76, 77] and extending all these questions to models in higher
dimensions [16, 78, 79] or to other non-relativistic quantum systems [80–83].
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Appendix A. Large ω regime: an equivalent description of the diagonals

In this appendix, we provide the definition of F2(δ,ρ ;x) to employ in (6.1) and (6.2)
for the parameterized endpoints of A=A1 ∪A2 given in (6.14). The result is obtained
by adapting the procedure described in section 6.1, where the parameterized (6.13) is
chosen and therefore (6.17) and (6.18) must be employed.

Setting the origin O in the second endpoint of A1, in order to fix the parameters in
the auxiliary functions (6.6)–(6.12), here we consider the rhombus R0 with vertices in
O, P0 and P±, where

P0 ≡ (0 ,ρ) P− ≡ (−ρ/2,ρ/2) P+ ≡ (3ρ/2,ρ/2) (A.1)

hence the edges of R0 have slopes ±1 and ±1/3. The other rhombus R̃ to consider has
vertices in P0, P+, Q< and Q>, where

Q< ≡ (1− 2ρ , 1/2) Q> ≡
(
2− ρ

2
,
1− ρ

2

)
(A.2)
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implying that its edges have slopes ±1/2 and ±1/3 for any value of ρ. In the limiting
case of equal blocks, i.e. when ρ= 1/2, we have Q< = P0 and Q> = P+; hence, only R0

occurs also for this parameterized of the endpoints of A.
The parameters in the auxiliary functions (6.6)–(6.12) occurring in the definition

of F2(δ,ρ ;x) for the four phases I, II, III and IV are determined from the rhombi R0

and R̃ introduced above, according to the same principle adopted in section 6.1 (see
figure 7). This analysis allows us to construct the function F2(δ,ρ;x) corresponding to
the parameterized (6.14) for A.

When ρ ∈
(
0,ρc

]
, we find

F2(δ,ρ ;x) ≡



∆1(x)+∆2(x) δ ∈
[
δ
I/II
c ,+∞

)
∆1(x)+ ∆̄2(2a2− ρ/2;x) δ ∈

[
δ
II/III
c ,δ

I/II
c

]
∆1(x)+ ∆̃2(2a2− ρ/2,2a2;x) δ ∈

[
δ
III/IV
c ,δ

II/III
c

]
λ1(−a2/2;x)+ λ̃2(3a2/2,ρ− a2,2a2;x) δ ∈

[
0,δ

III/IV
c

]
(A.3)

while for ρ ∈
[
ρc ,1/2

]
the function F2(δ,ρ;x) is

F2(δ,ρ ;x) ≡



∆1(x)+∆2(x) δ ∈
[
δ
I/II
c ,+∞

)
∆1(x)+ ∆̄2(2a2− ρ/2;x) δ ∈

[
δ
II/III
c ,δ

I/II
c

]
λ1(−a2/2;x)+ λ̄2(3a2/2,ρ− a2;x) δ ∈

[
δ
III/IV
c ,δ

II/III
c

]
λ1(−a2/2;x)+ λ̃2(3a2/2,ρ− a2,2a2;x) δ ∈

[
0,δ

III/IV
c

]
.

(A.4)

This function satisfies the consistency conditions (6.19) and (6.20) in the limiting
regimes of vanishing and large separation distances, as already mentioned in the main
text just below these requirements.

Appendix B. Entanglement Hamiltonian in an infinite fermionic chain

In order to make a comparison with the bosonic lattice models discussed in the main
text, in this appendix we consider the entanglement Hamiltonian of two disjoint blocks
in an infinite fermionic hopping chain and review the formulas underlying the numerical
analysis of its continuum limit [23], which provides the entanglement Hamiltonian of
two disjoint intervals for a massless Dirac field on the line and in its ground state, found
in [22].

The free massless Dirac field is a prototypical example of two-dimensional CFT
with central charge c=1. This fermionic field is a doublet made by two chiral complex
fields, in terms of the light-cone coordinates u± ≡ x± t. In the case where this model is
defined on the line and in its ground state, the entanglement Hamiltonian of subsystem
A given by the union of two disjoint intervals (i.e. A≡A1 ∪A2, where Aj ≡ [aj,bj] with
j ∈ {1,2}) is the sum of a local term and a bi-local term [22]:

KA =KA,loc+KA,biloc . (B.1)
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The local term is

KA,loc =

ˆ
A

βloc (x) Ttt (x) dx (B.2)

where the weight function βloc(x) has been introduced in (7.5), and Ttt(x) is the energy
density of the massless Dirac field, namely

Ttt (x)≡
i

2

[(
:ψ*

R (∂xψR) :− :
(
∂xψ

*
R

)
ψR :
)
(x)−

(
:ψ*

L (∂xψL) :− :
(
∂xψ

*
L

)
ψL :
)
(x)
]
(B.3)

where ψR and ψL are the right and left chiral components of the massless Dirac field.
The bi-local term is

KA,biloc =

ˆ
A

βbiloc (x) Tbiloc (x,xc) dx (B.4)

whose weight function can be written through (7.5) and the conjugate point (7.7), as
follows:

βbiloc (x) =
βloc (xc)

x−xc
(B.5)

and the bi-local quadratic operator Tbiloc(x,y) is defined as

Tbiloc (x,y)≡
i

2

[
:
(
ψ*
R (x) ψR (y)−ψ*

R (y) ψR (x)
)
:− :

(
ψ*
L (x) ψL (y)−ψ*

L (y) ψL (x)
)
:
]
.

(B.6)

The operator (B.1) can be obtained from a lattice model through a continuum limit.
Consider an infinite fermionic hopping chain characterized by the following

Hamiltonian:

Ĥ =−1

2

∑
i ∈Z

(
c†ici+1+ c†i+1ci

)
+µ

∑
i ∈Z

c†ici (B.7)

in terms of the fermionic creation and annihilation operators and of the chemical poten-
tial µ= cosqF, whose ground state is a Fermi sea with occupied momenta q ∈ [−qF,qF].
The generic element of the correlation matrix is

Ci,j ≡ ⟨c†icj⟩=
sin[qF (i− j)]

π (i− j)
(B.8)

and its restriction to subsystem A defines the reduced correlation matrix CA, which
is the crucial quantity to explore in order to study the bipartite entanglement in this
setup.
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Figure 29. Matrix H for L2 = 1.5L1 with L1=120 and δ = 1/10 (left) or δ = 1/4
(right).

We are interested in a free fermionic chain (B.7) in its ground state when the bipar-
tition of the infinite chain is given by the union of two disjoint blocks A=A1 ∪A2, made
by L1 and L2 contiguous sites. The entanglement Hamiltonian of A reads [2, 49]

K̂A =
∑
i,j∈A

Hi,j c
†
icj (B.9)

where the LA×LA matrix H can be written as

Hi,j =

LA∑
k=1

ϕk (i) εkϕk (j) εk = log

(
1− ζk
ζk

)
(B.10)

where εk are the single-particle entanglement energies, while ζk and ϕk(i) are the eigen-
values ζk and the eigenvectors of CA, which can be diagonalized numerically.

In figure 29, we show the matrix Hi,j in (B.10) for L2 = 1.5L1 and qF = π/2. The
green, red and black dashed curves, corresponding to (7.7), (7.9) and (7.10), respectively,
are shown to facilitate the comparison with figures 14, 22 and 23 for the bosonic models
explored in this article. While the green and the red dashed hyperbolae can be observed
in the profile of the matrix elements of H, as already highlighted in [23], the black
dashed hyperbola does not occur, in contrast with the case of a massless harmonic
chain (see figure 14). This observation is further supported by figure 30, where the
elements of a single row Hi0,j are shown, and the magnitude does not increase around
the vertical dashed black segment, in contrast with the case of a massless harmonic
chain (see figure 15).

The continuum limit procedure requires us to introduce the continuum spatial
coordinate x= is in terms of the infinitesimal lattice spacing s and to perform the
following replacement:

ci →
√
s
(
eiqFxψR (x)+ e−iqFxψL (x)

)
(B.11)

where ψR and ψL denote the right-moving and the left-moving chiral fields, respectively.

https://doi.org/10.1088/1742-5468/addaa7 59

https://doi.org/10.1088/1742-5468/addaa7


Entanglement Hamiltonian of two disjoint blocks in the harmonic chain

J.S
tat.

M
ech.(2025)

073102

Figure 30. Matrix elements of H along a row corresponding to the site labelled by
i = i0. Here, L2 = 1.5L1, i0 = 0.4L1 and δ = 1/10. The green, red, black and brown
vertical dashed segments highlight the intersections of the row with the curves
corresponding to (7.7), (7.9), (7.10) and the main diagonal, respectively (see the
dashed lines in figure 29). The inset zooms in to highlight the oscillatory behaviour
and the relative amplitudes around these intersections.

Figure 31. The combinations (B.12) (left) and (B.13) (right) for L2 = 1.5L1 and
δ = 1/10 for various values of LA. The dashed curves are given by the weight func-
tions (7.5) and (B.5), respectively.

Considering the half-filling case, where qFs= π/2, in [23] it has been shown that
proper combinations of the matrix elements of H provide the weight functions (7.5)
and (B.5) in the continuum limit. In particular, for the diagonal blocks, one considers
the following combination of the matrix elements on the ith row:

B (i)≡ −
∑
j∈Ak

(−1)(j−i)/2 (j− i)Hi,j i ∈Ak k ∈ {1,2} (B.12)

which is slightly different from the combination defined in equation (31) of [23], where
a summation over the diagonals occurs. In the off-diagonal blocks, the combination of
the matrix elements on the ith row introduced in [23] reads

S (i)≡
∑
j∈Ar

(−1)(j−i−1)/2 Hi,j i ∈Ak r ̸= k r,k ∈ {1,2} . (B.13)

In figure 31, we show that (B.12) and (B.13) reproduce well the weight functions (7.5)
and (B.5), respectively, in the scaling limit, as already found in [23].
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Figure 32. Diagonals of matrix T for L1 = L2 and ωLA = 10−50.

Appendix C. Massless regime: further details

In this appendix, we report further numerical results supporting the observations made
in section 7 for the entanglement Hamiltonian of two disjoint blocks in a massless regime.

Considering the simplest configuration of equal intervals with L1 = L2 ≡ L in a mass-
less regime with ωLA = 10−50 and choosing δ=0.2, in figures 32 and 33 we report some
numerical data showing that the functions τk(xk) and νk(xk), introduced in (7.15) and
which involve only the elements in the diagonal blocks of T and V, are well defined.
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Figure 33. Diagonals of the matrix V for L1 = L2 and ωLA = 10−50.

In particular, eight diagonals have been explored, i.e. 0⩽ k ⩽ 7 in (7.15). An example
with L2 = 2L1 has been considered in figure 17, only for the diagonals providing the
largest contributions. The numerical results displayed in figures 32 and 33 suggest that
the functions τk(xk) and νk(xk) are continuous but not smooth. This lack of smoothness
has also been checked by exploring the discrete first derivative of τk(xk) and νk(xk) from
the numerical data points, as was done in the right panels of figure 17, but we do not
find it worth reporting these plots here.
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Figure 34. The combinations of diagonals defined in the first expression of (7.16)
(top) and in (7.17) (bottom) for kmax ≪ LA (see also (7.19)) when L2 = L1 (see also
figure 20). The dashed black curve corresponds to (7.5) and the solid green curve
to its limit d→+∞.

Considering configurations of equal intervals and in a massless regime with ωLA =
10−50, in figures 34 and 35 we report some numerical results to test the functions
introduced on the left-hand side of (7.20), as was done in figures 20 and 21 for L2 = 2L1;
hence, we refer the reader to the main text for a discussion of the quantities involved in
this analysis. Comparing the results displayed in these four figures, one observes that
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Figure 35. The combination of diagonals defined in the second expression of (7.16)
for kmax ≪ LA (see also (7.19)) when L2 = L1 (see also figure 21).

the convergence of the data points is slightly better when subsystem A is made by equal
intervals.

The consistency condition kmax ≪ LA is important in the limiting procedure dis-
cussed in section 7 for exploring the local term, based on the combinations of diagon-
als (7.16)–(7.19) (see also [15] for the single block case). For equal intervals, the role of
kmax can be investigated by comparing the numerical data points reported in figures 34,
36 and 37. In figure 34, the values of kmax correspond to those where the best conver-
gence has been observed. The most significant improvement provided by the optimal

choice of kmax occurs in V(2)
kmax

(i)/(2L) (see the bottom panels of these three figures).
Indeed, already for adjacent intervals (i.e. for δ=0) when kmax = 3 and kmax = 6, this
quantity does not provide the expected parabola.

The occurrence of a non-local term coming from the diagonal blocks of T and V
might require a non-trivial modification of the limiting procedure to extract the local
term.

As for the off-diagonal blocks in matrices T and V, the numerical results in figure 14
and figure 15 (see also the top and middle panels of figure 23) indicate that a large
contribution comes from the elements close to the front corresponding to x

Γ
(x) in (7.9),

with x ∈A. We find it worth exploring the elements of these matrices along this front.
Since for L1 ̸= L2 the function x

Γ
(i) with i ∈A does not provide integer numbers, a

way to define this front on the lattice must be introduced. Along the ith row of either T
or V, we consider the element labelled by ⌊x

Γ
(i)⌋ and the four elements around it, namely

the five elements corresponding to ⌊x
Γ
(i)⌋+ k with k ∈ {−2,−1,0,1,2}. The minimum

among these five values provides x̃
Γ
(i), which is employed in figure 39. When L1 = L2,

we have x̃
Γ
(i) = 2L+ d− i, which corresponds to the element of the antidiagonal.
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Figure 36. The combinations of diagonals displayed in figure 34 for kmax = 3.

When L1 = L2, the expression (7.9) gives the antidiagonal of T and V and x̃
Γ
(i) =

2L+ d− i. The corresponding numerical results are shown in figure 38, where the data
point collapses suggest that the leading scaling behaviour with respect to the total size
2L of the subsystem is Ti,2L+d−i ∼ log(2L) and Vi,2L+d−i ∼O(1). In [28], a logarithmic
scaling along the antidiagonal was also observed for a chiral current (see section 8).
The convergence of the numerical results for L1 ̸= L2 is worse with respect to the case
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Figure 37. The combinations of diagonals displayed in figures 34 and 36 for
kmax = 6.

L1 = L2. In figure 39, we report some data for L2 = 2L1, and it seems that Ti,x
Γ
(i) ∼ logLA

(although the data collapses are not as good as in the case L1 = L2), while the data
obtained from V do not display any clear convergence.
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Figure 38. Antidiagonals of T (top) and V (bottom) for L1 = L2 and various
separations.
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Figure 39. Elements in the off-diagonal blocks of T (top) and V (bottom) around
the front identified by (7.9), as discussed in appendix C, for L2 = 2L1 and various
separations.
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Figure 40. Combinations of diagonals given by (7.16), (7.17) and (D.1) for a fixed
value of kmax ≪ L when either ωL= 500 (left) or ωL= 1 (right).

Appendix D. Massive regime: single block

In order to gain some insights into massive regimes, in this appendix we investigate the
entanglement Hamiltonian (2.10) of a single block A made by L contiguous sites in an
infinite harmonic chain when the mass parameter takes finite and non-vanishing values.
Some observations about this regime have been also made in [21].

Following [15, 16], let us consider the combinations of diagonals given by T(0)
kmax

, V(0)
kmax

and V(2)
kmax

, introduced in (7.16) and (7.17), where, in order to take into account the
simpler case of the single block that we are considering, (7.18) is replaced by

A< ≡ [1 ,L/2] A> ≡ [L/2+1,L] . (D.1)

In our analysis, even values of L are chosen; hence, A< and A> are well defined. Notice
that the definition (D.1) leads to a maximum allowed value for kmax given by L/2.
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In figure 40, we report some numerical results for these combinations of diagonals
when kmax ≪ L is kept fixed while L increases. In particular, we have ωL= 500 and
ωL= 1 in the left and right panels, respectively. The red and black dashed curves
in figure 40 correspond to the triangular function [21] and to the parabolic function
[8], respectively, which occur in the large mass (see section 4) and in the massless
regime, respectively. In particular, the data points in the left panels are described well by
the function employed in (4.6)–(4.9). The quantity considered in the bottom-left panel
comes from the proper combination of both the expressions in (4.7), and only ω2 occurs
in the coefficient characterizing its slope. Moreover, we remark that the three-diagonals
approximation cannot be applied for figure 40 (see also figure 10 of [21]). Taking the
limit L→+∞ with ωL= 1 provides a probe of the massive regime of quantum field
theory in a continuum. In the top- and middle-right panels of figure 40, a collapse
of the numerical data points in this regime as L→+∞ is not observed. Instead, in

the bottom-right panel of the same figure, the data points of V(0)
kmax

(i) provide a good
triangular shape function, but we remark that this quantity scales in a different way
with respect to the corresponding panel on the left, where the large mass regime is
considered. It would be interesting to further explore this dramatic change in scaling
for this quantity.

The lack of data point collapses for increasing values of L when kmax is kept fixed,
observed in figure 40, leads us to consider a different scaling limit where the ratio kmax/L
is kept fixed as L increases. In figure 41, we report some numerical results for the

combinations of diagonals T(0)
kmax

, V(0)
kmax

and V(2)
kmax

in this scaling limit. In the top panels,
kmax/L= 1/2, and different values of ωL are considered. Instead, in the remaining
panels, ωL is kept fixed while kmax/L takes different values (ωL= 1 in the middle-right
panel and in both the bottom panels, and ωL= 500 in the middle-left panel). Besides
the fact that the expected results are recovered in the limiting regimes of ωL→ 0+ and
ωL≫ 1, the main feature to highlight in figure 41 is given by the nice collapses of the
data points for increasing values of L. These collapses suggest that this scaling limit can
provide useful insights to explore the continuum limit of the entanglement Hamiltonian
in a massive regime. In the middle panels, where either ωL= 500 (left panel) or ωL= 1
(right panel), we show that this quantity scales differently as one goes from a finite value
ofωL to ωL≫ 1 (see also the bottom panels of figure 40). It would also be worth further
exploring this change in the scaling in the setting where the ratio kmax/L is kept fixed

while L→+∞. In the bottom panels of figure 41, the combinations of diagonals T(0)
kmax

and V(2)
kmax

are considered; we obtain well-defined curves for different values of kmax/L for

both these quantities, but those corresponding to V(2)
kmax

display two singularities.
The data collapses, the singular behaviour of the curves and the fact that the trian-

gular function is not an upper bound for them, observed in figure 41, suggest we should
consider the same scaling limit for different combinations of diagonals. A possibility is
to modify (7.16) and (7.17) by introducing, respectively,

https://doi.org/10.1088/1742-5468/addaa7 70

https://doi.org/10.1088/1742-5468/addaa7


Entanglement Hamiltonian of two disjoint blocks in the harmonic chain

J.S
tat.

M
ech.(2025)

073102

Figure 41. Combinations of diagonals in (7.16), (7.17) and (D.1) for fixed kmax/L
and ωL.

T̃(0)
kmax

(i)≡


Ti,i+2

kmax∑
k=1

Ti,i−k

Ti,i+2
kmax∑
k=1

Ti+k,i

Ṽ(0)
kmax

(i)≡


Vi,i+2

kmax∑
k=1

Vi,i−k i ∈A<

Vi,i+2
kmax∑
k=1

Vi+k,i i ∈A>

(D.2)

and

Ṽ(2)
kmax

(i)≡



kmax∑
k=1

k2Vi,i−k i ∈A<

kmax∑
k=1

k2Vi+k,i i ∈A>

(D.3)
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Figure 42. Combinations (D.2), (D.3) and (D.1) for when kmax/L and ωL are kept
fixed (see also figure 41).

where (D.1) is employed to define the range of the index i, imposing that the sums stop
when i− k ⩽ 0 or i+ k > L.

In figure 42, we report numerical results for the combinations of diagonals T̃(0)
kmax

, Ṽ(0)
kmax

and Ṽ(2)
kmax

, introduced in (D.2) and (D.3), in the same setup, choices of the parameters
and scheme for the panels considered in figure 41. For these combinations, data collapses
are also observed, and the expected curves are recovered in the limiting regimes of
ωL→ 0+ and ωL≫ 1. Comparing figures 42 and 41, we remark that the triangular
and parabolic functions, characterizing the ωL→ 0+ and ωL≫ 1 regimes, respectively,
provide a lower bound and an upper bound for the curves obtained from (D.2) and (D.3)
when ωL takes finite and non-vanishing values. When ωL= 1, the curve in the middle-
right panel of figure 42 corresponds to the one obtained in the middle-right panel of
figure 41 or in the bottom-right panel of figure 40 with the sign flipped.
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Appendix E. Details on the free chiral current model

In this appendix, we discuss some features of the free chiral current model [30], and,
following [28], we review some technical details about the numerical evaluation of the
entanglement Hamiltonian matrix H, whose results are discussed in section 8.

Consider the lattice Hamiltonian H = 1
2

∑L
i=1 bi on a circle [30]. At a classical level,

the variables bi satisfy the unusual Poisson brackets given by
{
bi,bj

}
= δi,j+1− δi,j−1, and

the equation of motion reads ḃi =
{
bi,H

}
= bi−1− bi+1. This equation admits plane wave

solutions bi = exp[i(ki−Et)] with the dispersion relation E(k) = 2sin(k), whose period-
icity allows us to restrict the domain of the quasi-momentum to k ∈ [0,2π]. Since E(0) =
E(π) = 0, two values of k correspond to the same extremal value of E (k). Moreover,
the group velocities ∂kE|k=0 =−∂kE|k=π = 2 around these values have the opposite sign;
hence, the model contains both left-moving and right-moving excitations, correspond-
ing to the modes around k =0 and k = π, respectively. This feature can be clarified by
defining the variables b̃i = (−1)i bi, which satisfy

{
b̃i, b̃j

}
=−

{
bi,bj

}
= δi,j−1− δi,j+1 and

give b̃i = exp[i((k+π)i−Et)] for the plane wave solution. Each left-moving excitation
having k ∈ [0,π/2]∪ [3π/2,2π] encoded in bi can be associated with a right-moving solu-

tion encoded in b̃i. The above-mentioned Hamiltonian can be written in terms of both
types of excitations as H = 1

4

∑L
i=1

(
b2i + b̃2i

)
.

The quantization procedure, which transforms the classical variables into operators
bi → b̂i and the Poisson brackets into commutators, preserves these features of the excit-

ation spectrum. Considering also the operators
ˆ̃
bi coming from b̃i, we have [b̂i,

ˆ̃
bj] = 0. In

the continuum limit, the relevant values of k are the minima of |E(k)|, namely k =0 and
k = π. The resulting model is the sum of two chiral quantum field theories corresponding
to the left- and right-moving excitations mentioned above.

In order to explore the entanglement Hamiltonian in the free chiral current model,
following [28], we consider the LA×LA matrices YA and BA introduced in section 8,
with even LA. As for YA, since LA is even, the LA×LA orthogonal matrix O and matrix
E with the same size can be constructed such that

EOYAO
tE =

(
0 1
−1 0

)
≡ J E =

(
X 0
0 X

)
(E.1)

where X is a diagonal matrix with strictly positive real numbers on its main diagonal.
The matrices O and E allow us to introduce the following canonical operators:

r̂i = Õi,j b̂j Õ ≡ EO [r̂i, r̂j] = iJi,j (E.2)

where Õ is neither an orthogonal nor a symplectic matrix. The corresponding correl-
ators ⟨r̂i r̂j⟩ provide the LA×LA real and symmetric matrix γ̃A as follows (notice that
Et =−E):

⟨r̂i r̂j⟩= ÕBA Õ
t (γ̃A)i,j ≡ Re[⟨r̂i r̂j⟩] γ̃A = Õ [ReBA] Õ

t ≡
(
Q̃ S

St P̃

)
.

(E.3)
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The matrix γ̃A is positive definite for all the cases that we have considered, although
this feature has been checked only numerically. Assuming that γ̃A is positive definite,
its Williamson decomposition reads

γ̃A =W t
(
D̃⊕ D̃

)
W (E.4)

where W is a LA×LA real symplectic matrix, and D̃ is the (LA/2)× (LA/2) diagonal
matrix containing the symplectic spectrum {σ̃1, . . . , σ̃LA/2} of γ̃A on its diagonal, satisfy-

ing σ̃k > 0, which can be obtained from the spectrum of (iJγ̃A)
2 in a standard way [48].

This symplectic spectrum provides the Rényi entropies and the entanglement entropy
through (2.8) and (2.9), respectively.

The matrix RA introduced in (8.4) is related to γ̃A. Indeed, by inverting (E.1), one

first observes that Y −1
A =−ÕtJ t Õ. Then, combining this expression with (8.4), we get

RAY
−1
A = iÕtJ t γ̃AJ Õ (E.5)

and

R2
A =−Y −1

A (ReBA) Y
−1
A (ReBA) = Õt (iJγ̃A)

2 Õ−t . (E.6)

The entanglement Hamiltonian can then be written in terms of either r̂i or b̂i as
follows:

K̂A =
1

2
r̂tNA r̂ = b̂

t
M b̂ (E.7)

where NA reads [3] (see also [56])

NA = h

(√
(iJγ̃A)

2

)
J t γ̃AJ (E.8)

in terms of h(y) defined in (2.13), while matrix M has been introduced in (8.5), and it
can be obtained by using (E.5) and (E.6) in (E.8).

The entanglement Hamiltonian (E.7) can be written as follows:

K̂A =

(
b̂
t

ˆ̃
bt

)(
M/2 0

0 M̃/2

)(
b̂
ˆ̃
b

)
(E.9)

where M̃i,j = (−1)i+jMi,j and
ˆ̃
bi = (−1)i b̂i. Notice that Mi,i+2k+1 = 0 because of the

parity symmetry [30]; hence, M̃ =M .

In the continuum limit, which requires the UV cutoff a, we have b̂i → aj(x) and
ˆ̃
bi → aj̄(x) for the operators and Mij/2→H(x,y) for the matrix, where ia→ x and
j a→ y. The chiral fields coming from the left- and right-moving excitations are also
decoupled in the entanglement Hamiltonian, which is therefore given by the sum of the
corresponding operators associated with these two different types of excitations.
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Appendix F. Rényi mutual information

The Rényi mutual information for the bipartition of the line given by A=A1 ∪A2 is a
UV finite quantity defined as the following combination of Rényi entropies:

I
(n)
A1,A2

= S
(n)
A1

+S
(n)
A1

−S
(n)
A1∪A2

(F.1)

where n⩾ 0 is an integer, and its analytic continuation n→ 1 gives the mutual inform-
ation IA1,A2. In this appendix, we discuss the Rényi mutual information (F.1) for a
(uncompactified) massless scalar field [35] and a chiral current [28], whose underlying
lattice models have been described in sections 2 and 8, respectively. In these CFT mod-
els, the Rényi mutual information (F.1) is a function of the harmonic ratio of the four
endpoints of A, namely

η ≡ (v1−u1)(v2−u2)

(u2−u1)(v2− v1)
(F.2)

where Aj = (uj,vj) for j ∈ {1,2} [34, 35].
The Rényi mutual information (F.1) for the massless scalar reads [35]

I
(n)
A1,A2;(ms) =−n+1

6n
log(1− η)+

Dn (η)+Dn (1− η)

2(1−n)
(F.3)

where

Dn (η)≡
n−1∑
k=1

log[2F1 (k/n,1− k/n;1;η)] . (F.4)

Taking the analytic continuation n→ 1 of (F.3), one obtains the mutual information

IA1,A2;(ms) =−1

3
log(1− η)+

D ′
1 (η)+D ′

1 (1− η)

2
(F.5)

where

D ′
1 (η)≡ lim

n→1

Dn (η)

1−n
= −
ˆ i∞

−i∞

πz

i [sin(πz)]2
log[2F1 (z,1− z;1;η)] dz . (F.6)

Discarding the logarithmic term in the RHSshs of (F.3) and (F.5), the resulting expres-
sion is invariant under exchange η↔ 1− η, indicating that this model satisfies the Haag
duality [35].

In figure 43, we show some numerical data for the Rényi mutual information (F.1)
of equal blocks of size L for a massless harmonic chain, evaluated by using (2.8), with
ωLA = 10−50. The agreement between the data points and the solid curves obtained
from (F.3) and (F.5), for n ̸=1 and n =1, respectively, provides an important check for
the analysis of [35].
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Figure 43. Rényi mutual information of equal blocks of length L for a massless
scalar. Here, ωLA = 10−50.

The Rényi mutual information (F.1) in the chiral current model (see section 8)
reads [28]

I
(n)
A1,A2;(cc)

=−n+1

12n
log(1− η)+Un (η) (F.7)

where

Un (η)≡
in

2(n− 1)

ˆ +∞

0

[coth(πsn)− coth(πs) ] log

(
2F1 (1+ is,−is;1;η)
2F1 (1− is, is;1;η)

)
ds . (F.8)

The analytic continuation n→ 1 of (F.7) provides the mutual information for this model

IA1,A2;(cc) =−1

6
log(1− η)+U (η) (F.9)

where

U (η)≡ lim
n→1

Un (η) =− iπ

2

ˆ +∞

0

s

[sinh(πs)]2
log

(
2F1 (1+ is,−is;1;η)
2F1 (1− is, is;1;η)

)
ds . (F.10)

In figure 44, we consider the Rényi mutual information for various values of n,
including the n→ 1 case corresponding to the mutual information, by comparing the
numerical data points obtained from the lattice model (by using (F.1), (2.8) and (2.9),
as discussed in appendix E) against the analytic result in the continuum [28] given
by (F.7) and (F.9). The lattice results have been divided by a factor of 2, in order to
take into account the fact that the continuum limit of the lattice model (8.1) is described
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Figure 44. Rényi mutual information of equal blocks of length L for a chiral
current.

by two chiral currents (see appendix E). A good agreement between the lattice data
points as L increases and the corresponding analytic expressions in the continuum is
observed.

It is straightforward to realize that (F.4) and (F.8) are related as follows:

Un (η) =
Dn (η)

2(1−n)
(F.11)

which can be checked numerically. The special case of (F.11) corresponding to n→ 1,
namely U(η) =D ′

1(η)/2, can easily be shown by performing the change of variable s= iz.
This relation, combined with (F.5) and (F.9), leads to the following relation between
the mutual information of these two models:

IA1,A2;(ms)− IA1,A2;(cc) =−1

6
log(1− η)+U (1− η) . (F.12)

Considering the RHSshs of (F.7) and (F.9), since the functions Un(1− η) and U(1− η)
are not invariant under the exchange η↔ 1− η, the chiral current model does not satisfy
Haag duality, as discussed in [28].
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