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Abstract: We consider evolving, spatially flat isotropic and homogeneous (FLRW) cos-
mologies in ghost-free (dRGT) massive gravity. In this theory, no dynamical flat FLRW
background exists if the reference metric is chosen to be Minkowski and the Stueckelberg
fields are homogeneous. Relaxing the assumptions on the Stueckelberg profiles gives access
to dynamical backgrounds. We propose a classification of the viable flat FLRW cosmological
solutions of dRGT massive gravity. Instead of specifying an initial ansatz for the Stueckelberg
fields ϕa and the reference metric fab, we show that imposing homogeneity and isotropy
on the square root tensor Xµ

ν =
(√

g−1∂ϕa∂ϕbfab

)µ

ν
leads to dynamical cosmological solu-

tions, and we characterize their properties. These solutions become dynamical only when
the Stueckelberg fields acquire a sufficiently inhomogeneous and/or anisotropic profile. We
explore the consequences for the minimal model and the complete dRGT theory, and show
that perturbations are strongly coupled, at the quadratic level, on these backgrounds.
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1 Introduction

Einstein’s General Relativity (GR) is the unique theory that describes the nonlinear physics
of a massless spin-2 field, identified with the metric tensor gµν of a Lorentzian manifold. Its
phenomenology is so vast that many of its predictions have just been recently confirmed
(e.g. mapping the spacetime around supermassive Black Holes [1] or recording Gravitational
Waves [2]). Furthermore, GR is an essential pillar of the standard cosmological model,
describing the evolution of the universe over 13.8 billion years [3].

Despite its great success in describing data, GR requires the introduction of cold dark
matter (CDM) to explain structure formation [4] and a cosmological constant (Λ) to explain
the late-time cosmic acceleration [5]. In the ΛCDM model, the dark components make up
95% of the universe’s energy. The observed late-time cosmic acceleration motivates the study
of dark energy models different than the constant Λ, including gravity theories beyond GR.
These investigations are further motivated by growing tensions between disparate datasets
interpreted in the simple ΛCDM model [6, 7].

A wide range of theories have been proposed and explored [8–10]. Among them, Massive
Gravity has gained a renewed interest in the last decade, when the construction of the
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de Rham-Gabadadze-Tolley (dRGT) model [11–14] showed how to overcome the technical
difficulties that the introduction of a mass term for the graviton brings. Many applications
of the theory were explored through the years, from the study of Black Holes solutions [15]
to the extraction of “positivity bounds” on the dRGT parameters in the flat spacetime
setting [16, 17]. However, exploring its cosmological implications has been made extremely
challenging by the absence of a dynamical flat FLRW background [18]. More precisely, the
choice of a Minkowski reference metric, together with an FLRW-compatible ansatz for the
Stueckelberg fields ϕa, results in a staticity constraint on the scale factor

ȧ = 0 . (1.1)

Progress was made (see [19, 20]) when it was realized that the aforementioned No-Go theorem
was a consequence of the poorly chosen ansatz for the Stueckelberg fields. Indeed, different
authors showed that relaxing homogeneity or isotropy [20–22] of the Stueckelbergs gave
access to dynamical FLRW backgrounds, even when the extra metric fab was chosen to be
Minkowski. Among them, a potentially interesting self-accelerating solution, in which the
Stueckelberg sector behaves as a cosmological constant. It was later highlighted that, on
this background, three of the five degrees of freedom of the theory are strongly coupled
(see [19, 23–26]). Despite its pathologies, the extraction of the self-accelerating background
teaches an interesting lesson: inhomogeneous Stueckelberg configurations can behave as an
effective perfect fluid and sustain a dynamical flat FLRW background solution.

This paper exploits and extends the approach proposed in [20, 27] to classify the most
general dynamical flat FLRW solutions of dRGT massive gravity. Starting from the assumption
that the building block of the theory, Xµ

ν , enjoys the FLRW symmetries of the physical
metric, we find that the admissible dynamical backgrounds are the aforementioned self-
accelerated solution and a scenario in which the Stueckelberg stress-energy tensor behaves
as a mixture of perfect fluids. A similar idea was presented by [27],1 and by [20], under
the assumption of a diagonal reference metric and of spherically symmetric configurations
of the Stueckelberg fields.

We advance these results and show that the existence of these solutions is actually
guaranteed for any possible choice of fab and ϕa which satisfy a set of consistency conditions
(in the form of complicated partial differential equations). These consistency relations arise as
a consequence of the symmetries imposed on Xµ

ν and they can be used, once a choice of fab

is specified, to determine the available profiles of ϕa. We explore the perturbative stability of
the solutions in the absence and in the presence of additional matter content.

The paper is organized as follows. Section 2 motivates the methodology in the context of
a multi-scalar theory. The concrete application of the proposed approach is then implemented
and discussed in section 3 for the minimal and full theory of dRGT Massive Gravity. Finally,
the perturbative stability of the relevant backgrounds, in the absence of matter, is explored
in section 4.

Appendix A is devoted to the classification of the admissible Stueckelberg profiles, with
a focus on the case fab = ηab; while appendix B extends the perturbative analysis in the
presence of additional matter.

1Unfortunately, their proposed solutions for the profiles of the Stueckelberg fields leads again to the
aforementioned No-Go theorem.
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2 Single-field P (X) vs. multi-field P (X )

As a motivating warm-up, let us study the following toy model: a P (X) theory of a shift-
symmetric scalar field minimally coupled to gravity. The action takes the compact form

S =
∫

d4x
√

−gP (X) . (2.1)

with X = −(∂ϕ)2/2 the canonical kinetic term of the scalar field. Varying the above action
with respect to the metric tensor yields the stress-energy tensor of the field ϕ:

Tµν ≡ −2√
−g

δS

δgµν
= PX∂µϕ∂νϕ + gµνP , (2.2)

where PX is the derivative of P with respect to X. The above expression tells us that ϕ

behaves as a fluid with 4-velocity uµ ∝ ∂µϕ. If we want to do cosmology it is convenient to
go to the comoving frame of the fluid and project Einstein equations along the direction of
uµ as well as on the directions orthogonal to the flow. It is clear that Tµν will inherit the
symmetries of the spacetime it lives in. This means that if we demand our spacetime to be of
an FLRW type (say g00 = −1, gij = a(t)2hij), the matter content shall enjoy the symmetries
of an FLRW universe, which are homogeneity and isotropy. More concretely, for a flat FLRW
background, these requirements impose the following restrictions on the stress-energy tensor

T00 = ρ(t) , T0i = 0 , Tij = a(t)2p(t)δij , (2.3)

where ρ(t) and p(t) are the energy density and pressure, respectively, of the scalar field ϕ.
The question we want to address now is the following: what are the possible field

configurations ϕ(t, x) for which Tµν enjoys the FLRW symmetries? Together with the
homogeneity of P (X), compatibility with the FLRW symmetries would require T0i = 0,
which ultimately strictly forces

∂iϕ = 0 . (2.4)

Therefore, it can be concluded that, at least in a single-field model, only homogeneous
field configurations behave as a perfect fluid. In particular, homogeneity of X is implied
by FLRW compatibility of Tµν .

We now show that the situation can change as soon as multiple fields are included
in the description: in the context of multi-field P (X)-like theories, inhomogeneous field
configurations can effectively behave as a perfect fluid. To this end, let us take a collection of
shift-symmetric scalar fields ϕa and replace the old kinetic term X with its multi-field version

X = −1
2∂µϕa∂µϕbfab , (2.5)

where fab is the metric in field space. The Lagrangian density is now given by P (X ) and
the stress-energy tensor acquires the form

Tµν = PX ∂µϕa∂νϕbfab + gµνP . (2.6)

– 3 –
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It is interesting to look at how the previous constraints of homogeneity and isotropy change
with the addition of extra fields:

T00 : PX ϕ̇aϕ̇bfab − P = ρ ,

T0i = 0 : ∂iϕ
aϕ̇bfab = 0 ,

Tij : PX ∂iϕ
a∂jϕbfab + a2δijP = a2pδij .

The very presence of extra fields gives the chance to avoid the strict condition ∂iϕ that
we hit previously. Of course, ∂iϕ

a = 0 for all a satisfies the above constraints. However,
having multiple fields leaves room, in principle, for inhomogeneous field configurations to
satisfy the above system of equations. When this is the case, we are facing the peculiar
situation in which the collection of fields, despite being inhomogeneous, effectively behaves
as a perfect fluid (see [28]).

A concrete example in a 1 + 1 setting with a constant diagonal field-space metric is
given by the configurations

ϕa = T a(t) + Aa + Bax , Ṫ 0 = −Ṫ 1 B1f11
B0f00

, (2.7)

where Aa and Ba are contants. It is straightforward to check that the above choice of profiles
yields a perfect fluid stress-energy tensor. The continuity equation

∂t(PX aṪ 1) = 0 , (2.8)

can then be used to determine T 1(t), while the equation of state of the fluid is specified
by the choice of P (X ). The careful reader will surely have noticed the formal similarity
between the scalar X and the trace of the tensor (X2)µ

ν appearing in the dRGT action.
Indeed, the Stueckelberg fields ϕa are not just scalars under diffeomorphism, they also enjoy
a global shift symmetry

ϕa → ϕa + Ca , (2.9)

being the Goldstone bosons of broken diffeomorphisms. This similarity motivates the imple-
mentation of the previous approach within the context of dRGT Massive Gravity: instead of
starting by specifying an ansatz for the Stueckelberg fields and the reference metric we will
impose the FLRW symmetries directly on Xµ

ν (and, as a consequence, on the tensor (X2)µ
ν ),

extracting some interesting cosmological predictions which will not rely (up to a certain
degree) on a specific choice of ϕa and fab. The basic assumption that will be kept through
the whole discussion is that there exist at least a choice of fab and an associated family of
configurations ϕa that make (X2)µ

ν compatible with the FLRW symmetries. We will address
the task of finding nontrivial configurations, in the particular case of Minkowski reference
metric, in appendix A. For the time being, let us take homogeneity and isotropy of Xµ

ν as
our starting point and explore the cosmological consequences in the framework of dRGT.

3 Applications to dRGT

3.1 dRGT: a quick recap

As the name suggests, Massive Gravity is an infrared modification of GR in which the graviton
is given a mass. Although the introduction of a mass term is generally accompanied by the

– 4 –
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presence of ghosts, dRGT Massive Gravity [12, 13] evades such difficulties by constructing
the graviton potential in a very specific way. To be more concrete, together with the physical
metric gµν and the Stueckelberg fields ϕa, an extra (reference) metric fab is needed in order
to build the square root tensor

Xµ
ν , such that (X2)µ

ν = gµρ∂ρϕa∂νϕbfab . (3.1)

The action then acquires the form

SdRGT =
∫

d4x
√

−g

[
R − m2

2

4∑
i=2

αi Ui[K]
]

, (3.2)

where the dRGT potentials Ui[K] are the elementary symmetric polynomials of the tensor
Kµ

ν ≡ δµ
ν − Xµ

ν , namely

U2 = [K2] − [K]2 ,

U3 = −2[K3] + 3[K][K2] − [K]3 ,

U4 = 6[K4] − 3[K2]2 + 6[K2][K]2 − 8[K][K3] − [K]4 ,

(3.3)

where m is the graviton mass, the α2, α3, α4 are dimensionless coefficients2 and [Kn] stands
for the trace of the matrix Kn. For the present discussion, we specialize to a flat FLRW
physical metric gµν , which, in comoving coordinates, takes the form ds2 = − dt2 + a(t)2 dx2.
As previously stated, we impose homogeneity and isotropy on the tensor Xµ

ν , which is the
building block of the dRGT action. This means that

X0
0 = F (t) , X0

i = 0 , Xi
j = G(t) δij , (3.4)

where δij is the Kronecker delta and F (t) and G(t) are generic functions of time. As a
consequence, both (X2)µ

ν and the stress-energy tensor of the Stueckelberg sector enjoys
the same symmetries of Xµ

ν . Notice that, in general, the contrary is not true: an FLRW-
compatible stress tensor for ϕa does not imply that Xµ

ν is of the form (3.4). Equation (3.1)
results in a set of constraints on the Stueckelberg fields

F 2 = −ϕ̇aϕ̇bfab , 0 = ϕ̇a∂iϕ
bfab , G2δij = 1

a2 ∂iϕ
a∂jϕbfab . (3.5)

Combining the above system with the Euler-Lagrange equations of the Stueckelberg fields
would enable us to determine ϕa in terms of F and G, identifying the family of configura-
tions that support a dynamical cosmology and, at the same time, ensures the symmetry
conditions (3.4). This step is however not strictly needed. Indeed, we are interested in the
background cosmological evolution and this is determined by the behaviour of F (t) and G(t),
the components of Xµ

ν . To proceed in this direction, we will need the trace of Xµ
ν :

[X] = F + 3G . (3.6)
2Notice that a rescaling of the αi is degenerate with a rescaling of the mass and therefore one is always

free to set α2 = 1, for example.
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Before moving on, we note that imposing the form (3.4) for the building block Xµ
ν implies that

spatial translations and rotations are unbroken at the level of the perturbations. Indeed, any
variation of the action is proportional to traces of Xµ

ν (and its powers) thus the inhomogeneous
background components of ϕa do not appear directly. We will see this explicitly in section 4.
On the other hand, imposing FRLW symmetries directly on Tµν would not be sufficient to
preserve these symmetries at the level of perturbations.

3.2 dRGT: minimal model

Remembering that Kµ
ν = δµ

ν − Xµ
ν , the explicit form of the minimal potential is

U2 = [K2] − [K]2 = −12 + 6[X] − [X]2 + [X2] = −6
(
2 − F − 3G + G2 + FG

)
. (3.7)

In the presence of the dRGT potential, the Einstein equations are modified as

Gµν − m2

2 Yµν = Tµν

M2
Pl

, (3.8)

where3

Yµν ≡ [K] gµν − Kµν +
[
(K2)µν − [K]Kµν − 1

2U2 gµν

]
, (3.9)

so that T ϕ
µν ≡ m2M2

PlYµν/2 can be interpreted as the stress-energy tensor of the Stueckelberg
sector, while Tµν is the stress-energy tensor associated with ordinary matter content. Diffeo-
morphism invariance implies the covariant conservation for the Stueckelberg stress-energy
tensor, ∇µY µ

ν = 0.4 As anticipated in section 2, the imposition of the symmetry constraints
on (X2)µ

ν yields an effective perfect fluid stress-energy tensor for the Stueckelberg sector. More
explicitly, it is easy to verify that the non-vanishing components of the Y µ

ν tensor are given by

Y 0
0 = 3

(
2 − 3G + G2

)
Y i

j =
(
6 − 3F − 6G + G2 + 2FG

)
δij . (3.10)

Thus, we can identify the energy density and pressure of the Stueckelberg fluid as

ρϕ = −3m2M2
Pl

2
(
2 − 3G + G2

)
,

pϕ = m2M2
Pl

2
(
6 − 6G + G2 − 3F + 2FG

)
.

(3.11)

It is evident that both the energy density and pressure of the Stueckelberg sector are functions
of F (t) and G(t) and therefore are homogeneous functions. In particular, ρϕ only depends on
G(t). This fact is crucial to ensure the existence of a class of “massive cosmologies” which
can be fully determined without relying on the details of the choice of ϕa and fab.

3Notice that, if Xµν is not symmetric, the expression of Yµν would need to be symmetrized in µ and ν.
4Note that this equation is automatically satisfied when the Stueckelberg fields satisfy their Euler-Lagrange

equations δS/δφa = 0, In particular, one can show that ∂νϕaδS/δφa = ∇µY µ
ν . Therefore, covariant conser-

vation of Y µ
ν is actually implied by the Euler-Lagrange equations, and that the two equations are actually

equivalent.

– 6 –
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Making explicit the components of the Einstein tensor and of the stress-energy tensor of
the extra matter content (defined in terms of its density ρ and pressure p), the Friedmann
equations acquire the form:

H2 = −m2

2
(
2 − 3G + G2

)
+ ρ

3M2
Pl

,

ä

a
= −m2

4 (4 − 3F − 3G + 2FG) − 3p + ρ

6M2
Pl

.

(3.12)

The continuity equation of the Stueckelberg sector can be written instead as

(3 − 2G)
[
Ġ + H(G − F )

]
= 0 . (3.13)

As already explained, this set of equations does not depend on the explicit form of the
Stueckelberg fields or the choice of the reference metric. Interestingly, we can classify the
possible cosmologies according to which of the two factors in eq. (3.13) is imposed to vanish.
As a result, we can identify two possible branches:

• Λ-Branch: G = 3/2.

• Mixed Branch: Ġ + H(G − F ) = 0.

We are now going to study these two branches separately.

3.2.1 Λ-Branch

This class of solutions is quite peculiar, since the specific value that G takes cancels precisely
any possible F dependence in the pressure of the Stueckelberg fluid. As a consequence, ρϕ

and pϕ happen to be related by a barotropic equation of state with w = −1. This means
that the stress-energy tensor of the Stueckelberg fluid is given by

T ϕ
µν = m2M2

Pl
2 Yµν = −3m2M2

Pl
8 gµν , (3.14)

which corresponds to a cosmological constant of energy density 3m2M2
Pl/8. As a result, the

Friedmann equations acquire the form

H2 = m2

8 + ρ

3M2
Pl

,
ä

a
= m2

8 − 3p + ρ

6M2
Pl

. (3.15)

It is interesting to notice that, once the residual matter content of the spacetime is specified,
the cosmology is fully determined, in a way which seems to be insensitive to the details of the
Stueckelberg configurations (as well as on the choice of the reference metric), provided we
restrict only on families of configurations which satisfy the symmetry requirements5 (3.5). At
the moment, we are assuming that there exists at least one choice of fab and ϕa that realizes
the initial symmetry conditions. Notice that, if more choices are possible, the background
cosmology will not be able to distinguish between these different possibilities: the features of

5It is actually non-trivial to look for Stueckelberg profiles which fulfil homogeneity and isotropy of (X2)µ
ν

and, at the same time, support a dynamical cosmology.
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the Λ-Branch solution do not depend on the particular ansatz for fab and ϕa. As clarified
in the introduction, the same self-accelerated solution was found by [18], even though the
authors did start from a different ansatz for Xµ

ν .6

3.2.2 Mixed Branch

The second branch can accommodate different kinds of solutions.

Case Ġ = 0

The equation of motion forces either F = G = const. or H = 0. In the second case, we hit
again the No-Go theorem, while in the first scenario, the Stueckelberg fields behave again
as a cosmological constant, whose energy density is

ρϕ = −3m2M2
Pl

2 (2 − 3G + G2) . (3.16)

Case Ġ ̸= 0

Assuming now that Ġ ̸= 0, we have that G can be obtained in terms of F and a(t) by setting
to zero the square bracket in eq. (3.13). The resulting solution is

G(t) = 1
a

(
G0 +

∫ t

t0
F (t′)ȧ(t′) dt′

)
, (3.17)

where G0 is a constant. In this case, more effort is needed to fully understand the cosmology
of this family of solutions. Indeed, an extra relation between F and G is needed to express
both F and G as functions of time and, subsequently, completely determine the evolution
of the scale factor. Actually, this extra relation comes directly from the set of symmetry
constraints (3.5) and, in the specific case of Minkowski reference metric fab = ηab, it takes
the form (see appendix A for the derivation of the following relation)

a2G2 = λ1

(∫ t

t0
F (t′) dt′ + σ

)2
=⇒ G = ±

√
λ1
a

∣∣∣∣∫ t

t0
F (t′) dt′ + σ

∣∣∣∣ , (3.18)

where λ1 and σ are parameters that label the family of field configurations ϕa that satisfies
the symmetry constraints.

Combining eq. (3.18) with the equation of motion eq. (3.17) yields the following constraint

±
√

λ1
a

s F = HF , s ≡ sgn
[∫ t

t0
F (t′) dt′ + σ

]
. (3.19)

The first possibility for solving the equation above is to set F = 0 and therefore have
G = g/a, with g ≡ ±|σ|

√
λ1.7 In this case, the behaviour of the Stueckelberg fluid is

characterized by the following energy density and pressure

ρϕ = −3m2M2
Pl

2

(
2 − 3g

a
+ g2

a2

)
,

pϕ = m2M2
Pl

2

(
6 − 6g

a
+ g2

a2

)
.

(3.20)

6In [18], a spherically symmetric ansatz is made for the Stueckelberg fields and the reference metric is
chosen to be Minkowski. As a consequence, Xµ

ν is not diagonal and it does not enjoy the FLRW symmetries.
7It is assumed σ ̸= 0, otherwise the Stueckelberg energy density would be negative.
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Notice, first of all, that the sign of ρϕ is crucially dependent on the sign of G. Indeed, if
G < 0, the energy density of the Stueckelberg fluid is forced to be negative for the whole
history of the spacetime. Moreover, the Stueckelberg sector behaves like a mixture of perfect
fluids whose equations of state are respectively w = −1, −2/3, −1/3. This means that at
early times the Stueckelberg sector mainly contributes in the form of curvature, while the
asymptotic behaviour at late times is the one of a negative cosmological constant, which
is independent on σ and λ1.8

Generally, such a rich scenario ends up being potentially pathological, because the energy
density of the Stueckelberg sector sees its sign varying throughout the history of the universe.
Indeed, the energy density is positive only in the interval g/2 < a < g2. It will be shown that,
in the context of the full theory, an additional perfect fluid component (with an equation
of state w = 0) appears in the Stueckelberg sector.

In addition to the two previous scenarios, the Mix-Branch can accommodate for another
class of solutions, which is identified by F ̸= 0. In this case, eq. (3.18) transforms into a
constraint on the Hubble parameter:

H = ±
√

λ1
a

s . (3.21)

Note that, demanding H > 0 would impose that ±s = 1. From eq. (3.21) we see that,
one more time, the Stueckelberg sector imposes a constraint on the cosmology. A No-Go
theorem knocks again at the door, forcing the second derivative of the scale factor to vanish,
ä = 0, and leading to a universe that expands/contracts in a uniform way (as a ∝ t). In
this particular situation, the Friedmann equations in eq. (3.12) become a set of algebraic
equations for F and G.

If other matter components were present, both F and G would depend on the rest of the
matter content of the spacetime. This behaviour is crucial to enable the Stueckelberg fluid to
cancel the influence of the other fluids and impose the No-Go constraint on ä.

It is worth stressing that the features of this Branch, when Ġ ̸= 0, strongly rely on
the choice of the reference metric. A different ansatz for fab would, in principle, lead to a
different extra relation between F and G, resulting in a different behaviour of the Stueckelberg
fluid. Notice that similar branches were obtained in the context of bi-gravity [29], with an
FLRW ansatz for both metric tensors.

3.3 dRGT: full theory

It is now time to generalise the previous results to the full dRGT model, in which both the
cubic and quartic potentials U3 and U4, defined in eq. (3.3), are included. As before, the
starting point is the imposition of the symmetry conditions (3.4) on Xµ

ν . It is not difficult to
check that the explicit expressions of the potentials in terms of the functions F and G which

8On phenomenological grounds, to have a curvature component |Ωk| < 0.01 today, one needs the combination
g2 = σ2λ1 ≲ 0.01. A stronger bound on g could be obtained by imposing the energy component scaling as 1/a

in eq. (3.20) to be below today’s observational limit.
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encapsulate the net effect of the inhomogeneous Stueckelberg configurations are

U2 = −6(G − 1)(F + G − 2) ,

U3 = 6(G − 1)2(3F + G − 4) ,

U4 = −24(F − 1)(G − 1)3 .

(3.22)

The contribution of the additional potentials to the Stueckelberg stress-energy tensor can
be straightforwardly evaluated,9 yielding

Yµν = α2

[
K2

µν − Kµν + (gµν − Kµν)[K] − 1
2U2gµν

]
+ α3

[
−3(Kρ

µ − [K]δρ
µ)(K2

ρν − Kρν) − 3
2U2(gµν − Kµν) − 1

2U3gµν

]
+ α4

[
6(2Kσ

µKρ
σ − 2[K]Kρ

µ − U2δρ
µ)(K2

ρν − Kρν) − 2U3(gµν − Kµν) − 1
2U4gµν

]
.

(3.23)

Given the symmetries we are imposing on Xµ
ν , the Stueckelberg sector effectively behaves

as a perfect fluid also in the full theory. Making use of the explicit expressions for the
potentials eq. (3.22) and of eq. (3.4), we obtain the following values for the non-vanishing
components of the Yµν tensor

Y00 = (−6α2 −12α3 −12α4)+(−3α2 −18α3 −36α4)G2 +(9α2 +27α3 +36α4)G+(3α3 +12α4)G3 ,

Yij = δija2 [(6α2 +12α3 +12α4)+(α2 +6α3 +12α4)G2 +(−6α2 −18α3 −24α4)G

+F
(
(−3α2 −9α3 −12α4)+(−3α3 −12α4)G2 +(2α2 +12α3 +24α4)G

)]
.

(3.24)
These expressions can be mapped to the energy density and the pressure of the Stueck-
elberg fluid as

ρϕ = M2
Plm

2

2 Y00 , pϕ = 1
3

M2
Plm

2

2 Y i
i . (3.25)

Lastly, the continuity equation for the Stueckelberg fields leads to the following relation:[
3 (α3 + 4α4) G2 − 2 (α2 + 6α3 + 12α4) G + 3 (α2 + 3α3 + 4α4)

][
Ġ + H(G − F )

]
= 0 .

(3.26)
Notice that, similarly to the minimal model case, the continuity equation factorizes. This
fact will allow us to identify two different cosmological branches, obtained by setting each
of the two square brackets in eq. (3.26) to zero.

Remarkably, the structure of the equation is very similar to the case of the minimal
model eq. (3.13). In particular, the second factor in eq. (3.26) is identical to the one we
already encountered while the first, once again, does not depend on the function F . It can
be expected, then, that the qualitative features of the different cosmological branches will
be extremely similar to those discussed in the previous section. Explicitly, the two branches
are identified by the following conditions:

• Λ-Branch: 3 (α3 + 4α4) G2 − 2 (α2 + 6α3 + 12α4) G + 3 (α2 + 3α3 + 4α4) = 0.

• Mix Branch: Ġ + H(G − F ) = 0.

Their properties are summarized in table 1.
9Notice that Xµν = Xνµ as a consequence of our initial assumption about Xµ

ν being FLRW-compatible.
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Branches G F fab Cosmology
Λ-Branch 3/2 F (G, fab) − Λ

Mixed

∝ 1/a 0 ηab Mix
∝ 1/a ̸= 0 ηab ä = 0
const. G − Λ
const. ̸= G − H = 0

Table 1. Different branches and their cosmological behaviour. The Λ-Branch is the self-accelerated
background solution, in which the Stueckelberg sector behaves as a cosmological constant. The Mixed
Branch can accommodate different classes of solutions. Among them, a dynamical background in
which the Stueckelberg fields behave as a mixture of perfect fluids is obtained once the choice fab = ηab

is specified. Similarly, also the ä = 0 scenario requires a specification of the reference metric. Indeed,
once fab is specified, an extra relation between F and G is provided by the symmetry conditions
imposed on Xµ

ν , enabling to determine F in terms of G. All the other scenarios do not rely on a
specific ansatz for fab and ϕa (provided they satisfy the consistency relations (3.5)).

3.3.1 Λ-Branch

As before, the first branch is identified by the vanishing condition of the above algebraic
equation for G. This is nothing but a quadratic equation for G, and its roots are simply
given by

G± = α2 + 6α3 + 12α4 ± ∆
3 (α3 + 4α4) , ∆ ≡

√
α2

2 + 3 (α3 − 4α4) α2 + 9α2
3 . (3.27)

It is important to point out that, in general, not every region of the parameter space of the
theory will allow for the existence of such roots. Indeed the above solutions will be real only
when ∆ > 0. Similarly to the minimal-model case of the previous section, once the above
solutions for G are plugged inside Yµν , any F dependence in the pressure term is completely
washed away, ultimately leading to the following expressions for ρϕ and pϕ:

ρϕ = (α2 + 3α3 ± ∆)
(
∓3α3∆ − α2 (3α3 − 36α4 ± ∆) − 2α2

2 − 18α2
3 + ∆2)

9 (α3 + 4α4) 2 ,

pϕ = −ρϕ .

(3.28)

As explicitly shown by the above expression, the value of the cosmological constant now
depends on the parameters of the theory. In particular, we can write Λ = ρϕ/M2

Pl, and
explore the parameter space region for which Λ > 0 (see figure 1).

As before, the cosmology of the Λ-Branch is fully determined by the Stueckelberg
equation of motion. On the same lines as the discussion of the minimal model, therefore, this
branch needs no extra relation between F and G to obtain the evolution of the scale factor.
In particular, neither fab nor ϕa need to be specified. Compatibility with the symmetry
conditions of eq. (3.5) will however provide a relation between F and G once the reference
metric is specified.
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Figure 1. Regions of parameter space for which the Stueckelberg sector behaves as a positive (blue)
or negative (red) cosmological constant in the Λ-Branch. The dashed line corresponds to the condition
α3 + 4α4 = 0, for which the equation that identifies branch I becomes linear in G. In this special case,
the Stueckelberg sector behaves as a positive cosmological constant only when α3 > −1/3. The white
hatched region corresponds to the values of parameters for which the discriminant ∆ is negative (and
thus yields complex solutions G±). Along the dashed lines ρϕ diverges, with a sign indicated by the
color of the line.

3.3.2 Mixed Branch

Also in the full theory, this second branch is identified by the condition Ġ + H(G − F ) = 0.
As already discussed in the context of the minimal model, an extra relation between F and
G is required to express both the functions in terms of the scale factor (or, equivalently, in
terms of t) and to fully determine the cosmological history of spacetime. Again, we fix the
reference metric to be Minkowski spacetime. As a consequence, the extra relation between F

and G takes the form eq. (3.18) and it can be combined with the continuity equation for the
Stueckelberg stress-energy tensor to determine the time evolution of the functions F and G.

Following the steps of section 3.2 we obtain a very similar set of possible cosmological
scenarios. Among them, the class of solutions identified by F ̸= 0 yields a cosmology in which
the Hubble parameter is constrained to be H ∝ 1/a. As a consequence, the Stueckelberg
sector imposes a vanishing condition on the second derivative of the scale factor, giving rise to
a linear expansion/contraction. Solving the Friedmann equations enables to obtain the explicit
expression of F and G in terms of the scale factor and of the energy density and pressure of
matter (if present). As already pointed out, in this peculiar scenario, the Stueckelberg fluid
counterbalances the effect of the other perfect fluids to impose the ä = 0 constraint.

The other, more interesting, cosmological scenario corresponds to the situation

F = 0 , G = g

a
, (3.29)

where the constant g ≡ ±|σ|
√

λ1 can take either sign. As before, for this class of solutions,
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the Stueckelberg sector consists of a mixture of perfect fluids with different equations of
state. Using the above expression for G inside eq. (3.24), it is straightforward to see that
the energy density and pressure of the Stueckelberg fluid are given by

ρϕ = 3m2M2
Pl

2

[
−2(α2 + 2α3 + 2α4) + 3g

a
(α2 + 3α3 + 4α4) − g2

a2 (α2 + 6α3 + 12α4)

+ g3

a3 (α3 + 4α4)
]

,

pϕ = m2M2
Pl

2

[
6(α2 + 2α3 + 2α4) − 6g

a
(α2 + 3α3 + 4α4) + g2

a2 (α2 + 6α3 + 12α4)
]

.

(3.30)

It is evident that the rich mixture of fluids in the Stueckelberg sector consists of four
components, with equations of state w = −1, −2/3, −1/3 and 0 (see figure 2). The presence
of non-relativistic matter in the Stueckelberg fluid is a novelty of the full model. Indeed,
the energy density of this component crucially depends on α3 and α4, and therefore it did
not appear in the minimal model. This peculiar scenario thus sees the Stueckelberg fluid
behaving at early times mainly as dust, making it possible (in principle) to ascribe to the
new polarizations of the massive graviton a partial contribution to the Dark Matter content.
At very late times, on the other hand, the Stueckelberg fluid eventually dominates the energy
budget of the universe in the form of a cosmological constant with value

Λ = −3m2(α2 + 2α3 + 2α4) . (3.31)

Contrary to what happened in the minimal model, there exists now a choice of parameters
for which Λ is positive. It is indeed sufficient to choose

α3 < α4 + α2
2 . (3.32)

Notice that demanding the cosmological constant to be due entirely by the Stueckelbergs
fixes m to be proportional to H0 ∼ 10−33 eV. Moreover, in the presence of dust and radiation,
additional bounds on g can be imposed by requiring the other components of ρϕ not to
contribute too much to curvature and to avoid a large 1/a density.

As mentioned in the introduction, this class of background solutions was obtained in [20]
under the assumption of a spherically symmetric profile for the Stueckelberg fields and the
choice of a diagonal reference metric.

Up to now, we have explored the features of viable dynamical dRGT cosmologies at
the background level. The next section will address the stability of these solutions against
linear perturbations in the absence of extra matter fields.10

4 Perturbations in the unitary gauge

We will tackle the perturbative analysis in the unitary gauge, where the Stueckelberg
perturbations are set to zero and all the degrees of freedom live inside the metric. To do

10The inclusion of a generic fluid into the description has no impact on the qualitative behaviour of the
metric perturbations, as discussed in appendix B.
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Figure 2. Region of parameter space for which each individual ρw is positive. For g > 0 (left), no
combination of parameters ensures the positivity of all the fluid components. On the contrary, when
g < 0 (right panel), there is a region of parameter space for which positivity of all the energy density
components is fulfilled (the trapezoid resulting from the intersection of all the colored regions).

so we identify the tensor Σµν ≡ ∂µϕa∂νϕbfab with its background counterpart Σ̄µν and split
the physical metric as gµν = ḡµν + hµν , where the perturbations hµν are SVT decomposed
and parametrized by

h00 = A , h0i = B̂i + ∂iB , hij = C δij + ∂⟨i∂j⟩E + ∂(iÊj) + ĥij , (4.1)

where B̂i and Êi are transverse 3-vectors and ĥij is a transverse and traceless 3-tensor. Notice
that eq. (3.1) translates into the requirements

Σ̄00 = −F 2 , Σ̄0i = 0 , δikΣ̄kj = a2G2δi
j . (4.2)

Writing the inverse metric as gµν = ḡµν +Hµν , where Hµν = −ḡµαhαβ ḡβν +ḡµαhαβ ḡβγhγδ ḡδν +
O(h3), the explicit expression of X2 is given by

(X2)0
0 = F 2 − F 2H00 ,

(X2)0
i = G2a2H0jδij = G2h0i ,

(X2)i
0 = −F 2H i0 ,

(X2)i
j = G2δi

j + G2a2H ikδkj = G2δi
j − G2

a2 δikhkj .

To construct the square root tensor we parametrize its components as

Xµ
ν =

[
Ω Gj

H i Ki
j

]
.
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Taking the square, we arrive at the system of equations

Ω2 + GjHj = (X2)0
0

Gj(δj
i Ω + Kj

i ) = (X2)0
i

(δi
jΩ + Ki

j)Hj = (X2)i
0

H iGj + Ki
kKk

j = (X2)i
j ,

(4.3)

whose solution is

Ω = F

[
1 + h00

2 + 3
8h2

00 − F (F + 2G)
2(F + G)2 ḡijh0ih0j

]
,

Gi = G2

F + G
h0i , H i = − F 2

F + G
ḡijhj0 ,

Ki
j = G

[
δi

j − 1
2 ḡikhkj + 3

8 ḡikḡmnhkmhnj − G(G + 2F )
2(F + G)2 ḡikhk0h0j

]
.

(4.4)

Plugging the above expression inside (3.2) yields the quadratic Lagrangian for the per-
turbations

L(2) = L(2)
S + L(2)

V + L(2)
T , (4.5)

where we have distinguished the quadratic Lagrangians of the scalar (S), vector (V) and
tensor (T) degrees of freedom. We now focus on each individual Lagrangian and study the
stability of the perturbations on the Λ and Mixed branches. Notice that one might be tempted
to argue that Xµ

ν depends non-analytically on the metric perturbations on the Mixed-Branch,
since the pull-back of the field-space metric fab is degenerate on that background, and hence
that perturbations are strongly-coupled on that background. However, eq. (4.4) shows that
the components of Xµ

ν are analytic functions of the metric perturbations even on the Mixed
Branch. As a consequence, a perturbative analysis is necessary in order to unveil potential
pathologies of this background solution.

4.1 Tensors

The tensor Lagrangian is

L(2)
T = 1

4a

[
˙̂
h2

ij − 1
a2 (∂kĥij)2 − 2(2H2 + Ḣ)ĥ2

ij − 2m2
ĥ
ĥ2

ij

]
, (4.6)

where we have defined the background-dependent mass

m2
ĥ

= m2

4
{

α2
[
3F (G − 2) + G2 − 9G + 12

]
− 3α3

[
F
(
G2 − 6G + 6

)
− 2G2 + 9G − 8

]
− 12α4(F − 1)

(
G2 − 3G + 2

)}
,

(4.7)
and contractions of spatial indexes are done with the Kronecker delta. To make sure
the backgrounds are healthy we shall ask the perturbations to be free from ghost and
gradient instabilities. The absence of such pathologies is evident from the kinetic term in
eq. (4.6). Therefore, we do not obtain any constraint on the background quantities from
tensor perturbations.
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4.2 Vectors

In the case of vector modes, the requirement of having healthy perturbations puts strong
constraints on the background as we are going to show. The vector Lagrangian is given by

L(2)
V = 1

8a

[
(∂k

˙̂
Ej)2 − 2(2H2 + Ḣ)(∂kÊj)2 − 4m2

Êi
(∂kÊi)2

]
+ 1

2a
(∂kB̂i)2 + 3aH2B̂2

i − 1
2am2

B̂i
B̂2

i + 1
2a

(
2H∂kB̂j∂kÊj − ∂kB̂j∂k

˙̂
Ej

)
,

(4.8)

with

m2
B̂i

= − m2

F +G

{
α2
[
3F
(
G2 −3G+2

)
+G

(
G2 −6G+6

)]
−3α3(G−1)

[
F
(
G2 −5G+4

)
−2(G−2)G]−12α4(G−1)2[F (G−1)−G]

}
,

m2
Êi

=
m2

ĥ

2 .

(4.9)
Notice that B̂i has no time kinetic term and therefore represents a constrained variable,
that can be integrated out in terms of Êi. Going to Fourier space, the equation of motion
for B̂i gives

B̂i = −
k2/a2

(
2ÊiH − ˙̂

Ei

)
2
(
6H2 − m2

B̂i
+ k2/a2

) . (4.10)

By substituting this solution back into eq. (4.8), we obtain the quadratic Lagrangian of
the dynamical vector:

L(2)
Êi

= K2
Êi

˙̂
E2

i − Q2
Êi

Ê2
i , (4.11)

where we have defined

K2
Êi

≡ − k2

2a2
aḢ

k2/a2 − 4Ḣ
,

M2
Êi

≡ 2m2
Ei

a2(k2/a2 − 4Ḣ) − 4a2Ḣ
(
Ḣ + 2H2)+ k2(Ḣ + 4H2) ,

Q2
Êi

= k2

4a3(k2/a2 − 4Ḣ)

[
M2

Ei
+ k2Ḣ − k2H

∂t(a3(k2/a2 − 4Ḣ))
a3(k2/a2 − 4Ḣ)

]
.

(4.12)

We will now study the stability of Êi for the different backgrounds obtained in section 3,
the Λ and Mixed Branch.

4.2.1 Λ-Branch

On the Λ-Branch background, one has Ḣ = 0 and therefore the kinetic term of vectors is
switched off (K2

Êi
= 0). As a consequence, the vector mode is non-dynamical and, in absence

of matter perturbations, its equation of motion leads to Êi = 0. The absence of the vector
degree of freedom at the quadratic level is a sign of strong coupling. Therefore we conclude
that the Λ-Branch is not a viable background.
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4.2.2 Mixed Branch

The Mixed Branch supports the propagation of the vector mode. Indeed, on this background
Ḣ ̸= 0, which means that the kinetic term of Êi is non-zero.

The healthiness requirements of the vector sector are realized, first of all, by the absence
of ghost instabilities in the sub-horizon limit. This is achieved if the kinetic term has a
positive sign (i.e. K2

Ei
> 0) when expanded at large k/a. From eq. (4.11) we then obtain

K2
Ei

≃ −aḢ/2, implying that Ḣ must be negative. This is a constraint on the parameter
space of the theory, and it does not depend on the wave vector k.

Additional constraints come from the absence of gradient instabilities at small scales.
In the large-k limit, the vector Lagrangian acquires the form

L(2)
Êi

≃ −1
2aḢ

[
˙̂

E2
i − c2

sk2

a2 Ê2
i − m̃2

Êi
Ê2

i

]
, (4.13)

where we defined the speed of sound cs and the mass m̃Êi
as

c2
s ≡ −

2m2
Ei

+ 3H2 + 2Ḣ

2Ḣ
, m̃2

Êi
≡ − 2

Ḣ
(3H2Ḣ + Ḣ2 + HḦ) . (4.14)

Since at small scales the k2 will dominate over the mass, the absence of gradient instabilities
implies the constraint c2

s > 0, which translates into
2m2

Ei
+ 3H2 + 2Ḣ

2Ḣ
< 0 . (4.15)

4.3 Scalars

The Lagrangian of the scalar sector is given by

L(2)
S = 1

6a

[
(∇2Ė)2 + 1

3a2 (∂i∇2E)2 −
(
4H2 + 2Ḣ + 3m2

E

)
(∇2E)2

]

− a3

4
(
9H2 + 2m2

A

)
A2 + a

2
(
6H2 − m2

B

)
(∂iB)2

− 3
2a

[
Ċ2 − 1

3a2 (∂iC)2 + 1
2(H2 + 2Ḣ + 2

3m2
C)C2

]
− 2Ha ∂kA∂kB + 1

2a

[
a2(3H2 − 2m2

AC)AC − 6a2HĊA − 2∂kA∂kC
]

− 1
3a

∇2A∇2E + 2
a

(
Ċ∇2B − 2HC∇2B

)
− 2

3a

(
B∇4Ė − 2HB∇4E

)
+ 1

3a3 C∇4E ,

(4.16)
where

m2
E = 2

3m2
ĥ

, m2
B = m2

Bi
,

m2
C = 3m2

4
{

α2
(
3F + G2 − 6

)
− 3α3

[
F
(
G2 − 3

)
− 2G2 + 4

]
− 12α4(F − 1)

(
G2 − 1

)}
,

m2
A = −3

4m2(G − 1)
[
2α2 + 4 (α3 + α4) + (α3 + 4α4) G2 − (α2 + 5α3 + 8α4) G

]
= −3

2H2 ,

m2
AC = 3

2m2
(
6 (α2 + 2α3 + 2α4) + (α2 + 6α3 + 12α4) G2 − 6 (α2 + 3α3 + 4α4) G

)
.

(4.17)
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In dRGT massive gravity, one expects only one scalar degree of freedom. Consistently, we
find that the variables A, B, and C are indeed non-dynamical and can be integrated out in
terms of E. Let us see this explicitly. Going to Fourier space and integrating out both Bk

and Ak (they appear without time derivatives in the Lagrangian) we obtain the solutions

Bk = k2(3Ck + k2Ek) + 3k2a2H(2EkH − Ėk) − 9a2ḢCk

6a2H(3a2Ḣ − k2)
,

Ak = H[k4Ėk + 3Ċk(k2 − 3a2Ḣ)] − (2H2 + Ḣ)[k4Ek + 3Ck(k2 − 3a2Ḣ)]
3a2H2(3a2Ḣ − k2)

.

(4.18)

After replacing them inside the Lagrangian we get

L(2)
C,E = K2

EĖ2 − Q2
EE2 − Q̃2

CC2 . (4.19)

where

K2
E ≡ − k4Ḣ

2a(k2/a2 − 3Ḣ)
,

M2
E ≡ 12a4H4(2k2/a2 − 3Ḣ) + 3a4H2 (3Ḣk2/a2 − 9m2

EaḢ − 6Ḣ2 + 3am2
Ek2/a2 + k4/a4)+ k4Ḣ ,

Q2
E ≡ k4/a4

18aH2(k2/a2 − 3Ḣ)

[
M2

E + H∂t(k2(k2 + 6a2H2)) −
k2 (6a2H2 + k2)
a3(k2 − 3a2Ḣ)

∂t(a3H(k2 − 3a2Ḣ))
]

.

(4.20)
We do not write the explicit expression for Q2

C since it is not needed in the following. Although
not explicit initially, the Lagrangian (4.19) makes it clear that the variable C is also not
propagating. Therefore, the only dynamical scalar is E, whilst C can be set to zero in the
absence of matter sources. The absence of ghost instabilities is achieved by the positivity
of the kinetic term K2

E . Following the same reasoning as for vector modes, using eq. (4.20)
we obtain that for large k/a this imposes Ḣ < 0.

Next, we are going to impose the absence of gradient instabilities in the two Branches.

4.3.1 Λ-Branch

Notice that K2
E ∝ Ḣ. This means that on the Λ-Branch, the kinetic term of the scalar mode

is shut down, yielding a Lagrangian of the form

LΛ-Branch
C,E = −Q2

EE2 − Q̃2
CC2 . (4.21)

As a consequence, we face the same problem that plagued the vector sector: strong coupling
inhibits the propagation of the scalar mode at the linear level.

4.3.2 Mixed Branch

On the Mixed Branch, on the other hand, the kinetic term is nonzero and, in the large-k
limit, the Lagrangian of the scalar degree of freedom becomes

L(2)
E ≃ −k2

2 aḢ

[
Ė2 −

(
c2

s

a2 k2 + m̃2
E

)
E2
]

, (4.22)
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where we have defined

c2
s ≡ −3m2

EaH + 6H3 + 7ḢH + Ḧ

3HḢ
, m̃2

E ≡ −6H3Ḣ + 7HḢ2 + 2H2Ḧ + 2ḢḦ

HḢ
.

(4.23)

Along the same lines as the previous discussion, the absence of gradient instabilities on
sub-horizon scales is achieved by the requirement:

3m2
EaH + 6H3 + 7ḢH + Ḧ

3HḢ
< 0 . (4.24)

Noticeably, however, on the Mixed Branch background, the above inequality is exactly
saturated, with the l.h.s. exactly zero. As a consequence, the scalar mode has zero speed
of sound on sub-horizon scales. Moreover, once interactions are included, an effective speed
of propagation will be generated, signalling the presence of strong coupling, as discussed
in [19]. In conclusion, also the Mixed Branch becomes untenable due to the strong coupling
of perturbations.

5 Conclusions

This paper extended the approach proposed in [20, 27] for the classification of the admissible
flat FLRW cosmologies of dRGT massive gravity. Instead of specifying a particular ansatz
for the profiles of the Stueckelberg fields and for the reference metric, FLRW symmetries are
directly imposed at the level of the building block Xµ

ν of the theory. As a consequence, the
Stueckelberg sector effectively behaves as a perfect fluid whose energy density and pressure
only depend on two homogeneous functions F and G. The symmetry requirements imposed
on Xµ

ν result in a set of consistency constraints for the Stueckelberg and the reference metric.
Remarkably, the Stueckelberg fields need to be inhomogeneous and/or anisotropic to satisfy
these consistency constraints and sustain a dynamical flat FLRW background.

Assuming there exists at least a choice of fab (and an associated choice of ϕa) which
satisfies these symmetry conditions, different possible cosmological scenarios do emerge:

1. The self-accelerating background solution, in which the Stueckelberg sector behaves as
a CC, and for which we did not provide a simple configuration of ϕa when the reference
metric is chosen to be Minkowski.

2. A scenario (derived under the assumption of fab = ηab) in which the Stueckelberg sector
behaves as a mixture of perfect fluids, for which an example of a viable choice of ϕa is
provided in [20].

We also studied the behaviour of linear perturbations on top of these backgrounds, both
in the presence and in the absence of matter. On the self-accelerated solution, the scalar
and vector modes are strongly coupled, and only the tensor degrees of freedom propagate.
The other background solution can accommodate propagation of the vector modes, while the
scalar modes do not propagate on small scales (their speed of sound vanishes in the large-k
limit), signalling again strong coupling. Including matter into the description does not make
any qualitative change, as all the metric perturbations will exhibit the very same behaviour.
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Future work will address the possibility of extending the methodology presented in this
paper, obtaining novel solutions by imposing the FLRW symmetries directly at the level
of the Stueckelberg stress-energy tensor rather than on Xµ

ν . Unveiling novel cosmological
solutions, these approaches may lead to interesting implications for dark energy, large-scale
structure and cosmic tensions.
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A Viable configurations

The goal of this appendix is to show how to characterize the families of configurations of
Stueckelberg fields that yield an Xµ

ν tensor which satisfies the FLRW symmetries. We will
focus on the choice fab = ηab, but a similar construction can be carried out for any choice
of the reference metric. As a starting point, we write (3.1) more explicitly in terms of the
Stueckelberg fields ϕa


F 2 = (ϕ̇0)2 − ϕ̇nϕ̇n ,

ϕ̇0∂iϕ
0 = ϕ̇n∂iϕ

n ,

a2G2δij = −∂iϕ
0∂jϕ0 + ∂iϕ

n∂jϕn .

(A.1)

Repeated spatial indices indicate contractions with the Kronecker delta. Taking the time
derivative of the second equation and the spatial derivative of the first one, we arrive at

(ϕ̈nϕ̇0 − ϕ̈0ϕ̇n) ∂iϕ
n

(ϕ̇0)2 = 0 . (A.2)

Assuming that Det[∂iϕ
n] ̸= 0 enables us to simplify the above equation down to

ϕ̈n = ϕ̇n ϕ̈0

ϕ̇0 =⇒ ϕ̇n = An(x)ϕ̇0 . (A.3)

Consequently, the time derivative of the spatial Stueckelbergs is proportional to the time
derivative of the zeroth Stueckelberg via three functions of the spatial coordinates only,
An(x). Plugging this information back into the above system and suppressing the explicit
x-dependence, we get 

F 2 = (ϕ̇0)2(1 − A2) ,

ϕ̇0(∂iϕ
0 − An∂iϕ

n) = 0 ,

a2G2δij = −∂iϕ
0∂jϕ0 + ∂iϕ

n∂jϕn .

(A.4)

Here and in the following A2 ≡ AnAn. We will now investigate which families of profiles
can give rise to the Mixed-Branch cosmology.
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A.1 Λ-Branch

As a first step, one can integrate eqs. (A.3) and (A.4) in time to fully express ϕn in terms of ϕ0:

ϕ0 = σu√
1 − A2

∫ t

t0
dt′ F (t′) + C(x) =⇒ ϕn = σu

An(x)√
1 − A2

∫ t

t0
dt′ F (t′) + Bn(x) ,

(A.5)

where Bn(x) and C(x) are functions to be determined and σu is a sign. Notice that the
second equation of the set (A.4) imposes a relation between An, Bn and C:

∂iC = A · ∂iB , (A.6)

where the scalar product is defined with respect to the Kronecker delta δij . Plugging the
previous expressions inside the last equation of the symmetry constraints yields

a2G2δij = ∂iB · ∂jB − (A · ∂iB)(A · ∂jB) +
[

∂iA · ∂jB + ∂jA · ∂iB√
1 − A2

]
σu

∫ t

t0
dt′ F (t′)

+
[

∂iA · ∂jA

1 − A2 + ∂iA
2∂jA2

4(1 − A2)2

](∫ t

t0
dt′ F (t′)

)2
.

(A.7)
At this stage, we shall notice that the l.h.s. is a homogeneous function of time, while the r.h.s.
is a sum of three factorizable contributions, with the time dependence completely stored inside
the factors (

∫
dt′ F (t′))n. As a consequence, the only possible way in which the above equation

can be satisfied is to impose the following conditions, for some constants λ1, λ2 and λ3:

∂iA · ∂jA

1 − A2 + ∂iA
2∂jA2

4(1 − A2)2 = λ1δij ,

∂iA · ∂jB + ∂jA · ∂iB√
1 − A2 = λ2δij ,

∂iB · ∂jB − (A · ∂iB)(A · ∂jB) = λ3δij .

(A.8)

Each of the above equations is a nonlinear system of PDEs for the vectors An and Bn. A
way to simplify the situation is to assume the following dependence for Bn:

B = kA f(A2) , (A.9)

where k is a constant and f a function to be determined. Plugging this relation back inside
the second and third equations of the previous system we obtain

2kf ∂iA · ∂jA√
1 − A2 + kf ′∂iA

2∂jA2√
1 − A2 = λ2δij ,

k2f2∂iA∂jA + k2∂iA
2∂jA2

[
ff ′ + f ′2A2 −

(
f

2 + f ′A2
)2]

= λ3δij .

(A.10)

We can notice that all these equations contain two contraction structures, ∂iA · ∂jA and
∂iA

2∂jA2. Therefore, we can impose the coefficients of these structures to match the ones
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appearing in the first equation of (A.8). These conditions yield the following solutions

f(A2) = 1
2
√

1 − A2 , λ2 = kλ1 , λ3 = k2

4 λ1 . (A.11)

As a consequence, the system of nonlinear PDEs reduces to a single nonlinear PDE for
the vector A alone,

∂iA · ∂jA

1 − A2 + ∂iA
2∂jA2

4(1 − A2)2 = λ1δij , (A.12)

enabling to write (X2)i
j as (see last line of eq. (A.4))

a2G2δij = λ1

(
k

2 + σu

∫ t

t0
dt′ F (t′)

)2
δij , (A.13)

which is the relation11 we used in section 3 to fully solve the background cosmology and find
the time dependence of F and G. Notice that, given the knowledge of B from eq. (A.9),
one can also determine C as

∂iC = k∂iA
2

4(1 − A2)3/2 =⇒ C = kf(A2) + k0 . (A.14)

As a consequence, the family of viable Stueckelberg configurations is now parametrized by
a vector An and some real parameters:

ϕ0 = σu

∫ t
t0

dt′ F (t′)√
1 − A2 + kf(A2) + k0 =⇒ ϕn = An

[
σu

∫ t
t0

dt′ F (t′)√
1 − A2 + kf(A2)

]
.

(A.15)

A.2 Mixed Branch

The Mixed Branch cosmology is characterized by F = 0 and G = g/a (with g constant).
As a consequence, the system in eq. (A.4) reduces to

0 = (ϕ̇0)2(1 − A2) ,

ϕ̇0(∂iϕ
0 − An∂iϕ

n) = 0 ,

g2δij = −∂iϕ
0∂jϕ0 + ∂iϕ

n∂jϕn ,

(A.16)

with g a constant. As a consequence, the admitted profiles are either static configurations or
configurations for which An has unit norm. Let us study these two cases separately.

A.2.1 ϕ̇0 = 0

When ϕ̇0 = 0 the first two equations of (A.16) are automatically satisfied. Moreover, the
condition that characterizes this branch (i.e. F = 0) implies that the Stueckelberg fields

11To be precise, the relation used in the main text is obtained identifying σ with k
2 σu.
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must be time-independent. Notice that, when F = 0, the EOM12 of the Stueckelberg fields
imply that each ϕa must be a harmonic function:

∇2ϕa = 0 . (A.17)

It can be easily verified that a simple solution of the system above is given by

ϕa = Ca + Ba
i xi , (A.18)

for any constant matrix Ba
i which satisfies

Ba
i Bb

jηab = g2δij . (A.19)

A family of viable profiles is given by the equivalence class of profiles {Λa
b ϕ̄b}; with ϕ̄0 = 0,

ϕ̄i ∝ xi being the configuration found in [20].

A.2.2 A2 = 1

In this last case, it is still possible to relate ϕn to ϕ0. Indeed, using the second equation
of (A.16) we obtain

ϕn = Anϕ0 + Bn , A · ∂iB = 0 . (A.20)

Moreover, from the third equation of eq. (A.16) (X2)i
j becomes

g2δij = ∂iB · ∂jB + (∂iA · ∂jB + ∂jA · ∂iB) ϕ0 + ∂iA · ∂jA(ϕ0)2 . (A.21)

Similarly to what happened for the Λ-Branch, we must look for diagonal solutions of the kind

∂iB · ∂jB = hi(x)δij , ∂iA · ∂jB + ∂jA · ∂iB = li(x)δij , ∂iA · ∂jA = mi(x)δij ,

(A.22)

where, with abuse of notation, we are indicating that each of the above matrices must
be diagonal but their entries hi(x), li(x), mi(x) can be different functions of the spatial
coordinates. This freedom comes from the fact that each of these matrices is multiplied
by a different power of ϕ0(t, x).

B Perturbations with matter

To study the stability of metric perturbations in the presence of a generic fluid it is convenient
to study the linearized Einstein equations. Similarly to section 4, we work in unitary gauge
and split the metric tensor as gµν = ḡµν + hµν , where the components of the perturbations
are given by eq. (4.1), while the stress-energy tensor of the matter sector is given by

T00 = ρ̄ + δρ − Aρ̄ , Ti0 = −ρ̄(B̂i + ∂iB) − a2(ρ̄ + p̄)(v̂i + ∂iv) ,

Tij = a2δij(p̄ + δp) + ∂⟨i∂j⟩Π + ∂(iΠ̂j) + Π̂ij .
(B.1)

We will also need to consider the linearized conservation equations for both the Stueckelberg
and Matter Stress-Energy tensors:

∇µY µ
ν = 0 , ∇µT µ

ν = 0 . (B.2)
12This can be verified by varying the dRGT action w.r.t. ϕa keeping in mind that the dRGT potentials now

only depend on G.
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B.1 Λ-Branch

On the Λ-branch, the conservation equation of Y µ
ν acquires the following form

∇µY µ
0 = FCC = 0 , ∇µY µ

i = FE∂i∇2E = 0 , ∇µY µ
i = FÊi

Êi = 0 , (B.3)

where FO are functions of time, for O = {C, E, Êi}. As a consequence, the two scalars
C, E and the vector Êi are forced to vanish. Let us now explore the behaviour of each
perturbative sector.

B.1.1 Scalars

The scalar content of the Einstein equations consists of

−2H

a2 ∇2B + 3H2

M2
Pl

A = δρ

M2
Pl

,

∂i

[
−2ḢB − HA + a2 ρ̄m + p̄m

M2
Pl

v

]
= 0 ,

∂⟨i∂j⟩

[
1
2A − HB − Ḃ − a2 Π

M2
Pl

]
= 0 ,

−∇2A − 3a2(3H2 + 2Ḣ)A − 3a2HȦ + 2∇2(HB + Ḃ) = 3a2 δp

M2
Pl

.

(B.4)

It is evident that neither A nor B are dynamical metric perturbations. Indeed, the first
two equations of (B.4) (respectively, the 00 and 0i components of the Einstein equations)
can be used to fully determine the remaining metric perturbations in terms of δρ and v.
It can be concluded that the scalar sector is plagued by strong coupling, as no degree of
freedom is able to propagate at the linear level.

B.1.2 Vectors

The vector part of the 0i and ij components of the Einstein equations is given by

−m2fB

2 B̂i −
(
3H2 + 2Ḣ

)
B̂i − 1

2a2 ∇2B̂i = −a2 ρ̄m + p̄m

M2
Pl

v̂i − ρ̄m

M2
Pl

B̂i ,

−H∂(iB̂j) − ∂(i
˙̂

Bj) =
∂(iΠ̂j)
M2

Pl
,

(B.5)

where fB is a function of F (t) and of the parameters αi. Since B̂i can be algebraically
determined in terms of the matter perturbations we can see that also the vector sector is
strongly coupled, as no metric degree of freedom propagates on the Λ-Branch.

B.1.3 Tensors

The evolution of the tensor modes13 is governed by

¨̂
hij + 3H

˙̂
hij − 1

a2 ∇2ĥij +
(

2 p̄ϕ

M2
Pl

− m2fh

)
ĥij = 2 Π̂ij

M2
Pl

, (B.6)

13Notice that ĥij differs from its main text counterpart by a factor a2.
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where fh depends on F (t) and on the dRGT parameters. Similarly to the discussion of
section 4, the tensor modes are the only dynamical degrees of freedom on the Λ-Branch.
Their evolution equation differs from its GR form by the addition of a mass term (remember
that p̄ϕ ∝ m2M2

Pl), as expected for a massive degree of freedom.

B.2 Mixed Branch

On the Mixed Branch, the conservation equation of Y µ
ν acquires the form

∇µY µ
0 = 0 ,

∇µY µ
i = 3β0A − 6(2ỹHB + β0Ḃ) + 2ỹ(∇2Ẽ − 3C̃) = 0 ,

∇µY µ
i = ỹ

∇2Êi

a2 − 4(β0
˙̂

Bi + 2ỹHB̂i) = 0 ,

(B.7)

where ỹ and β0 are functions of the scale factor and the dRGT parameters and obey

β̇0 + 2H(β0 − ỹ) = 0 . (B.8)

Notice that the first equation is identically satisfied.

B.2.1 Scalars

The full set of Einstein equations for the scalar sector is given by

−2H

a2 ∇2B+3H ˙̃C− ∇2C̃

a2 + 1
3a2 ∇4Ẽ+3m2Gβ0

4 C̃+3H2A = δρ

M2
Pl

,

∂i

[
−2ḢB−HA− ˙̃C+ 1

3∇2 ˙̃E
]

= −a2 ρ̄m+p̄m

M2
Pl

∂iv ,

∂⟨i∂j⟩

[1
2A−HB−Ḃ− 1

2 C̃+ a2

2

(
¨̃E+3H ˙̃E+

(
p̄ϕ

M2
Pl

−m2f̃h

)
Ẽ

)
+ 1

6∇2Ẽ

]
= a2 ∂⟨ij⟩Π

M2
Pl

,

−∇2A−3a2(3H2+2Ḣ)A−3a2HȦ+2∇2(HB+Ḃ)

−3a2
[

¨̃C+3H ˙̃C−
(

p̄ϕ

M2
Pl

− m2f̃C

2

)
C̃

]
+∇2C̃− 1

3∇4Ẽ = 3a2δp

M2
Pl

,

(B.9)
where f̃h and f̃C depend on the scale factor as well as on the dRGT parameters. On the
other hand, the conservation of the matter stress-energy tensor yields

∇µT µ
0 : −3

2(ρ̄m + p̄m) ˙̃C − 2a2
[
3H(δp + δρ) + δρ̇ + (ρ̄m + p̄m)∇2v

]
= 0 ,

∇µT µ
i : −1

2(p̄m + ρ̄m)A + 1
a3 ∂t

[
a3(p̄m + ρ̄m)(B + a2v)

]
+ δp + 2

3∇2Π = 0 .

(B.10)

First of all, the continuity equation can be integrated to fully express C̃ in terms of the
matter perturbations. Moreover, the 00 and 0i components of the Einstein equations can
be solved to yield A[Ẽ, ˙̃E; δmatter] and B[Ẽ, ˙̃E; δmatter]. Thus, we can combine the trace-free
and trace parts of Einstein equations to extract an evolution equation for the scalar Ẽ.
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The detailed expression is complicated and not very illuminating, but we can schematically
write it, in Fourier space, as

¨̃Ek + G1(k, t) ˙̃Ek + G2(k, t)Ẽk = SS[δmatter,k] . (B.11)

The source term on the r.h.s. is built out of matter perturbations, while the l.h.s. is the
differential operator which captures the time evolution of the scalar modes Ẽk. To verify
whether the addition of matter succeeds in curing the pathologies encountered in section 4,
we take the k → ∞ limit of the above equation. In this limit, the l.h.s. simplifies to

¨̃Ek + G0Ẽk + O
(

H

k

)
. (B.12)

Thus, in the sub-horizon limit, we end up with a zero speed of sound for the scalar mode. We
can therefore conclude that the presence of ordinary matter does not affect the qualitative
behaviour of the scalar sector, which is still plagued by strong coupling. However, the
presence of scalar anisotropic stress would bring contributions proportional to Ẽk in the
r.h.s. of eq. (B.11).

B.2.2 Vectors

The vector content of the Einstein equations is given by

−2ḢB̂i − 1
2a2 ∇2B̂i − H

2 ∇2Êi = −a2 ρ̄m + p̄m

M2
Pl

v̂i ,

−H∂(iB̂j) − ∂(i
˙̂

Bj) + a2

2 ∂(i

[(
ρ̄ϕ

M2
Pl

− m2f̃h

)
Êj) + 3H

˙̂
Ej) + ¨̂

Ej)

]
= a2 ∂(iΠ̂j)

M2
Pl

.

(B.13)

Differently from the Λ-Branch, the vector Êi is now able (in principle) to propagate. Combin-
ing the two equations (expressing, first of all, B̂i in terms of Êi and the matter perturbations)
enables us to find an evolution equation for the vector d.o.f. Êi:

¨̂
Ei,k + V1(k, t) ˙̂

Ei,k + V2(k, t)Êi,k = SV[δmatter,k] . (B.14)

Along the lines of the previous subsection, we are not interested in the details of the form of
the matter source or the differential operator on the l.h.s. Rather, we will simply extract
the shape of the l.h.s. in the subhorizon limit, which happens to be

¨̂
Ei + k2ỹ

2a2β0
Êi + O

(
H

k

)
. (B.15)

Thus, contrary to the scalar sector, the vector mode keeps propagating on sub-horizon scales,
with a speed of sound

c2
s = ỹ

2β0
. (B.16)

A similar conclusion was obtained in section 4.
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B.2.3 Tensors

On the Mixed Branch, the tensor modes evolve according to

¨̂
hij + 3H

˙̂
hij − 1

a2 ∇2ĥij +
(

2 p̄ϕ

M2
Pl

− m2f̃h

)
ĥij = 2 Π̂ij

M2
Pl

. (B.17)

Once again, the tensor modes are free to propagate on the background, with an evolution
equation which deviates from its standard GR form by the addition of the matter term. In
the large-k limit, the tensor modes propagate with a speed of sound c2

s = 1.
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