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Abstract

The Cold Dark Matter paradigm emerged as the prevailing solution to the cosmic missing mass
conundrum. While highly successful on cosmological scales, this model is partially inconsistent
with galaxy-scale observations. This thesis addresses such a challenge by pursuing a dual
approach.

The first part presents a model featuring a non-local interaction between cold dark matter
and gravity. The model, referred to as fractional gravity, in its Newtonian setting is based on
a modified Poisson equation featuring the fractional Laplacian and two new parameters: the
fractional index s and length scale £. To begin with, I will provide the solution to this equation
for the gravitational potential generated by a Navarro-Frenk-White distribution of cold dark
matter. Remarkably, the result can be interpreted in terms of an almost cored effective density
distribution, similar in shape to a cored isothermal sphere, thus solving the cusp-core problem of
cold dark matter. Moreover, the predicted profiles are consistent with the core-surface density
relation observed for dwarf galaxies. A Bayesian analysis will then test fractional gravity against
stacked rotation curves of a broad sample of spiral galaxies. In terms of reduced chi-squared
and BIC, the fits yielded by this model are always superior to the standard, cold dark matter
Navarro—Frenk—White profile. On the other hand, I will show how this model can explain the
observed interplay between dark matter and baryons in late-type galaxies, embodied by tight
dynamical scaling relations such as the Radial Acceleration Relation.

The analysis predicts a scaling between the parameters s and ¢ and the virial mass of dark
matter haloes, with non-local effects being stronger in smaller systems. After using the fractional
gravity model to fit galaxy clusters’ pressure profiles from the X-COP collaboration, I will show
that such scaling holds consistently from the dwarf-galaxy regime up to galaxy clusters’ virial
masses. Overall, fractional gravity shows a rich phenomenology in a comprehensive set of scales
capable of addressing long-standing issues of the cold dark matter paradigm.

To go beyond the Newtonian setting, I will extend fractional gravity to a relativistic
framework, deriving it from a suitable action. I will show that the resulting field equations can
be interpreted as Einstein equations sourced by an effective stress-energy tensor for the dark
matter component, with pressure, heat vectors, and anisotropic stresses emerging dynamically
from the coupling with gravity. I will then study propagating degrees of freedom in this model,
from scalar fields to gravitational waves, showing that non-locality introduces memory effects
which extend the propagation inside the past light-cone.

The second part of this thesis is devoted to study a relativistic model, named non-minimally
coupled dark matter. Although models of this kind had been already studied in other contexts
[1, 2, 3, 4], in the present case this provides a localization of fractional gravity. The greater
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simplicity of this model enables to do explicit calculations in the strong gravity regime, giving a
taste of the corresponding solutions in the non-local theory.

I will solve the equations of non-minimally coupled dark matter in three relevant scenarios.
First, I will show how the dynamically generated pressure is able to balance gravity by supporting
spherically-symmetric, static equilibrium configurations of dark matter. The resulting objects
are regular and horizonless, but ultra-compact, so that, if formed in the early universe, could
have provided the seeds for supermassive black holes observed at high redshifts by the JWST
collaboration.

Next, I will turn the attention to cosmology, computing the evolution of the universe in
the non-minimally coupled dark matter framework. Remarkably, at early times a phase of
accelerated expansion driven by the non-minimal coupling emerges, so that inflation is a natural
prediction of the model. At even earlier times the fate of the universe depends on the spatial
curvature, with the remarkable possibility of avoiding the initial singularity in favour of a
bouncing universe in the case of negative curvature.

Since no inflationary model can call itself complete without discussing the formation and
growth of linear perturbations, in the final chapter I will provide a complete analysis. In
particular I will compute the linear power spectrum of scalar, vector, and tensor perturbations,
and show that in the case of a bouncing cosmology one obtains near scale-invariant power
spectra, in agreement with observations of the Cosmic Microwave Background.

All in all, the non-minimally coupled dark matter model presents a rich and interesting
phenomenology, providing seeds for supermassive black holes, naturally predicting inflation, and
generating a power spectrum of perturbations compatible with observations.
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Chapter 1

Introduction

1.1 The rise of the dark matter paradigm

A multitude of astrophysical and cosmological probes have now firmly established that visible
matter (or baryons), in the form of stars, galaxies, gas, etc., constitute only some 15% of
the total matter content in the Universe, the rest being in the form of ‘dark matter’ (DM).
The term dark matter denotes a component of matter that interacts sufficiently weakly with
electromagnetic radiation that it cannot be directly observed through its emission or absorption
of light, but whose presence is inferred from its gravitational effects. The modern dark matter
paradigm did not emerge from a single observation; rather, it developed through the convergence
of evidence from galaxy clusters, galactic dynamics, primordial nucleosynthesis, large-scale
structure, gravitational lensing and, more recently, precision measurements of the cosmic
microwave background (CMB). A comprehensive historical account of this development can be
found in [5].

Historically, the first compelling evidence for the existence of dark matter came from the
study of galaxy clusters. In 1933, Fritz Zwicky analyzed the velocity dispersion of galaxies in
the Coma Cluster using the virial theorem [6]. He found that galaxies were moving far too
quickly to be gravitationally bound by the visible matter alone. Zwicky inferred the presence
of what he dubbed “dunkle Materie” (dark matter), estimating that the cluster contained far
more mass than was observable in stars.

The cluster evidence was subsequently complemented by observations on galactic scales.
Measurements of the rotation curves of spiral galaxies demonstrated that the orbital velocity
of stars and gas does not decrease with radius as expected for a system in which most of
the mass follows the observed luminous distribution. Rubin, Ford and Thonnard measured
rotation curves for 21 Sc galaxies over a wide range of radii and luminosities [7]. Their

observations showed that the rotation curves generally remained approximately flat at large
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radii. Subsequent measurements of different morphological classes reinforced this conclusion
[8]. Since in Newtonian gravity the circular velocity at a given radius is linked to the enclosed
mass by vz = GM(< r)/r, if gravity was generated only by visible matter, one would expect

—1/2 at large radii. If one does not want to abandon the

a decaying of circular velocity v o r
Newtonian gravity paradigm in favor of some modified gravity theory to accomodate for the
observed phenomenon, the unavoidable implication of an approximately flat rotation curve is
that galaxies are embedded in extended, massive halos of unseen matter [9, 10, 11].

During the 1970s and early 1980s, the missing-mass problem became increasingly connected
with cosmology and particle physics. An important development was the realisation that the
matter responsible for the gravitational effects could not simply consist of ordinary baryonic
matter in arbitrary quantities. Big Bang nucleosynthesis (BBN) provides an independent
constraint on the cosmic baryon density through the predicted primordial abundances of light
nuclei. At the same time, cosmological studies demonstrated that stable relic particles could
contribute significantly to the total matter density of the Universe [12]. These developments
provided an early indication that the dominant matter component should be non-baryonic.

This motivated the search for a form of matter that is both sufficiently abundant and
sufficiently weakly interacting to have escaped direct detection. An important distinction
subsequently emerged between hot, warm and cold dark matter, according to the typical velocity
of the particles during the epoch when cosmic structures began to form. Relativistic or semi-
relativistic dark matter can erase primordial density fluctuations on small scales through free
streaming, whereas sufficiently cold dark matter retains fluctuations on galactic and larger
scales.

The cold dark matter (CDM) hypothesis was developed into a quantitative model during
the early 1980s. Peebles demonstrated that non-relativistic dark matter could provide the basis
for the formation of large-scale structure [13], while Bond, Szalay and Turner investigated the
evolution of fluctuations in gravitationally dominated cosmologies [14]. The framework was
subsequently developed in detail by Blumenthal, Faber, Primack and Rees, who demonstrated
that a Universe dominated by cold, collisionless dark matter could produce a hierarchical pattern
of structure formation consistent with the observed distribution of galaxies and clusters [15].

The physical motivation for CDM is particularly significant. Since prior to decoupling
from the photon fluid at around z ~ 1100, perturbations in baryonic matter were suppressed
by photon pressure (Silk damping), there wasn’t sufficient time after recombination for these
perturbations to grow rapidly enough to form galaxies and clusters. In this context, cold dark
matter provides the necessary gravitational scaffolding for structure formation. Because cold
dark matter particles possess relatively small thermal velocities, their free-streaming length is

sufficiently short that density perturbations over galactic and larger scales survive. Furthermore,
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due to their very weak interaction with the photon fluid, they are not subject to Silk damping
either. Dark matter could consequently begin to collapse gravitationally before recombination,
forming potential wells into which baryonic matter subsequently fell. The resulting hierarchical
scenario naturally produces the formation of dark-matter halos, followed by galaxies, groups
and clusters. The CDM framework therefore transformed dark matter from an explanation of
an observed mass discrepancy into a central dynamical ingredient of cosmic structure formation.

A further important development came in the 1980s with the advent of X-ray astronomy.
Galaxy clusters were observed to contain large amounts of hot, diffuse gas emitting via thermal
bremsstrahlung. The temperature of this gas—measured through X-ray spectra—is correlated
with the depth of the gravitational potential well [16, 17, 18, 19]. These measurements showed
that the gas is too hot to be confined by the gravity of visible galaxies alone, and that the
total gravitational mass must be significantly larger than the luminous mass, thus providing an
independent confirmation of Zwicky’s earlier conclusions, now supported by entirely different
observational techniques. In the same years the development of gravitational lensing as an
observational tool allowed astronomers to map mass distributions directly, regardless of whether
the matter emits light. Strong and weak lensing studies [20, 21] revealed: mass distributions
in clusters that exceed luminous matter; smooth, extended dark matter halos around galaxies;
direct spatial separation between baryonic matter and gravitational mass in systems like the
Bullet Cluster. The latter, in particular, became a critical test case: during the collision of two
clusters, the hot gas (baryonic matter) was slowed by interaction, while the dominant mass
component—traced via lensing—passed through largely unaffected [22, 23, 24].

At the same time, measurements of the cosmic microwave background provided an in-
creasingly precise and independent probe of the matter content of the Universe. The CMB
anisotropies encode information about the physical densities of baryons and dark matter be-
cause these densities determine the evolution of the photon—baryon fluid and consequently the
acoustic structure of the CMB power spectrum. The development of increasingly precise CMB
measurements therefore allowed the dark-matter abundance to be determined without relying
on the dynamics of individual galaxies or clusters.

The Wilkinson Microwave Anisotropy Probe (WMAP) established a high-precision cos-
mological parameter framework in which a spatially flat ACDM model provided a successful
description of the observed CMB anisotropies [25]. The Planck satellite subsequently improved
these measurements substantially. The Planck 2018 analysis found that the base six-parameter,
spatially flat ACDM model provides a good description of the temperature, polarization and
lensing data [26]. In this framework, the physical cold-dark-matter density is measured to be
approximately Qcpyh? ~ 0.120, while the total matter density is approximately ,,h? ~ 0.143.

These measurements illustrate the remarkable precision with which the dark-matter abundance
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can now be inferred from cosmological observations.

The modern ACDM model therefore represents the convergence of several independent
observational and theoretical developments. In its simplest form, it assumes a Universe
containing radiation, baryonic matter, cold dark matter and a cosmological constant, A. The
dark-matter component dominates the matter density and provides the gravitational potential
responsible for the growth of structure, while the cosmological constant drives the accelerated
expansion of the late-time Universe. The success of this model in describing the CMB, galaxy
clustering, gravitational lensing and the large-scale matter distribution has made ACDM the
standard reference framework for modern cosmology [5].

Importantly, however, the success of ACDM does not constitute an identification of the
microscopic nature of dark matter. The cosmological model specifies the required macroscopic
properties of the dark component—most importantly that it is predominantly cold, non-baryonic
and effectively collisionless on cosmological scales—but does not identify the underlying particle
or field. This distinction has motivated an extensive particle-physics programme aimed at
determining the nature of the dark sector.

Among the most extensively studied candidates are weakly interacting massive particles
(WIMPs), which fits the model of early Universe relic DM particles. The Standard Model of
particle physics does not predict WIMP-like particles. However, various extensions, such as
Supersymmetry, predict hypothetical elementary particles that are good WIMP candidates
(this coincidence is sometimes dubbed the WIMP miracle [27]). One can constrain WIMPs’
cross-section by comparing the present-day relic abundance of DM with theoretical predictions
of WIMPs’ relic density [28]. At the high temperatures of the early Universe, DM particles
and their antiparticles form from and annihilate into lighter Standard Model particles. As the
Universe expands and cools, the average thermal energy of these lighter particles decreases,
becoming insufficient to form DM particle-antiparticle pairs. Parallely, the annihilation of
DM particle-antiparticle pairs still proceeds. Net, the number density of DM particles starts
decreasing exponentially after crossing the temperature T ~ mypy, /20 [29]. The DM particle
number density drops, becoming so low that particle-antiparticle reactions cease entirely. As
the Universe expands, the total DM particle number remains roughly constant [30]. Now, the
self-annihilation cross-section only weakly depends on the DM particle mass and hence can be
approximated as

3x 1072 em3s7!

(o) [em®s™!] ~ Qo2 . (1.1)

The measured density Qcpuh? >~ 0.1, is then achieved by a self-annihilation cross-section of
(o) ~ 1072 cm3s~! [31], a value roughly corresponding to the cross-section for the weak
interaction. Particles with a larger interaction cross-section would continue to annihilate for a

longer time and thus would have a smaller number density when the annihilation interaction
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ceases.

Other relevant dark matter candidates include QCD axions, emerging from the Peccei-Quinn
mechanism as a solution to the strong-CP problem, massive neutrinos (whether sterile or not)
and supersymmetric particles like neutralinos, gravitinos, sneutrinos, axinos [27], and Kaluza-
Klein particles [32]. These possibilities illustrate an important change in the status of dark
matter: whereas the original problem was primarily astrophysical, it has evolved into a major
question at the interface between cosmology and particle physics.

The absence of an experimentally confirmed non-gravitational detection has nevertheless
challenged the simplest realisations of the WIMP paradigm and has motivated a much broader
exploration of the dark sector. Direct-detection experiments search for the scattering of dark-
matter particles off nuclei or electrons, indirect searches look for Standard Model particles
produced by dark-matter annihilation or decay, while collider experiments search for missing
momentum associated with the production of invisible particles. At the same time, cosmological
and astrophysical observations continue to test the assumption that dark matter is cold and
collisionless.

Consequently, the current dark-matter framework can be understood as having two distinct
but interconnected components. On cosmological and astrophysical scales, there is compelling
evidence for a non-luminous matter component whose gravitational effects are observed from
galactic scales to the largest observable structures. This component is successfully incorporated
into the ACDM model (according to which the Universe is composed for 5% by baryons, for 25%
by cold dark matter, and for 70% by dark energy) and its cosmic abundance is now measured
with percent-level precision. On microscopic scales, however, the particle nature of dark matter

remains unknown.

1.2 The small scales problems of cold dark matter

Although on cosmological scales the CDM hypothesis is remarkably consistent with data coming
e.g. from CMB and galaxy surveys, on (sub)galactic scales it is known to face some severe

challenges.

Cusp-core problem Gravity-only N-body simulations predict the density distribution of
virialized halos for collisionless DM to follow the Navarro-Frenk-White (NFW) profile [33]:

7“3
o) = o (1.2)

r+rs)?

Here rg is a scale radius and p, a characteristic density. The logarithmic density slope v =

dInp/dInr takes on values around —3 in the outskirts, —2 at r &~ ry and —1 in the inner region,
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so that the NFW profile exhibits a density cusp at small radii. The size of a halo is usually
associated with its virial radius R,, commonly defined as the radius of a sphere at redshift z
containing an overdensity with average density A perit, where A is the critical overdensity for
virialisation and perit = 3H?(87G) ™! is the critical density for closure of the Universe. For an
Einstein-de Sitter Universe (Q,, = 1), A, = 17872, yet, in general, this quantity depends on
redshift. In ACDM cosmology, A, ~ 101 at z = 0 and A, ~ 178 at high redshifts. However, a
wildly adopted and simple choice is the redshift independent value A, ~ 200.

The total mass of a DM halo is traditionally associated with its virial mass

4
M, = ?TrAcpcritha (13)

so that the virial radius reads

2GM, \'/3
Yy = | ————— 1.4
v~ (5m) 4
At z = 0 and with A, = 200, one obtains
Moo 1/3 h —2/3

where h = Hy/(100 kms~! Mpc™1).
The concentration of a NFW profile is defined by the ratio ¢ = R, /rs. The associated

cumulative mass is given by

M(<r)=dr [ dr'e?p(r') = M, [1 (1 r)-”“]. 1.
(<) 77/0 dr' r' p(r") n +7“s T4/ (1.6)
Here M, = 47 ps 13 = g(c)M,, with g(c) = [In(1 + ¢) — ¢/(1 + ¢)]"'. From this the rotational

velocity of a test mass follows as a consequence of Birkhoff theorem

2 (r) = GM(<r) _ GM; [ln(l—i—r/rs) 1 ] '

T/Ts S (17)

r Ts

1/2. However, observations of rotation curves (RCs) in

At small radii, this implies v(r) o r
dark-matter-dominated dwarf galaxies show a different behavior: they are consistent with
solid-body rotation, v(r) o< r in the inner regions. Under the assumption of Birkhoff’s theorem,
this corresponds to an approximately constant central density, i.e., a core, in stark contrast

with the cuspy inner profile predicted by CDM N-body simulations [34, 35, 36, 37].

Missing satellites and too-big-to-fail problems The highest-resolution cosmological
simulations of Milky Way (MW)-sized halos in the ACDM paradigm have demonstrated that
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dark matter clumps exist at all resolved mass scales, with no break in the subhalo mass function
down to the numerical convergence limit. One would therefore expect that any MW-sized halo
hosts hundreds to thousands of subhalos spanning a wide range of masses. However, the number
of observed dwarf satellite galaxies is orders of magnitude lower than the number of subhalos
predicted by simulations. This discrepancy can be explained by the fact that dark matter halos
become increasingly inefficient at forming galaxies at low masses. Processes such as supernova
feedback, reionization heating, and tidal stripping suppress galaxy formation within smaller
subhalos. When these effects are taken into account, the tension between simulations and
observations regarding the number of satellites is significantly alleviated, with some studies
even reporting more observed satellites than predicted by simulations.[38]. A natural solution
to the missing satellites problem within ACDM is therefore to associate the known Milky Way
satellites with the largest dark matter subhalos (where “largest” refers to either present-day
mass or peak mass), while attributing the absence of observable galaxies in smaller subhalos
to galaxy formation physics. As pointed out by Boylan-Kolchin, Bullock and Kaplinghat [39],
this solution leads to a testable prediction: the inferred central masses of Milky Way satellites
should be consistent with those of the most massive subhalos in ACDM simulations of MW-mass
halos. However, comparisons between observed central masses and ACDM predictions from
the Aquarius [40] and Via Lactea II [41] simulations reveal a discrepancy: the most massive
ACDM subhalos are systematically too centrally dense to host the brightest Milky Way satellites.
Although some subhalos have central masses comparable to those of the observed satellites,
these are not among the most massive ones. This raises an important question: why would
galaxies fail to form in the most massive subhalos, yet successfully form in lower-mass dark

matter satellites? This puzzle is known as the “too big to fail” problem.

Relations between dark and luminous matter The emergence of tight empirical relations
between properties of the dark and luminous components in disk-dominated galaxies, such as
the radial acceleration relation (RAR) [42, 43, 44], the universal core surface density [45] and
the scaling between the core radius and the disk scale-length [46] (more on these in Chapter 3)
are puzzling and seem to be indicative of a new dark sector and/or of non-gravitational coupling
between DM particles and baryons [47]. Some of the above findings can in principle be explained
in CDM by invoking physical processes causing transfer of energy and angular momentum from
the baryons to DM particles, such as dynamical friction [48, 49] or feedback effects from stars
and active galactic nuclei [50, 51], but in recent years it has become progressively clearer that a

fine-tuning for these solutions is required to explain in detail the current observations.

This small scales ’crisis’ has triggered the consideration of non-standard particle candidates
52, 53];
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Hot Dark Matter Hot dark matter (HDM) refers to a dark-matter component composed
of light particles that were relativistic or semi-relativistic during the epoch when cosmological
structures began to form. Thermal relic neutrinos provide the canonical example, while thermal
axions with masses of order O(1eV) have also been extensively studied as a possible HDM
component [54, 55, 56, 57]. More recently, light or massive dark photons, associated with a
hidden or dark U(1) gauge symmetry, have been considered as additional candidates for a hot
relic component [58]. The large thermal velocities of HDM particles allow them to propagate
over cosmological distances and erase density perturbations below their characteristic free-
streaming scale. Consequently, free streaming suppresses the growth of matter perturbations on
sufficiently small scales, reducing the efficiency with which HDM can cluster within galactic-sized
potential wells. This scale-dependent suppression implies that HDM cannot constitute the
dominant component of dark matter in the Universe while simultaneously reproducing the
observed abundance of small-scale cosmic structure. The same physics is reflected in the cosmic
microwave background (CMB) and large-scale structure observations, which place stringent
constraints on the abundance and mass of light thermal relics. These considerations have
motivated cosmological scenarios in which the hot component constitutes only a subdominant
fraction of the total dark matter, with the remainder provided by a colder component capable

of efficiently clustering on galactic and smaller scales [59, 60].

Warm Dark Matter Warm dark matter (WDM) provides an intermediate scenario between
the cold- and hot-dark-matter paradigms. In contrast to cold dark matter, WDM particles
possess a non-negligible primordial velocity dispersion, while their free-streaming scale is
substantially smaller than that of HDM. This allows WDM to retain the successful large-scale
predictions of CDM while suppressing the formation of structure below a characteristic scale.
In particular, keV-scale particles can generate sufficient free streaming to modify the abundance
and internal properties of low-mass halos, making WDM an interesting framework for addressing
some of the small-scale challenges associated with CDM. A wide variety of WDM candidates and
production mechanisms have been proposed, differing in their decoupling histories, interactions,
and subsequent decay processes. Among the most extensively studied candidates are sterile
neutrinos, which are spin-1/2 particles that can be produced through non-thermal mechanisms
and may never have reached thermal equilibrium with the primordial plasma [61, 62]. Their
cosmological properties depend strongly on the production mechanism, and therefore no unique
sterile-neutrino mass can be assigned to WDM in general. Nevertheless, sterile-neutrino models
with masses in the O(keV) range have historically provided viable WDM scenarios and have been
studied extensively using cosmological simulations and observations [63, 64]. Other proposed
WDM candidates include axinos, the fermionic superpartners of axions, which can acquire

suitable relic abundances through thermal or non-thermal production mechanisms [65, 66, 67, 68].
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Gravitinos, spin-3/2 particles arising naturally in supersymmetric extensions of the Standard
Model, provide another possible realization of WDM, although their viable parameter space
is strongly constrained by cosmological considerations such as structure formation and Big
Bang nucleosynthesis [69, 70, 71, 72, 73, 74, 75, 76, 77]. More generally, WDM can also be
realized by non-supersymmetric particles with appropriately suppressed primordial velocities.
The finite velocity dispersion of WDM particles leads to free streaming that erases density
perturbations below a characteristic scale. Consequently, WDM suppresses the formation of
low-mass halos relative to CDM, while leaving sufficiently large scales comparatively unaffected.
This scale-dependent suppression can alleviate some of the small-scale tensions historically
associated with CDM, including the core—cusp problem, the abundance of low-mass satellites,
and the “too-big-to-fail” problem [78, 79]. However, whether WDM provides a satisfactory
resolution of these tensions depends on the particle-physics model and its associated phase-space
distribution, and not simply on the particle mass. The same free-streaming mechanism that
makes WDM phenomenologically attractive also provides a powerful means of constraining
it. Observations of the abundance of satellite galaxies, strong gravitational lensing, stellar
streams, and the Lyman-« forest probe progressively smaller cosmological scales and therefore
place stringent lower limits on the WDM particle mass [80, 81, 82]. In particular, analyses
combining strong-lensing systems and galaxy-count information have obtained lower bounds
in the multi-keV regime, with limits reaching approximately 9.8 keV at the 95% confidence
level in some analyses [83]. Combining constraints from stellar streams, galaxy counts, and
strong lensing can yield even stronger limits, with lower bounds of order 10 keV reported in the
literature [84]. These increasingly stringent constraints indicate that the ~ 1-2keV mass range,
once regarded as particularly interesting for alleviating CDM small-scale tensions, is strongly
disfavored for several commonly considered WDM production scenarios. Consequently, current
WDM phenomenology must simultaneously satisfy small-scale structure constraints and the

requirements imposed by the relic-production mechanism.

Self-Interacting Dark Matter The standard cold dark matter (CDM) paradigm assumes
that dark matter (DM) is non-relativistic and effectively collisionless on cosmological and
galactic scales, interacting primarily through gravity. An important extension is the possibility
that DM particles experience non-gravitational self-interactions mediated by a new dark-sector
force. This scenario, known as self-interacting dark matter (SIDM), can modify the internal
structure and dynamical evolution of dark matter haloes while leaving the large-scale evolution
of density perturbations essentially unchanged in the simplest models [85, 86]. Self-interactions
facilitate the transfer of energy and momentum between particles and can therefore substan-
tially alter the density profiles and shapes of galactic and sub-galactic haloes. As a halo

evolves, elastic self-scattering transports energy through the system and tends to thermalize
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the inner region. This process can produce an approximately isothermal central region with
a finite-density core, while the outer halo remains comparatively unaffected and can retain a
profile close to the standard NFW form [87, 88]. The formation of cores provides one of the
principal motivations for SIDM, as observations of dwarf and low-surface-brightness galaxies
have revealed a diversity of inner density profiles that is not straightforwardly reproduced by
collisionless, dark-matter-only simulations [89, 90, 91]. SIDM has also been investigated as
a possible mechanism for reducing the abundance and central densities of satellite subhaloes.
Self-scattering can facilitate the evaporation or tidal disruption of subhaloes, particularly in the
inner regions of a host halo, although the extent to which SIDM changes the subhalo abundance
depends strongly on the velocity dependence of the self-interaction cross section [85, 92, 93].
The phenomenology of SIDM is particularly relevant to the observed diversity of galaxy rotation
curves. Measurements of dwarf and low-mass galaxies indicate a broad range of inner density
slopes, including systems consistent with approximately constant-density cores as well as galaxies
with substantially steeper central profiles [89, 90, 91]. Such diversity can arise naturally in SIDM
because the degree of thermalization depends on the halo mass, concentration, assembly history,
and velocity-dependent scattering rate. This provides a possible explanation for variations in
inner halo structure without requiring the baryonic processes associated with star formation
and feedback to account for the entire observed diversity [94]. Nevertheless, baryonic effects
remain important, and the observed rotation curves do not uniquely establish the presence of
DM self-interactions. In the simplest SIDM scenario, in which DM interacts only with itself
through elastic scattering and remains decoupled from additional relativistic species, the linear
evolution of large-scale density perturbations is essentially unchanged from CDM. Because elastic
self-scattering conserves energy and momentum, it primarily redistributes momentum within
the dark sector rather than directly modifying the background evolution or the linear matter
power spectrum on sufficiently large scales [86]. More general dark-sector models, however,
introduce interactions between DM and a relativistic or effectively massless species, commonly
referred to as dark radiation. In such scenarios, the dark matter and dark radiation can form
a tightly coupled fluid in the early Universe, giving rise to dark acoustic oscillations (DAOs)
and collisional damping in the matter power spectrum [86, 95]. The resulting suppression
and oscillatory features can extend over scales relevant to the formation of low-mass haloes,
providing a connection between particle-physics interactions in the dark sector and observable
small-scale structure. Before kinetic decoupling, momentum exchange between DM and the
relativistic species prevents the DM from freely clustering below the corresponding acoustic and
diffusion scales. As the momentum-transfer rate falls below the Hubble expansion rate, DM
kinetically decouples from the relativistic component. The temperature of kinetic decoupling

therefore determines the characteristic scale at which the matter power spectrum begins to
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deviate from the standard CDM prediction [96]. The resulting small-scale suppression can be
substantially stronger than that generated by elastic DM self-interactions alone, and its detailed
shape depends on the mediator properties, interaction strength, abundance of dark radiation,
and thermal history of the dark sector [95, 96]. Consequently, SIDM models with dark radiation
provide a broader framework in which halo-scale self-interactions and early-Universe modifica-

tions to the matter power spectrum can be studied within a common particle-physics description.

Other captivating possibilities include fuzzy or particle-wave DM [97, 98], or dark photon-
dark matter [99, 100]. All these possibilities, despite being still viable to some extent, have
been strongly constrained by various astrophysical probes, most noticeably Lyman-a forest
[81], high-redshift galaxy counts [101], cosmic reionization [102], gravitational lensing [103],
integrated 21 cm data [104], y-ray emission [105], fossil records of the Local Group [106], dwarf
galaxy profiles and scaling relations [107], Milky Way satellite galaxies [108], and cosmic star

formation rate density [109], or a combination of these.

1.3 Modified gravity as an alternative to dark matter

Despite all the indirect probes of its existence and the big efforts carried on with colliders
[110, 111] or with direct [112, 113] and indirect [114, 115] searches in the sky, still no firm
detection of DM particles has been made so far. This lack of detection has motivated, on
different grounds, the emergence of modified gravity theories, which aim to explain the observed
phenomena not via a dark particle or dark sector, but via a departure of the gravitational
interaction from the Newtonian expression at small or large scales. Perhaps the most famous of
these alternatives is constituted by modified Newtonian dynamics (MOND), originally proposed
by Milgrom in 1983 [116] and further investigated in a rich literature [117, 118, 119]. As the
name suggests, MOND aims to explain galactic dynamics through a modification of Newtonian
gravity (or more generally of the Newton second law) that comes into action at accelerations
well below a definite universal threshold ag ~ 1.2 x 1071%m,/s2. More specifically, in the context

of MOND is assumed that below ag the Poisson equation is modified

A\ </L <|V®|) V<I>> =47Gp; (1.8)

ao

here p is the baryonic mass density, and p(x) is an interpolating function whose asymptotic values
are 1 for x > 1, and = as x < 1. Thus, one recovers Newtonian gravity and the deep MONDian
regime at accelerations well above and below ag respectively. In the case of a point-like particle
the low-acceleration limit yields a gravitational field g = /GMag/r. In this way MOND is able

to recover the saturation of the RC of spiral galaxies at large radii without including a DM
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component, with only baryons sourcing the gravitational field. In particular MOND (or theories
reducing to it in the weak-field limit) can properly fit galactic RCs of low-surface-brightness
(LSB) spirals, and most dwarf galaxies, even at small radii, where CDM requires baryonic
feedback [120, 121]. Furthermore MOND provides a satisfying description of the RAR [122],
and the tight empirical relations observed between the galaxy kinematics and the baryonic mass
(which, in CDM are interpreted as to link the dark and luminous components, as explained
in Section 1.2) emerge naturally within the theory. Remarkably, MOND predicts a relation
between the asymptotic circular velocity of a spiral galaxy and its baryonic mass v = GMao,
known as the baryonic Tully-Fisher relation, which has been verified with very small scatter
[123, 124]. On the other hand, the performances of MOND are highly debated when moving
to larger scales. In galaxy clusters the modification of Newtonian gravity at low accelerations
does not fully remove the discrepancy between the visible baryonic mass and the required
dynamical mass, leaving a factor of 2-5, depending on the cluster. The leftover discrepancy
can be inferred from galaxy velocities, X-ray gas temperature (which, assuming hydrostatic
equilibrium, is directly linked to the cluster mass), and gravitational lensing of background
galaxies. The situation worsens on even larger cosmological scales, where relativistic extensions
of MOND, most notably TeVeS, [117] struggle in reproducing the growth of perturbations, the
CMB anisotropies’ power spectrum, and the amplitude, shape, and correlation statistics of the
baryon acoustic oscillations (BAO) [125, 126, 127, 128, 129, 130]. Remarkably, some of these
issues can be addressed in the context of MOND with the introduction of additional components,
such as the sterile neutrinos or generic extra fields. Since the reason to consider MOND in the
first place was to get rid of additional matter beside the luminous one, this weakens MOND’s

original simplicity advantage.

1.4 Non-standard couplings between Dark Matter and gravity

Given the successes of MOND at galactic scales and of ACDM on larger, cosmological scales,
one would be tempted to construct a model that strikes an intermediate course between the two
paradigms. An intriguing possibility is to envisage that, under particular conditions, realized in
virialized structures and at late times, CDM couples non-minimally with gravity. In the presence
of this coupling, the gravitational potential generated by a given dark matter distribution gets
modified, thereby affecting the dynamics of visible matter. In this way a MONDian behavior
could be enforced, and the empirical relationships between dark and visible matter would emerge
naturally.

A natural way to implement the non-minimal coupling between dark matter and gravity at

the level of the action, is via a disformal transformation between physical and gravitational
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metric, the former being the one whose geodesics are followed by free falling matter, while
the latter describing the dynamics of the gravitational field. In General Relativity the two
are assumed to be the same, but in a generic theory this is not necessarily true. In these
cases the physical metric is constructed from the gravitational one with the introduction of
additional fields. In [131] Bekenstein showed that the most general transformation between
the two metrics which preserves the Weak Equivalence Principle (WEP) and causality is the

disformal transformation

G = e* (A(x)g#y + B(X)Vmbquﬁ) ) (1.9)

where ¢ is an additional field, xy = —%gWV“qﬁV”gzﬁ, and A, B are two functions on which
causality, i.e. the existence of light cones, imposes constraints.

Consider an action involving both a gravitational and a matter Lagrangian. If we express
them in term of the physical metric, the so-called (Jordan frame), then the extra field ¢ gets
non-minimally coupled to gravity, while the matter fields are minimally coupled. On the other
hand if we express both parts with respect to the gravitational metric (Finstein frame), then the
metric action for gravity takes the standard Einstein-Hilbert form, while matter gets coupled
to the extra field. This suggest to identify the extra field ¢ with dark matter, so that it gets
non-minimally coupled with gravity in the Jordan frame. Viewed in the Einstein frame this
then translates to a coupling between dark and luminous matter. To implement such a model,

Bruneton et al. [132] started from an action of the form

S = SEH[Q] + SMAT[Q7¢] + SDM[% <Z>] + SINT[ga ¢7¢] s (1~10)

where the ¥ and ¢ are thought as collective variables encoding baryons and DM particles,
respectively. To mimic a MONDian behavior at galactis scales, the coupling should be able to
produce an extra—force that applies to baryons only. This can be achieved assuming that the

interaction term is such that

Swuarlg, V] + Sivrlg, @, ¢] =~ Suarlg + h, Y], (1.11)

where the net effect of the interaction is summarized into a modification of the physical metric
felt by the baryons G, = g + hyw. Up to order O(h?), the full action can be expressed in terms
of v, and we get that the DM field gets non-minimally coupled to gravity in the following way

1
S = Suulg] + Suar(g, Y] + Soulg, ¢] — @/d%\/—ig(GW(g) + ") by - (1.12)
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The detailed shape of h,, can then be fixed by the requirement to mimic a MONDian behavior
at the scales of interest.

With the form of h,, tuned in this way, the model is able to reduce to GR+CDM in the
early Universe and in the center of galaxy clusters, and to MOND in regions of low accelerations,
thus fully reconciling the two frameworks. Nevertheless, it suffers some ambiguities and
interpretational shortcomings. First of all, the model has been formulated in terms of scalar
fields, while a description in terms of fluid variables seems more appropriate to describe
gravitational phenomena at the galactic and cosmological level, provided that the averaging
scale necessary to define the fluid variables is small enough, compared to the size of the structures
that we want to analyze. Moreover, a non-minimal coupling between dark matter and gravity
seems more easily justifiable at the fluid level, since it does not translate directly into a violation
of the WEP. Indeed, as long as single particles have standard coupling with gravity, the WEP
is safe, while it can be violated at the level of the collective behavior of the fluid. Finally, the
needed interaction term must be carefully designed, at the field—theoretic level, in a way that
seems very counterintuitive.

At the fluid level there are two main mechanisms that may produce a non-minimal coupling:
either it appears through an averaging procedure that brings from particles to fluids, or it can
emerge from some collective behavior of the DM particles, as in Bose Einstein Condensates
(BEC).

In an attempt to solve these issues, Bettoni and collaborators [1, 2, 133, 134] considered a
model in which DM is described as a perfect fluid with a barotropic equation of state which
couples non minimally with gravity. Working with perfect fluids, there are no many possibilities
to couple DM to gravity, given that we have at our disposal only scalars and the four velocity
at each spacetime point. If we add the constraint that we want to keep the gravitational field
equations of second order in the metric tensor, so that we do not introduce additional physical
modes for the graviton, there are only two possible couplings, namely a conformal one R(p)

and a disformal one R, £(p)u*u”. The action of the non-minimally coupled fluid is thus

3
ARicC

167G

3

167G

/d4:c V=gR (1 + asca¥(p)) + /d4x V=9Ru&(p)uru” + Spn . (1.13)

Here

Sou = —26/d4:v {\/Tgp(n, s)+ J# (@qu + 50,0 + ﬁAaﬂaA)} (1.14)

is the DM perfect fluid action, where n is the particle number density, s is the entropy per
particle, and the second term implements the constraints for the flow of perfect fluid through
the four vector J# = \/—gnu*. The function 1(p) controls the coupling of the dark fluid to
the Ricci scalar, while the function £(p) mediates the coupling to the Ricci tensor. Both these
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functions are dimensionless, and hence they must involve, for dimensional reasons, at least
another density parameter p, which sets a characteristic, phenomenological, scale of the model.
Finally, the dimensionless constants agcal, aric control the strength of the non-minimal coupling.
Performing the variation of the action and taking the static, non-relativistic limit, the modified

Poisson equation for the Newtonian gravitational field can be derived

QRic = 5
APy = 4rG <p - ; prid A& + ascalpid ATZJ) ; (1.15)

where &,1 are rescaled quantities, and pad is a fiducial density defined such that @(pﬁd) =1.
The main feature of this equation is that the gravitational potential has as sources not only the
mass density p, but also its variations in space; this means that inhomogeneities in the dark
matter distribution can enhance or suppress the gravitational interaction, depending on their
sign. Furthermore, in light of the fact that the operative definition of the dark matter mass
density is given in terms of the quantity that appears on the right hand side of the equations
of motion for the gravitational field (either the full relativistic field equations, or the Poisson
equation in the Newtonian limit), one might define an effective mass density and effective
stresses, that do not coincide with those that are defined out of the fluid action when the
non-minimal coupling is absent. In particular, the right hand side of the Einstein equations in
the full relativistic regime define an effective Stress Energy Tensor (SET) for the dark matter
fluid depending on higher derivatives of the fluid variables and on curvature. This is indeed
what should be expected, given that the basic idea of non-minimal coupling is that the field,
or fluid in this case, is able to probe geometry on a given length scale, not only point-wise
as in the standard case. Upon contraction of the effective SET, the additional terms can be
interpreted as an isotropic and anistropic pressure, the latter being present only in the case of
conformal coupling. Given that we started with the action for a pressureless fluid, this has to
be considered to be dynamically generated by the non-minimal coupling between dark matter
and gravity.

Following the line of Bettoni, in a series of papers [135, 4, 136] Gandolfi and collaborators
developed a model of non-minimal coupling whose action features an interaction term of the
form Swrlg, ¢, ¥] < [diay/—gTI"V,¢V,¢, where T/ is the baryons stress-energy tensor,
while ¢ represents dark matter. Expressing the full action in terms of the physical metric, the

DM field gets non-minimally coupled to gravity via a term of the form

Swuic[g, ] = eL? / d*a\/—g GV .oV L. (1.16)

Here L is a coupling length that must be introduced for dimensional consistency, while e = £1

is a polarity parameter of the coupling, whose sign is indetermined a priori and must be fixed
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by requiring consistency of the solution of the field equations. By taking the Newtonian limit of
the field equations derived from the full action of the model, and adopting a representation in
terms of fluid variables, in the end one obtains a modified Poisson equation for the Newtonian
gravitational field

A¢ = 4nG (Pbar + Pdm — ELQApdm) . (1.17)

As was the case in (1.15), this modified Poisson equation implies that the source for gravity is
not just the total matter density in itself, but also the DM inhomogeneities or spatial variations.

Gandolfi and collaborators studied the self-gravitating equilibria of non-minimally coupled
dark matter halos, solving (1.17) together with the Euler and continuity equations, which
are not modified by the non-mimimal coupling in the Newtonian limit. To close the system,
they considered a power law equation of state p(p,r) = pa 02 (p%)r (i)a, with I' = 5/3, and
a = 35/27, appropriated for the gravitational assembly of DM halos via accretion and mergers
from the cosmic web. Looking for power law density profiles p oc =7, they found that, to have
physical solutions, € must be negative, otherwise the inner profile diverges at a finite radius.
Then, parametrizing the strength of the NMC with n = ef—;, for any negative value of 7, there
is an optimal value of k = 47G p,r2 /02, such that the inger profile is physical, with limiting
central slope vy = 0, i.e. a core. As for the outer behavior, the profile has a cutoff at a finite
radius, setting the effective halo boundary. In particular, for —0.1 < < —0.01, the shape of
the NMC solution out to several r_s (the radius at which dlogp/dlogr = —2) follows closely
the Burkert profile, commonly exploited to fit observations of dwarf galaxies. At larger distances
there is a progressive deviation from the Burkert profile, since the latter has been designed to
have a limiting slope close to the NF'W one, while the NMC solution gets truncated at a finite
radius. However, for an appreciable range of 7 values this is not a concern, since the truncation
occurs at radii much beyond r_o that are scantily probed by observations. To reproduce the
Burkert profile over an extended radial range outward of r_o is a remarkable property of the
NMC solution, since other models, such as those based on Bose-Einstein condensate DM, predict
a cored density profile, but the deviation from the Burkert shape are appreciable, in terms of a
prominent cutoff or steep decline, just outside the core.

Even more remarkably, when tested again stacked rotation curves of local spiral galaxies with
different average velocities at the optical radius, including dwarfs and low-surface brightness
systems, the NMC performs way better that NFW, and comparable to (in some instances even
better than) the phenomenological Burkert profile, in terms of y2. Furthermore, to fit the
rotation curves, the model predicts a scaling of the NMC length scale with the mass of the halo
L o< M9®, suggesting that the NMC may emerges as the result of the collective behavior of the
dark matter particles confined in a virialized system.

As two further tests Gandolfi et al. considered the universal core surface density and the

16



Francesco Benetti PhD student at SISSA fbenetti@sissa.it

Radial Acceleration Relation. The former, defined as the product of the core density and the
core radius Yo = pg X 1o, ss stated in Section 1.2, is found to have an almost constant value
Yo ~ 75151? M pc~2 among different dwarf galaxies with halo mass M < 10! M. In the NMC
model, one finds

Ayir

Yo ~ 50 <1oo> E%3 My pce™2, (1.18)

where Ay is the nonlinear threshold for virialization, with values around 100 at z ~ 0, and
E. = Q,(1 + 2)3 + Qy takes into account the formation redshift of the halo. Thus, the surface
density turns out to be independent on the halo mass and core radius, and only weakly dependent
on formation redshift. As for the RAR, it is found that the NMC can reproduce the observed
relation between baryonic and total accelerations at all scales, when extrapolating down to

smaller masses the dependence L oc M?® found from the RC analysis.

1.5 This thesis

This thesis is devoted to the study of two models involving non-standard interactions between
cold dark matter and gravity, and of their phenomenological implications for galaxy kinematics
and cosmology.

Since our focus is on phenomenology, we remain agnostic about the particle nature of dark
matter and adopt a fluid description. In particular, we model cold dark matter as a pressureless
fluid (dust), characterized solely by its energy density p and four-velocity u*. Deviations
from the standard cold dark matter paradigm are then encoded in modifications to these fluid
variables, together with the emergence of a non-vanishing pressure.

We also leave open, for the time being, the question of the physical mechanism underlying
the emergence of these non-standard interactions. However, our analysis shows that, at least in
the first model, they are triggered by the confinement of dark matter within virialized structures,
pointing towards a possible collective behaviour of the dark matter fluid.

The first framework is a non-local theory, dubbed fractional gravity (FG), relying on
fractional calculus, the branch of mathematics dealing with non-integer derivatives and integrals.
In [137] Giusti proposed a theory of modified gravity in which the Laplacian operator appearing
in the Poisson equation was promoted to a Fractional Laplacian, resulting in what he named

fractional Poisson equation (FPE)
(=A)* ®(x) = —4n G2~ p(x). (1.19)

Here s € [1,3/2) is the fractional index, while ¢ is a length scale that must be introduced to

recover the right dimensionality.
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The peculiar feature of this equation is that the appearing of a non-integer derivative operator
introduces non-locality in the theory, meaning that the gravitational potential at a space time
point has as a source the density distribution not only at the same point, but in an extended
domain. In its original formulation, the fractional interaction was intended to apply only to
baryons, as the theory was developed to reproduce MOND-like behavior in galaxies and thereby
eliminate the need for dark matter. In this work, however, we adopt a fundamentally different
approach by assigning the fractional gravitational coupling to the dark matter component, while
baryons obey the standard Poisson equation. Given the stringent constraints on the coupling
between visible matter and gravity imposed by Solar System experiments, together with the
strong astrophysical and cosmological evidence supporting the existence of dark matter, we
argue that this is the more appropriate framework to work in.

To assist readers who may not be fully familiar with fractional calculus, in Chapter 2 we
provide an introduction to the subject—by no means exhaustive—with particular emphasis on
the fractional Laplacian, its operatorial definitions, and its main properties.

Chapter 3 and 4 are devoted to Newtonian fractional gravity (NFG) and its application in
galaxies and clusters. In particular in Chapter 3 we compute the gravitational potential, solution
to (1.19) sourced by the NFW density distribution (1.2) for a generic value of the fractional
exponent s. We show that the rotation curve derived from this potential would appear, to an
observer interpreting the data within the framework of standard Newtonian gravity, as the one
produced by an almost cored density profile, thereby naturally resolving the cusp—core problem
of cold dark matter. We then fit stacked Rotation Curves of spiral galaxies of different types,
from dwarfs, to high and low surface brightness spirals, via a Bayesian MCMC technique, so
inferring relevant galaxy properties and at the same time constraining the parameters ruling
the strength and length-scale of fractional gravity. As an independent test of NFG in late-type
galaxies, we show that the empirical relations observed in spirals between the parameters of the
baryonic disk and the DM halo, when the latter is modeled with a NFW or Burkert profile,
emerge naturally as a consequence of the non locality of the theory. In Chapter 4 we move to
much smaller and larger scales, testing NFG in galaxy clusters and individual dwarfs. First
we model the density and pressure distributions of the intracluster medium (ICM), working
out the hydrostatic equilibrium equation in fractional gravity. Such theoretical framework is
then compared with data from the XMM-Newton Cluster Outskirts Project (X-COP), which
consists of 12 clusters with well-observed X-ray and SZ data. We then perform a Bayesian
analysis of the thermodynamic profiles of the X-COP sample and infer constraints on the
fractional gravity parameters at these scales. We then turn our attention to the smallest scales,
where the effect of fractional gravity are expected to be more relevant, focusing on individual

dwarf galaxies. Specifically, we probe NFG and infer the values of its parameters both in
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irregular dwarf (dwlrr) galaxies by exploiting the rotation velocity profile inferred from stellar
and gas kinematical measurements, and in dispersion-dominated dwarf spheroidals (dwSph)
by exploiting the velocity dispersion profile inferred from the dynamics of stellar tracers. Our
findings prove that NFG is able to reproduce the properties of virialized systems spanning ten
orders of magnitude in dark matter mass, producing fits which are always superior (or at least
comparable to) the ones obtain with standard cold dark matter.

Chapter 5 is probably the most technical of this work. Motivated by the successes of
fractional gravity at the Newtonian level, we develop a full relativistic extension of the theory.
This will enable us to study phenomena which are exclusive to the relativistic setting, such as
propagation of gravitational waves and gravitational lensing. After a review of non-local gravity
theories, we introduce the action of Relativistic Fractional Gravity (RFG) in its most general
form, and derive the associated field equations. We then take the weak field and Newtonian
limit, making the connection with the previous chapters, and discussing mode propagation via
a scalar-vector-tensor decomposition analysis. Finally, we test two particular flavors of RFG to
exploit the lensing convergence profiles of the individual and stacked clusters from the CLASH
sample, finding a very good agreement with data.

The non-local nature of the interaction makes the full relativistic fractional gravity equations
far too complex to be solved in the strong gravity regime. For this reason we devote the rest
of this thesis to study a local model of non-minimal coupled dark matter (NMC-DM) whose
action is inspired from the RFG one, but without the complications implied by non-locality.

In Chapter 6 we introduce the action of the model, both in the Jordan and in the Einstein
frame, and we compute the field equations. We show that they can be interpreted as Einstein
equations sourced by the stress-energy tensor of a fluid with both isotropic and anisotropic
pressure, being dynamically generated by the coupling of pressureless dark matter with gravity.
The appearing of the pressure offers the captivating possibility to form dark matter configurations
in hydrostatic equilibrium. We thus solve the NMC-DM field equations taking as an ansatz a
static, spherically symmetric, and asymptotically flat metric. We find that physical solutions
exist for a limited range of the central density, taking the form of regular, horizonless ultra-
compact objects of non-minimally coupled dark matter (NMC-UCOs). We then proceed to
analyze the properties of NMC-UCOs, finding that they feature an almost constant density
across their radius, a mass proportional to the length scale associated to NMC, and that, for
a restricted range of central density, an internal and an external light ring. After studying
the orbits of both massless and massive particles around NMC-UCOs, we implement a basic
ray-tracing simulation to describe the gravitational lensing effects around these objects in terms
of a pseudo-shadow, that makes connection with what is usually done in the context of black

holes. If observed, the peculiar light pattern around NMC-UCOs could constitute a clear
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signature for the detection of such exotic objects.

The last two chapters are devoted to cosmology in the context of NMC-DM. Since the
non-minimal coupling is designed to become effective only when dark matter densities exceed a
given threshold, its impact is expected to be most significant in the early Universe. Chapter
7 focuses on background cosmology. By solving the modified Friedmann, Raychaudhuri, and
continuity equations for a Universe composed of baryons, non-minimally coupled cold dark
matter, photons, and a cosmological constant, we show that cosmic evolution is indeed altered at
early times. In particular, during the radiation-dominated era the Universe undergoes a phase
of accelerated expansion, with the redshift at which this begins determined by the characteristic
length scale of the model. Remarkably, adopting the same length scale that yields NMC-UCO
masses compatible with observations of high-redshift supermassive black holes, we find that this
accelerated phase starts before nucleosynthesis, thus preserving all established constraints on
standard cosmic evolution. At even earlier times, the behavior of the background depends on
the spatial curvature. For flat or positively curved Universes, the accelerated phase terminates
in the past at a singularity, as in General Relativity, although with modified expansion rates.
For negative curvature, however, the model admits the appealing possibility of a cosmological
bounce, in which the Universe reaches a finite, non-zero minimum scale factor. Strikingly,
using the same NMC length scale and imposing the curvature constraints derived by Planck
Collaboration, we find that the accelerated phase lasts long enough to solve both the horizon
and flatness problems—two of the central motivations for inflationary models.

For NMC-DM to provide a viable alternative to inflation, however, it must not only address
the standard problems of background cosmology, but also correctly reproduce the evolution
of cosmological perturbations. Chapter 8 is therefore devoted to a detailed analysis of linear
scalar, vector, and tensor perturbations within NMC-DM. For scalar perturbations, we solve
the perturbed field and conservation equations in terms of the comoving curvature perturbation,
(R), deriving its scaling with wavenumber across the deep NMC, radiation-dominated, and
matter-dominated eras. This allows us to compute the scalar power spectrum. We find that
only the bouncing cosmology scenario produces a spectrum compatible with observations of
the CMB anisotropies by the Planck Collaboration. This compatibility, however, requires a
modification of the standard initial conditions: instead of the usual Bunch—Davies vacuum,
perturbations must originate from a highly populated quantum state. In the presence of a
bounce, where perturbations are generated during a contracting matter- or radiation-dominated
phase, this assumption is physically well motivated. We also study the evolution of vector
and tensor perturbations (gravitational waves). Vector modes are enhanced only at very small
wavenumbers; therefore, if their initial amplitude is small (for instance, of quantum origin), all

observationally relevant modes remain negligible today. Tensor perturbations evolve similarly to
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the comoving curvature perturbations outside the NMC-dominated phase, differing only in that
they propagate at the speed of light. During the NMC-dominated contracting phase, however,
the tensor solution develops an exponentially growing mode. To preserve the validity of the
linear approximation, this mode must be removed. As a result, tensor perturbations reach the
bounce with negligible amplitude, but the growing mode becomes dominant again during the
subsequent expanding phase. Consequently, by the end of the NMC-dominated epoch, tensor
modes recover approximately the same amplitude they had at its onset. The resulting tensor
power spectrum has the same form as the scalar spectrum, but with an additional k2 dependence.
Achieving a scalar-to-tensor ratio consistent with the current observational bound, (r < 0.036),
therefore requires appropriately tuning the initial conditions, such that tensor perturbations

also begin in highly excited states with occupation numbers that decrease over time.
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Chapter 2

Fractional Calculus

Fractional calculus is a natural extension of classical calculus in which the concepts of differenti-
ation and integration are generalized from integer orders to arbitrary real or complex orders.
Although the idea of non-integer differentiation dates back to a correspondence between Leibniz
and L’Hopital in the late seventeenth century, it remained primarily a mathematical curiosity
for many years. Over the past few decades, however, fractional calculus has evolved into a
mature and rapidly expanding field, driven by both theoretical developments and its remarkable
ability to model complex physical phenomena.

Unlike classical differential operators, fractional operators possess a non-local character:
the fractional derivative of a function at a given point generally depends on its values over
an extended domain rather than solely on its local behavior. This inherent memory effect
makes fractional calculus particularly suitable for describing systems with hereditary properties,
long-range interactions, and anomalous dynamics. As a result, fractional models have found
successful applications in numerous disciplines, including viscoelasticity, diffusion processes,
control theory, signal processing, bioengineering, finance, and others.

Since fractional calculus provides the mathematical framework underlying the theory of
fractional gravity—the subject of the first part of this work—and because its concepts and
techniques are not yet widely familiar within the astrophysics community, this chapter provides
a brief introduction to the fundamentals of fractional calculus for the reader’s convenience.

We begin by defining the Riemann-Liouville fractional integral and fractional derivative in
one dimension, together with an other type of fractional derivative first introduced by Caputo,
which proves to be more suitable to physics-related initial value problems. After having analyzed
some of the properties of these objects, we move to the most relevant operator to us, that is the
Fractional Laplacian (—A)*, defined on R™.

Several definitions of this operator, such as the singular integral representation, the heat

semigroup definition, elliptic extension, the Balakrishnan formula, and the spectral represen-
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tation, are presented. These turn out to be all equivalent in the common range of definition,
but to differ in the values that can be assumed by the fractional index s. In particular, the
spectral representation, which is based on the properties of the Laplace operator under Fourier
transform, will turn out to be the most useful to our purposes, since the fractional Poisson
equation is most easily solved in the Fourier domain.

To further extend fractional gravity to a relativistic setting we need to be able to treat
space and time on an equal setting. This is achieved by the introduction of the fractional
d’Alembertian [J°. In Section 2.3 we will provide an introduction to this operator, highlighting

the ambiguities in its definition and specifying the one used in this work.

2.1 Fractional integrals and derivatives

In one dimension, the simplest definition of fractional integral can be viewed as a natural

extension of the well known formula, usually attributed to Cauchy, valid for any integer n
i) = — [ ) - 2.1)
)= —+— x — . :
oD Jy W y

The above relates the n—fold primitive of a function f(x) to a convolution integral, as it can be
easily verified by repeated integration by parts, provided that f satisfies f(z) = 0 for x < 0.
One is immediately led to extend the above formula for any positive real index s by means of the
Euler gamma function I'(s) = [;° dz2*~'e~*. In fact, since for any integer n, I'(n) = (n — 1)!,

one can define the fractional integral of order s via the expression
°f(z) pl /‘T f) (= — )Sl (2.2)
" f(x) = d z , .
() Jo Yy Y

prescribing Z° f(x) = f(z). The fractional integral enjoys the semi-group property Z° ZP = 757,

which implies commutativity Z° 7P = 7P 7° and the straightforward action on power function

Ia+1) ot

T30 —
Y T Tats+1)

(2.3)
Having defined the fractional integral, it is natural to assume that the fractional derivative could
be defined as its inverse operation; however, this idea must be implemented with some care. In
particular, note that even for integer n the differentiation D™ and integration Z" operators in
general do not commute, as D" is only a left-inverse of Z"; in fact, D" Z" f(x) = f(z) holds but
the converse is not necessarily true due to the appearance of numerous integration constants,
related to the value of the function and its derivatives at the boundary points. Therefore, given

an integer m one defines the Riemann-Liouville fractional derivative D, of order s € (m —1,m)
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in such a way that D;;, = D™ 7™ °, or more explicitly

D) = g |y, @@= (24)

with DY, f(x) = f(x). Using this definition and the semi-group property, one has DS, Z°f(z) =
DI I8 f(x) =DM I™ f(x) = f(x) so that Dy, is truly a left inverse of Z°. It is also trivial

to verify the action on power functions

Platl) o

Ds a:
r® F(a—s—i—l)J: ’

(2.5)

and on constants
Yo —s

Dyiyo = ml’ . (2.6)
The definition of fractional derivative implies a inherently non-local behavior, since Dj, f(z)
depends not only on the values of the argument in an infinitesimal neighborhood around x, as
in standard calculus, but in an extended domain. When considering functions of time, such
in fractional differential equations Dy, ;z(t) = g(x(t),t), this translates into memory effects,
meaning that the system stores memory of its past behavior. This is the case for example for
the stress in viscoelastic materials, anomalous diffusion in turbulent fluids, or polarization in
dieletric materials.

The fact that the Riemann-Liouville derivative does not yield zero when applied on constants
motivates to look for an alternative definition of fractional derivative which has this desirable
property. The Caputo Fractional Derivative, originally introduced by Caputo in [138], reverses
the order of integration and differentiation

1dm

s 1 * m—s—
D)= F gy o Wl 0" L), (2.7

for s € (m —1,m). This definition is more restrictive than (2.4), in that it requires the absolute
integrability of the derivative of order m of the function f.
In general, D§, f(z) # D:f(x): in fact, assuming that the passage of the m-derivative under

the integral sign is legitimate, it is easy to see that, for s € (m — 1,m) and z > 0:
m—1 Jl‘k
Dif(z) = Dy, (f(fv) - f(k)(0+)k,> ; (2.8)
k=0 )

so that the two definitions are equivalent only if the function f, along with its first m — 1
derivatives, vanish as # — 07. The subtraction of the Taylor polynomial of degree m — 1 at 0"

provides a regularization of the fractional derivative. One can deduce that if two functions f
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and g admit the same Riemann-Liouville fractional derivative, then the following relation must
hold

@) = g@) + 3 e, (2.9)
k=1

while to share the same Caputo derivative
m
f(z) =g(x) + Z ™R (2.10)
k=1

It is therefore clear that the Caputo fractional derivative is more suitable for inclusion in
fractional differential equations modeling physical phenomena, since the boundary conditions
can be specified by assigning values to the physical variables and their integer-order derivatives.
In contrast, when the Riemann—Liouville derivative is used, the boundary conditions must

instead be expressed in terms of fractional integrals or fractional derivatives.

2.2 Fractional Laplacian

Having acquired familiarity with fractional integrals and derivatives in one dimension, we now
move to higher dimensions, focusing on the fractional Laplace operator, thus providing the
mathematical framework for fractional gravity.

The standard Laplacian A is a linear, second-order, elliptic, semi-positive, self-adjoint,
local differential operator, whose applications in physics range from wave mechanics, gravity,
electrodynamics, hydrodynamics, biophysics and probability theory. However, some physical
phenomena have been experimentally shown to exhibit a non-local behavior, that has motivated
the extension of the Laplacian to a fractional operator (—A)®. As it is usually the case for
fractional operators, this extension can be performed in different ways, leading to several
definitions of the fractional Laplacian. Although these definitions can be shown to be all
equivalent on the whole R”, they differ when restricted to bounded domains €2 C R™, and they
usually cover different subsets of the interval (0,n/2) for the values assumed by the index s,
with some definition only well defined for s € (0,1). Here we provide a brief presentation of the
main definitions, starting with the one which is more suitable for our scopes. For an excellent
comparative overview on these topics, treated with much more mathematical rigor, we refer the
interested reader to [139].

2.2.1 Spectral definition

One of the simplest routes to attain a non-integer order extension to the Laplacian operator

is by making use of its multiplicative action on the Fourier transform of a function. It is well
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known that the standard Laplacian is a Fourier multiplier on the space S(R"™) of Schwartz
functions on R”, meaning that if f € S(R"™), then

F{-AfHk) =K F{f}(k) . (2.11)
where F{-} denotes the Fourier transform, which in our notation reads
FUm = [ dxe ™ f(x) (2.12)
R'"/

and hereafter k = |k|, and x = |x|. The fractional Laplacian of order s € (0,7/2) is then defined

as the linear operator satisfying

FU=A) FHk) = K F{f} (k). (2.13)

Taking the inverse Fourier transform F~1{-} on both sides of (2.13) one obtains an explicit

form for the fractional Laplacian in real space as

(-A) f6) = FH FAHY 60 = [

ik-x 7.2s n —ik-
k d y . 2.14
re (27)3 ‘ /]R” ye 1) (2.14)

This approach can be made more rigorous by using the spectral theorem for densely-defined,
self-adjoint linear operators on some Hilbert space H, to find the unique projection-valued
measure E) and the spectrum o(—A), associated with the standard Laplacian, and from there
construct the analogue counterparts for its fractional extension. We will not follow this very
rigorous approach in this work, since the operative definition presented above is enough for our
purposes, but we refer the reader to [140], in which one can also find a discussion on the larger

functional spaces on which this definition is well defined.

2.2.2 Singular integral representation

For s € (—n/2,0) the multiplier k?* has an inverse Fourier transform in the sense of distributions

4°T (2 + )
FHE» M (x) = — 2L g (n429) 2.15
{ }(X> W"/z\F(—s)\ Zz ( )
Using this and the convolution theorem of the inverse Fourier transform, one can find a

representation of the fractional Laplacian as a single integral on position space

TG [ )
PP Jar &Y ey

(—A)* f(x) = FH{E*} * f(x) (2.16)
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For positive values of s, the above derivation fails because k%* does not have an inverse Fourier
transform, even in the sense of distributions. Moreover the representation (2.16) fails because
the singularity encountered when x — y is no longer integrable. However, starting from (2.16),
an argument based on analytical continuation in s, with f and x held fixed (see e.g. [141]),

yields the following formula for the fractional Laplacian for s € (0,1)

4T (3 + ) f(x) = f(y)
—-A)?® =2 PV dty -t 2.17
( ) f(X) 7Tn/2|]:‘(—8)| R y |X _ y’n+25 I ( )
where PV denotes the principal value
fx) - fy) / fx) - fy)
PV dty ———- = 1] dty —————= 2.18
o Y x — y|+2s e "/ Be(x) Yy Ix — y|n+es (2.18)

Here the integral is taken over all R™ minus the ball centerd at x with radius e. When one
takes the limit as ¢ — 07, the difference f(x) — f(y) in the numerator, which vanishes at the
singularity, and takes positive and negative values around it, allows the principal value to exist
for smooth functions decaying sufficiently fast.

Note that, although this definition allows a representation of the fractional Laplacian as a
single integral in position space, it is restricted to s € (0,1). From (2.17), one can appreciate
the non-local nature of the fractional Laplace operator: the value of the function (—A)® f
at a particular point x depends on the value of the f in all of space. Since there is no time
propagation, as it is the case, for example, in the solution of the d’Alambert equation in R™,
the dependence is instantaneous and thus (—A)® has a strong non-local nature.

In analogy with what we have done with the 1D fractional derivative starting from the
associated fractional integral, one may wonder whether there is an operator which acts like the

inverse of the fractional Laplacian. This is provided by the Riesz potential R4

Rs f(x) = 2871;1(;5;)(3) /d”yb(i(;”)n_s ) (2.19)

The properties of this operator are discussed in details in [139]; here, we will limit to say that
Ros provides a sort of inverse of the fractional Laplacian, meaning that it can be shown to

satisfy
(—A)* Ras f(x) = Ras (—A)" f(x) = f(x) (2.20)

so that one can naively set Ros = (—A)7%.
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2.2.3 Elliptic Extension, Heat Semigroup and the Balakrishnan Formula

For completeness, we now describe three representations of the Fractional Laplacian in R”,

which require the solution of equations involving the standard Laplacian.

Elliptic extension The extension method, also known as the Dirichlet-to-Neumann map,
requires the solution of a degenerate elliptic equation in the (n + 1)-dimensional half-plane,
using the function f(x) as the Dirichlet boundary data, followed by a type-of normal derivative
of the solution. Let f(x) be a function on R™, and consider its extension f(x,t) on R x [0, c0),

solution of the following Cauchy problem with Dirichlet boundary conditions

82f+1723%]t?+Axf:0

ot (2.21)
f(x,0) = f(x) ;
then, there is a constant c¢(n, s) such that
(~AYF(x) = c(n,5) tim 10— S60) (2.22)

t—0+ t2s

One can interpret this as saying that the extension problem localizes the fractional Laplacian:
to compute (—A)® f(x) it is enough to know the extension f(x,t) in some upper half ball around
the point (x,0). This result has stimulated some interesting physical speculations. Indeed, it is
possible to reconcile a local description of nature with the fact that some physical phenomena
exhibit non-local behaviours, and thus they need to be described via non-local operators, if we
assume that we live on a four-dimensional membrane in a larger five-dimensional spacetime. In
this way, what appears to us as non-locality, is only the consequence of us not having access to
the auxiliary dimension, playing the role of the variable ¢ in the extension problem. Following
this line of reasoning, A. Frassino and O. Panella in [142] have shown that the quantum behavior
of a non-local scalar quantum field theory built out of the fractional Laplacian in n dimensions,
can be described in terms of a local action in n + 1 dimensions, which can be quantized using

the canonical formalism, though giving up local commutativity.

Heat semigroup representation Given a real number A > 0 and s € (0, 1), the integral

representation of the Euler Gamma function implies

1 o0 etA _q
A= dt . 2.23
F(—S) /0 $st1 ( )

Now, suppose we have a linear, positive semidefinite operator L, with spectral representation

L = [;° dE\A. Then the spectral representation of its fractional power L® = [ dE\A®. Given
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a function f which is acted on by L, one then has

/ AENf( / /OO €t+1 dt f(x)

- F(—s) /OOO - P Lat s, (2.24)

where we have switched the order of integration and we have used that e & = JoT dE ve ™ and
the completeness of the spectrum I = [;° dE) . In the expression (2.24) w(x,t) = exp (—tL) f(x)
is the solution to the heat-like equation for the operator L with initial value f(x); namely

w(x,t) solves the following Cauchy problem in R™ x [0, c0)

O+ L)w=0
{( :+ L) (2.25)
w(x,0) = f(x) .
In particular, with L = —A, (2.25) is just the heat equation with an initial temperature
distribution f(x)
O — Ax)w =0
{( ' ) (2.26)
w(x,0) = f(x) ,
and (2.24) yields another representation of the fractional Laplacian
1 00 6tA
—A)° = dt 2.2
()00 = gy [, e @t 0. (2.27)
Starting from an analogue identity, also valid for A > 0
Ao L / T et g (2.28)
I'(s) Jo ’
one can obtain a representation of the inverse fractional Laplacian
1 o0
—A)"f(x) = —/ 57 etAdt f(x) . 2.29
( )f()r(s)0 fx) (2.29)
Balakrishnan formula The expression
S Sln s—1
(—A) f(x) = / A(H — A7 F(x) 570 dt (2.30)

known as Balakrishnan formula, first introduced in [143], expresses the fractional Laplacian of a
function as an integral involving the classical Laplacian and its resolvent (tI — A~1). Naively,

this formula can be obtained by using another integral representation of the power of a real
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positive number A

)\szsm(ws)/ A ptgy (2.31)
T 0 A+t

which can be easily proven by the substitution x = A (1 — t)/¢, bringing the integral to a
representation of the Beta function, and recalling the Euler reflection formula I'(s)['(1 — s) =
7/ sin(ms). Then, using that the resolvent (£ —A)™' is a Fourier multiplier with symbol
(k? 4+ t)~!, we can make the formal substitution A\/(A +t) — A (tI — A)~! f(x), obtaining
(2.30).

2.3 Fractional d’Alembertian

The d’Alembertian, or wave operator, is a fundamental differential operator in mathematical
physics and is conventionally defined on Minkowski space by [0 = 02 — ¢?A, up to the choice of
metric signature and normalization of the temporal coordinate. The operator is hyperbolic and
plays a central role in the formulation of relativistic wave equations, including the classical wave
equation, the Klein—-Gordon equation, and various field equations. Fractional generalizations
of the d’Alembertian arise naturally when one seeks nonlocal models of wave propagation,
anomalous dispersion, or relativistic equations with non-integer differentiation.

As with the Laplacian, the term fractional d’Alembertian does not refer to a single universally
accepted operator. Rather, several inequivalent constructions have been proposed, depending
on whether fractionalization is applied to the temporal and spatial derivatives separately, such
in D2* + ¢28(—A)P, with different choices of temporal derivative (Caputo, Riemann-Liouville or
others) leading to different initial-value structures, domains and solutions, or to the full operator
[1°. This distinction is important because the resulting operators can have substantially different
analytical and physical properties.

Unlike the fractional Laplacian, whose Fourier symbol is non-negative in the Euclidean
setting, the Lorentzian symbol of the d’Alembertian changes sign. Hence, a straightforward
replacement of the integer power by a fractional one (w2 — 02\16\2)8/ % s generally not sufficient to
define an unambiguous real-valued operator in the Fourier domain. A fractional power requires
additional structure, such as a complex branch prescription, a causal prescription, a spectral
definition on an appropriate function space, or an alternative operator constructed from positive
elliptic components.

A conceptually distinct construction is obtained through functional calculus. If a suitable
realization of [J is available on a chosen function space, one can attempt to define [1° for
non-integer s by means of the spectrum or an appropriate resolvent representation. In this
framework, the fractional d’Alembertian is regarded as a nonlocal operator whose action is

determined globally by the spectral properties of the underlying wave operator. This approach
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has the advantage of preserving the operator-level structure of the d’Alembertian, but it requires
careful treatment of the fact that the Lorentzian operator is hyperbolic rather than positive
and elliptic.

Causality introduces a further complication. For relativistic applications, it is often desirable
that the operator be compatible with the causal structure of Minkowski space. Different
prescriptions for handling the zeros and sign changes of the Fourier symbol can lead to retarded,
advanced, Feynman-type, or other Green-function structures. Thus, the specification of a
fractional d’Alembertian generally involves more than the exponent «: the underlying function
space, operator domain, boundary or initial conditions, and analytic prescription must also be
stated.

The distinction between the various definitions becomes particularly important when dis-
cussing Lorentz invariance. A construction based directly on the Lorentz-invariant Fourier
symbol can retain the formal symmetry of the underlying d’Alembertian, whereas replacing
the temporal and spatial derivatives by unrelated fractional orders may introduce preferred
directions or scales. Consequently, a fractional model should be classified according to the
symmetry properties it is intended to preserve rather than being assumed to inherit all properties
of the classical operator.

Throughout this work, in particular in Chapter 5, we will consider a definition of fractional
d’Alembertian relying on the wave operator in Minkowski space to preserve Lorentz invariance
and avoid superluminal motion. To ensure causality the solution to the corresponding fractional
wave equation will be constructed by convolution with the retarded Green function, derived in

Appendix C from an appropriate contour in the complex plane.

2.4 Summary and conclusions

In this chapter we have provided the reader with a short primer on fractional calculus and in
particular on the fractional Laplacian and d’Alembertian. The material presented here is not
by any means complete, nor exhaustive. The interested reader can find more details on the
definition and properties of the fractional Laplacian in [140] and in the classic book by Stein
[144]. We also refer the reader to [145] for a comprehensive review of the representations of the

fractional d’Alembertian.
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Chapter 3

Newtonian Fractional Gravity

In this chapter, we introduce a framework in which cold dark matter (CDM) exhibits a non-local
coupling to gravity. We demonstrate that this theory, referred to as fractional gravity (FG),
naturally accounts for the kinematic properties observed in galactic structures, such as dwarfs,
which remain difficult to reconcile within the standard CDM paradigm under Newtonian gravity.
In FG, although the standard law of inertia continues to hold, the gravitational potential
associated to a given CDM distribution is determined by a modified Poisson equation of the
fractional type. The latter, having a inherently non-local nature, can profoundly alter the
dynamics of CDM particles with respect to the Newtonian case (based on a standard Poisson
equation), flattening the CDM density distribution in the inner region of galactic systems.

In Section 3.1 we first present the fractional Poisson equation (FPE) and its solution in
the case of a Navarro-Frenk-White (NFW) profile, showing that the non-local nature of FG
can significantly alter the profile of the CDM density distribution in virialized systems. In
Section 3.2 we then fit stacked Rotation Curves (RCs) of spiral galaxies of different types, from
dwarfs, to high and low surface brightness spirals, via a Bayesian MCMC technique, so inferring
relevant galaxy properties and at the same time constraining the parameters ruling the strength
and length-scale of FG. In Section 3.3 we then show that several empirical relations observed
in spirals between the parameters of the baryonic disk and the DM halo, when the latter is
modeled with a NF'W or Burkert profile, are correclty reproduced: a fact that itself represents
an independent test of FG in late-type galaxies. Finally, in Section 3.4 we repeat our MCMC
analysis in the context of a MONDian viewpoint, in which no CDM is assumed and baryons
instead originate FG effects. We show that this attempt fails to correctly reproduce the stacked
RCs of spiral galaxies, thus implying the need of a CDM component even when FG is taken

into account.
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3.1 Dark Matter in Fractional Gravity

We assume that CDM, when confined in virialized structures, feels a non-local interaction with
gravity. In this framework, the potential associated to a given dark matter distribution p(r) is

derived from the fractional Poisson equation
(—=A) ®(r) = —47G (272 p(r), (3.1)

where (—A)?® is the spectral definition of the fractional Laplacian introduced in Chapter 2,
s € [1,3/2] is the fractional index (as stated in Chapter 2, this range of values for s is required
to avoid divergences in three dimensional space), and ¢ is a fractional length-scale (more on the
meaning of these parameters at the end of this section). To be conservative with respect to the
standard CDM paradigm in virialized systems, we have solved the FPE sourced by the NFW
density distribution (1.2). In this way the non-local interaction is introduced as a perturbative
correction to Newtonian dynamics, based on Equation (3.1): we retain the density distribution
emerging from CMD-only N-body simulations, but the resulting gravitational potential is found
by solving a fractional differential equation.
As detailed in Appendix A, for s € [1,3/2) we find the solution

(I)( )__GMS 1 (f)Q—Qs F(%_S)E S <1+T>25—2_<1_r>25_2
T rs 225w \rs I'(s+1) r |sin(27s) T re

2s
(r/7) [(1 n T) o F (1, 1,25+ 1, r) n <1 _ T) o (1, 1,25+ 1, r) n

T s " . -

_284i J } 7 (3.2)

in terms of the Euler Gamma function I'(x) and of the ordinary hypergeometric function 2 Fj(x);

using the properties of these functions it is straightforward to verify that ®,—1(r) coincides with

the Newtonian expression

O(r) = _Gi\fs log (1 + :) . (3.3)

s
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The limiting case s = 3/2 must be treated with care, since it requires regularization, as again

discussed in detail in Appendix A. We find the solution

M, 1
(I)s:3/2(74) E— G s ?;S {2 L |:10g (7‘) _ 1] _ (1 + T) ]Og (T) IOg (1 + T) +
{L mr Ts Ts Ts Ts Ts

R I G R G R A BT

in terms of the dilogarithm function Lis(z) = 322, ¥ /k?. The corresponding RC computed

after v2(r) = r|d®s/dr|, which remains true since the standard law of inertia continues to
hold in fractional gravity, is illustrated in Figure 77 (left panel) for different values of the
fractional index s. For s increasing above one (corresponding to Newtonian gravity), we
find that the RC is steeper in the inner region, behaving as v,(r) oc 75=1/2 for s < 3/2 and
Vs—3/2(r) o r+/—logr/rs for s = 3/2; curiously, for the limiting value s = 3/2 the RC tends to
closely mirror a (Newtonian) solid body. Contrariwise, in the outskirts the RC in fractional
gravity is appreciably flatter than the Newtonian case, behaving as vs(r) o< 7573/2 for s < 3/2
and as vz /9(r) o Vlogr/rs for s = 3/2.

In FG the Birkhoff theorem does not hold, but one can insist in writing v2(r) = G Mg (<
r)/r in terms of an effective mass Meg (< 7), and then differentiate this expression to obtain
an effective density profile via pe s(7) = (1/471%) x dMeg s/dr. In general the effective density

is the source of the fractional potential ®4(r) in the ordinary Poisson equation, meaning that
AD,(x) = 47Cpag o (r) (3.5)

By comparing (3.1) and (3.5) we can see that the two density functions are related by
peft,s(r) = (—L7A)' 7% p(r). (3.6)

The effective density has a nice interpretation: it is the density profile that one would infer by
looking at the RC associated to ®4(r), and interpreting the result in terms of Newtonian gravity.
We illustrate such an effective density in the case of the NFW profile, in Fig. 77 (right panel)
for different values of the fractional index s. With s increasing from unity (Newtonian case)
the effective density profile progressively flattens. Specifically, in the inner region a cored-like
behavior tends to be enforced, while in the outskirts the effective profile resembles an isothermal

sphere. To have a grasp on the overall effect, consider the s = 3/2 case where the effective
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density has a particularly simple analytic expression, given by

Peff,s=3/2(7") = 2';8;5 (:;IZ)/;S_) 1 ) (3.7)

interestingly, the logarithmic slope of this profile is —2 in the outskirts, —1 at r ~ r5 and
< —0.5 for r < rg/10. All in all, the effective density is practically indistinguishable from the
run of a cored pseudo-isothermal sphere. This slope around r ~ 0.1 r; is remarkably close to
the observational value estimated from the kinematic of individual dwarf galaxies [37]. We thus
see that FG naturally solves the cusp-core problem of CDM: the mismatch between observed
and predicted galaxy RCs exists only because one compares the data with the velocity derived
from the Poisson equation (sourced by the NFW density), while the one computed from the
fractional version of the equation has the right behavior at all radii. On the other hand, if one
wants to rely on the Poisson equation, then the appropriate density to compare the data with is
the effective density, which is indeed more cored in the inner region.

The physical reason behind the development of a core is that the fractional Laplacian is
inherently non-local; the effect is markedly evident in Fourier space, where it is easily found
that F{pers}/F{p} o< (\/€)**72 in terms of the Fourier transform F and of the wavelength
A = 27 /k associated to the Fourier mode with wavenumber k. This means that FG causes, with
respect to the Newtonian case, a transfer of power from modes with A\ < ¢, which are suppressed,
to modes with A 2 ¢, which are instead enhanced. Therefore the parameter s measures the
strength of non-locality, while the length-scale £ can be interpreted as the typical size below
which gravitational effects are somewhat reduced and above which they are instead amplified
by non-locality (around r = ¢ the dynamics is almost unaffected and indistinguishable from the

Newtonian case).

DM Rotation Curve s DM effective density

15

£r-

= (%

GM.

log pes(r) [Ps (r%)z N 25]

log ve(r) [

1.0

1.0

logr/rs logrirs

Figure 3.1. Normalized rotation curve an effective density for the NFW profile for s € [1,3/2]
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3.2 Bayesian analysis of stacked RCs

As a first test to the fractional gravity framework we fit observed stacked RCs of local spiral
galaxies; these include high surface brightness (HSB) [10, 146] systems divided in 11 optical
radial /velocity bins', low surface brightness (LSB) [44, 147] systems divided in 5 bins, and
1 bin for dwarf galaxies (Dw) [148]. The stacked RCs are built by co-adding high-quality,
high-resolution individual data of thousands of galaxies with similar properties (e.g., Hubble
type, magnitude, optical radii and velocity); details on this procedure can be found in [10] and
[149)].

We mass-model the stacked RCs v2_ 4 (7) = v3(r) + v2,,(r) as the sum of a disk component
v3(r) and of a DM component v2,(r). We compute the gravitational potential originated by
the baryons in the disk assuming standard Newtonian gravity, since we do not expect and/or
require non-local effects for them; thus v3(r) = G Ma(< r)/r applies in terms of the disk
cumulative mass Mq(< r). As customary, we assume the disk radial distribution to follow a
razor-thin exponential disk [150] with surface density Sq(r) = (Mg/2773) e~/ in terms of
the disk scale-length rq ~ ropt/3.2. The related contribution to the total RC is the well-known
expression v3(r) = (G Ma/ra) x 2y* [lo(y)Ko(y) — I1(y)K1(y)], in terms of y = r/(27q) and
of the modified Bessel functions Ip; and Kp;. Since the fit is performed in a radial range
T S Topt We have checked that any contribution from a gaseous disk (typically more important
at larger radii) is negligible and largely unconstrained, so we include only the stellar disk in the
mass-modeling.

The CDM component of the RC is modeled in the fractional gravity framework according
to v2,,(r) = |rd®/dr| where ®(r) is the potential given by Equations (3.2) and (3.4). Given
the halo mass Mj;, we determine the halo virial radius as Ry ~ 260 (M,;/10'2 My)'/? kpc, set
the concentration ¢ ~ 8 (My /102 h=1)70%1 according to the prescription by Dutton & Maccio
[151], and hence determine the reference density ps = (3 My /47 R2) x ¢3/[In(1 + ¢) — ¢/(1 + ¢)]
and the scale radius ry = Ry/c; typical values of the latter are in the range rs ~ 5 — 50 kpc.

All in all, our model RCs depends on four parameters: the fractional index s, the fractional
length-scale ¢, the halo mass My and the disk mass My; in fact, we find it convenient to perform in-
ference on the non-dimensional ratio ¢/r, instead of £. To estimate the aforementioned parameters
we adopt a Bayesian MCMC technique, numerically implemented via the Python package emcee
[152]. We use a standard log-likelihood £(6) = —x?(#)/2 where § = {s,log {/rs,1og My, log My}
is the vector of parameters, and x? = > [Vmoder (15]6) — Vobs(r5)]2 /02, (r;) is obtained by com-
paring our empirical model expectations vmedel(7j]0) to the data vohs(r;) with their uncertainties

2

0., (15), summing over the different radii r; of each dataset (bin).

!The optical radius is Topts &~ 3.274 in terms of the exponential scale-length rq of the (stellar) disk; the optical
velocity is the circular velocity at the optical radius.
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We adopt flat priors 7(#) on the parameters within the ranges s € [1,3/2], log¢/rs € [—3, 1],
log My [Mg] € [7,14], and log My [Mg] € [6,13]. We then sample the posterior distribution
P(6) < L(H) w(0) by running emcee with 10* steps and 200 walkers; each walker is initialized
with a random position uniformly sampled from the (flat) priors. To speed up convergence,
we adopt a mixture of differential evolution [153] and snooker [154] moves of the walkers, in
proportion of 0.8 and 0.2, respectively. After checking the auto-correlation time, we remove the
first 20% of the flattened chain to ensure the burn-in; the typical acceptance fractions of the

various runs are in the range 30 — 40%.

3.2.1 Results

The outcomes of the fitting procedure are illustrated in Fig. 3.2 for the dwarf and LSB spirals
samples, and in Fig. 3.3 for HSB spirals. In each panel, the bestfit (solid lines) and the lo
credible intervals sampled from the posterior (shaded areas) are shown for the halo (green), disk
(blue), and total (red) RC models; for reference, the results in Newtonian gravity is also displayed
(dashed lines). MCMC posterior distributions in the FG framework for some representative bins
are shown in the corner plot of Figure 3.4. Finally, Table 1 reports the marginalized posterior
estimates of the fitting parameters, the reduced 2 of the fits, and the difference in the Bayesian
inference criterion (BIC) for model comparison between the Newtonian and fractional gravity
fits®.

The FG framework performs substantially better than the Newtonian case in several bins,
especially those relative to small and intermediate mass systems, where the CDM component
dominates or appreciably contributes to the total RC out to rop¢. This is manifest both from
the quality of the fit in terms of a substantial improvement in the reduced x2, and in terms of
the strongly negative values of the ABIC (meaning that FG is favored, in a Bayesian sense,
over the Newtonian case). For example, one can consider the dwarfs RC shown in the top panel
of Fig. 3.2, where the contribution of baryons to the dynamics is known to be negligible, hence
the overall RC is determined solely by the CDM component. In the Newtonian case, the cuspy
behavior of the NFW density distribution (with standard values of the concentration) struggles
in reproducing the inner part of the RC; historically, this has been one of the first evidence
of the cusp-core problem. However, the dynamics in FG is substantially modified, in such a
way that the RC sourced by the NFW density profile can actually reproduce the observed inner

RC to a remarkable accuracy; this is because, as discussed in Section 3.1, the gravitational

2The BIC is defined as BIC = 2 In Lmax + Npar In Ngata in terms of the maximum likelihood estimate Lmax,
of the number of parameters Npar, and the number of data points Ngata. The BIC comes from approximating the
Bayes factor, which gives the posterior odds of one model against another, presuming that the models are equally
favored a priori. Note that what matters is the relative value of the BIC among different models; in particular, a
difference of around ten or more indicates evidence in favor of the model with the smaller value.
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potential sourced by the NF'W density in FG mirrors that sourced by a cored density distribution
(e.g., a pseudo-isothermal sphere) in Newtonian gravity. In more massive galaxies, where the
contribution of baryons to the inner RC out to rop; becomes increasingly relevant and eventually
dominates over CDM, the evidence for FG gets weaker; in such systems the fits in fractional
and Newtonian gravity turn out to be very similar (though with an appreciable difference in the
estimated total mass, see below). However, we caveat that the contribution of the DM to the
RC in massive spirals emerges at radii r 2 ropt where the data are still subject to appreciable
uncertainties; more precise observations over an extended radial range would be necessary before
drawing a definitive conclusion on the impact of FG in massive spirals.

In Fig. 3.5 we illustrate the behavior of the fractional gravity index s and length-scale ¢
on halo mass. The former features a decreasing behavior as a function of halo mass, passing
from values around s ~ 1.3 — 1.4 in dwarf galaxies with My < 1019 Mg to s ~ 1.2 — 1.3 in
intermediate mass galaxies, to s < 1.1 in massive galaxies with My > some 10! M. This
implies a strongly fractional behavior of the DM component in small and intermediate mass
systems, whereas deviations from Newtonian gravity in high mass systems seems to be more
limited (at least given the present quality of the data in the outer regions where the DM
component can be probed in massive galaxies, see above). We fit the s — My relation with a
linear shape s = a + b (log My[Mg] — 11) via an ODR algorithm, to obtain bestfit parameters
a=1.21+0.02 and b = —0.13 £ 0.01 and a reduced x? =~ 0.58; a nonlinear fit (dotted line)
s = 2 + % tanh[c (log My[Mg)] — d)] with asymptotic values s = 1 and 1.5 at small and large
masses yields bestfit parameters ¢ = —0.68 £ 0.09, d = 10.71 + 0.12 and a modest improvement
in the reduced x2 ~ 0.52. As to the fractional length-scale, there is a tendency of increasing
with halo mass. However, it may be stressed that the determination of ¢ is robust only in
small and intermediate mass galaxies with strong fractional gravity behavior, or in other words
where the index s is substantially larger than unity. Contrariwise, in massive galaxies, where
s gets close to 1, the fractional Poisson equation (3.1) becomes almost independent on ¢ (the
quantity ¢2*=2 appears on the RHS), so that any robust inference on this parameter is difficult.
We fit the ¢ — My relation with a linear shape ¢[kpc| = a + b (log My[Mg] — 11) via an ODR
algorithm, to obtain bestfit parameters a = 0.27 & 0.13 and b = 0.57 £ 0.11 and a reduced
X2 ~ 1.25; a nonlinear fit (dotted line) in terms of a double powerlaw shape leaves unchanged
the reduced x? ~ 1.32 and yields large errors on the fitted parameters. Interestingly, the bestfit
linear relation implies a scaling of ¢ very similar to the NFW scale radius rs, in such a way that
0/rs = 0.25 £+ 0.15 is approximately independent of halo mass. The trends of the parameters s
and ¢ with halo mass may be suggestive that the effects of fractional gravity on progressively
larger scales become weaker; this would retain the successes of the standard CDM paradigm in

Newtonian gravity on cosmological scales. However, given the still large uncertainties affecting
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Figure 3.2. Fit to stacked rotation curve (filled circles) for the dwarf galaxy sample (top), and
the LSB spirals (bottom), with Newtonian (dashed lines) and fractional (solid lines) gravity.
Red lines refer to the total rotation curve, blue line to the disk component, and green lines to
the halo component. For the fractional case, the shaded areas illustrate the 1o credible intervals
from sampling the posterior distribution.
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Figure 3.3. Same as Fig. 3.2 for the stacked rotation curves of the HSB spirals sample.
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Figure 3.4. MCMC posterior distributions in the fractional gravity framework for the fractional
parameter s, the fractional scale-length (in units of the NFW scale radius) ¢/rs, the halo mass
My and the disk mass My. Colored contours/lines refer to the most representative cases where
there is strong evidence (from x? and BIC) that fractional gravity performs substantially better
than the Newtonian one: red is for dwarfs, blue for HSB1 spirals, green for HSB3 spirals
and cyan for LSB1 spirals. The contours show 1o and 20 confidence intervals, crosses mark
the maximum likelihood estimates, and the marginalized distributions are in arbitrary units
(normalized to 1 at their maximum value).
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Table 3.1. Marginalized posterior estimates (mean and lo confidence intervals) for the
fractional and Newtonian gravity. Columns report the values of: fractional parameter s,
fractional scale-length ¢, halo mass My, disk mass My, reduced x2. The last column refer to
the difference in values of the Bayesian inference criterion (BIC) between the two models.

Fractional gravity Newtonian gravity

Bin s logl/rs  log My [Mg] log My [Mg] X2 log My [Me] log My Mg] x2 ABIC
Dwarfs  1.41739% —0.72700%  9.187032 6.507338 4.1 10.5217008 6.257037 255 —250
HSB1 1.387000  _1.07t08  9.6875:3L 7.381070 137 11.6910:03 6.78190% 436 —50
HSB2 1355008 —1.397047  9.857040 8.03700;,  0.94 12.3410:96 8.817020 354 42
HSB3 1307008 —1.1170%  10.7075 14 9.71738%  1.98 12.247008 9.6270%% 487 51
HSB4 1275008 —1.17703 10.987014 9.871921 170 12.4070:03 9.88700% 353 —30
HSB5 1037088 —0.72108 1216705 9.99T0%2  17.7 12417098 10171007 158 45
HSB6 L1008 —1.59%037 11747020 10.347085 079 12.6070:04 10.2710908 113 -2
HSB7 10890 0687078 12.28%037  10.610%8 052 1245500 10547595 047 45
HSBS 1025008 —0.647088 1216700 10821005  3.74 12.247008 1079759 333 45
HSB9 1097005 —0.407078 12417020 10977008 1.42 1248100 10.88T558  1.26  +5
HSB10  1.11739) —0.297578  12.4570% 11.197398  2.25 12.267008 L1159 199 +5
HSB11  1.127395  —0.02708 12567040 11437505 0.66 12.397007 11357555 059 +6
LSB1 1367056 —0.3170%%  9.93%042 757 184 10.4613:01 6.6779% 123 —103
LSB2 L08T008  —1.14797  10.8370:57 8177092 0.65 11297098 8.397007 052 45
LSB3 1.23709  —0.1770%  11.4475:50 9.81732%  0.25 1164700 9.29700% 237  —16
LSB4 1035508 —0.805051  11.3970%% 1035150 242 11485082 10437503 174 +4
LSB5 1057000 —0.70%591  11.647038 10737539 8.9 11.99700% 11047558 88 -9
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the kinematic analysis of massive galaxies, it would be interesting to validate our results by
looking at larger systems like clusters of galaxies. In fact, the overall gravitational potential
of the cluster is dominated by the DM component, while most of the baryons are in the form
of a hot intracluster medium in hydrostatic equilibrium within the DM potential well. In
FG, one may expect the thermodynamic properties of the intracluster medium (e.g., density,
temperature, pressure, entropy runs) to be substantially modified, so that comparing with
those empirically inferred from X-ray, Sunyaev-Zel’dovich effect and weak lensing data could be
extremely informative on fractional gravity parameters at scales much larger than galaxies’ For

this reason, the next chapter features a detailed analysis of fractional gravity in galaxy clusters.
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Figure 3.5. Dependence of the parameter s and of the scale-length ¢ in on the halo mass My,
as derived from rotation curve modeling in fractional gravity. The solid and dotted lines show
linear and nonlinear orthogonal regression distance fits to the data (see text for details). In the
right panel, the dashed line displays the values of the scale radius r;.

3.3 Recovering empirical relations in late-type galaxies

When the CDM component in late-type galaxies is modeled with a NF'W or Burkert profile, tight
empirical relationships have been observed between the halo and the disk parameters. Those
include the disk vs halo mass relation, the radial acceleration relation (RAR), the universal
core surface density, and the core radius vs disk scale length relation.

In this section, we demonstrate that fractional gravity successfully reproduces these observa-

tional findings using the best-fit parameters derived from our MCMC analysis. This result is
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non-trivial, as fitting galaxy rotation curves does not, in general, ensure the correct behavior of
these relations [155].

3.3.1 Disk vs halo mass relation

In Fig. 3.6 we illustrate the disk (stellar) vs. halo mass relation constructed with the bestfit
estimates in fractional (magenta circles) and Newtonian (orange squares) gravity. For reference,
the dot-dashed and dashed lines are the relations inferred by Lapi et al. [149] and Karukes &
Salucci [148] by fitting galaxy RCs of different masses with the cored Burkert profile, that are
also in agreement with abundance matching determinations [156, 149]. The inferred masses in
the fractional gravity framework are in excellent agreement with the Lapi et al. and Karukes &
Salucci results. Contrariwise, there is instead a clear tendency for the NFW fits in Newtonian
gravity to yield higher DM masses at fixed stellar mass (especially so for small galaxies), that
are somewhat inconsistent with the aforementioned empirical determinations; in the literature
it has been pointed out that more reasonable halo masses can be obtained by letting the
concentration parameter free to vary in the fit, but at the price of obtaining concentration values
in disagreement with the concentration vs. mass relation measured in cosmological simulations
[109, 147]. We fit the stellar mass vs. halo mass relation in fractional gravity via a orthogonal
distance regression algorithm (ODR) that takes into account errorbars in both axes. Using a
linear (solid line) shape log Mq[Mg] = a + b (log Mu[Mg] — 11) we obtain bestfit parameters
a=9.31+0.11 and b = 1.34 £ 0.09 and a reduced x? =~ 0.37; a nonlinear fit (dotted line)
inspired by Equation. (2) in [156] yields only a modest improvement in the reduced x2 ~ 0.31

and large uncertainties on the fitted parameters.

3.3.2 Radial Acceleration Relation

The radial acceleration relation (RAR), namely a relationship between the total gyt vs. the
baryonic acceleration gn,, has been proposed by McGaugh et al. [157] via the analysis of
individual RCs of the SPARC sample [158]; note that the acceleration of any component can be
simply computed from the RC as g = v?(r)/r. The RAR is thought to subsume and generalize
a plethora of well-known dynamical laws of galaxies [43], although its tightness and physical
interpretation are still debated [44, 47]. Here we just aim to show that the RAR emerges from
the dynamics of galaxies in the fractional gravity framework, using as inputs the outcomes from
the previous analysis of stacked RC data.

Toward this purpose, note that the RAR is a local scaling law that combines data at different
radii in galaxies with different masses, which feature different contribution of stellar/gas disk and
DM. Therefore we approach the problem via a semi-empirical method: we first build up mock

RCs of galaxies with different halo masses, by exploiting well known empirical relationships
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Figure 3.6. The disk (stellar) mass vs. halo mass relation from rotation curve modeling in
Newtonian (orange squares) and in fractional gravity (magenta circles). The dotted and solid
lines show linear and nonlinear orthogonal regression distance fits to the fractional gravity data
(see text for details). For reference, the dot-dashed line is the average relation found by Lapi et
al. (2018) and the dashed line is the one by Karukes & Salucci (2017) from the analysis of the
galaxy RC with the empirical Burkert profile for the halo component.

between halo mass and baryonic properties; then we sample the RCs to derive the total and
baryonic accelerations and construct the RAR. Such a procedure has been described in [4]; see
their Section 4, to which we defer the reader for details. The only difference with respect to
that work is that the RC of the DM component is modeled in fractional gravity (with a NFW
density profile).

The RAR is illustrated in Fig. 3.7. The observational determination are shown in grey:
data for spiral galaxies (binned) are from McGaugh et al. ([157]; squares), for Local Group
dwarf spheroidal from Lelli et al. ([43]; triangles), for Coma Cluster Ultra Diffuse Galaxies from
Freundlich et al. ([159]; reversed triangles), for Centaurus A dwarf spheroidals from Muller et
al. ([123]; diamonds), and for dwarf LSB with gpar (0.4 < 7/Ropt S 1) < —11 from Di Paolo et
al. ([44]; stars). For reference, the dotted black line displays the one-to-one relation gyt = gpar-
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The big green circles illustrate the outcome for s = 1 (independent of ¢ and corresponding
to Newtonian gravity); as pointed out in [160] the observed RAR is reasonably reproduced at
large baryonic acceleration gpar, but it is considerably overpredicted at small gp,.. The big red
and blue circles show the outcomes in fractional gravity for s = 1.2 and s = 1.4, respectively,
and ¢/rs = 0.25 (typical values from the stacked RC analysis); the shaded area displays instead
how the predicted RAR changes when ¢/r; is varied in the range 0.1 — 0.5 (extremal values from
the stacked RC analysis). Finally, the solid black line is the outcome by assuming the scaling of
s and ¢/rs with halo mass My from the stacked RC analysis (see Fig. 3.5). All in all, the RAR
in fractional gravity has a shape and an overall scatter pleasingly consistent with the data.

These results can be understood as follows. The high acceleration regime of the RAR is
mainly dominated by the contribution at small radii in high mass galaxies, where the total
gravitational acceleration is anyway dominated by baryons, to imply giot = gpar- Contrariwise,
at small gp,, the behavior of the RAR is dictated by small/intermediate radii in intermediate
and low mass galaxies, where the baryon acceleration is dominated by the stellar disk, while
the total gravitational acceleration is contributed by both the disk and the halo; for the NF'W
density profile in Newtonian gravity the halo typically dominates over the disk and the RAR
deviates upward with respect to the high acceleration regime. However, in fractional gravity
such an upward deviation is mitigated because the inner RC corresponding to the NFW density
cusp is somewhat steepened vpy o 75712 (/1)1 =%, hence the total acceleration toward the
center is appreciably smaller than in Newtonian dynamics, especially for s approaching the
limiting value 1.5 and for higher ¢/r, ratios. We conclude by noticing that this behavior is
different from intrinsically cored models in Newtonian dynamics, that as demonstrated in [4]
(see their Figure 7) tend to enforce a low-acceleration behavior similar to (or only slightly

different from) the high-acceleration regime.

3.3.3 Universal Core Surface Density and Core Radius vs. Disk Scale-length

It has been well established [45, 161, 162, 163] that, when fitting galaxy RCs with a cored profile
like Burkert or a pseudo-isothermal sphere, the product of the core density pg and core radius ryg,
which is a kind of core surface density, is an approximately universal constant among different
galaxies; typical values of the latter have been estimated around pgry ~ 14OJ_F§8 Mg pc=? by
Donato et al. [164], and around poro =~ 75752 My, pc~2 by Burkert [163]. This universality in
the core surface density is a somewhat unexpected property that poses a serious challenge to
any theoretical model of core formation [107, 165].We now aim to illustrate that halos in the
fractional gravity framework are broadly consistent with such a remarkable scaling law.

To fairly compare with the literature universal core surface density relation, we need to

identify an equivalent core density and core radius for a DM halo described by fractional
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Figure 3.7. The radial acceleration relation (RAR). Green circles illustrate the outcome for
s =1 (independent of ¢ and corresponding to Newtonian gravity), red circles for s = 1.2 and
¢/rs = 0.25, and blue circles for s = 1.4 and ¢/rs = 0.25; the red and blue shaded area show
the effect of varying ¢/rs in the range 0.1 — 0.5. Finally the black curve is on adopting a halo
mass-dependence in s and ¢/rs as emerging from our analysis of stacked rotation curve (see
Fig. 3.5). For reference, the dotted black line displays the one-to-one relation giot = gpar- Data
for spiral galaxies (binned) are from McGaugh et al. (2016; squares), for Local Group dwarf
spheroidal from Lelli et al. (2017; triangles), for Coma Cluster Ultra Diffuse Galaxies from
Freundlich et al. (2022; reversed triangles), for Centaurus A dwarf spheroidals from Muller et
al. (2022; diamonds), and for dwarf LSB with gpar(0.4 S 7/Ropt S 1) < —11 from Di Paolo et
al. (2019; stars).

gravity. To this purpose, we start from the bestfit rendition to the stacked RCs of Section
3.2.1 in the fractional gravity framework, refit each of these RCs with an equivalent Burkert
or pseudo-isothermal sphere RC via a least-square minimization algorithm, and finally extract
the core density and core radius. The outcome of this procedure is illustrated in Figure 3.8
(left panel), where the core surface density is plotted against the core radius: magenta circles
refer to the pseudo-isothermal sphere refitting, and cyan squares to the Burkert profile refitting.

All in all, the measured core surface densities in the fractional gravity framework are broadly
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Figure 3.8. The core surface density pgrg vs. the core radius ro (left) and the core radius 7
vs. the disk scale-length rq (right). Purple circles and cyan squares illustrate the results from
this work, when the core density and radius are determined by rendering our bestfit rotation
curves from fractional gravity with the cored pseudo-isothermal or Burkert shapes (see text for
details). In the top panel grey and orange shaded areas display the empirical scaling relations
by Burkert (2015) and Donato et al. (2009), while in the bottom panel those by Salucci et al.
(2020) and Donato et al. (2004).

consistent with the universal relation and its overall normalization.

Another interesting relation known to hold [46, 148, 149, 47] from dwarf to massive galaxies
involves the core radius rg and the disk scale-length rq. Its origin is uncertain, with some of
the above authors arguing for an evidence in favor of a non-gravitational interaction between
baryons and DM. To check such a relationship in fractional gravity, we extract ro as described
above for every stacked RC bin, and plot it as a function of the average rq = ropt/3.2 in the bin.
The outcome is illustrated in Figure 3.8 (right panel). We find a pleasing agreement with the
determinations by Donato et al. [46] and Salucci et al. [47]. In fractional gravity the ro vs. rq
relation can be traced back to non-local effects, that ultimately enforce the scaling with halo
mass of the core radius and of the disk mass, the latter being in turn trivially related to the

disk-scale-length.

3.4 An alternative MONDian viewpoint?

As recalled in Chapter 1, the evidence for the presence of DM in the Universe goes much
beyond galaxy kinematics; thus our fiducial approach in this work has been to explore whether
fractional gravity associated to the DM component could possibly alleviate some of the small-
scale issues emerging from the analysis of galaxy RCs, especially dwarfs. However, for the sake

of completeness and to ease the comparison with other literature studies, it is worth exploring
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an alternative MONDian viewpoint, where no DM component is considered, and fractional
gravity is associated to the baryons. The underlying idea is that, similarly to the original version
of the MOND or of other modified gravity theories, DM phenomenology could be emulated by
baryons in fractional gravity.

We have repeated the analysis of Section 3.2 adopting this MONDian viewpoint. Specifically,
we have assumed that no DM component is present, and we have fitted the stacked RCs using
the circular velocity of a razor-thin exponential disk model in fractional gravity (provided in
Appendix A); we recall that for the systems considered here, the contribution to the stacked
RCs from any bulge or gas component can be safely neglected. In this setup the free parameters
of the model are the disk mass My, the fractional index s and the fractional length-scale £. As
for ¢, we have tried either to let it vary as a free fitting parameter, or to set it to the value
0~ (2/m) x /G Mq/ag with ag ~ 1.2 x 107% m s72 that can be naively expected in a MONDian
interpretation of the fractional gravity theory [137]; we find that the fits to the stacked RCs in
these two cases are practically indistinguishable, so we focus on the latter one. The results of the
fitting procedure, on a subset of representative RCs of our sample, are summarized in Fig. 3.9.
In each panel, we illustrate the bestfit RC in the MONDian approach with no DM, and report
for comparison the one from our fiducial setup with DM; we also indicate the corresponding
bestfit estimates of the fractional index s and of the disk mass M.

An important point to stress is that the MONDian viewpoint shares with our fiducial setup
a similar decreasing trend of s, from values s &~ 1.5 in small galaxies toward s = 1 in the largest
systems. This is essentially imposed by the behavior of the measured RCs in the inner region,
which behave like a solid body in dwarfs while are steeply rising in massive galaxies. However,
it is seen that the MONDian viewpoint struggles somewhat in reproducing the outer behavior
of the RCs, especially in small galaxies. This is because for s appreciably larger than one, the
RC of a razor-thin disk in fractional gravity tends to saturate to a constant in the outer regions,
while the measured RCs in small galaxies are quite steeply rising even in the outermost sampled
point. Moreover, the fit of the MONDian viewpoint in the outer regions does not substantially
improve in moving toward massive galaxies; this is because s progressively decreases (as required
to fit the inner part, see above), so the outer RC in fractional gravity tends to recover the
steeply decreasing trend of the Newtonian case, while the measured RCs retain a rather flat or
modestly decreasing behavior.

One can speculate that perhaps the MONDian viewpoint can be reconciled with the observed
RCs if the fractional index s is allowed to vary with the radius, to originate a sort of variable-
order fractional theory (see discussion in [137]). However, some caveats are in order: first,
non-trivial numerical techniques for solving the fractional Poisson equation must be developed

in such a case, since the analytic treatment becomes impossible; second, it is not clear whether
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conceptually the variable order theory is well posed, since fractional gravity is inherently non-
local, hence a simple dependence s(r/f) on the local radial coordinate does not seem easily
justified; third, to describe the radial dependence of s other parameters must be introduced,
which plainly make the theory subjects to additional degeneracies, and less elegant or predictive.

Another issue with the MONDian viewpoint is that, lacking the DM component, the correct
normalization of the RC (even in the inner region) can be obtained only with disk masses
systematically larger than in our fiducial setup. This may constitute a problem, especially
in dwarf spheroidals, since the visible mass that can be inferred from photometry (I—band)
could be appreciably smaller. In other words, the mass-to-light ratios that can be derived
from the bestfit stellar mass in the MONDian viewpoint tend to be substantially larger than
the typical values M, /L; < 1.5 expected on the basis of stellar population synthesis models
[166]. To highlight this point, in each panel of Figure 3.9 we have reported the average I—band
luminosity in the bin and the maximum disk mass that can be inferred from such a photometry,
according to the relationship between luminosity and disk-to-total mass at the optical radius,
estimated by Salucci et al. [167, 10]. There is clearly a tendency for the bestfit stellar masses in
the MONDian viewpoint to exceed such values.

We also note that the values of the fractional lenght-scale derived in the MONDian viewpoint
from the disk masses according to the relation £ ~ (2/7) x /G Mg/ag range from 0.3 kpc in
dwarfs to about 10 kpc in massive galaxies. For comparison, in our fiducial approach with DM
¢ ranges from 0.3 kpc in dwarfs to a few tens kpc in massive galaxies (see right panel in Figure
3.5). Thus the overall dependence of ¢ on the total mass in the two approaches is rather similar
within the respective fitting uncertainties.

In the context of the MONDian viewpoint, it is worth mentioning literature studies where
fractional gravity is invoked as an alternative to DM in galaxies. A relevant example is the theory
of Newtonian fractional-dimensional gravity by Varieschi [168, 169, 170, 171, 172, 173], that
introduces a generalized law of Newtonian gravity in a spatial dimension D < 3, representing
the local effective Hausdorff dimension of the matter distribution. Another approach by
Calcagni [174, 175, 176, 177, 178] relies on multi-fractional spacetimes with variable Hausdorff
and spectral dimensions, directly inspired from quantum gravity theories. At variance with
our fiducial setup, both these theories adopt a viewpoint where DM is not present, and the
galaxy kinematics is interpreted as a pure geometrical effect. Another important difference
with our approach (even in the MONDian viewpoint with no DM) is that the above theories
are formulated in terms of integer-order, local operators (though generalization are possible),
whereas the fractional Laplacian exploited in this study is inherently non-local. Recently, both
Varieschi’s and Calcagni’s theories have been tested against a few prototypical examples of

individual galaxy RCs. The former decently reproduce the measured RCs, though at the price
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of introducing a radially-dependent Hausdorff dimension D(r) different from every galaxy, and
thus the facto introducing an infinite number of degrees of freedom in the fitting procedure.
The latter can accommodate the observed rising or flattening behavior of the observed RCs
in the intermediate and outer regions, while struggles somewhat in fitting the inner behavior.
Furthermore, both theories lack an extended analysis on different mass systems, and especially
dwarf galaxies with poor baryonic content, where the gravitational field is dominated by dark

matter at any radius.

3.5 Summary and conclusions

In this chapter we have introduced the Fractional Gravity framework and we have tested it
against the stacked rotation curves of spiral galaxies of different sizes and types. All in all FG is
able to reproduce very efficiently the observed galaxy kinematics. In particular in those systems,
such as dwarfs, when CDM in Newtonian gravity yields a cuspy density profile at small radii,
FG predicts instead the emergence of a cored-like distribution, in accordance with observations.

The best fit parameters of the MCMC procedure show that the strength of FG, represented
by the fractional parameter s, decreases with the mass of the halo, thus implying that the needs
of non-locality becomes less and less important in larger systems. Contextually, the fractional
length scale ¢ increases approximately as the radius of the halo. The lesson to be learned is
that the FG parameters are not universal constants, but should be thought of as emerging from
the dynamics of the CDM in virialized systems.

We have then verified that CDM in Fractional Gravity is able to successfully reproduce the
tight empirical relations between the halo and disk parameters observed in spiral galaxies: from
the disk vs halo mass relation, to the RAR, to the universal core surface density, to the core
radius-disk scale length relation.

Finally, to ease the comparison with other literature studies, we have repeated the analysis
of galaxy rotation curves adopting a MONDian view point, assuming that no DM component is
present, and that baryons originate Fractional Gravity. Our results show that the MONDian
viewpoint struggles in reproducing the outer behavior of the RCs, both in small and large
galaxies. This is because the value of s is forced to be larger than one from the fitting procedure,
in order to reproduce the innermost part of the RC. This fact, in the case of an exponential disk
profile, leads to a decreasing of the RC at large radii, thus failing to reproduce the observed
rising or saturation of in the outermost points.

The trend found for the fractional parameters s and ¢ suggests that fractional gravity effects
are more relevant in smaller systems, while they tend to weaken in larger, more massive systems.

In the next chapter we will explore in more detail this trend, extending our analysis to both
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Figure 3.9. Figure showing results for the MONDian viewpoint of fractional gravity (see Section.
3.4). For a subset of representative stacked RCs we illustrate in red the bestfit from our fiducial
setup of fractional gravity with DM, and in cyan the bestfit from the MONDian setup with no
DM. In each panel we also report in color the corresponding bestfit values of the parameter
s and log Mg [Mg], and in black the maximal disk mass expected on the basis of the average
I—band magnitude of the bin and typical mass-to-light-ratios, as estimated from the scaling
relation by Salucci et al. (2008; see also Persic & Salucci 1990). Note that in the MONDian
viewpoint the fractional lengt-scale is related to the disk mass by ¢ ~ (2/7) x /G Mq/agp, and
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ranges from ~ 0.3 to = 10 kpc when moving from dwarfs to massive galaxies.
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smaller and larger systems, studying individual Milky Way satellites and galaxy clusters. This
will help us to have a grasp of fractional gravity effects over a range of ten orders of magnitude
in Dark Matter mass, from 10° M, to 10'® M.
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Chapter 4

Individual tests at small and large

scales

In the last chapter we have tested our fractional gravity (FG) framework against the stacked
rotation curves (RCs) of galaxies of different sizes and types: from dwarfs to high and low surface
brightness spirals. We have found that FG performs very well in fitting the RCs, attaining better
results with respect to Newtonian gravity, and that the empirical relations observed between
the properties of galaxies and their dark matter (DM) halos emerge as a natural consequence of
non-locality.

In this chapter, we aim to extend our investigation on FG to much smaller and larger
scales and test its effects in individual systems. First we study galaxy clusters, the largest
bound structures in the Universe, with DM masses of 10'4~1% M, and size of few Mpcs. To
this purpose, we forward model the density and pressure distributions of the intracluster
medium (ICM), working out the hydrostatic equilibrium equation in FG. Such theoretical
framework is then compared with data from the XMM-Newton Cluster Outskirts Project
(X-COP) [179, 180, 181, 182], which consists of 12 clusters with well-observed X-ray and
Sunyaev—Zel’dovich (SZ) data, providing density and pressure profiles over an extended radial
range of ~ 0.2-2 Mpc. We then perform a Bayesian analysis of the thermodynamic profiles of
the X-COP sample and infer constraints on the FG parameters at these scales, for individual
clusters and also for clusters stacked together.

We then turn our attention to the smallest scales, where the FG effects are expected to be
more relevant, focusing on individual dwarf galaxies. Specifically, we probe FG and infer the
values of its parameters both in irregular dwarf (dwlrr) galaxies, by exploiting the rotation
velocity profile inferred from stellar and gas kinematical measurements, and in dispersion-
dominated dwarf spheroidals (dwSph) by exploiting the velocity dispersion profile inferred from

the dynamics of stellar tracers.
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The analysis presented in this chapter will help us to derive a clear-cut trend for the strength
of FG effects over ten orders of magnitudes in DM mass, from dwarf galaxies to galaxy clusters.

This chapter is structured as follows: in Section 4.1 we give an introduction to galaxy clusters,
and we explain how we can probe the density and pressure distribution of the ICM, starting from
X-ray and SZ data; in Section 4.2 we present the results of our bayesian data analysis, deriving
the density and pressure profiles of the individual and stacked clusters, and the scaling of the
fractional parameters with mass of the system. Then, we turn to dwarf galaxies: in Section
4.3 we provide an introduction to dwlrr and dwSph and we describe the relevant observables;
in Section 4.3.2 we present the related bayesian analysis, resulting in the fit to the RCs and
dispersion velocities, and to an extension of the scaling of £ and s to small scales. Finally, in
Section 4.2.2 we summarise our findings and highlight future perspectives. Throughout the
work, we adopt the standard, flat ACDM cosmology [183] with rounded parameter values: a
matter density Qs ~ 0.3, a baryon density € ~ 0.05, the Hubble constant Hy = 100k km s~}
Mpc~!, with h = 0.7.

4.1 Galaxy Clusters: Theoretical Background

In this section, we give an introduction to galaxy clusters, discussing their characteristic features
and physical properties. We then present the fundamental equations necessary to model the
ICM in hydrostatic equilibrium and to derive its pressure profile in the context of the FG
framework.

Galaxy clusters constitute the largest bound structures in the Universe, with DM masses
M ~ 1015 M and sizes extending out to a few Mpcs. In these systems, most of the baryons
are in the form of a hot diffuse gas, referred to as the intracluster medium (ICM), with a mass
ratio over the DM very close to the cosmic fraction €/ ~ 0.16 [183].

The density n(r) and temperature T'(r) distributions of the ICM throughout the cluster can
be probed thanks to the copious X-ray powers Ly o n?+v/T R? ~ 1046 1

the ICM via thermal Bremsstrahlung and high-excitation lines [184, 185]. The inferred high
3

erg s~ emitted by
average temperatures kT ~ several keVs and low average number densities n ~ 1073 cm™
make the ICM the best plasma in the Universe ever, with thermal to electrostatic energy ratios
kpT/e?nl/3 ~ 1012,

In addition, the pressure distribution p(r) can be probed thanks to the SZ [186, 187]) effect,
arising when the hot ICM electrons Compton upscatter the CMB photons crossing the cluster,
tilting the latter’s black-body spectrum toward high energies. In the microwave band, such a tilt
mimics a diminution of the CMB temperature proportional to the Comptonization parameter

y < [ dlp(r), which encompasses the line-of-sight integral of the pressure profile. Combining
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X-ray and SZ data allows one to reconstruct the ICM thermodynamic profiles throughout most
of the cluster volume, from the center to a few times Rsoo or even beyond the virial boundary '.

In massive and sufficiently relaxed clusters, the ICM is expected to settle in hydrostatic
equilibrium within the overall gravitational potential well mainly provided by the DM component.
Under this assumption, the gas density profile reconstructed from X-rays and the gas pressure
profile from SZ data can be combined to probe the shape of the DM gravitational potential and
check whether this is consistent with the DM density run extracted from N-body simulations in
the ACDM cosmology. This is the rationale of many investigations aimed at exploiting galaxy
clusters to probe modified gravity scenarios [136, 188, 189, 190, 191, 192, 193] which have been
developed to solve cosmological problems such as the origin of dark energy [194, 195, 196],
and /or to alleviate small-scales issues of the standard CDM paradigm [160, 197, 198, 199, 200, 3.

4.1.1 Forward Modeling of the ICM Thermodynamics

Assuming hydrostatic equilibrium and spherical symmetry, the distribution of the ICM in the

overall gravitational potential well is ruled by the equation

1 dPgs  |d®
Paas dr  |dr|’

(4.1)

where ® = ®Ppy; + gy, is the total gravitational potential with main contributions from DM
and gas, pgas is the gas mass density, and P, is the gas pressure.

One can conveniently write pgas = pmy ngas in terms of the mean molecular weight 1 ~ 0.6
and of the gas number density 74,5, which is in turn easily related to the electron density by
the expression ng,s ~ 1.8 n, applying for a fully ionized plasma at high temperatures and a
subsolar chemical composition typical of the ICM. The observed electron density profile n.(r)
of individual clusters inferred from X-ray observations is often empirically rendered by the
(simplified version of the) Vikhlinin profile [201]

(r/r) =" [1 + (r/r) /%]
[+ (rfroPoali

ne(r) = no (4.2)
where ny is the central density, 7. and r; are a core and a transition radius (r. < ry), «, 3, and
€ < b are three slopes characterizing the inner, intermediate, and outer radial behavior. The
gas mass can then be computed as Mgas(< r) = 47 [ dr’ 1’ pgas(r’) and the gas contribution
to the hydrostatic balance is fully specified by |d®gas/dr| = G Mgas(< 1) /12

As to the DM contribution, we can exploit the results of the previous chapter and write

'Hereafter, Ra indicates the radius where the average DM density is A times the critical density pe(2) at the
redshift z of the cluster.
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|d®py/dr| = G Mg s(< 7r)/r? in terms of the fractional gravity’s effective mass Mg (< 1)
illustrated in Figure 4.1, which depends on the parameters s and ¢; in the standard case
(corresponding to s = 1), this is just the DM mass profile of Equation (1.6). The mass profile is
also a function of the NF'W scale radius r; and mass Mj; for the present analysis, it is convenient
to trade off these parameters for the mass Mso and the concentration cs09 = Rs00/7s at the
reference radius Rsog9. The conversion between these variables can be performed easily using the
relations Moo = 47 500 pe(2) R20/3 and Msgo = M, /[In(1 + c500) — 500/ (1 + c500)] stemming
from the definition of Rsy9 and from the adopted NF'W mass distribution.

Effective DM mass profile
3 1.5

T T T T T T T 1.0
-20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0

logrirs

Figure 4.1. Effective DM mass profile (appropriately normalized in units of M (¢/rs)?72%) in
fractional gravity as a function of the radial coordinate (normalized to the NFW scale radius
rs). The profile is shown for different values of the fractional index s (color-coded) from 1 (solid
black line, corresponding to Newtonian gravity) to the limiting value s = 1.5 (dotted black line).

Then, the solution to the hydrostatic equilibrium equation (4.1) is given by

> M, ") + Mygas !
Pyas(r) = —1.8,ump/ dr’ ne(r') G [Meo(< rr)/;’ gas(< 1) ’ (4.3)

where the zero pressure at infinity has been taken as a boundary condition.

2Note that in computing the overall gravitational potential ®, we have neglected the stellar contribution
®,, mainly originated by the brightest central galaxy; this would add a term d®./dr = G M,(< r)/r2 to the
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Observationally, X-ray surface brightness and spectroscopic data can probe the electron
density n.(r) and the temperature Ty,s(r) profiles, whence the pressure profile Pyus(r) o
Ngas (1) Tgas (1) can be derived, although sensitivity and background issues make such a determi-
nation robust only in the region out to Rggg. In the outskirts, SZ observations can complement
X-ray data in probing the pressure profile, though with some caveats about conversion from
line-of-sight-integrated to spherically averaged quantities. The rationale of the above forward
modeling of the hydrostatic equilibrium is to test the fractional gravity parameters entering
in the effective mass profile Mg (< r) by simultaneously fitting the observed electron density

profile via Equation (4.2) and the observed pressure profile via Equation (4.3).

4.2 Clusters’ Bayesian Data Analysis

We tested the FG framework by exploiting the X-COP sample [179, 180, 181, 182] of 12 massive
galaxy clusters in the redshift range 0.04 < z < 0.1, and featuring typical sizes Rsgp ~ 1-1.5
Mpc and masses Msgg ~ 10M4-101° Mg . The X-COP clusters were selected to allow a robust
reconstruction of the electron density and gas pressure profiles out to Rogg via a joint analysis
of high-quality X-ray data from XMM-Newton and of high signal-to-noise SZ observations from
Planck. Another important property of the sample is that the hydrostatic equilibrium holds
to a high accuracy, with at most mild levels on nonthermal pressure support in the outermost
regions, as demonstrated by the analysis of [180, 182]; this is particularly important, since
nonthermal effects can appreciably affect the mass estimation in the outer regions [202, 203]
and potentially induce spurious effects in constraining modified gravity parameters [204]. All in
all, X-COP is currently the largest cluster sample available so far for robust mass-modeling
studies over an extended radial range, and as such it has been extensively exploited to probe
modified-gravity scenarios [191, 192, 193, 136].

To estimate the parameters 6y = (s,4, cs500, Ms00) describing the effective mass profile
Mg (< 1), alongside with those 6, = (no, o, 8, €, 7, ) describing the electron density profile

ne(r), we adopted a Bayesian framework and built the joint log-likelihood
log L(0) = log Lp,,,(6r, On,) +10g Ly, (On, ) - (4.4)

Each term in the log-likelihood reads log £(8) = —x?(0)/2, where the chi-square x?(0) =
SiM(0,73) — D(r:)]? /0% (r;) was obtained by comparing our empirical model expectations

M(0,r;) to the data values D(r;) with their uncertainties op(r;), summing over the different

integrand on the right-hand side of Equation (4.3). For the X-COP cluster sample exploited in this work (stellar
profiles were available for 5 out of 12 clusters), the related contribution has been shown by [182] to become
relevant only for r» < 0.02 Rs00 ~ 20 kpc and as such can barely influence the innermost available data point of
the pressure profile; as a consequence, our results were negligibly affected, as we also checked numerically.
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radial coordinates ; of the data (approximately 65 points for n. and 20 points per Py, with
small variations around these numbers from cluster to cluster); note that for the pressure data
from SZ observations, we took into account the full covariance matrix.

We adopted flat priors m(#) on all the parameters; specifically, for those entering the effective
mass profile in fractional gravity we took s € [1,3/2], log¢ (Mpc) € [—3,3], log cs00 € [—2, 2],
log Ms00(Mg) € [13,16]. We then sampled the parameter posterior distributions P(6) o
L(0) 7(6) via the MCMC Python package emcee [152], running it with 10* steps and 200 walkers
for every individual cluster; each walker was initialized with a random position uniformly
sampled from the (flat) priors. After checking the auto-correlation time, we removed the first
20% of the flattened chain to ensure burn-in; the typical acceptance fractions of the various

runs were in the range 30-40%.

4.2.1 Results

We first tested the performance of FG by stacking the X-COP data of all the clusters in the
sample. Specifically, we built stacked electron density and pressure profiles by normalizing the
individual profiles of the 12 clusters at a reference radius Rs509, by co-adding them in radial bins
of normalized radii r/Rs50p, and by computing the corresponding mean and standard deviation.
The outcome of this procedure is illustrated in Figure 4.2: the crosses mark the stacked profiles,
and for reference, the gray lines show the individual ones. All in all, the FG frameworks fit the
stacked profiles to a remarkable accuracy.

In Figures 4.3 and 4.4, we illustrate the outcome of the fitting procedure on the 12 individual
pressure and density profiles of the X-COP sample. In each panel, the best fit (solid lines) and
the 20 credible intervals sampled from the posterior (shaded areas) are shown. The reduced x?2
value of the joint fit to the pressure and density profiles is also reported in Figure 4.3. Overall,
the fits in the FG framework are very good. In a few cases (such as A3266 and A2319), the
reduced x? is somewhat large, but this should not raise any alarm, since the outcome is caused
by some peculiar feature in the density profile reconstructed from X-ray data (oscillation in
the data points at intermediate radii) or because of some outlier data in the pressure profile
reconstructed from SZ (especially in the innermost or outermost radii); note that we retained
all data points in our analysis, including them in the reduced x? computation.

In Figure 4.5, we illustrate the MCMC posterior distributions for two representative clusters
in the sample, namely A2255 and ZW1215; for clarity, we restricted the plot to the subspace of
parameters entering the effective mass profile. Magenta/contour lines display the results in our
fiducial setup, where no mass prior was imposed; the white cross marks the best-fit value of the
parameters.

The corner plots illustrate a clear degeneracy between the fractional length-scale parameter
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£ and the DM mass Ms5qp. This is somewhat expected since the effective mass profile entering
the hydrostatic equilibrium equation scales like Msgg £272. Therefore, it is possible to obtain
the same normalization of the pressure profile, at a given density profile, by changing Ms5q9 and
£ in the same direction. Since s does not deviate much from unity, the ¢ dependence is weak,
implying that to compensate a rather small change in mass requires a substantial variation in /;
on the other hand, this is also at the origin of the rather loose constraints that can be derived
on the parameter ¢ with the present cluster sample.

The situation is expected to improve if a mass prior from other probes such as weak lensing
(WL) is introduced in the analysis. However, one must be careful and use WL mass estimates
that are independent from assumptions on the shape of the lensing potential; this is because
in FG, the lensing potential corresponding to a given mass distribution would be different
from the standard case, thus causing an inconsistency. For five X-COP clusters (A85, A1795,
A2029, A2142, and ZW1215), such nonparametric WL mass determinations are available in
the literature [205]. ® The outcome of exploiting the WL mass prior on the marginalized
distributions of the parameters is illustrated by the cyan contours/lines in Figure 4.5. The DM
magss posterior estimate of ZW1215 is made considerably more precise, and as a consequence of
the above degeneracy, the estimate of the fractional length scale £ is also appreciably tightened.
In any case, the posterior distributions on all the parameters for the analysis without and with
the WL mass prior are consistent within 1o.

Figure 4.6 summarizes the posterior distributions of the fractional index s, fractional length
scale £, concentration csgg, and DM mass Msgg. Table 4.1 reports the marginalized posterior
estimates (mean and 1o credible intervals) of these parameters for all the individual X-COP
clusters (including the WL mass prior when available), and for the stacked sample. On average,
it is seen that the deviations of the fractional index s from unity are modest in clusters, and this
originates rather loose constraints on the length scale £. The inferred values of the DM mass
M500 and concentration csgg are reasonable and consistent with that estimated by a variety of
other methods in standard gravity [182]; we also checked that the same agreement applied for
the gas fraction, as expected given the very good fits to the gas density profiles.

In Figure 4.7, we checked the concentration vs. the DM mass relation for the X-COP sample
in FG. To fairly compare with the relation expected from N-body simulations in the ACDM
framework, we converted our fitting variables csgp and Mzgg at a reference radius Rsgp to the
corresponding values cogg and Mogg at Rogo; this is a trivial rescaling given the adopted NFW

density profile. In Figure 4.7, we show as filled magenta circles the outcome for individual

3 Actually, in principle, fractional gravity can also alter somewhat the total depth of the gravitational potential,
thus biasing the overall WL mass estimates; however, given that the fractional gravity masses estimated without
WL prior and the Newtonian ones are consistent with each other within 20 (see fifth and last column in Table
4.1), we ignored such a small bias and used the Newtonian WL masses as prior, with their uncertainties, in the
fractional gravity analysis.
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X-COP clusters and with a magenta cross that for the stacked sample. It is seen that the
estimates of cogg and Mogg in FG are fairly consistent in shape and scatter with the concentration
vs. mass relation extracted from N-body simulations [151].

In passing, we note that the clusters A644, A1644, A2255, and A2319 have been shown not
to favor an NFW mass profile, but rather a cored Burkert-like one (e.g., a Burkert, Hernquist, or
pseudo-isothermal distribution) [180]. When forward modeling the pressure profiles in standard
gravity with the NFW density distribution, this causes inconsistent results (especially in mass
and concentration values) and/or a poor fit [191]. Contrariwise, such values and fits in FG stay
reasonable and good, since the mass profile entering the hydrostatic equilibrium equation is not
the true NFW mass, but the effective mass, which, as mentioned in Section 4.1.1, mirrors that
of a cored profile. For these four clusters, we also checked that using a cored Burkert-like density
distributions in place of the NFW one as an input in our FG framework did not substantially
improve the fits to pressure profiles, and rather forced the fractional index to values s ~ 1
compatible with pure Newtonian gravity. In fact, fractional gravity actually reconciles the NFW
density distribution from simulations with the observed galactic dynamics, which are empirically
described via cored, Burkert-like profiles. Moreover, A2319 have been shown to be characterized
by an appreciable nonthermal support in the outskirts [206], which causes some difficulties in
forward modeling and fitting the pressure profiles via the usual hydrostatic equilibrium equation
in standard gravity. Instead, curiously, in FG, the fits stay good, suggesting that such a nonlocal
framework may constitute an effective rendition for the effects of a nonthermal support on the
pressure distribution.

In Figure 4.8, we explore the scaling of the FG parameters with the DM mass. For this
purpose, we put together the analysis of the X-COP clusters from this chapter, and the
constraints coming from the fitting of stacked galaxy rotation curves explored in Chapter 3.
These joint datasets covered six orders of magnitude in DM mass from Mgy ~ 10° M to
10'° M. As to the fractional index s, we confirmed the decreasing trend with the DM mass,
passing from values around s ~ 1.4 in dwarf galaxies, to s ~ 1.2 — 1.3 in intermediate mass
galaxies, to s ~ 1.1 in massive galaxies and clusters. We described the s vs. Mgy relation by a
linear fit (dashed line) with shape s = a + b (log M2go(Ms) — 11) via an orthogonal distance
regression (ODR) algorithm that took into account the error bars on both axis; we obtained the
best-fit parameters a = 1.2440.02 and b = —0.057 4 0.006 and a reduced x? ~ 1.87; a nonlinear
fit (solid line) s = (5/4) + (1/4) tanh]c (log Maoo(Me) — d)] interpolating between asymptotic
values s = 1 and 1.5 at small and large masses yielded the best-fit parameters ¢ = —0.39 £ 0.06,
d = 10.76 + 0.25 and a reduced x? ~ 1.34. As to the fractional length scale, there was an
increasing trend with the DM mass, extending the results of Chapter 3 at the cluster scales. We
fit the ¢ vs. Mago relation with a linear shape ¢(Mpc) = a + b (log Mago(M) — 11) via an ODR
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XCOP: stacked profiles
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Figure 4.2. Fits to the stacked sample profiles of the X-COP clusters in fractional gravity,
according to the Bayesian analysis described in Section ??7. Crosses show the stacked sample
profiles, while gray lines show the individual ones. Colored solid lines illustrate the median, and
the shaded areas show the 20 credible interval from sampling the posterior distribution of the
fits. The vertical dotted lines marks the average reference radius Rsgg of the sample. The X%
value of the joint fit to the density and pressure profile is reported in the right panel.
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Figure 4.3. Fits to the individual pressure profiles of the X-COP clusters in fractional gravity,
according to the Bayesian analysis described in Section ??. Circles refer to X-ray and squares
to SZ data. Solid lines illustrate the median, and the shaded areas show the 2o credible interval
from sampling the posterior distribution of the fits. The vertical dotted lines mark the reference
radius Rs00. The reduced x?2 value of the joint fit to the pressure and density profiles is reported
in each panel.
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Same as Figure 4.3 for the density profiles.
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Figure 4.5. MCMC posterior distributions of the fractional parameter s, the fractional length
scale £, the DM concentration c5gg, and the DM mass Mjsq, for two representative clusters of
the X-COP sample: A2255 (top) and ZW1215 (bottom). Magenta contours/lines refer to the
analysis with no mass prior, and cyan contours/lines to that with a weak lensing mass prior (only
available for ZW1215 in the bottom panel). The contours show 1, 2, and 30 confidence intervals,
white crosses mark the maximum likelihood estimates, and the marginalized distributions are
in arbitrary units (normalized to unity at their maximum value).
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Table 4.1. Marginalized posterior estimates (mean and 68% confidence limits are reported) for
the parameters from the MCMC analysis of the X-COP sample in fractional gravity. Columns
report the values of the fractional parameter s, the fractional length scale ¢, the DM mass M5,
the halo concentration csoo, and the reduced x2 of the joint fit to the density and pressure
profiles. The different portions of the table refer to the fit to individual clusters with no mass
prior, to individual clusters with weak lensing mass priors (marked WL, and only available for
five clusters from [205]), and to the stacked sample. For reference, the last column reports the
best-fit DM mass Mzgpfrom [182].

Cluster s log ¢ log ¢500 log M50 X2 log Ms%cokm
(Mpc) (M) (Mo)
A85 L1106 —1.270% 0497097 14.277037 2.02 14.70
A644 1027000 —0.8T18  0.667003  14.56700% 1.94 14.89
A1644 L1900 —0.47085 0497005 14.197038 3.01 14.49
A1795 1051008 —1.9792 0547007 14.2870%) 1.46 14.65
A2029 L03T0%  —0471¢ 0557002 14.707088 1.36 14.84
A2142 1037052 —0.2721 0427001 1476701 2.91 14.95
A2255 1154006 405708 042099, 14.81703] 0.89 14.69
A2319 1014005 =029 0591007 14.69700; 6.46 14.90
A3158 L1188 —0.979% 0487097 14187053 1.72 14.63
A3266 1097502 4+0.8T05  0.36709)  14.937057 6.86 14.87
RXC1825  1.03%90)  +1.479% 0567008 14.591901 2.92 14.59
ZW1215 1157508 —0.3795 04101 14.6110%) 0.68 14.85
A85+WL  1.04705)  +1.3705 0497008 14.797009 2.02 14.70
A1795+WL  1.047007  +2.3%72  0.687002  14.81700% 1.47 14.65
A2020+WL  1.037051 420753 0617002 14.9570%¢ 1.36 14.84
A21424 WL 1.047005  +1.970% 0517502 15.017508 2.91 14.95
ZW1215+WL 1.1019% 403793 0.38%009  14.8670:08 0.68 14.85
Stacked  1.03%302  +0.3th3 043109 14.7670:08 0.84 14.75
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XCOP: posterior distributions
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Figure 4.6. Posterior distributions (normalized to unity at their maximum values) of fractional
index s (top left), fractional length-scale ¢ (top right), concentration csp9 (bottom left) and
DM mass Msgp (bottom right), from the fits to the X-COP density and pressure profiles in
fractional gravity. Colored areas refer to individual clusters (as detailed in the legend), and the

black dashed line to the stacked sample.
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Figure 4.7. Concentration cogg vs. DM mass Moy relation for the X-COP sample in fractional
gravity. Gray shaded area is the relation predicted from N-body simulations in the ACDM
cosmology [207]. Filled magenta circles refer to individual clusters and the magenta cross
to the stacked sample, while open magenta circles show (with no error bars for clarity) the
corresponding cs09 and Msgg values that are the actual fitting parameters.
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Figure 4.8. Scaling relations in fractional gravity from galaxies to clusters: fractional index s
(left) and length-scale ¢ (right) vs. DM mass Magg. Magenta circles refer to individual clusters
and magenta crosses to the stacked cluster sample, while cyan stars refer to the stacked rotation
curve of galaxies analyzed in Chapter 3. Dashed lines display an ODR linear fit to the overall
data, while a solid line in the left panel shows a nonlinear ODR fit with limiting values 1 and
1.5 from large to small masses, and a dotted line in the right panel illustrates the scale radius
rs of the NFW profile (see Section 4.2.1 for further details).
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algorithm, to obtain the best-fit parameters a = —2.66 + 0.09, b = 0.66 4+ 0.06 and a reduced
X2 a2 1.09. This relation was somewhat steeper than the scaling with the DM mass of the NFW
scale radius r, in such a way that in dwarf galaxies ¢/rs ~ 0.25 but this ratio increased to

around one at the cluster scales.

4.2.2 Summary

From the analysis presented in this section we found that FG performed remarkably well
in modeling the ICM profiles for the X-COP sample. We also checked that the relationship
between the concentration of the DM profile and the DM mass still remained consistent with
the expectations of N-body simulations in the ACDM framework. Finally, we confirmed the
weakening of the fractional gravity effects toward more massive systems and derived the overall
scaling of the fractional gravity parameters from dwarf galaxies to massive clusters, over six
orders of magnitude in DM mass. Such an overall trend implies that FG can substantially
alleviate the small-scale issues of the standard DM paradigm, while remaining successful on
large cosmological scales.

The present analysis clearly shows that whatever the ultimate origin of the FG behavior
in the DM component is, most of its effects manifest in small DM masses. This motivates us
to turn our attention to individual dwarf galaxies, exploring whether FG correctly reproduces

their characteristic velocity and dispersion distributions.

4.3 Dwarf Irregulars and Dwarf Ellipticals

In this section we aim at digging deeper into the regime where FG effects are expected to be
more relevant, focusing on individual dwarf galaxies. In these objects the cusp-core problem is
observationally very pressing, and its solution via baryonic effects is difficult to be envisaged
given the paucity of baryons. Specifically, we probe FG both in irregular dwarf (dwlrr) galaxies
by exploiting the rotation velocity profile inferred from stellar and gas kinematical measurements,
and in dispersion-dominated dwarf spheroidals (dwSph) by exploiting the velocity dispersion
profile inferred from the dynamics of stellar tracers.

Dwarf irregulars can be considered extreme late-type spirals; they usually present well
defined rotation curves that can be obtained from HI measurements. With respect to standard
spirals, dwlrr are considered more ideal to study the properties of DM, because the absence
of a central bulge makes the analysis simpler, and also because they present a large gaseous
component, which allows the rotation curves to be traced to much larger radii.

Dwarf spheroidals on the other hand are dispersion-dominated, faint objects of very low

surface brightness, with very little dust or gas and an old stellar population. Their typical sizes
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range from a tens to hundreds of parsecs. They are found in the Local Group as companions
to the Milky Way and to the Andromeda Galaxy (M31). Ursa Minor, Carina, and Draco, the
known dwarf spheroidal galaxies with the lowest luminosities, have mass-to-light ratios (M/L)
greater than that of the Milky Way, implying a large amount of dark matter. The distribution
of the latter in these systems can be inferred by looking at the velocity dispersion of tracers

(e.g. stars), projected along the line of sight.

4.3.1 Dynamical modeling

For a rotation-dominated system, the crucial quantity to be compared with the data is the total

rotation velocity, which is given by

M,
U?ot (T) = Ul%alo(r) + Tvgisk(r) + vgas(r) (45)

where v,,, = G Mg s(< 7)/r is the contribution from the CDM halo, v?

from HI measurements, and vdisk is the contribution from the disk starlight appropriately

zas 1S the gas contribution
converted into the stellar mass one via a global mass-to-light ratio M, /L. The overall rotation
velocity depends on three parameters, namely the stellar mass-to-light ratio M, /L, the total
mass of the system Msgg, and the fractional index s.

For a dispersion-dominated system, the crucial observable is the velocity dispersion projected
along the line-of-sight (l.o.s.), which is given by [208, 209]

2 oo R? (7 af r)r
0'1205(R) = E*(}B)/R dr [1,87"2] p\£7.)2_7(Ri (4.6)

where =1 — 03 / 072, is the anisotropy parameter (hereafter assumed constant with radius) and

S, (R) = 2 /: dr\/% (4.7)

is the surface mass density of the tracers (e.g., stars) in terms of the volume one p,(r); in

addition, the radial velocity dispersion is obtained by solving the Jeans equation, which yields

G [Meg s(< 1) + My (< "))
o2(r) = rwp / dr' 728 p(r') - (4.8)

in terms of the tracer mass M, (< r) = 4x [5 dr'r" p.(r'). Typically, for the dispersion-

dominated galaxies considered in this work, stellar tracers are exploited, with a density distri-
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bution following the Plummer’s model ¢ [211]. In such a case p4(r) o (1 + 7“2/7“%/2)_5/2 and
Seoc (L+72/r? /2)_2, with r /5 the 2D half-light radius; the normalization is derived from the
observed surface luminosity profile via a global mass-to-light ratio M, /L. The overall dispersion
velocity depends on four parameters, i.e., the mass-to-light ratio M, /L, the anisotropy parameter

08, the mass of the system Msyy and the fractional index s.

4.3.2 Dwarfs’ Data and Bayesian Analysis

We probe the FG framework by exploiting the rotation velocity profiles of dwlrr galaxies and
the l.o.s. dispersion velocity profiles of dwSph.

For rotation-dominated systems, we rely upon the SPARC database [158, 212], which
provides the stellar and gas contribution to the rotation velocity as found by numerically solving
the standard Poisson equation for the observed surface brigthness profile at 3.6 um (with a
reference stellar mass-to-light ratio M, /L = 1, so that this must be rescaled in building the
total rotation velocity as in Equation 4.5) and the HI surface density profile. Specifically, we
consider the 8 galaxies in SPARC that are classified as dwlrr and are flagged as having high
quality data on the rotation curve: D631-7, DDO64, DDO161, UGC731, UGC5005, UGC5414,
UGC7608, NGC3741. The latter is the galaxy with the best dataset, and actually constitutes
the object with the most extended rotation curve (relative to the half-light radius) measured to
date.

For dispersion-dominated systems, we consider 7 Milky-Way dwSph for which high quality
determination of the spatially-resolved dispersion velocity has been obtained via stellar tracers
([213, 214]; see also data collection by [215] and references therein) and for which tidal effects
are not appreciably influencing the inner kinematics: Carina, Leo I, Leo II, Sculptor, Draco,
Sextans, and Fornax. To these we add the dispersion-dominated ultra-diffuse galaxy DragonFly
44 210]. Note that ultra-diffuse galaxies are a mixed bag of objects with very different properties:
some feature large angular momentum, a rich gas reservoir with ongoing active star-formation
activity [216, 217, 218, 219]; others show no signs of rotation, a poor gas content and old stellar
population in passive evolution [210, 220]. DragonFly 44 belongs to this last category, and being
dispersion-dominated has been treated here along with the dwSph sample. In addition, it is a
particularly interesting object since it features a very small stellar mass with respect to its large
size; in fact, the DM mass is expected to dominate even at small radii. Therefore DragonFly 44
has been exploited as an useful laboratory to test the nature of DM and gravity [210, 221].

In Table 4.2 we report some relevant properties of the galaxies considered in our analysis.
Specifically, the first two columns list the circularized half-light radius of the projected surface

brightness profile and the total luminosity as determined from photometric observations (uncer-

4For DragonFly 44 we actually exploit a Sersic surface density profile, as detailed in [210].

75



Francesco Benetti PhD student at SISSA fbenettiQsissa.it

Table 4.2. Properties of the galaxy sample considered in this work: half-light radius, total
luminosity, and mass-to-light ratio estimated from stellar population synthesis models (used
in building the priors of our Bayesian analysis, see Section ?7). Top half of the table includes
rotation-dominated dwarfs, for which the listed quantities refer to the luminosity at 3.6 um;
bottom half of the Table includes dispersion-dominated dwarfs, for which the listed quantities
refer to the V—band luminosity.

Galaxy 712 [kpc] log L [Lo)] M,/L[Mg/Lg)]
D631-7 1.22 8.28 0.5+0.1
DDO64 1.22 8.18 0.5%+0.1
DDO161 2.04 8.74 0.5+0.1
UGCT731 1.40 8.51 0.5+0.1
UGC5005 5.0 9.61 0.5+0.1
UGCbh414 2.33 9.05 0.5+0.1
UGC7608 1.60 8.42 0.5+0.1
NGC3741 0.32 7.45 0.5+0.1
Carina 0.27 5.57 3.4+29
Leo I 0.29 6.74 8.8+5.6
Leo II 0.22 5.87 04+04
Sculptor 0.31 6.36 3.6 2.0
Draco 0.24 5.45 11.1+4.7
Sextans 0.75 5.64 8.5+3.3
Fornax 0.79 7.31 7.14+6.0
DragonFly 44 3.87 8.37 1.5+04

tainties are negligible for the purpose of this analysis); these quantities refer to the 3.6 um band
for dwlrr and to the V—band for dwSph. The third column lists the stellar mass-to-light-ratio
expected from stellar population synthesis models [222, 166, 223]: for disk-dominated dwlrr
values M, /L ~ 0.5 applies with little uncertainties at 3.6 um; for dwSph the M, /L values are
estimated from the V' — I color index and thus are more dispersed and uncertain [215, 210].
For our Bayesian analysis, we consider the parameter set 6, = (M, /L, Moo, s) for rotation-
dominated dwarfs and 6; = (M, /L, 3, Mag, s) for dispersion-dominated ones. To estimate

these parameters, we adopted a Bayesian framework and built the Gaussian log-likelihood
log L(0) = —x%(0)/2 . (4.9)

where the chi-square x2(0) = 3;[M(0,7;) — D(r;)]?/o%(r;) is obtained by comparing our
empirical model expectations M(6,r;) to the data values D(r;) with their uncertainties op(r;),
summing over the different radial coordinates r; of the data.

We adopt flat priors 7(6) on s € [1,3/2] and on log Mayy [Mg] € [6,13]. Moreover, we
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assume a lognormal prior on log M, /L with average and dispersion as expected from stellar
population synthesis models (see Table 4.2). As to [3, since by definition it varies in the range
(—00, 1], we actually prefer to perform inference on the symmetrized version Ssym = 5/(2 — )
that maps the original quantity in a compact domain fBgm € (—1,1]; a flat prior on Seym
within this range is used. Finally, to help robustly break any possible degeneracy between the
halo and stellar masses, we follow [212] and add as a ACDM prior the stellar mass vs. halo
mass relation derived from multi-epoch abundance matching by [156], which is also consistent
with independent observational determinations from satellite kinematics [224], rotation curve
modeling [149], and weak lensing analysis [225].

We then sample the parameter posterior distributions P(#) x L£(0) 7(#) via the MCMC
Python package emcee [152], running it with 10* steps and 100 walkers; each walker is initialized
with a random position extracted from the priors discussed above. To speed up convergence,
we adopt a mixture of differential evolution and snooker moves of the walkers, in proportion
of 0.8 and 0.2 respectively, that emulates a parallel tempering algorithm. After checking the
auto-correlation time, we remove the first 30% of the flattened chain to ensure burn-in; the

typical acceptance fractions of the various runs are around 30%.

4.3.3 Results

The results of our Bayesian analysis for rotation-dominated dwlrr galaxies are displayed in
Figures 4.9, 4.10 and in Table 4.3. Specifically, in the top panel of Figure 4.9 we illustrate the
MCMC posterior distributions for two representative dwlrr in the sample, namely NGC3741
(the one with the best and most extended data) and DDO64. Red lines/contours refer to the
outcomes for FG, and green ones for Newtonian gravity; the white crosses mark the best-fit
value of the parameters in FG. In the bottom panel the best fit (solid lines) and the 20 credible
intervals (shaded areas) sampled from the posteriors are shown. The solid line is for the
total rotation velocity, while the dashed and dotted lines show the halo and disk contribution,
respectively; for comparison, the Newtonian bestfit to the total velocity is reported in green. In
Figure 4.10 the bestfits in FG and in the Newtonian case are illustrated for the other 6 dwlrr in
the sample. In Table 4.3 we summarize the marginalized posterior estimates of the parameters,
both in FG and in the standard Newtonian case (marked with s = 1). Columns report the
median values and the 1o credible intervals of the stellar mass-to-light ratio M, /L, of the DM
mass Mago, and of the fractional index s; the reduced x? of the fit, and the Bayesian inference
criterion (BIC) for model comparison are also reported.

The FG fits are always excellent, and comparable or better then those in Newtonian gravity.
In particular, for D631-7, DDO64, DDO161, UGC5005, UGCb5414, and NGC3741 there is a

clear preference for FG both in terms of x? and of the BIC. In such cases, the fractional index
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Figure 4.9. Top panel: MCMC posterior distributions of the stellar mass-to-light ratio M, /L,
the DM mass Moo and the fractional index s for the galaxy NGC3741 (left) and DDO64 (right).
Colored contours/lines refer to the standard Newtonian (green) and to the FG framework (red).
The contours show 1 — 2 — 30 confidence intervals, with the bestfit values in FG identified
by white crosses. The marginalized distributions are in arbitrary units (normalized to 1 at
their maximum value). Bottom panel: Fits to the rotation curve with the Newtonian (green)
and the FG (red) framework for the galaxy NGC3741 (left) and DDOG64 (right). Solid lines
refer to the total rotation velocity, while (for clarity only in FG) the dashed line highlights
the halo contribution and the dotted line the baryonic one. Solid lines illustrate the median,
and the shaded areas show the 20 credible interval from sampling the posterior distribution.
The value of the reduced x?2 of the fit for FG is also reported. Circles represent data from the
SPARC database [158] for the total rotation curve, while the contributions from the stellar (for
M, /L = 1) and gaseous disk are highlighted by the starred and squared symbols, respectively.
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Table 4.3. Marginalized posterior estimates (mean and lo confidence intervals are reported)
for the parameters from the MCMC analysis of the individual rotation-dominated dwlrr in
fractional and Newtonian gravity (marked by s = 1). Columns report the values of the stellar
mass-to-light ratio M, /L, of the DM mass Maq, of the fractional index s, of the reduced 2 for
the overall fit, and of the Bayesian inference criterion (BIC) for model comparison.

Galaxy log M, /L log Mo s X2 BIC
[Mo/Le [Mo)]
D631-7 —0.3975:07 10.5910-9¢ > 1.47 4.25 63
—0.77100" 10.15700 1 19.50 279
DDO64 —0.2879:% 10.557007 1167507 0.56 14
—0.451058 10.3610 00 1 1.66 25
DDO161  —0.767097 10.267993 1.357003 0.75 31
—0.8210-09 10.4415:01 1 15.27 450
UGCT731 —0.2670:08 10.701003 1.0519003 0.30 12
~0.297008 10.671005 1 0.66 14
UGC5005 — —0.4470:08 11.0010 08 1.2975:56 0.64 15
—0.4715:08 10.987052 1 3.13 35
UGC5414 —0.28£§:§§ 10.911%;52 1.281058 0.42 8
—0.671307 10547508 1 7.37 34
UGCT7608  —0.257099 10.681097 1.081908 1.26 14
—0.297005 10.6375-08 1 1.35 14
NGC3741  —0.217058 10.2970:04 1.2370:03 0.47 20
—0.491007 10.0975:05 1 4.65 97

takes on typical values s ~ 1.2 — 1.3, the stellar mass-to-light ratios M, /L are slightly larger
than for the Newtonian case and more in line with the value around 0.5 expected from stellar
population synthesis models, and the DM masses Msgy are appreciably larger of factors a few
than in the Newtonian fit. In the other cases, namely UGC731 and UGC7608, s is close to 1,
the estimates of the fitting parameters in FG and in the Newtonian setting are consistent to
within 1o, and the overall quality of the fits are comparable. We have looked for some property

of these two galaxies that could correlate with their smaller values of s, but were unable to
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reach a definite conclusion. Maybe an interesting evidence comes from the kinematics of their
HI disks, which appear asymmetric and disturbed by a past or ongoing gravitational interaction
[226]; this could possibly alters the shape of the outer rotation curve and originate a variant
outcome when modeling it in the FG framework. An extended sample of dwlrr with high quality
rotation curve and environmental characterization would be needed to investigate further the
issue in a statistically sound manner.

As it can be seen in the top panel of Figure 4.9 for the representative cases of NGC3741
and DDOG64, in FG there is no strong degeneracy in the fitting parameters, besides a weak
direct dependence between s and both M, /L and Msypg. The bottom panel of the same figure
shows that for NGC3741 and DDO64 the halo component largely dominates the rotation
curve, with the baryonic contribution being relevant only in the innermost region within a few
71/2; this situation is shared by all dwlrr in the analyzed sample. Therefore the shape of the
rotation curve strongly constrains the halo mass/density profile; in particular, the rising trend
of the rotation velocity out to large radii is difficult to be reproduced with a NFW profile in
standard gravity, while the task can be easily achieved in the FG framework. The results for
dispersion-dominated galaxies are displayed in Figures 4.11, 4.12 and in Table 4.4. Figure 4.11
focuses on the representative dwSph Sculptor and on the ultra-diffuse galaxy DragonFly 44. In
the top panel of Figure 4.11 we illustrate the MCMC posterior distributions for Sculptor and
DragonFly 44. As above, red lines/contours refer to the outcomes for FG, and green ones for
Newtonian gravity, with the white crosses marking the best-fit value of the parameters in FG. In
the bottom panel the best fit (solid lines) and the 20 credible intervals (shaded areas) sampled
from the posteriors are shown, with the reference Newtonian fit in green. In Figure 4.12 the
fits in FG and in the Newtonian case are illustrated for the other 6 dwSph in the sample. In
Table 4.4 we summarize the marginalized posterior estimates of the parameters for dwSph, both
in FG and in the standard Newtonian case (marked with s = 1). Columns report the median
values and the 1o credible intervals of the stellar mass-to-light ratio M, /L, of the symmetrized
anisotropy parameter [¢ym, of the DM mass Magg, and of the fractional index s; the reduced X2
of the fit, and the BIC are also reported.

The FG fits to dispersion-dominated galaxies are very good, and in several instances
appreciably better than in Newtonian gravity. In particular, for Carina, Leo I, Sculptor, and
Sextans there is a clear preference for FG both in terms of x2 and in terms of the BIC. In
such cases, the fractional index takes on typical values s 2 1.2, the stellar mass-to-light ratios
M, /L are appreciably larger than for the Newtonian case and more in line with the prior from
stellar population synthesis models, and the DM masses Mg are substantially larger of factors
several with respect to the Newtonian fits. In other cases, namely Leo II and Draco, the index

s < 1.1 is smaller, the estimates of the fitting parameters in FG and in the Newtonian setting
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Figure 4.10. Same as bottom panel in the previous figures for other 6 dwlrr galaxies, as
labeled. For clarity, data and models only for the total rotation curves are shown.

are consistent to with 30, and the overall quality of the fits are comparable. Finally, in the

cases of Fornax and DragonFly 44 there is a clear preference for large values of s ~ 1.5, but

81



Francesco Benetti

PhD student at SISSA

fbenettiQsissa.it

Table 4.4. Marginalized posterior estimates (mean and 1o confidence intervals are reported) for
the parameters from the MCMC analysis of the individual dispersion-dominated dwarf spheroidal
in fractional (first lines) and Newtonian (second lines, with s = 1) gravity. Columns report the
values of the stellar mass-to-light ratio M, /L, of the symmetrized anisotropy parameter Sgym,
of the DM mass Magg, of the fractional index s, of the reduced x2 for the overall fit, and of the

Bayesian inference criterion (BIC) for model comparison.

Galaxy log M, /L Bsym log M2go s x> BIC
[Mo/Le] [Mo)]
Carina +0.547026  40.197041 977312 1377008 1.67 48
—0.75703%  —0.81709%%  9.067558 1 3.49 87
Leo I +0.741052 —0.081078 10357008 1.37D 4% 0.64 17
+0.197315 —0.807005  10.03730° 1 2.64 39
Leo IT —0.407038  +0.3770322 9507018 1.11700s 0.37 11
—0.747021  4+0.097027  9.3270-1! 1 0.42 9
Sculptor +0.601075  —0.047008  10.131095  1.237008 1.32 54
—0.371543  —0.327008  9.5170:0¢ 1 1.65 65
Draco +1.05794% 40.017317  9.93709%  1.1370:93 0.27 14
+0.757512  —0.327021 9717007 1 0.56 15
Sextans +0.90T0 13 —0.347307  9.9470-08 > 1.45 1.54 24
+0.547012 —0.897093  9.6200" 1 3.07 38
Fornax ~0.367015  +0.167003  10.03700s > 1.49 1.30 69
<-184 —0.16700;  9.08%50s 1 1.15 62
DragonFly 44 +0.177009  —0.12704% 10797007 > 1.31 0.46 12
+0.097059  —0.481058  10.6970-58 1 1.27 16

the improvement in the FG fits with respect to the Newtonian case, albeit clear at a visual

inspection, is not statistically significant enough to make definite conclusions.

As it can be seen in the top panel of Figure 4.11 for Sculptor and DragonFly 44, the most

relevant degeneracy between the fitting parameters involves s and the Bgym, in such a way

that FG models with larger s tend to be more isotropic. In fact, for Sculptor and DragonFly

44 the FG fit shows preference for almost isotropic orbits, while the Newtonian fit favors
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tangentially-dominated motions.

The bottom panel of the same Figure illustrates visually the quality of the FG fit for Sculptor
and DragonFly 44, which is excellent within the scatter of the datapoints. FG performs definitely
better than the Newtonian case for Sculptor, while for DragonFly 44 the evidence is made
barely significant in terms of reduced x2? and of the BIC. In this respect, however, it is also
interesting to look at the inset where the excess kurtosis A« (the kurtosis is related to the fourth
velocity moments of the stellar tracers, and the excess is respect to the value 3 for a reference
Gaussian velocity distribution) is illustrated. Although the measured value is largely uncertain,
there is clear a tendency for a definite positive Ak; qualitatively, this is consistent with the FG
result at 20, while being highly discordant (more than 30) with the Newtonian fit. It is worth
mentioning that the estimated Maygy < 101t Mg from our analysis in FG is consistent with the
recent determination from the abundance of globular clusters in DragonFly 44 by [227].

By inspecting Tables 4.3 and 4.4 overall one can conclude that the evidence in favor of FG
is less compelling in dwSph with respect to dwlrr. This is due to several reasons. First, the
main observable for dwlrr is the rotation velocity, which is a direct probe of the mass profile;
contrariwise, in dwSph the l.o.s. dispersion profile encases the mass profile in an integrated
way, weighted by a kernel that depends on the tracer profiles and on the anisotropy parameter.
In addition, the priors on the stellar mass-to-light ratio from population synthesis model are
looser for dwSph than for dwlrr (especially when considering 3.6 pm luminosities for the latter).
Finally, the observed l.o.s. dispersion profiles are more scattered and featureless with respect
to the rotation curves. Thus it should not be surprising that the constraints from dwSph are
less statistically significant. Nevertheless, these systems may offer an environment where any
evidence in favor of FG is more robust, since the lack of baryons even in the innermost regions
does not allow us to rely on different interpretations related to baryonic-induced modification of
the DM profile.

Finally, in Fig. 4.13 we illustrate two interesting scaling relations, that constitute relevant
crosschecks of our results. The diagram on the left panel displays the fractional index s as a
function of the DM mass Mygg. Apart for a few exceptions (objects with s < 1.1), the values
from our analysis of individual dwarf galaxies in FG are consistent to within 2 — 3¢ with the
expectation from the relationship derived in Chapter 3 from fitting stacked rotation curves of
rotation-dominated galaxies.

The diagram on the right reports the Radial Acceleration (RAR) between the total ac-
celeration gy, and the baryonic one gp,,. This is an empirical relationship known to hold
for different kind of galaxies, whose average and 1 — 2 — 30 dispersion is plotted as an

orange line surrounded by shaded areas. For rotationally supported systems we compute
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gbar = [Ugas(r1/2) + (My/L) X 033 (11/2)] /712 and gior = Vg (71)2) /7172 in terms of Equation
(4.5). For dispersion-dominated systems we instead estimate gpar = G (My/L) x L, /2r? /o and
Giot = 302(r /2)/7T1/2 in terms of Equation (4.8). For the sake of simplicity we compute the
accelerations at 7/, by using the bestfit values of M, /L, My and s from our analysis in FG.
Reassuringly, almost all our estimated accelerations are consistent within 2 — 30 with the RAR
by [43], with the dwlrr galaxies clustering around the value of g,, where the relation starts to

flatten, and with some dwSph tracing the flat portion of the RAR and its scatter.
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Figure 4.11. Top panel: MCMC posterior distributions of the mass-to-light ratio M, /L, the
symmetrized anisotropy parameter Bsym, the mass Magg and the fractional index s for the dwSph
galaxy Sculptor (left) and the ultra-diffuse galaxy DragonFly 44 (right). Colored contours/lines
refer to the standard Newtonian (green) and to the FG framework (red). The contours show
1 — 2 — 30 confidence intervals, with the bestfit values in FG identified by white crosses. The
marginalized distributions are in arbitrary units (normalized to 1 at their maximum value).
Bottom panel: Fits to the l.o.s. dispersion profile with the Newtonian (green) and the FG
(red) framework for the dwSph galaxy Sculptor (left) and DragonFly 44 (right). The inset on
the right bottom panel illustrates the excess kurtosis Ax with respect to a Gaussian velocity
distribution. Solid lines illustrate the median, and the shaded areas show the 20 credible interval
from sampling the posterior distribution. The value of the reduced x? of the fit for FG is also
reported. Circles represent data from [213] for Sculptor and from [210] for DragonFly 44.
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Figure 4.12. Same as bottom panel in the previous figure for 6 dwSph galaxies, as labeled.
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Figure 4.13. Left: fractional index as a function of DM mass from the outcomes of our
Bayesian analysis. Blue circles refer to dwlrr and red ones to dwSph; the cyan line and shaded
areas illustrate the bestfit relation and 1 —2 — 3o dispersion from the analysis of stacked rotation
curves for disc-dominated galaxies from Chapter 3. Right: the Radial Acceleration Relation.
Blue symbols refer to dwlrr and red ones to dwSph; the orange line and shaded areas illustrate
the bestfit relation and 1 — 2 — 30 dispersion from the determination by [43].
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4.4 Summary and conclusions

In this chapter we have tested our fractional gravity framework in the smallest and largest
bound systems, by fitting the density and pressure profiles of the ICM in 12 galaxy clusters
of the XCOP sample, the rotation velocity profiles inferred from stellar and gas kinematic
measurements in 8 dwarf irregulars, and the projected velocity dispersion profiles inferred from
the observed dynamics of stellar tracers in 7 dwarf spheroidals and in the ultra-diffuse galaxy
DragonFly 44. Our results show that FG is able to reproduce the observed properties of systems
spanning ten orders in DM mass: from dwarfs of M ~ 10° M, to clusters of M ~ 105 M.
Furthermore, the fits to the FG parameters s and ¢ inferred from the MCMC procedure confirm
the trend observed in the previous chapter: non-local effects associated to FG tend to be
stronger at smnaller scales, causing a strong departure from standard Newtonian gravity, and
to weaken in larger systems. This can be seen in the value of the fractional exponent s, taking
values as high as 1.45 — 1.5 in most dwarfs, decreasing to 1.1 — 1.3 in intermediate mass spirals,
and settling near the Newtonian limit s = 1 in massive clusters. This allows FG to solve the
small scales issues of the standard ACDM, by reconciling with data the DM density distribution
expected from N—body simulations, while saving its successes on large cosmological scales.
Contextually, the parameter ¢ features a scaling with the mass of the system comparable to the
scale radius r,, when the rotation curve is interpreted in terms of a NF'W profile. These findings
suggest that, whatever physical mechanisms sits at the origin of FG, its effects are strongly
dependent on the size and DM mass of the gravitationally bound, virialized, system considered.

This chapter concludes the part of this work dedicated to the investigation of the effects
of fractional gravity in galaxies and clusters. In those systems the velocities involved are very
low with respect to the speed of light (107° < v/c < 1073) and the gravitational potentials are
weak (1078 < ®/c? < 107°), so that a Newtonian version of fractional gravity based on the
fractional Poisson equation (3.1) is enough to describe their dynamics.

In the next chapter we will put the theory to more rigorous theoretical grounds, by developing
a fully relativistic extension to fractional gravity, stemming from a suitable action. This will
allow us to gain useful insights on the physical nature of the effective non-local density (3.6),
and to explore the effects of fractional gravity to phenomena which cannot be described in the
Newtonian limit of the theory, such as the propagation of gravitational waves, and gravitational

lensing.
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Chapter 5

Relativistic Fractional Gravity

Motivated by the successes of fractional gravity (FG) at the Newtonian level, we devote this
chapter to develop a full relativistic extension to the theory. This will enable us to explore FG
in regimes in which Newtonian approximation cannot be applied, to study phenomena which
are exclusive to the relativistic setting (e.g., propagation of gravitational waves), and provide a
more straightforward physical interpretation of the non-locality effects associated to the theory.

In Section 5.1 we give a brief review of non-local gravity theories, focusing on their motivations
and successes. Section 5.2 is the main one of this chapter. In there we present the action of
relativistic fractional gravity (RFG), derive the associated field equations and reinterpret them
in terms of an effective dark matter (DM) stress-eenrgy tensor; we investigate the weak field
and post-Newtonian limit of the theory, and we perform a scalar-vector-tensor decomposition
analysis to discuss the propagation of modes. In Section 5.3 we test RFG against gravitational
lensing data of the clusters of the CLASH sample by fitting the lensing convergence profiles.

Finally, in Section 5.4 we summarize our findings and outline future perspectives.

5.1 Non-local gravity theories

General Relativity (GR) has been extraordinarily successful in describing gravitational phenom-
ena across a vast range of length scales, from laboratory experiments and Solar-System tests
to the dynamics of compact objects and the evolution of the Universe. The direct detection
of gravitational waves and the increasing precision of cosmological observations have further
confirmed its predictive power. Nevertheless, despite its empirical success, GR. is widely regarded
as an effective classical theory, expected to break down in regimes where quantum effects become
significant or where the spacetime curvature approaches the Planck scale.

The limitations of Einstein’s theory emerge from both theoretical and observational consid-

erations. On the one hand, the perturbative quantization of GR leads to a non-renormalizable
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quantum field theory, indicating that Einstein gravity cannot provide a complete ultraviolet (UV)
description of the gravitational interaction. Moreover, the occurrence of spacetime singularities
in black-hole interiors and in the early Universe signals the breakdown of the classical theory
in regions of extreme curvature. On the other hand, cosmological observations require the
existence of dark energy to trigger an accelerated expansion, whose physical nature remains
unknown.

Among the many proposals extending GR, non-local theories of gravity occupy a particularly
interesting position. Rather than modifying gravity by introducing additional local degrees of
freedom or higher-curvature invariants of finite order, these theories replace the strictly local
character of Einstein’s equations with interactions involving non-local differential operators.
Such operators typically depend on arbitrary functions of the covariant d’Alembertian operator
0= g"'V,V,, or of its inverse. The resulting gravitational interaction depends not only on the
local values of the fields but also on their behavior over finite regions of spacetime, introducing
an intrinsic form of gravitational memory.

The appearance of non-local operators is not merely a phenomenological modification of GR
but is in fact expected from several independent theoretical considerations. In quantum field
theory, integrating out massive or massless degrees of freedom naturally generates non-local
terms in the effective action. Covariant perturbation theory developed by Barvinsky, Vilkovisky,
and collaborators demonstrated that the quantum effective action in curved spacetime generically
contains operators such as Rlog (%) R, RO'R, together with more general non-local form
factors acting on curvature invariants [228]. Similarly, string field theory gives rise to exponential
functions of the d’Alembertian, reflecting the extended nature of fundamental strings and the
intrinsic non-locality of string interactions [229]. From this perspective, non-locality should
be regarded as a generic feature of quantum effective descriptions rather than an ad hoc
modification of gravity.

Although non-local gravity encompasses a broad class of theories, it is useful to distinguish
two major families according to the physical scale at which the non-local operators become
relevant. The first class consists of ultraviolet non-local theories, commonly referred to as
infinite-derivative or weakly non-local gravity. The second class comprises infrared non-local
theories, typically constructed from inverse powers of the d’Alembertian operator and motivated
by cosmological applications.

Ultraviolet non-local gravity was originally developed in the search for a consistent quan-
tum theory of gravity [230, 231, 232]. The starting point was the observation that local
higher-derivative theories containing quadratic curvature invariants, such as R? or R, RM,
improve the renormalization properties of Einstein gravity but inevitably introduce additional

propagating degrees of freedom, including massive spin-two ghosts that violate perturbative
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unitarity. The central idea behind infinite-derivative gravity is that replacing finite polynomials
in the d’Alembertian by entire analytic functions may improve the ultraviolet behavior of the
graviton propagator without introducing new poles. Schematically, the Einstein-Hilbert action

is generalized as

1
167G

/ d*e\/"G[R+ RFo(D)R + Ry Fo(O)R™ + Crape F4(O)CHP7) . (5.1)

oo n
where the operators F;(0) = > f, (ME”“)> are entire functions admitting infinite derivative
n=0 s

expansions, with M the non-lc?cality scale. Appropriate choices of these functions preserve the
massless graviton as the only propagating degree of freedom while exponentially suppressing
ultraviolet modes. This approach has motivated extensive investigations of ghost-free quantum
gravity, singularity resolution, regular black-hole geometries, non-singular cosmological solutions,
and super-renormalizable or finite theories of gravity [233, 234, 235].

A conceptually distinct class of theories modifies gravity in the infrared through inverse
powers of the d’Alembertian operator [236, 237, 238]. Rather than addressing the ultraviolet
completion of gravity, these models aim to explain the observed late-time acceleration of the
Universe without introducing a cosmological constant or additional dynamical scalar fields.
Typical examples involve operators such as RO"'R, or RO~2R, which become relevant only
on cosmological length scales. These theories preserve general covariance while modifying
the effective gravitational dynamics at large distances, leading to cosmological acceleration
generated dynamically by the non-local interaction. Their construction is also motivated by the
observation that inverse d’Alembertian operators naturally emerge in quantum effective actions
after integrating out massless fields, making them plausible infrared corrections to Einstein
gravity.

Although ultraviolet and infrared non-local theories were originally motivated by different
problems, they share a common mathematical framework based on non-polynomial functions
of the d’Alembertian operator. More generally, one may regard the gravitational action
as depending on an arbitrary form factor, F([), whose analytic structure determines the
physical properties of the theory. Entire analytic functions characterize weakly non-local
ultraviolet completions, while non-analytic functions, including inverse powers and logarithms of
[, describe long-distance quantum corrections and infrared modifications of gravity. From this
perspective, the distinction between ultraviolet and infrared non-locality reflects the different
spectral properties of the corresponding form factors rather than two fundamentally unrelated
theoretical frameworks.

In a nutshell, that infinite derivatives theories are non-local can be understood with the

following basic argument: in order to calculate the first derivative of a standard function, its
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value at two infinitesimally close points must be known; similarly, the n-th derivative requires
knowledge of the function value at n + 1 different points. This means that infinitely many
derivatives of a field require knowledge of its value throughout all spacetime. Another way to
see this is by looking at the action of the translation operator of a function efdr f(z) = f(z +e).
Since efis = Yon % (%), this suggests that actions involving infinitely many derivatives can
be recast in terms of fields translated at different points in spacetime.

On the other hand, inverse powers of the d’Alembertian lead to manifestly non-local theories,

since they are represented as integral kernels acting via the Green function of the d’Alembertian

@) = [ty y/=9(0) Glap) F) (52)

To different choices of Green functions correspond alternative definitions of these inverse
operators. In particular, requiring causality, meaning that an event at a spacetime point could
only be influenced by events in its past but not in its future, amounts to select the retarded
green function Gyet(x — y). Note that this choice can be made only a posteriori, by replacing
any advanced Green function in the field equations with its retarted counterpart by hand, since
both types of Green functions naturally emerge in the variation of the action of a non-local
gravity theory [239].

More recently, the landscape of non-local gravity has expanded to include fractional dif-
ferential operators, generalizing the functions F([J) to fractional powers (—0)*, where s is a
real parameter. Fractional operators provide a natural mathematical description of anomalous
scaling, long-range correlations, and memory effects, and have been investigated in connection
with multifractional spacetimes [174, 175, 240], dimensional flow [241, 242] in quantum gravity,
and effective descriptions of non-local interactions. Fractional models establish an interesting
bridge between non-local gravity, fractal geometry, and quantum effective field theory. Being
non analytic in the whole complex plane, fractional operators introduce a stronger departure
from local gravity than non-local operators constructed with infinite derivatives of integer order.
Once quantized, these kind of theories have been shown to be unitary and finite at one loop for

particular values of the fractional exponent s [176].

5.2 Relativistic Fractional Gravity

In this section we present the action of relativistic fractional gravity (RFG), and the associated
field equations. In extending CDM in FG to a relativistic setting, we aim to meet a series of

requirements:

e The theory must be generally covariant and locally Lorentz invariant. This requirement

restricts the class of admissible non-local operators to those depending exclusively on the
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fractional d’Alembertian (—0O)° = (-=V,V#)*.

e Baryonic matter should obey standard GR; in particular, it must follow the geodesics
of the metric solving the field equations. To satisfy this requirement, we transfer the
non-locality from the gravitational sector of the action to the dark matter sector. The
ultimate goal is for the field equations to take the form G = 8nG (Tixg + Th o), Where

dark matter sources the gravitational field through an effective non-local stress-energy

tensor, representing the covariant generalization of the effective density in NFG.

e In the Newtonian limit of the field equations, valid for slowly moving and nearly static
sources in the weak-field regime, the theory should reproduce the fractional Poisson
equation (1.19). We anticipate that this requirement imposes a relation among the
non-local operators appearing in the action, thereby restricting the space of viable RFG

theories, although not determining it uniquely.

Inspired by these guidelines, we propose an action featuring a scalar term, in which the scalar
curvature couples with the trace of the DM stress-energy tensor via a non-local operator Fy(OJ),
and a tensorial term, in which the Ricci tensor couples with the full DM SET via a second
non-local operator Fa([J). Here we work with fluid variables, and we consider CDM to be well
represented by dust, so that Thy, = ppvutu”.

The RFG action then reads’

1
Skrec = ——— / d4l’\/ —g R+ Spar + Spm +
167G Jm

+ [ dte V=g (RFO) Do + Ros FAO) T ) (53)

where Sgag and Spy denote the matter actions for baryons and CDM respectively, Tg’ﬁ =
—2/v/=99Sbnm/d9ap is the DM stress-energy tensor and Tphy = gags TS the corresponding trace.
The field equations of the theory can then be derived by varying the action (5.3) with respect

to the inverse metric (we refer the reader to Appendix B for the full derivation)

'We remark that the action presented here is the most general one that can be constrained by requiring
that it has the right Newtonian limit. Indeed, although in principle one could include also a term of the form
Ryawp Fa(O) TEY TSE, involving the Riemann (or Weyl) tensor and two copies of the DM SET, we stress that
this term would be subdominant in the Newtonian limit, and thus couldn’t be constrained.
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DM
In obtaining Equation (5.4) we have discarded a boundary term, which pops out when one
integrates by parts in the variation of the action. Since, as long as the DM SET vanishes
asymptotically so does this boundary term, one can reabsorb it by adding to the action (5.3) a
Gibbons-Hawking-York counter-term [243, 244] and no additional degree of freedom is introduced
in the theory (see again Appendix B).

As was expected, DM couples with the gravitational field not only via the absolute value of
its SET, but also via its variations in space and time, so that the dynamics of an inhomogeneous,
or non static dark matter system is far reacher that what occurs when the fractional interaction
is not taken into account. An immediate consequence of this fact is that the DM SET is no
longer conserved on shell, since the contracted Bianchi identities V,G*” = 0 do not imply
V,.IThy = 0. Indeed, by taking the covariant derivative of (5.4), and assuming the baryonic SET

to be separately conserved V, T} = 0, we find

VT pr = =V [ (Toss s = G Tone) Fo B = 2(Gaw + g 0 = V(,V,)) Fo T +

OF
—2R—7 Sghv : Tom — O F2 Ton pw + 2VQV(M Fa TDMV)a + guwRap F2 TS‘l\f 4
Tompw 0F>
= TS P2 Rog == T3P Ry = 2Ras 5 o 5g =T | (5.5)

5.2.1 Weak field limit

To connect RFG with the Newtonian framework we have developed in the previous chapters,
we need first to take the weak field limit of the field equations (5.4). We thus routinely assume
that it is possible to choose a reference frame where the dynamics of the gravitational field is
encoded within a small perturbation over the Minkowski background g, = 1., + €7, with

€ < 1; this assumption enables to simplify the equations considerably.
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First, having the metric as a small perturbation requires the SET to be at least linear
in €, so that all the terms in Equation (5.4) involving the product of the curvature and the
SET can be neglected at the linear order. Furthermore, since the non-local operators g 2(0J)
always act on an object linear in €, at this order they can be replaced with their expression
in Minkowski spacetime Fo2(0,), where O, = —93 + A. In the following we will omit the
subscript n for simplicity; hereafter anytime a d’Alembertian operator appears, it must be
meant as its expression in Minkowksi space. Finally, it’s not difficult to see that in the weak
field limit (5.5) reduces to the usual conservation equation for DM 8, T}y = 0, since all the
additional terms on the RHS are at higher order in €. This condition can then be reinserted
into the field equations to achieve the cancellation of some terms. Taking into account all these

simplifications, Equation (5.4), to linear order in €, turns into the much more manageable form

G\
&G

= TBAR;U/ + TDM,uz/ - D}—Z(D) TDM;W +2 (au 0y — Nuv D) -/TO(D) Towm (5-6)
in terms of the linearized Einstein tensor
2G0) = 2000372 — 00y — DY — M Do 957 + 1y Dy (5.7)

5.2.2 Newtonian and Post-Newtonian limit

If we further assume the metric to be quasi static and the source to move slowly with respect
to the speed of light ¢, we can expand Equation (5.6) in powers of 1/¢ to obtain the Newtonian
and post-Newtonian approximations. In this setting it is customary to express the metric
perturbation in terms of potentials, constructed from the matter density and velocity, with real
coefficients known as post-Newtonian parameters. In a gravity theory, these must be computed
from the field equations, and then allow a direct comparison with experimental data. We refer
the reader to [245] for a discussion on this procedure, known as Parametrized post-Newtonian
(PPN) formalism. If we retain only terms up to order ¢~2, the metric perturbation in the

standard PPN coordinate system can be written as

-2
’Y,U«V = < ¢ _2‘1/5> . (58)
2 Yij

Here ® encodes the time-time curvature and corresponds to the potential satisfying the analogous
of the Poisson equation in the Newtonian limit of a given gravity theory. On the other hand, ¥
represents the space-space curvature and is usually written as ¥ = v ® in terms of the PPN

parameter -, representing the amount of space curvature per unit rest mass.
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Inserting Equation (5.8) into (5.7) we find, up to order ¢~2, the expansion:

(1) _ 247

-
Goo— 62 5 .

c2

LG =0, G = (0,0 -5, ) (5.9)
By performing the expansion at the same order on the right hand side of Equation (5.6), and
taking into account that for a Newtonian source the spatial stresses Tp;,7T;; are suppressed
with respect to the rest mass density Tpy = ¢2p, we obtain the equations satisfied by the two

potentials

A(b = 47TG [pBAR + (]. + (2?0 — ‘FQ) A) pDM] y (510)

To be consistent with NFG, the RHS of (5.10) concerning dark matter should coincide with
the effective density appearing on the RHS in Equation (3.6). This requirement imposes the
following relation between the non-local operators Fy and Fo

1— (_ 52 D)l—s

FO) = RB(O) —2FR(0) = ————. (5.12)

Since this constraint does not fix the form of the operators uniquely, one can construct different
theories by appropriately choosing the scalar and tensorial operators. For instance, a scalar
model, known as Relativistic Scalar Fractional Gravity (RSFG), is obtained setting Fy = —F /2,
Fa = 0, while a pure tensorial model (Relativistic Tensorial Fractional Gravity, or RTFG) can
be obtained with Fo = 0, F» = F. Of particular interest is the choice Fo = —F /4, Fy = F/2,
for which the scalar and tensorial part in the action (5.3) combine, leading to a coupling of the
type G, F(O) TEy;. Since the Einstein tensor appears already in the action, we will refer to
this theory as Einstein Fractional Gravity, or EFG for short.
The PPN parameter v takes the explicit form

A1 FoA PpM

=1—-4 ,
7 A71PBAR — 52(—£2A)7S PpMm

(5.13)

so that in TFG retains the GR value v = 1, while is modified and space dependent in other
fractional gravity theories. We stress that since only the DM component couples non-locally
with gravity, while in the presence of only baryonic matter the theory reduces to GR, the present
result is not ruled out by the solar system constraints [246] v — 1 ~ (2.1 4 2.3) x 107> from the

Cassini experiment.
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5.2.3 The effective DM stress-energy tensor

One can insist in writing Equation (5.4) as an ordinary Einstein equation

G = 87 (T + Tk ) (514)

by introducing an effective SET for the CDM component. To gain some insights on the physical

interpretation of the latter, we can parametrize it in the most general form as

TI;LI\lgeﬁ Pom eft utu” + qDMeffu + qDMeffu + Pomeft ht” + 7TDMeff (515)

Here ppyeft is the energy density measured by an observer comoving with the fluid; ¢l . is the
spacelike heat flux vector, with g, ¢b, o5 @%ser = 1, Guv W' Q5 o = 0; R = g" + uFuY is the
prOJectlon of the metric on the hypersurface orthogonal to u”; ppyesr is the isotropic pressure,

pv pv _ pro
and 7/ the anisotropic stress, with w,m | 4 = 70\ ogls = Guv Ty e = 0- The components

DM eff
of the stress-energy tensor can be recovered by contraction

14
Pomeff = Tgh,leff Uy Uy Pomeft = h Th DM eff »
H N N Vg ple77 _ LM N4 a
Ionveff — ha TDM eff Uv s 7TDM eff — h hﬁ DM eff h h M eff (5’16)

Thus, at the level of the field equations, the fractional interaction with gravity can be interpreted
as a modification of the dark matter stress-energy tensor: even if the action describing dark
matter is constructed as that of collisionless dust, the effective SET may still exhibit non-zero
heat fluxes, as well as isotropic and anisotropic stresses. Note that the energy density is also
modified, with ppyes accounting for the interaction with gravity, while ppy denotes the density
of the DM fluid appearing in the action. Interestingly, this is reminiscent of what occurs, for
instance, in particle physics, where the measured mass or charge of a particle differs from
the corresponding parameters appearing in the Lagrangian, as they become dressed through
interactions with other fields. In the same way, the components of the effective SET have a
dynamical nature, in the sense that they depend on the gravitational field they themselves
generate. As such, they may take different forms and play different roles depending on the system
under consideration. Nevertheless, since dark matter is detected only through its gravitational
signature, its effective stress-energy tensor may be regarded as providing the physically relevant
description of the dark matter fluid. In light of this interpretation, Equation (5.5) expresses the
conservation of the effective SET V,TH « = 0. On the other end it is clear that the perfect
fluid DM SET cannot be conserved, since the fractional interaction with gravity induces heat
flows that dissipate energy, together with isotropic and anisotropic stresses which do work on

the system.
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We can gain insights on the physical interpretation of the effective Newtonian DM density
(3.6) appearing in the FPE by looking at the expression for the effective DM SET in the weak
field limit, in a frame comoving with the fluid, so that u* = &}

DM eff

with Thy = poudlydl. The components of the effective DM SET are given by

Pomeff = Pom T 33 Fa pon — A (2F0 + F2) pou s

Poueff = 2 (; A— 53) Fo pou

ng off =0, qli)Meﬁ' = —20"% Fo Pom

7 2 (;WA - aiaj) Fo pou - (5.18)

DMeff —

Note that the isotropic pressure, the heat flux, and the anisotropic stress are generated only
when the action includes a scalar term, so that Fy # 0. Thus, TFG somewhat occupies a special
place in the space of admissible fractional gravity theories, as it is the only case for which the
DM effective SET retains the form of pressureless dust, although with a modified energy density
Pomeff = (_D)lisPDM'

In the Newtonian limit, where time derivatives can be neglected with respect to spatial ones,
it is instructive to look at the combination ppyeff + 3 Ppues (this is the expression producing for
instance the acceleration of the expansion factor in a Friedmann Lemaitre Robertson Walker

cosmology)
Pomeff + 3 Pomeff = Pom — AprM = (_A)lisPDM- (5-19)

The function on the right is exactly the effective density sourcing the gravitational potential
in the Newtonian limit of FG (3.6). This result, which is independent on the particular form
of the operators, and thus is valid in any RFG theory, offers a clear interpretation of the
results obtained in Chapters 3 and 4 on the galaxies rotation curves. There, we have regarded
the effective DM density as the distribution an observer would infer interpreting the data
using Newtonian gravity, and we have seen as it can be recovered from the local density via
enhancing of the long wavelength modes, and suppression of the short wavelength ones. In light
of (5.19) it is clear that this transfer of power between modes originates from the action of
the effective pressure, which, unlike in GR, is relevant even in the Newtonian setting, partially
counterbalancing gravity and smoothing the inner density cusp in galaxies, turning a NFW

profile into an almost cored one.
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We also note that the expected relation

. A. 1 .
aff - 3515) m (5.20)

A@—@ﬁd%G(

between the difference of the lensing and the Newtonian potentials and the anisotropic stress
holds.

5.2.4 Scalar—vector—tensor decomposition

The weak field limit is also the relevant setting for studying the generation and propagation
of scalar, vector, and tensor modes. To this aim we perform a Scalar-Vector-Tensor (SVT)
decomposition of Equation (5.6) by separating the metric and effective SET into irreducible
representations of spatial rotations. For instance 7o, 70, and 7y;; transform respectively as a
scalar, a vector, and a tensor under spatial rotations, the same being true for Tpy o0, Tomoi, and
Towmij- Moreover, we can perform a Helmholtz decomposition of the vector components into
the gradient of a scalar plus a divergenceless vector (i.e. a curl), and similarly decompose the
tensor components into two scalars, a divergenceless vector and a transverse traceless tensor.

We can thus parametrize the metric and the effective SET as

Yoo =29,
Y0i = Oiv + B
1 1
Yij =3 H §;5 + Oejy + (&‘ 0; — 3 i A) A+ iTjT, (5.21)

TDMeffOO = (1 - DJTZ) Ppm — 2A-7'—0 PDM
TDMeffOi = ai [(1 - D}—Z) S — 280[71)1\'1] + (1 - DJ:Q) Si,

2
Tomeftij = —2 <33 -3 A) Fo pon 635 + (1 = O F2) 005+

1
+ (826j — 3(51]A) [(1 — DFQ) o — 2]:0pDM] -+ (1 — DFQ) Oij - (5.22)

Here ¢, a, H, A, s, 0 are scalars under rotations; 3; , €; , s; , 0; are divergenceless vectors, meaning
that 0'8; = 0'¢; = 0's; = 0'o; = 0; %TjT and o;; are transverse and traceless tensors, with
't = 0"t = 0'oij = §Y0i; = 0. By performing the same SVT decomposition on the
generators of gauge transformations, one can check that the following Bardeen’s variables are
gauge invariant [247]

w=—¢+%k—%%x,
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Gzé(H—A)\),

In terms of those the first order Einstein tensor is given by [248]:

G =-A0,
G =—0y0,0,

1 1
G<7):—§aiaj(2w+9)+6ij S ARY+0) -0, . (5.24)

v

We then substitute this decomposition into Equation (5.6) and use the conservation law

9, Th" « =0, to find that some of the equations are automatically satisfied on shell, while the

others can be simplified to

AfO=-8rG (1—D]:2—2A]:0) PDM
AEZ = —167wG (1 - DFQ) Si

D’yiTjT = —167G (1 - D./."Q) 0ij - (525)

In order to understand the physical consequences of Equation (5.25), one needs to write explicitly
the fractional operators JFy 2, thus selecting a relavistic fractional gravity theory. We will focus

on SFG and TFG, as they provide the clearest interpretations.
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In SFG, one has Fy = —F/2, and F2 = 0, resulting in

A =-81G (1+AF) pou s
A¢ - 47TG [(1 - A.F) pDM — 3608] 5
AY; = —1671G s;,

O,y = —167G oy; . (5.26)

Due to the peculiar form of the coupling between DM and gravity in SFG, the vector and
tensor modes are not modified with respect to GR. In particular, gravitational waves have two
polarizations and propagate at the speed of light. New features appear instead in the scalar
modes 6 and ¢. When the non local interaction is neglected, the conservation of the energy
momentum tensor implies that these degrees of freedom do not propagate, leaving as the only
propagating modes the pure tensorial ones, representing gravitational waves. However, in the
current framework, this is not the case, since the presence of F([J), containing inverse powers
of the d’Alembertian, implies that these scalar modes do propagate. In fact, the solution of
(5.26) for 0 is

0(t,x) =2G d3x /M—FQG B’ pDM(t_‘X—X/‘,X/)—I_
R3 |x — x/| R3 x — x|

42 SG t—|x—x'| pom(t!, x)
3 — 1 /RS / t _ t/) |X X/|2]2_5 ) (527)

with an analogue solution holding for ). The above expression comprises three terms: the

first one is the instantaneous Newtonian solution, the second one represents the generation
of a scalar wave propagating at the speed of light in vacuum, and the last one is of non-local
nature. The Heaviside function in this last term restricts the integration in the interior of the
past light cone, thus preventing acausal or superluminal motion (we refear to Appendix C for
a derivation of the retarded Green function for the fractional d’Alembertian with s > 1 in
Minkowskian spacetime, whose convolution with the density yields the last term). Note that, if
the source is static, the two Bardeen variables are related to the two scalar potentials of the
post-Newtonian expansion via ¢ = ®, § = —2W. The appearance of scalar propagating degrees
of freedom alongside gravitational waves is a common feature of many scalar-tensor gravity

models which predict a massive or a massless scalar field satisfying a modified Klein-Gordon
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equation [249, 250, 251, 252]. In the present model these scalar modes are associated only with
the DM component and feature both a static and a propagating term.
In TFG, one instead has Fy = 0, and F2 = F, resulting in

A = —87G (-0)'* ppu
A¢ = 4nG (—D)l_s (,ODM — 3608) y
AY; = —167G(-0)' s,

Oy = —167G (-0)' 05 . (5.28)

In this case all the modes get modified with respect to GR by the action of the same non-local
operator, namely the Fractional d’Alembertian of order 1 — s. It is instructive to look at the
solution for the pure tensorial modes ;" = 167G (—~0)~%0;;. Reffering again to C, the solution

is given by

25 2sG t—|x—x' O-A,<t/ X,)
TT (¢ x) = d3x '/ LA . 5.29
72j ( 7X) S— 1 /]R3 t—t/)2 _ |X—X/|2]2_S ( )

The departing from the standard GR result is transparent. There the integration is along the
boundary of the past light cone, so that the solution describes gravitational waves propagating
at the speed of light. When the fractional interaction is present however, the memory effects
associated with non-locality imply that the integration must be taken over the entire observer’s
past light cone. Thus, the solution (5.29) describes wavepackets that, although featuring a
maximum on the light cone, have power-law tails propagating in its interior. The speed of
light still represents the limiting velocity for the propagation of the signal, so that causality is

preserved, but it cannot be thought as the characteristic speed of the wavepacket.

5.3 Testing RFG with lensing data of galaxy clusters

We now aim to test the weak fielf limit of RFG by exploiting gravitational lensing data of galaxy
clusters. In this context, it is customary to define the angular distances between the source and
the observer Dy, the lens and the observer D;, and the source and the lens D;g, where in a flat

FLRW Universe
c % dz

Dy = —— —_— 5.30
P T4y L HE) (5:30)
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holds in terms of the Hubble parameter H(z) = HZ [Qm (1+2)3 41— Qy]. Hereafter the angular
distances are computed in the standard ACDM cosmology with parameters from [253].

In the thin-lens approximation the lens is considered to lay on a two-dimensional plane,
since its dimension along the line of sight is much smaller than the other distances involved. In
such a case the lens primary function is to deflect the light beams coming from the source by

an angle on the lens plane given by

&::/Zjdwiﬂ_(@uiw);q“R”w) : (5.31)

where V 1 represents the two-dimensional gradient operator, which is perpendicular to the path
of the light, R denotes the two-dimensional projected radius on the lens plane, and w indicates
the coordinate that specifies the position along the line of sight. The deflection angle & can be

described using the effective lensing potential &= (D;/Dys Ds) v L Plens, where

(5.32)

Dy Dy [T (R, w)+VY(R,w
B () = D50 [ (LRI

The Laplacian A, of Equation (5.32), taken with respect to the three dimensional radius
r = v R2 4+ w?, defines the so called ‘convergence’

(5.33)

DDy [+ (R, w) + U(R,w
K}(R):T 3 d’UJAT( ( )202 ( )> .

Neglecting the contribution of baryons, in RFG we have from Equations (5.10) and (5.11)

the relevant expressions

AP =41 G (1 — FA)pou = 41 G pY, ot » (5.34)

AV =471 G (1 — (4]:0 + .7:) A)pDM , (5.35)

where ng o denotes the effective density appearing in the Poisson equation in the Newtonian
limit of the theory.

The convergence is then

1 +oo
W) = 5— [ dw (e —2F0 A pon) (5.36)

Zcri‘c —00

in terms of the so called critical surface density Y = (¢2/47G) (Ds/Dys Dy). As we have
shown in Chapters 3 and 4, FG effects tend to become negligible on large scales. This implies

that background cosmology and thus the angular distances D;; entering the lensing analysis are
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not appreciably altered with respect to their standard expressions in ACDM. Moreover, the
standard lensing formalism recalled above can be applied, since on large scales the metric in the
weak field limit over an expanding background can be approximately put in the same form as
GR [254], apart from the difference in the gravitational and lensing potentials induced by FG
effects within virialized structures.

In SFG Fy = —F/2 holds and the convergence from Equation (5.36)

1 +o0

ksra(R) = > / dw ppy (5.37)
crit J—oo

coincides with that of GR; in this case the gravitational potential is sourced by the effective

density ng o While the convergence is determined by the local DM density ppy. In TFG Fy =0

holds and the convergence reads:

1 +o00 N
wrre(R) = 5 — [ dw s (539)

2Crit; —00

in this case both the gravitational potential and the lensing convergence are generated by the
same effective DM density ng o In EFG Fy = —F/4 holds and the convergence

1 [t N
rprG(R) = o / dw [ Poueft T PDM 7 (5.39)
ECI‘lt —0o0 2

involves a sort of arithmetic average between the local and effective density distributions, which
retains some difference from the source of the gravitational potential ng off -

The EFG model can be motivated by the fact that it is the most natural way to combine
the scalar and tensorial parts of the action in a single term. However, it may suffer of problems
at the scales of galaxies, since recent data (e.g., [255, 256]) indicate a remarkable agreement
among DM mass estimates based from weak lensing (that depend on lensing convergence) and
from kinematical measurements of galaxy rotation curves (that depend on the gravitational
potential); the tension can be even stronger for the SFG model and other flavors of the theory.
From this point of view, the TFG model may instead be preferred since it is the only FG
framework where such an agreement is ensured by construction. We will therefore present the
analysis of cluster lensing data for both the EFG and the FG model (recall that as for lensing
the FG coincides with GR).

Specifically, we test FG by exploiting the lensing convergence profiles of the individual and
stacked clusters from the CLASH sample [257, 258, 259]. This consists of 20 galaxy clusters
with redshifts in the range 0.2 < z

reconstructed from a joint analysis of weak lensing shear/magnification data and strong lensing

< 0.7 for which radial convergence profiles have been

~
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observations. We discard one of the X-ray selected cluster (RXJ1532) from the CLASH sample
since no multiple images have been identified in it and therefore the mass reconstruction is
based only on wide-field data. For the sake of simplicity, as in [257, 258] we report and analyze
the CLASH data in terms of ko (R) profiles, meaning that the ¥ is computed in the limit of
a very distant source (i.e., zs — 00).

We adopt a Bayesian framework, characterized by the parameter set
0 = (s,log {/rs,log Maoo, log caoo) , (5.40)

where s and £ are the FG index and lenght-scale, while Mgy and cogg are the DM mass and
concentration at Rogg, the reference radius within which the average DM density is 200 times
the critical density of the Universe, and rs = Ragg/co00 is the NFW scale radius. We assume a
Gaussian log-likelihood

InL£(0) = —x%(6)/2, (5.41)

where the chi-square x%(0) = >ij [KM(0,7;) — k2 ()] Cigl (240, 7;) — KD (r;)] is obtained by
comparing our model expectations £24(6,7;) to the data values xZ (r;), summing over radial
coordinates r; and taking into account the variance-covariance matrix C;; among radial bins (see
[257]). More in detail, our fitting model is constituted by koo (R) profiles computed according to
Equation (5.38) for TFG or (5.39) for EFG; note that in our analysis we neglect the contribution
to the convergence profile from baryonic matter (e.g., stars, hot gas) since this is expected to
be subdominant in the range of radii probed by the CLASH data.

We adopt flat priors 7(f) on the parameters s € [1,3/2], log¢/rs € [—3,1], log ca00 € [0, 2]
and log Moo [Me] € [12,16]. Moreover, we include a log-normal prior to take into account the
relation cog9 — Magp as measured from N —body simulations in the ACDM cosmology [151, 260]
with dispersion around 0.15 dex. Two caveats are in order. First, we choose to fit the ratio
¢/rs rather than ¢ itself. As shown by our previous analysis of galaxy rotation curves, ¢ is
not expected to be universal across all scales; instead, it likely depends on halo mass and
possibly other environmental properties. By contrast, the ratio ¢/rs is expected to be more
nearly uniform across different systems. However, again from our analysis in Chapter 4, one
can anticipate that even the ratio ¢/rs will be poorly constrained when focusing on massive
galaxy clusters, since at these scales the index s is expected to deviate mildly from one (FG
effects are expected to be weak), and the overall normalization of the effective mass profile

225 The second caveat concerns the adopted prior on the cag9 — Mago

solely depends on (¢/r;)
relationship. From the thermodynamic analysis of the XCOP sample we have found that in
FG the concentration scales with halo mass very similarly to the ACDM case; this is again a

manifestation of the fact that FG effects in massive clusters tend to be weak. Thus in the present
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analysis we impose a standard ACDM prior on the halo concentration vs. mass relationship;
however, we have found a posteriori that the impact of the adopted prior on the outcomes of
our analysis is mild, though it helps somewhat in constraining the fractional index s and hence
to highlight the fractional deviations from Newtonian gravity.

We sample the parameter posterior distributions P(0) oc £(6) w(#) via the MCMC Python
package emcee [152], running it with 10* steps and 100 walkers; each walker is initialized with a
random position extracted from the priors discussed above. To speed up convergence, we adopt
a mixture of differential evolution and snooker moves of the walkers, in proportion of 0.8 and 0.2
respectively, that emulates a parallel tempering algorithm. After checking the auto-correlation
time, we remove the first 20% of the flattened chain to ensure burn-in; the typical acceptance
fractions of the various runs are around 30%.

The results of the fit to the convergence profiles ko (R) are shown in Figure 5.1, where the
solid lines with shaded areas illustrate the median and the 20 credible interval, in magenta for
EFG and in cyan for TFG; for reference, dashed lines display the bestfits in Newtonian gravity.
All in all, both the EFG and the TFG fits are always very good, both in the inner and outer
portions of the convergence profiles. Note, however, that in the outermost radial range the
two-halo term (from large-scale clustering) can somewhat alter the profile, and this has not
been included in the present analysis.

In Table 5.1 the marginalized posterior estimates (median and 1o confidence intervals) of
the parameters are reported. In about half of the clusters a deviation of the index s from the
Newtonian gravity value of 1 is favored. The ¢/rg ratio, due to its degeneracy with the s and
the mass Msq, is marginally constrained, and in many instances only a loose lower limit can be
inferred. The estimates of the mass (concentration) tend to be slightly smaller (higher) than in
GR, though consistent within the 20 uncertainties. Unfortunately, the present quality and radial
extent of the data does not allow to statistically prefer the FG fits over the general relativity
ones, or to discern a clear preference for EFG vs. TFG, in terms of reduced x? (nor Bayesian
evidence criterions). However, we can fairly conclude that both the FG models perform decently

well on this data sample, at a level comparable with the standard general relativistic setting.
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CLASH in FG: Convergence profiles
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Figure 5.1. Fits to the lensing convergence profiles ko (R) of the individual and of the stacked
CLASH cluster sample according to the EFG (magenta) and TFG (cyan) model. Solid lines
with shaded areas illustrate the median and the 20 credible interval from sampling the posterior
distribution. Dashed black lines display, for comparison, the bestfits in general relativity. The
vertical dotted line marks the Einstein radius in the lens plane, on assuming a reference source
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Table 5.1. Marginalized posterior estimates (mean and lo confidence intervals are reported)
for the parameters from the MCMC analysis of the CLASH clusters in EFG (first lines), in
TFG (second lines) and in GR (third lines, with s = 1). Columns report the values of fractional
index s, fractional length-scale log ¢/rs, concentration log cagp, DM mass log Magg[Mp] in solar

units, and the values of the reduced x? for the overall fit.
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Cluster s log ¢/rs log o200 log Mo %
<111 > —0.98 0.72709 1492708 .97

MACSJ0329 <1.07 —0.7075:8 07275 14.88703)  0.98
1 0.66701;  15.02700%  0.83

<115 > —0.72 0.607010 15417018 0.89

RXJ1347 < 1.08 —0.56755,  0.6170% 15377010 0.89
1 0491041 15517508 0.76

1317059 0.08703% 0587013 15147035  0.85

MACSJ1149  1.201097 0.0170:33 0.637514  15.08%02%  0.86
1 017105 15417507 0.83

1177507 > —0.13 045709 15297018 168
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<117 > —0.19 06270 15.08T01F  0.68
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1 0507017 15117005 0.57

1.367052 0.36 7057 0.6870 1505702  1.10
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1 0.23701 15277508 145

1187008 > 0.28 0.647059 148870 0.74

STACKED 1.107004 > 0.14 0.697011 14847005 0.83
1 0467005 14917003 0.94

5.4 Summary and conclusions

In this chapter we have extended the fractional gravity framework to a full relativistic theory,
deriving the field equations from an action which features the coupling between curvature and
the dark matter SET (considered to be the one for dust), mediated by non-local operators. To
be more general, we have considered both a scalar RFy(J) Tpy, and a tensorial R, Fo () T; st
coupling. The resulting field equations make transparent that, in the context of fractional
gravity, the spacetime curvature is sourced not only by the value of the DM density, but also
by its space and time variations, leading to a much richer dynamics for non-homogeneous or
non-static systems.

We have then derived the weak field and Newtonian limit of the field equations, showing
that in the latter case the fractional Poisson equation (3.1) is correctly reproduced, provided a
relation between the two non-local operators Fo([J) and F2(0J) holds. Since this requirements
does not completely fix the form of the coupling, we have considered different viable fractional
gravity theories, dubbed Scalar (SFG), Tensorial (TFG), and Einstein (EFG) fractional gravity.

Inspired by the form of the field equations, we have noted that they can be written as
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Einstein equations sourced by an effective DM SET, which includes the non-local coupling with
gravity G* = 8rG T} ;. Remarkably the latter can be interpreted as the SET of a fluid with
a modified energy density, an emerging isotropic pressure and anisotropic stress, as we have
shown explicitly in the weak field limit. This fact clarifies the physical mechanism which turns
the density distribution sourcing the classical Poisson equation, to its effective counterpart (3.6).
Indeed, the latter emerges dynamically as the result of the action of the non-local isotropic
pressure, which keeps gravitating even in the Newtonian limit.

Finally, we have tested TFG and EFG against the lensing convergence profiles ko (R) of the
individual and of the stacked CLASH sample, consisting of 20 galaxy clusters with redshifts
in the range 0.2 < z < 0.7, finding that both the FG models perform decently well on this
data sample, at a level comparable with the standard general relativistic setting. This is in
accordance to the scaling of the parameters s and ¢, found in Chapters 3 and 4 in the Newtonian
limit of fractional gravity.

To summarize, in the last three chapters we have explored the effects of fractional gravity in
gravitationally bound systems, in the Newtonian and weak field relativistic limit, finding that it

is able to:

e Fit the rotation curve of galaxies of different shapes and types, from ultra-diffuse dwarfs,
to HSB and LSB spirals, at a level better or at least comparable with standard Newtonian
gravity. In particular the greater departure from the latter occurs in the smallest systems,

when FG always performs better at the level of the reduced x? and BIC.

e Solve the cusp-core problem of CDM by modifying the equilibrium density profile through
the action of a pressure component, emerging dynamically from the non-local coupling

between dark matter and gravity.

e Reproduce and explain naturally the empirical relations observed in spirals between dark

and luminous matter, as a consequence of non-locality.

« Fit the density, pressure, and lensing convergence profiles of galaxy clusters of the X-COP

sample, at a level comparable with Newtonian gravity or GR.

Despite these remarkable successes in gravitationally bound astrophysical systems, a complete
treatment of fractional gravity in the relativistic regime remains out of reach, as the field
equations (5.14) are far too complex to admit solutions even under simple metric ansitze. The
main difficulty arises from the fact that the nonlocal operators appearing in the equations
are functions of the fractional d’Alembertian, whose explicit form depends on the metric
itself, which is the unknown to be determined by the same field equations. In the non-local

gravity literature, this difficulty is sometimes circumvented through simplifying—albeit rather
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speculative—assumptions. In the context of cosmology in higher derivative theories of gravity
several authors look for solutions satisfying relations of the type R = AR + A9 [234], or
OR, = MRy + A2 g [178], so that the action of the n-th power of the d’Alembertian on the
curvature can be easily computed. In the analysis of black hole solutions in non-local gravity, it
is customary to work in the weak field limit of the theory, justifying this assumption a posteriori
by checking that non-local effects remove the central singularity [233]. In our view, assumptions
of this kind lack a solid theoretical justification, and the resulting solutions, although leading to
interesting scenarios, should therefore not be regarded as physically meaningful.

In the second part of this work, we adopt a different approach to the problem by studying a
local model, dubbed non-minimally coupled dark matter (NMCDM), whose action is inspired by
that of EFG. In the absence of non-local operators, the field equations of NMCDM can be solved
in both cosmological and black hole settings, leading to remarkable results. These findings can,

in turn, provide valuable insight into the behavior of fractional gravity in analogous scenarios.
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Chapter 6

Non-Minimally Coupled Dark
Matter

6.1 Introduction

The main lesson to be learned from the previous chapters is that, although we have successfully
formulated a generalization of Fractional Gravity within the framework of General Relativity, the
resulting field equations are far too involved to be solved in a fully relativistic setting. Ultimately,
this difficulty stems from the presence of the fractional d’Alembertian in the non-local operators
Fo(O) and F»(O), whose explicit form depends on the geometry of the system—and therefore
on the solution of the field equations themselves. This problem can be addressed only in the
weak-field regime, since in that case the deviation of the d’Alembertian from its Minkowski-space
expression can be regarded as second order and therefore neglected.

Following this line of reasoning, one might be led to explore a model in which the coupling
between dark matter and gravity takes a form similar to that of Fractional Gravity, but without
involving non-local operators, and to use it to investigate phenomena that require a fully
relativistic treatment, such as the formation of black-hole-sized objects or the evolution of
the Universe. The results obtained using this model, hereafter referred to as Non-Minimally
Coupled Dark Matter (NMC-DM), can then be used to guide our intuition about how the
systems under consideration would behave in the context of Fractional Gravity.

The plan of this chapter is as follows: in Section 6.2 we introduce the specific model under
analysis and we derive the associated field equations, showing that they can be interpreted in
terms of an effective stress-energy tensor (SET) for the dark matter component. In Section
6.3 we solve the equations with a spherically symmetric, static, asymptotically flat ansatz for
the metric, and argue that the main properties of the solutions allow us to interpret them as

regular, horizonless, ultra compact objects (UCOs); in Section 6.4 we present the geodesics
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of UCOs spacetimes, with a particular focus on the appearance of a pseudo-shadow due to
extreme lensing effects; finally, in Section 6.5 we summarize the results, and discuss the possible

astrophysical implications of these solutions.

6.2 Non-minimally coupled Dark Matter

For DM masses m, ~ 20 — 100 GeV, the upper bound on the dark matter-nucleon cross section
is of the order o,y < 104" e¢m?, slightly above the irreducible neutrinos background, and much
smaller than the cross section o, ~ 10736 cm? required by the WIMP miracle. These results
seem to indicate that, at least for the range of mass considered, there is little room left for a
WIMP miracle, and that either CDM particles have a very different mass, or they interact with
themselves and with the Standard Model ones with very different strengths. On the other hand
the current constraints on the weak force for CDM particles open the captivating possibility of
considering non Standard Model interactions for particles in the WIMP mass range. Nonetheless,
we expect these effects to become relevant at sufficiently high densities to avoid contradiction
with the standard CDM model on large cosmological scales. An order of magnitude estimation
can be found by requiring the mean free path Apg, = my/py 0y of the DM particle to be of
the same order of the curvature radius (expressed, e.g., by the inverse of the square root of the
Ricci scalar) R. = ¢(87Gp, )~ /2. This leads to the definition of a threshold density

o= () (‘;) , 6.1)

above which the interaction starts to have macroscopical gravitational effects. Assuming a

0730 cm?, leads to a threshold density of

mass m, ~ 100GeV and a cross section o, ~ 1
pen ~ 102 g/cm3, much larger than the universal background, and to length scales Amfp ~ Re ~
10'? cm, typical of stars or massive compact objects. Nonetheless, we note that such high
densities for dark matter are not pertaining to current virialized halos, but could have been
attained in the early Universe. Since almost the only certain thing about dark matter is that
it couples with gravity, a natural choice for this interaction is a non-minimal coupling with
the gravitational field, i.e. o\, — 0,4. Sufficiently small values of o,, suggest the intriguing
possibility that the non-minimal coupling with gravity could have a universal nature, being
present also for Standard Model particles, but that for the latter it would be non relevant
because its strength is outclassed by the Standard Model interactions. On the other hand,
lacking any other stronger interactions, the non-minimal coupling would be effective for CDM
particles.

As we did in fractional gravity, also in the non-minimally coupled dark matter model we
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assume cold dark matter (CDM), characterized as a pressureless fluid, to be non-minimally
coupled with the spacetime curvature. Although the coupling can be realized in general with a
combination of a scalar and a tensorial term ag RThy + a9 RWTI% in the action, we choose
the particular combination ag = —ag/2, so that the dark matter SET couples directly with the
Einstein tensor. As we will show below, at leading order this choice allows the non-minimal
coupling to be interpreted as a gravitationally mediated interaction between luminous and
dark matter, as well as a gravitationally mediated self-interaction of dark matter, thus being
consistent with our interpretation in terms of a cross section oy..

Neglecting baryons for simplicity, the total action of the theory then reads

1

SNMC = /M d4ZE V=g |:167TGR + ['DM + €L2GHV T#ﬁ , (62)

where the first term is the Einstein-Hilbert Lagrangian and L), denotes the DM Lagrangian.
As for the non-minimal coupling term, we consider a perturbative-like construction where
Th = (2/v/=9) 0 (/=9 Lom)/ 89y is the DM stress-energy tensor of the minimally coupled
theory. In [261] the authors have shown that for a barotropic fluid the Lagrangian £ = —p leads
to the desired energy momentum tensor of a perfect fluid, provided the conservation of particle
number V,(pu*) = 0 applies. As we will see below, this equation fails to be valid once the DM
becomes non-minimally coupled with gravity, hence it is not clear how to select a suitable DM
Lagrangian from which T}, = pu* u” can be derived. This fact, although being problematic
at conceptual level, is irrelevant in the present context since the DM Lagrangian does not
appear explicitly in the field equations, which we will consider a valid effective description of a
non-minimal coupling.

To complete the interaction Lagrangian we include the characteristic length L required for
the correct dimensionality, and € = £ 1 which is a dimensionless ‘polarity’ parameter. The
length L can be seen as the macroscopical manifestation of the cross section to mass ratio
Oyg/my and, as we will make clear in the next section, it will completely determine the scales
of the solutions. The polarity parameter e is instead related with the nature of the non-minimal
interaction. It has been shown that in a model with many similarities [135], the choice e = —1
leads to stable cored configurations for DM halos, while the opposite choice leads to very cuspy
inner shapes. In the present context of ultra-compact objects we initially considered both
possibilities, but found that the case ¢ = +1 always generates singular solutions, with the
emergence of wormhole-like effects; as our focus is on regular configurations, we will set e = —1.
With the language of Chapter 5, the NMC-DM model can then be seen as a localized version
of Einstein Fractional Gravity, in which —2F, = F = —L?.

Non-minimal coupling between DM and gravity can also be interpreted as a DM self-

interaction mediated by gravity. This fact can be seen rigorously through a disformal transfor-
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mation into the Einstein frame, which turns the action (6.2) into

SNMC = / d4$ \/ — |:]_6(;R + f(/% f],w) + g (p) EDM 5 (63)

that is a minimally coupled fluid with non-trivial self-interactions. A less rigorous, but more
intuitive way to understand this self-interaction is by truly employing a perturbative construction
with R = RO 4+ ¢RM £, = L'l()?\% + E,C]()ll\i and L? = L?; the action then takes the form

©0) _ e /5 ©) . 0
SNMC /M d*z 167r GR + Loy |
) 4r /=G _ W 4,0 ) (O) v | _
Sxato /M de 167 GR + Lt — LGL)T ]
= /M d*z /=3 i GR(1> + L5 — 8r G L2 TOTO W] , (6.4)

where in the last line we used the 0''-order Einstein equations. While this construction effectively
shows the self-interacting nature of the non-minimal coupling, having a 7, 7" term in the
action, we will consider the action (6.2) in its completeness to address non-perturbative effects

of this coupling.

6.2.1 Field Equations and effective stress-energy tensor

The field equations of the theory can be derived direclty from those of RFG (5.14) with the
substitution Fy = —L?/2, Fo = —L?. We thus obtain

S G =T~ I [(GM 4 g O - VUV Ty - TR 42V VT,
R v T
Py (Tgmq — 9" Tom) — %

DM

~g"Va Vs il — 5

o Tsﬂ | (65

Also in this model the DM stress-energy tensor is not conserved, as can be seen by taking

the covariant divergence of (6.5) and using the contracted Bianchi identities

R
V M = L2 {QV (R)\ ) + — VV TDM VVR;,LA T]#Ij{\
R v Thu o
—V l (TSM - g'u TDM) T Raﬂ Tm?] } . (6-6)
DM

As we did in Chapter 5, we can view Equation (6.2) as the Einstein field equations of General

Relativity sourced by an effective energy tensor G** = 8xG T . The latter features both a

DM eff -
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radial and a tangential pressure, and thus it can be written in the most general form as
T[?l\l;eff = Pomeft uu” + Q]I;M effuy + ng efqu + Pomeff R+ Trgll\,d eff * (67)

Here ppyeft is the energy density measured by an observer comoving with the fluid; ¢l .4 is
the spacelike heat flux vector, with ¢4\, .¢Gupvesr = +1, ¢hy gy = 0; WY = g + wiu” is the

projection of the metric on the hypersurface orthogonal to u*; ppyes is the isotropic pressure,

%

. . . v L pv _ pyo
oueff the traceless anisotropic stress, with w,m ¢ = 75 oty = G T™om = 0. They can

and 7

be recovered by contraction

1
PDMeff = TSK/Ieﬁ” Uy Uy Pom = ghlﬂf TSK/IEH )
124 v 1 v
ng off = —hh ToN e v ”g;[ ot = N, hﬂ T];ll\feff ~3 R hag T[?l\feﬁ . (6.8)

In particular, in the weak field limit, when one assumes g,,, = 7, + €Y, the effective DM SET
takes the simple form

T =Tk + L2 [T + (0" 0" — ' 0) Tpy ] - (6.9)

DM eff

If we consider an observer comoving with the fluid, u* = &f, h,, = diag(0,d;;), and the

components of the effective SET can be written explicitly

PoMeff = Ppom — L2 33 PpM 5
2
Pomeff = L? <3 A — 6(2)) Pom 5
0 =0 % — _L2 81 b
dpm eff » dpmeft 0 PpM 5
. 1 .. o
TrlZ)JMeff = L° <36”A - ala]) Pom - (6.10)
Equation (6.6) then expresses the conservation of the effective DM SET; in particular, its
projection onto the fluid velocity u* is a continuity equation for the DM fluid, while the projection
on surfaces orthogonal to u* yields the relativistic Euler equation, where a dynamically-generated
force emerges, implying a deviation of the DM fluid from the geodesic motion. All that suggests
the remarkable possibility that the non-minimally coupled DM fluid can settle in a hydrostatic
equilibrium configuration where, to use a Newtonian language, the pressure gradient balances
the gravitational attraction. This motivates us to look for static solutions of equation (6.5) in a

spherically symmetric configuration.
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6.3 Ultra-compact objects of NMC-DM

We look for a static, spherically symmetric, asymptotically flat and regular solution of equation
(6.5). In terms of the time ¢ measured by a static observer at infinity, the areal coordinate r,
and the angular coordinates 6 and ¢, the ansatz for the metric can be written in full generality

as
_2GM(<r)

—1
" ) dr? + r2(d6? + sin? 0 d¢?) . (6.11)

ds? = —e2®() @2 + (1

The metric depends on two unknown functions, namely the Newtonian potential ®(r), and
the cumulative mass distribution M (< r). The latter can be identified with the Misner-Sharp
mass, that is the combined total energy of the fluid and gravitational field inside a sphere of
radius r. Another unknown is represented by the density distribution of the DM fluid in the
hydrostatic equilibrium configuration p(r). Altogether one has to deal with 14 equations: 10
field equation s (6.5) and 4 conservation equations (6.6), but the form of the metric and the
general covariance of the theory imply that 11 of them are either identically zero or equivalent
to the remaining 3, thus leaving just 3 independent equations for 3 unknowns.

In particular, choosing the t¢ and rr components of (6.5) and the r component of (6.6), we
obtain a system of first-order ordinary differential equations in (M, p) and a trivial equation for

®. For the numerical integration will be useful to rescale the variables as
QL 2

. c
81 G

r— Lz, M(<r)— M(< x), p(r) — mﬁ(m) (6.12)

(where we have written the speed of light explicitely), using which we can write the system of

equations in (M ,p) as

GO

L= p(z)’

_4mr () + M(< @) [L— p(a)]*
4x [47‘(:(} — M(< H?)} [1—p(x)]

M'(< z) = 4ma?

(6.13)
#x) =

The equation for the gravitational potential can be directly integrated in terms of M’ or of p as:

1,2

®(z) =Pg+1n =
(=) ° A 2?2 + M'(< x)

] =®g+1In[l - p(z)] , (6.14)

where @ (or &y = ®¢ — In47) is an integration constant to be set by the boundary conditions
(see below). The form of the effective DM SET simplifies in this context, since staticity and
spherical symmetry respectively imply that u, = (u,0,0,0) and g, = 0. Furthermore, the

radial and tangential pressure components are given by p, = p+ 7, pr = p + 7Tg , with the
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constraints ’7Tg = ﬂi = —m, /2. The explicit form of the effective density and radial pressure in

terms of p(z) and M (< x) are given by

R oz . drad3p?(z) — M(< z) [1 — p(2)]?
peﬁ-‘(w):(i), pr(z) = P 5 ( A) [2 Plo) : (6.15)
1—p(x) 8rad [1 — p(x)
while the tangential pressure has the more involved expression
. 1 r2
pe(x) = — - 5M?(< x)+
6473 {47@ - M(< x)}
. 92 _ 2] A2 —[4—-9 2] 4 9

[1— o))

[1— )

Note that the condition p(x) = 1 defines a critical density p. = ¢?/87 G L? for which the radial
pressure and the effective energy density diverge. We have solved equations (6.13) numerically
with initial conditions M (0) = 0, 5(0) = po. As it is evident from the first equation, in order
for M’ to be well behaved near the origin po € [0, 1] must apply. We thus obtain a continuous
family of solutions differing by the central value of the density, with pp = 1 (that is p(0) = p.)
representing the limiting one.

We identify the boundary of the compact object Rp with the radius where the effective radial
pressure drops to zero, so that no net radial force acts there. For » > Rj, we have matched our
solutions with the Schwarzschild metric, since the theory must reduce to General Relativity
where the DM stress energy tensor vanishes. Note that in more realistic situations the UCOs
are expected to live in an ambient DM environment, but the idealized solution considered here
is a good approximation as long as the density in the interior is orders of magnitude higher
than that outside. For the range of densities considered in this work, the latter condition is
certainly met if UCOs live inside DM halos, where the average density is ~ 200 X p., where
pc is the critical density of the Universe. The normalization of the potential (6.14) is chosen
such that ®(R,) = 3 In [1 - 20%7(};&)}’ and we have set M (< r) = M(< Rp) and p(r) =0 for
r > Ry. However, note that the density drops to zero from a finite value at Rp; physically this
can be interpreted by stating that, beyond Rj, the DM particles can diffuse freely from the
equilibrium configuration, thus reducing drastically the value of the local density.

An alternative choice would be to define the boundary as the minimum radius R, at which
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the density attains zero, i.e. p(Ry) = 0. However, since R, > Ry, we have p,(R,) < 0, so that
the DM fluid would feel an attractive pressure at R,, making its identification as a boundary ill
defined. This ambiguity is not present in General Relativity, where the equilibrium configuration
of a spherically symmetric star is found by solving the Tolman-Oppenheimer-Volkoff equations:
the form of the latter implies that, for any reasonable equation of state of the matter fluid,
the density and pressure approach zero at the same radius, making the identification of the
boundary straightforward. In our model, since gravity is generated not only by the DM density
but also by its radial variations, the equation of state for the effective stress energy tensor is far
from trivial and no simultaneous roots of p and p, are present.

It is interesting to notice that the choice of boundary R ensures that the potential ® is
of class C!, while the derivative of the mass M’(< r) has a discontinuity at the boundary due
to the sudden drop of density. We have checked that having instead identified the boundary
with R, would have resulted in a mass function of class C! and a discontinuous derivative of
the potential ®. In particular, it is not possible to make both components of the metric to be
of class C'! over the entire domain. However, a discontinuity in the derivative of the potential
would have much deeper consequences on the physical structure of the spacetime.

The extrinsic curvature &, (r) for a surface of constant radius has a discontinuity at the
surface Ry, while it remains continuous using the boundary Rp; this discontinuity is inherited
by the expansion and shear tensors for a congruence of geodesics, which at the physical level
means that nearby free-falling particles would perceive a jump in their relative velocities, that is
an infinite relative acceleration. While the choice of boundary Rp removes such divergences, the
relative accelerations of nearby geodesics, as well as invariant contractions of curvature tensors,
will have a jump at the boundary. These jumps are unavoidable because they result from the
drastic change in gravitational interaction caused by a hard boundary on the extent of the
non-minimal coupling. In a realistic setting we expect the non-minimal interaction to diminish
smoothly in such a way that the energy density and the curvature tensors get regularized.
Nonetheless, we accept and interpret these discontinuities as an effective description for a very

sharp falloff in the interaction.

6.3.1 Properties of the NMC-UCOs

In Figure 6.1 we illustrate the density p(r), the cumulative mass M (< r), the metric components
g} and —gy, the effective radial pressure p,(r), and the temporal component of the extrinsic
curvature —rky (1) for a surface of constant radius. The colormap refers to the different solutions
parametrized by the value of the central density, with the limiting solution with pg = 1
highlighted by the dashed black line.

First of all we notice from the top-left panel that there is no solution for py < 1/4; this
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Figure 6.1. Radial profiles of UCOs solutions: density p(r) (top left), cumulative mass M (< r)
(top right), metric component ¢g"" (middle left), metric component —gy, extrinsic curvature
component —ky (bottom left), and effective radial pressure p,(r) (bottom right). The various
solutions are parameterized by the allowed values of the central density p(0), as specified by the

color scale. The dashed black line highlights the limiting solutions featuring the maximal value
of the central density.
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minimum central density is the one for which the central radial pressure

. po(4po—1)

Pro ~ (617)
6 (1 — po)”

is zero and the solution becomes trivial. For smaller central densities it is not possible to define
the boundary R} without introducing a negative energy density for the fluid, which is unphysical
for a standard DM framework. Being left only with the possibility of the ill-defined boundary
R,, we argue that central densities gy < 1/4 are not sufficient to sustain a stable solution. The
density range of the solutions is therefore extremely small, with central values py € [0.25, 1]
and values at the boundary p (Rp) € [0.25, ~ 0.422]. In fact, these solutions are present only at
a precise scale and have a particularly steady density in their interior, suggesting a physical
process well-localized in the density domain.

In particular, the small range of the rescaled central density po(z) and mass M (z) implies
that these objects cannot be relevant for the behavior of entire DM halos. In fact, in principle
the value of L could be rescaled by orders of magnitude up to galactic length scales; however,
this would lead to a correspondent rescaling of the physical mass and central density of the
object. Taking, for instance, L ~ 3 x 10?2 cm ~ 30 kpc, corresponding to the radius of the core
of the Milky Way halo [262], would result in M =~ 106 M, while the estimated virial mass of
the entire halo is only M ~ 10'2 M. At the same time the density of the object would amount
to p ~ 107 1% g/cm?, compared to the estimate of p ~ 10723 g/cm? for the Milky-Way core [262].

The radial density profile shows that the solutions grow in size with the central density up
to pp ~ 0.47, after which they start to shrink until they reach the limiting solution. On the
other hand, the top-right panel shows that the total mass M (< R}) reaches a maximum at
po ~ 0.66, after which it starts to decrease; interestingly, the mass of the limiting solution is
almost the same as that of the one with the maximum radius. The mass-radius relation for these
object will then follow a curve similar to the one of strange stars [263], where at low densities
they have small masses and radii increasing concurrently with the central density, while denser
objects have larger masses and radii which instead decrease with the central density.

The metric components shown in the middle panels have familiar profiles, with the notable
exception for the presence of corners in the radial component ¢g"" due to our choice of the
boundary. As discussed before, this behavior at the physical level translates in sudden changes
of particle accelerations due to the discontinuous change in density, while the differentiability of
the temporal component g, guarantees that they maintain continuous relative velocities. This is
explicitly shown by the continuity of the extrinsic curvature displayed in the bottom-left panel,
which in fact indicate that there is no localized stress-energy tensor on the surface. We stress

that the UCO solution does not feature any horizon since the ¢"" component never vanishes.
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As the central density approaches the critical value, the temporal component of the metric
reduces its central value up to zero for the limiting solution. The vanishing of g4 can be
interpreted in a Newtonian sense as an infinite gravitational potential ®, and in a relativistic
sense as an infinite redshift for a photon emitted in the origin and measured at spatial infinity

©(0) — 1. In both cases we can state that for the limiting solution the gravitational field

z=¢e
in the origin is so intense that an infinite amount of energy is required to leave it. Such a strong
gravitational attraction has to be balanced by an equally strong radial pressure, which is in fact
shown to diverge for the limiting solution in the bottom-right panel, in agreement with (6.17).
The divergence of the effective pressure, which by definition corresponds to the rr component
of the Einstein tensor, indicate that the solution becomes singular. However, this singularity
does not have to be interpreted as an exotic naked singularity but rather as a limit for static
solutions before gravitational collapse, as the Buchdahl limit in General Relativity.

Nonetheless, the presence of extreme curvatures suggests that we are in a very strong
gravity regime. In Figure 6.2 we show some relevant length-scales which indicate that the
compactness of the solutions is close to the typical size of a black hole mimicker, especially when
one approaches the limiting solution. In particular, in red we show the radius in mass units,
which approaches the size of the light ring (i.e. the radius where a circular orbit for photons is
allowed) of the Schwarzschild solution R = 3 GM/c?, and in the inset we show the compactness
parameter o = 1 — 2GM (< Ryp) /c® Ry which goes from 1 at pg = 1/4 to ~ 1/3 at pp = 1. Such
a high compactness leads to the formation of two light rings, as usual for very compact regular
solutions, of which the larger describes unstable circular photon orbits and the smaller stable
ones (we will explain the definition of light ring in the next section). Finally, we can conclude
that our choice of naming these solutions ultra-compact objects is thus justified.

As a final remark, we briefly discuss the stability of our UCO solutions. A rigorous
treatment of this issue would require a numerical integration of the equations for time-dependent
perturbations, which is postponed to future works. Nevertheless, we can gain some insight into
linear stability by considering the behavior of test fields. Specifically, the wave equation for a
test field of spin s = 0, 1, 2 can be reduced to an equation for a scalar function v,(r) with form
[264] ,

w + [w? = Va(n)] ws(r) =0, (6.18)

in terms of the effective potential

I

cr

1—s 2GM (< r) (1428)GM(<r)—rGM'(< 7“)] 0(0+1)
— o20(r) 12T\~ /
Vs(r) = e { . { 2 ] P’ (r)+ r(c2r —2GM(< 1)) e
(6.19)
in the above the test fields have been decomposed as W4(t, 7,0, ¢) = e~ Yy,,(0, ) (1) /7, and
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B 2GM(<T)} —1/2
c2r :

7 in Equation (6.18) is the tortoise coordinate defined by r* = [ dre=¢(") [1
The test fields are unstable if there exists an exponentially growing mode with positive imaginary
part. A simple argument for stability [265] can be inferred from the positivity of the potential
Vs(r). In a regular spacetime the tortoise coordinate domain can be extended from [0, c0) to
(—00,00), and the positivity of the potential V,(r) ensures that the operator —% + Vi(r) is
positively definite in the Hilbert space of square integrable functions £2(r*, dr*). The positivity
of the eigenvalues, in turn, implies the absence of growing modes.

Coming to our UCO solutions, the potential is always positive for a s = 1 field, and for a
s = 2 field when ¢ > 1. However, tensor perturbations with £ = 0,1 are generally regarded as
redefinitions of mass and angular momentum, and are not typically considered in the stability
analysis. For a scalar field (s = 0) the potential is always positive for £ > 1, but for £ = 0 it
requires po 2 0.59. All in all, this preliminary analysis suggests then that the most compact
objects are stable against linear perturbations. Note, however, that the presence of a stable
light ring could lead to long-lived decaying modes and nonlinear instability effects [264], but

these require a detailed analysis which is much beyond the scope of this thesis.

6.4 Orbits around NMC-UCOs

To have insight into the physical nature of NMC-UCOs, we analyze both the timelike and null
geodesics of their spacetime. As a matter of fact, geodesics analysis is particularly instructive in
this case, as we expect both massive and massless test particles to interact with the DM fluid
mainly through the gravitational field rather than through the direct NMC, therefore following
its geodesics. As such their motion is described by the Lagrangian for a free falling particle
1. 1 L 1 2GM (<) 5, 1,

L,= 59/“/4”“ &’ = ) 22 {2 4 B 1-— 74( 2 4 3 r2¢? (6.20)
where a dot denotes differentiation with respect to an affine parameter A along the trajectory,
and without loss of generality we have assumed the motion to take place on the plane § = 7 /2.

Differentiation of (6.20) with respect to A yields the geodesic equation
B Th %% =0, (6.21)

implying that the Lagrangian itself is constant along the trajectory. Thus we can restrict to

consider the simpler first order equation

1 .9
n=—e 2024 (1 - 2GM(<"")> P24+ L (6.22)
T
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Figure 6.2. Relevant physical length-scales of UCOs solutions: boundary radius Ry, (red) and
light rings (orange; dashed for the inner and solid for the outer); these are measured in units
of total mass M of the UCO, and are plotted as a function of the UCO central density p(0)
defining the various solutions. The grey shaded area displays the typical size of spherically
symmetric regular black hole solutions (e.g., black hole mimickers) in general relativity. The
inset displays the compactness parameter o = 1 — 2G M/c? Ry, (green); the dotted line is the
limiting value of the density 877?72? p(0) = 0.25 below which no physical solution exists.

where the energy F, the angular momentum j, and the parameter n are the first integrals of
motion associated to the invariance of the Lagrangian under time translations, rotations in the
considered plane, and reparametrizations of the affine parameter along the particle trajectory,

ie.:

_ 0Ly g
=% =et,
0Ly o (6.23)
J—aé—r ¢,

— LY
N = g M.

Specifically, n = 0 applies to massless particles while, if A is chosen to be the proper time along

the trajectory, n = —1 applies to massive ones. Equation (6.22) can be recast as
2GM (< 2
;2 (1 _ ( 7’)) <6—2<1> Jop 77) : (6.24)
r r
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2GM(

being horizon-less and regular at the origin, our solution has 1 — - <) > 0 in all of space,

implying that a photon and a massive particle can propagate only in those regions where

)

2052  J
e "B — o) > —n, (6.25)
with equality corresponding to a turning point with = 0. In particular, a radial geodesic
starting at rg, having j = 0, will fall through the center of the UCO re-emerging on the opposite

22(r) i5 a monotone increasing function of the radius and E = €2®(0) holds. On the

side, since e
other hand, if j # 0 a centrifugal barrier is present, preventing the particle to reach the center.
To understand what happens at the turning point, we look at the radial component of the

geodesic equation (6.21) with 7 = 0:

i = (1 _2GM(< T>> e (1= r@)E? —ne®] . (6.26)
r r
This implies that a particle will experience an attractive or a repulsive force at the turning
point depending whether (1 — r ®)E? — ne?® is below or above 0 there. This condition is of
particular interest in the case of massless particles, where it reduces to whether r ® is above
or below 1, with no dependence on the energy. In particular, if there exist one or more radii
Ry, such that Ry, ®'(Ry,) = 1, then a photon with energy and angular momentum satisfying
E/|j| = e*@) /Ry, will move on a circular orbit there: a radius with this property is known as
a ‘light ring’. A detailed numerical analysis of the solution reveals that for a central value of
the normalized density less that py < 0.85 no light rings exist, while for higher densities two
of them appear: an external one which describes unstable circular orbits and an internal one
which describes stable orbits. The stability of the orbits is manifest if we recall that r ® — 0
at large distances, and then circular orbits close to the external light ring will experience a
repulsive force on the outside and an attractive one on the inside, while close to the internal
light ring they will experience repulsive force on the inside and attractive on the outside. For
this reason, close to the internal light ring bounded photon orbits are possible. Although the
light ring position R}, < Ry, is internal to the boundary of the UCO, this name is appropriate
since the object is made of DM and hence is ‘transparent’ to radiation.

In Figure 6.3 we showcase some relevant examples of orbital trajectories for massless and

massive test particles in the gravitational field of the UCO, obtained by solving the orbital

9 2 2
(8 () (i) e

with different initial conditions rg, and different values of the energy E and angular momentum

equation

j. Top diagrams show the trajectories in polar coordinates, magenta for massless and green
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Figure 6.3. Relevant examples of orbital trajectories for massless (magenta) and massive
(green) particles around an UCO solution with central density po = 0.95. Top diagram show
the trajectories in polar coordinates, bottom diagrams illustrate the radial position of the test
particle as a function of proper time. The dashed grey lines displays the position of the boundary,
dotted grey lines that of the inner and outer light rings. Left diagrams refer to an unbound
orbit, middle diagrams to a loose bound orbit for massive particles, and right diagrams to a
tigthly bound orbit for both massless and massive particles; the values of the energy parameter
E, of the angular momentum j, of the starting radial coordinate rg and the average proper
period (T') of the orbit are reported (polar initial angle is assumed to be null).

for massive particles. The average orbital proper time is also reported. Bottom diagrams show
instead the radial position of the test particle as a function of proper time (for massive particles),
or of the affine parameter along the trajectory (for massless ones). Left diagrams refer to an
unbound orbit, middle diagrams to a loose bound orbit for massive particles (note the pericenter
precession), and right diagrams to a tightly bound orbit for both kind of particles. To ease the
visualization, the boundary of the UCO and the light rings are also displayed in all diagrams
as continuous and dashed grey lines, respectively. Note that proper times are of the order of
L/c even for massive particles, typical of ultra-relativistic motion; this copes with the very high

compactness of the UCO.
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6.4.1 Orbital portraits

NMC UCO - orbital portraits
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Figure 6.4. Orbital portraits diagrams for the UCO solution with central density pg = 0.95,
slightly below the maximal value. Left panel refers to a massless and right panel to a massive
test particle. The radius r at the radial inversion point(s) with 7 = 0 is shown as a function
of the angular momentum j (z-axis) and of the energy parameter E (color-scale) of the test
particle. The dashed black line highlights the portraits for £/ = 1. Note that in both the panels,
the scale of the y-axis starts linear at the bottom and then becomes logarithmic at the top.

While Figure 6.3 makes clear and intuitive what are the possible orbits in UCO spacetimes,
it is far from giving a complete picture. Toward this purpose, in Figure 6.4 we show the orbital
portraits diagrams for an UCO solution with a central density near the maximum value, high
enough to develop light rings. We show the radius r at the radial inversion point(s) with 7 = 0,
as functions of the angular momentum (z-axis) and of the energy parameter (color-scale) of
the test particle. Left panel refer to a massless and right panel to a massive test particle. The
dashed black line refers to the case E = 1, appropriate e.g. for a particle starting at rest from
infinity. In both panels, the scale of the y-axis starts linear at the bottom and then becomes
logarithmic at the top.

The number of intersections between a colored curve (corresponding to a given energy F)
and a vertical line (corresponding to a specific value of the angular momentum j5) hints to the
nature of the possible orbits. In fact, such intersections highlight the different radii r at which
motion inversion with 7 = 0 can occur. When only one intersection is present (e.g., for both
massive and massless particles at high j), the particles will reach a minimum radius with zero

radial velocity, and then they will be pushed away by the centrifugal barrier and reach spatial
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Figure 6.5. Pseudo-shadow of the UCO solution with central density pgp = 0.95. Left panel
illustrates a ray-tracing simulation, with the observer at the black spot on the right and an
illuminated screen assumed at © = —oo. Solid lines are light rays traced back in time from the
observer with different impact parameters j/E: in the remote past, cyan rays hit the illuminated
screen at £ = —oo, and hence can be seen by the observer; orange rays are instead deflected
back to x = +o0o0 and are precluded to vision. Dashed grey lines displays the position of the
boundary, dotted grey lines that of the inner and outer light rings. Right panel is a polar
plot illustrating the face-on view of the UCO from the observer position: as a consequence of
gravitational lensing, a multiple photon ring structure is originated around the typical radii
(2/G)r~18—4—5M.

infinity. When there are two intersections (e.g., for massive particles with £ < 1 and j/cL < 2),
a bound orbits is possible between a maximum and minimum radius. Finally, when there are
three intersections (this can be clearly seen for massive particles with F ~ 1 and j/cL ~ 1.8),
two kind of motion can occur: if the orbit starts from a large radius, then the particle will
encounter the external inversion point and will be pushed away to spatial infinity; contrariwise,

if the orbit starts between the two internal turning points, it can be bounded.

6.4.2 UCO’s pseudo-shadow

A century after the pioneering observation of gravitational light deflection during a solar eclipse
that provided the first smoking-gun test of General Relativity, in 2019 the Event Horizon
Telescope (EHT) Collaboration published the first ‘image’ of a BH [266]. In fact, the light
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rays passing close to a BH can be deflected very strongly and even travel on circular orbits in
correspondence of the light rings. This strong deflection, together with the fact that no light
comes out of a BH, allows the latter to be imaged as a dark disk in the sky, known as ‘BH
shadow’. For a Schwarzschild black hole the size of the shadow is rqy, = 3v/3 M ~ 5.2 M (e.g.,
see [267] for a derivation and an extended discussion on black holes’ shadows).

The NMC-UCOs do not feature an horizon and, being composed of DM, are completely
transparent to light rays; nevertheless, the notion of a shadow in a wide sense can be introduced
also for them. The left panel of Figure 6.5 shows a ray-tracing simulation, with the observer
positioned on the black spot at the extreme right of the plot and an illuminated screen assumed
at £ = —o0. Solid lines represent light rays from the observer traced back in time for different
impact parameters j/E. Light rays stemming from the observer are divided into two classes:
those that in the remote past hit the illuminated screen at © = —oo can be seen by the observer
and are highlighted in cyan; orange rays are instead deflected back to £ = +oc and not reaching
the illuminated screen are precluded to vision. The right panel is a polar plot illustrating
the face-on view of the UCO from the observer position. This originates a pseudo-shadow at
~ 5.2 M, close to the size of that for a Schwarzschild black hole. Inside it, a multiple photon
ring structure around the typical radii (c?/G) r ~ 1.8 — 4 —5 M emerges, as generically expected
for horizonless compact objects [268].

In principle, if close enough so as to avoid resolution problems, a NMC-UCO could be spotted
via the distinctive features of its pseudo-shadow in EHT-like data. However, one problem could
be that in a gas rich environment, like our galaxy, these objects could have accreted baryons,
subsequently collapsing into a standard singular black hole. Even though a detailed study of
the accretion and collapse of NMC-UCOs will be postponed to a future work, a very simple
calculation shows that the horizon will exit the boundary once the UCO has accreted half of its
original mass. Assuming Eddington accretion this will happen within a few e—folding times.
However, if one of these objects had formed in (or migrated to) a region particularly devoid of
baryons, such as a globular cluster, the possibility to observe it today would increase significantly.
If detected, NMC-UCOs would represent a unique opportunity for the understanding of the
interplay between DM and gravity.

6.5 Summary and conclusions

In this chapter we have presented a general relativistic action featuring a non-minimal coupling
between the stress-energy tensor of a collisionless DM fluid and gravity. The latter could be
described in terms of a scattering cross section between DM particles and gravitons which, if

sufficiently small, opens the intriguing possibility that the non-minimal coupling with gravity
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could be present also for standard model particles, but that for the latter its strength would be
outclassed by the other interactions.

We have shown that the non-minimal coupling originates an anisotropic effective pressure
able to counteract gravity and to support the otherwise collisionless DM fluid into static,
spherically symmetric configurations. Investigating the properties of such configurations, we
have found that they are horizonless, non singular ultra-compact objects (NMC-UCOs), with a
very limited range of allowed central densities. We have also analyzed the orbits of massive
and massless test particles in the gravitational field of NMC-UCOs, providing some specific
examples of both bound and unbound orbits and a general discussion in terms of phase portraits.
Finally, we have implemented a basic ray-tracing simulation to study the gravitational lensing
effects around NMC-UCOs. We have effectively described these in terms of a pseudo-shadow
that makes connection with what is usually done in the context of black holes. If observed, the
peculiar light pattern around NMC-UCOs could constitute a clear signature for the detection of
such exotic objects.

A caveat concerns the densities required to form NMC-UCQOs, that ultimately depend on the
magnitude of the lengthscale parameter L appearing in the relativistic theory; in particular for
L ~ 10'° cm one finds densities p ~ 107 g/cm?® and masses of astrophysical interest M ~ 10* M.
However, such high densities, necessary to make the non-minimal coupling to kick in, are
considerably higher that the average ones occurring within virialized DM halos. Nevertheless,
the possibility remains that the necessary conditions could have been met during the early
fast and violent collapse of a DM halo or in the early Universe. In the latter instance, the
environmental conditions could be prone for a copious production of horizonless NMC-UCOs
that, at variance with primordial black holes, will not suffer evaporation-related issues and thus
may potentially survive till much later cosmic times. When baryons had cooled sufficiently, they
could fall into the potential wells of NMC-UCOs, triggering their collapse. Thus, NMC-UCOs
could have provided the primordial gravitational wells that facilitated the early formation of
supermassive black hole seeds, potentially offering an explanation for the unexpectedly large
population of such objects recently observed at high redshift by JWST [269].

With this motivation in mind, in the next chapter we investigate the background evolution
of the Universe within the NMC-DM framework, revealing a radical departure from ACDM at

early times, when the average DM density of the Universe exceeds the critical density.
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Chapter 7

Cosmology with Non-Minimally
Coupled Dark Matter

Our current cosmological model is based on a simple framework: a background isotropic and
homogeneous spacetime, filled with matter, radiation and vacuum energy, evolving according to
the laws of General Relativity. In its standard form, most matter is assumed to be cold dark
matter (CDM), and vacuum energy is modeled as a cosmological constant A, to originate the
ACDM model [270]. In this description the Universe underwent radiation and matter-dominated
phases with decelerated expansion, followed by late-time acceleration driven by A. Despite its
success in describing large-scale phenomena, ACDM faces challenges across many fronts.

Evolving the Einstein equations backward in time leads to a spacetime singularity, where
physical quantities diverge. At such high energies, a quantum theory of gravity is expected to
replace classical gravity and resolve the singularity, though no current proposal has provided
experimentally falsifiable predictions [271]. Observations indicate that vacuum energy (or
dark energy, DE) constitutes roughly 69% of the total energy of the Universe [272, 273], but
its theoretical value differs by over 120 orders of magnitude from Quantum Field Theory
predictions. About 84% of matter is thought to be CDM, consisting of massive particles that
interact gravitationally and possibly very weakly via other forces, but its properties exclude
them from being part of the Standard Model [274]. While alternatives to both DE [271, 275]
and CDM [276] have been proposed, in the case of CDM the overwhelming evidence strongly
supports its existence [17, 9, 277, 24]. The ACDM model is also seriously challenged by precision
cosmology. In particular, the values of the Hubble parameter Hy and the matter clustering
parameter Sg inferred from early-Universe data are in tension with those from model-independent
late-time observations [278], while the interpretation of DE as a cosmological constant has been
questioned by recent Baryon Acoustic Oscillation analyses [279].

Finally, the ACDM scenario faces two major fine-tuning issues: the flatness and horizon

135



Francesco Benetti PhD student at SISSA fbenettiQsissa.it

problems. The flatness problem refers to the near spatial flatness of the Universe today, which

059, The horizon

requires the early total energy density to be fine-tuned to within one part in 1
problem arises from the observed isotropy of the Cosmic Microwave Background (CMB), despite
the regions emitting it not having been in causal contact [280], requiring then extremely uniform
initial conditions. To resolve these issues, the model is typically extended with a period of
accelerated expansion before radiation domination. This is generally achieved through inflation:
a phase of nearly exponential expansion driven by a new, unknown scalar field slowly rolling
down a flat potential [281, 282]. Inflation ends when the field reaches the potential minimum and
decays into standard particles via reheating, a process still not fully understood [283]. Inflation
also helps to dilute exotic relics from beyond the Standard Model theories (e.g., magnetic
monopoles), making those theories consistent with their non-observation.

The non-minimally coupled dark matter (NMCDM) model introduced in Chapter 6 is not
intended to fully resolve the known issues of ACDM, but rather to investigate possible effects
that arise when open problems in different sectors, such as dark matter, dark energy and General
Relativity, are considered together. As we will show in the following sections, cosmology with a
NMCDM fluid actually moves in the direction of addressing some of the problems of the ACDM
model, naturally providing an inflationary phase and the possibility of avoiding the Big Bang
singularity through a cosmological bounce.

This chapter is organized as follows: in Section 7.1 we introduce the modified Friedmann
and Raychaudhuri equations of NMCDM cosmology, and we study the consequent evolution of
the Universe, finding that it gets substantially altered with respect to ACDM at high redshifts,
from the point in which the average CDM density exceeds a threshold value. At those early
times a phase of accelerated expansion is enforced by the non-minimal coupling of the CDM
component with gravity, while at even higher redshifts the evolution of the Universe depends on
the coupling between gravity and spatial curvature. In particular, for negative curvature, there
is the appealing possibility to remove the initial singularity in favour of a bouncing scenario.
Finally, in Section 7.2 we summarize our findings and discuss further developments beyond the

background evolution.

7.1 Non-minimally coupled cosmology

To look for implications of the non-minimal coupling in a cosmological context, we model the
spacetime with a Friedmann-Lemaitre-Robertson-Walker (FRLW) metric
2

d
d82 = —dtQ + a2(t) (1_7;7’2 —+ 'f’QdQ2> N (71)
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here t is the cosmic time measured by comoving observers, a(t) is the scale factor, and
k=0,£R, 2 is the Gaussian curvature of space at present time. The matter content of the model
comprises four comoving and homogeneous perfect fluids: baryons, CDM, radiation (photons
and neutrinos), and DE (in the form of a cosmological constant A). The equations of state for
these cosmic fluids have the form p;(t) = w;p;(t), with w, = wpy = 0, w, = 1/3, wy = —1.
The only two non-vanishing components of the field equations (6.5) with the ansatz (7.1)

are the time-time component and a combination of the latter with the trace

_ 87G pom + po + pr + pA _ k11— 87TGL2PDM

H? -
3 1+ 87TGL2ppy a?1+87GL2ppy

(7.2a)

_47TG (1 —9L? <H2 - (TkQ)) Pom + Py + 20, — 2pp

H+ H? =
+ 3 1+ 8TGL2ppy

(7.2b)

Equation (7.2a) is the Friedmann equation, while (7.2b) is the Raychaudhuri equation. The

time component of (6.6) yields instead the continuity equation

[1 +3L2 <H2 + a2>} (pom + 3H pown) + oo+ 3Hpy + pr + 4Hp,r + pp = 0. (7.3)

If there are no energy transfers between different components of the cosmic fluid, then Equa-
tion (7.3) splits into the four conditions p; + 3H (1 + w;)p; = 0, one for each component, with
solution p;(t) = piga(t)~3(17%). Here the subscript “o” refers to a quantity evaluated at the
present time, and ag has been set equal to one. Note that with the FLRW ansatz for the metric
the additional terms due to the non-minimal coupling with gravity factorize, so that CDM
behaves like dust.

In the context of cosmology it is customary to express the evolution of quantities in term of

redshift 1 + z = a~!, and to define the dimensionless density parameters

81G
Q= 50,
2
3 i (7.4)
Q= liER
related to their present values by
Q; = (Ho/H)? Qi o (1 + 2)30+wi)
(Ho/ H)* Q0 (1 2) -

Q= (Ho/H)* Qo (1+ 2)°.

Note that the evolution of 2 suggests the analogy with a fluid with an equation of state

parameter wy = —1/3. To keep track of the relevance of the non-minimal coupling during the
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evolution of the Universe, we also define the quantity
X = 87TGL2pDM - 3L2H2QD1\4’ (76)

evolving as x = xo (1 + 2)%. We would like to underline that ppy = (87GL?)7!, ie. x = 1,
corresponds precisely to the critical density at which NMC UCOs, explored in Chapter 6,
develop a central singularity. However, in the cosmological context there is no divergence in the
curvature invariants at this value, and the evolution is regular at any finite redshift. We also
stress that a singularity would indeed appear at x = 1 if we had chosen the polarity parameter
€ = +1 in (6.2) , which would reverse the sign of all terms multiplied by L?. This supports
our decision to avoid € = +1, as it leads to singular configurations in both cosmological and
astrophysical contexts.

With the above notation, Equation (7.2a) can be written as a constraint, valid at any time,

involving the sum of the density parameters

where ., = Qpy + 2 denotes the total matter density parameter. Taking into account the
scaling of the various parameters with redshift (7.5), we can further write the Friedmann

equation (7.2a) explicitly as a function of redshift

( H >2 Quno(1+2)® + Qro(1+2)" + Qa0+ Qo(1+2)° (1 = xo(1 + 2)?)

o, = T+ xo(l1 2 . (7.8)

In the calculations presented in the next subsections we use values of the density parameters
and of the Hubble constant today from the Planck collaboration [277], and xo = 5.85 x 10734

given by our fiducial value of L.

7.1.1 Cosmic evolution

A first grasp of the evolution of the Universe within this model can be attained by looking at
equation (7.8) at different epochs, starting from the present time and going towards higher
redshifts. First of all, one notes that the non-minimal coupling of DM with gravity affects the
evolution of the Universe only at early times when y > 1, while it can be completely neglected
at later times (at least at the background level) when the expansion of the Universe causes x to
drop significantly below one. Thus, the late time evolution will be indistinguishable from the
one in the standard ACDM paradigm

H 2
(HO> = Qo1+ 207 + Qo(L+ 2)* + Qao + Qo1+ 2)2, (7.9)
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with a DE dominated phase extending to redshift log(1 + z) ~ 0.11, a matter dominated epoch
in the range 0.11 < log(1 + z) < 3.54, and radiation domination at higher redshifts. As the DM
density increases with redshift, a point will be reached when y ~ 1 and at earlier times, even
though radiation is still the dominant component, the NMC of DM with gravity causes the
evolution to depart from the ACDM scenario. The relevant redshift is given by

1 2
log (1 + zpy) = ~3 log (3 Qpmo) — 3 log (Ho L) ~ 11.08. (7.10)

We note that the considered value of L ensures that the NMC becomes irrelevant before neutrino
decoupling, and thus earlier than any observable phenomenon.

We can get an intuition about the evolution in the NMC-dominated era by looking at
Equation (7.8) in the deep limit x > 1, and neglecting matter and DE, since they are
subdominant at such high redshifts

H\?2 Q.
—) =Y — o1 2, 7.11
(7)) =520+ 2) - a1+ (r.11)

For a spatial curvature parameter close to its limiting value | 0| ~ 1073, the first term on the
right hand side of (7.11) dominates until a redshift

Q,
log (1 + z1,) = log <w> —2log (Ho L) ~ 32.20, (7.12)

leading to an almost quadratic evolution of the scale factor during this period

2
a(t) = a(ty) <1+I’*2’0 a(?;“ﬁo (t—tk)> . (7.13)

At even higher redshifts z > zj, the evolution of the Universe strongly depends on the
sign of the spatial curvature. In the case of a vanishing curvature 0 = 0, the Universe is
dominated by radiation and follows the evolution in equation (7.13) at all times. On the other
hand, even if a small positive curvature (corresponding to Qj < 0) is present, at very early time
it would be the dominant component, yielding a linear expansion of the Universe (a(t) o Vkt).
One can thus conclude that both a positive or vanishing curvature imply the existence of a
singularity in the remote past, although attained at different rates: quadratic in the first case,
linear in the second. The most interesting case however, is that of a negative spatial curvature
(Q > 0). Looking at Equation (7.11), we see that in this scenario the expansion rate vanishes
at zp signaling the presence of a cosmological bounce. It is interesting to note that, for the

chosen value of L and the limiting value of spatial curvature Q| ~ 103, the bounce would
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Figure 7.1. Evolution of the density parameters as a function of redshift 14z = a~!. Solid lines
represent the solution in the present non-minimal coupling model, while the dotted lines show
the corresponding ones in the ACDM model. The vertical dotted grey lines represent matter-
radiation equality at log (1 + zeq) ~ 3.54, the onset of the NMC at redshift log (1 + znmc) ~
11.08, and the beginning of the curvature era (or the redshift of the bounce), at redshift
log (1 + zx) ~ 32.20.

have occurred when the radiation temperature was extremely close to the Planck temperature
Ty ~ 102 K.

Figure 7.1 shows the evolution of the density parameters (7.4) as a function of redshift.
Solid lines represent the NMC solution, while the dotted lines show the corresponding solution
in the ACDM model. The vertical dotted grey lines represent matter-radiation equality at
log (1 + zeq) = 3.54, the onset of the NMC at redshift log (1 + zxmc) >~ 11.08, and the beginning
of the curvature era (or the redshift of the bounce), at redshift log (1 + z;) ~ 32.20. The green
lines indicate the quantity Qk% with &k ; 0. From this plot it is clear that radiation remains
the dominant component of the cosmic fluid even during the NMC-dominated phase, while at
the same time the dynamics does not follow any longer the standard Friedmann equation, as
the constraint equation (7.7) does not longer enforces the density parameters to sum to one.

To keep track of the roles played by the different fluid components during the evolution of

the Universe, it is useful to define a dynamical state parameter

w=— <1 + ZH) , (7.14)
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Figure 7.2. The dynamical state parameter w as a function of redshift. The solid, dashed and
dotted-dashed lines are the behavior in the presence of NMC with negative, null, or positive
curvature respectively, while the dotted line is the one in ACDM. The vertical dotted grey lines
represent matter-radiation equality at log (1 + 2zeq) =~ 3.54, the onset of the NMC at redshift
log (1 + znme) ~ 11.08, and the beginning of the curvature era (or the redshift of the bounce),
at redshift log (1 + 2x) ~ 32.20.

so that at any time in which w is almost constant, the scale factor evolves as

2

t '\ 30+w)

a(t) ~ () : (7.15)
to

In the absence of NMC, when a fluid component dominates the energy content of the Uni-

verse, (7.14) coincides with the state parameter of that component. In the presence of the NMC

between DM and gravity this correspondence is more involved. Substituting Equation (7.2)

in (7.14), we find

O +20, —20) —3y(1+ Q) 1
w=—mT A= 3xd+) 1 (7.16)
3 (1+ ) 3

When y < 1 one has the familiar values w = —1, w = 0, w = 1/3 during DE, matter, and

radiation domination respectively. In the deep NMC regime x > 1, even if radiation is still
the dominant component, the constraint (7.7) requires €2, ~ x, leading to w = —2/3, and to
an accelerated quadratic expansion. At very high redshift, in the case of a positive curvature

Q0 < 0, the curvature dominates the energy density and the effective parameter increases to
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Figure 7.3. The comoving Hubble horizon as a function of redshift. The solid, dashed and
dotted-dashed lines are the behavior in the presence of NMC with negative, null, or positive
curvature respectively, while the dotted line is the one in ACDM. The vertical dotted grey lines
represent matter-radiation equality at log (1 + zeq) ~ 3.54, the onset of the NMC at redshift
log (1 4+ znmc) =~ 11.08, and the beginning of the curvature era (or the redshift of the bounce),
at redshift log (1 + zx) ~ 32.20. The horizontal dashed line shows the value of the horizon at
the epoch of recombination at log (1 + zcyp) =~ 3.04. The line further intersects the horizon at
log (1 + 2Zend) =~ 26.36.

w = —1/3. The evolution of the dynamical state parameter as a function of redshift is shown in
Figure 7.2. The solid, dashed and dot-dashed lines are the behavior in the presence of NMC
with negative, null, or positive curvature respectively, while the dotted line is the one in ACDM.
As mentioned, this plot has two peculiar features. First, one sees a steep decrease of the state
parameter at the onset of NMC, when x ~ 1, leading to an accelerated phase of expansion at
higher redshifts. We want to stress that during this epoch radiation is still the dominant energy
component, meaning that p, > p,, > pa, but the dynamical state parameter departures from
the value of w, = 1/3, characteristic of radiation, because of the non-trivial coupling between
DM and gravity. Furthermore, if a curvature is present, at redshift zj, it becomes the dominant
component, and either the state parameter increases to wy = —1/3, characterizing curvature

domination, or the Universe has a bounce and the state parameter is no longer well defined.
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7.1.2 NMC-driven inflation and bounce

As opposed to standard inflationary scenarios, which require the introduction of an unknown
scalar field, the NMCDM model features an accelerated epoch that emerges naturally from the
non-minimal coupling between dark matter and gravity, once x > 1. This accelerated phase,
during which the comoving Hubble horizon decreases with time, offers the possibility of solving
the horizon and flatness problems without introducing new components to the energy content

of the Universe. Figure 7.3 shows the evolution of the comoving Hubble horizon, defined as
dp(2) = ——— (7.17)

as a function of redshift. In order to solve the horizon problem, this phase of accelerated
expansion must last long enough for the comoving Hubble horizon to grow from its minimum
value at the onset of radiation domination to the value it has at recombination, around redshift
zemp =~ 1100. The flatness problem is commonly described in terms of a critical total energy
density that would make the Universe spatially flat. In GR, one has that

3H? . pmtprtpon .k

1

.= = =-QOp =d¥k 1
P 87TG’ e CL2H2 k H™> (7 8)

implying that to ensure || < 1073 today, the total energy density in the early Universe must
have satisfied p ~ p.(141075%), which is extremely fine-tuned. In the NMCDM model, however,
equation (7.18) is modified as follows:

! m + pr kEo1- 1-
_ 3H*(1+x) . [ XX (7.19)

pe &G Pe T @?H?21+y U140

that is, the deviation from flatness is now proportional to d%{ki—i instead of d%,k:. Nonetheless,
it is evident that solving the horizon problem also alleviates the flatness problem, since the
deviation from the critical density remains proportional to d%{, except during the short period
where x ~ 1, which, however, does not significantly affect the overall evolution. In Figure 7.3
the horizontal dotted line shows the value of the comoving Hubble horizon at recombination.
The line further intersects the horizon at log (1 4+ zenq) =~ 26.54, and therefore to solve the
horizon problem the accelerated expansion had to start before z,q, and then to last a minimum
of log (1 + zend) — 1og (1 + zyume) =~ 15.46. Considering zj as the beginning of the accelerated
phase, we thus find

Qro 4
log (1 + 2z) —log (1 + zxuc) = log ( : > — —log(Hy L) 2 15.46, (7.20)
ol (3 on0)**/) 3
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which implies

Q0 —15.46 —2/3,1—15.46 2
0l S (B o H2 12273 10 = Qr0xo 10 ~ 4.56 x 102, (7.21)

that is clearly well guaranteed by the Planck collaboration constraint |Qj | < 1.2 x 10~3. Thus,
as it is evident from Figure 7.3, the epoch of accelerated expansion provided by the NMC
between DM and gravity is sufficient to solve the horizon problem. In particular, with the
parameters considered we find log (1 + zj) — log (1 + zxuce) =~ 21.12, which would correspond to
approximately N = 48.62 e-folding.

As for the beginning of the Universe, we would like to review the possibility of a cosmo-
logical bounce at redshift zp with negative spatial curvature. It is clear from the structure of
Equation (7.11) that, for positive €, o, higher redshift values are not permitted. However, the
absence of divergences in the curvature invariants indicates that the spacetime can be extended,
implying that the scale factor must begin to increase again. Equation (7.11) can indeed be

integrated for positive {1 ¢, and is solved by

xoQ%0  HEQo 9
t) = : —(t —1t .22
a(t) %o + Ivo (t—1t)", (7.22)

which clearly shows that the scale factor reached a minimum at t;, meaning the Universe had
undergone a cosmic bounce. It is a peculiar feature of this model, however, that the bouncing
solution is found in the case of negative spatial curvature. Bounce models commonly found
in the literature generally require positive spatial curvature in order to avoid violations of the
energy conditions for matter components [284]. In other words, the negative energy contribution
of positive spatial curvature (for which, we recall, ; < 0) is what reverses the attractive nature
of gravity. In our case, however, the non-minimal coupling drastically changes the role of spatial
curvature: whenever the non-minimal coupling is relevant, it is negative spatial curvature that
contributes repulsively to gravity, allowing a contracting Universe to bounce. We note that a
bouncing Universe with positive spatial curvature could be found if the non-minimally coupled
dark matter were a relativistic fluid. Nonetheless, we leave this case to Appendix D, as it
requires unnatural changes to the parameters of the theory.

Furthermore, the extreme energies at which the bounce occurs suggest that the fluid
approximation may break down, requiring a more fundamental description of DM. Nonetheless,
modified Friedmann equations can arise as effective descriptions of gravity even in purely
quantum gravity regimes, leading to bouncing cosmologies [285, 286]. Moreover, one can argue
that a fluid description is appropriate when the mean free path is smaller than the characteristic

length scale of the system, a condition that holds even more robustly in the high-density
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regime. Our results indicate that, in general, non-minimally coupled DM tends to interact with
spatial curvature, potentially making it the dominant component in the very early Universe
and leading to a cosmological bounce due to the gravitationally repulsive effect it can produce,
since curvature is not constrained by energy conditions and can naturally take both positive

and negative values.

7.2 Summary and conclusions

In this chapter, we described the impact of the non-minimal coupling between dark matter and
gravity, introduced in Chapter 6, on the background cosmological evolution. In this framework
the Friedmann and Raychaudhuri equations are modified by the non-minimal coupling, while
the conservation equations remain unchanged. It is thus possible to infer the cosmic expansion
directly from the evolution of the energy densities. We found that the non-minimal coupling
drives a phase of accelerated expansion in the early Universe, which, for the considered value of
the length scale, ends just before neutrino decoupling. We verified that this accelerated phase
lasts long enough to solve the horizon problem, and could therefore serve as an inflationary
epoch that does not require the introduction of additional fields.

Within this model the origin of the Universe depends strongly on spatial curvature. While
positive or zero curvature always leads to an initial singularity, although reached with different
expansion rates, negative spatial curvature allows for the possibility of a cosmological bounce.
The non-minimal coupling to spatial curvature makes it the dominant component in the very
early Universe and causes it to reverse its usual effect: negative curvature reduces the expansion
rate, while positive curvature increases it, opposite to what happens in standard cosmology.
The scale factor at which the bounce occurs depends on the length scale of the coupling and the
current value of spatial curvature. For a curvature value close to current observational bounds,
the bounce take place precisely at the Planck epoch.

While the natural emergence of an accelerated expansion phase and a cosmological bounce
is appealing, these phenomena come with important caveats. In particular, the presence of
derivatives of the energy density in the effective stress—energy tensor suggests that high-frequency
perturbations could be amplified relative to low-frequency ones, thus distorting the nearly scale-
invariant power spectrum of cosmological perturbations, predicted by inflationary models. Since
the scaling of this power spectrum is now severely constrained by precision CMB measurements,
a detailed analysis of perturbations is necessary before this accelerated expansion phase can be
regarded as a viable inflationary epoch. Moreover, the power-law behavior of the background
prevents the use of slow-roll approximations, so that a full analysis of cosmological perturbations

is required. The next chapter will be devoted to the generation and evolution of such scalar,
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vector and tensor perturbations in the NMC-DM cosmological scenario. A bounce might then
be a generic feature of non-minimally coupled models, and could provide an alternative to
inflation as a mechanism for generating a nearly scale-invariant power spectrum of cosmological
perturbations [287].
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Chapter 8

Linear Cosmological Perturbations
with a Non-minimally Coupled Dark
Matter Fluid

Linear cosmological perturbation theory provides the essential framework for connecting cos-
mological models with observations. While the homogeneous and isotropic Friedman Lemaitre
Robertson Walker (FLRW) background successfully describes the global evolution of the Uni-
verse, the formation of galaxies, clusters, and the observed anisotropies of the CMB originate
from small inhomogeneous perturbations about this background. Since these perturbations
remain small over a significant range of cosmic history, they can be treated within linear theory,
allowing the Einstein and matter field equations to be consistently expanded to first order.

The modern theory of cosmological perturbations has been developed over several decades
and provides a gauge-invariant description of scalar, vector, and tensor fluctuations [288, 289,
290, 291, 292]. Scalar perturbations are responsible for density fluctuations and structure
formation, vector perturbations generally decay in an expanding Universe unless sustained by
additional sources, while tensor perturbations correspond to primordial gravitational waves.
A fundamental aspect of perturbation theory is the treatment of gauge freedom, which arises
because the perturbed spacetime can be described using different coordinate systems. The
gauge-invariant formalism developed by Bardeen [289] and subsequently refined by many authors,
allows physical perturbations to be separated from spurious coordinate artifacts, providing
variables whose evolution has an unambiguous physical interpretation.

For a perfect fluid minimally coupled to gravity, the linearized Einstein equations combine
with the conservation of the energy—momentum tensor (SET) to produce a closed system govern-

ing the evolution of the metric perturbations, density contrast, velocity potential, and pressure
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fluctuations. These equations form the basis for the theoretical prediction of cosmological
observables and are implemented in modern Boltzmann codes used to analyze observational
data.

In this chapter we aim to extend further the study of cosmology in the non-minimally
coupled dark matter (NMC-DM) framework by following the evolution of linear perturbations
throughout the modified cosmic history. The results are then compared with the relevant
observables, such as the matter power spectrum, the CMB anisotropies, and the scalar-to-tensor
ratio.

In Section 8.1 we introduce the formalism of linear perturbations over a FRLW background,
we present the relevant equations in the NMC-DM framework for the evolution of scalar, vector,
and tensor perturbations, and their solutions in the relevant regimes.

In Section 8.2 we then compute the matter power spectrum and the tensor-to-scalar ratio,
both assuming an initial big bang singularity followed by an inflationary phase, and a bouncing
scenario, in which the singularity is removed and the current expansion of the Universe is
preceded by a symmetric contracting phase. We anticipate that the resulting power spectra are
very different in the two cases and that only that resulting from a bounce is able to reproduce
observations of CMB anisotropies, though at the price of modifying the initial perturbations’
quantum state. This fact is very promising, since the same model can accomodate for a resolution
of the initial singularity at the background level, and leads to a power spectrum consistent with

observations. Finally, in Section 8.3 we summarize our findings.

8.1 Theory of cosmological perturbations with a non-minimal

coupling

A consistent cosmological model requires the analysis of perturbations. This analysis becomes
even more important when the model is proposed as an alternative to inflation, since it must
provide the primordial perturbations that evolve into CMB anisotropies and large-scale structure.
In this section, we present the equations governing perturbations in the presence of non-minimally
coupled dark matter, and their solutions in the relevant regimes. A complete perturbation
analysis is necessary, since the accelerated expansion phase of our model cannot be described
within the slow-roll regime. The slow-roll parameters are
H 1 1 H 1
=g = 5 Ny = SO 2 (8.1)

which do not satisfy the condition ey, ny < 1.
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In this and the following sections, we switch to conformal time dn = a~'dt, so that

_df_ df L
—d—n—aa—af, ’H.—a—a—aH, (8.2)

ds® = a(n)? (—dn2 + ’yijdxidxj) , f
where H denotes the conformal Hubble parameter, and its inverse corresponds to the comoving
Hubble radius H ' = (aH) ™" = dy.

General perturbations of the metric and stress—energy tensor can be decomposed into scalar,
vector, and tensor sectors, according to their transformation properties under spatial rotations.
This decomposition is particularly useful at linear order, since the equations for the different
sectors decouple, allowing their evolution to be studied independently.

Scalar perturbations represent fluctuations in the gravitational potential and in the energy
density and pressure of the cosmic fluid. They are the most relevant sector for cosmological
observations, as they generate the temperature anisotropies in the CMB and seed the formation
of large-scale structure. The most general scalar perturbations of the metric and stress—energy

tensor can be written as [293]

59%) = ¢? —2¢ DiB ,oTH) = —0p ‘ (p +P) D; (V - B) 7
' DiB ~2(¢7; — DiD;E) —(p+p) DIV 6pd; - DiDjo

(8.3)
where ¢, 1, B, E, §p, op, V, and o are functions of the spacetime variables, and D; indicates
the covariant spatial derivative.

Vector perturbations induce rotational distortions of spacetime and frame-dragging effects.
These modes are not observed at cosmological scales, and therefore a viable model must predict
that they decay or remain negligible. The most general vector perturbations of the metric and

stress—energy tensor can be written as

699{,) =a? 0 5 , 5T“l(,v) = 0 . (p —l—p? (Ui B Si) , (8.4)
_Sz' DjFl =+ DZF} — (p =+ p) U* Dle + D’LV]‘

where S;, F;, U; and v; are transverse three-vectors, satisfying D;S* = D,F'* = D;,U* = D;i' = 0.

Tensor perturbations induce transverse and traceless distortions of spacetime, i.e. primordial
gravitational waves. They represent the propagating gravitational degrees of freedom in the
absence of anisotropic stress, and their detection constrains models of the early Universe. The

most general tensor perturbations of the metric and stress—energy tensor can be written as

5g£;j) — a2 (8 hO ) ’ 5T“1(/T) = (8 (3 ) , (8.5)
ij T
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where h;; and m;; are symmetric, transverse, and traceless spatial tensors satisfying h'; =
D;hY =7ty = Diw =
In this work, we assume the absence of anisotropic stress, setting o = v; = m;; = 0, and

restrict to adiabatic perturbations, so that dp = c2dp.

8.1.1 Scalar perturbations

Most cosmological phenomenology lies in scalar perturbations. Their dynamics can be complex,
since the coupling between density fluctuations and the gravitational potential can produce
feedback effects and lead to instabilities. They are also the only sector directly constrained by
observations, and for this reason our analysis will mainly focus on them.
We first note that the functions defined in equations (8.3) are not gauge invariant. We
introduce the gauge-invariant variables
d:=¢+H(B-E)+(B-F), U:=¢-H(B-FE),

(8.6)
Up=Vo+B—F, Sn = py (6pn —3(1+wa)H (B - E)),

where n = DM, B, R, A. As in GR, using these gauge-invariant variables we obtain a system of
equations equivalent to that in the longitudinal gauge, i.e. with B = E = 0. In particular, the

00, 0¢, 74 and off-diagonal ¢j components of the Einstein equations are
/ 2 2 3 (12
=3 (LX) H (U +HD) + (1 x) (V2 +3k0) - y (ZHV vow — 5 (1~ x) 5DM> =
= 41Ga? Z Prbn,
/ 1 / 2
=D, (47rGa2 Z(l + wn)pnvn> ,

(1+2x) (‘I’" +2HY — KU+ HY + (2H + H?) & — %vzqf + ;VQCI>> +

1
—X <3H2<I> + KW + V2O + HEL,, + (?—L —H* + H) Son — V20, + HVZ0L, + 2v25DM> =

= A7 Ga’® Z Wa Pr0n s
1 , 1
DiDj 5 (1 — X) (\If - CI)) — X\ Vpy — Huopy — §5DM =0,
(8.7)
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where the sums are on the indices n = DM, B, R, A, and we used that for barotropic fluids

2

Csn = Wn. The conservation of the minimally coupled stress-energy tensors, namely those of

radiation, baryons, and dark energy, leads to

5 = (14 wpn) (30 + V2u,,) = 0,

) w,, (8.8)
D; <vm+ (1 = Bwy,) Hopy, — @ — 1 +wm5m> =0;
where m = B, R, A. Let us note that for the cosmological constant component (wp = —1) the

conservation of the stress-energy tensor implies 6y = ¢, = 0. For the DM component, we
must consider the divergence of the full system of field equations (6.5), or equivalently the

conservation of the effective stress-energy tensor (6.7)
5]/2)1\'1 - 3\11/ - VZ'UDM - O,

1 1 3
D; (v]’)M + Hopy —  + m (my" G HY +HE — SV - w

+i (4M —H? —3) @ + % (47 =7 = ) e + i (17" = (67 =12 =) ¥) vDM>> -
(8.9)

Interestingly, the continuity equation for DM perturbations is left unchanged, while the Euler
equation is significantly modified. As expected, in the absence of non-minimal coupling (y — 0),
equations (8.7-8.9) reduce to those of GR.

For the rest of this chapter, we will consider small spatial curvature x ~ 0; this assumption is
justified by the fact that the length scales of perturbations are much smaller than the curvature
radius of the Universe, with the notable exception of the bounce, which, however, does not
change the global evolution of perturbations, as we show in Appendix E. We also move to
Fourier space D; — ik;, V? — —k? and consider the effective state parameter w and sound

speed c2, defined as

Z Cinpn(sn Z wnpnén
n n

2 H 1 H'
w = — 1_’_77 — <1_+_2)7 Cg = = . (810)
( 3 H2> 3 H?2 > pndn > pnbn

In particular, we approximate the evolution of the Universe as a sequence of epochs where w and

2 2

cs are constant (namely, a A-dominated epoch with w ~ ¢5 ~ —1, a matter-dominated epoch

with w ~ ¢2 ~ 0, a radiation-dominated epoch with w ~ ¢ ~ 1/3, and a NMC-dominated

151



Francesco Benetti PhD student at SISSA fbenettiQsissa.it

epoch with w ~ —2/3 and ¢ ~ 1/3). With these definitions, all the information about the
minimally coupled fluids is encoded in w and c2.

After using the off-diagonal ij component of equations (8.7) to solve for ®, the dynamics can
be described using the two equations (8.9) and the combination &; — 2y = 0 of equations (8.7),
which together form a system at first order in dpy and at second order in W and vpy. The
dynamics of baryon and radiation perturbations follow from equations (8.8), once ® and ¥ have

been determined by this system.

Comoving curvature perturbation

It is standard in cosmology to track the evolution of metric perturbations using the comoving
curvature perturbation, that is, the perturbation of the spatial metric ¢ (which in GR is
equivalent to the Newtonian potential ¢ in the absence of anisotropic stress) as seen by an
observer who is comoving with the cosmic fluid. Practically, it is defined as R := ¢ + HEC,

where £° is fixed by the comoving gauge, defined by Ty; = 0:

>on (1 + wn)pnvn
Zn(l + wn)pn ’

To; = Z(l + wn) pn (Un - £O> =0 = 50 = (8.11)
n

where we used the gauge transformation for the velocity fields v, — v, — £°. Using the 0i and

the off-diagonal ij components of equations (8.7), and the background equations (7.2a)- (7.2b)

expressed in conformal time, we obtain

20+ % —x (W43 — (3 +3w) Hoow + 20y,
R=U+2 , (8.12)
3 I1+w+x2+w)

which reduces to the standard definition in the GR limit y < 1.
The final form of the equations is found by substituting ¥ and ¥’ with R and R'/. However,
the full set of equations is very lengthy and not particularly instructive, so we do not report it

here'. In the GR limit, we recover the standard equations
R" + 2HR' + c2k*R = 0,

Sl + K opy — g (1 + c?) HR — % (1 + c?) (5 + 30?) H2§,€/2 =0, (8.13)

/

3 R
/UIIDM + HUDM + 5 <]. + Cg) H

2k? =0

'We can provide it in the form of a Mathematica notebook on request.
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the equation for the comoving curvature perturbation can be integrated directly, yielding

Sk H (c.k
(c ")+c2 0 (eskm)

n” n”

a
H
R=0C—%

: (8.14)

where H&l) and H(g?) are Hankel functions of the first and second kind, v = %11J:3‘1‘L, and C and

Cs are integration constants which depend on w and c2.
To investigate the effect of the non-minimal coupling on perturbations, we consider the
NMC-dominated epoch by taking the limit y > 1 and setting w = —2/3 and ¢? = 1/3. The

equations of motion in this regime are
2k% —3H% _,  42k% — 3H? ", 3 H!

R'—2H—— R+

H
_ _Z I 2 _ 2 —
T HER T3 e 1 T TT g~ g (K 3R oo = 0,

8k? — 3H? 5  3H? 36H2 _,  24k*H

Opar t3H s 3H2ng + (k: 5 v T g R T g g e = O
5H 4k% — 3H? 14k2% — 3H? 2 2k% — 9H? 3 (2k2 2

U1/3M ﬂiHUDM + *77{5131\1 + — i 4 ( +H )R = 0.
2 k24 3H2 2 k2 4 3H?2 H k2 + 3H2 k2 + 3H2

(8.15)

While this system still appears quite involved, it can be solved analytically after introducing
an appropriate variable, as shown in Appendix F. The comoving curvature perturbation in the
NMC-dominated epoch then takes the form

o/ Zkn , o—iv/Zkn ok o—kn
+ CQ,NMCk T + C3,NM<37 + C4,NMCT: (8-16)

R = Cl,NMC k2

where the Cj nuc are the integration constants of the NMC epoch. The real exponential factors
are due to non-oscillatory effects in the velocity field, and their associated integration constants
can in principle be set to zero; nonetheless, during the NMC-dominated epoch the conformal
time 7 decreases toward n < 1/k, and therefore they contribute to the comoving curvature
perturbation as a constant term. We also note that the solution in equation (8.16) has the
familiar form of oscillations modulated by the conformal time, but with an additional factor k2,
which modifies the scale dependence of the perturbations.

To understand the physical behavior of perturbations, it is convenient to distinguish between
a super-horizon regime, in which the perturbation length scales are larger than the Hubble
radius (k < H), and a deep sub-horizon regime, in which the perturbations are much smaller

than the horizon and can therefore interact dynamically (k> #). In the super-horizon regime,
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the solutions in equations (8.14) and (8.16) reduce respectively to

ir(_’/) (%Csk) (02 - Cl) n C1+ Cy —i—icot(wy) (CQ — Cl)

T (1 -v) (%Csk)y ) (517

Rien ~

where I' is Euler gamma function, and

L2
Rk<<?-£ ~ k Z\/>/€2 (Cl,NMC - C2,NMC) + C3,NMC - C4,NMC +
3 (8.18)

+ (k2 (Cl,NMC + CQ,NMC) + C3,NMC + C4,NMC) 7771-

In both cases, the solution consists of a constant mode and a time-dependent mode. However,

while in the GR case the time-dependent mode decays in an expanding Universe as n™2"

1

a_%(l_“’), in the NMC case it instead grows as 7' o /2. In the deep sub-horizon regime,

equations (8.14) and (8.16) reduce respectively to

e—i%(l—QV) eicskn ei%(l—QV) e—icskn
Vaesk m T ek i
and
26“/%"”7 Qe_i\/gk" eEhT
Rigsm ~ Crnuck + Ca,nuck T + 0(374)7NMCT’ (8.20)

where the last term depends on whether 7 is positive or negative. To preserve the validity of
the linear approximation in the sub-horizon regime, we set C3 yyc = 0 in an expanding Universe
and Cyxvc = 0 in an eventual contracting phase. In both cases, the solutions have oscillations
modulated by a time-dependent amplitude. As in the super-horizon regime, in the GR case the

amplitude decays in an expanding Universe as 1~ 2 x a~', while in the NMC case it instead

grows as 17_1 x al/?.

8.1.2 Vector perturbations

For vector perturbations, gauge-invariant variables are defined as

v, =5+ Fi/7 Vn,i = Un’i — Fila (8.21)
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and the equations are equivalent to those obtained in the gauge F; = 0. The non-vanishing

components of the Einstein equations, namely the 0 and ij ones, are
2 / 1 / 2 1 2 L oo
(L4 20H = (1= ) 7| Wi = Sx (44 = H) Vo = 7 (1= 3%) VWi = SxVPVou =

= 47Ga® Z(l + wy,) pr Vi is

(1= x) (D%} + DyW}) + (24 %) H (D% + Dy0:) + 2x (DiViy,; + DV ) +
_2XH (DiVDIVI,j + DjVDM,i) - 0

(8.22)
The ¢ components take a particularly simple form:
Dy [(1= %) W+ (24 %) HY; + 2V — 2H Vo | = 0. (8.23)
The conservation of the minimally coupled stress-energy tensors reads
(1+ wm) [Vins = W5+ (1= Bwn) H (Vi — )] =0, (8.24)
where m = B, R, A, which vanishes identically for a cosmological constant (wy = —1), since it does

not support vector perturbations (see equation (8.4)). Taking the divergence of the equations
of motion and using the contracted Bianchi identities, one obtains a modified conservation

equation for DM:

V[;MZ' - ‘Ijg +H (VDM,i - \I/z) - % [ (7'[2 - 4H/> (VD,Mi - \I/;) +
' 81Ga? ppy '
(8.25)
— (4%” — 6H'H + H3) (Vo — ;) + V2, — ”HV2\IIZ} =0,
The conservation equations (8.24) can be readily integrated to give
C. .
Vini = —alﬁ;; + 5, (8.26)

and the modified conservation equation for dark matter can be integrated in Fourier space as

CDM i 1

X
X

7‘ = 2 + 1 - k2 Sﬂ—Ga pDM ql" (8'27)
DM, i a 1-— 78WG§QPDM (H2 — 4H) < 1— 7%@52;;% (H? — 4H") i
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Finally, using equation (8.27), the ii components of the Einstein equations (8.23) can be

integrated to obtain

2 2
g, = O Tox 4 Cui 1 — Grgazpy (L —4H)
C 2 1 2 5 ;
L= gy (M2 01+ 3582) - 001 — o (12— an! o+ 8082
(8.28)
while the 0i components impose the constraints on the integration constants
167G
Coi=—z~ > (1+wn) paoChie (8.29)
n

These perturbations have a singular behavior when the denominator in equation (8.28)

vanishes. This occurs at a scale factor

3x0k?
X0 6200 1252 (8.30)

7 ArGpr,0 B Pr,0
While this singularity does not affect the global evolution of the perturbations, we restrict the
analysis to modes generated after this point.

Even if a full analytical form is present, to study the evolution of vector perturbations
it is instructive to consider separately the GR limit and the NMC-dominated phase. The
perturbations of the minimally coupled fluids, described by equation (8.26), follow the same
evolution as the gravitational perturbation ¥;, up to the addition of a constant or decaying
mode; for this reason, we focus only on the evolution of the gravitational and dark matter

perturbations. In the GR limit, they have the standard behavior

Cy Comi = Cuy
\Pi ~ \I;’Z, VDM;i ~ DA + \I;l . (831)
a a a
In the NMC-dominated epoch, they instead evolve as
STerDM,OCDM,i CDM,i
U, ~ ok a= L2k:2a’
1 (Cyy 87G ppr,0Cpi 1 (Cyy Chai
V L o~ — 2 2 2 = — 2 : . 832
o 2 ( o | xok? )a 2 < X0 L2k2> ¢ (8.32)

The key difference with respect to the standard case is therefore a growth proportional to the
scale factor in the early Universe.

If we consider gravitational perturbations generated after the singular point in equation (8.28),
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their amplitude at recombination scales as

2
anvic e drGprpo 1 1
W, (a x V;(a —— ~V;(a —— , 8.33
#{8cus) i(as) as Acump i(a) 3 k2 a(QJMB ( )
where we used ayye = (87TGL2PD1\LO)1/3 for which X’a:a]\m = 1. Perturbations are enhanced

with respect to their initial value for wave numbers

1 [4rG [0
k< PR (1 zoys) (| 2 H ~ 1.65 x 1073 Mpe . (8.34)
076 Vs3] 3 2

If the initial perturbations are small (e.g. of quantum origin), all modes that are observationally

relevant today remain of negligible amplitude.

8.1.3 Tensor perturbations

To derive the equations for tensor perturbations, it is convenient to express them as

hy hy O
hij=|hy —hy 0]. (8.35)
0 0 0

The field equations take a particularly simple form by combining the (1,1) and (2,2) components.

In this way, we obtain
(L+X)RL+ 2= x)HE, +(1—=x)k*hy =0, (8.36)
and an analogous equation for hy. In the GR limit, these equations reduce to
L F2HB  + K by = 0. (8.37)

Thus, the two polarization modes h4 and hy satisfy the same equation as the comoving curvature
perturbation R in Equation (8.13), the only difference being that tensor perturbations travel at
the speed of light ¢2 = 1. The solution is therefore

7Y (k 7% (k
_ o ( 77)+C2+/x =y (kn)

hi)x b pr (8.38)

% l—w a5 Cf/x

where Hél) and Hg) are Bessel functions of the first and second kind, v = e

and C;r /> are integration constants which depend on w.
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On the other hand, in the NMC limit tensor perturbations satisfy
W =HI, =K hyyy =0, (8.39)

which can be solved immediately, once we recall that in the NMC-dominated epoch H = —2/n,
to give

:C+/X ekn +C+/X e_kn

h+/>< 1,NMCT 2,chT, (8.40)

where C’i Iékxlc and C; Ié;c are the integration constants during the NMC epoch. The absence of
oscillatory sub-horizon modes indicates that a standard adiabatic vacuum cannot be defined
during the NMC-dominated epoch; consequently, tensor perturbations cannot be generated from
vacuum quantum fluctuations, but can only correspond to the classical evolution of pre-existing
perturbations.

In the super-horizon regime, the solutions in Equations (8.38) and (8.40) reduce respectively
to

peen M) (38)" (c =) o+ o3 icot(my) (057 — )

+ - n%,
o m r(1-v) (Lk)
(8.41)
and )
+ - + - -
hiﬁ{ ~ 5(01,1{30 - 2,1{1130) + (Cl,léléc + 02,1(1;(:) n 17 (8-42)

which evolve precisely as scalar perturbations with speed ¢2 = 1. In the deep sub-horizon regime,
Equations (8.38) and (8.40) reduce to
T (142v)

e ez
W~ o — + 03

T —— 1 (8.43)
k02" Vak 27
and

E>H +/x €
h+>/>>< NC(l,Q),NMCT' (8.44)

Also in this case they evolve as scalar perturbations, with the notable difference that requiring
the validity of the linear approximation sets h?ﬂi ~ 0 in the NMC-dominated epoch, and no
primordial gravitational waves are generated in the early Universe.
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8.2 Generation of perturbations and primordial power spectrum

The solutions derived in the previous section provide the necessary ingredients to study the
generation of primordial perturbations. These perturbations set the initial conditions for
cosmological anisotropies and can therefore be constrained through observations of the CMB
and large-scale structure.

In the standard inflationary scenario, primordial perturbations originate from quantum
fluctuations generated in the early Universe. During the accelerated expansion phase, the
comoving horizon shrinks, so that fluctuations initially inside the horizon are stretched to
super-horizon scales, where they effectively freeze. After the accelerated phase ends, they
re-enter the horizon and source the observed anisotropies.

At the practical level, introducing the Mukhanov variable u = aR [294], the action at
second order in perturbation theory reduces to that of a scalar field in flat spacetime with a
time-dependent effective mass. The quantization of this scalar field fixes the normalization
of the Fourier modes once an initial state is specified, usually taken to be the Bunch—Davies
vacuum [295]. On super-horizon scales the comoving curvature perturbation R remains constant,
implying u < a. Modes with larger wavelengths exit the horizon earlier and therefore undergo
a longer amplification. Since horizon crossing is defined by k£ ~ H, this translates into a
characteristic dependence of the perturbation amplitude on the wavenumber k.

In the next subsections we adapt this procedure to our model, first introducing variables
suitable for quantization and then following their evolution up to the epoch probed by the
CMB. In the first subsection we consider the case in which primordial fluctuations are generated
during the accelerated expansion phase. Once suitable variables are identified, the calculation
is relatively straightforward, but the resulting predictions are incompatible with observations.
In the second subsection we consider the case in which primordial fluctuations are generated
during a contracting phase in a bouncing scenario. The evolution is considerably more involved,
but we find that it is possible to obtain a power spectrum compatible with current observations.
This requires an excited initial state rather than the Bunch—Davies vacuum. While such a
choice does not appear unreasonable in a matter or radiation dominated contracting Universe,
it substantially complicates the construction of the primordial spectrum.

The quantity directly related to observations is the power spectrum of perturbations. The
power spectrum P, (k) of a quantity p(x,t) is defined as

2 K 2
pel” = Ppk) = W\pk\ ;

(8.45)

where the py are the Fourier modes with wavenumber k. The main cosmological observables

< 43k
(27)3

7 SR8 = (0ot ot + Ax000) = |
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are the scalar spectral index
dInPr (k)

dlnk

where Pr (k) is the power spectrum of comoving curvature perturbations, and the tensor-to-

ng:=1+ (8.46)

scalar ratio

ri= Pn

Pr’
where Py, is the power spectrum of tensor perturbations i, /.. The constraints from Planck
collaboration are ng = 0.9665 & 0.0038 and r < 0.036, together with negligible vector perturba-
tions [277].

(8.47)

8.2.1 Power spectrum within inflationary scenario

We first consider the case in which primordial fluctuations are generated during the accelerated
expansion phase, so that the NMC-dominated epoch effectively plays the role of an inflationary
era. In standard cosmological perturbation theory, the Mukhanov variable is derived from
the action at second order in perturbations, which identifies the canonical degree of freedom.
Deriving the full quadratic action for the present non-minimally coupled fluid system is technically
involved and lies beyond the scope of this work. We therefore adopt a more pragmatic approach
and work directly with the equations of motion, introducing a field redefinition that recasts the
perturbation equation into a Mukhanov—Sasaki form. While this procedure does not by itself
establish the canonical structure of the theory, it reproduces the correct dynamical equation, and
we therefore adopt it as the effective canonical degree of freedom for quantization, in analogy
with the standard construction.

Defining the variable

1/2
1 4 k? H
“alam| (R (549
(8.15) reduces to
2,9 1 % i 2
" —
u’ + ék - 5 + <4k22_1> H U = O, (8.49)
3

which has the form of a Klein—-Gordon equation for modes of wavenumber k = \/gk: with a
time-dependent effective mass. Fluctuations are in the quantum regime when they are deeply

sub-horizon, where the equation simplifies and admits the solution

2 . .
W IRu=0, = u=age VI gtV (8.50)
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Figure 8.1. Pictorial representation of the evolution of perturbations generated during a an
inflationary era, showing their dependence on the wavenumber k& and on the scale factor a. All
modes originate from a quantum state normalized as k~1/2, which implies a k*/2-dependence
for the comoving curvature perturbation. The right-hand side of the figure shows the resulting
k-dependence of the power spectrum.

Imposing the Bunch—Davies vacuum selects only positive frequencies, and thus fixes the normal-

-1/2
aE = (\/2/43) 5 ,Bk =0. (851)

Using the sub-horizon limit of the comoving curvature perturbation (8.20), the sub-horizon limit

ization as

of definition (8.48), and the solution for the velocity field (8.27), we obtain the corresponding
initial conditions for R:
8v/3 8v/3 4634 1

ﬁﬁk =0, Co e = 5k ap = 5 e (8.52)

OI,NMC =

When perturbations exit the horizon, the growing mode in (8.18) rapidly dominates over the

constant one, and by the end of the NMC-dominated epoch their amplitude is

R ~ E*Conicline =
2,8nMcTNme e

5 (8.53)
as illustrated in figure 8.1.

At later times the evolution follows GR, where the constant mode dominates, so that

perturbations re-enter the horizon with amplitude (8.53). The corresponding power spectrum
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at horizon entry is

K3 9 241/6 4
27)2 ‘ ’ ~ 2
( 7r) (57T77NMC)

The scalar spectral index is therefore ng = 5, in clear tension with observations. Perturbations

Pr(k) = (8.54)

generated during the accelerated phase cannot account for the observed cosmological fluctuations,

and alternative scenarios must be considered.

8.2.2 Power spectrum within bouncing scenario

An alternative to generating primordial fluctuations during the accelerated phase is that they
originate during a contracting phase in a bouncing cosmology. In standard models of primordial
perturbations in bouncing cosmologies an asymmetric bounce is normally required. Indeed, in
order to provide the observed nearly scale-invariant spectrum, the pre-bounce Universe has to be
matter dominated while becoming radiation dominated immediately after the bounce. This is
because, perturbations generated deep inside the horizon are normalized by imposing the Bunch-

1/2 As they exit the horizon during contraction, the time-dependent

Davies vacuum, u < k~
mode grows and dominates over the constant one, leading to an amplification by a factor k~!
and hence to a scale-invariant power spectrum at horizon re-entry after the bounce [287, 296].

Interestingly, in our case, no change in the matter content of the pre-bounce Universe is
required, since the model itself predicts a symmetric cosmological bounce for negative spatial
curvature. Nonetheless, as we will show, obtaining an almost scale-invariant spectrum requires
a different (albeit we shall argue not unnatural) tuning of initial conditions with respect to the
Bunch-Davies vacuum.

In order to make the above discussion quantitative, let us introduce the aforementioned
Mukhanov variable u = aR. As anticipated, by doing so the first equation in (8.13) takes the
form of a Klein-Gordon equation for modes of wavenumber k = ¢k with a time-dependent

effective mass. Explicitly
" 21.2 1 2
u’ + sk —5(1—310)7-[ u=0. (8.55)

To study the quantum regime, we consider the deep sub-horizon limit, in which the equation

simplifies and admits the solution
U+ EkPu =0 = u = age ok 4 gy eicskn (8.56)

Now, it is worth noticing that, during its pre-bounce contracting phase, the Universe was
probably already filled by matter and radiation, so that the Bunch-Davies vacuum may not be its

more appropriate description. While it is quite difficult to “guess” an alternative, non-vacuum,
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initial condition, we can still “reverse-engineer” checking which ones would have lead in our
bouncing scenario to the observed quasi scale-invariant spectrum.
In order to construct suitable initial conditions, we recall that standard commutation
relations imply
wi i =2% = ol — B = . (8.57)
csk
Comparing the sub-horizon solution for the comoving curvature perturbation in equation (8.19)
with the solution for the Mukhanov variable in equation (8.56), this condition translates into

the following constraint on the integration constants of R:

2 ™

Cal* =" =5 (8.58)

This relation fixes one combination of the two integration constants, leaving a single free
parameter once the coefficients are taken to be real. Rather than working directly with C7 and
(s, it is convenient to parametrize the remaining freedom by introducing a characteristic scale
in momentum space, k), defined as the wavenumber for which the amplitudes of the constant

and growing modes are equal at n = 7, which corresponds to

|Cl—|—02| B F(I—V)F(—V)
|Cl 7CQ| B 22vy

(csl;:(s)ﬁ) v + cot (mv)| .

(8.59)

With this definition, modes with k < k() reach n = 7 dominated by the growing mode, whereas
modes with k£ > k) dominated by the constant mode.

Combining equations (8.58) and (8.59), the integration constants can be written as

_ 2v
_1— PO (5 O7) ™ + cot (nv)
Ci=F 3 _ 2 2’
HUSED) (ek9)7) ™ + cot (nv)
8.60
Hw(ysr” Y
s 22v Cs 77) + cot (mv)
Cy= =+ 3 /2 -

_ 2v
PSP (k7)™ + cot ()

22v g

These conditions correspond to an initial state of the Mukhanov variable with occupation

G (1 -

e =B} = =
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Figure 8.2. Pictorial representation of the evolution of perturbations generated during a
contracting phase in a bouncing cosmology, showing their dependence on the wavenumber k£ and
on the scale factor a. All modes originate from a quantum state normalized as k= /2. The upper
mode in the figure exits the horizon during matter domination and reaches matter-radiation
equality with the growing mode dominant. The central mode also exits the horizon during
matter domination, but reaches matter-radiation equality with the constant mode dominant.
The lower mode exits the horizon during radiation domination. The right-hand side of the
figure shows the resulting k-dependence of the power spectrum.

The Bunch—Davies vacuum is recovered for the particular choice

- 2 (m(£l —cot(mv)) 1/2v
Fep = cn( T(1—v)T(—v) > : (8.62)

for which C; =0 and C = \/m, and therefore ny = 0. Values of k(® either smaller or larger
than 15](353 correspond to excited states.

We note that adopting analogous initial conditions in the inflationary scenario, so as to keep
the constant mode of equation (8.18) at horizon exit, would introduce an additional factor of
k in the comoving curvature perturbation. The resulting scalar spectral index would then be
ns = 7, making the predictions even more incompatible with observations.

With this freedom in the choice of initial conditions, we can now follow the evolution of
perturbations up to the CMB and derive a prediction for the primordial power spectrum.
However, as shown in figure 8.2, the evolution of perturbations in the bouncing scenario is
considerably more involved than in the inflationary case. It is convenient to separate the

evolution into different stages and discuss each of them independently.
Contraction phase during matter domination. The evolution of perturbations in a

matter-dominated Universe requires some care, since the solution in equation (8.14) becomes

singular in the limit ¢; — 0, or identically constant if one sets C7 = —C to avoid the divergence.
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A useful approximation is obtained by taking the limit w — 0, while keeping ¢, finite. The full

solution then reads

9 eicskn 9 eficskn
R = _Cl,MAT @ (1 — ZCSkT]) 7 — CZ,MAT @ (1 + chkn) ’)73 s (863)

where, during matter domination, a o 72, so that |5| o \/a up to a normalization fixed by the

background solution, and we made explicit that the integration constants Ci ar and Coyar

refer to the matter-dominated epoch. In the super-horizon limit it reduces to

7 /2 2C + C _
Ricr ~ 3\/;(Csk)3/2(02,h4AT - Cl,MAT) Vi I’M(ACT k)3/22’MATa 3/2 (8.64)

We choose as initial conditions

1— (C—Sl_f(s) a )3
o B pre 3/3 "omaT v/ OvRrE
Lvar = T4/ 3

_ 3
B T 1+ (gijgkélszzT\/ aMRE)
_(s) 3/2 , CQ7MAT - j: 8 (865)
( gc/sngAT V aMRE)

- 3/2
( %k@m/ aMRE)

so that modes with k < IQ:IE,}Q}ZT reach matter—radiation equality dominated by the growing mode,
while modes with k > l?:ﬁ,iZT dominated by the constant mode. Allowing for such an intermediate

scale l;:IE,ISIZT, comoving curvature perturbations at the end of this stage scale as

k=3/2 for k</§:§1s,2T

" (8.66)
32 for  kyar < k < kygs,

Raiar—rap X {

where kyre ~ Hame ~ 1.04 x 1072 Mpc_l, is the perturbation’s wavenumber at matter-radiation

equality.

Contraction phase during radiation domination. The evolution of perturbations in a
radiation-dominated Universe is particularly simple, since the full solution in equation (8.14),

with ¢2 ~ w ~ 1/3, reduces to

;L 41
Cl,RAD eshn CQ,RAD e~ iskn

T 1 T 1
NER TRk

R:

, (8.67)
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where, during radiation domination, a ~ 7 up to a normalization fixed by the background

solution. In the super-horizon limit it reduces to

/2 |1 12 C + C _
7zk<<7-15 ~1 ; %k (C2,RAD - Cl,RAD) + ; L,RAD T 2,RAD a 1. (8.68)
Vel

Modes that are already super-horizon are rescaled by the common factor Nyre/Mvuc = Gure/Axuc-

For modes exiting the horizon during this phase, we fix the integration constants as

1— il_ﬂ(s) ANy 1+ Ll_ﬁ(s) anw
T RADONMC T RADANMC
CI,RAD ~ :F\/; _\(/j) 1/2 ) C2,RAD ~ :l:\/; —\(/Sg) 1/2 ) (869)
(%kRADaNMC) (%kRADaNMC)

so that perturbations with k& < IQIQS,ED reach the onset of the non-minimal coupling dominated

by the growing mode, while those with k > IQI({SQD dominated by the constant mode. To remain
consistent with observational constraints, however, only the growing modes should be observed,
and thus we choose l;:I(QSA)D > max (kops). These modes do not acquire additional k-dependence
since they scale as 77! = a~! both inside and outside the horizon. At the end of this stage,

comoving curvature perturbations behave as

E32 for k< kSl
Rrap—wuc X § k32 for I_CI&S/ZT < k < kurg (8.70)

E Y2 for k> kyge.

Contraction phase during NMC domination. When the Universe reaches the NMC-
dominated phase, all relevant modes are already super-horizon. Their evolution is described by
equation (8.18), which contains a constant mode and a time-dependent one scaling as ! = al/?.
The latter rapidly decreases and becomes subdominant. Comparing the super-horizon behavior
in equation (8.18) with the sub-horizon one in equation (8.20), one finds that perturbations are

amplified by a factor k1. At the bounce, comoving curvature perturbations therefore scale as

52 for k< kS,
RBNC X k1/2 fOl“ %1&1521“ < kf < kMRE (871)

k=32 for k> kyge.

Expansion phase during NMC domination. In the sub-horizon regime, perturbations

1 1/2

evolve as in equation (8.20), namely as oscillations modulated by a factor n=* = a'/“. In a

symmetric bounce scenario, each mode exits the horizon after the bounce at the same value of
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the scale factor at which it entered before the bounce, with a small common enhancement, as
shown in Appendix E. No additional k-dependence is generated at horizon exit, since the time-
dependent mode dominates due to its scaling as n~! = a!/2. Comoving curvature perturbations
therefore reach the end of the NMC-dominated stage with

52 for k< ES)
Ryse—srap X § kY2 for /5§ng <k < kyge (8.72)

k=3/2 for k> kyge.

Expansion phase during radiation and matter dominations. Finally, once the NMC
becomes negligible, the evolution is again described by GR. In an expanding Universe, the
constant mode of super-horizon perturbations dominates during both radiation and matter
domination, so comoving curvature perturbations re-enter the horizon with the amplitude shown

in equation (8.72). Evaluating the power spectrum at horizon entry then gives

k=2 for k< l%ﬁf,ZT
PR|H—entry o q k* for I%IE/IS/ZT < k < kurg (8-73)

K0 for k> kurs.
This clarifies the role of the intermediate scale l?:ﬁ? /ZT. If we keep only the growing modes, as is
usually done in cosmology, the k=2 branch, combined with the integrated Sachs-Wolfe effect,
would produce an excessive enhancement of power at large scales, in tension with observations.
The k* branch, on the other hand, is partially compensated by the same effect.
Before confronting the resulting scalar spectrum with CMB temperature anisotropies, it is
useful to consider the tensor sector. In particular, the observational bound on the tensor-to-

scalar ratio already provides a constraint on IQ:SZT.

Tensor-to-scalar ratio. The evolution of tensor perturbations in the GR limit is nearly
identical to that of comoving curvature perturbations, with the only difference that tensor modes
propagate at the speed of light, ¢; = 1. During the NMC-dominated phase of the contracting
Universe, however, the solution contains an exponentially growing mode. To preserve the validity
of the linear approximation, this mode must be removed by setting C’;f 17\I>1510 = 0 in equation (8.39).
The remaining mode is exponentially suppressed during contraction, so that tensor perturbations
reach the bounce with negligible amplitude. After the bounce, the same solution becomes
exponentially growing. In a symmetric bounce scenario, this growth compensates for the

suppression experienced during the contracting phase, and tensor perturbations therefore
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Figure 8.3. Possible shapes of the tensor-to-scalar ratio for different values of ky ., given in
the legend as fractions of kygrg. The parameter l;:&)D is fixed to max (keps) = 10°, while l%gng
and IES,?D are chosen to satisfy continuity and to make r saturate the Planck bound r = 0.036 at

k = max (kops), under the conditions %S B\T < min (kops) = 1 and 1221(52]3 > max (kops) = 10°.

emerge from the NMC-dominated epoch with approximately the same amplitude they had when
entering it. Unlike comoving curvature perturbations, tensor modes do not acquire the additional
k! enhancement generated during the NMC phase. Their power spectrum is therefore obtained

from that of R by setting ¢, = 1 and removing this extra factor:
P o<k Prl, _; - (8.74)

We parametrize the initial conditions for tensor perturbations in analogy with scalar pertur-

bations in equations (8.65) and (8.69), introducing the corresponding intermediate scales IEI(VITIQT

and l?:&)D. The tensor-to-scalar ratio then takes the form

. 3.6, (7.0 \° - SN AORS
o (RS )P (R) N G, -
TMAT = =(7) —s) 6 TraDp = = (1) —s) 3 ( . )
Fiar kS + (/{:MAT) Kgap k2 + (k‘RAD)

during matter and radiation domination, respectively, and where k is in units of H.

At k = l%ﬁfﬁT, the tensor-to-scalar ratio satisfies the Planck bound r < rp, = 0.036 only if
IEI(WS,QT < /Tpr ~ 0.190, which is smaller than the wavenumber of the largest observable mode,

min(kops) ~ 1 in these units. Since we also require IQSA)D > max(kops), the tensor-to-scalar ratio
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scales as
k4 for k< kT k2, for kyms < k < £SO
Tvatr X (1) ) Trap X (1)
k2, for kyir < k < kyrg kY, for k > knxp
(8.76)

Requiring that the tensor-to-scalar ratio satisfy the Planck bound over the whole observable

range places only weak constraints on l;:I(VITBT and IEI({?D. As a result, the precise shape of the

tensor-to-scalar ratio is not a robust prediction of the model. Nevertheless, if l%é?D is chosen
such that r saturates the observational bound at the largest observable scales, and continuity is
imposed, the tensor-to-scalar ratio as a function of the wavenumber k£ resembles the examples
shown in figure 8.3: in the radiation-dominated branch, r always increases with k, while in
the matter-dominated branch it can either increase——Ileading to very small values on large
scales—or decrease, making it potentially accessible to future observations.

A tensor-to-scalar ratio that could be detected by future experiments, while remaining close

to the current upper bound on large scales, requires ]_fl(us ,zT < 4/rpL, a larger l_fIE,RT ~ kyrg, and

large ESA)D, ES,;)D > max(kopbs). This implies that perturbations start in highly excited states,

with scalar perturbations having a larger occupation number than tensor perturbations.

Fit of Planck TT-power spectrum. We use the matter power spectrum in equation (8.73)
to compute the CMB temperature angular power spectrum using the Weinberg’s [297, 298|
semi-analytic approximation for the Fourier coefficients. Note that such a formula is known to
have same limitations with respect to the full numerical solutions of the Boltzmann equation
for the photon-baryon fluid: it slightly underestimates the first peak, slightly overestimates
the third peak, and slightly under-damp the high-# tail; however, these deviations are rather
small, limited to < 10% for the peak amplitudes and to < 1% for the peak positions. Since
it is quite complex to implement in the present Boltzmann solvers (e.g., CAMB or CLASS) the
peculiarities of the NMC evolution, and since the piece-wise powerlaw description of the input
NMC matter power spectrum is anyhow very crude, for a first semi-quantitative assessment we
can confidently rely on the Weinberg’s approximation. Choosing a l_flsizT < min(kops), we obtain
the spectrum shown in Figure 8.4. Overall, the agreement of our result with the Planck [253]

data is encouraging, and could motivate further, more precise analysis.

8.3 Summary and conclusions

In this chapter, we studied the generation of primordial cosmological perturbations in a Universe
where dark matter is non-minimally coupled to gravity at the fluid level.

At the background level, the non-minimal coupling drives a phase of accelerated expansion
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Figure 8.4. Fit of Planck data with our prediction for the primordial power spectrum.

at early times, lasting long enough to solve the horizon and flatness problems. At even earlier
times, for negative spatial curvature, the initial singularity can be avoided, since the Universe
undergoes a bounce from a previous contracting phase.

In Section 8.1, we presented the full equations for scalar, vector, and tensor perturbations.
In the scalar sector, we showed that the equations for comoving curvature perturbations
can be solved analytically both in the GR limit and in the regime where the non-minimal
interaction dominates, separately; in the latter case, comoving curvature perturbations grow as
the Universe expands. In the vector sector, the equations can be solved analytically without any
approximation, and we found that vector modes are in general strongly suppressed at late times.
In the tensor sector, analytic solutions can again be obtained in both the GR limit and the
NMC-dominated epoch; in the latter case, tensor perturbations are described by exponential
modes, which either invalidate the linear approximation or remain strongly suppressed.

In section 8.2, we showed how perturbations may be generated from quantum fluctuations
and how they evolve up to the present epoch. If primordial fluctuations are generated during the
accelerated expansion phase, perturbations receive an additional k? enhancement with respect
to standard inflationary scenarios. The model therefore predicts a scalar spectral index ng = 5,
in clear tension with observations.

If instead perturbations are generated during the contracting phase of a bouncing cosmology,
the resulting scalar power spectrum is scale-invariant for multipoles £ 2 150, while perturba-
tions at small wavenumber are suppressed as k*. The integrated Sachs-Wolfe effect partially
compensates for this suppression, and the resulting CMB power spectrum shows encouraging
agreement with Planck data. The tensor-to-scalar ratio can be expressed in terms of several
free parameters, and the model is therefore not highly predictive in this respect. Nevertheless,
it is straightforward to obtain values consistent with current constraints while still leaving room

for a possible detection in future experiments.
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Obtaining observables compatible with current data requires a different prescription for the
initial conditions of the perturbations. In particular, while standard inflationary scenarios usually
assume that the perturbations begin in a vacuum state, our model requires the corresponding
quantum system to start in a highly excited state. This assumption does not appear unnatural,
since perturbations are generated when the background Universe is matter — or radiation —
dominated. We also require tensor perturbations to begin with a lower occupation number than
scalar ones. Since these two sectors are not constrained to share the same initial state, this
additional assumption does not seem unreasonable.

These results are encouraging, but several open issues remain. First, the present analysis
relies on a piecewise approximation for the background evolution, which should be replaced by a
full numerical treatment to obtain precise predictions. Second, the power spectrum obtained in
the bouncing scenario requires both specific initial conditions and highly excited perturbation
states; the physical origin of these states, and the role of their backreaction on the background
evolution, deserve further study. Third, our treatment assumes a symmetric bounce, and it
remains to be understood how robust the results are under more general bouncing dynamics.
Finally, while the present work focused on the scalar spectral index and tensor-to-scalar ratio,

further observational tests should include non-Gaussianity and large-scale structure constraints.
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Chapter 9

Conclusions and Future Prospects

The nature of dark matter remains one of the central open questions in modern physics. On
cosmological scales, the cold dark matter paradigm provides an extraordinarily successful
description of the observed Universe, from the anisotropies of the cosmic microwave background
to the formation and distribution of large-scale structure. At galactic scales, however, a number
of observations point towards a more complex phenomenology. In particular, the inner structure
of dark matter haloes, the dynamics of dwarf galaxies, and the remarkably tight relations
between baryonic and dark matter components raise questions about whether the standard
assumption of a pressureless and minimally coupled dark matter fluid is sufficient.

This thesis has investigated the possibility that part of the phenomenology usually attributed
to the microscopic properties of dark matter may instead originate from a non-standard
interaction between dark matter and gravity. Two complementary approaches have been
pursued. The first is fractional gravity, in which the gravitational interaction is made non-local
through a fractional power of the Laplacian and its relativistic generalization. The second is a
local relativistic model in which dark matter is non-minimally coupled to gravity. Although
the two frameworks differ substantially in their mathematical structure, they share a common
physical motivation: to investigate whether modifying the interaction between dark matter and
gravity can provide a unified description of phenomena occurring from galactic scales to the

early Universe.

9.1 Summary of the main results

The first part of this thesis has focused on fractional gravity (FG). In its Newtonian formulation,
the theory modifies the Poisson equation through a fractional Laplacian characterized by the
fractional index s and the length scale £. The analysis of an NFW dark matter distribution showed

that the resulting gravitational field can be interpreted in terms of an effective density profile
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that is significantly less cuspy than the original distribution. In particular, the effective profile
approaches an approximately cored configuration in the regime relevant for low-mass systems,
providing a possible explanation of the cusp—core problem without requiring a modification of
the underlying NFW dark matter distribution. The resulting phenomenology also reproduces
the observed relation between the central surface density and core radius of dwarf galaxies.

The model was then confronted with galaxy rotation curves through Bayesian analyses of
stacked systems spanning dwarf, low-surface-brightness and high-surface-brightness galaxies.
The fractional-gravity description provided fits that were systematically better than, or at least
competitive with, the corresponding standard Newtonian treatment based on an NFW halo.
Importantly, the analysis did not merely provide an improved phenomenological fit to individual
rotation curves. The posterior distributions revealed a systematic dependence of the fractional
parameters on halo mass. The non-local interaction becomes increasingly important towards
smaller systems, while the Newtonian limit is approached for more massive haloes. This mass
dependence provides a possible explanation for why deviations from the standard cold dark
matter predictions are predominantly observed on galactic and sub-galactic scales.

An important consequence of this framework is that several empirical relations involving
the baryonic and dark components of late-type galaxies emerge naturally from the non-local
modification of gravity. In particular, the Radial Acceleration Relation, the disk—halo mass
relation, and the relations involving the core surface density and disk scale-length can be
recovered within the same framework. This result is particularly relevant because these
correlations represent some of the most striking pieces of evidence for a non-trivial interplay
between baryons and dark matter.

The analysis was subsequently extended to galaxy clusters and individual dwarf galaxies.
For the X-COP cluster sample, the density and pressure profiles of the intracluster medium
were modelled within fractional gravity and confronted with X-ray and Sunyaev—Zel’dovich
observations. The model was found to reproduce the thermodynamic profiles of the clusters
while preserving a concentration—mass relation compatible with expectations from standard
structure formation. The fractional parameters also continued to follow the scaling inferred at
galactic scales.

At the opposite end of the mass spectrum, the dynamics of dwarf irregulars, dwarf spheroidals
and the ultra-diffuse galaxy DragonFly 44 were investigated. Taken together with the spiral-
galaxy and cluster analyses, these results show that fractional gravity can describe virialized
systems over approximately ten orders of magnitude in dark matter mass. Most importantly,
the same qualitative trend persists across this enormous range: the fractional index approaches
the Newtonian value s = 1 in massive systems, whereas it can approach s ~ 1.5 in the smallest

galaxies. Thus, the phenomenology is not that of a modification with a fixed strength at all
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scales, but rather of an interaction whose effective importance depends systematically on the
mass and size of the gravitating system.

The relativistic extension of fractional gravity represents the next step towards establishing
whether this phenomenology can be embedded consistently into a relativistic theory. An
action was constructed whose field equations reduce to the previously studied fractional-gravity
framework in the appropriate weak-field limit. The resulting equations can be interpreted as
Einstein equations sourced by an effective stress-energy tensor associated with the dark matter
component. Interestingly, this effective description contains not only an energy density but also
dynamically generated pressure, heat flux and anisotropic stresses.

The relativistic formulation also reveals an intrinsically non-local aspect of the theory. The
propagation of perturbations is affected by the fractional d’Alembertian, leading to memory
effects and allowing the response at a given spacetime point to depend on an extended region of
its past light-cone. This opens the possibility of testing fractional gravity through genuinely
relativistic phenomena, including gravitational lensing and gravitational-wave propagation.
In fact, the lensing analysis performed using the CLASH galaxy-cluster sample showed good
agreement between the relativistic fractional-gravity models considered and the observed
convergence profiles.

The second part of this thesis followed a different strategy. The non-minimally coupled
dark matter (NMC-DM) model was introduced as a local relativistic realization inspired by the
structure of fractional gravity. The main advantage of this formulation is that, by replacing
the non-local interaction with a local non-minimal coupling, it becomes possible to study
strong-gravity configurations explicitly.

A striking consequence of the coupling is the dynamical generation of an effective pressure
from an underlying pressureless dark matter component. This pressure can counteract gravita-
tional collapse and support static, spherically symmetric configurations. The resulting solutions
are regular and horizonless ultra-compact objects. Their density profiles are approximately
constant over much of their extent, while their compactness can approach that of black-hole
mimickers. For a restricted range of central densities, the configurations possess an internal and
an external light ring, giving rise to a characteristic optical structure. A ray-tracing analysis
consequently showed that these objects can possess a pseudo-shadow, providing a potential
observational discriminator between NMC ultra-compact objects and black holes.

The cosmological implications of the same interaction are equally significant. Because the
non-minimal coupling becomes important when the dark matter density is sufficiently large,
its effects are naturally concentrated in the early Universe. Solving the modified background
equations reveals a phase of accelerated expansion driven entirely by the coupling, without

the need to introduce an additional inflaton field. For the parameter range investigated in the
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thesis, this phase lasts sufficiently long to address the horizon and flatness problems. At still
earlier times, the fate of the Universe depends on its spatial curvature. In particular, negative
spatial curvature allows the initial singularity to be replaced by a cosmological bounce.

The study of cosmological perturbations provides an essential test of this scenario. The
thesis derived the equations governing scalar, vector and tensor perturbations in the NMC-DM
framework and followed their evolution through the relevant cosmological epochs. The inflation-
ary and bouncing scenarios lead to qualitatively different primordial spectra. The bouncing
scenario is particularly interesting because it can simultaneously remove the initial singularity at
the background level and generate a primordial scalar spectrum compatible with the observed
CMB anisotropies. This agreement, however, requires a departure from the simplest choice of
the initial quantum state of the perturbations.

The resulting picture is therefore a remarkable one. Within a single modification of the
dark matter—gravity interaction, one can obtain non-trivial galactic dynamics, regular ultra-
compact configurations, an early phase of accelerated expansion, a possible cosmological bounce,
and primordial perturbations with an approximately scale-invariant spectrum. These results
do not establish that non-standard dark matter—gravity interactions are realized in Nature.
Rather, they demonstrate that such interactions constitute a viable and phenomenologically

rich direction that deserves further investigation.

9.2 Future prospects

The results obtained in this thesis naturally lead to several directions for future work.

9.2.1 From phenomenology to a fundamental origin of fractional gravity

Perhaps the most important open question concerns the physical origin of the fractional
interaction. The analyses presented in this thesis establish a consistent phenomenological
picture, including a mass-dependent scaling of the fractional parameters, but do not identify a
microscopic mechanism responsible for the appearance of the fractional operator.

A fundamental theory should explain why the interaction is characterized by a fractional
index s, why the associated length scale £ follows the empirical scaling found across virialized
systems, and why the modification becomes negligible in massive systems. One possible direction
is to investigate whether fractional operators can emerge as effective descriptions of an underlying
dark-sector theory, for example after integrating out additional degrees of freedom or through
renormalization-group effects. Fractional operators have already been considered in broader
contexts involving non-local gravity, anomalous scaling and effective descriptions of quantum

gravitational systems, making this connection particularly interesting.
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A related issue concerns the relation between the Newtonian fractional theory and its rela-
tivistic completion. The present work provides the relativistic field equations and demonstrates
the correct weak-field limit, but a complete understanding of the theory requires a systematic
analysis of its degrees of freedom, initial-value formulation, causality and stability. In particular,
the role of the choice of Green function in defining the non-local operators deserves further

attention, since causal propagation requires the appropriate retarded prescription.

9.2.2 Larger and more homogeneous galaxy samples

The galaxy analyses presented in this thesis demonstrate the potential of fractional gravity, but
future observational samples will allow the parameter scaling to be tested much more stringently.
In particular, large samples of spatially resolved rotation curves can establish whether the
relation between s, £, and halo mass remains valid across a broader range of morphological
types, surface brightnesses and environments.

Dwarf galaxies are especially important because the fractional effects are predicted to be
strongest in this regime. Improved measurements of stellar and gas kinematics, together with
better control of inclination, non-circular motions, stellar mass-to-light ratios and velocity
anisotropy, will be crucial for determining whether the inferred departures from standard gravity
are robust against astrophysical systematics.

The same strategy should be applied to galaxy clusters using independent mass tracers.
Combining X-ray hydrostatics, SZ observations, strong and weak lensing, and galaxy dynamics
would provide an especially powerful consistency test because these observables probe the

gravitational potential through different physical mechanisms.

9.2.3 Strong-gravity dynamics and the stability of NMC ultra-compact
objects

The NMC ultra-compact objects found in this thesis are among the most intriguing predictions
of the model. However, establishing their physical relevance requires going beyond the static
solutions.

The first essential step is a complete dynamical stability analysis. The preliminary analysis
presented in the thesis suggests that the stability properties can be investigated through
perturbations of the relevant fields, but a rigorous treatment requires the numerical evolution of
time-dependent perturbations. This was explicitly identified as a problem postponed to future
work.

Such an analysis should determine whether the static configurations represent dynamically

stable compact objects or transient configurations preceding collapse. It should also establish
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the allowed range of central densities and determine whether stable branches exist when realistic
perturbations and dynamical formation processes are taken into account.

A second important question concerns formation. If NMC-UCOs are to provide seeds for
the supermassive black holes observed at high redshift, a viable cosmological mechanism must
be identified that can produce sufficiently massive objects with the required compactness. Their
abundance and mass function should then be evolved through cosmic history and compared
with the observed population of high-redshift quasars.

Finally, the optical properties calculated in this thesis should be extended to more realistic
observational predictions. The presence of light rings and a pseudo-shadow suggests that
NMC-UCOs may be distinguishable from black holes through high-resolution imaging. Their
accretion dynamics, electromagnetic emission, lensing properties and possible gravitational-wave

signatures represent promising avenues for future investigation.

9.2.4 Beyond linear perturbations

The cosmological analysis developed here represents an important first step towards understand-
ing the consequences of the non-minimal coupling, but a complete cosmological model must
ultimately describe nonlinear structure formation.

A natural development would be the implementation of the NMC-DM equations in a numer-
ical Boltzmann solver and, subsequently, in cosmological N-body or hydrodynamical simulations.
This would permit a direct computation of the CMB anisotropies, matter power spectrum and
growth of structure without relying on the piecewise or semi-analytic approximations adopted
in the present analysis.

Such an implementation is particularly important because the perturbation equations differ
substantially from those of minimally coupled CDM. The continuity equation for the dark matter
perturbations remains unchanged, whereas the Euler equation acquires significant modifications
from the non-minimal coupling. This modification could leave observable signatures in the
evolution of density perturbations even if the background cosmology remains close to the
standard one at late times.

The next step should therefore be a fully numerical treatment extending continuously from
the NMC-dominated epoch through radiation domination, matter domination and the late-time
dark-energy era. This would allow the model to be confronted simultaneously with CMB, baryon

acoustic oscillations, weak lensing and galaxy-clustering data.

9.2.5 A more complete treatment of primordial perturbations

The primordial perturbation analysis presented in this thesis provides encouraging evidence that

the bouncing scenario can reproduce the observed near scale-invariant spectrum. Nevertheless,

178



Francesco Benetti PhD student at SISSA fbenetti@sissa.it

several aspects remain to be investigated.

First, the primordial spectrum should be obtained by solving the full perturbation equations
numerically across the bounce rather than by matching the asymptotic solutions of the different
cosmological epochs. This is especially important because the bounce is precisely the regime
where the standard approximations used away from the bounce cease to be reliable.

Second, the quantum state of the perturbations deserves a deeper theoretical justification.
The agreement with CMB data in the bouncing scenario requires a modified initial state, and a
fundamental explanation of this state would significantly strengthen the predictive power of
the model. The thesis also finds that the detailed tensor-to-scalar ratio is not uniquely fixed
by the model parameters and can exhibit qualitatively different behaviors depending on the
characteristic scales of the initial perturbations.

Third, a complete calculation should include the effects of the modified primordial spectrum
on the full CMB temperature and polarization spectra. The semi-analytic comparison with
Planck data performed here is encouraging, but the thesis itself emphasizes the limitations of
the approximation and the motivation for a more precise numerical treatment.

The development of a dedicated Boltzmann code for NMC—DM would therefore represent
one of the most important next steps. Such a code would allow the model to be constrained
directly against current observations and would make quantitative predictions for future CMB

and large-scale-structure surveys.

9.2.6 Towards a unified dark-sector phenomenology

The results of this thesis suggest a broader perspective on the dark matter problem. The
standard paradigm assumes that dark matter is pressureless, minimally coupled and effectively
collisionless, with all departures from this behaviour arising from astrophysical processes or
from the microscopic particle properties of the dark sector. The models studied here explore
the complementary possibility that the interaction between dark matter and gravity itself may
possess a richer structure.

At galactic scales, non-locality can modify the effective gravitational response in a way
that produces cored density distributions and tight dynamical scaling relations. At strong
gravity, a non-minimal coupling can dynamically generate pressure and support ultra-compact
configurations. At cosmological densities, the same coupling can modify the background
expansion and potentially replace the initial singularity with a bounce. Finally, the perturbation
equations show that the modified interaction can affect the primordial fluctuations from which
the observed cosmic structure originates.

This hierarchy is particularly suggestive because the characteristic strength of the modifica-

tions is naturally associated with the density or mass scale of the system. The phenomenology
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found in this thesis therefore points towards a picture in which the dark matter—gravity inter-
action is not universally described by the same local, pressureless approximation, but instead
exhibits scale-dependent effective behaviour.

Whether this picture can be elevated from an effective phenomenological framework to a
fundamental theory remains an open question. The answer will require simultaneous progress on
the theoretical, numerical and observational fronts. Theoretical consistency must be established
through a complete analysis of the degrees of freedom, stability and causality; numerical tools
must connect the early Universe to nonlinear structure formation; and observations must test

the predicted deviations from standard gravity over the largest possible range of scales.

9.2.7 Final remarks

The central message of this thesis is that the dark matter problem may contain information not
only about the nature of the dark matter component itself, but also about the way in which
that component interacts with gravity.

Fractional gravity provides a framework in which non-locality modifies the gravitational
response of dark matter and naturally becomes more important in low-mass systems. Its success
in describing galaxies, dwarf galaxies and clusters, together with the relativistic formulation
developed here, demonstrates that this idea can be formulated as a coherent phenomenological
programme.

Non-minimally coupled dark matter provides a complementary local realization in which
the interaction with gravity dynamically generates pressure and produces qualitatively new
relativistic phenomena. The existence of regular ultra-compact objects, an early accelerated
phase, a possible cosmological bounce and primordial spectra compatible with CMB observa-
tions illustrates the breadth of the phenomenology that can emerge from a seemingly simple
modification of the dark matter—gravity coupling.

At the same time, the results presented here should be regarded as the beginning of a
research program rather than as a definitive solution to the dark matter problem. Several
crucial questions remain open: the fundamental origin of the non-local interaction, the stability
and formation of the ultra-compact solutions, the fully nonlinear evolution of cosmological
perturbations, and the confrontation of the models with a comprehensive set of cosmological
and astrophysical observations.

The most compelling prospect is therefore not necessarily that one of the models studied
in this thesis will replace ACDM in its entirety, but that the investigation of non-standard
dark matter—gravity interactions may reveal which aspects of the dark sector are genuinely
fundamental and which may instead emerge from an effective description of gravity. The

remarkable fact that a common modification of the dark matter—gravity interaction can manifest
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itself in phenomena ranging from the inner structure of dwarf galaxies to the primordial Universe
makes this question particularly worthy of further study.

Ultimately, the decisive test will come from connecting the different scales explored in this
thesis within one predictive framework. If the scaling relations inferred from galaxies and
clusters, the relativistic signatures of non-locality, the strong-gravity solutions of the local
theory, and the cosmological predictions can be brought together and confronted simultaneously
with future observations, it may become possible to determine whether the apparent tensions
of the dark matter paradigm are telling us something new about dark matter itself—or about

gravity.
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Appendix A

Solutions to the Fractional Poisson

Equation

We derive the solution to the fractional Poisson equation for s € [1,3/2] in the case of a NFW
and a razor thin exponential disk distribution.

The Green function to the fractional Poisson equation is the solution of
(—A)* G(r) = —4nG 12725 53(r) (A1)
Applying the Riesz operator for s € (0,3/2) one finds that

GE2r(3-5)

— 4 2—2s 5 3 - _ ;
gs(r) TG/ RQ ) (I‘) 45_1 ﬁP(S) 703—25 )

(A.2)

it is straightforward to check that Gs—;(r) collapses to the Newtonian Green function. The
case s = 3/2 is a bit tricky, and may be solved more conveniently in Fourier space; there the
Poisson equation reads F{G,}(k) = —4nG /¢ k3 and thus G5 = —(47G/¢) x F~H{1/k*}. Given
that —k2 F{In(r/0)} = F{Alog(r/f)} = F{1/r?} = 2n%/k (where the last equality is meant to
hold in the principal value sense) one finds F{In(r/f)} = —272/k3 and hence

Gosya(r) = % In <Z) . (A.3)

The potential for a point mass m located at the origin goes like ®4(r) oc G m £272% /3725 for
5 € (0,3/2) and like ®,_3/5(r) oc (Gm/L) x In(r/l) for s = 3/2, so decreasing faster than the
Newtonian case (s = 1) for s € (0,1) and slower for s € (1,3/2].

Correspondingly, the rotational velocity v?(r) = r |d®/dr| of a test mass on a circular orbit
in such a potential goes like v,(r) oc \/Gm/l x (¢£/r)3/275. Curiously for s = 3/2 it is found
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that v,_3 /(1) = V2G m/7{ is constant, an occurrence that some authors have interpreted as
a connection with MOND theories [137]; in fact, since at low accelerations MOND implies that
v* = Gmag in terms of a universal constant ag ~ 1.2 x 1071% m s72, the two expressions are
consistent provided that £ = (2/7) x /G m/ag applies.

Consider now a spherically symmetric distribution p(r) = p(r), with r = |r|. It is convenient
to use coordinates r' = (1,0, ¢), placing the point r where the potential is calculated at the
north pole; using Eq. (A.2) for s € [1,3/2) one has

G2 (35— 5)

B, (r) = / ah Gy ') plr') = ———— Bl /zﬂ “ / )

T sin 6
dé ) A4
% /o (r2 412 =277’ cosf)3/2—s (A-4)
A straightforward calculation yields the solution
VEGE3T (3 —5) 70
Oy(r) = — (3-2) 720 , (A.5)
45-3/2(2s —1)T(s) 7
where
/ dr'r [(r 4 )25 — | — /2571 (A.6)
In the case s = 3/2 one has instead to use Eq. (A.3), obtaining
s
Popolr) = [ & Gogale =)o) = =5 [T o [T are,
(A7)
™ 2 2 _9 /
x / d6 sin In (‘/r tr = COSH) . (A8)
0

which yields the integral representation

o [(57) () () () %]
(A.9)

Another method of solving the fractional Poisson equation for spherically-symmetric distribution,

2G€

D, 3/2

especially useful for the s = 3/2 case, is to work in the Fourier domain, where the density can

be represented as

Flp}(k) / drr p(r) sin(kr) . (A.10)
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Then by inverse Fourier transform the fractional potential for s € [1,3/2] is given by

sin(kr)

2—2s
2 =2 [T ) 20 (A.11)

Navarro-Frenk-White profile

As stated in the main text, the density distribuion of the NF'W profile is

3

Ps Ts
= —— A.12
o) = s (A.12)

where ps and 75 the characteristic density and radius respectively.
For s € [1,3/2) one has to evaluate the integral
00 N\2s—1 /12s5—1

TL(r) = psr; /0 r T , (A.13)

that can be easily see to converge to
2¢ 2—2s T" 3 _ S ) 25—2 25—2
oir-sronst (I (g ) (-
Ts I(s+1) r |sin(27s) Ts Ts

2s
+ s (_7"/(:‘*'/>rs)2 {(1 + :) o Fy (1,1,23+ 1:) + (1 - :) 2Py <1,1,23+ 1,—;) = 2S4f 1]} .
(A.14)
In the above 9 F is the ordinary hypergeometric function, defined by the power series 2 F (a, b, ¢; ) =
% 0@k (D)r 2% /() k! in terms of the Pochammer’s symbols (¢)o = 1 and (q)x = q(q +
1) ... (¢ + k — 1) for any positive integer k.

The case s = 3/2 is more easily treated in the Fourier domain, and requires regularizing the

integrals appearing in Eq. (A.11); the result reads

4Gps7“§ Ts T r r r
(I)s=3/2<7") = 7 {2745 {log (ﬁs) — 1} — <1+ m) log( 8> log (1—1— Ts) +
r r r r 2
() Due(2) -3}
715 715 rs 7"5 6

in terms of the dilogarithm function Liy(z) = 372, 2% /K2

(A.15)
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Razor-thin exponential disk

The density profile of a razor-thin exponential disk in cylindrical coordinates is defined as

Ms _p),
p(R2) = 5 % G (2), (A.16)

in terms of the radius r4. The Newtonian potential on the plane of the disk (z = 0) reads

GM. R R R R R
@1 (R,0) = — — (5= ) Ki(5=)-I(5—) Ko (5] Al
roy == S [ (5 ) i (5) ~n () Fo(5)] - am

The solution of the fractional Poisson equation may be most easily found in Fourier space after
Eq. (A.11); for an index s € [1,3/2) we find

O GMo T (s—1/2) (£\*7% | ,, T(2—2s)T(s) 3 R?
w0 == S e (o) [QQru—s»@(z‘s’l’l‘Sw)*

- ” (R)Zs B(tiis1es B
sin(rs) (s +1) \2rq 2l ’ Ar )|

In the case s = 3/2, after regularization of the integrals, we obtain

My 2 [ _
D,_3/5(R,0) = —GT ~ {El (—i) — e Rira _1p (2)} , (A.18)

in terms of the exponential integral function Ei(z) = [*_ dtef/t.
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Appendix B

Variation of the Relativistic

Fractional Gravity Action

We derive the field equations of relativistic fractional gravity (5.4) by varying the corresponding
action (5.3). This comprises the Einstein-Hilbert action, the matter actions for baryons and

cold dark matter, a scalar, and a tensorial fractional term

SEH =

1
d*z/—g
167G / ybeva
SMAT = SBAR, + SDM s

Ssrg = /M d*x /=g R Fo(O) Tou

Strc = /M ' /=g Rap F2(0) TS . (B.1)
The first two terms yield the Einstein equations

G 1 1
16:&: - iTBARMV - QTDNWy) 5Q'LW- (B‘Q)

0Skn + 0Syar = /M d*x ') (
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To deal with the other two terms one needs to recall the variation of the Ricci scalar and tensor

R = (R + 9, 0-V,V,) 09", (B.3)

1 a
59 'Bv(uvv) 5gocﬂ ) (B4)

1
0Ru = VoV (0010 — QD OGuv — 5

together with the variation of the stress-energy tensor for a dust fluid 75y, = pu*u” and of its

trace
af 1 af Ny 1 uv
0oy = §TDM (guu - U,uuz/) agh”, 0Tpm = 9 (TDM uv — TDM;W) ogh” . (B-5)
Then, the variation of the scalar and tensorial fractional terms yield respectively

0Ssrg = /M d41' (5(\/ _Q)R-FOTDM + V_96R]:0TDM + \/_QR(;]:OTDM +v—=9F0 R(STDM) =

0Fo 1

1
= / d'z V= <_ Guw RFoTpm + R — Sghv Tom + (TDM Guv — TDM;LV) Fo R) ogh +

* /M da /=g [(Ryw + g 0 — V,u V) 66"] Fo Tons =

W 1
0 Tom + = (TDM Guv — Tom ,uz/) Fo R} 5.9“” +

_/ d4£L' v — |:<G#V —i—gm,D V \V4 ) FoTom +R5 " 5

+ 6% dgy \/ENO[ |:guy (Va (59'“"/ - VV 5g/LOé) f() TDM - 25gaﬁ VIB f() TDM + 25glwglw Va .FO TDMi| .
oM
(B.6)
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5SrrG = /M Az (8(v/=9) Rap Fa Ti + V=g 0Rap Fy TS + V=g Rap 0F2 T + V=g F2 Rap 6 TS ) =

1 OF:
= [ dtav=g (—Qg,w Rap Fa T + Rag 520 To + ST (g — ) 7 R,w) 09" +

1 1, o
+ /M d4$ vV —g (V”V(a 595)” - 5[’ (5gag - §g‘u V(an 5gW) FQ TDl\f =

T
= / d4$\/ ( g,w of Fa TDM + QTSI\? (guv + ;MMV)'FQ Raﬂ +
DM

0F2 o 1 1 y
+Ra5 5 j, Dlg \4 v(,¢~/T2 DM,V) o + §D~F2 TDMuu+ §g,uu V( vﬁ) Fo DM) 59” +

1 1 .
+ 6»71{3/\/! 3y vh [(n"v a098)p — in” V0903 — QQPUn(aVB)éng> Fo T8 4

1
N(a 5gﬁ)pv Fa T + npéga,é’v Fo Ton + 29 70gpo M (avﬁ)FQng} : (B.7)

In both cases, boundary terms arise when the divergence theorem is used to transfer derivatives
from the metric variation to the stress-energy tensor. The boundary of the manifold is a
three-dimensional hypersurface with volume element dS, = ev/hN,d3y. Here, N® is the unit
normal vector to the hypersurface, e = N*N, = 41, depending on whether the hypersurface is
spacelike or timelike, and h,, is the induced metric.

Two types of boundary terms appear. The first are proportional to dg"” and involve deriva-
tives of the stress energy tensor. The second contain derivatives of g*¥ and are proportional to
FoTpm or Fo T, DM The former vanish identically because dg"” is held fixed on the boundary.
Although the derivatives of d¢g"” are not fixed there, the corresponding boundary terms also
vanish provided the dark matter stress-energy tensor vanishes on the boundary—a standard
assumption throughout this work. Under this assumption, both Fo Tpy and Fo Try 5 vanish on
the boundary, allowing all boundary contributions to be consistently discarded.

Collecting (B.2), (B.6), and (B.7) we obtain the field equations (5.4).
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Appendix C

Retarded Green Function for the

Fractional d’Alembertian

We derive the retarded Green function for the fractional d’Alembertian (—0)° with s > 1 in
the case in Minkowksi space, exploited in Chapter 5.

By definition the Green function satisfies the functional equation

(~02)° Gret(x —y) = 8" (z — y), (C.1)

0

for any two spacetime points z = (2°,x) and y = (°,y). This equation is best solved recalling

the action of the Fractional d’Alembertian in Fourier space; specifically, for any function f, the
expression F {(—=0)°f} (k) = (k. k) F{f}(k) applies with k = (k% k), so that

F{Gres} (k) = (K k)~ (C.2)

Inverting the Fourier transform, we obtain:

d4k  etku (@t —y)

Grale =)= | Gy e

! " k| [K| sin(k g C
= iy, Al sin(l b —y)) [ @k et ()
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We then perform a Wick rotation by setting ¢ = € — ik, to get:

eico 4 (2°=y°)

) el e (i) [ da i =

—e (x0—y0)
re - = li 0 0 ‘
Gret(@ =) S0 O - )47r3 |x —y]

@(xo _ yO) (3:0 o y s 1/2

_ 3/2—s _
TG by, W Y skl b= y1) oy (2 3°))
(C.4)

where in the last integral of the first line we have recognized the inverse Laplace transform of
the quantity (k* + ¢%)~%, and then we have computed it in terms of the Bessel function J, ()
of the first kind and order v. To proceed further we can exploit the result that the special
integral I(a,b, \,v) = [°dz 2* sin(bz) J,(az) for —Re(r) —1 < Re(A) +1 < 3/2 can be written
in terms of the Gaussian hypergeometric function o F} as (e.g., see [299], p.730, eq. 6.699)

I(a,b,\,v) =

A1 1“(2“%) I <2+/\+V 2tA-v 3 b2) if 0<b<a
241 ,

A2 Y ) [P EY
a p( . ) 2 2 2" a
_<a>” 1 TA+v+1) sin{w(Aerrl)]x
S \2/) ML T(v+1) 2
2 1 2
X2F1<)\+;+ ,)\+g+ ;V+1;22> , if0<a<b. (C.5)

In the present context A =3/2 —s, v =35—1/2, a = 2° — 3°, b = |x — y| applies, so that
(A+v+1)/2 =1 holds. This implies that the integral in Equation (C.4) vanishes whenever
Ix — y| > 2° — 4%, so preventing superluminal motion. Therefore the support of the Green

function coincides with the interior of the past light cone for the point x, where it is explicitly

given by:
B (20 — y0)2s4 3 3 Px—yq 0.0
gret(:lj y) - 22871 7'('1—‘(8) F(S — 1) 2F1 2’ 2 S5 2 y @('r ) |X Y‘) .
(C.6)
Finally, since o F} ( 2—s; 3 ) =(1- 22)5_2, we obtain:
20 02 _x — v]2]5-2
Goo (@ —y) = V) PV g0 0wy, (©7)

22517 T(s)T(s — 1)
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which is employed in convolution with the source function to derive the propagation of scalar
and tensor modes in Chapter 5.
That (C.7) correctly reduces to the retarded Green function of the standard d’Alembertian

operator as s — 17, can be seen using the distributional identity

0_671

6l_i:%l+ O(0) ) =d(0). (C.8)

From this one finds

O —y%) . [(a°—y")? —|x — y[Hl-D! 0 0\2 2
2 81_1>1{1+ [(s—1) Ol )"~ =31

(C.9)

lirlﬂ+ gret (-’E - y) =

S—

5 (20— 9" — |x —y|)
dr|x —y|

20 — 90
:@( o Yy )6((x0—y0)2—lx—y\2):

9

where in the last step we took advantage of the well known property of the delta function
f(x) =3, %, the sum running through the zeroes z; of the function f(z).
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Appendix D

Cosmology with a Non-Minimally
Coupled Radiation fluid

We study the evolution of the universe in the case in which dark matter is modeled as a
relativistic fluid rather than as dust. This approach accounts for the possibility that the
non-minimal coupling becomes relevant at sufficiently early times, when dark matter particles

have relativistic velocities. The Friedmann equation (7.8) in this case becomes

( H )2 _ Dot 2P+ QoL+ 2) + Qo+ Qo142 At el +2)) )y

Hy 1+ exo(l+ 2)*

where yo = L??WGLZ poM; Qrer,0 = 2.0+ Epy 0, and we leave the polarity parameter e unspecified.

Three major differences appear from equation (D.1):
- to avoid a curvature singularity at a finite value of z, we must set € = +1;
- the end of the NMC phase is delayed, with log(1 + Zyamc) = 3log(1 + znmc);
- curvature is non-minimally coupled as € (1 + x) rather than Qg (1 — x).

The first two points pose serious challenges to the model. The first suggests that the non-minimal
coupling term in the action would need to change sign as the equation of state parameter
transitions from w = 0 to w = 1/3, yet there is no natural way to implement such a change.
The second indicates that the end of the non-minimal coupling—driven phase occurs much
later in cosmic history, potentially spoiling standard cosmological predictions and contradicting
its own assumptions, since dark matter is expected to be non-relativistic at later times. The
only possible workaround is to assume that the length scale L decreases by several orders of
magnitude as w changes from 0 to 1/3, but again, no natural mechanism exists to justify this

transition.
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Nonetheless, if we assume that such mechanisms exist, the resulting evolution is quite
intriguing. When the non-minimal coupling is significant, i.e. when x > 1, equation (D.1)
becomes HN2 Qg 2

(HO) = 201+ )% (D.2)
Whenever Qk,0(1+z)2 < 1, the universe undergoes a phase of exponential expansion, as predicted
by standard inflationary models. Moreover, the cosmological bounce occurs with positive spatial

curvature k£ > 0 (and € < 0), like in conventional cosmological bounce scenarios [284, 300].
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Appendix E

Evolution of Perturbations around

the Bounce

Close to the bounce, the conformal Hubble parameter no longer satisfies the differential equation
/ 1 2
H ~—§(1+3w)7-[ , (E.1)

but instead obeys
H'~1<H2—ﬁ) (E.2)
5 . .

For negative spatial curvature, its dependence on conformal time is therefore

H ~ Wm(l\/ﬂn) (E.3)

and the conformal time can be written in terms of the scale factor as

arccos( aBNC), = H o~ [|&]| ( ¢ 1), (E.4)
|| a apne
where apne is the value of the scale factor at the bounce.

If we use Equation (E.2) instead of Equation (E.1), the expression for the comoving curvature

perturbation becomes

% ) Huopy + 21}]/31\,1)

. \P+2‘1’+H—X(‘1’+%— +5 |
’ x(1+42)

w\p - N

||
2H?2

Wl

199



Francesco Benetti PhD student at SISSA fbenettiQsissa.it

and the equations for dpy, R, and vpy, in the limit of x > 1 take the form

5 18kH (2K — H?) s 36 (2k% — 3kH? + H?) R+
DM 18K2 4 (4k2 — 9k) H2 — 3HATM 18k2 + (4k2 — 9k) H2 — 3HA
12 (2k2 — 3k) (k — H?) 3 (652 + (8k2 — 9rk) H2 — 3HY)
18k2 + (4k2 — 9k) H2 — 3HA 18k2 4 (4k2 — 9K) H2 — 3H4
18k7 (2k2 — k) + (2k% — 27k) (4k% 4 3K) H? + 6 (k* + 18k) H* — 9HO
* 2 (18K2 + (4k? — 9k) H? — 3HH)

HR +

Hv,’)M—i—

Upn = 0

K (27K + 4Kk%) — (155K + 4k?) H? + 6H*

R” R/

R (W —on e —aHE T

On” (4k — 15%) +4 (4K — 9r) (K + 3r) H> 3 ($K” —On) H' )y Snd 2,
6 (18kx2 + (4k2 — 9k) H2 — 3HH) 4(k—H2) M

3 (30k* — 1263H2 + £k (16k2 — 19K) H* — 10xHS + HB) N
- Upm

4 (k — H?) (18k2 + (4k? — 9K) H? — 3H*)

- <6,<J3 (16k2 - 153;@) — K (21k4 1 900k%k — 261/{2) H2 (16k:4 — 276k2k — 927&2) HA4

13 (8k2 - 87/@) HO 1 97—[8> (24 (;-; - 7—[2) (18/{2 + (4k2 - 9;@) H2 3%4) )_IHUDM+

953 + K (4k* + 9k) H? — (2k2 + 9k) H* + 3HS
(k — H2) (18K2 + (4k? — 9k) H? — 3H*)

Kdpm = 0,

(55 + H?) (952 + (k* — 15K) H? + 3H*)

D (18x2 + (4K? — Om) 12 —3H1) oM

+4/€2 (5k? — 24K) — K (T6k? — 69k) H? + 2 (10k* + 21k) H* + 16H°
4 (18k2 + (4k% — 9k) H2 — 3H*)

(2k* + 21k — 9H?) (k — H?)

T 2(18K2 + (4k2 — 9K) H2 — 3HY)

3 (k— H?) (k (2K% + 9K) — (2k% — 4r) H2 — H?)

Hupu+

HR +

+ 5 (182 + (4k2 — Or) HZ — 3HD) Rt
_18k% + £ (8K% + 15k) H? —4(k2+3,<;)7{4+3%65 0
4 (18k2 + (4k2 — 9k) H2 — 3HH) o
(E.6)

Equations (E.6) do not admit a simple analytic solution; however, an approximate solution
can be found in the limit H — 0. In this regime, dpy, R and vpy are linear combinations of

exponential functions whose exponents,

4 1 2241k2
b (fﬂwsgkl ) ®7)

15 8k2 64k4
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always contain non-zero real and imaginary parts. Expanding the solutions around n = 0, we

obtain

Opn ~ CS,BNC + (4CQ,BNC - (k2 + 3’50 C4,BNC> mn,

R ~ Cl,BNC + CQ,BNCU) (E.S)
C 2]{32 —9|gl|) C
DR e

If the constant mode dominates before the bounce, while the time-dependent mode dominates
after the bounce, all modes of the comoving curvature perturbation receive a small enhancement

proportional to

apNe "f| apNe ’

4 ([ apnc—snuc 4 agnc—nuc
CQ,BNCUBNCHNMC ~ CQ,BNC\/M — 1]~ C2,BNC T (EQ)

where agne—nmue indicates the value of the scale factor for which the evolution has reduced to
the standard NMC domination. This enhancement occurs because, although the conformal
Hubble parameter vanishes at the bounce, the relevant long-wavelength condition is kn < 1.

Since the particle horizon 1
N / a(t) ’ (E-10)

also vanishes at the bounce, all perturbation modes satisfy the long-wavelength condition and
behave as effectively super-horizon modes in the sense of kdy < 1, even though k/H diverges.
The bounce therefore introduces only a small correction to the amplitude and does not modify

the spectral dependence.
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Appendix F

Solution of the Scalar Sector in the
NMC-Epoch

While equations (8.15) are already much simpler than the full set of equations, they can acquire

a very compact form by defining the variable

7@ = R - %UDM' (Fl)

With this choice of variable, the Equations (8.15) can be written as

- 2k% —3H? -, 42k% — 3H?

R" —2 T T R=0
e a2 Tamz
36H? - 24k*H -
2 2 _
St + 6HVpy + (K + 3H?) vony — T (F.2)
vl Vpr 4 2k2 —9H? <, 6(2k% +H?)
—— +6H—+dpu+—-—5——5R +———75-R=0.
RO T e e T T e
Since during the NMC epoch the comoving Hubble parameter scales as H = —2/n, we can solve

analytically the first of the Equations (F.2), yielding

~ ~ 2 2 i\ﬁkn ~ 2 2) fi\/zkn
R = Cl,NMC <1 - i\/;kn - 3k2772> £ 77; + C2,NMC (1 + ’iﬁk"n - k2772> ua (F?’)

3 n3
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which can be used in the other two Equations (F.2) to find the density perturbation and the
velocity field

L 12 3 2 2\3/? iV/3kn
5o = Cancs (20 - z‘20\/;kn S22 () k3n3> SR

3 3 p
~ 2 2 2 3/2 *’i\/zkn
4 Cone (20 43200/ Zhn — 328202+ () 3 ) S04
’ 3 3 3 3

- ekn - efkn
+ C3,NMC (12 - k:?]) 7 + C4,NMC (12 + k‘??) T )

> 2 |2 2 ei\/gkn % 2 L ]2 2 e_i\/g]“7
vou =g (5 - 15\/;]“7 - 3k2772> 7+ Cammog {5+ 25\/;’”7 -k

n
(F.4)

~ k ~ —k
+ CS,NMCe "+ C4,NMCe "

where the CN’@NMC are integration constants. The variable R and the velocity field vpy combine
to give the simple form for the comoving curvature perturbation in Equation (8.16), after the

i3 - 8 A - 8 A — _1A
deﬁnltlon Of fl"ee parameteI‘S CI,NMC — _ECLNMC7 C2,NMC — _TSCQ,NMC7 O3,NMC — _503,1\]1\,10
— _ 1A
and C4,NMC = _504,NMC-
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