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Abstract

In this thesis we prove three results. Firstly we apply the Grothendieck-Riemann-Roch
theorem for stacks to root stacks to rederive the formula for parabolic bundles. Next
we apply the same theorem to a quotient stack to derive a formula for equivariant Euler
characteristic. When the quotient is obtained by an action on a smooth projective
curve, we explicitly compute the Euler characteristic in terms of ramification data.
This agrees with many previous results with different levels of generalities, thereby
providing a unified way to prove the result in these settings. Lastly, we study
the stringy Chow ring structure of weighted blow-ups with regular centres. We
completely determine the ring structure and answering several questions regarding
its finite-generation.
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Chapter 0O

Introduction

This thesis is a compilation of three projects of the author. The central ideas of these
projects are Grothendieck-Riemann-Roch theorem for stacks and root stacks.

0.1 Themes

Riemann-Roch theorem and its many siblings are some of the most fundamental and
important results in algebraic geometry. Proven by Riemann and his student Roch in
the 19th century, the theorem in its original form concerns the dimension of the space
of meromorphic functions with prescribed zeros and poles on a compact Riemann
surface. With the advent of modern algebraic geometry based on commutative
algebra, it was soon proven for projective algebraic curves. In the mid 20th century
Hirzebruch generalised the theorem greatly to vector bundles on smooth complex
algebraic varieties of any dimension. It is also in this formulation, named the
Hirzebruch-Riemann-Roch theorem, that the Todd class made its first appearance:

V(X E) = /XchETd(X).

Another milestone was reached soon after, when Grothendieck revolutionised the field
of algebraic geometry by, among other things, introducing the relative point of view.
The Grothendieck-Riemann-Roch theorem concerns a proper morphism f: X — Y
between smooth quasi-projective schemes instead of a single variety, and relates the
pushforward in K-theory and pushforward of cycle classes:

ch(Rf,E) Td(Y) = f.(ch ETd(X)).



With the introduction of stacks in algebraic geometry, it is natural to expect that
there is a Grothendieck-Riemann-Roch style theorem in this setting. However there
are serious challenges and solving the problem requires fundamentally new ideas,
even for Deligne-Mumford stacks. Vistoli [Vis89] developed an intersection theory for
stacks and in particular a Chow group with rational coefficients for Deligne-Mumford
stacks. In the same paper it is shown that the coarse moduli space maps induces an
isomorphism of Chow groups.

However, this immediately poses a problem for GRR style theorem. To wit, take
the simplest example: the classifying stack BG of a finite abelian group G. Then its
K-theory is the representation ring of GG, while its Chow group is the same as that of a
point. Thus for dimension reason ch: K(BG)g — A(BG)g cannot be an isomorphism,
in contrast with the case of schemes where it follows from Grothendieck-Riemann-
Roch theorem. This does not directly rule out the existence of a Riemann-Roch
morphism 7: K(—) — A(—) that is covariant with respect to proper pushforward.
Unfortunately we will see with a bit more analysis that this is impossible either.
In any case, one could deduce from this simple example that the K-theory of a
Deligne-Mumford stack records automorphism data while the Chow group only knows
the coarse moduli space and is hence “too small” to be the target of a Riemann-Roch
style theorem.

The breakthrough was achieved by Toén in [To€99], who showed that one needs
to consider the inertia stack. Roughly speaking, the inertia stack of a stack is a stack
that records the automorphisms of every object. For a scheme (or more generally,
algebraic space) the inertia stack is itself so indeed we can recover Grothendieck-
Riemann-Roch theorem. Built on previous work by Vistoli ([Vis92], [Vis9l]) on
higher equivariant K-theory, Toén proved that there is a covariant Riemann-Roch
morphism 7 : K(—)c — A(I(—))c. Its construction is far from obvious and makes
heavy use of K-theory. Toén’s theory of Riemann-Roch, although comprehensive and
aesthetically pleasing, is very abstract. There are very few examples illustrating its
use, except a few Hirzebruch-Riemann-Roch style computations (i.e. applications of
the theorem to the a morphism of the form X — Speck). Our work in Chapter
is a novel application that exploits the full power of the theorem and computes the
Chern character instead of just the Euler characteristic.

To motivate the main result of Chapter 2] we introduce the second topic in this
thesis — root stacks and parabolic sheaves. Root stacks appeared to be first defined in
the work of Cadman [Cad07]| and Abramovich, Graber and Vistoli [AGV0§]|, although
the construction was mentioned in [AGV02] and was almost certainly known to
experts before. Given a line bundle L and a section ¢ on a stack X, the nth root
stack {/(X, L,0) is a stack with morphism to X that parameterises the nth root



of (L,o). In particular one can take an effective Cartier divisor D and consider the
root stack associated to its ideal sheaf Ox(—D). Note that the pair (X, D) defines a
logarithmic structure. This observation leads Borne and Vistoli [BV12] to give a very
general definition of root stacks using the language of Deligne-Faltings structures,
allowing one to take roots along a more general logarithmic structure and replacing
the denominator n by sheaves of monoids.

In the same paper [BV12] Borne and Vistoli established a dictionary between
sheaves on root stacks and parabolic sheaves. Parabolic vector bundle was first
defined by Mehta and Seshadri [MS80] to study the correspondence between unitary
representation of the fundamental group of a Riemann surface and semi-stable vector
bundles. It was given in terms of a vector bundle on a compact Riemann surface
together with filtrations of the fibres at some given points. It was later generalised
by [MY92] to higher dimensions: given an effective Cartier divisor D on a smooth
projective variety X, a parabolic vector bundle is a vector bundle E together with a
filtration

E(~D)=Fu1 CF,C---CFH=FE

for some rational numbers 0 < a; < --- < a, < 1 called weights. When D is not
smooth, in particular if it has multiple components, however, it is better to consider
different components separately, which was done by Mochizuki [Moc06]. This is
essentially the definition of parabolic vector bundle that we will use in this thesis,
and we note that we adopt the definition that is closest in literature to that of
[Bor09]. We think of a parabolic bundle as a diagram E : %Z — Vect(X) satisfying
the pseudoperiodicity condition F; ® Ox (D) = E;,; and local freeness of quotients
coker(E; — Ej) for i < j <i+ 1. Clearly FE is determined by its values at [0,1) by
the pseudoperiodicity condition.

In the aforementioned work [BV12], Borne and Vistoli generalised parabolic
sheaves to general denominator systems of monoids, and showed that there is an
equivalence of category between the abelian categories of quasicoherent sheaves on a
root stack and the category of quasicoherent parabolic sheaves on the logarithmic
scheme. This generalises previous work of Borne ([Bor(07], [Bor09]).

Combining the equivalence and the isomorphism between the rational Chow group
of a root stack and its coarse moduli space, which is given by the canonical map
VX 5 X , it is natural to ask what the Chern character of a parabolic bundle as an
element of A*(X)g is. We will show that it is closely related to the contribution of
the component of the inertia stack 73/X corresponding to trivial stabiliser. Thus we
could extract it by applying the Toén-Riemann-Roch theorem to the map VX — X
and then subtracting the contributions from other components.

In Chapter [3, we use a related but different Riemann-Roch theorem to derive



an equivariant Riemann-Roch theorem. When restricted to a curve, the problem
is a classical one: given a curve X equipped with an action of a group G and a
G-equivariant vector bundle FE, find the Euler characteristic > H'(X, F) as a G-
representation. We propose a new solution by applying a K-theory valued Riemann-
Roch theorem to the structure map [X/G| — BG.

The third topic in this thesis is stringy Chow ring. Motivated by string theory, Chen
and Ruan in [CR04], [CR02|] introduced a Gromov-Witten invariants for symplectic
orbifolds. The algebraic counterpart was developed by Abramovich, Graber and
Vistoli in [AGV02] and [AGVO08§]. The key observation was that in order to generalise
the Gromov-Witten theory to a target A with stacky structure, it is essential to
consider maps into X from families of marked stable curves which acquire stacky
structures themselves. This gives rise to the moduli space K, ,,(X') of twisted stable
maps. In addition, the evaluation maps should not land in &X', rather the inertia
stack IX (this is technically only true for g = 0,n = 3, as in general we will need to
consider the rigidified inertia stack). In summary, orbifold Gromov-Witten theory
gives associative products to A,(IX) using the moduli space K, ,(X). Unlike the
case of varieties, even the g = 0,n = 3 case gives a non-trivial product on /X', giving
rise to the stringy Chow ring, denoted A% (X). We note that in literature it is also
known as Chen-Ruan Chow ring, orbifold Chow ring as well as their variants using
cohomology.

In the last part of the thesis we focus on the stringy Chow ring of weighted blow-ups
with regular centres, in particular determining completely the ring structure and
answering several questions regarding finite-generation of stringy Chow ring. In terms
of literature, the closest previous work in this direction is by Borisov, Chen and Smith
[BCS05] and Jiang and Tseng [JT10] to compute the rational and integral stringy
Chow ring of toric stacks. However there are two major differences. Firstly although
there is a non-empty intersection between weighted blow-ups and toric stacks, neither
is contained in another and our result extends to the new setting. Secondly, while
[BCS05] (resp. [JT10]) concerns the generation of stringy Chow ring as Q-modules
(resp. Z-modules), describing the generators and relations using the combinatorial
data of stacky toric fans, we are more interested in the finite generation of A} (Aly X)
as a A"(X)-algebra. We give a necessary and sufficient condition in terms of the
Chow rings of the X and Y at the scheme level, which is not obvious at all a priori.
Even without knowing finite generation, we demonstrate that there is a subring of
ambient classes which is always finitely generated, and we give explicit generators
and relations.



0.2 Summary of work and main theorems

In the first project we derive a formula for vector bundles on a root stack. This is a
novel application of Toén-Riemann-Roch theorem for Deligne-Mumford stacks, as
previous literature focuses either on developing the abstract theory of Riemann-Roch
theorem, or applications of Hirzebruch-Riemann-Roch style theorem, computing only
the degree of vector bundles. We use the full power of Toén-Riemann-Roch theorem
to compute the Chern character of parabolic vector bundles. The main theorem is

Theorem (Theorem . Let X be a smooth projective variety over an algebraically
closed field of characteristic 0 and let D be a smooth effective Cartier divisor on X.
Let E, be a parabolic vector bundle on (X, D) of weight n. Then

1 — e D/n 222

par o .. ,—iD/n
P By = ——— ;chE, e

The formula was first derived by Iyer and Simpson in [[S08] by a different method:
they showed that the parabolic Chern character depends only on the (ordinary) Chern
character of the component bundles and extracted the ch” E, by averaging over the
shifts F,, E4[1],..., Eo[n — 1].

In the second project, joint with Francesco Sala, we compute the Euler charac-
teristic of an equivariant vector bundle on a smooth variety equipped with a finite
group action. In particular when the variety is a curve, we derive the formula for
the virtual representation in terms of ordinary Euler characteristic and ramification
data. The result itself is classical and has been studied by many, such as [ELS0],
[Kan86], [Nak86], [Koc05], [FWKO09| but as far as we know, our approach is unique
in the sense that the passage to inertia stack allows us to treat the global space and
the local ramification data on equal footing. The main results are

Theorem (Theorem [3.1). Given a G-equivariant vector bundle € on X, the Euler
characteristic of £ is

@@ X j? i |U| Tl -Ind¢ 1(2%) € K(BG)
(o

where A% is a C(0)-equivariant vector bundle on X that will be given explicitly.



Theorem (Theorem B.2). Let X be a curve and Y = X/G be the quotient. For each
point x € X, we denote by G, the stabiliser of x. Let e, (resp. €.,) be the ramification
index (resp. the tame ramification index). Let N, be the cotangent space at x. Then
in K(BQG) there is an equality

XG(X,5>:< (X, 5)+¥Z(e —1)) kf % nag, - ENV

T

When the G-action is tame we may write

ex—1

Xa(X, ) = (1 —gy)rkE+ = degS)kG——ZZd Indg (£, ® N;9).

zeX d=0

Finally, in the fourth project, joint with Yeqin Liu, Rachel Webb and Weihong Xu,
we study the stringy Chow ring of smooth Deligne-Mumford stacks which are global
quotients by abelian groups. We are particularly interested in the case of weighted
blow-ups, where additionally we give necessary and sufficient conditions under which
the stringy Chow ring is finitely generated. A key formula in the derivation uses the
main theorem from Chapter [3] The main result is

Theorem (Theorem [1.1). Let X be a smooth variety and let I, := (I, a1) + -+ +
(im, am) be a Rees algebra such that each V (1) — X is a regular immersion and Z,
defines a quasi-reqular weighted closed immersion. Let Y C X be the closed subvariety
defined by Z,. Let X = PBlz, X be the weighted blow-up of X along I, and let Y be
the exceptional divisor. Then the restriction A*(X) — A*(Y) is surjective if and only
if the ring A%,(X) is generated as an algebra over A*(I(1)) by the elements le;. In
this case, A%(X) is a finitely generated algebra over A*(X) modulo explicit relations
that will be given in the main text.

0.3 Organisation of thesis

In Chapter [1| we introduce the preliminary notions, including root stacks, parabolic
sheaves, inertia stack, Grothendieck-Riemann-Roch theorem for stacks and weighted
blow-ups. To avoid cluttering the preliminary and improve the continuity of exposition,
we only introduce what we judged to be common background to all projects, and
leave background materials that are more specific to each project to be mentioned
later only when they are needed.

Each of the remaining chapters focuses on a project.



In Chapter [2] after motivating the usage of Toén-Riemann-Roch theorem, we first
compute the inertia stack of a root stack and describe pullback of parabolic sheaves to
it. Next we describe the intersection theory on the root stack, leveraging its geometric
description as a weighted blow-up. The final crucial ingredient is the description of
the relative tangent of the structure map of a root stack, which as in the case with
ordinary Riemann-Roch mediates the interaction between proper pushforward and
Chern characters. The main theorem is then proven after a lengthy computation. In
the final part we derive the parabolic Chern character for divisors with more than
one component, using the iterated root construction. This part is also of independent
interest as it expounds on the necessity for a Toén style Riemann-Roch theorem and
relative inertia stack.

In Chapter [3, we first recall the Lefschetz-Riemann-Roch map valued in K-theory
developed by Sala. This is quite a complicated construction and involves several steps.
We do not attempt to recall the setup in full generality, instead making simplifications
that are adapted to our need. Along the way we point out the similarities with
Toén’s Riemann-Roch morphism. One difference is that the work of [Sal24] uses the
cyclotomic inertia, a variation of the inertia stack which is better behaved on tame
but not necessarily Deligne-Mumford stacks. We then embark on proving the main
theorem in Section It involves understanding the K-theory of the inertia stack
of BG, the classifying stack of a finite abstract group, which are given by the sum
of representation rings of centralisers of dual cyclic subgroups. The computation
then boils down to understand natural maps of representations among these groups.
Finally in Section we specialise to curves, where the key idea is to reindex the
summation over conjugacy classes to a summation over fixed points.

In Chapter [4 we first recall the definition of stringy Chow ring A% (X) of a
Deligne-Mumford stack X', which shares the same additive structure as A*(IX’) but
has a different product. Along the way we introduce the moduli stack of twisted stable
curves, the obstruction sheaf on it and the age grading. Among these the obstruction
sheaf is the most essential one. It is defined in terms of a perfect obstruction theory on
the moduli stack of twisted stable curves. We compute it explicitly for global quotients
by reductive abelian groups, using the main theorem of Chapter [3] in the proof of
the essential Proposition [£.6] In the second half we specialise to weighted blow-ups.
By describing its twisted sectors as weighted projective bundles and combining with
results in the first half we completely determine their stringy Chow rings. Finally
we give a characterisation of when the stringy Chow ring is finitely generated as an
algebra over the (ordinary) Chow ring.
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Chapter 1

Preliminaries

1.1 Root stack

Root stacks were initially introduced by Cadman [Cad07] and Abramovich, Graber
and Vistoli [AGV0§| to study enumerative problems on stacks. There are many
ways to understand root stacks, and in this section we recall its definition and basic
properties via its functor of points. We will mainly follow [Ols16l, Section 10.3].
Another one via weighted blow-up will be useful for understanding its geometry, in
particular its intersection theory, and we will treat it later in Section [1.4]

A generalised effective Cartier divisor on a scheme X is a pair (L,o) of an
invertible sheaf L and a cosection o : L — Ox. Clearly an effective Cartier divisor D
gives rise to a generalised Cartier divisor by the canonical section Ox(—D) — Ox. An
isomorphism between (L, o) and (L', ¢’) is an isomorphism of line bundles A : L' — L

such that the diagram
L A > L
Ox

commutes.
There is an obvious notion of tensor product of generalised effective Carter divisors.

Definition 1.1. Let X be a scheme and (L,0) be a generalised effective Cartier
divisor. Fix a positive integer n. The nth root stack associated to the (L,o) is
the fibred category over the category of schemes whose objects are triples (f :
T — X,(M,\),p) where (M, \) is a generalised effective Cartier divisor on 7" and
p o (M® \®") — (f*L, f*o) is an isomorphism of generalised effective Cartier

11



divisors on 7. A morphism
(f T — X,(M' N),0")y = (f: T— X,(M,\),0)

is a pair (g, h) where g : 7" — T is a morphism over X and h : (M', ) — (¢* M, g*\)
is an isomorphism of generalised effective Cartier divisors on 7" that makes the
diagram

M/®n N g*M®n

h®n
)\/
\ %ﬂ

commute. We denote the fibred category by {/(X,L,c). When the generalised
effective Cartier divisor comes from a Cartier divisor D we also denote it by {/(X, D).

The following basic properties of root stacks are well-known:
Proposition 1.1.

1. If n is invertible on X then {/(X, L,0) is a Deligne-Mumford stack.

2. Letp: {/(X,L,0) = X be the morphism sending (f : T — X, (M, \),0) to f.
Then p is an isomorphism over the complement of the zero scheme of o in X.

3. p is the coarse moduli space of {/(X,L,0).
It is shown in [OIs16, Theorem 10.3.10] that if L = Ox and o is given by an
element f € I'(X, Ox) then {/(X, L, o) is isomorphic to the quotient stack

[Specx Ox[T1/(T" = f)/ ]

where the action is given by ((,T) — (7. From the local description it follows that

Proposition 1.2. If X is smooth and D is a smooth Cartier divisor then {/(X, D)
is smooth.

The root stack {/(X, L, o) is equipped with a universal nth root of the generalised
effective Cartier divisor (p*L,p*c). When (L, o) is associated with a Cartier divisor
D, this defines a Cartier divisor on the root stack, which we denote by %D if there
is no risk of confusion with other notations. The corresponding ideal sheaf will be
denoted OW(—%D). We will see in Section that the divisor %D, as a stack,
can be defined also using a variant of root stack.

12



The functor of points description gives us another useful characterisation of root
stacks. Consider the Artin stack [A'/G,,], where G,, acts on A! by multiplication. It
classifies G,,,-torsors with an equivariant map to A'. By sending a G,,,-torsor to the
sheaf of sections of the associated line bundle, it is clear that [A'/G,,] is equivalent
to the category whose objects are triples (X, L, o) of generalised effective Cartier
divisors. The morphisms

1 1
At — A G,, — G,,
x—a”, ="

defines a morphism of stacks p : [A'/G,,] — [A'/G,,]. For a morphism X — [A'/G,,]
corresponding to (L, o), we can form the fibre product X'.

X —— [AY/G,)

| b

X —— [AY/G,,]

It follows from the description of functors of points that X is isomorphic to the
root stack {/(X, L, ). For this reason we call the map p : [A'/G,,] — [A!/G,,] the
universal nth root stack.

In fact we use this construction to generalise the root stack construction to any
stack and multiple generalised effective Cartier divisors simultaneously:

Definition 1.2. Let X be an algebraic stack. Let {(L;,0;) : 1 < i < k} be a
collection of generalised effective Cartier divisors on X, corresponding to a morphism
X — [A*/GF]. Let n = (n;) be a collection of positive integers. The nth root stack
of X along {(L;,0;)} is defined to be the fibre product

X —— [A*/GF )

|k

X — [AY/GF)

where p is the map induced by raising to the n;th power on the ith coordinate of
both A! and G,,. We denote it by ¥/ (X, (L;, 0;))

Lemma 1.3. Let {(L;,0;) : 1 < i <k} be a collection of generalised effective Cartier
divisors on X and n = (n;). Then there is a natural isomorphism

\ (X, (LHO'Z)) = n{/ (X,Ll,O'l) Xx -+ Xx nﬁ/ (X,Lk,ak).

13



Furthermore for each 1 <1 < k, there is a morphism of stacks p; : X; — X;_1 such
that

L4 XO - X;
L4 Xk = 9 (X7 (Lzaal));
e cach p; : X; — X;_1 is the n;th root stack along the generalised effective divisor

(Li’ Ui)

X = iy P (L), pi_y - - 01 (0%)).

Informally, the second statement is saying that /(X (L;, 0;)) is isomorphic to

the iterated root stack /.- WX.

Proof. The first claim follows from the isomorphism [A" /G, ] = Hle[Al /Gn]. Note
also that the formation of root stack is compatible with base change, so we have a
Cartesian squares

%) /X, Ly, 01)., pi L, pios — §/(X, Lpnon) — [AY/G,)

l | I

(X, Ly, 01) L .y X L AYG,]

where fo corresponds to the generalised effective Cartier divisor (Lg, 03). The second
claim then follows from induction on k. ]

1.1.1 Root stack along line bundle

There is a similar construction which parameterises roots of line bundles without
section, which is closely related to the fibre of a root stack {/(X, D) above D.

Definition 1.3. Let X be a scheme, L a line bundle on X and n a positive integer.
The nth generic root stack of X along the line bundle is the fibred category over the
category of schemes whose objects are triples (f : T'— X, M, p) where M is a line
bundle on T and p : M®" — L is an isomorphism. The morphisms are defined in the
obvious way. We denote it by Xz, ).

More generally,

14



Definition 1.4. Let X be an algebraic stack. Let L be a line bundle on X, corre-
sponding to a morphism X — BG,,. Let n be a positive integer. The nth generic
root stack of X along the line bundle is the stack defined by the fibre product

X(L,n) E— BGm

| |

X — BG,

Clearly this recovers the previous definition when X is a scheme.

Locally the line bundle L is trivial so the morphism X — BG,, factors through
the constant family Spec k — BG,, and hence X = By, x X since p, is the kernel
of the homomorphism (—)" : G,, — G,,,. Globally however such a trivialisation does
not exist in general so we have

Proposition 1.4. The canonical map p : X1 ) — X is a p,-gerbe. In addition it is
the coarse moduli space of X(r ).

Note that there is a morphism of stacks X,y = {/(X, L, 0) induced by (T, M, o)
(T, (M,0),0). Locally this is given by

X x By, — [(Specx Ox[T/T")/ i)
so {/(X,L,0) is an infinitesimal thickening of Xz, ). If X is smooth then Xz ) is

the reduction of {/(X, L,0).

Let ¥/X be the nth root stack of (X, D). The pullback of the (generalised) Cartier
divisor D along D — X is (N} x,0) where Np y is the conormal bundle, so the

fibre product D x x v/ X is a non-reduced closed substack of v/ X. By the discussion
above its reduction is the generic root stack. It is the Cartier divisor on the root
stack /X corresponding to the universal nth root O(D).

D(N[V)/XJL) — D Xx \n/y — \n/y

D— X

1.2 Parabolic sheaves and parabolic vector bundles

Parabolic sheaves were initially introduced by Mehta and Seshadri in [MS80] to
study moduli problem of vector bundles on algebraic curves. The definition has been

15



abstracted and generalised ([MY92], [ISO8], [Bor(9]). Here we use a definition that is
similar to that used by Borne in [Bor09] (except a difference in the convention of the
indexing set).

Let X be a smooth projective variety over an algebraically closed field of charac-
teristic 0. Let D be a smooth irreducible divisor on X. We denote by Qcoh(X) the
abelian category of quasicoherent sheaves. Given a functor &, : Z — Qcoh(X) and
an integer ¢, the shift of &, is defined on objects by &,[i]; = &1;. There is a natural
transformation &,[i] — &,[j] for each i < j.

Definition 1.5. A parabolic sheaf on (X, D) of weight n is a pair (&,, j) consisting
of a functor &, : Z — Qcoh(X) to the category of quasicoherent sheaves on X and
a natural isomorphism j : & ® Ox (D) — &.[n] such that the following diagram

commutes:

E.@0O(D

A morphism (&, j) — (&', 4') is a natural transformation « : € — £’ such that the
following diagram commutes:

£®O(D) —— &[n]

b

£ ®O(D) —L— &'n]

We denote the category of parabolic sheaves on (X, D) of weight n by Qcoh™ (X, D).

More generally, suppose D = D; + - - - + Dy, is a simple normal crossing divisor.
Let n = (n;) be a collection of positive integers. A parabolic sheaf on (X, D) of
weight n is a pair (€, ) consisting of a functor £ : Z¥ — Qcoh(X) and a natural
isomorphism j; : € ® Ox(D;) — E[n;e;] for each 1 < i < k, where e; is the tuple with
1 at ¢th place and 0 elsewhere, such that the following diagram commutes:

£ > 5[nzel]

E®O(D;)
Let p : ¥/X — X be the canonical map. Given a vector bundle E on VX, we
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obtain a functor £ : Z¥ — Qcoh(X) by the assignment

m m
Eme my, = Px <E®Ow(n—le+...+n_:Dk>).

— . <E®0W<n—11D1+ +(%+1)Dz --+%Dk>>
= p, (E@OW (Z n—ng) ®OW(DZ))
= P, (E@ Owx (Z E;Dg) Qp OX(Dz))
—p, <E® Oyx (Z %D’f) ®) © Ox(Dy)

.....

by projection formula, so £ defines a parabolic sheaf. This defines a functor ®
from the category of quasicoherent sheaves on the root stack and the category of
parabolic sheaves on X. The main result of [BV12] is

Theorem 1.5 ([BV12, Theorem 6.1]). Let X be a smooth scheme and D = Dy +---+
Dy be a simple normal crossing divisor. Fiz weights n. Then ® is an equivalence of
tensor abelian categories between Qcoh( Y/ (X, D)) and Qcoh™(X, D).

In Chapter [2], we will be interested in vector bundles on root stacks. In this case
there is a refinement of the result:

Proposition 1.6 ([Bor09, Théoreme 2]). ® induces an equivalence of tensor categories
between vector bundles on Y/ (X, D) and parabolic bundles of weight n on (X, D).

1.3 Grothendieck-Riemann-Roch for stacks and
inertia stack

For a quasi-projective variety X, we write K (X) := K°(X) for the K-theory of vector
bundles on X. As X is non-singular the map K°(X) — Ky(X) sending a vector
bundle to its class in the K-theory of coherent sheaves is an isomorphism so we may
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also identify K (X) with Ko(X). The Chern character of X is a ring homomorphism
ch: K(X)— A*(X)g from the K-theory to the rational Chow ring of X. It is natural
with respect to pullbacks. Its failure to commute with pushforward is quantified
precisely by the Grothendieck-Riemann-Roch theorem: suppose f : X — Y is a
proper morphism between non-singular varieties. Define the pushforward in K-theory
to be

Rf*:K( ) — K(Y)
r—>z V[RfLE)

Then there is commutative diagram

KX (X)g

ch(—

K25 A (V)

Given a smooth Deligne-Mumford stack &', an intersection theory can be con-
structed ([Vis89]). Moreover it is shown in the same paper that the coarse moduli
space map p : X — |X| induces an isomorphism of the rational Chow groups. It is
natural to wonder if such a theorem holds for morphisms of stacks.

Unfortunately the word-by-word transcription of Grothendieck-Riemann-Roch
theorem cannot work for stacks, due to the existence of coarse moduli spaces. Consider
the following example, adapted from [Toé99]. Let BcH be the classifying stack of
H = p,, the dual of the cyclic group of order n. Its K-theory can be identified with its
representation ring. Its moduli space p : BcH — Speck is a point, and pushforward
along which induces a map V ~ dim V¥ taking a representation to the dimension
of its invariant part on K-theories. Suppose we had a Grothendieck-Riemann-Roch
theorem for p, so there were a commutative diagram

K(BH)c —2— A*(BH)c

) |

cC—4 .

Note that since the tangent bundle of both the source and the target is trivial, the
Todd class vanishes and in particular the top horizontal arrow is multiplicative. Let
V' be a non-trivial character. Then

1=chl=chV®" = (chV)®" =0,
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absurd.

The key insight of [To€99] is that if one systematically records the automorphisms
then it is possible to establish a version of Grothendieck-Riemann-Roch valued in
inertia stacks.

1.3.1 Inertia stack

Definition 1.6. Let X be a Deligne-Mumford stack. Its inertia stack is defined to
be IX =X Xxxx X.

As a fibred category, its objects are pairs (z, ) where x € X'(T') is an object of X
above T" and « € Auty(z) is an automorphism of x. A morphism f : (z,a) — (y, 3)
from (x, ) € IX(T) to (y,8) € IX(S) consists of an arrow f : x — y such that the
induced morphism Autr(z) — ¢* Auts(y) maps « to ¢*(8), where ¢ : T'— S is the
image of f in the category of schemes.

We can make the description more explicit if X is a global quotient stack. Suppose
X = [X/G] is the quotient of a scheme X by an abelian group G. Then an easy
computation (for example [Stal8 0373]) shows that there is a decomposition

1x =[]x¢/G

geG

where XY is the fixed subscheme of g. More generally if G is not necessarily abelian

then
x = [J x¢/C)
9€C(G)

where C(G) is the set of conjugacy classes of G and C(g) is the centraliser of g.

If X is smooth then XY is a smooth closed subscheme. Since [X9/G] — X is a
regular embedding, it has a normal bundle Nxs/c)/x. They assemble into a vector
bundle (of possible different rank) on IX', which we denote by N5 Jx

1.3.2 Toén-Riemann-Roch theorem

The main theorem of [To€99| is

Theorem 1.7 ([To€99, Théoreme 4.11]). Let X be a Deligne-Mumford stack which

has a quasi-projective coarse moduli space and satisfies the resolution property. Then
there is a Riemann-Roch transformation Ty : K°(X) — A*(X)c that is covariant with
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respect to proper morphisms. In other words, let f : X — ) be a proper morphism of
Deligne-Mumford stacks. Then there is a commutative diagram

KX)o —2= A*(IX)c

| |

K'(V)e —2— A*(IY)c

Remark 1.1. The resolution property says that every coherent sheaf is the quotient
of some locally free sheaf. Tt is shown in [Tot04] that this implies that the stack X is a
quotient stack. In addition for X a smooth separated scheme and D a smooth Cartier
divisor, the root stack {/(X, D) has the resolution property by [Tot04, Theorem 1.2].
Thus we may write K ({/(X, D)) = K°({/(X, D)) = Ko({/(X, D)) unambiguously.

When X is smooth, the Riemann-Roch morphism is defined to be the composition

KOIX)e & KO(1x)e 2T,

(N‘IVX/XV1

KO(X)e T KO(IX)¢ —— b AT (1X)e.
We now explain the notations.

Let m: IX — X be the inertia. The first map is the pullback in K-theory induced
by .

The A_; appearing in the second map is defined in terms of A\-operations. For
simplicity we recall here the relevant definitions that suffice for our applications, and
interested readers are encouraged to consult the textbook [FL13| for the most general
definitions. Recall that the K-theory of a scheme or a stack is a A-ring, meaning that
it is equipped with operations A for each integer i > 0 that satisfy certain axioms.
For a vector bundle E they are defined by

N(E) = [NE).
These operations can be assembled into a power series

A (z) = Z N (2)t.

Thus for a vector bundle F,



which is a finite sum since E has finite sum. By assumption the conormal bundle
Ny /x 1s a vector bundle on the inertia stack so we have completely described the
second map.

The third map p is called the twist map. Informally it twists each eigenbundle
under the action of the automorphism group by its eigenvalue. Recall that an object
of IX is a pair (z,«) where x € X(T) and « is an automorphism of . Given a vector
bundle V on X', *V is a vector bundle on T" equipped with a («)-action. Since the
ground field is the complex numbers, the action is diagonalisable and hence we may

decompose
V= @($*V)§
¢

according to characters ¢ of (a). It can be shown that the subbundle (z*V). is
compatible with morphisms in /X and thus defines a vector bundle on IX. Thus
@D, C(#*V)¢ is a well-defined element of K°(IX)c, which we call p(V). The above
procedure defines the linear map p: K°(1X)c — K°(1X)c.

The last map in the composition is the same as in Grothendieck-Riemann-Roch
for varieties. It takes the Chern character of a K-theory class and multiplies it by
the Todd class of the tangent bundle 77y, which we abbreviate to Td(/X).

1.4 Weighted blow-ups

Blow-up is an operation in classical algebraic geometry that principalises an ideal
sheaf. Suppose [ is an ideal sheaf on a scheme X, defining a closed subscheme Y.
The blow-up Bl; X is defined to be Projy Ox[I], where the Rees algebra Ox|[I] is
a graded algebra. The inverse image of Y is the exceptional divisor, which is the
projectivised conormal cone of Y. Weighted blow-up generalises classical blow-up by
allowing an ideal sheaf I, to have “weights”, thus producing a Rees algebra which is
not necessarily generated by degree 1 elements. Subsequently the Proj construction
is replaced by the stacky version &roj, producing a stack Al;, X. In this subsection
we introduce weighted blow-ups following |QR] and interpret root stacks using this
perspective.

Definition 1.7. A Rees algebra on X is a quasicoherent, finitely generated, graded
Ox-subalgebra R = @nzo I,t"™ of Ox|t] such that Iy = Ox and I, O I,,1; for all n.

Example 1.1.
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1. An ordinary Rees algebra Ox|[I] where I is an ideal sheaf is a Rees algebra
generated in degree 1. Conversely if I, is a Rees algebra generated by I; then
I, = Ox[I]. We also denote this Rees algebra by (I3, 1).

2. Given an ideal I and n > 1, let (I, d) denote the smallest Rees algebra containing
It". Explicitly (I,n), = I/ ie.

Iny=O0x@®ltal*e -alt"'a Pt ot e ..

3. Given a finite collection of Rees algebras I; o, we let . I; o denote the smallest
Rees algebra containing all the [}, . Explicitly

(Lot 4 1ok = Z Ly Log,
ke=ky -+ Ky

Definition 1.8. Suppose R = ®n20 R, be a quasicoherent graded Ox-algebra. Let
Ry =@, Rn be the irrelevant ideal. The stack-theoretic Proj of R is the quotient

stack Sroj () — [specxgz) \ V(R+)}

Gm
where the G,,-action is induced by the grading on R.

Example 1.2.

1. Given vector bundles Fy,..., E, on X and positive integers ny,...,n,, the
weighted vector bundle E = @ E;(—n;) gives the smooth stack

P(E) = @rojx(® Symo, (Ei(=ni))).

2. An important special case is when L is a line bundle on X. Then Z(L(—n))
parameterises nth roots of the line bundle E. To see this, we note the stacky
Proj construction satisfies a similar universal property as ordinary Proj: given
a morphism f: T — X and a weighted vector bundle £ = @ E;(—n;) on X, a
lift to Z(F) corresponds to the data of a line bundle M on T and morphisms
@i+ f*E; — M®% such that locally on T at least one of the ¢; is surjective (see
|[QR] Proposition 1.5.1 and Example 2.1.1). Thus for L a line bundle, Z(L(—n))
parameterises a line bundle M together with an isomorphism f*L — M®".
Thus there is an isomorphism &Z(L(—n)) = X1 ), the nth generic root stack
of X along L.
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Definition 1.9. Let I, be a Rees algebra on X. The weighted blow-up of X along I,
is defined as the morphism

7w Bl, X = Projy [s — X.

Let X' = Al;, X. The natural inclusion I,,; < I, corresponds to the inclusion
Ox/(1) <= Ox of invertible sheaves, and defines an effective Cartier divisor £ on X’
such that Ox/(1) = Ox/(—FE). E is called the ezceptional divisor of Bl;, X.

For the rest of this section we consider weighted blow-up along a reqular centre:
let I, --- I} be ideal sheaves on X and let aq,...,a; be positive integers. Let

o= (I, a1) + -+ (g, ag).
We assume
e cach V(I;) — X is a regular embedding,
e 7, defines a quasi-regular weighted closed immersion (|[QR) Definition 5.1.3]).

Let Y = V(> I) be the blow-up centre. Denote the blow-up and the exceptional
divisor by X and Y respectively. Then there is a commutative diagram

1 X
I
X

’"<<T’“<3

which is not Cartesian.

Example 1.3. The most important example for us is root stack. Given a generalised
effective Cartier divisor (L,0) on X and a positive integer n, we can define a graded

Ox-algebra
R = @ Lli/m]
i>0

where the multiplication is defined by o : L — Ox. It is shown in [QR] Example
2.2.2 | that it has exactly the same universal property as the root stack, namely if
f:T — X is a morphism then a lift to &rojy R is equivalent to giving a generalised
effective Cartier divisor (M, \) with an isomorphism r : f*(L,o) — (M, X\)®". Thus
Projy R= {/(X,L,o0). In particular when (L, o) is derived from a Cartier divisor
D, we see R = (I, n) using the notation of Exampleso Y/ (X,D) = Projx(I,n) =
@l(jm) X.
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Chapter 2

Parabolic Chern Character

Let X be a smooth scheme over C and D a smooth Cartier divisor. The root stack
V(X, D) is a smooth Deligne-Mumford stack which admits X as a coarse moduli
space. We have seen that vector bundles on /X, D are equivalent to parabolic
bundles on (X, D), which are diagrams of vector bundles on X subject to some
compatibility conditions. Since it is possible to identify the rational Chow groups of
/X, D and X, given a vector bundle on {/X, D, its Chern character can be expressed
as an element of the rational Chow group A(X)g. It is then natural to ask how it
is related to Chern characters of constituent bundles of the corresponding parabolic
bundles. In this paper we gave a complete, self-contained solution to this question
using Toén’s Grothendieck-Riemann-Roch theorem for stacks:

Theorem 2.1. Let X be a smooth projective variety over an algebraically closed field
of characteristic 0 and let D be a smooth effective Cartier divisor on X. Let E, be a
parabolic bundle on (X, D) of weight n. Then

1 — e=D/m 21

r _ .. ,—iD/n
chP?® E. = W Z ch EZ (&
=0

This agrees with previous computations by Iyer and Simpson in [IS08], which uses
a more elementary approach.

2.1 Introduction

In this chapter we will not distinguish a vector bundle £ on the root stack and the
parabolic bundle & = ®(E) induced by the functor in Section [1.2] We also write
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D,, := 1D for the universal Cartier divisor.

T on

Definition 2.1. Let X be a smooth projective variety and D a smooth Cartier
divisor. Given a parabolic vector bundle F, of weight n on (X, D), the parabolic
Chern character of E, is the element

P« ch(E) € A*(X)qg

in the rational Chow group of X where p: {/(X, D) — X is the canonical map. We
denote it by ch”* F,.

As the parabolic vector bundle FE, is presented using data of vector bundles on X,
whose Chern characters is an element of the same group A*(X)g, it is natural to ask
what is the relationship between the two. As the comparison involves the p, ch F,,
the pushforward of the Chern class along a proper morphism, heuristics suggests that
it should be related to ch(p.F,) by a Grothendieck-Riemann-Roch-like theorem.

The Toén-Riemann-Roch theorem says that there is a “correction term” that
should be accounted for.

2.2 Geometry of root stack

2.2.1 Inertia of root stack

We begin by describing the inertia stack of a root stack.
Proposition 2.2. The inertia stack of {/(X, D) is

IY(x,p)=/(x.D)ax [[ Dn

C€un\{1}

Proof. Let X = {/(X, D). Given an object (f : T'— X, (M, \), p) of X, the canonical
isomorphism hy; : Hom(M, M) = Oy induces a homomorphism
AutT(fa Ma )\7 p) - u‘n,T
a— (ffhy)(a).
As p, is constant over C, write p, = w,(C) and the above map induces a decom-
position [X =[] ., I(()X. Similarly ID,, :=[]., 1(¢)D, and the morphism of

inertia stacks ID,, — IX induced by the closed immersion D,, — X respects the
decomposition. Clearly I(1)X is isomorphic to the image of the diagonal section of

25



IX — X so it remains to prove that for ¢ # 1, I(¢)D,, — I({)X is an isomorphism.
Recall from the description of the functor of points of the root stack and the generic
root stack that the morphism is given over 7' by

(f7M7p704) = (iOf,(M,O),p,CY)

where ¢ : D — X is the inclusion of the Cartier divisor. Clearly it is fully faithful.
To show it is essentially surjective take an object (f : T — X, (M, ), p,a) of I({)X
over T. Since ( # 1, 1)y —a : M — M is invertible. On the other hand, both 1,
and « preserve A so

(Ipy —a)(A) =0
which forces A = 0. It then follows that f*(op) = A¥" =0, where op : Ip — Oy is
the inclusion of the ideal sheaf. Thus f factors through D as required. ]

Remark 2.1. See also Section for a general treatment of the decomposition of
the inertia stack of global quotients by reductive abelian groups.

Proposition 2.3. Let E, be a vector bundle on {/(X, D). Then

n—1

Eip, =@p Gr E.o N}, .
=0

More generally, such a decomposition exists for any indexing set which forms a coset
representative of Z/nZ.

Proof. This is [ISO8] Lemma 4.1 and Lemma 4.4. O

2.2.2 Chow group of root stack

Proposition 2.4. The rational Chow group of D,, can be identified with that of D in
such a way that p* induces a ring isomorphism. Moreover under this isomorphism
the pushforward p, : A*(Dy,)g — A*(D)q is multiplication by +.

Proof. We will use results from [AOA23] to describe the Chow ring of a weighted
projective bundle. By Example D, = Proj(F) where E is the weighted line
bundle N} / +(—n). By viewing X as equipped with a trivial G,,-action, £ has an
equivariant Euler class

¢ (E) = nt + e(NY) € AL (X) = A*(X)[t]
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so rationally

A"(Dn)g = A*(D)q[t]/(nt + e(Np)) = A"(D)q.

To prove the second statement note that since D,, — D is a u,-gerbe, the stabiliser
of a general geometric point is u, so p has degree % Given a cycle [V] on D, denote
by V,, =V xp D, its pullback to D,,. Since the image of V,, under p is also V', we
have

. 1
pp' V] =pV'] = deg(p)[V] = ~[V].
Therefore the identity
‘(o) = &
P (@) = —
holds for any cycle class a € A*(D). O

2.2.3 Relative tangent and Todd class
Lemma 2.5. Given a root stack p: VX — X, the cotangent sequence

0—=p" Qx = Qyzx = Qyx/x =0 (2.1)
15 exact. Taking its dual, there is another short exact sequence
0— TW — p*TX — gl‘tl(p*Qx, OW) —0 (22)

where Ty = Q%5 and Tx = Q.

Proof. Firstly note that Qy and Q. are both locally free due to smoothness.

The coarse moduli space /X — X is a generic isomorphism so the kernel and
cokernel of p*Qx — €15 are torsion. Thus the kernel, being a torsion subsheaf of
a locally free sheaf, must vanish and sequence is exact on the left. Similarly
Hom(Q y5/x, Oyx) = 0 so sequence is exact on the left. Exactness on the
right follows from the local freeness of {2 ~. ]

Lemma 2.6. The classifying map X — [A'/G,,] induced by a smooth Cartier divisor
is flat.

Proof. Consider the pullback of the universal family

p—L A

! |

X —— [AY/G,,]
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where P is the G,,-bundle corresponding to the line bundle (in other words the line
bundle minus the zero section). Since both P and A! are regular we can apply miracle
flatness and it suffices to show the fibres of f have constant dimension, which is
clear. =

Proposition 2.7. The relative tangent of a root stack VX — X is given by the class
[O(D,,)] — O(nD,) € K({L/Y)

Proof. Recall that the relative tangent of a morphism f : X — Y is the K-theory class
[Tx]—[Ty|x]. By Lemma the relative tangent is represented by Ext! (p*Qx, O yx).
Consider the universal root stack

VX —1 [AY/G,

| |

X —1 5 [AYG,)

We first prove the result for the universal root stack [A'/G,,] — [A'/G,,]. For
clarity we write the Al appearing in the domain and codomain as X = Spec k[z]
and Y = Spec kly| respectively. The morphism between the quotient stacks is then
induced by the nth power map (—)" : X — Y (and the nth power map G,, — G,,).
Take the smooth cover Y — [Y/G,,] and form the fibre product which is [X/p,].
Note that X is the cover of both [X/u,] and [X/G,,] and a sheaf on [X/G,,] is the
same as a G,,-equivariant sheaf on X, which is the same as a Z-graded k[z]-module.

X — X/pp — Y

| |

(X/Gp] —— [Y/Gp]

The relative cotangent sequence reads

Qy’X > Qx ? Qx/y —0
which we spell out as
k[z]dy 22 k[x]de —— klz]/na""'de — 0

which happens to be exact on the left as well. Here the generator dz has degree —1
and dy has degree —n so we may write it explicitly as

k[z|[n] — k[z][1] —— k[z]/nz" 1] —— 0
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Note that as X — Y is generically étale, {2x/y is torsion. Dualising the above
sequence, we get

0 —— k[z][-1] —— k[z][-n] —— Ek[z]/na""[-n] —— 0

The Z-graded module k[x][—1] corresponds to the universal root O(D,,), so it follows
that the relative tangent is O(D,,) — O(nD,,).

For a general root stack ¥/ X, as the classifying map X — [A'/G,,] is flat by
Lemma , the claim follows by pulling back Ext'(p*Qu1/c,.), Oni/c,.)), which
represents the relative tangent in K-theory by Lemma [2.5] ]

2.3 Proof of main theorem

In this section we will prove:
Theorem 2.8. Let E, be a parabolic vector bundle on (X, D). Then

1 —eD/m ] ,
chP*" Fy = ———— Zch E; - eI/

_ oD
1—e —
in A" (X)g.
It suffices to prove the equality in A*(X)c. Apply Toén-Riemann-Roch to the
coarse moduli space p : {/(X, D) — X, we get the following commutative diagram

(=)
A1)

K(VX) " KUY L KIYX) — AT(IVE) = A*(VX) @ A*(D,) 5!
P A*(X) @ A*(D)wn

l(id,i*)
X (_
K(X) ch™ (=) Td X . A*(X)

where the superscript on each Chern character indicates the space on which it operates.
In the diagram c is the map

ch! VX (=) Ta(1V/X).
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It is helpful to recall that we have a (non-Cartesian) commutative square

D, —— VX

bl

D—— X

Consider a vector bundle E, on ¥/X. We are going to compute its image in the
bottom right corner using the two paths in the commutative diagrams and equate
them.

The left-and-bottom composition is straightforward: p, takes the Oth component
in the parabolic diagram so F, is sent to

ch™ Fy - Td X.

For the upper-and-right composition, it is convenient to split the contributions
from the identity and non-identity sectors. On the identity sector the inclusion
I/X, — /X is identity so 7 restricts to identity and the conormal bundle vanishes.
In addition the twisting is trivial so we get an element

ch VX(E,) - Td VX € A*(VX).

On the non-identity sector labelled by £ € u,, —1, the upper horizontal composition
gives

E.‘Dn p GI“ZE ®N_Z
ch?" p(w) - Td D,, = ch®" p (Z 1— Ny, - Td Dy
n 1=1

1—C1N]:V>n -Td D,, € A*(D,),

i=1
to be followed by the right vertical composition:

a . D, ¢ p Gr; Ee ® N_l
E T4 Dx (ch TNy -Td D,
=1 n

Summing up the contributions from all sectors and equating it with the other
composition gives the main equation

_ VX (g p, 0" Gri E,® Np,
ch By Td X = p.(ch V¥ (E,)-Td VX)+ 4;\1 X;z*p* (ch =Ny 4D
JZOAY "
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Recall that by definition the parabolic Chern character is p, ch W(E.) To extract
it from the equation it is natural to divide both sides by Td X, thereby expressing
the difference between the Todd class of ¥/ X and X in terms of the Todd class of
the relative tangent.

In we use the projection formula to combine the tangent bundles into the
relative tangent, just as one would do for Grothendieck-Riemann-Roch theorem. Then
in (2.4) we apply Proposition to obtain its Todd class. Recall that for a line
bundle L with Chern root is given by

TdL =

l—e=®

and it is multiplicative in the sense that Td(L; & Lg) = Td Ly Td Ly. Denoting the
Todd class of the relative tangent of a morphism X — ) by Td(X/)), we have

S TdO(D,) D/n l—e® 1 1-¢eP
(VX/X) TdO(nD,) 1—eP/n D nl—e Db/

At this stage we have isolated the sought-after parabolic Chern character, so it remains
to simplify the summands due to the non-identity sectors.

As D,, — D is étale, we can identify the their tangent bundles and subsequently
Td(D,/X) = p*Td(D/X). Then in (2.6) we invoke Proposition [2.4] to pushforward
the classes on the gerbe D,, to D. Finally in (2.7)), combining the relative tangent of
D — X with the Chern characters of Gr; E,, we get an expression in terms of the
Chern character on X of

i* GI‘i E. = El/E1,1
ch Ey = p,(ch VX E, - Td(V/X /X))

+ Y ii*p* <cth P Gni B © N, Td(Dn/X)) (2.3)

_ 1NV
CEpn\1 =1 L g NDn

projection formula

" 1 1—eP
—p.ch V¥ E - ——
be€ nl—eD/n

_ 1NV
Cepn\1 i=1 L= 6N,
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expression for TW/X and projection formula for p

—p,chVXp, . 2%
— B nl—eD/n

" (T'p* Gr; By @ Np! .
+ > i, <cth =y Dn . p*Td(D/X) (2.5)
Dy,

Ceun\1 =1

D, — D is étale

1 1—eP
— chPar E. o -
¢ nl—eD/n
1< 'Gr; B, ® Np/"
T DD DA K LR E R W1y (2.6)
" i=1 (epn\1 1= C N
projection formula and p,: A*(D,) — A*(D)
1 1-e"
— hpar E'.
nl—eD/n
¢ ch E/EZ L @ etD/n
93D e 2.7
i=1 Cepn\1
GRR for 1: D — X
11—
— P _e_D/n +ZchE/E, y - P(i,n). (2.8)

On the last line ([2.8]), we define for 1 <i <mn

. 1 gfiefiD/n
Pem =2 2 (e
Ceﬂn\l
Lemma 2.9. For 1 <1 <n, we have
e~ D e—iD/n

P(i,n) =

l—e D p(l—eDmy

Proof. Let (, = exp(2mi/n). Then for 1 <1i < n we have

nz_l GV o omat 1
H1-Gle 1-am 1-a
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Lemma 2.10. Let f(x) be a rational function in x. Suppose it has Laurent series
expansion f(x) = a;x'. Then there is an equality of Laurent series

Z f(Cx) = nZankx”k.
CEun k
Proof. Observe that for any integer ¢, the sum over ith powers of roots of unity
satisfies
Z ¢i— n if n divides ¢
0 otherwise
Ceﬂn

which can be easily checked. The result then follows by extracting terms in the
Laurent series whose degree is divisible by n. [

Corollary 2.11. For 1 <1 < n, there is an equality of rational functions

Z C—i B nxn—i
1—¢ 'z 1—an

Ceﬂn

Proof. 1t suffices to show that they have the same Laurent series expansions. Apply
Lemma [2.10/ to f(z) = &= = 2’ 4+ '™ 4+ 2" + - .. to obtain

n

Cil’i _ n 2n _ nr
Zl—(x_n(x + 27" + >_1—x”‘
CEpn

The result then follows. O]

Remark 2.2. Expressions of the form

Cz’
>

Ceun—1

are examples of generalised Dedekind sum due to their connection with the Dedekind
n-function and are well studied by number theorists. More intriguing to us is their
frequent appearances in characteristic class, more precisely contributions from inertia
(resp. fixed point sets) on a stack (resp. manifolds with group actions). For example
as mentioned in [Zag73] the sums appear in the work by Atiyah and Singer on
equivariant signature ([AS68|). They also appeared in the work by Buckley, Reid and
Zhou on orbifold Euler characteristic ([BRZ13]). It would be an interesting question
to investigate if there are other contexts in which these sums appear.
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As a consequence of Corollary [2.11} for 1 <4 < n we can express P(i,n) as

€_D e—iD/n

Pli,n) = l—eD p(l—eDmy

For 1 <i < n, the difference telescopes:

efiD/n

P(i+1,n) — P(i,n) = -

Rearranging the equation, we proceed to complete the final steps of manipulation
and conclude the proof:

n

1 1—eP »
- :ChEO—ZChEi/Ei—l'P(Zan)

hPar E. -
¢ nl—eD/n

=chEy+ Y (P(i+1,n) = P(i,n)) ch E,
+ P(1,n)ch Ey — P(n,n)ch E,

1 n—1
—— ZchE,- e~/
n 1=0
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Chapter 3

Equivariant Euler Characteristic

In this joint work with Francesco Sala, we prove an equivariant Riemann-Roch
theorem using the theory of Lefschetz-Riemann-Roch morphism developed in [Sal24].
We first present a general formula that computes the equivariant Euler characteristic
(regarded as a virtual representation) of an equivariant sheaf on a smooth projective
scheme equipped with a faithful action by a finite group. Next we specialise to the
case of a curve where the individual terms in the formula can be made explicit. We
thus derive a new version of the equivariant Riemann-Roch theorem, which was a
classical problem studied in different context and using different approaches, such as
[ELS0], [Kan86], [Nak86], [Koc05], [FWK09] etc.

Our work not only unifies the previous results and generalises the equivariant
Riemann-Roch theorem to a new setting, but also provides an intuitive approach that
explains why the formula assumes such a form. In the formula there are two types
of contributions: a global term which is determined by the non-equivariant Euler
characteristic, and local terms which are determined by ramification data. One could
either view the latter as a correction to the naive, non-equivariant Euler characteristic,
or use the inertia stack to treat the local and global contributions on an equal footing.

3.1 Introduction

Fix a base field k& which is algebraically closed. Let X be a smooth projective variety
equipped with an action of a finite group G C Aut(X) of order n. Denote the stack
quotient by X = [X/G]. Given an element g € G, let o be the cyclic subgroup
generated by g. We denote by X7 the fixed loci by the subgroup, which inherits an
action by the centraliser C'(o).
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Theorem 3.1. Given a G-equivariant vector bundle £ on X, the Euler characteristic
of £ is
AU ) .
@@ x( e 'f" e IndS a(a”) € K(B)
o

where A% is a C(c)-equivariant vector bundle on X that will be given explicitly.

Suppose furthermore X is a curve. Then the quotient Y = X/G exists and is
again a smooth curve. We can give a formula for A% in terms of the cotangent space
of the ramification points.

Theorem 3.2. Let X be a curve and Y = X/G be the quotient. For each point
x € X, we denote by G, the stabiliser of x. Let e, (resp. €.,) be the ramification index
(resp. the tame ramification index). Let N, be the cotangent space at x. Then in
K(BGQG) there is an equality

k€ e e o &
Xg(X,5>I< (X, 5)4—72(6 —1)) - ZEIHdGzl_N;/.

T zeX

When the G-action is tame we may write

er—1
—((1- 1 L el R —a
X6(X,€) = (1= gv)1kE + — deg E)G nZZd Indg (£, ® N;%).

zeX d=0

Before we give an outline of the proof, let us briefly recall the history. The problem
of equivariant Riemann-Roch theorem for curves is a classical one, dating at least to
Chevalley and Weil [CW34], who determined the G-equivariant structure on the space
of global holomorphic differentials on a compact Riemann surface. Ellingsrud and
Lonsted [EL80] found the Euler characteristic of a G-equivariant sheaf on a curve over
an algebraically closed field of characteristic zero. It is generalised by Kani [Kan&6]
and Nakajima [Nak86] to tamely ramified G-cover over any algebraically closed field.
A new approach by applying character theory to the virtual G-representation x¢ (X, &)
is worked out by Koéck [K6c05] under the assumption of tameness and algebraically
closed gound field. It is further generalised by Fischbacher-Weitz and Kock [FWEKOQ9)
to weakly ramified cover.

In our work, we compute the equivariant Euler characteristic as an element in
K (BG), the K-theory of locally free sheaves on BG. When the order of G is invertible
in k, this completely determines the isotypical decomposition of a G-representation.
However when the order is not invertible K (BG) only determines the indecomposable
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factors. However although the conclusion is weaker than the main result of [FWKQ9],
we do not place any restrictions on ramification of the map X — X/G.

The result is obtained by applying the Lefschetz-Riemann-Roch map to the
morphism X = [X/G] — BG:

K(X) 2 @, 0. K(1,X)g ® Q)

I !

K(BG) 2% @, 0. K(1,BG)g ® Q((,)

Since X is smooth, the upper row can be identified with the composition

1 Vy—1, * m* [ @ r
K(x) 227 peray ™ k() 280, g (Lw),

which by construction lands in the tautological part of the K-theory of the inertia
stack. On the other hand, £, is the composition

C(a)

B K(BC(0))g ® Ro - @ K(BC(0)) ® Ro ™ @K (BC(o K(BG).

We now explain the notations by recalling the work of [Sal24].

3.2 Lefschetz-Riemann-Roch morphism

In [Sal24], Sala developed a theory of covariant Riemann-Roch morphism for tame
stacks. Very briefly, given a tame stack X', there is a morphism of Q-modules called
Lefschetz- Riemann-Roch morphism

Lx: KU(X) = @K1, X) 2 Q)

r>1

which is an isomorphism onto its image (which can be very precisely characterised)
and is covariant with respect to proper morphisms. Here K. denotes the higher
K-groups of coherent sheaves and I, X" is the rth cyclotomic inertia stack, which is
closely related to the inertia. One might wonder why £ deserves its name despite
being valued in K-theory. It is because after post-composing it with Chern character
and multiplication by Todd class we can recover Toén-Riemann-Roch theorem for
stacks. More importantly, the target of £ also appeared in [Toé99] under the name
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étale K -theory (denoted as K, ¢ in loc. cit. ) and is used as an important intermediate
step in establishing the Toén-Riemann-Roch theorem ([To899, Lemme 4.12]).

In this section we summarise the main results in [Sal24], making suitable simpli-
fications adapting to our application. We fix a base field k. Assume X = [X/G] is
a tame or Deligne-Mumford quotient stack where X is a separated scheme over k
and G is an affine group scheme of finite type over k. With these assumption there
is an identification K (X') = K,.(X) between the higher K-theory of coherent and
locally free sheaves on X. Since only need the Oth K-group, we abbreviate it to
K(X). Lastly whenever we work with K-groups or representation rings we mean
their tensor product with Q.

The fundamental decomposition We call a subgroup scheme o C G dual cyclic
when it is isomorphic to g, , for some r > 1. For each r > 1, denote by C,(G) the
set of conjugacy classes of monomorphisms p, — G, and by C(G) the union over all
r > 1. Given an element o € C,.(G) we choose a monomorphism g, — G representing
it and also denote it by o : u, — G. The fixed point subscheme for the induced
action of p, on X is denoted X?. We also set C,.(G) to be the set of conjugacy classes
of dual cyclic groups of order r. The union over all r is denoted C(G). We note that
there is an action of Aut(gu,) on C.(G).

Given a group H we denote its representation ring by RH. In particular if H = p,
then RH = Q[z]/(z" — 1). We denote by RH the projection to Q[z]/®,(z) = Q(¢,)
where ®,.(x) is the rth cyclotomic polynomial in z.

Given an RG-module M and a dual cyclic group o C G, the o-localisation M,
is the localisation M, where m, is the kernel of the composition RG — Ro — f%a,
which depends only on the conjugacy class of o.

For each r > 1, define the multiplicative system ¥, = ¥ C K(X) as follows.
An element o € K(&X) is in X, if for all representable morphisms ¢ : Bgu, — X
where K is an extension of k, the projection of ¢*a € Ru, in Rur is non-zero. The
p,.-localisation K(X), ) of K(X) is the K (X)-module X 'K (X).

Theorem 3.3 ([Sal24, Theorem 4.2]). The projections K(X) — K (X)) induce an
isomorphism

K(X) = HK(X)(M)'

r>1

In the decomposition, we call the factor corresponding to r = 1 the geometric part
of the K-theory of X and denote it by K(X)g. The product of the rest is called the
algebraic part and is denoted K(X)a. Thus we have the fundamental decomposition

K(X) = K(X)g @ K(X)a.
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Proposition 3.4 ([Sal24, Proposition 4.5, Proposition 4.7]). Let f : X — ) be a
proper morphism of tame stacks.

1. If f is representable then the pushforward f, : K(X) — K()) preserves the
fundamental decomposition.

2. There exists a homomorphism f, : K(X)g — K())g such that the diagram

K(X)g — K(X)

ks

K(Y)g — K(X)

commutes. The horizontal arrows are the inclusions coming from the fundamen-
tal decomposition.

There is a similar statement for functoriality with respect to (representable)
pullbacks, but we will not need it here.

Remark 3.1. The name geometric part is justified by the following theorem:

Theorem 3.5 ([Sal24, Theorem 4.13]). Let w: X — M be the coarse moduli space.
Then the pushforward 7, : K(X)g — K(M)g — K(M) is an isomorphism.

In particular for a finite group G, the projection to the geometric part K(BG) —
K(BG)g = Q is the augmentation map, and it can be shown that the inclusion of
the geometric part is the section 1 — ﬁ Inle 1= %
Cyclotomic inertia stack and twist For a positive integer r, the rth cyclotomic
inertia stack I, X is the fibred category which parameterises order r automorphisms
of objects of X. Its objects are pairs (z, ) where z € X (T') is an object of X above
T and o : p, g — Autg(r) is a monomorphism of group schemes. A morphism
fi(z,a) = (y,0) from (z,a) € I, X(T) to (y,B) € I, X(S) consists of an arrow
f 2z — yin X such that the diagram

Wy == Q" g

P e

Autyp(x) —— ¢* Autg(y)

commutes. Here ¢ : T" — S is the image of f in the category of schemes and the
bottom row is induced by f.
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There is a morphism I, X — X’ sending (z, ) to x. The cyclotomic inertia stack
I, X is the disjoint union of the I, X for all > 1. We denote by p = px : [, X — X.

Remark 3.2. Over C the canonical isomorphisms p, = 7 /rZ induce natural isomor-
phisms [, X = I X.

Similar to the inertia stack, we can describe the cyclotomic inertia stack of the
global quotient X = [X/G] in equivariant terms as

L,X =[] [X7/Cao)]
aeCr(G)

where Cg(0) is the centraliser of o : u, — G in G. For this reason, for a o € C.(G)
we also write I, X for the component [X7/Cgq(0)].
For a fixed o, there is a multiplication map
m: Cg(o) x 0 — Cg(o)

which is a homomorphism of groups. It induces a map

ax : I, X x Bp, = [X?/Cq(0) x o] = [X7/Cq(o)] =1, X.

r

We call it the twist map. It assembles into a morphism

ay I, X =[] 1., & x p, — 1X.

r>1

Remark 3.3. The twist map induces a pullback on K-theory, which we will call
the tunsting operation due to its close relation with the twist map p in appeared in
Toén-Riemann-Roch theorem (see Section[1.3.2)). It also induces a pushforward which
we will call anti-twisting that will be investigated later.

Tautological part of K-theory The tautological part of K (I/N:j( ) is defined to be
its localisation with respect to some multiplicative system. The actual definition is
quite complicated, but the projection to the tautological part has a natural splitting.
We describe the image of the splitting, which suffices for our purpose: for each r it is
the image of the inclusion

K (I, X)g © QG) = K (1, X) ® Rps,, = K(I, X x Bp,) = K(I,, X)

where the first map is the splitting of the projections to the geometric part.
Finally composing the inclusion with the pushforward induced by the twist map
o, K(1,X) = K(I[,X) we get a map

Bt D K (1, X)g © QG — K(1,X).

r>1

40



Lefschetz-Riemann-Roch morphism We are ready to state the main theorem
of [Sal24]. Recall that p: I, X — X is the cyclotomic inertia stack.

Theorem 3.6 ([Sal24, Theorem 7.2]). Let X be a tame quotient stack. Let r, :
(B, K(IHTX)g@)Q(Q))AuW“’ — K(X) be the composition p, o By. Then it is
an isomorphism. Furthermore the map £ = r; 1 gives a Lefschetz-Riemann-Roch
isomorphism which is covariant with respect to proper morphisms of stacks

Aut p g
L:K(X)— (@ K (I, X)g ® @(Q)) :

While the morphism L is valid for any stack, it is not particularly easy to calculate
in general. When X is regular, however, it is possible to express it in a different way
which is reminiscent of the Toén-Riemann-Roch morphism. Consider the map r*
given by the composition

AaWY)Lpt

K(X) K(I1X) %S K(1,X) (EBK ®@(c})> Oo.

Theorem 3.7 ([Sal24, Theorem 7.3]). The composition r* o r, is equal to the en-

domorphism that s multiplication by the rational number @ on the component

K(I, X)g ® Q((). In particular the Lefschetz-Riemann-Roch morphism, in the

reqular case, s given by
d
L= —r
D

3.3 Proof of Theorem [3.1]

The goal of this section is to prove

Theorem 3.1. Given a G-equivariant vector bundle £ on X, the Euler characteristic

of £ is
@@ X(A™) o] .Ind 1(2") € K(BG)

|0| o)l

where A% is a C(o)-equivariant vector bundle on X that will be given explicitly.

We will do so by computing the Euler characteristics using the composition
Lpg o Im, o L3 where I, is the map on K-theory induced by 7 : X — BG.
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3.3.1 Lefschetz-Riemann-Roch for BG

In this section we compute Lpg, or more precisely its inverse. It is a technical
computation in representation theory. Index the components of the inertia stack of
BG by C =[] C,, where C, is the conjugacy classes of monomorphisms p, — G-

IBG = [] BC(o).
ae@
We remind the readers that Egg = p,0Pp¢ is defined on the component corresponding

to o as

K(BC(0))g ® Re — K(BC(0))® R(0) —*— K(BC(0)) <%~ K(BG).

Inclusion of geometric part of BH Given any group H, the inclusion K (BH)g —

K(BH) sends the unit to %

Inclusion Ro — Ro  Suppose o is dual cyclic of order 7. Recall that by Chinese
remainder theorem there is a splitting

Ro =Q[z]/z" — 1= H@[x]/@d(x).

d|r

We denote by ¢ : Q[z]/®,(z) — Q[z]/2" — 1 the section of the projection to the factor
Q[z]/®,(z) = Ro.

Anti-twist Let o be a dual cyclic subgroup of G of order r and let H = C(0)
be its centraliser. The twisting operation a* on the rth cyclotomic inertia stack
is given by the pullback induced by multiplication m : H x ¢ — H. The anti-
twist a, is given by m,, whose effect is taking invariants relative to the subgroup
ker(m) = {(z7',x) : © € o}. In formula, for an H-representation V and a character
x of o,

m,: RH ® Ro - RH
V ® x + x-isotypical part of Res” V,

which inherits an H-action.
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Since H is the centraliser of o, we have Resf Indf X = % x for any o-character
x and

H
Rest! k[H] = Res]! Ind}! klo] = klo]*1"/*! = ’| \|@ = (D Res;/ Ind;
o
X€eo XET

As a consequence we note that the y-isotypic part of Resf k[H]| is exactly Indf X,
whence

k[H]

1
- = — Ind”

m ]

In particular, the composition
Ro ~ K(BH)y ® Ro — K(BC(0)) ® Ro ™ K(BC(0))
is the same as

Ro ~ K(Bo)y ® Ro — K(Bo) @ Ro ™5 K(Bo) ™7 K(BC(o).

_lo|
up to a correcting factor of |H| Gk

Finally, by [Sal24] proof of Theorem 7.3], the map
Ro ~ K(Bo)g ® Ro — K(Bo) ® Ro ™ K(Bo)
is equal to - ¢: Q(¢,) — Q[z] /2" — 1.

Pushforward from inertia stack The pushforward p: K(BC(0)) — K(BG) is
simply induction from the subgroup C(o).

The composition Now we are ready to state the result. On the summand labelled
by o € C,, L5, is given by

K(BC(0))g ® Ro —— K(BC(0)) ® Ro —— = K(BC(0)) ") K(BG)
Q®Q[z]/(®r(z))  K(BC(0)) ®Q[z]/2" -1
1@+ > Ikg(gf))l ® u(z) > |C(Ta)| -%Indg(o) v(x) — |C(0)| Ind% u(z)

43



3.3.2 Lefschetz-Riemann-Roch for X

The upper composition is considerably easier, thanks to and the fact that the
twisting map a* is much easier to describe (see Section for the computation).

Write
I,X = P [X°/C(o)]
T,UEET
Given a G-equivariant vector bundle € on X, let (&,), = p*€ be its pullback along

p: 11X — X and let N, be the normal bundle of p on the component labelled by o.
For each o, we split the virtual bundle

£ .
= — A=A
A-1(NY) D

1€EG

into isotypical components as o-representations, obtained by restriction from C(o).
Here 6 is the character group of o, which can be identified with Z/rZ.
The Lefschetz-Riemann-Roch map for X is thus given by

E @ TCZ AT

r,0€Cr i€F

where Ag’i denotes the projection to the geometric part.

3.3.3 Total composition

We have the vertical map

Iﬂ'*i @ K(ng)g®(@(<’r‘) — @ K([O'BG ®Q CT @ Q Cr

r,aeér r,oeér T O'GCT

which, since 7 is representable, is the identity on the Q((,) components and sends
Ag’i to x(A%), the non-equivariant Euler characteristic of the virtual bundle A% on
X?. Indeed, by Proposition we have a commutative diagram

K(I,X) —— K([,X)g

|~ |

K(I,BG) — K(I,BG)g
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the horizontal maps being projections to the geometric part. In particular the lower
horizontal map is the augmentation morphism which forgets the group action. The
bottom-left composition is then easily seen to be exactly the Euler characteristic map.

Combining this with the previous calculation of the lower composition, we imme-

diately get
- @ Pl

rocC, €6

which completes the proof of Theorem [3.1]

3.4 Proof of Theorem [3.2

In this section we specialise to smooth projective curves and prove

Theorem 3.2. Let X be a curve and Y = X/G be the quotient. For each point
z € X, we denote by G, the stabiliser of x. Let e, (resp. €.,) be the ramification index
(resp. the tame ramification index). Let N be the cotangent space at x. Then in
K(BGQG) there is an equality

k& kG Ex
XG(X75>:< (X5)+TZ(%—1)>7+ —I dczl N
T :JcEX
When the G-action is tame we may write
ex—1
1 1 <
X,6) =((1—gy)rk& + —deg E)kG — — d-Tnd§ (€, ® N;%).
XX, 8) = (1= )tk + A ERG = 5 30 3 d- nd, (€ @ N, )

We need to give a concrete description of y(A%)’s. Over the identity sector
corresponding to ¢ = 1 it is the Euler characteristic of £. For ¢ # 1, as the coarse
moduli space of [X7/C(0)] is zero-dimensional, x(A%") is nothing but the dimension
of the virtual representation A%*. Thus

1mA‘” r .
\o(X.6) = x(X.6 4 @d Sy W o),

r>1,0€C, 1€G

Let us reindex the summation. We fix a representative for each & € C,, which we
also call 0. Choose also a set of representatives {Z} for each G-orbit with non-trivial
stabilisers. The action being effective, for each 1 # & the fixed locus X7 is zero-
dimensional, so we can regroup uniquely the {G}’s to the sets {6 C Gz}z. For each
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z € X, denote by e, (resp. €.) the ramification index (resp. the tame ramification

index). We have:

X7 - dim A% :
) — xS @ @A g

Tz 1#£6CG; i€ |C( )‘
kG | X - dlmA‘” r -
X, & i Ind% o (C1).
KRR B DT ey

At this point we observe that making use of [Sal24, Theorem 7.3|, we can rewrite

the expression
d AO' 7 .
D QI T ma @)

1#46CG, €6

Indeed, let A% = Resgf V7, where V7 is the G,-virtual sheaf 5

(NV)

Lemma 3.8. We have

XU . As Aa’,i A
B P S ) = s ey dim A,
1£6CG, ico o(r) |C(0)]

Proof. This is an application of Theorem to BG,. The composition of maps

R(G,) fe @ R(Ce,(0) " @ R(Cs,(0))g ®QG)
et e,
D R(Co.(0))e ® QG) == @ R(Ce,(0)) M R(G.)
6CGy 7CGy

given explicitly by

ve S e (V) Sdim(V) G
UQG zea
i oY, ., T ; A (S B dim(V o) r ) Ga i
2, dim(V*) - G- 5oy = 2 dm(V™) e 5t T 2 e e e (G)
1€EG i€EG ZEO’
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is the identity. Note that we computed the map m, exactly as we did at the end of
Section .31l

We must have | giil = Cci Gk since the connected components of the inertia
stack corresponding to 1 # ¢ C G, are equal to those of ZBG,. This allows us to

write X7 - dim A ,
90 - dim A% r ’
. Indfz L) = Ay — o= dim A,
@ @ o(r) iC () 1

1£6CG, ico ()]

since the missing term corresponding to ¢ = 1 corresponds exactly to the geometric
part of A,. O

Ex

v in terms of the cotangent space. We

What remains to do is to expand A, =
invoke the following lemma:

Lemma 3.9. Let H be a cyclic group of order m and x a non-trivial character. Then

Proof. Same as [K6c05, Lemma 1.2]. O

Noting that the action of G, on N factors through the tame part, we use
Lemma to write

t
e,—1

. . & 1 _d
dim A, = dim T = y dim ;(—d)&; ® N,
1 el (el — 1) el —1
= k&S = ket
and kG Lt —1kG
Ay — g dim A, = A, — dim A, =2 = A, + kg2 =
X 6:13
Putting all ingredients together,
kG . L —1kG,
Xe(X,E) = x(X, )=+ > Zmdl (A, +rke - = )
no = €
rk & kG e &
= | x(X — t_1) ) — —~ Ind% L
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Finally when the G-action is tame, we can use Hirzebruch-Riemann-Roch and
Riemann-Hurwitz to express x(X, &) in terms of rank and degree of £ and genus of
Y:

2

rzeX

X(X,E) =deg€ +1kE(1 — gx) = deg & +1kE (n(l —gy) — 1 Z(ez — 1))

and expand ﬁ using Lemma .
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Chapter 4

Stringy Chow Rings and Weighted
Blow-ups

We compute the stringy chow ring of weighted blow up of a smooth variety along a
smooth center. We explore finite generation properties of this ring and of the usual
Chow ring of the weighted blowup. We also compute the obstruction classes arising
in the string chow product for general Deligne-Mumford stacks of the form [X/GF ]
for a smooth variety X.

4.1 Introduction

In [AGV02], Abramovich-Graber-Vistoli define the stringy chow ring A% (X) for any
smooth tame Deligne-Mumford stack X over a field k. In this article we study A%, (X)
when X = [X/G] for some smooth variety X and reductive abelian group G. This
context generalizes that of [BCS05] and [JT10], which compute A% (X)q and A% (X),
respectively, when X = [(A™\ Z)/G" ] for certain choices of closed subset Z C A™.
We are particularly interested in the example of weighted blowups: if X is variety
and Y C X is a subvariety, a weighted blowup %ly X of X along Y is a certain
Deligne-Mumford stack with coarse space equal to the usual blowup Bly X (see
for a more detailed review).

4.1.1 Results

The results in this article are in two directions. The first is the problem of computing
A% (X) when X = [X/G] for some smooth variety X and reductive abelian group G.
In Proposition 4.5 we give a formula for the obstruction class arising in the definition

49



of the product on A% (X). Our formula is reminiscent of the formula in [BCS05,
Proposition 6.3] for toric Deligne-Mumford stacks. We apply this formula in Section
to completely describe A%, (X) when X = Zly X is a weighted blowup.

The second direction is the problem of determining when A% (Aly X) is finitely
generated over a more familiar ring. As a group, A%, (%ly X) decomposes as a direct
sum of sectors

An(Bly X) = @ A
(EGm
where I(() is a certain (often empty) substack of HAly X. A special example is
I(1) = Bly X. In fact A*(I(1))e; is a subring of A%, (Aly X), and a natural question
is whether A%, (%ly X) is generated as an algebra over A*(I(1)) by the elements le..
It turns out that this happens exactly when A*(X) — A*(Y) is surjective:

Theorem 4.1 (Theorem {4.13)). The restriction A*(X) — A*(Y) is surjective if and
only if the ring A%,(X) is generated as an algebra over A*(I(1)) by the elements lec. In

this case, A%, (X) is a finitely generated algebra over A*(X) modulo explicit relations
@19).

In the course of proving Theorem we show in Lemma [£.11] and Corollary [4.12]
that A*(Y) is equal to the restriction image of A*(X) (resp. ﬁmte as a module or
finitely generated over the image) if and only if the chow group of the exceptional
divisor is equal to the restriction image of A*(%ly X) (resp. finite or finitely generated
over the image). As far as we know, this observation is new even for ordinary blowups.

Even when A*(X) — A*(Y) is not surjective, we define the subgroup A?,(%ly X )P
of A%, (Aly X) to be the set of all elements of the form ae; xe.. We prove the following:

Proposition 4.2 (Proposition [4.10). A%,(%Bly X)™™ is a subring of A%, (ABly X),
equal to the A*(Aly X)-subalgebra generated by the ec.

4.1.2 Further questions

In Proposition we compute the obstruction classes for X = [f( /G| where G is a
reductive abelian group. This is a significant step towards computing the ring A% (X)
and it leads to several questions, of which a sampling follows.

Let Ro be a sheaf of finitely generated Z’“N—graded algebras on a smooth scheme
B, so Specg(R,) has an action by GF . Let X C Specy(R.) be an open subscheme
such that X := [X /G ] is a smooth Deligne-Mumford stack.

Problem 4.1. Describe A% (X) as a graded algebra: give formulas for the twisted
sectors, age grading, and product in terms of R,.
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One could investigate Problem 1 in general, for example in terms of the degrees
of generators of R, (these degrees are the rays of the stacky fan when X is a toric
Deligne-Mumford stack). On the other hand, there are families of examples where
Problem 1 may have a particularly nice solution, for example weighted Grassmannians
or weighted blowups of arbitrary G quotients. In both these general and specific
contexts, one can also investigate finite generation properties of A% (X).

Problem 4.2. Define A%, (X)™® in analogy with the case when X = %ly X. Deter-
mine when A%,(X)*" is subring of A% (X) and when it is equal to all of A%,(X).

4.1.3 Conventions and notation

If X is a variety, and Z, is a sheaf of graded Ox-algebras, then as explained in [Stal8|
0EKJ] the scheme Specy (Z,) naturally has a G,, action and we write

Zr0jx (L) := [(Specx (Zo) \ V(Z4)) /Gm]

where 7, is the ideal of elements of positive degree. We note that the degree of
an element x € 7, is the negative of its weight as a function on the G,,-scheme
Specy (Zs).

4.2 Stringy chow rings

If X is a smooth Deligne-Mumford stack, there is a moduli space K(X') of degree-zero
stable maps to X from weighted P! with three stacky points. If 7 : C — K(X) denotes
the universal curve and f : C — X the universal stable map, then R, f*T'X is the
virtual tangent complex of K(X'). There are moreover evaluation maps evy, evy, evs :
K(X) — I(X), where I(X) is the inertia stack of X [T]

Defined by Abramovich, Graber, and Vistoli in [AGV02], the stringy chow ring
of X is a graded ring structure on A*(I(X")) defined using K(X), its virtual tangent
complex, and evaluation maps. We now recall the definition (Section and
give fairly explicit descriptions when X = [X/G] is a global quotient of a smooth
k-variety X by a reductive abelian k-group scheme G (Sections |4.2.2| and |4.2.4[).
These descriptions are similar to those in [BCS05] when X is a toric Deligne-Mumford
stack and we use many of the arguments in that paper; however, our computation of
the obstruction bundle in is new at the level of generality presented here.

IThe evaluation maps from Kg,n(X, ) normally land in the rigidified inertia stack, but since the
universal curve on K(X) is locally trivial (this is special to the genus zero, n = 3 situation), one
gets the maps to I(X). See [AGV02, Lemma 6.2.1].
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4.2.1 Stringy chow ring

The age of I(X) at a point x € I(C) is defined as follows. The tangent space Ty ; is a
d-dimensional representation of the cyclic subgroup (() of G generated by (. Let a be
the order of this group, so ({) =~ u,, and let Z[z]/(x*— 1) be the representation ring of
[tq Where z corresponds to the representation of weight 1. If we write Ty ; = Zle b;xt
in the representation ring of u,, then the age at x € I(() is

age(z, () := 2 Z b;.

=1

Age is a locally constant function on I(¢), so we may speak of the age of a connected
component. The stringy chow ring has the graded Z-module

AL(X) = P A H I (T (x),)

where the summation is over all connected components of I(X'). The ring structure
on A% (X) is defined by

Y1 * Y2 = €Us.(evim - evyys - Ctop(Rlﬂ'*f*TX)) (4.1)

for 71,72 € A*(I(X)), where €v3, : K(X) — [(X) is the composition of evs with the
involution on I(X) sending (z,¢) to (z,(™!) (here z € X is an object and ( is an
automorphism of x). The sheaf R'm, f*TX is called the obstruction sheaf.

4.2.2 Computation of the group A% (X)

Assume X = [X/G] is a global quotient of a smooth k-variety X by a reductive
abelian k-group scheme G. To compute the inertia stack of &X', note that a point
of [(X') can be written (z,() where x € X and ¢ € G fixes z. In fact, we have a
decomposition

I(x) = JT1<). 1(¢) = [X*/G], (4.2)

(eG

where X¢ is the fixed locus of ¢ in X (this follows from [Stal8, 06PB]]). In particular
the natural map I(() — X is a closed embedding. We call the open and closed
substacks I(¢) and II(¢,n) sectors. The sector I(1) corresponding to the identity

element is called untwisted sector, while the other sectors of I(X') are called twisted
sectors. Note that [(1) = X.
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To compute the age on I([X/G]), we use the following exact sequence, dual to
the exact sequence of cotangent sheaves associated to X — X

0= 0% =Ty = Ty|z — 0.

Here r is the rank of G. Since G acts trivially on O®" the age can be computed using
Ts.

4.2.3 Computation of the product on A%, (X)

To compute the product we describe the moduli space and universal curve C — KC(X)
and evaluation maps ev; : K(X) — [(X) explicitly.

Let II(X') be the fiber product I[(X) x x [(X). It follows from that we have a
decomposition

nx) = T 0¢n,  En) =X nX"/a), (43)

¢meGxaG
and we call the II(¢,n) the sectors of II(X). Recall from [FGO3] the following result.

Lemma 4.3. Given a finite group H and elements (,n € H, there is a unique
ramified H-cover C¢,, — P! ramified over 0,1, and oo, such that for any p € C¢,, in

the fiber of 0 (resp. 1, 0o0) we have H, = (C) (resp. (n), (n~'¢7)).

Lemma 4.4. The moduli space K(X) is isomorphic to I1(X); in particular, these
are smooth stacks. On a sector 11({,n), the universal curve and morphism to X are
given explicitly by

[X"/G] % [Cc/H] —— [X/G]

lw
[X"/G]

where H C G is the subgroup ((,n) and X is the subvariety fized by H. The map 7 is
projection to the first factor while the map f is induced by the projection and inclusion
X" x Ce,p — X* — X and the product homomorphism G x H — G. In particular,
the (twisted) evaluation maps evy, evq, €0 : K(X) — X send ((z, (), (x,n)) € II(X)

to (z,C), (z,n), and (x,(n), respectively.

Lemma [4.4] enables explicit computation of most parts of the product (4.1)). What
remains is to compute the obstruction class ¢, (R'm. f*TX); we do this in the next
section.
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4.2.4 Computation of the obstruction class

Assume X = [X/G] is a global quotient of a smooth k-variety X by a reductive
abelian k-group scheme G. If z € G,,, define arg z to be the unique value of the
argument of z in [0, 27). The following generalizes [BCS05|, Proposition 6.3].

Proposition 4.5. The obstruction sheaf R, f*Tx is a vector bundle on II(X). The
top chern class of its restriction to the sector 11(¢,n) is given by

ctop(Rl'/r*f*TX) - H cgp((N)?H/)?)AZ)

arg Ai(¢)+arg Ai(n)>2m

where H C G is the subgroup generated by ¢ and n and (N)}H/;{)Ai 15 the summand
of the normal bundle N;(H/f( of weight Ai.

Remark 4.1. Since & is Deligne-Mumford ¢ and n have finite order and since G is
abelian the subgroup they generate is also finite.

Proof. The first part of this proof follows the proof of [BCS05, Proposition 6.3]. The
universal diagram in Lemma can be extended to a diagram

X7 x 0 —— X" x [C/H] — [X"/G] x [C/H] —— [X/G]

\ l b

> [X1/G]

where the square is fibered and we write C' := C;,. Recall that the map f sends
(z,2) € X7 x C toz and it sends (¢, h) € G x H to Ch. It follows that if F is a bundle
on [X# /G] x [C/H] corresponding to a G x H-equivariant bundle F on X# x C, then
Rim, F corresponds to the G-equivariant bundle on X equal to (Rip,F)H where
the superscript H means to take H —invariantsE] B

Now suppose F = f*&, where £ corresponds to a G-equivariant bundle F on X.
Then the induced bundle F on X7 x C'is E | s1yo With G x H action induced by
the product map G x H — G. From the projection formula (for the map p,) and the
above description of the functor Rz, we have that

R'm, f*€ corresponds to the G-bundle (H'(C, O¢) ® E|5u)" on X1, (4.4)

2We are using here that H is reductive hence taking H-invariants is exact, so the derived functor
of p.-then-take-invariants is equal to the derived functor of p,, followed by taking invariants.
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where F| gy is the G x H-equivariant bundle on XH induced by the product map
GxH—=G.

Using this we can compute R, f*Ty as follows. From the closed embedding of
smooth stacks 11(¢,n) — X we have the short exact sequence of vector bundles

0— T[S(H/G] — TX|[;EH/G] — N[XH/G]/X — 0.

Recall from the explicit description of f that f factors through [X*# /G], where
this sequence is supported, so it makes sense to apply f*. Applying R*x, f* we get a
long exact sequence

Using (4.4) one sees that Riw*f*T[XH/G] = (HY(C,0¢) @ Txu)?, but Txu is H-
invariant and the H-invariant part of H'(C,O¢) vanishes for ¢ > 0 by Proposition
below, so these groups vanish. Using (4.4) again it follows that

R'mf* T = R f*Nign o0 = (H'(C, Oc) @ N 5)" (4.5)

is a formula for the G-equivariant bundle on XH corresponding to the obstruction
sheaf on 11(¢,n) = [ X /G].

It remains to compute H'(C,O¢). Let M(H) denote the character group of H
and C,47 be the one-dimensional representation corresponding to the character As.

Proposition 4.6. In the representation ring of H, we have

Hl (Ov OC) - Z f(C? 7, _Al)(CAza

Aie M(H)\{0}

where

f(¢,n, Ai) := (2m) 7 ( arg Ai(C) + arg Ai(n) + arg Ai(Cn)~') — 1.

Proof. The key ingredient is Theorem [3.2] the equivariant Riemann-Roch formula
valued in the K-theory of H-representations that we developed in chapter 3. We have

ep—1

Ai(C, O, H) = C[H] — ﬁ SN dmall (1) (4.6)

peC d=0
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where Ai(C,O¢, H) is H*(C,Oc) — H'(C, O¢) as a virtual H-representation, C[H| =
D dic M(H) Cat is the regular representation, H, is the isotropy group at p € C'. Since
H°(C, O¢) is the trivial module, we have

ep—1
HY(C,0¢) = ZZdIndH (T2, = Y. Cai (4.7)
pEC d=0 Aie M(H)\{0}

The first sum is in fact finite since the only nonzero contributions come from the
fibers over the three branch points of H — P!. These branch points correspond to the
elements ¢,n, and ({n)~! of H, respectively: for example, ¢ defines the homomorphism
to H from the stabilizer p¢| at the corresponding branch point in [C'/H] = wP'.

We compute the contribution to from the branch point corresponding to
¢ (the contributions of the other two branch points are analogous). The group H
acts transitively on the fiber of the branch point, with stabilizer H, = ((), so the
cardinality of the fiber is |H|/|(|. Hence the contribution of this branch point to
is

[¢]—1

|<=|Zdlnd (Te ) (4.8)

Now to compute the coefficient of C4i in (4.8), note that Indg) (T¢7,)" is equal to
Cat for some j. We will show that given Ai, there is at most one d € {0,...,|¢| —1}
corresponding to this representation, and we will compute d/|¢| which will be the
coefficient of Cy4i in (4.8).

It remains to compute the coefficient of C4i in . Since C' is constructed from
local monodromy data associated to ¢,n and (¢n)~!, the action of ¢ on T, is via
multiplication by exp(27i/|(|). By Frobenius reciprocity, the multiplicity of C4i in
Ind{!) (Ty/,)? is the same as that of Res{}, Ai in (T¢/,)?, which is 1 if

Ai(C) = e=2mid/Ic)
and 0 otherwise. There is a unique d, characterised by 27d/|(| = arg(Ai(¢™1)),
satisfying this condition. Thus

I¢I-1
1 1
d=0 A

In particular the coefficient of the trivial representation in this contribution is zero.
Identical computations for the branch points corresponding to 7 and ((n)~! finish
the proof of the lemma. O
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To finish the proof of Proposition , note that from (4.5)) and Proposition
we get a formula

AieM(H), Ai#0

But when Ai is not zero the value of f((,n, Ai) is either 0 or 1, and it is 1 precisely
when arg Ai(¢) + arg Ai(n) > 2. O

Example 4.1. If G = G,,, then the group H considered above will be equal to
pun C G for some positive integer N. In this case the characters M(H) are given by
Aij(x) =27 for j=0,...,N — 1, and we have

f(¢m, Aiy) = (1/2m) ((arg(¢77) + arg(n™) 4+ arg((¢n)’) ) — L.

4.3 Weighted blow-ups

In this section we recall material about weighted blow-ups and their (classical) chow
rings. Everything in this section is either stated or implicit in [QR] and [AOA23]
Let X be a smooth variety over a field of characteristic zero, let Iy,..., I, be
ideal sheaves on X, and let aq,...,a,, be positive integers. Let Z, be the smallest
Rees algebra containing I; in degree a; (see [QR), Definition 3.1.5]). In the notation
of loc. cit. we have
Ze = (I1,a1) + -+ (L, am).

In particular, Z, is a sheaf of graded Ox-algebras, so its relative spectrum over X
has a G,,-action. We define the stack X to be the weighted blowup of X along Z,:

X =B, (X) = Projx(T,).

Let Y C X be the closed subvariety defined by Z;, and let ) C X be the divisor
defined by the ideal sheaf Zo1 < Z,, s0 YV = Z10j x (Bn>0Zn/Zn+1). Then Y is the
exceptional divisor of the blowup and we have a commuting diagram

y 1 o x

lg | lf (4.10)

Yy —— X.

We moreover make the following regularity assumption on Z,:
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Assumption 4.1. Each V([;) — X is a regular immersion, and Z, defines a quasi-
regular weighted closed immersion (see [QR), Definition 5.1.3]).

The key consequence of Assumption is the following (both parts of the
statement are used in the proof).

Lemma 4.7. The sum &7, I;/I? is a graded locally free sheaf on'Y where I,/ I? has
degree ay. The exceptional divisor Y is isomorphic to a weighted projective bundle on

Y:
Y = Projy <sym;9Y P i /[5) .
k=1
Proof. Since V(I) — X is regular I;/I? is locally free on V(I;), hence on Y.
Since Y = 210] x (Bn>0Zn/Ln+1), to finish the proof it is enough to demonstrate an
isomorphism of Oy-algebras

Syms, @ In/I; = Gnz0Tn/Tosr- (4.11)
k=1

To define (4.11)) it is enough to define a G,,,-graded Oy-module homomorphism

B/ - PL./T.n
k=1

n>0

But Z,, contains [}, and Z,, y; contains I? by definition of Z, so we can map I}, to its
natural image in Z,,. To show that is an isomorphism it is enough to show
that this holds locally, where reduces to the morphism « in [QR), Section 5.1].
This is an isomorphism by Assumption and |[QR] Definition 5.1.1]. ]

Since ) is a weighted projective bundle, from [AOA23, Theorem 3.12] we get a
formula for the chow ring of ):

ANY) = A (YV)[E]/P() (4.12)

where A*(Y')[t] is identified with A7 (Y') and ¢ is the first chern class of the topolog-
ically trivial line bundle with G,,-weight 1 (see [AOA23|, Example 2.2]). Moreover
P(t) is the G,,-equivariant top chern class of the locally free sheaf &(I;/I2)Y, where
G, acts on Y trivially and on (I,/12)" with weight a, | It follows (see e.g. [QR}
Remark 3.2.4]) that

t is the first chern class of Ny . (4.13)

3The graded sheaf ®Iy/I? contains Ij/I? in degree ag, hence as a graded sheaf &(Iy/I?)Y
contains (I,/I?)V in degree —ay. Since the degrees of a graded module are dual to the weights of
the associated G,, representation, we see that the weight of (I/I?)" is ay.
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From [AOA23, Theorem 6.4] we get the following formula for the chow ring of X
AT(X) = A (Y)[t] - t & A"(X)/{((P(t) — P(0))a, —ixt))aeas(v)- (4.14)
Here, the ring structure on A*(Y)[t] -t & A*(X) is given by the rule

(q1(£), B1) - (q2(t), B2) = (q1(£)q2(t) + 1 (8)i" B2 + qa(£)i* Br, 1/32)

and —t is equal to the fundamental class of [V]. The identification in (4.14)) is that
(q(t), B) maps to —j.[qi(t)] + f*B, where tq;(t) = q(t) and [g;(¢)] is the element of
A*()) defined by the polynomial ¢;(¢) via the isomorphism (4.12)).

Lemma 4.8. The restriction map j* : A*(X) — A*(Y) sends (q(t), 5) to the class
[q(t) +i*B] in the quotient ring (4.12)), where q(t) +i*( is viewed as a polynomial in
t with coefficients in A*(Y').

Proof. This follows from commutativity of (4.10) and the fact that by the self
intersection formula and (4.13)),

=773l ®] = =l )] - 1 (Nyyx) = [t (1))

Let Y C X be the preimage of JJ C X. We point out that this computation
may equivalently be done in the Chow ring Ay (Y), after replacing j by its lift

j:Y < X. O

4.4 Stringy chow ring of a weighted blow-up

We compute each of the ingredients in Section [4.2] for the weighted blowup X.

4.4.1 Sectors

For ¢ € G,,, let 1(¢) (resp. 1I(¢,n)) denote the corresponding sector of I(X) (resp.
II(X)). If ¢ and n are the identity then I({) = 11(¢,n) = X. If { # 1 then I({) and
I1(¢,n) are isomorphic to closed substacks of ), and it follows from Lemma that
these sectors are also weighted projective bundles over Y:

I(¢) = Projy Symd, €D L/,  1(¢n) = Projy <Syngy &b zk/ﬁ) :

Ceuak Cﬂ?eﬂk
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Here the sums are taken over k € {1,...,m} satisfying the displayed conditions; e.g.,
the second sum is over all k such that yu; contains both ¢; and (>. Notice that I(()
is nonempty if and only if (** = 1 for one of the weights a; of the Rees algebra Z,.
When ¢ # 1 we have the following formulas for the normal bundles of the closed
embeddings I(¢) — Y and 11(¢,n) — V:

Ny = @ I/ 17)Y, Nueamy = @ /1) (4.15)
CEhay, ¢ or népk

These are in fact weight decompositions of equivariant sheaves as (I /I?)Y has pure
G-weight ay. We note that (I;,/I7)" is most naturally a bundle on V(I}) C X, but
by restriction can be viewed as a bundle on Y and even on Y by pullback along
y—-Y.

We define ey to be the equivariant euler class in A (Y) ~ A*(Y)[t] of the bundle
(I /I})V of pure weight a; and rank 7y; i.e.,

ey 1= Cp, ((]k/l,f)v> + agter, 1 ((Ik/],f)v> gkt
where t € Ag (YY) is as in [AOA23, Example 2.2]. It follows from [AOA23, Theorem
3.12] that for ¢ # 1 we have ring isomorphisms

Aoy =40 g = O

= /e, St Sl o B
HCGM% €k HC,néuak €k

4.4.2 Age

The age at any point of I(1) is zero. To compute the age at a point of I(¢) for some
¢ # 1, use the short exact sequence

0 — Ty — Txlre) — Nigyyx — 0.

Since the action of ¢ on a fiber of Ty is trivial, it follows that it suffices to consider
the action of ¢ on a fiber of Ny¢)/x. From the inclusions I(¢) C J C & we have the
short exact sequence

0 — Nigyy — Nigyyx — Nyjxliey — 0.

By (4.13) the bundle Ny, x|;(c) has G,,-weight —1. From this and the weight decom-
position (4.15) of Ny(¢)/y it follows that the age at any point of I(() is

arg (% arg (71
age(() = D —> i+ —o—, (4.16)
Cg.“ak

where for z € C*, arg z is the unique value of the argument of z in the interval [0, 27).
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4.4.3 Product

Let ap = —1, let p,, be the trivial group, and let ey = —¢. Then we may express the
product on A% (X') as follows.

Proposition 4.9. Let o € A*(I(C)) and let B € A*(I(n)). Then

aee * fe, = aBCey ecy where  C¢p = H e H e
G orn Epiay, ¢ orn €pay
arg (%k +arg n®k >2m ¢n Epay,

and eg, is defined to be zero if 1(Cn) is empty (i.e., if ((n)™ # 1 forallk =1,...,m).
In the definition of x we have used an implicit restriction of o and 5 to 1((n).

Proof. The first factor in Cg, is the obstruction class ¢, (R, f*Ty), and the second
is ¢10p Of the normal bundle to the inclusion evs : II(¢,n) — I(¢n). The proposition

holds if ( =71 =1 because e, is the identity for A%, so from now on we assume ¢ # 1.

To compute the obstruction class we use Proposition . Let }Z cX _be the
preimage of Y C X. The inclusions II(¢, n) — Y — X lift to inclusions X# — Y — X
which yield a short exact sequence

0—>N)}H/?—>N)}H/)}—>Nf//)}|)~(}1—>0- (4.17)
It follows that for a character Ai(z) = 27 of H, we have

Ctop(Ngn ) a1) = ctop((Ngn 37) i) Crop((Ny ) 7).

Now the formula for the obstruction class follows from the weight decomposition
(4.15)) for Niyepy/x = N;(H/X and from the fact that Ng/;( = Ny,x has pure weight
1.

To compute ¢, of the normal bundle to II(¢,n) — I(¢n) there are two cases. If
¢(n # 1 then I({n) C Y and we have

Nri(¢myjieen) = b @/

Corn &pa,, (NEpg

Otherwise, I(¢n) = X and we use the short exact sequence (4.17]). O
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4.4.4 Summary

We have an isomorphism of Z-modules
. . A(Y)[t
AY(X) = A" (X)er & ( D ﬂec)
C#1, (%=1 HCG/‘% Ck

where the second sum is over all nontrivial ¢ such that (** =1 for some k =1,...,m
and the degree of ae; is deg(a) 4 age(¢) (note deg(t) = 1, and age(() is given in
(4.16])). The product % is given by the rule in Proposition .

4.5 Finite generation

The ring A%, (X) is naturally an algebra over A*(X') via the action of the untwisted

sector, and A*(X) is in turn an algebra over A*(X) via the pullback f*. In this

section we ask the question, when is A%,(X') finitely generated over A*(X) or A*(X)?
We first find a subring of A%, (X) that is always finitely generated over A*(X).

Definition 4.1. Let A*(I(¢))*™" denote the image of the restriction map A*(X) —
A*(1(€)). The ambient classes of A%, (X) are the elements of the subgroup

AL ()™ = S, AT(1(0) ™.

Proposition 4.10. The group A% (X)*™ is a subring of A% (X) and a finitely
generated algebra over A*(X). Explicitly, we have

AL(X)™0 = A% (X)eclcez/T

where Z = {C € G, | (™ =1 for some k =1,...,m} and I is the ideal generated by
elements of the forms:

1. ecep, — Cepeen for ¢,n € Z;
2. aee for ¢ € Z and o € ker(A*(X) — A*(I(()).

Proof. To show that A%,(X)*™ is closed under multiplication, by Proposition we
only need to show that the elements C¢, € I({n) are restrictions of classes in A*(X).
The factors of C¢, are equal to ey = —t and to e; where

er = ¢, <(Ik/l,f)v> + agtcr, 1 ((Ik/llf)v> + o+ @t = o (Ny o xly) + ta(t)
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for some ¢(t) € A*(Y)[t], where V(1) is the subvariety of X defined by the ideal Ij.
By self-intersection formula,

cr (Nvny/xly) = e (Nvyx)ly = [V (1))

is in the image of ¢. It follows that e; is ambient. The class ey = —t is clearly
ambient.
Next, the ring map
A (X)lecleer — A (X)™®

sending e, to the fundamental class of I(() is clearly surjective and contains [ in its
kernel. We show that the kernel is contained in /. Let o be an element of the kernel.
Write a = 37,z aym” where ay € A*(X) and m” =[], egg. Modulo I we may
write v as )., aec for some o € A*(X)—this uses that C¢, is ambient. But since
A%, (X)2mP s a direct sum and « is zero in here, we must have that g is in the kernel

of A*(X) — A*(1(¢)). So « is zero modulo I. O

The next question is when A%, (X)*™ is equal to A%,(X). To answer this question

we will need a lemma, which may be of independent interest. Let Y’ C X be a smooth
closed subvariety containing Y, so the normal bundle N’ := Ny~ ,x is a subbundle of
Ny/x. We have a natural closed immersion Py (N') — ). Consider the composition
of restriction maps

A*(X) = A*(Y) = A*(Py(N')) (4.18)

Lemma 4.11. The composition (4.18)) is surjective if and only if i* : A*(X) — A*(Y)
is surjective. In particular, taking N' = N, we have that j* : A*(X) — A*(Y) is
surjective if and only if i* is surjective.

Proof. The chow rings and restriction maps in (4.18) may be written explicitly as

A*(V)[t]t®A* (X) , A , AT(V)[Y]
J e (Ny, x) e (N')

(q(t), B) —— lq(t) + " f] —— [a(t) +i"p]

where J is the ideal of relations described in (4.14)). From this it is clear that if i*
is surjective, so is (4.18)). Conversely suppose (4.18)) is surjective and let o € A*(Y).
Let ¢ : Py(N') — Y be the natural map. Then we can find g € A*(X) and

q(t) € A*(Y)[t] - t such that ¢"(a) is applied to (¢(t), 6); i.e.,
9" (a) = [a(t) + "B € A*(Y)[t]/cioy (N').
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If we write Q(t) = CS’,T;(N’), then we may write
a—i'f—q(t) = s(t)Q(t)
for some s(t) € A*(Y)[t]. Equating constant terms, we get
a =10+ ciop(N')s(0) € A*(Y).

We have shown that for arbitrary a € A*(Y') we can write oo = i*5 + ¢40p(N') ' for
some € A*(X) and o € A*(Y). Note that ¢;,,(N') = i*[Y’] is in the image of *.
Hence, by recursively applying this decomposition to o/, we can show for that for any
k > 0 we can write

=7+ crop(N') e

where v is in the image of i*. Since ¢;,,(N’) is nilpotent we have that « is in the
image of i*. O

Corollary 4.12. i* : A*(X) — A*(Y) is finite (resp. of finite type) if and only if
Jj* i AY(X) = A*(Y) is finite (resp. of finite type).

Proof. Let pi(t),...,pu(t) € A*(Y)[t] be finitely many polynomials such that the
[pi(t)] € A*(Y) generate A*()) as a module (resp. algebra) over A*(X’). Then
the natural extension of the proof of Lemma shows that the constant terms
p1(0),...,p,(0) generate A*(Y) as a module (resp. algebra) over A*(X). O

Theorem 4.13. Assume at least one of the weights ay, is not 1. Then the following
are equivalent:

1. 7" A¥(X) — A*(Y) is surjective
2. A% (X)™P s equal to A%,(X)
3. A%(X) is generated as an algebra over A*(X) by {ec}cez.

In this case, A%(X) is generated as an algebra over A*(X) by {ec}cez and t, and we
can write

A (X[t ecleez

A (X) = :
(t keri® Ty en =TTy e ((Te/17)7) + [Y],e¢ - keris, ec - Tlee,,, enseceq — Ccnecv>
(4.19)
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Proof. Let a; be a degree different from 1 and let ( = exp(2mi/a). Then from
Section we have that I(¢) C Y is nonempty. It follows from Lemma that
A*(X) — A*(Y) is surjective if and only if A*(X) — A*(I(()) is surjective, and it
follows that (1) and (2) are equivalent.

Statements (2) and (3) are equivalent by the presentation in Proposition for
Az, (X

For the explicit presentation, we first apply [AOA23, Corollary 6.5] to write

A" (X)[t]
(t - ker i*’ Hzlzl €r — H;nzl Cry, ((]k/llg)v) + [Y])7

where every a € A*(Y) is identified with any § € A*(X) such that i* = . With
this identification, the kernel of the composition

A (X) =

AT(X) = A*(Y) = A*(1(C)) (4.20)

is generated by e, -keri* and e, - Hg“e 1o, The result follows by applying Proposition
4. 101 O]

4.6 Examples

When the blow-up centre has a single weight, the stringy ring is particularly simple
owing to the simple geometry of the inertia stack. Let the weighted ideal be (Z,d).
Then a non-identity element ( € pu, either fixes the exceptional divisor or has no
fixed point. Thus the inertia stack is
IX=X1u]J[VY.
Ha—1

Similarly all twisted sectors of the second inertia is isomorphic to Y.
The stringy Chow ring is

AL(X) = A*(X)e; @ & A*(Y)eg

CeEpg—1

with non-trivial multiplications given by

e AV ece = (Steqe i arg(G) +arg(G) > 27
G e €cico otherwise
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Root stack construction along a Cartier divisor falls into this category. Ordinary
blow-up also constitutes a rather degenerate case. In fact blowing-up along a centre
with a single weight is a combination of these two: by [QR] weighted blow-up along
(Z,d) is the same as performing a classical blow-up along I first, followed by taking
the root stack along the exceptional divisor. For example one may perform weighted
blow-up along the twisted cubic in P3.
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