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Abstract: We introduce a trilinear functional of differential one-forms for a finitely
summable regular spectral triple with a noncommutative residue. We demonstrate that for
a canonical spectral triple over a closed spin manifold it recovers the torsion of the linear
connection. We examine several spectral triples, including Hodge-de Rham, Einstein-
Yang-Mills, almost-commutative two-sheeted space, conformally rescaled noncommu-
tative tori, and quantum SU (2) group, showing that the third one has a nonvanishing
torsion if nontrivially coupled.

1. Introduction

The existence and uniqueness of a metric-compatible linear connection with vanishing
torsion is one of the fundamental theorems of Riemannian geometry. Torsion appears
quite naturally as a vector-valued two-form in this approach, and the assumption that
it identically vanishes leads to the Levi-Civita connection, which solely depends on
the metric. In the background of general relativity lies the torsion-free condition of
Riemannian geometry, which very accurately describes the gravitational interaction of
bodies. Torsion, on the other hand, has a physical interpretation as the quantity that
measures the twisting of reference frames along geodesics and has been considered an
independent field in physics in Einstein-Cartan theory [4]. Torsion, unlike gravitational
fields, must vanish in a vacuum and does not propagate; however, its existence causes
nonlinear interactions of matter with spin and has the potential to change the standard
singularity theorems of General Relativity (see [16,22] for a review of physical theories).

The emergence of noncommutative geometry [5,6], which generalises standard no-
tions of differential geometry to an algebraic (or operator-algebraic) setup, has raised
new questions about the concepts of linear connections, metric, and torsion. A transpar-
ent link between different approaches, ranging from purely algebraic noncommutative
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differential geometry to operator algebraic spectral triple formalism, and a unifying view
of metric, linear connection, and torsion has yet to be established. Although the algebraic
concepts of linear connections, torsion, and metric compatibility have been achieved,
the existence of the Levi-Civita connection can only be proven in special cases (see
[1-3] and the references therein). It is also worth noting an alternative approach, which
introduces a notion of curvature at the operator-algebraic level using Hilbert modules
and unbounded Kasparov modules [19].

On the other hand, the spectral triple approach, with the Dirac operator being the fun-
damental object of geometry, has not yet been able to determine whether the constructed
Dirac operators correspond to the Levi-Civita connection or whether they contain a non-
vanishing torsion. So far, for that purpose, one could only try to minimise the spectral
functional corresponding to the integrated scalar curvature while keeping the metric
defined by the Dirac operator unchanged. Even in the classical case of manifolds, this
can be a difficult task (see computations of spectral action for a nonvanishing torsion
[15,18,21]), which becomes even harder in a genuinely noncommutative situation [23].
In either case, even if a noncommutative counterpart of a Levi-Civita connection exists,
the path to define Ricci and scalar curvature is not unique. In the spectral case, for a
chosen Dirac or Laplace-type operator one can define scalar curvature functional but it
is entangled with the volume element. Similarly, from the Einstein functional as defined
in [11] it is not fully clear whether one can separate from it the counterpart of the Ricci
tensor alone.

The aim of this paper is to propose a plain, purely spectral method that allows to
determine the torsion as the density of the torsion functional and impose (if possible)
the torsion-free condition for regular finitely summable spectral triples. We consider it
as a first step towards linking the spectral approach with the algebraic approach based
on Levi-Civita connections.

2. Dirac Operator with Torsion

Let us assume that M is a closed spin manifold of dimension n, with the metric tensor
g. In terms of a (local) basis e; of orthonormal vector fields on M the metric preserving
covariant derivative can be written as (with implicit summation over repeated indices)

Vel-ej = WjjkCk, (2.1)

where the connection coefficients w;jx split into the Levi-Civita part wlef and the con-
torsion part Tj:

LC
Wijk = Wiig + Tijk- 2.2)

The first can be expressed explicitly through the structure constants ¢; jx of the commu-
tators of orthonormal vector fields e;,

1
LC . .
a)ijk = E(Cijk + Ckij +iji), [ei, ej] = CijkCk- (2.3)

and the remaining part through the torsion of the connection,

1 ) .
Tijk = 5 (Tijk + Thij + Tiji), T(ei,ej) :=Veej—Ve,ei —lei, ej] =: Tijrex.
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Note the antisymmetry w™¢ = —wkC, 1,k = —1ix; while ¢ijx = —cjik, Tijx = —Tji

ijk = ikj > Yijk = ikj ijk = Jiks Lijk = Jiks
and that one can re-express

LC

LC
Cijk = WijE — Wik and Tjjx = Tijk — Tjik-

The lift of the covariant derivative to Dirac spinor fields reads locally
Ve; = Dipe[ — Zwl]ky Y, (24)

where L is the Lie derivative and y/ are the usual generators of Clifford algebra. The
Dirac operator on a spin manifold is, in a local basis of orthonormal frames, a first-order
differential operator,

D, =iy’ Vs (2.5)

and is unique for a given metric and contorsion tensor. The canonical Dirac operator, D,
is the one for vanishing contorsion and we call it torsion-free Dirac operator.

The torsion tensor can be split into three parts, the vector part, totally antisymmetric
part and the Cartan part, however the Cartan part does not contribute at all to the Dirac
operator and the vector part has to vanish if the resulting Dirac operator has to be self-
adjoint [13]. Therefore, out of the full torsion only the antisymmetric part appears in the
selfadjoint Dirac operator and hence we shall assume that torsion (and contorsion) are
antisymmetric tensors. Therefore, the Dirac operator with a fully antisymetric torsion 7
is,

. 1 i .
Dr =iy (VY = cTiwy*y') = D = e Ty /vy, (2.6)

where D is the standard Dirac operator, which originates from the Levi-Civita connec-
tion. We will denote # the Clifford multiplication by the one-form u.

Let # denote the Wodzicki residue [14,27]. We introduce the following definition of
the torsion functional of which the name is explained by the subsequent torsion recovery
theorem.

Definition 2.1. For D7 given by 2.6, the trilinear functional of differential one-forms
u, v, w

T (u, v, w) = # (adwDr|Dr|™"), 2.7
is called torsion functional.
As our first main result we state,
Theorem 2.2. The torsion functional for the Dirac operator Dt on a Riemannian closed

spin manifold of dimension n is,

T (u,v, w) = —2miV(S”_l)/ UugUpwe Tapcvoly. (2.8)
M

where m = 3 for even n and m = %for oddn > 1, and V(S"~") is the volume of the
unit sphere S" 1.

An immediate consequence is,
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Corollary 2.3. The Dirac operator Dr is torsion free iff the torsion functional vanishes:
T=0 & J@,o,w) =0.

To prove the theorem we employ the calculus of pseudodifferential operators and ex-
pansion of the symbols in normal coordinates.

2.1. Normal coordinates and symbols. Let us recall that in the normal coordinates (see
[24], Chapter 10.3 and [20]) the metric and the Levi-Civita connection have a Taylor
expansion at a given point (x = 0) on the manifold,
1 ,
8ab = Sap — 3 Racoax“x" + 0(?),
1
g“h = 8ap + gRacbdxcxd + O(XZ),

1
Vdet(g) =1 — 6Rica,,xaxb +o(x?),

FE () = 1 (Raped + Rocaa)x’ + 00
be =73 abed + Racpa)x® +0(x7),

2.9)

where R,.pq and Ric,p are the components of the Riemann and Ricci tensors, respec-
tively, at the point with x = 0 and we use the notation o(x¥) to denote that we expand a
function up to the polynomial of order k in the normal coordinates.

As a next step, we compute the symbols of Dy and its inverses as pseudodiffer-
ential operators (see Appendix). We start with the symbol of D7 expanded in normal
coordinates up to o(1):

. 1
o(Dr) =iy’ <i"§j—§ jpsypys> +o(1). (2.10)

A Clifford multiplication by a differential form v can be expanded in local normal
coordinates around a point on a manifold, as:

v =uv,y"+0(1).
We can now proceed with the proof of the theorem.

Proof of Theorem 2.2. First of all, observe that since each one-form is a zero-differential
operator then effectively we need to compute the symbol of order —n of D7 |Dr|™". We
start with the even dimension case n = 2m, postponing the case of odd dimensions till
later. To compute the two leading symbols of D 2’", denoted by ¢y, + c2;+1 We need

the two leading symbols of U(D%) = dy +4aj + ag,

@ =||E]1* + o(x),

L. Ja,a a. b, c 21D
ay =_§1Tabc(y' vyly vyl ey l)E + o).
Then, using results from [11] (Lemma A.1) we have:
com = |IE]|7>" +0(x),
(2.12)

1, o
Comet = giml[€]] M2 e (VI Yty + v Yty yI)E; + o).
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We are now ready to compute the symbol of order —n of ud0w D7 |D7|™":

—2m

e B 1 . .
o_n(@OWDT|DT|™") = _guayavbybwc)’c <l ijstVpVS”E”
(2.13)

+ (—y")(—imlléll‘zm‘szsr(V’)/”J/Syr + V”V‘Yyryf)éjék) +o(1).

Then, we proceed with the calculation of the Wodzicki residue.

W(ﬁﬁuvDﬂDTr”):/ volg Trey / o_p(@OWD7|Dr|™™)
M
llgll=1

(2.14)
= —ZmiV(Sn_l)/UOZg ugVpWe Tape,
M

where we use the standard formulas for the trace of gamma matrices. This ends the
proof for even n. To see that the proof holds also for odd n we apply the usual technique

to compute the symbol of |Dr| =,/ D% following [25, Chapter XII §1, pp 288-299]. It

follows that the symbol | D7 | reads, as a sum of homogenous symbols of which we need
only the first two (up to relevant order in normal coordinates):

1 , , o
o(IDr)) = (|s| +0(X)>+<—§iTabc(y]y”yby° +y vy d)EE! +0(1)> A

Then the rest of the proof is analogous to the case of even dimensions. O

From (2.2) it follows that the density of the torsion functional is function-linear
and completely antisymmetric in u, v, w. Therefore it suffices to consider it on three
orthonormal 1-forms e?, €2, e¢, with the condition that a, b, ¢ are mutually different
numbers from 1 to n. For n = 4 we compute that .7 (%, ¢?, e¢) equals (possibly up to
a sign) to # (y?yly?y3y*Dr|Dr|™*) where {d} = {1,2,3,4} \ {a,b,c}. Ford =3
we proceed in a similar way, taking into account, however, that in our irreducible (not
faithful) representation y'y2y3 =i.

Then, using the definition of the Hodge star operator on M and the Clifford relations
for gamma matrices, we formulate:

Remark 2.4. In low dimensions the torsion functional simplifies significantly if we use
the Hodge star and take ¢t = x(u A v A w). The lowest odd dimension for which there
can be a nonvanishing completely antisymmetric torsion is n = 3, where

T (u,v,w) = # (iDr|Dr|™"),
whereas the lowest possible even dimension is n = 4, where

T (u, v, w) = =# (i xDr|Dr|™")

with x = yly2y3p4
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3. Noncommutative Torsion

The spectral definition of torsion, Def.2.1, can be readily extended to the noncommuta-
tive case of spectral triples. Let (A, D, H) be a n-summable unital spectral triple, QID (A)
be the A bimodule of one forms generated by A and [ D, A], which by definition con-
sists of bounded operators on H. We assume that there exists a generalised algebra of
pseudodifferential operators, which contains A, D, |D|z for £ € Z, and there exists a
tracial state % on it, called a noncommutative residue. Moreover, we assume that the
noncommutative residue identically vanishes on T|D|~* for any k > n (c.f. [7]) and a
zero-order operator T (i.e., an operator in the algebra generated by A and lD (A)). Note
that these assumptions are satisfied if the spectral triple is finitely summable and regular,
(c.f. [17] and [26]). We introduce then the following definition of torsion functional for
spectral triples.

Definition 3.1. Torsion functional for the spectral triple (<7, D, J¢) is a trilinear func-
tional of u, v, w € Q) («/) defined by,

T (u, v, w) =¥ wvwD|D|™").

We say that the spectral triple is torsion-free (or, for simplicity, the Dirac operator D is
torsion-free) if .7 vanishes identically.

We recall a stronger condition of spectrally closed spectral triples defined in [11, Defi-
nition 5.5] which, in particular, implies the torsion-free condition stated above.

Definition 3.2. We say that a spectral triple with a trace on the generalised algebra of
pseudodifferential operators is spectrally closed if for any zero-order operator P (from
the algebra generated by .o, and QlD(JA/ ) ) the following holds:

W (PD|D|™") = 0.

Lemma 3.3. [11, Lemma 5.6] The classical spectral triple over a closed spin-c manifold
M of dimension n = 2m is spectrally closed in the above sense and hence is torsion-free.

4. Examples

The examples of spectral triples presented below are all significant cases of various
noncommutative geometries to which we apply the proposed spectral definition of torsion
and compute the torsion functional.

4.1 Hodge-Dirac Letus start with a purely classical (commutative) example of a Hodge-
Dirac spectral triple over an oriented, closed Riemannian manifold, where the Hilbert
space are square-summable differential forms and the Dirac is D = d + §, where § is
an operator adjoint to d. In [12] we demonstrated that such spectral triple is spectrally
closed and therefore torsion-free.
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4.2 Einstein-Yang-Mills Consider a closed spin manifold M of even dimensionn = 2m
and a spectral triple

(COO(M) ® My (C), D, LA(S) ® MN(C)> .

Here, the algebra My (C) acts by left multiplications on My (C) regarded as a Hilbert
space with the scalar product (M, M') = Tr(M*M’). Also,

D=DQ®idy+A+JAJ!
is a fluctuation of D ® idy, where D is the standard Dirac operator on M,
A=A*e Q) = [a[D ®idy, B] | @, B € C*(M) ® My (O},

and J = C®#x, with C being the charge conjugation on spinors in S. Note that A equals
iy“Xs, where X, = =X} € C®(M, My (C)) acts on My (C) by left multiplication,
while JAJ ™! equals i y¢ composed with the right multiplication by X . Therefore, the
fluctuation A+J AJ ! amounts to the action of iy* Ady,, . It follows that the center of this
algebra, C®°(M, Cly), acts trivially, so we just can consider X, such that (X, 1) = 0,
that is, traceless matrix valued functions, X, € C*°(M, su(N)). Moreover, we need only
the expansion of X, and so of the operator i y“ Adx, in normal coordinates up to o(1).

It is known that this spectral triple is finitely summable and regular. To compute the
torsion functional for D we start (slightly abusing the notation) with its symbol expanded
as:

o(D) = y*(~&.+i Ady,) +0(1). .1

Itis notdifficult to see that the bimodule Ql spanned by o [5 Bl,a, B € C®(M, My(C)),
is also spanned just by the elements u = y vy, Where we can expand v, € My (C)+o(1).
We now compute the symbols of U(uvu)D) =51 +sg foru,v,w e Q~

=~y Yy yluavewe &g,

(4.2)
so = iy Yy ylugvpw,e Ady,.

Next, to compute the two leading symbols of DM a(D ZMY = )0 + Comal, WE
need the two leading symbols of D2 o(D>) = +aj +.

a =|I£]]* + o(x),

4.3)
a; =—2Ady, &, +o(1),
and the two leading symbols of 5’2, 0(5’2) =by+b3+...,
by, = 24+ o(x ,
2 =|[&]] (x) . 44)
by =+2Adx & IE]I7" +o(D).
Then, using [11, Lemma A.1] we have:
—2m
Com = + 0(X),
om = |I&] (x) 45)

Coms1 = nAdy, &6 7" 2
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Therefore, since d,¢,, (0) = 0,
o_p (uvaIDI_") = 50Cn +51Cn+1,

where both terms on the right hand side contain linearly adx, . It turns out however, that
the trace of ady, X € My (C), considered as a linear operator on My (C) vanishes. This
could be checked explicitly, using the basis Eqg,a, B = 1,..., N of My (C), where the
matrix Eqg has the o, 8 matrix entry 1 and otherwise 0. We compute:

Adg,,Eqp = Eppdav — Eqvdup = K. pr Eprs
where K, as a matrix is,
Kyva.pr = 81p8prdva — SapSurdpup-
Thus,
Tradg,, = Kuviap.ep = N(puadva — Svadua) = 0.

Therefore, the spectral torsion functional .7 (u, v, w) for D vanishes and so Einstein-
Yang-Mills spectral triple is torsion free.

4.3 Almost commutative M x Zp We assume that M is a closed spin manifold and
(C*®°(M), D, 7) is an even spectral triple of dimension n with the standard Dirac
operator D and a grading x. We know that it is spectrally closed, so, in particular, D is
torsion-free. We consider the usual double-sheet spectral triple, (C®(M)QC?, 2, # ®

‘52), with the Dirac operator,
. D x®
~(55)

where ® € C. The bimodule of one forms, associated to & consists of the following

operators,
_ wt  dyft
w= <<I>*Xf‘ w™ ) (4.6)

where w* € Q})(M ) and f* € C%(M). We shall denote the diagonal part as o and
the off-diagonal part as w°.

In order to calculate # (wjwaw3 22 ~2™) for one-forms w;, w2, w3 let us observe
that due to linearity it suffices to do it separately for diagonal and off-diagonal parts.
Moreover, the algebra rules in this extended Clifford algebra are obvious and we re-
strict ourselves to the four possible cases. Furthermore, since g~ — D’z’"l(l —
m|®|>D~% +...) we note that in the Wodzicki residue formula 22" can be replaced
by D2,

By a straightforward calculation we get,

W (0wl D7) =0,
W (0SS 277" = W (1912 (wiw] f5 +wwy f)D™2")
= PP (Gw!, wi) f5 +Gwy wy) fy),
W (S 2272 =0,
V(@537 77") = W (1R1 T f5 5+ fT 1 )D7)
= [PV S+ T D) 47
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where G(wi, wy) is proportional to f 1y &(wi, w2)volg and V(f) is proportional to
/,  Jvolg. Note that the first equation is a consequence of D being torsion-free, whereas
the third equation holds if # (wDD~>") = 0, which is the consequence of the spectral
triple on M being spectrally closed.

As a consequence, we see that the product of the standard spectral triple over M with
a finite discrete one does not satisfy the torsion-free condition unless @ = 0. Note that
the generalisation of the model with ® being a complex-valued function on M does not
change the conclusion.

4.4 Conformally rescaled noncommutative tori Consider the spectral triple on the non-
commutative n-torus, (A, H, Di), where A = C OO(11’2) is the § j-smooth subalgebra for
the standard derivations §;, j = 1, ..., n.Next, H = LZ(T”, 7), where 7 is the standard
trace which annihilates §;. Also, Dy = kDk is the conformal rescaling of the standard
(flat) Dirac operator D = ) ; yis ; with v/ being the usual gamma matrices and the
conformal factor £ > 0 is from the copy .A° of A in the commutant of .A. The bimodule
of one-forms, generated by the commutators [ Dy, al, a € A, is a free left module gener-
ated by k%y/. Using the calculus of pseudodifferential operators over noncommutative

tori, following [8], extended to A-valued symbols (where A is the algebra generated
by A and A°) and of the analogue of the Wodzicki residue, we defined and computed
various spectral functionals, as the metric and Einstein functionals [11, Section 5.2.1]
in dimension 2 and 4. In particular, we demonstrated there that strictly irrational non-
commutative 2- and 4-dimensional tori with a conformally rescaled Dirac operator are
spectrally closed. We extend here this result to any dimension:

Theorem 4.1. The spectral triple (C (Ty), H, Dk) for strictly irrational noncommu-
tative torus of dimension n is spectrally closed, that is for any T, operator of order 0
(that is, a polynomial in a, [Dy, b], a, b € <)

# (T Dy | D|™") = 0.

Proof. The proof is based on a simple observation that the symbol of order —n of
T Dy |Dy|™" is a sum of terms that are of the form Y, ; s (§)k*$; (k)kP,for j =1,...,n,
some integers o, § and C*°(T})-valued functions Y, j g(§), which are homogeoneous

in £ of degree —n. Since for strictly irrational tori the trace over the full algebra A
factorizes, it is sufficient to show that 7 (k%§; (k)kP) = 0 for any j, «, B. For that we
write k = ¢’ and observe that

T(k*8; (kP) = 7 (@5 ()
vanishes since for « + f # —1 it equals

1
S (a+B+D)h
a+p+1 T(8;¢e ))
while for « + 8 = —1 it equals r((Sj (h)). This ends the proof. O
As an immediate consequence of spectral closedness, we have:

Corollary 4.2. The Dirac operator Dy over the n-dimensional strictly irrational non-
commutative torus Ty is torsion free.
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4.5 Quantum SU (2). We briefly recall the construction of the spectral triple (sz (SUy
2)), I, D) of [9]. Let & = &/ (SU,(2)) be the x-algebra generated by a and b, subject
to the commutation rules:

ba = qab, b*a = qab®, bb* = b*b,

5 (4.8)

a*a+q°b*bh =1, aa® +bb* =1,
where 0 < ¢ < 1. The Hilbert space .7 has an orthonormal basis |jun?t) for j =
0%1 w=—j,....,jand n = —j* ..., j*; together with |jun|) for j =
Ll p=—j,....jandn=—j", ..., j", where j* = j+%and j~ = j — 1.

For the explicit formulas defining the representation of A on H we refer to [9] or [10].
The equivariant Dirac operator is chosen to be isospectral to the classical Dirac over
SU(2);

Dljunt) = 2j+3)ljunt),  Dljunl)=—2j+3)|junl). (4.9)

In [10] it was shown that the triple is regular and its dimension spectrum of the spectral
triple was determined, together with a an explicit formula that computes respective
noncommutative residue. In particular, the following theorem was proven.

Theorem 4.3. If T € WO(A) is in the algebra of pseudodifferential operators of order
0 (as defined in [10]) then for PT, PY, projections on the respective up and down part
of the Hilbert space of spinors, the noncommutative integral of PV T|D|=2 can be
explicitly computed (see [10], Theorem 4.1) as:

][p¢T|D|-2 = (n®t +1f ® ) (D).
(4.10)
][pTT|D|—2 = (merf+1 ®u)(BD),

where the noncommutative ingeral is, as usually,
][ T :=Res,—o Tr(T|D|7%).

The map B is a projection on the two first legs of the zero-degree part of a map p,
which is a homomorphism

p:B— AD}) ® AD}) ® ASh. (4.11)

where B is a subalgebra of W°(A) generated by diagonal parts of the generators a, b
and their commutators with D and | D|, and A(Dé) are quantum discs. Using the symbol

map o : .A(Dg) — A(S") and the standard irreducible representation of quantum discs

7 the functionals Ty, ‘EOT, ro¢ are defined for x € .A(Dg), as

2
() = lim Trymx) — (N + D0, (4.12)
N—o0

1
T1(x) = —/ o(x),
s1

rOl (x) := lim Trym(x) — (N + %)rl (x).
N—o00
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Using this theorem we can state as a simple corollary,

Corollary 4.4. The standard equivariant spectral triple over A(SU,(2)) is spectrally
closed and, in particular, the Dirac operator (4.9) is torsion-free.

Proof. We compute, using D = (PT — P4)|D],
mem*zfﬂﬂ—Pmm4=@wm@—ﬁwm%4b®mwG»
where we used (4.10). Then, from the definition of traces we see that:

75 (0) — 14 (0) = 71(x),

and therefore

][ TDID| ™ = (11 ® (1) + (—11) ® 1) (B(T)) = 0.

5 Final Remarks

We introduced a tangible notion of torsion for finite summable, regular spectral triples
with a generalised noncommutative trace via a spectral trilinear functional of Dirac one-
forms. It allows a direct verification whether the spectral triple (or the Dirac operator) is
torsion-free. Four of the discussed examples are indeed torsion-free except the simplest
case of an almost-commutative geometry. We conjecture that the spectral triples over
almost-commutative geometries with non-simple internal algebra, nontrivially coupled
by D, have a non-vanishing torsion. We hope that in many other cases, the spectral
torsion functional will enable a more advanced study of the families of Dirac operators.
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