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Unified synthetic Ricci curvature lower bounds for
Riemannian and sub-Riemannian structures

Davide Barilari∗ Andrea Mondino† Luca Rizzi‡

April 9, 2024

Abstract

Recent advances in the theory of metric measures spaces on the one hand, and of
sub-Riemannian ones on the other hand, suggest the possibility of a “great unifica-
tion” of Riemannian and sub-Riemannian geometries in a comprehensive framework
of synthetic Ricci curvature lower bounds, as put forth in [87, Sec. 9]. With the aim
of achieving such a unification program, in this paper we initiate the study of gauge
metric measure spaces.
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1 Introduction

The subject of this work is the synthetic treatment of curvature lower bounds. To il-
lustrate our contribution, let us start by recalling the celebrated theory of Alexandrov
spaces. These are metric spaces (X, d) where curvature bounds are defined via compar-
ison of geodesic triangles in X with corresponding ones in model surfaces of constant
curvature. The key observation is that Toponogov triangle comparison theorem gives
a purely metric characterization of lower bounds for the sectional curvature on smooth
Riemannian manifolds, which yields a synthetic definition for metric spaces.

A synthetic characterization of Ricci curvature lower bounds needs an additional
structure, namely a reference measure m: following the seminal works by Gromov [50],
by Fukaya on spectral convergence [47], by Cheeger-Colding on Ricci limit spaces [40], it
emerged that a natural framework for Ricci curvature lower bounds is the one of metric
measure spaces.
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A key fact is that, on a smooth Riemannian manifold, Ricci curvature lower bounds
can be characterized in terms of suitable convexity inequalities of entropy functionals
in the Wasserstein space [42, 89], after [67, 74]. This line of research culminated in the
seminal work by Lott-Sturm-Villani in the 2000’s [65, 83, 84], introducing the synthetic
CD(K,N) conditions for metric measure spaces. The latter conditions depend on two
parameters: K ∈ R playing the role of a lower bound on the Ricci curvature, and N ≥ 1
playing the role of an upper bound on the dimension. Concretely, K and N enter into the
theory via model distortion coefficients βK,N , encoding the effect of the Ricci curvature
on the distortion of the measure along geodesics. These coefficients have the form:

(βK,N )t(θ) := t
sin
(
tθ
√
K/(N − 1)

)N−1

sin
(
θ
√
K/(N − 1)

)N−1 , ∀ t ∈ [0, 1], (1.1)

for 0 < Kθ2 < (N − 1)π2 and with standard interpretation otherwise, see Section 3.3.1.
A fundamental aspect of the CD(K,N) condition is that it enjoys compactness and

stability properties under pmGH convergence. We recall that the class of CD(K,N)
spaces includes Riemannian manifolds with Ricci curvature bounded from below, as well
as Finsler ones [73].

However, there is an important class of metric measure spaces which does not fit
into this framework: sub-Riemannian structures. These are smooth manifolds endowed
with a length metric obtained by considering only curves that are tangent to a bracket-
generating vector distribution (see Appendix A for a self-contained account).

The simplest examples are the Heisenberg groups. In [54], Juillet proved that the
CD(K,N) condition fails for all values of K ∈ R and N ≥ 1 on the Heisenberg groups,
and indeed this is the case also all sub-Riemannian manifolds [15, 55, 66, 80] that are
not Riemannian. Moreover, in [54], it was also proved that a weaker synthetic condition,
known as measure contraction property MCP(K,N), holds in Heisenberg groups for
suitable values of K and N . This property has been proved to hold in more general
Carnot groups [18, 75].

Recently, in their seminal work [19], Balogh-Kristály-Sipos showed that, despite
the failure of the classical CD(K,N) condition, weaker entropy inequalities hold in the
Heisenberg groups Hd, with the following distortion coefficients:

βHd

t (θ) := t
sin
(

tθ
2

)2d−1 [
sin
(

tθ
2

)
− tθ

2 cos
(

tθ
2

)]
sin
(

θ
2

)2d−1 [
sin
(

θ
2

)
− θ

2 cos
(

θ
2

)] , ∀ t ∈ [0, 1], (1.2)

for 0 < θ < 2π, and standard interpretation otherwise. See also [20] for similar inequal-
ities for general co-rank 1 Carnot groups.

Two remarkable differences between the Riemannian distortion coefficients (1.1) and
the Heisenberg ones (1.2) are:

• as expected, the functional expressions (1.1) and (1.2) do not match;
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• more strikingly, when used to encode measure distortion, while in the Riemannian
coefficients (1.1), the parameter θ takes as value the length, in the Heisenberg ones
(1.2), θ takes as value the curvature of geodesics (as curves in R2d+1).

A different approach to Ricci curvature lower bounds in sub-Riemannian manifolds
was put forward by Baudoin-Garofalo [27]. Inspired by the Bakry-Émery semi-group
techniques, they generalized curvature-dimension conditions for sub-Riemannian struc-
tures with symmetries, introducing a suitable generalization of Bochner’s identity and
Γ-calculus. See the lecture notes [26] and references therein for an account of this theory.
We also mention the recent work by Stefani [81] which, in the setting of Carnot groups,
establishes a first link between the Lagrangian approach to Ricci curvature lower bounds
(dealing with convexity-type properties of entropy along Wasserstein geodesics) and the
Eulerian one (focused instead on the properties of the heat flow).

Motivated by the aforementioned contributions, in his 2017 Bourbaki Seminar, Vil-
lani envisioned the possibility of a “great unification” of Riemannian and sub-Riemannian
geometries in a comprehensive theory of synthetic Ricci curvature lower bounds. See [87,
Sec. 9, conclusions et perspectives], and [86, Rmk. 14.23]. Developing such a theory is
the ambition of the present paper.

Gauge metric measure spaces

Let (X, d,m) be a metric measure space, m.m.s. for short. We add a supplementary
structure to the metric measure one, namely a non-negative Borel function G : X×X →
[0,+∞], that we call gauge function. The quadruple (X, d,m,G) will be called gauge
metric measure space.

The following analogy explains the role of the gauge function. A Riemannian mani-
fold has Ricci curvature bounded from below by K ∈ R if for any pair of points x, y and
any geodesic γ between x and y it holds

Ric(γ̇, γ̇) ≥ K∥γ̇∥2 = Kd(γ0, γ1)2.

The distance function d is used in the right hand side as a gauge to measure the extent
of the lower Ricci curvature bound, quantified by the constant K. The idea is to replace
the distance d with a general gauge function G.

Gauge functions will be a key object in our extension of the synthetic theory of Ricci
curvature bounds to the sub-Riemannian setting, where it is now well-understood that
the effect of geometry on transport inequalities may not depend uniquely on the distance,
but rather on other intrinsic sub-Riemannian quantities (see [19], [24, Sec. 8.1]).

Distortion coefficients

Motivated by the comparison theory in sub-Riemannian geometry [8, 11, 91, 63, 52, 5,
62, 22, 25] (from the Hamiltonian viewpoint) and the discussion above, we now introduce
general distortion coefficients.
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Let s : [0,+∞) → R be a continuous function and N ∈ [1,+∞) such that

s(θ) = c θN + o(θN ) as θ → 0, (1.3)

for some c > 0. The parameter N will be a sharp upper bound for a new notion of
dimension, which is in general different from the Hausdorff one, see Section 4.5. Denote:

D := inf{θ > 0 | s(θ) = 0}. (1.4)

It is clear that D > 0. The latter will be a sharp upper bound on the gauge function,
see Section 4.3. Define the distortion coefficient β(·)(·) : [0, 1] × [0,+∞] → [0,+∞] as

(t, θ) ∈ [0, 1] × [0,+∞] 7→ βt(θ) :=


tN θ = 0,
s(tθ)
s(θ) 0 < θ < D,

lim inf
ϕ→D−

s(tϕ)
s(ϕ) θ ≥ D.

(1.5)

Notice that, when properly understood, both the Riemannian (1.1) and the Heisenberg
(1.2) distortion coefficients are obtained as in (1.5), for a suitable s.

In applications to sub-Riemannian geometry, the function s in (1.3) is chosen in a
class of models characterized as solutions to suitable ODEs. We illustrate this character-
ization in Section 8, and in particular we refer to Proposition 8.5 and Remark 8.6, which
provides a bridge between the synthetic viewpoint and sub-Riemannian geometry. Here
we develop the theory in full generality, without further constraints on the function s.

Entropy functionals

We consider the metric space (P2(X),W2) of probability measures with finite second
moment endowed with the Kantorovich-Rubinstein-Wasserstein quadratic transporta-
tion distance, see Section 3.1.2 for the definitions. A W2-geodesic (µt)t∈[0,1] can be
equivalently represented by a probability measure ν on the space of geodesics Geo(X),
with µt = (et)♯ν, where et : Geo(X) → X is the evaluation map at time t. Such a ν is
called optimal dynamical plan from µ0 to µ1, and the set of such measures is denoted
by OptGeo(µ0, µ1). Let also Pac(X,m) be the space of probability measures that are
absolutely continuous with respect to m.

Recall that, for µ ∈ P2(X), its relative (Boltzmann-Shannon) entropy is defined by

Ent(µ|m) :=
∫

X
ρ log ρm, if µ = ρm ∈ P2(X) ∩ Pac(X,m),

in case ρ log ρ ∈ L1(X,m), otherwise we set Ent(µ|m) := +∞.
Let Dom(Ent(·|m)) be the finiteness domain of the entropy and

Pbs(X, d,m) := {µ ∈ P(X, d) | supp µ is bounded and supp µ ⊆ supp m},
P∗

bs(X, d,m) := Dom(Ent(·|m)) ∩ Pbs(X, d,m).
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The subspaces Pbs(X, d,m) and P∗
bs(X, d,m) will play a key role throughout the paper.

In order to formulate “dimensional” Ricci curvature lower bounds, it is convenient
to introduce also the following dimensional entropy (cf. [44]):

Un(µ|m) := exp
(

−Ent(µ|m)
n

)
, n ∈ [1,+∞),

with the understanding that Un(µ|m) := 0 if µ /∈ Dom(Ent(·|m)).

CD(β, n) spaces and MCP(β) spaces

We introduce synthetic Ricci curvature lower bounds on gauge m.m.s.: the Curvature-
Dimension condition CD(β, n) and the Measure Contraction Property MCP(β).

Definition (Definition 3.5). Let n ∈ [1,+∞), and β as in (1.5). A gauge metric measure
space (X, d,m,G) satisfies:

• CD(β, n) if for all µ0 ∈ Pbs(X, d,m), µ1 ∈ P∗
bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅,

there exists a W2-geodesic (µt)t∈[0,1] ⊂ P2(X, d) connecting them, induced by
ν ∈ OptGeo(µ0, µ1), such that it holds

Un(µt|m) ≥ exp
(

1
n

∫
Geo(X)

log β1−t
(
G(γ1, γ0)) ν(dγ)

)
Un(µ0|m)

+ exp
(

1
n

∫
Geo(X)

log βt
(
G(γ0, γ1)

)
ν(dγ)

)
Un(µ1|m), ∀ t ∈ (0, 1),

with the convention that ∞ · 0 = 0.

• MCP(β) if for any x̄ ∈ suppm and µ1 ∈ P∗
bs(X, d,m) with x̄ /∈ suppµ1 there exists

a W2-geodesic (µt)t∈[0,1] ⊂ P2(X, d) from µ0 = δx̄ to µ1 such that

Un(µt|m) ≥ exp
( 1
n

∫
X

log βt
(
G(x̄, x)

)
µ1(dx)

)
Un(µ1|m), ∀ t ∈ (0, 1),

for some (and then every) n ≥ 1.

We anticipate here a few remarks.

1. The MCP(β) condition does not depend on the value of n. See Remark 3.6.

2. Let us stress that non-absolutely continuous µ0 are allowed, which by construction
gives the implication CD(β, n) ⇒ MCP(β). See Remarks 3.7 and 3.8.

3. Conversely, assuming that (X, d,m) supports interpolation inequalities for densi-
ties with dimensional parameter n (in the sense of Definition 4.5), we show that
MCP(β) ⇒ CD(β, n). See Theorem 4.7.

4. The CD/MCP conditions imply that Dom(Ent(·|m)) ⊂ P2(X, d) (with metric W2)
and suppm (with metric d) are length spaces. See Remark 3.9.
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Compatibility with classical synthetic theories

The CD(β, n) and MCP(β) conditions satisfy the following compatibility properties:

• Compatibility with Lott-Sturm-Villani’s CD: by choosing as distortion coefficients
the Riemannian ones, i.e. β = βK,N as in (1.1), and as gauge function the distance,
i.e. G = d, we show that, for essentially non-branching m.m.s., the Lott-Sturm-
Villani’s CD(K,N) conditions are equivalent to the corresponding CD(βK,N , N).
See Section 3.3.1.

• Compatibility with Ohta-Sturm’s MCP: as above, we show that the Ohta-Sturm
MCP(K,N) are equivalent to the corresponding MCP(βK,N ). See Section 3.3.1.

• Compatibility with Balogh-Kristály-Sipos: by choosing as distortion coefficients the
Heisenberg ones, i.e. β = βHd as in (1.2), and as gauge function G(x, y) = θx,y

where θx,y is the curvature of the geodesic from x to y (as a curve in R2d+1),
we show that the Heisenberg group Hd (endowed with the Carnot-Carathéodory
distance, and the 2d+1 Lebesgue measure) satisfies the CD(βHd

, 2d+1) condition.
See Section 3.3.2.

• Compatibility with E. Milman’s CGTD: the Curvature-Geodesic-Topological-Di-
mension conditions CGTD(K,N, n) introduced by E. Milman in [69, Sec. 7], for
K ∈ R, n ≥ 1 and N ≥ n is equivalent to the CD(βK,N , n) condition, for gauge
function G = d. See Remark 3.14.

Geometric consequences

One of the novel features of the CD(β, n) and MCP(β) conditions above is the interplay
of the gauge function G (measuring the extent of the Ricci curvature lower bounds) and
the distance d (governing the geodesics and thus optimal transport). This leads to a
decoupling between metric vs distortion aspects in the classical geometric consequences
of the curvature-dimension conditions. In Section 4 we will obtain the following results:

• Generalized Brunn-Minkowski inequality: given two sets A0, A1, we estimate from
below the volume of the set At of t-intermediate points of geodesics from A0 to
A1, with a distortion which is quantified purely in terms of the gauge function G
and the general distortion coefficients β. See Section 4.1.

• MCP ⇒ CD for spaces supporting interpolation inequalities. See Section 4.2.

• Gauge-diameter estimates: the parameter D in (1.4) yields an upper bound on
the essential supremum of the gauge function, called gauge diameter. A remark-
able difference with respect to classical Bonnet-Myers Theorem is that the gauge
diameter can be bounded also for non-compact metric measure spaces (e.g. the
Heisenberg group, where the estimate we obtain is sharp) and, conversely, un-
bounded for compact ones. See Section 4.3.
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• Local doubling inequalities for metric balls: in contrast with the classical case when
“locality” is measured in terms of the distance, here it is expressed in terms of the
gauge function which also determines the doubling constant. See Section 4.4.

• Geodesic dimension estimates: the parameter N occurring in (1.3) yields an upper
bound for the Hausdorff dimension and for a notion of dimension for m.m.s. recently
introduced in [3, 78], the so-called geodesic dimension. See Section 4.5. The latter
bound is sharp while the former is not, see Remark 4.21.

• Generalized Bishop-Gromov inequalities: we obtain volume estimates on the (trun-
cated) sub-level sets of the gauge function. Such sets are reminiscent of the
“butterfly-shaped” sets appearing in [54, Fig. 2]. For the validity of the Bishop-
Gromov inequality, we need an additional compatibility condition between the
distance and the gauge function, which we name meek property. See Section 4.6.

Stability and compactness

Key features of the Lott-Sturm-Villani’s theory are the stability and compactness prop-
erties with respect to the measured-Gromov-Hausdorff convergence (mGH for short).

For a sequence of gauge m.m.s. it is natural to consider the mGH convergence of
the metric measure structures, coupled with an additional notion of convergence for the
gauge functions. A naive generalisation of the mGH convergence to gauge functions,
see (5.1), would fail for natural sequences (e.g. convergence to the tangent cone for
sub-Riemannian structures, cf. Section 10.4). This is due to the low regularity of the
gauge functions which in general are not even continuous, in sharp contrast with the
Lott-Sturm-Villani’s theory where G = d is clearly 1-Lipschitz.

For this reason, in Section 5, we introduce a significantly weaker condition which pro-
vides a good balance yielding both stability and compactness properties for the CD(β, n)
condition and the MCP(β). We ask for a sort of L1

loc convergence of gauge functions
in varying spaces, and a regularity condition on the limit gauge function outside of the
diagonal. Compared to the classical Lott-Sturm-Villani’s theory, the low regularity of
the gauge functions and their weaker convergence introduce new challenges in the proof.

The vector-valued case

In Section 6 we extend the above theory to vector-valued gauge functions, namely

G : X ×X → RPm
+ ,

where RPm
+ is a projective semi-space. This generalization is necessary in order to obtain

sharp estimates for important classes of sub-Riemannian examples, see Section 10.5.

Natural gauge functions

In the Heisenberg group a natural gauge function is the quantity θ mentioned earlier in
the introduction (θx,y is the curvature of the geodesic from x to y as a curve of R2d+1).
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A key observation is that θ can be written in terms of the Carnot-Carathéodory distance
and the norm of its gradient, computed with respect to a Riemannian extension.

This observation suggests a synthetic way to define natural gauge functions for any
metric measure space (X, d,m) equipped with a reference metric dR (the subscript stands
for Reference, or Riemannian). The construction is well-suited to sub-Riemannian geom-
etry where, in several cases, one has natural Riemannian extensions serving as reference.

Natural gauge functions will be constructed out of two main building blocks: the
distance function and the D function defined as follows

D : X ×X → [0,+∞], D(x, y) := lim sup
z,w→x

|d2(z, y) − d2(w, y)|
2dR(z, w) , (1.6)

with the convention that the limit is 0 if x is an isolated point.
Let us show how θ is obtained via the above procedure, in the Heisenberg group

(Hd, dcc,L 2d+1). As extension dR, we choose the left-invariant Riemannian metric ob-
tained declaring the Reeb field ∂z to be of unit length and orthogonal to the Heisenberg
distribution. For (x, y) out of the cut locus, we prove in Proposition 7.28 that

θx,y =
√

D2(x, y) − d2
cc(x, y).

We note that D ≥ d, see Proposition 7.5(i). Natural gauge functions are studied in
Section 7, in particular:

• in Section 7.1 we define the D function and we establish its basic properties;

• in Section 7.2 we define natural gauge functions on metric measure spaces equipped
with a reference metric, of which D and d are particular cases;

• in Section 7.3 we establish further properties of natural gauge functions, namely:

– the meek condition used for the generalized Bishop-Gromov Theorem; see
Section 7.3.1;

– the regularity and boundedness properties required for the stability and com-
pactness results; see Sections 7.3.2 and 7.3.3 respectively.

We prove that all these properties follow from natural hypotheses in sub-Rieman-
nian geometry, including: step ≤ 2, minimizing Sard property, ∗-minimizing Sard
property, ideal, absence of non-trivial Goh geodesics, real-analyticity. For a glimpse
of all the implications see Figure 3;

• in Section 7.4 we show how the natural gauge functions are related to the sub-
Riemannian distance out of the cut locus.
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Compatibility with the Hamiltonian theory of curvature

In Section 8 we establish the compatibility of the synthetic CD(β, n) condition with the
Hamiltonian theory of Ricci curvature lower bounds for sub-Riemannian manifolds. The
latter has its roots in the pioneering works by Agrachev and Gamkrelidze on the geometry
of curves in Lagrange Grassmannians [8, 11], and was subsequently developed by Zelenko
and Li [91] with the introduction of the so-called canonical frame. This technical tool,
generalizing in a very broad sense the notion of parallel transport, has been pivotal
in the development of the comparison theory for sub-Riemannian structures from the
Hamiltonian point of view, started in [63, 5, 62]. Sub-Riemannian Ricci curvatures were
finally introduced in [22] in full generality, as partial traces of the canonical curvatures.
The corresponding comparison theory for distortion coefficients was finally set in [25].

We illustrate such a theory in Section 8, in a form adapted to our purposes. For the
sake of self-consistency, in Appendix B, we include an account of the Agrachev-Zelenko-
Li theory, that is used extensively in Sections 8-9.

We depict here the main ideas. Let (M, d,m) be a sub-Riemannian metric measure
space, i.e. M is a smooth manifold, d is a sub-Riemannian distance, and m is a smooth
measure, see Definition 7.9. The paradigm of sub-Riemannian comparison is that, for
the generic geodesic γ, one can decompose the tangent space along γ in a family of
subspaces, depending on the Lie bracket structure. These are labeled by the boxes α
of a Young diagram. For each subspace we define a canonical Ricci curvature Ricα

γ

as the corresponding partial trace of the canonical curvature. We remark that in the
Riemannian case there is only one such a box α, and

Ricα
γ = Ric(γ̇, γ̇),

recovering the classical Ricci tensor along that geodesic.
For a general sub-Riemannian metric measure space (M, d,m), consider the “true”

distortion coefficient of the m.m.s.:

β
(M,d,m)
t (x, y) := lim sup

r→0+

m(Zt({x}, Br(y)))
m(Br(y)) , ∀x, y ∈ M, t ∈ [0, 1],

see Definition 4.6. For fixed (x, y) out of the cut locus, there is a unique geodesic γ
joining x with y, and when every canonical Ricci curvature along γ is bounded from
below, Ricα

γ ≥ κα, for some κα ∈ R, and all α, then the following comparison holds:

β
(M,d,m)
t (x, y) ≥ βmod

t , ∀ t ∈ [0, 1]. (1.7)

Here, βmod is a model distortion coefficient. We illustrate its properties.

• βmod is associated with a variational problem on Rn, of Linear-Quadratic type,
coming from optimal control theory. This is a change of paradigm with respect
to classical Riemannian comparison theory, where model distortion coefficients are
the ones of Riemannian space forms, while the models in the present theory are
not even metric spaces. See Section 8.1.
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• βmod can be computed explicitly by solving a Hamiltonian ODE, which is identified
by the values of the Ricci lower bounds κα, and the structure of the Young diagram
associated with the geodesic γ. See Section 8.2.

• βmod has the form (1.5), in other words it is a model distortion coefficient in the
sense of the synthetic theory. This is not by chance, and in fact Proposition 8.5,
in particular item (vi), is the bridge between the curvature-dimension theory of
Section 3 and the comparison theory of Section 8.

• When the Young diagram of γ is of Riemannian type (i.e. it consists of only one
box), βmod recovers the familiar Riemannian coefficients. See Section 8.2.1.

• The general class of βmod contains all distortion coefficients observed so far in
sub-Riemannian geometry: Heisenberg groups [19], corank 1 Carnot groups [20],
Sasakian [5, 62] and 3-Sasakian manifolds [79]. See Sections 8.2.2 and 8.2.3.

The comparison result in the sense of (1.7) is Theorem 8.9, describing the distortion
along a single geodesic. If the Ricci curvature bounds hold uniformly, in the precise
technical sense of Definition 8.11, then one obtains Theorem 8.12.

Theorem (Ideal sub-Riemannian structures with Ricci bounded below are CD). Let
(M, d,m) be an ideal sub-Riemannian metric measure space, with n = dimM , equipped
with a finite gauge function G : M × M → Rm

+ , m ∈ N, with Ricci curvatures bounded
from below in the sense of Definition 8.11, and let β be the corresponding distortion
coefficient. Then (M, d,m,G) satisfies the CD(β, n) condition.

This result establishes the compatibility of the CD(β, n) theory with the one of sub-
Riemannian Ricci bounds.

Compact fat structures satisfy the curvature-dimension condition

Clearly, any compact Riemannian manifold has Ricci curvature bounded below, and
thus it verifies the CD(β, n) condition for suitable β (of course, in this case, β = βκ,n

where κ is a lower bound for the Ricci curvature and n is the topological dimension). In
Section 9 we study the sub-Riemannian counterpart of such a statement, for the case of
fat distributions (also called strong bracket generating, see [71, 82]). We refer to (9.1)
for the definition.

In order to apply Theorem 8.12, one must prove uniform lower bounds on the Ricci
curvatures of fat structures. In contrast with the Riemannian case, this requires a
considerable effort and delicate estimates, which are the object of Section 9. There,
we prove that, when equipped with the natural gauge function D of (1.6), compact fat
sub-Riemannian metric measure spaces satisfy the CD(β, n) condition, for an explicit β.
See Theorem 9.23 for a precise statement, which we anticipate here in a simplified form.

Theorem (Compact fat structures are CD). Let (M, d,m) be a compact, n-dimensional,
fat sub-Riemannian metric measure space. Then for the natural gauge function D :
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M × M → [0,+∞) of (1.6), there exists an explicit distortion coefficient β such that
(M, d,m,D) satisfies the CD(β, n) condition.

As a direct consequence of this result, we obtain the following, see Corollary 9.24.

Corollary (Classical MCP for compact fat structures). Let (M, d,m) be a compact n-
dimensional sub-Riemannian metric measure space, with fat distribution of rank k < n.
Then there exists N ′ ≥ 3n− 2k such that (M, d,m) satisfies the classical MCP(0, N ′).

The above result removes the real-analytic assumption of the analogous statement
by Badreddine and Rifford in [18, Thm. 1.3], in the case of fat distributions, obtaining
it with a completely different strategy.

Examples and applications

Finally, in Section 10 we present examples and applications of the synthetic theory to
sub-Riemannian spaces.

• In Section 10.1 we illustrate in detail our constructions in the case of the three-
dimensional Heisenberg group H1, including the computation of the model distor-
tion coefficients via the comparison theory of Section 8.

• In Section 10.2 we show how the Grushin plane enters within the same CD(β, n)
class of the Heisenberg group. This is natural, considering the fact that the Grushin
plane is a quotient of the Heisenberg group (even though it is not a homogeneous
space in the classical sense). This can be seen as a generalization of the by-now
known fact that the Grushin plane satisfies the classical MCP(0, 5).

• In Section 10.3 we study a one-parameter family of Riemannian metric measure
spaces, namely the canonical variations of the first Heisenberg group (H1, dε,L 3).
We discuss in particular the sub-Riemannian limit (ε → 0) and the adiabatic limit
(ε → +∞), both occurring within a single CD(β, n) class.

• In Section 10.4 we study the convergence to the tangent cone of sub-Riemannian
structures with natural gauge functions, and how the CD(β, n) condition behaves
under the blow-up process.

• In Section 10.5 we illustrate the vector-valued theory of Section 6, in the setting
of the three-dimensional left-invariant structures on Lie groups.
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802689 “CURVATURE” and No. 945655 “GEOSUB”). For the purpose of Open Access,
the authors have applied a CC BY public copyright licence to any Author Accepted
Manuscript (AAM) version arising from this submission.
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2 Table of notations

Metric notation

(X, d,m) . . . . . . . . . . metric measure space
m̄ . . . . . . . . . . . . . . . . completion of m
Geo(X) . . . . . . . . . . set of length-minimizing, constant-speed curves γ : [0, 1] → X

of a metric space (X, d)
Br(x) . . . . . . . . . . . . open metric ball of radius r and center x
dimHaus . . . . . . . . . . Hausdorff dimension
dimgeo . . . . . . . . . . . geodesic dimension, Definition 4.18
W2(µ, ν) . . . . . . . . . . 2-Wasserstein distance, Section 3.1.2
et . . . . . . . . . . . . . . . . . evaluation maps γ 7→ γt at time t, Section 3.1.2
Opt(µ, ν) . . . . . . . . . optimal couplings from µ to ν, Section 3.1.2
OptGeo(µ, ν) . . . . . optimal dynamical plans from µ to ν, Section 3.1.2
Ent(µ|m) . . . . . . . . . Boltzmann-Shannon entropy of µ w.r.t. m, Section 3.1.3
Dom(Ent(·|m)) . . . finiteness domain of Ent(·|m), Section 3.1.3
Un(µ|m) . . . . . . . . . n-dimensional entropy of µ w.r.t. m, Section 3.1.3
Pbs(X, d,m) . . . . . . probability measures with bounded support in suppm, Section

3.1.3
P∗

bs(X, d,m) . . . . . . . Dom(Ent(·|m)) ∩ Pbs(X, d,m), Section 3.1.3

o(·) . . . . . . . . . . . . . . function o(·) : [0,+∞) → R satisfying lim sup
θ↓0

|o(θ)|
θ

= 0

G . . . . . . . . . . . . . . . . gauge function, Eq. (3.3) scalar case, Eq. (6.1) vector case
s . . . . . . . . . . . . . . . . . defining function for distortion coefficients, Eq. (3.4) scalar case,

Eq. (6.2) vector case
N . . . . . . . . . . . . . . . . order of s at 0, Eq. (3.4) scalar case, Eq. (6.2) vector case
D . . . . . . . . . . . . . . . . first zero of s in the scalar case, Eq. (3.5)
RPm

+ . . . . . . . . . . . . . real projective semi-space, Section 6
DOM . . . . . . . . . . . . positivity domain of s in the vector case, Section 6
Dθ . . . . . . . . . . . . . . . boundary of DOM along θ, in the vector case, Section 6
β . . . . . . . . . . . . . . . . distortion coefficient, scalar case Eq. (3.6), vector case Eq. (6.3)
βτ

K,N , βσ
K,N . . . . . . . distortion coefficients for the Lott-Sturm-Villani’s theory, Sec-

tion 3.3.1
βHd . . . . . . . . . . . . . . distortion coefficient for Hd, Section 3.3.2
β(X,d,m) . . . . . . . . . . distortion coefficient of a m.m.s., Definition 4.6
MCP(β). . . . . . . . . . . measure contraction property with distortion coefficient β, Def-

inition 3.5
CD(β, n) . . . . . . . . . . curvature-dimension condition with distortion coefficient β and

dimensional parameter n, Definition 3.5
At, Zt . . . . . . . . . . . . set of t-intermediate points, Eq. (4.1)
β(A0, A1) . . . . . . . . . distortion coefficient between the sets A0, A1, Eq. (4.2)
diam . . . . . . . . . . . . . metric diameter
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diamG . . . . . . . . . . . . G-diameter, Definition 4.9 scalar case, Definition 6.2 vector case
vG, sG . . . . . . . . . . . . measures of “gauge balls” and “spheres”, Definition 4.22 scalar

case, Definition 6.5 vector case
Lipρ

a . . . . . . . . . . . . . asymptotic Lipschitz number w.r.t. a metric ρ, Definition 7.3
D . . . . . . . . . . . . . . . . D function, Definition 7.4

Sub-Riemannian notation

⟨·, ·⟩ . . . . . . . . . . . . . . pairing of covectors with vectors
D . . . . . . . . . . . . . . . . distribution (possibly rank-varying), Appendix A
End . . . . . . . . . . . . . . end-point map, Appendix A
V . . . . . . . . . . . . . . . . complement of a constant rank distribution, Section 7–9
Cut . . . . . . . . . . . . . . sub-Riemannian cut locus, Definition 7.11
βA,B,Q . . . . . . . . . . . distortion coefficient of a general LQ problem, Definition 8.3
βκ or βκ̄ . . . . . . . . . distortion coefficient of a model LQ problem, κ ∈ Rℓ Proposition

8.5(iv), or κ̄ : Rm
+ → Rℓ Proposition 8.5(vi). See Remark 8.7

tκ . . . . . . . . . . . . . . . . first conjugate time for model LQ problems, Proposition 8.5
DOMκ̄ . . . . . . . . . . . positivity domain for model functions in the vector case, Propo-

sition 8.5
V 0 . . . . . . . . . . . . . . . annihilator of a vector space/bundle V , Section 9
Λ̸=0 . . . . . . . . . . . . . . for Λ, the set of λ ∈ Λ ⊆ T ∗M s.t. H(λ) ̸= 0, Section 9.2
H⃗ . . . . . . . . . . . . . . . . Hamiltonian vector field, Appendix B
Y . . . . . . . . . . . . . . . . reduced Young diagram of a Jacobi curve, Appendix B
Υ . . . . . . . . . . . . . . . . set of levels of a reduced Young diagram, Appendix B
size(·) . . . . . . . . . . . . size of a superbox of a reduced Young diagram, Appendix B
{Ea, Fb}a,b∈Y . . . . . canonical frame, Appendix B
R . . . . . . . . . . . . . . . . canonical curvature, Appendix B
Ric . . . . . . . . . . . . . . canonical Ricci curvature, Appendix B
ρm . . . . . . . . . . . . . . . geodesic volume derivative, Appendix B
⊠,⊞,⊡,⊟ . . . . . . . . superbox of a Young diagram (notation used in Section 9)

3 Synthetic Ricci curvature lower bounds for gauge spaces

3.1 Preliminaries and notation

3.1.1 Convergence of measures

Throughout all the paper, (X, d) is a complete and separable metric space. Denote
with Mloc(X) the set of Borel measures with values in [0,+∞] which are finite on every
bounded subset and with M (X) the collection of all finite Borel measures. Notice that
every measure in Mloc(X) is σ-finite, by the exhaustion X = ∪j∈NBj(x), for some x ∈ X.

We endow Mloc(X) with the (weak) topology induced by the duality with the space
Cbs(X) of bounded and continuous functions on X with bounded support: a sequence
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(µj)j∈N ⊂ Mloc(X) converges weakly1 to µ∞ ∈ Mloc(X) if

lim
j→∞

∫
X
f µj =

∫
X
f µ∞, ∀ f ∈ Cbs(X). (3.1)

Let P(X) denote the set of Borel probability measures and Pbs(X, d) the set of
probability measures with bounded support.

When (µj)j∈N∪{∞} ⊂ P(X), the weak convergence (3.1) is equivalent to the narrow
convergence, i.e. convergence in P(X) in duality with the space Cb(X) of bounded and
continuous functions on X:

lim
j→∞

∫
X
f µj =

∫
X
f µ∞, ∀ f ∈ Cb(X).

Let us mention that [86] adopts the convention “weak convergence” for what we denote
as “narrow convergence” in P(X); however, since our convention of “weak” and “narrow”
give equivalent notions of convergence on P(X), there is no ambiguity.

Relative narrow compactness in P(X) can be characterized by Prokhorov’s Theorem.
In order to state it, recall that a subset K ⊂ P(X) is said to be tight if, for every ε > 0,
there exists a compact subset Kε ⊂ X such that

µ(X \Kε) ≤ ε, ∀µ ∈ K.

Theorem 3.1 (Prokhorov). Let (X, d) be complete and separable, and let K ⊂ P(X).
Then K is pre-compact in the narrow topology if and only if K is tight.

3.1.2 Optimal transport and W2-distance in metric spaces

Recall that if f : X → Y is a Borel map between the separable metric spaces (X, dX),
(Y, dY ), then any Borel (resp. probability) measure µ can be pushed forward to a Borel
(resp. probability) measure f♯µ defined as (f♯µ)(B) := µ(f−1(B)) for every Borel subset
B ⊂ Y . Call Pi : X × X → X, i = 1, 2, the projection on the ith factor. Given
µi ∈ P(X), i = 1, 2, denote

Cpl(µ1, µ2) := {π ∈ P(X ×X) | (Pi)♯π = µi, i = 1, 2}

the set of admissible couplings (also called “transference plans”) from µ1 to µ2. Let
P2(X, d) the subspace of probability measures with finite second moment, i.e.

P2(X, d) :=
{
µ ∈ P(X) |

∫
X

d(x, x̄)2 µ(dx) < ∞ for some (and thus for all) x̄ ∈ X

}
.

We endow the space P2(X) with the quadratic (Kantorovich-Rubinstein-Wasserstein)
transportation distance W2 defined as

W2(µ, ν)2 := inf
π∈Cpl(µ,ν)

∫
X×X

d2(x, y)π(dxdy).

1Such weak convergence of measures is also known in the literature as “convergence in vague topology”.
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A coupling π ∈ Cpl(µ, ν) achieving the infimum in the right hand side is called optimal
coupling from µ to ν, and the set of such optimal couplings is denoted by Opt(µ, ν).
Since Cpl(µ, ν) is non-empty and compact in the weak topology, it is easily checked that
Opt(µ, ν) ̸= ∅.

It is well-known that (P2(X, d),W2) is a complete and separable metric space (see
e.g. [86]). In order to discuss the relation between the narrow and W2 convergence, recall
that a subset K ⊂ P2(X) is 2-uniformly integrable provided that

lim
R→∞

sup
µ∈K

∫
X\BR(x̄)

d2(x, x̄)µ(dx) = 0, for some (and thus for every) x̄ ∈ X.

For a proof of the following result see for instance [86, Thm. 6.8].

Proposition 3.2 (Characterization of W2 convergence). Let (X, d) be a complete and
separable metric space and (µj)j∈N∪{∞} ⊂ P2(X, d). Then the following are equivalent:

• (µj)j∈N is 2-uniformly integrable and converges narrowly to µ∞;

• W2(µj , µ∞) → 0 as j → ∞.

We next recall some basics about the geodesic structure of (P2(X, d),W2), cf. [86].
A geodesic is a curve γ : [0, 1] → X satisfying

d(γs, γt) = |s− t| d(γ0, γ1), ∀ s, t ∈ [0, 1].

In particular, geodesics are length-minimizing and parametrized with constant speed on
the interval [0, 1].

The space of all geodesics on (X, d) is denoted by Geo(X), which is endowed with
the complete and separable distance

dGeo(X)(γ, η) := sup
t∈[0,1]

d(γt, ηt).

Recall that (X, d) is said to be a geodesic space if every two points in X can be joined
by a geodesic; (X, d) is a geodesic space if and only if (P2(X, d),W2) is so.

A useful procedure is to represent a geodesic in (P2(X, d),W2) by a single probability
measure defined on Geo(X). More precisely: for everyW2-geodesic (µt)t∈[0,1] ⊂ P2(X, d),
there exists ν ∈ P(Geo(X)) such that µt = (et)♯(ν) for all t ∈ [0, 1], where

et : Geo(X) → X, et(γ) := γt,

is the evaluation map. Such a measure ν is called an optimal dynamical plan from µ0 to
µ1, the set of which is denoted by OptGeo(µ0, µ1). Given ν ∈ P(Geo(X)), it holds that
ν ∈ OptGeo(µ0, µ1) if and only if (e0, e1)♯ν ∈ Opt(µ0, µ1).

A set Γ ⊂ Geo(X) is a set of non-branching geodesics if and only if for any γ1, γ2 ∈ Γ,
it holds:

∃ t̄ ∈ (0, 1) such that ∀ t ∈ [0, t̄ ] γ1
t = γ2

t =⇒ γ1
s = γ2

s , ∀ s ∈ [0, 1].
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It is clear that if (X, d) is a smooth Riemannian manifold, then any subset Γ ⊂ Geo(X)
is a set of non branching geodesics. This is true, more generally, if (X, d) is an ideal
sub-Riemannian manifold, i.e. admitting no non-trivial abnormal geodesics: in fact, a
sub-Riemannian geodesic can branch only if it contains an abnormal segment, cf. [68].

We endow the metric space (X, d) with a measure m ∈ Mloc(X), i.e. non-negative
and finite on bounded sets. The triple (X, d,m) is called metric measure space (m.m.s.
for short). We denote with Pac(X,m) ⊂ P(X) the subspace of probability measures
which are absolutely continuous with respect to the reference measure m.

A metric measure space (X, d,m) is essentially non-branching if and only if for any
µ0, µ1 ∈ P2(X, d) ∩ Pac(X,m), any ν ∈ OptGeo(µ0, µ1) is concentrated on a set Γ ⊂
Geo(X) of non-branching geodesics.

3.1.3 Relative entropies

For µ ∈ P2(X), we define its relative (Boltzmann-Shannon) entropy by

Ent(µ|m) :=
∫

X
ρ log(ρ)m, if µ = ρm ∈ P2(X) ∩ Pac(X,m),

in case ρ log(ρ) ∈ L1(X,m), otherwise we set Ent(µ|m) := +∞.
Since (0,+∞) ∋ x 7→ x log x is convex, Jensen’s inequality gives

Ent(µ|m) ≥ − logm(suppµ), ∀µ ∈ P(X) with m(suppµ) < ∞. (3.2)

We set Dom(Ent(·|m)) := {µ ∈ P2(X) | Ent(µ|m) ∈ R} to be the finiteness domain
of the entropy and

Pbs(X, d,m) := {µ ∈ Pbs(X, d) | supp µ ⊆ supp m},
P∗

bs(X, d,m) := Dom(Ent(·|m)) ∩ Pbs(X, d,m).

In order to formulate “dimensional” Ricci curvature lower bounds, it is convenient
to introduce also the following dimensional entropy (cf. [44]):

Un(µ|m) := exp
(

−Ent(µ|m)
n

)
, n ∈ [1,+∞),

with the understanding that Un(µ|m) := 0 if µ /∈ Dom(Ent(·|m)).

3.2 Gauge functions on metric spaces

In order to obtain a unified framework

• embracing both sub-Riemannian structures and Lott-Sturm-Villani’s CD m.m.s.,

• yielding sharp geometric and functional inequalities,
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we add an additional structure to a metric measure space (X, d,m), that is a non-negative
Borel function, called gauge function:

G : X ×X → [0,+∞]. (3.3)

The following analogy explains the role of the gauge function. A Riemannian mani-
fold (M, g) has Ricci curvature bounded from below if there exists K ∈ R such that, for
all x, y ∈ M and any geodesic γ between x and y it holds

Ric(γ̇, γ̇) ≥ K∥γ̇∥2 = K d(γ0, γ1)2.

The distance function d is used in the right hand side as a gauge to measure the extent
of the lower Ricci curvature bound, quantified by the constant K. The idea is to replace
the distance d with a general gauge function G for curvature bounds.

Gauge functions will be key in our extension of the synthetic theory of curvature
bounds to the sub-Riemannian setting, where it is well-known that the effect of the
curvature on transport inequalities is not expressed via the distance but rather via other
intrinsically sub-Riemannian functions (a phenomenon observed in [19], [24, Sec. 8.1]).

3.3 Curvature-dimension conditions for gauge spaces

Let s : [0,+∞) → R be a continuous function, with N ∈ [1,+∞) such that

s(θ) = c θN + o(θN ) for some c > 0. (3.4)

The parameter N will be the sharp upper bound for a new notion of dimension, which
is in general different from the Hausdorff one, see Section 4.5. Denote:

D := inf{θ > 0 | s(θ) = 0}. (3.5)

From the assumptions on s it is clear that D > 0. The parameter D will give a sharp
upper bound on the gauge function, see Section 4.3. Define the distortion coefficient
β(·)(·) : [0, 1] × [0,+∞] → [0,+∞] as

(t, θ) ∈ [0, 1] × [0,+∞] 7→ βt(θ) :=


tN θ = 0,
s(tθ)
s(θ) 0 < θ < D,

lim inf
ϕ→D−

s(tϕ)
s(ϕ) θ ≥ D.

(3.6)

Remark 3.3. In applications to sub-Riemannian geometry, the function s is chosen in a
class of models which are characterized as solutions to suitable ODEs, see Proposition
8.5 and Remark 8.6. However, here we develop the theory in full generality.

We collect some elementary properties following from the definition.

Proposition 3.4. Any distortion coefficient satisfies the following:
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(i) β0(θ) = 0 and β1(θ) = 1 for all θ ∈ [0,+∞];

(ii) if D < +∞, then βt(θ) = +∞ for all θ ≥ D and t ∈ (0, 1);

(iii) βt(θ) = 0 for some θ < +∞ if and only if t = 0;

(iv) for every t ∈ [0, 1], θj , θ ∈ [0,+∞), if θj → θ then βt(θj) → βt(θ) in [0,+∞];

(v) β is continuous and finite when restricted to [0, 1] × [0,D);

(vi) for all fixed t ∈ (0, 1], the distortion coefficient βt(·) is bounded from below away
from zero on any bounded set of [0,+∞);

(vii) assume that D < +∞, and that s ∈ Cω([0,D]). Then there exists N ′ ≥ N such
that βt(θ) ≥ tN

′ for all t ∈ [0, 1] and θ ∈ [0,+∞].

Definition 3.5. Let n ∈ [1,+∞), and β as in (3.6). We say that a metric measure
space (X, d,m) with gauge G satisfies:

• CD(β, n) if for all µ0 ∈ Pbs(X, d,m), µ1 ∈ P∗
bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅,

there exists a W2-geodesic (µt)t∈[0,1] ⊂ P2(X, d) connecting them, induced by
ν ∈ OptGeo(µ0, µ1), such that it holds

Un(µt|m) ≥ exp
(

1
n

∫
Geo(X)

log β1−t
(
G(γ1, γ0)) ν(dγ)

)
Un(µ0|m)

+ exp
(

1
n

∫
Geo(X)

log βt
(
G(γ0, γ1)

)
ν(dγ)

)
Un(µ1|m), ∀ t ∈ (0, 1), (3.7)

with the convention that ∞ · 0 = 0. We say that CD(β, n) is satisfied in the strong
sense if (3.7) is satisfied for all W2-geodesics connecting µ0 and µ1.

• MCP(β) if for any x̄ ∈ suppm and µ1 ∈ P∗
bs(X, d,m) with x̄ /∈ suppµ1 there exists

a W2-geodesic (µt)t∈[0,1] ⊂ P2(X, d) from µ0 = δx̄ to µ1 such that

Un(µt|m) ≥ exp
( 1
n

∫
X

log βt
(
G(x̄, x)

)
µ1(dx)

)
Un(µ1|m), ∀ t ∈ (0, 1), (3.8)

for some (and then every) n ≥ 1.

Remark 3.6. Notice that (3.8) is equivalent to

Ent(µt|m) ≤ Ent(µ1|m) −
∫

X
log βt

(
G(x̄, x)

)
µ1(dx), ∀ t ∈ (0, 1), (3.9)

so that (3.8) does not depend on the value of n.
Remark 3.7 (CD implies MCP). It is clear that, with our definitions, CD(β, n) for some
n ∈ [1,+∞) implies MCP(β), since one can choose in (3.7) µ0 equal to a Dirac mass.
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Remark 3.8 (About the absolute continuity of µ0). Our definition of CD(β, n) is not
symmetric, in the sense that µ0 ∈ Pbs(X, d,m) while µ1 ∈ P∗

bs(X, d,m), and in particular
µ1 ≪ m. When G is not continuous, the flexibility to take a non-absolutely continuous
µ0 turns out to be technically convenient; for instance it makes neat the implication
CD(β, n) ⇒ MCP(β), implication which would not be clear otherwise.

On the other hand, if the gauge function G : X × X → [0,+∞) is continuous, via
a standard approximation argument it is possible to see that the CD(β, n) condition of
Definition 3.5 is equivalent to the following, symmetric, requirement: for all µ0, µ1 ∈
P∗

bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅, there exists a W2-geodesic (µt)t∈[0,1] ⊂ P2(X, d)
connecting them, induced by ν ∈ OptGeo(µ0, µ1), such that (3.7) holds. The latter
formulation is closer in spirit to Lott-Sturm-Villani’s curvature-dimension conditions for
metric measure spaces; note that in this case G = d is of course continuous.
Remark 3.9 (Geodesic property for Dom(Ent(·|m)) ⊂ P2(X, d) and length property for
suppm). The fact that (X, d,m) satisfies CD(β, n) implies directly from the definition
that Dom(Ent(·|m)) ⊂ P2(X, d) is a geodesic space (with metric W2). Moreover if
(X, d,m) satisfies CD(β, n) or MCP(β), then suppm is a length space (with metric d);
the proof follows verbatim [83, Remark 4.6, (iii)] and thus is omitted. We stress that
these facts do not use the inequalities (3.7) or (3.8), but only the existence of W2-
geodesics between suitable pairs of measures. Moreover, as a consequence of [36, Thm.
1.1] it follows that: if (X, d,m) is an essentially non-branching MCP(K,N) space, then
Dom(Ent(·|m)) ⊂ P2(X, d) is a geodesic space (with metric W2). Along the same lines,
one can prove that Dom(Ent(·|m)) ⊂ P2(X, d) is a geodesic space under the assumption
that (X, d,m) is an essentially non-branching MCP(β) space.

Fix a metric measure space (X, d,m) with gauge function G. The next proposition
contains interpolation and monotonicity properties of the CD classes.

Proposition 3.10. Let α, β, β0, β1 distortion coefficients as in (3.6), let n, n0, n1 ≥ 1,
and θ ∈ [0, 1]. Then the following properties hold

(i) CD(β0, n0) ∩ CD(β1, n1) with at least one of the two being satisfied in the strong
sense =⇒ CD(βθ, nθ) where we have set

βθ := β1−θ
0 βθ

1 , nθ := (1 − θ)n0 + θn1;

(ii) if m ≥ 0. Then CD(β, n) =⇒ CD(tmβ, n+m);

(iii) if β ≥ α, then CD(β, n) =⇒ CD(α, n).

Proof. Proof of (i). Observe that Un = (Um) m
n for all n,m ≥ 1. Hence

Unθ
= U(1−θ)

nθ
Uθ

nθ
= U

(1−θ) n0
nθ

n0 U
θ

n1
nθ

n1 .

Since at least one of the two CD(βi, ni) conditions is satisfied in the strong sense, we may
assume that for any given µ0 ∈ Pbs(X, d,m), µ1 ∈ P∗

bs(X, d,m), suppµ0 ∩ suppµ1 = ∅
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there exists a W2-geodesic (µt)t∈[0,1] such that

Uni(µt|m) ≥ exp
(

1
ni

∫
Geo(X)

log βi,1−t
(
G(γ1, γ0)

)
ν(dγ)

)
Uni(µ0|m)

+ exp
(

1
ni

∫
Geo(X)

log βi,t
(
G(γ0, γ1)

)
ν(dγ)

)
Uni(µ1|m), ∀ t ∈ (0, 1), i = 0, 1.

For i = 0, 1 and t ∈ (0, 1), set

ai,t := exp
(

1
ni

∫
Geo(X)

log βi,1−t
(
G(γ1, γ0)

)
ν(dγ)

)
,

bi,t := exp
(

1
ni

∫
Geo(X)

log βi,t
(
G(γ0, γ1)

)
ν(dγ)

)
.

Omitting m from the notation, we have

Unθ
(µt) = Un0(µt)

(1−θ) n0
nθ Un1(µt)

θ
n1
nθ

≥ [a0,tUn0(µ0) + b0,tUn0(µ1)](1−θ) n0
nθ [a1,tUn1(µ0) + b1,tUn1(µ1)]θ

n1
nθ .

Now we use the Hölder inequality: for 1
p + 1

q = 1 we have for positive xj , yj m∑
j=1

xj

1/p m∑
j=1

yj

1/q

≥
m∑

j=1
x

1/p
j y

1/q
j .

Hence we obtain

Unθ
(µt) ≥ a

(1−θ) n0
nθ

0,t a
θ

n1
nθ

1,t Unθ
(µ0) + b

(1−θ) n0
nθ

0,t b
θ

n1
nθ

1,t Unθ
(µ1).

This corresponds to the desired inequality for the condition CD(βθ, nθ).
Proof of (ii). We observe first that the map R2 ∋ (x, y) 7→ log(ex + ey) is convex,

and thus for n ≥ 1, m ≥ 0, all t ∈ (0, 1) and x, y ∈ R it holds
n

n+m
log(ex + ey) = n

n+m
log(ex + ey) + m

n+m
log

(
elog(1−t) + elog t

)
≥ log

(
e

n
n+m x+ m

m+n log(1−t) + e
n

n+m y+ m
n+m log t

)
. (3.10)

Fix a W2-geodesic (µt)t∈[0,1] for which the CD(β, n) inequality holds true. Observe that:

log Un+m(µt) = n

n+m
log Un(µt), ∀ t ∈ [0, 1].

Using the CD(β, n) inequality in the previous identity and applying (3.10), we immedi-
ately obtain the validity of the CD(tmβ, n+m) condition.

Proof of (iii). Obvious.
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Proposition 3.11. Let (X, d,m) be essentially non-branching. Assume that (X, d,m)
with gauge G = d satisfies the MCP(β), for β defined as in (3.6) in terms of a function
s as in (3.4), with order N at zero. If D is finite and s ∈ Cω([0,D]), then there exists
N ′ ≥ N such that (X, d,m) satisfies the MCP(tN ′) with gauge G = d and thus (X, d,m)
satisfies the classical measure contraction property MCP(0, N ′).

Proof. By Proposition 3.4(vii), there exists N ′ ≥ N such that βt ≥ tN
′ for all t ∈ [0, 1].

Hence MCP(tN ′) holds and we conclude by Theorem 3.12(ii).

3.3.1 Recovering the Lott-Sturm-Villani’s theory

In this section we explain how our general theory of curvature bounds for gauge spaces
contains the classical curvature-dimension theory for m.m.s. à la Lott-Sturm-Villani. In
this section we consider K ∈ R and N ∈ [1,+∞). Set

[0,+∞] ∋ θ 7→ sK,N (θ) =


sin
(
θ
√
K/N

)N
K > 0,

θN K = 0,
sinh

(
θ
√

−K/N
)N

K < 0.

Notice that sK,N (θ) has order N as θ → 0 for all K ∈ R. Moreover,

DK,N = inf{θ > 0 | sK,N (θ) = 0} =


π√
K/N

K > 0,

+∞ K ≤ 0.

The corresponding distortion coefficient, following the recipe of (3.6), is then

[0, 1] × [0,+∞] ∋ (t, θ) 7→ (βσ
K,N )t(θ) =



+∞ Kθ2 ≥ Nπ2,

sin
(

tθ
√

K/N
)N

sin
(

θ
√

K/N
)N 0 < Kθ2 < Nπ2,

tN Kθ2 = 0,
sinh
(

tθ
√

|K|/N
)N

sinh
(

θ
√

|K|/N
)N Kθ2 < 0.

The notation is motivated by the fact that

(βσ
K,N )t(θ) =

(
σ

(t)
K,N (θ)

)N
, ∀ t ∈ [0, 1], ∀ θ ∈ [0,+∞), (3.11)
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where σ(·)
K,N (·) are the functions considered in [17, 44] (note that [44] used the notation

σ
(·)
K/N (·)). Consider also

[0, 1]×[0,+∞] ∋ (t, θ) 7→ (βτ
K,N )t(θ) =



+∞ Kθ2 ≥ (N − 1)π2,

t
sin
(

tθ
√

K/(N−1)
)N−1

sin
(

θ
√

K/(N−1)
)N−1 0 < Kθ2 < (N − 1)π2,

tN Kθ2 = 0,

t
sinh
(

tθ
√

|K|/(N−1)
)N−1

sinh
(

θ
√

|K|/(N−1)
)N−1 Kθ2 < 0.

Again, the notation is motivated by the fact that

(βτ
K,N )t(θ) =

(
τ

(t)
K,N (θ)

)N
, ∀ t ∈ [0, 1], ∀ θ ∈ [0,+∞), (3.12)

where τ (t)
K,N (θ) := t1/Nσ

(t)
K,N−1(θ)1−1/N are the functions considered in [84].

Theorem 3.12. Let (X, d,m) be an essentially non-branching m.m.s. equipped with the
gauge function G = d. The following hold:

(i) (X, d,m) satisfies the entropic curvature-dimension condition CDe(K,N) of Erbar-
Kuwada-Sturm [44] if and only if (X, d,m,G) satisfies CD(βσ

K,N , N) in the sense
of Definition 3.5;

(ii) (X, d,m) satisfies the measure contraction property MCP(K,N) in the formula-
tion of Ohta [72] if and only if (X, d,m,G) satisfies MCP(βτ

K,N ) in the sense of
Definition 3.5.

Proof. Proof of (i), CD(βσ
K,N , N) ⇒ CDe(K,N). The map θ 7→ log

[
(βσ

K,N )t(
√
θ)
]

is
convex, as one can check by a direct computation. Using Jensen’s inequality, it follows
that for any ν ∈ OptGeo(µ0, µ1)

1
N

∫
Geo(X)

log(βσ
K,N )t(d(γ1, γ0))ν(dγ) ≥ 1

N
log(βσ

K,N )t

(√∫
Geo(X)

d(γ1, γ0)2ν(dγ)
)

= 1
N

log
[
(βσ

K,N )t(W2(µ0, µ1))
]

= log σ(t)
K/N (W2(µ0, µ1)) .

Thus, if (X, d,m) is a metric measure space satisfying the CD(βσ
K,N , N) condition for the

Gauge function G = d, then the entropic CDe(K,N) convexity inequality of [44] is sat-
isfied for measures µ0, µ1 ∈ P∗

bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅. A straightforward
approximation argument, yields the validity of the CDe(K,N) convexity inequality for
measures µ0, µ1 ∈ P∗

bs(X, d,m) with m(suppµ0 ∩suppµ1) = 0. At this point, one can fol-
low verbatim the proof of [44, Thm. 3.12, (iii) ⇒ (ii)] (noticing that there the CDe(K,N)
convexity inequality is used only for measures whose supports have m-negligible inter-
section) and infer that for any µ0, µ1 ∈ P∗

bs(X, d,m) (without any condition on the
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intersection of the supports) there exists ν ∈ OptGeo(µ0, µ1) such that (et)♯ν ≪ m for
all t ∈ (0, 1) and

ρt(γt)− 1
N ≥ σ

(1−t)
K/N (d(γ0, γ1))ρ0(γ0)− 1

N + σ
(t)
K/N (d(γ0, γ1))ρ1(γ1)− 1

N , (3.13)

for ν-a.e. γ ∈ Geo(X), where ρt is the density of (et)♯ν w.r.t. m. Using now [44, Thm.
3.12, (ii) ⇒ (iii)] we infer that (X, d,m) satisfies the entropic curvature-dimension con-
dition CDe(K,N).

Proof of (i), CDe(K,N) ⇒ CD(βσ
K,N , N). Conversely, if (X, d,m) is essentially

non-branching and it satisfies CDe(K,N), then from [44, Thm. 3.12, (iii) ⇒ (ii)] we
know that for any µ0, µ1 ∈ P∗

bs(X, d,m) there exists ν ∈ OptGeo(µ0, µ1) such that
(et)♯ν ≪ m for all t ∈ (0, 1) and (3.13) hold for ν-a.e. γ ∈ Geo(X), where ρt is the
density of (et)♯ν w.r.t. m. With the same argument one can prove that (3.13) holds
more generally when µ0 ∈ Pbs(X, d,m), up to removing the first term in the right hand
side (we will assume this convention throughout the proof). We rewrite (3.13) as

− 1
N

log ρt(γt) ≥ log
[
exp

(
− 1
N

log ρ0(γ0) + log a1−t(γ0, γ1)
)

+ exp
(

− 1
N

log ρ1(γ1) + log at(γ0, γ1)
)]

, (3.14)

where we set at(γ0, γ1) = σ
(t)
K/N (d(γ0, γ1)). Recalling that the map (x, y) 7→ log(ex + ey)

is convex, integrating (3.14) w.r.t. ν and using Jensen’s inequality, we obtain

− 1
N

Ent(µt|m) ≥ log
[
exp

(
− 1
N

Ent(µ0|m) +
∫

Geo(X)
log a1−t(γ0, γ1)ν(dγ)

)

+ exp
(

− 1
N

Ent(µ1|m) +
∫

Geo(X)
log at(γ0, γ1)ν(dγ)

)]
. (3.15)

Taking the exponential of (3.15) and recalling (3.11), we obtain that (X, d,m) endowed
with the gauge function G = d satisfies the CD(βσ

K,N , N) condition (3.7).
Proof of (ii), MCP(βτ

K,N ) ⇒ MCP(K,N). Using (3.12) and arguing along the
lines of the proof of [44, Thm. 3.12, (iii) ⇒ (ii)], one uses the essential non-branching
assumption to localize the MCP(βτ

K,N ) integral estimate to a pointwise estimate along
geodesics. More precisely, one can show that for every µ1 ∈ P∗

bs(X, d,m) and every
x0 ∈ suppm \ suppµ1 there exists ν ∈ OptGeo(δx0 , µ1) such that (et)♯ν ≪ m for all
t ∈ (0, 1) and

ρt(γt) ≤ τ
(t)
K,N (d(γ0, γ1))−Nρ1(γ1), ν-a.e. γ ∈ Geo(X), (3.16)

where ρt denotes the density of (et)♯ν w.r.t. m. Let A be a bounded Borel set with positive
measure and let x0 ∈ suppm\ Ā, where Ā is the closure of A. Letting µ1 := m(A)−1 m⌞A

and applying (3.16), one gets
1

ρt(γt)
≥ τ

(t)
K,N (d(γ0, γ1))N m(A), ν-a.e. γ ∈ Geo(X).
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Let now E ⊂ X be an arbitrary Borel set. Integrating the last inequality over e−1
t (E)

and recalling that (et)♯ν = ρt m, yields

m(E) =
∫

e−1
t (E)

1
ρt(γt)

ν(dγ)

≥
∫

e−1
t (E)

τ
(t)
K,N (d(γ0, γ1))N m(A) ν(dγ).

One thus obtains Ohta’s [72] formulation of MCP(K,N)

m ≥ (et)♯

(
τ

(t)
K,N

(
d(γ0, γ1)

)N
m(A) ν

)
, (3.17)

with the caveat x0 ∈ suppm\ Ā and A bounded. The general case follows by a standard
approximation argument, that we sketch below.

Observing that the distance is a meek gauge function in the sense of Definition 4.23,
the generalized Bishop-Gromov Theorem 4.25 holds. We infer that m({x}) = 0 for every
x ∈ X and that (suppm, d) is a proper metric space (see Corollary 4.16).

Let A be a bounded Borel set with positive measure and let x0 ∈ Ā ∩ suppm. For
ε > 0 small enough we have that m(A \Bε(x0)) > 0. Set

µ1,ε := (m(A \Bε(x0)))−1 m⌞A\Bε(x0).

From the discussion above, we know that there exists νε ∈ OptGeo(δx0 , µ1,ε) such that

m ≥ (et)♯

(
τ

(t)
K,N

(
d(γ0, γ1)

)N
m
(
A \Bε(x0)

)
νε

)
.

By letting ε ↓ 0, by stability of optimal transport [86, Thm. 28.9] and using that
(suppm, d) is a proper metric space, one obtains that there exists ν ∈ OptGeo(δx0 , µ1)
such that (3.17) holds. For a general Borel set A of finite positive measure: intersect A
with the metric ball BR(x0), obtain (3.17) and take the limit as R ↑ +∞ to conclude.

Proof of (ii), MCP(K,N) ⇒ MCP(βτ
K,N ). Conversely, it is standard to check

that (3.17) implies (3.16) (see for instance [36, App. A]). Arguing along the lines of
CDe(K,N) ⇒ CD(βσ

K,N , N), we obtain that (X, d,m) endowed with the gauge function
G = d satisfies the MCP(βτ

K,N ) condition (3.8).

Remark 3.13 (Connection with other synthetic formulations). Let K ∈ R, N ∈ [1,+∞).
In case (X, d,m) is essentially non-branching:

• It was proved in [44, Thm. 3.12] that the reduced CD∗(K,N) condition (see [17])
is equivalent to the entropic CDe(K,N).

• The CD(K,N) condition (as in [84]) is equivalent to CD∗(K,N). This is a deep
result establishing the local-to-global property for CD(K,N); it was proved in [35]
in case m(X) < ∞. Their approach is based on the needle decomposition of [58]
and the localization technique developed in [37].
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• Ohta’s [72] and Sturm’s [84] formulations of MCP(K,N) are equivalent, see for
instance [36, App. A].

• Our theory is modeled on the convexity inequalities for the entropic curvature-
dimension condition à la Erbar-Kuwada-Sturm [44], that involves the functional
UN . One could have developed the theory studying instead the Renyi entropy
functional, as in [84, 17], or general functionals in the McCann class DC(N) as in
[65, 64], with analogous outcomes. For a discussion of connections between the
approach in [65, 64] and the CD∗(K,N) condition see for instance [14, Sec. 9].

Remark 3.14 (Connection with E. Milman’s theory). In [69], E. Milman introduced a
quasi-convex relaxation of the Lott–Sturm–Villani’s CD(K,N), called the Quasi Cur-
vature-Dimension condition QCD(Q,K,N), see [69, Def. 2.3]. Q ≥ 1 is an auxiliary
parameter so that for Q = 1 the QCD(1,K,N) is equivalent to the CD(K,N), and it is
strictly weaker than the latter for Q > 1. With the same arguments used in the proof
of Theorem 3.12, for essentially non-branching m.m.s., the QCD(Q,K,N) for N = n
corresponds to the CD(β, n) inequality (3.8) with gauge function G = d, and

βt(θ) = 1
Q

(βτ
K,n)t(θ), ∀ t ∈ [0, 1], ∀ θ ∈ [0,+∞), (3.18)

where (βτ
K,n)t is the same coefficient (3.12) of the Lott-Sturm-Villani’s theory. Formally

the coefficient (3.18) is not of the form (3.6) due to the extra factor 1/Q. However, all
results of Section 4 hold with the same proofs for this more general class of coefficients,
up to keeping track of this extra factor in the statements.

On the other hand the finer Curvature-Geodesic-Topological-Dimension condition
CGTD(K,N, n) introduced by E. Milman in [69, Sec. 7], for K ∈ R, n ≥ 1 and N ≥ n
corresponds to the CD(βτ

K,N , n) for gauge function G = d.
Notice that for Q = 1 and N = n, CGTD(K,N, n) and QCD(Q,K,N) are equivalent,

and in turn equivalent to the classical CD(K,N).

3.3.2 Recovering the Balogh-Kristály-Sipos’ theory

In this section we show how the general theory introduced above also contains the one
developed in [19] for Heisenberg groups.

Let d ≥ 1. The Heisenberg group Hd is the non-commutative group structure on
R2d+1 given, in coordinates (x1, . . . , xd, y1, . . . , yd, z), by the law

(x, y, z) ⋆ (x′, y′, z′) =
(
x+ x′, y + y′, z + z′ +

d∑
i=1

1
2(xiy

′
i − yix

′
i)
)
.

Consider the 2d left-invariant vector fields

Xi = ∂

∂xi
− yi

2
∂

∂z
, Yi = ∂

∂yi
+ xi

2
∂

∂z
, i = 1, . . . , d,
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and the left-invariant metric making {Xi, Yi}d
i=1 a global orthonormal frame. We equip

Hd with the associated sub-Riemannian (Carnot-Carathéodory) distance, denoted by dcc

(see Appendix A), and the Lebesgue measure L 2d+1, which is a Haar measure.
We set

s(θ) = θ sin
(
θ

2

)2d−1 [
sin
(
θ

2

)
− θ

2 cos
(
θ

2

)]
, θ ∈ [0,+∞).

Notice that s(θ) has order N = 2d+ 3 as θ → 0. Moreover, it holds

D = inf{θ > 0 | sd(θ) = 0} = 2π.

The corresponding distortion coefficient, following the recipe of (3.6), is then

[0, 1] × [0,+∞] ∋ (t, θ) 7→

βHd

t (θ) =



t2d+3 θ = 0,

t
sin
(

tθ
2

)2d−1 [
sin
(

tθ
2

)
− tθ

2 cos
(

tθ
2

)]
sin
(

θ
2

)2d−1 [
sin
(

θ
2

)
− θ

2 cos
(

θ
2

)] 0 < θ < 2π,

+∞ θ ≥ 2π, t ̸= 0,
0 θ ≥ 2π, t = 0.

We highlight in particular the following identity

βHd

t (θ) = (τd
t (θ))2d+1, ∀ t ∈ [0, 1], ∀ θ ∈ [0, 2π],

where τd
s (θ) is the function considered in [19, Eq. (1.6)].

The main result [19, Thm. 1.1] is a Jacobian determinant inequality which permits by
standard manipulations to obtain an interpolation inequality for optimal transport, see
[19, Eq. (3.17), p. 61]. More precisely, for all µ0, µ1 ∈ P∗

bs(Hd, dcc,L 2d+1), there exists
ν ∈ OptGeo(µ0, µ1) associated with a W2-geodesic (µt)t∈[0,1] such that µt ≪ L 2d+1 for
all t ∈ (0, 1], for ν-a.e. γ it holds (γ0, γt) /∈ Cut(Hd) for all t ∈ (0, 1], and

1
ρt(γt)1/(2d+1) ≥

βHd

1−t(θγ1,γ0)1/(2d+1)

ρ0(γ0)1/(2d+1) + βHd

t (θγ0,γ1)1/(2d+1)

ρ1(γ1)1/(2d+1) , ∀ t ∈ [0, 1], (3.19)

where ρt = dµt

dL 2d+1 , and θx,y is the vertical norm of the covector associated with the
geodesic joining x and y, for (x, y) /∈ Cut(Hd). In (3.19) we use the convention that if
µ0 is not absolutely continuous then the first term in the right hand side is omitted.

Using the definition of Un, the convexity of the map R2 ∋ (x, y) 7→ log(ex + ey) and
Jensen’s inequality, one establishes the validity of the CD(β, 2d+ 1), with β = βHd .

We stress that the argument in the r.h.s. of (3.19) does not depend on the distance.
It is then natural to set as a gauge function any map G : Hd × Hd → [0,+∞] such that

G(x, y) := θx,y, ∀ (x, y) /∈ Cut(Hd).

Then the results of [19] can be restated within our framework as follows.

28



Theorem 3.15. The gauge m.m.s. (Hd, dcc,L 2d+1,G) satisfies the CD(βHd
, 2d+ 1).

It is not hard to check that βHd

t (θ) ≥ t2d+3 for all t ∈ [0, 1] and θ ∈ [0, 2π]. Therefore,
by Proposition 3.10(iii), the CD(βHd

, 2d+ 1) implies the CD(t2d+3, 2d+ 1). In turn, the
latter implies the classical MCP(0, 2d+3), originally established for Hd by Juillet in [54].

4 Geometric consequences

In this section we establish some geometric properties implied by the CD(β, n) condition
(compare with [44, 84, 65] for the Lott-Sturm-Villani’s CD(K,N) spaces).

4.1 Generalized Brunn-Minkowski inequality

Given two Borel sets A0, A1 ⊂ X, denote with At the set of t-intermediate points, i.e.

At := Zt(A0, A1) = {γt | γ ∈ Geo(X), γ0 ∈ A0, γ1 ∈ A1}. (4.1)

It is well-known that At is a Suslin set. For non-empty Borel sets A0, A1 ⊂ X, denote

βt(A0, A1) := sup
Ãi⊆Ai

inf{βt(G(x0, x1)) | xi ∈ Ãi ∩ suppm}, (4.2)

where the sup is taken over all full-measure non-empty subsets Ãi ⊆ Ai, for i = 0, 1. It
is clear from the definition (4.2) that

m(A0△Ã0) = m(A1△Ã1) = 0 =⇒ βt(A0, A1) = βt(Ã0, Ã1) ,

where A0, Ã0, A1, Ã1 ⊂ X are Borel sets and △ denotes the symmetric difference of sets.

Theorem 4.1 (Generalized Brunn-Minkowski inequality). Let (X, d,m) be a m.m.s.
with gauge function G, satisfying the CD(β, n) condition, with n ∈ [1,+∞) and β as in
(3.6). Let A0, A1 ⊂ X be Borel sets with m(A0),m(A1) > 0 and m(A0 ∩A1) = 0. Then

m̄(At)1/n ≥ β1−t(A1, A0)1/n ·m(A0)1/n +βt(A0, A1)1/n ·m(A1)1/n, ∀ t ∈ (0, 1), (4.3)

where m̄ is the completion of m, At is the set of t-intermediate points (4.1), and with the
convention that 0 · ∞ = 0.

Proof. Assume that m(Ai) < +∞ for i = 0, 1. We first reduce the proof to the bounded
and disjoint case. Since m(Ai) < +∞ and m(A0 ∩ A1) = 0, for any ε > 0 there exists
Ai,ε ⊂ Ai which is closed and bounded, A0,ε ∩A1,ε = ∅, and m(Ai,ε) → m(Ai) as ε → 0.
Furthermore, setting At,ε := Zt(A0,ε, A1,ε) the set of t-intermediate points from A0,ε to
A1,ε, it holds

βt(A0,ε, A1,ε) ≥ βt(A0, A1), βt(A1,ε, A0,ε) ≥ βt(A1, A0), At ⊃ At,ε.

Thus it is sufficient to prove (4.3) for closed and bounded sets A0, A1 with A0 ∩A1 = ∅.
Let µi := 1

m(Ai)m⌞Ai∈ P∗
bs(X, d,m) for i = 0, 1 and note that suppµ0 ∩ suppµ1 = ∅.
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Observe that Un(µi) = m(Ai)1/n. By assumption, there exists a W2-geodesic (µt)t∈[0,1]
joining them, and satisfying the inequality (3.7). We remark that µt is concentrated on
At, which is a Suslin set. Using Jensen’s inequality twice, we obtain

Un(µt) = exp
(

− 1
n

∫
X

log ρt dµt

)
≤
∫

X
ρ

−1/n
t dµt =

∫
At

ρ
1− 1

n
t dm̄ ≤ m̄(At)1/n.

Then (4.3) for sets of finite measure follows directly from the CD(β, n) inequality (3.7),
and from optimizing with respect to full-measure subsets of Ai.

Since m is σ-finite, we can prove the result for sets of possibly infinite measure by
approximating them with a monotone sequence of sets with finite measure.

With analogous arguments one obtains the next generalized half-Brunn-Minkowski
inequality for MCP(β), which will play a pivotal role in geometric applications.

Theorem 4.2 (Generalized half-Brunn-Minkowski inequality). Let (X, d,m) be a m.m.s.
with gauge function G, satisfying the MCP(β) condition, with β as in (3.6). Let A be a
Borel set with m(A) > 0, and x̄ ∈ suppm with m({x̄} ∩A) = 0. Then

m̄(At) ≥ βt(x̄, A) · m(A), ∀ t ∈ (0, 1), (4.4)

where m̄ is the completion of m, At denotes the set of t-intermediate points (4.1) between
A0 = {x̄} and A1 = A, and with the convention that 0 · ∞ = 0.

Remark 4.3. In case suppm is not a singleton, the condition m({x}) = 0 for every x ∈ X
is very natural: indeed it is satisfied for all smooth measures typically employed in sub-
Riemannian geometry, and it is implied by the generalized Bishop-Gromov Theorem
4.25(ii) under the assumption that G is meek (see Definition 4.23) and that the natural
assumption (4.17) holds (see also Remark 4.26). Recall that MCP(K,N) spaces (for
N ∈ [1,+∞), K ∈ R), thus including all CD(K,N) ones, satisfy this condition.
Remark 4.4. Let (µt)t∈[0,1] be a W2-geodesic between the uniform distributions on A0
and A1, for which the CD(β, n) inequality (3.7) holds. Then in the l.h.s. of (4.3) one can
replace At with any (possibly smaller) measurable set on which µt is concentrated. An
analogous remark applies for the l.h.s. of (4.4).

If the distortion coefficients are non-increasing or non-decreasing, then the above in-
equalities can be expressed in terms of the minimal/maximal value of the gauge function
G on an appropriate set. More precisely, if θ 7→ βt(θ) is non-decreasing or non-increasing
for all t ∈ (0, 1), then letting

Θ :=
{

inf{G(x0, x1) | xi ∈ Ai ∩ suppm, i = 1, 2} if θ 7→ βt(θ) is non-decreasing,
sup{G(x0, x1) | xi ∈ Ai ∩ suppm, i = 1, 2} if θ 7→ βt(θ) is non-increasing,

it holds
βt(A0, A1) ≥ βt(Θ).
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This observation, together with the fact that the classical distortion coefficients

(βτ
K,N )t(θ) = τ

(t)
K,N (θ)N , resp. (βσ

K,N )t(θ) = σ
(t)
K/N (θ)N ,

are non-increasing or non-decreasing (according to the sign of K), yields the familiar
forms of the generalized Brunn-Minkowski inequalities for classical CD(K,N) spaces
[84] (resp. for classical CD∗(K,N) or CDe(K,N) spaces [17, 44]; see also Theorem 3.12
and Remark 3.13).

4.2 MCP implies CD for spaces supporting interpolation inequalities

The implication CD ⇒ MCP is trivial with our definitions. Here we discuss the converse
implication. The result of this section can be applied to ideal sub-Riemannian manifolds
of topological dimension n, that support interpolation inequalities for densities as in [24].
This includes, of course, all n-dimensional Riemannian manifolds [42].

Definition 4.5. We say that a m.m.s. (X, d,m) supports interpolation inequalities for
densities, with dimensional parameter n ∈ [1,+∞), if for any µ0 ∈ Pbs(X, d,m), µ1 ∈
P∗

bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅ there exists a W2-geodesic (µt)t∈[0,1], induced
by ν ∈ OptGeo(µ0, µ1) such that µt ≪ m for all t ∈ (0, 1], and letting ρt := dµt

dm be the
corresponding density, it holds for all t ∈ (0, 1):

1
ρt(γt)1/n

≥
β

(X,d,m)
1−t (γ1, γ0)1/n

ρ0(γ0)1/n
+ β

(X,d,m)
t (γ0, γ1)1/n

ρ1(γ1)1/n
, ν-a.e. γ ∈ Geo(X), (4.5)

with the understanding that the first term in the right hand side of (4.5) is omitted if
µ0 /∈ Pac(X,m).

In (4.5), β(X,d,m)
t denotes the “true” distortion coefficient of the metric measure space

(X, d,m), of which we recall the definition.

Definition 4.6. The distortion coefficient of (X, d,m) is the map β
(X,d,m)
(·) (·, ·) : [0, 1] ×

X ×X → [0,+∞] defined by

β
(X,d,m)
t (x, y) := lim sup

r→0+

m̄(Zt({x}, Br(y)))
m(Br(y)) , ∀x, y ∈ X, t ∈ [0, 1],

where Zt(A,B) denotes the set of t-midpoints between two Borel sets as in (4.1), and m̄
denotes the completion of m.

Theorem 4.7 (MCP to CD). Let (X, d,m) be a m.m.s. that supports interpolation in-
equalities for densities, with dimensional parameter n ∈ [1,+∞). Let G : X × X →
[0,+∞] be a gauge function. Assume that:

• each ν ∈ OptGeo(µ0, µ1) occurring in Definition 4.5 is concentrated on a set of
geodesics whose endpoints (γ0, γ1) and (γ1, γ0) are continuity points for G;
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• (X, d,m,G) satisfies the MCP(β), with β as in (3.6), and with N ≥ n.

Then (X, d,m,G) also satisfies the CD(β, n).

Proof. Let x ̸= y ∈ suppm with (x, y) a continuity point of G, and let r < d(x, y).
We use the half-Brunn-Minkowski inequality for MCP(β) spaces of Proposition 4.2, for
x̄ = x, A = Br(y). It holds, for all t ∈ [0, 1],

m̄(Zt({x}, Br(y)))
m(Br(y)) ≥ βt(x,Br(y)) ≥ inf{βt(G(x, z)) | z ∈ Br(y)}.

Taking the lim sup for r → 0+, and using the continuity of G at (x, y), we find a sequence
θj → G(x, y) ∈ [0,+∞] such that

β
(X,d,m)
t (x, y) ≥ lim

j
βt(θj) = βt(G(x, y)), ∀ t ∈ [0, 1]. (4.6)

Let ν ∈ OptGeo(µ0, µ1) be as in Definition 4.5. Assume for simplicity that µ0 ∈
Pac(X,m) (the argument works verbatim if µ0 /∈ Pac(X,m) by omitting the correspond-
ing term in all inequalities). By our assumption, ν is concentrated on a set of geodesics
γ such that G is continuous at (γ0, γ1) and (γ1, γ0).

For ν-a.e. γ we can plug (4.6) in (4.5), finding that for all t ∈ (0, 1) it holds

1
ρt(γt)1/n

≥ β1−t(G(γ1, γ0))1/n

ρ0(γ0)1/n
+ βt(G(γ0, γ1))1/n

ρ1(γ1)1/n
, ν-a.e. γ.

Using the definition of Un, the convexity of the map R2 ∋ (x, y) 7→ log(ex + ey) and
Jensen’s inequality, we obtain the CD(β, n) inequality.

Remark 4.8. For Riemannian manifolds, the classical CD(K,n) (resp. MCP(K,n)) cor-
responds to the CD(βτ

K,n, n) (resp. MCP(βτ
K,n)), see Remark 3.13. Thus Theorem 4.7

is consistent with the well-known fact that, on n-dimensional Riemannian manifolds,
MCP(K,N) implies CD(K,N) if N = n.

4.3 Gauge diameter estimate

Definition 4.9 (G-diameter). The G-diameter of a non-empty set S is defined by:

diamG(S) = sup
x∈S

(
m 9 ess sup

y∈S, y ̸=x
G(x, y)

)
.

We say that S ⊂ X is G-bounded if it is non-empty and it has finite G-diameter.

Recall that the parameter D in (3.5), when finite, characterizes the blow-up of θ 7→
βt(θ), for t ∈ (0, 1).

Proposition 4.10 (G-diameter estimate). Let (X, d,m) be a m.m.s. with gauge function
G. Let β be as in (3.6) and assume that βt(+∞) = +∞ for all t ∈ (0, 1). Note that this
is in particular the case if D < +∞.
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• If (X, d,m,G) satisfies the MCP(β), then for all x ∈ suppm it holds

G(x, y) < D, m-a.e. y ∈ X, y ̸= x.

In particular, diamG(suppm) ≤ D.

• If (X, d,m,G) satisfies the CD(β, n) for some n ∈ [1,+∞), then

G(x, y) < D, π-a.e. (x, y) ∈ X ×X.

for all π = (e0, e1)♯ν, where ν ∈ OptGeo(µ0, µ1) is such that inequality (3.7) holds.

Remark 4.11. We remark that the case D = +∞ is included in the statement of Propo-
sition 4.10. In this case, m({y ∈ X | y ̸= x, G(x, y) = +∞}) = 0 for all x ∈ suppm. This
implies the non-triviality condition (4.10) considered below.

Proof. Fix x ∈ suppm. We show that the set A = {y ∈ X | y ̸= x, G(x, y) ≥ D}∩BR(x)
has zero measure for all R > 0. By contradiction, assume that m(A) > 0. Then we
apply the half-Brunn-Minkowski inequality of Theorem 4.2 to the set A. Notice that
βt(x,A) = +∞ for all t ∈ (0, 1), and that At ⊂ (BR(x))t ⊂ BtR(x). We obtain hence

m(BtR(x)) ≥ m̄(At) = +∞, ∀ t ∈ (0, 1),

contradicting the local finiteness of m.
To prove the second part of the proposition, we argue in a similar way: let ν ∈

OptGeo(µ0, µ1) as in the statement (in particular µ0, µ1 have bounded support) such
that π({(x, y) ∈ X × X | G(x, y) ≥ D}) > 0, and using (3.7) we obtain that, for the
corresponding W2-geodesic µt = (et)♯ν it holds

Un(µt|m) = +∞, ∀ t ∈ (0, 1).

This implies, by (3.2), that m(suppµt) = +∞. However, since suppµ0 and suppµ1 are
bounded, then also suppµt is bounded, yielding a contradiction.

For some interesting cases (cf. Section 7), it holds G ≥ d. In this case, Proposition
4.10 admits the following Bonnet-Myers type result.

Corollary 4.12 (Bonnet-Myers). Let (X, d,m) be a m.m.s. with gauge function G, sat-
isfying the MCP(β) with β as in (3.6). Assume that G ≥ d. Then diam(suppm) ≤ D,
and if D < +∞ then suppm is compact.

Proof. The estimate on the diameter is immediate by continuity of d. If D < +∞, then
suppm is bounded, and by Proposition 4.10 it is also G-bounded. By Corollary 4.16,
suppm is totally bounded, complete, and thus compact.
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4.4 Doubling inequalities for balls

We first prove a local doubling inequality for metric balls under minimal assumptions.
We stress that “locality” in Proposition 4.13 is measured with respect to the gauge
function, which also determines the doubling constant. For this reason, and without
additional relations between G and d, the general form of the statement is subtly different
with respect to the classical one.

Proposition 4.13 (Local doubling). Let (X, d,m) be a m.m.s. with gauge function G,
satisfying the MCP(β) with β as in (3.6). Then any G-bounded Borel subset S ⊆ suppm
satisfies the following inequality: for all t ∈ (0, 1) there exists CS,t > 0 such that

m(Br(x0) ∩ S) ≤ CS,t · m(Btr(x0)), ∀ r ≥ 0, ∀x0 ∈ S. (4.7)

The constant CS,t can be estimated in terms of β and diamG(S):

1
CS,t

= inf{βt(θ) | θ ∈ [0, diamG(S)]} ∈ (0, tN ]. (4.8)

Proof. Fix S ⊆ suppm and let G0 := diamG(S) < ∞. We let

1
CS,t

:= inf{βt(θ) | θ ∈ [0,G0]} ∈ (0, tN ].

Here, the upper bound is a consequence of the value of βt(0) = tN in (3.6), while the
lower bound follows from Proposition 3.4(vi). The case r = 0 of (4.7) is trivial, so let
r > 0.

Let x0 ∈ S, and let B̌r(x0) := Br(x0) \ {x0}. Let A = B̌r(x0) ∩ S. If m(A) = 0
there is nothing to prove. Assume then that m(A) > 0, and note that m(A ∩ {x0}) = 0.
Thus we can apply the half-Brunn-Minkowski estimate of Theorem 4.2 with x̄ = x0 and
A = B̌r(x0) ∩ S. Since At ⊆ B̌tr(x0), we have for all t ∈ (0, 1):

m(B̌tr(x0)) ≥ βt(x0, B̌r(x0) ∩ S) · m(B̌r(x0) ∩ S) ≥ 1
CS,t

· m(B̌r(x0) ∩ S).

We justify the bound βt(x0, B̌r(x0) ∩ S) ≥ 1/CS,t. To do it, for any x ∈ S and any
non-empty Borel set U ⊆ S, recall the definition (4.2), which for our case reduces to

βt(x, U) = sup
Ũ⊆U

inf{βt(G(x, y)) | y ∈ Ũ},

where Ũ ranges over all full-measure and non-empty subsets of U . Assume that x ∈ S\U .
Since U ⊆ S and the latter has bounded G-diameter (see Definition 4.9), there exists a
full-measure set U ′ ⊆ U such that G(x, y) ≤ G0 for all y ∈ U ′, and in particular it holds

βt(x, U) ≥ inf{βt(θ) | θ ∈ [0,G0]} = 1
CS,t

.

In particular the above inequality holds for x = x0 and U = B̌r(x0) ∩ S as required.
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Thus we have proved (4.7) for B̌r(x0) in place of Br(x0), that is

m(B̌r(x0) ∩ S) ≤ CS,t · m(B̌tr(x0)), ∀ r ≥ 0, ∀x0 ∈ S.

Since CS,t ≥ 1/tN ≥ 1, we add m({x0} ∩ S) to both sides to obtain (4.7).

In some natural applications, bounded sets are G-bounded, cf. Section 7. In this case
Proposition 4.13 can be restated as a classical doubling inequality.

Corollary 4.14 (Classical local doubling). Let (X, d,m) be a m.m.s. with gauge function
G, satisfying the MCP(β) with β as in (3.6). Assume that bounded subsets of suppm are
G-bounded. Then for any bounded set S ⊆ suppm and R > 0 there exists C = C(S,R) >
0 such that

m(B2r(x0)) ≤ C · m(Br(x0)), ∀ r ∈ [0, R], ∀x0 ∈ S.

Proof. Let R0 be the diameter of S, and let S′ := B2R+R0(x̄) be a ball centered in any
point x̄ ∈ S. Of course any ball B2r(x0) with r ∈ [0, R] and x0 ∈ S is contained in S′.
By our additional hypothesis, S′ is also G-bounded. We apply then Proposition 4.13 to
the set S′ with t = 1/2 and get the claim with C = CS′,1/2.

Finally, if diamG(suppm) is finite, or if θ 7→ βt(θ) is non-decreasing, then we have a
classical global doubling inequality.

Corollary 4.15 (Classical global doubling). Let (X, d,m) be a m.m.s. with gauge func-
tion G, satisfying the MCP(β) with β as in (3.6). Assume that diamG(suppm) is finite,
or that θ 7→ βt(θ) is non-decreasing. Then there exists a constant C > 0 such that

m(B2r(x0)) ≤ C · m(Br(x0)), ∀ r ∈ [0,+∞), ∀x0 ∈ suppm.

Proof. In both cases, using the same argument of the proof of Proposition 4.13, taking
S = suppm, we have that

βt(x0, Br(x0)) ≥ 1
C(t) > 0, (4.9)

for a constant C(t) > 0 that does not depend on x0 ∈ suppm or r ∈ [0,+∞): if
diamG(suppm) is finite (4.9) follows from the definition of βt(x0, Br(x0)) and Proposition
3.4(vi), while if θ 7→ βt(θ) is non-decreasing the lower bound is given by βt(0) = tN .

We also record a standard consequence that will be useful in the following.

Corollary 4.16 (Proper geodesic space). Let (X, d,m) be a m.m.s. with gauge function
G, satisfying the MCP(β) with β as in (3.6). Assume that bounded subsets of suppm are
G-bounded, or θ 7→ βt(θ) is non-decreasing. Then (suppm, d) is a proper, geodesic space.

Proof. The proof follows the classical strategy. Assume first that bounded subsets of
suppm are G-bounded. Let x0 ∈ suppm and L > 0. Let x1, . . . , xk be a collection of
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k ∈ N points in BL(x0), and ε > 0. If Bε(xi) ⊆ BL(x0) for all i = 1, . . . , k are pairwise
disjoint, it holds

m(BL(x0)) ≥
k∑

i=1
m(Bε(xi)) ≥ 1

CS,t

k∑
i=1

m(B2L(xi) ∩ S) ≥ k

CS,t
m(BL(x0)),

where we applied Proposition 4.13 with S = B3L(x0) and t = ε/2L. Thus, the maximal
number of pairwise disjoint balls of radius ε > 0 contained in BL(x0) is bounded by

k ≤ CS,t < +∞, with S = B3L(x0), t = ε/2L,

where CS,t is the constant of (4.8). As a consequence, the ball BL(x0) can be covered
by CS,t metric balls of radius 2ε. Since x0 ∈ suppm and L > 0 were arbitrary, we obtain
that balls in suppm are totally bounded, hence their closure is compact. In other words
the metric space (suppm, d) is proper. Since (suppm, d) is a length space by the MCP(β)
condition (cf. Remark 3.9), it is also geodesic.

If θ 7→ βt(θ) is non-decreasing, the result is obtained by the same argument but
using, instead, the classical global doubling inequality of Corollary 4.15.

Remark 4.17. We notice that as a by-product of the proof of Corollary 4.16, any G-
bounded metric ball BL(x0) with x0 ∈ suppm can be covered by a finite number of balls
of radius ε/L, and such a number depends only on ε and the G-diameter of B3L(x0).

4.5 Geodesic dimension estimates

The parameter N ∈ [1,+∞) occurring in the definition of β as in (3.4) turns out to
be a sharp upper bound for a different notion of dimension, called geodesic dimension.
The latter was introduced in [3] for sub-Riemannian manifolds, and extended to metric
measure spaces in [78]. We recall its definition.

Definition 4.18 (Geodesic dimension). Let (X, d,m) be a metric measure space. For
any x ∈ X and s > 0, define

Cs(x) := sup
{

lim sup
t→0+

1
ts

m̄(At)
m(A1) | A1 Borel, bounded, x /∈ A1, m(A1) ∈ (0,+∞)

}
,

where At is the set of t-intermediate points between A0 = {x} and A1. We define the
geodesic dimension at x ∈ X of (X, d,m) as the non-negative real number

dimgeo(x) := inf{s > 0 | Cs(x) = +∞} = sup{s > 0 | Cs(x) = 0} ,

with the convention inf ∅ = +∞ and sup ∅ = 0. Finally, for any subset S ⊂ X, we denote

dimgeo(S) := sup{dimgeo(x) | x ∈ S}.

We remark that if x /∈ suppm we have dimgeo(x) = +∞ so it makes sense to consider
only the geodesic dimension at points in the support of m.
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Lemma 4.19. Let (X, d,m) be a m.m.s. Then for any Borel set S ⊂ X it holds

dimgeo(S) ≥ dimHaus(S).

Proof. We first observe that if there exists z ∈ S with z /∈ suppm, we have dimgeo(z) =
+∞, so that there is nothing to prove. Thus, we assume S ⊆ suppm.

Let S0 ⊆ S be any Borel subset of S with m(S0) < +∞. We claim that there exists
x ∈ S0 such that dimgeo(x) ≥ dimHaus(S0). If dimHaus(S0) = 0 the claim is true, so
assume that dimHaus(S0) > 0. If k < dimHaus(S0), then for the k-dimensional Hausdorff
measure it holds Hk(S0) = +∞, so that by using [16, Thm. 2.4.3] there exists x ∈ S0
such that

lim sup
r→0+

m(Br(x))
rk

< +∞.

Let A1 be a bounded Borel set not containing x with m(A1) ⊂ (0,+∞), and consider
the corresponding set of t-midpoints between A1 and A0 = {x}. We have A1 ⊆ BR(x)
for some large R > 0, so that At ⊆ BtR(x). Hence for all ε > 0 it holds

lim sup
t→0+

1
tk−ε

m̄(At)
m(A1) ≤ lim sup

t→0+

1
tk−ε

m(BtR(x))
m(A1) = 0, ∀ ε > 0.

We deduce that Ck−ε(x) = 0 for all ε > 0 (cf. Definition 4.18), and hence dimgeo(x) ≥
dimHaus(S0). In particular, for any Borel subset S0 ⊆ S with m(S0) < +∞ it holds

dimgeo(S) ≥ dimHaus(S0).

Next, by σ-finiteness, X = ∪j∈NBj for a countable family of Borel sets (Bj)j∈N with
m(Bj) < +∞. Hence, setting Sj := S ∩ Bj , we have dimgeo(S) ≥ dimHaus(Sj) for all
j ∈ N. Finally, we obtain

dimHaus(S) = dimHaus

⋃
j∈N

Sj

 = sup
j∈N

dimHaus(Sj) ≤ dimgeo(S),

concluding the proof.

The next result establishes a (sharp) geodesic dimension estimate. We will assume
the following non-triviality condition:

m({z ∈ X | z ̸= x, G(x, z) < +∞}) > 0, ∀x ∈ suppm. (4.10)

In other words, suppm is not a singleton and G(x, ·) does not take the value +∞ almost
everywhere, for all x ∈ suppm. Notice that (4.10) is implied by the MCP(β) provided
that βt(+∞) = +∞, see Remark 4.11.

Theorem 4.20 (Geodesic dimension estimate). Let (X, d,m) be a m.m.s. with gauge
function G satisfying the non-triviality condition (4.10). Assume that (X, d,m,G) satis-
fies the MCP(β) condition, with β as in (3.6). Recall that N ∈ [1,+∞) is the parameter
given in (3.4). Then the geodesic dimension of (X, d,m) satisfies

dimgeo(x) ≤ N, ∀x ∈ suppm. (4.11)
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In particular it holds for the Hausdorff dimension:

dimHaus(suppm) ≤ dimgeo(suppm) ≤ N. (4.12)

Proof. Thanks to Lemma 4.19, estimate (4.11) implies (4.12), so it is sufficient to prove
the former. We use the half Brunn-Minkowski inequality (Theorem 4.2) implied by the
MCP(β). Fix x ∈ suppm. Using that m is locally finite and the non triviality (4.10) of
the gauge function, it is immediate to see that there exists a bounded Borel set A1 ⊂ X,
with m(A1) ∈ (0,+∞), and disjoint from x, satisfying

sup
y∈A1

G(x, y) < ∞. (4.13)

By the half Brunn-Minkowski inequality (Theorem 4.2), it holds

m̄(At)
m(A1) ≥ m 9 ess inf

y∈A1
βt(G(x, y)), ∀ t ∈ (0, 1).

Let (θj)j∈N with θj ∈ [0, supy∈A1 G(x, y)] be such that

lim
j→∞

βt(θj) = m 9 ess inf
y∈A1

βt(G(x, y)).

Assume first that θj is definitely bounded away from zero, so that we can extract a
subsequence such that limj→∞ θj = θ∞ ∈ (0,+∞), where the finiteness of θ∞ follows
from (4.13). Since βt is continuous in this range (cf. Proposition 3.4), the essential
infimum above is achieved at βt(θ∞). If θ∞ ∈ (0,D) then, by the properties (3.4) and
(3.6), we infer that

lim sup
t→0+

1
tN+ε

m̄(At)
m(A1) ≥ lim sup

t→0+

1
tN+ε

βt(θ∞) = lim sup
t→0+

1
tN+ε

s(tθ∞)
s(θ∞) = +∞.

If θ∞ ∈ [D,+∞), then βt(θ∞) = +∞ by (3.6), so we have a similar conclusion.
The remaining case is when (θj)j∈N admits a subsequence converging to zero. So we

assume that limj→∞ θj = 0. In this case, by the properties (3.4) and (3.6), we have

1
tN+ε

m̄(At)
m(A1) ≥ lim

j→∞

1
tN+ε

βt(θj) = lim
j→∞

1
tN+ε

s(tθj)
s(θj) = lim

j→∞

(tθj)N + o(tθj)N

tN+ε
(
θN

j + o(θj)N
) = 1

tε
.

Taking the lim sup for t → 0+ gives +∞. Combining all the cases, we deduce that
CN+ε(x) = +∞ for all ε > 0 (cf. Definition 4.18), that implies (4.11).

Remark 4.21. The Heisenberg group Hd, equipped with its Carnot-Carathéodory dis-
tance and a Haar measure, is an example where the geodesic dimension is strictly larger
than the Hausdorff dimension (the former being equal to 2d+ 3, while the latter is equal
to 2d + 2, while the topological dimension is 2d + 1). This is true, more in general, for
all sub-Riemannian structures that are not Riemannian. Furthermore, when equipped
with a suitable gauge function (see Section 3.3.2), the estimate provided by Theorem
4.20 is attained.
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{!(x0, ⋅ ) ≤ r}

{$(x0, ⋅ ) ≤ r}
x0

{$(x0, ⋅ ) = 0}

Figure 1: Typical gauge sets in the Heisenberg group for the natural choice of gauge
function described in Section 3.3.2. The green region corresponds to the intersection
of the ball {d(x0, ·) ≤ r} and the yellow one {G(x0, ·) ≤ r}. Notice the red line which
represents the set {G(x0, ·) = 0}.

4.6 Generalized Bishop-Gromov inequality

Let (X, d,m) be a metric measure space with gauge function G. Observe that the sublevel
sets of a gauge function G(x0, ·) ≤ r may be unbounded. This occurs with the natural
gauge in the Heisenberg group (here, even {G(x0, ·) = 0} is unbounded). For this reason
we work with the intersection with standard balls.

Definition 4.22. For a point x0 ∈ suppm and for r, ρ ≥ 0, we set:

vG(x0, r, ρ) := m ({x ∈ X | G(x0, x) ≤ r, d(x0, x) ≤ ρ}) ,

sG(x0, r, ρ) := lim sup
δ↓0

1
δ
m ({x ∈ X | G(x0, x) ∈ (r − δ, r], d(x0, x) ≤ ρ}) , r ̸= 0.

Consider also the following measure of “gauge balls” and “gauge spheres”:

vG(x0, r) := m ({x ∈ X | G(x0, x) ≤ r, d(x0, x) ≤ r}) , (4.14)

sG(x0, r) := lim sup
δ↓0

1
δ

[vG(x0, r) − vG(x0, r − δ)] , r ̸= 0. (4.15)

Notice also that vG(x0, r) = vG(x0, r, r) but sG(x0, r) ̸= sG(x0, r, r).

In Figure 1 we sketch these sets for a natural gauge function in the Heisenberg group.
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Definition 4.23 (Meek). Let (X, d,m) be a m.m.s. The gauge function G : X × X →
[0,+∞] is meek if for all µ1 ∈ P∗

bs(X, d,m), x̄ ∈ suppm with x̄ /∈ supp µ1, and any
optimal dynamical plan ν ∈ OptGeo(δx̄, µ1), there exists a Borel set Γ ⊂ Geo(X) with
ν(Γ) = 1 such that it holds:

G(γ0, γt) = tG(γ0, γ1), ∀ t ∈ (0, 1], ∀ γ ∈ Γ. (4.16)

Remark 4.24. The meek property is used in the proof of Theorem 4.25 below for gauge
m.m.s. satisfying the MCP(β). There, it can be replaced by a weaker assumption where
condition (4.16) is required to hold for one ν ∈ OptGeo(δx̄, µ1) for which the MCP(β)
inequality (3.8) holds, instead than for every ν. This variant is stable under the con-
vergence of gauge metric measure spaces studied in Section 5, see proof of item (iii) of
Theorem 5.17. We refrain from stating Definition 4.23 in this weaker sense since it would
make it dependent on the MCP(β) condition.

The meek property is satisfied by a large class of natural gauge functions in sub-
Riemannian geometry, see Section 7.3.1 (in particular, Theorem 7.16 and Remark 7.17)

Theorem 4.25 (Generalized Bishop-Gromov). Let (X, d,m) be a m.m.s. endowed with
a gauge function G satisfying the MCP(β) condition, with β as in (3.6). Assume that

• suppm is not a singleton;

• G is meek; (see Remark 4.24 for a slightly weaker condition)

• for all x ∈ suppm it holds (see Remark 4.26 for a slightly weaker condition)

m({z ∈ X | z ̸= x, G(x, z) = +∞}) = 0. (4.17)

Then for every x0 ∈ suppm the following properties hold:

(i) m({x | d(x0, x) = r}) = 0, for every r > 0;

(ii) m({x0}) = 0; in particular, the half-Brunn-Minkowski inequality (4.4) holds for
every x̄ ∈ suppm and Borel set A ⊂ X with m(A) > 0;

(iii) m({x | G(x0, x) = r}) = 0, for every r > 0;

(iv) For every ρ > 0, the functions

(0,D) ∋ r 7→ sG(x0, r, ρ)
s(r)/r and

(0,D] ∩ (0,+∞) ∋ r 7→ vG(x0, r, ρ) − vG(x0, 0, ρ)∫ r
0 (s(t)/t) dt , (4.18)

are monotone non-increasing. Here s is the function defining β as in (3.6);
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(v) Assume that θ 7→ βt(θ) is monotone non-increasing for all t ∈ [0, 1], or that for all
x0 ∈ suppm it holds G(x0, ·) ≥ d(x0, ·) m-a.e.. Then the functions

(0,D) ∋ r 7→ sG(x0, r)
s(r)/r and (0,D] ∩ (0,+∞) ∋ r 7→ vG(x0, r)∫ r

0 (s(t)/t) dt (4.19)

are monotone non-increasing.

(vi) For every R0 > 0 there exists a constant

1
Cr/R,0

:= inf{βr/R(θ) | θ ∈ [0, R0]} ∈ (0, (r/R)N ],

such that it holds

sG(x0, R) ≤ r

R
Cr/R,0 · sG(x0, r), ∀ 0 < r ≤ R ≤ R0.

As a consequence, the following doubling estimate for gauge balls holds: there exists
a constant C0 = C1/2,0 > 0 such that

vG(x0, 2r) ≤ C0 · vG(x0, r), ∀ r ∈ [0, R0/2].

Remark 4.26. For the proof of Thorem 4.25 condition (4.17) can be weakened as follows:
for all x ∈ suppm and all r > 0 it holds

m({z ∈ X | d(x, z) = r, G(x, z) = +∞}) = 0. (4.20)

Both conditions (4.17) and (4.20) follow from the MCP(β), provided that βt(+∞) = +∞,
see Remark 4.11.
Remark 4.27. Item (iv) can be seen as a parametric version of the Bishop-Gromov
inequality (the parameter being the “scale” ρ). The Bishop-Gromov estimate for “gauge
balls” and “spheres” as in item (v) holds under some additional assumptions.
Remark 4.28. We are not aware of any situation in which vG(x0, 0, ρ) does not vanish,
but it does not seem to be a consequence of the MCP condition. Thus it seems that the
extra term in item (iv) cannot be in general removed.

Proof. Fix x0 ∈ suppm throughout the proof.
Proof of (i). Let δ, ρ > 0, and 0 < r − δr < r < R− δR < R < +∞. Let

E := {x | G(x0, x) ≤ ρ, d(x0, x) ∈ (R−Rδ,R]},

and note that E is Borel. Assume m(E) > 0. Let µ0 = δx0 and µ1 = m(E)−1m⌞E .
Let ν ∈ OptGeo(µ0, µ1) be such that the W2-geodesic µt = (et)♯ν satisfies the MCP(β)
inequality. Let Γ ⊆ Geo(X) be the corresponding set of geodesics in the meek assump-
tion, for which ν(Γ) = 1. Observe that supp ν ⊆ ΓE := e−1

1 (E) ∩ e−1
0 (x0) so that, letting
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Γ′ = Γ ∩ ΓE , it holds that ν(Γ′) = 1 and the measure µt is concentrated on et(Γ′). Since
Γ′ is Borel, et(Γ′) is Suslin. Then, by Theorem 4.2 and Remark 4.4, we have

m̄(er/R(Γ′)) ≥ βr/R(x0, E) · m(E) ≥ Cr/R,ρ · m(E),

where we set
Cr/R,ρ := inf{βr/R(θ) | θ ∈ [0, ρ]} > 0.

The same inequality holds true trivially also if m(E) = 0. An important remark is
that any ν ∈ OptGeo(µ0, µ1) is supported on a set of non-trivial geodesics, since by
construction x0 /∈ E and (e0, e1)♯ν = δx0 ⊗ µ1, so that all geodesics in Γ′ are non-trivial.
Then, by the meek assumption, for all γ ∈ Γ′ it holds

G(x0, γr/R) = r

R
G(γ0, γ1) ∈ [0, rρ/R],

d(x0, γr/R) = r

R
d(γ0, γ1) ∈ (r − δr, r].

In other words, we have

m̄
(
er/R(Γ′) \ {x | G(x0, x) ≤ rρ/R, d(x0, x) ∈ (r − δr, r]}

)
= 0.

Since ρ > rρ/R, for the given range of parameters, we have:

m ({x | G(x0, x) ≤ ρ, d(x0, x) ∈ (r − δr, r]}) ≥
Cr/R,ρ · m ({x | G(x0, x) ≤ ρ, d(x0, x) ∈ (R− δR,R]}) , (4.21)

where we noted that the set in the left hand side of (4.21) is m-measurable. Thus for
fixed ρ ∈ (0,+∞) the function

(0,+∞) ∋ r 7→ vG(x0, ρ, r) = m ({x | G(x0, x) ≤ ρ, d(x0, x) ≤ r}) ,

by (4.21) satisfies

vG(x0, ρ, r) − vG(x0, ρ, r − δr) ≥ Cr/R,ρ · [vG(x0, ρ, R) − vG(x0, ρ, R− δR)] . (4.22)

Recall that, by standing assumption, m is finite on bounded sets, thus

vG(x0, ρ, r) < +∞, for any r, ρ > 0.

Furthermore, for fixed ρ ∈ (0,+∞), the function vG(x0, ρ, ·) is right-continuous, non-
decreasing, with at most countably many discontinuities. In particular there exists
arbitrarily small r0 > 0 for which vG(x0, ρ, ·) is continuous at r0. Choosing r = r0 and
sending δ ↓ 0 in (4.22), we obtain that vG(x0, ρ, ·) is also left-continuous on (0,+∞) and
thus continuous. In particular,

m{x | G(x0, x) ≤ ρ, d(x0, x) = r} = 0, for any r, ρ > 0. (4.23)
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It follows that for any r > 0

m ({x | d(x0, x) = r}) = m

( ⋃
n∈N

{x | G(x0, x) ≤ n, d(x0, x) = r}
)

+ m ({x | G(x0, x) = ∞, d(x0, x) = r}) = 0.

The first term vanishes by (4.23), while the second one vanishes by (4.17).
Proof of (ii). By the previous item, and since suppm is not a singleton, any x0 ∈

suppm is on a sphere of positive radius of another point in suppm, hence m({x0}) = 0.
Proof of (iii). Let ε, δ, ρ > 0 and 0 < r(1 − δ) < r < R < R(1 + δ) < D.
The argument is similar to (i) exchanging the roles of G and d, with the important

difference that while the metric annulus {d(x0, ·) ∈ (r,R)} does not contain x0, the
gauge annulus {G(x0, ·) ∈ (r,R)} may contain x0 (see the typical situation pictured in
Figure 1); for this reason we will argue by approximation by cutting off a small metric
ball Bε(x0) out of the gauge annulus, perform the transport argument using the MCP(β)
and the meek conditions, and then finally let ε ↓ 0. Consider the measurable set

Cε := {x | G(x0, x) ∈ (R− δR,R], d(x0, x) ∈ [ε, ρ]}.

Assume m(Cε) > 0, and set µ1 = m(Cε)−1m⌞Cε , µ0 = δx0 . As in the proof of (i), we
find a W2-geodesic (µt)t∈[0,1] for which the MCP(β) inequality holds, and a Borel set
Γ ⊂ Geo(X) of non-trivial geodesics verifying the meek condition (4.16), (e0, e1)(Γ) =
{x0} × Cε, and µt is concentrated on et(Γ) for all t ∈ [0, 1]. Then by Theorem 4.2, and
Remark 4.4 we have

m̄(er/R(Γ)) ≥ βr/R(x0, Cε) · m(Cε),

and the same inequality holds trivially if m(Cε) = 0.
By the meek condition, for all γ ∈ Γ we have

G(x0, γr/R) = r

R
G(γ0, γ1) ∈ (r − δr, r], d(x0, γr/R) = r

R
d(γ0, γ1) ∈ [εr/R, ρr/R].

In other words, we have

m̄
(
er/R(Γ) \ {x | G(x0, x) ∈ (r − δr, r], d(x0, x) ∈ [εr/R, ρr/R]}

)
= 0.

So that, for all 0 < r < R < D and ε, δ > 0 sufficiently small, we have

m ({x | G(x0, x) ∈ (r − δr, r], d(x0, x) ∈ [εr/R, ρr/R]}) ≥
βr/R(x0, Cε) · m ({x | G(x0, x) ∈ (R− δR,R], d(x0, x) ∈ [ε, ρ]}) , (4.24)

where we noted that the set {x | G(x0, x) ∈ (r − δr, r]} is measurable. We also remark
that by definition of β and Cε, for all 0 < r < R < D it holds:

βr/R(x0, Cε) ≥ inf{βr/R(θ) | θ ∈ (R− δR,R]} ∈ (0,+∞). (4.25)
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Letting ε ↓ 0 in (4.24), using (4.25) and that m({x0}) = 0 by (ii), we infer that

m ({x | G(x0, x) ∈ (r − δr, r], d(x0, x) ≤ ρr/R}) ≥
inf

θ∈(R−δR,R]
βr/R(θ) · m ({x | G(x0, x) ∈ (R− δR,R], d(x0, x) ≤ ρ}) . (4.26)

Finally, since ρ > ρr/R, we obtain from (4.26)

vG(x0, r, ρ) − vG(x0, r − δr, ρ) ≥
inf

θ∈(R−δR,R]
βr/R(θ) · [vG(x0, R, ρ) − vG(x0, R− δR, ρ)] . (4.27)

Since m is finite on bounded sets, it holds vG(x0, R, ρ) < +∞ for any ρ > 0 and R ∈
(0,D). Furthermore, by construction, vG(x0, ·, ρ) is right-continuous, non-decreasing,
with at most countably many discontinuities. In particular, there exists arbitrarily small
r ∈ (0,D) for which vG(x0, ·, ρ) is continuous at r. Since also βr/R(·) is continuous on
(0,D), we obtain from (4.27) that vG(x0, ·, ρ) is left continuous and thus continuous on
(0,D). Note that the argument requires R > 0.

It follows that m ({x | G(x0, x) = R, d(x0, x) ≤ ρ}) = 0 for every R ∈ (0,D) and
ρ > 0, and thus m({x | G(x0, x) = R}) = 0. If D = +∞, this concludes the proof of (iii).
If D < +∞, then we invoke Proposition 4.10, so that also in this case the equality keeps
holding also for R ≥ D.

Proof of (iv). From (4.27), we obtain:

vG(x0, r, ρ) − vG(x0, r − δr, ρ)
δr

≥ R

r

(
inf

θ∈(R−δR,R]
βr/R(θ)

)
· vG(x0, R, ρ) − vG(x0, R− δR, ρ)

δR
. (4.28)

Taking the lim sup for δ ↓ 0, and using the continuity of βr/R(·) on (0,D), we obtain:

sG(x0, r, ρ) = lim sup
δ↓0

vG(x0, r, ρ) − vG(x0, r − δr, ρ)
δr

≥ R

r
lim sup

δ↓0

(
inf

θ∈(R−δR,R]
βr/R(θ)

)
· sG(x0, R, ρ)

= R

r
βr/R(R) · sG(x0, R, ρ).

Using the fact that βt(θ) = s(tθ)
s(θ) for θ ∈ (0,D) and t ∈ [0, 1], from (3.6) we infer the left

inequality in (4.18).
To prove its integrated counterpart, we claim that the map (0,D) ∋ r 7→ vG(x0, r, ρ)

is locally Lipschitz, for fixed ρ > 0. If by contradiction it were not locally Lipschitz,
then there would exist R > 0 and a sequence hn ↓ 0 such that at least one of the two
conditions hold

vG(x0, R, ρ) − vG(x0, R− hn, ρ) ≥ nhn, ∀n ∈ N, or (4.29)
vG(x0, R+ hn, ρ) − vG(x0, R, ρ) ≥ nhn, ∀n ∈ N.
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We assume that (4.29) holds. The argument for the second case is analogous.
For every fixed n ∈ N, observing that c := inf{βt(θ) | t ∈ [1/2, 1], θ ∈ [0, R]} > 0,

the combination of (4.29) and (4.28) gives that

vG(x0, R− (j − 1)hn, ρ) − vG(x0, R− jhn, ρ) ≥ cnhn, ∀n ∈ N, ∀ j = 1, . . . ,
⌊
R

2hn

⌋
.

Summing up over j for every fixed n, we obtain

vG(x0, R, ρ) ≥ vG(x0, R, ρ) − vG

(
x0, R−

⌊
R

2hn

⌋
hn, ρ

)

=

⌊
R

2hn

⌋∑
j=1

vG(x0, R− (j − 1)hn, ρ) − vG(x0, R− jhn, ρ)

≥ cnhn

⌊
R

2hn

⌋
.

The right hand side diverges to +∞ as n → ∞, contradicting that bounded sets have
finite measure. Thus the map (0,D) ∋ r 7→ vG(x0, r, ρ) is locally Lipschitz and finite.

It follows that the function r 7→ vG(x0, r, ρ) is differentiable a.e. on (0,D), and it
coincides with the integral of its a.e. derivative r 7→ sG(x0, r, ρ). We can thus apply the
classical Gromov’s Lemma (see [39, Lemma III.4.1]) to infer that the first claim in (4.18)
implies the integrated version given in the second of (4.18) for the open interval (0,D).

We finally show that the second in (4.18) holds on (0,D], for D < +∞. Since
m({x | G(x0, x) = D}) = 0 from Proposition 4.10, by monotone convergence we get

vG(x0,D, ρ) − vG(x0, 0, ρ) = lim
R↑D

vG(x0, R, ρ) − vG(x0, 0, ρ)

≤ [vG(x0, r, ρ) − vG(x0, 0, ρ)] lim
R↑D

∫ R
0 (s(t)/t) dt∫ r
0 (s(t)/t) dt

= [vG(x0, r, ρ) − vG(x0, 0, ρ)]
∫D

0 (s(t)/t) dt∫ r
0 (s(t)/t) dt , ∀ r ∈ (0,D).

This concludes the proof of (iv).
Proof of (v). Recall that vG(x0, r), sG(x0, r) were defined in (4.14) and (4.15), for

r ≥ 0. Observe that, by item (ii), it holds vG(x0, 0) = 0. Moreover,

vG(x0, r) − vG(x0, r − δr) = m ({x | G(x0, x) ∈ (r − δr, r], d(x0, x) ≤ r})
+ m ({x | G(x0, x) ≤ r − δr, d(x0, x) ∈ (r − δr, r]}) .

Arguing as above we obtain for the two addends, for 0 < r < R < D and sufficiently
small δ > 0

m ({x | G(x0, x) ∈ (r − δr, r], d(x0, x) ≤ r}) ≥
(

inf
θ∈(R−δR,R]

βr/R(θ)
)

· m ({x | G(x0, x) ∈ (R− δR,R], d(x0, x) ≤ R}) , (4.30)
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m ({x | G(x0, x) ≤ r − δr, d(x0, x) ∈ (r − δr, r]}) ≥
(

inf
θ∈[0,R−δR]

βr/R(θ)
)

· m ({x | G(x0, x) ≤ R− δR, d(x0, x) ∈ (R− δR,R]}) . (4.31)

If θ 7→ βt(θ) is non-increasing, then infθ∈[0,R−δR] βr/R(θ) ≥ βr/R(R). In case G(x0, x) ≥
d(x0, x) for m-a.e. x ∈ X, then both sides of (4.31) vanish. In both cases we obtain

vG(x0, r) − vG(x0, r − δr)
δr

≥ R

r
βr/R(R)vG(x0, R) − vG(x0, R− δR)

δR
.

We now can conclude arguing exactly as in item (iv), concluding the proof of (v).
Proof of (vi). We argue as in the proof of (v), but in (4.30) and (4.31) we bound

from below the factors depending on the distortion coefficient by the minimum on [0, R0]:

1
Cr/R,0

:= inf{βr/R(θ) | θ ∈ [0, R0]} ∈ (0, (r/R)N ],

which is positive by Proposition 3.4 and satisfies the above upper bound by inspection
of the explicit expression (3.6). Therefore we obtain for 0 < r ≤ R ≤ R0 and δ > 0:

vG(x0, r) − vG(x0, r − δr)
δr

≥ R

r

1
Cr/R,0

· vG(x0, R) − vG(x0, R− δR)
δR

.

Taking the lim sup for δ ↓ 0, we obtain the first inequality of (vi):

sG(x0, R) ≤ r

R
Cr/R,0 · sG(x0, r), ∀ 0 < r ≤ R ≤ R0.

As in the previous steps, we remark that r 7→ vG(x0, r) is locally Lipschitz continuous
for r ∈ (0,D) and its a.e. derivative is r 7→ sG(x0, r). Integrating the above inequality,
and since vG(x0, 0) = 0, we obtain

vG(x0, R) ≤ Cr/R,0 · vG(x0, r), ∀ 0 < r ≤ R ≤ R0,

concluding the proof.

We can estimate the maximal number of pairwise disjoint gauge balls of radius ε > 0
whose centres are contained in a bounded and G-bounded set.

Proposition 4.29 (Local total boundedness for gauge balls). With the same assump-
tions of Theorem 4.25, let S ⊆ suppm be bounded and G-bounded with m(S) > 0.
Then the maximal number of pairwise disjoint gauge balls of radius ε > 0 (i.e. sets
{x | G(x0, x) ≤ ε, d(x0, x) ≤ ε}) contained in S is bounded above by

k0 = C0

(max{diam(S), diamG(S)}
ε

)log2 C0

,

where C0 > 0 can be estimated in terms of diamG(S) and β defining the MCP(β) class.
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Proof. Fix ε > 0 and let x1, . . . , xk ∈ S ⊂ suppm be such that

{x ∈ X | G(xi, x) ≤ ε, d(xi, x) ≤ ε} ⊆ S

are pairwise disjoint. Since S is bounded, m(S) < +∞. Let

R := max{diam(S),diamG(S)}.

Let M ∈ N be the smallest integer such that 2Mε ≥ R. By the doubling property for
gauge balls (cf. Theorem 4.25 item (vi)), we have

m(S) ≥
k∑

i=1
vG(xi, ε) ≥ C−M

0

k∑
i=1

vG(xi, R), (4.32)

where
1
C0

= inf{β1/2(θ) | θ ∈ [0, R]} ∈ (0, 1/2N ].

By construction, m(S \ {x ∈ X : d(xi, x) ≤ R, G(xi, x) ≤ R}) = 0, so that the last
sum in (4.32) can be estimated from below by km(S) > 0. Continuing the chain of
inequalities, and since m(S) < +∞, we have

k ≤ k0 := CM
0 ≤ C

log2(R/ε)+1
0 = C0

(
R

ε

)log2 C0

,

proving the claim.

Remark 4.30. If G is symmetric and there exists α ≥ 1 such that

G(x, z) ≤ α(G(x, y) + G(y, z)), ∀x, y, z ∈ X, (4.33)

so in particular if G is a quasi-metric, then we can estimate the number of gauge balls
needed to cover a bounded and G-bounded set. Indeed the number of gauge balls of
radius 2αε covering S is bounded above by k0. This is the case when G = d. However
notice that (4.33) is not satisfied by natural gauge functions in sub-Riemannian geometry.

4.7 Parametric doubling for gauge balls

We close this section with the following doubling property, for intersection of sublevel
sets of G with arbitrarily large balls of radius ρ.

Proposition 4.31 (Parametric doubling). With the same assumptions of Theorem 4.25,
for every R > 0 there exists CR = CR(β) ≥ 1 such that

vG(x, 2r, ρ) − vG(x, 0, ρ)
vG(x, r, ρ) − vG(x, 0, ρ) ≤ 2NCR, ∀ r ∈ (0, R), ∀ ρ > 0, ∀x ∈ suppm,

where N > 1 is given by (3.4). Furthermore, CR ↓ 1 as R ↓ 0.
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If θ 7→ βt(θ) is monotone non-increasing for all t ∈ [0, 1], or if for all x0 ∈ suppm
it holds G(x0, ·) ≥ d(x0, ·) m-a.e., then the previous inequality holds true for gauge balls,
with the same constants, that is

vG(x, 2r)
vG(x, r) ≤ 2NCR, ∀ r ∈ (0, R), ∀x ∈ suppm.

Proof. Fix ρ > 0. Assume first that 0 < r < D/2. The second claim in (4.18) combined
with (3.4) gives that

vG(x, 2r, ρ) − vG(x, 0, ρ)
vG(x, r, ρ) − vG(x, 0, ρ) ≤

∫ 2r
0 s(t)/tdt∫ r
0 s(t)/t dt = (2r)N (1 + o(1))

rN (1 + o(1)) ≤ 2NCR.

The constant CR depends only on the values of s on the interval [0, R], so that it does
not depend on ρ. If D = +∞, there is nothing left to prove since we covered already the
whole range of r ∈ (0, R). If D < +∞, notice that by Proposition 4.10 and Theorem
4.25(ii), G(x, ·) < D(x, ·) m-almost everywhere, so that vG(x, 2r, ρ) is constant in the
range r ≥ D/2.

If θ 7→ βt(θ) is monotone non-increasing for all t ∈ [0, 1], or if for all x0 ∈ suppm it
holds G(x0, ·) ≥ d(x0, ·) m-a.e., then we perform the same proof but starting from (4.19)
that holds in this case, instead of (4.18).

5 Stability and compactness

The aim of this section is to prove stability results for curvature-dimension conditions
for sequences of m.m.s. converging in the pmGH sense. First, we recall the definition
of pointed measured Gromov Hausdorff convergence (pmGH for short; we follow the
convention from [49, Def. 4.1] adapted from [86, Def. 8.1.1]).

Definition 5.1 (pmGH convergence). Let (Xk, dk,mk, ⋆k), k ∈ N̄, be pointed metric
measure spaces. We say that (Xk, dk,mk, ⋆k) converges to (X∞, d∞,m∞, ⋆∞) in the
pmGH sense if for any ε,R > 0 there exists N(ε,R) ∈ N such that for all k ≥ N(ε,R)
there exists a Borel map fR,ε

k : BR(⋆k) → X∞ such that

(i)′ fR,ε
k (⋆k) = ⋆∞;

(ii)′ supx,y∈BR(⋆k) |dk(x, y) − d∞(fR,ε
k (x), fR,ε

k (y))| ≤ ε;

(iii)′ the ε-neighborhood of fR,ε
k (BR(⋆k)) contains BR−ε(⋆∞);

(iv)′ (fR,ε
k )♯(mk⌞BR(⋆k)) ⇀ m∞⌞BR(⋆∞) as k → ∞, for a.e. R > 0 (weak convergence

against bounded continuous functions with bounded support).

Remark 5.2. It is not hard to check (cf. [49, Prop. 3.28]) that the pmGH convergence
of (Xk, dk,mk, ⋆k) to (X∞, d∞,m∞, ⋆∞) is equivalent to the following condition: there
are sequences Rk ↑ +∞, εk ↓ 0 and Borel maps fk : Xk → X∞ such that
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(i) fk(⋆k) = ⋆∞;

(ii) supx,y∈BRk
(⋆k) |dk(x, y) − d∞(fk(x), fk(y))| ≤ εk;

(iii) the εk-neighborhood of fk(BRk
(⋆k)) contains BRk−εk

(⋆∞);

(iv) (fk)♯(mk) ⇀ m∞ as k → ∞ (weak convergence against bounded continuous func-
tions with bounded support).

Having globally defined approximation maps slightly simplifies the notation; thus, in the
following, we will make use of this formulation of pmGH convergence.

For sequences of gauge m.m.s. it is natural to add extra assumptions to ensure that
“Gk → G∞”. The natural extension of (ii) to gauge functions would be:

|Gk(x, y) − G∞(fk(x), fk(y))| ≤ εk, ∀x, y ∈ BRk
(⋆k). (5.1)

However, due to the a priori low regularity of the gauge function (which in general is not
Lipschitz continuous), this would be a too strong requirement in geometric situations
(e.g. convergence to the tangent cone for sub-Riemannian structures; cf. Section 10.4).
It turns out that a significantly weaker condition is sufficient for the stability of our
curvature-dimension inequalities.
Definition 5.3. Let (Xk, dk,mk,Gk), k ∈ N̄ be gauge metric measure spaces such that
(Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH sense, with approximating maps
fk : Xk → X∞ as in Remark 5.2. We introduce the following conditions:

• L1
loc convergence of gauge functions: if for all sequences xk ∈ suppmk such

that fk(xk) is convergent in suppm∞ it holds

lim
k→∞

∫
BR(⋆k)\{xk}

|Gk(xk, z) − G∞(fk(xk), fk(z))|mk(dz) = 0, ∀R > 0. (5.2)

• regularity condition: if for all x ∈ suppm∞ and m∞-a.e. y ∈ X∞, y ̸= x, with
exceptional set depending on x, G∞ is continuous at (x, y).

Remark 5.4. The removal of {xk} in the domain of integration in (5.2) and the condition
y ̸= x in the regularity condition can be omitted if mk and m do not give mass to points.

In Section 7.3.2 we show that the regularity condition above is satisfied in natural
classes of examples.
Lemma 5.5 (Lower semi-continuity of G-diameter). Let (Xk, dk,mk,Gk), k ∈ N̄ be gauge
metric measure spaces such that (Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH
sense. Assume the L1

loc convergence of gauge functions and the regularity condition as
in Definition 5.3. Then it holds:

lim inf
k→∞

diamG(suppmk) ≥ diamG(suppm∞).

For a counter-example to upper semi-continuity, take the trivial sequence given by the
Euclidean structure and the Lebesgue measure on R. Choose a sequence of gauge func-
tions Gk(x, y) = Gk(y), and its pointwise limit G∞(y) = limk→∞ Gk(y) as in the picture.

49



Gk(y)

y

The difference |Gk(y) − G∞(y)| is a small a.e. con-
tinuous bump localized in a shrinking neighbor-
hood of the origin, that decreases monotonically
to zero pointwise a.e. One can check in particu-
lar that the L1

loc convergence in Definition 5.3 is
satisfied by dominated convergence. In this situa-
tion, we have for all k ∈ N: 2 = diamG(suppmk) >
diamG(suppm) = 1.

Proof. We drop the subscript ∞ in the notation for the limit objects. Let D :=
lim infk→∞ diamG(suppmk), and suppose that diamG(suppm) = D + 3η for η > 0. Re-
calling Definition 4.9 of G-diameter, there exists xo ∈ suppm and a Borel set P ⊆ suppm
with m(P ) > 0 and xo /∈ P such that

G(xo, y) ≥ D + 2η, ∀ y ∈ P.

By the regularity condition, removing a zero m-measure set from P , we can assume
that G is continuous at all points (xo, y) for y ∈ P . In particular there is (xo, yo) ∈
suppm × suppm and ε > 0 such that B2ε(xo) ∩B2ε(yo) = ∅ and

G(x, y) ≥ D + η, ∀ (x, y) ∈ Bε(xo) ×Bε(yo).

Recall the approximating maps fk : Xk → X from Remark 5.2. Since (fk)♯(mk) ⇀ m,
we can find a sequence (xk)k∈N with fk(xk) → xo. We can assume that d(fk(xk), xo) ≤ ε
for all k ∈ N, and thus

G(fk(xk), y) ≥ D + η, ∀ y ∈ Bε(y0), ∀ k ∈ N. (5.3)

Let h : X → [0, 1] be a continuous function such that h ≡ 1 on Bε/2(yo) and h ≡ 0 on
X \Bε(yo). Consider the sequence µk ∈ Pac(Xk,mk) given by

µk := 1∫
Xk
h(fk(z))mk(dz)h ◦ fk mk, ∀ k ∈ N.

The support of µk is contained in the Borel set f−1
k (Bε(yo)). Note also that xk /∈ supp µk,

for k sufficiently large. Since (fk)♯mk ⇀ m we have

lim
k→∞

∫
Xk

h(fk(z))mk(dz) =
∫

X
h(z)m(dz).

Furthermore, by local boundedness of m and since yo ∈ suppm, it holds

0 < m(Bε/2(yo)) ≤
∫

X
h(z)m(dz) ≤ m(Bε(yo)) < +∞.

Thus, we have:∫
Xk

Gk(xk, z)µk(dz) =
∫

Xk

G(fk(xk), fk(z))µk(dz)

+
∫

Xk

[Gk(xk, z) − G(fk(xk), fk(z))] µk(dz). (5.4)
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We claim that the second integral in the r.h.s. of (5.4) converges to 0 by the L1
loc

convergence condition. Indeed recall that xk /∈ suppµk and furthermore suppµk ⊆
f−1

k (Bε(yo)). Using the properties of fk, there exists R > 0 such that suppµk ⊆ BR(⋆k)
for all sufficiently large k ∈ N. Then, using the construction of µk, we obtain:

lim sup
k→∞

∫
Xk

[Gk(xk, z) − G(fk(xk), fk(z))] µk(dz) ≤

lim sup
k→∞

1
m(Bε/2(yo))

∫
BR(⋆k)\{xk}

|Gk(xk, z) − G(fk(xk), fk(z))|mk(dz) = 0,

proving our claim.
Since suppµk ⊆ f−1

k (Bε(yo)), by (5.3) the first integral in the right hand side of (5.4)
is ≥ D + η. Therefore

lim inf
k→∞

∫
Xk

Gk(xk, z)µk(dz) ≥ D + η > D.

On the other hand, by definition of G-diameter, and since xk /∈ suppµk it holds:

lim inf
k→∞

∫
Xk

Gk(xk, z)µk(dz) ≤ lim inf
k→∞

diamG(suppmk) = D,

yielding a contradiction.

5.1 Stability of MCP(β)
Theorem 5.6 (Stability of MCP). Let (Xk, dk,mk,Gk), k ∈ N̄ be gauge m.m.s. with
(Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH sense. Let β be distortion coefficients
as in (3.6). Assume that:

(i) (suppmk, dk) is locally compact and geodesic for all k ∈ N̄;

(ii) the supports are locally uniformly G-bounded: for any R > 0 there exists D =
D(R) > 0 such that diamG(suppmk ∩BR(⋆k)) ≤ D for all k ∈ N (and thus for all
k ∈ N̄ by Lemma 5.5);

(iii) the L1
loc convergence and regularity conditions hold (cf. Definition 5.3);

(iv) for all t ∈ (0, 1) the function βt : [0,D) → [0,∞) is locally Lipschitz;

(v) (Xk, dk,mk,Gk) satisfies the MCP(β) for all k ∈ N.

Then, also (X∞, d∞,m∞,G∞) satisfies the MCP(β).

Remark 5.7. Assumption (i) for finite k ∈ N is implied by the other ones. More precisely,
by (ii), bounded subsets of suppmk are G-bounded, and we can apply Corollary 4.16.
Remark 5.8. The local Lipschitz assumption on the function βt(·) is not restrictive. In
all cases of interest, βt(·) is real-analytic on [0,D).
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Proof. The first part of the proof follows the blueprint of the classical one (cf. [86]),
however, later in the argument, we will need to deal with additional difficulties caused
by the non-continuity of G and the general distortion coefficients.

We drop the ∞ from the notation for the limit so that (X∞, d∞,m∞,G∞, ⋆∞) will
be denoted by (X, d,m,G, ⋆). Let fk : Xk → X be the approximations as in Remark
5.2. Let µ1 ∈ P∗

bs(X, d,m) and fix x̄ ∈ suppm \ suppµ1. Since suppµ1 is compact (recall
that (suppm, d) is assumed to be locally compact), the distance between x̄ and suppµ1
is positive. Up to extraction and relabeling, for all k ∈ N we find x̄k ∈ suppmk such
that fk(x̄k) → x̄ as k → ∞.

Furthermore, letting µ1 = ρ1 m for ρ1 ∈ L1(X,m) with bounded support, we define

µ1,k := ρ1 ◦ fk mk∫
Xk
ρ1 ◦ fk mk

.

We assume from now on that ρ1 is continuous, and we will deal with the discontinuous
case at the end of the proof. Notice that

Zk :=
∫

Xk

ρ1 ◦ fk mk =
∫

X
ρ1 (fk)♯mk → 1,

so that, µ1,k ∈ P∗
bs(Xk, dk,mk) and x̄k /∈ suppµ1,k, for sufficiently large k.

By the MCP(β) we find a W2(Xk, dk)-geodesic (µt,k)t∈[0,1] from δx̄k
to µ1,k such that

Ent(µt,k|mk) ≤ Ent(µ1,k|mk) −
∫

Xk

log βt(Gk(x̄k, x))µ1,k(dx). (5.5)

By construction, suppµ1 and supp(fk)♯µ1,k are contained in a common bounded set,
say BR(⋆) ⊂ X, for all k ∈ N and some R > 0. Thus, using the properties of the
approximating maps fk and the fact that (suppmk, dk) are locally compact and geodesic,
one can show that the supports of the family {(fk)♯µt,k}k∈N,t∈[0,1] are contained in the
common compact set B̄2R(⋆). By stability of optimal transport [86, Thm. 28.9], up to
extraction, there exists a W2(X, d)-geodesic (µt)t∈[0,1] with

sup
t∈[0,1]

W2((fk)♯µt,k, µt) → 0.

In particular by Proposition 3.2 we also have (fk)♯µt,k ⇀ µt weakly. We can now pass
to the limit in the l.h.s. of (5.5):

Ent(µt|m) ≤ lim inf
k→∞

Ent((fk)♯µt,k|(fk)♯mk) ≤ lim inf
k→∞

Ent(µt,k|mk),

where in the first inequality we use the joint lower semi-continuity of the Boltzmann-
Shannon entropy, and in the second one we used the fact that the push-forward via a
Borel map does not increase the entropy (cf. [86, Thm. 29.20 (i), (ii)]).

We now study the r.h.s. of (5.5) as k → ∞. We first observe that

Ent(µ1,k|mk) = 1
Zk

∫
X
ρ1 log ρ1 (fk)♯mk − logZk.
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Since ρ1 is continuous and with bounded support, then ρ1 log ρ1 is bounded, continuous,
and with bounded support. Furthermore, since (fk)♯mk ⇀ m and Zk → 1, we have

lim
k→∞

Ent(µ1,k|mk) = Ent(µ1|m).

This settles the first term in (5.5).
The limit of the second term in (5.5) is quite delicate as a consequence of the low

regularity of G and the almost-everywhere nature of the G-diameter bound, here is where
the proof departs from the classical one.

As a first remark notice that x̄k (resp. x̄) and suppµ1,k (resp. suppµ1) are contained
in a common bounded set of suppmk (resp. suppm), say BR̄(⋆k)∩suppmk (resp. BR̄(⋆)∩
suppm) for some R̄ > 0 and all k ∈ N. In the rest of the proof, only the values of Gk

(resp. G) on these sets play a role. Therefore without loss of generality we can strengthen
hypothesis (ii) by assuming, instead, that suppmk is G-bounded, uniformly w.r.t. k ∈ N̄.
In other words there exists D > 0 such that

m({y | y ̸= x, G(x, y) ≥ D + ε}) = 0, ∀x ∈ suppm, ∀ ε > 0. (5.6)

On the one hand, we have no information for x /∈ suppm. On the other hand, for fixed
x ∈ suppm, it may happen that G(x, y) ≥ D + ε on a set of zero m-measure which may
have positive (fk)♯mk measure. For this reason, fix ε > 0 once for all, and introduce the
following modification of the limit gauge function G:

Gε(x, y) := min{G(x, y), D + ε}. (5.7)

The modified gauge function has the following properties:

(a) Gε(x, y) ≤ D + ε for all x, y ∈ X;

(b) Gε(x, y) = G(x, y) for all x ∈ suppm and m-a.e. y ∈ X, y ̸= x;

(c) The L1
loc convergence of the gauge functions of Definition 5.3 remains true replacing

G with Gε. In particular it holds:

lim
k→∞

∫
BR(⋆k)\{x̄k}

|Gk(x̄k, z) − Gε(fk(x̄k), fk(z))|mk(dz) = 0, ∀R > 0.

Item (a) is trivial, while (b) follows from the condition diamG(X) ≤ D that is (5.6).
Item (c) follows from the observation that, since diamG(Xk) ≤ D, the integrand in (5.2)
decreases when replacing G with Gε, for all fixed k ∈ N.

We can now study the second term in (5.5) as k → ∞. We have:∫
Xk

log βt
(
Gk(x̄k, x)

)
µ1,k(dx) =

∫
X

log βt
(
Gε(fk(x̄k), x)

)
((fk)♯µ1,k)(dx)

+
∫

Xk

[
log βt

(
Gk(x̄k, x)

)
− log βt

(
Gε(fk(x̄k), fk(x))

)]
µ1,k(dx).

(5.8)
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To proceed with the proof, assume first that βt : [0,+∞] → [0,+∞] is bounded on
bounded intervals. This is the case precisely when D = +∞.

We claim first that the second integral in the r.h.s. of (5.8) converges to zero for
any t ∈ (0, 1) as k → ∞. First observe that βt(·), restricted to [0, D + ε], is bounded
from below away from zero (cf. Proposition 3.4(vi)), bounded from above, and Lipschitz
continuous on [0, D+ε]. Thus log βt(·) is Lipschitz continuous on [0, D+ε], with Lipschitz
constant C > 0 (the constant depends on βt andD+ε only). Furthermore, the arguments
of log βt(·) in the second integral of (5.8) take values on [0, D+ε] µ1,k-almost everywhere:
the first one since diamG(Xk) ≤ D (recall that x̄k /∈ suppµ1,k), while the second one by
construction of Gε. Hence for the second integral in the r.h.s. of (5.8) we have:

lim
k→∞

∫
Xk

∣∣log βt
(
Gk(x̄k, x)

)
− log βt

(
Gε(fk(x̄k), fk(x))

)∣∣ µ1,k(dx)

≤ lim
k→∞

C

∫
Xk

|Gk(x̄k, x) − Gε(fk(x̄k), fk(x))| µ1,k(dx) (5.9)

≤ lim
k→∞

C∥ρ1∥∞
Zk

∫
BR̄(⋆k)\{x̄k}

|Gk(x̄k, x) − Gε(fk(x̄k), fk(x))| mk(dx) = 0,

where R̄ > 0 is such that suppµ1,k ⊂ BR̄(⋆k) for all k ∈ N.
It remains to discuss the limit of the first term in the r.h.s. of (5.8). Notice that

(fk, fk)♯(δx̄k
⊗ µ1,k) ⇀ δx̄ ⊗ µ1. Thus we have

lim
k→∞

∫
X

log βt
(
Gε(fk(x̄k), x)

)
((fk)♯µ1,k)(dx)

= lim
k→∞

∫
X×X

log βt
(
Gε(x, y)

)
(fk, fk)♯ (δx̄k

⊗ µ1,k) (dxdy)

=
∫

X
log βt

(
G(x̄, x)

)
µ1(dx). (5.10)

In (5.10), we used the fact that log βt ◦ Gε = log βt ◦ G and is continuous δx̄ ⊗ µ1-a.e.,
bounded by construction, so that we can apply [34, Cor. 2.2.10].

This concludes the proof in the case when βt(·) is finite on bounded intervals (that
is when D = +∞), and ρ1 = dµ1/dm is continuous.

We deal now with the case D < +∞. In this case what fails is (5.9), as the arguments
of the log can attain infinite value. We will argue by approximation. For λ ∈ N we let

β
(λ)
t (θ) := min{βt(θ), λ}, ∀λ ∈ N, t ∈ [0, 1], θ ∈ [0,+∞].

Since βt ≥ β
(λ)
t , then (Xk, dk,mk,Gk) satisfies the MCP(β(λ)) inequality (3.9).

Furthermore, the functions β(λ)
t : [0,+∞] → [0,+∞] are bounded from below away

from zero by a positive constant, bounded from above, and Lipschitz continuous. To
see the global Lipschitz continuity, recall that βt is locally Lipschitz on [0,D) and
lim infθ→D− βt(θ) = +∞, so that β(λ)

t can be written as the minimum of two globally
Lipschitz functions. It follows that log β(λ)

t is also Lipschitz continuous with Lipschitz
constant that depends on t, λ, D, but not on k.
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Thus we can argue as in the previous part of the proof, and we obtain that for any
µ1 ∈ P∗

bs(X, d,m) with continuous density and any x̄ ∈ suppm \ suppµ1 there exists a
W2(X, d)-geodesic (µt)t∈[0,1] between δx̄ and µ1 such, that for all λ ∈ N:

Ent(µt|m) ≤ Ent(µ1|m) −
∫

X
log β(λ)

t (G(x̄, x))µ1(dx), ∀ t ∈ (0, 1).

By construction, the sequence of functions log β(λ)
t (G(x̄, ·)) is monotone w.r.t. λ, measur-

able, uniformly bounded from below, and log β(λ)
t (G(x̄, x)) ↑ log βt(G(x̄, x)) as λ → ∞

for all x ∈ X. We conclude by the monotone convergence theorem.
This ends the proof in the case in which the density ρ1 = dµ1/dm is continuous. The

strategy to reduce the general case to the continuous case is the same as [86]: we find a
regularized measure µε

1 with continuous density ρε
1 and bounded support using [86, Ch.

29, First Appendix], and we prove the desired MCP inequality between x̄ and µε
1:

Ent(µε
t |m) ≤ Ent(µε

1|m) −
∫

X
log βt(G(x̄, x))µε

1(dx) ,

where (µε
t )t∈[0,1] is a W2(X, d)-geodesic between δx̄ and µε

1 for ε > 0. The sequence (µε
t )ε

converges in the W2 distance to a W2(X, d)-geodesic between δx̄ and µ1. Then we pass
to the limit for ε → 0 using similar arguments as before: the lower semi-continuity of
the Boltzmann entropy in the l.h.s., its upper semi-continuity of the first term in the
r.h.s. along this particular regularizing sequence, and again the regularity property of G
and [34, Cor. 2.2.10] for the second term in the r.h.s.

Remark 5.9 (More general coefficients). The proof works for any family of non-negative
functions βt : [0,+∞] → [0,+∞], not necessarily defined as in (3.6), but such that, for
all t ∈ (0, 1):

• are bounded from below away from zero on any compact set;

• are finite on [0,D) for some D ∈ (0,+∞] and, if D < +∞, it holds lim infθ→D− βt(θ) =
+∞, and βt(θ) = +∞ for θ ≥ D;

• βt(·) is locally Lipschitz on [0,D).

Remark 5.10 (Variable coefficients). Theorem 5.6 can be further extended to the case in
which each space (Xk, dk,mk,Gk, ⋆k) satisfies a MCP(βk) condition, with coefficients βk

as in (3.6) for all k ∈ N and with the following properties:

• lim infk→∞ Dk = +∞ (for simplicity);

• for all fixed t ∈ (0, 1), the family (βk
t )k∈N is definitely bounded below by a positive

constant on any compact set, uniformly w.r.t. k;

• for all fixed t ∈ (0, 1), the family (βk
t )k∈N, restricted on any compact interval, is

definitely Lipschitz, uniformly w.r.t. k;
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In fact, up to extraction, and by Arzelà-Ascoli’s Theorem, we can assume that there
exists β∞

t : [0,+∞] → [0,+∞] such that βk
t → β∞

t uniformly on compact sets, and for
all fixed t ∈ (0, 1). Then under the same assumptions of Theorem 5.6 the limit space
satisfies the MCP(β∞). To prove it, take the function Bm

t (θ) := infk≥m βk
t (θ), for m ∈ N,

θ ∈ [0,+∞], t ∈ [0, 1]. By construction, Bm
t (·) is finite on [0,+∞), locally Lipschitz,

and bounded from below away from zero. We then use Remark 5.9, so that the limit
space satisfies MCP(Bm). Then take the limit for m → ∞, using Fatou’s lemma.
Remark 5.11 (A semi-continuous variant). Instead of assuming G∞ to satisfy the “m∞-
a.e. continuity” in the sense of the regularity condition (cf. Definition 5.3), one could
alternatively assume that βt ◦ G∞ is lower semi-continuous on suppm∞ × suppm∞, for
all fixed t ∈ (0, 1). In the proof, (5.10) would be replaced by the inequality

lim inf
k→∞

∫
X

log βt
(
Gε(fk(x̄k), x)

)
((fk)♯µ1,k)(dx)

= lim inf
k→∞

∫
X×X

log βt
(
Gε(x, y)

)
(fk, fk)♯ (δx̄k

⊗ µ1,k) (dxdy)

≥
∫

X
log βt

(
G(x̄, x)

)
µ1(dx). (5.11)

which would follow from [34, Cor. 2.2.6]. Note that (5.11) is sufficient for the proof.

5.2 Stability of CD(β, n)
The analogous stability statement for the CD(β, n) condition requires slightly stronger
assumptions with respect to the ones in Definition 5.3.

The main difference is that the optimal transport plans used in the MCP condition
are of the form πk = δxk

⊗ µ1,k with µ1,k ≪ mk, and thus one can reduce integrals over
πk to integrals with respect to mk. In the corresponding construction for the CD case,
the sequences of optimal plans πk are in general not absolutely continuous with respect
to mk ⊗mk. Thus, it is convenient to strengthen the L1

loc convergence of gauge functions
and regularity conditions in the following way, that involves the optimal transport plans.

Definition 5.12. Let (Xk, dk,Gk,mk), k ∈ N̄ be gauge metric measure spaces such that
(Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH sense, with approximating maps
fk : Xk → X∞ as in Remark 5.2. We introduce the following conditions:

• L1
loc convergence of gauge functions over plans: for all sequences µ0,k ∈

Pbs(Xk, dk,mk), µ1,k ∈ P∗
bs(Xk, dk,mk) with suppµ0,k ∩ suppµ1,k = ∅, and all νk ∈

OptGeo(µ0,k, µ1,k) such that (3.7) holds, for the corresponding sequence of optimal
plans πk = (e0, e1)♯νk such that (fk, fk)♯πk is weakly convergent in P(X∞ ×X∞),
we have

lim
k→∞

∫
BR((⋆k,⋆k))

|Gk(x, z) − G∞(fk(x), fk(z))|πk(dxdz) = 0, ∀R > 0. (5.12)
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• regularity condition for G∞ over plans: for all µ0 ∈ Pbs(X∞, d∞,m∞), µ1 ∈
P∗

bs(X∞, d∞,m∞) with suppµ0 ∩ suppµ1 = ∅, π ∈ Opt(µ0, µ1), it holds that G∞
is continuous π-a.e.

Remark 5.13. Since πk and π are supported out of the diagonal, the conditions above
can be written in a fashion similar to Definition 5.3, by removing the diagonal.

In Section 7.3.2 we show that the regularity condition above is satisfied in natural
classes of examples.

Theorem 5.14 (Stability of CD). Let (Xk, dk,mk,Gk), k ∈ N̄ be gauge m.m.s. with
(Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH sense. Let β be distortion coefficients
as in (3.6), and n ∈ [1,+∞). Assume that:

(i) (suppmk, dk) is locally compact and geodesic for all k ∈ N̄;

(ii) for any R > 0 there exists D = D(R) > 0 such that Gk ≤ D on BR(⋆k)∩suppmk ×
BR(⋆k) ∩ suppmk, for all k ∈ N;

(iii) the L1
loc convergence and regularity conditions over plans hold (cf. Definition 5.12);

(iv) for all t ∈ (0, 1) the function βt : [0,D) → [0,+∞) is locally Lipschitz;

(v) (Xk, dk,mk,Gk) satisfies the CD(β, n) for all k ∈ N;

Then, also (X∞, d∞,m∞,G∞) satisfies the CD(β, n).

Remark 5.15. The local boundedness of Gk (i.e. (ii)) can be weakened by asking that
Gk is locally πk-essentially bounded, uniformly with respect to k ∈ N and all optimal
plans πk for which the CD inequality (3.7) holds. More precisely, for all R > 0 there
exists D ∈ (0,+∞) such that for all k ∈ N and for all πk for which the CD inequality is
required to hold on (Xk, dk,mk,Gk), we have Gk ≤ D πk-a.e. on BR(⋆k) ×BR(⋆k).

Proof. We drop the ∞ from the notation for the limit so that (X∞, d∞,m∞,G∞, ⋆∞) will
be denoted by (X, d,m,G, ⋆). Let fk : Xk → X be the approximations as in Remark 5.2.
Let µ0 ∈ Pbs(X, d,m), and µ1 ∈ P∗

bs(X, d,m) with suppµ0 ∩ suppµ1 = ∅. Since suppµi,
i = 0, 1, is compact (recall that (suppm, d) is assumed to be locally compact), the
distance between suppµ0 and suppµ1 is positive. We start by assuming that µ0, µ1 ≪ m,
with continuous density µi = ρi m, and bounded support. Define

µi,k := ρi ◦ fk mk∫
Xk
ρi ◦ fk mk

, i = 0, 1.

Notice that
Zi,k :=

∫
Xk

ρi ◦ fk mk =
∫

X
ρi (fk)♯mk → 1, i = 0, 1,

so that µi,k ∈ P∗
bs(Xk, dk,mk) and suppµ0,k ∩ suppµ1,k = ∅, for sufficiently large k.
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By the CD(β, n) we find a W2(Xk, dk)-geodesic (µt,k)t∈[0,1] ⊂ P2(Xk, dk), induced by
νk ∈ OptGeo(µ0,k, µ1,k) such that

Un(µt,k|mk) ≥ exp
(

1
n

∫
Geo(Xk)

log β1−t
(
Gk(γ1, γ0)) νk(dγ)

)
Un(µ0,k|mk)

+ exp
(

1
n

∫
Geo(Xk)

log βt
(
Gk(γ0, γ1)

)
νk(dγ)

)
Un(µ1,k|mk), ∀ t ∈ (0, 1). (5.13)

By construction, suppµi and supp(fk)♯µi,k, i = 0, 1, are contained in a common bounded
set, say BR(⋆) ⊂ X, for all k ∈ N and some R > 0. Thus, using the properties of the
approximating maps fk and the fact that (suppmk, dk) are locally compact and geodesic,
one can show that the supports of the family {(fk)♯µt,k}k∈N,t∈[0,1] are contained in the
common compact set B̄2R(⋆). By stability of optimal transport [86, Thm. 28.9], up to
extraction, there exists a W2(X, d)-geodesic (µt)t∈[0,1], and corresponding optimal plan
π ∈ Opt(µ0, µ1) with

sup
t∈[0,1]

W2((fk)♯µt,k, µt) → 0, and (fk, fk)♯πk ⇀ π.

In particular by Proposition 3.2 we also have (fk)♯µt,k ⇀ µt weakly.
We can now pass to the limit in the l.h.s. of (5.13):

Un(µt|m) ≥ lim sup
k→∞

Un((fk)♯µt,k|(fk)♯mk) ≥ lim sup
k→∞

Un(µt,k|mk),

where in the first inequality we use the joint upper semi-continuity of Un, and in the
second one we used the fact that the push-forward via a Borel map does not increase
the entropy (cf. [86, Thm. 29.20 (i), (ii)]).

We now study the r.h.s. of (5.13) as k → ∞. We first observe that, for i = 0, 1

Ent(µi,k|mk) = 1
Zi,k

∫
X
ρi log ρi (fk)♯mk − logZi,k.

Since ρi is continuous and with bounded support, then ρi log ρi is bounded, continuous,
and with bounded support. Furthermore, since (fk)♯mk ⇀ m and Zi,k → 1, we have

lim
k→∞

Un(µi,k|mk) = Un(µi|m), i = 0, 1.

This settles the entropic factors in the right hand side of (5.13).
To deal with the remaining factors in the right hand side of (5.13) we first claim that

π 9 ess sup G ≤ D. (5.14)

To prove it, notice that suppπk ⊆ BR̄((⋆k, ⋆k)) ∩ suppmk ⊗ mk for sufficiently large
R̄ > 0 and all k ∈ N. Therefore by assumption (ii) there exists D > 0 such that Gk ≤ D
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on suppπk for all k ∈ N. If there exists set A ⊂ X × X with π(A) > 0 such that
G(x, y) ≥ D + ε for all (x, y) ∈ A, then, letting Ak := (fk, fk)−1(A), we obtain

lim inf
k→∞

∫
Ak

|Gk(x, z) − G(fk(x), fk(z))|πk(dxdz) ≥ lim inf
k→∞

ε

∫
Ak

πk(dxdz) > 0,

contradicting the L1
loc convergence over plans of Definition 5.12.

In particular it holds

π({(x, y) | G(x, y) ≥ D + ε}) = 0, ∀ ε > 0,

proving (5.14). Fix ε > 0 once for all, and let:

Gε(x, y) := min{G(x, y), D + ε}, ∀ (x, y) ∈ X ×X.

The modified gauge function has the following properties:

(a) Gε(x, y) ≤ D + ε for all x, y ∈ X;

(b) Gε(x, y) = G(x, y) for π-a.e. (x, y) ∈ X ×X;

(c) The L1
loc convergence of the gauge functions for plans of Definition 5.12 remains

true replacing G with Gε. In particular it holds:

lim
k→∞

∫
BR((⋆k,⋆k))

|Gk(x, z) − Gε(fk(x), fk(z))|πk(dxdz) = 0, ∀R > 0.

Item (a) is trivial, while (b) follows from (5.14). Item (c) follows from the observation
that, since Gk ≤ D on suppπk for large k, the integrand in (5.12) decreases when
replacing G with Gε, for all fixed k ∈ N.

We now study the second factor in the right hand side of (5.13) (the other one is
similar). We have:∫

Geo(Xk)
log βt

(
Gk(γ0, γ1)

)
νk(dγ) =

∫
X×X

log βt
(
Gε(x, z)

)
((fk, fk)♯πk)(dxdz)

+
∫

Xk×Xk

[
log βt

(
Gk(x, z)

)
− log βt

(
Gε(fk(x), fk(z))

)]
πk(dxdz). (5.15)

To proceed with the proof, assume that βt : [0,+∞] → [0,+∞] is bounded on bounded
intervals. This is the case precisely when D = +∞.

We claim first that the second integral in the r.h.s. of (5.15) converges to zero for
any t ∈ (0, 1) as k → ∞. First observe that βt(·), restricted to [0, D + ε], is bounded
from below away from zero (cf. Proposition 3.4(vi)), bounded from above, and Lipschitz
continuous on [0, D + ε]. Thus log βt(·) is Lipschitz continuous on [0, D + ε], with
Lipschitz constant C > 0 (the constant depends on βt and D + ε only). Furthermore,
the arguments of log βt(·) take values on [0, D+ε] everywhere: the first one since Gk ≤ D
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on suppπk for large k, while the second one by construction of Gε. Hence for the second
integral in the r.h.s. of (5.15) we have:

lim
k→∞

∫
Xk×Xk

∣∣log βt
(
Gk(x, z)

)
− log βt

(
Gε(fk(x), fk(z))

)∣∣ πk(dxdz)

≤ C lim
k→∞

∫
Xk×Xk

|Gk(x, z) − Gε(fk(x), fk(z))| πk(dxdz) = 0.

It remains to discuss the limit of the first term in the r.h.s. of (5.15). We have

lim
k→∞

∫
X×X

log βt
(
Gε(x, z)

)
(fk, fk)♯πk(dxdz) =

∫
X×X

log βt
(
Gε(x, z)

)
π(dxdz). (5.16)

In (5.16), we used the fact that log βt ◦ Gε = log βt ◦ G and is continuous π-a.e., bounded
by construction, so that we can apply [34, Cor. 2.2.10].

Furthermore we observe that, if ν ∈ OptGeo(µ0, µ1) is the dynamic optimal plan
representing the W2-geodesic (µt)t∈[0,1], we have∫

X×X
log βt

(
Gε(x, z)

)
π(dxdz) =

∫
Geo(X)

log βt
(
Gε(γ0, γ1)

)
ν(dγ).

This concludes the proof in the case when βt(·) is finite on bounded intervals (that is
when D = +∞), and both ρi = dµi/dm are continuous. The extension to the case
D < +∞ is done verbatim as in the proof of Theorem 5.6.

The strategy to reduce the general case (i.e. µ0 ∈ Pbs(X, d,m), µ1 ∈ P∗
bs(X, d,m)

with suppµ0 ∩ suppµ1 = ∅) to the previous one is also along the same lines. As in
the proof of Theorem 5.6, we regularize µ0, µ1 to obtain a.c. measures with continuous
density [86, Ch. 29, First Appendix]. The only difference in the argument is that, when
passing to the limit, one uses (5.14) in order to apply [34, Cor. 2.2.10].

Remark 5.16 (A semi-continuous variant). Instead of assuming G∞ to satisfy the reg-
ularity condition over plans (cf. Definition 5.12), one could alternatively assume that
βt ◦ G∞ is lower semi-continuous on suppm∞ × suppm∞, for all fixed t ∈ (0, 1). In the
proof, (5.16) would be replaced by the inequality

lim inf
k→∞

∫
X×X

log βt
(
Gε(x, z)

)
(fk, fk)♯πk(dxdz) ≥

∫
X×X

log βt
(
Gε(x, z)

)
π(dxdz). (5.17)

which would follow from [34, Cor. 2.2.6]. Note that (5.17) is sufficient for the proof.

5.3 Compactness for MCP(β) and CD(β, n) spaces

The goal of this section is to establish some compactness results for MCP(β) and CD(β, n)
spaces. First, let us recall some notation. Let (X, d,m) be a metric measure space. Given
an open subset Ω ⊂ X, we denote with LIP(Ω) the set of Lipschitz functions u : Ω → R.
The space LIPloc(Ω) is the set of functions u : Ω → R such that u|A ∈ LIP(A) for every
open set A ⋐ Ω.
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For u ∈ LIPloc(Ω), we define the modulus of the gradient of u at x ∈ Ω as

∥∇u∥(x) := lim inf
r→0

1
r

sup
y∈Br(x)

|u(y) − u(x)|.

Following [70, Sec. 3], for u ∈ L1
loc(Ω,m⌞Ω), we define the total variation of u on Ω as

∥Du∥(Ω) := inf
{

lim inf
k→∞

∫
Ω

∥∇uk∥m | (uk)k ⊂ LIPloc(Ω), uk → u in L1
loc(Ω,m⌞Ω)

}
.

A function u ∈ L1
loc(Ω,m⌞Ω) is said to have bounded total variation on Ω provided

∥Du∥(Ω) < ∞. For u ∈ L1(Ω,m⌞Ω) with bounded total variation on Ω, we denote

∥u∥BV (Ω) := ∥u∥L1(Ω,m⌞Ω) + ∥Du∥(Ω).

The next result gives pre-compactness criteria for gauge metric measure spaces sat-
isfying the MCP, that generalizes the well-known one for metric measures spaces.

Theorem 5.17 (Pre-compactness for MCP). Let β be distortion coefficients as in (3.6).
Let {(Xk, dk,mk,Gk, ⋆k)}k∈N be a family of pointed gauge metric measure spaces, with
suppmk = Xk, satisfying the MCP(β). Assume that for all L > 0 there exists D =
D(L) > 0 such that

diamG(BL(⋆k)) ≤ D(L), ∀ k ∈ N.

Then, the following hold:

(i) If there exists M > 0 such that 1
M ≤ mk(B1(⋆k)) ≤ M for all k ∈ N, then the

family {(Xk, dk,mk, ⋆k)}k∈N is pre-compact in the pmGH topology.
Moreover, if (X∞, d∞,m∞, ⋆∞) is any pmGH limit space, then (suppm∞, d∞) is
proper and geodesic.

(ii) Assume that (Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH topology, by means
of approximating maps fk : Xk → X∞. Assume that the family {Gk}k∈N is locally
asymptotically equi-continuous, in the sense that for all L > 0 and ε > 0 there
exist δ = δ(ε, L) > 0 and k̄ = k̄(ε, L) ∈ N such that for all k ≥ k̄ it holds:

dk(xk, x
′
k) ≤ δ, dk(yk, y

′
k) ≤ δ =⇒ |Gk(xk, yk) − Gk(x′

k, y
′
k)| ≤ ε, (5.18)

for all xk, x
′
k, yk, y

′
k ∈ BL(⋆k).

Then, up to extraction of a subsequence, there exists a continuous map G∞ : X∞ ×
X∞ → [0,+∞), and εk ↓ 0, such that

|Gk(x, y) − G∞(fk(x), fk(y))| ≤ εk, ∀x, y ∈ BL(⋆k).

In particular the conditions of Definition 5.3 hold, and if the functions βt : [0,D) →
R are locally Lipschitz, then (X∞, d∞,m∞,G∞) satisfies the MCP(β).
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(iii) With the same assumption as in item (ii), if the Gk are meek (cf. Definition 4.23),
then the generalized Bishop-Gromov Theorem 4.25 and Propositions 4.29–4.31 hold
for (X∞, d∞,m∞,G∞).

(iv) Assume that (Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH topology, by means
of approximating maps fk : Xk → X∞. Assume that

• for every x ∈ X∞ there exist xk ∈ Xk such that fk(xk) → x in X∞ and

sup
k∈N

∥Gk(xk, ·)∥BV(BL(⋆k)) < ∞, ∀L > 0; (5.19)

• the spaces (Xk, dk,mk) satisfy a weak L1-Poincaré inequality, with uniform
constants in k: there exist c ≥ 1, C > 0, R > 0 such that for every f ∈
LIPloc(Xk, dk), every r ∈ (0, R], and every x ∈ Xk, it holds

1
mk(BXk

r (x))

∫
B

Xk
r (x)

∫
B

Xk
r (x)

|f(y) − f(z)|mk(dy)mk(dz)

≤ Cr

∫
B

Xk
cr (x)

∥∇f∥(y)mk(dy). (5.20)

Then, up to extraction of a subsequence, there exists a map G∞ : X∞ × X∞ →
[0,+∞] with G∞(x, ·) ∈ BVloc(X∞, d∞,m∞) for every x ∈ X∞ such that Gk →
G∞ in the L1

loc sense of Definition 5.3. If in addition G∞ satisfies the regularity
condition of Definition 5.3 and the functions βt : [0,D) → R are locally Lipschitz,
then (X∞, d∞,G∞,m∞) satisfies the MCP(β).

Proof. From suppmk = Xk, the MCP(β) condition, and the local G-boundedness as-
sumption, each (Xk, dk) is a locally compact geodesic space (see Corollary 4.16). We
adopt the convention of Remark 5.2 for the pmGH convergence.

Proof of (i). Thanks to our assumptions on the G-diameters, we have that the family
of metric spaces {(BL(⋆k), dk)}k∈N are totally bounded for any fixed L > 0, uniformly
with respect to k (cf. Corollary 4.16 and Remark 4.17); hence, the pre-compactness in
the pGH topology follows from the classical characterization in terms of nets (cf. for
example [86, Thm. 27.10, Def. 27.13]). Using the local doubling inequality of Corollary
4.14, we have that the assumption mk(B1(⋆k)) ≤ M propagates to any scale, that is
there exists M = M(R) > 0 such that mk(BR(⋆k)) ≤ M(R) for all k ∈ N. Thus we
obtain via a diagonal argument that (fk)♯mk is pre-compact in the weak topology. The
assumption mk(B1(⋆k)) ≥ 1

M prevents the limit measures to vanish identically.
Now, let (X∞, d∞,m∞, ⋆∞) be any pmGH limit space. Then (suppm∞, d∞,m∞) sat-

isfies a local doubling inequality with the same (uniform) constants as the approximating
sequence, and thus (suppm∞, d∞) is proper. Moreover, suppm∞ is a length space, as
GH-limit of length spaces. Since any proper length space is geodesic, we conclude that
(suppm∞, d∞) is a geodesic space.

Proof of (ii). We can apply Arzelà-Ascoli theorem for pmGH converging sequences
(see for instance [86, Prop. 27.20]). Letting f ′

k : X∞ → Xk be the approximate inverses
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of fk (i.e. d∞(fk ◦ f ′
k(y), y) → 0 and dk(f ′

k ◦ fk(x), x) → 0 as k → ∞), there exists a
continuous G∞ : X∞ ×X∞ → [0,+∞) such that

lim
k→∞

sup
x,y∈BL(⋆∞)

|Gk(f ′
k(x), f ′

k(y)) − G∞(x, y)| = 0, ∀L > 0.

Using the approximate inverse property and the equi-continuity of {Gk}k∈N, we obtain

lim
k→∞

sup
x,y∈BL(⋆k)

|Gk(x, y) − G∞(fk(x), fk(y))| = 0, ∀L > 0. (5.21)

Clearly, (5.21) implies the L1
loc convergence of Definition 5.3.

Furthermore, by construction, G∞ is continuous. All the assumptions of Theorem
5.6 are then met, and thus the limit (X∞, d∞,G∞,m∞) satisfies the MCP(β).

Proof of (iii). Fix µ1 ∈ P∗
bs(X, d,m) and x̄ ∈ suppm\ suppµ1. We claim that there

exists ν ∈ OptGeo(δx̄, µ1) satisfying the MCP inequality (3.8) and there exists a Borel
set Γ ⊂ Geo(X) with ν(Γ) = 1, such that it holds

G(γ0, γt) = tG(γ0, γ1), ∀ t ∈ (0, 1], ∀ γ ∈ Γ. (5.22)

Note that (5.22) is weaker than the meek property for G, but it is sufficient for the proof
of the generalized Bishop-Gromov Theorem 4.25, as explained in Remark 4.24.

We prove now the claim. By the argument used in the proof of Theorem 5.6, we
know that there exist µ1,k ∈ P∗

bs(Xk, dk,mk), x̄k ∈ suppmk with x̄k /∈ suppµ1,k, νk ∈
OptGeo(δx̄k

, µ1,k), and ν ∈ OptGeo(δx̄, µ1) such that νk and ν satisfy the MCP condition
and moreover (up to a extraction of a subsequence)

(fk)♯

(
(et)♯νk

)
⇀ (et)♯ν, ∀ t ∈ [0, 1]. (5.23)

Since each Gk is meek, for every k ∈ N there exists Γk ⊂ Geo(Xk) with νk(Γk) = 1, such
that for all γ ∈ Γk it holds

Gk(γ0, γt) = tGk(γ0, γ1), ∀ t ∈ (0, 1]. (5.24)

From (5.23) we infer that for ν-a.e. γ, there exist γk ∈ Γk such that

fk(γk,t) → γt, ∀ t ∈ [0, 1] ∩ Q. (5.25)

Since µ1 has bounded support, one can choose the νk ∈ OptGeo(δx̄k
, µ1,k) with the

following property: there exists R > 0 such that ∪t∈[0,1] supp
(
(et)♯νk

)
⊂ BR(x̄k). It

follows that the geodesics γk have a uniform bound on the length and thus are equi-
Lipschitz. Hence, by the Arzelà-Ascoli Theorem for varying spaces converging in the
GH sense (see for instance [86, Prop. 27.20]), we can promote (5.25) to

fk(γk,t) → γt for every t ∈ [0, 1]. (5.26)

Combining (5.24) and (5.26) with the asymptotic equi-continuity of the Gauge functions
(5.18), we obtain for ν-a.e. γ ∈ Geo(X)

G(γ0, γt) = lim
k→∞

Gk(γk,0, γk,t) = t lim
k→∞

Gk(γk,0, γ1,t) = tG(γ0, γt), ∀ t ∈ (0, 1],
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as claimed.
Proof of (iv). By assumption, the spaces {(Xk, dk,mk)}k∈N satisfy local doubling

(see Corollary 4.14) and weak L1-Poincaré inequalities, with constants uniform in k ∈ N;
moreover they converge in pmGH sense to (X∞, d∞,m∞, ⋆∞). Under such conditions,
it is well-known that BV compactness in varying spaces holds (see for instance [59,
Thm. 4.15]). It follows that there exists a map G∞ : X∞ × X∞ → [0,+∞) with
G∞(x, ·) ∈ BVloc(X∞, d∞,m∞) for every x ∈ X∞ such that Gk → G∞ in the L1

loc sense
of Definition 5.3. If in addition G∞ satisfies the regularity condition of Definition 5.3 and
the functions βt : [0,D) → R are locally Lipschitz, then the assumptions of Theorem 5.6
are met; thus we can conclude that the limit (X∞, d∞,m∞,G∞) satisfies the MCP(β).

We next comment on the assumptions of Theorem 5.17.
Remark 5.18. The weak L1-Poincaré inequality (5.20) is a very natural assumption in
the framework of this paper. Indeed it was proved to hold with c = 2, any R > 0, for an
explicit C = C(K,N,R) > 0 in the class of MCP(K,N) spaces (X, d,m) satisfying the
following mild “a.e. non-branching” assumption [88, Cor. p. 28]: the set

{y ∈ X | there exist γ1 ̸= γ2 ∈ Geo(X) such that x = γ1
0 = γ2

0 , y = γ1
1 = γ2

1}

has m-measure zero for m-a.e. x ∈ X. It is well-known that such a property holds for
essentially non-branching MCP(K,N) spaces (see for instance [38, Rmk. 2.6]).
Remark 5.19. The classical framework of Lott-Sturm-Villani’s theory corresponds to the
choice of gauge function as G(x0, ·) := d(x0, ·), for x0 ∈ X. In this case, G(x0, ·) is (triv-
ially) 1-Lipschitz; thus the asymptotic equi-continuity assumed in item (ii) holds trivially,
and the uniform local BV bounds (5.19) assumed in item (iv) hold as a consequence of
the uniform upper bound on the volume of metric balls.

Since CD(β, n) implies MCP(β), it is clear that (i) in Theorem 5.17 implies a corre-
sponding pre-compactness result for the class of CD(β, n) spaces. Also a compactness
result analogous to item (ii) can be proved along the same lines, so we only state it.

Theorem 5.20 (Pre-compactness for CD). Let β be the distortion coefficients as (3.6),
and n ∈ [1,+∞). Let {(Xk, dk,mk,Gk, ⋆k)}k∈N̄ be a family of pointed gauge metric
measure spaces, with (Xk, dk,mk, ⋆k) → (X∞, d∞,m∞, ⋆∞) in the pmGH topology, by
means of approximating maps fk : Xk → X∞ as in Remark 5.2. Assume that

• for any L > 0 there exists D = D(L) > 0 such that Gk ≤ D on BL(⋆k) ×BL(⋆k) ∩
suppmk × suppmk;

• the family {Gk}k∈N is locally asymptotically equi-continuous, in the sense that for
all L > 0 and ε > 0 there exist δ = δ(ε, L) > 0 and k̄ = k̄(ε, L) ∈ N such that for
all k ≥ k̄ it holds:

dk(xk, x
′
k) ≤ δ, dk(yk, y

′
k) ≤ δ =⇒ |Gk(xk, yk) − Gk(x′

k, y
′
k)| ≤ ε,

for all xk, x
′
k, yk, y

′
k ∈ BL(⋆k).
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Then, up to extraction of a subsequence, there exists a continuous map G∞ : X∞×X∞ →
[0,+∞), and εk ↓ 0, such that

|Gk(x, y) − G∞(fk(x), fk(y))| ≤ εk, ∀x, y ∈ BL(⋆k).

In particular the conditions of Definition 5.12 hold. If the functions βt : [0,D) → R are
locally Lipschitz, and (Xk, dk,mk,Gk) satisfy the CD(β, n), then also (X∞, d∞,m∞,G∞)
satisfies the CD(β, n).

Remark 5.21. Let (X, d,m) be a Carnot group, equipped with its Haar measure. It
is well-known that they support Poincaré inequalities (see e.g. [51, Prop. 11.17] and
references within). If the Carnot group is ideal (which means, in the special case of
Carnot groups, that it is also fat and thus of step ≤ 2) and it is equipped with a natural
gauge function (see Section 7), then G is locally bounded (see Figure 3). Furthermore d
is locally semiconcave in charts outside of the diagonal [76]. As a consequence one can
prove that natural gauge functions satisfy

sup
x∈Ω

∥G(x, ·)∥BV (Ω) < +∞,

for any bounded set Ω. This means that one can apply the compactness Theorem 5.17(iv)
to sequences of ideal Carnot groups equipped with natural gauge functions provided that
the Poincaré inequality, the BV bound on G, and the local G-diameter bound hold with
uniform constants w.r.t. to the sequence.

6 Vector-valued gauge functions

In this section we extend the previous theory to the case of a vector-valued gauge func-
tion. Let Rm

+ := [0,+∞)m. We consider the real projective “positive” space:

RPm
+ :=

(
Rm+1

+ \ {0}
)
/ ∼ ,

where x ∼ y if x = λy for λ > 0. To convey the correct intuition, in this section RPm
+

shall be thought as a compactification of Rm
+ , adding one point at infinity for every

direction, rather than space of directions in Rm+1
+ .

The map x 7→ [x : 1] embeds Rm
+ in RPm

+ . For θ ∈ RPm
+ \ Rm

+ , we set |θ| = +∞;
otherwise, if θ = [x : 1] for some x ∈ Rm

+ , |θ| is the standard norm of the vector x ∈ Rm
+ .

Finally, dilations on Rm
+ extend to RPm

+ : if θ = [x : a] for x ∈ Rm and a ∈ R, and
t > 0, we denote tθ = [tx : a].

A vector valued gauge function on a metric measure space (X, d,m) is a Borel function

G : X ×X → RPm
+ . (6.1)

Let N ∈ [1,+∞), and s : [0,+∞)m → R be a continuous function such that

s(θ) = c|θ|N + o(|θ|N ) for some c > 0. (6.2)
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DOM

Dθ ∈ ℝℙm+∖ℝm+

Dθ ∈ ℝm+ ⊂ ℝℙm+

Figure 2: An example of positivity domain DOM and the corresponding Dθ ∈ RPm
+ .

The positivity domain of s is the largest open and star-shaped (with respect to the
origin 0 ∈ Rm) subset DOM ⊆ Rm

+ such that s > 0 on DOM \ {0}. Since DOM is
star-shaped then, for every θ ̸= 0 ∈ Rm

+ , there is a unique non-zero limit point of DOM
in RPm

+ , along the half-line defined by θ, which we denote by Dθ ∈ RPm
+ (it can be either

in the affine part Rm
+ ⊂ RPm

+ or at infinity, see Figure 2).
Define the distortion coefficient β(·)(·) : [0, 1] × RPm

+ → [0,+∞] as

βt(θ) :=



tN |θ| = 0,
s(tθ)
s(θ) |θ| ≠ 0 and θ ∈ DOM,

lim inf
ϕ→D−

θ

s(tϕ)
s(ϕ) θ /∈ DOM,

(6.3)

where the liminf is a directional limit, in the direction of θ, from the inside of DOM.
For a scalar gauge function, in some statements it was useful to consider the case

when θ 7→ βt(θ) is monotone. When the gauge function is vector-valued, the appropriate
counterpart is the radial monotonicity: we say that βt(·) is radially non-increasing (resp.
radially non-decreasing) if, for every fixed θ ∈ DOM \ {0} and t ∈ (0, 1), the function
λ 7→ βt(λθ) is non-increasing (resp. non-decreasing). Likewise, we say that s(·) is radially
real-analytic on DOM if for any θ ∈ Rm

+ \ {0} the function [0, |Dθ|] ∋ t 7→ s(tθ̂) is real-
analytic, where θ̂ := θ/|θ|.

Upon a suitable reformulation, we have the following elementary properties that
generalize the ones of Proposition 3.4 to the vector case.

Proposition 6.1. Any distortion coefficient satisfies the following:

(i) β0(θ) = 0 and β1(θ) = 1 for all θ ∈ RPm
+ ;
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(ii) if |Dθ| < +∞, then βt(θ) = +∞ for all θ /∈ DOM and t ∈ (0, 1);

(iii) βt(θ) = 0 for some |θ| < +∞ if and only if t = 0;

(iv) for every t ∈ [0, 1], θj , θ ∈ Rm
+ , if θj → θ along the direction of θ, then βt(θj) →

βt(θ) in [0,+∞]; if moreover θ, θj ∈ DOM for all j ∈ N and θj → θ, then βt(θj) →
βt(θ) in [0,+∞), for every t ∈ [0, 1];

(v) β is continuous and finite when restricted to [0, 1] × DOM;

(vi) for all fixed t ∈ (0, 1], the distortion coefficient βt(·) is bounded from below away
from zero on any bounded set of Rm

+ ;

(vii) assume that DOM is a bounded subset of Rm
+ , that s ∈ C∞(DOM) and s is radially

real analytic on DOM. Then there exists N ′ ≥ N such that βt(θ) ≥ tN
′ for all

t ∈ [0, 1] and θ ∈ RPm
+ .

Proof. The only item requiring a proof is (vii). Denote by s(k)
rad(x) := dk

dtk

∣∣∣
t=1

s(tx) the
kth-order derivative of s in the radial direction. Assume by contradiction that there exists
a sequence (xk) ⊂ ∂DOM such that s(j)

rad(xk) = 0 for all j ≤ k. Since by assumption
DOM is bounded and s satisfies (6.2) then, up to a non-relabeled subsequence, there
exists x∞ ∈ ∂DOM\{0} such that xk → x∞. Then, by the smoothness of s, we infer
that s(k)

rad(x∞) = 0 for all k ∈ N. But then, since s is radially real-analytic on DOM, it
must be that s ≡ 0 on the half line {tx∞ | t > 0} ∩ DOM, contradicting (6.2).

The definitions of CD(β, n) and MCP(β) for a metric measure space (X, d,m) endowed
with a vector-valued gauge G : X × X → RPm

+ are verbatim as in Definition 3.5, once
the distortion coefficients are as in (6.3).

6.1 Geometric consequences

Generalized Brunn-Minkowski

The generalized Brunn-Minkowski inequality for CD(β, n) spaces (Theorem 4.1) and
the generalized half-Brunn-Minkowski inequality for MCP(β) spaces (Theorem 4.2) hold
with verbatim the same statements and proofs in case of a vector-valued gauge function.

Gauge diameter estimate

The following extends Definition 4.9 to the vector-valued case.

Definition 6.2. The G-diameter for a non-empty set S ⊂ X is defined as

diamG(S) = sup
x∈S

(
m 9 ess sup

y∈S, y ̸=x
|G(x, y)|

)
.

A non-empty set S ⊂ X is G-bounded if it has finite G-diameter.
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Recall that DOM ⊆ Rm
+ ⊂ RPm

+ is defined as the largest open and star-shaped (with
respect to the origin) subset such that s > 0 on DOM \ {0}.

Proposition 6.3 (G-diameter estimate). Let (X, d,m) be a m.m.s. with gauge function
G. Let β as in (6.3), and assume that βt(θ) = +∞ for all θ /∈ DOM, t ∈ (0, 1). Note
that this is in particular the case if DOM is bounded.

• If (X, d,m,G) satisfies the MCP(β), then for all x ∈ suppm it holds

G(x, y) ∈ DOM, m-a.e. y ∈ X, y ̸= x.

In particular, diamG(suppm) ≤ diamRm(DOM).

• If (X, d,m,G) satisfies the CD(β, n) for some n ∈ [1,+∞), then

G(x, y) ∈ DOM, π-a.e. (x, y) ∈ X ×X,

for all π = (e0, e1)♯ν, where ν ∈ OptGeo(µ0, µ1) is such that inequality (3.7) holds.

Proof. We argue by contradiction. Fix R > 0, x ∈ suppm and let

A = {y | y ̸= x, G(x, y) /∈ DOM} ∩BR(x).

Assume by contradiction that m(A) > 0. Then we apply the half-Brunn-Minkowski
inequality to the set A. Notice that βt(x,A) = +∞ for all t ∈ (0, 1), and that At ⊂
(BR(x))t ⊂ BtR(x). We obtain hence

m(BtR(x)) ≥ m̄(At) = +∞, ∀ t ∈ (0, 1),

contradicting the local finiteness of m.
To prove the second part of the proposition, we argue in a similar way: assume that

there exists ν ∈ OptGeo(µ0, µ1) as in the statement (in particular µ0, µ1 have bounded
and disjoint supports) such that

π({(x, y) ∈ X ×X | G(x, y) /∈ DOM}) > 0.

Using (3.7) we obtain that, for the corresponding W2-geodesic µt = (et)♯ν it holds

Un(µt|m) = +∞, ∀ t ∈ (0, 1).

This implies that m(suppµt) = +∞. However, since suppµ0 and suppµ1 are bounded,
then also suppµt is bounded, yielding a contradiction.

Local doubling

The following proposition can be proved along the same lines of Proposition 4.13.
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Proposition 6.4 (Local doubling). Let (X, d,m) be a m.m.s. with gauge function G,
satisfying the MCP(β) with β as in (6.3). Then any G-bounded Borel subset S ⊆ suppm
satisfies the following inequality: for all t ∈ (0, 1) there exists CS,t > 0 such that

m(Br(x0) ∩ S) ≤ CS,t · m(Btr(x0)), ∀ r ≥ 0, ∀x0 ∈ S.

The constant CS,t can be estimated in terms of β and diamG(S):

1
CS,t

= inf{βt(θ) : |θ| ∈ [0,diamG(S)]} ∈ (0, tN ].

Corollaries 4.14, 4.15 and 4.16 hold with verbatim the same statements and proofs
replacing, when necessary, the monotonicity of βt with the radial monotonicity.

Geodesic dimension estimates

Recall the role of the parameter N ∈ [1,+∞) in (6.2) and the Definition 4.18 of geodesic
dimension dimgeo(x) at a point x of a metric measure space. Since the proof of the
geodesic dimension estimate (see Theorem 4.20)

dimgeo(x) ≤ N, for all x ∈ suppm,

built on top of the half-Brunn Minkowski inequality, which holds in the case of a vector-
valued gauge function, the same result holds with analogous proof, provided that we
assume the following non-triviality condition

m({z ∈ X | z ̸= x, |G(x, z)| < +∞}) > 0, ∀x ∈ suppm.

which replaces (4.10) in the vector case.

Generalized Bishop-Gromov inequality

Let (X, d,m) be a metric measure space with gauge function G : X ×X → RPm
+ . In the

following, for r ∈ Rm
+ ,G ∈ RPm

+ , the notation

G ≤ r, (resp. G ≥ r),

means that G = [G1 : · · · : Gm : 1] is in the affine part Rm
+ ⊂ RPm

+ and Gi ≤ ri (resp.
Gi ≥ ri) for all i = 1, . . . ,m. In particular, the notation G ∈ (r,R) for r,R ∈ Rm

+ means
that G ≤ R and r ≤ G. In other words, the inequalities for vector-valued functions are
meant component-wise. Furthermore, for r ∈ Rm

+ \ 0, we set r̂ := r
|r| ; if r = 0 then r̂ = 0.

Definition 6.5. For a point x0 ∈ suppm and for r ∈ Rm
+ , ρ ≥ 0, we set:

vG(x0, r, ρ) := m ({x ∈ X | G(x0, x) ≤ r, d(x0, x) ≤ ρ}) ,

sG(x0, r, ρ) := lim sup
δ↓0

1
δ
m ({x ∈ X | G(x0, x) ∈ (r − δr̂, r], d(x0, x) ≤ ρ}) , r ̸= 0.
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Consider also the following measure of “gauge balls” and “gauge spheres”:

vG(x0, r) := m ({x ∈ X | G(x0, x) ≤ r, d(x0, x) ≤ |r|}) ,

sG(x0, r) := lim sup
δ↓0

1
δ

[vG(x0, r) − vG(x0, r − δr̂)] , r ̸= 0.

Notice that vG(x0, r) = vG(x0, r, |r|) but sG(x0, r) ̸= sG(x0, r, |r|).

The definition of the meek property is formulated verbatim for vector-valued gauge
functions, see Definition 4.23.

The proof of the generalized Bishop-Gromov inequality for a vector-valued gauge
function can be adapted from the scalar case (Theorem 4.25), by arguing along rays.

Theorem 6.6 (Generalized Bishop-Gromov). Let (X, d,m) be a m.m.s. endowed with a
gauge function G satisfying the MCP(β) condition, with β as in (6.3). Assume that

• suppm is not a singleton;

• G is meek; (see Remark 4.24 for a slightly weaker condition)

• for all x ∈ suppm it holds (see Remark 6.7 for a slightly weaker condition)

m({z ∈ X | x ̸= z, |G(x, z)| = +∞}) = 0. (6.4)

Then for every x0 ∈ suppm the following properties hold:

(i) m({x | d(x0, x) = r}) = 0, for every r > 0;

(ii) m({x0}) = 0; in particular, the half-Brunn-Minkowski inequality (4.4) holds for
every x̄ ∈ suppm and Borel set A ⊂ X with m(A) > 0;

(iii) m({x | G(x0, x) = r}) = 0, for every r ∈ Rm
+ , r ̸= 0;

(iv) For every ρ > 0, and r,R ∈ Rm
+ lying on the same direction θ ∈ Sm−1

+ with
0 < |r| ≤ |R| < Dθ , the following holds:

sG(x0, r, ρ)
sG(x0, R, ρ) ≥ |R|

|r|
s(r)
s(R) .

Furthermore, it holds

vG(x0, r, ρ) − vG(x0, 0, ρ)∫ |r|
0 s(tθ)/tdt

≥ vG(x0, R, ρ) − vG(x0, 0, ρ)∫ |R|
0 s(tθ)/tdt

;

(v) Assume that θ 7→ βt(θ) is radially non-increasing for all t ∈ [0, 1], or that for all
x0 ∈ suppm it holds |G(x0, ·)| ≥ d(x0, ·) m-a.e.. Then, for every x0 ∈ suppm,
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r,R ∈ Rm
+ lying on the same direction θ ∈ Sm−1

+ with 0 < |r| ≤ |R| < Dθ, the
following holds:

sG(x0, r)
sG(x0, R) ≥ |R|

|r|
s(r)
s(R) .

Furthermore, it holds:

vG(x0, r)∫ |r|
0 s(tθ)/t dt

≥ vG(x0, R)∫ |R|
0 s(tθ)/tdt

;

(vi) For every compact set K0 ⊆ Rm
+ , and r,R ∈ K0 there exists a constant

1
C|r|/|R|,0

:= inf{β|r|/|R|(θ) | θ ∈ K0} ∈ (0, (|r|/|R|)N ],

such that, if r,R ∈ K0 lie along the same direction, it holds

sG(x0, R) ≤ |r|
|R|

C|r|/|R|,0 · sG(x0, r).

As a consequence, the following doubling estimate for gauge balls holds: there exists
a constant C0 = C1/2,0 > 0 such that

vG(x0, 2r) ≤ C0 · vG(x0, r), ∀ r ∈ K0/2.

The estimate on the maximal number of disjoint gauge balls (Proposition 4.29) holds
with verbatim the same statement and proof in case of a vector-valued gauge function
(replacing G by |G| in its statement and its proof).
Remark 6.7. For the proof of Thorem 6.6 condition (6.4) can be weakened as follows:
for all x ∈ suppm and all r > 0 it holds

m({z ∈ X | d(x, z) = r, |G(x, z)| = +∞}) = 0. (6.5)

Both conditions (6.4) and (6.5) follow from the MCP(β), provided that βt(+∞) = +∞,
see Remark 4.11.

Parametric doubling for gauge balls

Finally, the parametric doubling property (Proposition 4.31) holds also in the case of
vector-valued gauge functions. The proof follows verbatim making use of the appropriate
vector-valued versions of the Bishop-Gromov theorem (Theorem 6.6) and gauge diameter
estimates (Proposition 6.3).
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Proposition 6.8 (Parametric doubling property). With the same assumptions of The-
orem 6.6, for every bounded set K ⊆ DOM there exists CK = CK(β) ≥ 1 such that

vG(x, 2r, ρ) − vG(x, 0, ρ)
vG(x, r, ρ) − vG(x, 0, ρ) ≤ 2NCK , ∀ r ∈ K, ∀ ρ > 0, ∀x ∈ suppm,

where N > 1 is given by (6.2). Furthermore, CK ↓ 1 as diamRm(K) ↓ 0.
If θ 7→ βt(θ) is radially monotone non-increasing for all t ∈ [0, 1], or if for all

x0 ∈ suppm it holds |G(x0, ·)| ≥ d(x0, ·) m-a.e., then the previous inequality holds true
for gauge balls, with the same constants, that is

vG(x, 2r)
vG(x, r) ≤ 2NCK , ∀ r ∈ K, ∀x ∈ suppm.

6.2 Stability and compactness

We adopt verbatim the same notion of L1
loc convergence of gauge functions and regularity

condition for the limit gauge function (resp. over plans) as in Definition 5.3 (resp. as
in Definition 5.12), in case of vector-valued gauge functions. Under this convention,
verbatim the same statements for the stability of MCP(β) (i.e. Theorem 5.6) and of
CD(β, n) (i.e. Theorem 5.14) hold. The proofs hold verbatim, with the only difference
being the definition of the truncated gauge function Gε, which is now vector-valued;
however, in order to follow the arguments, it is enough to replace (5.7) with

Gε(x, y) :=

G if |G| ≤ D + ε,
D+ε
|G| · G if |G| > D + ε.

Also the statements and proofs of the pre-compactness criteria for MCP(β) (i.e.
Theorem 5.17) and CD(β, n) (i.e. Theorem 5.20) hold verbatim in case of vector-valued
gauge functions.

7 Natural gauge functions

The purpose of this section is to introduce natural gauge functions for metric spaces
equipped with an additional reference metric. This construction is inspired by sub-
Riemannian geometry, where the sub-Riemannian distance can always be seen as the
restriction of a Riemannian length structure on a subset of admissible curves.

Definition 7.1 (Reference and extension). Let (X, d) be a complete metric space. We
say that a complete length metric dR on X is a reference for d if dR ≤ d, and d, dR

induce the same topology on X. Furthermore, we say that the reference metric dR is an
extension of d if for all d-rectifiable curves γ it holds

LdR
(γ) = Ld(γ).
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Remark 7.2. The inequality dR ≤ d implies that each rectifiable curve in (X, d) is recti-
fiable also in (X, dR). The fact that dR is complete is not implied by the other require-
ments. For example take the standard Carnot-Carathéodory metric on the Heisenberg
group. Extend it to a Riemannian metric by setting ∥∂z∥ = 1/(1+z2). Any point on the
z-axis is at extended distance ≤ π/2 from the origin, and the extension is not complete.

Definition 7.3 (Asymptotic Lipschitz number). Let (X, ρ) be a metric space. For a
Borel function f : X → [0,+∞] we define the asymptotic Lipschitz number with respect
to ρ at x ∈ X as

Lipρ
a[f ](x) := lim sup

z,w→x

|f(z) − f(w)|
ρ(z, w) ,

with the convention that Lipρ
a[f ](x) = 0 if x is an isolated point.

7.1 The D function

We introduce the building block for natural gauge functions.

Definition 7.4 (The D function). Let (X, d) be a metric space with reference dR. Let
c := 1

2d2. We define:

D : X ×X → [0,+∞], D(x, y) := LipdR
a [c(·, y)](x).

For the next proposition we say that f, g : X ×X → [0,+∞] are locally equivalent if
for any o ∈ X there exists a neighborhood O of o and a constant C = CO > 0 such that

C−1g(x, y) ≤ f(x, y) ≤ Cg(x, y), ∀x, y ∈ O.

Proposition 7.5 (Properties of the D function). Let (X, d) be a length metric space
with reference dR. The D function has the following properties:

(i) it holds d ≤ D;

(ii) dR and d are locally equivalent if and only if D and d are locally equivalent;

(iii) D = d if and only if the reference is the trivial one, that is dR = d;

(iv) assume that dR is an extension of d; then d is locally equivalent to dR if and only
if D = d;

(v) For every fixed y ∈ X, the map D(·, y) : X → [0,+∞] is upper semi-continuous.

Proof. Proof of (i). By definition dR ≤ d. Therefore for all x, y ∈ X it holds

D(x, y) = LipdR
a [c(·, y)](x) ≥ Lipd

a[c(·, y)](x) = d(x, y),

where we used the assumption that (X, d) is a length metric space in the last identity.
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Proof of (ii). Observe first that for any z, w, y ∈ X it holds

|c(z, y) − c(w, y)|
dR(z, w) = |d(z, y) + d(w, y)||d(z, y) − d(w, y)|

2dR(z, w) (7.1)

≤
(d(z, y) + d(w, y)

2

) d(z, w)
dR(z, w) . (7.2)

We prove first the ⇒ implication. By assumption, for o ∈ X there exists a neighborhood
O where it holds dR ≤ d ≤ CdR. Plugging the upper bound in (7.2) and taking the
limsup for z, w → x we obtain D(x, y) ≤ Cd(x, y), for all y ∈ X and x ∈ O. Together
with the global inequality of (i) we obtain that D and d are locally equivalent.

To prove the ⇐ implication, assume that D and d are locally equivalent. Thus for
o ∈ X there exists r > 0 and C = Cr > 0 such that D ≤ Cd on B3r(o). By dividing
(7.1) by d(x, y), and taking the limsup, we obtain:

LipdR
a [d(·, y)](x) = lim sup

z,w→x

|d(z, y) − d(w, y)|
dR(w, z) ≤ C, ∀x, y ∈ B3r(o), x ̸= y. (7.3)

Let now O = Br(o). For a, b ∈ O \ {y}, and for any ε > 0 take a dR-unit-speed curve
γ : [0, dR(a, b) + ε] → X joining a and b. Observe that γ is contained in B3r(o), that is
the region where (7.3) holds. If γ does not cross y it holds

|d(a, y) − d(b, y)| ≤ lim
ε→0

∫ dR(a,b)+ε

0
LipdR

a [d(·, y)](γt)dt ≤ CdR(a, b), ∀ a, b ∈ O \ {y},

where in the second equality we used (7.3) since γ does not intersect y.
If, instead, γ intersect y, we can first assume without loss of generality that the

intersection occurs at a single time t ∈ (0, dR(a, b)+ε), where γt = y. Then, define y± =
γt±η for sufficiently small η > 0. Consider the two dR-unit-speed curves γ− = γ|[0,t−η]
joining a with y− and γ+ = γ|[t+η,dR(a,b)+ε] joining y+ with b. Neither of them intersects
y and we can use the previous estimate for the endpoints of γ±. Hence

|d(a, y) − d(b, y)| ≤ |d(a, y) − d(y−, y)| + |d(y+, y) − d(b, y)| + d(y−, y+)
≤ C(t− η) + C(dR(a, b) + ε− t− η) + d(y−, y+)
= C(dR(a, b) + ε− 2η) + d(y−, y+).

Letting ε, η → 0 we have y−, y+ → y and we obtain that |d(a, y) − d(b, y)| ≤ CdR(a, b)
for all a, b ∈ O \ {y}. By continuity such an inequality holds for all a, b ∈ O. Taking for
example b = y we obtain d(a, b) ≤ CdR(a, b) for all a, b ∈ O. Since dR is a reference, we
also have the opposite inequality dR ≤ d, and thus d, dR are locally equivalent.

Proof of (iii). If d = dR then clearly D = d. Conversely, if D = d, one can follow
the same steps of the proof of point (ii) with C = 1 and O = X, yielding that d ≤ dR

on X. Since dR is a reference, it holds dR ≤ d so that d = dR.
Proof of (iv). Observe that if dR and d are locally equivalent, then they have the

same class of rectifiable curves; moreover, if (X, dR) is an extension of (X, d), on the
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class of rectifiable curves the length functionals associated with d and dR coincide. Since
dR is length it follows that d ≤ dR and since dR is an extension dR ≤ d. Thus d = dR

and so D = d. On the other hand if D = d, then dR = d by item (iii).
Proof of (v). This is a consequence of the upper semi-continuity of the asymptotic

Lipschitz number of a Borel function with respect to a length metric (cf. [13]).

7.2 Definition of natural gauge functions

The functions d, D, and
√

D2 − d2 appear as gauge functions for a large class of sub-
Riemannian metric spaces, depending on the geometric structure under consideration:

• G = d for Riemannian manifolds, see Section 3.3.1;

• G = D for qualitative bounds on fat sub-Riemannian manifolds, see Section 9;

• G =
√

D2 − d2 for the Heisenberg group, see Section 10.1. This quantity corre-
sponds to the “absolute value of the vertical part of the covector”, appearing in
the study of interpolation inequalities in the Heisenberg group performed in [19],
see Section 3.3.2 (there, such a function was called θ);

• G = (G1,G2), with G1 =
√

D2 − d2 and G2 = d (this is a vector-valued gauge func-
tion, see Section 6), for left-invariant structures on three-dimensional Lie groups,
see Section 10.5.

This motivates the following definition of natural gauge functions.

Definition 7.6 (Natural gauge functions). We call a natural gauge function any function
G : X ×X → [0,+∞], such that G(x, y) = f(d(x, y),D(x, y)) for all x, y ∈ X, where

f : Ω := {(a, b) ∈ [0,+∞) × [0,+∞] | a ≤ b} → [0,+∞],

is continuous and homogeneous on Ω, i.e. f(λa, λb) = λf(a, b) for all λ > 0, (a, b) ∈ Ω
with f(a, b) < +∞. Similarly, natural vector-valued gauge functions are those G :
X × X → RPm

+ , m ∈ N, induced by a continuous function f : Ω → RPm
+ , such that

f(λa, λb) = λf(a, b) for all λ > 0 and a, b ∈ Ω with |f(a, b)| < +∞ (see Section 6 for the
definition of dilations on RPm

+ ).
To avoid trivialities, we assume that |f(a, b)| < +∞ for (a, b) ∈ Ω if a, b < +∞.

Remark 7.7. The 1-homogeneity property in Definition 7.6 is required to preserve the
meek assumption of Definition 4.23, provided that D is meek as well.
Remark 7.8. The function

√
D2 − d2 is well-defined for general metric spaces equipped

with a reference metric, by Proposition 7.5(i).
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7.3 Natural gauge functions in sub-Riemannian metric spaces

We assume a basic knowledge of sub-Riemannian geometry. For the benefit of the reader,
we collect in Appendix A a summary tailored to our purposes.

Definition 7.9 (Sub-Riemannian m.m.s.). A sub-Riemannian metric measure space
(M, d,m) is a smooth manifold M , equipped with a complete Carnot-Carathéodory
distance d, and a smooth measure m, i.e. with smooth positive density in local charts.

Under standard assumptions in sub-Riemannian geometry, natural gauge functions
satisfy the conditions required for the validity of the results of Sections 4 and 5. We
discuss, in particular:

• the meek condition for G, see Definition 4.23, used for the generalized Bishop-
Gromov Theorem 4.25;

• the regularity properties for G, see Definitions 5.3 and 5.12, used for the pre-
compactness Theorems 5.17 and 5.20;

• the G−boundedness properties, used for the stability Theorems 5.6 and 5.14.

For simplicity we focus on the case of scalar-valued gauge functions, but all the state-
ments of this section hold in general for the vector-valued case, with no modifications,
using the corresponding definitions and statements that can be found in Section 6.

7.3.1 Meek condition

We start with a sufficient condition for the validity of the meek assumption for D, in
terms of the local regularity of d. We remark that it is valid for general m.m.s. with an
underlying smooth structure.

Proposition 7.10 (Criterion for meekness). Let (X, d,m) be a m.m.s. equipped with a
reference metric dR. Assume that:

(a) X is a smooth manifold and dR is the distance induced by a Riemannian metric;

(b) for any x ∈ X there exists a Borel set Cx with m(Cx) = 0, such that for all y /∈ Cx

and geodesic γ with (γ0, γ1) = (x, y) the function z 7→ d(z, γt) is continuously
differentiable in charts in a neighborhood of x for any t ∈ (0, 1].

Then any natural gauge function G : X ×X → [0,+∞] is meek.

Proof. It is sufficient to prove the statement for G = D. Fix x̄ ∈ X and µ1 ∈ P∗
bs(X, d,m),

x̄ /∈ suppµ1. Let Γ ⊂ Geo(X) be the set of geodesics starting at x̄ and ending out of Cx̄:

Γ := (e0 × e1)−1({x̄} ×X \ Cx̄),

so that Γ is Borel.
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Let ν ∈ OptGeo(δx̄, µ1). It holds (e0, e1)♯ν = π = (x̄, id)♯µ1, which is the (unique)
optimal plan between δx̄ and µ1. We have

1 = µ1(X) = µ1(X \ Cx̄) = π({x̄} ×X \ Cx̄) = ν((e0 × e1)−1({x̄} ×X \ Cx̄)) = ν(Γ),

where we used µ1 ≪ m and m(Cx̄) = 0.
We now show that any γ ∈ Γ satisfies the meek equality (4.16). Fix an arbitrary

γ ∈ Γ. We will use the following general inequality, which follows from squaring the
triangle inequality (recall that c = d2/2):

c(p, q) ≤ (1 + ε−1)c(p, r) + (1 + ε)c(r, q), ∀ p, q, r ∈ X, ∀ ε > 0. (7.4)

Now take p = z, q = y, r = γt, t ∈ (0, 1), and ε = t/(1 − t), so that (7.4) reads

c(z, y) ≤ 1
t
c(z, γt) + 1

1 − t
c(γt, y), ∀ z ∈ X,

with equality at z = x̄. It follows that for all t ∈ (0, 1) the function

f : z 7→ c(z, γt) − tc(z, y), z ∈ X,

has a minimum at z = x̄. By assumption (b), for all t ∈ (0, 1) it holds

∇R
x̄ c(·, γt) = t∇R

x̄ c(·, y), (7.5)

where ∇R
x̄ denotes the Riemannian gradient at x̄. Furthermore, we observe that since

c(·, γt) is continuously differentiable in a neighborhood of x̄, the asymptotic dR-Lipschitz
constant is the norm of the Riemannian gradient, that is

D(x̄, γt) = ∥∇R
x̄ c(·, γt)∥R, ∀ t ∈ (0, 1).

Using (7.5) we obtain that D(γ0, γt) = tD(γ0, γ1) for all t ∈ (0, 1].

We use Proposition 7.10 to prove that natural gauge functions satisfy the meek
property. We first recall the definition of sub-Riemannian cut locus.

Definition 7.11 (Smooth points and cut locus). Let (M, d) be a sub-Riemannian metric
space. We say that y ∈ M is a smooth point, with respect to x ∈ M , if there exists
a unique geodesic joining x with y, which is not abnormal, and with non-conjugate
endpoints. The cut locus Cut(x) is the complement of the set of smooth points with
respect to x. The global cut locus of M is

Cut(M) := {(x, y) ∈ M ×M | y ∈ Cut(x)}.

We have the following fundamental result [9, 77].

Theorem 7.12 (Agrachev, Rifford, Trélat). The set of smooth points is open and dense
in M , and the squared sub-Riemannian distance is smooth on M ×M \ Cut(M).

77



It is an open problem to determine whether Cut(x) has zero measure. Even in this
case, the complement of Cut(x) may not be geodesically star-shaped: more precisely,
if y /∈ Cut(x) and γ is the geodesic joining x with y, it may happen that γt ∈ Cut(x)
for t ∈ (0, 1). This is related with the presence of abnormal non-trivial segments on
strictly normal geodesics, and the branching phenomenon in sub-Riemannian geometry
[68]. Therefore we cannot apply Proposition 7.10 simply with Cx = Cut(x).

To proceed, we recall the classical minimizing Sard property, and we introduce its
strengthening that we call “∗-minimizing Sard property”.

Definition 7.13 (Sard properties). A sub-Riemannian metric space (M, d) satisfies

• the minimizing Sard property if for any x ∈ M the set of final points of abnormal
geodesics has zero measure in M ;

• the ∗-minimizing Sard property if for any x ∈ M the set of final points of geodesics
from x containing non-trivial abnormal segments has zero measure in M .

It is well-known that, if the minimizing Sard property holds, then Cut(x) has zero
measure for all x ∈ M . We now show that, if the ∗-minimizing Sard property holds, then
there exists a set, larger than Cut(x), but still with zero measure, whose complement is
star-shaped. We do not know if such a set is closed, but it is Borel, which is what we
need in Proposition 7.10.

Lemma 7.14 (Star-shaped set of smooth points). Let (M, d) be a sub-Riemannian
metric space. Then for any x ∈ M there exists a set Ux ⊆ M such that:

(i) Ux is the countable intersection of open sets, and in particular it is Borel;

(ii) d2 is smooth in a neighborhood of (x, y) for any y ∈ Ux, i.e. Ux ⊆ M \ Cut(x);

(iii) Ux is geodesically star-shaped at x: for any y ∈ Ux there exists a unique geodesic
γ joining x with y, and γt ∈ Ux for all t ∈ (0, 1] (t = 0 is excluded);

(iv) if the ∗-minimizing Sard property holds, Ux has full measure and it is dense.

Remark 7.15. If the sub-Riemannian structure is real-analytic, geodesics are either ab-
normal, or do not contain non-trivial abnormal segments, and then the ∗-minimizing
Sard property coincides with the classical minimizing Sard property. For real-analytic
sub-Riemannian structures satisfying the minimizing Sard property, one can take Ux :=
M \ Cut(x), and thus Ux is open, see [18, Prop. 6].

Proof. Fix x ∈ M . Let Cut(x) be the sub-Riemannian cut locus, as in Definition 7.11,
and recall Theorem 7.12. We also recall that if γ is a normal geodesic that is also
abnormal, then any pair of distinct points along γ are conjugate.

For all n ∈ N, let us define the following monotone family of sets:

Un
x := {γ1 | γ ∈ Geo(M), γ0 = x, γ1 ∈ M \ Cut(x), the distance between

two distinct conjugate points along γ is strictly smaller than 1/n}.
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By construction, for any y ∈ Un
x there is a unique geodesic γ between x and y, γ is not

abnormal, but γ can contain abnormal segments of length strictly smaller than 1/n.
We claim that the set Un

x is open. Let y ∈ Un
x , and let γ be the unique non-abnormal

geodesic between x and y, that is γt = expx(tλ) for a unique λ ∈ T ∗
xM . For any

τ1, τ2 ∈ [0, 1], with |τ2 − τ1| ≥ 1/n the map

d
eτ1H⃗(λ) expγτ1

((τ2 − τ1) · ) : T ∗
γτ1
M → Tγτ2

M,

must be invertible, otherwise γ(τ1) and γ(τ2) would be conjugate. Notice also that since
y /∈ Cut(x), we have a neighborhood Wy of y and a neighborhood Vλ of λ such that
expx : Vλ → Wy is a diffeomorphism. It follows by compactness that there exists an
open neighborhood W ′

y of y such that for all y′ ∈ W ′
y there exists a unique geodesic γ′

joining x with y′, that is not abnormal, and all pairs of points along γ′ with distance
≥ 1/n are not conjugate (and in particular, γ′ cannot contain abnormal segments of
length ≥ 1/n). In other words, W ′

y ⊆ Un
x , proving that Ux

n is open. Define

Ux :=
⋂

n∈N

Un
x ,

which satisfies (i). By construction Ux ⊆ M \ Cut(x), proving (ii). Furthermore, for
all y ∈ Ux there exists a unique geodesic γ joining x with y, which does not contain
non-trivial segments with conjugate endpoints (and in particular, it does not contain
non-trivial abnormal segments). Thus γt ∈ Ux for all t ∈ (0, 1], proving (iii).

Claim. We claim that M \ Ux is equal to the union of Cut(x) with the set of
endpoints of geodesics starting from x that contain a non-trivial abnormal segment.
Notice that the latter set has zero measure if the ∗-minimizing Sard property holds.
Furthermore also Cut(x) has zero measure2. Thus, the claim implies that Ux has full
measure. Furthermore, each open set Un

x must have full measure, and in particular it
must be dense in M . By the Baire theorem Ux is dense, concluding the proof of (iv).

It only remains to prove the claim:
⊇: If y ∈ Cut(x) clearly it does not belong to any of the Un

x . Let then y /∈ Cut(x),
such that there exists a geodesic γ with γ0 = x that contains a non-trivial abnormal
segment. Observe that γ is not abnormal and is the unique geodesic joining x with y.
Let γ|[τ1,τ2] with 0 < |τ1 − τ2| < 1 be the non-trivial abnormal segment. Any pair of
distinct points on γ|[τ1,τ2] are conjugate, and thus y /∈ Un

x for n sufficiently large.
⊆: Let y /∈ Un

x for some n. It follows that either y ∈ Cut(x), or if not there exist
two distinct conjugate points along the unique geodesic joining x with y. This can
happen only if γ contains non-trivial abnormal segments (otherwise it would cease to be
a geodesic after meeting the first conjugate point [24, Thm. 72]).

To make our proof self-contained, we show that Cut(x) has zero measure if the
minimizing Sard conjecture holds, that is when the set Abn(x) of endpoints of abnormal
geodesics from x has zero measure. By completeness, the image of expx : T ∗

xM → M

2This is proved for example in [18, Prop. 6], and the minimizing Sard property is sufficient. A
self-contained argument will be provided at the end of this proof.
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covers M \ Abn(x). The set of conjugate points to x is contained in the set S(x) of
singular values of expx, which has zero measure by the Sard theorem. Furthermore, one
can show that the subset R2(x) of points z where z is not conjugate to x and there exist
at least two normal geodesics joining x with z has zero measure, cf. [77, Lemma 4.8].
Hence, by construction, for any y ∈ M which is not in R2(x)∪Abn(x)∪S(x) there exists
a unique strictly normal geodesic γ joining x with y, with non-conjugate endpoints. In
other words Cut(x) ⊆ R2(x) ∪ Abn(x) ∪S(x), which is a union of zero measure sets.

We can now prove that, for a large class of sub-Riemannian structures, the D function
(cf. Definition 7.4) satisfies the meek assumption (cf. Definition 4.23).

Theorem 7.16 (Natural gauge functions are meek). Let (M, d,m) be a sub-Riemannian
m.m.s., equipped with a Riemannian reference dR. Assume that (M, d) satisfies the ∗-
minimizing Sard property. Then any natural gauge function G is meek.

Proof. It is sufficient to prove the property for G = D. In this case, apply Proposition
7.10 with Cx := M \ Ux, with the set Ux of Lemma 7.14.

Remark 7.17. The ∗-minimizing Sard property is true for:

• ideal structures, i.e. those not admitting non-trivial abnormal geodesics, which is
generically true for constant rank ≥ 3 distributions, cf. [41, Thm. 2.8];

• real-analytic structures satisfying the minimizing Sard conjecture. This includes
Carnot groups of step 2, or more general Carnot groups, cf. [60, Thm. 1.2].

Thus, for all those structures, then all natural gauge functions are meek.

7.3.2 Regularity condition

We first discuss the regularity condition required in the MCP(β) stability Theorem 5.6.

Theorem 7.18 (Natural gauge functions are regular I). Let (M, d,m) be a sub-Rieman-
nian m.m.s., equipped with a Riemannian reference dR. Then any natural gauge function
G is continuous and finite on M × M \ Cut(M). In particular, if (M, d) satisfies the
minimizing Sard property, any such G satisfies the regularity condition of Definition 5.3.

Proof. It is sufficient to prove the statement for the case G = D. We observe that d is
smooth in charts on M ×M \Cut(M) by Theorem 7.12. At all those points, D coincides
with the norm of the gradient of c = 1

2d2 computed with respect to the Riemannian
reference, cf. Proposition 7.28. Then D is finite and continuous on M × M \ Cut(M).
Furthermore, if the minimizing Sard property holds, then Cut(x) is a closed set with
zero measure for all x ∈ M . Thus D is finite and continuous at all points (x, y) with
y /∈ Cut(x), which is the regularity condition of Definition 5.3.

We turn now to the regularity condition for plans occurring in CD(β, n) stability in
Theorem 5.14. We recall the following definition, introduced by Rifford in [75, 76].
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Definition 7.19 (Ideal structures). A sub-Riemannian metric space (M, d) is ideal if it
has no non-trivial abnormal geodesics.

Generic sub-Riemannian structures are ideal, when the rank of the distribution is
constant and at least 3, see [41, Thm. 2.8]. For ideal structures, a sub-Riemannian
version of the McCann-Brenier theorem holds [46, 76]. Furthermore, the non-static part
of the transport map between suitable measures avoids almost surely the cut locus [24],
so that d is smooth π-a.e. for any optimal plan whose marginals have disjoint support.

Theorem 7.20 (Natural gauge functions are regular II). Let (M, d,m) be a sub-Rieman-
nian m.m.s., equipped with a Riemannian reference dR. Assume that (M, d) is ideal.
Then for all µ0 ∈ Pbs(M, d), µ1 ∈ P∗

bs(M, d,m), with suppµ0 ∩ suppµ1 = ∅ there is a
unique π ∈ Opt(µ0, µ1), and any natural gauge function G is continuous and finite π-a.e.
In particular, the regularity condition of Definition 5.12 is verified.

Proof. It is sufficient to prove the result for the case G = D. If (M, d) is ideal, there
exists a unique π ∈ Opt(µ0, µ1), and it is induced by a transport map T : M → M .
Furthermore, for µ0-a.e. x ∈ M , either T (x) = x, or T (x) /∈ Cut(x), cf. [24, Cor. 38].
Since suppµ0 and suppµ1 are disjoint, the first case never occurs. It follows that D is
continuous at (x, y) for π-a.e. (x, y) ∈ M ×M .

Remark 7.21. One can appreciate in the above proof the importance of the restriction to
measures µ0, µ1 with disjoint support. In general (and more precisely, whenever the sub-
Riemannian structure is not Riemannian), the diagonal ∆ ⊂ M × M is always part of
the cut locus, and D is not continuous there. Thus, the regularity condition of Definition
5.12 would not be verified without that restriction.
Remark 7.22. The ideal assumption cannot be removed. In fact, in [20, Fig. 2], the
authors built an explicit example, on corank 1 Carnot groups, and measures µi ∈
P∗

bs(X, d,m) with disjoint support where any point x ∈ suppµ0 is sent to T (x) ∈ Cut(x),
and more precisely T (x) is the endpoint of an abnormal geodesic from x. Here, it turns
out that D is not continuous at every (x, y) ∈ suppπ.

7.3.3 G-boundedness condition

We discuss here the boundedness properties of natural gauge functions. We recall the
following definition, see [2, Sec. 3.1] for further details.

Definition 7.23 (Step). A sub-Riemannian metric space has step k ∈ N at x ∈ M if
Lie brackets of length k are sufficient to satisfy the bracket-generating condition at x,
and k = k(x) is the smallest number with this property. The step of a sub-Riemannian
metric space is the supremum of the step at all its points.

The next result is a reformulation of well-known facts about the regularity of the
sub-Riemannian distance.

Theorem 7.24 (Boundedness properties of natural gauge functions). Let (M, d,m) be
a sub-Riemannian m.m.s. Let G be a natural gauge function. Then the following hold:
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(i) The function G is locally bounded on an open and dense set of M×M . In particular
for any non-empty open set O it holds

m({y ∈ M : |G(x, y)| < +∞} ∩ O) > 0, ∀x ∈ M.

(ii) If (M, d) satisfies the minimizing Sard property, then for any x ∈ M the function
G(x, ·) is locally bounded almost everywhere. In particular it holds

m({y ∈ M : |G(x, y)| = +∞}) = 0, ∀x ∈ M.

(iii) If (M, d) has step ≤ 2, then G is locally bounded, that is for every bounded subset
O there exists C > 0 such that

|G(x, y)| ≤ C, ∀x, y ∈ O.

(iv) If d is locally Lipschitz in charts outside of the diagonal ∆ ⊂ M × M , then G is
locally bounded away from the diagonal, that is for all ε > 0 and bounded subset O
there exists C > 0 such that

|G(x, y)| ≤ C, ∀x, y ∈ O, d(x, y) ≥ ε.

Proof. It is sufficient to prove the statements for G = D.
Proof of (i). Fix x ∈ M and y /∈ Cut(x). Then d is smooth in a neighborhood of

(x, y), and D(x, y) = ∥∇R
x d(·, y)∥R < +∞. The set M \ Cut(x) is open and dense by

Theorem 7.12, and since m is smooth the statement follows.
Proof of (ii). By the previous argument, if D(x, y) = +∞ we must have y ∈ Cut(x).

If the Sard property holds, then Cut(x) has zero measure.
Proof of (iii). The step of (M, d) is ≤ 2 if and only if d is locally Lipschitz in

charts [4, Cor. 6.2]. Since D is the asymptotic Lipschitz constant of d with respect to a
Riemannian metric dR, then D must be locally bounded.

Proof of (iv). Obvious.

Remark 7.25. Item (i) yields the non-triviality condition (4.10) for natural gauge func-
tions. Item (ii) yields the finiteness condition (4.17) required in the generalized Bishop-
Gromov Theorem 4.25.
Remark 7.26. Item (iv) holds for example when (M, d) is ideal, and more generally if
there are no non-trivial Goh paths, see [4, Thm. 5.5] for details. This is true, for example,
if the underlying distribution is medium-fat [46, Sec. 4.5], [12].
Remark 7.27. The step 2 assumption in (iii) cannot be removed. Notice that, by the
Ball-Box theorem [53, 31], d(o, ·) cannot be Lipschitz in charts in a neighborhood of any
point o where the step s(o) ≥ 3, so that D(o, o) = +∞. One can show that, in general, D
may not be essentially bounded in any neighborhood of the diagonal around such points.

To illustrate this fact, let us discuss the case of Carnot groups (G, d). These are left-
invariant structures on a nilpotent, connected and simply connected Lie group G ≃ Rn.

82



We denote points as (x1, . . . , xn) in exponential coordinates, with o = (0, . . . , 0) the
identity of the group. Carnot groups are equipped with metric dilations δλ, λ > 0, that
in these coordinates read δλ(x) = (λw1x1, . . . , λ

wnxn), where wi denotes the weight of the
i-th coordinate. Furthermore, we may choose a Riemannian reference dR, left-invariant
by the group action of G. Notice that, for any bounded neighborhood O ⊂ Rn, there
exists a constant C = CO > 0 such that it holds

1
C

n∑
i=1

|xi − x′
i| ≤ dR(x, x′) ≤ C

n∑
i=1

|xi − x′
i|, ∀x, x′ ∈ O.

Furthermore, using dilations, one checks that there exists a constant C ′ > 0 such that

1
C ′

n∑
i=1

|xi − x′
i|1/wi ≤ d(x, x′) ≤ C ′

n∑
i=1

|xi − x′
i|1/wi , ∀x, x′ ∈ Rn.

Let now O be a bounded neighborhood of the origin o ∈ G. Up to restricting it, we may
assume that p ∈ O ⇔ p−1 ∈ O (recall that, in exponential coordinates, group inversion
corresponds to the map x 7→ −x). We have, for all x ∈ O

D(o, x−1) = D(x, o) = 1
2 lim sup

z,w→x

d(z, o)2 − d(w, o)2

dR(z, w)

≥ 1
2 lim sup

λ,λ′→1

d(δλ(x), o)2 − d(δλ′(x), o)2

dR(δλ(x), δλ′(x))

≥ 1
2 lim sup

λ,λ′→1

|λ2 − λ
′2|d(x, o)2

|λ− λ′|C2dR(x, o)

≥ 1
C2

d(x, o)2

dR(x, o) ≥ C ′′
∑n

i=1 |xi|2/wi∑n
i=1 |xi|

,

where in the first equality we used the left-invariance of D (which follows from the left-
invariance of d and dR), and we note that the constant C ′′ > 0 depends only on O. It
follows that, if there is one wi ≥ 3 (that is, when the step is ≥ 3), then it holds

m 9 ess sup
x∈O,x ̸=o

G(o, x) = +∞,

where m is any smooth measure on Rn (this includes the Haar measures of G). Notice
that in the last estimate, O can be any bounded neighborhood of o. It follows by
left-invariance that for any neighborhood O in G we have

diamG(O) = +∞.

Thus, for sub-Riemannian structures of step 3, natural gauge functions do not satisfy,
in general, the G-boundedness assumptions of the stability Theorems 5.6 and 5.14.

The diagram in Figure 3 illustrates most of the properties for natural gauge functions
we proved in this section, on sub-Riemannian structures.
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step ≤ 2 (Def. 7.23) G is locally bounded

minimizing Sard
(Def. 7.13)

G is locally bounded
almost everywhere

G satisfies the
regularity for stability

of MCP (Def. 5.3)

∗-minimizing Sard
(Def. 7.13) G is meek (Def. 4.23)

ideal (Def. 7.19)
G satisfies the

regularity for stability
of CD (Def. 5.12)

no non-trivial Goh
geodesics

G is locally bounded
away from diagonal

Theorem 7.24

Theorem 7.18

Theorem 7.24

real-analytic

Theorem 7.16

Theorem 7.20

Remark 7.26

Figure 3: Sub-Riemannian properties (left), and of natural gauge functions G (right).
When G = d all properties are trivially verified with no assumptions.

7.4 Expression of D out of the cut locus

In this final section we show how D is related with more familiar objects in sub-
Riemannian geometry. It will also serve the purpose to better motivate the expression√

D2 − d2 that appears in the list of natural gauge functions in Section 7.2.

Proposition 7.28. Let (M, d) be a sub-Riemannian metric space, equipped with a ref-
erence Riemannian metric dR. Let D : M × M → [0,+∞] be as in Definition 7.4. For
all x ∈ M , let TxM = Dx ⊕ Vx, where Dx is the horizontal subspace at x and Dx ⊥ Vx,
and denote with πV

x , π
D
x the corresponding projections. Let also ∇R and ∥ ·∥R denote the

gradient and the norm of the Riemannian metric. Then it holds:

D(x, y) = ∥∇R
x c(·, y)∥R, ∀ (x, y) /∈ Cut(M). (7.6)
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If, in addition, the reference dR is an extension of d (cf. Definition 7.1), then it holds

D(x, y)2 = d(x, y)2 + ∥πV
x ∇R

x c(·, y)∥2
R, ∀ (x, y) /∈ Cut(M). (7.7)

Equivalently, identifying TxM ≃ T ∗
xM by means of the Riemannian structure, it holds

∥πV
x λ

x,y∥2 = D(x, y)2 − d(x, y)2, (x, y) /∈ Cut(M), (7.8)

where λx,y ∈ T ∗
xM is the initial covector of the unique geodesic joining x with y.

Proof. By Theorem 7.12, on M \Cut(y) the function c(·, y) = 1
2d(·, y)2 is smooth. Thus,

out of Cut(y), the asymptotic Lipschitz constant with respect to dR coincides with the
Riemannian norm of the Riemannian gradient, thus proving (7.6).

We then prove that, if dR is a Riemannian extension induced by the Riemannian
metric gR, and g denotes the sub-Riemannian metric, for all x ∈ X and vx ∈ Dx it holds
∥vx∥gR = ∥vx∥g. In fact, let X1, . . . , XL be a generating family for the sub-Riemannian
structure. There exist ci ∈ R such that vx = ∑N

i=1 ciXi(x), then let V := ∑N
i=1 ciXi.

Let also γt = etV (x) be the flow of V , for t ∈ [0, ε]. This is by construction a horizontal
curve with γ̇t = V (γt). Furthermore, it holds (cf. [2, Ex. 3.51, 3.52]):

Ld(γ|[0,t]) =
∫ t

0
∥V (γs)∥g ds, =⇒ ∥vx∥g = d

dt

∣∣∣∣
t=0

Ld(γ|[0,t]).

Since dR is an extension, γt is rectifiable also for dR, and it holds Ld(γ|[0,t]) = LdR
(γ|[0,t]).

We deduce that ∥vx∥gR = ∥vx∥g, which proves (7.7).
As a consequence, letting k(x) = dim Dx, we can find a gR-orthonormal basis

v1, . . . , vn ∈ TxM such that v1, . . . , vk(x) is an orthonormal basis for Dx with respect
to the sub-Riemannian metric at the point x. Therefore, if (x, y) /∈ Cut(M), it holds

D(x, y)2 = ∥∇R
x c(·, y)∥2

gR
=

k(x)∑
i=1

⟨dxc(·, y), vi⟩2 +
n∑

i=k(x)+1
⟨dxc(·, y), vi⟩2, (7.9)

where ⟨·, ·⟩ : T ∗
xM × TxM → R denotes the dual action of covectors on vectors. Notice

that dxc(·, y) = λx,y is the initial covector of the unique geodesic γ : [0, 1] → M joining x
with y: this follows by the characterization of sub-Riemannian geodesics via the Lagrange
multipliers rule, cf. for example [3, Prop. 4.3, Lemma 2.20]. The first term in the r.h.s.
of (7.9) is 2H(λx,y) = d(x, y)2, concluding the proof of (7.8).

8 Sub-Riemannian comparison theory

We recall from [25] a general comparison theory for lower Ricci curvature bounds in the
sub-Riemannian setting. We remind first what comparison models are in this setting.
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8.1 LQ optimal control problems

Comparison models are a special class of dynamical systems, called linear quadratic
optimal control problems (LQ in the following), and are a classical topic in optimal
control theory. They arise as variational problems in Rn with a quadratic cost and linear
dynamics. We recall their general features, and we refer to [7, Ch. 16], [43, Ch. 1] and
[56, Ch. 7] for further details.

Let A,B be ℓ× ℓ real matrices, with B symmetric and B ≥ 0. Letting k ≤ ℓ be the
rank of B, there exist b1, . . . , bk ∈ Rℓ, unique up to orthogonal transformations, such
that B = ∑k

i=1 bib
∗
i . Let also Q be a symmetric ℓ × ℓ real matrix, and T > 0. We are

interested in admissible trajectories, namely curves q : [0, T ] → Rℓ for which there exists
a control u ∈ L2([0, T ],Rk) such that

q̇ = Aq +
k∑

i=1
uibi. (8.1)

Thus, we look for admissible trajectories with fixed endpoints q(0) = x, q(T ) = y, that
minimize the quadratic functional CT : L2([0, T ],Rk) → R

CT (u) = 1
2

∫ T

0
(u∗u− q∗Qq) dt. (8.2)

Admissible trajectories minimizing (8.2) are called minimizers. The vector Aq represents
the drift, while b1, . . . , bk are the controllable directions. The matrix Q is the potential
of the LQ problem.

We only deal with controllable systems, i.e. for which there exists s > 0 such that

rank(B,AB, . . . , As−1B) = ℓ. (8.3)

Condition (8.3) is known as Kalman condition in control theory. It is equivalent to the
fact that, for any choice of x, y ∈ Rℓ and T > 0, there is a non-empty set of admissible
trajectories q : [0, T ] → Rℓ joining x with y.

It is well-known that the admissible trajectories minimizing (8.2) are projections
(p, q) 7→ q of the solutions of the Hamilton equations

ṗ = −∂qH, q̇ = ∂pH, (p, q) ∈ T ∗Rℓ = R2ℓ, (8.4)

where the Hamiltonian function H : R2ℓ → R is defined by

H(p, q) = 1
2 (p∗Bp+ 2p∗Aq + q∗Qq) .

We remark that the Hamiltonian flow is defined for all times, since H is quadratic.

Definition 8.1 (Conjugate time). We say that t∗ > 0 is a conjugate time if there exists
a non-trivial solution of the Hamilton equations (8.4) such that q(0) = q(t∗) = 0.
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The first conjugate time tc = inf{t∗ > 0 | t∗ is a conjugate time} ∈ (0,+∞] de-
termines existence and the uniqueness of solutions of minimizers, as specified by the
following proposition (see [7, Sec. 16.4]).
Proposition 8.2 (Conjugate times and existence of minimizers). Let tc be the first
conjugate time of the LQ problem (8.1)-(8.2). Then, for any x, y ∈ Rℓ,

• if T < tc there exists a unique minimizer between x with y;

• if T > tc there exist no minimizers between x with y;

• if T = tc existence of minimizers depends on x, y.
The minimization of the functional (8.2) with fixed endpoints and T > 0 does not

define a metric on Rℓ, in general. Nevertheless, one can still define a distortion coefficient.
Definition 8.3 (LQ distortion coefficient). Consider the LQ problem (8.1)-(8.2), with
T = 1. For x, y ∈ Rℓ and t ∈ [0, 1], define

Zt(x, y) = {q(t) | q : [0, 1] → Rℓ is a minimizer s.t. q(0) = x, q(1) = y}.

The distortion coefficient of the LQ problem is

βA,B,Q
t (x, y) = lim sup

r→0

|Zt(x,Br(y))|
|Br(y)| , t ∈ [0, 1],

where x, y ∈ Rℓ, Br(y) denotes the Euclidean ball with center y and radius r > 0, and
| · | denotes the Lebesgue measure of Rℓ.

The next proposition, proven in [25, Prop. 27], links the distortion coefficient with
the Hamilton equations of the LQ problem.
Proposition 8.4. Consider the LQ problem (8.1)-(8.2), with T = 1, and assume that
tc > 1. Its distortion coefficient does not depend on the choice of x, y, and satisfies

βA,B,Q
t = detN(t)

detN(1) > 0, ∀ t ∈ [0, 1],

where M(t), N(t) : [0,+∞) → Mat(ℓ× ℓ) are the solutions of the Hamiltonian system

d

dt

(
M
N

)
=
(

−A∗ −Q
B A

)(
M
N

)
,

(
M(0)
N(0)

)
=
(

1
0

)
. (8.5)

Equivalently, we have

βA,B,Q
t = exp

(
−
∫ 1

t
tr(BV (s) +A)ds

)
> 0, ∀ t ∈ (0, 1], (8.6)

where V : (0, tc) → Sym(ℓ× ℓ) is the maximal solution of the matrix Riccati equation

V̇ +A∗V + V A+ V BV +Q = 0, lim
t→0+

V −1(t) = 0. (8.7)

Notice that, by the Kalman condition (8.3), the Cauchy problem with limit initial
datum (8.7) is well-posed, its solution is well-defined on the maximal interval (0, tc),
where tc is the first conjugate time of the corresponding LQ problem. In particular, the
standing assumption tc > 1 makes (8.6) well-defined (see [22, Appendix A]).
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8.2 Constant curvature models

A LQ problem depends on data A,B,Q. In this section we explain how we choose these,
yielding a class of constant curvature models. The matrices A and B are determined by
a Young diagram. The general case can be reduced to diagrams with one row, which
can be seen as basic building blocks. Consider thus the following Young diagram:

Y = 1 2 · · · ℓ ,

of length ℓ ∈ N. The case ℓ = 1 must be thought of as the “Riemannian case”. We
associate the matrices A,B as follows:

A = Γ∗
1(Y ), B = Γ2(Y ), (8.8)

(the transpose is a convention to agree with the one of [22]), where

Γ1(Y ) :=
(

0 1ℓ−1
0 0

)
, Γ2(Y ) :=

(
1 0
0 0ℓ−1

)
. (8.9)

The matrices A = Γ∗
1(Y ) and B = Γ2(Y ) satisfy the Kalman condition (8.3). The

potential Q is a diagonal matrix, whose entries represent the Ricci curvature bounds:

Q = diag(κ1, . . . , κℓ), κ ∈ Rℓ. (8.10)

Notation. Following the above prescriptions, a basic LQ model is uniquely specified
by the choice of ℓ ∈ N, κ ∈ Rℓ. We denote the corresponding distortion coefficient by

βκ
t := βA,B,Q

t , A, B, Q as in (8.8)-(8.10).

These LQ problems have constant curvature in the sense discussed in Appendix B.
More precisely, one can show that any Jacobi curve of the corresponding Hamiltonian
flow has Young diagram Y of one row of length ℓ, constant canonical curvature Rλt = Q,
and constant canonical Ricci curvatures Rici

λt
= κi, where i = 1, . . . , ℓ. This can be

proved by observing that the restrictions to any extremal of Ei = ∂pi and Fi = ∂qi , for
i = 1, . . . , ℓ is a canonical frame along that extremal (see Section B.2.2).

Proposition 8.5 (Basic models). Let ℓ ∈ N, and κ ∈ Rℓ. Consider the LQ problem
(8.1)-(8.2) on Rℓ, with A, B as in (8.8) and Q as in (8.10). Then there exist a computable
real-analytic function sκ : [0,+∞) → R, and tκ ∈ (0,+∞], such that:

(i) sκ is strictly positive on (0, tκ), and vanishes at the endpoints;

(ii) the first conjugate time of the LQ problem is tκ;

(iii) there exists c > 0 depending only on ℓ (and not on κ) and N = ℓ2 such that

sκ(t) ∼ ctN , t → 0;
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(iv) assuming that tκ > 1, then the distortion coefficient of the LQ problem is

βκ
t = sκ(t)

sκ(1) , ∀ t ∈ [0, 1];

(v) for λ ≥ 0, let λ⊙ κ := (κ1λ
2, . . . , κℓλ

2ℓ). Then it holds:

tλ⊙κ = tκ
λ
, and sλ⊙κ(t) = sκ(tλ)

λℓ2 , ∀ t ∈ R,

with the convention that, if λ = 0, then t0 = +∞ and s0(t) = tℓ
2 for all t ∈ [0, 1];

(vi) let m ∈ N, and assume that κ̄ : Rm
+ → Rℓ where each κ̄i : Rm

+ → R is a homogeneous
function of degree 2i, for i = 1, . . . , ℓ. Let sκ̄ : Rm

+ → R be the function defined by

sκ̄(θ) := sκ̄(θ/|θ|)(|θ|), ∀ θ ∈ Rm
+ , (8.11)

with the convention sκ̄(0) = 0.
The function sκ̄ is radially real-analytic, satisfies sκ̄(θ) = c|θ|N + o(|θ|N ) for some
c > 0 and N = ℓ2. Its positivity domain, that is the largest open star-shaped subset
DOMκ̄ ⊆ Rm

+ such that sκ̄ > 0 on DOMκ̄ \ {0}, is characterized as

DOMκ̄ = {θ ∈ Rm
+ | 1 < tκ̄(θ)} = {θ ∈ Rm

+ | |θ| < tκ̄(θ/|θ|)},

and for all t ∈ [0, 1] and θ ∈ DOMκ̄ it holds

β
κ̄(θ)
t =

tN |θ| = 0,
sκ̄(tθ)
sκ̄(θ) |θ| ≠ 0 and θ ∈ DOMκ̄,

with N = ℓ2.

Remark 8.6 (Link with CD theory). Proposition 8.5, and in particular item (vi), is the
bridge between the curvature-dimension theory of Section 3 and the comparison theory
of Section 8. It establishes that model distortion coefficients of LQ problems coincide
with model distortion coefficients in the sense of (3.6) (for the scalar-valued case) and
(6.3) (for the vector-valued case).
Remark 8.7 (Scalar case). Item (vi) is stated in the general case m ∈ N, in order to de-
scribe model coefficients for vector-valued gauge functions. The scalar case corresponds
to m = 1. In this case, we identify κ̄ : Rm

+ → Rℓ with κ ∈ Rℓ by the identity κ̄i(θ) = κiθ
2i

for all i = 1, . . . , ℓ. Our notation is consistent since it holds

sκ̄(tθ) = sκ(tθ) and DOMκ̄ = [0, tκ).

In particular, there is no need to introduce the sκ̄ functions, and the positivity domain
is just a segment. For general m ∈ N, however

sκ : [0,+∞) → R and sκ̄ : Rm
+ → R

act on different domains. The link between them is provided by (8.11).
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Remark 8.8 (Convexity). If ℓ = m = 1 then (0, tκ) ∋ θ 7→ log βκ
t (

√
θ) is convex and

monotone for fixed t ∈ [0, 1] (the case of Riemannian coefficients, see Section 8.2.1).
Convexity, in particular, is important for the deduction of the standard form of the
CD(K,N) inequality. Both properties fail, in general, if ℓ > 1. Take for example
κ = (2,−1), and compute the solution of the Hamiltonian system (8.5) (the values are
chosen so that the system has a simple Jordan form, with eigenvalues ±i).

Proof. Using the notation of Proposition 8.4, we set

sκ(t) := detN(t).

By definition, the first conjugate time of the LQ problem is

tκ := inf{t > 0 | sκ(t) = 0}.

The Kalman’s condition implies that detN(t) ̸= 0 for small t > 0 so that tκ > 0.
Furthermore one can check, by studying the asymptotic behaviour of the solutions of
(8.5), that sκ(t) > 0 for small t. Thus (i), (ii) and (iv) follow immediately.

To prove (iii), we first observe that sκ(·) is real-analytic, and thus there exist3 N ∈ N
and c ̸= 0 such that sκ(t) ∼ ctN as t → 0. To prove that N = ℓ2, we claim that the
following asymptotic formula holds:

lim
t→0

(
d
dt log detN(t) − ℓ2

t

)
= 0. (8.12)

To prove it, observe that the first term on the left hand side is
d
dt log detN(t) = tr(Ṅ(t)N(t)−1) = tr(Γ2M(t)N(t)−1 + Γ∗

1).

The asymptotics of M(t)N(t)−1 as t → 0 is obtained in [3, Thm. 7.4 and Cor. 7.5],
yielding (8.12). We do not repeat the details here. We remark that (8.12) can also be
proved by deducing asymptotic formulas for the solutions M(t), N(t) of the Hamiltonian
system in Proposition 8.4, using the properties of A,B in (8.8). Such a proof also shows
that the constant c depends only on ℓ and not on Q (i.e. not on κ ∈ Rℓ), and c > 0.

To prove (v), for all λ > 0 let

Q = diag(κ1, . . . , κℓ), Qλ = diag(κ1λ
2, . . . , κℓλ

2ℓ),

be the potentials corresponding to κ and λ⊙ κ, respectively. We remark that

Qλ = ΩλQΩλ, Ωλ := diag(λ, . . . , λℓ).

For the specific choice A = Γ∗
1(Y ) and B = Γ2(Y ) of the statement, see (8.8), we

denote by M(t), N(t) (resp. Mλ(t), Nλ(t)) the solution of the Hamiltonian system (8.5)
for potential Q (resp. Qλ). We observe from the explicit form (8.9) that

ΩλA = λAΩλ, BΩλ = ΩλB = λB.

3There should be no confusion between N ∈ N and the family of matrices N(t).
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Using these properties and (8.5) we immediately see that

Mλ(t) = ΩλM(tλ)Ω−1
λ , Nλ(t) = λΩ−1

λ N(tλ)Ω−1
λ , ∀ t ∈ R.

It follows that, for conjugate times tλ⊙κ = tκ/λ, and furthermore

sλ⊙κ(t) = detNλ(t) = λ−ℓ2sκ(tλ), ∀λ > 0.

The above rescaling formula yields (v) in the case λ > 0. The case λ = 0 can be
seen as a limit of the previous one, or also proved directly by solving (8.5); in this case
Q = 0 and thus M(t)ij = (−1)j−itj−i/(j − i)! for j ≥ i, and zero otherwise, while
N(t)ij = (−1)j+1ti+j−1/(i+ j − 1)! for all i, j = 1, . . . , ℓ.

The proof of (vi) is a straightforward consequence of all previous items, unraveling
the notation. The fact that sκ̄ is radially real-analytic follows from the fact that sκ is
real-analytic for κ ∈ Rℓ. Notice that if the κ̄i are homogeneous of degree 2i, then for
θ ̸= 0 we have κ̄(θ) = |θ| ⊙ κ̄(θ/|θ|). Therefore it holds

sκ̄(θ) = sκ̄(θ/|θ|)(|θ|) ∼ c|θ|ℓ2
, |θ| → 0,

where we used (iii), and the fact that the constant c > 0 in (iii) does not depend on
κ ∈ Rℓ. The characterization of the positivity domain follows from the homogeneity
property (v). Finally, by definition, and using (v), it holds

β
κ̄(θ)
t =

sκ̄(θ)(t)
sκ̄(θ)(1) =

s|θ|⊙κ̄(θ/|θ|)(t)
s|θ|⊙κ̄(θ/|θ|)(1) =

sκ̄(θ/|θ|)(t|θ|)
sκ̄(θ/|θ|)(|θ|)

= sκ̄(tθ)
sκ̄(θ) ,

for all θ ∈ DOMκ̄ \ {0} and all t ∈ (0, 1). Finally if |θ| = 0, we have κ̄(0) = 0 and we
proceed in a similar fashion reminding that s0(t) = tℓ

2 by item (v). The cases t = 0 and
t = 1 are trivially verified.

The proof of Proposition 8.5 is constructive and the distortion coefficients are ob-
tained by solving the Hamiltonian system (8.5) associated with corresponding LQ prob-
lem. In the next three sections we give explicit examples, recovering all typical compar-
ison functions that have arisen in the recent literature in sub-Riemannian geometry.

8.2.1 The Riemannian case

Let ℓ = 1, so that Y = . According to (8.8), we have A = 0, B = 1, and we set Q = κ
for some κ ∈ R. The Hamiltonian of the LQ problem is

H(p, q) = 1
2
(
p2 + κq2

)
,

which is the Hamiltonian of a one-dimensional harmonic oscillator. From Proposition
8.5 we obtain easily that

sκ(t) =
{

sin(
√
κt) κ > 0,

sinh(
√

−κt) κ ≤ 0,
tκ =


π√
κ

κ > 0,
+∞ κ ≤ 0.
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The typical right hand side of Ricci curvature lower bounds has the form κ̄(d) = κd2.
Thus, according to Proposition 8.5, we obtain that for θ ∈ [0,+∞)

sκ̄(θ) = sκ(θ), DOMκ̄ = [0, tκ).

Here we stress that m = 1. The corresponding distortion coefficient is:

β
κ̄(θ)
t = βκθ2

t =


sin(

√
κθt)

sin(
√

κθ) κ > 0,
t κ = 0,
sinh(

√
|κ|θt)

sinh(
√

|κ|θ)
κ < 0,

∀ t ∈ [0, 1], θ ∈ DOMκ̄ = [0, tκ).

The condition θ ∈ DOMκ̄ corresponds to κ̄(θ) = κθ2 < π2, which is reminiscent of the
Bonnet-Myers bound.

Relation with classical coefficients. This is the building block for the construction
of Riemannian distortion coefficients. Consider a space form of dimension N and (sec-
tional) curvature equal to K/(N − 1), and thus Ricci curvature equal to K ∈ R. The
potential “felt” in the directions orthogonal to the one of the motion, along a geodesic
of length d, is Kd2/(N − 1). There are N − 1 orthogonal directions, and one direction
where there is no curvature (the direction of the motion). Therefore, taking the product
of all these factors we obtain

β0
t

N−1∏
i=1

β
Kd2/(N−1)
t =


t

(
sin(td

√
K/(N−1))

sin(d
√

K/(N−1))

)N−1
K > 0,

tN K = 0,

t

(
sinh(td

√
|K|/(N−1))

sinh(d
√

|K|/(N−1))

)N−1
K < 0,

∀ t ∈ [0, 1], d < tK/(N−1).

This is the usual distortion coefficient for a space form of Ricci curvature K and dimen-
sion N . Compare with Section 3.3.1.

8.2.2 The Sasakian case

In this section we describe the typical coefficients arising in the description of three-
dimensional Sasakian space forms, which were the first sub-Riemannian structures where
an effective comparison theory was established [52, 5, 62].

Let ℓ = 2, so that Y = . We have A = ( 0 0
1 0 ), B = ( 1 0

0 0 ), and we set Q =
diag(κ1, 0) for some κ1 ∈ R (formally, κ = (κ1, κ2) with κ2 = 0, which greatly simplifies
this case). Proposition 8.4 can be used to obtain

sκ1,0(t) = 2 − 2 cos
(√
κ1t
)

− √
κ1t sin

(√
κ1t
)

κ2
1

, tκ1,0 =


2π√
κ1

κ1 > 0,
+∞ κ1 ≤ 0,

For brevity, instead of writing explicitly all the cases depending on the sign of κ1 as
done in Section 8.2.1, here sκ1,0(t) is understood as real-analytic function of κ1 ∈ R, to
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interpret it for κ1 ≤ 0. Furthermore we obtain

βκ1,0
t = 2 − 2 cos

(√
κ1t
)

− √
κ1t sin

(√
κ1t
)

2 − 2 cos
(√
κ1
)

− √
κ1 sin

(√
κ1
) .

On a three-dimensional Sasakian manifold with Tanaka-Webster curvature equal to
K ∈ R, the sharp distortion coefficient along a geodesic γ is the product of two factors.
One flat factor t, arising from a one-dimensional subspace (the direction of the motion),
and one factor βκ1,0

t as the one we just described, with

κ1 = κ̄1(|h0|, d) := |h0|2 +Kd2,

where d is the length of the geodesic and h0 is the Reeb component of its initial covector.
In particular κ̄1 : R2

+ → R is homogeneous of degree 2 and the distortion coefficient thus
obtained is suitable for a theory with vector-valued gauge function (the gauge function
being G = (G1,G2) with G1 = |h0| and G2 = d).

We will describe more precisely this case in Section 10.5.

8.2.3 The two columns case

This example generalizes the previous one. Let again ℓ = 2 so that Y = , and let
Q = diag(κ1, κ2), with κ1, κ2 ∈ R. The difference with respect to Section 8.2.2 is that
now κ2 may be non-zero. The Hamiltonian of the corresponding LQ problem is

H(p, q) = 1
2
(
p2

1 + 2p2q1 + κ1q
2
1 + κ2q

2
2

)
.

We can compute the distortion coefficient using Proposition 8.4. By reduction to Jordan
normal form of the Hamiltonian system (8.5) (see details in [79, Prop. 28]), one obtains

sκ1,κ2(t) = ξ2
− sin2 (ξ+t) − ξ2

+ sin2 (ξ−t)
4ξ2

−ξ
2
+(ξ2

− − ξ2
+) ,

where we have set κ1 = 2(ξ2
+ + ξ2

−) and κ2 = −(ξ2
+ − ξ2

2)2. In other words, choosing the
principal branch of the square root:

ξ± = 1
2(

√
x+ y ±

√
x− y), with x = κ1

2 , y =

√
4κ2 + κ2

1

2 .

It seems not trivial to deduce an explicit expression for tκ1,κ2 from the above expression.
Abstract necessary and sufficient conditions in terms of κ1, κ2 for the finiteness of tκ1,κ2

are obtained via the results in [6]. Estimates for tκ1,κ2 are found in [79, Prop. 1].
Thus, assuming tκ1,κ2 > 1, the distortion coefficient is

βκ1,κ2
t = ξ2

− sin2 (ξ+t) − ξ2
+ sin2 (ξ−t)

ξ2
− sin2 (ξ+) − ξ2

+ sin2 (ξ−) , ∀ t ∈ [0, 1],

understood with the usual conventions as a real-analytic function of ξ± ∈ C.
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8.3 Main comparison result

Recall from Definition 4.6 the distortion coefficient of a metric measure space. For a
sub-Riemannian m.m.s (M, d,m), it can always be written as

β
(M,d,m)
t (x, y) = tβ⊥

t (x, y), ∀ (x, y) /∈ Cut(M).

The factor t corresponds to the distortion felt in the direction of the geodesic between x
and y, while the factor β⊥

t represents the distortion felt in the perpendicular directions.
The following result is a reformulation of [25, Thm. 16], with N = n (cf. Rmks. 17

and 12 there), with an explicit dependence on a possibly vector-valued gauge function
G : M × M → RPm

+ , combined with Proposition 8.5(vi). We will state directly the
general vector-valued case, the scalar-valued one is obtained by setting m = 1, in which
case the statement greatly simplifies, see in particular Remark 8.7.

Theorem 8.9. Let (M, d,m) be a sub-Riemannian metric measure space, with n =
dimM , and let G : M×M → Rm

+ be a finite Borel function, m ∈ N. Let (x, y) /∈ Cut(M)
and γ : [0, 1] → M be a geodesic joining them, with initial covector λ, and reduced Young
diagram Y . Assume that there exists a function C̄ : Rm

+ → R, homogeneous of degree 1,
such that

ρm,λ ≤ C̄(G(x, y)).
Denote with Υ the set of levels of Y . Assume that for any level α ∈ Υ, with size rα

and length ℓα, there exist κ̄α : Rm
+ → Rℓα such that each component κ̄αi : Rm

+ → R is
homogeneous of degree 2i, for i = 1, . . . , ℓα, and such that for any superbox αi of that
level it holds

1
rα

Ricαi
λ ≥ κ̄αi(G(x, y)), i = 1, . . . , ℓα,

with the convention that if α is the level of length ℓα = 1 then rα is replaced by rα − 1;
and if rα = 0 after this replacement, then that level is omitted. Then:

• denoting with DOMκ̄α ⊆ Rm
+ the positivity domain of sκ̄α : Rm

+ → R as in Proposi-
tion 8.5, it holds

G(x, y) ∈
⋂

α∈Υ
DOMκ̄α ,

so that the distortion coefficients βκ̄α(G(x,y))
t are well-defined for all α ∈ Υ as in

Proposition 8.5;

• with the same convention as above, we have that

β⊥
t (x, y)∏

α∈Υ

(
β

κ̄α(G(x,y))
t

)rα
e−tC̄(G(x,y)) is a non-increasing function of t ∈ (0, 1],

and in particular, the following holds

β
(M,d,m)
t (x, y) ≥ te(t−1)C̄(G(x,y)) ∏

α∈Υ

(
β

κ̄α(G(x,y))
t

)rα

, ∀ t ∈ [0, 1].
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Remark 8.10. We recall from Proposition 8.5 that, for κ̄ : Rm
+ → Rℓ, and t ∈ [0, 1]

β
κ̄(G)
t =

tN |G| = 0,
sκ̄(tG)
sκ̄(G) |G| ≠ 0 and G ∈ DOMκ̄,

with N = ℓ2, is the distortion coefficient of the LQ model with a Young diagram of
one row and ℓ columns, with potential Q = diag(κ̄1(G), . . . , κ̄ℓ(G)). In particular the
functions sκ̄ : Rm

+ → R depend only on the ℓ homogeneous functions κ̄1, . . . , κ̄ℓ.
Theorem 8.9 yields a comparison result for distortion along a single geodesic. If its

assumptions hold globally, then we obtain the following result, establishing the compati-
bility of our CD(β, n) theory with the one of sub-Riemannian Ricci bounds. Once again,
in the scalar-valued case m = 1 what follows greatly simplifies, see Remark 8.7.

Definition 8.11 (Sub-Riemannian m.m.s. with Ricci curvature bounded from below).
Let (M, d,m) be a sub-Riemannian metric measure space, with n = dimM , equipped
with a finite gauge function G : M × M → Rm

+ , m ∈ N. We say that (M, d,m,G) has
Ricci curvatures bounded from below if there exist:

• a Young diagram Y ,

• functions C̄ : Rm
+ → R homogeneous of degree 1,

• functions κ̄α : Rm
+ → Rℓα such that each component κ̄αi : Rm

+ → R is homogeneous
of degree 2i, for i = 1, . . . , ℓα for any level α of Y , with length ℓα,

such that for all x ∈ M and m-a.e. y there exists a unique geodesic γ ∈ Geo(M) joining
x with y, with Young diagram Y , initial covector λ ∈ T ∗

xM , for which the following hold:

• bound on the geodesic volume derivative:

ρm,λ ≤ C̄(G(x, y)),

• bound on the Ricci curvatures: for all levels α of the Young diagram Y

1
rα

Ricαi
λ ≥ κ̄αi(G(x, y)), i = 1, . . . , ℓα,

with the convention that if α is the level of length ℓα = 1 then rα is replaced by
rα − 1; and if rα = 0 after this replacement, then that level is omitted.

The above data determine a function s : Rm
+ → R defined by

s(θ) := |θ| · eC̄(θ) ·
∏

α∈Υ
sκ̄α(θ)rα , ∀ θ ∈ Rm

+ , (8.13)

where sκ̄α : Rm
+ → R are as in Proposition 8.5(vi), Υ denotes the set of levels of Y , and

with the convention that if α is the level of length ℓα = 1 then rα is replaced by rα − 1;
and if rα = 0 after this replacement, then that level is omitted from the product in
(8.13). Finally, let β be the corresponding distortion coefficient defined as in (6.3).
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We note that the positivity domain DOM of s (see Section 6) is

DOM =
⋂

α∈Υ
DOMκ̄α ,

and that s satisfies the asymptotic relation s(θ) = c|θ|N + o(|θ|N ) for some c > 0 and

N =
∑
α∈Υ

rαℓ
2
α.

Theorem 8.12 (Ideal sub-Riemannian structures with Ricci bounded below are CD).
Let (M, d,m) be an ideal sub-Riemannian metric measure space, with n = dimM ,
equipped with a finite gauge function G : M × M → Rm

+ , m ∈ N, with Ricci curva-
tures bounded from below in the sense of Definition 8.11, and let β be the corresponding
distortion coefficient. Then (M, d,m,G) satisfies the CD(β, n) condition.

Proof. Step 1: comparison out of the cut locus. We use the Ricci curvature bounds
assumption of Definition 8.11, paired with Theorem 8.9, to deduce that for all x ∈ M
and m-a.e. y ∈ M

G(x, y) ∈ DOM =
⋂

α∈Υ
DOMκ̄α ,

where DOM is the positivity domain of s : Rm
+ → R in (8.13), and furthermore

β
(M,d,m)
t (x, y) ≥ βmod

t (G(x, y)), ∀ t ∈ [0, 1], (8.14)

where βmod in the right hand side is the distortion coefficient built out of s according to
the construction in Section 3 (Section 6 for the vector case). See Remark 8.10.

Step 2: interpolation inequalities for densities. By [24, Thm. 4], for any µ0 ∈
Pbs(M, d,m), µ1 ∈ P∗

bs(M, d,m) there exists a unique W2-geodesic (µt)t∈[0,1], associated
with ν ∈ OptGeo(µ0, µ1) such that µt ≪ m for all t ∈ (0, 1], and letting ρt := dµt

dm be the
corresponding density, it holds for all t ∈ (0, 1):

1
ρt(γt)1/n

≥
β

(M,d,m)
1−t (γ1, γ0)1/n

ρ0(γ0)1/n
+ β

(M,d,m)
t (γ0, γ1)1/n

ρ1(γ1)1/n
, ν-a.e. γ ∈ Geo(M), (8.15)

with the understanding that the first term in the right hand side of (8.15) is omitted if
µ0 /∈ Pac(M,m). We also remark that ν ∈ OptGeo(µ0, µ1), the corresponding optimal
plan π, and the corresponding W2-geodesic µt are unique, and they are induced by an
optimal transport map T : M → M such that T♯µ0 = µ1.

Furthermore, by [24, Cor. 3.8], optimal transport on ideal structures almost surely
is either static or avoids the cut locus. More precisely:

µ1 (M \ {x ∈ M | T (x) = x} ∪ {x ∈ M | T (x) /∈ Cut(x)}) = 0.

Recall that the CD(β, n) inequality (3.7) must be tested only for measures such that
suppµ0 ∩suppµ1 = ∅. In this case, ν is concentrated on a set of geodesics with endpoints
out of the cut locus.
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Thus, using (8.14), we have that (8.15) holds for ν-a.e. geodesic γ ∈ Geo(M), with
the replacements:

β
(M,d,m)
1−t (γ1, γ0) 7→ βmod

1−t (G(γ1, γ0)), β
(M,d,m)
t (γ0, γ1) 7→ βmod

t (G(γ0, γ1)).

Integrating the aforementioned inequality with respect to ν, and using Jensen’s in-
equality, we obtain the CD(β, n) condition (3.7) for β = βmod.

9 Curvature estimates for fat sub-Riemannian structures

In this section, we establish new Ricci curvature lower bounds for fat sub-Riemannian
structures. We address the reader to Appendix B for a self-contained summary on the
canonical curvature in sub-Riemannian geometry that we use extensively.

We provide here an informal explanation of the basic concepts of Young diagram and
Ricci curvatures. To the generic4 geodesic of a sub-Riemannian manifold we can associate
a Young diagram. Each Young diagram must be thought of as an ordered collection of
n = dimM boxes, each one corresponding to a one-dimensional subspace of the tangent
space along the given geodesic. The position of the box in the diagram is determined
by the number of derivations (aka Lie brackets in the direction of the geodesic) that
one must perform to access to that direction starting with the original distribution.
According to the general theory, a sub-Riemannian canonical curvature operator can be
defined on the tangent space along the geodesic. It behaves in a different way when
restricted to each one of these one-dimensional subspaces. It is natural then to group up
the one-dimensional subspaces having homogeneous behaviour. We obtain in this way a
so-called reduced Young diagram, whose boxes are called superboxes. Each superbox of
a reduced Young diagram represents a subspace of the tangent space along the geodesic
where the curvature behaves in a homogeneous way, and thus it makes sense to trace the
curvature operator in these subspaces. This gives rise to Ricci curvatures, one for each
superbox. Note that, on Riemannian manifolds, the reduced Young diagram is the same
for any geodesic, it is formed by only one superbox, and a large part of the canonical
curvature theory explained in Appendix B trivializes.

9.1 Fat curvature estimates

A distribution D on a smooth manifold M of dimension n ≥ 3 is called fat if it is strong
bracket-generating [82, 71]: for any smooth vector field X on M it holds

X|x ̸= 0 =⇒ Dx + [X,D ]x = TxM, ∀x ∈ M. (9.1)

Let g be a sub-Riemannian metric on D . We call (D , g) a fat sub-Riemannian structure
on M . Letting d be the corresponding Carnot-Carathéodory distance.

4More precisely, for an open and dense set of points x ∈ M there exists a non-empty Zariski open
(and thus dense) set Ax ⊆ T ∗

x M of initial covectors for which the associated geodesic has a well-defined
Young diagram. See [91, Sec. 5] and [3, Sec. 5.2].
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Remark 9.1. We recall that the following popular classes of sub-Riemannian structures
are fat: the Heisenberg groups, contact structures, all H-type groups in the sense of
Kaplan [57], and more generally H-type foliations [30].

For a fat structure, any non-trivial geodesic has the same Young diagram with two
columns. We label the superboxes of the reduced Young diagram as follows:

b a

c

The sizes of the superboxes are size(a) = size(b) = n− k and size(c) = 2k − n. To each
superbox, we associate the canonical Ricci curvatures Rica, Ricb, Ricc respectively.

Without loss of generality, we assume that g is the restriction to D of a Riemannian
metric gR. Recall from Definition 7.4 the function D : M × M → [0,+∞] associated
with the Riemannian extension dR = dgR . By Proposition 7.28, it holds

D(x, y) = ∥∇R
x c(·, y)∥R, ∀ (x, y) /∈ Cut(M),

where c = 1
2d2. To fix the ideas, in the Heisenberg group, and choosing the canonical

Riemannian extension, for (x, y) /∈ Cut(M) it holds

D(x, y)2 = d(x, y)2 + h0(λx,y)2,

where h0(λx,y) is the vertical component of the unique initial covector λx,y of the geodesic
between x and y.

The next result will be pivotal to show that fat sub-Riemannian structures on a
compact n-dimensional manifold are CD(β, n) spaces, for suitable β (cf. Theorem 9.23).

Theorem 9.2 (Fat curvature estimates). Let (M, d) be a sub-Riemannian metric space
with dimension n and with fat distribution of rank k < n. Then, for any compact set
K ⊂ M there exists a constant κ > 0 such that for any x, y ∈ K \ Cut(M) and for the
unique geodesic γ : [0, 1] → M joining them, with initial covector λ ∈ T ∗

xM , it holds

Rica
λ ≥ −κD(x, y)4,

Ricb
λ ≥ −κD(x, y)2,

Ricc
λ ≥ −κD(x, y)2.

Furthermore, if m is a smooth measure on M , there exists C > 0 such that for any
x, y ∈ K \ Cut(M) and for the unique geodesic γ : [0, 1] → M joining them, with initial
covector λ ∈ T ∗

xM , it holds:
|ρm,λ| ≤ CD(x, y),

where ρm,λ is the geodesic volume derivative (see Section B.3).

Remark 9.3. If the last block is one-dimensional, i.e. size(c) = 2k−n = 1, then the lower
bound for Ricc is redundant as Ricc

λ = 0.
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Remark 9.4. The constants in Theorem 9.2 do depend on the choice of gR.
Recall that the canonical frame and curvature, seen as functions of the initial covector

λ ∈ T ∗M , are not defined when the associated geodesic is the trivial (abnormal) one,
corresponding to λ ∈ D0 (the annihilator bundle of D). From an analytic viewpoint, this
translates into a singularity as λ → D0 of the canonical frame. This does not happen in
Riemannian geometry, where the canonical frame is defined even for the zero covector.

In this section we will prove that even if the canonical frame is singular, the canonical
curvature is not. More precisely, we will establish a stronger result on the structure of
the canonical frame in a neighborhood of the annihilator bundle, which is the main result
of this section (see Theorem 9.22). The latter yields Theorem 9.2 as a consequence.

9.2 Preliminary setup

We start by setting up some notation. Let X1, . . . , Xn be a local Riemannian or-
thonormal frame defined on a neighborhood O ⊂ M , such that X1, . . . , Xk are hori-
zontal (i.e., smooth sections of D). Define linear-on-fibers functions hi : T ∗O → Rn

via hi(λ) = ⟨λ,Xi⟩, for i = 1, . . . , n. These functions define a local trivialization
T ∗O ≃ O × Rn. Let also ck

ij : O → R be the smooth functions defined by

[Xi, Xj ] =
n∑

k=1
ck

ijXk, i, j = 1, . . . , n.

We routinely use symplectic calculus (cf. [2, Ch. 4]). We recall some basic concepts here.
To any a ∈ C∞(T ∗O) we associate the vector field a⃗ on T ∗O

a⃗(f) = {a, f}, ∀ f ∈ C∞(T ∗O),

where {·, ·} denotes the Poisson bracket induced by the symplectic structure on T ∗M .
Thus, on T ∗O, we define a frame for T (T ∗O) given by

h⃗1, . . . , h⃗n, ∂h1 , . . . , ∂hn . (9.2)

Notice that it holds π∗h⃗i = Xi, where π : T ∗M → M is the bundle projection. Let also
ν1, . . . , νn be the dual frame of one-forms on O such that ⟨νi, Xj⟩ = δij for i, j = 1, . . . , n.
In terms of this frame, the tautological one-form is τ = ∑n

ℓ=1 hℓπ
∗νℓ on T ∗O and the

symplectic form σ = dτ is

σ =
n∑

ℓ=1
dhℓ ∧ π∗νℓ + hℓπ

∗dνℓ.

In terms of the frame (9.2) we have, on T ∗O and for i, j = 1, . . . , n:

σ(∂hi
, ∂hj

) = 0, σ(∂hi
, h⃗j) = δij , σ(⃗hi, h⃗j) =

n∑
µ=1

hµc
µ
ij . (9.3)

99



Let H : T ∗M → R be the sub-Riemannian Hamiltonian and denote with H⃗ the corre-
sponding Hamiltonian vector field, which we assume to be complete, and denote with
etH⃗ its flow. The curves λ : [0, 1] → T ∗M given by

λt = etH⃗(λ), ∀ t ∈ [0, 1], ∀λ ∈ T ∗M,

are called normal extremals, and the projections γ = π ◦ γ are locally length-minimizing
curves parametrized with constant speed ∥γ̇t∥2 = 2H(λ), for all t ∈ [0, 1]. In particular
if γ is a geodesic it holds d(γ0, γ1)2 = 2H(λ).

For any tensor field on T ∗M , and without risk of confusion, the dot denotes the
derivation with respect to H⃗. For example if V ∈ Γ(T (T ∗M)):

V̇ |λ = d

dε

∣∣∣∣
ε=0

e−εH⃗
∗ V |

eεH⃗(λ) = [H⃗, V ]|λ, ∀λ ∈ T ∗M,

and for functions a : T ∗M → R, we have ȧ = H⃗(a).
The frame (9.2) will serve as a reference for the computation of the canonical frame.

It is convenient to adopt the following notation to distinguish between “horizontal” and
“vertical” coordinates. We let ui = hi for i = 1, . . . , k and vj = hj for j = k + 1, . . . , n.
In particular u, v denote tuples u = (u1, . . . , uk), v = (uk+1, . . . , un), and thus h =
(h1, . . . , hn) = (u, v). In this notation we have the following trivialization of T ∗O:

T ∗O = O × Rk × Rn−k,

and we denote a point λ ∈ T ∗O as λ = (x;h) = (x;u, v). On T ∗O, the sub-Riemannian
and Riemannian Hamiltonians H,HR : T ∗M → R, respectively, read:

H = 1
2 |u|2 and HR = 1

2
(
|u|2 + |v|2

)
.

For any set Λ ⊂ T ∗M , we adopt the notation (recall that D0 is the annihilator of D)

Λ̸=0 := Λ \ D0 = {λ ∈ Λ | H(λ) > 0},

so that, if Λ ⊂ T ∗O, in the given trivialization we have

Λ̸=0 = {(x;u, v) ∈ Λ | u ̸= 0}.

9.2.1 Fundamental computations

The following lemma collects computations and notations that will be used throughout
the section. The proofs are routine computation, and are omitted.

Lemma 9.5 (Fundamental computations). The following formulas hold on T ∗O:

∂̇vµ = −uℓc
µ
ℓA∂hA

,

∂̇ui = −u⃗i − uℓc
i
ℓA∂hA

,

˙⃗
hA = −hBc

B
Aℓu⃗ℓ + uℓc

B
ℓAh⃗B + uℓhBf

B
ℓAC∂hC

,
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where for lower-case latin indices i, j, ℓ = 1, . . . , k, for greek ones µ, ν, σ = k + 1, . . . , n,
for upper-case latin ones A,B,C = 1, . . . , n, repeated indices are understood as summed
over their range, and we defined the following smooth functions on O:

fB
ℓAC ∈ C∞(O), fB

ℓAC := Xℓ(cB
AC) −XA(cB

ℓC) − cD
ℓAc

B
DC + cB

ℓDc
D
AC − cB

ADc
D
ℓC .

We rewrite these equations in a compact notation as follows:

∂̇v = A · ∂u + B · ∂v, (9.4)
∂̇u = −u⃗+ C · ∂u + D · ∂v,

˙⃗u = E · u⃗− A∗ · v⃗ + F · ∂u + G · ∂v,

˙⃗v = H · u⃗− B∗ · v⃗ + I · ∂u + L · ∂v,

where the dot denotes multiplication of tuples5, and where we defined the following smooth
matrix-valued maps:

A : T ∗O → M(n− k, k), Aµi := −uℓc
µ
ℓi,

B : T ∗O → M(n− k, n− k), Bµν := −uℓc
µ
ℓν ,

C : T ∗O → M(k, k), Cij := −uℓc
i
ℓj ,

D : T ∗O → M(k, n− k), Diµ := −uℓc
i
ℓµ,

E : T ∗O → M(k, k), Eij := −hBc
B
ij + uℓc

j
ℓi,

F : T ∗O → M(k, k), Fij := uℓhBf
B
ℓij ,

G : T ∗O → M(k, n− k), Giµ := uℓhBf
B
ℓiµ,

H : T ∗O → M(n− k, k), Hµi := −hBc
B
µi + uℓc

i
ℓµ,

I : T ∗O → M(n− k, k), Iµi := uℓhBf
B
ℓµi,

L : T ∗O → M(n− k, n− k), Lµν := uℓhBf
B
ℓµν .

9.2.2 Partial dilations

Recall that we have fixed a Riemannian extension so that TM = D ⊕ V , with V ⊥ D ,
and thus T ∗M = V 0 ⊕ D0. This induces partial dilations on the fibers of the cotangent
bundle. For simplicity we only provide local definitions in the trivialization T ∗O, even
though these maps are defined on the whole T ∗M .

Definition 9.6 (u-dilation). For a > 0, we define the u-dilation δhor
a : T ∗O → T ∗O by

δhor
a (x;u, v) := (x; au, v), (x;u, v) ∈ T ∗O.

Definition 9.7 (u-homogeneous functions). Let V be a vector space. A map f : T ∗O →
V is u-homogeneous of degree d if

f(δhor
a (λ)) = adf(λ), ∀ a > 0, λ ∈ T ∗O.

5Here and in the following, the notation V = O ·W , where O is an n×m matrix, V = (V1, . . . , Vn) is a
n-tuple of vector fields, and similarly W = (W1, . . . , Wm), with n, m ∈ N, means that Vi =

∑m

j=1 OijWj .
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Definition 9.8 (u-star shaped set). A set Λ ⊂ T ∗O is u-star-shaped if

Λ =
⋃

a∈[0,1]
δhor

a (Λ).

Similar definitions can be given for v-dilations, v-homogeneous functions, v-star-
shaped sets but they will not be used, so they are omitted.

9.2.3 Pseudo-homogeneous maps

The class of u-homogeneous maps is not closed with respect to H⃗-derivations. Thus, we
introduce a larger class of maps with this property. We only give a local definition.

Definition 9.9 (u-pseudo-homogeneous maps). Let V be a vector space and let Λ ⊂
T ∗O be an open set. We say that f : Λ → V is u-pseudo-homogeneous of degree d ∈ N
if there exist

• a finite set of indices I;

• smooth functions gi, ci : T ∗O → R, i ∈ I (defined on the whole T ∗O);

such that it holds

f(x;u, v) = |u|d
∑
i∈I

ci(x;u, v)gi(x;u/|u|, v), ∀ (x;u, v) ∈ Λ̸=0. (9.5)

The following simple observation will be crucial.

Lemma 9.10. If f : Λ → V is u-pseudo-homogeneous of degree d, then H⃗(f) is also u-
pseudo-homogeneous of degree d. In particular, if Λ ⊂ T ∗O is relatively compact domain,
j ∈ N, there exists C = Cj,Λ such that

∥H⃗(j)(f)(λ)∥ ≤ CH(λ)d/2, ∀λ ∈ Λ̸=0,

where ∥ · ∥ denotes a fixed arbitrary norm on V .

Proof. Notice that H = 1
2 |u|2 so that H⃗ = ∑k

i=1 uiu⃗i, and it holds H⃗(|u|) = 0 on T ∗O̸=0.
In particular H⃗ is a derivation that acts only on x, v and the spherical part of u. The
statement follows easily from (9.5).

Remark 9.11. All u-homogeneous functions of degree d are u-pseudo-homogeneous. In
this case (9.5) is satisfied for I = {1}, c1 = 1, and g1 is any everywhere-smooth function
such that g1(x;u, v) = f(x;u, v) for u ∈ Sk−1.
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9.3 Regularity of the canonical frame

In the next series of lemmas we prove that one can choose in a smooth and locally
bounded fashion a canonical frame as a function of the initial covector. The key feature is
that the sets Λ in the statements are u-star-shaped so that the estimates hold arbitrarily
close to the singularity at D0, corresponding to 2H = 0 or, equivalently, u = 0.

Recall that, for a fat structure, all non-trivial normal extremals have the same Young
diagram, with two columns. The elements of the frame are labeled according to the boxes
of the (reduced) Young diagram:

Y =
b a

c

size(a) = size(b) = n− k,

size(c) = 2k − n.

We organize a canonical frame along an extremal λt = etH⃗(λ) as a collection of tuples

{Ea, Eb, Ec, Fa, Fb, Fc},

where, for ⊡ = a, b, c, each E⊡, F⊡ in this list is a tuple of smooth vector fields along
λt, of size equal to the one of the corresponding superbox size(⊡).
Remark 9.12. In Lemmas 9.13, 9.14, Λ is a neighborhood of any λ̄ ∈ T ∗M . Furthermore,
the u-star-shaped property of Λ is a triviality since, as it is clear from the proof, Λ
can actually be any relatively bounded domain contained in a local trivialization T ∗O.
Starting from Lemma 9.15 onward, however, λ̄ ∈ T ∗M ̸=0, and furthermore the u-star-
shaped property is not trivial and must be proved in the construction.

Lemma 9.13. For any λ̄ ∈ T ∗M there exist a u-star-shaped neighborhood Λ ⊂ T ∗M of
λ̄, T > 0, and a smooth map P : [0, T ] × Λ̸=0 → GL(Rn−k), such that for all λ ∈ Λ̸=0
the tuple

Ea|λt = 1√
2H(λ)

P(t, λ) · ∂v|λt , t ∈ [0, T ],

is (a choice of) the Ea-component of the canonical frame along λt = etH⃗(λ).
Furthermore, the map P and all its time-derivatives are uniformly bounded, that is

for all j ∈ N there exists a constant C = Cj > 0 such that

∥∂j
t P(t, λ)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0,

where ∥ · ∥ denotes a fixed matrix norm.

Proof. Let x̄ = π(λ̄) and let O ⊆ M be an open neighborhood of x̄ equipped with a
local orthonormal frame, as explained in Section 9.2, so that we have the trivialization

T ∗O = O × Rk × Rn−k, λ = (x;u, v).

Let Λ ⊂ T ∗O be any u-star-shaped and relatively compact neighborhood of λ̄. Let Λt =
etH⃗(Λ). Indeed, the union of all Λt, for t ∈ [0, T ], is relatively compact. Furthermore,
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π(Λt) is contained in the union of all the sub-Riemannian balls with centers in the
bounded set π(Λ) and radius tρ, where ρ = sup{|u| | (x;u, v) ∈ Λ}. If T is sufficiently
small, then Λt ⊂ T ∗O for all t ≤ T . Hence, in the following, all extremals λt with
λ0 = λ ∈ Λ, are contained in a common compact subset of T ∗O.

Now fix λ ∈ Λ̸=0 and t ∈ [0, T ]. The tuple Ea is determined (up to a constant
orthogonal transformation) by the following conditions along λt:

(i) Ea is vertical (i.e. π∗Ea = 0);

(ii) Ėa is vertical;

(iii) normalization condition: 1 = σ(Ëa, Ėa);

(iv) Darboux frame condition: 0 = σ(Ëa, Ëa).

By Lemma 9.5, points (i) and (ii), Ea must have the form

Ea|λt = θ(t) · ∂v|λt , ∀ t ∈ [0, T ], (9.6)

for some smooth t 7→ θ(t) ∈ GL(Rn−k).
Using Lemma 9.5, we obtain

∂̈v = (Ȧ + AC + BA) · ∂u + (Ḃ + AD + B2) · ∂v − A · u⃗. (9.7)

Here Ȧ : T ∗O → M(n− k × k) is the smooth map given by Ȧ(λ) = (H⃗A)(λ), where the
action of H⃗ is meant component-wise. The notation is consistent as Ȧ(λt) = d

dtA(λt).
Similarly for Ḃ.

Using (9.7) and (9.4) in the ansatz (9.6), we obtain:

Ėa = θA · ∂u + (θ̇ + θB) · ∂v,

Ëa = [2θ̇A + θ(Ȧ + AC + BA)] · ∂u + [θ̈ + 2θ̇B + θ(Ḃ + AD + B2)] · ∂v − θA · u⃗, (9.8)

where we omitted the explicit evaluation along λt.
We now impose (iii). It yields:

1 = −σ(Ėa, Ëa) = σ(θA · ∂u, θA · u⃗) = (θA)σ(∂u, u⃗)(θA)∗ = θAA∗θ∗, (9.9)

where we used (9.3) for σ(∂u, u⃗) = 1, and the star denotes the transpose.
Notice that AA∗ : T ∗O → M(n− k, n− k) is given by

AA∗(x;u, v)µν = −
k∑

i,j,ℓ=1
uℓujc

µ
ℓi(x)cν

ji(x), µ, ν = k + 1, . . . , n.

In particular AA∗ is u-homogeneous of degree 2. The fat assumption means that A =
A(x;u, v) has non-trivial kernel if and only if u = 0, or equivalently that AA∗ > 0 on
T ∗O ̸=0, and thus the restriction

AA∗|T ∗O ̸=0 : T ∗O ̸=0 → GL(Rn−k),
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is a smooth map taking values in the space of scalar products.
By the Gram-Schmidt process applied to the columns of AA∗|T ∗O ̸=0 , and the fact

that the latter is smooth, we deduce the existence of a smooth map

S : T ∗O ̸=0 → GL(Rn−k),

which is u-homogeneous of degree 1, and such that

AA∗(x;u, v) = SS∗(x;u, v), ∀ (x;u, v) ∈ T ∗O̸=0.

Notice that A is a rectangular matrix, while S is an invertible square matrix.
We define then the smooth map t 7→ ϕ(t) ∈ GL(Rn−k) by

ϕ(t) := θ(t)S(λt), t ∈ [0, T ].

Condition (iii) in (9.9), expressed in terms of ϕ, is equivalent to

ϕϕ∗ = θSS∗θ∗ = θAA∗θ∗ = 1,

omitting evaluation along λt. Since ϕ(t) is invertible we obtain that

condition (iii) ⇔ ϕ(t) ∈ O(Rn−k), ∀ t ∈ [0, T ].

So that we can refine (9.6) as:

Ea|λt = ϕ(t)S(λt)−1 · ∂v|λt , ∀ t ∈ [0, T ], (9.10)

for a smooth map t 7→ ϕ(t) taking values now in O(Rn−k).
We now impose condition (iv), namely 0 = σ(Ëa, Ëa). This yields an ODE which

will characterize t 7→ ϕ(t). Using (9.8) and (9.3), we obtain

0 = [2θ̇A + θ(Ȧ + AC + BA)](θA)∗ − θA[2θ̇A + θ(Ȧ + AC + BA)]∗.

We re-express this condition in terms of ϕ. To do this, we use again the shorthand
Ṡ = H⃗(S) : T ∗O ̸=0 → GL(Rn−k), so that Ṡ(λt) = d

dtS(λt), consistently with the previous
notation. Omitting t and evaluation along λt, and denoting with A(M) = 1

2(M − M∗)
the skew-symmetric part of a matrix M , we obtain the following ODE for ϕ:

2ϕ̇ = ϕS−1A
(
2ṠS − (Ȧ + AC + BA)A∗ + 1

2Aσ(u⃗, u⃗)A∗
)

S−1,

where we used ϕ ∈ O(Rn−k) ⇒ ϕ̇ϕ∗ = −ϕϕ̇∗. We can rewrite the above ODE as
ϕ̇(t) = ϕ(t)Ξ(λt), where the smooth map

Ξ : T ∗O ̸=0 → M(n− k × n− k),

takes values in skew-symmetric matrices and is defined by

Ξ := 1
2S−1A

[
2ṠS − (Ȧ + AC + BA)A∗ + 1

2Aσ(u⃗, u⃗)A∗
]

S−1. (9.11)
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The terms A, Ȧ,B,C,D, σ(u⃗, u⃗) are smoothly defined on T ∗O, on the other hand S and
S−1 are well-defined and smooth only on T ∗O ̸=0, and they blow-up as H(λ) → 0.

We claim that Ξ and all its H⃗-derivatives H⃗(j)(Ξ) remain uniformly bounded on
Λ̸=0. To prove this claim, observe that A, B, C, σ(u⃗, u⃗), S appearing in (9.11) are u-
homogeneous of degree one, in particular they are u-pseudo-homogeneous of degree 1.
By Lemma 9.10, the H⃗-derivatives of these maps are u-pseudo-homogeneous of degree
1. In particular this is the case for Ȧ and Ṡ appearing in (9.11). Taking into account the
form (9.5) of u-pseudo-homogeneous maps all possible singularities at u = 0 in (9.11)
cancel out, and Ξ and its H⃗-derivatives are u-pseudo-homogeneous of degree d = 0.
Another application of Lemma 9.10 proves the claim.

We choose t 7→ ϕ(t) in (9.10) as the solution of the Cauchy problem

ϕ̇(t) = ϕ(t)Ξ(λt), ϕ(0) = 1. (9.12)

Of course one might choose as the initial condition ϕ(0) any orthogonal matrix, and
this freedom in the choice of the initial condition is expected as the canonical frame is
uniquely defined only up to a constant orthogonal transformation.

By the construction of Λ and T all extremals λt = etH⃗(λ), for t ≤ T and λ ∈ Λ,
are contained in a common relatively compact subset of T ∗O ̸=0. Furthermore, Ξ and
its H⃗-derivatives are uniformly bounded for all t ∈ [0, T ], λ ∈ Λ̸=0. In particular the
solution to the ODE (9.12) is well-defined on [0, T ]. Define the map

Φ : [0, T ] × Λ̸=0 → O(Rn−k),

such that Φ(·, λ) is the solution of (9.12) with λt = etH⃗(λ). Since Ξ is skew-symmetric
then Φ is orthogonal for t ∈ [0, T ].

Thanks to the aforementioned claim of uniform boundedness property of Ξ, we can
apply Gronwall’s lemma to (9.12), and we obtain that for any j ∈ N there exists C =
C(j,Λ, T ) > 0 such that

∥∂j
t Φ(t, λ)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0. (9.13)

In order to recover the statement of the lemma, we set

P(t, λ) := Φ(t, λ)
√

2H(λ)S(λt)−1, λt = etH⃗(λ), ∀ (t, λ) ∈ [0, 1] × Λ̸=0.

By construction, the map

(t, λ) 7→ Ea|λt = 1√
2H(λ)

P(t, λ) · ∂v|λt ,

is smooth for (t, λ) ∈ [0, T ] × Λ̸=0, and Ea|λt is the Ea-component of a canonical frame
along the extremal λt with initial covector λ.

It remains to prove that the map P and its time-derivatives ∂j
t P are uniformly

bounded as required on [0, T ]× Λ̸=0. Notice that Φ(t, λ) and its time-derivatives already
satisfy the required property by (9.13), while λ 7→

√
2H(λ)S(λ)−1 is u-homogeneous of

degree 0 and smooth on T ∗O ̸=0, so that we can apply Lemma 9.10 for d = 0, so that also√
2H(λt)S(λt)−1 and all its time-derivatives are uniformly bounded as required.
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Lemma 9.13 for the Ea-component of the frame is the starting point for analogous
statement for all the other tuples.
Lemma 9.14. For any λ̄ ∈ T ∗M there exist a u-star-shaped neighborhood Λ ⊂ T ∗M of
λ̄, T > 0, and smooth maps Qi : [0, T ] × Λ̸=0 → M(ni,mi), with ni,mi ∈ N, i = 1, . . . , 5,
such that for all λ ∈ Λ̸=0 the tuples

Eb|λt = Q1(t, λ) · ∂u|λt + 1√
2H(λ)

Q2(t, λ) · ∂v|λt , t ∈ [0, T ],

Fb|λt = Q3(t, λ) · u⃗|λt + Q4(t, λ) · ∂u|λt + 1√
2H(λ)

Q5(t, λ) · ∂v|λt , t ∈ [0, T ],

are (a choice of) the Eb and Fb-components of the canonical frame along λt = etH⃗(λ).
Furthermore, the maps Qi and all their time-derivatives are bounded, that is for all

j ∈ N there exists a constant C = Cj > 0 such that

∥∂j
t Qi(t, λ)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0, i = 1, . . . , 5,

where ∥ · ∥ denotes a fixed matrix norm.

Proof. Let Λ and T > 0 as in Lemma 9.13 (cf. first paragraph of its proof). Let λ ∈ Λ̸=0.
By the structural equations Eb|λt = Ėa|λt . Using Lemma 9.5, we obtain

Eb|λt = 1√
2H

[
P(t, λ)A(λt) · ∂u|λt + (Ṗ(t, λ) + P(t, λ)B(λt)) · ∂v|λt

]
, (9.14)

where Ṗ(t, λ) = ∂tP(t, λ). We set hence:

Q1(t, λ) := 1√
2H(λ)

P(t, λ)A(λt), Q2(t, λ) := Ṗ(t, λ) + P(t, λ)B(λt).

Notice that P and all its time-derivatives are uniformly bounded by the estimate in
Lemma 9.13. Since A and B are u-pseudo-homogeneous of degree 1, an application of
Lemma 9.10 yields the required bounds on Q1 and Q2 and their time-derivatives.

Likewise, Fb|λt = −Ėb|λt , so that, using Lemma 9.5, we obtain:

Fb = 1√
2H

[
PA · u⃗− (ṖA + PȦ + PAC + PBA) · ∂u

−(P̈ + 2ṖB + PḂ + PAD + PB2) · ∂v

]
,

omitting evaluation along λt from A, B, D, and evaluation at (t, λ) for P. To obtain the
statement for Fb we set

Q3 := 1√
2H

PA,

Q4 := − 1√
2H

(ṖA + PȦ + PAC + PBA),

Q5 := −(P̈ + 2ṖB + PḂ + PAD + PB2),

and argue as above using Lemma 9.10 to prove the required estimates on the Qi’s.
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Lemma 9.15. For any λ̄ ∈ T ∗M ̸=0 there exist a u-star-shaped neighborhood Λ ⊂ T ∗M of
λ̄, T > 0, and smooth maps Qi : [0, T ]×Λ̸=0 → M(ni,mi), with ni,mi ∈ N, i = 6, . . . , 10,
such that for all λ ∈ Λ̸=0 the tuples

Ec|λt = Q6(t, λ) · ∂u|λt + 1√
2H(λ)

Q7(t, λ) · ∂v|λt , t ∈ [0, T ],

Fc|λt = Q8(t, λ) · u⃗|λt + Q9(t, λ) · ∂u|λt + 1√
2H(λ)

Q10(t, λ) · ∂v|λt , t ∈ [0, T ],

are (a choice of) the Ec and Fc-components of the canonical frame along λt = etH⃗(λ).
Furthermore, the maps Qi and all their time-derivatives are bounded, that is for all

j ∈ N there exists a constant C = Cj > 0 such that

∥∂j
t Qi(t, λ)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0, i = 6, . . . , 10,

where ∥ · ∥ denotes a fixed matrix norm.

Proof. Let Λ and T > 0 as in Lemma 9.13 (cf. first paragraph of its proof). Let λt =
etH⃗(λ), for λ ∈ Λ̸=0 and t ∈ [0, T ]. The (2k − n)-tuple Ec|λt is determined, up to a
constant orthogonal transformation, by the following conditions along λt:

(i) Ec is vertical (i.e. π∗Ec = 0);

(ii) Darboux frame conditions: 0 = σ(Ėb, Ec) and 0 = σ(Ëb, Ec);

(iii) normalization condition: 1 = σ(Ėc, Ec);

(iv) isotropic condition: 0 = σ(Ėc, Ėc).

We observe that if Ēc is a tuple which verifies (i), (ii) and (iii) along λt, then all these
conditions will be also verified by

Ec|λt := ψ(t) · Ēc|λt , t ∈ [0, T ],

for any smooth map t 7→ ψ(t) ∈ O(R2k−n). Then, we find first smooth tuple Ēc such
that (i), (ii) and (iii) are verified, and subsequently we will fix ψ via (iv).

By (i), we must have

Ēc|λt = U(t) · ∂u|λt + V (t) · ∂v|λt , t ∈ [0, T ],

for some smooth t 7→ U(t) ∈ M(2k − n, k) and t 7→ V (t) ∈ M(2k − n, n− k). From this,
and Lemma 9.5, we obtain:

˙̄Ec = −U · u⃗+ (U̇ + UC + V A) · ∂u + (V̇ + UD + V B) · ∂v,

¨̄Ec = −(2U̇ + UE + UC + V A) · u⃗+ UA∗ · v⃗ + span{∂u, ∂v},
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Similarly from (9.14) in the proof of Lemma 9.14, and Lemma 9.5 we obtain:

Ėb = 1√
2H

PA · u⃗+ span{∂u, ∂v},

Ëb = T · u⃗− 1√
2H

PAA∗ · v⃗ + span{∂u, ∂v},

where, for brevity of notation, we set T = T(t, λ), as

T(t, λ) := − 1√
2H

[
2(∂tP)A + 3PȦ + P(AE + AC + BA)

]
,

where the matrix maps A, B, C, E in the r.h.s. are evaluated along λt = etH⃗(λ), P =
P(t, λ), for λ ∈ Λ̸=0 and t ∈ [0, T ]. Notice that A is u-pseudo-homogeneous of degree 1,
together with Ȧ, by Lemma 9.10. Therefore we obtain that T is uniformly bounded with
all its time-derivatives, that is for all j ∈ N there exists C = Cj such that

∥∂j
t T(t, λ)∥ ≤ Cj , ∀ t ∈ [0, T ], λ ∈ Λ̸=0.

Using relations (9.3), and the fact that P and AA∗ are invertible on Λ̸=0 (cf. proof of
Lemma 9.13), conditions (ii) are equivalent to:

AU∗ = 0, and V ∗ =
√

2H(PAA∗)−1TU∗, (9.15)

along λt and where P = P(t, λ) and T = T(t, λ). The second equation of (9.15) determines
V (t) in terms of U(t). The first one is an orthogonality relation between the rows of
A(λt) and those of U(t). Recall from Lemma 9.5 that A : T ∗O → M(n − k, k) has
constant rank equal to n− k on T ∗O ̸=0, while U : [0, T ] → M(2k− n, k) must have rank
2k−n. By applying the Gram-Schmidt process to a local orthogonal complement to the
rows of A(λ̄) we can find a neighborhood Λ′ ⊂ T ∗O of λ̄ and a smooth map

A⊥ : Λ′
̸=0 → M(2k − n, k).

such that
A⊥A∗ = 0, A⊥A⊥∗ = |u|21. (9.16)

Furthermore, since A is u-homogeneous of degree one, we can take A⊥ to be also u-
homogeneous of degree 1 and Λ′ to be u-star-shaped. The u-star-shaped neighborhood
Λ of λ̄ built at the beginning of the proof of Lemma 9.13 was arbitrary. Up to restriction
of Λ to a smaller u-star-shaped set, and up to taking a smaller T (and since the flow
of H⃗ is smooth and preserves |u|), we can assume that for all λ ∈ Λ̸=0 and t ∈ [0, T ],
the extremals λt = etH⃗(λ) take value in a common bounded neighborhood contained in
Λ′

̸=0, so that A⊥(λt) is well-defined. We then set:

U(t) := 1√
2H

A⊥, V (t) := −A⊥T∗(PAA∗)−1∗, (9.17)
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where the matrix maps A, A⊥ in the r.h.s. are evaluated along λt = etH⃗(λ) and P =
P(t, λ), T = T(t, λ) for λ ∈ Λ̸=0 and t ∈ [0, T ]. Since A and A⊥ are u-homogeneous
of degree 1, P(t, λ) and T(t, λ) are uniformly bounded with all time-derivatives and
λ ∈ Λ̸=0, and using Lemma 9.10, we observe that for all j ∈ N there exists a C = Cj > 0
independent on λ such that

∥∂j
tU(t)∥ ≤ C, ∥∂tV (t)∥ ≤ CH(λ)−1/2, ∀ t ∈ [0, T ], λ ∈ Λ̸=0. (9.18)

Estimates (9.18) will be used later.
With the definition (9.17), conditions (i) and (ii) are fully verified, while (iii) corre-

sponds to the following normalization:

1 = UU∗ = 1
2H A⊥A⊥∗,

along λt, which is verified by our choice in the normalization of A⊥ in (9.16). This
concludes the construction of the tuple Ēc.

Set hence Ec|λt = ψ(t) · Ēc|λt , for ψ(t) ∈ O(R2k−n). Condition (iv) yields an ODE
that determines ψ, once the initial condition is fixed, for example ϕ(0) = 1. We obtain

ψ̇(t) = 1
2ψ(t)σ( ˙̄Ec|λt ,

˙̄Ec|λt), ψ(0) = 1. (9.19)

Since (t, λ) 7→ σ(Ēc|λt , Ēc|λt) is skew-symmetric and smooth, and O(R2k−n) is compact,
(9.19) will have a unique solution in O(R2k−n) for all t ∈ [0, T ], and for any λ ∈ Λ̸=0.
We define then the smooth map

Ψ : [0, T ] × Λ̸=0 → O(R2k−n),

such that t 7→ Ψ(t, λ) is the solution of (9.19) on [0, T ] corresponding to λt = etH⃗(λ).
The matrix in the r.h.s. of (9.19) is given more explicitly by

σ( ˙̄Ec|λt ,
˙̄Ec|λt) = Uσ(u⃗, u⃗)U∗ − 2A

[
(U̇ + UC + V A)U∗

]
.

where A(M) = 1
2(M −M∗) denotes the skew-symmetric part of a matrix M , and U , V

are defined in (9.17). By the uniform estimates for U(t) and V (t) in (9.18), and since
A is u-homogeneous of degree 1, we see that σ( ˙̄Ec|λt ,

˙̄Ec|λt) and all its time-derivatives
remain uniformly bounded for all extremals λt = etH⃗(λ) for t ∈ [0, T ] and λ ∈ Λ̸=0. By
Gronwall’s lemma we deduce an analogous uniform boundedness property of Ψ and its
time-derivatives, that is for all j ∈ N there exists C = Cj > 0 such that

∥∂j
t Ψ(t, λ)∥ ≤ C, ∀ t ∈ [0, T ] λ ∈ Λ̸=0.

Finally, to obtain the statement of the lemma, we set then

Q6(t, λ) := 1√
2H(λ)

Ψ(t, λ)A⊥(λt),

Q7(t, λ) := −
√

2H(λ)Ψ(t, λ)A⊥(λt)T∗(t, λ) [P(t, λ)A(λt)A(λt)∗]−1∗ .
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Using the fact that A⊥ is u-homogeneous of degree one, that Ψ,T,P are uniformly
bounded on [0, T ] × Λ̸=0 with all their time-derivatives, and applying Lemma 9.10, we
obtain the desired uniform bounds on Q6,Q7.

To prove the analogous statement for the tuple Fc, we recall that by the structural
equations Fc|λt = −Ėc|λt . Then, making use of the Leibniz rule, we obtain the corre-
sponding statement of the lemma, for suitably defined matrix-valued maps Q8,Q9,Q10
defined on [0, T ] × Λ̸=0, satisfying the required uniform bounds.

We recall first, that for a general reduced Young diagram Y and for two superboxes
⊠,⊞ of Y , the corresponding curvature map can be computed as

Rt(⊠,⊞) = σ(Ḟ⊠|λt , F⊞|λt).

Hence a first series of estimates for some of the curvature maps comes as a consequence
of the previous ones for the canonical frame.
Remark 9.16. Notice that Rt(⊠,⊞) is a one-parameter family of size(⊠) × size(⊞) ma-
trices representing the canonical curvature operator for the given choice of the canonical
frame along λt. By the uniqueness part of Theorem B.2, and since the Hilbert-Schmidt
norm ∥M∥2 = tr(MM∗) is invariant under this action of the orthogonal group, the
quantities ∥∂j

tRt(⊠,⊞)∥ do not depend on choice of the canonical frame and are thus
well-defined estimates for the corresponding canonical curvature operator R⊠⊞

λt
and their

time-derivatives.

Lemma 9.17 (Curvature estimates I). For any λ̄ ∈ T ∗M ̸=0 there exist a u-star-shaped
neighborhood Λ ⊂ T ∗M of λ̄ and T > 0 such that, for all j ∈ N, there exists a constant
C = Cj > 0 such that for the canonical curvature map Rt along the extremal λt = etH⃗(λ)
it holds:

∥∂j
tRt(⊠,⊞)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0,

where ∥ · ∥ denotes the Hilbert-Schmidt norm, and ⊠,⊞ = a, b, c, with the exclusion of
the pairs (⊠,⊞) = (a, a), (a, c) and (c, a).

Proof. Let T > 0 and Λ as in all previous lemmas (9.13, 9.14, 9.15). Take λ ∈ Λ̸=0,
t ∈ [0, T ]. We routinely omit the evaluation along the extremal λt for vector fields, and
on (t, λ) for maps Qi. Recall from the previous lemma that

Fb = Q3 · u⃗+ Q4 · ∂u + 1√
2H

Q5 · ∂v,

Fc = Q8 · u⃗+ Q9 · ∂u + 1√
2H

Q10 · ∂v,

where Qi = Qi(t, λ) are uniformly bounded with all their time-derivatives for (t, λ) ∈
[0, T ] × Λ̸=0. Thanks to these estimates, the only possible singularities as H → 0 can
arise from the ∂v-term in the above expressions. Recalling the symplectic product in the
static basis ∂u, ∂v, u⃗, v⃗ in (9.3), and using Leibniz rule we see that, for example

R(b, b) = σ(Ḟb, Fb) = regular part + 1√
2H

(
Q3σ( ˙⃗u, ∂v)Q∗

5 + Q5σ(∂̇v, u⃗)Q∗
3

)
,

111



where the regular part is the multiplication of a finite number of matrix maps Qi and
their time-derivatives, evaluated at (t, λ), and the smooth matrix maps A,B, . . . from
Lemma 9.5 evaluated along λt. In particular the regular part will be bounded with all
its time-derivatives, uniformly for (t, λ) ∈ [0, T ] × Λ̸=0.

For what concerns the possibly singular part, recall from Lemma 9.5 that σ( ˙⃗u, ∂v) =
−A∗, and σ(∂̇v, u⃗) = A. Since A : T ∗O ̸=0 → M(n− k, n− k) is u-homogeneous of degree
1, by Lemma 9.10 the term

1√
2H

(
Q3σ( ˙⃗u, ∂v)Q∗

5 + Q5σ(∂̇v, u⃗)Q∗
3

)
,

when evaluated along the extremal λt, is bounded with all its time-derivatives, uniformly
for (t, λ) ∈ [0, T ] × Λ̸=0.

Therefore R(b, b) is uniformly bounded with all its time-derivatives as required. The
same argument proves the similar estimates for R(c, c), R(c, b) and R(b, c) = R(c, b)∗.

The estimate of R(a, b) is more delicate. A direct estimate requires the knowledge
of Fa, which are not in position to estimate yet. However, using the normal condition
in the construction of the canonical frame, one can determine R(a, b) only using the
estimates for Fb appearing in Lemma 9.14. Indeed, recall that for a Young diagram with
two columns, the normal condition is (cf. Appendix B):

R(b, a) = −R(b, a)∗.

Therefore, using (9.21), and the fact that the canonical frame is Darboux, we obtain

R(b, a) = σ(Ḟb, Fa) = −σ(Ḟb, Ḟb) +
∑

µ=a,b,c

σ(Ḟb, Eµ)R(b, µ)∗

= −σ(Ḟb, Ḟb) +R(b, a)∗ = −σ(Ḟb, Ḟb) −R(b, a),

from which it follows that
R(b, a) = −1

2σ(Ḟb, Ḟb).

Using the explicit estimates for Fb and its derivative, one can now estimate R(b, a).
Using Leibniz rule and arguing as above we obtain that

R(b, a) = regular part + 1√
2H

[
Q3σ( ˙⃗u, ∂v)Q̇∗

5 + Q3σ( ˙⃗u, ∂̇v)Q∗
5 + Q̇3σ(u⃗, ∂̇v)Q∗

5

+Q̇5σ(∂v, ˙⃗u)Q∗
3 + Q5σ(∂̇v, ˙⃗u)Q∗

3 + Q5σ(∂̇v, u⃗)Q̇∗
3

]
, (9.20)

where Q̇i = ∂tQi(t, λ). Using Lemma 9.5 we observe that

σ( ˙⃗u, ∂v) = −σ(∂v, ˙⃗u)∗ = −A∗,

σ( ˙⃗u, ∂̇v) = −σ(∂̇v, ˙⃗u)∗ = −EA∗ + A∗B∗,

σ(u⃗, ∂̇v) = −σ(∂̇v, u⃗)∗ = −A∗.
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Using again the fact that A is u-homogeneous of degree 1, and applying Lemma 9.10 to
the possibly singular part in (9.20), we see that all possible singularities cancel out and
also R(b, a) remains uniformly bounded with all derivatives along λt, as claimed.

The estimates from the missing pairs of superboxes in the statement of the lemma
follow by the global symmetry of the curvature maps R(⊠,⊞) = R(⊞,⊠)∗.

We can now prove the estimate for the last element of the canonical frame, which is
the n− k-tuple Fa. Using the structural equations, we have the general formula:

Fa|λt = −Ḟb|λt +
∑

⊠=a,b,c

Rt(b,⊠) · E⊠|λt . (9.21)

The curvatures Rt(b,⊠) in (9.21) are precisely those estimated in Lemma 9.17.

Lemma 9.18. For any λ̄ ∈ T ∗M ̸=0 there exist a u-star-shaped neighborhood Λ ⊂ T ∗M
of λ̄, T > 0, and smooth maps Qi : [0, T ] × Λ̸=0 → M(ni,mi), with ni,mi ∈ N, i =
11, . . . , 14, such that for all λ ∈ Λ̸=0 the tuple

Fa|λt = Q11(t, λ) · u⃗|λt +
√

2H(λ)Q12(t, λ) · v⃗|λt

+ Q13(t, λ) · ∂u|λt + 1√
2H(λ)

Q14(t, λ) · ∂v|λt ,

for t ∈ [0, T ], is (a choice of) the Fa-component of the canonical frame along λt = etH⃗(λ).
Furthermore, the maps Qi and all their time-derivatives are bounded, that is for all

j ∈ N there exists a constant C = Cj > 0 such that

∥∂j
t Qi(t, λ)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0, i = 11, . . . , 14,

where ∥ · ∥ denotes a fixed matrix norm.

Proof. By the structural equations we have, along any given extremal λt = etH⃗(λ):

Fa = −Ḟb +R(b, b) · Eb +R(b, a) · Ea +R(b, c) · Ec. (9.22)

The claim is now a consequence of lemmas 9.13, 9.14, 9.15 for the previous parts of
the canonical frame and Lemma 9.17 for estimate on the curvature maps appearing in
(9.22). Using Leibniz rule and omitting as usual evaluation along λt and (t, λ) we obtain

Fa =
(
Q̇3 + Q3E − Q4

)
· u⃗− Q3A∗ · v⃗ +

(
Q3F + Q̇4 + Q4C + 1√

2H
Q5A

+R(b, b)Q1 +R(b, c)Q6

)
· ∂u +

(
Q3G + Q4D + 1√

2H
Q̇5 + 1√

2H
Q5B

+ 1√
2H

R(b, b)Q2 + 1√
2H

R(b, a)P + 1√
2H

R(b, c)Q7

)
· ∂v.

Using the u-homogeneity of A coupled with Lemma 9.10, we obtain the required uniform
estimates, for (t, λ) ∈ [0, T ] × Λ̸=0, where T and Λ are as in the previous lemmas.
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We are ready to complete the estimates on the canonical curvature maps.

Lemma 9.19 (Curvature estimates II). For any λ̄ ∈ T ∗M there exist a u-star-shaped
neighborhood Λ ⊂ T ∗M ̸=0 of λ̄, and T > 0 such that, for all j ∈ N there exists a
constant C = Cj > 0 such that for the canonical curvature maps Rt along the extremal
λt = etH⃗(λ) it holds:

∥∂j
tRt(⊠,⊞)∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ Λ̸=0,

where ∥ · ∥ denotes the Hilbert-Schmidt norm, and ⊠,⊞ = a, b, c.

Proof. We only need to prove the statement for the pairs ⊠,⊞ excluded in Lemma 9.17,
that is the pairs (a, a), (a, c) and (c, a). We sketch the proof since the argument is
analogous to the one in Lemma 9.17 for the first curvature estimates, coupled with the
new piece of information on Fa coming from Lemma 9.18.

Let T > 0 and Λ so that all previous lemmas and estimates about the canonical
frame hold. Then we decomposing, for example

R(a, a) = σ(Ḟa, Fa) = regular part + possibly singular part,

where the possibly singular part contains all terms with a factor containing a positive
power of H−1/2. Then, using the estimates for Fa, Lemma 9.5 and Lemma 9.10, one can
prove that all singularities cancel out. We stress in particular that the presence of the
factor

√
2H in the v⃗-component of Fa of Lemma 9.18 is necessary for these cancellations.

One then argues similarly for R(c, a) = σ(Ḟc, Fa) and R(a, c) = σ(Ḟa, Fc).

We now estimate the geodesic volume derivative. Recall that the fat sub-Riemannian
manifold M comes equipped with a Riemannian extension. We denote with vol the
associated Riemannian density, while M is equipped with a smooth reference volume
m = e−V vol, where V : M → R is a smooth function. The geodesic volume derivative
with respect to m is the smooth function ρm : T ∗M ̸=0 → R, defined by

ρm,λ := d
dt

∣∣∣∣
t=0

logm(π∗Fa|λt , π∗Fb|λt , π∗Fc|λt), ∀λ ∈ T ∗M ̸=0, (9.23)

for any choice of canonical frame along λt = etH⃗(λ), see Section B.3.

Lemma 9.20 (Volume derivative estimates). For any λ̄ ∈ T ∗M ̸=0 there exist a u-star-
shaped neighborhood Λ ⊂ T ∗M ̸=0 of λ̄ such that, for all j ∈ N there exists a constant
C = Cj > 0 such that for the geodesic volume derivative ρm,λ it holds:

H⃗(j)ρm,λ ≤ C, ∀λ ∈ Λ̸=0.

Proof. Let Λ and T > 0 as in the previous lemmas. By construction, for all λ ∈ Λ̸=0
the extremal λt remains for all t ∈ [0, T ] in a common bounded subset of a trivial
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neighborhood T ∗O, and the corresponding geodesic γt = π(λt) remains in O. Recall
that from Lemmas 9.14, 9.15 and 9.18 we have

π∗Fa|λt = Q11(t, λ)X|γt +
√

2H(λ)Q12(t, λ)Zγt ,

π∗Fb|λt = Q3(t, λ)X|γt ,

π∗Fc|λt = Q8(t, λ)X|γt ,

for all t ∈ [0, T ], and where X = (X1, . . . , Xk), Z = (Xk+1, . . . , Xn) are tuples forming
an adapted orthonormal frame for g on O. In particular since m(X,Z) = 1, we have

ρm,λt = −H⃗(V )(λt) + d
dt log

∣∣∣∣∣det Q12(t, λ) det Q3(t, λ)
Q8(t, λ)

∣∣∣∣∣ , (9.24)

for all λ ∈ Λ̸=0 and t ∈ [0, T ]. Notice that by construction Q12 is a n − k × n − k

matrix of full rank, while
(

Q3
Q8

)
is a k × k matrix of full rank. To prove the statement,

observe that H⃗(j)ρm,λ = ∂j
t ρm,λt |t=0, so that one has only to bound the time-derivatives

of (9.24) at t = 0 and λ ∈ Λ̸=0. The first term H⃗(V )(λt) is uniformly bounded with all
time-derivatives since all curves λt remain in a common bounded subset of the trivial
neighborhood T ∗O by construction, and V is smooth. The second term in (9.24) is also
uniformly bounded with all time-derivatives, by the properties of the Qi’s.

9.4 Regularity of the canonical curvature maps

We collect the local estimates from Lemmas 9.17–9.19 in a unified statement for the
canonical curvature operators defined as in Section B.2.
Remark 9.21. The fact that the neighborhoods Λ of Lemmas from 9.13 to 9.19 are
u-star-shaped will be used now.

Theorem 9.22 (Fat curvature estimates). Let (D , g) be a fat sub-Riemannian structure
on M . Then for any compact set B ⊂ M and j ∈ N there exists a constant C = Cj(B) >
0 such that, for all superboxes ⊠,⊞ = a, b, c of the Young diagram Y it holds

∥H⃗(j)R⊠⊞
λ ∥ ≤ CHR(λ)

j+col(⊠)+col(⊞)
2 , ∀λ ∈ T ∗B ̸=0,

where ∥ · ∥ denotes the Hilbert-Schmidt norm, and col(⊠) is the column index of the
superbox. As a consequence, for some C ′ = C ′

j(B) > 0 it also holds

|H⃗(j)Ric⊠λ | ≤ C ′HR(λ)
j
2 +col(⊠), ∀λ ∈ T ∗B̸=0.

Furthermore, if m = e−V vol, for the geodesic volume derivative it holds

|H⃗(j)ρm,λ| ≤ CHR(λ)
j+1

2 , ∀λ ∈ T ∗B̸=0.
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Proof. With no loss of generality we assume that B is properly contained in a trivial
neighborhood O such that

T ∗O = O × Rk × Rn−k, λ = (x;u, v),

and for the sub-Riemannian and Riemannian Hamiltonians it holds:

H(x;u, v) = 1
2 |u|2, HR(x;u, v) = 1

2(|u|2 + |v|2).

Take the following compact set K ⊆ T ∗B:

K = {(x;u, v) ∈ B × Rk × Rn−k | |u|2 + |v|2 = 1}.

We can find a finite number of neighborhoods Λi, i = 1, . . . , N as in Lemmas 9.17–9.19,
that cover K̸=0. This is possible, even if K̸=0 is non-compact, since the neighborhoods
Λ obtained in the previous lemmas are u-star-shaped (otherwise, their size in the u-
coordinate might get smaller and smaller as u → 0). We deduce that for all j ∈ N there
exists C = Cj > 0 such that

∥∂j
t R

⊠⊞
λt

|t=0∥ ≤ C, ∀ t ∈ [0, T ], λ ∈ K̸=0,

where λt = etH⃗(λ). Recall the homogeneity properties of the curvature from [23, Thm.
4.7]: for any c > 0, and up to constant congruence (cf. Remark 9.16), it holds

R⊠⊞
λc

t
≃ ccol(⊠)+col(⊞)R⊠⊞

λct
, ∀λ ∈ T ∗M ̸=0,

where λc
t = etH⃗(cλ). In particular taking derivatives with respect to t, and evaluating

at t = 0, we have

∂tR
⊠⊞
λt

|t=0 ≃ ccol(⊠)+col(⊞)+j∂tR
⊠⊞
ηt

|t=0, ∀λ ∈ T ∗M ̸=0,

where η = λ/c. The statement then follows by reduction to K̸=0, since any point
λ ∈ T ∗O ̸=0 has the form cη with η ∈ K̸=0 and c =

√
2HR(λ).

The statement concerning the canonical Ricci curvatures follows immediately as, for
any superbox ⊠ ∈ Y and λ ∈ T ∗M ̸=0 it holds by definition: Ric⊠λ = tr(R⊠⊠

λ ).
The final statement about the geodesic volume derivative follows in a similar fashion,

starting from Lemma 9.20 and using the fact that the following property holds:

ρm,λc
t

= c ρm,λct , ∀λ ∈ T ∗M ̸=0,

which is immediately obtained by using [23, Prop. 4.9] in (9.23).

9.5 Proof of Theorem 9.2

We can now prove Theorem 9.2. In fact, it is a corollary of Theorem 9.22.
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Proof of Theorem 9.2. If x, y /∈ Cut(M), we have by Proposition 7.28 that

D(x, y)2 = ∥∇R
x c(·, y)∥2

R = 2HR(dxc(·, y)) = 2HR(λx,y),

where λx,y = dxc(·, y) ∈ T ∗
xM ̸=0 is the initial covector of the unique strictly normal

geodesic γ : [0, 1] → M joining x with y. Notice that the first equality follows by
the very definition of D in the sub-Riemannian case and by the fact that c is smooth
outside of Cut(M). The second equality is obvious by the usual duality between norm
and Hamiltonian. In the third equality we used the fact that the initial covector can be
recovered by the differential of the squared distance (cf. for example [3, Lemma 2.20(ii)]).

Let K ⊂ M be a compact set as in the statement of Theorem 9.2. Let B be a larger
compact set such that for any x, y ∈ K all geodesics joining them belong to B. On B
we apply Theorem 9.22. In particular if λ ∈ T ∗

xM is the initial covector of the unique
geodesic γ joining x, y ∈ K \ Cut(M) there exists C ′ > 0 such that

|Ric⊡λ | ≤ C ′HR(λ)col(⊡) = C ′

2col(⊡) D(x, y)2col(⊡),

and where ⊡ = a, b, c. This (stronger) inequality in particular implies the desired lower
bounds on Ric by recalling that col(a) = col(b) = 2 and col(c) = 1.

In an analogous way one proves the statement about the geodesic volume derivative
starting from the corresponding estimate in Theorem 9.22.

9.6 Compact fat structures satisfy the CD(β, n) condition

We combine the curvature estimates of Theorem 9.2 for fat structures, and Theorem
8.12, to obtain the main result of this section.

Recall that sκ : [0,+∞) → R, for κ ∈ Rℓ, ℓ ∈ N, are the basic comparison functions
of Proposition 8.5, associated with a Young diagram of length ℓ. In particular:

• for ℓ = 1, sκ is a Riemannian-type function (see Section 8.2.1);

• for ℓ = 2, sκ1,κ2 is a two-columns-type function (see Section 8.2.3).

In all cases, the sκ are real-analytic and have order N = ℓ2 at zero.

Theorem 9.23. Let (M, d,m) be a compact n-dimensional sub-Riemannian metric mea-
sure space, with fat distribution of rank k < n. Let D be the natural gauge function
associated with a Riemannian extension. There exist constants C, κa, κb, κc ∈ R with the
following property: let s : [0,+∞) → R be the real-analytic function

s(θ) := θ · eCθ · sκb,κa(θ)n−k · sκc(θ)2k−n−1,

and let β be defined accordingly as in (3.6). Then (M, d,m,D) satisfies the CD(β, n).

Since s is real-analytic, using Proposition 3.4(vii), we obtain the following.
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Corollary 9.24. Let (M, d,m) be a compact n-dimensional sub-Riemannian metric mea-
sure space, with fat distribution of rank k < n. Then there exists N ′ ≥ 3n− 2k such that
(M, d,m) satisfies the classical MCP(0, N ′).
Remark 9.25. Both these results can be seen as a sub-Riemannian counterpart of the
fact that any compact Riemannian manifold has Ricci curvature bounded from below.
Remark 9.26. Corollary 9.24 removes the real-analytic assumption of the analogous result
proved in [18, Thm. 1.3], in the case when the underlying distribution is fat.
Remark 9.27. Fat sub-Riemannian structures are ideal and their step is 2. In particular
D is locally bounded, D is meek, and the regularity conditions for the stability of the CD
and MCP hold. See Figure 3.

Proof of Theorem 9.23. For a fat structure, all normal extremals corresponding to non-
trivial geodesics have the same Young diagram, with two columns. It has two levels,
denoted by I and II, the first one with length ℓI = 2 and size rI = n − k, while the
second one with length ℓII = 1 and size rII = 2k−n. We label the superboxes as follows:

Y =
b a

c
.

By Theorem 9.2, and since M is compact, we find κa, κb, κc, C ∈ R such that, for any
(x, y) /∈ Cut(M) and the corresponding geodesic γ : [0, 1] → M joining them with initial
covector λ ∈ T ∗

xM , it holds
1

n− k
Rica

λ ≥ κaD(x, y)4,
1

n− k
Ricb

λ ≥ κbD(x, y)2,

1
2k − n− 1Ricc

λ ≥ κcD(x, y)2, ρm,λ ≤ CD(x, y),

the bound on Ricc
λ being omitted if 2k−n = 1. Thus it follows that (M, d,m), equipped

with the gauge function D, has Ricci curvatures bounded from below according to Defi-
nition 8.11, with the above Young diagram and

κ̄I : [0,+∞) → R2, κ̄I(D) := (κbD2, κaD4),
κ̄II : [0,+∞) → R, κ̄II(D) := κc D2,

C̄ : [0,+∞) → R, C̄(D) := CD.

We conclude by applying Theorem 8.12 obtaining that (M, d,m,D) is a CD(β, n) space.
The distortion coefficient β is induced by the function s : Rm

+ → R of (8.13). To describe
the latter explicitly, we recall that we are in the scalar case m = 1, and thus by Remark
8.7 the function s : [0,+∞) → R is given by

s(θ) = θ · eCθ · sκb,κa(θ)n−k · sκc(θ)2k−n−1, θ ∈ [0,+∞).

The positivity domain of s is given by

DOM = DOMκ̄I ∩ DOMκ̄II = [0,min{tκc , tκb,κa}],

and s has order N = 1 + (n− k)ℓ2I + (2k − n− 1)ℓ2II = 3n− 2k as θ → 0.
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10 Examples and applications

10.1 Heisenberg group

In this section we describe the results already presented in Section 3.3.2, in the special
three-dimensional case, in order to make a bridge with the comparison theory developed
in the previous sections.

The first Heisenberg group H1 is the non-commutative group structure on R3 given
by the law

(x, y, z) ⋆ (x′, y′, z′) =
(
x+ x′, y + y′, z + z′ + 1

2(xy′ − yx′)
)
.

Consider the left-invariant vector fields

X = ∂

∂x
− y

2
∂

∂z
, Y = ∂

∂y
+ x

2
∂

∂z
,

and the left-invariant metric making {X,Y } a global orthonormal frame. We equip
H1 with the associated sub-Riemannian (Carnot-Carathéodory) distance, denoted by d0
(this notation is slightly different from the one used in Section 3.3.2, but it is more
convenient in what follows). We also equip H1 with the Lebesgue measure L 3, which is
a Haar measure. We set

s(θ) = θ sin
(
θ

2

)[
sin
(
θ

2

)
− θ

2 cos
(
θ

2

)]
, θ ∈ [0,+∞).

Notice that s(θ) has finite order equal to N = 5 as θ → 0. Moreover, it is clear that

D = inf{θ > 0 | s(θ) = 0} = 2π.

The corresponding model distortion coefficient defined as in (3.6) is then

[0, 1] × [0,∞] ∋ (t, θ) 7→ βH1
t (θ) =



t5 θ = 0,

t
sin
(

tθ
2

) (
sin
(

tθ
2

)
− tθ

2 cos
(

tθ
2

))
sin
(

θ
2

) (
sin
(

θ
2

)
− θ

2 cos
(

θ
2

)) 0 < θ < 2π,

+∞ θ ≥ 2π, t ̸= 0,
0 θ ≥ 2π, t = 0.

The main result in [19, Thm. 1.1] is a Jacobian determinant inequality, see [19,
Eq. (3.17), p. 61], which yields by standard manipulations an interpolation inequality
for optimal transport. More precisely, for all µ0, µ1 ∈ P∗

bs(H1, d0,L 3), there exists
ν ∈ OptGeo(µ0, µ1) associated with a W2-geodesic (µt)t∈[0,1] such that µt ≪ L 3 for all
t ∈ (0, 1], for ν-a.e. γ it holds (γ0, γt) /∈ Cut(H1) for all t ∈ (0, 1], and

1
ρt(γt)1/3 ≥

βH1
1−t(θγ1,γ0)1/3

ρ0(γ0)1/3 + βH1
t (θγ0,γ1)1/3

ρ1(γ1)1/3 , ∀ t ∈ [0, 1], (10.1)
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where ρt = dµt

dL 3 , and θγ0,γ1 is the vertical norm of the covector associated with the
unique geodesic with joining γ0 with γ1. In (10.1) we use the convention that if µ0 is
not absolutely continuous then the first term in the right hand side is omitted.

Notice that the argument in the r.h.s. of (10.1) does not depend on the distance. It
is then natural to set as a gauge function any map G : H1 × H1 → [0,+∞] such that

G(q, q′) = θq,q′
, ∀ (q, q′) /∈ Cut(H1).

We remark that Cut(H1) has zero (e0, e1)♯ν-measure for all optimal dynamical plans ν
involved, so that the values of G on that set are irrelevant. By standard arguments (cf.
again Section 3.3.2), the following holds.
Theorem 10.1. The gauge m.m.s. (H1, d0,L 3,G) satisfies the CD(βH1

, 3) condition.
One can check that βH1

t (θ) ≥ t5 for all t ∈ [0, 1] and θ ∈ [0, 2π]. Thus, by Proposi-
tion 3.10(iii), CD(βH1

, 3) ⇒ CD(t5, 3). In turn, the latter implies the classical MCP(0, 5).

10.1.1 Application of the comparison theory to the Heisenberg group

To make the link with the curvature computations of Sections 8-9, notice that for every
pair (q, q′) ∈ H1 × H1 \ Cut(H1) and for the geodesic γ : [0, 1] → H1 joining them, the
(reduced) Young diagram Y along γ has two columns which can be labeled as follows

Y =
b a

c

with all sizes of the superboxes equal to 1. The sub-Riemannian Ricci curvatures have
been computed in [5], and are:

Rica
λ = Ricc

λ = 0, Ricb
λ = θ2,

where
θ = θq,q′ = |⟨λq,q′

, ∂z⟩|,
is the absolute value of the z-component of the unique initial covector λq,q′ of the geodesic
γ : [0, 1] → H1 joining q and q′. We stress that, for such geodesics, θ < 2π. We have (cf.
Section 8.2.2)

sκ1,0(t) = 2 − 2 cos
(√
κ1t
)

− √
κ1t sin

(√
κ1t
)

κ2
1

, tκ1,0 =


2π√
κ1

κ1 > 0,
+∞ κ1 ≤ 0.

From Theorem 8.9, one obtains the following comparison theorem

β
(H1,d0,L3)
t (q, q′) ≥ t

2 − 2 cos (tθ) − tθ sin (tθ)
2 − 2 cos (θ) − θ sin (θ)

= t
sin
(

tθ
2

) [
sin
(

tθ
2

)
− tθ

2 cos
(

tθ
2

)]
sin
(

θ
2

) [
sin
(

θ
2

)
− θ

2 cos
(

θ
2

)]
= βH1

t (θ),

where βH1 is the expression given in Section 3.3.2.
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10.2 The Grushin plane

The Grushin plane is a quotient of the Heisenberg group. More precisely, there is a
dilation-invariant (and thus non-compact) subgroup H of the Heisenberg group H1 and
a sub-Riemannian structure on the space of right cosets H\H1 such that π : H1 → H\H1

is a submetry, and H\H1 is isometric to the Grushin plane, see [31, Sec. 5]. It is well-
known that the classical synthetic theory of Ricci curvature bounds descends to suitable
quotients [48]. We expect that a similar theory can be developed for gauge metric
measure spaces, but this is out of the scope of the present work.6

In this section we illustrate how the Grushin plane, equipped with a suitable gauge
function, satisfies the same curvature-dimension inequalities of the Heisenberg group.

To this purpose, we introduce a presentation of the Grushin plane. The Grushin
plane G2 is the sub-Riemannian structure on R2 defined by the global generating frame

X1 = ∂x, X2 = x∂y.

We equip the Grushin plane with the corresponding sub-Riemannian distance dG2 and
the Lebesgue measure m = L 2 of R2, making it a metric measure space (G2, dG2 ,L2).

Fix q = (x, y) ∈ R2 and q′ /∈ Cut(q). Let γ : [0, 1] → R2 be the geodesic from q to q′.
Let λ = u dx+ v dy ∈ T ∗

(x,y)R
2 be its initial covector. We set GG2 : G2 × G2 → [0,∞):

GG2(q, q′) = v, ∀(q, q′) /∈ Cut(G2), (10.2)

arbitrarily extending it to 0 at the cut-locus. It is well-known that |v| < π, and conversely
if |v| < π it holds exp(x,y)(u dx+ v dy) /∈ Cut(q), see [2, Ch. 13]. See Figure 4.

It is easy to see that (10.2) is a meek gauge function. The Grushin plane is an ideal
structure, and hence by [24] it supports interpolation inequalities for densities (with
dimensional parameter n = 2). More precisely, for all µ0, µ1 ∈ P∗

bs(G2, d,L 2), there
exists ν ∈ OptGeo(µ0, µ1) associated with a W2-geodesic (µt)t∈[0,1] such that µt ≪ L 2

for all t ∈ [0, 1] and for ν-a.e. γ it holds (γ0, γt) /∈ Cut(G2) and

1
ρt(γt)1/2 ≥

β
(G2,d,L 2)
1−t (γ1, γ0)1/2

ρ0(γ0)1/2 + β
(G2,d,L 2)
t (γ0, γ1)1/2

ρ1(γ1)1/2 , ∀ t ∈ [0, 1], (10.3)

where ρt = dµt

dL 2 , and β(G2,d,L 2) is the “true” distortion coefficient of the Grushin plane,
see Definition 4.6. The latter was computed in [24, Sec. 7.3], and it is given by

β
(G2,d,L 2)
t (q, q′) = t

(u2 + tuv2x+ v2x2) sin(tv) − tu2v cos(tv)
(u2 + uv2x+ v2x2) sin(v) − u2v cos(v) , ∀t ∈ [0, 1],

where λ = u dx+ v dy ∈ T ∗
(x,y)R

2 is the initial covector of the geodesic joining q with q′.

6One should be aware, however, that the Grushin plane is not a homogeneous space in the classical
sense: the Heisenberg group acts transitively (from the right) on G2, but this action is not by isometries,
see the discussion in [31, p. 53].
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Figure 4: Geodesics and cut-locus (in red) of the Grushin plane starting from the origin
and from q = (1, 0). Displayed geodesics have initial covector λ = u dx + v dy, with
v = ±π and different values of u.

Lemma 10.2. For all (q, q′) /∈ Cut(G2) it holds

β
(G2,dG2 ,L 2)
t (q, q′) ≥ βH1

t (GG2(q, q′)),

where we recall, by definition, GG2(q, q′) = v in the above notation.

Proof. This can be proven by direct computation, passing to inequalities between loga-
rithmic derivative similarly to [24, Sec. 7.3].

Replacing the inequality of Lemma 10.2 in (10.3), using the definition of Un, the
convexity of the map R2 ∋ (x, y) 7→ log(ex + ey) and Jensen’s inequality, one establishes
the validity of the corresponding curvature-dimension inequality.

Theorem 10.3. The gauge m.m.s. (G2, dG2 ,L
2,GG2) satisfies the CD(βH1

, 2) condition.

Remark 10.4. We stress that the Heisenberg group satisfies the CD(βH1
, 3), while Grushin

correctly satisfies the CD(βH1
, 2). The correct dimensional parameter appears through

the interpolation inequalities for densities, namely (10.3).
As we already remarked, βH1

t (θ) ≥ t5 for all t ∈ [0, 1] and θ ∈ [0, 2π]. Thus, by
Proposition 3.10(iii), CD(βH1

, 3) ⇒ CD(t5, 3). In turn, the latter implies the classical
MCP(0, 5). Thus Theorem 10.3 can be seen as a strengthening in the CD sense of the
fact that the Grushin plane satisfies the classical MCP(0, 5).

10.3 Canonical variation

In this section we consider what is called the canonical variation of the Heisenberg group,
namely the one-parameter family of left-invariant Riemannian distances dε on H1, which
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are those associated with a left-invariant Riemannian metric for which

{X,Y, εZ}, ε > 0,

is orthonormal, where

X = ∂x − y

2∂z, Y = ∂y + x

2∂z, Z = ∂z.

The terminology canonical variation is used in the context of Riemannian submersions
[32]. Only for this subsection, it will be handy to denote by d0 the Carnot-Carathéodory
metric, so that we study the family of metric measure spaces (H1, dε,L 3) for all ε ≥ 0.

We remark that the Riemannian Ricci curvature of (H1, dε) is unbounded as ε → 0.
Therefore it is convenient to study the distortion coefficients of the corresponding metric
measure spaces by direct methods. To this purpose, let βε

t : H1 × H1 → [0,+∞] be the
distortion coefficient of (H1, dε,L 3), for ε ≥ 0. It can be computed explicitly, out of the
cut locus, denoted by Cutε, for ε ≥ 0.

This was done, for example, in [75, Sec. 4.2]: letting expε
0 : T ∗

0 H1 → H1 be the
exponential map for the metric dε starting from 0 ∈ H1, we use cylindrical coordinates
on T ∗

0 H1 so that λ = (θ, ρ, pz). It holds that, for a general point q ∈ H1:

q = exp0(θ, ρ, pz), q /∈ Cutε(0) ⇒ |pz| < 2π, (10.4)

and furthermore for all q /∈ Cutε(0):

βε
t (0, q) = t2

h(tpz/2)
[
ε2tp3

zh(tpz/2) + 2ρ2k(tpz/2)
]

h(pz/2) [ε2p3
zh(pz/2) + 2ρ2k(pz/2)] , ∀ t ∈ [0, 1], (10.5)

with the convention that, if pz = 0, then we take the limit in the above formula so that
βε

t (0, q) = t5. In (10.5), we have set

h(ς) := sin(ς)
ς

, k(ς) := sin(ς) − ς cos(ς) ς ∈ (0, π).

The fact that q /∈ Cutε(0), and thus |pz| < 2π, implies that the right hand side of (10.5)
is well-defined, for all ε ≥ 0. One can check via elementary methods that for all ε ≥ 0:

βε
t (0, q) ≥ β0

t (0, q) = t
2 − 2 cos(pzt) − pzt sin(pzt)
2 − 2 cos(pz) − pz sin(pz) , ∀ t ∈ [0, 1], q /∈ Cutε(0).

The initial covector λ of the unique dε-geodesic joining the origin with q /∈ Cutε(0)
is given by λ = d0

[
1
2dε(·, q)2

]
, where d0 denotes the differential at zero, and thus pz =

λ(∂z). We define the left-invariant gauge function Gε : H1 × H1 → [0, 2π] such that:

Gε(0, q) :=


1
2

∣∣∣ ∂
∂z

∣∣∣
0

dε(·, q)2
∣∣∣ q /∈ Cutε(0),

0 q ∈ Cutε(0),
∀ ε ≥ 0. (10.6)
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We remark that |Gε| < 2π by (10.4). We also observe that the prescribed value on the
cut locus in (10.6) is arbitrary and unimportant.

Since all structures (H1, dε,L 3) support interpolation inequalities for densities (with
dimensional parameter n = 3, see Definition 4.5), with an argument identical to step 2
in the proof of Theorem 9.23, we obtain the following.

Theorem 10.5 (Uniform CD for canonical variation). Let β be defined as in (3.6), with

s(θ) = θ(2 − 2 cos(θ) − θ sin(θ)), θ ∈ [0,+∞).

Then, for all ε ≥ 0, the gauge m.m.s. (H1, dε,L 3,Gε) satisfies the CD(β, 3) condition.

Remark 10.6. As a matter of fact, the β in the previous result satisfies βt(θ) ≥ t5 for
all t ∈ [0, 1] and θ ∈ [0, 2π]. It follows that this CD(β, 3) implies the CD(t5, 3) or,
equivalently, the MCP(0, 5). The above result can be then seen as a strengthening of the
known fact, proved in [75], that the canonical variation of the Heisenberg group satisfies
uniformly the classical MCP(0, 5). See also [61].

The sub-Riemannian limit. As ε → 0, it holds dε → d0 uniformly on compact sets,
and a fortiori (H1, dε,L 3) → (H1, d0,L 3) in the pmGH-sense. Furthermore, dε → d0
also in the C∞ sense on compact subsets of H1 \ Cut0 (cf. [29, Prop. 2.8], where this fact
is proved for general canonical variations). It follows that:

lim
ε→0

Gε(q, q′) = G0(q, q′), ∀ (q, q′) /∈ Cut0.

The unique optimal plan π between µ0 ∈ Pbs(H1, d0,L 3), µ1 ∈ P∗
bs(H1, d0,L 3), with

disjoint supports, is concentrated on H1 \ Cut0. It follows that Gε → G0 π-a.e. as ε → 0.
We also recall that |Gε| < 2π for all ε ≥ 0. Furthermore, Gε is continuous (actually
smooth) out of Cutε. Using all these facts, it follows that:

• the conditions of Definition 5.3 are satisfied. Namely Gε → G0 as ε → 0 in the L1
loc

sense, and the regularity condition for G0 holds.

• the condition of Definition 5.12 are satisfied. Namely Gε → G0 as ε → 0 in the
L1

loc sense over plans, and the regularity condition for G0 over plans is verified.

In particular, Theorems 5.6 and 5.14 apply. This is an explicit example of stability of the
MCP(β) and CD(β, 3), for the sequence of gauge metric measure spaces (R3, dε,L 3,Gε),
pmGH converging to the Heisenberg group (R3, d0,L 3,G0).

The adiabatic limit. The terminology “adiabatic limit” can be traced back to [90].
Let π : H1 → R2 be the projection, so that π is a Riemannian submersion from (H1, dε)
onto the Euclidean (R2, de). As ε → +∞, it holds dε → de ◦ π uniformly on compact
sets, and a fortiori (H1, dε,L 3) → (R2, de,L 2) in the pmGH-sense. One can prove that:

lim
ε→+∞

Gε(q, q′) = 0, ∀ q, q′ ∈ H1,
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and as a consequence all assumptions of Theorems 5.6 and 5.14 are met by setting
G∞ = 0. Similarly as in the previous case, one can take the limit for ε → +∞, obtaining
that the Euclidean space (R2, de,L 2), equipped with the trivial gauge function G∞ ≡ 0,
satisfies the CD(β, 3). Notice that βt(G∞) = βt(0) = t5, so that in this specific case
CD(β, 3) is actually equivalent to the CD(t5, 3). In contrast with the sub-Riemannian
limit, in the adiabatic limit we obtain a non-sharp result.

10.3.1 Sasakian foliations

A version of Theorem 10.5 holds more in general for the canonical variation associated
with Sasakian foliations with non-negative Tanaka-Webster curvature, and more gener-
ally for H-type foliations satisfying suitable assumptions in the sense of [29]. The proof
makes use of more technical comparison tools, which are a sharpened version of the ones
appearing in [29] (see also [28]). These techniques are out of the scope of this paper,
and thus we do not delve into details here.

We only mention that, as a corollary of these generalizations one can show that
the canonical variation (M, dε,m) of a 2d + 1-dimensional Sasakian foliation with non-
negative Tanaka-Webster curvature satisfies the MCP(0, 2d + 3) for all ε ≥ 0, obtained
in [61] with somewhat weaker curvature assumptions. See also [28, Thm. 3.11].

10.4 Convergence to the tangent cone

Let (M, d) be a smooth sub-Riemannian metric space of topological dimension n. It
is well-known that for any p ∈ M , the tangent cone at p exists and it is isometric
to a homogeneous space for a Carnot group. We describe this convergence explicitly,
following [31].

Let X1, . . . , XL, be a generating family for the sub-Riemannian structure, defined
in a neighborhood of p. For any multi-index I ∈ {1, . . . , L}×i we denote |I| := i and
XI := [XI1 , [. . . , [XIi−1 , XIi ]]]. Set

D i
p := span{XI(p) : |I| ≤ i}, i ∈ N.

Let ki = ki(p) := dim D i
p. These subspaces yield a filtration

{0} =: D0
p ⊂ D1

p ⊆ · · · ⊆ Ds
p = TpM,

where s = s(p) ∈ N is the step of the sub-Riemannian structure at p. A diffeomorphism
z : U → Rn, from a neighborhood U ⊂ M of p, yields local coordinates that are said:

• linearly adapted at p, if they are centered at p, i.e. z(p) = 0, and ∂z1 |0, . . . , ∂zki
|0

form a basis for D i
p in these coordinates, for all i = 1, . . . , s. We say that the

coordinate zi has weight wi = j if ∂zi |0 belongs to Dj
p \ Dj−1

p ;

• privileged at p, if they are adapted at p and zi(q) = O(d(p, q)wi) for all i = 1, . . . , n.
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Privileged coordinates exist in a neighborhood of any point. From now on we fix a
system of privileged coordinates and we identify its domain U ⊆ M with Rn, and p with
the origin 0 ∈ Rn. Similarly, vector fields defined on U are identified with vector fields
on Rn, and the restriction of the sub-Riemannian distance d to U is identified with a
distance function on Rn. We define dilations, for λ > 0:

δλ : Rn → Rn, δλ(z1, . . . , zn) := (λw1z1, . . . , λ
wnzn).

Dilations induce a concept of homogeneity of degree d ∈ N:

• for a function f : Rn → Rn, if f(δλ(q)) = λdf(q) for all λ > 0 and q ∈ Rn;

• for a one-form ω on Rn, if δ∗
λω = λdω for all λ > 0;

• for a vector field X on Rn, if δλ∗X = λ−dX for all λ > 0.

The principal part of the generating family F = {X1, . . . , XL} is given by

X̂i := lim
ε→0

εδ1/ε∗Xi, i = 1, . . . , L.

The family F̂ = {X̂1, . . . , X̂L} is a set of complete vector fields on Rn, homogeneous
of degree −1, with polynomial coefficients. They generate a nilpotent Lie algebra of
nilpotency step s = s(p), and they satisfy the bracket-generating condition at any point
of Rn. They define a sub-Riemannian structure on Rn, called the nilpotent approximation
at p, and denoted with (Rn, d̂). An essential property of d̂ is that it is homogeneous of
degree 1, that is d̂(δλ(q), δλ(q′)) = λd̂(q, q′) for all q, q′ ∈ Rn, and λ > 0.

10.4.1 Description of convergence to the tangent cone

Fix p ∈ M . The following fundamental estimate holds [31, Thm. 7.32]7.

Theorem 10.7. There exist εp > 0 and Cp > 0 such that for all q, q′ ∈ Bεp(p) it holds

−CpMp(q, q′) d(q, q′)1/s(p) ≤ d(q, q′) − d̂(q, q′) ≤ CpMp(q, q′) d̂(q, q′)1/s(p),

where Mp(q, q′) := max{d̂(0, q), d̂(0, q′)} and s(p) is the step of the structure at p.

Recall that the tangent cone is the pGH limit for k → ∞, when it exists, of (M,kd, p).
Letting dk := kd, the set BR/k(p) coincides with the ball of radius R and center p, with
respect with the rescaled metric dk. For R > 0, we define approximating maps:

fk : BR/k(p) → Rn, fk(q) := δk(q), (10.7)

where k is taken so large that BR/k(p) is contained in the domain of privileged coordi-
nates, thus fk is well-defined. Note that fk(p) = 0 for all k ∈ N.

7Our statement is a amended version of [31, Thm. 7.32], which contains a typo.
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By Theorem 10.7, for all R > 0 and ε > 0, there exists k0 = k0(R, ε) such that for
all k ≥ k0 it holds:

B̂R(1−ε)(0) ⊆ fk(BR/k(p)) ⊆ B̂R(1+ε)(0), (10.8)

where we denoted with B̂ the ball with respect to d̂. Furthermore, it holds

|dk(q, q′) − d̂(fk(q), fk(q′))| ≤ ε, ∀ q, q′ ∈ BR/k(p).

Finally, if in the given set of privileged coordinates m = φL n for some smooth
positive function φ, we set

mk := kQ(p)m, where Q(p) :=
n∑

j=1
jwj(p).

Then for all R > 0 it holds (fk)♯(mk|BR/k
) ⇀ φ(0)L n|B̂R(0) weakly as k → ∞. We can

assume, up to modification of the privileged coordinates, that φ(0) = 1. Thus

pmGH − lim
k→∞

(M,kd, kQm, p) = (Rn, d̂,L n, 0),

with approximating maps (10.7). Hence (Rn, d̂,L n) is isomorphic to the measured
tangent cone at p of (M, d,m). Different choices of privileged coordinates and different
sequences of rescalings yield isomorphic copies of the same m.m.s.

10.4.2 Convergence of natural gauge functions to the tangent cone

For structures of step ≤ 2, natural gauge functions induce a limit gauge function on
the metric cone, with an explicit expression in privileged coordinates. In the following,
Ĉut(x) ⊂ Rn denotes the cut locus from a point x ∈ Rn for (Rn, d̂), and Ĉut(Rn) =
{(x, y) | y ∈ Ĉut(x)} ⊂ Rn × Rn.

Theorem 10.8 (Gauge functions induced on the tangent cone). Let (M, d,m) be a
sub-Riemannian m.m.s. Let p ∈ M , dk = kd and mk = kQ(p)m, so that (M, dk,mk, p)
converges in the pmGH sense to the tangent cone (Rn, d̂,L n, 0), with approximating
maps (10.7) in a set of privileged coordinates.

Let G : M × M → [0,∞] be a natural gauge function as in Definition 7.6. Assume
that the sub-Riemannian distribution has step s(p) ≤ 2 at p. Then:

(i) the sequence Gk := G converges in the L1
loc sense of Definition 5.3 to a gauge

function Ĝ : Rn × Rn → [0,+∞];

(ii) Ĝ satisfies the regularity condition of Definition 5.3;

(iii) Ĝ is bounded on Rn × Rn;

(iv) Ĝ is homogeneous of degree 0 with respect to dilations, that is

Ĝ(δλ(x), δλ(y)) = Ĝ(x, y), ∀x, y ∈ Rn, ∀λ > 0;
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(v) Ĝ admits the following explicit description. For (x, y) ∈ Ĉut(Rn), Ĝ(x, y) = 0. For
(x, y) /∈ Ĉut(Rn), let λ̂x,y ∈ T ∗

x Rn be the initial covector of the unique geodesic in
Geo(Rn, d̂) joining x with y:

λ̂x,y =
n∑

j=1
λ̂x,y

j dzj |x.

Let g = ∑n
i,j=1 gij(z)dzi ⊗ dzj be the metric tensor of the Riemannian reference

dR, and let f be the function appearing in Definition 7.6 of G. Then there exists a
constant f(0, 1) ∈ [0,+∞] such that:

Ĝ(x, y) = f(0, 1)
√ ∑

i,j|wi=wj=2
gij(0)λ̂x,y

i λ̂x,y
j , ∀ (x, y) /∈ Ĉut(Rn).

In other words, Ĝ(x, y) is the norm of the homogeneous component of degree 2 of
λ̂x,y, with respect to a suitable metric on Rn.

If G : M×M → RPm
+ is vector-valued, an analogous statement holds, with Ĝ : Rn ×Rn →

RPm
+ and, in item (v), f(0, 1) ∈ RPm

+ .

Proof. We remind the following basic facts in sub-Riemannian geometry, that will be
used throughout the proof (see Appendix A). Let (M, d) be a sub-Riemannian man-
ifold induced by a family of smooth vector fields F = {X1, . . . , XL}. For any u ∈
L2([0, 1],RL), and point o ∈ Rn, consider the following ODE:

γ̇(t) =
L∑

i=1
ui(t)Xi(γ(t)), γ(0) = o. (10.9)

Solutions γ of (10.9) are called horizontal trajectories, and u is called a control for γ. Let
UF

o ⊂ L2([0, 1],RL) be the open subset such that the solution to (10.9) is well-defined
up to time 1. The endpoint map for the family F , with base point o ∈ Rn, is the map
EndF

o : UF
o → Rn which associates to u the value γ(1) of the solution of (10.9).

For any q, q′ ∈ M , let γq,q′ ∈ Geo(M, d) be a geodesic from q to q′. There exists
a non-zero Lagrange multiplier (λq,q′

1 , ν) ∈ T ∗
q′M × {0, 1}, and a control u ∈ UF

q with
|u(t)| = d(q, q′), such that γq,q′ satisfies (10.9) and furthermore

⟨λq,q′

1 , Du EndF
q (v)⟩ = ν(u, v)L2 , ∀ v ∈ L2([0, 1],RL), (10.10)

where D denotes the Fréchet differential. Geodesics satisfying (10.10) with ν = 0 are
called abnormal, and they correspond to controls that are critical point of the endpoint
map. Geodesics satisfying (10.10) with ν = 1 are called normal. In this latter case, γ
can be seen as the projection of an integral curve λ : [0, 1] → T ∗M of a Hamiltonian flow
on T ∗M , with Hamiltonian H : T ∗M → R given by H(η) = 1

2
∑L

i=1⟨η,Xi⟩2. For such a
lift, it holds λ(1) = λq,q′

1 .
We now proceed with the proof assuming G = D (cf. Definition 7.4).
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Proof of (i) and (v). Fix R > 0 and let k be so large that B2R/k(p) is in the
domain of privileged coordinates. Thus, without loss of generality, we assume M = Rn

and the structure (M, d) is defined by a family F = {X1, . . . , XL} of smooth vector
fields on Rn. Let (x, y) /∈ Ĉut(Rn). Let uk be the control of a geodesic γk ∈ Geo(M, d)
joining δ1/k(x) with δ1/k(y) such that ∥uk∥L2 = d(δ1/k(x), δ1/k(y)). For now γk is not
necessarily unique even though we will see that this is the case for large k.

Define also the family Fk := { 1
kδk∗X1, . . . ,

1
kδk∗XL} of vector fields on Rn, for all

k ∈ N. It is easy to show that

δk(EndF
δ1/k(x)(u)) = EndFk

x (ku), ∀u ∈ UF
δ1/k(x).

Thus, there exist sequences of Lagrange multipliers (λδ1/k(x),δ1/k(y), νk) ∈ T ∗
δ1/k(y)M×

{0, 1}, controls uk ∈ L2([0, 1],RL) with ∥uk∥L2 = d(δ1/k(x), δ1/k(y)), and corresponding
geodesics γk ∈ Geo(M, d) between δ1/k(x) and δ1/k(y) such that

k2⟨δ∗
1/kλ

δ1/k,δ1/k(y)
1 , Dkuk

EFk
x (v)⟩ = νk(kuk, v)L2 , ∀ v ∈ L2([0, 1],RL). (10.11)

Our goal is to take the limit in (10.11) for k → +∞.
Firstly, by construction kuk is a control associated with the curve δk ◦ γk, joining x

with y. Furthermore, by Theorem 10.7, ∥kuk∥L2 = kd(δ1/k(x), δ1/k(y)) → d̂(x, y). In
particular {kuk}k∈N is weakly precompact in L2([0, 1],RL). Let û ∈ L2([0, 1],RL) be one
of its weak limits. Weak convergence of controls together with local uniform convergence
of 1

kδk∗Xi → X̂i for i = 1, . . . , L, implies that the sequence of corresponding curves δk ◦γk

has a subsequence converging to a limit one γ̂ : [0, 1] → Rn, with control û with respect
to the family F̂ = {X̂1, . . . , X̂L}. In particular γ̂ is the solution of

˙̂γ(t) =
L∑

i=1
ûi(t)X̂i(γ̂(t)), γ̂(0) = x, γ̂(1) = y.

By definition of d̂, and the weak semi-continuity of the norm we have

d̂(x, y) ≤ ∥û∥L2 ≤ lim inf
k→∞

∥kuk∥L2 = d̂(x, y).

Thus γ̂ ∈ Geo(M, d̂), with control û such that ∥û∥ = d̂(x, y). Now we use the fact that
(x, y) /∈ Ĉut(Rn). In this case there is a unique such geodesic γ̂, and it follows that for
the original sequence δk ◦ γk → γ̂ and kuk ⇀ û, respectively.

Secondly, since kuk ⇀ û, then Dkuk
EndFk

x → Dû EndF̂
x in the operator topology

(by the same argument in [85, Prop. 3.7] or [33, Appendix, Thm. 23]).
Lastly, νk must be definitely equal to 1, otherwise û would be a critical point of EndF̂

x ,
and thus γ̂ would be an abnormal geodesic, which is not possible since (x, y) /∈ Ĉut(Rn).
By the same reason, EndF̂

x is a submersion at û, thus for any V ∈ TyRn there exist
v̂ ∈ L2([0, 1],RL) such that Dû EndF̂

x (v̂) = V .
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We are now ready to take the limit in (10.11), taking v = v̂, we obtain that

lim
k→+∞

⟨k2δ∗
1/kλ

δ1/k(x),δ1/k(y)
1 , V ⟩ = (û, v̂).

Since V ∈ T ∗
y Rn was arbitrary, we have proved that the sequence k2δ∗

1/kλ
δ1/k(x),δ1/k(y)
1 is

convergent, and its limit is the Lagrange multiplier for γ̂. We must then have

lim
k→∞

k2δ∗
1/kλ

δ1/k(x),δ1/k(y)
1 = λ̂x,y

1 , (10.12)

where λ̂x,y
1 ∈ T ∗

y Rn is the normal Lagrange multiplier of γ̂ ∈ Geo(Rn, d̂).
We want to translate (10.12) into a statement for initial covectors. To do it, let

H, Ĥ : T ∗Rn → R be the Hamiltonians of (Rn, d) and (Rn, d̂), respectively:

H(η) = 1
2

L∑
i=1

⟨η,Xi⟩2, Ĥ(η) = 1
2

L∑
i=1

⟨η, X̂i⟩2, ∀η ∈ T ∗Rn.

We observe that 1
k2H(δ∗

kη) → Ĥ(η) as k → +∞. It follows that, for the Hamiltonian
vector fields (the one encoding Hamilton’s equations), it holds

lim
k→+∞

1
k2 (δ∗

1/k)∗H⃗ = ⃗̂
H,

where (δ∗
1/k)∗ is the push-forward of δ∗

1/k : T ∗Rn → T ∗Rn. Furthermore, using also the
fact that the Hamiltonian is quadratic, namely H(kη) = k2H(η), for flows it holds:

lim
k→+∞

k2δ∗
1/ke

tH⃗
( 1
k2 δ

∗
kη

)
= et

⃗̂
H(η), ∀ η ∈ T ∗Rn,

for all t ∈ R (recall that ⃗̂
H is complete). For the initial covector λδ1/k(x),δ1/k(y) corre-

sponding to the Lagrange multiplier λδ1/k(x),δ1/k(y)
1 , using (10.12), we obtain

lim
k→+∞

k2δ∗
1/kλ

δ1/k(x),δ1/k(y) = lim
k→+∞

k2δ∗
1/ke

−H⃗λ
δ1/k(x),δ1/k(y)
1 (10.13)

= lim
k→+∞

k2δ∗
1/ke

−H⃗
( 1
k2 δ

∗
k︸ ︷︷ ︸

→e− ⃗̂
H

k2δ∗
1/kλ

δ1/k(x),δ1/k(y)
1

)
︸ ︷︷ ︸

→λ̂x,y
1

= λ̂x,y.

In other words, (10.12) holds also for the corresponding initial covectors.
Furthermore, let expq : T ∗

q M → M and êxpx : T ∗
o Rn → Rn be the exponential maps

with base point q ∈ M and o ∈ Rn for (M, d) and (Rn, d̂), respectively. That is

expq = π ◦ eH⃗ |T ∗
q M , êxpo = π ◦ e

⃗̂
H |T ∗

o Rn .

Since λ̂x,y is not a critical point for êxpx, we claim that for all sufficiently large k,
the covectors λδ1/k(x),δ1/k(y), and thus the corresponding geodesic γk ∈ Geo(M, d), are
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uniquely determined by the choice of the endpoints x and y, and λδ1/k(x),δ1/k(y) is not a
critical point for expδ1/k(x).

To prove the claim, let F : [0, ε0) × T ∗
x Rn → Rn be the map

Fε(η) :=


π
(

1
ε2 δ

∗
εe

H⃗
(
ε2δ∗

1/εη
))

ε > 0,

π

(
e

⃗̂
H(η)

)
ε = 0.

The map F is smooth. We know that F0 = êxpx : T ∗
x Rn → Rn is a diffeomorphism in a

neighborhood of λ0 := λ̂x,y, and that F0(λ0) = y. We already know that any family γ1/ε

of geodesics from δε(x) and δε(y) are not abnormal for small ε. Let then λδε(x),δε(y) be a
corresponding family of initial covectors. We also know from (10.13) that the sequence
λε := 1

ε2 δ
∗
ελ

δε(x),δε(y) is such that λε → λ0, and by construction Fε(λε) = y for all ε. It
follows that for sufficiently small ε there is a unique such λε and thus λδε(x),δε(y) and
γ1/ε are uniquely determined by x and y. Since λ0 is regular for F0, and since ε 7→ dFε

is continuous, then λε is a regular point of Fε for small ε. Unraveling the notation,
this means that λδε(x),δε(y) is a regular point for expx for all sufficiently small ε. This
concludes the proof of the claim.

Summing up, so far we proved that for any (x, y) /∈ Cut(Rn, d̂) and sufficiently large
k ∈ N it holds:

• (δ1/k(x), δ1/k(y)) /∈ Cut(M, d);

• the initial covectors λδ1/k(x),δ1/k(y) of the unique geodesics γk ∈ Geo(M, d) from
δ1/k(x) to δ1/k(y) satisfy

lim
k→+∞

k2δ∗
1/kλ

δ1/k(x),δ1/k(y) = λ̂x,y,

where λ̂ is the initial covector of the unique γ̂ in Geo(Rn, d̂) joining x with y.

Let us now discuss more precisely the action of dilations on covectors in our system
of privileged coordinates. For all q ∈ Rn, it holds:

η =
n∑

i=1
ηidzi|δ1/k(q) ⇒ k2δ∗

1/kη =
n∑

i=1
k2−wiηidzi|q. (10.14)

Thus, the map k2δ∗
1/k dilates by a factor k2−j the homogeneous component of degree j

of η. We stress the following consequences of (10.13) and (10.14):

• the homogeneous component of degree 1 of λδ1/k(x),δ1/k(y) converges to zero;

• the homogeneous component of degree 2 of λδ1/k(x),δ1/k(y) converges to the homo-
geneous component of degree 2 of λ̂x,y;

• the homogeneous components of degree j > 2 have growth O(kj−2).
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To conclude, recall from Proposition 7.28 that if (δ1/k(x), δ1/k(y)) /∈ Cut(M, d), then

D(δ1/k(x), δ1/k(y)) =

√√√√ n∑
i,j=1

gij(δ1/k(x))λδ1/k(x),δ1/k(y)
i λ

δ1/k(x),δ1/k(y)
j .

Thus if the step s(p) = 2 at p, we must have at all (x, y) /∈ Ĉut(Rn)

lim
k→+∞

D(δ1/k(x), δ1/k(y)) =
√ ∑

wi=wj=2
gij(0)λ̂x,y

i λ̂x,y
j =: Ĝ(x, y). (10.15)

We extend Ĝ to zero at all cut points. A little care in the argument proves also that
the convergence in (10.15) is uniform in any sufficiently small neighborhood of a point
(xo, yo) /∈ Ĉut(Rn). Also (x, y) 7→ λ̂x,y is continuous out of the cut locus. It follows that
if (x, y) /∈ Ĉut(Rn) and xk → x, yk → y, we have

lim
k→+∞

D(δ1/k(xk), δ1/k(yk)) = Ĝ(x, y). (10.16)

We now show how (10.16) implies the L1
loc convergence of D to Ĝ as in Definition

5.3. Fix ε,R > 0. Recall that by (10.8), δk(BR/k(p)) ⊆ B̂R(1+ε)(0) for large k. Let
qk ∈ BR/k(p) form a sequence such that δk(qk) = xk is convergent in Rn. For sufficiently
large k, then qk = δ1/k(xk) where xk is a convergent sequence in BR(1+ε)(0). Then∫

BR/k(p)
|D(qk, z) − Ĝ(δk(qk), δk(z))|kQφ(z) L n(dz)

=
∫

δk(BR/k(p))
|D(δ1/k(xk), δ1/k(z)) − Ĝ(xk, z)|φ(δ1/k(z)) L n(dz)

≤
∫

B̂R(1+ε)(0)
|D(δ1/k(xk), δ1/k(z)) − Ĝ(xk, z)|φ(δ1/k(z)) L n(dz). (10.17)

Remove from the domain of integration the set Z := Ĉut(x̄), given by the cut locus of
x̄ := lim xk with respect to the metric d̂. It is well-known that, in the step 2 setting, Z
has zero Lebesgue measure. At any z ∈ B̂R(1+ε)(0) \ Z, we have that:

lim
k→+∞

D(δ1/k(xk), δ1/k(z)) = Ĝ(x̄, z), and lim
k→+∞

Ĝ(xk, z) = Ĝ(x̄, z).

The first limit is (10.16), while the second one follows from the fact that (x, z) 7→ λ̂x,z is
continuous out of the cut locus. Furthermore, the integrand of (10.17) is locally bounded
thanks to the step 2 assumption. In fact, Ĝ is locally bounded by item (iii). On the
other hand, since s(p) ≤ 2, then the step is ≤ 2 in a neighborhood of p, and thus D is
also locally bounded close to p (cf. Theorem 7.24). Thus, by the dominated convergence
theorem, (10.17) tends to zero as k → ∞, proving the L1

loc convergence of Definition 5.3.
Proof of (ii). The map (x, y) 7→ λ̂x,y is continuous out of Ĉut(Rn). For any x ∈ Rn,

the set Ĉut(x) has zero Lebesgue measure, and thus Ĝ satisfies the regularity condition
of Definition 5.3.
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Proof of (iii). The metric tangent (Rn, d̂) has constant step equal to the one of
the original structure s(p) ≤ 2. Thus, d̂ is locally Lipschitz in charts [4, Cor. 6.2].
For (x, y) ∈ Ĉut(Rn) we have set Ĝ(x, x) = 0. For (x, y) /∈ Ĉut(Rn), we have λ̂x,y =
−1

2dxd̂2(·, y). Thus Ĝ is locally bounded. By item (iv) it is also globally bounded.
Proof of (iv). Observe that dilations map Ĉut(Rn) to itself. Furthermore, homo-

geneity of d̂ and the fact that λ̂x,y = −1
2dxd̂2(·, y) ∈ T ∗

x Rn yield

λ̂δ1/k(x),δ1/k(y) = 1
k2 δ

∗
kλ̂

x,y, ∀ (x, y) /∈ Ĉut(Rn).

Thanks to the explicit formula for Ĝ of item (v), Ĝ(x, y) depends only on the homoge-
neous part of degree 2 of λ̂x,y, and this is invariant by (10.14) by the action of 1

k2 δ
∗
k. In

other words Ĝ(δk(x), δk(y)) = Ĝ(x, y) out of the cut locus, and also at the cut locus since
there we set Ĝ ≡ 0.

This concludes the proof in the case G = D. Assume that, instead of D, one had cho-
sen a general natural gauge function G : M×M → [0,+∞], induced by a 1-homogeneous
function f : Ω → [0,+∞] as in Definition 7.6. Notice that d(δ1/k(x), δ1/k(y)) → 0 as
k → ∞. Furthermore, D is locally bounded in the step 2 case, and thus f is also
bounded and smooth on its domain. It follows that G converges in the L1

loc sense to
f(0, Ĝ0), where Ĝ0 is the L1

loc limit of D that we have described in the previous case.
Using the 1-homogeneity of f we deduce that Ĝ = f(0, 1)Ĝ0. This concludes the proof
for scalar valued gauge functions.

The proof is unchanged in the vector-valued case, with obvious modifications.

We record one main consequence of Theorem 10.8.

Theorem 10.9 (MCP on the tangent). Let (M, d,m) be a sub-Riemannian metric mea-
sure space equipped with a natural gauge function G. Let (Rn, d̂) be a tangent cone of
(M, d) at p in a system of privileged coordinates, where n = dimM . Equip it with:

• the measure m̂ = limk→0(δk)♯m, proportional to the Lebesgue measure on Rn;

• the limit gauge function Ĝ of Theorem 10.8, assuming that the step is s(p) ≤ 2.

Let β as in (3.6), and assume that βt : [0,D) → R is locally Lipschitz. If (M, d,G,m)
satisfies the MCP(β) then also (Rn, d̂, Ĝ, m̂) satisfies the MCP(β).

Corollary 10.10 (CD on the tangent). In Theorem 10.9, assume moreover that (M, d)
is fat. Then (Rn, d̂, Ĝ, m̂), which is an ideal Carnot group, satisfies the CD(β, n).

Proof of Theorem 10.9 and Corollary 10.10. Using the explicit description of the con-
vergence to the tangent cone at the beginning of Section 10.4.1, we apply the stability
Theorem 5.6. To apply it, we first remark that, since s(p) ≤ 2, then the step is ≤ 2 in a
neighborhood of p so that any natural gauge function such as G must be locally bounded
(cf. Theorem 7.24). The remaining hypotheses of Theorem 5.6 are satisfied thanks to
Theorem 10.8. This proves Theorem 10.9.
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We now prove Corollary 10.10. If (M, d) is fat, then also (Rn, d̂) is fat. We note
in passing that fat structures have constant growth vector, so that the structure is
equiregular and in particular the tangent cone has the structure of a Carnot group [31].

Furthermore, fat structures do not admit non-trivial abnormal geodesics, so they
are ideal. By the results in [24], ideal structures support interpolation inequalities with
dimensional parameter n as in Definition 4.5, and the corresponding ν appearing in
Definition 4.5 is concentrated on a set of geodesics that avoid the cut locus (out of
which, Ĝ is continuous). Notice that the parameter N in the definition of β in (3.6)
must be necessarily N ≥ n, as a consequence of Theorem 4.20.

Thus we can apply Theorem 4.7 to (Rn, d̂, Ĝ, m̂), improving the MCP(β) of Theorem
10.9 to the CD(β, n).

Remark 10.11. We can appreciate here an important difference with respect to the Rie-
mannian case. In the Riemannian case, any system of coordinates is privileged, all
coordinates have weight one, and thus by Theorem 10.8(v) any natural gauge function
induces, in the limit, the trivial one Ĝ = 0. Since for general distortion coefficients
βt(Ĝ) = βt(0) = tN , Theorem 10.9 can be used to prove that the metric measure tangent
of Riemannian manifolds must satisfy the MCP(0, N), without using the explicit knowl-
edge of the tangent. However, in sub-Riemannian geometry, where weight 2 coordinates
are available, one can have non-trivial gauge functions in the limit, and thus the MCP(β)
property on the tangent does not imply, a priori, a classical MCP(0, N).

10.5 Vector-valued gauge functions on three-dimensional structures

In this section we illustrate through an example our theory in the case of vector-valued
gauge functions.

We consider here left-invariant fat sub-Riemannian structures on three-dimensional
Lie groups, sometimes referred to as three-dimensional model spaces (even if with a
different meaning than in Section 8): the Heisenberg group H1, the special unitary
group SU(2), and the special linear group SL(2).

For a unified description, let us consider G a simply connected three-dimensional
Lie group endowed with a contact sub-Riemannian structure whose distribution D is
generated by two left-invariant vector fields X1 and X2 which are orthonormal with
respect to the corresponding sub-Riemannian metric. We assume the existence of a
killing vector field X0 transverse to D . Up to isometries and dilations, thanks to the
classification in [1, 45], we can assume that the following Lie bracket relations hold for
some K ∈ R:

[X1, X2] = X0, [X0, X1] = KX2, [X0, X2] = −KX1.

In this description the Heisenberg group corresponds to K = 0, the group SU(2) for
K = 1, while SL(2) corresponds to the choice K = −1. Here K coincides with the
Tanaka-Webster curvature of the CR structure.
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If we endow these sub-Riemannian structures with the Popp volume m (see [21]),
then the corresponding volume distortion ρm (cf. Appendix B.3 and Section 9) along
non-trivial geodesics is always identically zero [10].

Following the notation of Sections 8-9, given x, y ∈ G \ Cut(G) and for the geodesic
γ : [0, 1] → G joining them, γ has (reduced) Young diagram Y with two columns which
can be labeled as follows:

Y =
b a

c

with all sizes of the superboxes equal to 1. The Young diagram has two levels, denoted
by I and II, the first one with length ℓI = 2, while the second one with length ℓII = 1,
both with size 1. The sub-Riemannian Ricci curvatures have been computed in [5]:

Rica
λ = Ricc

λ = 0, Ricb
λ = h0(λ)2 +Kd2(x, y), (10.18)

where λ = λx,y ∈ T ∗
xM is the initial covector of the geodesic γ and

h0(λ) := ⟨λx,y, X0⟩,

is its component in the direction of X0.
Notice that, out of the cut locus, by Proposition 7.28 it holds:

|h0(λx,y)| =
√

D(x, y)2 − d(x, y)2, ∀ (x, y) /∈ Cut(G),

where D denotes the natural gauge associated with the Riemannian extension such that
X1, X2, X0 is an orthonormal frame (cf. Definition 7.4).

Therefore, on the basis of the curvature bounds (10.18), we are led to define on G
the vector-valued gauge function G : G×G → R2

+ as follows

G = (G1,G2) := (
√

D2 − d2, d). (10.19)

Since contact structures have step 2, then G is locally bounded by Theorem 7.24(iii).
The assumptions of the main comparison Theorem 8.9 are satisfied by setting

κ̄I : [0,∞) → R2, κ̄I(θ1, θ2) := (θ2
1 +Kθ2

2, 0),
κ̄II : [0,∞) → R, κ̄II(θ1, θ2) := 0.

To make the formulation of Theorem 8.9 explicit, we display the functions occurring in
its statement. For what concerns the level I, following the construction described in
Section 8.2, we have for κ1 ∈ R:

sκ1,0(t) = 2 − 2 cos
(√
κ1t
)

− √
κ1t sin

(√
κ1t
)

κ2
1

, tκ1,0 =


2π√
κ1

κ1 > 0,
+∞ κ1 ≤ 0,

with usual interpretation when κ1 ≤ 0. Using (8.11), we have

sκ̄I (θ1, θ2) = sκ̄I(θ1/|θ|,θ1/|θ|)(|θ|),
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Figure 5: Picture of DOMκ̄ for κ̄(θ1, θ2) = θ2
1 +Kθ2

2. Here, θ1 = |h0| and θ2 = d.

and more explicitly

sκ̄I (θ1, θ2) = |θ|2

2 − 2 cos
(√

θ2
1 +Kθ2

2

)
−
√
θ2

1 +Kθ2
2 sin

(√
θ2

1 +Kθ2
2

)
θ2

1 +Kθ2
2

 ,
where |θ| =

√
θ2

1 + θ2
2. The positivity domain of sκ̄I is

DOMκ̄I = {(θ1, θ2) ∈ R2
+ | θ2

1 +Kθ2
2 < 2π},

which is indeed an open and star-shaped set, whose shape depends on the sign of K, as
shown in Figure 5.

The level II is omitted according to the prescriptions of Theorem 8.9, so we do not
need to compute the corresponding comparison functions.

Thus, Theorem 8.9 yields that for all (x, y) /∈ Cut(G) we have G(x, y) ∈ DOMκ̄I , and

β
(X,d,m)
t (x, y) ≥ t

sκ̄I (tG(x, y))
sκ̄I (G(x, y)) .

The above inequality can be explicitly rewritten thanks to (10.19) in the form:

β
(X,d,m)
t (x, y) ≥ t

2 − 2 cos
(
t
√
h2

0 +Kd2
)

− t
√
h2

0 +Kd2 sin
(
t
√
h2

0 +Kd2
)

2 − 2 cos
(√

h2
0 +Kd2

)
−
√
h2

0 +Kd2 sin
(√

h2
0 +Kd2

) ,

where h0 = h0(λx,y) and d = d(x, y).
Remark 10.12. One may wonder whether one could apply our framework with the scalar
gauge function Gscal := h2

0 + Kd2, instead of the vector-valued one G = (|h0|, d). This
approach has two main drawbacks:

• scalar gauge functions are required to be non-negative, hence the choice of Gscal =
h2

0 +Kd2 as a gauge would be possible only in the case K ≥ 0, failing the purpose
of including all three-dimensional structures on Lie groups in a unified framework;
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• our guiding principle is that the gauge function should be a reference function with
respect to which curvature bounds can be quantified. Gauge functions should not
contain the numerical parameters that quantify the extent of curvature bounds.
The three-dimensional examples in this section nicely illustrate this idea: the only
non-zero curvature is Ricb

λ ≥ h2
0 +Kd2, the non-negative functions |h0| and d are

the gauge to measure the extent of the curvature bound, which is then quantified
by the parameter K ∈ R.

A Sub-Riemannian geometry

In this appendix we collect basic facts and notations in sub-Riemannian geometry used
in this paper. For a comprehensive introduction, we refer to [2, 76, 71].

• A sub-Riemannian structure on a smooth, connected n-dimensional manifold M ,
where n ≥ 2, is defined by a set of m ≥ 2 global smooth vector fields X1, . . . , XL,
called a generating family.

• We assume the bracket-generating condition, i.e., the vector fields X1, . . . , XL and
their iterated Lie brackets at x generate the tangent space TxM , for all x ∈ M .

• The (generalized) distribution is the disjoint union D = ⊔
x∈M Dx, where

Dx := span{X1(x), . . . , XL(x)} ⊆ TxM, ∀x ∈ M.

Notice that D is a vector bundle if and only if dim Dx does not depend on x.

• The generating family induces an inner product gx on Dx given by:

gx(v, v) := inf
{

L∑
i=1

u2
i | v =

L∑
i=1

uiXi(x)
}
, ∀ v ∈ Dx.

• For i ≥ 1, we define the iterated distributions D i = ⊔
x∈M D i

x, where:

D i
x := span{[Xi1 , [. . . , [Xij−1 , Xij ]] | ik ∈ {1, . . . , L}, j ≤ i}.

The step of the distribution at x is the minimal s = s(x) such that Ds
x = TxM .

• A horizontal curve is an absolutely continuous (in charts) map γ : [0, 1] → M such
that there exists u ∈ L2([0, 1],RL), called control, satisfying

γ̇(t) =
L∑

i=1
ui(t)Xi(γ(t)), a.e. t ∈ [0, 1].

The class of horizontal curves depends on the family F = {X1, . . . , XL} only
through the C∞(M)-module of vector fields generated by F .
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• We define the length of a horizontal curve γ : [0, 1] → M as follows:

ℓ(γ) :=
∫ 1

0

√
g(γ̇(t), γ̇(t))dt.

The length ℓ is invariant by suitable reparametrizations. Every horizontal curve is
the reparametrization of a suitable constant-speed one.

• The sub-Riemannian (or Carnot-Carathéodory) distance is defined by:

d(x, y) = inf{ℓ(γ) | γ(0) = x, γ(1) = y, γ horizontal}. (A.1)

The bracket-generating condition implies that d is finite and continuous. If (M, d)
is complete as metric space, then for any x, y ∈ M the infimum in (A.1) is attained.

• On the space of horizontal curves defined on [0, 1] and with fixed endpoints, the
minimizers of ℓ, parametrized with constant speed, coincide with the minimizers
of the energy functional

J(γ) := 1
2

∫ 1

0
g(γ̇(t), γ̇(t)) dt.

• The end-point map associated with the generating family F = {X1, . . . , XL} and
with base point x is the Fréchet-smooth map EndF

x : U → M , which sends u to
γu(1), where γu is the solution of

γ̇u(t) =
L∑

i=1
ui(t)Xi(γu(t)), γu(0) = x,

for every u ∈ U ⊂ L2([0, 1],RL) for which the solution γu is defined on [0, 1].

• Sub-Riemannian geodesics are admissible trajectories associated with minimizing
controls, namely the ones that solve the constrained minimum problem

min{J(u) | u ∈ U , EndF
x (u) = y}, x, y ∈ M.

Sub-Riemannian geodesics are precisely those curves γ : [0, 1] → M such that
d(γt, γs) = |t− s|d(γ0, γ1).

• If u is a minimizing control with EndF
x (u) = y, then there exists a non-trivial pair

(λ1, ν) ∈ T ∗
yM × {0, 1}, called Lagrange multiplier, such that

λ1 ◦Du EndF
x (v) = ν(u, v)L2 , ∀v ∈ TuU ≃ L2([0, 1],RL),

where ◦ denotes the composition of linear maps, D the (Fréchet) differential. Non-
trivial means that (λ1, ν) ̸= (0, 0).
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• The multiplier (λ1, ν) and the associated curve γu are called normal if ν = 1 and
abnormal if ν = 0. A minimizing control u may admit different multipliers so
that γu might be both normal and abnormal. In particular we observe that γu is
abnormal if and only if u is a critical point of EndF

x .

• If a : T ∗M → R is a smooth function, we denote by a⃗ the corresponding Hamilto-
nian vector field, i.e., the vector field on T ∗M satisfying σ(·, a⃗) = da, where σ is
the canonical symplectic form of T ∗M .

• If γu : [0, 1] → M is a normal geodesic, with Lagrange multiplier λ1, then it admits
a lift λ : [0, 1] → T ∗M satisfying the differential equation

λ̇(t) = H⃗(λ(t)), λ(1) = λ1,

where H : T ∗M → R is the sub-Riemannian Hamiltonian:

H(λ) := 1
2

L∑
i=1

⟨λ,Xi⟩2, ∀λ ∈ T ∗M,

and H⃗ denotes the corresponding Hamiltonian vector field.

• The exponential map at x ∈ M is the map expx : T ∗
xM → M , which assigns to

λ0 ∈ T ∗
xM the final point π(λ(1)) of the corresponding solution of

λ̇(t) = H⃗(λ(t)), λ(0) = λ0.

The covector λ0 is called initial covector of the trajectory. The curve γu(t) =
π(λ(t)), t ∈ [0, 1], has control ui(t) = ⟨λ(t), Xi(γu(t))⟩ for i = 1, . . . , L, and satisfies
the normal Lagrange multiplier rule with Lagrange multiplier λ1 = eH⃗(λ0).

• Given a normal geodesic γ(t) = expx(tλ0) with initial covector λ0 ∈ T ∗
xM we say

that y = expx(t̄λ) is a conjugate point to x along γ if t̄λ is a critical point for
expx. Also we say that γ(s) and γ(t) are conjugate if γ(t) is conjugate to γ(s)
along γ|[s,t].

• A normal geodesic γ : [0, 1] → M contains no non-trivial abnormal segments if for
every s, s′ ∈ [0, 1] with 0 < |s− s′| < 1, the restriction γ|[s,s′] is not abnormal.

• If a geodesic γ : [0, 1] → M contains no non-trivial abnormal segments, then γ(s)
is not conjugate to γ(s′) for every s, s′ ∈ [0, 1] with 0 < |s− s′| < 1.

• A sub-Riemannian structure is ideal if the corresponding metric d is complete and
there exist no non-trivial abnormal geodesics.

• We say that y ∈ M is a smooth point, with respect to x ∈ M , if there exists a
unique geodesic joining x with y, which is not abnormal, and with non-conjugate
endpoints.
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• The cut locus Cut(x) is the complement of the set of smooth points with respect
to x. The global cut locus of M is

Cut(M) := {(x, y) ∈ M ×M | y ∈ Cut(x)}.

The set of smooth points is open and dense in M , and the squared sub-Riemannian
distance is smooth on M ×M \ Cut(M) [9, 77].

• The abnormal set Abn(x) is the set of points y such that there exists an abnormal
geodesic joining x and y. It holds Abn(x) ⊆ Cut(x).

B Canonical curvature

This is a self-contained account of the results in [91] concerning the construction of the
canonical frame and canonical curvature, adapted to our settings. This approach to the
construction of curvature-type invariants and its relation with the geometry of curves
in the Lagrange Grassmannian has its roots in the seminal papers [8, 11]. See also [2,
Appendix]. We will use basic concepts on the geometry of the Lagrange Grassmannian,
for which we refer to [2, Ch. 14].

B.1 Curves in the Lagrange Grassmannian

With any curve Λ(·) in a Lagrange Grassmannian Gk(W ) of n-dimensional Lagrangian
subspaces of a 2n-dimensional symplectic space (W,σ) one can associate a curve of flags
of subspaces in W . Denote:

Λ(i)(t) := span
{

dj

dtj ξ(t) | ξ(·) is a smooth curve with ξ(τ) ∈ Λ(τ) for all τ , 0 ≤ j ≤ i

}
.

Recall that the tangent space TΛGk(W ) to a point Λ ∈ Gk(W ) is identified with the
space Q(Λ) of quadratic forms on Λ via the symplectic form. Explicitly, this is done by
identifying the tangent vector Λ̇ at a point Λ with the quadratic form Λ ∋ ξ 7→ σ(ξ, ξ̇0),
where τ 7→ ξτ is a smooth curve in W such that ξτ ∈ Λ(τ) for all τ and ξ0 = ξ. The
rank of Λ(·) at t is the rank of Λ̇(t) as a quadratic form.

We define then a flag of families of subspaces

Λ(τ) =: Λ(0)(τ) ⊆ Λ(1)(τ) ⊆ . . . .

We make the following assumptions on the curve Λ(·):

(i) it is equiregular, that is ki(t) := dim Λ(i)(t) does not depend on t, for all i ≥ 0;

(ii) it is ample, that is there exists s ∈ N such that Λs(t) = W for all t;

(iii) it is monotonically non-decreasing: Λ̇(t) ≤ 0 for all t;
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. . .

. . .
...

...

# boxes = di

Figure 6: Young diagram.

As a consequence of (i), the sequence of numbers

di := dim Λ(i+1) − dim Λ(i), i ≥ 0.

is non-increasing. We assign a Young diagram to the curve Λ(·) as follows: the number
of boxes in the i-th column of the diagram is equal to dim Λ(i) −dim Λ(i−1). In particular
the number of boxes in the first column coincides with the rank of the curve: d1 = rank Λ̇.
By (ii), the Young diagram contains n = dim(W ) boxes. See Figure 6.

B.1.1 Reduced Young diagram

Heuristically, a row of length ℓ in the Young diagram corresponds to the existence of
a curve ξ(·) ∈ Λ(·) such that ξ̇(·), . . . , ξ(ℓ)(·) are all independent as elements of W . It
is reasonable then to identify subspaces that have the same behaviour with respect to
these derivations. This motivates the following procedure.

For any given column of the Young diagram, we merge in a single box all boxes located
in the rows with the same length. This procedure yields a reduced Young diagram from
the original one, whose boxes are called superboxes, and whose rows are called levels. All
superboxes of a given level have the same size r, that is the number of boxes merged
together in the superbox, see Figure 7.

α1 α2 α3 αℓ· · ·

size r level α

Figure 7: Superboxes α1, . . . , αℓ of a level α.

By construction, the reduced Young diagram contains d ≥ 1 levels, and the sequence
of lengths of the levels is strictly decreasing:

ℓ1 > ℓ2 > · · · > ℓd.

We call Y the reduced Young diagram, which formally is identified with the set of its
superboxes. Generic superboxes are denoted with the letters a, b, . . . . We are going to
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define curvature-type invariants of Λ(·) in terms of matrix-valued mappings. For this
reason we need to introduce some terminology. A mapping

R : Y × Y → Mat,

where Mat denotes the set of all matrices, is called:

• compatible with the Young diagram Y if to any pair (a, b) of superboxes of sizes ra

and rb, the matrix R(a, b) has size ra × rb;

• symmetric if R(b, a) = R(a, b)∗ for any pair (a, b) of superboxes.

B.1.2 Normal mappings

Curvature mappings will be required to satisfy algebraic conditions, formulated in terms
of vanishing of some blocks R(a, b), for suitable superboxes a, b ∈ Y . We refer to [91,
Def. 1, Def. 2] for the general formulation, which we describe here only for the cases in
which Y has no more than two columns (and hence at most two levels). In this case, a
symmetric and compatible mapping R : Y × Y → Mat is called normal if:

• R(a, b) is skew-symmetric, that is R(a, b) = −R(a, b)∗, for all pairs of distinct
superboxes a, b that belong to the first level of Y .

Of course this condition is vacuous if Y has only one column (and hence only one
superbox, as it happens for Jacobi curves of a Riemannian or Finsler structures), so that
a symmetric compatible mapping in this latter case is just any n×n symmetric matrix.

B.1.3 Normal moving frames

A normal moving frame will be a smooth one-parameter family of bases of W , attached
to a given curve Λ(·). It will be convenient to label the elements of a moving frame
according to the superboxes of a reduced Young diagram Y . In particular, if a is a
superbox of Y of size r, then

Ea(t) = (Ea1(t), . . . , Ear (t)), Fa(t) = (Fa1(t), . . . , Far (t)),

denote two tuples of smooth families of vector fields in W , which are independent at all
times. The collection {Ea(t), Fa(t)}a∈Y will then be a basis for W for all times. It is
natural to require that the frame is Darboux, that is

σ(Ea, Eb) = σ(Fa, Fb) = σ(Ea, Fb) − δab = 0, ∀ a, b ∈ Y,

where for tuples V, V ′ of vectors in W we denote by σ(V, V ′) the matrix σ(Vi, V
′

j ) and
δ is a Kronecker delta, that is δab = 0 if a ̸= b and δab = 1 if a = b (here, 0 and 1 are
ra × rb matrices).

142



Definition B.1 (Normal moving frames). The moving Darboux frame {Ea(t), Fa(t)}a∈Y

is called a normal moving frame of a non-decreasing curve Λ(t) with reduced Young
diagram Y if for all t:

Λ(t) = span{Ea(t)}a∈Y , (B.1)

and there exists a one-parameter family of symmetric and compatible normal mappings
Rt : Y × Y → Mat such that for any superbox a ∈ Y

Ėa(t) = El(a)(t), a /∈ first(Y ),
Ėa(t) = −Fa(t), a ∈ first(Y ),
Ḟa(t) =

∑
b∈Y

Rt(a, b) · Eb(t) − Fr(a)(t), a /∈ last(Y ),

Ḟa(t) =
∑
b∈Y

Rt(a, b) · Fb(t), a ∈ last(Y ),

where first(Y ) and last(Y ) denote the set of superboxes in the first (resp. last) column
of each level of Y , while l : Y \ first(Y ) → Y and r : Y \ last(Y ) → Y denote the left
and right shift of superboxes on Y .

Theorem B.2 (Existence and uniqueness of normal moving frames [91]). For any ample,
equiregular, monotonically non-increasing curve Λ(·) in the Lagrange Grassmannian,
with reduced Young diagram Y , there exists a normal moving frame {Ea(t), Fa(t)}a∈Y .

Furthermore {Ẽa(t), F̃a(t)}a∈Y is another normal moving frame if and only if for any
level 1 ≤ i ≤ d of Y with size ri there exists a constant orthogonal ri × ri matrix Ui such
that for all superboxes a in the i-th level it holds

Ẽa(t) = Ui · Ea(t), F̃a = Ui · Fa(t), ∀ t.

B.1.4 Canonical splittings and curvatures

Theorem B.2 yields a rich structure attached to Λ(·). Firstly, the family Λ(t) is equipped
with a canonical Euclidean structure, given by the scalar product that makes the elements
of the tuples {Ea(t)}a∈Y orthonormal. Secondly, we have the splitting

Λ(t) =
⊕
a∈Y

Va(t), where Va(t) := span{Ea(t)}.

Similarly one can define a Lagrangian complement Λtrans(t) such that W = Λ(t) ⊕
Λtrans(t) for all times, given by

Λtrans(t) :=
⊕
a∈Y

Ha(t), where Ha := span{Fa(t)}.

The matrix-valued maps Rt(a, b) appearing in Theorem B.2 correspond to well-
defined operators. In fact, if Rt, R̃t : Y × Y → Map are two compatible, symmetric
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normal mappings associated with two canonical moving frames {Ea(t), Fa(t)}a∈Y and
{Ẽa(t), F̃a(t)}a∈Y , then it follows from Theorem B.2 that:

R̃t(a, b) = U∗
i Rt(a, b)Uj , ∀ t,

where a and b belong to the i-th and j-th levels of Y , respectively, and Ui, Uj are
orthogonal constant matrices appearing in Theorem B.2. We can then give the following
formal definition.

Definition B.3 (Canonical curvatures). Let Λ(·) be an ample, equiregular, monotoni-
cally non-increasing curve in the Lagrange Grassmannian, with reduced Young diagram
Y . For any a, b ∈ Y , we define the (a, b)-canonical curvature map

Rab(t) : Va(t) × Vb(t) → R,

as the one-parameter family of linear maps whose representative matrix correspond to the
matrix Rt(a, b) with respect to the bases Ea and Eb of Va and Vb. The canonical curvature
map is the one-parameter family of symmetric linear maps R(t) : Λ(t) × Λ(t) → R such
that its restriction on Va(t)×Vb(t) coincides with Rab(t) for all a, b ∈ Y . Finally, for each
a ∈ Y , the canonical Ricci curvature is the one-parameter family obtained by taking the
trace on superboxes of R with respect to the canonical Euclidean structure:

Rica(t) := tr(Raa(t)), ∀ a ∈ Y,

that is the trace of the matrix Rt(a, a) for any choice of normal moving frame.

B.2 Jacobi curves

An important case to which the previous theory applies is that of Jacobi curves Jλ(·)
associated with an extremal (i.e., an integral curve of a Hamiltonian flow) that we now
introduce. Let M be a smooth n-dimensional manifold, and H : T ∗M → R be a function,
generating the Hamiltonian flow etH⃗ . For simplicity we assume it to be defined for all
times t ∈ R. Letting T ∗M ̸=0 = {λ ∈ T ∗M | H(λ) ̸= 0}, we require the following:

(H1) H is smooth on T ∗M ̸=0;

(H2) the Hessian of the restriction Hx := H|T ∗
x M at any point λ ∈ T ∗

xM ̸=0, denoted by
d2

λHx : T ∗
xM → R, is a non-negative and possibly degenerate quadratic form.

These assumptions are verified for the Hamiltonian function of general (sub-)Riemannian
and (sub-)Finsler structures, or for the Hamiltonian of a general LQ optimal control
problem on M = Rn (see Section 8.1). Notice that in the (sub-)Riemannian or in the
LQ case, since Hx is a quadratic form, it holds d2

λHx = 2Hx.

Definition B.4 (Jacobi curve). Let λ ∈ T ∗M ̸=0 be the initial covector of λt = etH⃗(λ).
The Jacobi curve at λ is the following curve of Lagrangian subspaces of Tλ(T ∗M):

Jλ(t) := e−tH⃗
∗ Tλt(T ∗

γt
M),

where γt = π(λt).
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We have the following properties for all t, s where the statements make sense:

(P1) Jλ(t+ s) = e−tH⃗
∗ Jλt(s);

(P2) J̇λ(0) = −d2
λHx as quadratic forms on Jλ(0) = Tλ(T ∗

xM) ≃ T ∗
xM , where x = π(λ).

See [2, Prop. 15.2] for a proof in the (sub-)Riemannian case.
It follows from (P2) that J̇λ(t) ≤ 0 for all times, so that Jλ(t) is monotonically non-

increasing curve. When the curve is also ample and equiregular, we can apply Theorem
B.2. The corresponding moving frames and curvature operators can be defined in three
equivalent ways. For clarity, we describe them all here.

B.2.1 Curves in the Lagrange Grassmannian point of view

If Jλ(·) is an ample and equiregular Jacobi curve, with Young diagram Y , Theorem B.2
yields the existence of:

• a normal moving frame {Ea(t), Fa(t)}a∈Y for Jλ(t);

• the subspaces Va(t) = span{Ea(t)} and Ha(t) = span{Fa(t)} of Tλ(T ∗M);

• the (a, b)-curvature maps Rab(t) : Va(t) × Vb(t) → R, represented by the curvature
matrices Rt(a, b);

• the curvature map R(t) : Jλ(t) → Jλ(t), extending all the (a, b)-curvature maps;

• the Ricci curvatures Rica(t) = trRaa(t).

B.2.2 Canonical frame along the extremal point of view

Notice that etH⃗
∗ maps Tλ(T ∗M) diffeomorphically onto Tλt(T ∗M), sending in particular

Jλ(t) to the vertical space Vλt = ker dλtπ. Therefore, a normal moving frame can be
identified with a family of Darboux bases along λt, by setting

Ea|λt := etH⃗
∗ Ea(t), Fa|λt := etH⃗

∗ Fa(t), ∀ a ∈ Y. (B.2)

Definition B.1 for a normal moving frame can be reformulated in an equivalent way in
terms of the frame (B.2). Firstly, equation (B.1) becomes the condition

Vλt := ker dλtπ = span{Ea|λt}a∈Y .

Secondly, the structural equations in Definition B.1 are expressed in terms of (B.2)
replacing the time-derivative with the derivative in the direction of H⃗.

With this approach, to any extremal λt = etH⃗(λ) associated with an ample and
equiregular Jacobi curve with Young diagram Y , Theorem B.2 yields the existence of:

• a normal moving frame {Ea|λt , Fa|λt}a∈Y along Tλt(T ∗M), also called canonical
frame;
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• the subspaces Va|λt
= span{Ea|λt} and Ha|λt

= span{Fa|λt} of Tλt(T ∗M);

• the (a, b)-canonical curvature maps Rab
λt

: Va|λt
× Vb|λt

→ R, represented by the
curvature matrices Rt(a, b);

• the canonical curvature map Rλt : Vλt ×Vλt → R, extending all the (a, b)-canonical
curvature maps;

• the Ricci curvatures Rica
λt

= trRaa
λt

.

This notation is consistent, in the sense that if λs, for some s ∈ R, is used as initial
covector to produce the extremal (λs)t = etH⃗(λs), then it holds

R(λs)t
= Rλt+s , ∀ t, s ∈ R.

This property is a consequence of (P1). It follows that Rλt is the restriction to λt of a
well-defined operator-valued map λ 7→ Rλ, also called canonical curvature map, defined
at all those points λ associated with an ample and equiregular Jacobi curve.

B.2.3 Smooth families of operators point of view

Assuming that there exists a neighborhood U ⊆ T ∗M of covectors with ample and
equiregular Jacobi curve with the same reduced Young diagram Y , the maps λ 7→ Rab

λ

are smooth on U8. This is the point of view adopted in Section 9, in order to study the
singularity of Rλ as λ → ∂U for fat sub-Riemannian structures (in that case U = {λ ∈
T ∗M | H(λ) = 0}).

B.3 Geodesic volume derivative

Let (D , g) be a sub-Riemannian structure on a smooth manifold M , equipped with a
smooth measure m. Let U ⊆ T ∗M be an open subset where any λ ∈ U is associated
with an ample and equiregular Jacobi curve, so that the canonical frame is well-defined.

Definition B.5 (Geodesic volume derivative). The geodesic volume derivative with
respect to m is the smooth function ρm : U → R, defined by

ρm,λ := d

dt

∣∣∣∣
t=0

logm
( ∧

a∈Y

π∗Fa|λt

)
, ∀λ ∈ U,

for any choice of canonical frame along λt = etH⃗(λ).

The definition is well-posed, that is it does not depend on the choice of canonical
frame, thanks to the uniqueness part of Theorem B.2.

8This is a consequence of the proofs [91], as there one only uses inversion of matrices, solutions of
ODES, all of them depending smoothly on the initial covector λ.

146



B.4 The Riemannian case

In the Riemannian case the Jacobi curve at any λ ∈ T ∗M is ample and equiregular with
the same reduced Young diagram made of one superbox (so we can omit it from the
notation). It is proven in [22, Lemma 15] that:

Rλ = R(·, λ, λ, ·), Ricλ = Ric(λ, λ),

where we identify Tλ(T ∗
xM) = T ∗

xM ≃ TxM via the Riemannian structure, while R and
Ric denote the Riemann and Ricci curvature tensors, respectively.

Concerning the geodesic volume derivative, one can also prove that, in the Rieman-
nian case, the canonical frame projects onto an orthonormal frame. If M is equipped
with a smooth reference volume m = e−V vol, where V : M → R is a smooth function
and vol is the Riemannian density, then the geodesic volume derivative reduces to

ρm,λ := d

dt

∣∣∣∣
t=0

log e−V (γ(t)) = −g(∇γ0V, γ̇0),

where γt = π(λt).
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[19] Z. M. Balogh, A. Kristály, and K. Sipos. Geometric inequalities on Heisenberg
groups. Calc. Var. Partial Differential Equations, 57(2):Paper No. 61, 41, 2018.
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[88] M.-K. von Renesse. On local Poincaré via transportation. Math. Z., 259(1):21–31,
2008.

[89] M.-K. von Renesse and K.-T. Sturm. Transport inequalities, gradient estimates,
entropy, and Ricci curvature. Comm. Pure Appl. Math., 58(7):923–940, 2005.

[90] E. Witten. Global gravitational anomalies. Comm. Math. Phys., 100(2):197–229,
1985.

[91] I. Zelenko and C. Li. Differential geometry of curves in Lagrange Grassmannians
with given Young diagram. Differential Geom. Appl., 27(6):723–742, 2009.

153


	Introduction
	Table of notations
	Synthetic Ricci curvature lower bounds for gauge spaces
	Preliminaries and notation
	Convergence of measures
	Optimal transport and W2-distance in metric spaces
	Relative entropies

	Gauge functions on metric spaces
	Curvature-dimension conditions for gauge spaces
	Recovering the Lott-Sturm-Villani's theory
	Recovering the Balogh-Kristály-Sipos' theory


	Geometric consequences
	Generalized Brunn-Minkowski inequality
	MCP implies CD for spaces supporting interpolation inequalities
	Gauge diameter estimate
	Doubling inequalities for balls
	Geodesic dimension estimates
	Generalized Bishop-Gromov inequality
	Parametric doubling for gauge balls

	Stability and compactness
	Stability of MCP
	Stability of CD
	Compactness for MCP and CD spaces

	Vector-valued gauge functions
	Geometric consequences
	Stability and compactness

	Natural gauge functions
	The D function
	Definition of natural gauge functions
	Natural gauge functions in sub-Riemannian metric spaces
	Meek condition
	Regularity condition
	G-boundedness condition

	Expression of D out of the cut locus

	Sub-Riemannian comparison theory
	LQ optimal control problems
	Constant curvature models
	The Riemannian case
	The Sasakian case
	The two columns case

	Main comparison result

	Curvature estimates for fat sub-Riemannian structures
	Fat curvature estimates
	Preliminary setup
	Fundamental computations
	Partial dilations
	Pseudo-homogeneous maps

	Regularity of the canonical frame
	Regularity of the canonical curvature maps
	Proof of Theorem 9.2
	Compact fat structures satisfy the CD condition

	Examples and applications
	Heisenberg group
	Application of the comparison theory to the Heisenberg group

	The Grushin plane
	Canonical variation
	Sasakian foliations

	Convergence to the tangent cone
	Description of convergence to the tangent cone
	Convergence of natural gauge functions to the tangent cone

	Vector-valued gauge functions on three-dimensional structures

	Sub-Riemannian geometry
	Canonical curvature
	Curves in the Lagrange Grassmannian
	Reduced Young diagram
	Normal mappings
	Normal moving frames
	Canonical splittings and curvatures

	Jacobi curves
	Curves in the Lagrange Grassmannian point of view
	Canonical frame along the extremal point of view
	Smooth families of operators point of view

	Geodesic volume derivative
	The Riemannian case


