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Abstract
Incorporating probabilistic terms in mathematical models is crucial for capturing and quan-
tifying uncertainties in real-world systems, especially when the solution is not unique or
exhibits sudden qualitative changes as parameters vary. However, stochastic models typi-
cally require large computational resources to produce meaningful statistics. In this work,
we leverage the Polynomial Chaos (PC) expansion to propose a systematic approach for
bifurcation detection in parametric systems of equations. We show that the method, exploit-
ing a perturbed version of the deterministic model, avoids repeated costly simulations across
multiple parameter values and requires no prior information for initializing numerical solvers,
while still providing accurate characterization of the bifurcation branches. We argue that the
PC solutions of the perturbed model not only provide access to statistical information about
the deterministic branches, but also approximate simultaneously their behavior in a single
solver call. Finally, we validate our claims bymeans of numerical tests on the pitchfork bifur-
cation, examining both its normal form and a classical realization in fluid-dynamics PDEs,
namely the Coandă effect.

Keywords Bifurcation Problems · Coandă Effect · Polynomial Chaos Expansion · Spectral
Stochastic Finite Element · Uncertainty Quantification

1 Introduction

Nonlinear parametric partial differential equations (PDEs) play a fundamental role in accu-
rately modeling several physics problems, but their solutions may exhibit a non-trivial
dependence on the system parameters. This is indeed the case of bifurcating phenomena
[1], where the nonlinear terms in the equations give rise to a non-differentiable evolution
of the solution manifold, and thus to the non-uniqueness of the solution with respect to the
parameters. More specifically, the problem admits multiple co-existing states for the same
value of a parameterμ (e.g. controlling the physical properties of the model), and an in-depth
numerical investigation is needed to deal with such ill-posedness to fully describe the sys-
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tem in the simulations. Studying a model’s bifurcating behavior means evaluating the curve
individuated in the state space by the solutions obtained solving the equations for different
values of the parameters. An intuitive way of describing the bifurcation is to represent it via
the bifurcation diagram, which consists in tracking a specific scalar quantity of interest, char-
acterizing the different branchesw.r.t. the corresponding parameter value, possibly including
information regarding their stability properties.

The complexity of the topic, coupledwith itswide range of potential applications, has stim-
ulated the development of numerical methods to investigate such problems and enhance their
exploitation. In particular, most numerical approaches to bifurcation analysis are commonly
referred to as continuation methods, and consist in the use of deterministic numerical solvers
in an iterative pipeline, progressively exploring the parametric space. The idea behind this
approach is to accurately “continue" an already known solution branch in the yet unexplored
regions, following its evolution. Nevertheless, the local nature of continuation methods cre-
ates a problem when interested in the behavior of the system far from the bifurcation point.
Indeed, continuing all the branches for many parameter values easily becomes computa-
tionally unbearable, especially when employing full-order methodologies, or when forced
to take only small exploration steps. Several efforts have been dedicated to reducing the
computational complexity associated with the reconstruction of the bifurcation diagram and
the detection of the bifurcation points, e.g. via the development of ad-hoc surrogate mod-
els [2]. Despite this, a complete and computationally affordable investigation of bifurcation
problems is still far from being reached.

Bifurcations have been identified also in the context of stochastic PDEs [3–6], which
allow in principle a more realistic modeling of physical systems. Indeed, by considering the
parameters characterizing the physics of the system as a source of uncertainty (boundary
conditions, physical parameters, and geometry), the stochastic PDEs inherently incorporate
the characteristic randomness typical of real-world scenarios. The importance of such a
research line is confirmed by the recent work [7], where the authors investigate the statistical
properties of the stochastic bifurcation points for the Allen-Cahn equation.

Although the focus of this work is on deterministic bifurcation detection, we pursue
this goal by analyzing stochastic PDEs obtained by parameter randomization. In particular,
using stochastic numerical techniques, we show how the perturbed system characterizes the
deterministic bifurcation branches of the original PDE.

Specifically, we solve the stochastically-perturbed problem by approximating the
unknowns with Polynomial Chaos (PC) expansion [8, 9]. PC has become increasingly promi-
nent in stochastic computations, since it allows for an efficient characterization of the solution
probability distribution. We argue that PC solutions not only provide statistical information
on the occurrence of stochastic bifurcations, as demonstrated in previous works [10, 11], but
also approximate all corresponding deterministic branches simultaneously, eliminating the
need to treat each branch separately. Therefore, we propose a novel use of PC expansions
for the numerical solution of bifurcating systems, where instead of focusing on the statistical
moments of the solution, we rather use the PC representation as a surrogate probability den-
sity that solves the perturbed problem, and can be sampled to locate the different coexisting
branches.

To this end, we present a systematic approach for inferring bifurcation branches of steady-
state solutions of a deterministic PDEdirectly from thePCsolution of the associated perturbed
PDE, revealing the possibility to simultaneously capture all deterministic branches within a
single run of the numerical solver of the stochastic problem, without requiring any a-priori
knowledge or ad-hoc initialization.
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Fig. 1 Statistical analysis of bifurcations via the stochastic-perturbation approach

More precisely, to numerically solve the stochastically-perturbed PDE, we employ the
Spectral Stochastic Finite Element Method (SSFEM) [12], which extends in a probabilis-
tic sense the well-known Galerkin projection approach used in FEM, by choosing the PC
expansion to approximate the stochastic unknowns. It works as follows: given a stochastic
PDE, the known stochastic parameters are approximated using the Karhunen-Loève (K-L)
expansion, which represents them in terms of a finite set of underlying seed random vari-
ables ξ . These variables are then employed in the PC expansion of the unknown stochastic
solution. The resulting formulation yields a deterministic system whose unknowns are the
coefficients of the PC representation and which can be solved using standard numerical
solvers. A schematic overview of the pipeline is illustrated in Figure 1. As we will show, the
same workflow applies to bifurcating ordinary differential equations (ODEs), with the only
difference that the coefficients of the PC expansion of the unknown no longer depend on the
spatial variable.

In this work, we restrict our analysis to a single–parameter system to demonstrate its
effectiveness in reconstructing well–known bifurcation diagrams, which are typically stud-
ied varying one parameter at a time in the numerical continuation procedure. In particular,
we focus on pitchfork bifurcations, first presenting computational evidence of the method
capabilitieswith their normal form, i.e., a simplified scalar ODE that reproduce the qualitative
features of bifurcation behavior, and subsequently considering a more complex evidence of
such phenomenon in computational fluid dynamics (CFD), namely the Coandă effect [13].

We first introduce in Section 2 the two expansions used in the SSFEM setting, through
which we can represent a generic second-order stochastic process in a finite-dimensional
space: the K-L and the PC expansions. Moreover, we discuss non-intrusive sample-based
and intrusive methods to retrieve PC coefficients in the bifurcating setting. Successively, we
proceed with the description of the intrusive approach in subsection 2.2, first applying it to
the investigation of the bifurcation behavior of an ODE, namely, the supercritical pitchfork
normal form in Section 3, and subsequently to the Navier-Stokes equations in the context
of the Coandă effect in Section 4. Successively, in Section 5 we show the numerical results
for the Coandă effect, underlying the relation discovered between the PC solution and the
deterministic bifurcation diagram. In particular, we investigate the relationship between the
PC coefficients and the computational mesh, as well as the impact of varying the probability
distribution assigned to the viscosity parameter on the resulting solutions. Finally, we con-
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clude by showing a reproduction of the deterministic bifurcation diagram, which we obtain
only relying on the information collected through the stochastic perturbation approach.

1.1 RelatedWorks

This section provides an overview of related literature on the numerical treatment of deter-
ministic bifurcating systems and on the theory of stochastic bifurcations, including numerical
methods for their solution. Indeed, despite not specifically focusing on stochastic bifurcations
themselves, we leverage methodologies from such context to obtain information concerning
deterministic bifurcations, creating a novel connection between the two settings.

For what concerns the numerical solution of deterministic bifurcating systems, traditional
numerical methods [14], including the Finite ElementMethod and Spectral ElementMethod,
has been widely employed to explore the coexisting solution branches and the critical regime
in a neighborhood of the bifurcation points [15, 16]. Additionally, to effectively explore
the global behavior of the system, numerical methods such as continuation techniques [17,
18] and deflation methods [19] have been designed, respectively to reconstruct a specific
solution branch and discover new admissible ones as parameters vary. Additional strategies
for the analysis of bifurcation problems include the study of their normal forms [20, 21]
(see Section 3 for the example on the pitchfork case), or spectral submanifolds [22, 23] for
reducing dynamical systems to low-dimensional smooth invariant manifolds.

Nevertheless, the computational effort for a complete exploration of the solutions in the
whole parameter space can easily become unbearable. Recent works focused on developing
reduced-ordermodels (ROMs) [24, 25] to enablemany-query simulations, and thus efficiently
recovering the full bifurcating pattern. These approaches can be divided into two categories:
the ones exploiting standard projection-based techniques [2, 16, 26, 27], and the data-driven
ones, often based on machine-learning strategies [20, 28–30].

All the above works treat the bifurcation problem in the absence of randomness. Indeed,
the deterministic assumption simplifies the analysis of the system’s behavior, not requiring
the additional computational burden typical of stochastic settings, but it is often not physically
realistic. For this reason, the presence of stochasticity in the models cannot be disregarded
for a comprehensive analysis of the topic, as bifurcating phenomena depend on various
uncertainties due to input variability, parameter uncertainty, and numerical discretization
[31].

Towards a more realistic study of the problem, the concept of bifurcation has been
expanded in the stochastic settingwith the analysis of additive andmultiplicative noise effects
on the models, thus characterizing various types of stochastic bifurcations [3]. Indeed, while
in the deterministic case the bifurcation corresponds to a qualitative change in the dynamics
of the system as a response to a small variation of the parameters, in the stochastic case it
can be observed as a sudden change in some invariant measure of the system’s solution as
a result of some imposed additive or multiplicative perturbation. Such changes can involve
variations in the largest Lyapunov exponent (dynamical bifurcations), as well as changes in
the shape of the solution probability density function (phenomenological bifurcations) [32].

Early investigations explored the dynamic response, stability, and bifurcating behavior
of nonlinear dynamical systems under stochastic excitation. In [33], the author studied the
impact of small stochastic perturbations on systems exhibiting codimension-one and -two
bifurcations. Thework exploitedmethods of stochastic averaging and stochastic normal forms
to analyze the asymptotic behavior of nonlinear dynamical systems in the presence of noise.
Furthermore, various works have been conducted for specific systems of equations, such
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as the stochastic reaction-diffusion equation perturbed by an infinite-dimensional Wiener
process in [34], and the stochastic regime-switching predator-prey system in [35].

Identifying the stochastic perturbation applied to the system with the randomness of its
parameters, in [10], the authors explore a stochastic approach to the known deterministic
bifurcations in Rayleigh–Bénard convection within a two-dimensional cavity. The study
investigates the onset of instability and the existence of multiple stable states under specific
ranges of Rayleigh number through the statistical moments of the PC solution. Indeed, study-
ing the variance given by the PC solution of the stochastically–perturbed PDE around a point
of deterministic bifurcation, the authors reveal the influence of also random initial flow states
on convection patterns. The importance of stochastic aspects has been highlighted via Monte
Carlo simulations in [36], investigating the probabilities of the solution branches through
a stochastic sampling of the parameterized initial conditions. Moreover, they introduce a
comparison between the accuracy of statistical moments computation of Monte Carlo sam-
pling and the PC expansion of the solution, confirming the high reliability and computational
convenience of the latter. We remark that, while previous studies have primarily employed
PC to identify regions of high variance in nonlinear or multi-parameter problems, we pro-
pose a novel use of PC surrogate representations to directly sample solutions and uncover
bifurcation branches. Unlike prior work, which focuses on stochastic bifurcations studying
the influence of random parameters, our approach addresses the computational challenge
of efficiently reconstructing bifurcation diagrams in deterministic systems. Specifically, we
demonstrate how PC can enable efficient numerical exploration of bifurcating systems across
a wide parameter range, without requiring a priori knowledge of the system.

2 Stochastic Modeling in PDEs

Given an establisheddeterministicmodel for a physical system,wewant to define a convenient
setup for its stochastic counterpart, to study the effect of uncertainty in the input parameters
on the solution itself.

As illustrated in Figure 1, let us consider the stochastic PDE of the form:{
L[u(x, ω);μ(ω)] = 0 x ∈ D, ω ∈ �,

B[u(x, ω)] = 0 x ∈ ∂D, ω ∈ �,
(1)

where μ(ω) : � → R
p are the p randomized parameters, L and B incorporate respectively

the physics and the boundary constraints, u(x, ω) : D × � → R is the unknown solution of
the system, D ⊂ R

n the spatial domain, and (�,F, ν) a probability space, where (�,F) is
a measurable space with F a σ−algebra defined on �, and ν a probability measure on it. We
recall that a generic real stochastic process is defined as a family α(x, ω) = {α(x, ·)}x∈D of
random variables, which are in turn measurable functions of the type α(x, ·) : (�,F, ν) →
(Rd ,B) for a generic d ≤ ∞.

By considering the solution as a generic stochastic process u(x, ω), to enable numerical
computations we need to reduce the infinite-dimensional probability space to a dinite-
dimensional one. This is accomplished by exploiting a decomposition of the stochastic
process via a finite set of random variables.

We are interested in obtaining meaningful expansions of the real stochastic processes
having a finite second-order moment, thus belonging to the space:

L2(�,F, ν;Rd) :=
{
u(x, ω) : D × � → R

d s.t.
∫

�

u(x, ω)2dν(ω) < ∞
}

.
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Table 1 Some of the correspondences between basic random variables, the Wiener–Askey orthogonal poly-
nomials for gPC expansion, and their support

Type Basic random variables Wiener-Askey polynomials Support

Continuous Gaussian Hermite (−∞, ∞)

Gamma Laguerre [0, ∞)

Beta Jacobi [a, b]
Uniform Legendre [a, b]

Discrete Poisson Charlier {0, 1, 2, . . . }
Binomial Krautchouk {0, 1, 2, . . . , N }
Negative Binomial Meixner {0, 1, 2, . . . }

To this end, we first introduce the PC expansion, which constitute the basis for the generaliza-
tion of FEM in the probabilistic context, and then present the complete SSFEM framework.

2.1 Polynomial Chaos expansion

The PC expansion decomposes a general stochastic process u(x, ω) ∈ L2(�,F, ν;Rd)

thanks to the Cameron-Martin theorem [37], which establishes the existence of a sequence
of closed, pairwise orthogonal linear subspaces of L2(�,F, ν;Rd), spanned by polynomial
bases. In particular, the PC expansion expresses the process u(x, ω) as the infinite sum:

u(x, ω) =
∞∑
i=0

ûi (x)ψi ({ζ j (ω)}NRV
j=1), with

∫
Rd

ψi (ζ )ψ j (ζ )dνζ = ‖ ψi ‖2 δi, j , (2)

where ûi (x) are the expansion coefficients associated with the stochastic polynomial basis
defined as ψi ({ζ j (ω)}NRV

j=1) : (�,F, ν) → R, which are orthogonal with respect to the
Gaussian measure νζ and depend on NRV independent standard normal random variables
ζ j (ω). In the following, we will refer to such set of random variables, called also seeds or

basic random variables, as ζ = {ζ j (ω)}NRV
j=1. As an example, for a Gaussian measure νζ , the

orthogonal basis ψ corresponds to the set of Hermite polynomials [38].
For computational purposes, the infinite sum in (2) is in practice truncated to a finite

number of terms NPC . It is often useful to relate such a number to the desired maximum
degree M of the polynomials, and the number of variables NRV from which they depend as
1 + NPC = (M+NRV )!

M !NRV ! .

The generalization of the Polynomial Chaos (PC) expansion, originally developed for
Gaussian measures, was introduced in [39] under the name generalized Polynomial Chaos
(gPC). In this framework, the expansion is constructed using different families of orthog-
onal polynomials,referred to as Wiener-Askey polynomials [40],chosen according to the
probability measure (including non-Gaussian ones) associated with the underlying random
variables νζ . The correspondence between probability measures and polynomial families is
summarized in Table 1.

2.1.1 Statistical moments computation

A key advantage of the PC representation is that the solution coefficients û(x) allow for
a straightforward computation of the first and second-order moments of the full solution
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u(x, ω). Indeed, leveraging the orthogonality property of the polynomials {ψi }NPC
i=1 and rec-

ognizing that, since the polynomial of degree zero is constant, the following holds:

E[ψi (ξ)] = E[ψi (ξ)ψ0(ξ)] = δi,0, and E

[
NPC∑
i=0

ûi (x)ψi (ξ)

]
= û0(x), (3)

which states that themean of the solution is equivalent to the first coefficient of the expansion.
Furthermore, each element of the covariance matrix can be approximated by a weighted

sum involving all the coefficients except the first one û0, where the weights correspond to
the polynomial stochastic norms E[ψ2

i ]:

Cov [u(x, ω), u( y, ω)] = E

[(
NPC∑
i=0

ûi (x)ψi (ξ) − û0(x)

) (
NPC∑
i=0

ûi ( y)ψi (ξ) − û0( y)

)]

=
NPC∑
i=1

ûi (x)ûi ( y)E[ψ2
i ].

(4)

The straightforward computation of the statistical moments from the PC surrogate model
represents a key advantage. Indeed, both the PC statistical analysis and PDF reconstruction
are facilitated, since the first can now be performed through a proper combination of the
coefficients, and the latter by sampling the solution polynomial expansion, evaluating the
polynomials at a sample of their basic random variables ξ .

2.1.2 Intrusive and Non-Intrusive Computations of the Coefficients

A crucial task in this setting is the determination of the PC coefficients. Their computation
can be carried out using either intrusive or non-intrusive methods.

While the former class of methodologies requires some knowledge about the PDE,
approaches belonging to the latter class typically treat the model as a black-box, from which
samples of the solution can be extracted and exploited to retrieve the coefficients (for instance
by interpolation). Such methods include Monte Carlo simulation [36], orthogonal spectral
projection [41], and stochastic collocation [42]. In particular, Monte Carlo simulation gathers
a set of solutions for a given set of input parameters and deduces statistical properties from the
collected data. On the other hand, orthogonal spectral projection computes the coefficients
through numerical integration of projection integrals on the polynomials, while stochastic
collocation achieves this via interpolation of sampled deterministic solutions (we refer the
reader to [43]).

In the specific context of bifurcation problems, non-intrusive, sample-based approaches
may be unsuitable. Indeed, obtaining a comprehensive and representative set of solution
samples for a given parameter set is non-trivial, as it would require a priori knowledge
of the bifurcation structure (e.g., the number of branches) and multiple runs of the same
deterministic model for identical parameter values, each exploiting a different ad hoc initial
conditions. As an explicit example supporting this claim, we refer to Appendix B, which
presents a Monte Carlo non-intrusive approach applied to the perturbed bifurcating system
and highlights the associated limitations.

Therefore, we proceed with the presentation of the SSFEM, an intrusive approach for
the retrieval of the expansion coefficients that does not rely on the availability of solution
samples of stochastic PDEs.
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Fig. 2 Synthetic workflow diagram showing the process of computing the surrogate PDF of u by solving
Equation (5) using SSFEM pipeline

2.2 Spectral Stochastic Finite Element Method

In this section, we describe the SSFEM [12, 38, 41] pipeline: an intrusive methodology for
computing the coefficients of the PC expansion of a stochastic PDE solution.

Let L denote the operator defined in (1). We consider the following abstract problem:

L[u(x, ω);μ(ω)] := (D(x) + S(x,μ(ω)))[u(x, ω)] = f (x) for x ∈ D, ω ∈ � (5)

where u(x, ω) : D × � → R is the unknown function, and μ(ω) : � → R
p represents

the p random variables obtained from stochastic perturbation of the deterministic system’s
parameters. The deterministic operator D and its stochastic counterpart S act on u(x, ω)

returning an object that belongs to R
out , while f (x) : D → R

out represents the source
term1. With stochastic and deterministic operators, we intend operators that respectively
depend or not from the stochastic variables we inserted in the system, namely μ.

The generalworkflow, schematically illustrated in Figure 2, begins by prescribing a covari-
ance structure forμ. This covariance fully characterizes the probability distribution assigned
to the parameters of the original deterministic system during the randomization step. In our
setting, we employ a simplified Karhunen–Loève (K–L) expansion, whose general formula-
tion tailored to stochastic processeswith finite second-ordermoments is reported inAppendix
A. Here, we consider a random vector μ ∈ R

p with no spatial dependence, consisting of p
random variables. Thus, in our case the truncated K–L expansion reads as

μ(ω) = E[μ] +
NKL∑
i=1

ξ̄i (ω) μ̂i

√
λi ,

where NKL ≤ p, and {λi , μ̂i } are the eigenpairs of the covariance matrix

(Kμ)i j := E
[
(μi − E[μi ])(μ j − E[μ j ])

]
,

and the random variables ξ̄i satisfy E[ξ̄i ] = 0 and E[ξ̄i ξ̄ j ] = δi j . Not that, for p = 1, the
K–L expansion reduces to a simple normalization of the random variable,

μ(ω) = E[μ] + ξ̄ (ω)

√
E

[
(μ − E[μ])2],

with E[ξ̄ ] = 0 and E[ξ̄2] = 1.
Since a straightforward K-L expansion of the solution u is not feasible as its covariance

function is not known a-priori, the finite-dimensional representation of u is achieved via the
truncated PC expansion:

u(x, ω) =
NPC∑
i=0

ûi (x)ψi ({ξl(ω)}NKL
l=1 ), (6)

1 In the following, we will omit the full notation with the dependence on (x, ω) for u, μ and f .
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where we identify the seed random variables of the PC expansion with the uncorrelated
normalized random variables2 resulting from the K-L expansion of the parameters ξ(ω) :=
{ξ j (ω)}NKL

j=1.
The SSFEM pipeline then proceeds by approximating the spatial PC coefficients û(x),

along with any other spatially dependent quantity, using a Finite Element basis. A Galerkin
projection is subsequently applied in both the spatial domain D and the probability space,
with the PC polynomials employed as test functions in the latter.

For clarity, we present here an illustrative example for the case p = 1 and an affine stochas-
tic operator S(μ, x) = μ S(x), which is the setting adopted in all numerical experiments in
this work, but does not exhaust the range of applications of SSFEM. In this illustrative case,
substituting the PC expansion of u and the K-L expansions of μ, the problem can be recast
as follows:(

D(x) +
NKL∑
i=0

ξi (ω)μ̂i (x)
√

λi S(x)

) ⎡
⎣NPC∑

j=0

û j (x)ψ j (ξ(ω))

⎤
⎦ = f (x). (7)

We then exploit standard FEM to numerically approximate (7) thanks to a set of deterministic
basis functions {φk(x)}ND

k=1 such that

û j (x) =
ND∑
k=1

ûk, jφk(x), ∀ j ∈ {0, . . . , NPC}. (8)

Substituting the former expansion into Equation (7), we obtain:(
D(x) +

NKL∑
i=0

ξi (ω)μ̂i (x)
√

λi S(x)

) ⎡
⎣NPC∑

j=0

ND∑
k=1

ûk, jφk(x)ψ j (ξ(ω))

⎤
⎦ = f (x), (9)

that has to be solved for the unknown Û = {̂uk, j }ND
k=1

NPC
j=0 ∈ R

ND×(NPC+1).

Finally, to construct an algebraic system of equations for Û, one imposes the orthogonality
of the residual in Equation (9) with respect to the deterministic and stochastic test functions,
respectively {φn(x)}NKL

n=1 and the polynomials {ψm(ξ)}NPC
m=0.

For instance, in the case of linear operators D(x) and S(x) acting on u(x, ω), the
discrete counterpart of the stochastic PDE reads as the following system of equations
∀n ∈ {1, . . . , ND}, and ∀m ∈ {0, . . . , NPC}:

NPC∑
j=0

ND∑
k=1

C j,mûk, j Ak,n +
NKL∑
i=0

NPC∑
j=0

ND∑
k=1

Ei, j,mûk, j Bi,k,n = Fn, (10)

having defined the tensors

Ak,n =
∫
D

D(x)[φk(x)]φn(x)dx, Bi,k,n =
∫
D

μ̂i (x)S(x)[φk(x)]φn(x)dx,

Fn =
∫
D

f (x)φn(x)dx, C j,m =
∫
Rd

ψ j (ξ)ψm(ξ)dνξ ,

Ei, j,m =
∫
Rd

ξi
√

λiψ j (ξ)ψm(ξ)dνξ .

(11)

2 The index for KL random variables starts from 1 due to the assumptions in A.

123



   20 Page 10 of 29 Journal of Scientific Computing           (2026) 108:20 

Therefore, the system can now be solved in function of the unknown Û by means of
a standard numerical solver. In the case of a generic nonlinear nature of the two operators,
D(x) and S(x), a similar discrete system can be constructed and solved by a proper nonlinear
solver (see Section 4 for the Navier-Stokes Equations).

It is worth emphasizing that the same SSFEM pipeline, namely, approximating the
unknown solution via a PC expansion built on the seed random variables arising from the
K–L expansion of the randomized parameters, can also be applied to non-spatial systems,
such as ordinary differential equations (ODEs).

3 Pitchfork Bifurcation Normal form

In this section, we apply the above intrusive pipeline to the normal form of a pitchfork bifur-
cation in the ODE setting. We exploit this toy problem to demonstrate how PC solutions of
the randomized equation can provide insights into deterministic branches. For this prelimi-
nary analysis, we test two different distributions on the parameter, Gaussian and Uniform,
for both large and small perturbations.

We consider the normal form of the supercritical pitchfork bifurcation given by u̇ =
μu − u3, whose equilibrium solutions satisfy u(u2 − μ) = 0. For μ > 0, three equilibria
coexist: the trivial solution u = 0 and the two diverging branches u = ±√

μ.
Applying the pipeline explained in section 2, we obtain:

∫
R

NPC∑
i=0

ûiφi (ξ̄ )
(( NPC∑

j=0

û jφ j (ξ̄ )
)2 − μ̄ − σ ξ̄

)
φk(ξ̄ )dνξ̄ = 0, ∀k ∈ {0, . . . , NPC }, (12)

which can be solved using Newton method to find the scalar coefficients {ûi }NPC
i=0 .

Firstly, as it can be seen from Figure 3a and b, where a large perturbation of the parameter
is considered, PC visually captures the regions of non-uniqueness. Indeed, the polynomials
solving (12) tend to enlarge their image space when μ > 0, for both Gaussian and Uniform
perturbations. This first result illustrates how each PC solution, without any ad hoc initial-
ization of the numerical solver, inherently encapsulates information about all deterministic
solution branches.

Such information, collected by PC solutions for large perturbations of μ, can be further
exploited to precisely identify the solution branches values for a given parameter value. This
can be done by considering a small perturbation centered around the value of interest of the
parameter. As it is reported in Figure 3c and d, smaller perturbations evaluate the solution
branches in a tighter region, where their values do not undergo great changes. Thus, the
local extrema of the polynomials concentrate around specific local values of the solution
branches determined by the perturbation support, and even if many different PC solutions
are feasible, they all share the values of their local extrema. This way, by varying the mean
of a small parameter perturbation and observing the local extrema of a generic PC solution,
we obtain a computationally efficient method for branches reconstruction, as it enables their
identifications for any parameter value without requiring any expensive continuationmethod.

These examples also show that when the support of the parameter distribution intersects a
bifurcation region, the non-uniqueness of the deterministic solution leads to a corresponding
non-uniqueness of the PC solution for the perturbed system.

Nevertheless, as shown in Figure 4, the probability density functions (PDFs) computed
by kernel density estimation (KDE) on different PC solutions exhibit some common charac-
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Fig. 3 Some admissible PC solutions with NPC = 5 for large and small perturbations of μ, respectively top
and bottom, considering a Gaussian and a Uniform distribution, respectively left and right. The shaded area
identifies the support of the distribution associated to μ (99% of it in the case of Gaussian distribution)
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Fig. 4 Mean PDF and its variance for 100 PC representations corresponding to different random initializations
of the solver with NPC = 5, for μ ∼ N (1, 0.06) and μ ∼ U(0.8, 1.2), left and right respectively

teristics. Indeed, the mean PDF shows three peaks precisely in correspondence to the values
of the three solution branches for E[μ] = 1, which are {0,±1}. These peaks are directly
related to the locations of the local extrema of the polynomials shown in Figure 3, where the
sampled values from the PC solutions tend to concentrate.

Regarding the variance, there is instead a difference between the twoplots: for theGaussian
perturbation the three peaks of the multi-modal PDF exhibit a significantly higher variance.
This is a consequence of the concentration of samples around themean value for ξ̄ ∼ N (0, 1).
Indeed, the PC solutions corresponding to different solver initialization show different local
extrema values aroundμ = 1 (see Figure 3c ). Sinceμ ∼ N (1, 0.06), most samples for each
PC solution cluster around the value of the correspondent local extrema closest to μ = 1.
Therefore, the PC solutions exhibit different peaks in their PDFs, carrying their high variance
as shown in Figure 4a . In contrast, the Uniform distribution enables a uniform contribution
of all the local extrema of each PC solution, leading to a lower variance of the peaks (see
Figure 4b ). Nevertheless, in both cases the variance remains low away from the peaks of the
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Fig. 5 Comparison between deterministic bifurcation diagram and the solution PDFs computed for 500 dif-
ferent uniform perturbations of μ, with constant low variance and different mean μ ∼ U(μ− 0.01, μ+ 0.01)
with μ ∈ [−0.5, 1.5]

Fig. 6 Computational domain representing the 2D sudden-expansion channel

mean PDF, indicating that the local extrema of the polynomials do not cluster around any
points other than those associated with the deterministic solution branches.

Finally, we show the recovery of the whole bifurcation diagram through multiple runs
of the perturbative approach. The result is shown in Figure 5, where the exact branches are
precisely recovered by the solution PDF peaks, also serving as a quantitative metric of the
performance of the approach in approximate these branches in a meaningful way. This result
is obtained with Uniform distributions assigned to μ, solving the system multiple times
varying the mean μ̄, with random initialization of the solver. Finally, we remark that, in
the uniqueness regime, the solution is fully recovered by unimodal distribution of the PC
solution.

4 A Revisited Benchmark in Fluid-Dynamics: The Coandă Effect

We present here a more computationally challenging test to extend our considerations to
cases in which the bifurcating behavior is not obvious.

LetD ∈ R
2 be the bounded domain representing the sudden-expansion channel in Figure

6.
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Fig. 7 Deterministic FEM bifurcation diagram with the corresponding co-existing solutions belonging to the
upper, middle, and lower branches for μ = 0.5

We consider the steady incompressible Navier-Stokes equations described by:

{
−μ
v + v · ∇v + ∇ p = 0 in D,

∇ · v = 0 in D,
with

⎧⎪⎨
⎪⎩

v = vin on �in,

v = 0 on �wall,

−pn + (μ∇v)n = 0 on �out,

(13)

where the unknown state of the fluid (v, p), encompasses its velocity v = (vx , vy) and
pressure p normalized over a constant density, where vx and vy stand respectively for the
velocity’s horizontal and vertical components. The imposed boundary conditions entail a
stress-free condition on the velocity at the outlet �out, with the outer normal denoted as
n = (nx1 , nx2), a no-slip homogeneous Dirichlet boundary condition on �wall, and a non-
homogeneous Dirichlet boundary condition vin(x1, x2) = [20(5 − x2)(x2 − 2.5), 0] at the
inlet �in (see [18] for more details regarding the benchmark).

The parameterμ represents the kinematic viscosity and plays a crucial role in the behavior
of the system. Indeed, being related to the Reynolds number, it balances viscous and inertial
forces, originating a symmetry-breaking phenomenon known as the Coandă effect.

Specifically, while decreasing the kinematic viscosity, the influence of inertia gradu-
ally becomes more significant, leading to a symmetry-breaking phenomenon for a critical
viscosity value μ∗ ≈ 0.96. The unique and stable symmetric branch bifurcates in two asym-
metric coexisting configurations, switching its stability property, and generating the so-called
pitchfork bifurcation. Its study has relevance in various fields of application, ranging from
shape-modeling in aerodynamics to cardiovascular blood flow in health care, recently garner-
ing a substantial body of literature, comprising both experimental and deterministic numerical
investigations [18, 27, 44–46]. In particular, it models the “wall-hugging” tendency of a vis-
cous fluid, which is related to mitral valve regurgitation in the cardiovascular context [18].

To build a bifurcation diagram for the Coandă problem, and thus investigate the evolution
of the solution branches, one may choose to examine the behavior of the vertical velocity, the
component responsible for breaking the symmetry, at a point along the channel’s symmetry
axis x̂ , reported in Figure 7. This diagram is constructed through an iterative method, in
which μ has been varied uniformly in the parametric range P = [0.5, 2] with a step size

μ = 0.01. This is complex and costly, and involves a continuation strategy to properly
select the initial guess for the nonlinear solver at each new parameter value.

For sample-based approaches to this bifurcation, we refer the reader to Appendix B. We
now proceed with an explanation of how the SSFEM pipeline is applied in this context.
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4.1 SSFEM Approach: RandomizedViscosity

Weproceed to apply the SSFEMpipeline presented in Section 2.2 to the Coandă test case.We
model μ as a random variable following a given distribution, and we write its K-L expansion
as μ = μ + σξ . Then, we expand the unknowns of the problem in (13) through PC:

v(x, ω) =
N v
D∑

i=0

N v
PC∑

j=1

vi, jφ
v
i (x)ψv

j (ξ(ω)), and p(x, ω) =
N p
D∑

i=0

N p
PC∑

j=1

pi, jφ
p
i (x)ψ

p
j (ξ(ω)),

(14)
where the superscripts denote quantities related to the velocity and pressure fields. Finally,

applying Galerkin projection both in the FEM space via the test functions {φv
n (x)}N v

D
n=1,

{φ p
n (x)}N

p
D

n=1, and in the probabilistic one with {ψv
m(ξ)}N v

PC
m=1, {ψ p

m(ξ)}N
p
PC

m=1, ∀n ∈ {1, . . . , N v
D},

∀m ∈ {1, . . . , N v
PC }, we get:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1∑
k=0

N v
D∑

i=0

N v
PC∑

j=1

vi, j

∫
R

√
λkξkψ

v
j (ξ)ψ(v)

m (ξ)dνξ

∫
D

∇φv
i (x) · ∇φv

n (x)dx

+
N v
D∑

i=0

N v
PC∑

j=1

N v
D∑

l=0

N v
PC∑

h=1

vi, jvl,h

∫
R

ψv
j (ξ)ψv

h (ξ)ψv
m(ξ)dνξ

∫
D
(φv

i (x) · ∇φv
l (x))φv

n (x)dx

−
N p
D∑

i=0

N p
PC∑

j=1

pi, j

∫
R

ψ
p
j (ξ)ψv

m(ξ)dνξ

∫
D

φ
p
i (x)∇ · φv

n (x)dx = 0,

N v
D∑

i=0

N v
PC∑

j=1

vi, j

∫
D

∇ · φv
i (x)φ

p
n (x)dx

∫
R

ψv
j (ξ)ψ

p
m(ξ)dνξ = 0.

(15)
It can be rewritten in the compact form{

AT · U · (E(0) + E(1)) + I − CT · Q · G = 0,

DT · U · H = 0
(16)

where we denoted with U ∈ R
N v
D×N v

PC and Q ∈ R
N p
D×N p

PC , respectively, the unknown
coefficients for the velocity and pressure fields. Denoting with � the Hadamard product, the
FEM and stochastic matrices can be defined in Equations (17) and (18), respectively as

A j,n =
∫
D

∇φv
j · ∇φv

ndx, Bn, j,h =
∫
D
(φv

j · ∇φv
h )φ

v
ndx, C j,n =

∫
D

φ
p
j ∇ · φv

ndx,

Dj,n =
∫
D

∇ · φv
jφ

p
n dx, In,m = (UT · Bn · U) � Fm,

(17)

E (0)
i,m =

∫
R

√
λ0ξ0ψ

v
i ψv

mdνξ , E (1)
i,m =

∫
R

√
λ1ξ1ψ

v
i ψv

mdνξ , Fm,l,i =
∫
R

ψv
i ψv

l ψv
mdνξ ,

Gi,m =
∫
R

ψ
p
i ψv

mdνξ , Hi,m =
∫
R

ψv
i ψ

p
mdνξ .

(18)
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System (16) is solved using a Newton–Krylov method enhanced with a local line-search
strategy. Regarding the imposition of the boundary conditions defined in the general formu-
lation (13), for the inlet and wall nodes�in and�wall respectively, they are enforced in a mean
sense. In particular, the first coefficient of the PC expansion, responsible for themean value of
the solution, is prescribed according to the deterministic boundary conditions. The variance,
corresponding to the weighted contribution of all higher-order coefficients, is instead set to
zero by imposing all remaining PC coefficients to vanish at those nodes.

5 Results

In this section, we discuss the numerical results of the SSFEM pipeline when applied to the
Navier-Stokes equations modeling the Coandă bifurcation problem. Consistently with other
studies in the deterministic setting [18, 27], we exploit the vertical component of the velocity
field to discuss the non-uniqueness feature of the model.

To perform an explorative analysis of the problemwe start by treating the viscosity param-
eter as a Gaussian random variable centered near the known bifurcation point with a small
variance. This specific choice has been made to study the system’s response to little perturba-
tions, in the case in which the multiple coexisting branches (see Figure 7) are still reasonably
close to each other. Note that, as underlined in Section 3, in the case of no prior knowledge
of the bifurcation point one could largely perturb the parameter and observe the resulting PC
solutions to have hints on its position in the parameter space.

Successively, we show the effect of the parameter distribution on the solution, presenting
also results for uniform perturbations of the viscosity. Moreover, we discuss the effects of
coarseness and symmetry of the grid, recovering some known results in the literature about
the computational grid’s requirements for bifurcation detection.

Finally, we extend the analysis to multiple viscosity mean values far from the bifurcation
point, and discuss the discovered strict and surprising relationship between the PC represen-
tation and the deterministic bifurcation diagram.

The numerical simulations are conducted thanks to SSFEM implementation based on
the deal.II library. The code3 has a Python interface and it is parallelized to enable faster
computations on largermeshes. The space discretization has been carried out using theTaylor-
Hood (P2-P1) elements, and the nonlinear solver is the Newton-Raphson one implemented
in deal.II as the default option of the NonlinearSolverSelector class, enriched with
periodic linear search steps.

5.1 Statistical Moments Around the Bifurcation Point

As a first step, we are interested in understanding whether the statistical moments inferred
from the PC representation of the velocity solution are informative on its bifurcating behavior.

To this aim, we perform SSFEM computation assigning a Gaussian distribution to the
viscosity μ ∼ N (μ, σ ), where the mean is located in the non-uniqueness regime of the
parametric space. Therefore, following the intuitive interpretation of a bifurcating behavior
where drastic changes follow a small variation of the parameter, we apply a small stochastic
perturbation to the kinematic viscosity μ. In particular, we expect that the stochastic solution
exhibits greater variance at the spatial coordinates for which the discrepancy between the
coexisting deterministic solutions is maximized.

3 https://github.com/ICGonnella/SSFEM-Coanda-Effect.git
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Fig. 8 SSFEM statistics (8a) mean and (8b) variance on a quadrilateral grid of 1275 nodes, obtained using a
linear PC expansion (NPC = 1) and μ ∼ N (0.9, 0.001)

In Figure 8 we show the mean and the variance of vy computed relying only on a linear
polynomial expansion of the velocity. Interestingly, it can be noticed that the grid point
corresponding to the highest variance value is located in the post-inlet region, where the
vertical components of the admissible velocity solutions break the symmetry. Therefore,
having this statistical information, one can easily locate the point of maximum discrepancy
of the coexisting solutions directly in the computational domain.

Nevertheless, from the above variance plots, it is not possible to distinguish between a
bifurcating behavior of the solution and a simple high variability induced by other factors. To
investigate this difference, possibly encoded in the PC solution, we search for some insights
on its polynomials. More precisely, we analyze the shape of the PC solution evaluated in the
regions of the domain showing higher variance.

We define the sampling zone as the subset of supp(ξ) at which the 99% of the measure νξ

is concentrated (e.g. it corresponds to the interval (−3, 3) for standard normal basic random
variables ξ ). In particular, we aim to recover the correlation between the minima and maxima
of the polynomials found in the sampling zone, and the presence of a bifurcating behavior,
as it happened with the pitchfork normal form in section 3.

As it can be seen in Figures 8, 9, the variance magnitude tends to increase in absolute
value as the polynomial degree increases but remains localized at the same grid points.
Moreover, along with the variance plots, we show the shapes of the polynomials for the high
variance domain point x̄ = (15, 3.75), belonging to the horizontal symmetry axis. It can be
noticed that up to degree two there is no evidence of bifurcating behavior, as only one local
extrema appears. Instead, when reaching degree three, multiple local extrema are visible in
the sampling area, whose values for degree four (see Figure 9f) seem to tend to the values of
the two stable solution branches in that specific domain point (see Figure 7).

Therefore, a correlation between the value of the local extrema in the sampling region and
the branching solutions is confirmed, suggesting that a bifurcating behavior is characterized
by the joint occurrence of both a high variance and multiple local extrema for the solution’s
PC representation. Moreover, one can note that the high-variance region keeps improving its
symmetry w.r.t. the horizontal axis starting from degree two, while for degree one (see Figure
8b ) it is not perfectly centered yet. This, together with the progressive adjustment of the peaks
values versus the stable branches values (from Figure 9d to Figure 9f ), remarks even more
the dependence of the PC representation’s accuracy of the bifurcating phenomenon to the
polynomial degree considered.
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Fig. 9 SSFEM results on a quadrilateral grid of 1275 nodes withμ ∼ N (0.9, 0.001). Variance magnitude and
solution at x̄ = (15, 3.75) (point of maximum variance), for NPC=2 (9a)(9b), NPC=3 (9c)(9d), and NPC=4
(9e)(9f)
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Fig. 10 KDE of the velocity PDF for μ ∼ N (0.9, 0.001) at point x̄ of maximum variance

The PDF of the vertical component of the velocity solution is reconstructed in Figure 10
thanks to its PC representation, as a large number of samples can be collected and used for the
KDE. Two peaks can be observed at the two local extrema of the correspondent polynomial of
Figure 9f , around the values {−1, 1}. Indeed, as anticipated before, samples of the solution
are obtained by repeatedly applying the polynomial function to samples collected from a
normal random variable ξ ∼ N (0, 1). Thus, it is reasonable that we observe a higher peak
around −1 in the density plot, as the abscissa of the corresponding local minimum is close
to zero, and thus significantly more frequent in the sampling process of ξ . This has already
been noted in Section 3, and justifies the higher variance of PC solutions PDFs in case of
Gaussian perturbation of μ.
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Fig. 11 SSFEM results with μ ∼ U(0.845, 0.955). Variance magnitude and solution at x̄, for NPC = 2
(a)(b), NPC = 3 (c)(d), NPC = 4 (e)(f), NPC = 5 (g)(h)

5.2 Influence of Parameter Distributions andMesh Discretizations

Motivated by the asymmetry of the peaks in Figure 10 and by the analysis conducted on the
pitchfork normal form in Section 3, we report the solution variance and the correspondent
polynomial analysis in case of μ ∼ U(a, b), where a, b are chosen to have the distribution
centered at value 0.9 with same variance as in the previous section.

As we can see from Figure 11, also for such viscosity distribution the variance of the
vertical velocity is concentrated in the post-inlet region. Moreover, for polynomials of degree
greater than one multiple local extrema appear in the sampling region, and for increasing
degrees the peaks stabilize their values around the three deterministic branches for the mean
value of the μ parameter (see Figure 11h), respectively {−2, 0, 2}.

Sampling the polynomials according to ξ leads to Figure 13b a , where three evident
peaks are visible, corresponding precisely to the three extrema of the polynomial. Thus, by
assigning a uniform distribution to μ, which is not strictly peaked on the mean value as in
the Gaussian case, Legendre polynomials allow inferring the unstable branch too, capturing
a larger variance of the solution.

Furthermore, we find that dealing with more dense grids as the one displayed in Figure
12 can bring advantages in branch detection, requiring lower degree polynomials. Indeed, as
it can be seen in Figure 13b , the reconstructed PDF corresponding to the dense unstructured
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Fig. 12 SSFEM results on a quadrilateral grid of 1541 nodes with μ ∼ U(0.845, 0.955): (a) variance magni-
tude, and (b) solution at x̄ for NPC = 4
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Fig. 13 Kernel Density Estimation of the velocity PDF at the domain point of maximum variance for μ ∼
U(0.845, 0.955), for non-symmetric meshes of (a) 1275 and (b) 1541 nodes

Fig. 14 Plot of the scaling of the
execution time for coarse and fine
grids, with μ ∼ U(0.845, 0.955)
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Table 2 Execution times for
increasing NPC for coarse and
fine grids, with
μ ∼ U(0.845, 0.955)

NPC Nnodes = 193 Nnodes = 1541

1 0.751s 3.54s

2 1.35s 9.12s

3 2.36s 20.7s

4 3.86s 97.1s

5 7.44s 195s

6 11.7s 394s

grid yields the same information than Fig. 13b,a, but using polynomials of degree 4 instead
of degree 5.

Nevertheless, denser grids entail a higher computational cost, which increases with the
number of PCmodes NPC , as shown in Fig. 14 andTable 2. Results are reported for coarse and
fine grids, and all timings refer to a serial implementation. The growth of the computational
time with increasing NPC is due both to the larger number of degrees of freedom, leading to
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Fig. 15 SSFEM results on a quadrilateral symmetric grid of 935 nodes with μ ∼ U(0.845, 0.955): (15a)
variance magnitude, and (15b) solution at x̄1 and x̄2 for NPC = 4

more expensive evaluations of the residual and the Jacobian, and to the increasing difficulty
of Newton convergence for larger coupled systems.

Although the execution time increases with both NPC and the number of grid nodes,
it is essential to compare these costs with those required by standard continuation-based
approaches. To this end, in Figure 14 we report horizontal dotted lines representing a lower-
bound estimate of the computational cost of classical continuation methods. These lines are
obtained by multiplying the execution time of a single deterministic FEM solve (NPC = 1)
by the number of bifurcation branches (three) and by the number of continuation steps,
assuming to start at the bifurcation point μ∗ � 0.96 and taking 
μ = 0.01, as done to con-
struct Figure 7. Under this comparison, the SSFEM approach exhibits a clear computational
advantage: it outperforms classical continuation methods for all values of NPC on the coarse
grid and up to NPC = 3 on the finer grid. Nevertheless, we remark that this comparison is
unfavorable to our method, since it neglects additional computational costs inherent to stan-
dard continuation techniques, such as those associated with deflation strategies [19, 47]. As a
final consideration, in Figure 15 we show the case of a highly structured symmetric grid. One
can note that the variance plot is significantly different, since it reports a higher variance not
on the horizontal symmetric axis of the inlet region, but instead on two symmetric regions at
the top and bottom of it. In particular, the polynomials in the points of maximum variance are
linear, and no local extremum is visible, suggesting that no bifurcating behavior is detected.
This is due to the symmetry of the mesh, and it is in line with what has already been observed
in deterministic bifurcation detection methods by previous works [2, 48].

5.3 Deterministic Bifurcation Diagram Inference

In this final section, we extend the previous analysis to different viscosity mean values.
First, we are interested in checking the behavior of the velocity variance in the uniqueness

regime. In Figure 16 the SSFEM results are shown for μ ∼ U(1.245, 1.355), thus quite far
from the bifurcation point. When the uniqueness of the deterministic solution is ensured, the
variance is significantly lower (about three orders of magnitude) than the one observed in the
non-uniqueness regime. Moreover, the polynomial solution at the domain points of highest
variance is linear, confirming the absence of the bifurcating behavior.

When moving the viscosity value towards the bifurcation point, as expected, the variance
increases as shown in Figure 17 for μ ∼ U(0.945, 1.055). Nevertheless, in both cases, the
corresponding polynomials, evaluated in the domain points of maximum variance, do not
present multiple local extrema.

123



Journal of Scientific Computing           (2026) 108:20 Page 21 of 29    20 

(a)

1.05
1.10
1.15

v y

−1 0 1
�

−1.15
−1.10
−1.05

v y

(b)

Fig. 16 SSFEM results on a quadrilateral grid of 1541 nodes with μ ∼ U(1.245, 1.355): (a) variance magni-
tude, and (b) solution at x̄1 and x̄2
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Fig. 17 SSFEM results on a quadrilateral grid of 1541 nodes with μ ∼ U(0.945, 1.055). Variance magnitude
(a), and solution at x̄ (b)
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Fig. 18 SSFEMresults on a grid of 1541 nodes: variancemagnitude and solution at x̄, forμ ∼ U(0.745, 0.855)
in (a)(b) and μ ∼ U(0.645, 0.755) in (c)(d)

Towards a complete investigation of the bifurcation diagram, we are interested in recon-
structing the branches for any value of viscosity, without relying on any prior information.
To this end, we report the results of the SSFEM computations for μ ∼ U(0.745, 0.855) and
μ ∼ N (0.645, 0.755) in Figure 18. The magnitude of the variance increases with respect to
Figure 12, and progressively becomes higher as the viscosity mean decreases. This is consis-
tent with the progressive separation of the branches already in the deterministic bifurcation
diagram. The correspondent PDFs and are shown in Figure 18b and d.

Moreover, Figure 19 and Table 3 show that the SSFEMapproach significantly outperforms
traditional continuation methods for all tested values of NPC and for both computational
grids when considering μ ∼ U(0.745, 0.855), i.e., far from the bifurcation point but still in
the non-uniqueness regime. Indeed, while the computational cost of continuation methods
increases w.r.t. the case displayed in Figure 14 due to the need to track solution branches
over a wider parameter range, the cost of the SSFEM approach is not affected. Moreover, we
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Fig. 19 Plot of the scaling of the
execution time for coarse and fine
grids, with μ ∼ U(0.745, 0.855)
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Table 3 Execution times for
increasing NPC for coarse and
fine grids, with
μ ∼ U(0.745, 0.855)

NPC Nnodes = 193 Nnodes = 1541

1 0.713s 2.42s

2 1.47s 8.22s

3 2.52s 18.2s

4 4.23s 33.4s

5 7.66s 53.3s

6 12.6s 119s

even observe a reduction in solver time in Table 3 w.r.t. Table 2, likely due to the fact that
the problem becomes numerically easier once the system operates far from the bifurcation
point.

By looking at the polynomials for lower viscosity values, we observe that SSFEM is able
to detect three local extrema in the sampling region. Moreover, their values follow the peaks
identified by the trend of the branches in the deterministic diagram. Nevertheless, given the
difficulties highlighted before, the symmetry between positive and negative values for the
two stable branches is not exactly recovered with this mesh, as the wall-hugging bottom flow
is identified but not accurately reached in magnitude. Nevertheless, the unstable symmetric
branch seems to be always recovered.

We can exploit the results obtained to visualize a probabilistic version of the bifurcation
diagram. In Figure 20 we report this comparison, highlighting with different markers the
admissible solutions for different viscosity parameters. We observe that the branches of the
solution are exactly recovered in the case of μ = 0.9, and that for μ = 1.0 the density of
the solution is concentrated on a single value, corresponding to the unique solution. Even
when considering viscosity values in the “strong” bifurcation regime, namely μ = 0.7 and
μ = 0.8, the evolution of the branches is followed, although the lower branch is not perfectly
recovered in its symmetry. We remark that, given the observed influence of grid density
and PC maximum degree in the approximation accuracy, in order to ensure the quality of
recovered branches an important task is to carefully design those quantities. Still, we conclude
that for reasonable mesh density and PC degrees, also in this complex benchmark, one can
retrieve significant information on the bifurcation diagram.
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Fig. 20 SSFEM probabilistic bifurcation diagram for different viscosity values

6 Conclusions and Perspectives

In this work, we propose a stochastic-perturbation approach to deterministic steady–state
bifurcation problems. We implement an intrusive pipeline based on SSFEM to retrieve the
PC coefficients of the probabilistic solution, and we provide computational evidence that it
successfully encodes accurate information about the deterministic bifurcation diagram. In
particular, we find that big perturbations are useful for parameter space exploration, while
smaller ones can serve to identify the branches for a precise parameter value.

We show the strict relation between the branches of coexisting solutions and the peaks of
the multimodal probability density function obtained by sampling the PC solution. Indeed,
despite the non-uniqueness of PC solutions in a bifurcating regime, their PDFs share common
features and demonstrate a correspondence with the solution branches.

Therefore, we show that the method overcomes important issues arising in the context of
bifurcation diagrams approximation, as it does not require prior knowledge about the solution
branches to give back valid information about all the multiple solutions in a single run of
the numerical solver. On the other hand, classical continuation methods require some prior
information about the bifurcation branches to initialize the numerical solver, as it is essential
to allow the numerical solver to converge to all the different branches. In particular, we adopt
the pitchfork bifurcation as a case study, using the method to analyze both its normal form
and its occurrence in a more complex fluid-dynamic system.

From a strictly computational point of view, the method is more expensive than a single
FEM simulation, due to the dimension of the system to be solved. Nevertheless, we show that
it is more efficient than traditional continuation methods for inferring bifurcation diagrams
over a wide range of parameters. It is to be noted that computational efficiency can be
worsened as the number of random parameters in the system increases. This poses new
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computational challenges, which can be mitigated through ad-hoc convergence strategies
and preconditioning methods, as shown in previous works also addressing the Navier-Stokes
equations [49, 50]. Therefore, significant improvements could be achieved, enabling faster
computation of higher order coefficients and allowing for the analysis of more complex
behaviors, such as the case of higher Reynolds numbers with successive bifurcations in the
Navier-Stokes setting, or in the more challenging multi–parameter case.

Finally, the development of theoretical guarantees for the proposedmethod is an important
direction for future work, particularly with regard to the regularity properties of bifurcation
branches in generic steady-state bifurcating systems.

Topics worthy of further investigation are then the role of mesh symmetry and density,
and the source of stochasticity in the system. For instance, random initial and/or boundary
conditions may play an important role in the evolution of the system for time-dependent
problems, and the method could be used to infer a probabilistic overview of the model’s
behavior in time. Furthermore, the method could be coupled with traditional continuation
methods by providing ad-hoc initializations for the numerical solver, enabling an efficient
and precise evaluation of branches in a larger portion of the parameter space.

Finally, given the reliability of the PC surrogate model for the probability distribution of
the solution, it is worth exploring a Bayesian approach to the bifurcation problem starting
from this prior assumption, possibly following the framework proposed in [51] and adapting it
to the polynomial basis. Indeed, incorporating real data into the analysis could be particularly
important to model the complex behavior of a real-world parametric system, as it could bring
the model’s improvements in its reality reproduction capability.

Appendix A Karhunen-Loève Expansion

The Karhunen-Loève (K-L) expansion [52, 53] operates similarly to the Fourier expan-
sion but it applies to the space of stochastic processes with finite second-order moment
L2(�,F, ν;Rd ). The main idea of the method is to first find the orthonormal eigenfunctions
π i (x) of the Hilbert-Schmidt integral operator HK defined as:

HK [π i (x)](x) =
∫
D
Kα(x, y)π i ( y)d y = λiπ i (x), (19)

whose kernel Kα(x, y) is the covariance function of the process α(x, ω) ∈ L2(�,F, ν;Rd),
and λi are the eigenvalues associated with π i (x). Subsequently, the process is projected onto
such an orthonormal basis, obtaining the random variables:

ξi (ω) =
∫
D

(α(x, ω) − α(x))π i (x)dx s.t. E[ξi ] = 0, and E[ξiξ j ] = λiδi, j , (20)

where the conditions on their mean and variance are easily obtained by substituting the π i (x)

functions with their definition in Equation (19). Namely, they are orthogonal in the space
L2(�,F, ν;Rd ), and thus uncorrelated. The K-L expansion can then be expressed as:

α(x, ω) = α(x) +
∞∑
i=1

ξi (ω)√
λi

π i (x)
√

λi =
∞∑
i=0

ξi (ω)π i (x)
√

λi , (21)

where the first two equivalences follow directly from introducing the normalized random
variables ξi (ω) such that E[ξi ] = 0 and E[ξiξ j ] = δi, j , and assuming without loss of
generality that ξ0(ω) ∼ δ1, π0(x) = α(x), and λ0 = 1.
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The convergence properties of this expansion strictly depend on the nature of the stochastic
process covariance function, namely on the decay of its eigenvalues. For a further discussion
on the topic, we refer to [54]. In general, note that the K-L expansion is particularly useful
to model the parameters of a generic stochastic PDE (1), since their covariance function is
known and all the computation comes down to its spectral study.

B Non-Intrusive Stochastic Perturbation Approach

A sample-based approach to bifurcation problems may be misleading because it assumes
access to all solution branches for a given parameter set, a requirement that cannot be verified
without prior knowledge of the system. Indeed, without exploiting ad-hoc techniques such as
the deflation method [19], there are no guarantees that the nonlinear solver can find samples
of the solution equally distributed on the possible branches. For instance, approaching the
problemviaMonte-Carlo simulations, or similar non-intrusivemethodologies, one collects an
ensemble of solutions by repeatedly solving the system for different values of the parameters,
without obtaining any assurance on the completeness of the analysis.

We empirically prove this argument to justify the need of intrusivemethodswhen assuming
no previous knowledge of the system. We treat the viscosity in (13) as a normally distributed
low-variance random variable μ ∼ N (0.9, 0.001) centered at a point of the parameter space
where the bifurcation has already occurred, and we draw 300 samples from such parameter
distribution, solving the following nonlinear system coming from FEM formulation of the
problem and collecting an ensemble of solutions:{

μ
∫
D ∇v · ∇ψdx + ∫

D(v · ∇v)ψdx − ∫
D p∇ · ψdx, ∀ψ ∈ V0∫

D π∇ · vdx = 0, ∀π ∈ Q,
(22)

where V0 = {
v ∈ H1

(D;R2
) : ψ |�wall∪�in

= 0
}
, Vin = V0 ⊕ vin, and Q = L2(D).

Figure 21a shows that, if the nonlinear solver initialization is not exploiting any prior
knowledge regarding the possible states, i.e., the initial guess is set to zero, the variance of
the collected ensemble has a small magnitude in the whole domain. On the other hand, if we
incorporate some knowledge by means of a continuation approach for the initialization of
the Newton-Krylov solver, the variance clearly shows a different behavior with an increased
magnitude, concentrating in the expansion-region of the channel where the bifurcation is
mostly affecting the flow.

Moreover, Figure 22a shows that the increased variance observed in Figure 21a arises
solely from a linear trend. In contrast, Figure 22b, which corresponds to the high variance in
Figure 21b , exhibits a multi-valued mapping that correctly identifies the three branches of
the deterministic bifurcation diagram shown in Figure 7. In Figure 22c , we exploit guided
initialization over a broader parameter region by assigning μ ∼ N (0.9, 0.2). In this case,
the topology of the bifurcation diagram is not only reproduced, but an additional bifurcating
behavior is also observed around μ = 0.5. Thus, although sample-based approaches are
often easier to interpret and implement, they lack reliability in regimes of non-uniqueness
when no prior knowledge of the system is available. Nevertheless, when coupled with prior
information or dedicated bifurcation-discovery techniques, they may still serve as a tool for
investigation of the parameters space [28, 29, 55].
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Fig. 21 Variance of vy computed viaMC simulation of 300 sampleswithμ ∼ N (0.9, 0.001) on a quadrilateral
grid of 1275 nodes, (21a) fixed and (21b) ad-hoc knowledge-based initialization

(a) (b) (c)

Fig. 22 cof vy at the point of maximum variance with μ ∼ N (0.9, 0.001) for Figure 21a in (21a), for Figure
21b in (21b), and with μ ∼ N (0.9, 0.2) in (21c)
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