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In quantum resource theory, one is often interested in identifying which states serve as the best resources
for particular quantum tasks. If a relative comparison between quantum states can be made, this gives rise to
a partial order, where states are ordered according to their suitability to act as a resource. In the literature,
various different partial orders for a variety of quantum resources have been proposed. In discrete variable
systems, vector majorization of Wigner functions in discrete phase space provides a natural partial order between
quantum states. In the continuous variable case, a natural counterpart would be continuous majorization of
Wigner functions in quantum phase space. Indeed, this concept was recently proposed and explored (mostly
restricting to the single-mode case) by Van Herstraeten et al. [Quantum 7, 1021 (2023)]. In this work, we develop
the theory of continuous majorization in the general N-mode case. In addition, we propose extensions to include
states with finite Wigner negativity. For the special case of the convex hull of N-mode Gaussian states, we prove
a conjecture made by Van Herstraeten, Jabbour, and Cerf. We also prove a phase space counterpart of Uhlmann’s
theorem of majorization.

DOI: 10.1103/w561-h3z5

I. INTRODUCTION

Continuous variable (CV) systems are described by op-
erators with eigenvalues forming a continuous set. Most of
the examples in this class are built out of harmonic oscilla-
tors, appearing in many different guises in different areas of
physics. CV methods are therefore central in many applica-
tions of quantum information science; well-known reviews
on this subject include, e.g., Refs. [1–4]. In particular, we
want to mention continuous variable approaches to quantum
computing [5,6].

Resource theories provide a framework for describing
key quantum information-theoretic resources and how they
degrade under information processing constrained by “free
operations” [7]. In this context, free operations refer to trans-
formations that are allowed without consuming the resource
in question—typically those that are easy to implement or
considered operationally inexpensive within the theory. An
example is the resource theory of entanglement for bipar-
tite quantum systems, where the free operations are local
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operations combined with classical communication (LOCC),
and the loss of entanglement is tracked quantitatively by
the entanglement entropy, the relevant “resource monotone”
in this context [8]. Furthermore, by Nielsen’s theorem [9]
LOCC produces and requires a preorder among quantum
states, called majorization. Conversely, a majorization rela-
tion between a pair of states implies an inequality for their
entanglement entropies.

In discrete variable (DV) quantum computing, relevant
resource theories are resource theories of magic, introduced
in Ref. [10]. One natural choice of free operations is the
class of stabilizer protocols, which includes, e.g., acting with
Clifford unitaries; the free states are stabilizer states, while the
resource states are magic (also known as nonstabilizer states)
[11]. In DV resource theories of magic, several magic mono-
tones have been introduced [10,12–17]: for this work, we
single out the mana [10]. Recently, a preorder based on vector
majorization adapted to discrete Wigner functions in the dis-
crete quantum phase space was investigated by Koukoulekidis
and Jennings in Ref. [18]. Inspired by these well-established
results for DV states, we aim to address similar questions for
CV states. In this context, a natural choice of free operations
would be those that always map Wigner-positive states to
Wigner-positive states, W+ → W+, but they are difficult to
classify. A more convenient choice is Gaussian protocols,
which map within a subset of W+ the convex hull of Gaus-
sian states. This class includes, e.g., Gaussian operations and
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homodyne measurements combined with conditioning based
on measurement outcomes. Gaussian protocols are also a
very important and easily implementable class of protocols
for many other applications beyond quantum computing. For
resource states, there are then two possible natural choices:
Wigner-negative states, leading to the resource theory of
Wigner negativity [19], or non-Gaussian states, leading to
the resource theory of non-Gaussianity [20]. In both cases,
the Wigner logarithmic negativity [21]—the CV analog of
mana—serves as a key monotone and is known to be non-
increasing under Gaussian protocols [19,20]. However, what
seems to be missing in order to have a complete resource
theory is the concept of a preorder.

In this work, we address the question of what should be
an appropriate preorder for either resource theory. A natu-
ral strategy for establishing this preorder is to find a CV
generalization of the discrete Wigner function majorization
introduced in the DV case. In the CV case, Wigner func-
tions are real-valued functions on R2N . The mathematical
theory of continuous majorization, applicable to functions,
has been developed over time [22–25]. Van Herstraeten, Jab-
bour, and Cerf later adapted this framework to quantum phase
space [26]. They proposed it as a natural tool to quantify the
“randomness” of Wigner-positive states, proved several prop-
erties, and conjectured that coherent states majorize all other
Wigner-positive states under this ordering. Since continuous
majorization of Wigner functions is the natural counterpart
of vector majorization of discrete Wigner functions, it then
appears as a natural candidate for a preorder for the resource
theories of non-Gaussianity or Wigner negativity. This would
already establish continuous majorization in quantum phase
space as a fundamental concept.

In this work, we develop the theory of continuous ma-
jorization of Wigner functions in quantum phase space, which
we shorten to Wigner majorization, proving significant exten-
sions and results first in the N-mode case of Wigner-positive
states, in particular proving the conjecture of Ref. [26] for
the convex hull of N-mode Gaussian states. Motivated by
resource theories, we investigate continuous majorization be-
tween Wigner functions of input and output states under
Gaussian protocols, limiting the focus here to Gaussian chan-
nels. We then propose two possible ways to extend the
definition to states with finite nonvanishing Wigner negativity,
and we introduce a new form of preorder among generic CV
states. In this most general case, we are able to prove some
interesting results, such as a quantum phase space counterpart
of Uhlmann’s theorem of majorization.

This work is structured as follows: This introduction is
followed by Sec. II summarizing the main results. Sec-
tions III, IV, and V give a more technical presentation,
followed by conclusions in Sec. VI and appendixes with tech-
nical details.

II. SUMMARY OF THE MAIN RESULTS

In this section, we provide an overview of the main re-
sults reported in this manuscript, postponing their proofs and
explicit computations to the forthcoming sections and the
appendices. Before the summary, we review continuous ma-
jorization between positive functions and its application to

defining the Wigner majorization, a preorder relation in the
space of quantum CV states.

A. Review of Wigner majorization

For later reference, we begin with a brief review of
vector majorization. Consider a pair of vectors p, q ∈ Rn.
We reorder the components (note that they can also be
negative) into descending order and relabel them to define
p↓ = (p↓

1 , p↓
2 , . . . , p↓

n ), q↓ = (q↓
1 , q↓

2 , . . . , q↓
n ) such that p↓

1 �
p↓

2 � · · · � p↓
n and q↓

1 � q↓
2 � · · · � q↓

n . We then compare
partial sums of the components. If the inequalities

k∑
i=1

p↓
i �

k∑
i=1

q↓
i (1)

hold for all k = 1, . . . , n, then we say that the vector p weakly
majorizes the vector q and denote p Ï q. If in addition for
k = n we have the equality

n∑
i=1

p↓
i =

n∑
i=1

q↓
i , (2)

we say that the vector p majorizes the vector q and we denote
p � q.

These definitions can be extended to the discretely
infinite case; for majorization, the sums

∑∞
i=1 replacing the fi-

nite sums in (2) must be finite. A special application is the case
when p, q are probability vectors associated with a discrete
random variable (so that the components are non-negative). In
this case (2) holds due to the unit normalization of probability
vectors, and if p � q, we can think of the distribution p be-
ing “more ordered” or “less random” than the distribution q.
This notion can then be implemented to define quantum state
majorization in terms of the eigenvalues of density operators.
Given two DV or CV states with density operators ρ̂1 and ρ̂2,
let us call λ j and κ j , with j = 1, . . . , n or j = 1, 2, . . . ,∞
their respective eigenvalues. We then assemble the eigenval-
ues into ordered (probability) vectors λ↓, κ↓ and say that the
state ρ̂1 majorizes the state ρ̂2, and denote ρ̂1 �DM ρ̂2, if and
only if λ � κ. We henceforth refer to this majorization relation
as density matrix majorization in distinction to the Wigner
majorization, which will be our main topic. We will also com-
pare density matrix majorization with Wigner majorization to
understand whether the two concepts may coincide in some
instances.

Continuous majorization [27,28] is a generalization of
functions introduced in Ref. [22] and induces a preorder in
the space of positive integrable functions on R2N . To avoid
clutter, throughout the manuscript, we denote the integrals of
these functions on the entire R2N as∫

R2N

f (r)dr ≡
∫

f (r)dr, (3)

namely, without specifying any integration domain.
To define the continuous majorization precisely, consider

two positive functions f , g : R2N → [0,∞) (we later address
the question of what happens if the functions are allowed to
have negative values). We first define the generalization of
weak majorization of vectors, following Refs. [23,28] (also
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called a “spectral order relation”). We say that f weakly ma-
jorizes g and denote f Ï g if one of the following equivalent
statements is true [23,28]:

1. ∫
[ f (r) − t]+dr �

∫
[g(r) − t]+dr, (4)

for any t � 0, where

[y]+ = max(y, 0). (5)

2. ∫
�( f (r))dr �

∫
�(g(r))dr, (6)

for all non-negative increasing convex functions � :
[0,∞] → [0,∞] such that �(0) = 0.

3. ∫ ∞

t
m f (s)ds �

∫ ∞

t
mg(s)ds, (7)

for any t � 0, where the level function m f is defined as

m f (t ) ≡ Vol({r ∈ R2N | f (r) � t}). (8)

4. ∫ v

0
f ↓(u)du �

∫ v

0
g↓(u)du (9)

for any v ∈ [0,∞), where f ↓, g↓ : [0,∞] → [0,∞] are the
decreasing rearrangements of f and g respectively, defined as

f ↓(u) = inf{s ∈ [0,∞)|m f (s) � u} = m−1
f (u). (10)

Note in particular that the decreasing rearrangement of a
function (10) is the counterpart of the decreasing rearrange-
ment p↓ of a vector p, but while the function f can be
multivariate, its decreasing rearrangement f ↓ always has a
single variable. Note that inequality (9) mirrors the partial sum
condition in (1). Importantly, weak majorization Ï satisfies
the following property:

f Ï g, f Ï h ⇒ f Ï tg + (1 − t )h, t ∈ [0, 1], (11)

which can be proved by exploiting the concavity of the func-
tional in (5).

If, in addition to one of the conditions (4)–(9), we have that∫
f (r)dr =

∫
g(r)dr, (12)

then we say that f majorizes g and we denote it as f Ï g.
Equation (12) is the counterpart of Eq. (2).

Note that two functions f and g can have the same
level function: m f = mg (and thus also the same decreasing
arrangement f ↓ = g↓). In this case, we say that f and g
are level-equivalent, f ∼ g, and define an equivalence class
[ f ]∼ = [g]∼. Thus the continuous majorization in fact applies
to equivalence classes: [ f ]∼ � [g]∼ ⇔ f � g. Note also
that continuous majorization can be defined for positive
functions on more general measure spaces. However, for this
work, we restrict our analysis to Euclidean spaces of even
dimensionality.

For later convenience, we recall that, given f , g : R2N →
[0,∞), a sufficient condition for the relation f � g is the

existence of an integral kernel k : R2N × R2N → R, k(r, z) �
0 ∀ r, z ∈ R2N , such that [24,29]

g(r) =
∫

k(r, z) f (z)dz, (13)

and ∫
drk(r, z) = 1,

∫
dzk(r, z) � 1. (14)

A kernel with the properties in (14) is called semidoubly
stochastic, while, when the second inequality is saturated, k
is called doubly stochastic (or bistochastic). Restricting to the
doubly stochastic kernels, the condition (14) has a counterpart
in the context of discrete probability distributions, where k is
replaced by a bistochastic matrix.

The theory of continuous majorization has been recently
applied to studying bosonic quantum states by introducing
the Wigner majorization (continuous majorization of Wigner
functions in quantum phase space) [26]; an extension to the
fermionic case was introduced in Ref. [30]. In this work, we
focus on further developing the theory of Wigner majoriza-
tion for bosonic systems [31]. Consider a system described
in terms of a finite set of degrees of freedom represented
by pairs of Hermitian canonical operators q̂ j and p̂ j , with
j = 1, . . . , N , such that

[q̂i, p̂ j] = iδi, j, [q̂i, q̂ j] = [ p̂i, p̂ j] = 0. (15)

We refer to these operators as canonical quadrature oper-
ators and, for convenience, we collect them into a vector
r̂ ≡ (q̂1, . . . , q̂N , p̂1, . . . , p̂N )t. Since the operators q̂i and p̂i

have continuous eigenvalues on the real line, this framework is
known as quantum CV and we call CV systems those systems
allowing for this description [1].

The states of CV systems are described by density matri-
ces, which are operators on an infinite-dimensional Hilbert
space. Given a CV state with a density matrix ρ̂, we define
the characteristic function χρ̂ as

χρ̂ (r) ≡ Tr
(
ρ̂eir̂tJr), (16)

where J is the standard symplectic matrix

J ≡
(

0 1
−1 0

)
, (17)

with 0 representing the N × N matrix with all the entries equal
to zero and 1 is the N × N identity matrix. The vector r ∈ R2N

can be written as r = (q, p)t ≡ (q1, . . . , qN , p1, . . . , pN )t,
where these 2N coordinates parametrize the quantum phase
space. To avoid confusion between the quadrature operators
and the corresponding phase-space variables, we denote the
former with the hat and the latter without it.

The Wigner function is defined as the symplectic Fourier
transform of the characteristic function [1]

Wρ̂ (r) = 1

(4π2)N

∫
dr′e−irtJr′

χρ̂ (r′). (18)

Due to the normalization of the density matrix Trρ̂ = 1, the
integral of the Wigner function (18) on the entire phase space
is 1, namely, ∫

Wρ̂ (r)dr = 1. (19)
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Since Wρ̂ (r) is not necessarily a positive function, the condi-
tion (19) implies that the Wigner function is a quasiprobability
distribution, which reduces to an ordinary probability distri-
bution when it is positive [32]. We call the CV states for
which this happens Wigner-positive states (see Ref. [33] for a
study on the characterization of states belonging to this class,
demonstrating how difficult this task is). We find it worth
stressing that Wigner functions are functions defined on the
quantum phase space R2N and uniquely identify a quantum
state.

Here, the theory of continuous majorization enters and
allows us to define a new notion of majorization between
quantum states, which we call in this work “Wigner majoriza-
tion.” The idea of Wigner majorization between states with
positive Wigner functions was introduced in Ref. [26], where
the authors exploited this tool to study information-theoretic
properties of Wigner functions. Given two states ρ̂1 and ρ̂2

with positive Wigner functions W1 and W2, respectively, fol-
lowing Ref. [26], we say that the state ρ̂1 Wigner-majorizes
ρ̂2, in symbols ρ̂1 � W ρ̂2, if and only if W1 � W2. Notice that
conditions 1 are valid for positive integrable functions, and,
therefore, the definition of Wigner majorization given above
can only be applied between states with positive Wigner func-
tions. As we discuss later, one of the results of this manuscript
consists of proposing potential extensions of the definition of
Wigner majorization to more general Wigner functions and
states.

As we elaborate more in the forthcoming sections, a widely
employed class of quantum operations is that of Gaussian uni-
taries, namely, unitary transformations generated by quadratic
combinations of the quadrature operators. More precisely,
these operations are implemented by a unitary operator of the
following form:

Û = exp(−ir̄tJ r̂)exp(ir̂thr̂)exp(ir̄tJ r̂), (20)

with h being a 2N × 2N Hermitian matrix and r̄ a vector
with 2N entries [1]. We find it worth remarking that applying
a Gaussian unitary transformation on a CV state amounts
to performing a translation by a vector r̄ and a symplectic
transformation in the coordinates parameterizing the corre-
sponding Wigner function. The translation and the symplectic
transformation are changes of coordinates of the quantum
phase space, with a unit determinant. From this fact, through
the conditions 1–4, one can show that two Wigner functions
that differ by a symplectic transformation are level-equivalent.
Thus, the corresponding pair of states related by a Gaussian
unitary is equivalent in the sense of Wigner majorization [26].
In the rest of the paper, we refer to two CV states ρ̂1 and ρ̂2

such that ρ̂1 �W ρ̂2 and ρ̂2 �W ρ̂1 as majorization equivalent.

B. Majorization for positive Wigner functions

We now begin our summary of the results of this work on
Wigner majorization between quantum CV states. We start
with results for states with positive Wigner functions. These
outcomes are therefore obtained by exploiting the definition
of Wigner majorization through the conditions 1–4.

An important class of CV states with positive Wigner
functions is that of Gaussian states, which are described
by Gaussian Wigner functions. The Wigner function of a

Gaussian state ρ̂ takes the general form [2,3]

Wρ̂ (r) = e− 1
2 (r−r̄)tγ −1(r−r̄)

(2π )N
√

det γ
, (21)

where

r̄ j ≡ Tr[ρ̂ r̂ j], γi j ≡ 1
2 Tr[ρ̂{(r̂i − r̄i ), (r̂ j − r̄ j )}], (22)

and {, } denotes the anticommutator. The values r̄ j are the
first moments of the quadrature operators, while γ = (γi j ) is a
2N × 2N real, symmetric, and positive definite matrix, called
the covariance matrix. Gaussian states are widely employed in
various contexts, including quantum information and quantum
optics, and their study is also relevant for experiments.

To study majorization, one can simplify the Wigner func-
tion in Eq. (21) by noting that displacements in phase
space—corresponding to Gaussian unitaries—do not affect
the relevant integrals in Eqs. (4), (6), (7), and (9). Thus, given
the Wigner function (21), we can always choose r̄ = 0 with-
out altering the majorization properties of Gaussian Wigner
functions and the corresponding Gaussian states. For this rea-
son, when not otherwise specified, from now on we consider
Gaussian states with vanishing first moments. Moreover, no-
tice that not all the real, symmetric, positive definite matrices
can be covariance matrices of a quantum Gaussian state; the
uncertainty principle imposes a constraint on the eigenvalues
of γ , which is encoded in the inequality [2]

γ + i

2
J � 0, (23)

where J is defined in (17). The covariance matrix has
2N (2N − 1) independent parameters, but not all of these af-
fect the majorization between two Gaussian Wigner functions.
To show this fact, we remark that any real even-dimensional
positive definite matrix, and therefore also the covariance
matrix, can be decomposed according to the Williamson de-
composition [34], namely

γ = StDS, D = diag(σ1, . . . , σN ) ⊕ diag(σ1, . . . , σN ),
(24)

where S is a symplectic matrix (sometimes we will refer to it
as symplectic basis) and σi are called symplectic eigenvalues.
Given the constraint (23), σi � 1/2. If γ is the covariance
matrix of a pure state, σi = 1/2, ∀ i [2]. The decomposition
(24) provides a natural basis for the phase-space coordinates.
Changing the coordinates by r → S−tr, we can write the
Wigner function (21) with r̄ = 0 as

Wρ̂ (r) =
N∏

j=1

e
− r2

j
2σ j

2πσ j
, (25)

where r2
j ≡ q2

j + p2
j . Since (21) with r̄ = 0 and (25) dif-

fer only by a symplectic transformation in the phase-space
coordinates, they are level-equivalent. Thus, only the N sym-
plectic eigenvalues affect the Wigner majorization properties
of Gaussian states.

To completely characterize the Wigner majorization be-
tween Gaussian states, we resort to a result due to Joe [25] that
provides a majorization criterion between Gaussian probabil-
ity distributions. When applied to Gaussian Wigner functions,
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Joe’s result leads to the first result of this manuscript (a simple
proof of Joe’s result is sketched in Ref. [35]).

Result 1. Given two Gaussian states ρ̂1 and ρ̂2 with Wigner
functions W1 and W2 and covariance matrices γ1 and γ2 re-
spectively, we have

W1 � W2 ⇔ det γ1 � det γ2, (26)

which induces the Wigner majorization relation

ρ̂1 �W ρ̂2 ⇔ det γ1 � det γ2. (27)

This result is very powerful given that it encodes the
Wigner majorization properties of a Gaussian state in a
single number computable from a 2N × 2N matrix. Notice
that the determinant of a covariance matrix is given by the
square product of all the symplectic eigenvalues. Thus, as
anticipated, the Wigner majorization between Gaussian states
only depends on the symplectic spectra of the two correspond-
ing covariance matrices. Note that Result 1 also implies that a
Wigner majorization order always exists between an arbitrary
pair of N-mode Gaussian states. In Sec. III B, we discuss
explicit examples based on Result 1.

One of the main findings of Ref. [26] is the conjecture
on the majorization of the pure state ρ̂0, defined as the state
with Wigner function (25) with all the symplectic eigenvalues
σ j = 1/2, for any j = 1, . . . , N . The conjecture states that
any mixed state with a positive Wigner function is majorized
by ρ̂0. In Ref. [26] this conjecture is demonstrated for some
mixtures of the harmonic oscillator eigenstates, in the single-
mode (N = 1) case. Due to Result 1, we can extend the proof
of this conjecture to the mixed states belonging to the convex
hull of N-mode Gaussian states.

Result 2. The N-mode pure Gaussian state ρ̂0 Wigner-
majorizes every state in the convex hull of N-mode Gaussian
states, namely,

ρ̂0 �W ρ̂ ∀ ρ̂ =
∑

i

piσ̂i, (28)

where σ̂i are Gaussian states and
∑

i pi = 1, pi � 0.

This result is proved by using (11), (27), and the fact that,
among the Gaussian states, the covariance matrix of pure
states has the smallest determinant allowed. In Sec. III A, we
provide an alternative proof of (28). Extending Result 2 to
linear combinations of Gaussian states that allow for negative
coefficients would include cat states and Gottesman-Kitaev-
Preskill states, widely used in quantum information theory
[36]. This generalization deserves a more careful analysis,
which we postpone to future works.

In Sec. III A, we also derive the following statement:

Result 3. Consider a one-parameter family of Gaussian
density matrices ρ̂(τ ), where τ can be a coupling constant, the
temperature, or other physical parameters. As a consequence,
γ and the symplectic eigenvalues σk depend on τ . The fol-
lowing majorization criterion as a function of the parameter τ

holds for any pair of states with τ2 > τ1:

∂τσk (τ ) > 0 ∀ k, ∀ τ ∈ [τ1, τ2] ⇒ ρ̂τ1 �W ρ̂τ2 . (29)

FIG. 1. Differences of the partial sums (81) of eigenvalues of
density matrices representing two-mode Gaussian states as functions
of the number m of terms involved in partial sums. The data are
reported for five pairs of Gaussian states, whose symplectic eigen-
values are displayed in the parametrization (79). When one of the
curves crosses the horizontal axis, the density matrix majorization
between the two corresponding Gaussian states is ruled out.

This result is a special case of a more general one: if
det γ (τ ) is monotonically decreasing in the interval [τ1, τ2],
the right-hand side of (29) follows from Result 1. The specific
case of Result 3 helps to compare Wigner majorization and
density matrix majorization. It would be insightful to under-
stand whether they coincide in some instances; this question is
also related to the interconvertibility of Gaussian states [37].
In Sec. III C, we show that Wigner majorization is equivalent
to the density-matrix majorization if we restrict to single-
mode Gaussian states.

Result 4. Given two single-mode Gaussian states with den-
sity matrices ρ̂1 and ρ̂2, then

ρ̂1 �DM ρ̂2 ⇔ ρ̂1 �W ρ̂2. (30)

This statement ceases to be true in general when N > 1.
We show this fact in Fig. 1, providing explicit examples of
inequivalence between the two majorizations when two-mode
Gaussian states are considered. We also identify a subset of
pairs of multimode states where the two majorizations are
equivalent, as discussed in Sec. III C 1.

To conclude our analysis on Wigner majorization among
Gaussian states, in Sec. III B, Result 3 is applied to examples
from the context of harmonic lattices. In particular, we show
that any N-mode Gaussian thermal state at a given temper-
ature always majorizes another thermal state of the same
system at a higher temperature. This is consistent with the idea
that Wigner majorization orders quantum states based on their
mixedness [26]. In addition, we also show that the thermal
state of a harmonic chain made by N sites Wigner-majorizes
any other thermal state of the same system with a smaller
frequency parameter and the same temperature.

Wigner functions play a prominent role in the resource
theory of non-Gaussianity and the resource theory of Wigner
negativity [19,20]. In the former case, the free states are given
by CV Gaussian states, while in the latter case, they are
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given by CV states with positive Wigner functions. In both
resource theories, the free operations are given by the so-
called Gaussian protocols, including Gaussian measurements
and Gaussian channels. A Gaussian channel is a completely
positive and trace-preserving operation that maps Gaussian
states into Gaussian states. When acting on a Gaussian state,
its action on the input covariance matrix γ is given by [1,38]

γ → Xγ X t + Y, Y + i
J

2
� iX

J

2
X t, (31)

where X and Y are 2N × 2N matrices and Y is addition-
ally symmetric and positive definite. Gaussian channels map
Gaussian states into Gaussian states according to (31) but can
also be applied to non-Gaussian states. In the latter case, their
action is more complicated, as discussed later in this paper.
To understand whether Wigner majorization plays any role
in the context of the aforementioned resource theories, we
find it insightful to study the majorization relation between
a given input state and the output state obtained after applying
a Gaussian channel. Considering first a simple example of
single-mode Gaussian channels, we can gain the following in-
sight for N-mode Gaussian channels, discussed in Sec. IV A:

Result 5. It is not true that a CV input state always Wigner-
majorizes the output state obtained by applying a Gaussian
channel or that it is always Wigner-majorized by it. The direc-
tion of a Wigner majorization relation depends on the choice
of the CV input state and a Gaussian channel acting on it.

This result implies that the Wigner majorization among
CV Wigner-positive states does not allow any counterpart of
Nielsen’s theorem, where the role of LOCC would be replaced
by Gaussian protocols. Result 6 below will explain why: the
convolution kernels are not in general semidoubly stochastic.

Given the discussion above, it is natural to try to understand
whether we can identify a subclass of Wigner-majorizing
Gaussian channels. A Gaussian channel E belongs to this
class if, given an input state ρ̂in, we have that ρ̂in �W E (ρ̂in).
To find this class of channels when ρ̂in is a CV positive Wigner
state, we reinterpret a result found in Ref. [39] in view of
exploiting it in the context of Wigner majorization.

Result 6. Given the Wigner function Win of an input state,
the Wigner function Wout of the output state ρ̂out ≡ E (ρ̂in) is
given by

Wout(r) =
∫

dzk(r, z)Win(z), (32)

where the integral kernel is defined as

k(r, z) ≡ e− 1
2 rtY −1r− 1

2 ztX tY −1X z+ztX tY −1r

(2π )N
√

det Y
, (33)

in terms of the matrices X and Y characterizing the channel E .
The kernel k satisfies the properties∫

drk(r, z) = 1,

∫
dzk(r, z) = 1

det X
. (34)

A proof of the formulas (33)–(88) is reported for complete-
ness in Appendix A. Importantly, note that the convolution
formula (88) with the unit normalization of the integral over r

(34) plays a central role in the proof of the Eisert-Mari theo-
rem [40]. In the DV case, a convolution formula follows from
the Choi-Jamiolkowski dual representation of the action of the
channel. However, as we discuss in more detail in Sec. IV A,
in the CV case, the dual representation is ill-defined, since the
C-J dual mapping involves the two-mode squeezed state in the
infinite squeezing limit. The formulas (33)–(88) do not rely
on the C-J dual mapping and, at least for Gaussian channels,
give a well-defined convolution for the Eisert-Mari theorem
in the CV case. While we believe that similar convolution
formulas can be derived for more general positive channels,
it appears to be an important problem to find such generaliza-
tions, to strengthen the proof of the Eisert-Mari theorem in the
CV case. Comparing (34) with (14), we notice that k is not
a semidoubly bistochastic kernel, unlike in the convolution
formula in the DV case. However, using the properties of k
and the necessary condition (13) for Wigner majorization for
states with positive Wigner functions, we prove the following
statement:

Result 7. The class of Gaussian channels EX,Y characterized
by the matrices X and Y such that det X � 1 is a class of
Wigner-majorizing channels when applied to CV states with
positive Wigner functions, namely, for any CV state ρ̂ with a
positive Wigner function,

ρ̂ �W EX,Y (ρ̂). (35)

Within this class, important examples arise when we fur-
ther restrict to channels with det X = 1. These represent
special cases where the associated kernel becomes doubly
stochastic. First, notice that the Gaussian unitaries correspond
to Gaussian channels with Y = 0 and X symplectic, the latter
conditions implying det X = 1. This is a consistency check
of the fact that Gaussian unitaries are majorizing channels,
despite in a trivial way. Indeed, the output state after a Gaus-
sian unitary is majorization-equivalent to the input state and
therefore is majorized by it. In addition to this trivial exam-
ple, the class of majorizing channels with det X = 1 includes
classical mixing channels, namely, Gaussian channels which
implement displacements on the input state randomly dis-
tributed according to a given Gaussian probability distribution
and are models of Gaussian noise [1]. An example of the case
det X > 1 is the amplification channel. We elaborate more on
this class of Wigner-majorizing channels in Sec. IV B.

C. Majorization for generic Wigner functions

The results described in the previous subsection apply to
CV states with positive Wigner functions. It is desirable to
extend the concept of Wigner majorization to a more gen-
eral class of CV states, including Wigner negativity, and
understand the interplay of these extensions with Gaussian
channels. The findings reported in this section aim at filling
this gap.

As a first step, we introduce a proposal to extend Wigner
majorization to CV states whose Wigner functions are not
necessarily positive. Physically motivated by resource theory
arguments, as discussed later in this section, we also require
that the Wigner functions of the considered states are abso-
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FIG. 2. (left) The functional in (4) evaluated on the absolute value of the Wigner functions (99) of the harmonic oscillator eigenstates and
plotted as a function of t . Five different eigenstates are considered. The fact that each curve intersects all the others indicates the absence of
Wigner majorization among these eigenstates. The inset shows ln I0 evaluated on the same class of Wigner functions plotted as a function of
ln n. The dashed line corresponds to 0.44 ln n + 0.12 and is obtained through a fit procedure. (right) The functional in (4) is evaluated on the
mixture (100) for four choices of u. The nonintersection of the curves signals the relation |W̃1| Ï |W̃9/10| Ï |W̃3/4| Ï |W̃3/5| and the consequent
Wigner majorization among the considered states.

lutely integrable on the entire phase space, i.e., they belong to
L1(R2N ).

Result 8 (Proposal 1). Consider two generic CV states with
density matrices ρ̂1 and ρ̂2 and Wigner functions W1 and W2,
respectively, and assume that W1, W2 ∈ L1(R2N ). We propose
to extend the majorization relation �W given in Sec. II A to
this more general set of states. We define that ρ̂1 �W ρ̂2 if
and only if |W1| Ï |W2|, where the relation Ï is defined by
(4)–(10).

Let us comment on this proposal. Since for Wigner func-
tions which are not generically positive the integral of |W |
over the entire phase space is not one, we do not impose
the condition (12). Thus, the Wigner majorization (in the
nonpositive case) is established by the weak majorization Ï

defined in Sec. II A. In the positive case, this becomes the
majorization � due to |W | = W and unit normalization. The
main virtue of Proposal 1 is that it is convenient to work with.
Testing the weak majorization of absolute values of Wigner
functions by condition 1 [see inequality (4)] is simple to do
with Mathematica or an equivalent program. In Sec. V A 1,
we test this general proposal for Wigner majorization on some
exemplary CV states (see Fig. 2).

We also provide an alternative proposal for Wigner ma-
jorization and a further new notion of preorder between
generic CV states.

Alternative proposal (Proposal 2). Consider two generic
CV states with density matrices ρ̂1 and ρ̂2 and Wigner func-
tions W1 and W2 respectively. We propose an alternative
extension of the majorization relation �W given in Sec. II A to
this more general set of states. To distinguish it from Proposal
1, we use the symbol �W2 for this second proposal. We define
that ρ̂1 �W2 ρ̂2 if and only if one of the two (equivalent)
conditions is verified:∫

[W1 − t]+dr −
∫

[W2 − t]+dr � 0 ∀ t ∈ R, (36)

where [·]+ is defined in (5), or∫ ∞

t
mW1 (s)ds −

∫ ∞

t
mW2 (s)ds � 0 ∀ t ∈ R, (37)

with mW given by (8).

Proposal 2 is motivated by the DV case investigated by
Koukoulekidis and Jennings in Ref. [18]. It consists of ex-
tending conditions (4) and (7) to nonpositive functions. This
leads to divergent integrals. However, the integrals appearing
in the definition are divergent separately, but in Sec. V A 2
we show that, under certain (quite natural) circumstances, the
divergences are crucially canceled out once we consider the
differences in (36) and (37) (see also Fig. 3).

In principle, majorization relations can order quantum
states following various criteria. Proposals 1 and 2 aim to
generalize the preorder from Sec. II A, extending the no-
tion of uncertainty—quantified via the shape and spread of
Wigner functions—to states with Wigner negativity. As we
detail in Sec. V A 3, the following relation aims to introduce
an order that will be promising for the resource theory of
non-Gaussianity:

Alternative proposal (tautological preorder). Consider two
generic CV states with density matrices ρ̂1 and ρ̂2 and Wigner
functions W1 and W2 respectively. We provide a new notion
of preorder among these states. This relation differs from
Propositions 1 and 2 and is denoted by the symbol �Wt . We
define that ρ̂1 �Wt ρ̂2 if and only if W1 �t W2, namely if there
exists a kernel k of the form (33) such that

W2(r) =
∫

dzk(r, z)W1(z) . (38)

The tautological preorder is different from the previous two
proposals since it establishes that a CV state ρ̂1 majorizes ρ̂2

whenever the latter is obtained from the former via a Gaussian
channel. Thus, this definition tautologically induces a counter-
part of Nielsen’s theorem for the new preorder and Gaussian
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FIG. 3. Test of Proposal 2 for Wigner majorization through the difference (119) evaluated for a pair of Wigner functions W1 and W2. (left)
W1 = W|0〉 and W2 = W|1〉, where W|n〉 is defined in (99). (right) W1 = W̃3/5 and W2 = W̃9/10, where both the Wigner functions are defined in
(100). In both panels, the curves are shown as functions of t for various values of 
, exhibiting collapse for large 
. In the left panel, the
asymptotic curve has no definite sign, implying the absence of majorization order between W|0〉 and W|1〉, while in the right panel, the asymptotic
curve takes only negative values, meaning that W2 = W̃9/10 � W1 = W̃3/5.

channels. This property explains the choice of the name for
this proposal. To show that this relation can be legitimately
called preorder, in Appendix C we show that it satisfies all
the required properties. The tautological preorder describes a
different preorder compared to the Wigner majorization. In-
deed, it is not equivalent to Proposals 1 and 2 when restricted
to Wigner-positive states and, as discussed in Sec. V A 3, it
orders states according to their Gaussianity.

Remark on tautological preorder. All the Gaussian states
are equivalent with respect to the tautological preorder. More-
over, according to the tautological preorder, every Gaussian
state is less ordered than any other CV state. This implies that
Gaussian states are at the bottom of the preorder induced by
�Wt , which provides a legitimate candidate as a preorder for
non-Gaussianity.

Note that while Proposals 1 and tautological preorder hold
for any CV state with absolutely integrable Wigner function,
Proposal 2 has a more restricted range of validity due to
an additional technical condition on the Wigner functions
required for the integrals in (36) and (37) to be well-defined
(see Sec. V A 2 for more details). Note further that Proposals 1
and 2 reduce to the Wigner majorization discussed in Sec. II A
when applied to CV states with positive Wigner functions.
This does not happen for the tautological preorder, which has
a different behavior also when considered on Wigner-positive
states, as discussed in Sec. V A 3.

The three preorders listed above have an important com-
mon feature concerning the Wigner logarithmic negativity.
Given a CV state ρ̂ with Wigner function Wρ̂ , the Wigner
logarithmic negativity is defined as

NWρ̂
≡ ln

(∫
|Wρ̂ (r)|dr

)
. (39)

Due to the normalization (19), NWρ̂
is vanishing when Wρ̂

is positive and nonvanishing otherwise. In other words, the
Wigner logarithmic negativity measures how much a CV state
is not Wigner-positive. This quantity is tightly related to the

resource theories of non-Gaussianity and Wigner negativity,
and, indeed, it has been proven to be monotonic under Gaus-
sian protocols [19,20]. In Sec. V B, we prove the following
result, which shows NWρ̂

to be an insightful quantity in the
context of Wigner majorization.

Result 9. Given two CV states ρ̂A and ρ̂B with Wigner func-
tions WA and WB, respectively, using any of the three preorder
proposals reported above, we have that, for ∗ ∈ {W, W2, Wt},

ρ̂A �∗ ρ̂B ⇒ NWA � NWB . (40)

In other words, each of the proposals introduced above for
preorder between CV states implies a relation between their
Wigner logarithmic negativity. At this point, the exclusion of
states with nonabsolutely integrable Wigner functions from
our analysis can be justified on physical grounds. Indeed,
from Ref. (39), we see that, if Wρ̂ /∈ L1(R2N ), then the Wigner
logarithmic negativity diverges, rendering it unsuitable as a
resource quantifier in this context.

The Wigner Rényi entropies are other quantities that can
be defined from the Wigner function Wρ̂ of a given state ρ̂ and
are defined as

S(α)
Wρ̂

= 1

1 − α
ln

(∫
[Wρ̂ (r)]αdr

)
. (41)

While these quantities are finite and real-valued for any α > 0
when ρ̂ is a Wigner-positive state, issues arise in the more gen-
eral case. In Sec. V B we address the question of whether S(α)

Wρ̂

is monotonic under Gaussian channels, deriving the following
result:

Result 10. Consider a CV state ρ̂in with a Wigner func-
tion Win and act on it with a Gaussian channel E determined
by the matrices X and Y . If we denote the output state as
ρ̂out = E (ρ̂in) and its Wigner function as Wout, the following
inequality holds ∀ α � 1:

(det X )α−1
∫

dr|Wout(r)|α �
∫

dr|Win(r)|α. (42)
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FIG. 4. (left) The difference between S(α)
W evaluated on the output state obtained by applying a thermal noise channel (82) and the

corresponding input state given by the mixture (100). The curves are plotted as functions of the parameter s of the thermal noise channel, with
c = 0.75. Two different input states corresponding to two different values of u and three distinct values of the Rényi index α = 2p/(2q − 1),
with p and q integers, are considered. The fact that the curves have no definite sign shows that S(α)

W (and the Wigner Renyi entropy with even
indices) are not in general monotonic under Gaussian channels. (right) The logarithm of the determinant of the matrix X characterizing the
thermal noise channel is subtracted from the quantity plotted in the left panel. The curves confirm the inequality (130).

When α = 1, (42) is consistent with the monotonicity
of Wigner logarithmic negativity under Gaussian protocols
proven in Refs. [19,20]. On the other hand, when α > 1, the
channel-dependent term with the matrix X of the left-hand
side of (42) spoils the monotonicity of Wigner Rényi entropies
(41) under Gaussian channels: instead we find the inequality

− ln(det X ) + S(α)
Wout

� S(α)
Win

∀ α > 1. (43)

Thus, there is no monotonicity under Gaussian channels. In
Fig. 4 we illustrate with some examples that the Wigner Rényi
entropies may increase or decrease under a Gaussian channel,
depending on choices of input states and channel parameters.

To gain more insights into the Wigner majorization be-
tween a generic input CV state and the corresponding output
state obtained from applying a Gaussian channel, we focus
on Proposal 1 described in Result 8, which proves to be the
most versatile and also the easiest to evaluate among the three
proposals. In Sec. V C we prove that, when employing this
Wigner majorization proposal, Result 7 can be extended to
generic, not necessarily Wigner-positive, CV states with an
absolutely integrable Wigner function.

Result 11. The class of Gaussian channels EX,Y character-
ized by the matrices X and Y such that det X � 1 is a class
of Wigner-majorizing channels when applied to generic CV
states. Thus, for any CV state ρ̂, we have that, according to
Proposal 1 in Result 8,

ρ̂ �W EX,Y (ρ̂). (44)

So far, when considering quantum operations, we have
focused on Gaussian channels. To discuss different instances,
we consider the quantum operation defined by the following
convex combination of Gaussian unitary channels applied to a
density matrix ρ̂ of a CV state

Ep(ρ̂) =
∫

dS
∫

d r̄ p(S, r̄)US,r̄ρ̂U †
S,r̄, (45)

where the integral over r̄ is performed over the entire phase
space, while the integral over S is performed over the set of
symplectic matrices corresponding to the Gaussian unitaries
applied to ρ̂. Examples of channels in this class have been
considered in Refs. [41,42] and their quantum capacity has
been studied. The transformation in (45) amounts to applying
on the input state random combinations US,r̄ of Gaussian uni-
tary transformations and displacements distributed according
to the probability density function p(S, r̄). For this reason,
we call the channel Ep random Gaussian unitary channel.
By focusing again on the Wigner majorization Proposal 1 in
Result 8, in Sec. V C, we prove that any CV state with an
absolutely integrable Wigner function after the application
of a random Gaussian unitary channel is majorized by the
corresponding input state.

Result 12. For any CV state and any choice of channel
of the form (45), we have that, according to Proposal 1 in
Result 8,

ρ̂ �W Ep(ρ̂). (46)

Note that this result can be viewed as a quantum phase-
space counterpart of Uhlmann’s theorem of (density matrix)
majorization. The latter states that the output state of any
unital channel, i.e., a quantum channel that maps the iden-
tity into itself, is always density-matrix majorized by the
corresponding input state [43]. Furthermore, since random
Gaussian unitary channels Ep in (45) are also examples of
unital channels, Uhlmann’s theorem of majorization should
also be applicable, along with Result 12 [i.e., ρ̂ �DM Ep(ρ̂)
also holds]. A heuristic interpretation of Result 12 is that
random Gaussian unitary channels (at least, random displace-
ment channels) are models of bosonic noise, and, according to
Result 12, the Wigner function of the output state is a “more
random” distribution in quantum phase space than that of the
input state.
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III. CONTINUOUS MAJORIZATION AND POSITIVE
WIGNER FUNCTIONS

In this section, we study the Wigner majorization be-
tween Wigner-positive states, focusing on Gaussian states.
Exploiting known results in the theory of majorization be-
tween probability distributions, we provide a criterion for
Wigner majorization of Gaussian states. This condition allows
analytic control on the Wigner majorization properties of a
large class of continuously parametrized families of Gaus-
sian states, which includes examples of physical relevance,
such as thermal states of harmonic chains. We finally discuss
a quantitative comparison between the Wigner majorization
and the density matrix majorization for single- and two-mode
Gaussian states.

A. Wigner majorization of Gaussian states

The theory of majorization between Gaussian probability
distributions has been discussed in detail in Ref. [25], where
it has been found that, given two Gaussian distributions f�1

and f�2 with covariance matrices �1 and �2, respectively,
f�1 � f�2 according to the definition reviewed in Sec. II A if
and only if det �1 � det �2. This result immediately applies
to the Wigner majorization between two Gaussian states ρ̂1

and ρ̂2 with covariance matrices γ1 and γ2 constrained by
(23). Indeed, recalling that the Wigner function of an N-mode
Gaussian state is a Gaussian distribution with 2N variables,
recalling the definition of Wigner majorization in Sec. II A,
we straightforwardly obtain the following result:

Result 1. Given two Gaussian states ρ̂1 and ρ̂2 with Wigner
functions W1 and W2 and covariance matrices γ1 and γ2, re-
spectively, we have

W1 � W2 ⇔ det γ1 � det γ2, (47)

which induces the Wigner majorization relation

ρ̂1 �W ρ̂2 ⇔ det γ1 � det γ2. (48)

Let us discuss some of the implications of this result.
Consider two generic Gaussian states characterized by their
covariance matrices γ1 and γ2 and whose corresponding
Wigner functions W1 and W2 are obtained from (21). Result
1 implies that W1 � W2 when det γ1 � det γ2, where

det γ =
N∏

j=1

σ 2
j � 1

4N
, (49)

which can be obtained by combining (24) with the fact that
det S = 1 for any real symplectic matrix S. The determinant of
the covariance matrix is largely studied given its relation with
various quantities such as the purity [3], the Shannon entropy
of Wigner functions [44–46] and the entropy of outcomes
of Gaussian measurements [47]. In the context of Wigner
majorization, det γ allows us to conclude that the preorder
between two Gaussian states is determined only by the sym-
plectic spectra of the corresponding covariance matrices and
the Wigner function majorization between Gaussian states
provides a total preorder, namely either W1 � W2 or W2 � W1

for any given pair of Wigner functions W1 and W2.

The above-mentioned sufficient condition for the Wigner
majorization implies that any monotonically decreasing func-
tion of det γ preserves the majorization relation, i.e., it is
Schur convex from the point of view of the Wigner function
majorization. An interesting example is the purity Tr(ρ̂2), sat-
isfying Tr(ρ̂2) � 1 for any normalized quantum state, which
is saturated only by the pure states. The purity of a Gaussian
state is determined by det γ as follows [3]

Tr(ρ̂2) = 1

2N
√

det γ
, (50)

where the prefactor depends on the convention adopted in the
definition of the covariance matrix. This is consistent with the
interpretation of the majorization in terms of the mixedness
of a state; indeed, if a state majorizes another state, it is less
mixed and, correspondingly, its purity is larger.

We find it instructive to consider also the second Rényi en-
tropy S(2)(ρ̂) ≡ − ln Tr(ρ̂2). In the case of a bosonic Gaussian
state, from (50) one finds

S(2)(ρ̂) = N ln 2 + 1

2
ln det γ =

N∑
j=1

ln(2σ j ), (51)

which is an increasing function of det γ . Thus, by applying the
conclusions of the discussion above, for two bosonic Gaussian
states ρ̂1 and ρ̂2 we have that

ρ̂1 �W ρ̂2 ⇔ S(2)(ρ̂1) � S(2)(ρ̂2), (52)

meaning that also the second Rényi entropy S(2)(ρ̂) char-
acterises the Wigner majorization relation between two
Gaussian states in a unique way.

As reviewed in Sec. II B, the authors of Ref. [26] conjec-
tured that the pure state ρ̂0 given by (25) with σ j = 1/2, for
any j = 1, . . . , N , Wigner majorizes any other CV Wigner-
positive state. This conjecture was verified in Ref. [48] for
Wigner-positive mixtures of Fock states. Aiming to find more
evidence for this conjecture, Result 1 allows us to prove this
conjecture for the states contained in the convex hull of N-
mode Gaussian states.

Result 2. The N-mode pure Gaussian state ρ̂0 Wigner-
majorizes every state in the convex hull of N-mode Gaussian
states, namely,

ρ̂0 �W ρ̂ ∀ ρ̂ =
∑

i

piσ̂i, (53)

where σ̂i are Gaussian states and
∑

i pi = 1, pi � 0.

We prove this result in the following: For this purpose,
we need to show that Wρ̂0 � Wρ̂ , where Wρ̂0 is the Wigner
function of the pure state ρ̂0 and Wρ̂ the one of the generic
state in the convex hull defined in (53). First, we observe that
ρ̂0 Wigner majorizes any other Gaussian states, given that
the determinant of the covariance matrices of pure states is
the smallest possible. Thus, since the states σ̂i are Gaussian,
ρ̂0 �W σ̂i. At this point, we only have to show that every
convex combination of σ̂i is Wigner majorized by ρ̂0. Given
the state ρ̂ defined in (53), its Wigner function can be written
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in terms of the Wigner functions of the states σ̂i as

Wρ̂ =
∑

i

piWσ̂i . (54)

Thus, to prove the Wigner majorization, we have to prove that∫
�

(∑
i

piWσ̂i

)
dr �

∫
�

(
Wρ̂0

)
dr (55)

for any positive function � : [0,∞) → [0,∞), which is also
convex and nonincreasing. Since � is convex, we can apply
Jensen’s inequality, obtaining∫

�

(∑
i

piWσ̂i

)
dr �

∑
i

pi

∫
�

(
Wσ̂i

)
dr. (56)

Crucially, since ρ̂0 �W σ̂i for any σ̂i, we have that∫
�

(
Wσ̂i

)
dr �

∫
�

(
Wρ̂0

)
dr, (57)

which, combined with the fact that
∑

i pi = 1 and (56), leads
to (55), concluding the proof of Result 2.

Finally, to showcase the applicability of Result 1, we derive
Result 3, which provides a criterion to identify a Wigner
majorization order along certain continuously parametrized
families of Gaussian states.

Result 3. Consider a one-parameter family of Gaussian
density matrices ρ̂(τ ), where τ can be a coupling constant, the
temperature, or other physical parameters. As a consequence,
γ and the symplectic eigenvalues σk depend on τ . The fol-
lowing majorization criterion as a function of the parameter τ

holds for any pair of states with τ2 > τ1:

∂τσk (τ ) > 0 ∀k, ∀ τ ∈ [τ1, τ2] ⇒ ρ̂τ1 �W ρ̂τ2 . (58)

Exploiting this finding, in the next section, we discuss
concrete physical examples for systems of coupled oscillators.

Considering a one-parameter family of Gaussian density
matrices ρ̂(τ ), parametrized by the real parameter τ , from
(49), it is straightforward to prove Result 3. Indeed, taking
first the logarithm of (49) and then its derivative with respect
to τ , we find

∂τ det γ (τ ) = 2 det γ (τ )
∑
k=1

∂τσk (τ )

σk (τ )
. (59)

Hence, the condition ∂τσk (τ ) > 0 for all values of k implies
that det γA(τ1) > det γA(τ2) when τ1 > τ2. Thus, the above
majorization criterion leads to

∂τσk (τ ) > 0, ∀ k ⇒ WA(τ2) � WA(τ1), (60)

when τ1 > τ2, which is equivalent to Result 3.

B. Examples

The model considered in our examples is the harmonic
chain made by N sites, whose Hamiltonian is

Ĥ =
N∑

i=1

(
1

2m
p̂2

i + mω2

2
p̂2

i

)
+

∑
〈i, j〉

κ

2
(q̂i − q̂ j )

2, (61)

we can set κ = 1 and m = 1 without loss of generality, and
periodic boundary conditions are imposed. The Hamiltonian
(61) can be diagonalized through the standard procedure,
which requires introducing the bosonic creation and annihi-
lation operators b̂†

k and b̂k . The result is

Ĥ =
N∑

k=1

�k

(
b̂†

kb̂k + 1

2

)
, (62)

where the dispersion relation �k > 0 for the periodic bound-
ary conditions reads

�k =
√

ω2 + 4[sin(πk/N )]2, (63)

with k = 1, . . . , N .
When the harmonic chain (61) is at finite inverse tempera-

ture β, its density matrix is

ρ̂ th ∝ e−βĤ . (64)

In this case, the symplectic spectrum is given by

σth,k = 1
2 coth(β�k/2), (65)

where k = 1, . . . , N , which provides the determinant of the
corresponding covariance matrix through (49).

For any given value of k = 1, . . . , N , the symplectic eigen-
value σth,k is a decreasing function of β, hence

σth,k (T1) > σth,k (T2) if T1 > T2, (66)

Thus, Result 3 implies that

ρ̂T2 �W ρ̂T1 , if T1 > T2, (67)

in agreement with the fact that the interpretation of the ma-
jorization order is related to the degree of mixedness of the
states and that the pure states majorize all the other states.

Another majorization relation is obtained by considering
two states at the same temperature and different values of ω in
their dispersion relation (63). Since

σth,k (ω1) < σth,k (ω2), if ω1 > ω2, (68)

the same analysis leads to

ρ̂ω1 �W ρ̂ω2 if ω1 > ω2. (69)

This agrees with the result discussed in Appendix C of Ref.
[49], where the density matrix majorization analysis has been
performed for the mixed states given by the reduced density
matrices of half-infinite chains having different frequencies in
their dispersion relation.

C. Comparison with density matrix majorization

Wigner majorization is not the only majorization relation
between quantum states introduced in the literature. The den-
sity matrix majorization defined in Sec. II A has been widely
employed in the study of entanglement and, more generally,
in the context of resource theory. In this section, we discuss a
comparison between the density matrix majorization and the
Wigner majorization. Although not fully general, the analysis
in the context of Gaussian states allows us to draw insightful
conclusions.
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1. Density matrix majorization between Gaussian states

To discuss the density matrix majorization properties, we
recall that the density matrix of any N-mode Gaussian state
can be written in the following form:

ρ̂ = e− ∑N
k=1 εk n̂k

Z
, (70)

where n̂k are bosonic number operators and εk > 0 are called
single-particle energies. The εks can be expressed in terms of
the symplectic eigenvalues σk of the same Gaussian state as

εk = ln

(
σk + 1

2

σk − 1
2

)
. (71)

The normalization factor Z in (70) can be written in terms of
single-particle energies as

Z =
N∏

k=1

1

1 − e−εk
. (72)

From (70), the eigenvalues of ρ̂ are

λ(n1, n2, . . . , nN ) =
N∏

k=1

(1 − e−εk )e−εknk ≡
N∏

k=1

λk (nk ), (73)

where nk are the non-negative integer occupation numbers
of the different modes. If ρ̂ in (70) depends on a con-
tinuous parameter τ , i.e., ρ̂(τ ), through the single-particle
energies εk (τ ), a dependence on τ is induced also in the
symplectic eigenvalues σk (τ ), in the density matrix eigen-
values λ(n1, n2, . . . , nN ; τ ) and in the kth mode contribution
λk (nk; τ ). Notice that each eigenvalue in (73) depends on
N occupation numbers; hence, it is difficult to order the el-
ements of the spectrum of ρ̂ to directly check the density
matrix majorization. To overcome this difficulty, we exploit
the factorized structure of λ(n1, n2, . . . , nN ; τ ). Indeed, a re-
sult proved in Ref. [50] claims that, if, for any pair τ1 > τ2,
we have

m∑
nk=0

λk (nk, τ1) �
m∑

nk=0

λk (nk, τ2) ∀ m � 0, 1 � k � N,

(74)

then

ρ̂(τ1) �DM ρ̂(τ2). (75)

In other words, the density matrix majorization can be proved
by checking the condition (1) for every mode. Exploiting
the exponential form in (73), after a bit of algebra, we can
show that (74) is satisfied if ∂τ εk (τ ) > 0. Using that (71) is
a monotonically decreasing function and (74) and (75), we
conclude that

∂τσk (τ ) < 0 ∀ k, ∀ τ1 � τ � τ2 ⇒ ρ̂τ1 �DM ρ̂τ2 . (76)

This result generalizes the one derived in Appendix C of Ref.
[49], where this analysis was restricted to the reduced density
matrix of a half-harmonic chain and the parameter τ was the
frequency parameter. The result (76) holds more generally
for any family of Gaussian states continuously parameterized.
As a corollary of (76), given a pair of states ρ̂1 and ρ̂2 with
symplectic eigenvalues σ

(1)
k and σ

(2)
k , respectively, with label

k enumerating the eigenvalues in descending order, if σ
(1)
k <

σ
(2)
k for any k, then ρ̂1 �W ρ̂2 and ρ̂1 �DM ρ̂2.

Our conclusion allows a first comparison between Wigner
majorization and density matrix majorization. Indeed, com-
paring (58) and (76), we notice that, given a family of
Gaussian states parametrized by τ , if ∂τσk (τ ) < 0 for any k,
then we have both Wigner and density matrix majorization
order along the line parameterized by τ . Since the single-
mode Gaussian states are completely specified by their unique
symplectic eigenvalue, when applied to this class of states, this
comparison establishes the equivalence between density ma-
trix majorization and Wigner majorization, which corresponds
to the following result:

Result 4. Given two single-mode Gaussian states with den-
sity matrices ρ̂1 and ρ̂2, then

ρ̂1 �DM ρ̂2 ⇔ ρ̂1 �W ρ̂2. (77)

2. Majorization analysis of two-mode Gaussian states

To understand whether the equivalence between Wigner
majorization and density matrix majorization holds for N-
mode Gaussian states with N > 1, it is insightful to examine
the case of two-mode Gaussian states. Since Gaussian states
are considered, the Wigner majorization is established through
the determinants of their covariance matrices. As shown via
(52), this criterion can be rephrased in terms of the second
Rényi entropies. In this section, we will exploit this formula-
tion of the Wigner majorization criterion. As for the density
matrix majorization, the eigenvalues (73) must be considered.
When N = 2, these eigenvalues depend on two occupation
numbers and read

λ(n1, n2) = 1

σ1 + 1
2

1

σ2 + 1
2

(
σ1 − 1

2

σ1 + 1
2

)n1
(

σ2 − 1
2

σ2 + 1
2

)n2

, (78)

where also (71) has been exploited. For the forthcoming
analysis, a convenient parametrization of the two symplectic
eigenvalues is

σ1 = av, σ2 = a

v
. (79)

where a and v are positive and such that σ1, σ2 > 1/2. In this
parametrization, S(2) reads

S(2)(ρ̂) = ln 4 + ln(σ1σ2) = 2 ln(2a), (80)

namely, a parametrizes the contribution of the symplectic
spectrum to S(2). In particular, given two states ρ̂σ and ρ̂τ with
symplectic spectra parameterized by (aσ , vσ ) and (aτ , vτ ) re-
spectively, from (52) we have that aτ � aσ implies ρ̂σ �W ρ̂τ .
Checking whether there is a density matrix majorization re-
lation between ρ̂σ and ρ̂τ is more complicated because the
eigenvalues (78) and their partial sums have to be studied. The
density matrix majorization between two states can be ruled
out by applying the following procedure:

(1) Compute the first N elements of the spectra of ρ̂σ and
ρ̂τ by using (78) and order them in a decreasing way {λ(σ )

i }Ni=1

and {λ(τ )
i }Ni=1.

032405-12



CONTINUOUS MAJORIZATION IN QUANTUM PHASE SPACE …. PHYSICAL REVIEW A 112, 032405 (2025)

(2) Compute the first N partial sums for the two states,
i.e.,

T (σ )
m =

m∑
j=1

κ
(σ )
j , T (τ )

m =
m∑

j=1

κ
(τ )
j , m = 1, . . . ,N . (81)

(3) Compute T (σ )
m − T (τ )

m and study its sign as a function
of m.

The outcome of an analysis performed following these
points is reported in Fig. 1, where the differences between
the partial sums T (σ )

m and T (τ )
m in (81) are reported for five

pairs of two-mode Gaussian states ρ̂σ and ρ̂τ as a function
of the number m of eigenvalues included. All the pairs of
states are chosen in such a way that aτ > aσ , which implies
ρ̂σ �W ρ̂τ . On the other hand, we see that four of the five
curves in the figure cross the horizontal axis, meaning that
T (σ )

m − T (τ )
m has no definite sign. Thus, we can rule out the

density matrix majorization between the corresponding pairs
of states and, consequently, the equivalence between Wigner
majorization and density matrix majorization in the case of
N-mode Gaussian states with N > 1. We find it worth noticing
that a detailed analysis of the density matrix majorization
between two-mode pure Gaussian states was reported in Ref.
[37]. The results of Ref. [37] are a promising starting point
for classifying the N-mode Gaussian states for which density
matrix and Wigner majorizations are equivalent, as it happens
for the entire set of single-mode Gaussian states.

IV. WIGNER MAJORIZATION
AND QUANTUM CHANNELS

Density matrix majorization is relevant for establishing
the existence of quantum channels connecting two quantum
states. Motivated by this application, we want to understand
whether similar insights can also be drawn through the Wigner
majorization. For this purpose, in this section we study the
Wigner majorization order between two states related by a
Gaussian channel and whether the occurrence of a Wigner ma-
jorization relation implies the existence of Gaussian channels
connecting two states. These investigations could be of inter-
est in view of applying Wigner majorization to the resource
theories of Wigner negativity and non-Gaussianity [19,20].

A. Wigner majorization between input and output states

We begin our analysis with a single-mode Gaussian state
example, which teaches us an interesting lesson on Wigner
majorization. Consider the single-mode Gaussian channel
whose action on the input single-mode Gaussian state is given
by (31) with [51,52]

X = √
1 − s12, Y = sc12, (82)

where s ∈ [0, 1], c � 1/2, and 12 is the 2 × 2 identity matrix.
The channel defined by (82) is called the thermal noise chan-
nel and physically describes an operation that mixes the initial
state and a thermal state with symplectic eigenvalue c accord-
ing to the mixing parameter s. When c = 1/2, the channel (82)
is called a loss channel. This channel has the pure Gaussian
state with covariance matrix γ0 = 1

2 12, i.e., the vacuum, as a
fixed point. Given an input single-mode Gaussian state with a
covariance matrix γin and a unique symplectic eigenvalue σin,

after applying a thermal noise channel, we have

γin �→ γout ≡ (1 − s)γin + sc12 ⇒ σout = (1 − s)σin + sc,
(83)

where γout is the covariance matrix of the output state and
σout its symplectic eigenvalue. It is straightforward to notice
that σout � σin if c � σin and, otherwise, we have σin > σout.
By (48) we have that the input state Wigner majorizes the
output if σout � σin and, vice-versa, the output Wigner ma-
jorizes the input when σin � σout. For instance, if the input
state is thermal with σin = coth(β�/2) [see (65)], it is nec-
essary to mix it with a hotter state in order that the input
state Wigner-majorizes the output state, moving toward more
disorder, as intuitively expected. On the other hand, if we
choose to mix the input state with a colder state, the opposite
situation occurs. Notice that, when considering a loss channel
(c = 1/2), c � σin and, therefore, the output certainly Wigner
majorizes the input. We conclude that, in general, there is no
fixed majorization order between a given state and the output
state after applying a Gaussian channel. This counterexample
proves the following:

Result 5. It is not true that a CV input state always Wigner-
majorizes the output state obtained by applying a Gaussian
channel or that it is always Wigner-majorized by it. The direc-
tion of a Wigner-majorization relation depends on the choice
of the CV input state and the Gaussian channel acting on it.

In the remainder of this section, we contrast the kernel (88)
that connects input and output states with the kernel that one
would obtain via a naive application of channel-state duality.
We remind the reader that the duality between channels and
quantum states is well-defined in the finite-dimensional case
by means of the so-called C-J isomorphism [53,54]. The state
associated with a channel is defined on an extended Hilbert
space (two copies of the original Hilbert space), and in the
finite-dimensional case, the kernel that relates the input and
output states can be identified with the Wigner phase space
density of the state, which is dual to the channel. In Ref.
[18], this result was used to show that output states are al-
ways Wigner-majorized by their input states for the case of
positivity-preserving channels (channels which map discrete
Wigner-positive states to discrete Wigner-positive states).

In the infinite-dimensional CV setting, the C-J isomor-
phism is no longer well-defined, and the map between
quantum channels and states on extended Hilbert spaces
breaks down. Technically, this is because the C-J isomorphism
is defined using the maximally mixed state, which ceases to
exist in the infinite-dimensional case. One can, however, con-
struct an approximate version of the C-J isomorphism using
a regulated version of the maximally mixed state. As we will
now show, the phase-space density of the states obtained using
this approximate channel-state map does not agree with the
kernel in (88).

We begin by rewriting the kernel k, which connects input
and output Wigner functions, as a function on a doubled phase
space parametrized by ζ ≡ (r, z)t. It is straightforward to find

k(ζ) ≡ e− 1
2 ζt�−1ζ

(2π )N
√

det Y
, �−1 =

(
Y −1 −Y −1X

−X tY −1 X tY −1X

)
.

(84)
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Notice that �−1 is well-defined, but � = (�−1)−1 is not be-
cause det �−1 = 0. This hampers the interpretation of k as a
Gaussian Wigner function on a doubled phase space. At this
point, we apply the C-J isomorphism to the Gaussian channel
characterized by the matrices X and Y . The rough idea is
to associate with this channel a Choi state defined on two
copies of the Hilbert space where the channel acts. A more
detailed description is reported in Appendix B. Once the CV
Choi state is determined, it can be described in terms of its
Wigner function, which is defined on a doubled version of the
original quantum phase space. For the considered Gaussian
channel [see the definition in (31)], the Wigner function of the
corresponding Choi state reads [1]

WC (R) = e− 1
2 Rtγ −1

C R

(2π )2N
√

det γC
, R ≡ (r, raux)t, (85)

where

γC = lim
ν→∞

(
cosh(2ν)XX t + Y sinh(2ν)X�n

sinh(2ν)�nX t cosh(2ν)12N

)
, (86)

and

�n ≡
N⊕

j=1

(
1 0
0 −1

)
. (87)

The vector R has 4N entries and parametrizes the doubled
quantum phase space where the Wigner function of the Choi
state is defined. The parameter ν in (86) plays the role of
a regulator that must be introduced because the maximally
mixed state in CV systems entering the definition of the C-J
map is not normalizable. The fact that the limit in (86) does
not exist is indeed a manifestation of the non-normalizability
of the maximally mixed state. We can now conclude that the
regularized Choi Wigner function (85) is different from (84).

The failure of the C-J isomorphism in representing a Gaus-
sian channel as a Wigner function on a doubled phase space is
a further manifestation of the difference between CV and DV
systems. This fact is also reflected in the different behaviour
described in this section of positivity-preserving channels
with respect to Wigner majorization.

B. A class of majorizing Gaussian channels

In the previous subsection, we discussed the absence of a
definite Wigner majorization order between input and output
states obtained by applying Gaussian channels on CV states.
At this point, it is a natural question to ask whether we can
identify a class of Wigner-majorizing Gaussian channels. A
Gaussian channel E belongs to this class if ρ̂in �W E (ρ̂in ) for
any input state ρ̂in. For this purpose, we exploit (33)–(88),
which tell how the Wigner function of a given input state (not
necessarily Gaussian) transforms under Gaussian channels.

Consider a Wigner-positive input state ρ̂in and the output
state ρ̂out ≡ E (ρ̂in) obtained after the application of the Gaus-
sian channel E . Let us call Win and Wout the corresponding
positive Wigner functions. As discussed in Sec. II B, if Win

and Wout are related as in (13), then Win � Wout, and there-
fore ρ̂in �W ρ̂out whenever the kernel k in (13) is semidoubly
stochastic, according to condition (14). The following re-

sult shows that the kernel (34) is not in general semidoubly
stochastic:

Result 6. Given the Wigner function Win of an input state,
the Wigner function Wout of the output state ρ̂out ≡ E (ρ̂in ) is
given by

Wout(r) =
∫

dzk(r, z)Win(z), (88)

where the integral kernel is defined as

k(r, z) ≡ e− 1
2 rtY −1r− 1

2 ztX tY −1X z+ztX tY −1r

(2π )N
√

det Y
, (89)

in terms of the matrices X and Y characterizing the channel E .
The kernel k satisfies the properties∫

drk(r, z) = 1,

∫
dzk(r, z) = 1

det X
. (90)

However, by choosing Gaussian channels with det X � 1,
(90) becomes semidoubly stochastic, and the relation (88)
between input and output Wigner functions is consistent with
the condition (13). Exploiting this observation, we obtain

Result 7. The class of Gaussian channels EX,Y characterized
by the matrices X and Y such that det X � 1 is a class of
Wigner-majorizing channels when applied to CV states with
positive Wigner functions, namely, for any CV state ρ̂ with a
positive Wigner function,

ρ̂ �W EX,Y (ρ̂). (91)

In Sec. V C, we generalize Result 7 to any input state, not
necessarily Wigner-positive.

As a first example of a Wigner-majorizing channel, con-
sider the amplification channel [55], defined by

X = √
η12, Y = (η − 1)12, (92)

where η ∈ [1,∞). Since, det X = η � 1, these channels sat-
isfy (91). We then move to examples of Gaussian channels
with det X = 1, i.e., with an associated doubly stochastic ker-
nel. We first note that the single-mode thermal noise channel
defined in (82) and discussed in the previous section does
not enter this category unless it is the trivial channel. In-
deed, in that case, det X = 1 − s, which is equal to 1 only
when s = 0, i.e., for the identity channel. Consider then
the Gaussian unitaries. These channels are characterized by
Y = 0 and X symplectic and, therefore, with det X = 1.
Thus, the Gaussian unitaries are Wigner-majorizing channels.
This is consistent with our previous remarks since we have
stressed that states that differ by symplectic transformations
are majorization-equivalent and mutually majorize each other.
Another nontrivial subclass of Wigner-majorizing Gaussian
channels contains the classical mixing channels. As men-
tioned in Sec. II B, the classical mixing channels implement
on the input state a random displacement of the first moments
distributed according to a Gaussian probability density func-
tion with a certain covariance matrix Y . Thus, they can be
thought of as a special case of (45) with US,r̄ = Ur̄ and

p(r̄) = e− 1
2 r̄tY −1 r̄

(2π )N
√

det Y
. (93)
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One can prove that the resulting channel is Gaussian and char-
acterized by the 2N × 2N matrices X = 1 and Y given by the
covariance matrix in (93) [1,51,52]. From these properties, we
find that det X = 1 and, therefore, the classical mixing chan-
nels are Wigner majorizing channels. An equivalent argument
valid for Gaussian input states is the following: In these cases,
from (31), the covariance matrix of the input state changes as
γ �→ γ + Y under the action of the classical mixing channel.
A straightforward linear algebra analysis allows us to check
that, since both γ and Y are real, symmetric, and positive
definite, we have (see the exercise on page 511 of Ref. [56])

det(γ + Y ) � det γ . (94)

According to the criterion (48), this inequality implies that a
Gaussian input state always Wigner majorizes the correspond-
ing output state after a classical mixing channel.

V. CONTINUOUS MAJORIZATION FOR GENERIC
WIGNER FUNCTIONS

In the previous sections, we discussed Wigner majorization
relations between Wigner-positive states. In this section, we
explore possible extensions of the previous analysis to generic
CV states by introducing three proposals to establish a pre-
order among states that are not generically Wigner-positive.
Two of these provide a generalization of the Wigner ma-
jorization investigated above to CV states with finite Wigner
negativity. This investigation is also motivated by the re-
sults of Ref. [18], where the Wigner majorization between
non-Wigner-positive states has been studied for DV systems
defined on finite-dimensional Hilbert spaces with odd dimen-
sionality. After discussing the main features of our proposals,
we extend the results of Sec. IV to the case where the input
state is a generic CV state with finite Wigner negativity.

A. Three new notions of preorder among Wigner functions

In Sec. II C we introduce three preorders in the set of CV
states with finite, not necessarily vanishing, Wigner negativity.
As discussed in Sec. II C, we exclude from our analysis states
with nonabsolutely integrable Wigner functions. An example
in this class of states is the single-mode pure state with wave
function [57] (see also Ref. [58])

ψ (x) =
{

1 if x ∈ [−1/2, 1/2]
0 otherwise. (95)

Computing the corresponding Wigner function, we find

W (x, p) =
{ 1

π

sin [p(1−2|x|)]
p if x ∈ [−1/2, 1/2]

0 otherwise,
(96)

which is not absolutely integrable. Generally, these states
are difficult to understand in the resource theory of Wigner
negativity due to their ill-defined resourcefulness. For this
reason, our analysis focuses on states with finite Wigner neg-
ativity, i.e., with absolutely integrable Wigner functions. In
this subsection, we discuss and compare the three generalized
preorder proposals, illustrating also insightful examples.

1. Proposal 1

The absolute value of any Wigner function is a positive
function. Thus, we can employ the weak majorization relation
Ï defined by one of the equivalent criteria 1–4 in Sec. II A and
induce an order relation among the absolute values of Wigner
functions. Notice that we cannot impose the majorization
relation � between the absolute values of Wigner functions
because their integral over the entire phase space is not equal
to 1 and depends on the considered state. The weak majoriza-
tion relation Ï between the absolute values of the Wigner
functions of two generic CV states immediately induces the
following result:

Result 8 (Proposal 1). Consider two generic CV states with
density matrices ρ̂1 and ρ̂2 and Wigner functions W1 and W2,
respectively, and assume that W1, W2 ∈ L1(R2N ). We propose
to extend the majorization relation �W given in Sec. II A to
this more general set of states. We define that ρ̂1 �W ρ̂2 if
and only if |W1| Ï |W2|, where the relation Ï is defined by
(4)–(10).

Since the Wigner function of a Wigner-positive state is
equal to its absolute value when evaluated between two
Wigner-positive states, Proposal 1 reduces to the usual Wigner
majorization employed in Secs. III and IV. Moreover, if two
generic CV states differ by a Gaussian unitary, they are ma-
jorization equivalent according to this proposal. This is true
because the Wigner functions corresponding to these states
differ by a symplectic transformation on the phase space
coordinates, which preserves the values of integrals as the
ones in (4) and (6), which are required to check the Wigner
majorization via Proposal 1.

A remarkable feature of Proposal 1 is its simplicity in
establishing whether a Wigner majorization relation occurs
between two states. In particular, this can be achieved by
testing the condition (4) on the absolute value of the Wigner
functions of the considered states. For convenience, we intro-
duce the functional

It [|Wρ̂ |] ≡
∫

[|Wρ̂ (r)| − t]+dr, (97)

on a generic Wigner function Wρ̂ of the CV state ρ̂. Com-
paring with (4), the functional It allows us to reformulate
condition 1 for weak majorization |W1| Ï |W2| as

It [|W1|] � It [|W2|] ∀ t � 0. (98)

In the following, we discuss some examples involving single-
mode states. A well-known class of single-mode CV states is
made by the eigenstates of a harmonic oscillator, i.e., the Fock
states. Denoting by |n〉 the nth oscillator eigenstate, obtained
by acting n times on the vacuum state with the creation oper-
ator, the Wigner functions of these states are [59]

W|n〉(x, p) = (−1)n

π
e−(x2+p2 )Ln[2(x2 + p2)]

= (−1)n

π
e−r2

Ln(2r2) ≡ W|n〉(r), (99)

where Ln is the Laguerre polynomial of order n. Notice that
W|n〉 is a positive function on the phase space only when n = 0
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and, therefore, the vacuum state is the only Wigner-positive
oscillator eigenstate.

In the left panel of Fig. 2, we show It in (97) as a function
of t on the absolute values of oscillator eigenstate Wigner
functions (99) for five distinct values of n. All the curves
displayed mutually intersect at one point. Exploiting (98) and
Proposal 1 in Result 8, we conclude that there is no Wigner
majorization order between any pair of oscillator eigenstates.
We check this fact for the first fifteen oscillator eigenstates,
but only the curves for five of them are shown in the panel to
avoid clutter. In the inset of this panel, we report the logarithm
of I0[W|n〉] as a function of ln n, where n labels the oscillator
eigenstates we study. To understand its behaviour as a function
of n, we have fitted the fifteen data points with the largest
value of n to the linear function a ln n + b. The values of a
and b that best agree with the data are a � 0.44 and b � 0.12.
The Wigner logarithmic negativity of the Fock states was
numerically studied in Ref. [21], while, in Ref. [60] it was
analytically shown that NW|n〉 = ln I0[W|n〉] scales as 1/2 ln n as
n → ∞. The parameters obtained via our fit are close, even
if they do not match the analytical result, since we consider
values of n that are not large enough to capture the asymptotic
behavior.

In order to showcase examples of CV states that exhibit
Wigner majorization order according to Proposal 1, we con-
struct a mixture of the vacuum state and the first excited state
of a harmonic oscillator. The Wigner function of this family
of mixed states reads

W̃u(r) = (1 − u)W|0〉(r) + uW|1〉(r), (100)

where W|0〉 and W|1〉 are given in (99) and u ∈ [0, 1]. We find it
worth noticing that, when u � 1/2, the mixture described by
W̃u is a passive state, i.e., it does not allow work extraction via
cyclic unitary processes (see Refs. [26,46] for discussions on
this class of states). The functional It in (97) can be evaluated
on the absolute values of W̃u in (100). The curves obtained for
four choices of the parameter u are reported in the right panel
of Fig. 2. Differently from the left panel, the four curves do
not intersect for any finite values of t . In particular, we find
that

It [|W̃1|] � It [|W̃9/10|] � It [|W̃3/4|] � It [|W̃3/5|], (101)

∀ t � 0. Using (98), this chain of inequalities implies

|W̃1| Ï |W̃9/10| Ï |W̃3/4| Ï |W̃3/5|. (102)

Thus, by employing Proposal 1 in Result 8, we find the fol-
lowing Wigner majorization order

ρ̂W̃1
�W ρ̂W̃9/10

�W ρ̂W̃3/4
�W ρ̂W̃3/5

. (103)

Looking at (103), we may suspect a Wigner majorization
order along the family of states W̃u. This is not the case, as
we can check by comparing, for instance, It [|W̃1/10|] with any
of the functional shown in the right panel of Fig. 2. By trying
for several instances, we may conjecture that there is a ma-
jorization order along the family W̃u only as long as u > 1/2.
Interestingly, NW̃u

is different from zero and monotonically
increasing when u > 1/2, while it is vanishing when u � 1/2.
It would be interesting to understand this observation better
analytically. We leave this question for future work.

The efficiency of Proposal 1 in establishing Wigner ma-
jorization relations is exploited later, in the analysis of the
Gaussian channels acting on generic CV states under the lens
of Wigner majorization.

2. Proposal 2

The motivation for Proposal 2 comes from the DV case in-
vestigated by Koukoulekidis and Jennings in Ref. [18]. These
authors extended the majorization relation between proba-
bility vectors to quasiprobability vectors, essentially by first
employing the weak majorization criterion (1), which is then
promoted to a majorization relation due to the unit normal-
ization of quasiprobability vectors that satisfies (2). In Ref.
[18] this was phrased as a “heretic” Lorentz curve criterion.
A continuous version of the heretic Lorentz curve criterion
would be to find an extension of the majorization condition
4 [see (9) and (10)] by finding a way to construct decreas-
ing rearrangements for nonpositive functions. However, this
attempt leads to pathologies. To bypass this problem, we try
to generalize conditions (4) and (7) to nonpositive Wigner
functions.

Alternative proposal (Proposal 2). Consider two generic
CV states with density matrices ρ̂1 and ρ̂2 and Wigner func-
tions W1 and W2, respectively. We propose an alternative
extension of the majorization relation �W given in Sec. II A to
this more general set of states. To distinguish it from Proposal
1, we use the symbol �W2 for this second proposal. We define
that ρ̂1 �W2 ρ̂2 if and only if one of the two (equivalent)
conditions is verified∫

[W1 − t]+dr −
∫

[W2 − t]+dr � 0 ∀ t ∈ R, (104)

where [·]+ is defined in (5), or∫ ∞

t
mW1 (s)ds −

∫ ∞

t
mW2 (s)ds � 0 ∀ t ∈ R, (105)

with mW given by (8).

The functional It evaluated on a positive Wigner function
W (without absolute value) diverges when t < 0. Indeed, in
this case W − t > 0, hence [W − t]+ = W − t and

It [W ] = 1 − t
∫

dr, (106)

where the normalization (19) has been used. Crucially, the
divergence in (106) is independent of the considered Wigner
function. Thus, given two positive Wigner functions W1 and
W2, we have that

It [W1] − It [W2] = 0 ∀ t < 0. (107)

This means that the criterion (4) can be extended to Wigner
majorization of positive Wigner functions to any real value of
the parameter t . In contrast, if we consider a generic Wigner
function W that can take negative values, the functional It [W ]
still diverges for t < 0, but this divergence depends on the
underlying state. Thus, if we aim at introducing a Wigner
majorization proposal based on the sign of It [W1] − It [W2], as
Proposal 2 (104), it is necessary to check that this difference
is well-defined for negative values of t . If this condition is
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verified, we define that ρ̂1 �W2 ρ̂2 if and only if

It [W1] − It [W2] � 0 ∀ t ∈ R. (108)

Given the Wigner function W of a CV state with density
matrix ρ̂, let A(W )

t ⊂ R2N be the set of points where W < t .
Then, the functional It applied to the Wigner function W can
be rewritten as

It [W ] =
∫
Ā(W )

t

(W − t )dr =
∫
Ā(W )

t

W dr − t
∫
Ā(W )

t

dr, (109)

where Ā(W )
t ≡ R2N \ A(W )

t . Since W and its absolute value are
integrable on R2N , it is also so on Ā(W )

t and, therefore, the first
term in (109) is finite. The second term can be written as

− t
∫
Ā(W )

t

dr = − t Vol Ā(W )
t = − t VolR2N + t VolA(W )

t ,

(110)

where VolM denotes the volume of a subset M ⊂ R2N of
the phase space. Due to the integrability of W , if t > 0, then
VolR2N − VolA(W )

t and (110) are finite, leading to a well-
defined It [W ]. On the other hand, if t < 0, then VolR2N −
VolA(W )

t is infinite, and, in general, we are not guaranteed that
VolA(W )

t is finite. In the following, we assume the validity of
this requirement, thus restricting our analysis to those states
whose Wigner function satisfies this property. Under this
assumption, −t VolR2N is the only divergent term in (110)
and in (109), which does not depend on W , differently from
tVolA(W )

t . This allows us to conclude that the divergence of
It [W ] for t < 0 is universal for the class of these CV states.

The universality of the divergence of It [W ] for negative
values of t suggests introducing the following regularization
for the phase space: Let R2N


 be a hypercube of linear size 


or a hypersphere with radius 
, both centered at the origin of
the phase space. The volumes of these spaces as functions of
N and of the regulator 
 read, respectively,

VolR2N

 = 
2N , VolR2N


 = πN

�(N + 1)

2N , (111)

We regularize It [W ] by replacing R2N with R2N

 in the func-

tional. Now, for any finite value of 
 the functional It [W ]
is finite for any t ∈ R. Notice that choosing to regularize
It [W ] through a cutoff phase space with spherical symmetry
is more convenient when W is rotationally invariant. Given
two CV states ρ̂W1 and ρ̂W2 with Wigner functions W1 and W2,
respectively, we can rephrase (104) in a more precise way by
saying that ρ̂W1 �W2 ρ̂W2 if and only if

∞ > lim

→∞

It [W1] − It [W2] � 0 ∀ t ∈ R. (112)

By using (109) and (110), we find that, for any t ∈ R,

lim

→∞

It [W1] − It [W2] = t
(
VolA(W1 )

t − VolA(W2 )
t

)
+

∫
Ā(W1 )

t

W1dr −
∫
Ā(W2 )

t

W2dr < ∞,

(113)

meaning that the condition (104) of Proposal 2 is well-defined.
In the light of the analysis above, we find it worth stressing

that Proposal 2 for Wigner majorization, differently from Pro-
posal 1, can be applied only to a subclass of CV states having
Wigner functions W such that VolA(W )

t < ∞ for any t < 0.
Notably, all the Wigner functions relevant for this manuscript
and, in particular, the ones considered in the following exam-
ples satisfy the condition on the finite volume of A(W )

t and,
therefore, can be compared through Proposal 2 for Wigner
majorization.

At this point, we can discuss the main features of Proposal
2 for Wigner majorization between generic CV states. First,
notice that, similarly to what happens for Proposal 1, Proposal
2 reduces to the usual Wigner majorization introduced in Ref.
[26] when evaluated on two Wigner-positive states. Moreover,
by the same argument discussed in Sec. V A 1 for Proposal 1,
two CV states are majorization-equivalent according to Pro-
posal 2 if they differ by a Gaussian unitary transformation, i.e.,
their Wigner functions differ by a symplectic transformation
of the phase space coordinates.

The condition (4) is equivalent to (7), as reviewed in
Sec. II A. This equivalence is also formally preserved when
t < 0, provided that the integrals in (7) are well-defined. Us-
ing the definition (8), we can rewrite the level function mW (t )
of a given Wigner function W as

mW (t ) = VolR2N − VolA(W )
t . (114)

As explained above, if t < 0, (114) is divergent due to the
volume of the entire phase space. Indeed, we recall that we
are considering CV states with Wigner functions such that
VolA(W )

t < ∞ for t < 0. The divergence of (114) when t < 0
makes the integrals in (6) ill-defined in this regime. Thus, to
make sense of (6) evaluated on two generic CV states, we first
regularize the phase space and, consequently, the integrals of
the two level functions, then we consider the differences of
the two integrals in (6) and, finally, we remove the regulator
verifying that the result is finite for any t ∈ R. If this is true,
the condition (105) is well-defined and gives an equivalent
criterion for Proposal 2 for Wigner majorization. To verify this
well-definiteness, given a CV state with a Wigner function W ,
we introduce a regularized level function

m(
)
W (t ) = VolR2N


 − VolA(W )
t , (115)

where, also in this case, R2N

 can be either a hypercube or a

sphere of linear size 
, whose volumes are reported in (111).
Integrating (115), we have∫ ∞

t
m(
)

W (s)ds =
∫ ∞

t

[
VolR2N


 − VolA(W )
s

]
ds. (116)

When t > 0, (116) is finite in the limit 
 → ∞, as expected
from Wigner majorization of Wigner-positive states [26]. On
the other hand, when t < 0, we can rewrite (116) as∫ ∞

t
m(
)

W (s)ds =
∫ ∞

0
m(
)

W (s)ds +
∫ 0

t
m(
)

W (s)ds

=
∫ 0

t
m(
)

W (s)ds + finite as 
 → ∞ . (117)
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Using (115) and (117) become∫ ∞

t
m(
)

W (s) ds = − t VolR2N

 +

∫ 0

t
VolA(W )

s ds + finite.

(118)

Since VolA(W )
s is finite for the class of states we are consider-

ing, the integral in the right-hand side of (118) is always finite,
also for 
 → ∞. Notice that all the Wigner functions are
bounded from below and therefore a finite value t̄ exists such
that A(W )

t̄ = ∅ for t < t̄ . In this range for the parameter t , the
integral in the right-hand side of (118) is identically zero, and,
therefore, we do not have to worry about the limit t → −∞
of this term. The analysis above implies that, in the limit

 → ∞, the divergence of the integral (118) is independent
of the Wigner function W . Considering again the two CV
states ρ̂W1 and ρ̂W2 , we can compute the difference between
the two corresponding integrals (118), obtaining∫ ∞

t

(
m(
)

W1
(s) − m(
)

W2
(s)

)
ds

=
∫ 0

t

(
VolA(W1 )

s − VolA(W2 )
s

)
ds + finite terms, (119)

which is finite as 
 → ∞. This result implies that the con-
dition (105) in Proposal 2 is well-defined and can be used to
check the Wigner majorization between CV states.

In Fig. 3, the condition (105) is exploited to test Wigner
majorization according to Proposal 2. In particular, the dif-
ference in (119) is shown as function of t for W1 = W|0〉 and
W2 = W|1〉 in the left panel, where W|n〉 is given in (99), and for
W1 = W̃3/5 and W2 = W̃9/10 in the right panel, with W̃u defined
in (100). The curves are obtained for six distinct values of 
.
In both panels, we observe that when the cut-off 
 is large
enough, the curves collapse on an asymptotic curve. From the
resulting asymptotic curve in the right panel, we observe that
the plotted quantity has a negative sign in the limit 
 → ∞.
Thus, from the condition (105), we conclude that

ρ̂W̃9/10
�W 2 ρ̂W̃3/5

. (120)

On the other hand, the asymptotic curve in the left panel does
not have a definite sign, meaning that the states ρ̂W|0〉 and ρ̂W|1〉
do not display a Wigner majorization relation according to
Proposal 2. Interestingly, both the presence and the absence
of a Wigner majorization relation in the cases in Fig. 3 are
also found using Proposal 1 [see (103) and Fig. 2]. It would
be interesting to delve further into the differences between
Proposal 1 and Proposal 2, for instance, by finding whether
they are equivalent or there are examples where these yield
different majorization relations for the same pair of CV states.
We leave this task for future investigations.

3. Tautological preorder

In Sec. IV A, we show that CV output states obtained after
applying a Gaussian channel and their corresponding input
states do not have a fixed Wigner majorization relation. In
Sec. II C, we introduce an alternative preorder relation that,
by construction, ensures that every output state obtained by

applying a Gaussian channel is Wigner-majorized by the cor-
responding input state.

Alternative proposal (Tautological preorder). Consider two
generic CV states with density matrices ρ̂1 and ρ̂2 and Wigner
functions W1 and W2, respectively. We provide a new notion
of preorder among these states. This relation differs from
Propositions 1 and 2 and is denoted by the symbol �Wt . We
define that ρ̂1 �Wt ρ̂2 if and only if W1 �t W2, namely if there
exists a kernel k of the form (89) such that

W2(r) =
∫

dzk(r, z)W1(z) . (121)

Because of its defining property, we refer to this proposal
as a tautological preorder. This proposal applies to any pair
of CV states because it requires checking the existence of
a Gaussian channel connecting the two considered states.
Given that it does not rely on any of the conditions 1-4 in
Sec. II A, we are not guaranteed that this relation identifies a
preorder and, therefore, a full-fledged majorization relation.
In Appendix C we prove that the tautological preorder indeed
defines a preorder, justifying the notation introduced.

This preorder relation with respect to the action of Gaus-
sian channels has substantial differences from Proposal 1 and
Proposal 2. The first one concerns the case of Wigner-positive
states. While Proposals 1 and 2 reduce to the Wigner ma-
jorization discussed in Ref. [26], the tautological preorder
does not. Consider the following example involving single-
mode Gaussian states. In Sec. IV A, we showed that the output
state obtained by applying a thermal noise channel is not nec-
essarily majorized by the corresponding input state. However,
using the tautological preorder, by definition, the input state is
always more ordered than the output state, in contrast to the
other proposals.

Another difference from the other proposals emerges when
we try to characterize states that are equivalent through the
tautological preorder. According to this proposal, W1 and
W2 are majorization-equivalent if we can find a reversible
Gaussian channel connecting them. As discussed in Ref. [61],
a Gaussian channel is reversible if and only if Y = 0. Thus,
two Wigner functions are equivalent through the tautological
preorder if they are related by a Gaussian unitary channel.
This condition is more restrictive than in Proposal 1 and
Proposal 2. The integrals in (4) and (7) are left invariant not
only by symplectic transformations. Hence, in Proposals 1 and
2, majorization-equivalent CV states can be connected by a
larger class of transformations than Gaussian unitaries. More
differences arise when we restrict to the set of Gaussian states.
Two Gaussian states can always be connected by a Gaussian
channel [1]. For instance, two thermal states can be related
by a loss or an amplifier channel. Thus, all Gaussian states
are equivalent according to the tautological preorder. This is
not the case for the Wigner majorization proposals, as follows
from Result 1 [see (48)].

Another comparison between the three proposals in
Sec. V A concerns the validity of (11). Exploiting the con-
vexity of the functional (5), we prove that (11) holds for both
Proposal 1 and Proposal 2. The tautological preorder requires
a more careful analysis. Consider three states with Wigner
functions W , W1, and W2 such that W �t W1 and W �t W2.
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We now ask whether W �t tW1 + (1 − t )W2, with t ∈ [0, 1].
From the majorization relations, we can write

tW1 + (1 − t )W2 =
∫

dz[tk1(r, z) + (1 − t )k2(r, z)]W (z),

(122)

where k1 and k2 are the kernels relating W to W1 and W2,
respectively. If k1 and k2 have the form (89), tk1 + (1 − t )k2

does not, and, therefore, the property (11) does not hold for
the tautological preorder.

The differences between Proposals 1 and 2 and the tauto-
logical preorder should not be seen as a problem but rather
as a hint of a fundamentally different role for the preorder
�t. Observe that we can map a generic input state ρ̂in to a
Gaussian state with a covariance matrix γout independently of
the input state. This is achieved by applying the (degenerate
[62]) Gaussian channel defined by Y = γout and X given by
the matrix with all vanishing entries [to verify this fact, we
can straightforwardly use (88)]. This implies that the Gaussian
states are less ordered than all the other CV states according to
the tautological preorder. In other words, Gaussian states are
at the bottom of the tautological preorder. Thus, the relation
�t can be legitimately seen as a preorder for non-Gaussianity,
differently from other proposals characterizing disorder or
uncertainty. We hope that these results will be useful in the
context of the resource theory of non-Gaussianity.

B. Relations with logarithmic Wigner negativity

In this subsection, we show that whenever one of the
preorder relations proposed in Sec. V A occurs between two
states; the corresponding Wigner logarithmic negativities are
related in the same way.

Result 9. Given two CV states ρ̂A and ρ̂B with Wigner
functions WA and WB, respectively, using any of the three
preorder proposals reported above, we have that, for ∗ ∈
{W, W2, Wt},

ρ̂A �∗ ρ̂B ⇒ NWA � NWB . (123)

This means that the implication holds for the preorder
induced by any of the three proposals discussed in Sec. V A.

Given a state ρ̂ with Wigner function Wρ̂ , let us evaluate the
functional (97) for t = 0 on Wρ̂ and |Wρ̂ |. From (39), we can
rewrite both functionals in terms of the Wigner logarithmic
negativity of ρ̂ as follows:

I0[|Wρ̂ |] = eNWρ̂ , I0[Wρ̂] = eNWρ̂ + 1

2
. (124)

Crucially, both the functions of the Wigner logarithmic neg-
ativity in (124) are monotonically increasing. It is worth
mentioning that the relations in (124) could be exploited to
gain insights into the Wigner logarithmic negativity. For in-
stance, combining the first relation with the behavior observed
in the inset of the left panel of Fig. 2, we can argue that, as
already found in Ref. [60], NW|n〉 ∼ ln n for n → ∞, where
W|n〉 are the Wigner functions (99) of the harmonic oscillator
eigenstates.

Now, consider two CV states ρ̂A and ρ̂B with Wigner func-
tions WA and WB, respectively. From Proposal 1, ρ̂A �W ρ̂B if

It [|WA|] − It [|WB|] � 0 ∀ t � 0, (125)

while, from Proposal 2, ρ̂A �W2 ρ̂B if

It [WA] − It [WB] � 0 ∀ t ∈ R. (126)

Since (125) and (126) must hold also in the special case given
by t = 0, by exploiting the monotonicity of the functions in
(124), we have that NWA � NWB when either ρ̂A �W ρ̂B or
ρ̂A �W2 ρ̂B. This proves Result 9 for Proposals 1 and 2 of
generalized Wigner majorization.

In order to prove also Result 9 for the tautological preorder,
it is enough to recall that, when ρ̂A �Wt ρ̂B, there exists a
Gaussian channel E such that E (ρ̂A) = ρ̂B. In [19,20], the
authors prove that, in CV systems, the Wigner logarithmic
negativity is monotonic under a class of operations called
Gaussian protocols, which include the Gaussian channels.
This leads to the conclusion that ρ̂A �Wt ρ̂B implies NWA �
NWB also for the tautological preorder. This concludes the
proof of Result 9. We find it worth mentioning that the Wigner
logarithmic negativity (39) is a Schur-convex functional of
both |W | and W . To show this fact, we first observe that I0[·]
is Schur-convex given that it is obtained by integrating the
convex function [·]+ [26,28]. Then, inverting both the equa-
tions in (124), we find that the Wigner logarithmic negativity
is written by composing a Schur-convex functional with a
strictly increasing function (the logarithm), which still leads
to a Schur-convex functional [28]. This concludes the proof.
This property is consistent with Result 9, namely, with the fact
that majorization orders �W and �W2 imply the monotonicity
of the Wigner logarithmic negativity.

In the rest of this subsection, we focus on another family
of quantities that can be constructed from the Wigner function
of a given state, namely, the Wigner Rényi entropies defined
in (41). In Ref. [18], the Wigner Rényi entropies have been
studied in DV systems defined on Hilbert spaces with odd di-
mensionality. For these quantities to be well-defined for states
that are not Wigner-positive, one can choose α = 2p/(2q −
1), with p and q integer numbers. With this choice, in Ref. [18]
it has been proved that, given a DV state majorizing another
DV state, the discrete Wigner Rényi entropies of the latter are
larger than those of the former.

Motivated by this finding, in the following, we try to es-
tablish an inequality between the Wigner Rényi entropies of
CV states connected by Gaussian channels. We thus analyze
in the context of CV states. To include all CV states in our
analysis, hereafter we restrict the discussion to Wigner Rényi
with α = 2p/(2q − 1). We stress that this constraint on the
exponent in (41) requires the choice of a branch for the mul-
tivalued function. In the following, we will always choose the
real branch of the integrand [63]. In the literature, we find
other attempts to define a Wigner entropy for states whose
Wigner function may admit negative values. For this purpose,
in Ref. [64], a complex Wigner entropy has been introduced
via an analytic continuation to a complex phase space.

Let us consider a CV state ρ̂in with Wigner function Win

and, given a Gaussian channel E identified by the matrices X
and Y , let us define ρ̂out = E (ρ̂in) and Wout its Wigner function.
The Wigner functions Win and Wout are related by (88). By
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using the triangular inequality, we can write the inequality

|Wout(r)| �
∫

dzk(r, z)|Win(z)|, (127)

where we have also exploited that k is a positive function.
Now let � be a non-negative increasing convex function � :
R+ → R+ such that �(0) = 0. The following inequalities
hold:∫

dr�[det X |Wout(r)|] �
∫

dr�
(∫

dz det Xk(r, z)|Win(z)|
)

�
∫

dr
∫

dz det Xk(r, z)�(|Win(z)|)

=
∫

dz det X
∫

drk(r, z)�(|Win(z)|)

=
∫

dz det X�(|Win(z)|). (128)

The first inequality follows from (127) and � being non-
negative and increasing. The second inequality is implied
by Jensen’s inequality because, from (90), we have that
det Xk(r, z) is a probability distribution over z. Finally, the last
equality comes from (90). The function �(x) = xα with α � 1
and x ∈ [0,∞) satisfies all the assumptions and, therefore, by
applying it to (128), yields

Result 10. Consider a CV state ρ̂in with a Wigner function
Win and act on it with a Gaussian channels E determined
by the matrices X and Y . If we denote the output state as
ρ̂out = E (ρ̂in) and its Wigner function as Wout, the following
inequality holds ∀ α � 1:

(det X )α−1
∫

dr|Wout(r)|α �
∫

dr|Win(r)|α. (129)

Taking the logarithm of the two sides of (129) and dividing
by the negative quantity 1 − α [we assume α = 2p/(2q −
1) � 1], we find

− ln det X + S(α)
Wout

� S(α)
Win

, (130)

where S(α)
W is defined in (41).

For any value of α = 2p/(2q − 1), (129) exhibits a depen-
dence on the matrix X characterizing the Gaussian channel
applied to the input state. This dependence does not allow us
to prove the monotonicity of S(α)

W under Gaussian channels,
suggesting also that this monotonicity might not be valid in
the CV case. This hand-wavy argument is verified by explicit
counterexamples reported in Fig. 4. In the left panel of Fig. 4,
we show the difference between S(α)

Win
with input state (100)

and S(α)
Wout

, where the output state is obtained by applying the
thermal noise channel (82) to the input state. The results are
plotted as functions of s parameter in (82) with a fixed value
of the other parameter c = 0.75. We report the curves for
two values of u, namely for two different input states, and
for three values of the Rényi index α = 2p/(2q − 1), with
p and q integer. The lack of a definite sign for the curves
in this panel confirms that S(α)

W and the Rényi entropies with
even index are not monotonic under Gaussian channels. To
check the validity of the inequality (130), in the right panel,
we subtract ln det X = ln(1 − s) [see (82)] from the difference

S(α)
Wout

− S(α)
Win

. As expected, all the curves are positive in this
panel. Thus, the analysis above and the results shown in Fig. 4
allow us to conclude that there is no monotonicity for the
Wigner Rényi entropies (or any of their generalizations) un-
der Gaussian channels. Finally, we find it worth commenting
that, setting α = 1 in (129), the dependence on X drops out
and we obtain an alternative proof of the monotonicity of
the Wigner logarithmic negativity under Gaussian channels,
already shown in Refs. [19,20].

C. Quantum channels on generic input Wigner functions

In this subsection, we exploit all three preorder relations
proposed in Sec. V A to investigate the relation between
generic CV states and the output obtained by applying quan-
tum operations. Similarly to the analysis in Sec. IV, we mainly
focus on Gaussian channels.

1. Gaussian channels

Let us begin by considering the action of Gaussian
channels on generic CV states and studying possible pre-
order relations between input and output states. Among the
three proposals of Sec. V A, the tautological preorder is
the most straightforward to discuss in this respect. Indeed,
as mentioned in Sec. V A 3, this relation is established, by
construction, only between CV states related by a Gaussian
channel. More precisely, every output state obtained by apply-
ing a Gaussian channel to a CV state is less ordered than the
corresponding input state. As discussed in Sec. II C, the tauto-
logical preorder realizes a version of Nielsen’s theorem for a
new preorder relation and, therefore, could be of potential use
in the context of the resource theory of non-Gaussianity and
Wigner negativity. We postpone investigations along this line
for future work.

The same analysis on Proposals 1 and 2 requires more
effort. Since these two proposals reduce to the Wigner ma-
jorization introduced in Ref. [26] when evaluated for a pair
of Wigner-positive states, we already know from Sec. IV A
that there is not a fixed relation between the output state
obtained from a Gaussian channel and the corresponding
Wigner-positive input state. Exploiting the computations in
Appendix D, in Appendix E we report an analysis to verify
this statement also for input states whose Wigner function can
take negative values.

After these comments on the Wigner majorization order
between a generic CV state and the output state obtained by
applying Gaussian channels, it is natural to ask whether the
class of channels with det X � 1 introduced in Sec. IV B are
Wigner-majorizing channels also when acting on generic CV
states. This is indeed true, and the statement corresponds to
the content of Result 11. For simplicity, we prove this result
restricting to Proposal 1 in Result 8. Let us consider a generic
CV state ρ̂in and act on it with a Gaussian channel E charac-
terized by the matrices X and Y . We denote the output state as
ρ̂out = E (ρ̂in ). Let us call Win and Wout the Wigner functions
of input and output states, respectively. To prove Result 11,
we want to show that if Win and Wout are related by (88) with
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k semidoubly stochastic kernel, then Win and Wout satisfy∫
[|Wout(r)| − t]+dr �

∫
[|Win(r)| − t]+dr ∀ t � 0,

(131)

namely, ρ̂in �W ρ̂out according to Proposal 1. This would be
sufficient to prove Result 11, given that k in (89) is semidoubly
stochastic if and only if det X � 1 [see (90)].

We begin by noticing that the functional [· − t]+ is convex
and monotonically increasing [23]. Given the condition

det X
∫

dzk(r, z) = 1, (132)

because of (90), we can apply Jensen’s inequality and write
the following inequality:∫

dr
[

det X
∫

dzk(r, z)|Win(z)| − t

]
+

� det X
∫

drdzk(r, z)[|Win(z)| − t]+

� det X
∫

dz[|Win(z)| − t]+, (133)

where, in the last step, we used the other condition in (90).
From (127), the fact that [· − t]+ is monotonically increasing
and the inequality a[ f (x) − t]+ � [a f (x) − t]+ that holds for
any positive function f and for any a � 1 and t � 0 [65], we
have

det X
∫

dr[|Wout(r)| − t]+

�
∫

dr
[

det X
∫

dzk(r, z)|Win(z)| − t

]
+
, (134)

which, combined with (133), leads to (131). Thus, we can
conclude the following result:

Result 11. The class of Gaussian channels EX,Y character-
ized by the matrices X and Y such that det X � 1 is a class
of Wigner-majorizing channels when applied to generic CV
states. Thus, for any CV state ρ̂, we have that, according to
Proposal 1 in Result 8,

ρ̂ �W EX,Y (ρ̂). (135)

2. Beyond Gaussian channels

So far, in studying the interplay between Wigner ma-
jorization and quantum operations we have considered only
Gaussian channels, i.e., channels that map Gaussian states into
Gaussian states. To extend our analysis beyond this class of
quantum channels, in this subsection, we consider the random
unitary Gaussian channels defined in (45). These channels act
on the input state by randomly applying Gaussian unitaries
US,r̄ (associated to a symplectic transformation S and displace-
ment r̄) according to a given probability distribution p(S, r̄).
As discussed in Sec. II C, if the random operations acting
on the input state amount only to displacements, and, conse-
quently, the probability distribution becomes p(S, r̄) = p(r̄),
the resulting channel is called a random displacement channel.

Interestingly, if p(r̄) is a Gaussian distribution, we obtain a
classical mixing channel, discussed in detail in Sec. IV B.

In this section, we aim to prove the following:

Result 12. For any CV state and any choice of channel
of the form (45), we have that, according to Proposal 1 in
Result 8,

ρ̂ �W Ep(ρ̂), (136)

where, for convenience, we report here the expression of the
random unitary Gaussian channel:

Ep(ρ̂) =
∫

dS
∫

d r̄ p(S, r̄)US,r̄ρ̂U †
S,r̄. (137)

Employing the usual notation, we consider an input state
ρ̂in and its Wigner function Win. We denote by ρ̂out = Ep(ρ̂in)
the output state obtained by applying a random unitary Gaus-
sian channel (137) with probability distribution p, and Wout

its Wigner function. Since the channel (137) randomly imple-
ments Gaussian unitaries and displacements, its action on the
input Wigner function can be written as

Wout(r) =
∫

dSd r̄ p(S, r̄)Win(Sr + r̄). (138)

Notice that the integral over S is performed over all the
phase space symplectic transformations associated with Gaus-
sian unitaries. Now consider a generic convex nonincreasing
function � : R+ → R+ such that �(0) = 0. Using (138), the
triangular inequality and the nonincreasing property of �, we
obtain∫

dr �(|Wout(r)|) =
∫

dr �

(∣∣∣∣ ∫ dSd r̄ p(S, r̄)Win(Sr + r̄)

∣∣∣∣)
�

∫
dr �

(∫
dSd r̄ p(S, r̄)|Win(Sr + r̄)|

)
,

(139)

where we have further exploited that the probability distri-
bution p is positive. Since � is also convex, we can apply
Jensen’s inequality to (139), finding∫

dr �(|Wout(r)|) �
∫

dr
∫

dS d r̄ p(S, r̄)�(|Win(Sr + r̄)|)

=
∫

dS d r̄ p(S, r̄)
∫

dr �(|Win(r)|),
(140)

where in the last step we performed the change of variables
Sr + r̄ → r, which does not alter the integration measure over
r. Finally, using the normalization of p(S, r̄), we obtain∫

dr �(|Wout(r)|) �
∫

dr �(|Win(r)|). (141)

Given that (141) holds for any nonincreasing convex positive
function � that vanishes at zero, using the condition 2 in
Sec. II A [see (6)], we have that |Win(r)| Ï |Wout(r)|. By the
definition of Proposal 1 in Result 8, this implies ρ̂in �W ρ̂out,
which proves Result 12.

Result 12 has insightful connections with Uhlmann’s theo-
rem. Recalling that an unital channel is a quantum channel that
maps the identity into itself, Uhlmann’s theorem states that the
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output state of any unital channel is density-matrix majorized
(see Sec. II A) by the corresponding input state. According
to the definition, the channel (137) is unital. This fact can
be shown by exploiting the normalization of the probability
distribution p. Thus, Result 12 could be seen as a realization
of an analog of Uhlmann’s theorem for Wigner majorization
between CV states. Extending this result to understand the
Wigner majorization relation between CV states and the out-
put state after applying a generic unital channel is a task that
deserves future investigations.

VI. DISCUSSION AND OUTLOOK

In this work, we have developed the theory of continuous
majorization of Wigner functions in quantum phase space,
or Wigner majorization in short. We have extended previous
work [26] to general N-mode Wigner-positive states. More-
over, we have proposed possible notions of preorder involving
states with finite nonvanishing Wigner negativity. We have
also investigated majorization between input and output states
of Gaussian channels and some more general channels.

For Gaussian states, we found a simple criterion for ma-
jorization, which is equivalent to comparing the purity of the
states. Consequently, there is always a Wigner majorization
relation between a pair of Gaussian states, but it does not
add any qualitatively new information beyond purity. More-
over, for Gaussian channels, the Wigner majorization relation
between input and output states can work both ways, as we
demonstrated with the simple thermal channel example. We
also gave a partial proof of the conjecture made in Ref. [26]:
we showed (Result 2) that in the convex hull of N-mode
Gaussian states the equivalence class of pure Gaussian states
Wigner majorizes all other states. This is expected, given
the relation between majorization and purity. One potentially
useful result is the rewriting of the Gaussian channel map from
input Wigner function of a to output Wigner function [39] as
a convolution with a kernel associated to the channel (Result
6). This kernel is well-defined, as opposed to one computed
using the Choi-Jamiolkowski dual representation (85).

When we try to extend the definition of Wigner majoriza-
tion to include Wigner-negative states with finite Wigner
negativity, in addition to Wigner-positive states, more features
begin to appear. First of all, in Sec. II C, we proposed three
different notions of preorder for generic CV states, with two
of them (Proposals 1 and 2) realizing majorization relations
generalizing the existing one to states with finite nonvanishing
Wigner negativity. Proposal 2 was modeled as the direct coun-
terpart of Wigner majorization in the DV case, but requires
careful regularization procedures. This is why we focused on
a more detailed study of Proposal 1. Both proposals have the
desired feature of implying monotonicity of Wigner logarith-
mic negativity (Result 9). However, from the point of view
of resource theories of Wigner negativity or non-Gaussianity,
both proposals fail to work as a natural preorder (since under
Gaussian channels, we do not have a one-way relation of
input always majorizing the output). For this reason we also
included the tautological preorder, where we just declare that
establishing this preorder is equivalent to finding a Gaussian
channel between the two states: this is the reason why we
called it as “tautological” preorder. Since, as discussed at the

end of Sec. V A 3, the tautological preorder does not satisfy
(11), it would be interesting to improve this proposal in such a
way it fulfills this property. A promising way is suggested by
(122): this extension requires including probabilistic combi-
nations of Gaussian channels, characterized by a kernel that is
a convex combination of kernels (33), as Wigner-majorizing
channels.

Wigner majorization by Proposals 1 or 2 is a natural con-
cept and characterizes the randomness of Wigner functions.
A question for further study is to find interesting applications
in some CV settings, and also investigate more in detail the
differences between the two proposals (in particular, finding
if there are examples where these give different majorization
relations between the same pair of states). Proposal 1 is based
on applying the definition of weak majorization for the ab-
solute value of Wigner functions. Therefore, all equivalent
conditions 1–4 on page 3 are applicable, in particular condi-
tion 2. It would be insightful to further clarify the connection
of Proposals 1 and 2 to Schur-convex (or Schur-concave)
functionals. We also identified a subclass of Gaussian chan-
nels where the input always majorizes the output (Result 11),
and proved that the same is true for a class of non-Gaussian
channels: the random Gaussian unitary channels (Result 12).
Perhaps there is some interesting resource theory where such
operations are considered free, and Wigner majorization is
the natural preorder. It is intriguing to draw a parallelism
between the random unitary Gaussian channels in (45) and
convex mixtures of Clifford unitaries mentioned in Ref. [18]
as a promising class of operations to be exploited in magic
resource theories. Following this idea, in the future, it would
be insightful to make more contact between Result 12 and the
resource theory of stabilizerness for CV systems.

Our initial motivation for this work came from the question
of what natural notions of majorization could exist in quantum
field theories. Continuous majorization of Wigner functions
is one such natural concept, defined from first principles,
that can be applied to any perturbative quantum field theory
where the notion of a Fock space is a starting point. What
other natural notions could exist, and what applications could
be found? For example, in Ref. [66], the notion of density
matrix majorization has been studied in the framework of
von Neumann operator algebras, which are at the core of the
algebraic formulation of quantum field theories. Moreover,
a recent work has investigated Wigner functions in Krylov
space as a measure of the growth of complexity in chaotic
dynamics [67]. One possible direction could be to explore
whether Wigner majorization is well-suited to characterize the
growth of chaos and complexity.

ACKNOWLEDGMENTS

We are grateful to Nicolas Cerf and Ludovico Lami
for helpful comments on this paper and Otto Veltheim for
useful discussions. We acknowledge the two anonymous
referees for their insightful suggestions during the review
process and for pointing out the notion of semidoubly
stochastic kernels, which led to the improvement of Results
7 and 11. J.d.B. is supported by the European Research
Council under the European Unions Seventh Framework
Programme (FP7/2007-2013), ERC Grant agreement ADG

032405-22



CONTINUOUS MAJORIZATION IN QUANTUM PHASE SPACE …. PHYSICAL REVIEW A 112, 032405 (2025)

834878. G.D.G. is supported by ERC Consolidator Grant
No. 101125449/acronym: QComplexity. E.K.-V. acknowl-
edges the financial support of the Research Council of Finland
through the Finnish Quantum Flagship Project (358878, UH).

Views and opinions expressed are, however, those of the
authors only and do not necessarily reflect those of the Euro-
pean Union or the European Research Council.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [68].

APPENDIX A: TRANSFORMATIONS OF WIGNER
FUNCTIONS THROUGH GAUSSIAN CHANNELS

For completeness, in this appendix, we derive the formula
(88) in the main text, which was originally found in Refs.
[69,70].

The first ingredient we exploit is that the characteristic
function χout of an output state of a Gaussian channel E is
related to the one of the input state χin as [1]

χout(r) = e− 1
2 rtJ tY Jrχin(J tX tJr), (A1)

where X and Y are the matrices characterizing the Gaussian
channel according to (31). Notice the different factor 1/2
instead of 1/4 in the exponent of (A1), compared with the
corresponding formula in Ref. [1]. This is due to the different
definition of the covariance matrix, which (in Williamson’s
basis) is 1

2 1 in our conventions and 1 in the convention of
Ref. [1]. The Wigner function of a state is related to its char-
acteristic function by (18). To avoid carrying the parameter
N throughout the computation, we restrict the analysis to
the single-mode case, i.e., N = 1, stressing that for N > 1,
the calculation is identical. Combining (A1) and (18), we find
the relation between the Wigner function of the output state
and the characteristic function of the input state. It reads

Wout(r) = 1

4π2

∫
dr′eir′Jre− 1

2 r′ tJ tY Jr′
χin(J tX tJr′). (A2)

We want to prove (88) with N = 1 by showing that it is the
same as (A2). We begin by plugging (18) connecting Win and
χin into (88), and we obtain

Wout(r) =
∫

dwdvχin(v)eivtJw e− 1
2 (r−Xw)tY −1(r−Xw)

8π3
√

det Y
. (A3)

The integral over w is Gaussian and can be performed,
yielding∫

dwe(ivtJ+rtY −1X )we− 1
2 wtX tY −1Xw

= 2π

√
det Y

det X
e

1
2 rtY −1re− 1

2 vtJX −1Y X −tJ tveivtJX −1r, (A4)

where we have also used the fact that the matrix Y is symmet-
ric and so is its inverse. Plugging (A4) into (A3), we find

Wout(r) =
∫

dv

4π2

χin(v)

det X
e− 1

2 vtJX −1Y X −tJ tveivtJX −1r, (A5)

which leads to (A2) once we perform the change of variables
r′ = JX −tJ tv, with dr′ = dv

det X . Thus, we have proven (88) for

N = 1. Notice that the derivation for generic N follows the
same steps.

APPENDIX B: CHOI-JAMIOLKOWSKI ISOMORPHISM
FOR GAUSSIAN OPERATIONS

In this Appendix, we review the basics of the C-J iso-
morphism and how it is implemented for CV systems. The
C-J isomorphism is a bijective mapping between quantum
completely positive maps describing quantum operations and
quantum states. Let us first review its realization in the context
of quantum systems defined on a finite-dimensional Hilbert
space. The basic idea is to double the Hilbert spaces where
a quantum operation E acts and apply the resulting operation
to a maximally entangled state defined on the doubled Hilbert
space. Thus, if E acts on H, the density matrix ρ̂C of the state
resulting from the C-J isomorphism, also called Choi state,
belongs to H⊗2. Formally, the Choi state reads [53,54,71]

ρ̂C = (E ⊗ 1H)(|ψ〉〈ψ |), (B1)

where |ψ〉〈ψ | is the state that maximally entangles the two
copies of H. Crucially, if E is a completely positive operation,
the density matrix ρ̂C is positive. In addition, if E is also trace-
preserving, ρ̂C has trace equal to 1.

In infinite-dimensional Hilbert spaces, such as the ones
where CV states are defined, the maximally entangled state
is not normalizable, and the mapping (B1) has to be adapted.
We first notice that, in N-mode CV systems, the maximally
entangled state can be approximated by a limiting sequence
of states |ψν〉⊗N , as ν → ∞. The states |ψν〉 are defined
as [1]

|ψν〉 = 1

cosh ν

∑
j

(tanh ν) j | j〉 ⊗ | j〉, (B2)

where | j〉 is the Fock state obtained by applying j times the
bosonic creation operator on the vacuum. In this context, the
parameter ν can be seen as a regulator for the maximally
entangled state. At this point, the Choi reduced density matrix
associated with a certain CV quantum operation E can be seen
as the limit for ν → ∞ of the sequence of density matrices
obtained as

ρ̂C,ν = (E ⊗ 1H)(|ψν〉⊗N 〈ψν |⊗N ). (B3)

Given the expression of ρ̂C,ν , one can compute the corre-
sponding Wigner function for any value of ν using (16) and
(18) and finally evaluate it in the regime ν → ∞. The result
can be interpreted as the Wigner function associated with the
quantum operation E .

When the operation E is a Gaussian channel, the result-
ing Choi state is a Gaussian state, and the corresponding
Wigner function is Gaussian [1]. This Gaussian distribution
is supported on a quantum phase space parameterized by
4N coordinates, accounting for the doubling of the Hilbert
space where the Choi state is defined. The expression of the
Gaussian Wigner function is reported in (85), and it shows
the dependence of the covariance matrix in the doubled phase
space as a function of the matrices X and Y characterizing the
Gaussian channel E .
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APPENDIX C: TAUTOLOGICAL PREORDER
IS A PREORDER

In this Appendix, we prove that the tautological preorder
discussed in Sec. V [see (38)] deserves the name of preorder.
More precisely, we show that the relation �t identifies a pre-
order. To verify this statement, we show that the following
conditions hold:

(1) For any Wigner function W

W �t W ∀ W. (C1)

(2) Given three generic Wigner functions W1, W2, and W3,

if W1 �t W2, W2 �t W3 ⇒ W1 �t W3. (C2)

To check the validity of (C1), we observe that, taking the
limit Y → 0, X → 1 of the first expression in (38) with k
defined in (33), we obtain

W2(r) =
∫

dyδ(r − y)W1(y) = W1(r). (C3)

In other words, the kernel k reduces to the identity kernel (δ
function), and, therefore, we can always find the tautological
preorder relation between a Wigner function and itself. This
fact is physically understood since the identity channel is a
Gaussian channel. The second condition (C2) can be verified
as follows. Given three Wigner functions W1, W2, and W3, the
left side of (C2) can be rewritten as

W1 �t W2 ⇒ W2(r) =
∫

dzk21(r, z)W1(z), (C4)

and

W2 �t W3 ⇒ W3(r) =
∫

dzk32(r, z)W2(z), (C5)

where the kernels ki j are given by (84) with matrices Xi j and
Yi j characterizing them. Thus, we have

W3(r) =
∫

dzdyk32(r, z)k21(z, y)W1(y)

=
∫

dyK (r, y)W1(y), (C6)

where the kernel K is given by (84) with the following X
and Y :

X = X32X21, Y = Y32 + X32Y21X t
32. (C7)

This implies that W1 �t W3. From the physical point of view,
the validity of the condition (C2) comes from the fact that, by
combining two Gaussian channels, we still obtain a Gaussian
channel (the Gaussian channels form a semigroup [61]). We
conclude that �t is a preorder, and we can refer to it as a
tautological preorder.

One might wonder whether �t is also a partial order, mean-
ing that, given any pair of Wigner functions W1 and W2, the
additional condition

if W1 �t W2, W2 �t W1, ⇒ W1 = W2, (C8)

has to be fulfilled. This property is not true for �t . Indeed,
in the case of Y → 0, namely, when the Gaussian channel
connecting W1 and W2 is a Gaussian unitary channel, we have

that

W2(y) = W1(X −1y), (C9)

where X is a symplectic matrix. The inverse transformation is,
in this instance, well-defined and reads

W2(Xy) = W1(y), (C10)

which implies that W1 �t W2 and W2 �t W1, even if W1 �= W2.
Thus, �t is not a partial order.

APPENDIX D: EXAMPLES OF WIGNER FUNCTIONS
AFTER GAUSSIAN CHANNELS

In this Appendix, we report the analytical expressions of
the Wigner functions of output states obtained by acting with
thermal noise channels and classical mixing channels on the
classes of single-mode CV states relevant to this paper.

1. Thermal noise channels and oscillator eigenstates

We begin by considering the single-mode input state ρ̂in =
(1 − u)|0〉〈0| + u|1〉〈1|, u ∈ [0, 1], where |0〉 and |1〉 are the
vacuum and the first excited state of a harmonic oscillator,
respectively. The Wigner function W̃u of this state is reported
in (100). We want to compute the Wigner function Wout of
the output state obtained by applying to ρ̂in the thermal noise
channel defined by the matrices X and Y in (82). The strategy
is to exploit (88) evaluated on W̃u with the kernel k written in
terms of the matrices (82).

Writing W̃u in (100) explicitly in terms of the Laguerre
polynomial of order zero and one, it turns out that the fol-
lowing integrals are useful for writing down the final result
Wout: ∫

dx′d p′e− (x−x′ )2

1−s − (p−p′ )2

1−s e− 1
2cs (x′2+p′2 )

= 2πcs(1 − s)

1 + s(2c − 1)
e− r2

1+s(2c−1) , (D1)∫
dx′d p′ (x − x′)2

1 − s
e− (x−x′ )2

1−s − (p−p′ )2

1−s e− x′2+p′2
2cs

= 2πcs(1 − s)
x2(1 − s) + cs[1 + s(2c − 1)]

[1 + s(2c − 1)]3
e− r2

1+s(2c−1) ,

(D2)

and∫
dx′d p′ (p − p′)2

1 − s
e− (x−x′ )2

1−s − (p−p′ )2

1−s e− x′2+p′2
2cs

= 2πcs(1 − s)
p2(1 − s) + cs[1 + s(2c − 1)]

[1 + s(2c − 1)]3
e− r2

1+s(2c−1) ,

(D3)

where we have expressed the outcome in terms of the ra-
dial phase-space coordinate r =

√
x2 + p2 whenever possible.

Combining these three integrals, the Wigner function of the
output state reads

Wout(x, p) = Wout(r) = e− r2

1+s(2c−1)

× [1 + s(2c − 1)]2 + 2u(1 − s)[r2 − 1 − s(2c − 1)]

π [1 + s(2c − 1)]3
.

(D4)
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Let us discuss the result (D4) in two significant regimes. When
s = 0, we have

Wout(r) = e−r2 1 + 2u(r2 − 1)

π
= W̃u(r), (D5)

which is consistent with the interpretation that, at s = 0, the
thermal noise channel leaves the input state invariant. On the
other hand, when s = 1, the thermal channel should transform
the input state into a thermal state with eigenvalue c with
probability equal to 1. Indeed, the resulting Wigner function
reads

Wout(r) = e− r2

2c

2πc
. (D6)

Finally, if u = 0, we are mixing a thermal state with eigen-
value c and the vacuum state of the harmonic oscillator with
probabilities s and 1 − s, respectively. Since both the states
involved in this mixture are Gaussian, from the rule (31), we
expect the output to be a Gaussian state with a covariance
matrix given by

γout = 1 − s

2
+ sc = 1 + s(2c − 1)

2
. (D7)

By imposing u = 0 in (D4), we consistently find the Wigner
function of the output state to be

Wout(r) = e− r2

1+s(2c−1)

π [1 + s(2c − 1)]
. (D8)

The only parameter not defined on a finite domain is c � 1/2.
It is worth noticing that, when c is large enough, the output
Wigner function can be approximated by

Wout(r) ∼ e− r2

2sc

2πsc
when c � 1, (D9)

namely, the output state becomes Wigner-positive for large
values of c.

For completeness, we can repeat this analysis for an in-
put state given by another mixture of oscillator eigenstates,
namely, ρ̂in = (1 − u)|1〉〈1| + u|2〉〈2|, with u ∈ [0, 1]. The
Wigner state of this input state reads

Win(r) = (1 − u)W|1〉(r) + uW|2〉(r), (D10)

where W|1〉 and W|2〉 are given in (99). Also in this case, we
want to apply (88) to the input Wigner function (D10) with
the kernel k determined by the matices (82). To simplify the
computation, we can exploit the fact that the effect of the ther-
mal noise channel applied to W|1〉 has been computed before in
this section [see (D1)–(D3)]. Thus, the Wigner function Wout

of the resulting output state can be written as

Wout(x, p) = (1 − u)
e− r2

1+s(2c−1)

π

s(2 + s(4c2 − 1)) − 1 + 2r2(1 − s)

[1 + s(2c − 1)]3

+ u
∫

dx′d p′W|2〉

(
x − x′
√

1 − s
,

p − p′
√

1 − s

)
e− x′2+p′2

2cs

cs(1 − s)2π
. (D11)

By employing (99), we can write explicitly

W|2〉

(
x − x′
√

1 − s
,

p − p′
√

1 − s

)
= 4e− (q−q′ )2

1−s − (p−p′ )2

1−s

π

[
1

4
− (x − x′)2 + (p − p′)2

1 − s
+ [(x − x′)2 + (p − p′)2]2

2(1 − s)2

]
. (D12)

The second term of (D11) can be computed by using the integrals (D1)–(D3) and the following relations:

1

π2cs(1 − s)

∫
dx′d p′ (x − x′)4

(1 − s)2
e− (x−x′ )2

1−s − (p−p′ )2

1−s e− 1
2cs (x′2+p′2 )

= 2e− r2

1+s(2c−1)

π

x4(1 − s)2 + 6cs(1 − s)[1 + s(2c − 1)]x2 + 3c2s2[1 + s(2c − 1)]2

[1 + s(2c − 1)]5
, (D13)

1

π2cs(1 − s)

∫
dx′d p′ (p − p′)4

(1 − s)2
e− (x−x′ )2

1−s − (p−p′ )2

1−s e− 1
2cs (x′2+p′2 )

= 2e− r2

1+s(2c−1)

π

p4(1 − s)2 + 6cs(1 − s)[1 + s(2c − 1)]p2 + 3c2s2[1 + s(2c − 1)]2

[1 + s(2c − 1)]5
, (D14)

2

π2cs(1 − s)

∫
dx′d p′ (x − x′)2(p − p′)2

(1 − s)2
e− (x−x′ )2

1−s − (p−p′ )2

1−s e− 1
2cs (x′2+p′2 )

= 4e− r2

1+s(2c−1)

π

{
x2(1 − s) + cs[1 + s(2c − 1)]

}{
p2(1 − s) + cs[1 + s(2c − 1)]

}
[1 + s(2c − 1)]5

. (D15)
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Plugging the result back into (D11), through a bit of algebra, we obtain

Wout(r) = e− r2

1+s(2c−1)

π [1 + s(2c − 1)]5
{(s + 2cs − 1)[1 + (2c − 1)s]2[1 − 2u + s(2c + 2u − 1)]

+ 2r2(1 − s)[1 + (2c − 1)s]{1 − 3u + s[3u + 2c(1 + u) − 1]} + 2ur4(1 − s)2}. (D16)

As expected, the Wigner function (D16) of the output state
is normalized to one and is such that, when s = 0, the input
Wigner function (D10) is retrieved, while, when s = 1, we
obtain (D6).

2. Thermal noise channels and cat states

Other prototypical examples of bosonic states with nonva-
nishing Wigner logarithmic negativity are the cat states. The
pure states in this class are defined by the superposition of two
coherent states as follows:

|cat±(α)〉 = |α〉 ± | − α〉√
2(1 ± e−|α|2 )

, (D17)

where the coherent state |α〉 is a pure Gaussian state whose
Wigner function is given by (21) with γ = 1

2 and r̄ = α and
the vector α ∈ R2N is called the size of the cat. The Wigner
functions of these two states are known and read [59]

W (α)
± (r) = e−|α+r|2 + e−|α−r|2 ± 2 cos (2α · r)e−|r|2

2π (1 ± e−|α|2 )
. (D18)

Notice that, as expected, setting α = 0 in (D18), we retrieve
the Wigner function of the ground state, i.e.,

W0(r) = e−|r|2

π
. (D19)

The goal of this subsection is to compute the Wigner func-
tion of the output state obtained by applying a thermal noise
channel (82) to the single-mode cat state given by (D18) with
N = 1.

For this purpose, the Wigner functions (D18) can be
plugged into (88) with the kernel k in (33) defined in terms
of the matrices (82). Performing some Gaussian integrals and
manipulating the resulting expression, the Wigner function of
the output state reads

W (α)
±, out(r) = e− |√1−sα+r|2

1+(2c−1)s + e− |√1−sα−r|2
1+(2c−1)s

2π (1 ± e−|α|2 )[1 + (2c − 1)s]

±
2 cos

( 2
√

1−sα·r
1+(2c−1)s

)
e− |r|2+2cs|α|2

1+(2c−1)s

2π (1 ± e−|α|2 )[1 + (2c − 1)s]
. (D20)

Let us comment on some consistency checks for the formula
(D20). When s = 0, W (α)

±, out(r) = W (α)
± (r), namely, we retrieve

the input state Wigner function. On the other hand, when
s = 1, W (α)

±,o(r) becomes the Wigner function (D6) of a thermal
state with eigenvalue c. Finally, when α = 0, we obtain the
result of the application of a thermal noise channel to the
ground state whose Wigner function is reported in (D8).

3. Classical mixing channels

To conclude this appendix, we report the analytical expres-
sions of the Wigner functions of the output states obtained
by applying an example of classical mixing channel to
the mixed states (1 − u)|0〉〈0| + u|1〉〈1| and (1 − u)|1〉〈1| +
u|2〉〈2|, with u ∈ [0, 1], and to the cat states (D17).

Given a generic input state with Wigner function Win, we
first plug X = 1 into (88) and, after the change of variable
z → r − y, we obtain

Wout(r) =
∫

dyWin(r − y)
e− 1

2 ytY −1y

(2π )N
√

det Y
, (D21)

namely, the Wigner function of the output state is the convo-
lution between the Wigner function of the input state and a
Gaussian distribution with a covariance matrix given by Y .

Since we want to apply these channels to single-mode input
states, we restrict our analysis to phase spaces with N = 1. For
simplicity, we also consider the subclass of classical mixing
channels with Y = c12, c > 0 and 12 being the 2 × 2 identity
matrix. To apply this classical mixing channel to the mixtures
of oscillator eigenstates mentioned above, it is useful first to
compute the following integrals:∫

dyW|0〉(r − y)
e− 1

2c yty

2πc
= e− r2

1+2c

π (1 + 2c)
, (D22)∫

dyW|1〉(r − y)
e− 1

2c yty

2πc
= e− r2

1+2c

π (1 + 2c)3
(2r2 + 4c2 − 1),

(D23)∫
dyW|2〉(r − y)

e− 1
2c yty

2πc

= e− r2

1+2c

π (1 + 2c)5
[1 − 4r2 + 2(8c4 + r4 + 8c2r2 − 4c2)],

(D24)

where r2 = x2 + p2 is the radial coordinate in the
phase space. Notice, as a consistency check, that when
c → 0, (D22)–(D24) reduce to the Wigner function of the
oscillator eigenstates on the left-hand side. Plugging in (D21)
the Wigner function (100) of (1 − u)|0〉〈0| + u|1〉〈1| as input
state and exploiting (D22) and (D23), we obtain

Wout(r) = e− r2

1+2c

π (1 + 2c)3
[(1 + 2c)2 + 2u(r2 − 2c − 1)].

(D25)

On the other hand, taking (1 − u)|1〉〈1| + u|2〉〈2| as input
state and plugging its Wigner function (D10) in (D21),
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FIG. 5. Comparison of the functional defined in (97) evaluated on the absolute values of input single-mode Wigner functions (100) (orange)
and of the corresponding output Wigner functions (blue) after the application of a thermal noise channel (82). The values of the parameters of
the input state and the applied channel are reported in each panel. The panels show that input and output states do not have any fixed Wigner
majorization relation according to Proposal 1 in Result 8. Wigner majorization can be observed depending on the choice of the parameters:
ρ̂out �W ρ̂in in the left panel, ρ̂in �W ρ̂out in the middle panel, no Wigner majorization relation in the right panel.

we find

Wout(r) = e− r2

1+2c

π (1 + 2c)5
[(1 + 2c)2(1 − u)(2r2 + 4c2 − 1)

+ u(1 − 4r2 + 16c2 + 2r4 + 16c2r2 − 8c2)],

(D26)

where we have used both (D23) and (D24). As expected, both
Wigner functions (D25) and (D26) become equal to the ones
of the corresponding input states when c = 0. Indeed, in that
case, the channel we consider reduces to the identity channel.

Finally, we apply the classical mixing channel to the cat
states (D17). Plugging (D18) into (D21), in the single-mode
case, we obtain the following Wigner function of the output
state:

W (α)
±, out(r) = e− |r|2

1+2c

π (1 + 2c)

[
e2c |α|2

1+2c cosh
(

2α·r
1+2c

)
e|α|2 ± 1

± e
|α|2
1+2c cos

(
2α·r
1+2c

)
e|α|2 ± 1

]
. (D27)

This Wigner function is normalized to one, according to (19),
and becomes the input Wigner function (D18) in the limit c →
0, as it should.

APPENDIX E: MORE ON WIGNER MAJORIZATION
AMONG STATES WITH WIGNER NEGATIVITY

In this last Appendix, we provide more evidence that
Wigner majorization does not always occur between the out-
put state from a Gaussian channel and the corresponding input
state. Since we want to include in our analysis input states
that are not Wigner-positive, unless otherwise specified, we
exploit Proposal 1 to test the eventual Wigner majorization
relation.

In Fig. 5, we show the results obtained for three different
choices of single-mode input states (100) and thermal noise
channels (82) applied to them. More precisely, we evaluate
the functional It in (97) on the absolute value of the input
Wigner functions Win (orange curves) and on the absolute
value of the corresponding output Wigner functions Wout (blue
curves), and we plot the outcomes against t . The values of the
parameters u of the input state (100) and c and s of the channel

(82) applied to it are reported in the panels. The explicit
expressions of the output Wigner functions obtained after
applying (82) to the single-mode mixed state (100) are re-
ported in Appendix D. In the left panel, we report an example
where |Wout| Ï |Win| and, therefore, ρ̂out �W ρ̂in. On the other
hand, in the middle panel, considering a different input state
and a different thermal noise channel, we have |Win| Ï |Wout|
and ρ̂in �W ρ̂out. Finally, in the right panel, the two curves
intersect, signaling the absence of Wigner majorization order
between ρ̂in and ρ̂out This figure explicitly shows the absence
of a fixed Wigner majorization order through Proposal 1 be-
tween a generic input CV state and the output state obtained
by applying a Gaussian channel. Analogous conclusions can
be drawn for Proposal 2, although we do not report the results
here for brevity.

To complement this finding, in the following we provide
a sufficient criterion to rule out the existence of a Gaussian
channel connecting two CV states or the presence of a Wigner
majorization order.

Proposition E1. If there exists a Gaussian channel E such
that E (ρ̂in ) = ρ̂out where ρ̂in and ρ̂out have different Wigner
logarithmic negativity, then ρ̂out cannot Wigner-majorize ρ̂in

according to Proposals 1 and 2 in Result 8.
Proof. As shown in Refs. [19,20] (see also Result 10 with

α = 1), if E (ρ̂in ) = ρ̂out, then NWin > NWout , where Win and
Wout are the Wigner functions of the input state and the output
state, respectively, and NW is defined in (39). Notice that
the previous inequality is strict by hypothesis. If ρ̂out �W ρ̂in,
given the functional It defined in (97), we would have either

It [|Wout|] − It [|Win|] � 0 ∀ t � 0, (E1)

or

It [Wout] − It [Win] � 0 ∀ t ∈ R, (E2)

for Proposal 1 and Proposal 2, respectively. In particu-
lar, we would have either I0[|Wout|] � I0[|Win|] or I0[Wout] −
I0[Win] � 0 for the two considered proposals. Using (124),
these inequalities would imply Nin � Nout, contradicting the
hypotheses. Thus, the relations ρ̂out �W ρ̂in and ρ̂out �W2 ρ̂in

are ruled out, according to Proposal 1 and Proposal 2, respec-
tively.

Proposition E2. Given two CV states ρ̂1 and ρ̂2 with differ-
ent Wigner logarithmic negativities and satisfying ρ̂1 �W ρ̂2
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or ρ̂1 �W2 ρ̂2, a Gaussian channel such that E (ρ̂2) = ρ̂1 does
not exist.

Proof. From the Proposals 1 or 2 and Result 9, if ρ̂1 �W

ρ̂2 or ρ̂1 �W2 ρ̂2, we have that NW1 > NW2 , where W1 and
W2 are the Wigner functions of ρ̂1 and ρ̂2, respectively, and
NW is defined in (39). Again, the inequality between the
Wigner logarithmic negativities is strict by hypothesis. As
shown in Ref. [19], the existence of a Gaussian channel E

such that E (ρ̂2) = ρ̂1 would imply NW1 � NW2 . This would
contradict the hypotheses, thus ruling out the existence of the
channel E .

The two criteria reported above are not fully general due to
the necessary assumptions on the Wigner negativities of the
two states involved. We postpone refinement of these results
towards a generalization with less stringent hypotheses to
future work.
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