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1 Introduction

One of the fundamental problems in cosmology is understanding the origin of the observed
matter-antimatter asymmetry in the Universe. This asymmetry is commonly parametrized
by the baryon-to-entropy ratio, measured to be [1, 2]

YB = nB − nB̄

s

∣∣∣∣
0
= (8.75± 0.23)× 10−11, (1.1)

or, equivalently, by η ≈ (nB,0 − nB̄,0)/nγ,0 ≈ 6.1× 10−10. This quantity can be determined
independently from the angular power spectrum of the cosmic microwave background (CMB)
and from the primordial abundances of light elements, once combined with the theory
of Big Bang Nucleosynthesis (BBN) [3]. The agreement between these two independent
determinations is one of the major successes of modern cosmology.

The BBN determination of the baryon asymmetry is primarily driven by measurements of
the deuterium abundance, i.e. D/H. Recently, ref. [4] pointed out that these measurements
can also be used to constrain spatial inhomogeneities in the baryon abundance during the
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BBN epoch. The reason is that the dependence of the deuterium abundance on η is non-linear
(see for example [5]), so fluctuations in the baryon abundance during BBN necessarily induce
deviations in the predicted value of D/H. Therefore, precise measurements of D/H can be
used to place constraints on such fluctuations. Ref. [4] has proposed to use these constraints to
test models of baryogenesis where the baryon production is not uniform in space. Interestingly,
using D/H bounds, we can examine baryogenesis models that occurred during the earlier
epoch. Indeed, all we need to check is whether the inhomogeneities in baryon asymmetry
will be washed out by diffusion before the beginning of BBN. As emphasized in [4], particles
diffuse more efficiently at lower temperatures. In particular, the (comoving) diffusion lengths
of protons and neutrons at the onset of BBN are [4]

dn ∼ 107 cm, dp ∼ 104 cm. (1.2)

If these diffusion lengths are compared with the comoving Hubble radius at the electroweak
scale (T ∼ 100GeV),

L = (aH)−1 ∼ 3× 105 cm, (1.3)

it becomes clear that these observations may provide a way to test baryogenesis models in
which the baryon asymmetry is generated at energies as high as O(TeV).

In this paper, we have extended the results of ref. [4] by presenting a detailed analysis
of D/H constraints on a few explicit baryogenesis models. We start with the electroweak
baryogenesis scenario (see for reviews [6–15]). In this case, bubbles of the broken phase
percolate and fill the entire space. In these models, the generation of the baryon asymmetry
of the Universe (BAU) is associated with a macroscopic length scale, set by the bubble
size, which makes the scenario potentially interesting for D/H bounds. However, we show
that inhomogeneities in the baryon abundance arise only from the decrease in temperature
during bubble expansion. As a result, the corresponding bounds turn out to be very
weak in most of the parameter space. Next, we proceed to more exotic BAU generation
mechanisms in first-order phase transitions (FOPTs): heavy particle production in bubble-
bubble collisions [16, 17], and heavy particle production in plasma-bubble collisions [18–20].
In this case, the bounds turn out to be more interesting due to geometry of the mechanism
itself. Finally, we discuss baryogenesis models with domain walls [21–26]. In this scenario,
the bounds are particularly strong, since the length scale of inhomogeneities is comparable
to the Hubble scale during the DW evolution.

The paper is organized as follows: in section 2 we briefly review the bounds from D/H

and the limiting cases on length scales of inhomogeneities compared to the diffusion lengths of
protons and neutrons. In section 3, 4, 5 and 6 we present the constraints on four baryogenesis
scenarios mentioned above. We summarize our results in section 7.

2 D/H constraints on the baryon inhomogeneities

In this section, we briefly review the bounds on the spatial inhomogeneities presented in [4].
We will use exactly the same notation and conventions as the original reference and normalize
the scale factor to be equal to

a(T = 1 MeV) = 1. (2.1)
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The solution of the diffusion equation gives us the following comoving diffusion lengths for
protons and neutrons (see section 2 of [4] or appendix A)

dn ∼ 107 cm, dp ∼ 104 cm. (2.2)

Therefore, there could be three different cases depending on the ratios L/dp,n:

• Case 1: L ≫ dn, implying that both neutrons and protons do not homogenize before
the start of BBN.

• Case 2: dn ≫ L ≫ dp, protons homogenize before the start of BBN, but neutrons do
not.

• Case 3: dp ≫ L, both protons and neutrons homogenize before the start of BBN.

Furthermore, the second case further divides into two subcases:

• Case (2a): neutron diffusion is not important during BBN, the deuterium production
rate is large compared to diffusion, this happens for length scales around 6 km at the
MeV temperature.

• Case (2b): for inhomogeneities on scales which are larger than dp, but for which
neutron diffusion is important.

While all the cases above have been treated extensively in [4], here we provide a general
summary of the results. The asymmetry in the comoving number density is parametrized as

nI(x) = n0
I(1 + ϵ(x)), (2.3)

where n0
I is the homogeneous number density. The index I is placed to distinguish different

cases above (e.g. for Case 1: n1 = nB or Case 2: n2 = np, etc.). Running the BBN codes
(e.g. PRIMAT [27] or PRyMordial [28]) for different values of ϵ gives us the dependence
of the D/H ratio on ϵ

D

H
∝ 1

(1 + ϵ)a
, (2.4)

where a is some real number. At the same time, the measured quantity is

⟨D⟩
⟨H⟩

≃ D|1+ϵ + D|1−ϵ

H|1+ϵ + H|1−ϵ
= 1

2

[
(1 + ϵ) D

H

∣∣∣∣
1+ϵ

+ (1− ϵ) D

H

∣∣∣∣
1−ϵ

]

≃ D

H

∣∣∣∣
ϵ=0

+ ϵ2
(

D

H

)′ ∣∣∣∣
ϵ=0

(2.5)

Thus, we can translate the bounds on D/H to the bounds on the magnitude of the fluctuations.
It turns out that for all the cases above, the bound on the RMS-fluctuation remains roughly
the same

ϵRMS ≲ 0.3, (2.6)
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in order to stay within the most conservative error estimate of the D/H-ratio.

D

H
= (2.53± 0.1)× 10−5. (2.7)

For reference, we will also report bounds assuming very optimistic errors on D/H abundance
determination:1

(2.53± 0.01)× 10−5

In this case, the bound on RMS fluctuations becomes roughly:

ϵoptimistic
RMS ≲ 0.1. (2.8)

Finally, let us illustrate the general strategy for evaluating ϵRMS here, and we leave the details
of the calculations to appendix C. We first solve the diffusion equation in comoving coordinates

∂ρ

∂t
= D∇2ρ, (2.9)

with some initial density profile ρ0(x) = ρ(x, ti). This is the inhomogeneous density profile
left behind by the baryogenesis model under consideration, which will depend on the geometry
and the comoving length scale of inhomogeneities. The solution is most easily obtained
in momentum space2

ρ(x⃗, t) =
∫

d3k

(2π)3 e−d2k2/2eik⃗·x⃗ρ̃0(k⃗), (2.10)

where ρ̃0(k⃗) is the Fourier transform of the initial density profile. After this we can easily
obtain the RMS fluctuation

ϵ2
RMS = ⟨ρ2⟩ − ⟨ρ⟩2

⟨ρ⟩2 , (2.11)

and compare it with the experimental bound.

3 Electroweak baryogenesis

We start with electroweak baryogenesis, one of the most popular and motivated scenarios
for explaining the origin of the baryon asymmetry of the universe (BAU). In this case,
baryogenesis occurs during the electroweak phase transition, which is assumed to be first-
order. CP-violating interactions between the bubble wall and the hot plasma of particles
generate asymmetries between left-handed and right-handed particles/antiparticles. This
asymmetry is subsequently converted into the baryon asymmetry by electroweak sphaleron
processes, which act only on the electroweak doublet fields. One of the main advantages of
the scenario is its minimality since there is no need for additional sources of baryon number
violation except the ones already present in the SM. At the same time, new physics is still

1Such precision can be achieved by CMB measurements. However, current precision of nuclear reaction
rates will increase the uncertainty to 0.01 → 0.03 [3].

2As shown in [4] and our appendix A, adopting a Gaussian profile e−d2k2/2 for protons is not entirely
correct. However, introducing an appropriate non-Gaussian profile does not change the bounds all that much.
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required to make the electroweak (EW) phase transition first-order. In this scenario, there
is a characteristic macroscopic length scale Rphys, the mean bubble size at the collision. In
this paper, we will always add the subscript “phys” when we talk about physical distances,
whereas distances without a subscript are considered comoving.

This length is related to the nucleation parameters as follows3 [30]

Rphys ≈ (8π)1/3vwβ−1, β = dS

dt
= (TH)dS

dT
. (3.1)

Here S is the bounce-action exponent which controls the tunnelling rate for the bubble
nucleation. Therefore, the maximum scale on which inhomogeneities can appear is Rphys.
The abundance of D/H will be modified if these inhomogeneities are not smoothed out by
proton diffusion. The effectiveness of diffusion will be controlled by the ratio

Rphys
a(T )dp

∝ vw

(
H

β

)
× (H(T )a(T ))−1

dp
∼ vw

(
H

β

)
× 100 GeV

T
, (3.2)

and inhomogeneities are erased if this ratio is much smaller than 1. From the above
estimates, we can see that electroweak baryogenesis models are close to being within the
relevant parameter range, since the quantity β/H > O(10) for successful baryogenesis models.
However, this discussion is too naive. The locally-produced baryon asymmetry is controlled
by the temperature of the plasma and the speed of the wall (which is also a function of the
temperature). If these remain the same during the whole motion of the bubble, the production
will be spatially homogeneous. In the following, we estimate the typical dependence on these
parameters. Thus, baryon inhomogeneities can arise only from temperature variations during
the phase transition.

These temperature variations are induced by the cooling of the Universe due to Hubble
expansion. For typical values β/H > O(10), see eq. (3.12), the resulting temperature
decrease can be at most ∆T/T < 0.3. So in order to estimate the baryon inhomogeneities,
it becomes crucial to understand the dependence of baryon asymmetry on the temperature.
The dependence on the temperature will come from the following sources, which in return
are functions of the temperature: sphaleron rate, bubble wall velocity, chemical potential
near the wall, bubble wall profile and the rates of the various reactions in plasma. To keep
the calculation under control, we have split it into two independent parts:

• i) dependence of the baryon asymmetry on the temperature and velocity: η(T )

• ii) bounds on the baryon number inhomogeneities assuming that∣∣∣∣η(T1)− η(T2)
η(T1) + η(T2)

∣∣∣∣ = Max
∣∣∣∣ d ln η

d ln T

∣∣∣∣× ∣∣∣∣T1 − T2
T1 + T2

∣∣∣∣ (3.3)

which is sufficient to derive optimistic bounds on the baryon asymmetry.

The explicit calculation of the baryon asymmetry η(T ) for some benchmark scenarios is
discussed in appendix B. However, what is important, we generically find

Max
∣∣∣∣ d ln η

d ln T

∣∣∣∣ ∼ 1− 5. (3.4)

3Note that in strongly supercooled phase transitions the O(1) factor in the relation between Rphys and β

gets modified (see e.g. [29]).
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In the next subsection, we will present the constraints on electroweak baryogenesis following
equation (3.3) and assuming that the maximal value for the logarithmic derivative of η

takes values (1, 10, 100).

3.1 Bounds on electroweak baryogenesis

Let us suppose that the phase transition starts at Tn (nucleation temperature) and finishes
at Tp (percolation temperature). Various regions in space will have then BAU in the range
between η(Tn) and η(Tp). We can parametrize such a distribution using the following ansatz:

ρ(x⃗, T = Tp) =
1
2

[
1 + η(Tp)− η(Tn)

η(Tp) + η(Tn)
cos

(
xπ

R

)
cos

(
yπ

R

)
cos

(
zπ

R

)]
, (3.5)

where R is the (comoving) average bubble radius at the end of the phase transition R ≡
Rphys/a(Tp) ≈ vw(8π)1/3/(a(Tp)β) and ρ is normalized to be ⟨ρ⟩ = 1/2 under spatial averaging.
The trigonometric form is chosen for calculational convenience, since it simplifies the solution
of the diffusion equations. In this ansatz, the volumes associated with the asymmetries
η(Tp) and η(Tn) are the same, so that the resulting inhomogeneity is maximal. In reality,
however, we expect most of the baryon asymmetry to be produced towards the end of the
phase transition, when the bubbles occupy most of the volume. This implies that the actual
constraints are expected to be even weaker. In this case, the diffusion equation can be
solved analytically and we obtain

ρ(x⃗, T ) = 1
2

[
1 + e−3d2π2/(2R2) η(Tp)− η(Tn)

η(Tp) + η(Tn)
cos

(
xπ

R

)
cos

(
yπ

R

)
cos

(
zπ

R

)]
. (3.6)

With the respective averages equal to

⟨ρ⟩ = 1
2 , ⟨ρ2⟩ = 1

4

1 + 1
8e−3d2π2/R2

(
η(Tp)− η(Tn)
η(Tp) + η(Tn)

)2
 . (3.7)

Modifying the trigonometric ansatz for the baryon asymmetry leads only to an O(1) change
in the prefactor multiplying the exponential. Applying the deuterium RMS bound gives

e−3d2π2/R2
(

η(Tp)− η(Tn)
η(Tp) + η(Tn)

)2 ∣∣∣∣
Max

< 8ϵ2
RMS ≃ 0.72(→ 0.08), (3.8)

where (→ 0.08) refers to the optimistic ϵRMS < 0.1 scenario. The temperature variation
∆T = Tn − Tp during the phase transition is related to its duration and as a consequence
to the bubble radius R. Since R was defined in comoving coordinates, it must be equal to4

R = vw∆t/a(Tp). Using the time-temperature relation in the radiation-dominated era

t = 1
2H(T ) → ∆t = − ∆T

H(Tp)Tp
→ R ≈ − vw∆T

H(Tp)Tpa(Tp)
, (3.9)

4The velocity vw is the physical one. Although it is generally temperature dependent here we treat it as a
free parameter.
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(a) ϵRMS < 0.3 (b) ϵRMS < 0.1

Figure 1. Contours saturating the bound (3.14) for different values of the maximal derivative
Max |d ln η/d ln T |, where vw = 0.1. The allowed parameter space is placed to the right of the curves
and the grey area is excluded by primordial BH production [31, 32].

we then obtain

3d2π2

R2 ≈
3d2π2H2(Tp)T 2

p a2(Tp)
v2

w∆T 2 . (3.10)

Then we can use the relation for maximal baryon inhomogeneities from eq. (3.3) to get(∆T

2T
×Max d ln η

d ln T

)2
exp

[
−
3d2π2H2(Tp)T 2

p a2(Tp)
v2

w∆T 2

]
≲ 0.72 (→ 0.08). (3.11)

Now we can relate ∆T to the bubble nucleation parameter β

Rphys ≈ (8π)1/3vwβ−1 ≈ − vw∆T

H(Tp)Tp
→ ∆T = −(8π)1/3H(Tp)Tp

β
. (3.12)

Plugging this expression in the eq. (3.11) we obtain the following bound(
H(Tp)

β

)2 (
0.5×Max d ln η

d ln T

)2
exp

[
−3.45(d β a(Tp))2

v2
w

]
≲ 0.08(→ 0.01). (3.13)

Setting d = dp, where dp is the proton diffusion length we obtain:

Max
∣∣∣∣d ln η(T )

d ln T

∣∣∣∣
T =Tp

≲ 0.56 (→ 0.19) β

H(Tp)
exp

2× 10−3

v2
w

(
Tp

100 GeV

)2
(

β

H(Tp)

)2
 .

(3.14)
The resulting bounds are shown in figure 1, where we have plotted the exclusion lines for
the values of5 Max

∣∣∣ d ln η
d ln T

∣∣∣ = (1, 10, 100), for conservative and optimistic constraints on ϵRMS .
As expected from eq. (3.14), the bounds become stronger for relatively small values of
β/H. In this regard, it is important to emphasize the primordial black hole production
bound [31, 32], which excludes phase transitions with β/H ≲ 6− 8. We therefore conclude

5Note that in realistic models one typically expects Max
∣∣ d ln η

d ln T

∣∣ ∈ [1, 5].
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Figure 2. Blue lines indicate the regions where the bubble collisions take place and where the initial
baryon asymmetry will be localized. For the illustration we have chosen simultaneous nucleation of
the bubbles in the 2D plane.

that models with electroweak baryogenesis remain largely unconstrained by BBN, unless the
baryon asymmetry has an unrealistically strong temperature dependence and the percolation
temperature is unusually low.

In the following sections, we consider more exotic models for the generation of the BAU,
for which the BBN constraints become more important.

4 Production via bubble collisions

In this section, we consider a different class of baryogenesis models, namely those in which the
BAU is generated through heavy-particle production during bubble collisions [16, 17, 33–36].
In these kinds of models, bubbles accelerate to relativistic velocities, so that the characteristic
energy at the moment of collision is much larger than the scale of the phase transition. As a
result, heavy states with masses much larger than the critical temperature can be produced.
If this process involves CP violation and B-violating interactions, a successful baryogenesis
scenario can be realized. An interesting feature relevant to the D/H bounds is that the
production of baryon asymmetry occurs only in the regions of space where bubbles have
collided (see figure 2). Therefore, the baryon asymmetry is confined to very small regions,
with the typical distance between these regions set by the inter-bubble distance Rphys.

4.1 Constraints on the scale of the phase transition

Let us now proceed with the analysis of the D/H bounds. Since particle production is
strongly localized in space, we can model the baryon asymmetry profile at the end of the
phase transition as a sum over δ-functions6

ρ(r⃗, t = 0) = 1
N3

N/2∑
nx,ny ,nz=−N/2

δ3(r⃗ − R(nxx̂ + nyŷ + nz ẑ)), (4.1)

6Note that this particular example was considered as a toy model in the appendix of [4]. However, they
did not push the analysis further to place the bound on FOPT parameters.
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Figure 3. ϵ2
RMS for δ-function inhomogeneities as in (4.2).

where R ≡ Rphys/a(Tp) is the average comoving distance between two bubbles. The solution
to the diffusion equation with this initial condition can be found in appendix C.1. Here
we just report the RMS fluctuation

ϵ2
RMS =

 R

2
√

πd

∞∑
p=−∞

e−R2p2/4d2

3

− 1. (4.2)

From figure 4.2, it can be seen that the deuterium bound is satisfied when

R ≲ 3 (→ 2.44)d, (4.3)

where (→ 2.44) refers to the optimistic ϵRMS < 0.1 scenario. Converting to the physical
length scale

Rphys < 3(→ 2.44) a(TP T )d(TBBN ) ≈ 3 (→ 2.44)a(TP T ) 104cm (4.4)

where TP T is some temperature at the scale of the phase transition and we used the diffusion
length of protons ∼ 104 cm as a more stringent bound. Using the same normalization as
in [4] (a(T0) = 1, T0 = 1MeV) we have that

a(T ) = T0
T

(
g∗S(T0)
g∗S(T )

)1/3
(4.5)

and we get

Rphys <
7.11 (→ 5.78)× 1014

TP T
. (4.6)

We multiply by H(TP T ) ∼ 1√
3Mpl

⟨ϕ⟩2, where ⟨ϕ⟩ is the VEV of the scalar driving the
FOPT and MP l = 2.4 · 1018 GeV is the reduced Planck mass. We assume strong supercooling
since such FOPTs generally lead to relativistic speeds. Then we get

7.11 (→ 5.78)·1014

TP T
H(TP T )∼

7.11 (→ 5.78)·1014

TP T

⟨ϕ⟩2
√
3MP l

≈ 0.017 (→ 0.014) ⟨ϕ⟩
100 GeV

⟨ϕ⟩
TP T

.

(4.7)
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Figure 4. Illustration of the type of inhomogeneities left by the relativistic bubble walls. We have
represented the area where the BAU is non-zero in red.

The bound is then given by

RphysH(TP T ) ≲ 0.017 (→ 0.014) ⟨ϕ⟩
100 GeV

⟨ϕ⟩
TP T

. (4.8)

Using the fact that Rphys ≈ (8π)1/3β−1, we get

β

H(TP T )
≳ 172.3 (→ 209.2)100 GeV

⟨ϕ⟩
TP T

⟨ϕ⟩
. (4.9)

We can see that models with the phase transition scale (critical temperature) below 100 GeV
become tightly constrained.

5 Production via relativistic bubble walls

In the case of relativistic bubbles, another interesting baryogenesis model has been proposed
in [18, 20, 37]. Similarly to the previous section, the baryogenesis proceeds via heavy-particle
production, but in this case it originates from the bubble collisions with the surrounding
plasma particles. The probability for the production of heavy states roughly scales as

Pheavy ∼ ⟨ϕ⟩2

M2
∗

θ(γwTn⟨ϕ⟩ − M2
∗ ), (5.1)

where θ is the Heaviside theta function, Tn is the nucleation temperature and M∗ is the mass
of the heavy state. The appearance of the step function can be understood intuitively since
the energy scale of the bubble plasma scales as E ∼

√
γwTn⟨ϕ⟩, and it obviously must be

larger than the masses of the particles produced. At the same time, this means that particle
production does not start until the bubble has achieved a sufficient Lorentz boost factor

γmin ∼ M2
∗

Tn⟨ϕ⟩
. (5.2)

During the initial stages, the bubble expansion is accelerated and the bubble radius is
proportional to its boost factor

γ ≃ 2
3

Rphys
R0

phys
, (5.3)
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Figure 5. The curves representing the deuterium bound for relativistic bubble production with
various precisions of D/H measurements. The allowed region in the parameter space is placed above
the curve. The dashed rectangles represent the approximations in (5.13).

where R0
phys is the bubble radius at the moment of nucleation and is typically of the order

of ⟨ϕ⟩−1. We can see that particle production starts only once the radius of the bubble
becomes larger than

Rmin
phys ∼

3
2γminR0

phys ∼
3
2

M2
∗

TP T ⟨ϕ⟩
R0

phys. (5.4)

Thus, space will contain “holes” of radius Rmin
phys with zero baryon asymmetry (see figure 4). In

the following, we will use the deuterium bound to place restrictions on these types of models.

5.1 D/H bounds

We have argued that the baryon asymmetry distribution in space at the instance of the
phase transition will be uniform apart from the empty “holes” with radii ∼ Rmin

phys. The
typical distance between these “holes” will be of the same order as the typical bubble size
at the moment of collision. We will model this distribution by a lattice of empty spheres
with radius Rmin

phys and inter-sphere distance Rphys. In comoving coordinates, introducing
Rmin ≡ Rmin

phys/a, we get7

ρ(r, t = 0) = 1−
∑

n⃗

θ(Rmin − |x⃗ − n⃗R|). (5.5)

In this system we look at the bound in the parameter space of two dimensionless ratios:
R/Rmin and Rmin/d. The allowed parameter space is shown in figure 5. The derivation
of the curve is relegated to appendix C.2, however some main features can be understood
using the following intuitive arguments:

• Rmin/d ≫ 1: in this case diffusion effects cannot smooth out the baryon asymmetry,
and the constraint from D/H becomes a requirement that the total volume occupied
by the empty “holes” is sufficiently small. Numerically, this condition becomes an
inequality:

R

Rmin > 3.68 (→ 7.75). (5.6)

7Note that R > 2Rmin so that we are not in the bubble collision scenario.
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Using eq. (5.4) and the relation Rphys = (8π)1/3β−1 (we take vw ≈ 1).

β−1 ≳ 1.86 (→ 3.72) M2
∗

TP T ⟨ϕ⟩
R0

phys. (5.7)

Inverting the inequality and dividing by H ∼ ⟨ϕ⟩2
√

3MP l
(assuming strong supercooling

again), we obtain the following result

β

H
≲ 0.93 (→ 0.47)TP T

⟨ϕ⟩
MP l

R0
physM

2
∗
∼ (→ 0.5)TP T MP l

M2
∗

, (5.8)

where in the last step we have assumed R0
phys ∼ ⟨ϕ⟩−1. As expected, the bound is looser

for smaller values of M∗, since in this limit the particle production starts earlier and
the “hole” size is smaller.

• For small values of Rmin/d ∼ O(1) and for all values of R such that R > 2Rmin, the
models satisfying8

Rmin

d(TBBN ) < 2.2 (→ 1.2), (5.9)

will pass the D/H constraints. This implies that the diffusion is efficient enough to “fill
the empty holes”. Then

Rmin =
Rmin

phys
a(TP T )

∼ 3
2a(TP T )

M2
∗R0

phys
TP T ⟨ϕ⟩

, (5.10)

which leads to
M2

∗R0
phys

TP T ⟨ϕ⟩
≲ 1.47 (→ 0.8) a(TP T )dp(TBBN ). (5.11)

Using the proton diffusion length as a more stringent bound, we find

M2
∗R0

phys
⟨ϕ⟩

≲ 3.47 (→ 1.89)× 1014. (5.12)

To summarize, in the limiting cases, we obtain two bounds: (5.8) and (5.12), one of which
must be satisfied. Thus, the models satisfying the constraint

M2
∗ ≲ Max

[
3.47 (→ 1.89) · 1014 ⟨ϕ⟩

R0
phys

, 0.93 (→ 0.47)TP T

⟨ϕ⟩
MP l

R0
phys

×
(

H

β

)]
, (5.13)

will pass the D/H bounds. This constraint can be thought of as approximating the curve
in figure 5 by a rectangle (dashed lines in figure 5).

Finally, we can write down a sufficient but not necessary condition:

R

d
≲ 2.2. (5.14)

8Note that it is important to stress the temperature at which we evaluate the diffusion length.
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In this case, no matter what the radius of the empty sphere is, diffusion will make the universe
homogeneous. This condition becomes similar to the bounds obtained in the previous section
(see eq. (4.9))

β

H
≳ 100TP T

⟨ϕ⟩
100GeV

⟨ϕ⟩

(10
g∗

)1/2
, (5.15)

and we immediately see that the interesting region are the transitions below the 100 GeV scale.
Finally, let us comment on the scenario in which the phase transition under discussion is

the electroweak one (e.g. see ref. [19]). In this case, due to the friction from vector boson
emissions, the bubbles reach terminal velocity for relatively small values of the Lorentz boost
factor γ. As a consequence, the radius of the empty “holes” always satisfies Rmin

phys ≪ Rphys
and these models automatically satisfy the BBN bounds.

6 Domain-wall baryogenesis

The final scenario considered in this paper is a class of BAU-generation models in which
baryogenesis is driven by the evolution of the domain-wall network. Domain walls (DWs)
are topological defects that can arise when discrete symmetries are spontaneously broken.
The space of vacua after the symmetry breaking is disconnected, and the domain walls
interpolate between the different vacua of the theory. We will restrict ourselves to the simplest
case where the broken discrete symmetry is ℤ2. The study of domain-wall evolution in the
universe is usually performed numerically [38–41] (for more recent references, see [42, 43]).
The general picture presented in the literature is broadly the same: domains corresponding
to different vacua form on small length scales and subsequently evolve toward the so-called
scaling regime [44], in which there is approximately one domain wall per Hubble volume. In
terms of the comoving distances the scaling solution can be parametrized as follows

ξc = ϵη, ϵ ≃ 0.5, (6.1)

where η is the conformal time and ξc is the comoving size characterizing the wall separation.
Typical velocities of the domain walls are found to be

γv ≃ 0.4. (6.2)

The isotropy and homogeneity of our current universe suggest that the domain walls should
have been annihilated by today [45, 46]. Moreover, since the domain walls redshift slower
than matter and radiation, they should disappear before they started dominating the universe
energy budget not to spoil the expansion history of the universe and various measurable
quantities (e.g. BBN abundances [23]). To resolve this, a small bias term in the potential δV

is introduced that favours one of the two degenerate vacua. When the bias term wins over
the wall tension, domain walls annihilate and the universe remains in a single vacuum.

Domain walls can also be used for baryogenesis and various models have been proposed [21–
26]. For the purpose of imposing the deuterium bound, the key difference lies in the CP-
violating term in the Lagrangian. More precisely, it is determined by the power of the
symmetry-breaking scalar S entering the CP-violating interaction, namely:

• ℤ2 odd: in this case, the CP violation and consequently the sign of the baryon
asymmetry generated will depend on the sign of ⟨S⟩ in the domain. During the scaling
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solution, the domain wall passes multiple times through a given point in comoving
coordinates, generating baryon asymmetry of the opposite sign with every passage.
Then on average no baryon asymmetry will be generated except for the last passage,
which happens at the instance of domain wall annihilation. This discussion is very
rough since there is a hidden assumption that the baryon production is independent of
the temperature, otherwise contributions of different sign will not cancel explicitly.

• ℤ2 even: here, the sign of the baryon asymmetry generated does not depend on the
sign of ⟨S⟩ in the domain, and the total baryon asymmetry must be added up.

While the bounds we obtain generally fall into the two cases mentioned above, we focus on
models incorporating EW baryogenesis with domain walls [23, 24], keeping the discussion
as general as possible to allow straightforward application to other models. We will assume
that the DWs have formed and reached the scaling regime at some temperature Tdw. After
the electroweak phase transition, we can have electroweak symmetry restoration within the
DWs, in [23] referred to as EW cores. Within the EW cores, the EW sphalerons are active
and we can have baryon production. Due to the non-trivial DW profile and the CP-violating
term, we have a mechanism similar to the one adopted in section 3. The chiral bias is created
within the EW cores, where active sphalerons convert it to baryon asymmetry.

We will show that the D/H bounds in this class of models are very stringent (as noted in
ref. [4]), since the characteristic scale of the inhomogeneities is set by the distance between
DWs, which is comparable to the Hubble scale itself.

6.1 Production from the DW annihilation only

Consider the annihilation of DWs, which can occur if a small bias term is added to the S

potential, explicitly breaking the ℤ2 symmetry. At some point DWs start to annihilate and
we suppose that the baryon asymmetry is generated only during the period of domain-wall
annihilation. This is approximately the case if the CP-violation term depends on the sign
of ⟨S⟩. During this annihilation, the DWs will sweep through the false vacuum regions and
the baryon asymmetry generation will occur only in the domains with the false vacuum.
The distance between the DWs will be fixed by the scaling solution at the instance when
the annihilation starts.

This will leave an inhomogeneous distribution of baryons, which we model with a “2D
chess board” density profile9

ρ(x⃗, t) = 1
2

[
1 + sgn

(
cos

(
πx

D

)
cos

(
πy

D

))]
. (6.3)

The difference between this model and the other ones lies in the fact that D is determined
by the comoving horizon size at the annihilation temperature Tann. The solution of the
diffusion equation follows the usual scheme described in section 2 and we leave the details of

9The reason that this is a 2D chess board is that domain walls in three dimensions typically have the shape
of infinite sheets with varying curvature radius, as confirmed by numerical simulations [38, 39, 41–43]. Domain
walls which form closed surfaces would collapse under their own surface tension, as there are no outward forces
due to the two vacua being degenerate.
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the calculations to appendix C.3. Here we report only the expression for the RMS fluctuation

ϵ2
RMS =

(
8
π2

∞∑
m=0

1
(2m + 1)2 e−d2(2m+1)2π2/D2

)2

. (6.4)

Imposing the deuterium bounds, we get

d(TBBN )
D

> 0.317. (6.5)

Since the domain walls annihilate after reaching the scaling regime, D is given by the comoving
horizon size D ∼ 1/(aH) at the temperature of domain wall annihilation

D ∼ 1
(aH)

∣∣∣∣
T =Tann

= 3
π

( 10
g∗(T )

)1/2 ( g∗S(T )
g∗S(T0)

)1/3 MP l

T0Tann
. (6.6)

This leads to a bound on the temperature of domain-wall annihilation (using the diffusion
length of protons)

Tann ≳ 1.7 TeV. (6.7)

Again, improving the D/H measurements will not change the bounds all that much and
taking ϵRMS < 0.1 we obtain

Tann ≳ 2.5 TeV. (6.8)

Note that this discussion was completely model independent and the only assumption was
that BAU generation occurs only at the instance of annihilation. If we apply it to the
model in [23] where the baryon production should occur after the EW phase transition
(TEW ∼ 130GeV), we see that this is incompatible with the bound in (6.7). Thus, we can see
that electroweak baryogenesis with domain walls, where the CPV term is odd in the scalar
field, possibly does not satisfy the bounds coming from D/H measurements.

6.2 Production from the scaling regime

When the CP violation is even in the domain-wall field, the production of baryons during
the scaling regime matters. Domain walls are expected to traverse the entire space and,
since sphalerons are active within the domain walls, should lead to baryon production that
covers the entire space. This, of course, occurs up to small inhomogeneities. If we say that
a wall passes through a point n times on average, then using the Poisson distribution we
can estimate the amplitude of inhomogeneities to be

√
n. A density profile which reproduces

the fractional error of 1/
√

n is given by

ρ(x⃗, 0) = 1 + 1√
n
cos

(
πx

D

)
cos

(
πy

D

)
, (6.9)

where D is again the comoving Hubble radius and we again adopt a cosine profile for simplicity.
We assume that the production due to the annihilation of domain walls is subdominant in
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this case. Evolving the initial baryon asymmetry profile with the diffusion equation and
calculating the RMS fluctuations, we get the following constraint

n ≳ 2.78 e−2d2π2/D2
. (6.10)

Thus, if the walls on average traverse the volume three or more times, the bound will be
satisfied. What is the correct value of the comoving scale D? For the case of the scaling
solution, it must be somewhere between the DW separation in the beginning and the end
of the baryogenesis process

ϵ η|T =Ti ≤ D ≤ ϵ η|T =Tf
(6.11)

where Ti and Tf are the temperatures when the baryogenesis starts and ends, respectively.
Using the numbers from the previous section, we can rewrite the eq. (6.10) as

n ≳ 2.78 exp
[
−
(

T∗
0.82 TeV

)2
]

, T∗ ∈ [Ti, Tf ]. (6.12)

Note that, by definition, n ≃ Vswept/Vc, where Vswept is the comoving volume swept out by
domain walls within a given comoving volume Vc. In [23] it has been estimated that

n = Vswept

Vc
≈ v

ϵ
ln
(

Ti

Tf

)
+ v

ϵ
ln
(

Tdw − Tf

Tdw − Ti

)
, (6.13)

where Tdw is the temperature of domain-wall formation. Using the results from numerical
simulations, namely that ϵ ≈ 0.5 and γv = 0.4, we obtain the following bound

ln


(

Tdw
Tf

)
− 1(

Tdw
Ti

)
− 1

 ≳ 3.76 exp
[
−
(

T∗
0.82 TeV

)2
]

. (6.14)

Using Ti ≈ TEW ≈ 0.13TeV and Tf ≈ Tann we can put bounds in the (Tann, Tdw) space.
When the temperature at which the domain walls form is larger compared to the others,
from (6.14) we get

ln
(

TEW

Tann

)
≳ 3.76 exp

[
−
(

T∗
0.82 TeV

)2
]

, (6.15)

which can be numerically solved to obtain (the result turns out to be approximately T∗
independent)

Tann ≲ 3 GeV. (6.16)

Intuitively, this is sensible since the relative scale of inhomogeneities is roughly 1/
√

n. Lower
annihilation temperature makes the number of passings of domain walls greater, which
tends to smooth out inhomogeneities. As before, this bound should be intersected with
the requirement that the domain walls should annihilate before they start dominating the
energy budget of the universe. This bound was obtained using the constraint ϵRMS < 0.3.
For the optimistic constraint ϵRMS < 0.1, we see that Tann is constrained to lie below BBN
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Figure 6. Impact of improving D/H measurements on the bound in (6.16) with TEW ≈ 130 GeV.

temperatures, which is incompatible with the predictions for light element abundances. Full
dependence of Tann on ϵRMS is shown in figure 6.

The previous calculation explicitly assumed that the production of the baryon asymmetry
is temperature-independent, which is not true in general. If the baryon asymmetry production
depends on temperature, the magnitude of the resulting fluctuation may be estimated
as follows:

1√
n
⇒ 1

√
neff

=
√

ϵ

v

[∫ dT
T η2(T )

]1/2

∫ dT
T η(T )

, (6.17)

where one can see that neff → n (see eq. (6.13)) for constant η(T ). Then the bound from
deuterium abundance becomes:

neff ≳ 2.78 exp
[
−
(

T∗
0.82 TeV

)2
]

, (6.18)

where T∗ should be taken in the range with significant baryon asymmetry production. In
appendix B.3, we adopt a toy model of electroweak baryogenesis via domain walls, similar to
the one in [23], and study its temperature dependence. We find that the integral in eq. (6.17)
is dominated by a narrow temperature interval, yielding a small value, neff ≈ 0.58. Therefore,
if our findings remain valid for generic DW models with EW cores, these models are excluded
by the bounds from D/H measurements.

7 Summary and Conclusions

We conclude by summarizing the main results of the paper. We have reviewed the recent
proposal to use D/H constraints to put bounds on the baryon inhomogeneities in the early
universe. In particular, we have analysed the bounds on four classes of baryogenesis models
with inhomogeneous baryon production and below we present a brief summary of the results
for each of the models considered:

• EW baryogenesis: in most regions of the parameter space, the model remains
consistent with the observed D/H measurements. Intuitively, this is because, although
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the first-order phase transition is spatially inhomogeneous, baryon production stays
approximately uniform throughout the bubble expansion process. The only changes to
BAU generation arise from its dependence on temperature and bubble wall velocity;
however, these quantities vary by at most O(1) factors over the course of the phase
transition. In addition, constraints from primordial black hole production exclude
scenarios with very large bubbles, of order the Hubble scale, further restricting the
allowed variation in temperature and bubble velocity that could otherwise source BAU
inhomogeneities.

• Baryogenesis from the collisions of ultra-relativistic bubbles: in this case, the
BAU is produced only at the surfaces of bubble collisions, placing strong constraints on
phase transitions with a characteristic scale below 100 GeV.

• Baryogenesis from ultra-relativistic bubble-plasma collisions: in this case,
baryogenesis occurs from the heavy-particle production, which starts only after the bub-
bles have reached sufficient velocities. Thus, there will be empty regions corresponding
to the initial expansion of the bubble. D/H puts interesting constraints on the models
with the phase transition scale below ∼ 100GeV. In this context, the bound depends
on the mass of the heavy particle.

• Baryogenesis from domain walls: the constraints on this scenario are particularly
strong because, during the scaling regime, the typical domain wall separation is of the
order of the Hubble scale. If BAU production occurs primarily during domain wall
annihilation, models with an annihilation scale below ∼ TeV are ruled out. In models
where BAU is generated mainly during the scaling regime, the bounds depend on the
duration of that regime, becoming stronger as it becomes shorter. In particular, we
find that the models where electroweak symmetry is restored in the core of the wall are
excluded by D/H measurements.

In summary, constraints on electroweak baryogenesis remain relatively weak, whereas more
exotic scenarios are subject to tighter bounds. However, we stress that the set of models
considered here is not exhaustive, and that additional scenarios may also be constrained with
D/H bounds. We leave a detailed investigation of these possibilities for future work.
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A Diffusion lengths of protons and neutrons

In this appendix, we review some of the results from [4] in calculating the diffusion lengths
of protons and neutrons. The FLRW metric is given by

ds2 = dt2 − a2dx⃗2, (A.1)

– 18 –



J
H
E
P
0
9
(
2
0
2
6
)
0
8
1

where a is the scale factor and x⃗ are spatial comoving coordinates. The Hubble parameter
in the radiation-dominated era is

H = π

3
T 2

MP l

(
g∗(T )
10

)1/2
, (A.2)

where MP l = 2.4 · 1018 GeV is the reduced Planck mass.
We are interested in determining the evolution of inhomogeneities in the baryon number

density, i.e. to solve diffusion equations. Before neutrino decoupling, neutrons and protons
are in equilibrium and we can treat their diffusion together. The diffusion will be dominated
by the lowest temperatures because:

1. the Hubble scale drops, allowing more time for diffusion (t ∼ 1/H)

2. interaction rates decrease, which leads to larger diffusion coefficients.

At T ∼ 1MeV, baryon diffusion is dominated by the scattering with electrons. The mean
free path of neutrons is much smaller than that of protons, since they interact with electrons
only via their magnetic dipole moment. Therefore, protons diffuse significantly only during
the time they spent as neutrons, i.e. before neutrino decoupling. After neutrino decoupling,
we must keep track of protons and neutrons separately. Since protons interact very strongly
with electrons, their diffusion after this time is negligible.

The diffusion equations for protons and neutrons are given by

∂tnn = Dn∇2nn − Γn→pnn + Γp→nnp,

∂tnp = Dp∇2np − Γp→nnp + Γn→pnn,
(A.3)

where ∇2 = 1/a2∂i∂i and Dn,p are the diffusion coefficients. The rates consist of several
processes

Γn→p = γne+→pν̄ + γnν→pe + γn→peν̄

Γp→n = γpν̄→ne+ + γpe→nν + γpeν̄→n

(A.4)

where γx→y describes the thermally-averaged rate of the process x → y. Detailed balance
condition shows that [5] (in the case T ≈ Tν)

γnν→pe = γpe→nν exp(Q/T )
γne+→pν̄ = γpν̄→ne+ exp(Q/T ),

(A.5)

and γn→peν̄ represents the neutron decay with lifetime τn = 878 seconds and the three-body
rate γpeν̄→n is negligible. The independent rates γnν→pe and γne+→pν̄ can be found in [5].
Using the fact that

S ∝ g∗S(T )T 3a(T ) = const, (A.6)

we obtain the relation for the scale factor (T0 = 1MeV)

a(T ) = T0
T

(
g∗S(T0)
g∗S(T )

)1/3
. (A.7)
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It is easy to show that

∂

∂t
= −HT

(
1 + 1

3
T

g∗S(T )
∂g∗S(T )

∂T

)−1 ∂

∂T
, (A.8)

which gives the following expressions for the diffusion equations in momentum space

− HT

1+ 1
3

T
g∗S(T )

∂g∗S(T )
∂T

∂ñn
k

∂T
=
(
−Dnk2

(
T

T0

)2( g∗S(T )
g∗S(T0)

)2/3
−Γn→p

)
ñn

k+Γp→nñp
k,

− HT

1+ 1
3

T
g∗S(T )

∂g∗S(T )
∂T

∂ñp
k

∂T
=
(
−Dnk2

(
T

T0

)2( g∗S(T )
g∗S(T0)

)2/3
−Γn→p

)
ñp

k+Γp→nñn
k .

(A.9)

Neutron diffusion coefficients contain two contributions which combine as follows
1

Dn
= 1

Dne
+ 1

Dnp
, (A.10)

where (x = T/me)

Dne = π

16

(
mn

me

)2 1
me(ακ)2

e1/x

x(1 + 3x + 3x2) ≈ 0.29 e1/x

x(1 + 3x + 3x2)cm, (A.11)

represents the interaction of the electron with the magnetic dipole moment of the neutron.
The contribution Dnp comes from neutron-proton scattering and is negligible compared
to the former. For the proton diffusion length, there is only a single contribution from
proton-electron scattering given in [47]

Dp = 3π

8αΛ(T )

( ℏ
me

)
xe1/x

1 + 2x + 2x2 ≈ 8.54 · 10−7

Λ(T )
xe1/x

1 + 2x + 2x2 cm, (A.12)

where Λ(T ) = log(2/θ0) is the Coulomb logarithm which cuts-off the divergence at small
scattering angles.10 Although generally T -dependent, we adapt Λ(T ) ≈ 5 as in [47]. Since
the equations are linear in number densities, the initial and final distributions are related by
a transfer function. We ignore the initial division of baryons into p and n, since for Ti ≫MeV
protons and neutrons are equilibrium. Implying that, for all k

ñp
k(Ti) = ñn

k(Ti) = ñB
k (Ti) (A.13)

where by nB we mean the number density of baryons. This means that

ñN
k (T ) = G̃N (k, T, Ti)ñB

k (Ti) (A.14)

where N = n, p. For Ti such that p and n are in equilibrium, G̃N is insensitive to Ti and we
can drop it from the argument. We denote XN (T ) = G̃N (k = 0, T ). We define the diffusion
length di = 1/ki

0 via the momentum scale

G̃N (ki
0, T )

XN (T ) = exp(−1/2). (A.15)

10The scattering is cut-off by Debye screening at small scattering angles [4]. The Debye wave vector is given
by k2

d = 4πα2ne
a3T

and the thermal wave vector is k2
th ∼ 3meT in non-relativistic regime and k2

th ∼ (3T )2 in the
relativistic regime. The minimum angle is given by θ2

0 = k2
d/k2

th.
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(a) Diffusion lengths: neutrons (blue) and protons
(orange)

(b) Transfer function for protons (blue) and a
Gaussian profile (orange) with the same diffusion
length

Figure 7. Diffusion lengths and the proton transfer function.

Numerical solution of the diffusion equations gives the results in figure 7(a). The proton
transfer function deviates slightly from the Gaussian (figure 7(b)). This curve seems to
be reasonably-fitted by

G(k) ≈ exp
[
−
( 1
7.14 log10(106d2k2)

)5
]

. (A.16)

However, we observe that such a non-Gaussian profile changes the bounds up to order one
numbers and for our purposes it is a good approximation to adopt a Gaussian profile with
diffusion length dp.

B Transport equations in EW baryogenesis

In this appendix, we describe the framework of the Boltzmann equations used for electroweak
baryogenesis (see for review [7]). First, we describe the formalism and then apply it to toy
models of electroweak baryogenesis and electroweak baryogenesis via domain walls. We will
work in the WKB approximation, so that the wall profile varies slowly compared to the
typical de Broglie wavelength of particles, namely

lw ≫ 1
T

. (B.1)

The evolution of particles can then be separated into terms of different order in derivatives
with respect to z. In particular, because of the z-dependence in the CP-violating phase
Θt(z), there exists a CP-violating force proportional to the derivatives of Θt(z). Such a
force will produce an excess of left-handed particles over antiparticles in front of the bubble
wall. Since electroweak sphalerons are active in the symmetric phase, they efficiently convert
left-handed particles to baryons. Once the baryons are produced, they are swept by the wall
into the broken phase where the sphalerons are suppressed and the produced BAU cannot
be washed out. We will closely follow [14, 48] and while we leave all the technical details
of the calculation to these papers, here we summarize the key points.
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We study the plasma of particles in the background of the bubble wall. Since the wall
is moving, such a background drives the plasma out of equilibrium. In particular, we write
the distribution of particle species i as

fi(z, p⃗) = 1
exp[βγw(Ei

0(z, p⃗) + vwpz)− βµi(z)]± 1
+ δfi(z, p⃗),

E0i =
√

p2
⊥ + p2

z + m2
i (z), β ≡ 1

T
,

(B.2)

where we parametrize the departures from chemical and kinetic equilibrium with µi and δfi,
respectively. That being said, δfi does not lead to a local number density fluctuation, namely∫

d3p δfi(z, p⃗) = 0, (B.3)

and the fluctuation in number density is fully captured by µi(z). Transport equations are
obtained starting from the Boltzmann equation

L[f ] = (ż∂z + ṗz∂pz)f = C[f ], (B.4)

where L is the Liouville operator. The collision term C[f ] contains interactions amongst
different particle species. One can split the fluctuations into CP-even and odd parts

µ = µe + µo, δf = δfe + δfo, (B.5)

after which one can separate the Boltzmann equation into CP-even and CP-odd parts. As
expected, the derivatives of Θt appear only in the CP-odd part. That being said, the excess
of left-handed particles can only be generated from the CP-odd part in the Boltzmann
equations, and we will focus on it in what follows. Additionally, we will drop the “odd”
subscript in µo and δfo.

Once expanded up to second-order in fluctuations and the gradient in z, the Boltzmann
equation depends on three-momenta p⃗ of particle species, which makes it notoriously compli-
cated to solve even numerically. To obtain a simpler description, the equations are projected
onto a set of few moments, by averaging the Boltzmann equations over momentum with
suitable weights, namely [14, 48]〈(

pz

E0

)l

L[f ]
〉
=
〈(

pz

E0

)l

C[f ]
〉

(B.6)

where l = 0, 1, . . . and

⟨X⟩ = 1
N1

∫
d3pX1(z, p⃗), N1 ≡

∫
d3pf ′

0w,F D(m = 0) = −γw
2π3

3 T 2 (B.7)

where
f0w(z, p⃗) = 1

exp[βγw(Ei
0(z, p⃗) + vwpz))]± 1

. (B.8)

We adopt the following convention for the derivative of f0w,11

f ′
0w(z, p⃗) = ∂f(z, p⃗)

∂(γw(Ei
0(z, p⃗) + vwpz))

. (B.9)

11Note that later on we will also use ′ = d
dz

. This notation has been used throughout the literature [14, 48–51]
and we adopt it here for consistency.

– 22 –



J
H
E
P
0
9
(
2
0
2
6
)
0
8
1

The velocity moments are then given by

ul =
〈(

pz

E0

)l

δf(z, p⃗)
〉

. (B.10)

We will restrict ourselves to the first two moments (l = 0 and l = 1) and obtain the
two-equation fluid network

A(z)w′(z) + (m2)′B(z)w(z) = S(z) + δC(z), (B.11)

for each species and w = (µ(z) u(z))T and in this equation ′ = d
dz . The vector S comes

from the CP-odd sources in the Liouville operator and the vector δC comes from the collision
terms. The exact expressions for A, B, S and δC are given below. This is a boundary value
problem since we want the perturbations to vanish at infinity, i.e. w(±∞) = 0. Finally,
we would like to mention that the recent work of ref. [52] emphasized the importance of
higher-moment terms in the Boltzmann equations for an accurate prediction of the baryon
asymmetry. However, since in the present paper we are mainly interested in a rough, order-
of-magnitude estimate of the quantity Max

∣∣∣ d ln η
d ln T

∣∣∣ we expect that truncating the expansion
to the first two moments is sufficient.

The fluid network in (B.11) describes the evolution of a single particle species, so we
write this set of equations for each particle species under consideration. The different fluid
networks are mixed through the collision terms. The particle species we will track are

tL : wtL =
(

µtL

utL

)
, bL : wbL

=
(

µbL

ubL

)
, tR : wtR =

(
µtR

utR

)
, h : wh=

(
µh

uh

)
. (B.12)

Combining the different fluid networks gives us a set of eight first-order differential equations.
Once the solution for the fluid network has been obtained, one can proceed to calculate
the baryon asymmetry12 [48]

ηB = nB

s
= 45nf Nc

4π2vwγwg∗T

∫ ∞

−∞
dz µBL

(z)Γws(z) exp
[
− Anf

2vwγw
Γws(z)|z|

]
(B.13)

where A = 15/2, nf and Nc are the number of generations and colors, respectively, and

g∗ = 106.75, Γws(z) = Γsphfsph(z), Γsph = 10−6T, fsph(z) = Min
[
1,

2.4T

Γsph
e−40v(z)/T

]
(B.14)

and

µBL
(z) = 1

2
∑

quarks
µq(z) =

1
2(1 + 4Dt

0)µtL(z) +
1
2(1 + 4Db

0)µbL
(z) + 2Dt

0µtR(z). (B.15)

It is convenient to solve the fluid network equations in terms of dimensionless variables:
w̃ = w/T and z̃ = zT , introducing x = m/T .13 In the following, we give exact expressions
of the various terms in the Boltzmann equation.

12Note that there is some discrepancy on the sign in front of the integral in the literature [14, 15, 48], but this
is not important as one can always choose a different sign for the CP-violating phase to obtain µBL → −µBL .

13Note that the velocity moments (B.10) are defined as dimensionful quantities with mass dimension one.
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B.1 Moments of the fluid network

As already mentioned, we adopt the conventions from [14, 48] and the reader can consult these
papers for a detailed derivation of the transport equations. We write again the transport
equations given in (B.11)

A(z)w′(z) + (m2)′B(z)w(z) = S(z) + δC(z), (B.16)

where

A =
(
−D1 1
−D2 −vw

)
B =

(
vwγwQ1 0
vwγwQ2 R̄

)
(B.17)

and
Dl =

〈(
pz

E0

)l

f ′
0w

〉
, Ql =

〈
pl−1

z

2El
0

f ′′
0w

〉
(B.18)

and
R̄ = π

γ2
wN̂0

∫ ∞

m
dE log

∣∣∣∣p − vwE

p + vwE

∣∣∣∣ f0(E), p =
√

E2 − m2 (B.19)

where f0(E) is the isotropic distribution in the plasma frame and

N0 =
∫

d3p f0w(m) = γwN̂0. (B.20)

B.1.1 Collision terms

Collision terms δC describe how interactions relax the system from small departures from
equilibrium and we divide them into [14, 48]:

• inelastic terms (number changing): they drive some linear combination of µi towards
zero

• elastic terms (number conserving): they relax the momentum space distribution δf

Once the collision terms have been written one can perform the projection onto the moments
of the Boltzmann equation and obtain the general linearised collision operator14

δCa
l+1 = −K(l)

a

∑
i,j

Γ̂inel
i→jsijµj − K(0)

a δl0Γssµss − Γ̂a
totul,a, (B.21)

where
K l

a =
〈(

pz

E0

)l

fa
0w

〉
(B.22)

and sij ∈ {−1, 0, 1} depending on how the particle species enters the interaction (negative
if it is in the initial state and positive if it is in the final state). It is important to explain
various terms in eq. (B.21)

• Γ̂inel
i→j represents the rate of various interactions which we will include (Yukawa, charged-

current etc.).
14For details on the derivation of this expression see [14].
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• The second term in (B.21) is due to strong sphalerons, such a term is generally
represented in the collision term as

δC ⊃ −css
a Γss

∑
quarks

(µqL − µqR). (B.23)

Since light quark Yukawa interactions are slow, light quarks only enter the fluid network
through strong sphalerons. Looking closely at the fluid network of light quarks, one
can notice that their chemical potentials satisfy µqL = −µqR and that it can be fully
written in terms of heavy species. Then one obtains∑

quarks
(µqL − µqR) = (1 + 9Dt

0)µqL + (1 + 9Db
0)µbL

− (1− 9Dt
0)µtR ≡ µss. (B.24)

It is a reasonable approximation to restrict only to the lowest modes of strong sphaleron
collision term [52].

• The Γ̂tot acts as a damping term for higher-velocity moments (u0a = 0 by definition)
and defines a relaxation of momentum perturbations due to the collision with the
plasma. It is useful to recast it in terms of moment functions

Γ̂a
tot = − D2,avw

D1,aDa
diff

, (B.25)

where Da
diff is the physical diffusion constant of some species a.

The lowest moment collision terms which we will add to our network are

δCtL
1 = −K

(0)
t

[
Γ̂t

y(µtL − µtR) + 2Γ̂t
m(µtL − µtR) + Γ̂W (µtL − µbL

) + Γssµss

]
,

δCbL
1 = −K

(0)
b

[
Γ̂t

y(µbL
− µtR) + Γ̂W (µbL

− µtL) + Γssµss

]
,

δCtR
1 = −K

(0)
t

[
−Γ̂t

y(µtL + µbL
− 2µtR) + 2Γ̂t

m(µtR − µtL)− Γssµss

]
,

δCh
1 = −K

(0)
h

[3
2Γ̂

t
y(µtL + µbL

− 2µtR + 2µh) + Γ̂h
mµh

]
,

δCtL
2 = −K

(1)
t

[
Γ̂t

y(µtL − µtR) + 2Γ̂t
m(µtL − µtR) + Γ̂W (µtL − µbL

)
]
− Γ̂t

totu1,tL ,

δCbL
2 = −K

(1)
b

[
Γ̂t

y(µbL
− µtR) + Γ̂W (µbL

− µtL)
]
− Γ̂b

totu1,bL
,

δCtR
2 = −K

(1)
t

[
−Γ̂t

y(µtL + µbL
− 2µtR) + 2Γ̂t

m(µtR − µtL)
]
− Γ̂t

totu1,tR .

δCh
2 = −K

(1)
h

[3
2Γ̂

t
y(µtL + µbL

− 2µtR + 2µh) + Γ̂h
mµh

]
− Γ̂h

totu1,h

(B.26)

where Γ̂y represents the rate due to Yukawa interactions, Γ̂W represents the charged current
interactions and Γ̂m represents the helicity-flip processes tL ↔ tR from the interaction with
the wall. For the rates and diffusion constants we take [48, 53]

Γ̂t
y ≈ 4.2× 10−3T, Γ̂W ≈ Γ̂h

tot, Γ̂t
m ≈ m2

t

63T
, Γ̂h

m ≈ m2
W

50T
,

Γss ≈ 4.9× 10−4T, Dq ≈ 6
T

, Dh ≈ 20
T

.

(B.27)

Note that the weak sphalerons are treated as slow compared to the other processes in the
fluid network and are only turned on later, when we compute the baryon asymmetry.
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B.1.2 Sources

In this section, we summarize how to compute weighted sources for our fluid network. We note
again that we only restrict ourselves to the CP-odd part. This is characterized by two moments

Q8o
l =

〈
spl−1

z

2El
0E0z

f ′
0w

〉
, Q9o

l =
〈

pl−1
z

4El+1
0 E0z

(
f ′

0w

E0
− γwf ′′

0w

)〉
, (B.28)

where E0z =
√

p2
z + m2. With these definitions, the CP-odd source becomes

Sodd
l (z) = −hvwγw

[
(m2Θ′)′Q8o

l − m2(m2)′Θ′Q9o
l

]
, (B.29)

where with h = ±1 we track the helicity-dependence of the source.

B.1.3 Useful integrals

The integrals which compute the various moments can be very difficult to implement even
numerically, and hence we use the simplifications in [14, 48] to reduce them to dimensionless
integrals. Namely, we use dimensionless plasma frame variables

w ≡ E

T
, x ≡ m

T
, p̃w =

√
w2 − x2, y = cos θ = pz

|p⃗|
. (B.30)

Using the Lorentz-invariance of the integration measure, we can write all the integrals in
terms of a dimensionless one〈

pn
z

Em
V F (k)

0w

〉
= T n−m−k−1K(F (k)

0 ;V, n, m) (B.31)

where F (k)
0w = f

(k)
0w , F (k)

0 = f
(k)
0 and f0(E) is the isotropic distribution in the plasma frame.

The dimensionless integral is given by

K(F0;V, n, m) = − 3
π2γw

∫ ∞

x
dw

∫ 1

−1
dy

p̃wp̃n
z

Ẽm−1 V (w, y)F0(w), (B.32)

where
p̃z = γw(yp̃w − wvw), Ẽ = γw(w − vwyp̃w). (B.33)

For the moments Dl, Ql, Kl the function V = 1, whereas for the CP-odd source terms V

is non-trivial. In particular, in the spin basis

V = Vs = |p̃z|√
p̃2

z + x2 , (B.34)

or in the helicity basis

Vh = V 2
s

(
1− x2

w2

)−1/2

. (B.35)
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(a) Different chemical potentials
µtL

/T, µbL
/T, µtR

/T and µh/T .
(b) Baryon-left chemical potential µBL

/T .

Figure 8. Solutions obtained from the fluid network for vc = T , lwT = 5, vw = 0.1, yt = 0.7
and sn/Λ = 0.2.

Different basis choices however lead to small differences in source terms [48, 54]. Thus, the
different moments in the fluid network can be written as

Dl = K(f ′
0w; 1, l, l),

T−1Kl = K(f0w; 1, l, l),

T 2Ql =
1
2K(f ′′

0w; 1, l − 1, l),

T 2Q8o
l = 1

2K(f ′
0w;V, l − 2, l),

T 4Q9o
l = 1

4
[
K(f ′

0w;V, l − 2, l + 2)− γwK(f ′′
0w;V, l − 2, l + 1)

]
.

(B.36)

B.2 EW baryogenesis: a toy model

We assume that the electroweak phase transition is of first-order due to the effects of physics
beyond the Standard Model. We focus on the motion of the bubble wall when its radius
is sufficiently large so that it can be locally treated as planar, and the problem becomes
one-dimensional. We will work in the rest frame of the wall and assume that z axis is
perpendicular to the wall. The bubble-wall profile in the z-direction is given by

v(z) = vc

2

[
1− tanh

(
z

lw

)]
, (B.37)

where vc is the Higgs VEV and lw is the wall-width. CP violation arises from the presence of
a singlet scalar field that couples to the top quark through a dimension-five operator [14, 49]

L ⊃ ytv(z)t̄L

(
1 + i

s(z)
Λ

)
tR + h.c.. (B.38)

Similar interactions will be present for other fermions; however, CP violation in the top quark
sector is expected to dominate, since it has the largest Yukawa coupling. We assume that
the singlet has the wall-profile opposite to the Higgs

s(z) = sn

2

[
1 + tanh

(
z

lw

)]
, (B.39)
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(a) Temperature dependence of ηB/ηexp
B for

different wall widths.
(b) The derivative |d log η(T )/d log T | for
various wall widths.

Figure 9. Temperature dependence of EW baryogenesis for vEW = 246GeV, vw = 0.1, sn/Λ = 0.2
and yt = 0.7.

so that in the symmetric phase ⟨s⟩ = sn and in the broken ⟨s⟩ = 0.15 The effective complex
top mass is given by

mt(z) = |mt(z)|eiΘt(z), (B.40)

where

mt(z) = ytv(z)

√
1 + s(z)2

Λ2 , Θt(z) = arctan
(

s(z)
Λ

)
. (B.41)

Typical curves one gets for the chemical potentials are shown in figure 8. We show the
temperature dependence in figure 9(a), by fixing vEW = 246GeV and vw = 0.1, for different
wall widths.16 We remind the reader that this approximation is valid only in the limit
lw ≫ 1/T , which is why we only investigated the temperature dependence down to ∼ 100GeV
for the wall widths above. Note that we must have that vEW /T ≳ 1, so that sphalerons are
suppressed in the broken phase. As discussed in section 3, we are interested in the derivative
of the logarithm of the function in figure 9(a). We find that

T

∣∣∣∣∣ d

dT

[
ln
(

ηB(T )
ηexp

B

)]∣∣∣∣∣ ∼ O(1), (B.42)

and we sketch this function for various wall widths in figure 9(b).
We also give contour plots of ηB/ηexp

B in the (vw, T ) plane for different choices of wall
width in figure 10. Since the wall velocity is generally expected to be temperature dependent,
we can obtain the maximal values of the logarithimic derivative for various temperature

15Note that we made the usual assumption that the wall widths in v(z) and s(z) are the same, which
generally does not need to be the case [14].

16Note that we did not include the Higgs in the transport equations while studying this temperature
dependence. Inclusion of the Higgs leads to numerical instability and requires much larger numerical precision,
whereas at the same time its effect on the final baryon asymmetry is small.
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(a) lw = 0.02 GeV−1 (b) lw = 2/T

Figure 10. Contour plot of ηB/ηexp
B in the (vw, T ) plane for different wall width choices. The rest of

the parameters are set as before: vEW = 246GeV, sn/Λ = 0.2 and yt = 0.7.

dependences of the velocity. Namely, we get

vw ∼ 1
T

: Max
∣∣∣∣ d log η

d log T

∣∣∣∣ ≈ 2.71,

vw ∼ 1
T 2 : Max

∣∣∣∣ d log η

d log T

∣∣∣∣ ≈ 1.82,

vw ∼ 1
T 3 : Max

∣∣∣∣ d log η

d log T

∣∣∣∣ ≈ 1.18,

(B.43)

where we normalized the velocity to vw(T = 110 GeV) = 0.1. We see that even by assuming
some temperature dependence of the velocity, we cannot achieve very strong η dependence
on temperature.

B.3 EW baryogenesis via domain walls: a toy model

A similar analysis applies to BAU generation in the model of ref. [23]. In this framework, the
BAU is generated after electroweak symmetry breaking through the evolution of a domain wall
network. The model predicts the existence of domain walls whose cores preserve electroweak
symmetry, thereby allowing baryon number violation to proceed via sphaleron processes
localized within the wall cores. In addition to the SM, the model contains a real singlet
scalar field s with an approximate Z2 symmetry, which is broken spontaneously leading to
the appearance of domain walls. In this setup, we would like to estimate the values of the
quantity neff introduced in the section 6.2.

We will assume that CP violation comes from the following dimension six operator
with top quarks:

L ⊃ ytv(z)t̄L

[
1 + i

(
s(z)
Λ

)2]
tR + h.c. (B.44)

The effective top mass in this case is given by

mt(z) = |mt(z)|eiΘt(z), (B.45)
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(a) Profiles for v(z) and s(z) where lwT = 40
and h0 = 50GeV.

(b) Temperature dependence of baryon asymmetry
produced with domain walls. The parameters are
chosen as h0 = 20GeV, γwvw ≈ 0.4, sn/Λ = 0.2
and lw = 1 GeV−1.

Figure 11. Field profiles and temperature dependence of baryon asymmetry in the domain wall sce-
nario.

where

mt(z) = ytv(z)

√
1 +

(
s(z)
Λ

)4
, Θt(z) = arctan

[(
s(z)
Λ

)2]
. (B.46)

For the Higgs profile v(z) we adopt the model of [23], where the electroweak symmetry is
restored in small regions referred to as the electroweak cores. We model the elecroweak
cores with the following profile

v(z) = vEW

[
1 + 1

2 tanh
(

z − zc

lw

)
− 1

2 tanh
(

z + zc

lw

)]
, (B.47)

where zc is determined such that at v(0) = h0, hence

zc = lwarctanh
(
1− h0

vEW

)
. (B.48)

The only requirement is that the length of the core must satisfy [23, 26]

lcore > (αW T )−1 , (B.49)

since the weak structure constant αW ≈ 0.033, we see that lcore ≳ 30/T and this places us
well in the WKB regime discussed in the previous section. The profile for s(z) has been
chosen as in section B.2 and the two are sketched in figure 11(a). Other than that, the
calculation proceeds in exactly the same way as described previously in this appendix. The
results17 are shown in figure 11(b). We can see that most of the baryon asymmetry will
be generated mainly in the limited range of temperatures T ∈ [50, 100] GeV. Thus, even if

17Note that the absolute value of baryon asymmetry is small in this case. This can be amplified by a
different choice of h0 or a different profile for the CPV source. However, this will not change the temperature
dependence and we stick to the parameters chosen above.
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the scaling regime lasts long for the purpose of BAU it is effectively very short making it
strongly constrained. We are interested in computing the parameter

neff = v

ϵ


(∫ dT

T η(T )
)2

∫ dT
T η2(T )

 , (B.50)

which indeed turns out to be quite small, neff ≃ 0.58.

C Different distributions of inhomogeneities

In this appendix, we present ϵRMS calculations for various baryon asymmetry distributions.

C.1 δ-function inhomogeneities

We start with the δ-function like distribution, which has relevance for the models discussed
in section 4. The computation basically reproduces the results from appendix A of [4]. The
initial (before diffusion) density profile in a cubic region of volume (NR)3 is given by:

ρ(r⃗, t = 0) = 1
N3

N/2∑
nx,ny ,nz=−N/2

δ3(r⃗ − R(nxx̂ + nyŷ + nz ẑ)). (C.1)

The normalization is chosen such that the whole space has unit baryon asymmetry. With
diffusion this evolves to

ρ(r⃗, t) = 1
(
√
2πNd(t))3

∑
n⃗

e
− (r⃗−Rn⃗)2

2d(t)2 . (C.2)

We want to evaluate the RMS fluctuation, given by

ϵ2
RMS = ⟨ρ2⟩ − ⟨ρ⟩2

⟨ρ⟩2 (C.3)

We first compute

⟨ρ⟩ = 1
(NR)3

∫
d3x ρ(r⃗, t) = 1

(
√
2πN2d(t)R)3

∑
n⃗

∫
d3x e−

r⃗−Rn⃗

2d2

= 1
(N2R)3

∑
n⃗

1

=
(

N + 1
N2R

)3
.

(C.4)

Computation of ⟨ρ2⟩ is easier in momentum space

⟨ρ2⟩ = 1
(NR)3

∫
d3xρ2(r⃗, t) = 1

(NR)3

∫
d3k

(2π)3 |ρ̃(k, t)|2(r⃗, t), (C.5)

where
ρ̃(k, t) = 1

N3

∑
n⃗

eik⃗·n⃗Re−d2k2/2. (C.6)
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Then we get that the integral is

⟨ρ2⟩ = 1
(2πN2R)3

∑
n⃗,n⃗′

∫
d3k eik⃗·(n⃗−n⃗′)Re−d2k2

= 1
(2
√

πN2Rd)3

∑
n⃗,n⃗′

e−
|n⃗−n⃗′|2R2

4d2

=

 1
2
√

πN2Rd

∑
n,n′

e−
(n−n′)2R2

4d2

3

(C.7)

The sum is quite complicated, but we simplify it by summing over the difference p = n − n′

∑
n,n′

e−
(n−n′)2R2

4d2 =
p=N∑

p=−N

(N + 1− |p|)e−R2p2/4d2
, (C.8)

where the term in the bracket is the degeneracy factor. This leads us to the final answer

⟨ρ2⟩ =

 1
2
√

πN2Rd

p=N∑
p=−N

(N + 1− |p|)e−R2p2/4d2

3

. (C.9)

Combining all of this gives us the RMS fluctuation (after taking the limit N → ∞)

ϵ2
RMS =

 R

2
√

πd

∞∑
p=−∞

e−R2p2/4d2

3

− 1. (C.10)

Notice that the bound ϵRMS < 0.3 is saturated for roughly R/d ∼ 3, which places a bound
on the length scale of inhomogeneities

R ≲ 3d, (C.11)

where R is the comoving length scale of inhomogeneities.

C.2 Spherical inhomogeneities

We follow a similar approach to that of the previous section and consider a density profile
initially described by empty spheres of radius Rmin placed on a lattice with spacing R. The
density profile is given by

ρ(r, t = 0) = 1−
∑

n⃗

θ(Rmin − |x⃗ − n⃗R|). (C.12)

We perform the Fourier transform to obtain

ρ̃(k, t) =
[
(2π)3δ(3)(k⃗)−

∑
n⃗

e−ik⃗·n⃗R
∫
|y⃗|≤Rmin

d3y e−ik⃗·y⃗
]

e−d2k2/2. (C.13)

We Fourier transform it back into position space

ρ(r, t) = 1− 1
(2π)3

∫
d3k

∫
|y⃗|<Rmin

d3y
∑

n⃗

eik⃗·(x⃗−y⃗−n⃗R)e−d2k2/2

= 1− 1
(2π)3/2d3

∫
|y⃗|<Rmin

d3y
∑

n⃗

e−(x⃗−n⃗R−y⃗)2/(2d2)
(C.14)
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Focusing on the last integral (p⃗ = x⃗ − n⃗R, p = |p⃗|, y = |y⃗|)

∫
|y⃗|<Rmin

d3y
∑

n⃗

e−(x⃗−n⃗R−y⃗)2/(2d2) = 2π

∫ Rmin

0
dy y2

∫ 1

−1
d(cos θ)e−(p2+y2−2py cos θ)/(2d2)

= 4πd2

p

∫ Rmin

0
dy y e−(p2+y2)/(2d2) sinh

(
py

d2

)
(C.15)

Performing this integral explicitly leads us to the final result

ρ(r, t) = 1−
∑

n⃗

[1
2

(
erf
(
|x⃗ − n⃗R|+ Rmin

√
2d

)
− erf

(
|x⃗ − n⃗R| − Rmin

√
2d

))

+ 1√
2π

d

|x⃗ − n⃗R|

e
−
(

|x⃗−n⃗R|+Rmin
√

2d

)2

− e
−
(

|x⃗−n⃗R|−Rmin
√

2d

)2]. (C.16)

Averaging over space

⟨ρ⟩ = 1− 4π(Rmin)3

3R3 . (C.17)

The average ⟨ρ2⟩ is again easier to compute in momentum space

⟨ρ2⟩ = 1
V

∫
d3x ρ(x, t)2

= 1− 8π(Rmin)3

3R3 + 1
V

∑
n⃗,m⃗

∫
y1,2<Rmin

d3y1 d3y2

∫
d3q

(2π)3 e−d2q2
e−iq⃗·[(y⃗1−y⃗2)+∆⃗R]

= 1− 8π(Rmin)3

3R3 + 1
V (2

√
πd)3

∑
n⃗,m⃗

∫
y1,2<Rmin

d3y1 d3y2 e−|(y⃗1−y⃗2)+∆⃗R|2/(4d2)

(C.18)

where ∆⃗ = n⃗ − m⃗. Computation of the integral is a bit involved, to perform it we do the
substitution s⃗ = y⃗1 − y⃗2 and u⃗ = y⃗2, then∫

y1,2<Rmin
d3y1 d3y2 e−|(y⃗1−y⃗2)+∆⃗R|2/(4d2) =

∫
d3s e−|∆⃗R+s⃗|/(4d2)

∫
u⃗∈BRmin , s⃗+u⃗∈BRmin

d3u.

(C.19)
Since we are integrating over two spheres, the integral over u⃗ corresponds to the volume
enclosed by the intersection of two spheres, where s⃗ is the vector which points from one centre
to the other. Hence, the second integral is just the volume of the two spherical caps∫

u⃗∈BRmin , s⃗+u⃗∈BRmin
d3u ≡ F (s) = π

12s(4Rmin + s)(2Rmin − s)2. (C.20)

Performing the integral over the angular part of s⃗

1√
πdR4

∑
n⃗,m⃗

1
∆

∫ 2Rmin

0
F (s)e−(∆2R2+s2)/(4d2) sinh

(∆Rs

2d2

)
. (C.21)
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(a) ϵ2
RMS(R/Rmin) for different values of Rmin/d. (b) Allowed region in the parameter space repre-

sented by the shaded area.

Figure 12

Since our sum only depends on the difference ∆⃗ = n⃗ − m⃗, we can rewrite this as a sum over
∆⃗ times the appropriate degeneracy factor (f(∆) being our term in the sum)∑

n⃗,m⃗

f(∆)=
∑
∆⃗

(N+1−|∆x|)(N+1−|∆y|)(N+1−|∆z|)f(∆)≈N3∑
∆⃗

f(∆), (C.22)

where we use large N approximation.18 This leads to the final result in the large N limit

⟨ρ2⟩ = 1− 8π(Rmin)3

3R3 + 1√
πdR4

∑
∆⃗

1
∆

∫ 2Rmin

0
F (s)e−(∆2R2+s2)/(4d2) sinh

(∆Rs

2d2

)
, (C.23)

where ∆ = |n⃗ − m⃗|. Focusing on the last term, since it depends only on the length of the
vector ∆⃗, we can approximate it with the following

1√
πdR4

∑
∆⃗

(. . .)≈ 1√
πdR4

(∆→ 0)+

√
3∆0∑

∆=1
g(∆)(. . .)+

∫ ∞
√

3∆0
d∆(4π∆2)(. . .)

 , (C.24)

where g(∆) is the degeneracy of vectors with the same length and ∆0 is some cut-off from
which we use the continuum limit. Results are plotted in figures 12(a) and 12(b). The
curve on figure 12(b) is well-fitted by

y(x) = 3.68− 24.56 exp
[
−3.13(x − 1.79)0.2

]
. (C.25)

This is an involved curve, but it is instructed to look at some limiting cases. For large x’s
(large Rmin/d), the exponential can be ignored and we find the bound

R

Rmin > 3.68. (C.26)

There is another bound which we can extract, for small Rmin/d, ϵ2
RMS(R/Rmin) < 0.09 for

all R/Rmin > 2. Using this we get the following bound

Rmin

d(TBBN ) < 2.2. (C.27)
18This approximation certainly works even for large ∆i, because of the Gaussian suppression of f(∆).
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C.3 Domain walls: annihilation

Once we add the bias to the model, favoring one vacuum over the other, domain walls
begin to move and hence there will be a production of baryons in the regions where the
non-favourable vacuum was. This will leave some inhomogeneity of baryons, which we model
with a “2D chess board” density profile

ρ(x⃗, t) = 1
2

[
1 + sgn

(
cos

(
πx

D

)
cos

(
πy

D

))]
. (C.28)

The difference between this model and the other models is in the fact that we know that
D is of horizon size. Going to momentum space we find that

ρ̃(k⃗, 0) = 1
2

[
(2π)2δ(2)(k⃗) +

∫
d2x e−ik⃗·x⃗sgn

(
cos

(
πx

D

)
cos

(
πy

D

))]
. (C.29)

Of course, it is true that sgn(pqr) = sgn(p)sgn(q), hence we have two integrals of the form

∫ ∞

−∞
dx e−ikxsgn

(
cos

(
πx

D

))
= 4

∞∑
m=0

(−1)m

2m + 1

[
δ

(
k − (2m + 1)π

D

)
+ δ

(
k + (2m + 1)π

D

)]
,

(C.30)
where we used the fact that sgn(cos(θ)) can be written in a Fourier series

sgn(cos(θ)) = 4
π

∞∑
m=0

(−1)m

2m + 1 cos((2m + 1)θ). (C.31)

We obtain that

ρ̃(k⃗,t=0)= 1
2

(2π)2δ(3)(k⃗)+
∏
ki

4
∞∑

m=0

(−1)m

2m+1

[
δ

(
ki−

(2m+1)π
D

)
+δ

(
ki+

(2m+1)π
D

)],

(C.32)
where ki ∈ {kx, ky}. It is easy to see that going back to position space we get

ρ(x⃗, t) = 1
(2π)2

∫
d2k eik⃗·x⃗e−d2k2/2ρ̃(k, 0)

= 1
2

1 + ∏
xi∈{x,y}

4
π

∞∑
m=0

(−1)m

2m + 1e−
d2(2m+1)2π2

2D2 cos
((2m + 1)π

D
xi

) (C.33)

Averaging this over space we get ⟨ρ⟩ = 1/2. As usual ⟨ρ2⟩ is easier to compute in mo-
mentum space

⟨ρ2⟩= 1
4+

1
4V

∫
d2k

(2π)2 e−d2k2∏
ki

4
∞∑

m=0

(−1)m

2m+1

[
δ

(
ki−

(2m+1)π
D

)
+δ

(
ki+

(2m+1)π
D

)]

×
∏
ki

4
∞∑

n=0

(−1)n

2n+1

[
δ

(
−ki−

(2n+1)π
D

)
+δ

(
−ki+

(2n+1)π
D

)]
.

(C.34)
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Again, we have two terms multiplying of the form

8
π

∞∑
m,n=0

(−1)m+n

(2m+1)(2n+1)

∫ ∞

−∞
dk e−d2k2

×
[
δ

(
k− (2m+1)π

D

)
δ

(
−k− (2n+1)π

D

)
+δ

(
k− (2m+1)π

D

)
δ

(
−k+(2n+1)π

D

)
+δ

(
k+(2m+1)π

D

)
δ

(
−k− (2n+1)π

D

)
+δ

(
k+(2m+1)π

D

)
δ

(
−k+(2n+1)π

D

)]
.

(C.35)

It is easy to see that the first and last term survive when m + n + 1 = 0 (which cannot
happen since m, n > 0), whereas second and third are non-zero when m = n. Finally using
the δ-function to compute the integral over k we get

8
π

∞∑
m,n=0

(. . . ) = 16δ(0)
π

∞∑
m=0

1
(2m + 1)2 e−d2(2m+1)2π2/D2

. (C.36)

This gives us

⟨ρ2⟩ = 1
4 + 1

4
δ(2)(0)

V

(
16
π

∞∑
m=0

1
(2m + 1)2 e−d2(2m+1)2π2/D2

)2

. (C.37)

It is well-known that the momentum space δ-function lim
k⃗→0 δ(2)(k⃗) = V/(2π)2, which leads

us to the final result

⟨ρ2⟩ = 1
4 + 1

4

(
8
π2

∞∑
m=0

1
(2m + 1)2 e−d2(2m+1)2π2/D2

)2

, (C.38)

which gives the RMS fluctuation to be simply

ϵ2
RMS =

(
8
π2

∞∑
m=0

1
(2m + 1)2 e−d2(2m+1)2π2/D2

)2

. (C.39)

Imposing the deuterium bounds, we get

d(TBBN )
D

> 0.317. (C.40)

Since these are formed via Kibble mechanism, D is given by the comoving horizon size
D ∼ 1/(aH) at the temperature of domain-wall annihilation

D ∼ 1
(aH)

∣∣∣∣
T =Tann

= 3
π

( 10
g∗(T )

)1/2 ( g∗S(T )
g∗S(T0)

)1/3 MP l

T0Tann
, (C.41)

this leads to a bound on the temperature of domain-wall annihilation (using the diffusion
length of protons)

Tann ≳ 1.7 TeV. (C.42)
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