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Quantum fluctuations beyond the Gutzwiller approximation

Michele Fabrizio!

! International School for Advanced Studies (SISSA), Via Bonomea 265, 1-34136 Trieste, Italy
(Dated: August 25, 2021)

We present a simple scheme to evaluate linear response functions including quantum fluctuation

corrections on top of the Gutzwiller approximation. The method is derived for a generic multi-
band lattice Hamiltonian without any assumption about the dynamics of the variational correlation
parameters that define the Gutzwiller wavefunction, and which thus behave as genuine dynamical
degrees of freedom that add on those of the variational uncorrelated Slater determinant.
We apply the method to the standard half-filled single-band Hubbard model. We are able to recover
known results, but, as by-product, we also obtain few novel ones. In particular, we show that
quantum fluctuations can reproduce almost quantitatively the behaviour of the uniform magnetic
susceptibility uncovered by dynamical mean field theory, which, though enhanced by correlations,
is found to be smooth across the paramagnetic Mott transition. By contrast, the simple Gutzwiller
approximation predicts that susceptibility to diverge at the transition.

PACS numbers: 71.10.-w,71.30.4+h,71.10.Fd

I. INTRODUCTION

The Gutzwiller approximationd-? is likely the simplest
tool to deal with strong correlations in lattice models of
interacting electrons. It consists in a recipe for approx-
imate analytical expressions of expectation values in a
class of wavefunctions, named Gutzwiller wavefunctions,
of the form

¥ =T[PO) ). 1)

where |Uy) is a variational Slater determinant, and P (%)
a linear operator that acts on the local Hilbert space at
site ¢ and depends on a set of variational parameters.

Curiously, the Gutzwiller approximation often pro-
vides physically more sound results than a direct
evaluation of expectation values in wavefunctions like
Eq. ). For instance, the numerical optimisation on
a finite-dimensional lattice of a variational Gutzwiller
wavefunction for a single-band half-filled Hubbard model
never stabilises a genuine Mott insulating phase®?, i.e.
an insulator that does not break any symmetry, which
intuitively is to be expected beyond a critical strength
of the on-site repulsion. By contrast, the Gutzwiller
approximation is instead able to describe such a genuine
Mott transition®.  The explanation of this strange
outcome relies on the following observations. The first is
that, in order to describe a genuine Mott insulator, one
needs to add to the Gutzwiller wavefunction, Eq. (),
long range density-density Jastrow factors?. However,
the effect of such Jastrow factors disappears in lattices
with coordination number z — oo, therefore, only in
that limit, wavefunctions like Eq. () can faithfully
describe Mott insulators. Moreover, right in that limit
of z — oo, the Gutzwiller approximation provides the
exact expression of expectation values®?. Therefore the
Gutzwiller approximation should better be regarded as
a recipe to evaluate approximate expectation values in
Gutzwiller-Jastrow wavefunctions, which becomes exact

when the coordination number tends to infinity, rather
than in Gutzwiller-only wavefunctions. In other words,
the Gutzwiller approximation applied on a lattice with
finite z is just the variational counterpart of dynamical
mean field theory (DMFT)® applied on that same lattice.
Recently, several attempts to include the Gutzwiller ap-
proximation inside DFT electronic structure codes have
been performed with quite encouraging outcomes? 22, In
this perspective, it might be useful to have at disposal a
simple and flexible method to calculate linear response
functions within the Gutzwiller approximation, in
view of an extension of the so-called linear response
TDDFT2!:22 to the case when DFT is combined with
the Gutzwiller approximation.

There are already several works dealing with linear
response in the Gutzwiller approximation, most of which
limited to the single-band Hubbard model?3 28, Exten-
sions to multi-band models have been attempted22:3C,
though under an assumption about the dynamics of
the variational parameters that determine the linear
operators P(i) in Eq. ().

Here we shall instead present a very simple and general
method to evaluate linear response functions within
the Gutzwiller approximation without any preliminary
assumption. The method is essentially an extension
of the time-dependent Gutzwiller approximation of
Ref. 131 to a generic multi-band Hamiltonian, where the
dynamics of the linear operators P (i) and of the Slater
determinant |¥y), see Eq. (), are treated on equal
footing. Linearisation of the equations of motion around
the stationary solution, which is the equilibrium state,
thus allows calculating linear response functions.

We note that the results of the Gutzwiller approxi-
mation at equilibrium coincide with the saddle point
solution of the slave-boson theory in the path-integral
formulation32, which, in multi-band models, corresponds
to the so-called rotationally invariant slave boson
formalism (RISB)23. Our present results in the linear
response regime can therefore be considered equivalent
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to the quantum fluctuations corrections above the
RISB saddle-point solution. = We preferred here to
derive such corrections to the action directly from the
time-dependent Gutzwiller approximation rather than
from the RISB theory, since the former is at least a well
controlled variational scheme in lattices with infinite
coordination number. However, both the notations as
well as the language we shall use are actually closely
related to RISB theory.

The paper is organised as follows. In Sec. [Tl we briefly
present the time-dependent Gutzwiller approximation,
with some additional technical details postponed to the
Appendix. In Sec.[[IIlwe linearise the equations of motion
around the stationary solution and derive an effective ac-
tion for the fluctuations in the harmonic approximation.
In Sec. [Vl we apply the method to the single-band half-
filled Hubbard model, which allows a comparison with
already existing results. Section[Vl]is devoted to conclud-
ing remarks.

II. THE GUTZWILLER APPROXIMATION IN
BRIEF

Besides the original works*? where M. Gutzwiller in-
troduced a novel class of variational wavefunctions as
well as an approximate scheme to compute expectation
values, after him called Gutzwiller wavefunctions and
approximation, and the subsequent demonstration that
such an approximation becomes exact in the limit of
infinite-coordination lattices®?, there are by now many
articles where the Gutzwiller approximation is described
in detail. Here we shall follow Ref. [34 and use its same
notations.

The time-dependent Gutzwiller wavefunction is defined
through24:31:34

|W(t) = H P(i,t) | Wo(t)), (2)

which is the analogous of Eq. () where now | Uy(¢))
is a time-dependent variational Slater determinant, and
P(i,t) linear operators on the local Hilbert space that
depend on time-dependent variational parameters. For
sake of simplicity, we shall not include in our analysis
BCS wavefunctions nor operators P(i,t) that are charge
non-conserving. The extension to those cases is simple,
though notations get more involved.

Suppose that the Hamiltonian is written in terms of
fermionic operators c¢;, and cza, a = 1,...,2M, that
correspond to annihilating or creating a fermion at site
i in a chosen basis of Wannier functions ¢; o (x,t), where
a indicates both spin and orbital indices. Let us imagine
a U(2M) unitary transformation

W(i, t) = exp (zgﬁj Kaop(i,t)cl, cw> , (3)

with Ko5(i,t) = Kga(i,t)*, which maps ¢;, into a new
basis set d;,, of single particle operators

dig =W, ) ¢; Wi, t) =Y Uaplist)c;s. (4
B

Evidently, if we consider the gauge transformation
P(ist) = Pli, ) W(i, 1), ()
|o(t)) = [ Wi 6) |o(t)), (6)

the Gutzwiller wavefunction |¥(¢)) in (@) stays invariant
and the transformed |Uo(t)) remains a Slater determi-
nant. Such gauge invariance, analogous to that of the
RISB theory22, repeatedly appears in the calculations
that follow.

The most general P(i,t) can be written3:35 as

P(i,t) = Z Anm (i, 1) |n34)(ms i, (7)

where n and m can be chosen to belong to the local basis
of Fock states built with the operators ¢, ,. Alternatively,
one can use a mized-basis representation where n labels
Fock states in the original basis ¢,

(X2l

and m Fock states in

a different basis®®, e.g. the basis of the operators d,,, in
Eq. @), which is also used to built the Slater determinant
|[¥o(t)). We define the uncorrelated local probability dis-
tribution Po(i, t), which is positive definite, by its matrix
elements

Ponn(ist) = (Uo()| [msi) (@i [Wo),  (8)

as well as the Gutzwiller variational matrix

(i, t) = Ai,t)\/ Boli,t) | (9)

with matrix elements ®,(i,t). Expectation values of
local and non-local operators in the Gutzwiller wavefunc-
tion (2] can be calculated explicitly in infinite coordina-
tion lattices if one imposes the following two constraints
at any time”:34:

T&f(é(i,t)fci)(i,t)) —1, (10)
Tr((i)(i,t)T d(i,1) éla%) = nag(i, t)
= (Wo(t) | claeiy |To(t)), (11)

where the fermionic operators within the spur must be
regarded as their matrix representation in the local Fock
space. The second constraint Eq. (IT)) plays the role of a
gauge-firing condition, exactly as in the RISB model33.
Another important ingredient is the wavefunction renor-
malisation matrix R(i,t) with elements R,z(7,t), defined
by solving the set of equations

(Wo(t)| cl, P(i,t) ¢, P(i, 1) [ To(t))



—anzt Rop(i,t) . (12)
where the left hand side can be straightforwardly evalu-
ated by the Wick’s theorem. As shown in the Appendix
[Al the solution of the above equation reads

R(i,t) = Q(i,t) S(it) (13)
where Q(i,t) has matrix elements
Quslist) = Tr(®(, 1) ¢ it ly) . (10)

and the hermitian matrix S(i,t) is defined through
48(i,6)72 =1 — A(i, 1)? (15)

where the matrix elements of A(i,t) are
Aup(it) = Tr <<i>(i,t)T (i,t) [ ¢ ejﬁD . (16)

The meaning of R(i,t) is that the action of the anni-

hilation operator c;, on the Gutzwiller wavefunction is
equivalent to the action of the operator

Pl t) ¢, P(i,t) — R(i,t) c; (17)

on the Slater determinant |¥q(t)), where ¢; is a spinor
with components ¢;,. One can readily show that under
the gauge transformation Eq. (Hl),

R(i,t) = R(i, ) = R(i,t) U(i, 1), (18)

where U (i, t) has the matrix elements U, (i, t) of Eq. (@),
so that Eq. (IT) transforms into

Wi, )P (i, t)" c; P(i, t)W(i,

Since we have complete freedom in choosing W(i,t), a
convenient choice is the unitary transformation that diag-
onalises the local single-particle density matrix, in which
case the operators d,, are associated to the natural or-
bitals and satisfy

= R@G,H)Y d;.

Te(@6, 07 8G,0)df oy y) = dapnalist), (1)
while the matrix elements of R(i,t)"V acquire the simple
expression

S0 e B dt
. Tr(@(z,t) & d(it) diﬁ)
Rap(i,t)" = (20)

\/ng(i,t)(l - nﬁ(i,t))

The matrix ®(i,t) is in this case conveniently defined
in the mixed-basis representation, where n in @, (i, t)
refers to a Fock state in the original basis, and m to a
Fock state in the natural one. Such a mixed-basis repre-
sentation is useful since,throughout all calculations, one
does not actually need to know what the natural basis
is in terms of the original one3®. Such a nice property is
linked to the gauge-invariance, equations (B)) and (@), of
the theory33.

A. The model

We shall assume the generic Hamiltonian

H= thZJJ+ZHZ, (21)

i#]

where H; includes all on-site terms. If the constraints
Eq. (I0) and Eq. () are satisfied at any time ¢, then, in
infinite coordination lattices, it holds that?34

E(t) = (V)| H|V(t )> = (Wo(t) | Ha(t) | Po(t))
—i—ZTr( ) (i, t))

) + Z Tr( ), &)(i,t)) . (22)

where

t)=>_ cl R(i.0) i R

1#]
may be interpreted as the Hamiltonian of the quasipar-
ticles. Evidently, all expectation values can be straight-

forwardly evaluated since the uncorrelated wavefunction
|[Wo(t)) allows using Wick’s theorem.

DR (23)

B. The action

In the time-domain the variational principle corre-
sponds to searching for the saddle point of the action!

S = /dt {z (W(t)| W(t)) — E(t)}

= /dt {z ST <<i>(z',1t)T L};’ 2 )
+i (Wo(t) | o(t)) — E(t)}v (24)

where the equivalence holds on provision that the con-
straints (I0) and (1)) are fulfilled at any time. The sad-
dle point equations are readily obtained:

‘{M)a(i b i + 7@%%% . (25)
i Wo(t)) = Ha(t) [Wo(t)) (26)
where
OE(t) OH.(t)
adb(i,nt <% t)‘ ad (i, 1) ‘%(t)>
=T(i,t)®(i,t). (27)

T(i,t) is a tensor with components T m/m’ (i,t), which

is still functional of the matrices ® and & at site i as
well as at all sites connected to 7 by the hopping. One
can show that this tensor is hermitean, 7'(,t) = T'(i, ),
which implies that the normalisation Eq. (I0) is con-
served by the time evolution.



C. Fate of the constraint

Concerning the second constraint, Eq. (), we now
prove that, if it is satisfied at the initial time, it will
remain so at the saddle point solutions of Eq. (25) and
Eq. (26). Suppose we have indeed found the saddle point
®(i,t) and |¥o(t)). By definition, any small variation
with respect to that solution must lead to a vanishing
variation of the action. Let us consider the infinitesimal
gauge transformation

B(i, t) + 6b(i,t) = (i, ) (1 - if{(i,t)),

oS = /dt {Z Z Tr(‘i)(i,t)T (i)(i,t) %

i

W (i,

| Wo(t)+ |6Wo(t)) = <1+ZZ/C (i t>|\110 t),

where the operator

K(i.t) = Kap(i,t)cl ey, (28)
ap
has infinitesimal matrix elements Kog(i,t) = Kga(Z,1)*,

and K (i,t) is its matrix representation in the Fock space.
We already mentioned that the energy E(t) is gauge in-
variant so that the variation of the action, 6S = S — S,
simply reads

V(i.t) > +i Yy (o) Wi, Wi, 1) |‘I’0(t)>}

i

:Z /dt{Tr((i(i,t)Ti)(i,t) K(i,t)) — (Wo(t)| K(3,t) |\110(t)>}
= Z Z /dtKQB(i,t) {Tr((i)(i,t)hi(i,t) eja@jﬁ) —(Wo(t)| el c; 5 |\I/0(t)>}
= _Z Z /dtKaB (i,t) %{ﬂ( (i,t)T (i, 1) ejaejﬁ> — (Wo(t)| ;s |\110(t)>}.

Since ®(i,t) and |¥o(t)) are solutions of the saddle point
equations, it follows that §S must strictly vanish for
any choice of the infinitesimally small matrix elements
Kop(t), which implies

0

E{Tr((i)(i,tﬂ(i)(i,t) é}aéZTB)}
— (Wo(t)| el ey g |‘I’0(t)>} =0,

thus just the desired result. It actually means that
the term in parenthesis is conserved in the evolution.
Therefore, if it is initially vanishing, it will remain so at
any time, which thus implies that the constraint Eq. (1))
is fulfilled during the whole time evolution.

D. Stationary problem

At equilibrium one needs to find the minimum of the
energy with the two constraints Eqs. (I0) and (II), which
can be enforced e.g. by Lagrange multipliers, leading to
the set of equations

A &) = (H;+T(0)) ()

d d

i i3

+ Z ,Uaﬁ
(H* Z MozB

where A(i) enforces Eq. (I0), and the hermitean matrix
(i) with components pq3(7) enforces Eq. (II). In what-
ever follows we shall assume to work in a mixed-basis
representation where the operators d,, are associated to
the natural orbitals, so that we must also ensure that

(29)

E. | W) = dlod;s) [Wo), (30)

Te(@1(0) () dl, dyg ) = (Vo | dladyy | Wo) = dasmali).

The quasiparticle Hamiltonian in the natural basis, in-
cluding explicitly the Lagrange multipliers, is therefore

Ho— Y dl R()'i; R(j)d, =Y dl i) d,
i#j i

(31)

with R defined in Eq. 20). Working in the mixed-basis
representation with the natural orbitals considerably sim-
plifies all calculations. .

Recalling that 7'(¢) is still functional of ¢, Eq. (29) looks
like a stationary non-linear Schreedinger equation?%:37.
One can for instance solve it as in any Hartree-Fock cal-
culation. Namely, one can find the eigenstates and eigen-
values of Eq. (29) assuming T'(i) fixed, and impose that,



when T(z) is calculated substituting the actual expres-
sion of the lowest energy solution & (i), the two values
coincide. The Lagrange multiplier /i is fixed by imposing
Eq. (1) and Eq. (I9). In this way one finally gets the
self-consistent 7'(i), which we shall hereafter denote as

7O () = T[cbo, ) } (32)

Once the latter is known, as well as the value of fi, one
can also solve [29)) for all eigenvectors, ®,,(¢) and corre-
sponding eigenvalues E, () with Fy(i) = A() We shall
denote M., R, Q, 7 and S calculated with ®; as 7—[(0)
RO Q) () and SO respectively, with the latter two
matrices diagonal in the natural basis,

00 = Sagn?, (33)

SO) = 6ap SO = Sus (ngm (1 - ng»))_l/ * 34

We conclude by noting that the saddle point Hamil-
tonian Eq. (BI)) with the inclusion of the Lagrange mul-
tipliers is not anymore invariant under the most general
U(2M) gauge transformation, but only under a subgroup
G with generators T that commute with 1. This is com-
mon in theories where the gauge invariance implements
constraints about physical states. In the natural basis
representation, (; g = dap tia is diagonal, so that the
matrix elements of 7% must satisty

¢ — pig) =0, (35)

i,a3 (/J'ioz
whose solution is straightforward. For any non-
degenerate «, i.e. such that pio # pig, V5 # «, we
associate the generators T/ 5 = dap 645 of U(1) abelian
groups. On the contrary, for any set of ay, i = 1,...,k,
such that pia, = pia; # pig, VB # o1,...,ax, Wwe can
associate generators of a U(k) Lie algebra.

III. FLUCTUATIONS ABOVE THE SADDLE
POINT SOLUTION

Our goal is to determine the action of the fluctuations
beyond the saddle point within the harmonic approxima-
tion. To that purpose we assume that

B(i,t) = e Fot Z Pn(i,1) Wi, nt,  (36)

where ¢, (i,t) for n > 0 is regarded as a first order fluc-
tuation, while, to enforce normalisation,

do(it)=1— % 7;) | (i, )] . (37)

In addition, the Slater determinant is defined through
[ Do (t)) — e~ W(t) [Wo(t)), (38)

where |¥q(t)) is properly normalised and includes the

zeroth order |\I/((30)>, solution of the saddle point, as well as
a fluctuation correction [0W¢(¢)). The unitary operator

W(i,t) = exp ( —itd! ) di> ) (39)
where fi(7) is the equilibrium Lagrange multiplier, and

W (i,t) is the matrix representation of W(i, t).
Through the above definitions, the action becomes

-/ dt{iz 3 0ui.0)” Guli )+ (olt) | (1)

i n>0
_Zz¢nlt )¢m(7’ t)
+Eo + E. — E.(t) } (40)
where E,(t) = (Uo(t) | H«(t) | To(t)), being now

= Z dj R(Z )i R(], t) di_z d;r fi(i) d;, (41)
i£] i
and
Viem (i) = Tf(én(i)f 1, ém(z)) (42)

We expand H.(t) up to second order in the fluctu-

ations. The zeroth order is just Hio) Since the sta-
tionary solution is the saddle point of the action, the
expectation value of the first order expansion H((t)
over the saddle point Slater determinant |\IJE)0)> can-
cels with the first order expansion of the local energy

S S D6, t)* Vi (3) dm (i, t). Therefore H((¢) con-
tributes to E.(t) w1th a second order term that, by linear
response theory, reads

= (5Wo(t) | HD (1) | T + c.c.
— / ar ([HO@), HO()] )y, (43)

51 E. (t)

where, hereafter, (...)o will denote average over |\I/((JO)>,
and the operators in Eq. (43) have an additional time de-
pendence since are evolved with the saddle point Hamil-

tonian H”. The explicit expression of H(1(t) is

HO@) =>

i#]

0 t 7 1
di RO(j) i R(i,t)d; + Hec. |, (44)

where R(® () is the stationary value, while the explicit
expression of the first order Taylor expansion R (i,t)

is given in Appendix [AT] see Eq. (AT7).



There are several second order terms upon expanding
H.(t), which we shall consider separately. The first is
simply

1O (1) =" dl RV, 1) i RD () d;,  (45)
i#j

whose expectation value over |\I!((30)> is an additional sec-

ond order contribution
SE.(t) = (HP (1) )y (46)

which, together with é; E,(t) in Eq. (@3), endow the ac-
tion with spatial correlations among the ¢, (i,t)’s at dif-
ferent sites.

The next second order corrections to H.(t) derive from

the second order expansion of R(i, )

RA(it) = RP (i, )+ B (i,1), (47)

where we distinguish two different contributions, see

equations (AT9) and (A20) in Appendix [Adl The rea-
son of this distinction is that

ZZ¢” i,t)*
+(Y (dTR< V() £ B (i, ) d, +Hc) Yo
i£]

=" (Eu—Bo) 6u(i,t)" duliv), (48)

n>0

m (1) om (i)

reproduces the bare excitation energy of the fluctuations.
The last contribution to the energy of the fluctuations is
therefore

51B.(1) = (3 (d RO Gy B0, ), +Hec.))o. (49)
i#j

If we define new variables

. 1 . s
walist) = —= (a0 + 0(0,0°), (50)

palist) = == (9ni0) = 0nit)) . (51

and the quadratic potential
U(t, {Ji,p}) = 51E* (t) + 62E* (t) + 64E* (t) ) (52)

which has a retarded component 1 E.(t), see Eq. @3],
the action of the fluctuations reads, upon defining w,, =
En - EOu

08 = /dt{ZZ[pnzt:vnzt) (53)

i n>0
J"T" (:vn(i,t)2 —l—pn(i,t)z)} ~U(t, {x,p})},

which is just the action of coupled harmonic oscillators.
45 in Eq. (B3) can be for instance used to evaluate the

fluctuation corrections to linear response functions of lo-
cal operators. For any local observable O(i), let us define
the matrix element

On(i) = T (0 () O(0) do() ) - (54)

Suppose we add a perturbation that couples to the local
density matrix

= Z cl Vit e, (55)

where the matrix V(i,t) with elements Vz(i,t) repre-
sents the external field. Without loss of generality we can
assume that the expectation value of JH(t) in Eq. (B5)
vanishes at the stationary solution. Since by assumption
the external field is first order, the perturbation adds a
second order correction to the action (B3) that is

p3p3
)T (%( el G0 e b ]

_ Z Z (¢n i t)* (it

= \/527; (%eVn(i,t) T (i, ) + SMV,, (i, 1) pn (i, t))~

buis )" Te (B0 (i) €] V(0. 1) 2, Bo(i))

(i,t) + ¢n (i 1)V,

In the presence of V(¢) the action transforms into that of
forced harmonic oscillators, whose solution allows calcu-
lating the expectation value of any local operator O(i),

see Eq. (B4),
O(i,t) = Tr(fi)(i,t)T O@i) (i, t))
~ \FZ (%eo ) @ (i, 1) + mOn(i)pn(i,t)>,

at linear order in the external field.

A. Residual gauge invariance and would-be
Goldstone modes

As we mentioned, the action Eq. ([@0), with the time de-
pendent quasiparticle Hamiltonian defined in Eq. 1), is
invariant under a subgroup G of the initial U(2M) gauge
symmetry. This implies the existence of massless modes
with singular propagators that diverge as 1/w? at low fre-
quency, which are the would-be Goldstone modes related
to the fact that the saddle-point ®¢(%) is not invariant
under G. Let us consider for instance a U(1) subgroup
of G related to the non-degenerate state « in the natural
basis. The associated adjoint charge is

nlist) =3 (6l 1) Te (B0 () Go(i) dl, diy ) +ccc.)

n>0



and its conjugate variable is readily found to be

ealist) = Lo 3 (0uli.0 (8,0 00i) d, d, )

2ny’ 130
— (i, 1) Tk(éo(iﬂ P, (i) dl, ‘im)) '

The role of ¢4 (i,t) is just to enforce the constraint

Eq. (1), i.e.
na(ist) = (Lo(t)| clyeiq [Wo(t)) = {clacia )i

Indeed we can always perform a gauge transformation on
the fermions
—ipa(ist)
Cio, 7€ 7 Cia

which makes @, (4, t) to disappear from the energy leaving
just the time derivative term in the action,

58 = —/dt Galit) (nali,0) ~ (clucia }r)

The condition of vanishing derivative with respect to
©a(i,1) is therefore just the condition that the constraint
is conserved.

It follows that we can always drop from the action all
terms that contain the variables conjugate to the adjoint
charges associated with the gauge symmetry G, on pro-
vision that, wherever n,(i,t) appears, we replace it with
< CzTaCia >t'

However, the above procedure does not involve all the co-
efficients ¢, (,t); some of their linear combinations are
untouched by gauge-firing and remain genuine indepen-
dent dynamical degrees of freedom3®. This fact, rather
than being a limitation, it endows the theory with a richer
dynamics.

IV. APPLICATION TO THE HALF-FILLED
HUBBARD MODEL

We now apply the above formalism to the simple case
of a single band Hubbard model at half-filling, where
all calculations can be worked out analytically and
which also allows for a direct comparison with previous
works?3 28:38°40  We will show that we can indeed
recover known results, but also find few novel ones.

The Hamiltonian is in this case

H=- \;2 Z (czgcjg + H.c.)

<ij>o
U 2
+— Z {2(71 - 1) - 1} , (57)
where < ij > means nearest neighbour bonds on a d-

dimensional hyper cubic lattice, and z = 2d is the lattice
coordination number that must be sent to +oo for the

calculation to be really variational.

The local basis comprises four states which we choose to
be, in order, the empty configuration, |0), the doubly
occupied one, |2), the singly occupied by a spin up elec-
tron, |1), and that occupied by a spin down one, |[{). The
most general charge-conserving ® has the following form,
dropping for the meanwhile the site index,

()

where the charge component, i.e. the matrix elements in
the subspace (]0),]2)), is

(i)c _ (¢CO "5 ¢c3 ¢CO 2 ¢03) — ¢CO og + ¢03 o3, (59)

with g the 2 X 2 identity matrix, and o;, 7 =1,...,3 the
Pauli matrices, whereas the spin component, namely the
matrix elements in the subspace ( 1), |¢>), is instead

3
észz¢siai:¢5000+¢s"ju (60)

=0

which allows a full spin-SU(2) invariant analysis26:4l.

Normalisation implies that
1= ’¢00’2 + }%3}2 + }%0}2 + @5 - b

One can readily verify that the matrix Q with compo-
nents

Qoor = Tr((iﬂ c, @cl) , (61)

can be written as

Q=Quoo+Q o, (62)

where
2Q0 = (020 640 + 610 Buo ) + (62 60 — @0 63) » (63)
2Q: = (920 6us = 0% 600 ) + (5 b+ 05 0a) » (64)

with ¢ = 1,...,3. Seemingly,
A = (68 by + 023 620 ) 0

(Gl b+ 0t +idiND,) o
EA()O'()—FA'O'. (65)

A. Stationary solution

As common when discussing the Mott transition in the
single band Hubbard model, we shall be interested in the
stationary solution within the paramagnetic sector, i.e.



neglecting spontaneous breakdown of spin SU(2) sym-
metry. Such solution at half-filling is characterised by a
site independent

= 1 ¢§O) (o) O
i 0
\/_2 0 2 SO 0

1= ‘¢(0)‘ + |¢(0) )

with

Under this assumption

R) = (57 o§) + 010" 63 ) o0 = RO 00, Vi, (66)
so that the quasiparticle Hamiltonian is just a tight-
binding model with renormalised hopping, i.e.

HO = . R©)2 cle, +He.), (67)
L ¥ (e o)

and natural and original orbitals coincide. It follows that

the stationary Slater determinant is the non-interacting

Fermi sea. We define
Ytz 3 (e e,

<ij>o

where (...)o is the average over the Fermi sea. There-
fore —Tj is the hopping energy per site, and —27,/z the
hopping energy per bond of the Fermi sea.

The saddle point equations for ®( can be readily found

U
B = =21y RO g0 + — oo

E¢{) = 2Ty R© ¢ — % ?s0 -
The lowest energy eigenvalue is
1 2
By = —7\/ U2+ (STO R(O)) , (68)
and is characterised by
gb(g) = sin g (bgg) = cos %

with tan# = 8Ty R(*)/U. Since through Eq. 66) R(®) =
sin @, the self-consistency condition implies

g 8Ty R 8Th
1 = =
U U

sin ), (69)

namely

(70)

U/U. U<U,=8Ty,
cosf =
1 U>U..

U. is the well known value of the Brinkman-Rice® metal-
insulator transition within the Gutzwiller approximation.
In conclusion, the lowest energy eigenstate is

.6
R 1 sin -4 g 0
by = — 2 , 71
0 V2 < 0 cos —2—9 O'0> (1)

where cos = min (1,U/U,), and has eigenvalue

U  Max(U,U.)

E = — —_ —
0 4 cosf 4

(72)

We can now find all other eigenvalues and eigenvectors.
The highest energy one is

0
. 0
b= — [Pz )
V2 0 —sin -0

with eigenvalue
Es=—-Fy. (74)

This eigenstate actually corresponds to the high energy
Hubbard bands.

The lowest excited eigenstate is threefold degenerate (i =
1,2,3)

Wk () ™

with eigenvalue

Ey = 4’ (76)
and describes spin fluctuations. We note that above the
Brinkmann-Rice transition, U > U,, this magnetic state
becomes degenerate with the ground state. In what fol-
lows we shall anyway expand always around ®¢, and, to
avoid problems, we will mostly consider the metal phase
at U < U.,.

Finally, the last eigenstate is

2 1 g3 0
with eigenvalue
U
E2 - +T 5 (78)

and describes instead charge fluctuations. This mode
becomes degenerate with ®3 above the transition.

B. Action of the fluctuations

Following section [Tl we write

3
B(i,t) = ¢o(i,t) Do + Z b1i(i,t) Dy

=1



+3 bnlist) En, (79)

with ¢(i,t) fixed by normalisation. Through equations

©2), ©3) and () we find that
RO, 1) = sin — (qbl (i,t) = 6,(i,t)") -
~cosg- (2(0,1) = 62060
+cosf ((;53(2', £) + é3(i, t)*)
=iV2 Sin%pl(i,t) Lo —iV2 Cos%pg(i,t)
+V2 cosOa3(i,t), (80)

where we have introduced the conjugate variables asso-
ciated with ¢,, and ¢*. Eq. @) reads explicitly

H = Z {\/5 (2COS %) - V- Js(1) - p1(i,t)

%

—V2 (2sin%>_ V - J.(i) p2(i, t)
+2v2 cot 6 h. (i) z3(i, t)} (81)

where V is the lattice divergence, Js(7) and J.(i) the
spin and charge currents, respectively, defined through
the continuity equations

z%(cj 00 ci) = {cj oo ¢, ’H&O)} =—iV - J.(i), (82)

i%(cjaci) = [c;raci , H(O)}

and finally h.(¢) the Hamiltonian density

RO? Y (c c, +Hc) (84)

jnmn. g

—iV - 3,(i). (83)

ha(i) =

Therefore 01 E,(t) defined in Eq. {@3) becomes, due to
particle-hole and spin SU(2) symmetry

(SlE Z/ { 1+COS€ XVJVJ( _]7t_T)pl(zvt)'p1(jﬂT)+mXVJVJ(Z_jut_T)p2(27t)p2(]7T)

+8 cot? @ xn.n, (i — g, t = 7) w3(i, 1) x3(7, )}, (85)

where X¢ o, is the linear response function of VJ with

the Hamiltonian Hio), which is actually the same for
charge and spin currents, and xy, 5, the response function
of h,. We observe that, because of charge and spin con-
tinuity equations, in Fourier space the following equiva-
lence holds

2Ty sin® 6 ('70 - Vq) T Xvovas (q,w) = w? X(Qa w), (86)

where x(q,w) is the density-density response function,
which is the same both in the charge and spin channels,

and by definition

1,+1]. (87)

g
== E cosq; € [—
Z 2
=1

Without going into further details, we find that the
following expressions for the remaining contributions

d2F.(t) in Eq. (@8), and 0,4E,(t) in Eq. (@9):

4T, 0 0
62E*(t) = - ZO Z {Sin27 p1(7’7t) 'pl(j,t)+COS27 p?(iut)p2(j7t)+COS29$3(i7t) :E3(j7t)}7 (88)
<ij>
. 2 0 : : .o 0 2
04E.(t) = —2T; sin” 0 Z cos” = X1 (i,8) - x1(i,t) + sin - x2(i,t)* 5. (89)

We have now all ingredients required to evaluate linear
response functions of local operators within the harmonic
approximation for the fluctuations.

C. Hubbard-band dispersion mode

As we mentioned, the Hubbard bands may be associ-
ated with the excited state ®3, hence with the operators



x3 and p3. Their equations of motion in Fourier space
are

— W ,CCg(q,w) = w3 p3(q7 W) ) (90)
—iwps(q,w) = — | ws — 4T g

+ 8cot? 6 Xh.h. (q,w)| z3(q,w). (91)

Within the metal phase, U < U,, w3 = FE3— Ey = 41y, so
that, upon defining cos = U/U, = u, and noting that,
for small |q, xnn(q,w) = O(¢*), the eigenmode energy
is solution of the equation

Wi, = 4Ty [4T0(1 —u?) +4Tou* (Yo — 7q)

u2

_’LL2 Xh*h*(anSq)] (92)

+8
1

~ 16TO2

(1—v?) +u® (0 - ”yq)] :

thus describes an optical mode that softens at the metal
insulator transition, wsg = 47pv1—u? — 0 when
u — 1. We observe that the continuum of quasiparticle-
quasihole excitations extends up to an energy of order
To(l — u2), so that, upon approaching the transition,
w3q must detach from the continuum and become a
genuine coherent excitation.

This coherent mode actually corresponds to the spin-
wave excitations of the Ising field within the Z5 slave-spin
representation of the Hubbard model?7+42:43  This is not
surprising since, as shown in Ref. 27, the Gutzwiller
wavefunction is just the mean-field variational state of
the Z, slave-spin theory. At the mean-field level, the
Mott transition in this representation translates into
the order-disorder transition of a quantum Ising model.
Therefore the mode x3 seems to be the real fingerprint
of the Mott transition.

D. Dynamical charge susceptibility

We assume to perturb the system in the metal phase,
u < 1, by an external potential that couples to the charge
deviation from half-filling, namely

SH(t) = Z (i, t) (n; — 1)

—V2 sin% > (it walist).  (93)

%

1

Since wy = Fy — Ey = 27Ty (1 + u) and by means of
Eq. (80), we find in the presence of the field the following
equations of motion for the conjugate variables x5 and ps

w2

1—

—iw r2(q,w) = ” x(q,w) p2(q,w),

10

—iwps(q,w) = V2 sin % v(q,w)
2Ty (1+u)u (2 —u) z(q,w),

from which it follows that the dynamical charge suscep-
tibility is

o (1 — ) x(q,w)
Xl = T T (T 0w (2 — 0) x(@, o)
_ x(q,w)
= T .

where it is evident the analogy with conventional RPA,
though with a renormalised coupling constant
U 1+4+u U

o= —o T (1—7)<0. (95)

We note that
X(q_)ovwzo) = _N*a

where

No

—, 96
1 —u? (96)

N*:

is the quasiparticle density of states (DOS) at the chem-
ical potential, as opposed to the bare DOS ANy, and
diverges approaching the Mott transition. Therefore,
through Eq. (@4), the charge compressibility is readily
obtained

N* — N*

R = )
1_FCN* 1+FOS

and defines the Landau Fj§ parameter

Fy = -N.T.. (97)
Since approaching the transition, u — 1, F(gg ~(1—u)=?
diverges faster than N, ~ (1 —u)™!, we find that the
charge compressibility correctly vanishes at the MIT. The
expression of Fy coincides with that originally obtained
by Vollhardt?2.
In the opposite limit of small |q| with respect to fre-
quency,

2Ty (1 — u? -
x(q,w) =~ b wl(% %)7

which, inserted into Eq. ([@4)), allows calculating the poles
of the dynamical charge susceptibility, which are

Wy =ATF (14 u)?u (2 —u) (Yo — 7q) - (98)

This acoustic mode is above the quasiparticle-quasihole
continuum and actually corresponds to the Landau’s zero
sound. Once again this result is compatible with Voll-
hardt’s description of the correlated metal within the
Gutzwiller approximation in the framework of Landau-
Fermi liquid theory22. Indeed the zero sound velocity has
the expected Landau’s expression, once one realises that



in a lattice with infinite coordination F¥ = 0 and it is
unrelated to the enhancement of the effective mass.

We conclude highlighting that the velocity of the zero
sound stays constant approaching the Mott transition.
In particular, for w? > T, (1 — u2) (70 —Wq), the dynam-
ical charge susceptibility can be written as

2T (1 —u®) (o —
Xelq = 0,w) = —— (52 ) : (99)
cq

hence the pole at the zero sound has vanishing weight as
the transition v — 1 is approached, in agreement with
the expectation that spectral weight is transferred at high
energy.

We conclude by observing that the propagator Ilx(q, w)

of pa(q,w)

1 (1 —-w)T.
L(quw) =— ——————,
2(q ) w2 1+ch(q7w)
is singular at w = 0, although this singularity does

not appear in the physical response function, which is
proportional to the propagator of the conjugate vari-
able z2(q,w). Indeed, pa(q,w) is one of the would-be
Goldstone modes that we mentioned in section [ITAl
The action of the single-band Hubbard model is U(2) =
U(1) x SU(2) gauge invariant, and p2(q,w) is just the
would-be Goldstone mode associated with the abelian
U (1), whereas we shall see that p1(q,w) are instead those
associated with SU(2). In fact, the RPA form of the
charge susceptibility could be very easily obtained by the
gauge-fixing prescription of section [[I[Al If we drop all
terms that contain po(i,t) and replace

-2 sin% x2(i,t) = (n; — 1)y,

we get an effective Hamiltonian of the quasiparticles, ne-
glecting for convenience all other variables but z2(4,t),

Ho(t) = HO + 3 0alist) (ns — 1),

where
Ve (i, 8) = v(i,t) = Te{m; — 1 )¢, (100)

which readily leads to Eq. ([@4)).

E. Dynamical spin susceptibility

In order to study the spin response, we imagine to add
an external field that couples to the spin density, e.g. to
its z component, namely

OH(H) = =D B(irt) (nir — i)

0 _ :
—V2 cos Z Bs(i,t) z13(i,t). (101)
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In the metal phase w1 = E1 — Ey = 2T0(1 — u), and re-
peating all calculations done for the charge susceptibility,
we finally obtain the dynamical spin susceptibility

x(q,w)
s\, =, 102
Xs() 1+Ts x(q,w) (102)
where
U 1—-u U
S:_ 1 i . 1
> 1. () =0 0

The above expression reproduces the small u Stoner’s
enhancement of the magnetic susceptibility. In addi-
tion it satisfies the relationship T's(U) = T'.(=U) valid
at particle-hole symmetry23. Since I'y ~ (1 — u) van-
ishes linearly approaching the transition, the Landau’s
parameter

Fd = -N.T, <0, (104)
is constant for v — 1, which implies that the uniform
static spin susceptibility diverges at the MIT. This result
agrees with previous ones222¢ also obtained within the
Gutzwiller approximation, but contrasts DMFT, which
instead finds a finite uniform spin susceptibility at the
transition.

Such negative outcome critically depends from the fact
that the effective interaction I'y, Eq. (I03]), vanishes at
the transition. We are going to show that beyond the
harmonic approximation this cancellation does not occur
anymore.

We note that p14(i,t), a = 1,...,3, are now the Gold-
stone modes associated with SU(2) gauge invariance, and
their propagators

a W)= ——% T >
laid w? 1+Tsx(q,w)

diverge at w = 0. We can, as in section[[V D] drop p1 (7, t)
from the action and replace

0
ﬁcos;xﬂi,t)%(cjo'ci )t s

whose effect could be absorbed into an effective magnetic
field

Bual(iyt) = 843 Bs(i,t) =D (¢l ouc; )i, (105)

that straightforwardly leads to Eq. (I02).

F. Beyond RPA in the z3 mode

We observe that all the above results in the metal phase
correspond to expanding the action at second order in
the fluctuations but treating the linear coupling between
the latter and the fermions just within RPA, i.e. not ac-
counting for exchange processes. While this procedure is
somehow forced by gauge invariance for what it concerns



charge and spin modes, see the ending parts of sections
and [[VE] it is not really compulsory for the z3(3,t)
mode that describes the Hubbard bands. We can there-
fore take a first step forward when dealing with z5(4,¢) in
the direction of the so called RPA+Exchange. According
to Eq. (1)), promoting x3 and p3 to quantum conjugate
variables, after defining ¢, = ¢ sin? § and

X(i):l—i—\/i cot 0 x5(i),

the Hamiltonian reads

[ . .
Moo= — <ZJ:> (cjcj +H.c.)X(z)X(j) (106)
+ Z [(U*(i,t) cloge;, +B.(ist) - cf aci)
S (@ i) + To sin20 V2 ).

where the effective fields are those in Eqs. (I00) and
([I0f). The last term in Eq. (I06), linear in z3, derives
from Eq. (2) and cancels the linear term of the hopping
when the latter is averaged over the Fermi sea, which is
just the saddle point condition for z3.

Near the Mott transition from the metal side, u < 1,
since t, is small with respect to w3, we can integrate out
x3 and neglect the frequency dependence of its propaga-
tor D3(q,w), which, through Eqs. [@0) and (@I, implies
that

_ E3—-Ey = Es—FEy = E3-E
Ds(q,w) = 2 2 — 2 - 2 ?
w? — Wiy Wiy w3o

where we have furthermore neglected the momentum de-
pendence.

In this approximation the mode z3 simply induces a
non-retarded electron-electron interaction, which, within
RPA+Exchange, leads to a change of the charge and spin
susceptibilities,

x(q,w)
Xe(s) (@, w) — (107)
where
2 u?
Les) = Desy(a) = Legs) — T, e (108)

which also implies that the Landau parameters change
into
Fy A o —NLT((0). (109)

The charge Fjy > 0 keeps its singularity (1—u)~2, so that
the charge compressibility still vanishes. On the contrary,

t2
F —

— N, 110

12

so that the uniform spin susceptibility

AT, U.
X =—xs(@—0,0) — il

(111)

is now finite. Remarkably, this expression agrees with
that obtained by DMFT®, although the numerical value
of U, in DMFT is smaller than in the Gutzwiller approx-
imation.

The quantum Hamiltonian (I06) also allows calculating
the optical conductivity. In the presence of a small trans-
verse vector potential A;_,;(t) = —A;_;(t) the Hamilto-
nian acquires an additional term

SH(1) = — i \t/; > A 0)(cle; — He) X(0) X ()
4 2’1;2 Q%Aiﬁj(t)z(czcj—i—H.c.)X(i)X(j).

The calculation of the optical conductivity is straight-
forward, and follows exactly that obtained within slave-
bosons in Ref. 139. Besides the Drude peak that is ob-
tained taking X (i) = 1, and vanishes like sin® § = 1 — u?
at the transition, the optical conductivity gets high-
frequency contributions from the absorption spectrum of
the mode x322.

V. CONCLUSIONS

In this paper we have presented a quite simple
method to calculate linear response functions within the
Gutzwiller approximation, including in a consistent way
quantum fluctuations in the harmonic approximation.
The calculation is straightforward and just requires a
little more effort than the equilibrium one. In fact,
besides the variational matrix ®; that minimises the
energy at equilibrium, and which can be regarded as
the lowest energy eigenstate of a local Hamiltonian2%:37,
see Eq. (29), one also needs all excited eigenstates and
eigenvalues. In a model that involves M correlated
orbitals in each unit cell, this local Hamiltonian is
defined in a Hilbert space of dimension (;1%), and can
be conveniently recast into the problem of an impurity
with M orbitals hybridised to a single bath site with the
same number of orbitals, the coupled system being at
half-filling2°.

As a check we have applied the method to the single-
band Hubbard model at half-filling and recovered all
known results?3 273840 Ag a by-product, we also
showed how to cure one flaw of the Gutzwiller approxima-
tion, i.e. the divergence of the uniform magnetic suscep-
tibility approaching the Mott transition from the metal
side.
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Appendix A: The wavefunction renormalisation
matrix R(7)

At equilibrium and in the natural basis, the constraint
Eq. () reads

Tf(@o( ) &g (i) dl d ) Tr(PO(O)()dT d )

i Vi3 i Vi3
= 60¢ﬁ noz 2 (Z) ’

where Po(i) is the local probability distribution of the
Slater determinant. Hereafter we shall drop for simplicity
the site index . .

We can always write PO(O) as the Boltzmann distribution
of a non-interacting Hamiltonian

H:§ €aNa s
a

where f (ea) = n((l) is the Fermi distribution function. If

d is varied, also the probability distribution must vary
in such a way as to preserve the constraint. This change
will generally correspond to

H— H+6H.
Since H must still be a one body Hamiltonian it follows
that
d (r)=eHd, e = (e_HT d ) Z Upal7) dy,

where H is the matrix representation of H in the single-
particle basis, so that d,(7) remains a combination of

creation operators. Since U(ry) U(re) = U(r + 1), it
trivially holds that U(r) U(—7) = 1 and

U(B/2) U(B/2) =U(B).
The local probability distribution

(A1)

~ efﬁﬁ

so that
Tr(PO Jﬁ(ﬁ) dAL) = Tr(PO df, ciﬁ) = Nop
= U Tr(Rod, dh) =3 U3s(8) (dar
B! v
- Z Nay Uys(B)
B!

)
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namely
08 = (1 —ﬁ)_l =1+ (1 —ﬁ)_l, (A2)
which relates U(f) to #. It also follows that
U(-B) = (1 —ﬁ) Al =pl (1 —ﬁ) =7l 1. (A3)

The renormalisation coefficients R is obtained by solving
for any « and ~y

_ st & a1 I
- Zﬁ(qﬂ@dﬁ dv) s (A4)
B
where
1 R - N R N
= d,\/ P = ePH/2 d, e PH/2
P
= d,(8/2) = Z Usy(8/2)d
Therefore, once we define
Qus=Tr(0T el 0 d, ),
then Eq. (A4) is equivalent to
Z Qa,@ Uﬁ'}’ ﬂ/2 Z RozB ngy,
or, in matrix form, and observing that n = U B) —

w U(B),
U(8/2) = R = " (0(8) = 0(8))
=R UB) - Q" U(3B/2),

so that, multiplying both sides on the right by U(—B) we
finally get

o (U(ﬁ/2)+l7(—ﬂ/2))

(Vow + i )
(

Il
<©>

Il
©>

/\K
Q

—_

3| |

>

N———

We denote as



since S = S’T, so that

=Q*8* — Rt =810t =350,
namely the desired result
R=0Q8§. (A5)

One can rewrite
. 2
4872 = 437 (1—ﬁT) —1- (1—2ﬁT) =1-A?,

where the matrix elements of A are

Aas = Gap — 2Tr(<i>T b di da)

_ Tf(ciﬂ o d,. ng | (A6)

At equilibrium
INVIEEN (1 - 2n§?>) , (A7)
SO = 605/1/n (1 - ngm) =505 SO, (AS)

are diagonal, which allow an explicit evaluation of matrix
derivatives. It follows that the equilibrium renormalisa-
tion matrix has elements

0 = 0 0 0
RO} =Te(@h e, odh) 5 = QWS (A9)
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with &, the equilibrium solution. By inspection we re-
alise that

aji;ﬂ Sk

where the tensor faﬁ {ﬁ), iﬂ] is still functional of & and
®T. Therefore

ﬁ%ﬁ Ty (@; oo [6,6] <p> |

The equilibrium value is obtained by setting ¢, = dno.
In particular, exploiting the fact that S is diagonal at
equilibrium, the first order derivatives evaluated at equi-
librium read explicitly

OR.p aQaB (0) 0) (0 0Aq8
= Sy + Z QY SO F s —22
¢y, "9,
(A10)
aRa,@ aQaB (0) 0) aA%@
= Sy + Z QY S Fyp :
O9n, Opn " 0,
(A11)

while the second derivative, still calculated at equilib-
rium, is

e A 9’R P S T
1. Derivatives of R aB i T
sion =D <<I>n s [%,@0} q>m>
We write . Oup [fi), @T] )
. . . . +Tr| & oy | (A12
O=3 ¢, B =)" ¢} b, %m0 .
n n _ < azRaB ) N < 62Ra6 )
where ®,, is a basis set, -\ 0¢0,09m /, 0¢,00m ),
Tr(ﬁ)L i)m) = Opm where
0“Rap 0°Qap  (0) (0) 8Ayp
(&b 200 ) ; lagz) 200 8 T Qo1 I8 Gaay (A13)
0 Rap 3@&7 A5 OQay 9A+p (0) 825’75
S -2 [ B B 00m 1 T00, T Gg0m ), | Ay

The terms that appear in the above equations are

a;szﬁ :ﬁ(ci) q>Od“‘)

3;;? — Tr(‘i’g €a Pn CZZB) ’
3(%%5 = Tr(‘i):rz b {d"" CZLD ,
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0Aap sta [50 at & Nap(i) N
=Tr(®) D, |d,, d Z el _ t t
5o r( b {a, B} : i Tr((bnfbm[da,dﬂD,
(0) ¢(0)
Fo.— 1 (Sa Sﬁ ) (1 (0) (0))
aBf = 5 — Ny n
82Qo¢5 2t oA & 3t
90 00m =Tr (fl)n Co P dﬂ) , and, lastly,
0) ¢(0)
( 820 > (Sé r ) 3 oy 0Dyp | Doy 9 [[1 0 SO0 1+ 505D 4+ 5050
06,06m )5 SO 180 | 06, 06m | I9m 09, ||4 7 (5050 SéO))Q
o Py
[
In addition while the second order expansion mentioned in Eq. (7)),
2 2 is
et — () L (an)
8¢n8¢m 8¢n8¢m 2 ~ ~(2) ~(2)
2 2 R® =R» + R, (A18)
9] Ra,@ _ ( 0 Ra,@ ) (Alﬁ) 1 1
OpOm, 00n0bm /)y’
where the right hand sides are obtained straightforwardly where, explicitly,
through Eq. (AT4). The above derivatives calculated at
the equilibrium solution allow calculating the Taylor ex- - 2) 2R
pansion of R. In particular, through equations (AT0]) and Ry™ = Z b7, Pm W ’ (A19)
(ATI), the first order expansion is nm neEm )y
- OR OR
RO — « CRaB gy B A17 d
n |
R(2) iz 26" & LR + ¢F b ﬂ + bnd LR (A20)
S A T R T R Ty B
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