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We present a variational quantum adiabatic theorem, which states that, under certain assumptions, the
adiabatic dynamics projected onto a variational manifold follow the instantaneous variational ground state.
We focus on low-entanglement variational manifolds and target Hamiltonians with classical ground states.
Despite highly entangled intermediate states along the exact adiabatic path, the variational evolution
converges to the target ground state. We demonstrate this approach with several examples that align with
our theoretical analysis.
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Introduction—Adiabatic quantum computation (AQC) is
a computational paradigm that relies on a slow continuous
change from an initial Hamiltonian H0 to a final
Hamiltonian H1 over a total annealing time T. The adia-
batic theorem [1] ensures that if the initial state is the
ground state ofH0 and the evolution is sufficiently slow, the
final state approximates the ground state of H1. By stra-
tegically selecting H1, we can ensure that its ground state
serves as a solution to a specific computational problem.
Generally, AQC is polynomially equivalent to gate-based
quantum computation and thereby universal [2,3]. A
relevant subclass of AQC protocols using stoquastic
Hamiltonians addresses classical optimization problems
and has been proposed as a quantum version of thermal
annealing, with quantum fluctuations replacing thermal
fluctuations [4]. This quantum annealing formulation is
compatible with hardware platforms [5] and holds signifi-
cant promise for technological applications [6].
The classical simulation of quantum annealing relies on

simulated quantum annealing based on path-integral
Monte Carlo [7] sampling. Promising results were recently
obtained by extending time-dependent Monte Carlo to time-
dependent Hamiltonians [8]. However, the actual need for
quantum resources and the classical simulability of quantum
protocols [9] remain largely unanswered, with the potential

to lead to effective quantum-inspired algorithms [10–14],
often based on tensor network techniques [15–17].
We take a step in this direction by showing that an

effective evolution constrained in a low-entanglement
manifold can, under certain conditions, faithfully replace
a fully quantum adiabatic evolution if the initial and final
(target) states are classical. Our approach helps to elucidate
the role of entanglement in quantum annealing. Recent
numerical works [18,19] found that, under certain con-
ditions, restricting the accessible Hilbert space to a varia-
tional manifold with low entanglement, might even
increase the probability of finding the target state, poten-
tially acting as a regularization technique. Indeed, while
entanglement is necessary for general quantum computa-
tion, its role in quantum optimization is unclear. A similar
observation has been made in a related optimization
strategy, namely the quantum approximate optimization
algorithm [20–22], which has recently shown the possibil-
ity of a quantum scaling advantage [23].
The rest of this Letter presents the physical intuition

behind the variational ground-state quantum adiabatic
evolution and several examples.
Variational ground-state quantum adiabatic theorem—

Consider a parametrized Hamiltonian HðsÞ interpolating
between the initial Hamiltonian Hð0Þ ¼ H0, and the final
target Hamiltonian Hð1Þ ¼ H1. Let us denote the duration
of the protocol (annealing time) as T and interpret s ¼ t=T
as the rescaled time. The evolution of a quantum state is
then given by

d
ds

jψðsÞi ¼ −iTHðsÞ: ð1Þ
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By initializing the system in the ground state of H0, and if
the annealing time T is sufficiently large (i.e., under the
quantum adiabatic condition [1]), the time-evolved state
jψðsÞi remains close to the ground state jψ0ðsÞi of the
instantaneous Hamiltonian HðsÞ. Since the exact descrip-
tion of jψðsÞi is often challenging, we may approximate its
real-time evolution with a variational state jψVS

x ðsÞi con-
strained to a manifold M defined by a set of variational
parameters x. Its time dependence is fully determined by
the variational parameters x ¼ xðsÞ, evolved with the
Lagrangian action variational principle [24]. Let us assume
that the initial state, namely jψð0Þi ¼ jψ0ð0Þi, lies within
the variational manifoldM. Thus, the exact and variational
dynamics share the same initial condition: jψð0Þi ¼
jψVS

x ð0Þi ¼ jψ0ð0Þi. From now on, we introduce the
notation jψVS

0 ðsÞi for the instantaneous variational ground
state, defined as the variational state with minimal varia-
tional energy, which is characterized by x0 ¼ x0ðsÞ ¼
argminxhψVS

x jHðsÞjψVS
x i. Under certain hypotheses

detailed in the Appendix, the time-dependent variational
state jψVS

x ðsÞi remains close to the instantaneous varia-
tional ground state, namely jψVS

x ðsÞi ¼ jψVS
0 ðsÞi þ jδψðsÞi,

where kδψðsÞk2 ¼ Oð1=TÞ, for s∈ ½0; 1�. If the target
ground state belongs to the manifold, i.e., jψ0ð1Þi ¼
jψVS

0 ð1Þi, then the variational state converges to the target
ground state at s ¼ 1, for large values of T. In practice, we
shall consider a low-entanglement manifold and classical
initial and final (target) states.
A more precise statement of the theorem is given in the

Appendix. Here, we provide only the physical intuition
illustrated in Fig. 1. If kδψðsÞk2 is small, its evolution is
determined by the linearized time-dependent variational
equations that give rise to elliptic trajectories around the
instantaneous variational ground state jψVS

0 ðsÞi. The fre-
quencies ωl > 0 of the trajectories are determined by the
eigenvalues of the linearized evolution map on the manifold
M [25] and represent approximate energy gaps over the
ground state. If 1=T ≪ ωl, then jδψðsÞi will average to
zero in a time window where jψVS

0 ðsÞi does not change
drastically. Therefore, jψVS

x ðsÞi will follow the instanta-
neous variational ground state jψVS

0 ðsÞi and kδψðsÞk2 will
remain small during the variational time evolution.
In the following, we consider several examples of

increasing complexity, with protocols in the form

HðsÞ ¼ ð1 − sÞH0 þ sH1 þ sð1 − sÞH2;

H0 ¼ −
XN
j¼1

σxj ; ð2Þ

where we may introduce an additional catalystHamiltonian
H2. In all cases, we initialize the system in the ground state
of H0 and evaluate the convergence of the variational
evolution to the target ground state of H1 in a total time T.

Two-qubit model—First, we consider a two-qubit model
with

H1 ¼ σz1σ
z
2 − 2ðσz1 þ σz2Þ;

H2 ¼ −2AjΦihΦj; ð3Þ

where jΦi ¼ ð1= ffiffiffi
2

p Þðj00i þ j11iÞ is a maximally
entangled Bell state, and A is a positive constant. The
initial and the final ground states are product states where
both spins point in the x and z directions, respectively.
Therefore, we choose the following product state varia-
tional ansatz:

jψVS
x i ¼ jψθ;ϕi ⊗ jψθ;ϕi;

jψθ;ϕi ¼ cosðθ=2Þj0i þ sinðθ=2Þe−iϕj1i: ð4Þ

The variational manifold given by Eq. (4) is a Kähler
manifold [24]. The parameter A determines the entangle-
ment of the ground states of HðsÞ at intermediate times
0 < s < 1. In Fig. 2, we show that cases with higher
ground-state entanglement at s ¼ 0.5 correspond to faster
convergence to the variational ground state at the end of the
protocol [see Figs. 2(a) and 2(b)]. This example demon-
strates that the variational adiabatic evolution can still reach
the target ground state, even if the exact quantum adiabatic
dynamics would access high-entanglement regions at

FIG. 1. Schematic representation of the variational ground-state
quantum adiabatic theorem. The dashed green line represents
the exact quantum adiabatic evolution jψðsÞi ≈ jψ0ðsÞi, visiting
high-entanglement regions. The solid black line corresponds
to the instantaneous variational ground state jψVS

0 ðsÞi, with the
small red arrows indicating that it changes slowly with time.
The time-dependent variational state jψVS

x ðsÞi is separated into
jψVS

0 ðsÞi and their difference jδψðsÞi. The latter can be decom-
posed in the eigenbasis of the linearized evolution map, whose
eigenvalues ωl determine the frequencies of the elliptic trajecto-
ries around the instantaneous variational ground state. Since
1=T ≪ ωl, the fast dynamics of jδψðsÞi (denoted by long, dark-
red arrows) averages to zero, and the time-dependent variational
state jψVS

x ðsÞi follows the instantaneous variational ground state
jψVS

0 ðsÞi. When the target ground state of the final Hamiltonian
lies within the variational manifold, the time-dependent varia-
tional state will converge to it as the annealing time T
becomes large.
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intermediate times. Figure 2(c) shows the scaling of
kδψð1Þk2 ¼ Oð1=TÞ, which is verified regardless of the
value of A, as predicted by the variational ground-state
adiabatic theorem. This two-qubit model can be extended
to a more general bipartite system involving arbitrarily
high entanglement at the intermediate ground states of
HðsÞ [24]. Nonetheless, the variational evolution on a
product-state manifold is equivalent to the two-qubit case
and correctly leads to the target ground state.
Lipkin-Meshkov-Glick model—Next, we consider the

integrable Lipkin-Meshkov-Glick (LMG) [26]

HLMG
1 ¼ −

1

N

 XN
i¼1

σzi

!
2

ð5Þ

as target Hamiltonian. Similarly to the two-qubit case, we
have homogeneous product-state ground states of the initial
and final Hamiltonian pointing in the x and z directions,
respectively. Therefore, we consider the following mean-
field ansatz

jψVS
x i ¼ jψθ;ϕi⊗N; ð6Þ

with jψθ;ϕi defined as in Eq. (4). The variational manifold is
again a Kähler manifold with simple equations of motion
for the variational parameters that can be solved numeri-
cally for any N [24]. This manifold can be effectively
represented as a sphere by considering the expectation
value of total spin S, with components

Sα ¼ 1

N

XN
i¼1

hψθ;ϕjσαi jψθ;ϕi; α ¼ x; y; z: ð7Þ

The LMG model crosses a second-order quantum phase
transition at s� ¼ 1=3 in the thermodynamic limit. In this
limit, states on the manifold exactly describe the dynamics
and some properties of the eigenstates [27–29], and the
system behaves as a classical spin on the sphere [26]. At
finite N, the instantaneous quantum many-body ground
state does not belong to the manifold, except at s ¼ 0, 1.
However, the time-dependent variational state and the
instantaneous variational ground state are still represented
on the sphere. If the norm of their difference kδSðsÞk2 ¼
kSVSðsÞ − SVS0 ðsÞk2 converges to small values at s ¼ 1, the
variational evolution approximates the exact target ground
state.
As shown in [24], the finite N equations of motion on the

manifold retain the same structure as in the thermodynamic
limit and display a mean-field second-order phase tran-
sition at s� ¼ ðN=3N − 2Þ. For s < s�, the instantaneous
variational ground state does not depend on s, hence, for
any value of T, kδSðsÞk2 oscillates close to its initial value
at s ¼ 0; for s > s�, the convergence of the time-dependent
variational state to the instantaneous variational ground
state scales as kδSðsÞk2 ∼ 1=

ffiffiffiffi
T

p
. Indeed, our assumptions

in the variational ground-state quantum adiabatic theorem
are not strictly valid in this regime, as k∂sSVS0 ðsÞk exhibits a
square root divergence at the critical time s�, leading to a
change in the exponent [24].
In Fig. 3, we present a specific case with N ¼ 4.

Although we deliberately focus on a small system size,
distant from the mean-field approximation, the same results
apply to any value of N. We start close to the H0 ground
state, with the initial condition shifted 10−4 away from the
angles θð0Þ ¼ π=2, ϕ0 ¼ 0, which determine a fixed point
for all s. In Fig. 3(a) we show a trajectory of the vector
SVSðsÞ (black line) for T ¼ 500. We observe fast oscil-
lations around the variational ground-state vector S0ðsÞ
(dashed orange line). These oscillations become faster and
the amplitude smaller upon increasing T, as displayed
in Fig. 3(c), where we plot δSðsÞ at s∈ ½0; 1� for three
values of T. Consistently, Fig. 3(b) shows the square
root dependence of kδSk2 on T, for s > s�. The jump at
s� ¼ 0.4 is related to the mean-field phase transition [24].
Finally, Fig. 3(d) corroborates the agreement of numerical
data with the square root scaling, verifying the convergence
of the final variational state (s ¼ 1) to the target ground
state.
Ising spin glass model—Finally, we consider the fully

connected random Ising spin glass model with the
Hamiltonian

HSG
1 ¼

XN
i;j¼1

Jijσ
z
iσ

z
j þ

XN
i¼1

hiσ
z
i ; ð8Þ

FIG. 2. (a) The final norm kδψðsÞk2 at s ¼ 1, a measure of the
distance between jψ0ð1Þi (the target ground state of H1) and
jψVS

x ð1Þi (the variational state at the end of the annealing). We
plot it as a function of the annealing time T and parameter A.
(b) Half-system entanglement entropy at intermediate time
s ¼ 0.5 (gray line) as a function of the parameter A, and the
norm kδψð1Þk2 for T ¼ 0.5 (dashed orange) and T ¼ 1.5 (dash-
dotted black). Higher entanglement entropy corresponds to
smaller values of kδψð1Þk2. (c) Scaling of the norm kδψð1Þk2
with annealing time T. The thin line corresponds to T−1 scaling,
the dashed orange line to A ¼ 0, and the gray line to A ¼ 5.
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where Jij ¼ Jji and hi are random numbers uniformly
distributed in the range (0, 1) and ð−0.5; 0.5Þ, respectively.
Determining the ground state of the model is computa-
tionally equivalent to quadratic unconstrained binary opti-
mization and is an NP-complete problem [30].
Here, we use the matrix product-state (MPS) variational

ansatz, which enables a systematic increase of maximal
entanglement by increasing the bond dimension D. The
MPS manifold is a Kähler manifold [15] that enables an
inverse-free implementation of the time-dependent variational
principle (TDVP) [31] and a simple evaluation of the gap [24].
In Fig. 4(a) we show that the time-dependent variational

state jψVS
x i with D ¼ 1 converges uniformly, i.e., for all

0 < s ≤ 1, toward the instantaneous variational ground
state with the same bond dimension. The expected 1=T
convergence remains valid upon increasing the bond
dimension, as shown in Fig. 4(b). As predicted by our
theorem, we obtain the target ground state even by
constraining the variational adiabatic evolution to a low-
entanglement manifold. The results shown in Fig. 4 refer to
a specific disordered instance of the Ising spin glass. Still,
we verified their validity on different realizations of the
random quenched disorder.
The MPS-TDVP approach enables the efficient esti-

mate of the instantaneous gap through the effective
Hamiltonian [24]. In Fig. 4(c), we show the convergence
of the effective gap with increasing bond dimension.
The exact gap at the protocol’s beginning and end is well

approximated, even with a small bond dimension. This is
expected since the initial and final (target) ground states
are product states. In contrast, a correct estimation in the
middle of the protocol requires higher bond dimension
values. This overall trend reflects the overlap between the
exact and the variational ground states [see black dotted
line in panel (a), for the case of D ¼ 1). Consistently,
ground-state entanglement is large in the middle of the
protocol, as shown in Fig. 4(d).
In Fig. 5, we present the histogram of the norm kδψðsÞk2

for s ¼ 1, representing the distance of the final variational
state from the exact target ground state, for 100 random
realizations of the Hamiltonian in Eq. (8). We observe that
for D ¼ 1, D ¼ 2, D ¼ 4, and D ¼ 8, approximately 20%,
8%, 2%, and 1% of the instances do not accurately con-
verge to the target ground state for T ¼ 1600, i.e., the final
norm kδψð1Þk2 > 0.999. This is related to spurious first-
order phase transitions for the variational parameters, which
appear more likely for smaller values ofD, namely for lower-
dimensional manifolds (see Ref. [24] for details). However,
in all cases, we were able to recover the correct ground state
with an additional density matrix renormalization group

(a)

(c)

(b)

(d)

FIG. 3. (a) An example evolution of the vector SVSðsÞ (black
line) for N ¼ 4 and T ¼ 500, s∈ ½0; 1�. The red dot corresponds
to the initial condition, and the yellow dot corresponds to the final
variational state SVSð1Þ. The dashed orange line shows the
variational ground state vector SVS0 ðsÞ. (b) Three examples of
the evolution of the rescaled norm

ffiffiffiffi
T

p kδSðsÞk2 for T ¼ 102

(red), T ¼ 103 (green), and T ¼ 104 (blue). (c) Convergence of
δSðsÞ during the variational time evolution—same data as in
panel (b). (d) Scaling of kδSð1Þk2: the solid line represent the
predicted 1=

ffiffiffiffi
T

p
; the dots correspond to numerical results.

(a) (b)

(c) (d)

FIG. 4. (a) Convergence of the time-dependent variational state
toward the instantaneous variational ground state upon increasing
the annealing time T for a particular realization of the Ising spin
glass model with N ¼ 8. We fix the bond dimension to D ¼ 1
and plot kδψðsÞk2. The black dotted line shows the norm of the
difference between the exact instantaneous ground state and the
instantaneous variational ground state. (b) Norm of the difference
between the final variational state at s ¼ 1, which is jψVS

x ð1Þi,
and the exact target ground state of H1, i.e., jψ0ð1Þi, for
increasing values of D. Notice that the target state belongs to
the MPS manifold with D ¼ 1 [see the dotted black line in panel
(a), at s ¼ 1]. The bond dimension D ¼ 16 corresponds to the
exact evolution, and the dashed line highlights the predicted
scaling 1=T. (c) The spectral gap calculated from the effective
Hamiltonian in the MPS-TDVP evolution for various bond
dimensions D. The dashed line corresponds to the exact spectral
gap. We set T ¼ 3200. (d) Entanglement entropy during the
protocol with T ¼ 3200 and different bond dimensions.
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(DMRG) run at the end of the protocol. Even if the final
variational state has a small overlap with the target state, it
may serve as a warmup for DMRG, leading to better
convergence than random initializations.
Conclusions and outlook—Our theorem states that, given

a quantum adiabatic protocol with sufficiently slow evo-
lution and a variational manifold, the time-dependent
variational state remains close to the instantaneous varia-
tional ground state, provided the hypotheses are satisfied. If
the initial and final states lie within a classically simulable
variational manifold, under the theorem’s assumptions, this
could open up a new promising computational paradigm:
an efficient quantum-inspired classical algorithm performs
the manifold evolution as in Fig. 1, finally reaching the
target state.
This approach has been proven valid for low-entanglement

variational manifolds and various classical target Hamil-
tonians, e.g., for a spin glass, resulting in numerical
outcomes consistent with the predicted scaling. Selecting
an appropriate manifold, such as the MPS manifold with a
larger bond dimension, can enhance the final results and
decrease the annealing time needed to find the target state.
We also stress that this approach could be extended to
quantum many-body ground-state preparation. In this case,
provided that the hypothesis of the theorem holds, it is
essential to select the variational manifold carefully, ensur-
ing it captures the entanglement of the target state.
The proposed variational adiabatic computing scheme

represents a novel classical paradigm, distinct from simu-
lated annealing and simulated quantum annealing, which
rely on Monte Carlo sampling. We anticipate that its ulti-
mate effectiveness in solving complex classical optimiza-
tion problems and other applications may be linked to two
natural extensions of our Letter. Firstly, our variational
adiabatic strategy could be extended to imaginary or
complex time. This would result in an effective cooling
during the adiabatic evolution, which can further improve

the results. Various combinations with DMRG are also
possible. Secondly, we plan to examine different variational
manifolds, such as PEPS [32] or neural-network quantum
states [33–36]. Another promising approach involves
selecting a parametrized quantum circuit as the variational
manifold, which can be iteratively trained to approximate
the instantaneous adiabatic state on real quantum hardware.
These advances could enable tackling more challenging

problems and comparing the performance on larger instances
with state-of-the-art classical methods or experimental
implementations of quantum annealing. Furthermore, the
variational quantum adiabatic paradigm may be adapted to
finding excited states of the energy spectrum, extending its
application beyond ground-state search. Some substantial
practical benefits compared to a fully quantum adiabatic
evolution are already evident, e.g., access to the exact
variational quantumstate,which enables boosting an exceed-
ingly small probability of finding the correct solution (such as
≈10−12) to almost one: this can be accomplished via DMRG
on the final variational state, or similar methods.
From a theoretical perspective, the challenge of identi-

fying a practical sufficient condition for the applicability of
the variational adiabatic theorem remains open. None-
theless, our methods could be readily applied to various
contexts traditionally studied within the framework of
quantum annealing. Examples include the generalized
Landau-Zener problem [37], mechanisms to circumvent
slowdown for adiabatic quantum computation [1], and the
nonadiabatic evolution [38]. Moreover, it would be pos-
sible to employ the manifold simulations to approximately
estimate the position of the minimum adiabatic gap.
Therefore, variational adiabatic evolution appears to be a
novel and robust classical baseline for benchmarking quan-
tum protocols and a valuable tool for developing novel
classical algorithms inspired by quantum methods or
improving existing quantum annealing algorithms [39,40].
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FIG. 5. Histogram of the norm kδψð1Þk2 at the end of the
annealing protocol with D ¼ 1, 2, 4, 8, and T ¼ 1600. The
histogram is computed from 100 random realizations of the final
Hamiltonian H1. We fixed N ¼ 8. The red bars correspond to
instances with values larger than 0.999.
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End Matter

Appendix: Variational ground-state quantum adiabatic
theorem—
Theorem 1 Assume a time-dependent Hamiltonian

HðtÞ whose instantaneous ground state jψ0ðtÞi at time
t ¼ 0 lies in the variational manifold M. Introduce the
rescaled time s ¼ t=T, where T is the annealing time
determining the inverse rate of change of HðtÞ. Consider
a variational state jψVS

x ðsÞi∈M whose time dependence is
fully determined by the variational parameters x ¼ xðsÞ.
Starting in the initial ground state jψVS

x ð0Þi ¼ jψ0ð0Þi, the
variational parameters are evolved with the (Lagrangian
action) variational principle

1

T
d
ds

x ¼ XðxÞ; XðxÞ ¼ −Ωμ;ν
∂νEsðxÞ: ðA1Þ

The resulting dynamics on the manifold can be decom-
posed as jψVS

x ðsÞi ¼ jψVS
0 ðsÞi þ jδψðsÞi, where jψVS

0 ðsÞi
denotes the instantaneous variational ground state charac-
terized by x0 ¼ x0ðsÞ. If the linearized symplectic generator
KðsÞ defined by

Kμ
νðsÞ ¼ ∂xνXμ

���
x¼x0ðsÞ

ðA2Þ

satisfies the adiabatic conditions for η-pseudo-Hermitian
quantum evolution, then

kδψðsÞk2 ¼ O
�
1

T

�
for s∈ ½0; 1�: ðA3Þ

More precisely, if δxðsÞ ¼ xðsÞ − x0ðsÞ, we obtain

kδxðsÞkηðsÞ ∼ κ

�
1

T

�
for s∈ ½0; 1�; ðA4Þ

where the norm is calculated with respect to the pseudoin-
ner product and

κ ¼ 2maxs;s0;j
��e−iðΓjðsÞ−Γjðs0ÞÞ

��maxskẋ0ðsÞkηðsÞ
mins;ijωiðsÞj

; ðA5Þ

with ΓjðsÞ denoting the generalized geometric phase. If the
previous term does not diverge, the time-dependent varia-
tional state closely follows the instantaneous variational
ground state.
Proof Let us consider the time evolution of the differ-

ence between the parameters of the time-dependent varia-
tional state and those of the instantaneous variational
ground state

δxðsÞ ¼ xðsÞ − x0ðsÞ: ðA6Þ
The equations of motion for δxðsÞ are

1

T
∂sðx0ðsÞ þ δxðsÞÞ ¼ Xðx0ðsÞ þ δxðsÞÞ; ðA7Þ

Initially, by hypothesis, we have δxð0Þ ¼ 0. Our strategy is
to show that the pseudonorm of the difference kδxðsÞkηðsÞ
remains small during the adiabatic evolution.
We start by linearizing the dynamics in Eq. (A7) in a

local neighborhood of x0ðsÞ,
1

T
∂sðx0ðsÞ þ δxðsÞÞ ≈ Xðx0ðsÞÞ þ KðsÞδxðsÞ; ðA8Þ

where Kμ
νðsÞ ¼ ∂xνXμjx¼x0ðsÞ. Since the instantaneous

variational ground state is a stationary point of the
Lagrangian action variational evolution [25], we have
Xðx0ðsÞÞ ¼ 0 and

∂sδxðsÞ ¼ TKðsÞδxðsÞ − ∂sx0ðsÞ: ðA9Þ

We find the solution of the above inhomogeneous first-
order differential equation in terms of the fundamental
matrix satisfying [41]
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∂sUðsÞ ¼ TKðsÞUðsÞ: ðA10Þ

A formal solution to Eq. (A10) is determined by a time-
ordered exponential

UðsÞ ¼ T ←e
R

s

0
TKðuÞdu: ðA11Þ

We write δxðsÞ as a sum of the homogeneous and the
particular solution of Eq. (A9). Because of the initial
condition δxðs ¼ 0Þ ¼ 0, the homogeneous part of the
solution vanishes since δxhðsÞ ¼ UðsÞδxð0Þ ¼ 0. The par-
ticular part, therefore, determines the final solution,

δxðsÞ ¼ δxPðsÞ ¼ −UðsÞ
Z

s

0

U−1ðuÞẋ0ðuÞdu; ðA12Þ

where we introduced the notation ẋ0ðsÞ ¼ ∂sx0ðsÞ
To further simplify the expression Eq. (A12), we use the

structure of the symplectic generator K, which is always
diagonalizable and whose eigenvalues appear in conjugate
imaginary pairs [25]. Consequently, iK has real eigenvalues
implying the existence of a strictly positive definite metric
operator η such that [42,43]

ðiKÞ†η ¼ ηðiKÞ: ðA13Þ

The above relation implies that iK is Hermitian with respect
to the pseudoinner product

hψ jϕiη ¼ hψ jηjϕi: ðA14Þ

Therefore, Eq. (A10) is a real-time Schrödinger equation
with a pseudo-Hermitian Hamiltonian iK [42,44,45].
Although we shall adopt the standard Dirac notation, notice
that the operator iK and the parameter vectors introduced
in (A6) act on the variational manifold M. We can find
the left fjω̃iðsÞig and right fjωiðsÞig eigenvectors of
iKðsÞ with the corresponding eigenvalues ωiðsÞ, namely
−iKðsÞ†jω̃iðsÞi ¼ ωiðsÞjω̃iðsÞi and iKðsÞjωiðsÞi ¼
ωiðsÞjωiðsÞi. The left and right eigenvectors are related via

jω̃iðsÞi ¼ ηðsÞjωiðsÞi ðA15Þ

and satisfy the biorthonormality condition

hωiðsÞjω̃jðsÞi ¼ hωiðsÞjηðsÞjωjðsÞi
¼ hωiðsÞjωjðsÞiηðsÞ ¼ δi;j: ðA16Þ

Recently, a pseudo-Hermitian generalization of quantum
mechanics has been worked out [42,44]. Since our linearized
homogeneous equation Eq. (A10) is exactly a Schrödinger
equation for the pseudo-Hermitian Hamiltonian iK we
apply the adiabatic theorem for pseudo-Hermitian quantum
dynamics [42,45–47]. We assume

1

T
max
s∈ ½0;1�

jhω̃iðsÞj∂sKðsÞjωjðsÞij
jωiðsÞ − ωjðsÞj2

≪ 1; ∀i ≠ j: ðA17Þ

According to the pseudo-Hermitian quantum adiabatic
theorem [45,47,48], we have

UðsÞjωjð0Þi ≈ eiTΦjðsÞeiΓjðsÞjωjðsÞi;
U−1ðsÞjωjðsÞi ≈ e−iTΦjðsÞe−iΓjðsÞjωjð0Þi; ðA18Þ

where

ΦjðsÞ ¼
Z

s

0

ωjðuÞdu;

ΓjðsÞ ¼
1

2

Z
s

0

ðh ˙̃ωjðuÞjωjðuÞi − hωjðuÞj ˙̃ωjðuÞiÞdu:

The key difference from the standard Hermitian adiabatic
theorem is that the geometric phase ΓjðsÞ does not vanish
for open paths and is not necessarily real. Consequently, it
can contribute to the global phase and change the norm of
the eigenstates. However, the generalized geometric phase
does not depend on the total evolution time T; hence, it
contributes only as a prefactor to the final result.
Since the left and right eigenvectors satisfy the com-

pleteness relation 1 ¼Pj jωjðsÞihω̃jðsÞj, we can expand
the inhomogeneous vector term as

jẋ0ðsÞi ¼
X
j

jωjðsÞihω̃jðsÞjẋ0ðsÞi; ðA19Þ

where we exploit the bra-ket notation. After inserting
the expansion Eq. (A19) into the expression in Eq. (A12)
and using the pseudo-Hermitian adiabatic approximation,
we find

jδxðsÞi≈−
X
j

Z
s

0

eiTðΦjðsÞ−ΦjðuÞÞgjðs;uÞdujωjðsÞi; ðA20Þ

where

gjðs; uÞ ¼ eiðΓjðsÞ−ΓjðuÞÞhω̃jðuÞjẋ0ðuÞi: ðA21Þ

We aim to bound the norm kδxðsÞkη. Because of the
biorthogonality relation, by using the pseudoinner product
definition in Eq. (A14), we obtain

hδxðsÞjδxðsÞiηðsÞ ≈
X
j

����
Z

s

0

e−iTΦjðuÞgjðs; uÞdu
����2: ðA22Þ

We assume that ωiðsÞ, which represent the approximations
of the excitation energies over the ground state, do not
vanish. Nowwe can evaluate the integral in Eq. (A22) using
integration by parts and neglecting the second part since it
is asymptotically smaller for large T,

PHYSICAL REVIEW LETTERS 134, 130601 (2025)

130601-8



kδxðsÞk2ηðsÞ ≈
X
j

���� iT gjðs; uÞ
ωjðuÞ

e−iT
R

u

0
ωjðu0Þdu0

����u¼s

u¼0

����2:
After some algebra, we find the following upper bound for
kδxðsÞk2ηðsÞ,
�
2maxs;s0;jje−iðΓjðsÞ−Γjðs0ÞÞjmaxskẋ0ðsÞkηðsÞ

Tmins;ijωiðsÞj
�2

: ðA23Þ

In cases where ωiðsÞ vanishes, we would have a degene-
rate ground state, and the assumptions of the pseudo-
Hermitian adiabatic theorem would not be valid. The same
occurs if kẋ0ðsÞkηðsÞ diverges at some critical point sc,
due to a spurious phase transition that may appear if the
manifold is not sufficiently expressive [24].
In conclusion, let us write the time-dependent variational

state as jψVS
x ðsÞi ¼ jψVS

0 ðsÞi þ jδψðsÞi, where jψVS
0 ðsÞi is

the variational ground state. If the variational parameters x
are close to the ground-state variational parameters x0,
we can perform a first-order expansion centered on x0,
leading to

jδψi ¼
X
μ

∂xμ jψVS
x ijx¼x0δxj; ðA24Þ

where we dropped the s dependence for conciseness. The
inner product of partial derivatives defines the real-valued
metric g and the symplectic form ω on the variational
manifold [25],

h∂xμψVS
x j∂xνψVS

x i ¼ 1

2
ðgμ;ν þ iωμ;νÞ: ðA25Þ

Finally, by restoring the s dependence, we have

kδψðsÞk22 ¼
1

2
δxðsÞTðgðsÞ þ iωðsÞÞδxðsÞ

≤
jλmaxðsÞj

2
kδxðsÞk22

≤
jλmaxðsÞj
2ΛminðsÞ

kδxðsÞk2ηðsÞ; ðA26Þ

where λmax is the eigenvalue with the maximummodulus of
the Hermitian matrix ðgþ iωÞ, and Λmin is the minimum
eigenvalue of the positive definite metric operator η. If the
assumptions of the theorem are verified, this leads to
kδψðsÞk2 ¼ Oð1=TÞ, for s∈ ½0; 1�. ▪
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