PUBLISHED FOR SISSA BY 4) SPRINGER

1

RECEIVED: April 5, 2025
ACCEPTED: July 2, 2025
PUBLISHED: August 4, 2025

Modular transport in two-dimensional conformal field
theory

Mihail Mintchev®,* Diego Pontello b and Erik Tonni®?°

@ Dipartimento di Fisica, Universita di Pisa and INFN Sezione di Pisa,
largo Bruno Pontecorvo 3, 56127 Pisa, Italy

bSISSA and INFN Sezione di Trieste,
via Bonomea 265, 34136, Trieste, Italy

E-mail: mintchev@df.unipi.it, diegopontello@gmail.com, etonni@sissa.it

ABSTRACT: We study the quantum transport generated by the bipartite entanglement in
two-dimensional conformal field theory at finite density with the U(1) x U(1) symmetry
associated to the conservation of the electric charge and of the helicity. The bipartition given
by an interval is considered, either on the line or on the circle. The continuity equations
and the corresponding conserved quantities for the modular flows of the currents and of
the energy-momentum tensor are derived. We investigate the mean values of the associated
currents and their quantum fluctuations in the finite density representation, which describe
the properties of the modular quantum transport. The modular analogues of the Johnson-
Nyquist law and of the fluctuation-dissipation relation are found, which encode the thermal
nature of the modular evolution.

KEYWORDS: Field Theories in Lower Dimensions, Scale and Conformal Symmetries,
Non-Equilibrium Field Theory

ARX1v EPRINT: 2503.16368

Dedicated to the memory of Tvan Todorov

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP08(2025)021


https://orcid.org/0000-0001-5939-1139
https://orcid.org/0000-0002-5972-8392
https://orcid.org/0000-0002-2506-7012
mailto:mintchev@df.unipi.it
mailto:diegopontello@gmail.com
mailto:etonni@sissa.it
https://doi.org/10.48550/arXiv.2503.16368
https://doi.org/10.1007/JHEP08(2025)021

Contents

Qo

g aQa w »

Introduction

CFT with spacetime dependent velocities
2.1 Commutation relations
2.2 Evolution through spacetime dependent velocities

Conservation laws, currents and charges

3.1 Electric charge and helicity

3.2 Energy and momentum

3.3 Transformation generated by the generalized momentum
3.4 Heat

Infinite volume

4.1 Finite density representation on the line
4.2 Modular Hamiltonian

4.3 Modular conjugation

4.4 Modular correlators

Modular transport and fluctuations
5.1 Charge and helicity transport

5.2 Energy and momentum transport
5.3 Quantum noise

Finite volume

6.1 Finite density representation on the circle

6.2 Modular Hamiltonian and modular conjugation
6.3 Modular correlators

Modular transport and fluctuations at finite volume
Conclusions

Correlators in the fundamental representation
Currents involving the chiral primaries
Representations and automorphisms

Consistency checks for the correlators
D.1 Fermionic correlators at finite density
D.2 Positivity

D.3 Entanglement spectrum

10
12
13

13
14
14
18
22

24
25
30
34

37
37
38
42

44

51

52

54

55

58
58
59
61



E Modular evolution in the complementary region 62

F Integrals for the quantum noise 64

1 Introduction

Entanglement is a fundamental property of quantum systems which can be investigated
e.g. by considering a spatial bipartition identified by a subsystem A and its complement B.
Assuming that the Hilbert space is factorised accordingly and denoting by p the state of the
entire system, the reduced density matrix p4 = Trpp obtained by tracing out the degrees
of freedom associated to B determines an intrinsic internal dynamics known as modular
evolution [1]. This evolution is generated by the modular Hamiltonian K4 of the subsystem,
which is defined as p4 ~ e %4 and depends on the representation of the theory. A basic
feature of the evolution of any quantum system is the existence of conserved charges. Their
propagation in spacetime is implemented by the corresponding currents, which generate the
quantum transport [2—4]. In this paper we study the conserved charges, the currents and
transport properties associated to the modular evolution.

The modular Hamiltonian is known analytically in very few cases. The most important one
corresponds to the theorem of Bisognano and Wichmann [5, 6], which considers the bipartition
associated to half space of a local relativistic quantum field theory in its fundamental
representation. Another important class of examples is given by conformal field theories
(CFT) in two spacetime dimensions, where some modular Hamiltonians K4 of an interval A
are explicitly known and take a local form in various inequivalent representations [7—11].

In two-dimensional CFT, besides the fundamental representation, where the quantum
transport is rather trivial, other representations at finite particle density and/or finite
temperature have been explored [12-17]. When the left and right moving excitations have
different temperature, the underlying states are non-equilibrium steady states (NESS) [18-20]
and display interesting transport properties [13-16, 21]. Focussing on the zero temperature
case for the sake of simplicity, in this paper we study the modular evolution generated by the
modular Hamiltonian of an interval A for a CF'T in the state characterised by non-vanishing
chemical potentials and investigate the corresponding quantum transport.

We consider a local CFT in 141 spacetime dimensions with U(1) x U(1) symmetry,
implementing the electric charge and the helicity conservation. Along the modular flow,
conformal invariance fixes the one-point and two-point functions. In this way one determines
the mean values of the currents and their quadratic quantum fluctuations (noise), which
provide a physical picture the modular quantum transport in the system.

The paper is organised as follows. In section 2 we discuss the evolution of the basic CFT
chiral fields generated by a Hamiltonian depending on a smooth inhomogeneous velocity for
each chirality. In section 3 these evolutions are employed to construct currents, continuity
equations and conserved quantities in this inhomogeneous CFT. In section 4 we consider
the modular evolution for a CFT on the line in the finite density representation and the
bipartition determined by an interval is considered and in section 5 the corresponding modular
transport properties are investigated. In section 6 and section 7 these analyses are performed



for the finite density representation of a CFT at finite volume. Some conclusions are drawn
in section 8. Further results and technical details supporting the analyses described in the
main text are discussed in the appendices A, B, C, E, D and F.

2 CFT with spacetime dependent velocities

In this section we focus on some universal algebraic features of CFT in the two-dimensional
Minkowski spacetime which hold in any representation.

2.1 Commutation relations

Consider the chiral field algebras Ay = {74 (u), ¢+ (u), j+(u),...; u € R} generating the right
(+) and left (—) sectors of a CFT with U(1) symmetry. The algebraic properties defining the
theory are encoded in commutation relations involving the following chiral field [22-25]:

(i) the chiral components of the energy-momentum tensor 7, that satisfy
[Te(u), Ty (v)] =Fid(u—v) 0yTu(v) £ 216 (u—v) T (v) Fi ﬁ 8" (u—v) (2.1)
where c is the central charge of the CFT model;

(ii) the complex primary fields ¢4, with dimensions h., occurring into

[Te(u),px(v)] = Fid(u—v) Opdpr(v) ihg §'(u—v) ds(v)
[Te(u),¢i(v)] = Fid(u —v) 0@l (v) Fihsd (u—v)Pi(

which are consistent! with (2.1).

<
~—

(iii) the chiral components of a conserved current ji, with dimension h;, = 1, which
generate the U(1) transformations and satisfy

[J£(u),¢+(v)] = = 6(u— ) = (v) [J£(u), ¢1(v)] = 6(u—v)¢L(v). (2.4)
The commutators (2.4) imply that the charge of ¢ and ¢* are equal to —1 and 1
respectively. Moreover,

[i2(w), j2(v)] = Fig= 0 (w—0) (2.5)

where & is a real constant and the r.h.s. is known as Schwinger term.

In the appendix A we report some consistency checks for the commutators (2.1) and (2.5)
through the two-point functions in the fundamental representation which determines the
normalization of the two-point functions for ji and Tl..

In order to obtain a conventional quantum field theory structure from the above algebraic
setting, one should fix a Hilbert space representation H4 and H_ of the chiral algebras A
and A_ respectively. After smearing with smooth test functions, the elements of A4 act as
operators in H4 ® H_, that represents the physical state space of the system. Before fixing
H, in the following we employ (2.1)—(2.5) to obtain some results which are independent
of the representation.

'For instance, the Jacobi identity involving (2.1) and (2.2) holds.



2.2 Evolution through spacetime dependent velocities

In the following we consider a general setting where the temporal evolution of the right and
the left sectors of the CFT is characterised by two independent velocities Vi (u+), which are
smooth real functions depending on the light-cone coordinates u+ = x 4+ t. In particular,
we focus on the Hamiltonian

H= [ Vil Telws)dus + [ Vo(u) T (u) du (2.6)

where
Ti(u) = Te(u) — px j(u) (2.7)

being p+ defined as the chemical potentials associated to the two chiralities. The temporal
evolution in the physical ¢ generated by (2.6) with py = pu— = 0 and strictly positive velocity
Vi = V_ has been studied also in [26].

The evolution of the primary fields ¢4 (u) generated by (2.6) is

dx(T,u) = o o+ (u) e iTH (2.8)

where 7 will be called modular time to highlight its different role with respect to the physical
time ¢. Notice that the dimension of V4 determines the dimension of 7. Furthermore, we
remark that adding a real constant in the r.h.s. of (2.6) does not influence the corresponding
evolution (2.8).

Taking the derivative of (2.8) with respect to 7 provides the corresponding equation
of motion

Orps(tu) =1[H, ¢px(r,u)] =i [H,e™ ¢p(u)e ™ =ie™ [H  pp(u)] e ™. (2.9)
By using (2.2), the first commutator in (2.4) and (2.6), for finite values of u one finds
Oy (T,u) = &™H [ O;Vi(v) {0 = w) (£ 0 + ipa) b (u) F har D0 (v — u) P () } dve™
= o {4 Vi (u) (9 + ip) s () + 1t [0, Vi (u)] b () | o7 (2.10)
which leads to
Orpa(T,u) = £ Vi (u)(0y £ ips)dx (T, u) £ ha [0, Ve (u)] (T, u) . (2.11)
In order to solve (2.11), let us consider the following linear first order equation
Or&a (T u) = £ Vi (u) 0ués (7, u) (2.12)
with initial condition
4 (0,u) =u. (2.13)

We assume that Vi(u) are smooth functions with a finite number of zeros; hence they are
finite functions for any finite value of u. We introduce w4 (u) through the following condition

Wy (u) = (2.14)




and consider the interval A = [a, b] identified by two consecutive zeros of Vi (u), i.e.
Vi(a) =Ve(b)=0. (2.15)

When u € A, the function w4 (u) is monotonic and therefore its inverse function wx!(u)
is well defined. In this case, we define

Ex(,u) = wit(we(u) £ 7). (2.16)
The functions &4 (7, u) satisfy the initial condition (2.13) and

Vi (f:l: (T, u)) .

O (7 u) = £ Vi (Ex(r,u) Oubs(m ) = =y

(2.17)

The solution of the equation of motion (2.11) is
¢x (1, u) = eFrElbe(mu)—ul 19 e (7 u)]hi P (Ex(T, 1)) (2.18)
and satisfies the initial condition
¢+(0,u) = ¢+ (u). (2.19)

Analogously, the evolution of the primary fields ¢ is described by

9L (7, w) = T (9,64 (r )] ™ 9L(6x(7, ). (2:20)
The above considerations can be applied to explore also the evolution of the chiral
itH j:t (u) e—iTH

of motion is affected by the Schwinger term in (2.5) and has the form

currents generated by (2.6), namely ji(7,u) =e . The corresponding equation

Orjis (7o0) = % Vi (u) B (7, 1) % [0 Ve (u)] e (7, 1) % ’Z‘Ti B Vilu)  (2.21)
= 40, [Va(u) ju(ru)] + "QL; 0V (w) (2.22)

with initial condition ji(0,u) = ji(u); whose solution is
g (r,u) = [0uba (1, u)] Jix (€ (T 1)) — % [1— Oubs(r,u)] . (2.23)

The continuity equation (2.22) can be written also as

. . R4
Dr (7 u) = £ 0, | Vi (u) <Ji(7, u) + 2‘;)} (2.24)
or, equivalently, as
, Kt , Kbt
Or (]i(T, u) + M) =40,| Vi(u) <]i(7', u) + M)] . (2.25)
27 27
In the representations investigated in this manuscript, the mean value of ji(7,u) + =

vanishes (see (4.1) and (6.1), with the velocities given by (4.7) and (6.9) respectively). The
previous observation leads us to realise that (2.22) is equivalent to

0, (Ju(rou) + a2 ) =0, Vaw) (4:(rw) + ax 35 )] £ (1 - an) St 0,10
(2.26)



where a1 and a4 are real constants. However, in our analyses we mainly consider the case
where a4+ = @4+ = 0, as discussed in section 3.1.

The evolution of Ty (u) generated by (2.6), i.e. Tu(r,u) = T T (u)e ™ can be
explored by employing (2.1), (2.2) and (2.5), which lead to?

0;Te(1,u) = £ Vi (u) 0, Te (1, u) £ 2[0, Vi (u)| T (T, u) F ﬁ OV (u) F s Ve (u) Oy (1, 1)

(2.29)
where ji (7, u) is given by (2.23). The occurrence of ji(7,u) in (2.29) leads us to consider
the evolution of 7T (u), namely Ti(t, ) = e To(z) e *#. Indeed, the equation of motion
for these fields reads

2
O T (7, ) = £ Ve ()0, T (r, ) £2[0, Vi (w)] T (7 0) F 5= O,V () F 5= D2V () (2:30)

with the initial condition 73 (0,u) = 71 (u), where only the field 74 (7, u) occurs.
Multiplying both sides of (2.30) by Vi (u), we obtain the following equivalent form

2
0r [V () Tae(ry )] = .0 [V (0)* Toe (7, )] F 0 0,V (w)? F 5= Vie(w) B3V (w) . (2:31)

This differential equation can be arranged as

_mHp |
Or | Vi (u) | Te(1,u) ym =40,

K 2 C
Vi (u)? (7}(7, u) - fﬂiﬂ F o Ve(w) OV (u) .
(2.32)

As done in (2.26) for the differential equation for ji(7,u), (2.32) can be written also in a
general form involving the constants a+ and @+ that we do not find worth reporting here.

In the finite density representation on the line, where the mean values (4.1) and the
velocity Vi (u) = V(u) in (4.7) must be used, the operators Ti(7,u) — % have vanishing
mean values and 95V (u) = 0. Instead, in the finite density representation on the circle of
length L, where the mean values (6.1) and the velocity Vi(u) = Vi(u) in (6.9) must be
employed, it is more convenient to write (2.32) as follows

o2 c K2 c
o, [Vi(u) (’@E(T, WS+ L2> Vi (u)? (Tﬂ:(ﬂ W=t 1&2)]

=40,

C 71'2
+ Gy (21/28UVi(u)2 + Vi(u)(?ZVi(u)> . (233)

Indeed, in this representation the operators within the round brackets in (2.33) have vanishing
mean values and QLL; 0uVL(u)? + Vi (u) 02V (u) = 0 for the velocity (6.9).

2The evolution in the physical time ¢ is generated by (2.6) with constant velocities Vi and g+ = 0. In this
case, from (2.1), one finds
0T (t,u) = £V4 0, T4 (¢, u) (2.27)

whose solution is
Ty(t,u) = Ty (u £ Vit) (2.28)

‘We choose the convention where Vi = 1.



The solution of (2.30) reads

_c
247

K 2
Ti(ryu) = [0u&e (r )] TG (ryw) + == {1 = [0u8e(m )} =

Amr Suléx](m,u) (2.34)

where S,[€](7,u) is the Schwarzian derivative of the functions &4 (7, u), i.e.

Oné(ru) 3 | 05E(T,u)

2
Sulél(T,u) = m 5 [auf(T,u)‘| . (2.35)

The solution (2.34) has been found by exploiting the following identity
0-Sul€s](r,u) = + Vi (u) 0uSul€x](T,u) £ 2[00V (w)] Sulé)(r,0) £ Ve (u)  (2.36)
which is a consequence of (2.12) and (2.35). Multiplying (2.36) by Vi(u), it can be written as
Or{Vi(u) Sul€e)(r,u)} = £ 0u{ Ve (w)® Suléx](m,w)} £ Vi (u) iVe(u).  (237)

By employing the second expression in (2.17), one finds that (2.35) can be expressed as follows

Ve ((r,w)’ %w@mmy;(mm@wwvj

Sy [6:‘:] (7—7 u) =

Vi (u)? Vi (&(,u)) 2\ Vi (&(T,u))
2Vi(u) 1/0,Va(u)\?
_l Vi (u) _2(Vi(u)> ] (238)

This result will be applied in section 4.2 and section 6.2 for specific expressions of Vi (u).

3 Conservation laws, currents and charges

In this section we discuss the conservation of some charges in the spacetime diamond
Dy={(z,t): a<up <b,a<u_<b} (3.1)

corresponding to the domain of dependence of the interval A = [a, b], which can be identified
by two consecutive zeros a < b of Vi (u). The spacetime coordinates (x,t) of the vertices of D4
are P, = (a,0), P, = (b,0), Pioo = (“T‘H), b_T“) and P_, = (“T‘H’,—IJ_T‘Z). The function (2.16)
provides &4 (7, u4 ), which allow to construct the trajectory in D4 parameterised by 7 € R

whose generic point has spacetime coordinates

Ei(Tus) + & (T,u") Hr) = Ei(myug) =& (T,u")

. 5 (3.2)

x(t) =
where (uy,u_) are the light-cone coordinates of the initial point corresponding to 7 = 0.

3.1 Electric charge and helicity

From the commutation relations (2.4), the electric charge density at 7 = 0 is

o(r =0;2,t) = ji(ut) + j-(u-) (3.3)



where uy = x +t are the light-cone coordinates. Hence, its modular evolution reads

Q(T;l’,t) Ej+(T, u-‘r) +j—(7—7 u—) (3'4)

where ji(7,us) are given by (2.23).

We remark that the quantity (3.4) and all the subsequent ones defined in a similar way
depend both on the physical time ¢ associated to the Hamiltonian of the CFT and on the
evolution parameter 7 associated to the Hamiltonian (2.6), which will play the role of the
modular Hamiltonian from the next section.

By using (2.21) and 0, = Oy, + Oy_, for p+ = 0 we find the continuity relation

87'9(7—;-T7t) = *axjx(7—§xvt) (3.5)

where
Jo(Ti2,t) = = Vi (uy) g (7, uy) + Vo (u-) j-(7,u-) (3.6)

defines the space component of the electric current when spacetime dependent velocities
Vi(us) occur. In the special case of Vi (uy) = V_(u_) = 1 identically and for 7 = 0,
from (2.23) we find that the current (3.6) becomes

jm(T =0; mvt)|v_~_:{/ﬁ:1 = _j+(u+) +j—(u—) (37)

i.e. the standard CFT expressions employed e.g. in [13-16], which has vanishing expectation
value in the fundamental representation.

When py # 0, the Schwinger term in (2.5) generates an additional contribution with
respect to (3.5). In the case we are exploring, given the definition (3.6), by employing (2.21)
and 0; = 0y, — 0,_ we find the following continuity equation

, K
Oro(tiz,t) = — Oy ju(T52,1) + o O ps Vi (ug) + - Vo (u-) ] (3.8)
which naturally leads us to introduce the following t-component for the charge current

Je(rsat) = o= [ Vi (ug) + pe Vo (us) | (3.9)

K
27
which is independent of 7.

We emphasize that, from either (2.21) or (2.24) and 0, = Oy, + Oy_, it is straightforward

to observe that (3.8) can be written also as

Oro(mi 1) = = Dujalrse,t) + o= Dal g Vi (uy) = o Vo(us)] (3.10)
= =0, (G ) = oo [ Vilus) = V-(u)]) . (D)
This observation, or (2.25), leads us to introduce instead the operators
olriat) = (d(ru) + 5 )+ (i) + ) (3.12)
and
i) = = Valwp) (urus) + e ) 4 V(o) (i) + 55 (313)



which satisfy the following continuity equation also when uy # 0

In section 4.1 we will see that the operators (3.12) and (3.13) have vanishing mean values in
the finite density representation; hence they do not provide the operators employed in [13-16]
when 7 =0 and Vi (uy) = V_(u_) = 1 identically. Thus, in our analysis we mainly adopt
the definitions (3.4) and (3.6).

In the following, also for the helicity, the energy and the momentum we can introduce
operators having vanishing mean values in the finite density representation and playing the
same role of (3.12) and (3.13). The above considerations are straightforwardly adapted
to these operators.

By employing (3.9), the continuity relation (3.8) takes the form

aTQ(T;Q:?t) = _8wjx(7—§xat) +atjt(7'§$7t) (315)
which can be rewritten also in following covariant form
a‘rQ(T;ZEa t) = auj“(T;x,t) (3.16)

via the Minkowski metric 7,,, = diag(1, —1) in the spacetime parameterised by z# = (t, x),
that allows to raise the index of the vector j, = (ji, jo), finding j* = (ji, —jz)-

We remark that the arbitrary additive constant shifts in (3.6) and (3.9) can be fixed
also by requiring the vanishing of these quantities at the vertices P,, Py, P1oo and P_o, of
the spacetime diamond D4 in (3.1), i.e. for uy € {a,b}.

From (3.4), we can define the total electric charge in Dy as

_ b b
Qa= [ olriwtdode=" 2a< | asrundu+ | j(m)du) (3.17)

which is independent of z and ¢ by construction. The independence of 7 in (3.17), i.e.
the condition 9;Q 4 = 0 corresponding to the conservation of Q)4 in Dy, follows from the
equations of motion for the currents in (2.21) combined with (2.15).

From (3.6) and (3.9), notice that 0,j, is non vanishing, while 9,;j; = 0, being j;
independent of 7. In particular, by employing (2.22) we obtain

Orju(Tim,t) = = Ou [V (up)? jy(ryup) ] = Oy [Vo(us)? ji(us) ]

O, Vi (uyp)? O V_(u_)? .

7 +2( +) j+(7',u+)+2( ) J—(1,u) (3.18)
K 2 2

- 747_‘_ {,Uq_ 8u+V+ (U+) + p— &LV_ (U_) :|

which implies that j,(7;x,t) does not correspond to the density of a conserved quantity in
the diamond D4. This happens because of the terms in the second line of (3.18); indeed the
first line and the third line can be written as total derivatives e.g. in x and ¢ respectively.

The helicity can be investigated in a similar way. Since ¢4 and ¢_ have opposite helicities,
the commutators (2.4) lead us to introduce the following density

X(T;l‘,t) Ej—l—(Tv U+) —j_<T,U_). (319>



From (2.21), we find the continuity relation
Orx(Tyx,t) = Ouky (152, t) — Onky(Ty2,t) = OpkH (152, 1) (3.20)
where the components of the helicity current are defined as

kw(’i';.%',t) = - V+<U+)j+(7', U+) - V_(’U,_)j_(T, u—) (321>

K

ki(rs2,t) = o [ Vi (ug) — pm Vo (u-) | (3.22)

which vanish for uy € {a,b}. The helicity charge in D4 following from (3.19) is

_ b b b
QAE/D X(7;x,t)dedt = 5 ¢ (/a j+(7',u+)du+—/a j_(T,u_)du_>. (3.23)

This quantity is independent of z, ¢ and also conserved, i.e. independent of 7, as we can
find from (2.21) and (2.15).
3.2 Energy and momentum

The energy density can be introduced from (2.6) as follows
E(rya,t) = Va(uy) T (7 us) + Vo (uo) To (7, u-) + fo-(us) + f-(u-) (3.24)

and fy(ug) are real functions that can be exploited to fix the mean value of this operator
but they do not influence the following analysis because they are independent of 7.
The equations of motion (2.30) lead to

K 2 C
OrE (i) = D [Vi(ws) Talryug) | = 555 O [Vi(us)?) = 51 Vielug) 93, Vi(uy)
KR 2 C
= Oy [ Vo (uo)? T (ryus) | + % Ou_ [Vo(u)?] + o V- () B V_(u_).
(3.25)
By using the following identity
Bu(V (u)? VIV](w)) = V(u) 53V (u) (3.26)
where . , )
V[V](u) = “//((5)) - % [“//((S” (3.27)

and the fact that 0, = 0y, + 0y_ and 0; = Oy, — 0,_, the differential equation (3.25) can
be written also in the form of the continuity relation

O-E (5w, t) = O Ti(75 2, t) — 0pTo (T ,t) = 8, TH (T3 1, 1) (3.28)
where
To(Ti2,t) = — V+(u+)2 Ti(ryug) + Vo (u,)2 T_(T,u_) (3.29)
Tursw,t) = = 1= {12 Vilug)? + 2 Vo (u-)?}
c

- V(w2 VIV () + Voo PVIV )} + G (330)

,10,



We remark that (3.29) satisfies
jx(T = 0; x7t)|v+zv_:1 = - 73!'(“4-) + 71(“-) (331)

whose expectation value in the finite density representation (see (4.1)) agrees with the

corresponding result found in [15] at zero temperature. In (3.30) we have introduced the

constant C' 7 because, while J,, vanishes for uy € {a, b}, this condition is not guaranteed for 7;.
The energy density (3.24) leads us to define the total energy in Dy as follows

Ea= | E(ryx,t)dedt (3.32)
Da

b—a

T2 (/ab[‘@(m)ﬂ(ﬂm)+f+(U+)}dU++/ab[v_(u_)’r_(7,u_)+f_(u_)]du_>

which is constant, i.e. independent of x, ¢t and 7. Its conservation along the 7-evolution, i.e.
the fact that 0, E4 = 0, is obtained from the continuity equation (3.25), the identity (3.26)
and the condition (2.15).

By employing (2.31), from (3.30) and (3.29) we obtain respectively 0,J; = 0 and

O To(Ts2,t) = — 00 [ Vi (ug)* Too(mug) ] — Ou_[ Vo (us)® Too(r,u) ] (339
w3 L, Vo (ul)3
3 Qe 2V

KT 2 3 2 3 c 2 53 2 03
o |1 9u Vi (ug)® 2 0 Ve (un)® | o | Vi () 0 Vi () 4+ Ve () 05 V()

which tells us that J,(7;x,t) is not the density of a conserved quantity in the diamond.
We find it worth introducing also the following generalized momentum density

E(rimt) = Vi (u) To(ryuy) = Vo (u) T (ryu) + falus) — f-(u_)  (3:34)
where for the real functions fi(us) we can repeat the considerations made below (3.24).
The equations of motion (2.30) give

~ K 2 C
OrE(Tia,t) = Ouy [Vi(uy)? T uy) ] — B Ouy [V (ug)?] = o= Vi (uy) 05 Vi (uy)

2w 241
+Ou_[Vo(u_)* T (7, u )]—%8 [Vo(u_)?] — ——V_(u_) 83 V_(u_)
—LYAR s IR B DY S 2 N T T
(3.35)
or, equivalently,
875(75 r,t) = axjt(T;:L“,t) — @;jx(T; x,t) = 8l“7~“(7';$, t) (3.36)
where
To(ri2,t) = = Vi (up)? To(roug) — Vo (u )2 T (1) (3.37)
Jilrsa,t) = = g W Vil =2 V- (0}
c

s (Vi@ P VIV ) Vo PV} + 05 (339)
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In analogy with (3.32), the momentum density (3.34) leads us to introduce the total

momentum in D4 as follows

Ey= | &z t)dedt (3.39)
Dy

o Plateorminn s e |

b

Vo (u) T (rus) + f- (u_)}du_>

which is independent of x, ¢t and also of 7, as it can be found from the corresponding continuity
equation (3.35), the identity (3.26) and the condition (2.15).
The application of the above analysis to the chiral primaries is discussed in the appendix B.

3.3 Transformation generated by the generalized momentum

The operator (3.34) provides the following evolution operator

PE/O:O{V+(U+)T+(Tau+)+f+(u+)]du+—/

—0o0

oo

Vo) T (ryus) + f-(u) | du_ . (3.40)
The evolution of a primary ¢. generated by (3.40) reads
dr(\ u) = M gy (u) e (3.41)

and it can be studied by slightly modifying the analysis described for (2.8). This leads to
the following equation for (3.41)

o= (N 1) = Vi (u) (90 £ i) b (A, ) + et [0, Vi (w)] 6 (N, w) (3.42)
with initial condition ¢+ (0,u) = ¢+ (u), which can be solved through (4 (), ) satisfying
NN u) = Vi(u) OuCe (N u) (3.43)

with the initial condition
C+(0,u) =u. (3.44)

which can be compared with the differential equation (2.12) and its initial condition (2.13)
respectively. The solution of (3.43) and (3.44) can expressed for u € [a,b] between two
consecutive zeros of Vi in terms of (2.14) as follows

G\ u) = wit (wa(u) + N) (3.45)
which is slightly different from (2.16). The expressions (3.45) satisfy

V. AU
BGOw =ValeeO) D) = SR

Vi (u)
Comparing the functions in (3.45) with the ones in (2.16), we observe that (4 (A, u) = £+ (A, u),
while (— (A, u) = £&_(—A,u). The infinitesimal transformation is obtained by expanding (3.45)
for small A and this gives (see also the remark 4.2 of [26])

(3.46)

(N u) = u+ Vi(u) A+ O(\?). (3.47)

For constant velocities Vi, we have (4 (A, u) = u+ Vi for (3.45), i.e. the spatial translations.
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By using (3.45), for the evolution (3.41) we find
Ga(N u) = FH=EAN T 9, C (0 u)] ™ fa (Ca (A1) (3.48)

which satisfies the initial condition ii(o, u) = ¢+ (u), as expected. Notice that the r.h.s’s
of (2.18) and (3.48) are formally identical. Thus, as for the evolutions in A of j+ and of T4, i.e.

je(\u) = Y g (u) o M T\ u) = Y T (u) oM (3.49)
we find that they are given by the r.h.s’s of (2.23) and (2.34) respectively, with &4 (7, u)
replaced by (4 (A, u).
Finally, from (3.45) one introduces the trajectories in D4 generated through the evolution
governed by (3.40), as done in (3.2) for (2.16), whose spacetime coordinates read
C+(A7U+) +C—()\au—) C—F(A:u—i-) — C—()Hu—)

z(\) = . tH\) = >

(3.50)
where A € R and (uy,u_) are the light-cone coordinates of the point corresponding to A = 0.

3.4 Heat

Any linear combinations of the above conserved currents defines a conserved current as
well. From non-equilibrium thermodynamics [27], it is known that the heat density in the
system is described by

M(ryz,t) = E(T52,t) — pe o(T; 2, t) — g x(75 2, 1) (3.51)

defined through (3.4), (3.19) and (3.24), where the electric charge and helicity chemical
potentials are the combinations

fe = pg + i [th = fig — H— . (3.52)

Accordingly, the heat flow in the system is generated by the currents

Qu(Ti2,t) = Tp(T32,t) — pe Ju (T3 2,1) — i, k(75 2, 8) (3.53)
qi(T; 2, t) Ti(T52,t) — pe Je(Ty2,t) — pp ke (752, 8) . (3.54)

Combining (3.51) with (3.17), (3.23) and (3.32), for the total heat in the diamond D4 we have

Ma=FEa—p1eQa—pinQa (3.55)

which is independent of x, ¢ and 7.

4 Infinite volume

In this section we consider the finite density representation of the CFT on the line, which
is characterised by the mean values reported in section 4.1, and the modular Hamiltonian
corresponding to the bipartition provided by an interval. The results of section 2.2 are
employed to discuss the modular evolution of the fields (section 4.2), the modular conjugation
and its geometric action (section 4.3). The modular correlators are considered in section 4.4.
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4.1 Finite density representation on the line

In the finite density representation of the CFT on the line, the mean values of the basic
chiral fields described in section 2.1 are

_ ~ ke _ Rk
ele =0 Gels =22 (Ta(u = 2=, (@41)

These expressions are obtained from the corresponding ones in the fundamental (ground state)
representation mp, where all these one-point function vanish (see the appendix A) through
an automorphism v, = ~,, ® v,_, as discussed in the appendix C. This automorphism
provides the state €2, from the ground state {29, which corresponds to 4+ = 0. The finite
density representation is given by my o v,. In the following we denote my o v,[O+] just by
O, with a slight abuse of notation.

This procedure can be employed to find also the two-point functions of these fields
in the finite density representation listed below, that are obtained from the ones in the
fundamental representation, as explained in the appendix C). The two-point functions of
¢+ are (see e.g. [28] for us = 0)

eFimht oEips (u—v) eFimht (Fipt (u—v)

(¢%(u) p£(v))y = {9+ (u) 91 (0))} = - (42)

27 (u — v F ig)2h=+ 27 (u — v F ig)2h=+

The two-point functions of ji contain the constant x and read

K 1

(J£(u) jx () = 2 (u—vFie)? (4.3)

while the two-point functions of 71 depend on the central charge ¢ as follows

c 1
o O 4.4
T T = 55 i (4.4)
The positivity of (4.2)—(4.4) imply hs > 0 (see the appendix D), k > 0 and ¢ > 0 respectively.
Furthermore, we have that

(Tae(u) g () = = pat (G (w) g ()7 - (4.5)

The connected mixed correlators involving fields having different chiralities vanish identically.
When ¢ + x are chosen as light-cone coordinates, the Fie must be replaced with —ie in
all the chiral two-point functions occurring in this manuscript.

4.2 Modular Hamiltonian

The results discussed in section 2.2 can be employed to investigate some modular Hamiltonians

in two-dimensional CFT corresponding to the spatial bipartition provided by an interval [7-10].

In the following we consider a CF'T on a line and in the finite density state characterised

by the correlators reported in section 4.1. The spatial bipartition of the line is given by the

interval A = [a,b] and its complement B = (—o0,a) U (b, +00). In this setup, the modular
Hamiltonian of the interval A reads [9, 11]

K2

K 2
KA:/AV(U+> [71(“#—15:1 du++/AV(“—) lT—(“—)_

du_ (4.6
| du (4.6)
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in terms of the chiral operators (2.7), with

V()= 2r 0=Wluza) 1 ue A (4.7)

b—a w

where

w(u) = % log(—Z:Z) . (4.8)

The modular Hamiltonian (4.6) can be obtained by applying the automorphism ’y;l described
in the appendix C to the corresponding modular Hamiltonian in the fundamental representa-
tion (see (C.9)). Notice that the integrand in (4.6) corresponds to the special case of (3.24)
where Vi (uy) = V(ux) and fy(ug) = —%V(ui).

The modular Hamiltonian of the complement B can be found by exchanging a and b
in (4.7) and (4.8) (in the latter equation also the global sign in the argument of the logarithm
must be inverted in order to have a well defined function); hence V' changes its global sign.
Notice that —V(u) > 0 when v € B. This leads to

Kut S
A&e::/;<—-vxu+>>[7;(u+>—-4ﬂ]du+—%/;<——v%u_>)[7:<u_>—-LQT]du_. (4.9)
We remark that the weight functions in (4.6) and (4.9), which are given by V(u) and —V'(u)
respectively, are positive in the corresponding domains. The modular Hamiltonians (4.6)
and (4.9) provide the full modular Hamiltonian for the bipartition and the finite density
state €, that we are considering, which reads

K=Ks®15—-14® Kpg (4.10)
00 2 00 2
— _ kB _ RuZ
—/wvwn{nwg 4W]mu+/wvw>yrw> 4W]w
K 2
We remark that, because of the choice fi(uy) = —%V(ui), this full modular Hamiltonian

satisfies (K'), = 0, which is a straightforward consequence of the constraint K €2, =0 (see
eq. (V.2.7) of [1]). The full modular Hamiltonian (4.10) corresponds to the special case of (2.6)
where V, (u) = V_(u) = V(u) is the velocity (4.7) (which vanishes only at the endpoints of A)
and 71 (u+) are the operators in the finite density representation introduced in section 4.1.

The modular evolution generated by the full modular Hamiltonian (4.10) can be inves-
tigated by specialising the results discussed in section 2.2 to Vi (u) = V_(u) = V(u) given
by (4.7). In this case (2.16) becomes

(b—u)a+ (u—a)be*T

Ex(T,u) = &(E£T,u) &(r,u) =)+ (u—a) 2

(4.11)

Although this expression has been obtained for u € A, it can extended to u € B; indeed,

it is invariant under the transformation that exchanges a and b and replaces 7 with — 7.

Another way to find this result is to consider w(u) = % log(s—:g) for v € B introduced

above and observe that the expression @ !(@w(u) — 7) obtained from such w(u) (see (2.16)
combined with (4.10)) coincides with the one given in (4.11). Notice that £(7,u) in (4.11)
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with oo =

au+S be2™ —_q /3 _ ab(1—e?™7) _e?rr_
yu+d? b—a - b—a ’ ~ b—a

and § = b‘f_ezﬂ; hence it is not a transformation of SL(2,R) for any value of 7 because
ad — By = >, which is different from one for 7 # 0.
For every 7 € R, we have that {(7,u) € A when u € A and &(7,u) € B when u € B.

Moreover, given u € R, one observes that £(7,u) — bas 7 — 400 and {(7,u) — a as 7 — —oc.
+

can be written in the form {(r,u) =

When u € B, a finite value 7o (u) for 7 occurs such that {(7,u) — £oo when 7 — 7o (1)
It corresponds to the zero of the denominator of (4.11) and its explicit expression reads [29]

o) = log<u_b)- (4.12)

2T uU—a

which is 7o (u) < 0 when u > b and 7o(u) > 0 when u < a.

The modular evolutions of ¢, j+ and 75 are obtained by plugging (4.11) into (2.18), (2.23)
and (2.34) respectively. We remark that the Schwarzian derivative (2.35) for (4.11) vanishes
identically, i.e. Sy[¢](T,u) = 0.

From (3.2) and (4.11), we get the modular trajectories in the spacetime as follows

I(T) _ 5(7-7 u+) +2§(_Ta u*) t(T) _ 5(7-7 u+) _25(_7_7 u*) (4‘13)

where (uy,u_) are the light-cone coordinates of the spacetime point corresponding to 7 = 0.

The domain of dependence Dy of the interval A is the diamond made by the points with
light-cone coordinates u+ € A and it corresponds to the grey rhombus in figure 1. Its vertices
P,, Py, Pi and P_., have light-cone coordinates (uy,u—) € {(a,a),(b,b),(b,a),(a,b)}
respectively. Let us introduce the partition of D4 provided by the light rays from its center
P,, whose light-cone coordinates are uy = u_ = aTer (see the dot-dashed segments in Dy
in figure 1). This gives D4 = Dg U Dy, U Dx U Dy, where D; belongs to the right wedge,
the left wedge, the future cone and the past cone of P, for i € {R,L,F, P} respectively. A
modular trajectory (4.13) whose initial point corresponding to 7 = 0 belongs to D4 entirely
stays within D4, for any real value of 7. In particular, its endpoints are the vertices P,
and P_.,, which are reached as 7 — +o00 and 7 — —oo respectively. In figure 1 the red
and blue solid lines are the modular trajectories whose initial points are the red and blue
dots respectively. The modular trajectories whose initial point has light-cone coordinates
(us,u_) such that uyx € A span the diamond Dj4.

As for region R 4 made by the points with light-cone coordinates u+ € B (light blue region
in figure 1), it can be naturally partitioned into four regions, i.e. R4 = Rg URL U Rr U Rp,
where R; is the infinite region that shares a vertex of D4 with D; and belongs to the right
wedge, the left wedge, the future cone and the past cone of P, for i € {R,L,F, P} respectively.
The modular trajectories (4.13) with initial points at 7 = 0 in R 4 span the entire domain
R4 (in figure 1, see e.g. the green, yellow and brown solid lines, whose initial points are
the dots having the corresponding color). A modular trajectories which does not belong to
the vertical line passing through P, and P_, has a non trivial intersection with Rp, Re
and either Ry or R, depending on whether the z-coordinate of its initial point at 7 = 0
(whose light-cone coordinate are uy) is either > (a +0)/2 or < (a + b)/2 respectively
(instead, the single modular trajectory belonging to the vertical line passing through Py .o
and P_. intersects Rp and Ry only). The two transitions from Rp to R; and from R;
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Figure 1. Modular trajectories generated by either the modular Hamiltonian (4.10) (solid lines)
or the modular momentum (4.14) (dashed lines), obtained from (4.13) and (4.15) respectively. The
coloured squares denote the images through the modular conjugation (4.22) of the spacetime points
corresponding to the dots having the same colour. The dot dashed segments identify the partition
Da = Dr UDy, UDp UDp of the diamond D 4.

to Rg, where i € {L,R}, occur at two finite values of 7 given by 7oo(u4) and 7oo(u_), in
terms of 7o (u) introduced in (4.12) [29].
We remark that all the modular trajectories arrive to P, and P_o as 7 — +00 and
T — —o0 respectively, independently of whether the initial point is either in D4 or in R4.
The modular momentum operator is obtained by specialising (3.40) to the case that
we are investigating, finding

00 K 2 © K 2
P= [m V(ug) [ﬂ(U+) - f;] duy — [W V(u-) lT—(U—) - ,u_} du— (4.14)

where V' (u) has been introduced in (4.7). This operator provides a transformation of the
fields that can be written by specialising the results of section 3.3 to Vi (u) = V_(u) = V(u).
The corresponding modular trajectories in the spacetime are obtained from (3.50) in the
same way and the result reads

C()‘v u+) + C()" u*)
2

C(Av u+) - C()" u*)
2

z(\) = t(\) = (4.15)
where A € R and (uy,u_) are the light-cone coordinates of the initial point at A = 0. The
initial point can be either in D4 or in R4 and the entire modular trajectory (4.15) belongs to

the same region for all finite real values of A, reaching P, and P, as A =& —oc and A — +00
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respectively. In figure 1 the dashed curves we show some modular trajectories generated by
the momentum operator, whose initial points are the dots with the same colour.

The above discussion is based on the fact that Vi (u) = V_(u), given by (4.7). Since the
assumption V4 = V_ has not been employed throughout section 2, it is straightforward to
extend our analysis to the boosted interval, which is characterised by two different bipartitions
along the chiral directions, determined by the interval (a4,by) and (a—,b_) for us and u_
directions respectively. When the CF'Ty is at finite densities, the modular Hamiltonian to
consider is (2.6) with the following weight functions

Vi(u) = op L= WU —ax) 1 u€ (ax,bs) (4.16)
by —ay w'y (u)
where
wi(u) = 217rlog<—z : Zi) . (4.17)

From section 2.2, we have that the modular evolution of a primary chiral field is given
by (2.18), where £ (7,u) is obtained by specifying (2.16) to this case. This leads to

(bs —u)ax + (v — ax) by €277

(bi — u) + (u — ai) e*2nT

§a(r,u) = (4.18)
which reduce to (4.11) when ay = a_ and by = b_, as expected. As for the modular
evolution generated by the modular generalised momentum (3.40) defined through the
weight functions (4.16) characterising the boosted interval, for a primary chiral field we
find (3.48) with

(br —u)agx + (u—ay) by e2m™A
(b —u) + (u — ax)e*™A

Cr(\u) =

(4.19)

From (4.18) and (4.19) it is straightforward to obtain the generalisation of figure 1 corre-
sponding to a region of spacetime determined by two different intervals (a4,b4) and (a—,b_)
along the chiral directions parameterised by vy and u_ respectively.

Let us conclude this discussion with a brief comment on the relation between the
operator (4.10) and the Tomita-Takesaki modular theory. Referring for details to [30], here
we observe that the K-flow generated by the operator (4.10) is well defined for conformal
fields with any dimension h+ > 0. With some abuse of terminology, such flow is usually called
modular flow, although strictly speaking it can be associated with the Tomita-Takesaki theory
only for quantum fields which are local, i.e. that either commute or anticommute at spacelike
distances. In CFT, this is certainly the case for fields with dimensions h4 € Z and hy € Z + %
Hence, according to section 2, the modular theory applies for the currents describing the
transport of electric charge and helicity (h+ = 1) and of energy (hy = 2). With the exception
of appendix B, in the following we focus on the modular properties of these currents.

4.3 Modular conjugation

The modular theory of Tomita and Takesaki [1, 31-34] is constructed through the modular

K

operator e, written in terms of the full modular Hamiltonian, and the modular conjugation

J, an antiunitary operator which leaves the state invariant and satisfies J = J* = J~!. For
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the bipartition and the state of the CFT we are considering, the modular conjugation has
a geometric action implemented by the real function j : R — R which can be obtained by
setting 7 = £1i/2 in (4.11) and reads [1]

boa)?
a—2}—b+5_2a)2+b

i(u)

(4.20)

which is a bijective and idempotent function sending A onto B. The map (4.20) is invariant
under a <> b and satisfies j'(u) < 0. We remark that (4.11) and (4.20) commute, namely

i(€(r,u) = &(7,i(u)) - (4.21)

Notice that j(u) in (4.20) becomes j(u) = 2a — u as b — +oo and j(u) = 2b — u as a — —oc.
In Minkowski spacetime, the geometric action of the modular conjugation J associated
to the state and the bipartition we are investigating can be written through (4.20) as follows

Z(z,t) = 5

J(U+)—|—J(U_) E(l‘,t) =
2

In figure 1 the points labelled by coloured squares are the images through (4.22) of the
points labelled by dots having the same colour. Considering the partitions of D4 and R4
introduced in section 4.2, we have that, for any assigned i € {R,L,F,P}, the idempotent
map (4.22) sends D; onto R; in a bijective way.

The image of the modular trajectories (4.13) through (4.22) has been studied e.g. in [29].
Within the context of the gauge/gravity correspondence, the holographic dual of (4.22) tor
t = 0 has been discussed [29, 35] by employing the geodesic bit threads [36, 37].

Considering a modular trajectory (4.13) in D4 with initial point P € D4 having light-cone
coordinates (uy,u_), its image under (4.22) belongs to R 4 and the spacetime coordinates
of its generic point read [29]

j(g(Ta U+)) + j(&(ifr’u*)) 7 J(é(T’ U+)) - j(§(77—7u*))

#(r) = 5 i(r) = 5 (4.23)

which can be written in an equivalent form by employing (4.21).

In [29, 30] it has been observed that the union of the modular trajectory (4.13) in Dy
and of the corresponding curve in R 4 obtained through (4.23) provides the hyperbola 7,
defined as follows

[w(r) = @) = t(7)” = & [#(r) — z0]” —(r)* = K} (4.24)

whose parameters are

upu- —ab V= u)us —a) b —u)(u —a)

x05u++u,—(a+b) o= ur +u_ — (a+Db)

(4.25)

in terms of the light-cone coordinates of the initial point P.
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Figure 2. The modular hyperbolae Z,, in (4.24) correspond to the red, blue and green arcs, while the
modular hyperbolae Z,, in (4.27) is made by the purple, orange and dark yellow arcs. The asymptotes
of 7, and Z, are the orange and blue thin straight lines respectively.

In figure 2, the point P corresponds to the black dot and its modular trajectory has
been partitioned into the green, blue and red solid arcs, corresponding to the intersection
of the modular trajectory with different D;, with ¢ € {R,L,F,P}. The black square is the
image of P under (4.22) and the image of each arc through (4.22) is indicated by the dashed
curve with the same colour. The asymptotes of the hyperbolae (4.24) are t = x — z¢ and
t = —x + xo (see the blue solid thin straight lines in figure 2).

It is worth considering also the modular trajectory (4.15) provided by the evolution
generated by the modular momentum operator (4.14) having the same point P € Dy
employed above as initial point at A = 0, where A € R is the modular parameter. In
figure 2, this modular trajectory has been partitioned into the purple, orange and dark yellow
solid arcs, which correspond to the intersection of the modular trajectory with different D;,
with i € {R,L,F,P}. The image of the modular trajectory (4.15) through (4.22) belongs
to R4 and reads
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In figure 2, the images under the inversion (4.22) of the solid arcs in purple, orange and
dark yellow partitioning the modular trajectory obtained from (4.15) are the dashed arcs
having the corresponding colour.

By adapting the construction of the hyperbola Z, to the evolution generated by the modu-
lar momentum operator (4.14), here we observe that the union of the modular trajectory (4.15)
and of its image under the map (4.22) described by (4.26) provide the hyperbola fp given by

2 2
-t = [s -T2 = [ -l - [a -0 =R )
where the parameters are
o =) - (50" VO u)( - O —u ) —q)
U_ — Uy Uy — U—

(4.28)
in terms of the light-cone coordinates of the initial point P. These expressions are well defined
whenever u4 # u_; indeed, for uy = u_ the hyperbola fp becomes the horizontal line ¢ = 0.
The two hyperbolas Z, and Z,, intersect at P € D, and at its image under (4.22) in R4.

It is worth describing the action of the modular conjugation on the fields of the CFT
considered in section 2. In the literature, this transformation has been considered e.g.
in [38, 39]. Since the geometric action of the modular conjugation is obtained from (4.11) at
T = 41i/2, the action of J on the basic fields of the CFT can be found by combining the fact
that J is antiunitary with (2.18), (2.20), (2.23) and (2.34). Thus, for the primaries we have

J pu(u) J = eFrel=w) yyhs gx (j(u)) (4.29)
J ¢t (u) J = eFrel=u) g phs 6 (j(u)) (4.30)

where, from (4.20), we have that j/(u) < 0. We remark that j'(u) — —1 as either b — +o0
or a — —oo. As for the currents and the operators (2.7) containing the energy-momentum
tensor, which are hermitean operators, we find respectively

Jis(w)J =) je(w) - 5= [1-7w)] (4.31)
and )
JTa(w) J = J () Ta(i(w) + “= [ 1=/ (w)?] (4.32)

where in the last expression we used that the Schwarzian derivative (see (2.35)) of (4.20)
vanishes identically, i.e. S,[j](u) = 0.
The transformation rule (4.32) can be employed to observe that

b b
J (/ V(u) T (u) du) J = / i'(w) V() Te(j(w)) i (v) du + const (4.33)
a +oo
= — {/ V(u) Tx(u) du + V(u) Tx(u) du | + const
—00 b
where we used that (4.7) and (4.20) satisfy the following identity

F() V() =V(ju)). (4.34)
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By applying (4.33) to (4.6), it is straightforward to find that (4.9) can be written as
Kp = J K4 J; hence the full modular Hamiltonian (4.10) can be equivalently expressed
in the following suggestive form

KEKA®IB—1A®(JKAJ) (4.35)

Since J €, = Q,,, taking the mean values of (4.29), (4.30), (4.31) and (4.32) in the
Lh.s’s one finds (¢+(w))puy, (0% (w))uy, (J+(u))p, and (Ti(u)),, respectively. By using (4.1)
in the corresponding r.h.s’’s, consistency is observed; indeed, the r.h.s’s of the expressions
in (4.1) are obtained.

The modular conjugation J allows us to investigate the modular evolution in R 4. Indeed,
considering a chiral operator O (u) placed at u € B, i.e. in the domain complementary to
A on the line, its modular evolution O4(7,u) can be written as

Ou(r,u) = 57 Ou(u) e 7 = 1T 7 Ou(u) e HK7TT = T [T (J Os(w) T ) e 7| ]
(4.36)
where we used that J is idempotent and that JeX7J = e!X7 (see e.g. eq. (V.2.9) of [1]). In the
last expression of (4.36), the operator J O (u)J is located in A; hence the same holds for its
modular evolution, which corresponds to the operator within the square brackets in the last
expression of (4.36). In the appendix E we have obtained explicit expressions for (4.36) when
O is either ¢4 or j+ or Ti, finding that the expressions for the modular evolutions given
by (2.18), (2.20), (2.23) and (2.34) with &4 (7, u) reported in (4.11) hold also when u € B.

4.4 Modular correlators

The two-point functions of the primaries, of the currents and of the energy-momentum tensor
along the modular evolution generated by the full modular Hamiltonian (4.10) can be written
by combining the results discussed in section 2.2 with the expressions reported in section 4.1.

As for the one-point functions, from (4.1) we can take the mean values of (2.18), (2.20),
(2.23) and (2.34) with £4.(7,u) given by (4.11), finding that they are independent of 7, i.e.
(4 (1)) py = (Pp+(1,u))u, for the primaries, (ji(u))u, = (j+(7,u)),, for the currents and
(T (w)py = (Tx(7,u)),, for the operators (2.7).

In order to investigate the modular two-point functions, we first observe that, when
u # v and T # 1o are real, for (4.11) we have

Oub(m1,u) 0v€(T2,0) (R(TH;U,U))Q (4.37)
[€(T1,u) — €(72,0)]? uw=v
where we have introduced
Ririu,v) = e2mw(u) _ g2muw(v) _ (u—a)(v—>0)— (u—>)(v—a) (4.38)

e2rw(u)tar _ e2mw(v)=mr  (y —q)(v —b)e™ — (u —b)(v—a)e T

which satisfies

R(t =0;u,v) =1 R(—1;v,u) = R(T;u,v) R(t+1i;u,v) = —R(—7;v,u) (4.39)
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In the derivation of (4.37) we used that

E(r,u) — &(m2,0) = p(g(’ziﬁz’)v) (u —v) (4.40)
in terms of (4.38) and of
(b—a)e™
b—u+ (u—a)e?"

p(T,u) g, u) =b—u+ (u—a)e* . (4.41)

The dependence on 712 in (4.37), which is not evident in the Lh.s., occurs because the product
q(71,u) q(79,v) simplifies in the ratio (see (4.40)). Notice that 2™ (%) in (4.37) is well defined
for u € R, although w(u) in (4.8) holds for u € A. Moreover, we remark that (4.37) is
invariant under the simultaneous exchange a <> b and 71 <> 7o.

For the primaries ¢+, from (2.18), (2.20), (4.1), (4.2) and (4.37), one finds the following
modular correlators

(@4 (11, 1) P+ (72, U)):ZE =

= eFizlbe(nu)—temv)—utvl(g e (71 u) 9,4 (s, U)]hi (%L (€ (T1,u)) O+ ((T2,v))) s

eEipt (u—v) oh
= m Wj:(:l:TlQ; u, U) + (442)
and
* e:Fiui(u—v) 2h
(b2 (1, 0) O (2, V)Y = g Wa(Fm23u,0)™ (4.43)
where we have introduced
e27rw(u) _ e27rw(v) 1
Wi(T; u, ’U) = uw—1 e2rw(u)+rT _ @2mw(v)—7wT iz (4'44>

When either u # v or 7 # 0, we can set ¢ = 0 and W4 (7;u,v) becomes

R(T;5u,v)

u—"v

W(r;u,v) = (4.45)

in terms of (4.38). Notice that the Hilbert space structure implies that (4.42) satisfies

(L (1,u) P+ (T2, v)) 50 = (P4 (T2,0) pr(T1,w))50n (4.46)

where the overline denotes the complex conjugation.
As for the currents ji, from (2.23), (4.1), (4.3) and (4.37), their modular correlators read

(G (11, ) j (12, 0))570 = [Ouba (71, 1) Opba (2, v)] (= (§x (71, 1)) Ja (Ex (72, v)) ) s
= % W (£m19;u,v)%. (4.47)

Similarly, for the modular correlators of the operators (2.7), which contains the energy-
momentum tensor, from (2.34), (4.1), (4.4) and (4.37), we find

(T (1) T (72, 0)) 57 = [Bur (1, 10) Bt (72, 0)]” (T (6 (1, 0)) Tk (€ (72, 0) D

=32 W (£712;u,v)t . (4.48)
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We remark that these modular correlators are functions of 79 which depend on ¢; and ¢y
separately; hence the modular energy is conserved along the modular evolution (see section 3.2),
while the conventional energy is not. Furthermore, according to the discussion reported at the
end of section 4.3 and in the appendix E, we have that the expressions (4.42), (4.43), (4.47)
and (4.48) for the modular correlators hold for any u,v € R.

Since for (4.44) the following property holds

Wit +iu,v) =Wi(r —iu,v) = We(—7;v,u) (4.49)

the modular correlators (4.42), (4.43), (4.47) and (4.48) satisfy the KMS condition with
modular inverse temperature 3 = 1. This is a characterising feature of the modular correlators
that exposes the thermal nature of the modular evolution. Furthermore, the validity of this
condition confirms the expression (4.6) for the modular Hamiltonian (this criterion has been
adopted e.g. in [40] to confirm the expression of the modular Hamiltonian of disjoint intervals
on the line for the massless Dirac field in the ground state, found in [41]).

In the appendix D we also provide a consistency check for (4.42) based on the modular
reflection positivity property (see e.g. [38]).

Let us highlight that, when 7 # 0, the limit v — wu of (4.44) is well defined and reads

T (4.50)

li ; = .
o We(73 0, ) V(u) sinh(77 F ie)

This observation will be employed in section 5.3 in a crucial way.
From the properties of the modular conjugation, for a chiral operator O1 we have

(O (71, 1) Ox(7a,0))32 = ([J OL(7a,v) J][J Ox (11, u) T (4.51)

pt = pt

By employing the following identity
Wa(r,u,0)? = () ' (0) Wa (=7, j(v), (u)? (4.52)

we checked that the r.h.s’s of (4.29), (4.30) (4.31) and (4.32) are consistent with (4.51).

The analyses discussed above can be extended to investigate the correlators of the fields
whose evolution is determined by the momentum operator (see (4.14)—(4.15) and section 3.3).
It is straightforward to adapt the expressions (4.42), (4.43), (4.47) and (4.48) to these flows,
finding correlators that satisfy the corresponding KMS condition, whose validity is based
on the property (4.49) for (4.44).

5 Modular transport and fluctuations

In this section we consider the modular evolution O(7;z,t) = ™ O(z,t) e I of some ob-
servables O (essentially currents and densities) of the CFT in the finite density representation
and for the bipartition given by an interval on the line. In unitary quantum field theory, the
sequence of connected correlation functions {(O(71;21,t1) ... O(Tn; Tn, tn));" } provides the
cumulants of a probability distribution (see e.g. [1]). Hereafter the notation (...), denotes
that both (...),, and (...),_ are employed. When O is a current, this distribution fully
describes the microscopic transport properties of the associated charge. For n =1 and n = 2
one gets respectively the mean value and the quadratic fluctuations (quantum noise) of the
current. In the following we consider operators whose one-point function (O(r;z,t)), is

independent of 7, as discussed in section 4.4.
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5.1 Charge and helicity transport

The mean values of the charge currents in (3.6) and (3.9) in the finite density representation
of the CFT on the line can be written by using (4.1) and specialising the velocities to
Vi(u) = V_(u) given by (4.7). The result is

Gelmia ) = o [ V(ug) = p-V ()] (5.1)
e, ) = 5o [V (us) + -V (o)) (5.2)

We remark that, instead, the mean values of the operators (3.12) and (3.13) vanish identically.
The mean values of the helicity currents (3.22) are obtained in the same way and read

(ko (732, 6)) = 5= [V (ur) + -V (o) (5.3)
(ke(732, ) = 5 [0V () = oV (u-)] (5.4)

These mean values for the charge currents and for the helicity currents are independent
of 7 and the event with spacetime coordinates (z,t) corresponds to the initial point of the
modular evolution; hence (z,t) € DgUR4. We find it worth introducing the smooth planar
vector fields j(z,t) = ((Ju(T52, ) u, Ge(T3 2, 1)) ) and k(z,t) = ((kz (732, 8)) 4, (ke(T52,1)) )
for (z,t) € D4y UR4. Despite the fact that these vector fields are defined in Dg U R 4, it is
natural to extend them to the entire Minkowski spacetime and in the following such extension
will be mainly explored. In figure 3 and figure 4 the vector fields j(z,t) and k(z,t) are
displayed for a specific choice of the parameters (see the caption of figure 3). In particular,
in the left panels yuy = p—_, while yy # p— in the right panels. In figure 3, the top panels
show j(z,t) for (z,t) € D4 U R4, while in the bottom panels the corresponding extensions
to the entire Minkowski spacetime are displayed.

Two-dimensional vector fields have been largely explored [42, 43]. For instance, it is
insightful to consider the critical points (also called singular points in the mathematical
literature) of the vector field, i.e. the points where it vanishes. By construction, the critical
points of both the vector fields j(x,t) and k(z,t) extended to the entire Minkowski spacetime
are isolated points located in the vertices of the diamond Dy, i.e. P,, Py, Pioo and P_,
whose light-cone coordinates are (uj,u—) € {(a,a),(b,b),(b,a),(a,b)} respectively (see
the coloured dots in figure 3 and figure 4), which are obtained by combining the zeros of
the function V' (u) in (4.7). Since a and b are zeros of (4.7) of order 1, all these critical
points have multiplicity 1.

The Poincaré index is a useful tool to study smooth vector fields v = (v, v¢) with isolated
zeros. Given a smooth closed curve v where the vector field is not vanishing, the Poincaré
index of  relative to the vector field v can be computed as follows

Thol(y) = f ke s L (5.5)

T2 v2 + v}

and it corresponds to the number of rotations in the positive (counterclockwise) direction
that the vector field performs when we go around 7 once. The index Zp of a critical point P
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Figure 3. Vector fields for the mean values of the charge currents (5.1) and (5.2), whose potential is
the first expressions in (5.12). The interval is A = [0,1] on the line and the CFT has ¢ =1, k = 3
and either equal chemical potentials uy = pu— = 0.52 (left panels) or different chemical potentials
t4 = 0.52 and p— = 0.22 (right panels). In the top panels the initial point (z,t) € D4 UR 4, while in
the bottom panels the vector field j(x,t) is extended to the entire Minkowski spacetime.

is the Poincaré index of a closed smooth curve that encloses only P; hence it is determined
by the behaviour of the vector field nearby P. Depending on such behaviour, P is a critical
point of certain type (e.g. either a node or a center or a focus or a saddle or something else).
A node contains all the nearby trajectories and it is either stable or unstable, depending
on whether all the trajectories move away from the point. A saddle has two transversal
trajectories called separatices, one of which is ingoing and the other outgoing, while the other
trajectories behave like a family of hyperbolas whose asymptotes are the separatrices. A
node has Poincaré index +1 (like a focus and a center), while a saddle has Poincaré index
—1. The vector fields j(z,t) and k(z,t) display two nodes, one stable and one unstable,
and two saddles (in the bottom panels of figure 3 and figure 4, see the cyan dot, the yellow
dot and the green dots respectively).
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Figure 4. Vector fields for the mean values of the helicity currents (5.3) and (5.4), whose potential
is the second expressions in (5.12), for either equal (left panel) or different (right panel) chemical
potentials, in the same setup of figure 3.

Various theorems about the sum of the indices for smooth vector fields with isolated zeros
have been established [42]. For instance, the index of a closed curve is equal to the sum of
the indices of the critical points enclosed by the curve. A fundamental result in this context
is the Poincaré-Hopf theorem, which claims that the sum of the indices of all the isolated
critical points of a vector field on a two-dimensional compact manifold is independent of the
vector field and equal to the Euler characteristic of the manifold. For the vector fields j(x,t)
and k(z,t), which are defined on the plane, the sum of the indices of all the critical points is
zero. These vector fields can be mapped to the Riemann sphere through the stereographic
projection and the resulting vector fields on this compact manifold must have a critical point
with Poincaré index +2 at the north pole, which corresponds to infinity on the plane.

By employing the definitions in (3.52), from (5.1)—(5.2) and (5.3)—(5.4) we introduce
the local conductivities respectively as

O = O t) = - (Vi) = Vi), Vi) + V() (5.6)
o = D (t) = = (V) + Vo), Viws) = V(u)) (5.7)

and
Oke=0uk(z,t)=0j Oih =0uk(x,t) =0j.. (5.8)

These four local conductivities are independent of 7; hence their Fourier transform gives
only a Dirac delta term.
In order to understand the nature of the modular transport, let us consider

/Tj(x,t) 47 = j(x,t) 7 /T k(z,t) dF = k(z, ) 7. (5.9)
0 0

These linear growths tell us that the modular transport is ballistic (see e.g. [44]). We remark
that the linear response approximation is not employed here.
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A vector field v has vanishing curl when its components satisfy dyv, — d,v; = 0 and this
feature implies that it can be written as the gradient of the potential W, namely v, = — 9, W.
Both the vector fields j(x,t) and k(z,t) have vanishing curl and therefore the corre-
sponding potentials W;(z,t) and Wy(x,t) respectively can be obtained. Indeed, we find that

(Jo (752, 8)) = — 0uWji(, 1) (e(T5 2, )0 = — O W;(2, 1) (5.10)

and
(ke(Ti2,t))p = — O Wi(2, 1) (ke(T52,t)) 0 = — OWi(z, 1) (5.11)

where the potentials W; and W, are defined respectively as

Wj(z,t) = %[u+g(u+) — p—g(u-)] Wi.(z,t) = % [nrg(us) + p-g(u)]  (5.12)
in terms of
T a a? — 4a 2
g(u)zg(bz_a)<u— —2H)> <u2—(a+b)u—42b+b>. (5.13)

The arbitrary additive constants in (5.12) have been fixed by imposing the vanishing condition
at the center of Dy for both these potentials; indeed (5.13) has a zero at uw = (a +b)/2. We
remark that (5.1)—(5.2), (5.3)—(5.4) are consistent with (5.10) and (5.11) because

—Oug(u) = V(u). (5.14)

Given a curve v (not necessarily closed) parameterised by s, let us denote the line integral
of the vector field v along v and the flux of v through ~ respectively as

Lv](y) = Lv -7 ds Fv](7) Av -nds (5.15)

where 7 and n are the unit vectors which are respectively tangent and normal to .

We highlight the vanishing of the fluxes of the vector fields j(z,t) and k(x,t) through
the straight white lines in figure 3 and figure 4, which identify the diamond D4 and the
region R 4 (i.e. the grey and light blue regions in figure 1). This can be shown by observing
that the absolute value of the ratio of theirs components is equal to one along these lines.
This absence of flux naturally suggests to consider the total charges in the diamond D4. In
the finite density representation, by using (4.1) and (3.52), for the mean values of (3.17)
and (3.23) we find respectively

(Qa)u = —% fre 2 (Qa), = —ﬁ o 0% (5.16)

A crucial feature of j(z,t) and k(z,t) is that they are curl free vector fields. The
Green theorem implies that any line integral of a curl free vector field along a closed curve
vanishes; hence, all the line integrals along curves anchored to the same endpoints provide
the same result given by the difference between the values of the potential at these endpoints.
In our case, we find it worth considering the lines anchored to the opposite vertices of
D4 and, among them, the convenient representatives to choose are the horizontal segment
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A ={(z,t =0); a <z < b} along the real axis, whose endpoints are P, and F,, and the
vertical segment A = {(z = %2, #); —252 <t < 252} on the imaginary axis, whose endpoints
are P_o, and Pi. Given a smooth curves v(P; — P,) starting in P; and ending in P»
and a vector field v(z,t), let us denote by L[v](y(Pi — P)) the line integral of v(z,?)
along v(P1 — P,) and by F[v|(y(P — P»)) its flux through v(P; — P»). When v(z,1)
is curl free, L[v](y(P1 — P»)) depends only on the endpoints P; and P». For the vector
field j(x,t) in (5.1)—(5.2), these line integrals can be written in terms of the mean values

of total charges (5.16) as follows
. 2~
‘C[J](’Y(Paﬁpb)) = Wj|pa *Wj|pb = *?<QA>M (5'17)

LGP = Proc)) =Wyl =Wyl == (Qab (518)

and, similarly, for the vector field k(z,t) in (5.3)-(5.4) we have that

2w
LIK|(V(Py — By)) = Wk‘|pa - Wk‘|Pb )

(Qa)u (5.19)

LIM(1(Pase = Proc)) = Wil — Wi, = —%” Q). (5.20)

When p4 = p—, the line integrals in (5.17) and (5.20) vanish, as one can observe also from
the left panel of figure 3 and figure 4 respectively.

We find it worth studying also the fluxes of the vector fields j(x,t) and k(x,t) through
the above mentioned curves. However, since the divergence of these vector fields does not
vanish, these fluxes depend on the curve. Among the curves starting in P, and ending in P,
let us consider the spacelike curve 7, given by (4.15) with uy = “T‘H’ +tpand —/2 < tg < £/2.
Analogously, in the class of curves starting in P_, and ending in Py, we choose the modular
trajectories v, given by (4.13) with ux = x¢ and a < 9 < b. The fluxes of j(z,t) through
these curves can be written in terms of the mean values of total charges (5.16) as follows

Flilo(Pa = i) = 2 (@a)u f(2t0/0) (5.21)
Fli (o (Poe = Pyoo)) = o (@) £ (20 — 52)/0) (522
and, similarly, for the fluxes of k(x,t) we get

FIK) o (Pa = ) = 5 (@) f(210/0) (5.23)
FIE) (o (P = Pro)) = o (@a)u (20 — 25)/0) (521

where the function f(y) is defined for |y| < 1 as

31—y’ 1+

flo) = =55 {(1 +4?) log(l_z) - Zy] . (5.25)

Notice that this function is even, vanishes as |y| — 1 and takes its maximum value equal
tolaty = 0.
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Focussing on the case uy = p— considered in the left panel figure 3 for simplicity, which
has already non trivial modular transport properties, a heuristic physical picture for the
charge transport in the diamond D4 is the following. The critical points P_o, and Py play
the role of a source and a sink respectively: the charged excitations are emitted by P_.
and absorbed by P, with vanishing velocity. Since the total charge in D4 is conserved
(see (5.16)), the amount of charge emitted in P_ is equal to the one absorbed in Pyo.. After
the emission, in the lower part of D4, where t < 0, the charges are accelerated, arriving at
the segment A on the z-axes with maximal velocity. The flux through A, which is given
by (5.21) for ¢ty = 0, is maximal. In the upper part of D4, where ¢t > 0, the charges decelerate
until they reach Py, where they are absorbed. When pi # p_ the situation is similar,
but deformed as shown in the right panel of figure 3 for a specific setup. In this case the
maximum flux should be reached along the curve separating the light blue and the orange
regions, where the potential vanishes.

A similar heuristic picture for the helicity transport (see figure 4) is obtained by adapting
the above observations properly. For instance, in this case the vertices P, and P, of the
diamond D4 play the role of the source and the sink respectively and, when py = pu_, the
maximal flux corresponds to A.

We find it worth mentioning that the charge transport displayed in the left panel of
figure 3 resembles the transport of electrons in the vacuum tube called triode in the context
of electromagnetism. In this analogy, P_o, and Pi play the role of the cathode and anode
respectively. Indeed, the cathode emits electrons, which are accelerated by the electric field
in the vacuum. The control grid of the triode is represented by the segment A at t = 0
and its potential is tuned in such a way that the electrons produced by the cathode in P_,
reach the anode in Py, with vanishing velocity.

5.2 Energy and momentum transport

The analysis discussed in section 5.1 can be adapted to the energy and momentum currents.
The mean values of the energy currents (3.29)—(3.30) specialised to V4 (u) = V_(u) given
by (4.7) are obtained by employing (4.1) and the results read respectively

K
(To(rim, ) = = [V (ug)? = p2V (u)?] (5.26)
K
(o2 ) = = [V () + p2V (u-)?] (5:27)
where we fixed the constant C'y = — 7¢/6 to get the last expression. This constant has been

determined by observing that for (4.7) we have
V(u)?V[V)(u) = — 272 (5.28)

which implies that the term in the second line of (3.30) drastically simplifies to

Cc

__c Te
247

(V@ VIVI(uy) + V) VIVi) } = 5 (5.29)

and imposing the vanishing of the final expression at all the vertices of D4. The mean
values (5.26) and (5.27) provide the components of the planar vector field J (z,1).
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Figure 5. Vector fields for the mean values of the energy density currents (5.26) and (5.27), whose
potential is the first expressions in (5.38), for either equal (left panel) or different (right panel) chemical
potentials, in the same setup of figure 3.

Similarly, we introduce the planar vector field J(z,t) whose components are the mean
values of the momentum currents (3.37) and (3.38), which are obtained through the same
steps® and read respectively

(To(T32,1))) = AV (ug)? + p? V(u)?] (5.30)

(Te(Ts2,)y =

K
47
— = [V () = 2V ()] (5.31)
s

The planar vector fields J (z,t) and J (,t) are displayed in figure 5 and figure 6 for

the choice parameters reported in the caption of figure 3. In particular, u = p— in the left
panels, while py # p— in the right panels. These vector fields have the same isolated critical
points which are given by the vertices of the diamond D 4. All of them have multiplicity 2 and
Poincaré index 0. By applying the Poincaré-Hopf theorem (see section 5.1), we find consistency

with the fact that these vector fields can me mapped (through the stereographic projection)
to vector fields on the Riemann sphere which have a critical point of index 2 at the north pole.

The fluxes of the vector fields J (x,t) and J(z,t) through the straight white lines in
figure 5 and figure 6 vanish. Indeed, the absolute value of the ratios of their components
is equal to 1 along these lines. Unfortunately, this analytic result is not properly shown in
figure 5 and figure 6 because of a graphical failure in the displaying of these vector fields
around their critical points. Another similar failure occurs at the vertices of D4, where arrows
are displayed, while they should not because they are critical points of the vector fields. These
failures could be related to the multiplicity of the critical points; indeed they do not occur
for the vector fields shown in figure 3 and figure 4, whose critical points have multiplicity 1.

*In this case C5 = 0 since, from (5.28) we have that V(u4)? V[V](us) = V(u-)? V[V](u-) = 0, which
occurs because the central charge is the same for the two chiralities (see (2.1)).
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Figure 6. Vector fields for the mean values of the momentum density currents (5.30) and (5.31),
whose potential is the second expressions in (5.38), for either equal (left panel) or different (right
panel) chemical potentials, in the same setup of figure 3.

The local conductivities corresponding to (5.26)—(5.27) and (5.30)—(5.31) are respectively
K

0ge = 0 T (@,t) = = (V) = poV (), uy Vwg) + p-V(u-)?) (5.32)

K
Oah = O T () = 1= (e V(we)? +p VP, gV = V(o )?) (5.3
and
o5, =0,.J(x,t) =0g aihzauhj(x,t) =07, (5.34)
which are independent of 7; hence their Fourier transform gives only a Dirac delta term.
The ballistic nature of the modular transport observed through (5.9) is confirmed by
the linear growth in 7 of the following quantities

‘fjmwﬁzjwof {fj@ﬂ&:j@ﬂr (5.35)
0 0

Both the vector fields defined by the energy and momentum currents are curl free and
can be written as the gradient some potentials as follows

(Ja(T52, 1))y = = 0: W (,1) (Ju(ms2, 1)) = = O W (2,1) (5.36)

and
(Ta(T52, 1)) = — O W 5 (1) (Ti(ri 2, 6))p = — W 5(x, t) (5.37)
For the potentials W7 and W 5 we find respectively

WJ($7 t) = [MiG(u+) - :u%G(u—)] W(z,t) =

; 12G(uy) + 12 Gus)] (5.38)

- -
4 47
being G(u) defined as

27 ( _a+b
15(b — a)? 2

+ 2(@3 —7a%b — Tab® + b3) u+at — 6a®b + 16426 — 6ab> + b4}

G(u) ) [6u4 —12(a +b)u® + 4(a® + Tab + %) u®  (5.39)
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whose additive constant has been fixed by imposing the condition G(aT*'b) = 0. The expres-
sions (5.26)—(5.27), (5.30)—(5.31), (5.36) and (5.37) are consistent because (5.39) and (4.7)

are related as follows

.G (u) =V (u)?. (5.40)

Finally, since the vector fields J (z,t) and J (z,t) are curl free, their line integrals along
a curve depend only on the endpoints of the curve. Let us consider the curves anchored to
the opposite vertices of D4, as done in section 5.1. By employing (5.36) and (5.37), we find

4 ~
LITI(v(Pa = By)) = Walp, —Wylp = - Ea (5.41)
4
LT (V(Pfoo — P+OO)) = Wj|p700 - V\/J|p+oo = 5 Ea (5.42)
and
= 4
LTV (Pa = By) = Wilp, =Wzlp = ——Ea (5.43)
N A ~
LITNV(Poo = Pro)) = W3l —Wgzlp =-—Ea (5.44)
where we have introduced
K ~ K
Eia= — (12 4+ p2) 3 E.= 2 2\ 3 4
A 24(M++N—)€ A 24(M+ pz) e (5.45)

which correspond respectively to the mean value of the total energy (3.32) and of the total
momentum (3.39) in the diamond D4 in the case where fi(us) = f—(u_) = 0 are imposed.
Instead, from (4.6) we have that the mean values of (3.32) and (3.39) are (E4), = <EA>M =0.
The vanishing of the line integrals in (5.42) and (5.44) for py = pu— can be observed
also from the left panel of figure 5 and figure 6 respectively.
We find it worth considering also the fluxes of J(z,t) and J (x,t) through the curves
Yo and 7y, introduced in section 5.1. They can be written as

FIT Voo Pa = B)) = — 1 Ea F(21/0) (5.46)
FI) ey (oo — Proc)) = — - Ea F(2r0 — “2)/1 (5.47)
and
FIT) (o (Pa = Py)) = —4% Ea F(2t/0) (5.48)
FITN(eo(Poe = Pacc) = = Ea F (20 — “42)/0) (5.49)

in terms of the mean values of total charges (5.45), where F'(y) is defined for |y| < 1 as follows

Fly) = W 2y(3y" — 2> +3) -3 (1 - y2>2 (1+4%) 10g<1jz)] . (5.50)

This function is even, vanishes as |y| — 1 and takes its maximum value equal to 1 at y = 0.
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5.3 Quantum noise

Quantum effects along the conventional temporal evolution of any observable O generate
non-trivial fluctuations around its mean value (O). This is the case for the modular evolution
as well. For instance, the quadratic fluctuations of the current j,(7;z,t) describe the quantum
noise produced by the transport of charged particles. It is known [45, 46] that, besides spoiling
the charge propagation and detection, the noise carries also useful information because it
provides the experimental basis of noise spectroscopy.

The basic quantity of interest is the (modular) noise power generated by the charge
current (3.6) at frequency w in the point (z,t) of the spacetime, defined as follows

o)

Pi(wiat) = — / U (715 2 £) G (723 2, 1)) €712 iy (5.51)

—0o0

Since 719 is dimensionless, the corresponding frequency w is dimensionless as well. Notice that
the noise power is generated only by j, because (ji(71;2,t) jr(72; 2, )" vanishes identically.
Indeed, j; introduced in (3.9) is proportional to the identity operator, being generated only
by the central extension x in the r.h.s. of (2.5).

Considering (3.13), we remark that (j;(71;,1) jz(72; 2, 1)) = (T2, ) 72 (123 2, )
indeed j,(7;z,t) and j.(7;x,t) differ by a real function.

By using (3.6), the modular noise power can be expressed in terms of the two-point
functions of the chiral currents ji(7,u)

Pj(w;z,t) = —/

—00

o

V()2 (G (1) i (72, 045 (5.52)

+ V('LL_)2 <j— (7—17 U_) j— (7—27 u—)>zof :|ein12 dTlQ .

By employing (4.47) and the limit given in (4.50), we have that the dependence on V (u4) and
V(u—) drops out and therefore (5.52) becomes (see (F.3) for the evaluation of the integral)

e“Tdr

Py(w;a,t) = —— li / - ! + !

i(w;z,t) = —— lim , : . .

J 4 c50 J oo | sinh?(77 —ig) = sinh?(—77 + i)
o

iwT
e

K K K
= —— 1 —————d7T = — th(w/2) + — 5.53
2 =50 Loo sinh?(77 — i) TT ¥ (w/2)+ 27 (5:53)

which is indepedent of z and ¢. The zero frequency limit of (5.53) reads

. K

P;i(0;z,t) = OIJ% Pj(w;z,t) = —- (5.54)

It is worth comparing this result with the Johnson-Nyquist law [47, 48]. In a CFT

on the line at finite inverse temperature § and vanishing chemical potential, the two-point

functions of the chiral currents read

con __ K m

. . 2
(- (u) ja(0))5" = 47r2(5 sinh[w(u—vﬂFE)/m) '

(5.55)

Since Q(l’,t) - j+<’U,+) +j—<u—)7 ]:E(xat) - j+(’U,+) - j—(u—> and <j:t(u)j:!:(v>>;on =0, by
using (F.3) the noise power Py (w) at frequency w in the point z of the space for ¢ and
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