
Physics Area - PhD course in

Theory and Numerical Simulation of Condensed Matter

Dissipative and Measurement-Induced

Phases in Many-Body Quantum

Systems

Thesis submitted for the degree of

Doctor Philosophiae

Candidate:

Anna Delmonte

Advisors:

Prof. Rosario Fazio

Prof. Giuseppe Santoro

Academic Year 2024-2025



Abstract

Open quantum many-body systems are an important setting that allows us to study

the interplay between dissipation and interactions, contributing to a more accurate

description of real-life phenomena and experiments, and providing new features to

be exploited both on theoretical and technological grounds. This thesis deals with

the study of such systems across a wide range of settings. Beyond providing the

theoretical tools to analyze and understand this framework, the thesis also addresses

some important and modern concepts. A key goal is to show how dissipation enables

the realization of new phases of matter, such as quantum synchronization and time-

crystal phases. To achieve this, various theoretical tools will be employed, ranging

from path integral formalism to a Lindblad master equation approach. These same

tools will also allow us to pursue another important goal: studying the dynamics of

many-body systems subject to continuous measurements. This will lead to observing

the emergence of a recently discovered phenomenon, known as measurement-induced

phase transitions, and will provide a natural framework for addressing the complexity

arising from the stochastic nature of quantum measurements. This thesis constitutes

a modern and comprehensive view of the �eld of open quantum many-body systems,

with a special focus on novel phases of matter emerging from interactions with an

external environment or with a measuring device.
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Introduction

A good description of quantum phenomena inevitably has to deal with the fact that
real systems might not be closed and isolated, and thus must take into account not only
the system at the center of our study but also all the other e�ects that arise from the
surrounding environment [1{3]. This necessity arises in order to make contact with real
systems, ranging from natural to synthetic ones, which cannot be properly described
on their own.

The theory of open quantum systems has been developed over the past 70 years,
starting from simple systems [4{8], and is still evolving today to enable the description
of many-body quantum problems. This has become crucial to theoretically understand
the physics observed with quantum simulators and quantum computers [9{14], which,
in general, cannot be fully described as isolated systems. Additionally, these studies
have shown that the e�ects of working with an open system, especially in a many-
body setting [14, 15], not only represent challenges to overcome but can also serve as a
resource for realizing peculiar states and phases of matter. Many examples stand out in
this context, ranging from entangled states [16, 17] to topological states [18{20]. Among
these intriguing phases are time-crystal [21] phases of matter, which cannot be realized
at equilibrium [22] and thus bene�t from an open quantum system setting [23, 24],
and quantum-synchronized phases [25{27], both of which will be thoroughly studied
throughout this thesis [28{31].

A natural extension of the �eld of open quantum systems is the theory of quantum
measurement [32, 33]. Measurements involve coupling to an external degree of freedom,
which suddenly changes the structure of the state in a way that cannot be described
by the Schroedinger or von Neumann equation, and which can often be recast in the
language of open quantum systems. This connection began years ago with the study of
measurements on small systems [34{39] and has recently been extended to many-body
physics. This crucial step has enabled the discovery of critical phenomena that require
full knowledge of measurement statistics to be unveiled [40], known as measurement-
induced phase transitions (MIPTs).

Measurement-induced phase transitions have represented a signi�cant portion of re-
cent research in quantum statistical mechanics and condensed matter, initially to iden-
tify, characterize, and describe the emergence of these phases of matter in various con-
texts (from quantum circuits [40{42] to Hamiltonian systems [43{45]), and subsequently
to understand under which circumstances they can be observed experimentally [46{48].
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A fundamental problem related to this exciting new critical phenomenon is the require-
ment for experimentalists not only to fully characterize a quantum state but also to
do so while conditioning the state on all possible realizations of the stochastic mea-
surement process. The study of this fundamental issue, known as the post-selection
problem, will occupy a large part of this thesis [29, 30], along with the necessity to
tackle the numerical and analytical complexity involved in studying stochastic systems.

The thesis is organized as follows: Chapter 1 introduces in detail the formalism
and concepts used to study open quantum systems, considering both the path inte-
gral formalism and the master equation approach. We then extend the formalism to
incorporate quantum measurements under di�erent measurement settings and analyze
connections and di�erences between standard dissipation and monitoring. This leads to
Chapter 2.1 which presents the critical phenomena induced by the interplay between
unitary dynamics and dissipation or quantum measurements, along with providing
some examples.

Chapter 3 focuses on dissipative phase transitions involving temporal ordering. Specif-
ically, we extend a paradigmatic classical model of synchronization, the Kuramoto
model, to the quantum domain, demonstrating the power of the path integral formal-
ism in describing open quantum systems and their non-Markovian dynamics as well as
the emergence of quantum synchronization.

Chapter 4 is entirely devoted to the complexity of studying measurement-induced
phase transitions. We address the post-selection problem by carefully analyzing an
experimentally relevant model, the Tavis-Cummings model, to identify key experimen-
tal challenges and propose possible resolutions. This analysis is then extended to a
long-range setting, where we must �rst handle the complexity of stochastic many-body
simulations. This leads us to devise a new method based on spin-wave theory, able to
account for the stochastic nature of the dynamics and well represent the measurement
process.

Chapter 5 deals again with the monitored dynamics of many-body systems, us-
ing this time an analytical perspective. Analytical calculations also su�er from the
stochastic complexity of studying measurement-induced phase transitions. Additional
challenges in this context arise from dealing with interacting models, which usually re-
quire approximations or must be treated in speci�c regimes, even outside the quantum
measurement setting. The chapter shows how to overcome both challenges through a
deterministic description based on the most likely realization of the measurement pro-
cess and on well-known many-body techniques, unveiling analytically the emergence of
an MIPT in an interacting bosonic model.

The �nal chapter, Chapter 6, presents the conclusions drawn from this original study
of open quantum many-body systems, which encompasses diverse but interconnected
phenomena.
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1. Basic concepts of open quantum
systems and measurements

In this �rst Chapter, the main theoretical concepts and tools used throughout the
thesis will be introduced in detail.

Section 1.1 will deal with the theoretical description of open many-body quantum
systems, which consist of a system interacting with an environment that cannot be
accessed, probed, or modi�ed. We will introduce two connected but distinct tools
to describe the dynamics of such systems: a more general and complex path integral
formalism, and a more intuitive and speci�c Markovian approach through the Lindblad
equation. This will also lead us to describe steady-state properties, which will be of
great interest for the thesis, and which will be described in the second introductory
Chapter, Chap. 2.

The second part of this Chapter, in Section 1.2, will instead focus on quantum
measurements and the monitored dynamics of many-body systems. After introducing
di�erent types of quantum measurements and their e�ects on the system's state, we
will frame the measurements description within the language of open quantum systems
introduced in the �rst part. We will explore connections with both the path integral
formalism and the Lindblad equation approach. This Chapter lays the foundations
for Chap. 2, which will explore the steady state properties emerging from this type of
dynamics, introducing the concept of measurement-induced phase transitions.

1.1. Open Quantum Many-Body systems

Describing how the properties of a system change when it is in
uenced by interaction
with an external environment has always attracted signi�cant interest in quantum
mechanics [4{6, 8] as it is usually quite di�cult to completely isolate a system [49{
54]. In this context, the usual description of the system through pure states evolving
according to the Schrodinger equation is no longer su�cient. As we will see, interactions
tend to correlate the system with the environment, generally making the system's
state a mixed one and producing dissipative or decoherence e�ects that cannot be
captured by unitary Hamiltonian evolution [1{3], going beyond the Schroedinger and
von Neumann equations.

3



1. Basic concepts of open quantum systems and measurements

(a) (b) (c)

Figure 1.1.: (a) Pictorial representation of a system interacting with a bath. When the
degrees of freedom of the bath are traced out in the equations for the dynamics, as depicted
in (b), one gets an e�ective description for an open quantum system, as in panel (c).

This section will focus on di�erent ways to derive and characterize the evolution
of an open quantum system. The idea behind these methods is very simple and is
brie
y illustrated in Fig. 1.1. The system we would like to study, represented as an
orange circle in the �gure, interacts with a bath, or environment, represented as a
blue circle. The bath cannot be accessed or controlled in our study; its presence is
only evident through the e�ects it has on our system. The theoretical description,
therefore, starts from the broader picture of an isolated global system comprising both
the bath and the system of interest. Since the global system is isolated and closed,
we can describe its evolution using standard quantum mechanics techniques, such as
the Schrodinger or von Neumann equations (if we are interested in master equations),
or through a Feynman path integral formalism. To obtain a complete description in
terms of the system alone, we need to eliminate the bath's degrees of freedom from the
full description of the global system.

This idea is both powerful and general, and will be developed in the �rst part of the
thesis through a path integral formalism. Within this framework, we will encounter an
important object: the in
uence functional, which precisely captures the e�ects of the
system-bath interaction without requiring a description of the bath's evolution.

Baths can have very di�erent natures and structures, which shape the way their ef-
fects manifest on the system. We will explore several forms of the in
uence functional
corresponding to baths with various characteristics. First, in Sec. 1.1.1, we will intro-
duce a Caldeira-Leggett type of bath composed of collections of harmonic oscillators at
thermal equilibrium, which will be particularly useful for Chap. 3. Then, in Sec. 1.1.2,
we will consider a very special type of bath and connect its e�ects to those described
by the Lindblad master equation, one of the main tools for describing Markovian dy-
namics in open quantum systems, as we will see in Chap. 4. This will also lead us to
a discussion of the properties of the Lindblad equation.

We are now ready to start describing in a quantitative way how the interaction with
a bath deeply modi�es the evolution of a many-body system.

From now on, we will set~ = 1 unless otherwise stated.
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1.1. Open Quantum Many-Body systems

Consider a many-body system described by a Hamiltonian

Ĥ =
p̂2

2m
+ V(x̂): (1.1)

The system is composed ofN objects with canonically conjugate variableŝx = ( x̂1; ::; x̂N )
and p̂ = ( p̂1; ::; p̂N ) such that [x̂ i ; p̂j ] = i� i;j .

Suppose the system is in contact with another system, the bath. The bath has
Hamiltonian

ĤB =
P̂2

2m
+ VB(X̂ ): (1.2)

We can keep the structure of the bath general, and only assume it is composed ofM ob-
jects having canonically conjugated variableŝX =

�
X̂ 1; ::; X̂ M

�
and P̂ =

�
P̂1; ::; P̂M

�

such that
h
X̂ i ; P̂j

i
= i� i;j .

The system and the bath interact via an interaction Hamiltonian, having a structure

ĤSB = VSB(x̂ ; X̂ ): (1.3)

The global Hamiltonian is thus given by

Ĥ tot = Ĥ + ĤB + ĤSB: (1.4)

The global system is represented in Fig. 1.1(a).

The work presented in this Thesis will aim to describe the dynamical and steady state
properties of this kind of system supposing we can access only the system's degrees of
freedom and not the bath's. In the next paragraphs, we will see how it is possible to
achieve this, without discarding any important information about the system and the
bath as a whole.

In general, we will always suppose to start the dynamics from an initial state sepa-
rable between the degrees of freedom of the bath and the system, i.e.

�̂ tot ;0 = �̂ 0 
 �̂ B;0; (1.5)

where ^� 0 and �̂ B;0 are respectively the system's and the bath's initial state, which can
be taken as mixed states to keep full generality.

As standard in quantum mechanics, the evolved state is obtained through the ap-
plication of the evolution operator Û(t; t 0) = exp

n
� i (t � t0)Ĥ tot

o
. Supposing the

evolution starts at t0 = 0, we can express the evolution of the position representation
of the state up to time t,

�̂ tot (t) =
Z

dx dx0
Z

dX dX 0� tot (x; X ; x0; X 0; t) jx; X i hx0; X 0j ; (1.6)

5



1. Basic concepts of open quantum systems and measurements

through a path integral formalism [7, 55]. Notice that we have used the short-hand
notation � tot (x; X ; x0; X 0; t) = hx; X j �̂ tot (t) jx0; X 0i . The time-evolved density matrix
reads

� tot (x;X ; x0; X 0; t) = (1.7)

= hx; X j Û(t; 0) �̂ tot ;0 Ûy(t; 0) jx0; X 0i

=
Z

dx0 dx0
0

Z
dX 0 dX 0

0 � tot ;0(x0; X 0; x0
0; X 0

0)
Z x 1 (t )= x

x 1 (0)= x 0

Dx1

Z x 2 (t )= x 0

x 2 (0)= x 0
0

Dx2

Z X 1 (t )= X

X 1 (0)= X 0

DX 1

Z X 2 (t )= X 0

X 2 (0)= X 0
0

DX 2 ei(Stot [x 1 ; _x 1 ;X 1 ; _X 1 ]� Stot [x 2 ; _x 2 ;X 2 ; _X 2 ]):

To de�ne the evolution through path integrals, we have introduced the action associated
with the Hamiltonian Ĥ tot

Stot [xa; _xa; X a; _X a] = S[xa; _xa] + SB [X a; _X a] + SSB[xa; X a] (1.8)

=
Z t

0
dt0

"
m _x2

a

2
� V(xa) +

m _X 2
a

2
� VB(X a) � VSB(xa; X a)

#

;

and we have used the fact that the Feynman propagator associated tôUy(t) is given
by the complex conjugate of the propagator generated bŷU(t), yielding the minus sign
in front of Stot [x2; _x2; X 2; _X 2] in Eq. (1.7). The �elds we have introduced in the path
integral are labeled bya = 1; 2 and correspond respectively to variables on theforward
path | associated to the Û(t) propagator| and on the backward path | associated to
Ûy(t). This is the typical structure of Path Integrals in the Keldysh formalism, which
is often used to describe non-equilibrium settings [56{59].

So far, the time evolution we have considered is unitary, as the global system com-
prising the system and the bath is closed and isolated. Typically, we don't have access
to the bath's degree of freedom and we can only see how its coupling with the system
a�ects the system itself. It is then interesting to describe these conditions starting
from our equation. This will allow both to understand how some typical behaviors of
our system are enhanced or hindered by the presence of an environment, and to have
a description closer to what can e�ectively be observed in real-life experiments.

In order to have a description of the dynamics in terms of the system's degrees
of freedom only, we can trace over the bath's degrees of freedom as represented in

6



1.1. Open Quantum Many-Body systems

Fig 1.1(b):

� (x;x0; t) = (1.9)

=
Z

dX � tot (x; X ; x0; X 0 = X ; t)

=
Z

dx0 dx0
0 � 0(x0; x0

0)
Z x 1 (t )= x

x 1 (0)= x 0

Dx1

Z x 2 (t )= x 0

x 2 (0)= x 0
0

Dx2 ei (S[x 1 ; _x 1 ]� S[x 2 ; _x 2 ])

� Z
dX 0 dX 0

0 dX � B;0(X 0; X 0
0)

Z X 1 (t )= X

X 1 (0)= X 0

DX 1

Z X 2 (t )= X

X 2 (0)= X 0
0

DX 2 ei(SB [X 1 ; _X 1 ]+ SSB [x 1 ;X 1 ]� SB [X 2 ; _X 2 ]� SSB [x 2 ;X 2 ])
�

=
Z

dx0 dx0
0 � 0(x0; x0

0)
Z x 1 (t )= x

x 1 (0)= x 0

Dx1

Z x 2 (t )= x 0

x 2 (0)= x 0
0

Dx2 ei (S[x 1 ; _x 1 ]� S[x 2 ; _x 2 ]) �[ x1; x2]:

The path integration over the bath's degrees of freedom generates, through the inter-
action with the system, a functional �[ x1; x2] of the system's degrees of freedom. The
in
uence functional [7, 55, 60]

�[ x1; x2] =
Z

dX 0 dX 0
0 dX � B;0(X 0; X 0

0) (1.10)
Z X 1 (t )= X

X 1 (0)= X 0

DX 1

Z X 2 (t )= X

X 2 (0)= X 0
0

DX 2 ei(SB [X 1 ; _X 1 ]+ SSB [x 1 ;X 1 ]� SB [X 2 ; _X 2 ]� SSB [x 2 ;X 2 ])

modi�es the dynamics of the system by incorporating the e�ects resulting from the
interaction between the bath and the system itself, as shown in Fig. 1.1(c). Notice how
the in
uence functional depends on both branches of the path integral, and in general,
introduces interaction between them.

The structure of the in
uence functional can be very complicated, depending on the
architecture of the bath. One can however rely on some properties which naturally
follow from its de�nition. The most prominent and useful in the cases we will consider
are:

ˆ it's Hermitian �[ x1; x2] = � � [x2; x1]

ˆ Independent baths have factorizing in
uence functionals �[x1; x2] =
NbQ

j =1
� j [x1; x2]

if ĤB + ĤSB =
NbP

j =1
Ĥ j

Moreover, there are cases in which the in
uence functional has a particularly simple
shape. Considering, for example, a quadratic Hamiltonian for the bath along with
a linear interaction between the system and the bath, yields a Gaussian in
uence
functional for the system.

In general, considering Gaussian in
uence functionals is a good approximation of
some complex cases, just as Gaussian noise in classical statistical mechanics, as it can

7



1. Basic concepts of open quantum systems and measurements

model, for example, the interaction with many baths being weakly coupled to the
system of interest [55].

For this reason, from now on we will only consider Gaussian in
uence functionals,
whose most general form is

�[ x1; x2] = exp
�

�
Z

dt0dt00[� (t0; t00)x1(t00) � � � (t0; t00)x2(t00)] [x1(t0) � x2(t0)]
�

(1.11)

Some comments are in order. The presence of the in
uence functional can be recast
into an e�ective action for the system, living on both forward and backward branches:

Se� [x1; _x1; x2; _x2] = S[x1; _x1] � S[x2; _x2] � i log �[ x1; x2]: (1.12)

The e�ective action, due to the presence of� (t; t 0) 2 C coe�cients coming from the
in
uence functional, is no longer necessarily real. The imaginary part of the e�ective
action now describes dissipation processes arising due to the interaction with the bath:

e� Im Se� [x 1 ; _x1 ;x 2 ; _x2 ] � exp
�

�
Z

dt0dt00(x1(t0) � x2(t0)) Re f � (t0; t00)g(x1(t0) � x2(t0))
�

:

The e�ect arising from this part is essentially decoherence: the o�-diagonal elements
are exponentially suppressed by Ref � g. Dissipation processes do not appear only in
the imaginary part of the action, but can also a�ect the real part. A typical example is
the appearance of friction e�ects, as we will see in the next Section. The imaginary part
of the in
uence functional can involve both diagonal and o�-diagonal elements [2, 61].

In the next Section, we will consider a speci�c type of bath's structure, leading to the
famous Caldeira and Leggett model for baths, which will provide further explanations
about the in
uence functional and dissipation terms arising from it. Then we will
consider a special case of the in
uence and, without digging into its speci�c derivation,
we will link it to Lindblad theory and the Markovian Lindblad master equation.

1.1.1. Caldeira-Leggett Model

We now introduce a speci�c architecture of a bath, to show how it shapes and de�nes
the structure of the in
uence functional and the e�ects it can cause on the dynamics
of the system coupled to it.

We will consider our system to be coupled to a collection of independent harmonic
oscillators, each coupled linearly to the system's degrees of freedom. This speci�c
architecture has been introduced by Caldeira and Leggett and is named after them [62].
As already discussed, this type of bath leads to a Gaussian in
uence functional and
will give us the chance to explore the structure of the coe�cients� naturally emerging
from this picture.
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1.1. Open Quantum Many-Body systems

Performing all the steps of the calculation to derive the Caldeira and Leggett's in-

uence functional requires some technical points. We will not explore them in this
Section, as the aim is mainly to understand the properties of this architecture of bath
and its e�ects on the system. However, some details can be found in Appendix A,
where Caldeira and Leggett's simple setting is used to introduce some important con-
cepts of Keldysh Field theory, such as the Keldysh rotation and the Keldysh Green's
functions. We refer the readers to this Appendix if interested in these technical details
and concepts.

The structure of Caldeira and Leggett's bath can be introduced in this simpli�ed
setting. We consider a single particle system with Hamiltonian

Ĥ =
p̂2

2m
+ V(x̂); (1.13)

in interaction with a bath composed of a set ofNb harmonic oscillators:

ĤB =
NbX

j =1

Ĥ j
B =

NbX

j =1

 
P̂2

j

2M
+

1
2

M 
 j X̂ 2
j

!

; (1.14)

such that all the harmonic oscillators have the same mass, and di�erent frequencies 
j .
We also suppose the initial state to be separable, with each harmonic oscillator being
in a thermal state at inverse temperature� ,

�̂ B;0 =
NbO

j =1

�̂ (j )
B;0 =

NbO

j =1

e� � Ĥ j
B

Z
: (1.15)

We take the interaction Hamiltonian to be

Ĥ int = C
NbX

j =1

x̂ X̂ j ; (1.16)

whereC is the interaction strength between each harmonic oscillator and the system.

Since the bath is made of a composition of independent elements, we can exploit the
factorization property of the in
uence functional

�[ x1; x2] =
NbY

j =1

� j [x1; x2] (1.17)

=
NbY

j =1

Z
dX j

0 dX 0j
0 dX j F(X j ; X j ; t; X j

0; X 0j
0 ; 0) (1.18)

where we have de�ned

F(X j ; X j ; t; X j
0; X 0j

0 ; 0) =
Z X j

1 (t )= X j

X j 1 (0)= X j 0

DX j
1

Z X j
2 (t )= X j

X j 2 (0)= X j 0
0

DX j
2 � (j )

B;0(X j
0; X 0j

0 ) (1.19)

exp

(

i
Z t

0
dt

 
M ( _X j

1 � _X j
2)

2
�

1
2

M 
 2
j (X j 2

1 � X j 2

2 ) � C
�
x1X j

1 � x2X j
2

�
!)

9



1. Basic concepts of open quantum systems and measurements

The calculation of the j th in
uence functional requires some technical steps, and is
reported in App. A. Although technical, the calculation relies on a simple idea: the
in
uence functional is quadratic, as well as the initial state. Thus, one can exploit
standard Gaussian integration techniques to identify the structure of the in
uence
functional. We report the result in a matrix form, in frequency space, i.e. in order to
�nd the time structure of the result we are presenting, one should perform the inverse
Fourier transform x1;2(t0 � t00) =

R
d!
2� e� i! (t0� t00) x1;2(! ). The j th in
uence functional

reads

�[ x1; x2] =
NbY

j =1

e

iC 2

2

Rd!
2�

�

x1(! ) � x2(! ); x1 (! )+ x2 (! )
2

�
Gj (! )

0

B
@

x1(� ! ) � x2(� ! )
x1 (� ! )+ x2 (� ! )

2

1

C
A

; (1.20)

where we have introduced the matrixG(! ) which contains the Green's function for the
j th harmonic oscillators at temperatureT = 1=� , introduced in App. A.

In the case of the equilibrium harmonic oscillator baths, we have the speci�c forms:

Gj (! ) =
�

Gj
K (! ) Gj

R(! )
Gj

A (! ) 0

�
=

0

@
coth !

2T

�
Gj

R(! ) � Gj
A (! )

�
1

M ((! + i� )2 � 
 2
j )

1
M ((! � i� )2 � 
 2

j )
0

1

A (1.21)

The full in
uence functional is given by the product of all theQ harmonic oscillators'
contribution, as in Eq. (1.17). This means that the couplings between the system's
�elds x1; x2 will not be determined by Gj

K ; Gj
R ; Gj

A alone, but rather by the sum over
all of them:

�[ x1; x2] = (1.22)

= exp

( Z
d!
2�

"

(x1(! ) � x2(! ))

 
iC 2

2

QX

j =1

Gj
K (! )

!

(x1(� ! ) � x2(� ! ))

#)

�

� exp

(

i
Z

d!
2�

"

(x1(! ) � x2(! ))

 
C2

4

QX

j =1

(Gj
R(! ) + Gj

A (� ! ))

!

(x1(� ! ) + x2(� ! ))

#)

Thus, the only step remaining to identify the structure of the in
uence functional
for Caldeira and Leggett's bath model is to sum

AR=A (! ) = i
C2

2M

QX

j =1

Gj
R=A (! ) = i

C2

2M

QX

j =1

1
(! � i� )2 � 
 2

j

= i
Z

d

2�


 J (
)
(! � i� )2 � 
 2

; (1.23)

where we have introduced the distributionJ (
), such that

J (
) =
�C 2

2M 


QX

j =1

[� (
 � 
 j ) � � (
 + 
 j )] : (1.24)
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1.1. Open Quantum Many-Body systems

This distribution is the only information we need to know about the structure of
the collection of harmonic oscillators. The speci�c parametersC; M; 
 j do not enter
independently in the in
uence functional but only through their combination inJ (
).

A typical choice for the distribution J (
) is the Ohmic Bath [61{63]. In this case

J (
)
�
�
�
Ohmic

= m
 
 ; (1.25)

wherem is the mass of the particle inĤ and the meaning of
 will be clear in a few
lines.

This choice yieldsAR=A (! ) = � i
2m
! , and

AK (! ) = i
C2

2

QX

j =1

Gj
K (! ) =

m
!
2

coth
!

2kB T

With these steps we have fully speci�ed the in
uence functional for an Ohmic
Caldeira-Leggett bath, and we can gain some insight into the coe�cient� (t; t 0), which
de�nes the general form of a Gaussian in
uence functional, which now reads:

�[ x1; x2] = (1.26)

= exp
�

�
m

2

Z
d!
2�

�
(x1(! ) � x2(! )) ! coth

!
2kB T

(x1(� ! ) � x2(� ! ))
��

�

� exp
�

i
m

2

Z
d!
2�

[(x1(! ) � x2(! )) ! (x1(! ) + x2(! ))]
�

:

From this, we can identify the � coe�cients from Eq. (1.11) which characterize this
peculiar in
uence functional and some of their properties. Speci�cally:

i Im� (t � t0) =
Z

d!
2�

e� i! (t � t0) AR(! ); (1.27)

Re� (t � t0) = �
Z

d!
2�

e� i! (t � t0) AK (! ): (1.28)

For an Ohmic bath, we get in particular:

ˆ An imaginary part Im� (! ) / 
! which leads to a friction e�ect. Fourier trans-
forming to real time, we get a term in the action of the form

� m

Z

dt0( _x1(t) + _x2(t)) ( x1(t) � x2(t)) (1.29)

In this context, 
 can be regarded as a friction coe�cient.

ˆ A real part Re� (t � t0) with a memory Kernel, as the Fourier transform of
! coth !

2kB T does not lead in general to time local terms. This is a non-Markovian

11



1. Basic concepts of open quantum systems and measurements

e�ect coming from the dynamics of the bath itself. In the in�nite tempera-
ture limit, the real part of the � coe�cient can be approximated as a constant
(! coth !

2kB T � 2kB T), leading to a time-local term and restoring Markovian-
ity [61].

All these concepts will be used in the exploration of quantum synchronization in
Chap. 3, and we will see how they also apply in the realm of quantum measurements
in Chap. 4.

1.1.2. Lindblad master equation

In this subsection, we will explore another very special case of the in
uence func-
tional, which can describe Markovian dynamics.

Suppose, for example, to have a Gaussian in
uence functional, as in Eq. (1.11) with

� (t; t 0) = 
 � (t � t0); (1.30)

such that the e�ective action contains only a dissipative term, which is time-local and
doesn't contain memory e�ects.

The system's state ^� , restoring the many-body formalism, evolves like

� (x; x0; t) =
Z

dx0 dx0
0 � (x0; x0

0)
Z x 1 (t )= x

x 1 (0)= x 0

Dx1

Z x 2 (t )= x 0

x 2 (0)= x 0
0

Dx2 ei Se� [x 1 ; _x 1 ;x 2 ; _x 2 ]; (1.31)

Se� [x1; _x1; x2; _x2] =
Z t

0
dt0

�
m( _x2

1 � _x2
2)

2
� V(x1) + V(x2) + i
 (x1 � x2)2

�
: (1.32)

We are now interested in obtaining the evolution over the time slicet = �t , i.e.,
over a short time step. This allows us to approximate the path integral as the simpler
integral [55]

� (x; x0; t) =
�

2�
m

� Z
dx0 dx0

0 � (x0; x0
0) ei Se� [x ;x 0 ;x 0;x 0

0 ]; (1.33)

Se� [x; x0; x0; x0
0] = �t

�
m((x � x0)2 � (x0 � x0

0)2)
2�t 2

� V (
x + x0

2
) + V(

x0+ x0
0

2
)+

+ i


4

(x + x0 � x0 � x0
0)2

�
: (1.34)

Performing now the change of variablesx0 ! � = x � x0, and x0
0 ! " = x0 � x0

0 we
notice that the highly oscillating kinetic term (/ �t � 1), allows for non-zero contribution
to the integral only when � ; " �

p
�t [55]. Thus, we expand the above evolution

equation up to �rst order in �t , and second order in� ; " , one obtains

@�(x; x0)
@t

= � i
�

�
1

2m
@2� (x; x0)

@x2
+

1
2m

@2� (x; x0)
@x02

+ (1.35)

+ V(x)� (x; x0) � � (x; x0)V(x0)
�

+ 

�

x� (x; x0)x0 �
x2� (x; x0) + � (x; x0)x02

2

�
:
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1.1. Open Quantum Many-Body systems

Remembering that thex variables come from the forward path (and thus lie on the
left of the �̂ operator), while the x0 variables come from the backward path (and thus
lie on the right of the �̂ operator), we can rewrite the master equation in operatorial
form

@t �̂ = � i
h
Ĥ; �̂

i
+ 


NX

i =1

�
x̂ i �̂ x̂ i �

1
2

�
x̂2

i ; �̂
	

�
: (1.36)

The equation we just wrote has exactly the shape of aLindblad master equa-
tion [64, 65], which describes Markovian dissipative dynamics [1{3]. The structure
of the equation we have obtained from this very special in
uence functional is very
suggestive. The �rst term, containing the commutator of the density matrix with the
Hamiltonian, corresponds to unitary dynamics and is essentially the Von-Neumann
master equation. The second part, real and multiplied by
 corresponds to the action
that the bath has on the system, and inserts non-unitarity in the evolution, preserving
the trace of the initial state.

We have obtained the Lindblad master equation in a very speci�c setting, but it
represents a very general form of master equation to generate Markovian quantum
dynamics [64{67].

The most general (diagonal) form we can derive for the Lindblad equation, is

@t �̂ = � i
h
Ĥ; �̂

i
+

MX

i =1


 i

�
L̂ i �̂ L̂ y

i �
1
2

n
L̂ y

i L̂ i ; �̂
o �

; (1.37)

where the dissipation is due to the action of thejump operators L̂ i , directly coming
from the interaction with the environment. In this case, the equation containsM
jump operators, describingM independent types of interaction with the environment
(or environments).

The Lindblad equation has several important properties, such as thelinearity in
the system's state ^� , and complete positivity . The Lindblad equation is alsotrace
preserving , as can be easily checked directly from Eq. (1.37) using the cyclic properties
of the trace. Altogether, these properties ensure that the reduced density matrix of
the system's state ^� has all the good properties of density matrices preserved at any
time step despite dissipation.

Notice that the Lindblad master equation can be written introducing the Liouvillian
L , as

_� (t) = L (� ); (1.38)

which allows for the suggestive description of the dynamics (for a time-independent
Liouvillian) as

� (t) = eL t �̂ (0): (1.39)
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1. Basic concepts of open quantum systems and measurements

Figure 1.2.: Examples of Lindbladiand spectra. The two pictures show the exponentiation
of the eigenvalues� � for the Tavis-Cummings model for N = 8 spins, which will be discussed
in detail in Sec.4.2. The two panels show the spectrum in the two phases of the Tavis-
Cummings model (stationary in panel (a) and time-crystal in panel (b)), which present a
totally di�erent structure of the eigenvalues.

The integrated form of the Lindblad master equation, Eq. (1.39) reveals some im-
portant properties of the dynamics of Markovian open quantum systems. This can
be easily uncovered through the process of vectorization [68, 69], which generalizes
density matrices to superstates (and rewrites it as a vector) and the Liouvillian to a
superoperator (becoming a symmetric non-Hermitian matrix).

�̂ ! j � ii ; L ! ^̂L : (1.40)

The vectorization process takes the problem to a higher dimensionality: given that the
density matrix has sizeD � D (with D being the dimension of the Hilbert space), the
vector j� ii will have sizeD 2, while the Liouvillian superoperator will be aD 2 � D 2

matrix. Although computationally expensive, this formalism allows for the diagonal-
ization of the Liouvillian and o�ers a powerful theoretical insight. Being a symmetric
non-Hermitian matrix, the diagonalization provides both left eigenvectorshhl � j and
right eigenvectorsjr � ii along with complex eigenvalues� � in conjugate pairs:

^̂L jr � ii = � � jr � ii ; hhl � j ^̂L = � � hhl � j : (1.41)

Examples of Liouvillian spectra are shown in Fig.1.2, the plots are drawn from the
Tavis-Cummings model, discussed in Sec.4.2.

A few properties of the spectrum of the Liouvillian, assuming bi-orthogonalityhhl � jr � ii =
� �;� , will be now listed. The trace preservation property of the Lindblad equation im-
plies that the identity hhIj = hhl0j is always a left eigenvector, with relative eigenvalue
� 0 = 0; This means that there must be (at least) one right eigenvectorjr0ii with
� 0 = 0. If it is unique, then it is trace one hhI jr0 ii = 1 and all the other right eigen-
vectors are tracelesshhI jr � ii = 0; � 6= 0. In Fig. (1.2), jr0ii is identi�ed by the point
(Ree� � ; Ime� � ) = (1 ; 0).
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1.2. Quantum Measurements

This is particularly useful for dynamics and identi�cation of the steady state, as we
can rewrite the evolution equation in terms of overlaps of the left eigenvectors with the
initial state j� (0)ii , the right eigenvectors, and the eigenvalues.

C� = hhl � j� (0) ii ; j� (t)ii =
X

�

C� e� � t jr � ii : (1.42)

The structure of the dynamics is clear from this equation: the real part of the eigenval-
ues (always negative) determines an exponential decay with time, while the imaginary
part yields oscillations.

Let us assume for a moment that there is only one eigenvalue with Re� � = 0. It is
then evident that for long timest ! 1 the eigenvalue which dominates the dynamics
is � 0 = 0, giving the non-decaying steady statejr0ii = j� SSii .

The relaxation dynamics is instead determined by the eigenvalue with the smallest
real part � = � Re~� = min � 6=0 f� Re� � g, which is denominatedLiouvillian Gap .
From now on, we will label the eigenvector relative to~� as j~r ii (notice that if Im ~� 6= 0,
also ~� � and its eigenvector should be considered).

Thus, as presented, the Liouvillian spectrum de�nes not only the dynamical features
of many-body open quantum systems, but also the structure of the steady state. The
intriguing properties of steady states and the possibility of witnessing dissipative phase
transitions due to the interplay of dissipation and unitary dynamics are key concepts
in this Thesis, and will be discussed in general in Chap. 2. Concrete examples of
dissipative phase transitions will then be studied in Chaps. 3 and 4, not only through
the Lindblad formalism but also through the more general path integral one.

1.2. Quantum Measurements

Measurements represent one of the most peculiar e�ects in quantum mechanics,
as they modify the system state in a unique way that goes beyond the description
that unitary operations can o�er [70{73]. In general, measuring a system requires
coupling it to a measurement device, which is responsible for extracting information
from the system and in turns irreversibly modi�es the system's state. This picture
connects directly to the open-quantum system setting and this Section will be devoted
to expanding this connection.

The most typical example of how drastically a system's state is changed by mea-
surements is given by the application of projective measurements. This shows how the
domain of quantum measurements goes beyond the natural framework of closed and
isolated systems as they cause the system's state to collapse on one of the eigenvectors
of the measured operator̂R (with R̂ jRi = R jRi ):

j 0i ! �̂ R j i / j Ri : (1.43)
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1. Basic concepts of open quantum systems and measurements

happening with a probability,

P(R) = h j�̂ R j i : (1.44)

Thus, performing a projective measurement of thêR operator abruptly changes the
state to one of the eigenvectors of the observable we are measuring,jRi , selected
according to Born's rule i.e. with a probability P(R).

Projective measurements let us gain complete information about the post-measurement
state, but dramatically change the shape of the pre-measurement state. It is possible
to monitor the system through the so-called weak measurements, which allow access
to little information about the system's state, but at the same time perturb it as little
as possible. These types of measurements will be central in our discussion.

Speci�cally, this Section will describe the continuous monitoring of many-body sys-
tems by means of weak measurements. As in laboratories, one has several possibilities
for measuring the system under consideration, hence, we will introduce several methods
that correspond to di�erent ways of probing and, inevitably, modifying the system's
state. In Sec. 1.2.1, Gaussian weak measurements will be introduced. This setting is
particularly important because it allows for a picture similar to the one introduced in
Sec. 1.1 of system-bath interactions, which directly connects to the path integral formal-
ism already introduced. Sec. 1.2.2, will instead introduce the concepts of measurements
by counting events and the idea of quantum jumps, creating further connection with
the language of open quantum systems.

As Sec. 1.1 has laid the foundations to thoroughly characterize the e�ects induced
by dissipation on the structure of the steady-state of the system, this section will o�er
a discussion to handle the long-time properties of monitored systems. In particular,
we will be interested in the introduction of the concept of measurement-induced phase
transitions, which are critical phenomena emerging only from the monitoring of many-
body systems. This will be the content of the next Chap. 2.2, which deals with critical
phenomena.

1.2.1. Weak and Gaussian Measurements or Homodyne detection

A �rst example of weak measurements was proposed in the 80s in Refs. [74, 75].

In this context, weak measurements are obtained by weakly coupling our system to
a measurement device - themeter, which is projectively measured.

For simplicity, we will picture this framework using a single-body system, ^x; p̂ with
[x̂; p̂] = i , and a single-body meter withX̂; P̂ and

h
X̂; P̂

i
= i . We focus on position

measurements ^x. Following Cave's implementation [75] the interaction between the
system and the meter is determined by

Ĥ int = gx̂ P̂ : (1.45)
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1.2. Quantum Measurements

(a) (b)

Figure 1.3.: Representation on the process yielding a weak measurement. (a) A system is
coupled weakly to an inaccessible meter. (b) the meter is projectively measured. (c) The
projective measure on the meter has an e�ect of the system, which can be recast in terms of
a weak measurement operator.

For the sake of simplicity, we can avoid considering the bare Hamiltonians of the system
and the meter, having the global Hamiltonian only containing the interaction termĤ int .
The initial state for the global system is separable and reads

j� i = j i 
 j 	 i =
Z

dx dX  (x) 	( X ) jxi 
 j X i ; (1.46)

where  (x) = hxj i is the system's wavefunction and 	(X ) = hX j	 i is the meter's
wavefunction. The e�ect of acting with the interaction Hamiltonian over the system's
state for a time interval dt is

j� 0i = e� i dt Ĥ int j� i (1.47)

=
Z

dx dX e� ig x P̂  (x) 	( X ) jxi 
 j X i ;

=
Z

dx dX  (x) 	( X � gx) jxi 
 j X i :

With a rescaling ofx, and projectively measuring the positionX̂ of the meter we get to
understand what the e�ect of this procedure is on the system. Suppose the projective
measurement gives as readoutr . The state after the projection will be :

hX = r j� 0i =
�
�
� ~ 0

E
=

Z
dx  (x) 	( r � x) jxi = M̂ r j i : (1.48)

Thus, we can interpret the coupling to the meter and the meter's position projective
measurement as the action on the system of the non-unitary operator

M̂ r = 	( r � x̂): (1.49)

The process is illustrated in Fig. 1.3.

Two facts should be noticed. The �rst one is theM̂ y
r M̂ r is a positive-valued operator

measurement (POVM) [76, 77] as
R

drM̂ y
r M̂ r = I. Moreover, being a non-unitary

operator, the system's state
�
�
� ~ 

E
is not normalized, and the post-measurement state
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1. Basic concepts of open quantum systems and measurements

should be appropriately written as

j 0i =
M̂ r j i

q
h jM̂ y

r M̂ r j i
: (1.50)

This simple picture shows us how to get any kind of measurement operator shape
simply by modeling the state of the meter. The weak measurement we will use many
times in this thesis is obtained from a Gaussian wavefunction for the meter.

We thus de�ne a general Gaussian measurements operator, for measurements ofR̂,
as [32, 33, 78]

M̂ r =
�

2
�t
�

� 1=4

e� 
�t (r � R̂)2
; (1.51)

where 
 is the measurement strength. We will always consider̂R such that it has a
continuous spectrum and its eigenstates form a complete basis for the Hilbert space. In
this case, from the spectral decomposition̂M r /

R
dR e� 
�t (r � R)2

jRi hRj, we see that
the operator is a superposition of projection operators on eigenstates of the operator
R̂, weighted by a Gaussian factor.

Consider now the following setting: we have a system with Hamiltonian̂H . We
evolve an initial state j 0i by dividing the time evolution from t0 = 0 to t in A small
time steps �t , such that A = t=�t . At each time step we apply both the evolution

operator Û(� + �t; � ) = Û�t = exp
n

� i�t Ĥ
o

and the Gaussian measurement operator

M̂ r .

The un-normalized evolved state in the continuous limit is:

�
�
� ~ (t)

E
= lim

�t ! 0
A !1

"
AY

a=1

M̂ r a Û�t

#

j 0i ; (1.52)

where the operators with smallera act before the operators witha bigger, and the~�
(tilde) signals non-normalized states.

The collection of readouts throughout the whole evolution,f r1; :::; ra; :::rA g �t ! 0���! r (t)
is called aquantum trajectory [79, 80] and represents a realization of the continuous
monitoring process. It constitutes the building unit for describing the dynamics of
monitored systems.

Consider now just one of the bricks building this kind of monitored dynamics. We ex-
ploit the fact that �t is an in�nitesimally small time-step and the Hausdor�-Campbell-
Formula. For the sake of simplicity and without loss of generality, we �x for this
moment only the measurement operator to be the position operator̂R = x̂, as it allows
us to �x more easily a basis and choose a representation. For a general Hamiltonian
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1.2. Quantum Measurements

Ĥ = p̂2

2m + V(x̂), we get:

Û�t M̂ r / e� i�t ( p̂2

2m + V (x̂)) e� 
�t (r � x̂ )2
� e

� i�t
�

p̂2

2m + V +
e� (x̂ )

�

; (1.53)

M̂ r Ûy
�t / ; e� 
�t (r � x̂ )2

e+ i�t ( p̂2

2m + V (x̂)) � e
+ i�t

�
p̂2

2m + V �
e� (x̂ )

�

; (1.54)

where we have introduced the complex e�ective potentials

V �
e� (x̂) = V(x̂) � i
 (r � x̂)2: (1.55)

This is particularly useful, as it allows straightforwardly to express the dynamics of
the un-normalized state via a Keldysh path integral formalism, where each branch is
constructed �a la Feynman using the e�ective potential V̂ +

e� for the backward branch
and V̂ �

e� for the forward branch. This yields for an initial state ^� 0 in position represen-
tation [75]:

~� (x; x0; t) =
Z

dx0 dx0
0 � 0(x0; x0

0)
Z x1 (t )= x

x1 (0)= x0

Dx1

Z x2 (t )= x0

x2 (0)= x0
0

Dx2� (1.56)

� ei (S[x1 ; _x1 ]� S[x2 ; _x2 ]) � 

Rt

0 dt0[(r (t0)� x1 )2+( r (t0)� x2 )2]:

This expression connects directly with the path integral formulation of the dynamics
we have derived for open quantum systems in Eq. (1.9). In this case, the in
uence
functional is not given by a direct tracing out of the bath's degrees of freedom but
depends on the Gaussian measurement operator. It should be noted also that, in this
case, the dissipative imaginary part depends speci�cally on measurement outcomes
that one obtains along the whole dynamics, i.e. depends on the quantum trajectory.
The quantum trajectory is shared between the two branches and makes them interact.

Beyond the suggestive vision given by the path integral formulation, it is also par-
ticularly interesting to focus on a single time step�t . Let us return to the more
general setting in which we measure a general operatorR̂. First of all, notice that from
Eq. (1.48) follows that for a single time step, the probability of getting the measurement
outcomer is

P(r ) = Tr
n

M̂ y
r M̂ r j i h j

o
=

Z
dR

�
2
�t

�

� 1=2

e� 2
�t (r � R)2
j (R)j2: (1.57)

From this, it immediately follows that the average value and variance for the readout
r will be

r =
Z

dr r P (r ) =
D

R̂
E

 
� 2

r =
Z

dr (r � r )2P(r ) =
1

4
�t
; (1.58)

while all the other cumulants are zero. This allows for the interpretation ofr as a
Wiener-like stochastic process [78]:

r =
D

R̂
E

 
+

dW
p

4
�t
; with dW = 0; dW2 = �t: (1.59)
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1. Basic concepts of open quantum systems and measurements

This interpretation leads to a peculiar rewriting of the measurement operator aŝM r =
M̂ dW =

� 2
�t
�

� 2
exp

n
� 
�t (R̂ � h Ri  � dW

2
p


�t )2
o

, and suggest how the quantum trajec-
tory is given by a realization of the Wiener stochastic processdW.

We use this fact to derive the master equation along quantum trajectories. Along
a tiny time-step �t the initial (mixed or pure) state �̂ (t) evolves to a new normalized
state according to:

�̂ (t + �t ) =
Û�t M̂ dW �̂ (t) M̂ y

dW Ûy
�t

Tr
n

M̂ y
dW M̂ dW �̂ (t)

o : (1.60)

Expanding the above equation up to �rst order in �t and to second order indW
(since for Ito's rule dW2 = �t ), one gets the stochastic master equation for Gaussian
Measurements:

d�̂ (t) = � idt
h
Ĥ; �̂ (t)

i
+ 
dt

�
R̂�̂ (t)R̂ �

1
2

n
R̂2; �̂ (t)

o �
+

p

dW

�
R̂ �

D
R̂

E

�
; �̂ (t)

�

(1.61)

The generalization to the many-body setting or to multiple independent measure-
ments (M ) is straightforward:

d�̂ (t) = � idt
h
Ĥ; �̂ (t)

i
+

MX

j =1


 j dt
�

R̂j �̂ (t)R̂j �
1
2

n
R̂2

j ; �̂ (t)
o �

(1.62)

+
MX

j =1

p

 j dWj

�
R̂j �

D
R̂j

E

�
; �̂ (t)

�
(1.63)

with dWj dWi = �t � i;j .

The master equation we have written is also namedquantum state di�usion [81]
when describing the evolution of pure states, and the measurement technique repre-
senting this equation is namedhomodyne detection[32]. The equation has the following
important properties:

ˆ It describes the evolution of a state along the trajectory characterized by the
sequence ofdW.

ˆ It is a stochastic equation which is alsonon-linear in the system state. This
is manifest in the last term of the equation where

D
R̂j

E

�
�̂ (t) = Tr

n
R̂j � (t)

o
�̂ (t)

appears. These are crucial di�erences from the Lindblad equation.

ˆ Averaging both l.h.s. and r.h.s., one obtains a master equation for the statê�
averaged over all the possible trajectories, i.e., over all the possible realizations
of the measurement process. The master equation for the average state is

d�̂ (t) = � i
h
Ĥ; �̂ (t)

i
+

MX

j =1


 j

�
R̂j �̂ (t)R̂j �

1
2

n
R̂2

j ; �̂ (t)
o �

:
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1.2. Quantum Measurements

(a)

Figure 1.4.: Representation of photons escaping a cavity and being detected by a mea-
surement device: the photodetector. This is a classical setting to introduce the concept of
quantum jumps, associated in this case with photons escaping with a rate
 and being de-
tected.

This is a Lindblad equation! When we have a measurement process and we don't
care about speci�c measurement outcomes (so we average over them), the only
e�ect remaining is the dissipation associated with the measurement procedure.

The latter fact is particularly important as it states the connection between continuous
measurements and open quantum systems and, most importantly, gives us another way
to deal with Lindblad equations [81] with jump operators

p

 j L̂ j =

p

 j R̂j . For pure

states indeed, the quantum state di�usion equation becomes simply

d j (t)i =

"

� idt Ĥ �
MX

j =1


 j

2
dt

�
R̂j �

D
R̂

E

 

� 2

+
MX

j =1

p

 j

�
R̂j �

D
R̂j

E

 

�
dWj

#

j (t)i :

(1.64)
If the density matrix has linear sizeD, solving the Lindblad equations is computa-
tionally expensive asD 2, while solving the above master equation and averaging over
trajectories has a cost which is onlyD, i.e. linear in the Hilbert space dimension.

This approach to solve dissipative dynamics, named ashomodyne unravelingof the
Lindblad equation, is a standard approach for open many-body quantum systems [1,
80, 81].

1.2.2. Counting events, or quantum jump measurements

The next kind of measurement we would like to describe is based on the concept
of counting the occurrences of speci�c events. The situation we will have in mind
throughout this part of the Thesis is photodetection. We can, for example picture
a cavity containing photons, with photons leaking from the cavity at a rate
 . The
leakage of photons is caught by a detector, which signals every time it has been hit by
a photon. This is represented in Fig. 1.4.
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1. Basic concepts of open quantum systems and measurements

In the rest of the Section, we will dub the detection event as aquantum jumpoccur-
rence, a name coming from the fact that the state of the system is suddenly modi�ed.
Non-detection, instead, will correspond to a non-occurrence of the jump.

In this picture, at each time step the measurement outcome is essentially binary:
either a jump has occurred (a photon escaping has been detected), or nothing has
occurred: nothing escaped the cavity. Thequantum trajectory for this type of
measurement is thus entirely speci�ed by the precise time at which a jump has occurred,
as this allows us to build the binary string of detection/non-detection events in time.

The way to represent this in quantum mechanics requires the use of two operators,
one for each measurement outcome [32, 33, 82] (detection/non-detection), ^u1; û0. We
will now try to identify û0; û1 such that û1 is the non-unitary measurement operator
corresponding to detection, while ^u0 is the non-unitary measurement operator corre-
sponding to non-detection.

Let us consider, for a moment again, the picture of a quantum single-mode cavity
with leaking photons at a rate
 . Suppose that the system is in the state ^� .
Over a short time-step�t , the probability of having a photon escaping, i.e. the oc-
currence of a quantum jump, isp1 / 
�t . This should be obtained in terms of ^u1

as

�t / Tr

n
û1�̂ ûy

1

o
= p1: (1.65)

This means that û1 /
p

�t . Since the loss of a photon is determined by the action of
the bosonic operatorâ over the system's state, we can interpret

û1 =
p

�t (
p


 â) ; (1.66)

with the jump operator
p


 â being a constant operator over the small time window
�t .

Having now identi�ed the operator û1, we can easily identifyû0 remembering that
together they must de�ne a POVM measurement: ^uy

0û0 + ûy
1û1 = I. Thus

ûy
0û0 = I � dt
 âyâ � e� 
�t ây â: (1.67)

This leads to the form of the non-detection operator:

û0 = e� 
�t
2 ây â: (1.68)

Notice the non-occurrence probability is found correctly asp0 = 1� p1 = 1� 
�t Tr
�

âyâ�̂
	

.

Thus, in the picture of a cavity with photon losses we have an evolution for the state
as

j (t + �t )i =

8
><

>:

û1 j (t ) ip
h (t )jûy

1 û1 j (t ) i
= âj (t ) ip

h (t )jây âj (t ) i
with p1 = 
�t



âyâ

�
 (t )

û0 j (t ) ip
h (t )jûy

0 û0 j (t ) i
� e� 
�t

2 ây â j (t ) ip
1� 
�t h (t )jây âj (t ) i

with p0 = 1 � p1

(1.69)
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1.2. Quantum Measurements

This photons' picture helps us understand what information we gain from this type
of measurement [83]. Suppose the state of the cavity to be a superposition of Fock
states: j (t)i =

P N
n=0 cn jni .

ˆ The probability of detecting a photon depends not only on the rate
 but also
on the system state and on its photons availability: if the state has few photons
N =

P
n jcn j2n, it is less likely it will lose one. Taking the concept to its extreme:

an empty cavity will not lose photons, as it should be.

ˆ If a photon is lost (detection event), we gain information about the system's
state as we know that it has one photon less and we know how it changes:
j (t + �t )i /

P N � 1
n=0 cn

p
n jn � 1i .

ˆ If a photon is not lost (non-detection) we anyway gain information about the
system's state. We learn that it is more likely that the cavity has few photons
and, for this reason, is not losing them. The operator ^u0 indeed modi�es the
weight of the Fock superposition ascn ! e� 
�t

2 ncn , giving more relevance to Fock
states with less photons in the superposition.

We can now come back to a more general scenario. Consider a many-body system
with Hamiltonian Ĥ , and consider that we haveM jump operators representing events
we want to count in this many-body system. Each has a rate
 i with j = 1; ::; M such
that the jump operators are

p

 j R̂j . In this case, the probability of a jump (any jump)

happening isp1 = �t
P M

j 
 j

D
R̂y

j R̂j

E
=

P M
j p(j )

1 . The state evolves at every time step
�t as

j (t + �t )i =

8
><

>:

R̂ j j (t ) iq
h (t )jR̂y

j R̂ j j (t ) i
with p(j )

1 = 
 j �t
D

R̂y
j R̂j

E

 

e� i�tH nh j (t ) iq
1�

P
j 
 j �t h (t )jR̂y

j R̂ j j (t ) i
with p0 = 1 �

P
j p(j )

1

(1.70)

where we have introduced the non-Hermitian Hamiltonian

Ĥnh = Ĥ � i
X

j


 j

2
R̂y

j R̂j : (1.71)

Essentially, observing a system through event counting produces a smooth non-hermitian
dynamics interrupted at random times by sudden jumps which instantaneously mod-
ify the system's state. Having a non-hermitian type of evolutor is again reminiscent
of what we have seen in the previous Section about open quantum physics. In this
case, a direct connection with the open quantum evolution is slightly more di�cult,
as the evolution of the last Section was always smooth, while quantum jumps produce
discontinuous changes in the system's state.

We can also ask in this case what happens if we do not care about every single real-
ization of the measurement process, and we want to know about the average dynamics
produced by this type of measurement.
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1. Basic concepts of open quantum systems and measurements

Over a short time step�t , we can write [83]:

�̂ (t + �t ) = (1 � p1)
e� i Ĥ nh �t j (t)i

p
1 � p1

h (t)j ei�t Ĥ �
nh

p
1 � p1

+ p1

X

j

p(j )
1

p1

p

 j R̂j j (t)i
q

pj
1=�t

h (t)j R̂y
j
p


 jq
p(j )

1 =�t

(1.72)

=
�

1 � i�t Ĥnh

�
�̂ (t)

�
1 + i�t Ĥ �

nh

�
+ �t

X

j


 j R̂j �̂ (t) R̂y
j ; (1.73)

where � labels once again averages over quantum trajectories. Keeping all the terms
up to �rst order in �t , we get the following master equation for the average state:

@t �̂ (t) = � i
h
Ĥ; �̂ (t)

i
+

X

j


 j

�
R̂j �̂ (t) R̂y

j �
1
2

n
R̂y

j R̂j ; �̂ (t)
o �

: (1.74)

The master equation describing the evolution of the system when we discard the in-
formation about the speci�c realization of the measurement process is once again the
Lindblad equation. The quantum jumps we are counting correspond to the quantum
jumps of the Lindblad equation, and once again, the Lindblad picture captures the
underlying dissipation mechanism behind measurement's non-unitarity.

Again, as in the case of Gaussian measurements, we can think of quantum jumps as
a way to simulate in a computationally e�cient way the evolution of a density matrix
through a Lindblad master equation. This type of unraveling was proposed in Ref. [83]
and has been presented as a Monte Carlo approach to solve dissipative dynamics.

Returning to the general setting of weak measurements, the monitored dynamics
generated by the interplay of quantum measurements and unitary dynamics can pro-
duce intriguing phenomena in the steady state. Speci�cally, we will be interested in
the study of critical phenomena induced by quantum measurements. This important
concept will be the object of the next Chapter in Sec. 2.2 and will connect to and
generalize the concept of dissipative phase transitions. Throughout the Thesis we will
see many examples of this new kind of critical phenomena, emerging from very di-
verse quantum many-body systems, such as spin-boson models 4.2, spin chains 4.3 and
interacting bosonic systems 5.
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Quantum Systems

So far, we have introduced several tools and concepts to describe the non-unitary
dynamics of many-body systems, both in the case of pure dissipation and in the case
of non-unitarity introduced by quantum measurements. The dynamical description
we have carried out has relied on a path integral formalism, which also allows us to
describe measurements and general non-Markovian dynamics, and on the Lindblad
master equation, opening to the discussion of Markovian quantum dynamics.

Non-unitary dynamics is a central topic in this Thesis; however, the discussion of
open quantum many-body systems cannot overlook a thorough description of the steady
states and long-time properties generated by this kind of dynamics. In particular, the
analysis of critical phenomena arising in this context deserves special mention in this
Thesis.

This Chapter will deal with the analysis of critical phenomena generated by the
competition of the unitary dynamics stemming from the Hamiltonian, and dissipation
or quantum measurements.

The �rst part of the Chapter, Sec. 2.1, deals with the interplay of Hamiltonian
dynamics and dissipation, and is thus centered ondissipative phase transitions. The
general concept will be introduced starting from the concept of Liouvillian spectrum
introduced in the previous Chapter, Sec. 1.1.2. Examples and phenomena related to
dissipative phase transitions will be introduced as well, as they will appear in the
presentation of the works in Chap. 4.1.

The second part of the Chapter, Sec. 2.2, is instead based on the analysis of the
long-time properties induced by the presence of quantum measurements. Speci�cally
we will introduce measurement-induced phase transitions, discussing their emergence
and all the practical, theoretical, and experimental problems related to their detection.

2.1. Dissipative phase transitions

This Section reconnects directly with the concept introduced in Sec.1.1.1,1.1.2, about
dissipative dynamics. The aim is very simple, and consists in an analysis of the long-
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2. Critical Phenomena in Open Quantum Systems

time behaviour of the dynamics generated by a system in contact with an environment.

The concepts introduced in this Section will be particularly useful to understand the
e�ects that dissipation generates in the models studied in the next Chapters. For exam-
ple, Chap. 3 deals with a dissipative phase transition emerging from the non-Markovian
dynamics of open quantum rotors, which is described in a path integral formalism; and
Chap. 4 describes peculiar dissipative transitions stemming from Lindblad dynamics.

While, as mentioned, the concept of dissipative phase transitions is very general and
emerges from all the di�erent formalisms we have presented, in this Section we will
focus on the analysis of the steady-states emerging from Lindblad dynamics. This will
allow for an easier interpretation and exposition through the features of the Liouvillian
spectrum.

For this reason, we recall Eq.(1.42) describing the dynamics of a Markovian open
quantum system in a vectorized form:

C� = hhl � j� (0) ii ; j� (t)ii =
X

�

C� e� � t jr � ii :

The discussion of steady-state properties and dissipative phase transitions must be
conducted taking the in�nite-time limit of this equation and thus relies only on the
longest-lived eigenvectors and relative eigenvalues of the Liouvillian. Speci�cally, we
will discuss properties emerging from the steady state, already introduced as,

�̂ SS ! j r0ii ; with � 0 = 0; (2.1)

and the eigenvector forming the Liouvillian gap, supposing it to be real,

~̂� ! j ~r ii ; with ~� = � � : (2.2)

In the case of a conjugated pair of complex eigenvalues forming the Liouvillian gap,
both their eigenvectors should be considered. Let us now introduce the concept of
dissipative phase transitions through the analysis of these long-lived states.

Dissipative phase transitions arise in many-body open quantum systems as the com-
petition between dissipation and Hamiltonian dynamics generates an abrupt change
in the structure of the steady state. Usually, these non-analytic changes are probed
through order parameters based on the average value in the steady state of a suitable
operator Â. Suppose that the non-analyticity in the steady state appears by varying
a parameter � which quanti�es the competition between the dissipative and the uni-
tary part of the Lindblad dynamics. The order parameter should then be studied as a
function of � : A(� ) = Tr

n
Â �̂ SS(� )

o
.

Then the phase transition can be identi�ed by the singular behaviour of

lim
� ! � c

�
d
d�

� k

A(� ); (2.3)

26



2.1. Dissipative phase transitions

where� c is the critical value at which the non-analyticity occurs, andk is the order of
the derivative showing the singular behaviour. The value ofk determines the order of
the phase transition.

Fig. 1.2 shows an example of how the dynamics and the steady state dramatically
change across a phase transition: panel (a) and (b) show the (exponentiated) spectrum
of the Liouvillian in two di�erent phases of the Tavis-Cummings models, and present
a totally di�erent structure, di�erentiating the behaviour in the two phases.

In general, at the level of Liouvillian spectrum, dissipative phase transitions are
related to the closure of the Liouvillian gap � = � Re� � in the thermodynamics limit
and to the properties of non-decaying eigenvectors and eigenvalues. This gives rise to a
wide pletora of possibilities, including continuous and discontinuous phase transitions,
along with spontaneous breaking or not-breaking of the symmetries of the system [14,
15].

A comprehensive discussion of all of these critical phenomena is beyond the scope
of this Thesis. However, the following Sections present some phases and phenomena
associated to dissipative phase transitions that may stem from open quantum dynamics.
These special examples serve as paradigma to show how dissipation can be leveraged
to produce peculiar phases of matter, and to illustrate in more details some phenomena
emerging in the next Chapters. Speci�cally we will see time-crystals phases of matter
in Sec. 2.1.1, as they will appear in Secs. 4.2,4.3, and we will describe bistability in
Sec. 2.1.2 as it will characterize Sec.4.2.

2.1.1. Persistent oscillations and Time Crystals

This Section describes a dissipative phase transition that we will see emerging in
Chap. 4 in spins and bosonic systems. The phase we want to describe, dubbed a time
crystal, emerges from the closure of the Liouvillian gap by complex eigenvalues, and
the next paragraphs aim at introducing this phase and explaining how it emerges from
the spectrum ofL .

Time crystals phases, recently introduced and theorized by Wilczek [21, 84], are
based on a very peculiar type of symmetry breaking: the spontaneous breaking of
time-translation symmetry. Time-translation symmetry can be both continuous and
discrete [85, 86]: a simple example of breaking of continuous time-translational sym-
metry has a time-independent Hamiltonian showing oscillations in the steady state;
an easy framework showing breaking of discrete time-translational symmetry is given
instead by period doubling.

It is extremely important to highlight that open quantum many-body systems con-
stitute an ally in the quest for time-crystal phases as they overcome the no-go theo-
rems [22] stating that time crystallinity cannot emerge in ground states and equilibrium
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2. Critical Phenomena in Open Quantum Systems

(a) (b)

Figure 2.1.: Spectrum of the Liouvillian for a time-crystal phase. The two plots, containing
respectively the real and the imaginary part of the eigenvalues� � , versus the inverse of the
system's size (for the accessible sizesN = 2-N = 9 spins). The legend represents the number
of the eigenvalue, ordered with respect to their real part. Both plots are drawn for the Tavis-
Cummings model and correspond to the Liouvillian spectrum contained in Fig. 1.2(b). (a)
Real part of the Liovillian eigenvalues vs. 1=N. Increasing the system size, the Liouvillian
gap increasingly closes. (b) Imaginary part of the Liouvillian eigenvalues. Some of them,
while having a real part which closes the gap, tend to form a band structure having a non-
zero value.
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2.1. Dissipative phase transitions

states. Several studies have indeed focused on the emergence of this phenomenon out
of equilibrium, and have considered both open Floquet types of settings [23], and
driven-dissipative frameworks [24].

In this thesis, we will study driven-dissipative systems withN spins presenting a
time crystal phase that spontaneously breaks continuous time translation symmetry
in the thermodynamic limit. The mechanism responsible for the emergence of this
phase lies in the structure of the spectrum of the Liouvillian, and in how it changes by
increasing the size if the system.

Diagonalizing the Liouvillian at �nite size ^̂L N , one gets a unique steady statejr0ii N

corresponding to� 0 = 0, and a long-lived eigenvectorj~r ii N corresponding to the eigen-
value ~� N = � �( N ) + i 
( N ) (along with its conjugate). In the presence of time-
crystallinity, one can compare the spectrum for di�erent sizes and realize that

lim
N !1

�( N ) = 0 ; lim
N !1


( N ) = ~
 6= 0: (2.4)

The real part �( N ) vanishes for increasing system sizes, closing the Liouvillian gap, and
shows that the long-lived eigenvectors become non-decaying. These new non-decaying
eigenvectors concur in determining the properties of the steady state. The non-zero
imaginary part in the thermodynamic limit sets the frequency of the time-crystal's
persistent oscillations.

An example of this time-crystal realization is shown in Fig. 2.1, showing how the gap
closes in panel (a) for eigenvalues having a non-zero imaginary part, shown in panel
(b). This example is drawn from the time-crystal phase of the Tavis-Cummings model,
discussed in Sec. 4.2.

This behaviour is typical of boundary time-crystals, introduced in the context of open
quantum many-body systems in Ref. [24] and found for the �rst time in a resonance

uorescence model.

It is worth mentioning that Lindblad theory is not the only formalism showing the
emergence of time crystals. A phase transition to a time crystal phase can also be wit-
nessed from a Keldysh �eld theory perspective. This framework allows for example to
compute 2-times connected correlation functions such as

D
Â(t)Â(t0)

E
�

D
Â(t)

E D
Â(t0)

E

for some operatorÂ. This speci�c object should show long-range order and present os-
cillations in time crystal phases, serving as diagnostics for this type of phase transitions
in a Keldysh setting [86].

2.1.2. Bistability

Another interesting phenomenon we will witness near a dissipative critical point is
the presence ofbistability (or multistability ) emerging from the competition between
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2. Critical Phenomena in Open Quantum Systems

two (or several) long-lived states. As in the case of time crystals, we can identify some
non-trivial properties of this phenomenon starting from the analysis of the Liouvillian
spectrum and its eigenvectors. Let us introduce the concept of bistability and then
link it to the properties of the spectrum we have introduced.

A prototypical bistability scenario displays, in the thermodynamic limit and for a
region of parameters� 2 [� A ; � B ], the existence of two possible steady states, ^� 1 and
�̂ 2. The state reached at long times depends on the choice of the initial state, thus

lim
t !1

lim
N !1

eL (� )t �̂ a;b(0) = �̂ 1;2; (2.5)

where ^� a;b are two possible initial states.

At the same time, a general Liouvillian at �nite size has a unique steady state [87]:

lim
N !1

lim
t !1

eL (� )t �̂ a;b = �̂ SS; (2.6)

where the steady state is the eigenvectorjr0ii with � 0 = 0 at a speci�c � .

This highlights a typical feature of bistability: the non-commutativity of the ther-
modynamic and long-time limits, i.e., limN !1 lim t !1 6= lim t !1 limN !1 . Taking the
thermodynamic limit �rst yields a steady state that depends on the initial state. Taking
the in�nite-time limit �rst always yields a unique steady state.

One ingredient to explain the emergence of this non-commutativity is the closure,
in the thermodynamic limit, of the Liouvillian gap across the entire bistability region.
This translates, in the case of~� 2 R, to

lim
N !1

�( � ) = 0 for � 2 [� A ; � B ]: (2.7)

The two pictures stemming from the two possible orderings of the limits are, never-
theless, connected [88]. At �nite sizes, the Liouvillian eigenvectors responsible for the
long-time behavior are ^� SS ! j r0ii (with � 0 = 0) and ~̂� ! j ~r ii (with ~� = � 2 R and
limN !1 � = 0). These two states must then be related to the states we observe when
taking the thermodynamic limit �rst: �̂ 1, �̂ 2.

One can argue that the states ^� 1;2 must be di�erent combinations of the long-lived
states ^� SS and ~̂� . The only possibility to guarantee trace unity for the steady state ^� 0,
and zero trace for~̂� , is the following decomposition at �nite sizes:

�̂ SS =
a1�̂ 1 + a2�̂ 2

a1 + a2
; (2.8)

~̂� = �̂ 1 � �̂ 2: (2.9)

In this situation, the closure of the Liouvillian gap throughout the bistable region in
the thermodynamic limit complicates the picture and leads to the non-commutativity
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2.2. Measurement-induced phase transitions

of the in�nite-time and thermodynamic limits. This explicitly shows the connection
between the Liouvillian spectrum, yielding ^� 0, ~̂� , and the N ! 1 states ^� 1;2.

This last fact, connecting the steady and longest-lived states to ^� 1 and �̂ 2, highlights
another special feature of bistable regions, particularly important in Sec. 4.2: abimodal
probability distribution of observables in the steady state. For example, the observable
ô will have a bimodal probability distribution PSS(o) in the steady state, showing two
peaks around precise valueso1;2.

Through the decomposition of the steady state in terms of ^� 1;2 made above, one can
easily realize that this steady-state probability distribution is a weighted superposition
of the distributions of ô over the two states ^� 1;2, each with probability distributions
P1;2(o) peaked ato1;2. This leads to a bimodal

P(o) =
a1P1(o) + a2P2(o)

a1 + a2
; (2.10)

explaining the phenomenon [88].

This feature is often present in regions around dissipative phase transitions and is
usually related to a bistability between the steady states of the two phases meeting at
the critical point [14], such that � c 2 [� A ; � B ], with � c being the critical point. We will
see a similar phenomenon in Chap. 4.2.

Before concluding the discussion on bistable regions, we brie
y mention that Chap. 4.2
also studies bistability through an unraveling of the Lindblad equation, analyzing
single-trajectory evolutions. It is worth noting that single trajectories exhibit switching
behavior between the two states ^� 1 and �̂ 2 in the bistable region. While the lifetimes
of the two switching modes are �nite inside the bistable region, one of them always
diverges outside this region, determining the properties of the phase.

2.2. Measurement-induced phase transitions

We now reconnect to the concepts of Secs.1.1, in which we have introduced quan-
tum measurements and derived the master equations for evolving the quantum state
according to the outcome of the measurement process of our choice. The idea of this
Section is to analyze the properties of the steady states of such dynamics.

Weak measurements and their interplay with Hamiltonian dynamics are not, how-
ever, the only possibility for studying the monitored dynamics of quantum many-body
systems. Another very common and widely studied setting, focuses on the dynamics
and the long-time behaviour of quantum circuits interspersed by measurements. The
most prototypical example of a circuit presenting measurements has its dynamics built
in the following way: N qubits (or qudits) interact between themselves through the
application of unitary gates, and the next layer of operations involves the application of
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2. Critical Phenomena in Open Quantum Systems

(a)

(b)

Figure 2.2.: Pictures from [89, 90]. Representations of quantum circuits with projective
measurements in 1 + 1d (a), and 2 + 1d (b). In both cases, unitary gates are represented as
boxes, while local projective measurements are diamonds or squares on single-qubit lines.

local projective measurements, which occur on each qubit with a probabilityp. These
two layers are then repeated several times to generate the whole dynamics. An example
of this structure in 1d and 2d can be found in Fig.2.2. Despite seeming a very speci�c
setting, it allows for some freedom as the gates can be chosen in any way and can
mimic several types of Hamiltonians. This setting is indeed intrinsically connected to
the Hamiltonian settings, as gates can be chosen to implementÛ = exp

n
� i Ĥ

o
with

a �ctitious time-step (here set to one).

While studying the monitored dynamics of quantum circuits, it was recently realized
that continuously monitoring a many-body system produces e�ects that go beyond
the dissipation process [40]. Experiments and theory can collect vast statistics about
measurement realizations. However, if the analysis is limited to the average state over
quantum trajectories, one only observes dynamics governed by the Lindblad equation,
which is blind to the measurement process, as discussed in Secs. 1.2.1 and 1.2.2. To
retain information about the monitoring, one must go beyond the average and study
higher moments of the state. This has unveiled the emergence of a new critical phe-
nomenon: measurement-induced phase transitions.

The �rst studies on this phenomenon [40{42] focused on quantum circuits withN
qubits, using random unitary gates or Floquet-like dynamics, interspersed with local
projective measurements. These studies aimed to quantify quantum correlations using
R�enyi entropies or the entanglement entropy, and to characterize how they change in the
thermodynamic limit as the measurement ratep varies. Note that R�enyi entropies and
the entanglement entropy, denoted here asS, are nonlinear functionals of the system's
state. Therefore, computing their average over trajectories requires evaluating higher
moments of the quantum states. The results are striking:

ˆ For p < pC , with pC being a critical measurement's rate, the dynamics generated
by unitary gates manages to spread quantum correlations through the systems
and the thermodynamic limit is characterized by volume-law quantum correla-
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2.2. Measurement-induced phase transitions

tions. In d� dimensions:

S / N d:

ˆ For p > pC , the unitary dynamics is limited by the action of projective measure-
ments which disentangle single quibits from the rest of the system, and do not
manage to spread entanglement as e�ciently as before. The disentangling action
of measurements results in an area-law phase for quantum correlations:

S / N d� 1:

This results have a deep meaning: the ratep at which measurements occur tunes the
importance of measurements over unitary dynamics. From their interplay, a phase
transition in quantum correlations arises: the two phases are either an area-law, sig-
naling that the disentangling action of measurements is taking over unitary dynamics,
or a volume-law phase in which Hamiltonian dynamics wins. The important bit in
this picture, is that these phase transitions can only be seen through R�enyi entropies
or entanglement entropy calculations, as only looking at the average-state dynamics
would have yield just dissipative dynamics.

These �ndings sparked a vast body of work aimed at understanding and character-
izing this new type of critical phenomenon and its associated phases. Studies explored
alternative settings, including long-range unitary gates and Cli�ord circuits [40{42, 91{
96], and have spread as well to the setting we have introduced in Sec. 1.2, in which an
Hamiltonian system is continuously measured through weak measurements [43{45, 97{
105]. In the Hamiltonian case, the role of the measurement ratep is played by the
measurement strength
 , which tunes the competition between unitary dynamics and
weak measurements.

In this Thesis, we will focus on this second setting and study measurement-induced
phase transitions emerging from monitoring with quantum jumps (Sec. 1.2.2) or Gaus-
sian measurements (Sec. 1.2.1) a variety of quantum systems, including cavity models,
spin chains and bosonic models.

Before dealing with the characterization of these phases, it is important to under-
stand on a more quantitative level why the emergence of measurement-induced phase
transition can be probed only considering complex functional of the system's state such
as Renyi entropies or the entanglement entropy as shown before.

The reason is mathematically very simple, and is based on the fact that while per-
forming calculations in the context of monitored dynamics, one needs to keep in mind
that there are two averaging processes taking place: we are calculating the average
over the quantum stateh�i , and the average over quantum trajectories� .

While calculating averages of observables, the ordering of the averages doesn't a�ect
the calculation because of the linearity of the trace operation. We show this with a
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general operatorô, and labeling trajectories with
 :

Tr f �̂ 
 ôg = Tr
�

�̂ ô
	

: (2.11)

If one has higher moments of the system's state, then the ordering matters. Suppose
we want to calculate the variance of the same operator ^o as before:

Tr f �̂ 
 ô2g � Tr f �̂ 
 og2 6= Tr
�

�̂ ô2
	

� Tr
�

�̂ o
	 2

; (2.12)

where the commuting problem lies in the quadratic term aŝ� 2

 6= �̂

2
in general.

Notice now that, while computing the average of observables, one only has to deal
with the density matrix averaged over trajectories. Since this object follows the Lind-
blad master equation and only knows about the dissipative process induced by mea-
surements, it doesn't retain information about the speci�c measurement process. Thus,
observables can be considered good order parameters to probe dissipative phase tran-
sitions, but not to witness measurement-induced phase transitions.

Instead, dealing with non-linear objects in the system's state preserves some infor-
mation about measurements: on an operational level, one needs to follow a single
trajectory, calculate the non-linear object of interest along that speci�c trajectory,
and repeating this procedure many times until the average over trajectories can be
calculated accurately. This allows for preserving information about the measurements
process. Indeed, a completely di�erent result, related only to dissipation, would appear
by inverting the two average processes.

This will be the general procedure that we will use to study measurement induced
phase transitions in this Thesis: if interested in dissipative phase transitions, we will
exploit observables as order parameters; otherwise, in order to probe MIPTs, we will
follow the above prescription about averages of non-linear objects in the system's state.

2.2.1. The complexity of monitored systems

Throughout the thesis we will not only be interested in the theoretical prediction of
measurement-induced phase transitions, but also in the theoretical and experimental
complexity associated with the stochastic nature of the problem.

The issues we encounter in this �eld touch indeed all the points of view and methods
we can use to study the problem.

Theoretical studies involving analytical analysis, generally require carrying out very
complex calculations based on stochastic calculus. Several studies attempted to pursue
these calculations, and generally have involved mappings to known stochastic models,
such as percolation [40] and the use of tools drawn from random matrix theory [94, 106]
and disordered systems [100, 104, 107, 108]. Such studies often involve the calculation of
path integrals, both over the system's degrees of freedom such as (

R
Dx1;2 in Eq. 1.56),
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2.2. Measurement-induced phase transitions

and over the readouts of quantum measurements, such as (for a functionalf of the
system's state):

f [�̂ r ] =
Z

Dr (t0) P[r ; t] f [�̂ r (t)];

where P[r ; t] is the probability of the trajectory r (t), required by Born's rule, andR
Dr (t0) takes the average over all possible measurement outcomes. Having generally to

consider very complicated non-linear functionals of ^� 
 to be averaged over trajectories,
many studies have relied on the Replica Trick [100, 104, 108{111], drawn from Spin-
Glass Theory, and reduced the complexity of the calculation by working with many
copies of the quantum state along a trajectory; Others have relied instead on stochastic
path integrals [112, 113] requiring the use of auxiliary �elds (as in the Martin-Siggia-
Rose formalism [114, 115]). In this Thesis, we will deal with the same type of complexity
in Chap.5 from a di�erent point of view, while monitoring free and interacting bosons.

Numerical studies do not escape the complexity due to the presence of measure-
ments. Simulating and numerically integrating Eqs. (1.62),(1.70), requires building
the many-body state and evolving it in its entirety along many trajectories which must
be generated randomly and which must sample in a complete way the probability dis-
tribution of quantum trajectories. In order to see the emergence of phase transitions in
the steady-state one needs to run simulations for a very long time and characterize the
many-body quantum state continuously along this evolution. This type of simulations
are in general very hard in terms of storage and time resource, and can be carried
out easily only in small systems, collective and in�nite-range systems, or Gaussian
systems. Moreover, simulations techniques like tensor-networks which are usually able
to deal with many-body systems by truncating the size of the simulations, usually fail
in capturing volume-law phases which are central in the �eld of measurement-induced
phase transitions. Some approximations have been developed to deal with this type
of simulations [116], and proposing others to understand the behaviour of long-range
systems will be the aim of this Thesis in Sec. 4.3.

Beyond theory, the greatest challenge in studying measurement-induced phase tran-
sitions comes from experiments. The issue lies in the fact that measurement-induced
phase transitions must be probed by selecting a trajectory and characterizing its steady
state through non-linear functionals of the state itself, repeating for many di�erent
trajectories, and then averaging over the results. The extremely di�cult bit is charac-
terizing a quantum state conditioned to some speci�c measurement outcome. In the
worst-case scenario, one needs to do full tomography of a many-body quantum state,
and this requires reproducing many times the same state conditioned to the same
measurement outcome. The probability of measuring a speci�c trajectory is usually
exponentially small both in the system's size and in the time needed to evolve the sys-
tem: P(r ) / e� N e� t [47, 117]. This makes experiments very hard in practice, and has
greatly limited the experimental witnessing of measurement-induced phase transitions,
which are limited to References [118{120]. This experimental issue, known as the
post-selection problem [46, 48], cannot be overcome in general, and many studies
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2. Critical Phenomena in Open Quantum Systems

are now centered on ways of mitigating it [46, 48, 121, 122]. This discussion will be
central to Chap. 4.1, which will expand this discussion and propose some solutions in
in�nite- and long-range systems.
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3. Quantum Synchronization

In this Chapter we explore the �rst dissipative phase transition of the Thesis, and the
�rst example of how dissipation can help in realizing collective emergent phenomena.

The fundamental question we address in this Chapter is whether synchronization, a
well-known dynamical phenomenon in classical �elds, can occur in a quantum setting,
and how it di�ers from classical �ndings [28]. We choose to answer this question in the
context of open many-body quantum systems, to the correct counterpart for classical
models based on noisy settings with friction.

Synchronization is an emergent collective phenomenon that can be observed in var-
ious physical systems, such as pendula [123], �re
ies [124, 125], and neurons [126]. In
classical mechanics, synchronization can occur when two or more oscillators interact
with each other through a common coupling [127, 128].

However, in the quantum domain, synchronization becomes even more intriguing,
as it has to deal with quantum 
uctuations and entanglement. Speci�cally, the prob-
lem of quantum 
uctuations has already attracted interest in theoretical studies, and
has been addressed in models of coupled Van der Pol rotors with non-linear dissi-
pation [26, 129] and non-dissipative Hamiltonian rotors [130]. Understanding syn-
chronization in the quantum realm may be a useful resource for quantum techno-
logical applications [131, 132], for example in quantum thermal machines [133{135].
For this reason, an intense theoretical activity aimed at quantifying synchronization
in quantum systems from continuous variables[136{144] to discrete degrees of free-
dom [134, 145{158]. Di�erent measures of synchronization have been introduced,
ranging from phase-space or correlation quantities [159{164] to information-theoretical
approaches[160, 165{167].

This large body of work, however, did not address a seemingly natural question: how
to extend a paradigmatic model of classical synchronization, the Kuramoto model [168],
to study synchronization in the presence of quantum 
uctuations. This is the starting
point for our work. The classical model describes the behaviour of interacting rotors
with a non-linear dynamics, and exhibits a phase transition from a dynamically dis-
ordered phase, to an ordered one characterized by phase locking. Generalizations of
the model [169{175] have allowed to explore and enrich the phase diagram by studying
also the e�ects of noise, inertia, disorder and long-range interactions on the emergence
of synchronization, and extending the concept of rotors to nonabelian objects [176].
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3. Quantum Synchronization

Despite e�orts to study and understand the emergence of collective behavior of rotors
in a semiclassical regime, where quantum 
uctuations become relevant and modify
the system's dynamics [177], a systematic analysis of spontaneous synchronization in
the fully quantum regime is still lacking. Can quantum synchronization emerge in a
low-temperature regime or do quantum 
uctuations dominate the system's behavior,
preventing spontaneous synchronization?

The chapter will thoroughly address this question. To provide a comprehensive
discussion on quantum synchronization, we start from its classical counterpart, which
allows for a more intuitive exempli�cation of how synchronization emerges when rotors
are bound by interactions. Speci�cally, Sec. 3.1 introduces the concept of phase-locking,
the primary mechanism inducing synchronization, and then shows the emergence of
synchronization in the classical Kuramoto-Sakaguchi model. Sec. 3.2 generalizes these
concepts to the quantum regime and analyzes the similarities and di�erences in the
dynamics of the two settings.

3.1. Classical Synchronization

Before digging into the extension of the Kuramoto model to a quantum many-body
systems, it is important to understand the features of classical synchronization. This
Section will be dedicated to the exposition of some basic concepts, like thephase lock-
ing mechanism [127] responsible for the emergent synchronization in the Kuramoto
model, and to address the onset of classical synchronization in a classical stochastic
model - the Kuramoto-Sakaguchi model.

3.1.1. Basics of synchronization: phase locking

Let us consider, for this section only, a simpli�ed model.

Suppose we have two rotors, which will be labeled as� 1 and � 2 as their position is
entirely speci�ed by the rotation angle� i 2 [0; 2� ).

The toy model we consider is deterministic and involves two rotors driven at di�erent
frequencies,! 1 and ! 2. Interaction is key to achieving synchronization, and we suppose
that the two rotors interact through a force that depends on their phase di�erence. The
equations of motion for this setting are

(
_� 1 = ! 1 � J sin (� 1 � � 2);
_� 2 = ! 2 � J sin(� 2 � � 1):

(3.1)

For J = 0 we see that the two rotors evolve independently, rotating at their own
frequency. WhenJ 6= 0, the interaction competes with the drive and tries to lock the
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3.1. Classical Synchronization

phase di�erence in the steady state. This procedure can be seen more easily by going
to an average� + = ( � 1 + � 2)=2 and relative � � = � 1 � � 2 coordinate and determining
the steady state of these equations.

(
_� + = ! 1+ ! 2

2

_� � = ( ! 1 � ! 2) � J sin(� � ):
(3.2)

While the equation for the average coordinate does not have a steady state, representing
the fact that the center of mass of the rotors will rotate inde�nitely at an average
frequency (! 1 + ! 2)=2, the relative coordinate can admit a steady-state:

� �
� = arcsin

! 1 � ! 2

J
, j

! 1 � ! 2

J
j < 1: (3.3)

This means that if the ratio j(! 1 � ! 2)=Jj = � is � > 1, there is no steady state also
for the relative coordinate, and the two rotors will continue rotating independently. If
� < 1 instead, a steady state is achieved for the relative coordinate, and the phase
di�erence of the two rotors is �xed at the � �

� value forever.

This is synchronization reached throughphase locking : the two rotors are stuck to
have a phase di�erence� �

� , while their center of mass rotates at their average frequency.
We will see this happening in a many-body context in the next part of the Section.

3.1.2. The Kuramoto-Sakaguchi model

We are now able to extend the simple concept of phase-locking to a more complex
setting.

The Kuramoto model describes the behaviour ofN interacting planar rotors, as in
Fig. 3.1(a). It exhibits two phases: an incoherent phase characterized by the rotors
moving independently, and a synchronized phase in which the system behaves collec-
tively. The mechanism underlying the synchronization process isphase locking, which
causes the emergence of a �xed relation between the phases of the rotors.

The state of each rotor is characterised by a phase� i , an angular velocity vi , with
i = 1; :::; N . The evolution of this state is determined by a frequency! i , and a damping

 . The characteristic frequencies! i are independent of each other and, throughout the
paper, will be drawn from an even, unimodal frequency distributiong(! ), with average
! = h! i g(! ) = 0 and variance � 2.

We consider here the massive version of this model described by the following set of
Langevin equations: 8

<

:

_� i = vi

m _vi + m
v i = F [� ; ! i ] + � i

(3.4)
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(a) (b)

Figure 3.1.: (a) Representation of the classical Kuramoto model forN = 5. A set of rotors
(dots on dashed circles) evolves with independent frequencies. Their mutual interactions
(green solid lines) induce a phase transition to synchronised dynamics. (b) Representation of
the quantum Kuramoto model. Same as panel (a), with the rotors as quantum systems. The
coupling to independent identical quantum baths is explicitly shown as a solid line connecting
to a set of harmonic oscillators (blue boxes)

Here, � = ( � 1; :::; � N ) and

F [� ; ! i ] = ! i �
J
N

NX

j =1

sin(� i � � j ) : (3.5)

The noise in the Langevin equation is a Gaussian stochastic process withh� i (t)i = 0,
h� i (t)� j (t0)i = 2D� i;j � (t � t0). The initial conditions � (0) = � 0, v (0) = v0 are drawn
independently for every rotor from a distribution � (� 0; v0).

In the massless limit (m
 = const, m ! 0) the Langevin equation reduces to the
Kuramoto-Sakaguchi model [178]

_� i = F [� ; ! i ] + � i 8i = 1; ::; N : (3.6)

The synchronized behaviour is signaled by a non-zero value, in the stationary state,
of the modulus of the complex order parameter (t) de�ned as

 (t) = r (t) ei' (t ) =
1
N

NX

j =1

ei� j (t ) : (3.7)

The modulusr of the order parameter is bounded to the intervalr (t) 2 [0; 1]. It e�-
ciently detects synchronization since it averages to zero if the rotors evolve incoherently.
The phase' corresponds to the phase of the collective motion of the rotors.

In the thermodynamic limit, the de�nition of the order parameter is regarded as an
average over the frequency distribution, the noise distribution, and the distribution of
the initial conditions, namely

 (t) =
Z 1

�1
d! g (! )



ei� (t ;!;� )

�
�;� 0 ;v0

; (3.8)
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where the phase� (t; !; � ) satis�es the Langevin equation (3.4) withF [� ; ! ] = F [� ; !;  ] =
! � Jr sin(� � ' ). Notice that, to formally decouple the evolution of the rotors, we have

used J
N

P N
j =1 cos(� i � � j ) = J

2 ei� i

�
1
N

P N
j =1 e� i� j

�
+ c :c: = Jr cos(� i � ' ): This results

in (3.8) becoming a self-consistent equation for the order parameter.

For further convenience, it is useful to express the average that de�nes the order
parameter in a path integral form [171]. Discretizing �a la Ito, one can express (3.8) as
(see Appendix B.1 for details):

 (t) =
Z 2�

0
d� e i�

Z 1

�1
dv

Z 1

�1
d! g (! ) � (�; v; t ; !;  ) : (3.9)

.

Here � (�; v; t ; !;  ) is a probability distribution that quanti�es the probability for
the i th rotor to have phase and angular velocity (�; v ) at time t, and can be expressed
as [114, 179, 180], [115][Chap.4].

� (�; v; t ; !;  ) = N
Z 2�

0
d� 0

Z 1

�1
dv0 (3.10)

Z � (t )= �

� (0)= � 0

D�
Z v(t )= v

v(0)= v0

Dv � ( _� (� ) � v(� )) eiS cl [� (� );v(� )] � (� 0; v0);

where the classical action is given by:

Scl =
i

4D

Z t

0
dt0

�
m _v(t0) + m
v (t0) � F [� (t0); !;  (t0)]

� 2
: (3.11)

Solving the self-consistent equation for the order parameter allows to gain knowledge
about the phase transition. The behavior of the system is determined by the interplay
between the coupling strengthJ , the width of the frequency distribution, � , and of
the noise distribution, D. In general, the phase transition for the model described by
Eq. (3.4) is �rst-order, but it becomes a continuous phase transition in the overdamped
limit [127, 171].

An interesting case is the massless model, for which the critical coupling is known
analytically to be

J cl
C = 2

� Z 1

�1
d! g (! )

D
D 2 + ! 2

� � 1
: (3.12)

From this formula, the e�ects of noise and the width of the frequency distribution
are evident. Noise hinders the phase-locking mechanism, and so does increasing the
variance of the frequency distribution. In the case of the noiseless model, the critical
coupling becomes simplyJ cl

C = 2
�g (0) .

41



3. Quantum Synchronization

3.2. From Classical to Quantum synchronization

In the classical world, Eq. (3.12) shows how harder it gets to synchronize a many-
body system of rotors in the presence of noise. What we would like to do in this Section
is take this problem to the quantum realm at low temperatures, where the competition
between quantum and thermal 
uctuations enriches the dynamical behaviour of the
system. In particular, we are interested in understanding if quantum 
uctuations play
a role similar to classical noise in hindering synchronization and what the di�erences
are between the two mechanism.

We �rst need to introduce a quantum model that reproduces the results of the
classical Kuramoto-Sakaguchi model in the classical regime, identi�ed for us by having
high temperatures.

Once described this model, we will study its properties and witness the onset of
quantum sycnrhonization.

3.2.1. The Quantum Kuramoto model

Our goal is now to construct a model that reproduces the classical one in the high-
temperature limit. Since the classical Kuramoto-Sakaguchi model is characterized by
noise and dissipation, it cannot be obtained as a classical limit of a quantum Hamilto-
nian model.

The classical model has friction along with a noise stochastic term which is inde-
pendent for each rotor. Thus, we introduce a local dissipation in the quantum regime
via the Caldeira-Leggett [62] model we have introduced in Sec. 1.1.1, by coupling each
rotor to its own Caldeira-Leggett bath. The baths are independent but identical, as
represented in Fig. 3.1.

The Lagrangian describing this model is

L TOT = L S + L B + L SB : (3.13)

L S is the Lagrangian of the system of rotors

L S =
NX

i =1

"
m _� 2

i

2
+ ! i � i +

J
2N

X

j 6= i

cos (� i � � j )

#

: (3.14)

The characteristic frequencies! i are once again drawn from a distributiong(! ) having
the same characteristics as in the classical case.L B is the baths' Lagrangian:

L B =
NX

i =1

L B i =
NX

i =1

MX

j i =1

�
M _x2

j i

2
�

1
2

M 
 2
j i

x2
j i

�
: (3.15)
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L SB is the interaction Lagrangian

L SB =
NX

i =1

L SB i = C
NX

i =1

� i

MX

j i =1

x j i : (3.16)

In order to decouple the equations, as in the classical case, it is convenient to
work in the thermodynamic limit with a mean-�eld model. We assume1

N

P N
j =1 ei� j =D

1
N

P N
j =1 ei� j

E
+ � with � in�nitesimal and de�ne  = rei' =

D
1
N

P N
j =1 ei� j

E
where

the quantum averages are taken over the rotors' reduced density matrix. The mean-
�eld Lagrangian L becomes up to �rst order in� 

L =
NX

i =1

�
L Si + L B i + L SB i

�
; (3.17)

with L Si = m _� 2
i

2 + ! i � i + Jr cos(� i � ' ). Notice that the mean-�eld model is described
by a Lagrangian decoupled in a sum of terms depending only on thei th rotor. From
now on for brevity

V[� ] = � !� � Jr cos (� � ' ) : (3.18)

In order to reproduce the friction term in Eq. (3.4) in the classical limit, The Caldeira-
Leggett's model requires an Ohmic bath [62], as can be understood from Sec. 1.1.1.
We therefore demand that, for each and every bath, the distribution of frequencies for
the collection of harmonic oscillators is

MX

i =1

C2

2M 
 i
� (
 i � � ) ����!

M !1

m
�
�

�( ! c � � ) ; (3.19)

where �( �) is the Heaviside function and! c is a cuto� for the frequencies of the baths'
harmonic oscillators.

A few comments about the de�nition domain of the phases� i are in order. Two
choices are possible: the phases of the rotors can be de�ned over the circle, i.e.� i 2
[0; 2� ), or they can be de�ned over the line� i 2 R. The di�erence lies in identifying
or not the position � with � + 2n� , n 2 Z. The Langevin equation that describes
the classical model in Eq. (3.4) is not dependent on the choice of the phases' domain
since it is inherently 2� periodic. For the quantum model we de�ne� i 2 R. The
tilted potential term !� and the linear coupling with the bath are compatible with
this choice [2][Chap.2]. We note that with this choice of phase domain, the Lagrangian
in Eq. (3.14) can be regarded as the Lagrangian of a resistively shunted Josephson
Junction [181].

In order to understand if the system described by the mean-�eld Lagrangian (3.17)
can sustain synchronization, an order parameter should be de�ned. In analogy with
the classical case, we de�ne

 (t) = r (t) ei' (t ) =
1
N

NX

j =1

Tr
�

ei� j � S(t)
	

(3.20)
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where � S(t) is the reduced density matrix of the system of rotors evolved to timet
after tracing out the baths' degrees of freedoms. Notice that, once again, in the mean-
�eld approximation, this is a self-consistent equation for the order parameter, since the
density matrix evolves with a Lagrangian dependent on .

The initial state of the evolution is chosen to be separable in the rotors; the mean-
�eld approximation and the choice of independent baths allow to maintain the density
matrix separable in the rotors at any time. For this reason, from now on, the discussion
will focus only on the evolution of the density matrix� (i )

SB of a single rotor and its own
bath. The initial density matrix for the i th rotor and the bath is also assumed to be
separable:� (i )

SB = � i 
 � B .

The evolution of the reduced density matrix of a single rotor can be obtained through
the Feynman-Vernon's in
uence functional method [7, 55] introduced in Sec. 1.1, ap-
propriate to treat quantum systems with a classical limit given by a stochastic equa-
tion of motion [60, 61, 63, 182] and already introduced in Sec. (1.1). Applying the
Feynman-Vernon method along the lines of Ref. [62], the density matrix element
� i (� 1; � 2) = h� 2j �̂ i j� 1i is given at time t by

� i (� 1; � 2; t) =
Z 1

�1
d� 0

1

Z 1

�1
d� 0

2

Z � 1 (t )= � 1

� 1 (0)= � 0
1

D� 1

Z � 2 (t )= � 2

� 2 (0)= � 0
2

D� 2 (3.21)

e
i
~ (S0 [� 1 ]� S0 [� 2 ]) �[ � 1; � 2] � i (� 0

1; � 0
2; 0)

whereS0 =
Rt

0 dt0L Si (t
0) for the i th rotor, and �[ � 1; � 2] is the Feynman-Vernon's in
u-

ence functional that accounts for the e�ects of the interaction with the bath.

We can regard the previous equation as an evolution of the density matrix due to
an e�ective action Se� [� 1; � 2] = S0[� 1] � S0[� 2] � i~ ln �[ � 1; � 2]. Switching to the more
convenient Keldysh rotated variables� cl = ( � 1 + � 2)=2, � q = � 1 � � 2 as introduced in
App A:

Se� [� cl; � q] =
Z t

0
dt0

�
m _� cl

_� q �
X

q= � 1

(� 1)qV[� cl + q� q

2 ] (3.22)

� m
� q
_� + +

iD
~

Z t

0
dt00� q(t0)K (t0 � t00)� q(t00)

�
:

In the previous equationD = m
k B T, and K (t) is given by the Fourier transform
K (t) =

R! c

� ! c

d�
2� K (� )e� i�t , with

K (� ) =
~�

2kB T
coth

�
~�

2kB T

�
: (3.23)

The temperature T is set by the bath, and the signatures of its interaction with the
rotor are the friction term m
� q

_� cl and the imaginary term containing the memory
kernel K (t), as already explained in details in Sec. (1.1.1).
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3.2. From Classical to Quantum synchronization

Before proceeding with the calculation of the order parameter, it is worth noticing
how the classical dynamics is recovered in the high temperature limit of the quantum
model. In the in�nite temperature limit, the memory kernel becomesK (t) T !1���! � (t)
and the imaginary damping term prevents� q to vary [61], [2][Chap.5]. This means
that, starting from a \classical" diagonal state with � q(0) = 0, the density matrix will
always remain diagonal (the o�-diagonal term are exponentially suppressed). Moreover,
expanding up to �rst order � q(t), the evolution becomes

� i (� cl; � q; t) =
Z 1

�1
d� 0

cl

Z � cl (t )= � cl

� cl (0)= � 0
cl

D� cl

Z � q (t )=0

� q (0)= � 0
q =0

D� q e
i
~ Se� [� cl ;� q ] � i (� 0

cl; � 0
q = 0; 0) ; (3.24)

with the e�ective action being

Se� [� cl; � q] =
Z t

0
dt0

 
iD
~

� 2
q(t0) � � q(t0)

�
m•� cl + m
 _� cl � ! + Jr sin(� cl � ' )

�
!

; (3.25)

where we have used the fact that, at �rst order in� q, V [� ] � � qF [� cl] . With the
change of variables� q (� )

~ ! � (� ), one recovers the classical e�ective action for the
stochastic process (3.4) showed in Eq. (B.3) after the integration of the� -function
in the angular velocity. Thus, the quantum model reproduces correctly the massive
Kuramoto-Sakaguchi model in the in�nite temperature limit.

3.2.2. Self-consistent equation for the order parameter

In order to obtain a self-consistent equation for the order parameter, we start by
noticing that the reduced density matrix of the rotors at time t is given by � S(t) =
N N

i =1 � i (t). Eq.(3.20) then takes the form

 (t) =
1
N

NX

j =1

Tr
�

ei� j � j (t)
	 NO

k6= j;k =1

Tr f � kg (3.26)

=
1
N

NX

j =1

Tr
�

ei� j � j (t)
	

:

In the thermodynamic limit, the previous expression corresponds to an average over
the frequency distribution g(! ). Denoting as� (t) the density matrix of a single rotor
we have:

 (t) =
Z 1

�1
d! g (! )

Z 1

�1
d� cl ei� cl � (� cl; � q = 0; t) : (3.27)

To get a more explicit expression of the self-consistent equation for the order parameter,
the path integration in Eq. (3.21) should be performed. The speci�c form of the
potential (3.18) appearing in the e�ective action does not allow for a general calculation
of the path integral. However, the knowledge of the behaviour of the classical model
helps: in the overdamped limit the classical phase transition to the synchronized phase
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3. Quantum Synchronization

is of second-order. We expect that the quantum phase transition in the overdamped
limit is second order too. If this is the case, assumingJ � JC , we can perform a
perturbative expansion in r for r � 0 of (3.27) to gain insight onto the quantum
dynamics. Thus, we will hereafter focus explicitly on the overdamped regimem


~ � 1
of the model.

The perturbative expansion of the evolution of the density matrix in Eqs. (3.21),(3.22)
involves only the approximation

exp

(
� iJr

~

Z t

0
dt0

X

q= �

qcos
�

� cl(t0) � q� q (t0)
2 � ' (t0)

�
)

� (3.28)

1 �
iJr
~

Z t

0
dscos

�
� cl(s) � � q (s)

2 � ' (s)
�

+
iJr
~

Z t

0
dscos

�
� cl(s) + � q (s)

2 � ' (s)
�

:

The zeroth order of the expansion of the density matrix (3.21) gives an evolution
according to a Lagrangian with potentialV [� ] = � !� . This Lagrangian does not
contain terms that can synchronize the rotors, hence it does not contribute to the self-
consistent equation for the order parameter. The �rst order expansion, together with
the Ansatz ' (t) = 0 and r � 0 constant, yields, fort ! 1

r = rJ C lim
t !1

Z 1

�1
d! g (! )

Z 1

�1
d� clei� cl � 0(� cl; � q; t) (3.29)

where

� 0(� cl; 0; t) =
� i
2~

X

c;c0= � 1

c0
Z t

0
ds

Z 1

�1
d� 0

cl

Z 1

�1
d� 0

q

Z � cl (t )= � cl

� cl (0)= � 0
cl

D� cl

Z � q (t )=0

� q (0)= � 0
q

D� q

exp
�

i
~

S0
e� [� cl; � q; s; t]c;c0

�
� (� 0

cl; � 0
q; 0) ; (3.30)

and

S0
e� [� cl; � q; s; t]c;c0 = S0

Re[� cl; � q; s; t]c;c0 + i S0
Im [� q; s; t]c;c0

=
Z t

0
dt0

�
m _� cl

_� q � m
 � q
_� cl + ! � q

+ i~c � cl(t0)� (t0 � s) �
i~cc0

2
� q(t0)� (t0 � s) +

iD
~

Z t

0
dt00� q(t0)K (t0 � t00)� q(t00)

�
:

(3.31)

The details of the derivation of Eqs. (3.31) can be found in Appendix (B.2).

If Eq. (3.29) admits a solution forr 6= 0, then the model admits a phase transition
to a synchronized state in the overdamped limit, and the resultingJC gives the value
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3.2. From Classical to Quantum synchronization

of the critical coupling for the phase transition. Notice that the �rst order expansion
does not contain information about the order of the phase transition, that could only
be understood through a third order expansion. The goal is now to �nd the critical
coupling and to study its dependence on the parameters that characterize the system:
m; 
; k B T, and the variance� of the even unimodal frequency distributiong(! ).

From now on, we will work taking the limit t ! 1 since we are interested in the
steady-state properties of the system.
The expansion to �rst order in the self-consistent equation has produced a Gaussian
path integral that can now be performed [63, 182]. The calculation can be performed
via a decomposition of the e�ective action (3.31) in its real and imaginary partS0

e� =
S0

Re[� cl; � q] + iS0
Im [� q], as can be seen from the previous equation.

The calculation, reported in Appendix B.2, produces the following result for the �rst
order expansion of the self-consistent equation:

r = rJ C lim
t !1

Z 1

�1
d! g (! )

Z 1

�1
d� cl ei� cl

�
� i
2~

�
m

2� ~

X

c;c0= � 1

c0
Z t

0
ds (3.32)

Z 1

�1
d� 0

cl

Z 1

�1
d� 0

q � (� 0
cl; � 0

q; 0)exp
�

�
1
~

S0
Im [~� q; s; t]c;c0 �

i
~

m � 0
q

_~� cl(0) + ic ~� cl(s)
�

where ~� cl;q, are the solutions of the equations
8
<

:

•~� q(t0) � 
 _~� q(t0) � ~c
m � (t0 � s) = 0

•~� cl(t0) + 
 _~� cl(t0) � !
m + ~cc0

2m � (t0 � s) = 0
: (3.33)

The explicit solution of these equations is reported in appendix B.3.

The term c = 1 in the sum does not contribute because it gets completely damped by
the imaginary part of the action. From now on we will consider only the termc = � 1.
The expression for_~� cl(0) and ~� cl(s) can be deduced from the result in appendix B.1.
It is convenient to proceed by calculating the integration over� cl �rst. Isolating the
integration and all the terms of (3.32) involving� cl, we �nd

m

2� ~

Z 1

�1
d� cle

i� cl (� m

~ � 0

q � e� 
s )) = �
�

� 0
q � ~

m
 e� 
s
�

: (3.34)

This constraints the initial value of � q as determined by the delta function. In the
massless limit (
 ! 1 ) the value that the delta function selects is� 0

q = 0, in the
general overdamped limitm


~ � 1 (m and 
 �nite) we select � 0
q � 0. Performing now

the integration over � 0
q to eliminate the delta function and denoting~� q(t0)

�
�
� 0

q = ~
m
 e� 
s as

� �
q(t0; s; t), the self-consistent equation becomes

r = (3.35)

� iJ C r
2~
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t !1

Z 1

�1
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Z t
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X
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c0exp
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ic0 ~
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� i
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m
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1
~
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Im [� �

q; s; t]
�

47



3. Quantum Synchronization

where we have used the fact that in the overdamped limit
Z 1

�1
d� 0

cl � (� 0
cl;

~
m


e� 
s ) �
Z 1

�1
d� 0

cl � (� 0
cl; 0) = Tr f � (t = 0) g = 1 :

This approximation becomes exact in the massless limit. Also notice that the sign
of the sine, sin

�
~

2m


�
� ~

2m
 , is always de�ned (and positive) in the overdamped limit,
and that the expression does not depend on the initial state of the system.

We conclude that a non-trivial solution to the self-consistent equation exists (if the
time limit exists), thus a phase transition happens atJC .

3.2.3. Properties of the steady state

From the analysis of the previous Section, and Eq. (3.35) in particular, it follows
that the quantum Kuramoto model in the overdamped limit admits a transition to a
synchronized phase with a critical coupling given by

JC = 2m

1

lim
t !1

R1
�1 d! g (! )

Rt
0 ds e� i ! ( t � s)

m
 � 1
~ S0

Im [� �
q ;s;t ]

(3.36)

In the limit of high temperature ~
� � 1 and vanishing mass, the critical value (3.12)
is recovered. In this limit K (� ) ! � (� ), and � �

q has non-zero value only on the time
interval [s; t], over which � �

q(t0) = ~
m
 (see Appendix B.3). This implies thatS0

Im [� �
q] =

~ kB T
m
 (t � s), thus

JC

�
�
�
�
~
� � 1

= 2
� Z 1

�1
d! g (! )

kB T
(kB T)2 + ! 2

� � 1

= J cl
C (kB T) :

The last result corresponds to the classical result reported in the literature forD =
kB T [127, 171]. It is important to keep in mind that it holds only in the classical
regime~
� � 1, nonetheless we will extend this formula to low temperatures in order
to provide a comparison with the behaviour of the quantum result in the following
discussion.

The dependence of the critical coupling on temperature and the comparison with its
classical counterpart are reported in Fig. 3.2, where a Gaussian frequency distribution
for the characteristic frequencies has been chosen to obtain the plots. From the analysis
of panel (a) and (b), the existence of three regimes emerges. In theclassical regime,
de�ned by kB T

~
 & 1, the classical results are recovered (cf upper fading line correspond-
ing to the classical critical coupling for the overdamped massless model). The critical
coupling in this latter case is (3.12), and becomesJ cl

C = 2kB T for kB T � � . The plots
shows that this limit is reached asymptotically also by the quantum results.
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3.2. From Classical to Quantum synchronization

A semiclassical regionis met when decreasing the temperature. Comparing the result
in this region with the classical one extendend to lower temperature, we notice that
the quantum results start to deviate quantitatively from the classical, although the
behaviour of the quantum and classical critical coupling remains qualitatively similar.
Notably, the quantum critical coupling is consistently higher than the classical one,
as shown in panel (c). This is due to the emergence of quantum 
uctuations, which,
as an extra source of noise, make the synchronization harder to be established [177].
The behaviour ofJC in this region can be understood through the expansion in� q � 0
already performed in Eq. (3.24) to recover the classical limit. Going beyond the �rst
order expansion, which we have used to reobtain the classical result, the third order
yields a description for the semiclassical regime [61].

The third-order expansion modi�es the Kuramoto potential term as:

� Jr
X

s= � 1

(� 1)s cos
�

� cl + s � q

2 � '
�

� Jr (1 + � J ) � q sin (� cl � ' ) ; (3.37)

with � J / ~
m


~

kB T .

The above expansion tells us that in the semiclassical regime the motions happens
in a potential of the same form of the classical one in Eq. (3.25), but renormalized by
� J . This yields the �rst deviation from the classical behaviour.

The quantum region, characterised bykB T
~
 � 0 shows the most signi�cant deviations

from the classical result. In this region quantum 
uctuations make the behaviour of
the two critical couplings di�erent, and the deviation appears stronger.

This is particularly evident from panel (c) showing the ratio between the quantum
and the classical extended resultJC

J cl
C

. The ratio is greater than one, enforcing the fact
the it is more di�cult to reach the synchronized phase in the quantum regime, as it
increases approaching zero temperature.

An important result emerging from this discussion is the existence of a �nite critical
coupling at any temperature ranging fromT = 0 to in�nite T. A phase transition to a
synchronized state is possible at every temperature and thus quantum 
uctuations do
not menage to prevent the emergence of this collective phenomenon, even atT = 0.

Another analysis should be carried out. Figure 3.3(a) shows the critical coupling for
a �xed value of the overdamped ratio and for di�erent choices of� , the variance of the
frequency distribution g(! ). In the plot, the lines represent quantum results, while the
dots represent the classical results forD = kB T = 0. This plot suggests that in the
quantum realm, the width of the frequency distribution a�ects the critical coupling
more than in the classical case, as the quantum case shows larger deviations between
di�erent � values than the classical result. In both cases (quantum and classical), we
notice that the wider the frequency distribution, the higher the critical coupling. The
quantum regime seems to be more a�ected by this e�ect. This can be understood
by studying the behaviour of just two rotors. Suppose the rotors� 1 and � 2, have
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(a) (b)

(c)

Figure 3.2.: Temperature-dependence of the inverse of critical coupling in units of tempera-
ture (a) and (b) in logarithmic scale for di�erent values of m


~ . The legend in (a) holds for all
the panels. In (a) the classical critical coupling (upper fading line) is plotted for reference for
high temperatures. (c) Ratio between the quantum results and the classical one (extended to
low temperatures) vs temperature. The di�erence in behaviour of the classical and quantum
critical couplings is clearly evident close to zero temperature. All results are obtained for
g(! ) Gaussian with zero mean and� = 2
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(a)

(b)

Figure 3.3.: (a) Critical coupling as a function of temperature for di�erent choices of the
variance � of the Gaussian frequency distribution. The overdamped ratio is �xedm


~ = 7.

The dots shown for kB T = 0 represent J cl
C

~
 for the classical noiseless model compatible with
D = kB T = 0. The colors of the dots are related to the choice of� as shown in the legend. (b)
Phase diagram of the quantum model in the coupling-temperature space, the region below
the curves corresponds to the synchronized phase. A quantum phase transition appears at
zero temperature. The result is obtained for a Gaussian distribution of frequencies with zero
mean and variance� = 2.

characteristic frequencies! 1 = � , ! 2 = � � . Their phase di�erence � � = � 1 � � 2

has a behaviour that is determined by the washboard potentialV [� � ] = � � � � �
J cos(� � ) and the coupling with the bath. If � � is locked in a minimum of the
potential, phase locking happens. For� < J , the shape of the potentialV [� � ] suggests
that by decreasing� , the height of the energy barrier that separates two minima, �V ,

increases, as �V = 2J
q

1 � � 2

J 2 + 2� sin� 1
�

�
J

�
� �� . This makes it easier to lock ��

in a minimum. Notice that, in the semiclassical region, Eq. (3.37) suggests that the
amplitude of the oscillations is given byJ (1 + � J ) > J , explaining the enhancement
of the disorder e�ect outside the classical regime.

It should also be noticed that for any �nite variance� of the frequency distribution,
the critical coupling at zero temperature is �nite, yielding a quantum phase transition
to a synchronized state. The interplay of di�erent element emerges from this plot:
decreasing the temperature increases the e�ects of quantum 
uctuations and yields
higher critical couplings with respect to the classical case, decreasing the width of the
distribution helps the emergence of synchronization.

These considerations are summarized in Figure 3.3(b), which shows the phase dia-
gram of the quantum model. The perspective for studying the model in this plot is
reversed: the coupling is �xed to a valueJ , and the plot shows the behavior of the
critical temperature TC , below which the system is synchronized. The synchronized
phase corresponds to the region below the lines in the plot, the part above the curves
corresponds to the incoherent motion phase. Two important features are captured in
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3. Quantum Synchronization

this picture. The quantum phase transition is evident: a �nite coupling is required
to synchronize the system at zero temperature. Moreover, the classical result for the
massless overdamped model, given bykB TC = J=2 is reached by our results in the high
temperature limit.

3.3. Conclusions to the Chapter

This Chapter has shown an intriguing dissipative phase transition with an emergent
dynamical ordering. The procedure we have adopted here relies on the path integral
description of open quantum many-body systems already introduced in Sec. 1.1, and
has shown the emergence of a critical phenomenon from this formalism, extending the
steady-state properties example we have introduced previously at the level of Liouvil-
lian spectrum.

The Chapter also o�ers a new perspective on quantum synchronization: after intro-
ducing the classical Kuramoto model and its synchronization behaviour arising from
the phase locking mechanism, we have extended it to a quantum low-temperature
regime. This is a crucial step as the classical Kuramoto model has always be seen
as a paradigm to study classical synchronization, and yet a quantum counterpart was
missing.

The quantum Kuramoto model we have introduced in this Chapter admits a phase
transition from a incoherent motion phase, to a synchronized one in the overdamped
limit. The phase transition occurs at any temperature, yielding also a quantum phase
transition at zero temperature. The critical coupling for the phase transition has
been calculated analytically. It correctly reproduces the classical one in the high-
temperature and shows deviation from this result extended to lower temperatures. In
particular two regions can be observed beyond the classical regime. A semiclassical
region is �rst met when decreasing the temperature below the inverse damping rate1~
 ,
here quantum 
uctuations make the critical coupling slowly deviate from the classical
result, yet behaving qualitatively similarly to the classical one. The quantum region,
met around zero temperaturekB T

~
 � 1, shows signi�cant deviations from the classical
result: around zero temperature a sudden increase of the ratioJC

J cl
C

happens, and at
T = 0 the critical coupling for the quantum model is higher than the classical one
but �nite (for �nite variances of the distribution of the characteristic frequencies).
The ratio between the quantum and the classical extended result is always greater
than one, signaling the fact that quantum 
uctuations play against the emergence of
synchronization without destroying it. The question of whether the behavior we found
undergoes changes beyond the mean-�eld limit remains open. Gaining insight into the
role that entanglement plays in quantum synchronization would be interesting. More
speci�cally, it would be pertinent to determine whether entanglement monogamy and
dissipation processes su�ce to constrain the e�ects of entanglement on the �ndings of
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our work.
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4. Monitored in�nite- and long-range
systems

This Chapter will be devoted to the study of the dynamical and steady-state prop-
erties of many-body systems subject to continuous monitoring [29, 30]. The Chapter
will be the chance to witness and discuss several phenomena. We will �nd the presence
of dissipative phase transitions, associated to interesting steady-state behaviors such
as time-crystallinity and bistability, discussed in Sec. 2.1. We will see the emergence of
measurement-induced phase transitions from quantum correlations, drawing concepts
from 2.2. But mostly, we will have the chance to discuss the complexity related to this
kind of dynamics.

This Chapter, aims to identify which platforms are the most promising to experi-
mentally observe a measurement-induced phase transition. Section 4.2 �rst analyzes
the Tavis-Cummings model and its dissipative phase transitions, which have already
been observed in laboratories. We �nd in this model a concurrent measurement-induced
phase transition that mitigates the post-selection problem, can be observed through ex-
perimentally accessible observables, and is resistant to the typical time coarse-graining
due to the resolution of real measurement devices. The second part of the Chapter,
Sec. 4.3, then aims at generalizing these concepts, in particular the post-selection mit-
igation, to other relevant experimental platforms which implement long-range physics.
This generalization will involve devising a new numerical method to simulate stochastic
dynamics in an exponentially large Hilbert space. The method is based on spin-wave
theory and e�ciently reduces the computational cost of these simulations.

4.1. In�nite- and Long-Range models, and the
post-selection problem

The post-selection problem represents a fundamental limitation to the experimental
realization of measurement-induced phase transitions. While it seems not possible
to �nd a general recipe to overcome the need to reproduce the same trajectory many
times experimentally, many proposals to reduce or eliminate the post-selection problem
have been carried out in the past years, mainly based on the detection of MIPTs
from very speci�c quantum circuit setting. They mostly involve peculiar symmetries
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4. Monitored in�nite- and long-range systems

and structures of the gates and measurement architecture [46, 119, 183], feedback
mechanisms [184{193], or rely on hybrid classical-quantum approaches [122, 194].

In this Section, we follow another path, focusing on the setting of Hamiltonian sys-
tems rather than circuits. Speci�cally, we aim at identifying platforms relevant for
experimental physics that have good dynamical properties, helping in the mitigation
of post-selection. Our work builds on Ref. [47], in which mitigation of post-selection
was found. The authors study a spin model with a collective Hamiltonian and collective
jumps:

Ĥ = 

NX

i =1

�̂ x
i

2
= 
 Ŝx L̂ =

p



NX

i =1

�̂ �
i

2
=

p

 Ŝ� ; (4.1)

whereŜ� = 1
2

P N
i =1 � �

i with � = x; y; z; � are collective spin operators.

The measurement process in this case is related to counting events associated to
the collective Ŝ� operators. This setting is usually obtained as an e�ective theory
from a light-matter cavity model in which photodetection is performed, after having
eliminated adiabatically the cavity from the description in the so-called bad-cavity
regime [30].

Several nice ideas about post-selection arise from this picture.

ˆ There is only one jump operator for the whole many-body system. This means
that trajectories are entirely determined by a binary evolution at each time step:
either we have detection or non-detection of events associated toŜ� . This yield
that the number of trajectories increases as 2t , wheret is the time we are exper-
imentally measuring for.

ˆ The probability of measuring a trajectory 
 than can be roughly estimated as
P
 / e� t . MIPTs are seen in the steady-state, which is attained at times� S

(dubbed as saturation time), thus the probability of measuring a trajectory giving
information about a MIPT is

P
 / e� � S (4.2)

ˆ For this collective system the dynamics of the entanglement entropy is very fast
and it reaches a steady behaviour at� S / logN . MIPTs in the entanglement
entropy are seen, for this collective model by post-selecting trajectories with a
probability which is only polynomially small in systems size

P
 / e� log N =
1
N

(4.3)

Being, in general,P
 / e� N [46], this collective model greatly reduces an exponential
problem to a polynomial form.

In the next sections, we will try to generalize this result. In Sec. 4.2 we will consider
a collective system which has already been realized experimentally, which generalizes
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4.2. The Tavis-Cummings model

the spin model we have just presented. We will take the chance to both understand if
having a polynomial post-selection problem is a general feature of collective systems,
and to ask about other properties of the experimental realization of an MIPT.

In Sec. 4.3 we will extend this picture to long-range systems, suitable for a description
in terms of trapped ions and Rydberg atoms.

4.2. The Tavis-Cummings model

The driven-dissipative Tavis-Cummings model, also known as collective resonance

uorescence model [195{202] serves as a natural playground to study the in�nite-range
interaction between a single-mode cavity and resonant spins. In particular, we are
interested in analyzing the steady state of this model, whose richness stems from the
dynamic interplay between an external drive, light and matter interaction, and dissi-
pation processes.

The model, sketched in Fig. 4.1(a), is described byN spins in a single-mode cavity.
The spins and the cavity mode are resonant with characteristic frequency! c. The spins
collectively interact with the single bosonic mode with a strength� proportional to the
single photon Rabi frequency and experience a coherent driving �eld of strength 
 and
frequency! d. The Hamiltonian can be written asĤ = ! c

2 Ŝz + ! câyâ + �p
N

( âyŜ� +

âŜ+ ) + 
( Ŝ+ e� i! d t + Ŝ� ei! d t ), where ây, â are photons creation and annihilation
operators, andŜ� = 1=2

P N
i =1 �̂ �

i with � = x; y; z; � , are collective spin operators.

In the frame rotating at the driving frequency, and assuming the drive to be resonant
with the cavity, ! c = ! d, the Hamiltonian reduces to the simpler form

Ĥ = 
( Ŝ+ + Ŝ� ) +
�

p
N

�
âyŜ� + âŜ+

�
: (4.4)

In�nite range interactions allow us to express the Hamiltonian through collectivêS�

spin operators, highlighting the collective nature of the model. Due toS2 conservation,
starting from initial states with maximal Ŝ2 eigenvalues, we can e�ectively describe this
model as a singleN=2 spin interacting with photons in the cavity.

We monitor the photons leaking out of the cavity with a rate� . The jump operator
in this case is only one:R̂ = â. This type of detection falls in the category of counting
events, described in Sec. 1.2.2.

Given the Hamiltonian and the kind of monitoring we decided to apply, we can now
study dynamical and steady-state properties. We will start by studying the dissipative
phase transitions, obtained by discarding the information about the measurement pro-
cess and averaging the quantum state. This type of analysis is contained in Sec. 4.2.1.
We will then focus on the monitoring properties and �nd the presence of measurement
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4. Monitored in�nite- and long-range systems

(a)

(c) (d) (e)

(b)

Figure 4.1.: (a) Sketch of the in�nite-range driven-dissipative Tavis-Cummings Model. Spins
are depicted as blue dots with arrows inside a cavity. They interact with photons (red dots)
with strength � and are driven by an external �eld with strength 
. The photons can leak from
the cavity with �xed rate � . (b) Mean-�eld phase diagram of the driven-dissipative Tavis-
Cummings Model for the dissipative phase transition, also known as the collective resonance

uorescence model. The border of the time-crystal phase (TC) is known analytically, and the
border between the stationary (Stat) and bistability phase (Bist) is determined numerically.
The red dot signals the tricritical point. (c), (d), and (e) show semiclassical trajectories
in the (my ; mz; mq) space from several initial conditions (signaled by� ) respectively in the
stationary (c), bistable (d), and time crystal(e) phases.
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4.2. The Tavis-Cummings model

phase transitions in Sec. 4.2.2

4.2.1. Dissipative phase transition

In this �rst part, we are interested in the dynamics and steady-state properties of the
average state. For this reason, we start by analyzing the Lindblad equation associated
to the average of the measurement process:

d�̂
dt

= � i
h
Ĥ; �̂

i
+ �

�
â�̂ ây �

1
2

�
âyâ; �̂

	
�

: (4.5)

The dissipative behavior of this model has been studied in the thermodynamic limit
through mean-�eld equations for the spins' magnetizations and the �eld's quadra-
tures [203]. To this stand, it is important to introduce the normalized operators ^mj =
2Ŝj =N with j = x; y; z; � , m̂q = ( ây + â)=

p
2N and m̂p = i (ây � â)=

p
2N . These opera-

tors are well-de�ned in the thermodynamic limit and admit vanishing commutators for
N ! 1 , which justi�es the mean-�eld decoupling hm̂i m̂j i = hm̂i i hm̂j i � mi mj [204]
in the semiclassical picture.

The average values of the magnetizations and quadratures evolve according to Heisen-
berg equations given by the adjoint master equation [1]. Settinghm̂p(0)i = 0 and
hm̂x (0)i = 0, one simply can study:

@my

@t
= � 2
 mz �

p
2�m qmz;

@mz

@t
= 2
 my +

p
2�m qmy; (4.6)

@mq

@t
= �

�
p

2
my �

�
2

mq;

wherem� = hm̂� i .

The semiclassical dynamics of the model can be studied through phase-space deter-
ministic trajectories characterized by the evolution of the expectation values (my(t); mz(t); mq(t)).
Due to conservation laws, the dynamics we are studying occurs on the surface of the
cylinder given by m2

y + m2
z = 1 and mq 2 R.

Based on the type of phase-space trajectories, three phases can be identi�ed as in
Fig. (4.1)(b):

ˆ A stationary phase (Stat), characterized by a unique steady-state corresponding
to the � = 0 eigenvalue of the Liouvillian as explained in 1.1.2. In this case the
phase-space trajectories end up in a �xed point as in Fig. 4.1(c).

ˆ A Time-crystal phase (TC), characterized by spontaneous symmetry breaking of
continuous time translations [203]. The mechanism is the same as explained in
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4. Monitored in�nite- and long-range systems

Sec. 2.1, in which, in the thermodynamic limit, an imaginary eigenvalue closes the
Liouvillian Gap. The phase-space trajectories are characterized by limit cycles
as in Fig. 4.1(e).

ˆ A bistable phase (Bist), corresponding exactly to the mechanism described in
Sec. 2.1. Di�erent initial state, in the thermodynamic limit, show two possible
classes of steady states: �xed points or limit cycles. This is shown in Fig. 4.1(d).

The boundary of the time-crystal phase can be derived analytically: 
C=� = � 2=� .
The boundary between the stationary phase and the bistability phase can only be
determined numerically by checking the uniqueness of the steady state from several
random initial conditions. It corresponds to the line with error bars in Fig. 4.1(b).
Notice that the phase diagram presents a tricritical point (red dot), above which the
bistability region appears.

The di�erence between stationary behavior and time crystal behavior can be char-
acterized by the magnetization order parameter:

~mz = lim
t f !1

1
t f

Z t f

0
dt mz(t); (4.7)

that corresponds to the average value over time of the magnetizationmz(t). Solving
the di�erential equations (4.6) one can easily realize that the stationary behavior yields
~mz � 0, while the time-crystal limit cycle behavior attains positive values for the order
parameter [203, 205]. Notice that the order parameter is blind to the bistability region.
In this phase, ~mz can only detect the type of behavior given by the chosen initial state.

Through this order parameter, a continuous phase transition between stationary and
time-crystal phases can be witnessed below the tricritical point. Above the tricritical
point, ~mz detects a �rst-order phase transition between stationary and time crystal
behavior that happens in the bistable phase with a critical point determined by the
initial condition.

Two comments are in order. The dissipative phase transition in the good cavity
regime: � 2=� � 
, has been recently realized in an experiment at JILA, Boulder [202].
The transition in this case has been observed in a slightly general setting in which spins
are subject to decoherence, and the loss of photons is not the only dissipation e�ect.
Moreover, this model is reduced to the one already presented from Ref. [47] in the bad-
cavity limit when the cavity can be eliminated adiabatically. The Tavis-Cummings
model then generalizes the picture by introducing intriguing dynamical e�ects such as
optical bistabilities.
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4.2. The Tavis-Cummings model

4.2.2. Measurement-induced phase transitions in the
entanglement entropy

In this section, we characterize the quantum correlations in the monitored driven-
dissipative Tavis-Cummings Model, focusing on the correlations between spins and
intra-cavity photons. The trajectory-averaged entanglement entropy is de�ned as

SE (t) = �
1

N traj

N trajX


 =1

tr
h
�̂ (
 )

spins log �̂ (
 )
spins

i
; (4.8)

with �̂ (
 )
spins = Tr cav [j 
 i h 
 j] the reduced density matrix of the spins. The average of

this quantity over the time window �t 2 [0; + 1 ), labeled as~SE , will also be useful in
our work since it can capture the steady state properties of quantum correlations.

To have a full understanding of the entanglement entropy behavior across the param-
eters space (
=�; �=� ), we will need to refer to some properties of the magnetization,
speci�cally we will study in some cases the trajectory-averaged magnetizationmz, and
its time-average ~mz computed over the time window�t 2 [0; + 1 ).

Before analyzing the result, some details on the simulations are needed. The unravel-
ing of the Lindblad equation has been carried out using the QuTiP package [206, 207].
The quantum jump unraveling has already been applied to several spin semiclassical
systems with Ŝ2 conservation [47, 205], whose Hilbert spaceH has dimension scaling
linearly with N , the number of spins. In our case, we need also to keep track of the
bosonic Hilbert space, which is, in general, in�nite-dimensional, and which we truncate.
The truncation reads [30]:

dim f H g = ( Mmax + 1)( N + 1) = �N (N + 1) : (4.9)

This means we are truncating the Hilbert space of the photons to have size�N , with
� depending on�=� and 
 =� . In general� . 1 below the tricritical point, while �> 1
above the tricritical point.

With this Hilbert-space approximation, will �rst focus on the dynamically simpler
regime�=� = 0:2; Later we will analyze the model for�=� = 0:8.

Quantum correlations at �=� = 0:2

We start the study of the entanglement entropy by reminding some features of the
magnetization transition that will be useful as a reference for the following discussion.
The mean-�eld phase diagram of the magnetization indicates that the region�=� = 0:2
hosts a continuous phase transition from stationary phase to time-crystal phase at

 C=� = 0:04. Moreover, the steady state is unique and this region shows no dependence
on the choice of initial state.
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4. Monitored in�nite- and long-range systems

(a) (b)

Figure 4.2.: Dynamics of the trajectory-averaged entanglement entropy in the (a) stationary
phase 
 =� = 0 :01 and (b) in the time-crystal phase 
 =� = 0 :06. All the pictures are obtained
for �=� = 0 :2 and from N traj = 5000 trajectories. The legend is shared.

We carry out the simulations of the entanglement setting as initial statej 0i =
j cavi 
 j  spin i = j0i 
 j" ; " ; :::; "i (any other state belonging to the same symmetry
sector would lead to the same conclusions).

Fig. 4.2 shows the time-evolution of entanglement entropy between photons and spins
averaged over trajectories,SE . From these plots, we notice that the qualitative features
of the temporal behavior of the magnetization is present also in the entanglement
dynamics. The �rst plot corresponds to 
 =� = 0:01 which would yield a stationary
behavior for the magnetization. Similarly, the entanglement entropy has a stationary
behavior. The same holds for the second plot (
=� = 0:06): for this choice of 
=� the
magnetization has oscillations and so does the entanglement entropy.

The time-average of~SE carries important information about the steady state proper-
ties of the entanglement entropy. In Fig. 4.3(a) this quantity exhibits a phase transition
between a non-entangled region in which~SE / N 0 and a highly-entangled one with
~SE / logp N with p dependent on 
, p < 1. The red dot-dashed line at 
C=� = 0:04
signals the maximum of the of@


~SE as shown in the inset. We identify this value
of 
 =� as critical point. The entanglement phase transition occurs along with the
magnetization one, signaling the entangled nature of the time-crystal phase in the
Tavis-Cummings model [203]. The scaling with the size of the entanglement entropy
in the two phases is shown in [panel (b)].

The saturation time obtained from the dynamics (more details in Appendix C.1),
grows as powers of log(N ), yielding a fast-saturating process, see Fig. 4.3(c). This
makes calculating entanglement entropy with trajectories a partially post-selection-
free problem as the probability of measuring a speci�c trajectory is suppressed only
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4.2. The Tavis-Cummings model

(a)

(b) (c)

Figure 4.3.: (a) ~SE for di�erent sizes and its derivative in the inset. The vertical dash-
dot line signals the maximum of the derivative and corresponds to the critical point for the
mean-�eld magnetization. (b) Scaling of ~SE with the size of the system. (c) Saturation time
� S with respect to N for di�erent values of 
 =�

.
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(a) (d)

(b) (e)

(c) (f)

Figure 4.4.: mz (left panels) and SE (right panels) from initial states j 0i (solid lines) and
j 1i (dotted lines) for di�erent N (corresponding to gradient colors) compared to the mean-
�eld for j 0i (black dashed line) andj 1i (black dotdashed line). (a)/(d), (b)/(e) and (c)/(f)
are respectively 
 =� = 0 :2; 0:55; 0:8. All the plots are obtained from N traj = 5000 trajectories
and the legend is shared among each column.

.

subexponentially in the system sizeN .

Quantum correlations at �=� = 0:8

The analysis of quantum correlations in this region is strongly a�ected by the bistable
nature of the model. Therefore, it is convenient to start by carefully analyzing the
�nite-size dynamics of the magnetization. In the following plots, the bistable region
will be signaled by a light yellow shadowed region.

Fig. 4.4[panels (a),(b),(c)] shows the time-evolution of the magnetization starting
from two initial states: j 0i = jmy = 0; mz = 1; mq = 0i = j0i 
 j" ; " ; :::; "i and j 1i =
jmy = 0:7; mz = � 0:71; mq = � 1i , for which the mean-�eld phase diagram predicts a
phase transition respectively at 
(0)

C =� = 0:46 and 
 (1)
C =� = 0:57. The plot presents

their dynamics at �nite sizes compared to the mean-�eld one. The �nite-N magneti-
zation's evolution in the stationary and time-crystal phases shows the same behavior
starting from the two initial states and matches the predictions of the mean �eld. See
[panels (a) and (c)]. [Panel (b)] shows instead the dynamics in the bistable region for

 =� = 0:55, a value between the critical points of the two states. The �nite size mag-
netization has an interesting behavior in this case:j 0i yields a magnetization with
oscillations in a transient time, and then a decay to a steady-state value;j 1i shows
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(a)

(b)

(c)

Figure 4.5.: Plots for N = 25, and 
 =� = 0 :62. (a) Single-trajectory values for the average
magnetization, number of photons, and entanglement entropy in the bistable phase. (b) and
(c) show the bimodality in the probability distribution of the magnetization and the number
of photons in the steady-state.

.

a transient stationary behavior which then leads to the same steady-state value as
j 0i . Furthermore, the duration of the transient increases as the size is increased, and
in this time interval the �nite-size magnetizations match their respective mean-�eld
predictions: oscillatory for j 0i and stationary for j 1i .

This indicates the non-commutativity of the thermodynamic limit and the in�nite-
time limit

lim
t !1

lim
N !1

mz(t) 6= lim
N !1

lim
t !1

mz(t): (4.10)

As already seen in Sec. (2.1), this is a typical feature of bistable systems. The dynamics
here is even more peculiar, as we have bistability between two long-lived states: one
with a stationary behaviour, the other one presenting oscillations.

Bistability is not only witnessed in averaged observables but also at a single-trajectory
level, and this fact complements what we have already said about bistability in Sec. 2.1.
Along one trajectory we notice the switching between two di�erent behaviors: an os-
cillating highly-entangled one with a low average number of photonsNph =



âyâ

�
,

and a stationary one with a high number of photons which is separable between spins
and photons, see Fig. 4.5. In the bistable phase, forN �nite, the lifetime of the
states between which we observe a switching is �nite and comparable. In the station-
ary and time-crystal phases, one of the two behaviors dominates while the other gets
suppressed, this yields a commutativity of the thermodynamic and in�nite-time limit
outside the bistable region. Bistability can also be noticed as bimodality in the steady-
state probability distribution of the observablesmz and Nph [208], see panels (b) and
(c) of Fig. 4.5.
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(a)

Figure 4.6.: (a) Steady-state phase diagram for �nite size compared with mean-�eld phase
diagram for j 0i (dashed line) and j 1i (dash-dot line). Derivative of ~mSS

z in the inset. The
green narrow region signals the critical point. The yellow shadowed region corresponds to
the bistable phase. (b) Saturation time of the magnetization for di�erent sizes. The plot is
obtained for j 0i , but the same holds fromj 1i . The yellow part corresponds to the bistable
phase.

An important consequence of the non-commutativity of the two limits is that the
phase diagram of the model is twofold: it can be obtained with the limit ordering
lim t !1 limN !1 , corresponding to a `dynamical' phase diagram that only studies the
transient time and leads to the magnetization mean-�eld phase diagram in Fig. 4.1(b);
it can be obtained with the opposite ordering limN !1 lim t !1 , corresponding to the
phase diagram of the steady-state, independent on the choice of the initial state since
the steady state is unique for �nite sizes.

To obtain the dynamical and steady-statephase diagram, the following procedures
are adopted. The decay time to the steady state� m is obtained from the time evolution
of the magnetization, see Appendix C.1. ChoosingT = 3� m as the boundary between
transient and steady state, one can simply de�ne the order parameter for thesteady-
state phase diagram as:

~mSS
z = lim

t f !1

1
(t f � T)

Z t f

T
dt mz(t): (4.11)

The order parameter for thedynamical phase diagram, can be instead de�ned as

~mDyn
z =

1
T

Z T

0
dt mz(t): (4.12)

The latter de�nition of order parameter leads to the already presented mean-�eld phase
diagram and therefore will not be presented in this section.

The steady-statephase diagram and its comparison with the mean-�eld (ordynamical
for N ! 1 ) phase transitions forj 0i and j 1i are presented in Fig. 4.6(a). The steady-
state magnetization has a behavior that does not match any of the mean-�eld �rst-order
transitions. The dark-shadowed green line signals the value of 
SS

C =� � 0:61 in which
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the 
-derivative of ~mSS
z has a maximum and separates two regions with positive and

negative magnetizations. We identify this value as critical point for the magnetization
phase transition. In all plots (Figs. 9,11-13) the bistable region is indicated with a
yellow shadowed region.

The saturation time of the magnetization is able to capture the full picture of the
magnetization phase diagram, as in Fig. 4.6(b). The critical point of thesteady-state
phase diagramis signaled by the divergence of the saturation time with system size,
a feature related to the critical slowing down around this transition. Thedynamical
phase diagramis captured by the following properties: the stationary behaviour has
a size-independent magnetization time, while the time crystal behavior appears after
a cusp at the border with the bistability region, corresponding to the one with an
exploding saturation time.

The same procedure is applied again to properly analyze the entanglement entropy.
The time-evolution of the entanglement entropy in Fig. 4.4 [panels (d),(e),(f)], obtained
from j 0i and j 1i , shows once again the non-commutativity of the thermodynamic
limit and in�nite time limit in the bistable region.

Also in this case, asteady-stateand a dynamical order parameter can be de�ned.
Following closely the procedure already used for the magnetization, we can identify a
� S saturation time from the time-evolution of the entanglement entropy, setT = 3� S

and de�ne ~SSS
E with a time-average over [T; 1 ] and ~SDyn

E through a time-average over
the window [0; T].

The uniquesteady-statephase diagram in Fig. 4.7(a) shows an entanglement transi-
tion between a non-entangled region in which~SSS

E / N 0 and an entangled region with
~SSS

E / N 0 (scalings shown in [panel (b)]). The green shadowed line, which separates
the two phases, indicates the value 
SS

C � 0:61 at which the derivative has a maximum.
This value precisely coincides with what we found in the magnetizationsteady-state
phase diagram. Once again, we have found in the driven-dissipative Tavis-Cummings
model an entanglement transitions occurring together with a magnetization transi-
tion. However, an important di�erence arises from the previous entanglement phase
transition found at �=� = 0:2. The saturation time at criticality scales in this case
superlinearly, without mitigating the post-selection barrier. Fig. 4.7(c) shows the sat-
uration time at criticality for �=� = 0:8 and deeper in the bistable region at�=� = 1:
in both cases, the entanglement presents a slow saturation worsened by the increase
of �=� . We argue that bistability, which causes a slowdown of the dynamics with a
non-commutativity of the N ! 1 and t ! 1 limits, does not allow for a reduction
of the post-selection problem.

The dynamical computation of ~SDyn
E shows for both initial states a jump in the

entanglement entropy around a critical point that matches exactly the critical point for
the magnetization transition in the mean-�eld (dynamical) phase diagrams, as shown
in Fig. 4.8. We conclude that also in this di�erent type of phase diagram, we have an
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(a)

(b) (c)

Figure 4.7.: (a) ~SSS
E for di�erent size and its derivative in the inset. The green narrow region

signals the critical point. (b) Scaling of ~SE with N in the steady-state phase diagram. (c)
Scaling of the entanglement entropy saturation time with system sizeN at criticality. The
lines correspond to two di�erent values of �=� both a�ected by the bistability. The yellow
region corresponds to the bistable phase.
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(a) (b)

Figure 4.8.: (a) ~SDyn
E calculated from j 0i and critical value as red dashed line. (b) ~SDyn

E
calculated from j 1i and critical value as red dot-dash line. The yellow shadowed region
corresponds to the bistable phase and the legend is shared.

entanglement transition occurring along with the magnetization one.

4.2.3. Experimentally-relevant details

The study carried out so far has obtained the following important results:

ˆ Having a collective system is not enough to mitigate post-selection. In the pres-
ence of bistabilities and critical slowing-downs, the post-selection problem is again
exponential in system size, and thus platforms in regimes presenting these fea-
tures are not good candidates for the experimental realization of an MIPT.

ˆ A regime with good post-selection property has been found anyway. Labeling as
� T the value of interaction corresponding to the tricritical point, we can safely
analyze� < � T and have a fast saturating entanglement, and a good candidate
platform.

Having found a region of the Tavis-Cummings model in which postselection is ef-
�ciently mitigated, we can adopt a more experimentally-oriented perspective on the
study of the model.

We propose an experimental realization for the bad-cavity limit of the Tavis-Cummings
model, which slightly modi�es the already implemented one in Ref. [202]. In this
case, the implementation uses instead87Sr. This implementation has typical values
� = 2� � 153 kHz, a single photon Rabi frequency of 2g = 2� � 8 Hz [209], and
N = 104 � 105 leads to�=� = 0:001� 0:01. This is very close to the horizontal axis in
Fig. 4.1(b), but still displays a transition between a stationary phase and a time crys-
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(a) (b)

Figure 4.9.: Phase diagrams obtained from the size-rescaled variancêSz. All the plots are
obtained with N traj = 4000 trajectories at �=� = 0 :2. The plots correctly signal the monitored
critical point 
 C =� = 0 :04 and share the legend. (a) Phase diagram obtained in the steady
state. (b) Phase diagram obtained respectively at�t = 110 smoothing the oscillations in the
entangled phase with a Gaussian �lter with variance equal to the oscillations' period.

tal phase. In this limit the ensuing dissipative/measurement dynamics occurs with the
timescale� 2=� (15� 150 ms) [24, 79] and the average time between photon detections
increases. Furthermore, spontaneous emission into free space now has a 1=edecay time
� 100 s, and is thus not relevant when compared to� 2=� .

This implementation raises some more questions about post-selection.

Question one: can we use other non-linear objects?

The entanglement entropy is notoriously a di�cult quantity to get directly from ex-
periments. Although techniques like randomized measurements [210, 211] and classical
shadows [212] have been proposed to measure it more e�ciently, measuring objects like
variances is something generally easier and well-established in laboratories [47, 213].

An example is using spin squeezing, related to the variance ofŜz, as it can be proved
to be an entanglement witness [214{216]. In Fig. 4.9(a), we prove that spin squeezing
exactly �nds the same critical point as the entanglement entropy measurement-induced
phase transition.

Question two: can we improve the scaling's coe�cient?

Fig. 4.3(c) indicates that the dependence of�� S with particle number is weak, with
�� S � A(log N )� . The large number of trajectories is instead a consequence of the pref-
actor A being large. The favorable scaling withN means that measurement strategies
aimed at reducing the postselection overhead would be e�ective even for reasonably
large numbers of particles.
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4.2. The Tavis-Cummings model

In order to reduce A we notice that the spin squeezing phase diagram shown in
Fig. 4.9(b) is obtained at times�t = 110 < �� S, and still displays the same critical
point and qualitative behavior.

Question three: can we take into account the time resolution of real devices?

The experimental realization of the physics we are presenting, has an additional
intrinsic challenge compared to numerical simulations: the fact that experimental de-
vices have a �nite resolution � T , which does not allow to distinguish trajectories
that di�er within time intervals �t < � T . For example, two trajectories having a
jump at di�erent jump times inside the interval [ t; t + � T ], may not be distinguish-
able in experimental implementations. Not knowing the precise occurrence of quantum
jumps implies partial information about the quantum state, hence, the quantum state
is no longer pure. In practice, this means that the building block of our simulations,
the pure-state-trajectory, is replaced in experiments by a mixed-state-trajectory corre-
sponding to the average of pure-state-trajectories that di�er only inside bins. Suppose
fj  
 1 i ; :::; j 
 n ig is a family of pure-state-trajectories which are indistinguishable from
an experimental point of view. The associated mixed-state-trajectory is de�ned as

�̂ 
 =
1
n

nX

i =1

j 
 i i h 
 i j (4.13)

This inaccuracy in the trajectories' resolution does not a�ect average observables but
does modify those quantities that are non-linear in the state. For this reason, the ques-
tion we would like to answer concerns how the experimental resolution �T a�ects the
transition we are witnessing from the exact simulations. In the case of entanglement
entropy, the question translates to understanding how the binned time evolution de-
creases the purity of ^� 
 and whether the change in the behavior of the (entanglement)
entropy re
ects the behavior of quantum correlations or classical correlations.

We tackle this problem by writing a conditional master equation for an approxi-
mate time evolution of ^� 
 . This allows us to estimate the (entanglement) entropy in
the steady state and verify how the scaling with the system size changes. The proce-
dure corresponds to a rewriting of the quantum jump master equation considering the
evolution at �xed time steps t i 2 (0; � T ; 2� T ; ::::; tf ) of the mixed state ^� 
 .

Consider now a system described by a Hamiltonian̂H0. We monitor events associated
with the quantum jump L̂ occurring with rate � . Our discussion is trivially generalized
to the case of multiple dissipative channels. Restricting to the case in which the waiting
time is comparable with the experimental resolution �T , we can assume to have only
zero jumps or one jump inside a bin.

We label as ^� 
 (t i ) the state of the system at timet i , and asÛ� T = expf� i � T (Ĥ0 �
i�
2 L̂ yL̂ )g the non-unitary evolution operator corresponding to non-detection.
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4. Monitored in�nite- and long-range systems

(a) (b)

Figure 4.10.: (a) and (b): average number of jumps for the binned evolution, respectively
in the stationary and time crystal phase. The bin width is � T = 1 :4=� and the statistics
has been obtained from 120 000 pure-state-trajectories forN = 5.

The evolved state at timet i +1 is given with probability p0 = 1 � � � T
D

L̂ yL̂
E

t i

by

�̂ 
 (t i +1 )0J =
Û� T �̂ 
 (t i ) Ûy

� T

Tr
n

Ûy
� T Û� T �̂ 
 (t i )

o ; (4.14)

in the non-detection case, or with probabilityp1 = � � T
D

L̂ yL̂
E

t i

by

�̂ 
 (t i +1 )1J =
Z 1

0

Ûx� T â Û(1� x)� T �̂ 
 (t i ) Ûy
(1� x)� T ây Ûy

x� T

Tr
n

Ûx� T â Û(1� x)� T �̂ 
 (t i ) Ûy
(1� x)� T ây Ûy

x� T

o dx:

in the detection case. The last expression takes into account the fact that the jump may
happen at any time inside the bin and calculates the average over all the possibilities.

A further approximation has been introduced: we are de�ning the probability of the
jump event based on the density

D
L̂ yL̂

E
calculated at the beginning of the bin, while it

may change due to the intra-bin evolution. We assume the approximation to hold since
the resolution should be smaller than the timescale of the dynamics in all reasonably
accurate experimental setups.

We apply this method to the Tavis-Cummings model, focusing on the region with
�=� = 0:2 where the mitigation of the post-selection problem applies.

We repeat the simulation for several choices of bin widths, each corresponding to a
di�erent time resolution of a putative experimental setup. The bin widths we choose
cover the range �T 2 [0:1=�; 1:1=� ]. The statistics of jumps has been studied for each
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4.2. The Tavis-Cummings model

(a) (b)

Figure 4.11.: (a) and (b): Purity evolution respectively in the stationary and time crystal
phase for several binning choices. The average is obtained from 1000 mixed-state trajectories
for N = 9. The legend is shared.

(a) (b)

Figure 4.12.: (a) Magnetization dynamics for several bin sizes compared to the exact result
(orange dashed line). (b) Entanglement dynamics for several bin sizes compared to the exact
result (orange dashed line). For both plots the average is obtained from 1000 mixed-state
trajectories for N = 9. The legend is shared and both plot represent the dynamics in the
time-crystal phase.
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4. Monitored in�nite- and long-range systems

Figure 4.13.: Steady state value of the entanglement entropy with respect to system size for
several bin widths. N markers correspond to the stationary phase, the� markers correspond
to the time-crystal phase. The exact results for the stationary and time crystal steady-state
SE are reported respectively with a dashed and dash-dot line. The red dot line shows logN
for reference. The average is obtained from 1000 mixed-state trajectories.

binning (an example forN = 5 is shown in Fig. 4.10) and for each bin and size the
condition � � T



âyâ

�
< 1 is veri�ed, meaning that on average the number of jumps

is less than one inside each bin and the proposed master equation represents a good
approximation. Furthermore, to con�rm the quality of the approximation, we show
that the purity does not decrease dramatically in Fig. 4.11, justifying the calculation
of the entanglement entropy as if the state were pure. Interestingly, notice how the
purity of the stationary phase in [panel (a)] can be safely considered to be always 1,
indicating this phase to be stable with respect to the choice of binning. In cases in
which the state cannot be regarded as pure, other measures of entanglement such as
the logarithmic negativity [217] or the quantum Fisher information [47] should be used.

As anticipated, observable averages do not depend on the binning procedure as the
trajectory and quantum average commute. [Panel (a)] of Fig. 4.12 shows an example of
the dynamics of the magnetization forN = 9 in the time crystal phase, compared to the
exact simulations (orange dashed line). They match perfectly. [Panel (b)] compares the
entanglement entropy obtained with �nite time resolutions and the exact simulation.
In this case, we observe a strong dependence on the bin size of the steady-state value.

In Fig. 4.13 we show the steady-state value of the entanglement entropy in the
stationary phase (with markersN) and in the time-crystal phase (with � markers).
The stationary phase has the property of having a low number of photons in the
steady state, resulting in having few jumps along trajectories. This causes the steady-
state value of ~SE to be robust to variations of the binning size. We always obtain
results that are consistent with the exact simulations (black dashed line). The time-
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crystal phase, exhibiting a higher number of photons and jumps, is strongly a�ected
by the change in the bins' size and deviates from the exact result (black dash-dot
line). Also in this case, the scaling is given by (logN )� with � < 1. The power
� increases for increasing bin sizes, as the entanglement entropy in these cases also
accounts for classical correlations. Notice however that a resolution �T � 1=� yields
a scaling qualitatively di�erent from log N , which corresponds to the scaling of the
(entanglement) entropy given by the Lindblad equation (red dotted line). Thus, we
can say that for � T � 1=� the entropy is mostly governed by quantum correlations,
and the entanglement transition can be witnessed by the experimental device.

As a closing remark, we notice that our approximation of the master equation is
reliable as long as the typical waiting time/ (�



âyâ

�
)� 1, which scales at most asN � 1,

is smaller than the bin size �T . To take into account larger sizes with a smaller waiting
time one should allow for the occurrence of more than one jumps in the master equation.
For example, allowing for the presence of two jumps one would have the following
modi�ed master equation: the non-detection state (4.14) occurs with probabilityp0 =
1 � � � T



(âyâ)2

�
; the detection state, happening with probabilityp1;2 = p1 + p2 =

� � T


(âyâ)2

�
is instead modi�ed to

�̂ 1;2J

 =

p1

p1;2
�̂ 1J


 +
p2

p1;2
�̂ 2J


 (4.15)

with �̂ 1J

 as in eq. (4.15) and ^� 2J


 being the average over all the trajectories having two
jumps inside the bin. The probabilities in the above expression are de�ned asp1 =
� � T



âyâ

�
(probability of having one jump) and asp2 = � � T (



(âyâ)2

�
�



(âyâ)

�
)

(probability of having two jumps).

4.3. Long-Range models

We now aim to extend the concept of fast entanglement dynamics and post-selection
mitigation to a wider class of systems: long-range interacting systems. Exploring
this type of physics hold a fundamental importance, both from a theoretical point of
view [218, 219], and from an experimental point of view, as platforms such as trapped
ions [220], Bose-Einstein condensates in cavities [221], dipolar [222], polar [223], and
Rydberg atoms [224], or driven ultra-cold atomic gases [225] showcase frameworks
where the system interactions scale as a power law of the distance.

The goal of this Section is to show the presence of new measurement-induced phase
transitions and understand under which circumstances the post-selection problem can
be mitigated in long-range systems.

We focus on spin models, in which the long-range is set by the power� :

Ĥ = ! Ŝx +
2sJ
N

X

i;j

� i
z� j

z

jj r i � r j jj �
; (4.16)
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4. Monitored in�nite- and long-range systems

where ! is the amplitude of a collective drive andJ is the interaction strength. The
factor 2s ensures that the mean-�eld theory iss� independent, which can be ignored
for spin-half (s = 1=2) systems. N is the Kac-normalization ensuring an extensive
energy for the system. The symboljj � jj corresponds to the distance inD� dimension,
using periodic boundary conditions.

The type of detection we decide to implement in this Section is a generalization
of the homodyne detection, exposed in Sec. 1.2.1. We will useheterodyne detection,
which corresponds to the complex generalization of the homodyne procedure, in which
the noise dw; dw� has stochastic real and imaginary parts. The general equations
describing the state evolution through heterodyne detection due to measurements of
the L̂ i operators are:

d�̂ = dtL (�̂ ) +
X

i

[dw�
i

�
L̂ i � h L̂ i i

�
�̂ + dwi �̂

�
L̂ y

i � h L̂ y
i i

�
] ; (4.17)

L (�̂ ) � �
h
Ĥ; �̂

i
+ D (�̂ ) ; (4.18)

D (�̂ ) �
X

i;j

f ij

�
L̂ i �̂ L̂ y

j �
1
2

n
L̂ y

j L̂ i ; �̂
o �

: (4.19)

where ^� is the density matrix, L is the Liouvillian superoperator, and the noise is
governed by the equations

dwi = 0 ; dw�
i dwj = f ij dt ; dwi dwj = 0 ; (4.20)

In our case, we will simply measure the collective spin operator̂S� yielding:

d�̂ = dtL (�̂ ) + dw�
�

Ŝ� � h Ŝ� i
�

�̂ + dw�̂
�

Ŝ+ � h Ŝ+ i
�

; (4.21)

L (�̂ ) � �

"

! Ŝx +
2sJ
N

X

i;j

� i
z� j

z

jj r i � r j jj �
; �̂

#

+
�
S

�
Ŝ� �̂ Ŝ+ �

1
2

n
Ŝ+ Ŝ� ; �̂

o �
: (4.22)

Notice that in the � ! 0 model we re-obtain a model very similar to our starting point:
Reference [47].

Beside the stochastic complexity naturally raised by the measurement process, we
immediately realize that numerical simulations require much more storage and time
capacity than the simulations carried out in Sec. (4.2). In the previous section and
in Ref. [47], we were essentially simulating aN=2 spin, while in this case, long-range
interactions between single spins as in Eq. (4.16), require simulating the full Hilbert
space having an exponentially big size/ sN .

To deal with this problem, we propose a method which exploits the simpli�cations
granted by long-range interactions: they typically lead to underlying semi-classical dy-
namics, allowing quantum excitations and 
uctuations to be treated perturbatively on
top of a classical model. These observations lead to a class of approximation methods
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Figure 4.14.: Sketch of a long-range spin model and the representation of its monitored
dynamics in the spin-wave approximations. (a) The spins on ad-dimensional lattice are
collectively driven (at amplitude ! ) and interact via z � z coupling, whose strength decays
as a power law of the distance (with exponent� ). The system is subjected to a collective
dissipation (at rate � ) and continuously monitored. (b) In the in�nite-range or long-range
regime (0 � � � d), the state of the system can be represented in the spin-wave approxima-
tions, where spin 
uctuations around the collective polarization are bosonized. Here,Oxyz
depicts the lab frame andO~x ~y~z is the instantaneous frame where ~z aligns with the collective
spin polarization. (c) The evolution of the state under both the Hamiltonian dynamics and
the continuous monitoring. In the proposed method, the angles (�; � ) of the instantaneous
frame O~x ~y~z are updated to match the collective spin direction after its evolution in each
in�nitesimal time step. The dashed (solid) straight arrow represents the ~z axis before (after)
the re-alignment step and the curved arrows represent the paths
 1 and 
 2 as de�ned in
Eq. (4.39) for evaluating the integral of Eq. (4.38).

known as the spin-wave theory. Historically, the spin-wave theory was �rst introduced
by Bloch [226] in 1932 for ferromagnetic spin systems in equilibrium. An equivalent for-
mulation of the theory was later given by Holstein and Primako� [227]. The spin-wave
theory has been highly successful in describing equilibrium ground states in a wide
range of magnetic materials, showing good accordance with experimental data [228].
More recently, it has been generalized to the time-dependent regime [229, 230], cap-
turing non-equilibrium dynamics in closed quantum systems undergoing unitary time
evolution governed by a Hamiltonian and in driven-dissipative systems [231] described
by a Lindblad master equation.

In this Section, we will thus �rst introduce the spin-wave method for quantum tra-
jectories, and then use it to show MIPTS and post-selection mitigation in long-range
systems.
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4. Monitored in�nite- and long-range systems

4.3.1. The spin-wave theory for quantum trajectories

The central assumption is that the system admits a strong collective spin polar-
ization, on top of which spin-wave excitations are bosonized via a Holstein-Primako�
expansion truncated to the lowest order:

ŝ~z
i (�; � ) = s � b̂y

i b̂i ; (4.23)

ŝ~x
i (�; � ) '

r
s
2

(b̂y
i + b̂i ) ; (4.24)

ŝ~y
i (�; � ) ' i

r
s
2

(b̂y
i � b̂i ) : (4.25)

Here, the ŝ~� 's are spin operators in the rotated frameO~x~y~z as illustrated in Fig. 4.14
(b). They are related to the lab-frame spin operators via ^s~�

i (�; � ) = Û(�; � )ŝ�
i Ûy(�; � )

with Û(�; � ) = e� i� ŝz
e� i� ŝy

. The ~z axis of the rotated frame is aligned with the collective
(average) polarization of all the spins, which can be met by imposinghŜ~x i = hŜ~y i = 0 .
The b̂i 's are bosonic operators, representing spin 
uctuations around the collective
magnetization, with standard bosonic commutation relations [b̂i ; b̂y

j ] = � ij . This trans-
formation becomes exact only whenĥby

i b̂i i = 0, i.e., when the system is in a spin
coherent state. Thus, the density of bosonic excitations

� �
1

Ns

X

i

ĥby
i b̂i i ; (4.26)

also referred to as spin-wave density, serves as a natural control parameter for the
approximation [231].

The bosonic modes are then approximated with a Gaussian ansatz [116, 232] parametrized
by �rst and second moments. This allows us to uniquely specify the state of the entire
system with the following variational parameters:

� ; � ; � i � h b̂i i ; uij � h �̂ i �̂ j i ; vij � h �̂ y
i �̂ j i ; (4.27)

where�̂ i � b̂i � � i . Therefore, this method requires onlyo(N 2) parameters to represent
the state in the most general case, which is exponentially e�cient as compared to the
dimension of the full Hilbert space 2N , and the complexity can be further reduced in
the presence of additional symmetries.

Initializing the parameters at t = 0 such that the rotated frame parametrized by
(�; � ) has its ~z axis aligned with the collective spin (which implies

P
i � i = 0), we

proceed stroboscopically by repeating the two following steps until the desired timet
is reached:

1. Calculate the in�nitesimal increments for the Gaussian parameters�� i , �u ij and
�v ij using Eq. (4.17), and update these quantities with the increments. Note that
the frame angles (�; � ) are kept constant within this step, which implies that the
~z axis no longer aligns with the collective spin after the update as

P
i �� i 6= 0 in

general.
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2. Update frame angles (�; � ) such that
P

i � i = 0 in the new rotated frame [see
Fig. 4.14 (c) for a schematic representation of this step]. This can be achieved
self-consistently by considering the evolution of the bosonic modeb̂i generated by
the (passive) rotation of the frame alone. Then update the Gaussian parameters
� i , uij and vij accordingly (due to the rotation of the frame). Finally, increase
the time by �t and start a new iteration.

Before entering into the details of the method, let us remark that it maintains a
N 2 computational cost in any dimensionality and lattice geometry. Moreover since our
approximations are formulated at the level of single trajectories and not the average dy-
namics, our variational ansatz allows us to reach a larger class of density matrices [116]
compared to previous methods working on the level of the density matrix [231]. In-
deed, the mixture of Gaussian states, such as those describing single trajectories, is
a non-Gaussian state in general, hence encodes non-trivial correlations between the
spin-waves.

1. In�nitesimal increments

Let us analyze the �rst step of the evolution. We will work in the more general setting
of Eq. (4.17), without considering from the beginning collective spin operators in the
dissipator.

The stochastic master equation (4.17) determines the time evolution of the expecta-
tion value of operators. For a time-independent operator ^o, the expectationĥoi = tr[ �̂ ô]
evolves as follows;

dĥoi = dt


L y(ô)

�
+

X

i

h
dw�

i

�
ĥoL̂ i i � h ôihL̂ i i

�
+ dwi

�
hL̂ y

i ôi � h L̂ y
i ihôi

�i
; (4.28)

whereL y is the adjoint Liouvillian.

The in�nitesimal increments for the expectation of the time-independent operator̂bi

can be therefore obtained by setting ^o = b̂i in Eq. (4.28) and labeling� =
D

b̂
E

:

d� i = idt
D

[Ĥ; b̂i ]
E

+ dt
X

j;l

f jl

�
L̂ y

l b̂i L̂ j �
1
2

n
L̂ y

l L̂ j ; b̂i

o�
(4.29)

+
X

l

�
dw�

l ĥ� i L̂ l i + dwlhL̂
y
l �̂ i i

�
:

For the two-point covarianceuij , which is the expectation of the time-dependent observ-
able�̂ i �̂ j , their increments can be obtained using the Ito di�erentiation rule. Speci�cally
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for uij = ĥ� i �̂ j i we have:

duij = idt h[Ĥ; �̂ i �̂ j ]i + dt
X

l;m

f lm hL̂ y
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�
:

where the last term proportional todt comes from the time-dependence of̂� i �̂ j . Simi-
larly, we have forvij = ĥ� y

i �̂ j i ,

dvij = idt h[Ĥ; �̂ y
i �̂ j ]i + dt
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l �̂
y
i i

�
:

In the equations above, the HamiltonianĤ and the dissipation operatorŝL i should be
expressed in terms of the bosonic operatorŝbi using the substitution rules de�ned in
Eq. (4.23). The Gaussian approximation then allows evaluating the expectation value
of every term beyond quadratic order thanks to the Wick theorem. The increments
�� i , �u ij , and �v ij are then discretized considering a small time step�t . The noise
is approximated with dwi ! �w i =

p
�t (X i + iYi ), where the pair of random vectors

(X ; Y ) at every time step is drawn from a multivariate real Gaussian distribution with
zero mean and the following covariance matrix,

K =
�

K XX K XY

K YX K YY

�
(4.32)

with matrix elements

(K XX ) ij = ( K YY ) ij =
1
2

Ref ij ; (K XY ) ij = � (K YX ) ij =
1
2

Imf ij : (4.33)

The Gaussian parameter can now be updated as:

� i  � i + �� i ; uij  uij + �u ij ; vij  vij + �v ij : (4.34)

Notice now that the increments include terms up to �rst order in 1=S, which account
for �nite-size e�ects in the dynamics as a correction to the mean-�eld (zeroth order)
theory.

2. Realignment of the frame
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The second step now requires the rotation of the frame such that the ~z axis aligns with
the updated direction of the collective spin. This condition is equivalent to requiring
the following quantity to be zero,

� �
1
N

NX

i =1

� i ; (4.35)

as a direct implication of Eq. (4.23). This can be achieved by moving the frame
smoothly along a path � (� ); � (� ) parametrized by some parameter� . The unitary
transformation Û(�; � ) therefore becomes� -dependent,

Û(� ) = Û(� (� ); � (� )) : (4.36)

The rotation of the frame induces some apparent (�ctitious) dynamics on the state,
whose generator takes the form of an \inertial Hamiltonian":

ĤRF = � i
dÛ
d�

Ûy = sin �
d�
d�

Ŝ~x �
d�
d�

Ŝ~y � cos�
d�
d�

Ŝ~z : (4.37)

We then use the bosonized̂HRF in terms of b̂i . To �nd the amount of rotation of the
frame to achieve� = 0, let us consider the apparent evolution of the operator̂bi along
the moving frame:

db̂i

d�
= i

h
ĤRF ; b̂i

i
= � i

r
s
2
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d�
d�

�

r
s
2

d�
d�

� i cos�
d�
d�

b̂i : (4.38)

This equation can be integrated analytically by considering the path on the Bloch
sphere from (� 1; � 1) to ( � 2; � 2) following the two segments [as illustrated in Fig. 4.14
(c)]:


 1 : � (� ) = � 1; � (� = 0) = � 1; � (� = 1) = � 2 ; (4.39)


 2 : � (� ) = � 2; � (� = 1) = � 1; � (� = 2) = � 2 : (4.40)

The solution is then

b̂i (� 2; � 2) =
� r

s
2

tan � 1 + b̂i (� 1; � 1)
�

e� i � � cos� 1 �

r
s
2

tan � 1 �

r
s
2

� � ; (4.41)

where � � � � 2 � � 1 and � � � � 2 � � 1. As our goal is to �nd the amount of rotations
� � and � � starting from � 1 = � and � 1 = � such that � (� +� �; � +� � ) = 0, we simply
set the right-hand side of the equation above to zero, giving our �nal expressions for
the angle increments:

� � =
1

cos�
arctan

(
Im�

p s
2 tan � + Re�

)

(4.42)

� � =

 

tan � +

r
2
s

Re�

!

cos(� � cos� ) +

r
2
s

Im� sin(� � cos� ) � tan � : (4.43)
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4. Monitored in�nite- and long-range systems

With the angular increments in hand, the �rst moments� i of the Gaussian ansatz can
be updated directly using Eq. (4.41) with the operator̂bi replaced by its expectation
value � i . This equation also implies the evolution of the 
uctuation operatorŝ� i =
b̂i � � i , which is simply

�̂ i (� 2; � 2) = �̂ i (� 1; � 1)e� i � � cos� 1 : (4.44)

We obtain, therefore,

uij (� 2; � 2) = uij (� 1; � 1)e� 2i � � cos� 1 ; vij (� 2; � 2) = vij (� 1; � 1) : (4.45)

With this, we complete the full update step, summarized as follows:
8
>>>>>>><

>>>>>>>:

�  � + � � ;

�  � + � � ;

� i  
� p s

2 tan � + � i
�

e� i � � cos� �
p s

2 tan � �
p s

2 � � ;

uij  uij e� 2i � � cos� ;

vij  vij :

(4.46)

Finally, we increase the (physical) timet to the next step t  t + �t and we are ready
for a new iteration.

4.3.2. A benchmark: the in�nite range case

We consider the spin chain from Eq. (4.16) and focus on the in�nite range case� = 0
with s = 1=2 spins. We �x the interaction strength at J = 0:1� for the rest of the
section.

For this model, mean-�eld theory predicts a dissipative phase transition from a
stationary phase to a time-crystal phase, as in the lower part of the phase diagram
of Sec. 4.2, and Ref. [47]. Mean-�eld can be obtained as before by de�ning the
N � independent average magnetizations:

m� �
hŜ� i

S
=

1
N

NX

i =1

ĥ� �
i i ; � 2 f x; y; zg; (4.47)

whose evolution under the Lindblad dynamics can be obtained with the adjoint master
equation from Eq- (4.21) [1]. Within the mean-�eld approximation, where we assume
the factorization ĥ� �

i �̂ �
j i = ĥ� �

i ih�̂ �
j i at N ! 1 , and that ĥ� �

i i has noi � dependence,
we obtain the following equations of motion for the average magnetization:

dmx

dt
= � 4Jmymz + �m xmz ; (4.48)

dmy

dt
= � !m z + 4Jmxmz + �m ymz ; (4.49)

dmz

dt
= !m y � � (m2

x + m2
y) : (4.50)
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4.3. Long-Range models

Figure 4.15.: Benchmark of the spin-wave quantum trajectory (SWQT) method against
the exact solution for the time-evolution of the following quantities: (a) the magnetization
hŜz i along a single trajectory; (b) the half-system entanglement entropySE along the same

trajectory as in (a); (c) trajectory-average of the collective spin vector hŜ� i ; (d) trajectory-
average of the half-system entanglement entropySE . In single-trajectory benchmarks [(a)
and (b)], the same noise realization is adopted by both the spin-wave quantum trajectory and
the exact integration of the stochastic master equation. The trajectory-average benchmarks
[(c) and (d)] are performed over 4000 trajectories. Parameters:! = 1 :25� , J = 0 :1� , S = 64,
��t = 10 � 4.
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4. Monitored in�nite- and long-range systems

The steady-state magnetization can be found by imposing the time derivatives to zero,
which yields

mz = �

r

1 �
! 2

16J 2 + � 2
: (4.51)

Beyond the critical point ! (c)
MF =

p
16J 2 + � 2, this stationary solution no longer exists,

and the magnetization admits only permanently oscillating solutions with zero mean
when averaged over long times. The mean-�eld theory therefore, predicts a continuous
phase transition from a stationary phase to a time-crystal phase on the level of the
Lindblad dynamics of the average state.

This setting is a great playground to test the validity of the approximations, not
only because we have mean-�eld exact results in the thermodynamic limit, but also
because we can compare the spin-wave method's results with the exact simulations.
Indeed, in the collective� = 0 case, simulations can be carried out easily as the theory
is e�ectively describing a big spinS = N=2.

We benchmark our results by evaluating both linear (e.g., observables) and non-
linear (e.g., entanglement entropy) functions of the state, to test the ability to predict
both dissipative and measurement-induced phase transitions.

To put the spin-wave quantum trajectories in fair comparison with the exact ones,
we integrate the exact stochastic master equation (4.17) using the Euler-Maruyama
method, adopting the same time step and the same noise realization as used in the
spin-wave calculation. An example of a single-trajectory benchmark for the spin-wave
method is shown in Fig. 4.15 (a) and (b), where we compare trajectories for both the
magnetization hŜzi and the half-system entanglement entropy [233, 234])SE against
exact ones. The considered system hasS = 64 and ! = 1:25� , which, as predicted by
the mean-�eld theory, corresponds to the time-crystal phase in the thermodynamical
limit. The initial state is the fully polarized Dicke state (all spins pointing up) for
both simulations. Surprisingly, the trajectories obtained with the spin-wave method
faithfully reproduce the dynamics of both quantities throughout most of the evolution.
This suggests that the proposed method can be used as an approximation to resolve
dynamics on the level of single trajectories.

We also evaluate the performance of the spin-wave method on trajectory-averaged
quantities. Fig. 4.15 (c) shows the time-evolution of the spin expectationshŜx;y;z i
obtained by averaging spin-wave quantum trajectories. These are then benchmarked
against the exact solution of the Lindblad master equation (4.21). As expected from the
single-trajectory performance, the average dynamics is accurately reproduced. Notably,
the decaying oscillations of the magnetization are due to the �nite size e�ect and
therefore require corrections beyond the mean-�eld level to capture. It is interesting
to note that the length of the averaged collective spin vectorhŜ� i is only a fraction
of the maximal valueS, which implies the that the average density matrix, of highly
mixed nature, is far from a state that can be well approximated by the spin-wave
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4.3. Long-Range models

Figure 4.16.: Results for the power-law interacting model in the long-range regime (� = 0 :2,
J = 0 :1� ) of di�erent system sizes (colorbar shared across panels). The dashed line marks
the mean-�eld (MF) solution. (a) Steady-state average z magnetization as a function of the
drive ! . (b) Steady-state of the trajectory-averaged half-chain entanglement entropy as a
function of ! . The vertical dotted line marks the critical point predicted by the mean-�eld
theory ! (c)

MF ' 1:077� . Inset: scaling of the maximum entropy versusN in linear-log scale.

approximations. As a consequence, a deterministic version of the spin-wave theory
with the same approximations applied to the averaged state, e.g., the one proposed in
Ref. [231], will completely fail to capture the dynamics in this regime. In Fig. 4.15 (d),
we compare the trajectory-averaged entanglement entropy with that calculated from
exact trajectories, which shows a good agreement again. We also report the average
spin-wave density to be� . 10� 2 throughout the time evolution.

4.3.3. MIPTs and Post-Selection in long-range systems

Let us now go back to the spin model introduced in Eq. (4.16), with collectivêS�

dissipation.

With the new method we developed, we are not only able to solve the dissipative
dynamics of equation (4.21) in a much more e�cient way, but we can also easily follow
the dynamics along trajectories and predict the behaviour of non-linear quantities in
the system state to probe measurement-induced phase transitions.

To investigate the e�ect of a �nite long-range interaction and the entanglement
dynamics in this regime, we �rst apply the spin-wave method to the model in one
dimension (1D) with � = 0:2. Fig. 4.16 (a) shows the steady-state expectation of the

collective magnetizationhŜzi as a function of the drive amplitude! and the system
sizeN . As we approach the thermodynamic limit by increasingN , the spin-wave solu-
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4. Monitored in�nite- and long-range systems

Figure 4.17.: Results for the power-law interacting model in the case of� = 0 :2, J = 0 :1�
of di�erent system sizes in 1D (colorbar shared across panels). (a) The scaling of the steady-
state average spin-wave density� as a function of the drive ! , in log-linear scale. The vertical
dotted lines mark the critical point predicted by the mean-�eld theory ! (c)

MF ' 1:077� . (b)
Time evolution of the trajectory-average entanglement entropy at a driving value close to
criticality ! = 1 :06� , in linear-log scale.

tion converges towards the mean-�eld prediction and a continuous transition emerges
separating the normal phase withhŜzi 6= 0 and the time-crystal phase withhŜzi = 0.
Fig. 4.16 (b) shows the behavior of the long-time-averaged half-chain entanglement
entropy across this dissipative phase transition. The entanglement develops a logarith-
mic divergence as a function ofN at the critical point (as implied by the �nite-size
scaling analysis of the maximum value of the entanglement entropy), while it appears
to be N -independent for drive values deep inside both phases. This suggests the emer-
gence of an entanglement phase transition separating two area-law phases. To prove
the goodness of the spin-wave method also in this conetext, we additionally study the
scaling of the steady-state spin-wave density of the power-law spin model on a 1D chain
with � = 0:2 as considered in the main text, as shown in Fig. 4.17 (a).

When the system sizeN increases, the spin-wave density is suppressed (including its
peak value), which is a signature of the long-range nature of the model: in theN ! 1
limit, a vanishing spin-wave density suggests that the system becomes equivalent to a
mean-�eld (in�nite-range) one.

In Fig. 4.17 (b), we study the time evolution of the trajectory-averaged entanglement
entropy at a driving value ! = 1:06� , which is close to where the maximum steady-
state entanglement is achieved for the �nite system sizes we studied. Note that we are
increasingN exponentially between the di�erent considered values, while the entan-
glement quickly reaches the steady-state value in all cases, suggesting themitigation
of the exponential overhead for observing the entanglement transition via
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Figure 4.18.: Results for the power-law interacting model in the case of� = 1 :0, J = 0 :1�
for di�erent system sizes in 1D (colorbar shared across all panels). (a) Steady-state average
z magnetization as a function of the drive ! . The dashed line marks the mean-�eld solution.
(b) Steady-state of the trajectory-averaged half-chain entanglement entropy as a function
of ! . The vertical dotted lines mark the critical point predicted by the mean-�eld theory
! (c)

MF ' 1:077� . Inset: scaling of the maximum entropy versusN in linear scale. The dotted
line is a linear �t for N ranging from 32 to 128 and we report the coe�cient of determination
to be R2 = 0 :9980. (c) Steady-state spin-wave density in log-linear scale. (d) Dynamics of
the trajectory-averaged half-chain entanglement entropy for a driving value ! = 1 :06� , in
linear-log scale.

brute-force post selection .

The situation changes quite dramatically by decreasing the range of interactions.
We consider the shorter-range case with� = 1 on a 1D chain for comparison. The
steady-state magnetizationhŜzi , as shown in Fig. 4.18 (a), exhibits qualitatively similar
behavior to the long-range case, while it shows more deviation from the mean-�eld
prediction. This could result from more signi�cant �nite-size e�ects due to short-range
interactions. (Note that the mean-�eld theory does not account for the interaction
range parameter� and therefore gives identical predictions regardless of� .) In sharp
contrast, Fig. 4.18 (b) shows that the entanglement entropy of the short-range systems
grows much faster with the system sizeN . Finite-size scaling suggests a volume law
for the maximum entanglement entropy as well as around the critical point. The spin-
wave density, as shown in Fig. 4.18 (c), also presents a qualitatively di�erent behavior
from the long-range case. Close to the maximal entanglement, the spin-wave density
does not appear to decrease with the system sizeN , and remains around� . 0:2. This
suggests that the short-range model does not reduce to a mean-�eld (in�nite-range)
one even in the thermodynamic limit ofN ! 1 , and that higher-order corrections
to the theory are expected to have a more signi�cant contribution. Finally, we show
in Fig. 4.18 (d) the time dynamics of the trajectory-averaged entanglement entropy
at ! = 1:06� . Contrary to the fast saturation of entanglement in the long-range (or
in�nite-range) regime, the time it takes to reach the steady-state value scales rapidly
with N . Despite the relatively high spin-wave density at the considered driving, we
expect our result to hold qualitatively.

In Fig. 4.19 (a) we show how the properties of the measurement-induced phase tran-
sitions change dramatically depending on the range in 1D: the maximum entanglement
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Figure 4.19.: Maximum steady-state entanglement as a function of system sizeN (total
number of spins) for di�erent interaction range � in (a) 1D and (b) 2D. Di�erent scaling
behaviors can be observed (see annotation). Note that the horizontal axes are truncated
for better visualization, and the maximum number of spins we report is N = 1024 in 2D.
We report that the value of the drive ! maximizing the entanglement is asymptotically
independent ofN .

for � = 1:0 in 1D exhibits a volume-law scaling in contrast to the log scaling for� = 0:2
discussed above.

We also perform simulations in 2D (for up to 32� 32 = 1024 long-range interacting
spins) to study the entanglement scaling as a function of� , as shown in Fig. 4.19 (b)
for a square lattice of sizeN = L2. As we shorten the interaction range by increasing
� , the entanglement scaling changes from the log law to area law (/ L) and volume
law (/ L2), which suggests the presence of a phase transition driven by� between the
di�erent entanglement scaling behavior. We report that even in the volume-law phase
under moderately short-range settings (� = 2:0 and � = 3:0), the spin-wave density
remains small at� . 0:1. On the other hand, the increase of the spin-wave density with
higher values of� suggests the eventual breakdown of the spin-wave approximations
in the presence of su�ciently short-range interactions.

4.4. Comments on the results

Analyzing non-trivial in�nite-range and long-range spin models, we have found sev-
eral interesting phenomena in the dynamics and steady-states of these systems.

All the systems we have analyzed share some features:
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ˆ They present dissipative phase transitions visible at the level of Lindblad dynam-
ics. The phase transition always divides a stationary phase from a time-crystal
one, characterized by persistent oscillations in the magnetization.

ˆ When subject to continuous monitoring of collective operators (quantum jumps
in Sec. 4.2, and heterodyne detection for Sec. (4.3)), they undergo measurement-
induced phase transitions in the entanglement entropy. The MIPTs always occur
at the same critical point of the dissipative phase transition.

I would like to stress and comment on this last point. The coincidence of the critical
point of the dissipative phase transition has been shown to be a typical feature of
semiclassical systems. The occurrence of the MIPT along with the dissipative phase
transition has been witnessed in the previous section in the collective case, and the
strong-long range regime, in which the spin-wave theory works exactly as the spin-
wave density decreases with the system size.

In Ref. [31], we have shown that in these cases the thermodynamic limitN !
1 kills quantum 
uctuation and the stochasticity of the equation along trajectories,
yielding deterministic equations for the spin-wave's parameter� i ; uij ; vij introduced in
the equations before.

The deterministic equations for� i ; uij ; vij of motion have some important features:
they have a term simply coming from the dissipative Lindblad dynamics, they have
a term coming from the continuous monitoring which is deterministic thanks to Ito's
rule (e.g. dwdw� / dt for heterodyne detection). This implies that any non-analyticity
in the dissipative part of the equations will lead to a non-analyticity also in the equa-
tions of motion of the spin-waves' parameters. This will yield, in turn, a non-analytic
behaviour in the entanglement properties of the system.

Despite being related in the thermodynamic limit, one should not think that the
entanglement MIPT is the same transition as the dissipative one: the Lindblad equation
is blind to the measurement process, while the equations of motion for� i ; uij ; vij are
not (through Ito's deterministic terms).

It has indeed been proved that decreasing the range of interactions and, consequently,
abandoning the possibility of having the semiclassical description, yields two distinct
critical points for the dissipative and the measurement-induced phase transition [92].
This should be captured as well in the spin-wave picture for a range of interaction�
greater than the dimensionality.

4.5. Conclusions to the Chapter

This chapter has discussed several issues related to the underlying complexity of
measurement-induced phase transitions, both from theoretical and experimental per-
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spectives.

We began by studying spin models with in�nite and long-range interactions, which
exhibit dissipative phase transitions in magnetization from a stationary phase to a
time-crystal phase. The phase transitions we examined are both continuous and dis-
continuous and can show signatures of bistability. Beyond these phenomena - contained
within the Lindblad framework - we revealed the presence of measurement-induced
phase transitions which, despite being fundamentally di�erent in nature, share the
same critical point. The reason this occurs in in�nite and strongly long-range systems
has been discussed and is intimately related to the system becoming semiclassical and
losing stochasticity in the thermodynamic limit.

Additionally, we demonstrated that in certain cases, these monitored transitions can
enable e�ective post-selection properties, thereby addressing the experimental challenge
of identifying such phases. Speci�cally, we showed that bistabilities and short-range
interactions tend to inhibit e�cient post-selection dynamics, requiring longer times for
entanglement to spread across the system.

This study allowed us to identify the Tavis-Cummings model in the bad-cavity limit
as a promising candidate platform for experimentally realizing measurement-induced
phase transitions (MIPTs). Moreover, the work enabled discussion of several other
experimental challenges, such as de�ning a quantum trajectory in practice, and led
to new questions such as how to identify more experimentally accessible non-linear
observables and study their saturation properties, or how to explore the concept of
typicality in quantum trajectories, which could help reduce the post-selection overhead
beyond simple system-size scaling.

Other promising candidates include strongly long-range interacting systems, as they
exhibit fast-saturating entanglement. Studying these systems required the development
of a new theory based on stochastic spin-waves to address the numerical complexity of
simulating the full Hilbert space of a spin ensemble. This method not only provided
insight into the monitored dynamics of such systems but also opens the way for sim-
ulating more complex systems and exploring how the distinction between MIPTs and
dissipative phase transitions emerges.
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The previous Sections have discussed in detail some of the consequences that the
stochastic nature of quantum measurements have on the experimental and numerical
possibilities of studying the monitored dynamics of many-body systems. We have
studied on a theoretical ground how to improve numerical simulations, and we have
identi�ed some good candidate platforms for experimental realizations of MIPTs.

The study we have carried out so far were mainly based on the numerical simulation
of the dynamics along quantum trajectories, and have relied on statistical analysis of
the results of such simulations. It is however, possible to use an analytical approach
to study the monitored phases of many-body systems, based on the path integration
technique we have already developed in both Sec.s 1.1.1 and 1.2.1.

This Chapter, deals with this type of calculation [235]. Analytical calculations in the
context of many-body monitored dynamics often involve complex path integrals, which
are usually evaluated through intricate approximations and methods drawn from the
theory of disordered systems [94, 100, 104, 106{111, 236]. In the next pages, we aim
to o�er a new perspective on these matters, with a focus on the simpli�cation both of
the many-body problem and the stochastic problem raised by measurements.

More speci�cally, the ultimate goal of this Chapter is to o�er a way to treat an-
alytically monitored bosonic systems, starting from a simpler quadratic setting, and
arriving to a more complicated one presenting interactions. In the latter case, the
stochastic nature of monitored quantum dynamics adds to the well-known challenges
of treating interactions in many-body systems.

For monitored Gaussian bosonic systems, as in Ref. [217], the dynamics can be
described by a closed set of stochastic equations of motion. Although generally di�cult
to solve, the set of equations can be greatly simpli�ed using Wick's theorem.

In contrast, interacting theories typically lead to an in�nite, unclosed set of coupled
stochastic equations of motion, making analytical or numerical treatment signi�cantly
harder. This computational barrier has so far prevented the development of studies of
interacting bosonic models via analytical techniques, which have instead be limited to
free settings or to the use of numerical tools [217, 237{239].

91



5. Monitored interacting bosonic models

This motivates the work described in this Chapter, in which we focus on the well-
known Sine-Gordon model[240]. To tackle the aim of analytically treating monitored
interacting bosonic models, we follow the dynamics of the most likely trajectory alone,
extracted from the analysis of the probability distribution of quantum trajectories.
This provides a signi�cant reduction of the complexity of the full stochastic problem
by obtaining a deterministic non-Hermitian type of dynamics. Moreover, we manage
the complexity arising from interactions by using a well-established approximation:
the Self-Consistent Time-Dependent Harmonic Approximation (SCTDHA) [241, 242].
The SCTDHA helps incredibly by mapping the model into a quadratic self-consistent
time-dependent theory.

The Chapter deals initially with the analytical description of the probability distri-
bution of quantum trajectories, using both a stochastic formalism and a path integral
one, as contained in Sec. 5.1. The key point of the Section lies in the de�nition and
identi�cation of the most likely trajectory, which dominates the ensemble of quantum
trajectories and will be used alone to characterize the monitored dynamics of bosons.
The method we introduce is then benchmarked in Sec. 5.2 for a well-known case, the
free bosons CFT already studied in Ref. [217], whose results will be reproduced faith-
fully by our theory. Section 5.3 is �nally devoted to the application of our method to the
study of a very important many-body interacting model: the Sine-Gordon model. In
this section, the most likely trajectory approach used in synergy with the self-consistent
time-dependent harmonic approximation will allow to unveil the presence of a MIPT
in the steady-state and to characterize and discuss its properties.

5.1. The most likely trajectory

The measurement setting we are going to use throughout this Section of the the-
sis, has already been introduced in the Introductory part of the thesis in Sec. 1.2.1:
Gaussian weak measurements. For this initial part, we will focus on measurements
of a general operatorR̂, supposing that it has a continuous spectrum and that its
eigenvectors form a complete (or overcomplete) basis for the Hilbert space.

Let us now analyze how the dynamics builds up step-by-step and how probabilities
of di�erent measurement outcomes naturally come out of this description.

Speci�cally, we will now study the evolution due to a Hamiltonian evolution operator
Û�t = e� i�t Ĥ , and the Gaussian weak-measurements operator̂M r / e� 
�t (r � R̂)2

:
�
�
� ~ r 1

E
= Û�t M̂ r 1 j 0i : (5.1)

The monitored evolution described in Eq. (5.1) is non-unitary, leading to an unnormal-

ized state. Unnormalized states will be labeled as
�
�
� ~ 

E
or ~̂� . Their trace corresponds

to the probability of obtaining the measurement outcomer1 conditioned by starting
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from the initial state j 0i :

P(r1j 0) = Tr
n�

�
� ~ r 1

E D
~ r 1

�
�
�
o

: (5.2)

This allows to write the evolved physical state asj r 1 i =
�
�
� ~ r 1

E
=
p

P(r1j 0), and can
be easily generalized to the case of a mixed state.

The continuous dynamics up to timet, is instead given by

�
�
� ~ r

E
= lim

�t ! 0
K = t

�t !1

KY

k=1

h
Û�t M̂ r k

i
j 0i : (5.3)

As already anticipated in Sec. 1.2.1,f r kgK
k=1

�t ! 0���! r (t0) ( t0 2 [0; t]) constitutes a quan-
tum trajectory. The probability of measuring the trajectory r (t0) - i.e. the joint proba-
bility of the collection r given the initial state - is obtained by tracing the unnormalized
fully evolved state.

P( r j 0) = Tr
n�

�
� ~ r

E D
~ r

�
�
�
o

: (5.4)

This can be understood in terms of single steps' conditional probabilities, Eq. (5.2).
For two time steps, we have

P(f r1; r2g j 0) = P(r2jr1;  0) P(r1j 0)

=Tr
n

M̂ r 2 j r 1 i h r 1 j M̂ r 2

o
Tr

n�
�
� ~ r 1

E D
~ r 1

�
�
�
o

=Tr
n

M̂ r 2 Û�t M̂ r 1 j 0i h 0j M̂ r 1 Ûy
�t M̂ r 2

o
: (5.5)

Repeating this forK = t=�t steps reproduces Eq. (5.4) and shows how the two objects
in Eq. (5.4) and Eq. (5.2) are intimately related.

The conceptual steps made above allow one to de�ne the conditional and joint prob-
ability distributions for quantum trajectories.

The conditional probability distribution for obtaining the outcomer given that
the system is in the statej i , can be written as

P(r j ) =
�

2
�t
�

� 1=2 Z
dR e� 2
�t (r � R)2

j (R)j2; (5.6)

where (R) = hRj i .

Having continuous monitoring allows for the expression of theJoint probability
distribution of a string of readouts in terms of the path integral formalism [75] already
introduced in Sec. 1.2.1 through Eq. (1.56). To derive it in a fully general setting, we
consider both the operatorR̂ and its canonically conjugated operator. Simple examples
are position measurementŝR = x̂, with the canonically conjugatedp̂ momentum as in
Ref. [75], or momentum measurementŝR = p̂ with the position x̂ being the conjugate as
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we will consider throughout this paper. Then, in theR� representation, starting from
the initial state �̂ 0 and taking the continuous limit �t ! 0 in equations (5.3), (5.4), we
get:

P[r ; t]=

=
Z

dR0 dR0
0 dR � (R0; R0

0)
Z R1 (t )= R

R1 (0)= R0

DR1(t0)
Z R2 (t )= R

R2 (0)= R0
0

DR2(t0) eiS [R1 ;t ]� iS [R2 ;t ]+ Smeas [R1 ;R2 ;t ]

Smeas[R1; R2; t] = � 

Z t

0
dt0

�
(r (t0) � R1(t0))2 + ( r (t0) � R2(t0))2

�
(5.7)

Where S[R1; t] and S[R2; t] are the actions (in R� representation) given by unitary
dynamics along the forward and backward Keldysh branches. The above expression
simply represents the evolution of the trace of the un-normalized state along the tra-
jectory r (t0), and connects directly to the path integral setting introduced in Sec. 1.2.1
through Eq. (1.56). The e�ect of the measurement in this framework corresponds to
a coupling of the forward and backward branches through the imposition of the same
trajectory r (t0) along the two branches. Despite the joint probability distribution ex-
plicitly depending on the initial state �̂ 0, we omit the explicit dependence in the label
P[r ; t] to simplify the notation.

Now, according to Born's rule, we can compute averages of any trajectory functional
F [r ] over this probability distribution as

F [r ] =
Z

Dr (t0) P[r ; t] F [r ]; (5.8)

where the measure of the path integration over trajectories is de�ned as

Z
Dr (t0) = lim

�t ! 0
K !1

KY

k=1

�
2
�t

�

� 1=2 Z + 1

�1
drk : (5.9)

In order to probe measurement-induced phase transitions from this formalism, we
need to calculate non-linear objects in the system state, like variances or entanglement.
These objects generally have a very complex structure inr (t0), consider for example
the non-linear part of the variance of an operator ^o (� o = ĥo2i � r

� h ôi 2
� r

):

Tr f �̂ r ôg2 =
Z

Dr (t0) P[r ; t] Tr f �̂ r ôg2 =
Z

Dr (t0)
Tr

n
~̂� r ô

o

P[r ; t]
; (5.10)

where we have canceled the probability coming from Born's Rule with one the the
normalizations of the quadratic form in the density matrix. Notice that ~̂� r is the
unnormalized density matrix.

The complicated part of the calculation here lies in the presence of the denominator,
which is generally already by itself, a complex functional of the trajectory. The tools,
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which are typically introduced in this context to deal with the complications generated
by the path integral over trajectories are the Replica Trick [100, 104, 108{111] and
supersymmetry [107]. For instance, the Replica trick allows simpli�cations of Eq. (5.8)
at the price of considering the dynamics of many copies of the state ^� r sharing the same
sequence of measurement outcomes.

In the following part of the Section, we will introduce a di�erent method to reduce
the complexity generated by dealing with the full ensemble of trajectories.

5.1.1. How to build the most-likely trajectory

Our idea relies on the study of the structure of the probability distribution we have
introduced in the previous Section. Speci�cally, we aim to simplify the complexity
of computing averages over the whole probability distribution by determining which
trajectory dominates the distribution and characterizing the monitored dynamics in
terms of that trajectory only.

We �rst build the most likely trajectory starting from a single time step perspective
and restoring again the more general setting which measuresR̂. Suppose the system
is in the state j i , the conditional probability (5.6) can be approximated as

P(r ) �
�

2
�t
�

� 1=2

e
� 2
�t (r � hR̂i

 
)2

: (5.11)

The conceptual step in this approximation lies in noticing that in eq. (5.6) the Gaussian
e� 2
�t (r � R)2

will be much broader than the wavefunction's probability distribution for
�t ! 0, such that [78]

j (R)j2 � � (R �
D

R̂
E

 
): (5.12)

This means that (unimodal) wavefunctions can be approximated as delta-functions
with respect to the broad Gaussian measurements operator.

From the previous approximation, we notice that the most likely measurement read-
out for the time step corresponds tor � =

D
R̂

E

 
. For Gaussian measurements this also

corresponds to the average valuer =
R

dr r P (r ).

It is now possible to build the full trajectory out of single time steps:

r � (t) = r (t) =
D

R̂
E

 � (t )
(5.13)

with j � (t)i / lim
�t ! 0

K = t=�t !1

K � 1Y

k=1

h
Û�t M̂ r �

k

i
j 0i : (5.14)

This means that the most likely trajectory is built using the step-by-step procedure:
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ˆ Selectr �
k as the most likely value of the conditional probability distribution for

j � (t0 � �t )i ;

ˆ Impose the evolution of the state to be conditioned on ther �
k value and update

the state: j � (t0)i / Û�t M̂ r �
k

j � (t0 � �t )i

ˆ Obtain the next step by repeating the whole procedure, starting with the evolved
state j � (t0)i as new initial state;

Notice that the conditional probability distribution for r in Eq. (5.6) can be recast
in the classic form of Wiener stochastic processes, as the measurement outcome can be
expressed as [33, 78]

r =
D

R̂
E

 
+

dW
2
p


�t
; dW = 0; dW2 = �t; (5.15)

In this framework, following the most likely trajectory means imposing

dW = 0 8t: (5.16)

Notice that this implies dW2 = 0. This di�ers from the standard Ito rule dW2 = �t ,
which produces additional deterministic terms in the master equation.

Once the most likely trajectory is identi�ed, we are able to study the evolution of
the system conditioned to that trajectory only. The master equation to evolve the
quantum state can be obtained from a linear expansion in�t of a one-step evolution
equation

�̂ �
r (t + �t ) =

Û�t M̂ r � �̂ r � (t) M̂ r � Ûy
�t

Tr
n

M̂ r � �̂ r � (t) M̂ r �

o ; (5.17)

which yields for the measurement setting we have introduced:

_̂� � (t) = � i
h
Ĥ; �̂ � (t)

i
� 


MX

j =1

�
R̂2

j �
D

R̂2
j

E

� � (t )
; �̂ � (t)

�

+2

MX

j =1

D
R̂j

E

� � (t )

�
R̂j �

D
R̂j

E

� � (t )
; �̂ � (t)

�
: (5.18)

where we have relabeled ^� r � as ^� � for simplicity.

Notice that the master equation we have obtained is trace preserving by construction,
and is non-linear in the system's state. This last fact is what fundamentally makes
the most likely trajectory (average trajectory dW = 0) approach di�erent from the
Lindblad (average state�̂ ) master equation and the state-di�usion master equation
(dW = 0, dW2 = �t ), which instead considers the full statistics of trajectories and
loses information about the speci�c measurement procedure.

This equation fully captures the power of this approximation: the master equation
is now deterministic and preserves information about the measurement process.
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5.1. The most likely trajectory

Considering the whole evolution, the procedure we have presented is also understood
in terms of a Saddle Point of the joint probability distribution setting. We consider
a more general setting, and suppose now to monitorindependently a collection of
operatorsR̂i i = 1; ::; M , i.e. our measurement operator becomes

M̂ r =
MY

i =1

M̂ r i ; (5.19)

where r = ( r1; :::; rM ) contains the measurement outcomes associated to the inde-
pendent measurements of the set off r̂ i g. Notice that in this context i labels the i th

operator and does not label time anymore.

The generalization of the joint probability distribution in Eq. (5.7) for M independent
measurements is trivial and can be found in App. D.1.

From the conditional probability setting, we have noticed how the most-likely mea-
surement outcome also corresponds to the average one, in this caser (t) = r � (t) =D

R̂
E

 �
r

. Thus we start from a simple case and calculate the average trajectory accord-

ing to the joint probability distribution

r (t) =
Z

Dr (t0) r (t) P[r ; t]; (5.20)

wheret is the �nal time of the path integral.

We introduce the �ctitious action

S[r ; t] = log P[r ; t]; (5.21)

and we proceed via Saddle Point approximation for the integration overr (t), which is
Gaussian. The Saddle point equation reads:

r j (t) � r �
j (t); with r �

j (� ):
@S[r ; t]
@r(� )

�
�
�
�
r �

j (� )

= 0: (5.22)

As calculated explicitly in App. D.1, one �nds the implicit equation for the most-
probable trajectory:

r � (t) =
D

R̂
E

�̂ r � ( t )

: (5.23)

Notice that this result corresponds exactly to what we have found from the conditional
probability distribution in Eq. (5.13). When the �ctitious action S[r ] is quadratic,
usually for free theories subject to Gaussian measurements, the Saddle Point method
is exact. In these cases, the most likely trajectory (coinciding with the average in this
case) is a good representative trajectory of the full ensemble as it dominates it [112, 243].
Additionally, notice how the saddle point approximation we have performed highly
depends on the function we are averaging over. For a general non-linear functional of
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the quantum trajectory F [r ], the averageF [r ] =
R

Dr (t0) F [r ] P[r ] might produce a
di�erent Saddle Point trajectory. However, as long as the structure ofF [r ]P[r ] remains
the same ofP[r ] alone, which is usually the case for Gaussian theories, as we will see
in the next Section, the Saddle point will remain the one we found.

This formalism allows however to go beyond the Saddle Point and consider Gaussian

uctuations around the Saddle Point solution. We report the expression for complete-
ness:

r (t) �
Z

Dr (t0) r (t) eS[r � ] e
1
2

R
dt0dt00(r (t0)� r � (t0)) S(2) [r � ;t;t 0]( r (t00)� r � (t00)) ;

where we have introduced

S(2)
i;j [r � ; t0; t00] =

@2S[r (t)]
@rj (t0)@ri (t00)

�
�
�
�
r �

= � 4
� i;j � (t � t0) + 16
 2� ++
R i ;R j

(t0; t00): (5.24)

Above we have de�ned� ++
R i R j

(t; t 0) =


R+

j (t)R+
i (t0)

�
� r �

�


R+

j (t)
�

� r �



R+

i (t0)
�

� r �
with

R̂+ being the classical Keldysh component of the �eld, and the averages being com-
puted for the theory along the most likely trajectory, as explained in App. D.1. Despite
having a clear expression, this object remains very complicated to compute (depends
on the underlying many-body theory and on the explicit time-dependent expression
of the most likely trajectory), and its calculation will not be performed in this work.
However its meaning is clear: the dominance of the most-likely trajectory is determined
by the second derivative of the actionS[r ; t], which depends both on the measurement
strength 
 , and on two-point correlations of the operators we are measuring. As we
discuss later, the general procedure for interacting non-Gaussian theories within the
most-likely trajectory approach consists, thus, in approximating the joint probabil-
ity distribution to be Gaussian, and then picking the trajectory that maximizes this
Gaussian approximation.

5.2. A benchmark: the Free Bosons CFT

We start by benchmarking our method with a free theory, which can be exactly
solved analytically. We consider a Free Bosons model, already studied in Ref. [217]. In
his lattice version, the Hamiltonian reads forN sites:

ĤFB =
!
2

NX

j =1

�
p̂2

j + ( x̂ j +1 � x̂ j )2 + r 2
N x̂2

j

�
; (5.25)

with r 2
N = 
 =N=! being a cuto� to normalize the spectrum at zero momentum and

[x̂ j ; p̂j 0] = i� j;j 0. We consider periodic boundary conditions. The Hamiltonian essen-
tially describes a massless model for free bosons and is represented in Fig. 5.1(a).
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(a) (b)

Figure 5.1.: (a) Representation for the Free Bosons CFT forN = 7. The picture shows a
chain of harmonic oscillators in periodic boundary conditions. Each oscillator, represented
with a red sphere, has its momentump̂i measured independently at each time step from
distinct measurement devices. (b) Logarithmic Negativity for the Free Bosons CFT lattice
model, the plot shows the coe�cient for the �t log NN=2 � c logN , which is always non-zero
in this case. Inset: power-law decaying correlations in log-log scale.

We consider weak momentum measurements occurring independently at each site,
implemented through the operator

M̂ r =
NY

i =1

M̂ r i =
NY

i =1

�
2
�t

�

� 1=4

e� 
 �t (r i � p̂i )2
: (5.26)

Ref. [217] predicts for this speci�c setting a trajectory-averaged power-law decaying
� pp correlations along with a bipartite logarithmic negativity scaling as logN � logN
for all measurement strengths
 , and hence the absence of a measurement-induced
phase transition. The exact stochastic and trajectory-averaged equations to evolve
averages and connected correlations can be found in Appendix D.2. An important
feature to keep in mind is that this exact approach yields, at the level of trajectories,
stochastic equations for the averagesĥx j i ; ĥpj i and deterministic equations for the
correlations. This characteristic is peculiar to free bosonic systems. We can now try
to reproduce the trajectory-averaged results with our method. The master equation to
evolve the many-body state along the most-likely trajectory is obtained by in inserting
the Free Bosons Hamiltonian (5.25) into the master equation derived in Eq. (5.18).

_̂� � (t) = � i
h
ĤFB ; �̂ � (t)

i
� 


NX

j =1

n
p̂2

j �


p̂2

j

�
� � (t )

; �̂ � (t)
o

+2

NX

j =1

ĥpj i � � (t )

n
p̂j � h p̂j i � � (t ) ; �̂ � (t)

o
: (5.27)

Exploiting the Gaussianity through Wick theorem, we can derive the deterministic
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