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Abstract

We generalize to the RCD(0, N) setting a family of monotonicity formulas by Colding
and Minicozzi for positive harmonic functions in Riemannian manifolds with non-
negative Ricci curvature. Rigidity and almost rigidity statements are also proven, the
second appearing to be new even in the smooth setting. Motivated by the recent work
in Agostiniani et al. (Invent. Math. 222(3):1033-1101, 2020), we also introduce the
notion of electrostatic potential in RCD spaces, which also satisfies our monotonicity
formulas. Our arguments are mainly based on new estimates for harmonic functions
in RCD(K, N) spaces and on a new functional version of the ‘(almost) outer volume
cone implies (almost) outer metric cone’ theorem.

Keywords Monotonicity formula - Harmonic functions - RCD spaces - Almost
rigidity

Mathematics Subject Classification 53C21 - 53C24

1 Introduction and Main Results

Monotonicity formulas are in general an important tool in analysis and geometry
and have proven to be crucial in the study of functional inequalities, regularity of
PDEs and minimal surfaces, one example being the celebrated Almgren frequency
function [1]. We refer also to [36] for an overview on this topic and further references.
Recently these formulas also found application in the theory of metric geometry with
particular interest in the regularity of singular spaces. It is, however, important to
recall that, especially on this context, monotonicity formulas are often coupled with
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rigidity and almost rigidity properties. In other words, besides knowing that a quantity
is monotone it is often important to know that, if it happens to be constant or almost
constant, then some extra regularity or almost regularity of the objects involved is
present. An example of this, in the context of singular metric spaces, is the Bishop-
Gromov volume ratio, where this said (almost) regularity is realized as (almost) local
conical structure of the space. This feature was exploited first in [30] to noncollapsed
Ricci-limit spaces and subsequently in [41] to ncRCD spaces in order show that blow-
up limits are cones and was recently developed in [4] to deduce volume bounds for
the singular set, extending the analogous result for Ricci-limit spaces ( [31]). These
works fall in the more general theory of quantitative differentiation which, roughly
said, allows to pass from a monotone quantity with almost rigidity properties (also
called coerciveness) to nontrivial results about effective regularity of the space (or a
particular function). We refer to [28] for a detailed overview on this topic.

All of this motivates the study of new monotonicity formulas in RCD spaces, where
the Bishop-Gromov volume ratio and the Perelman WV functional (see [69]) were up
to now essentially the unique examples.

Our interest will be in extending a class of monotonicity formulas for harmonic
functions in Riemannian manifolds with nonnegative Ricci curvature, to the RCD
setting. These types of formulas were first introduced by a series of works by Colding
and Minicozzi [35-37] and were used by the same authors to prove the uniqueness
of tangent cones for Einstein manifolds [38]. Recently the same monotone quantities
were reinterpreted in [6] in the study of the electrostatic potential of a set and lead to
the proof of new Willmore-type geometrical inequalities for Riemannian manifolds
(see also [13] for the Euclidean setting).

The Monotonicity Formula

Our first main result is the extension to the nonsmooth setting of the whole class of
monotonicity formulas derived in [6]. More precisely,we show that in a nonparabolic
RCD(0, N) space (see Definition 3.1), if u € L*°(2) N C(L2) solves

Alqu =0,
liminfy_,, u(y) > 1, foreveryx € 0Q2, P)
u(x) — 0 as d(x, 0Q2) — +o0,

where 2 is open, unbounded and with 92 bounded, then the function

0,1) 31— Up(t) :=

pr= / [VulPT! dPer({u < 1),
tmN=2
with 8 > %—j, is (continuous) and nondecreasing (see the beginning of Sect. 5.2 for
a discussion on the well definition of the function Upg).

Rigidity and Almost Rigidity

As said above,we are also interested in the rigidity and almost rigidity properties of
the functions Ug and it turns out that, similarly to the Bishop-Gromov inequality, the
special configurations connected to Ug are cones. This is not a coincidence, indeed as
we will see the reason behind the conical structure arising from these two quantities
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is the same, i.e. the existence of a function satisfying a precise PDE: Av = N and

V20| = 1. We refer to the introduction of [35] for a more detailed parallelism with

the Bishop-Gromov inequality and the interpretation of Ug as an area functional.
We will prove that

o if the derivative of Ug vanishes at #o, then {u < #} is isometric to a truncated
RCD(0, N) cone,

o if the derivative Ug at 1 is sufficiently small, then {u# < fo} is close, in a suitable
sense, to a truncated RCD(0, N) cone.

The first result is a generalization of the rigidity result in [6], while the second is new
even in the smooth setting. It has to be said that almost rigidity results were already
present in the work of Colding-Minicozzi (cf. with [38, Sect. 1.7] and [36, Sect. 2.2]).
However, one of the novelty of our analysis is that, similarly to what happens for the
splitting theorem [45], we are able to show that {u < fy} is close to a cone which
is itself an RCD(0, N) space, while they only prove closeness to a ‘generic’ cone,
moreover we prove that almost rigidity holds for all the functions Ug, while they only
consider the case g = 3.

Let us point out that, as it is now well understood, nonsmooth (RCD) spaces enter
into play naturally in almost rigidity statements under Ricci curvature lower bounds
even in the smooth case. We recall for example the existence of Riemannian manifolds
having tangent cones at infinity with nonsmooth cross-section (see [39]).

Existence of Solutions

To justify the interest on the function Ug, it is clearly important to have many
example of solutions to (P). The main examples in the smooth setting are the Green
function (mainly explored in the papers of Colding-Minicozzi) and the electrostatic
potential, which was the object of interest in [6]. In RCD spaces the Green function was
already built and studied in [25], while little or nothing was know about the electrostatic
potential. One of our results will be the existence of an electrostatic (or capacitary)
potential for a bounded open set E, under some mild regularity assumptions on its
boundary. That is, we will prove the existence of a solution to (P) with Q@ = X \ E,
continuous up to the boundary of 2 with u = 1 in 92. Moreover, we will also prove
a relation that links the Cheeger energy of u to the Capacity of E (see (8.2)).

New Functional Version of the “(Almost) Outer Volume Cone Implies (Almost)
Outer Metric Cone” Theorem

The rigidity and almost rigidity results for Ug that we described above will follow
from a new functional and “outer” version of the volume cone to metric cone theorem
for RCD(0, N) spaces proved in [40]. In particular we prove that in an RCD(0, N)
space if a function u satisfies Au = N and |V+/2u|> = 1 then its superlevel sets are
isometric to truncated cones (see Theorem 6.1).

Moreover,we will prove an effective almost version of the above result that appears
to be new also in the smooth setting. More precisely,we will show that if a function
u satisfies Au = N|V+/2u|? and |V+/2u| is almost constant, i.e. |V|V./ul| is small
(in an integral sense), then the whole space X is close in the pm G H topology to an
RCD(0, N) space X/, that is a truncated cone outside a bounded set (see Theorem
6.7).
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We will also provide a second version of the almost rigidity result in Theorem 6.7,
which is more in the spirit of the “almost volume annulus implies metric annulus”
theorems of Cheeger-Colding ( [29]). Roughly said under the same hypotheses of
Theorem 6.7, we prove that the sets {f, < u < t1}, when endowed with their intrinsic
metrics, are close to annuli of an RCD(0, N) cone, also endowed with their intrinsic
metrics (see Theorem 6.9).

Let us remark that a main portion of the proof of Theorem 6.1 is a repetition of the
arguments in [40]; however, in writing this note, the authors realized that some steps
in [40] were overlooked. For this reason along our exposition,we will also take the
chance to fix and adjust some of the original arguments.

New Estimates for Harmonic Functions

As a by-product of our argument we prove some regularity results and estimates for
harmonic functions in RCD(K, N) spaces, which appear to be new in the nonsmooth
setting and interesting on their own. In particular we prove that if u is harmonic, then

the function |Vu|? has W'-2-regularity for every f > %%—j, together with an explicit

bound for |V|Vu|?| (see Theorem 4.4 for the precise statement). It is important to
observe that the exponent g is allowed to be strictly smaller than 1, which makes the
result nontrivial. The estimates that we obtain are similar and strongly inspired by the
ones for Riemannian manifolds obtained in [32].

Future Applications

This work is a part of a project that we are pursuing and whose objective is to
investigate the possibility of developing a second-order analysis on “codimension-1”
sets in RCD spaces (recall that a “first-order” theory in this setting has already been
extensively studied, see eg. [3, 22] and [42]). This is motivated by the recent [6] where,
in the context of smooth Riemannian manifolds, it is proved that the monotonicity
of Ug (see above) implies a family of inequalities related to the mean curvature of
hypersurfaces (more precisely to a lower bounds on their p-Willmore energy).

In particular in a forthcoming work [61], we will propose a notion of mean curvature
and Willmore energy for the boundary of subsets of RCD spaces. Our definitions will
be tailored to the monotonicity results obtained in this note (in particular formula (5.7)
and the estimate (5.6)) to obtain lower bounds for the Willmore energy, in the spirit
of [6].

Plan of the Paper

The exposition will be organized as follows. In Sect. 2,we will introduce the needed
tools and fix some notations. In Sect. 3,we introduce the notion of nonparabolic RCD
space and derive its main features. In Sect. 4,we will introduce a class of vector fields
with nonnegative divergence (see Corollary 4.5), which are at the core of the proof
of the monotonicity formula. In such section, we will also deduce new estimate for
harmonic functions. In Sect. 5.1, we will prove some key decay estimates for solution
of (P) and subsequently in Sect. 5.2, we will prove the main monotonicity result. In
Sect. 6.1, we will state a new functional version of the “from outer functional cone to
outer metric cone” theorem and prove the main new ingredients for its proof. The rest
of the argument, being analogous to the one in [40], will be postponed to Appendix A.
The ‘almost’ version of the previous theorem will be proved in Sect. 6.2. Then we will
use these functional rigidity and almost rigidity results to deduce in Sect. 7 the main
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rigidity and almost rigidity statements from the monotonicity formula. Finally,the
existence for the electrostatic potential will be given in Sect. 8. This argument relies
on results mainly taken from [19], however,to make the proof self-contained and more
readable, in Appendix B we will redo (and simplify) the proofs of all the results we
need in the setting of RCD spaces.

2 Preliminaries and Notations
2.1 Calculus Tools

Throughout all this note,a metric measure space (abbreviated in m.m.s.) is a triple
(X, d, m) where

(X, d) is a complete and separable metric space and m is a nonnegative and nonzero

Borel measure on X, finite on bounded sets and such that suppm = X.

We will also use the notion of pointed metric measure space (abbreviated in p.m.m.s.),
which is a quadruple (X, d, m, x), where (X, d, m) is a metric measure space and
x € X.

Two metric measure spaces (X;, d;, m;);=1,2 are said to be isomorphic if there
exists an isometry ¢ : X; — X as metric spaces such that t,m; = my.

We will denote by LIP(X), LIPjoc(X), LIP,(X), LIPys (X) and Cps(X), respectively,
the spaces of Lipschitz functions, locally Lipschitz functions, bounded Lipschitz
functions, Lipschitz functions with bounded support and bounded continuous func-
tions with bounded support in (X, d). For a function f € LIP|oc(X),we denote by
lipf : X — [0, +-00) its local Lipschitz constant defined by

lip £ (x) := lim sup W. 2.1)

2.1.1 Sobolev Spaces Via Test Plans

We will adopt the notion of Sobolev spaces on metric measures spaces via test plans
introduced in [7]. This approach turns out to be equivalent [7] both to the notion
of Sobolev space firstly introduced by Cheeger [27] and to the one introduced by
Shanmugalingam [77].

A curve y € C([0, 1], X) belongs to the space of absolutely continuous curves
AC([0, 11, X) if there exists f € L'(0, 1) such that d(y;, y;5) < f; f(r)dr, for every
0 < s <t < 1. In this case it holds that the limit |y;| := limy,_¢ h’ld(y,+h, Vi)
exists for a.e. t € (0, 1) and is called metric speed at time t. The length L(y) of an
absolutely continuous curve y is defined by

1
Lo :=/ 74l dr.
0
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We recall also the evaluation map e; : C ([0, 1], X) — X defined by ¢;(¢) := y;.
A Borel probability measure &t on AC ([0, 1], X) is said to be a test plan if

3AC >0 : e < Cm, Vr € |0, 1],

1
// Iy, dr dr < +o0.
0

Definition 2.1 (Sobolev class) The Sobolev class S2(X) is the space of all functions
f € L%m) such that there exists a nonnegative G € L?(m) for which

1
/ 1f o) — Fo)ld < / /O GG dide, Vrtestplan.  (22)

For every f € S?(X), there exists a unique function G with minimal L?(m) norm
such that (2.2) holds, called minimal weak upper gradient and denoted by |Df|.
The minimal weak upper gradient has the following lower semicontinuity property:
suppose that (f,;,) C SZ(X) converges to f € Lo(m) m-a.e. and |Df;,| converges
weakly in L?(m) to a function G € L*(m), then

feS*X) and |Df| <G, mae. (2.3)

We define the Sobolev space W12(X) := L2(m)NS%(X). W'2(X) becomes a Banach
space, when endowed with the norm

1/ w1200 = 1 122y + D12
The Cheeger energy functional Ch : L?(m) — [0, +00] is defined by

L [IDfdm, feW'2(X),
+00 otherwise.

Ch(f) = {

It follows from (2.3) that Ch is a convex and lower semicontinuous functional on
L2(m).

A metric measure space is said to be infinitesimally Hilbertian if W"2(X) is a
Hilbert space or equivalently if Ch is a quadratic form (see [48]).

2.1.2 Tangent Module

We assume the reader to be familiar with theory of L°-normed modules on a m.m.s.
(X, d, m) and we refer to [47] for a detailed account on this theory.
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Definition 2.2 (L%-normed L°-module) An L°-normed L°-module is a triple
(A, .|, ), where .# is a module over the commutative ring LO(m), (A, T)is a
topological vector space, |.| : .# — L°(m) is a map satisfying (in the m-a.e. sense)

|[v]| =0 forevery v € .#, with equality if and only if v = 0,
v+ w| < |v| + |w| foreveryv,w € .#,
|fvl =|f|lv] forevery f € L(m)andv e .,

and such that 7 is induced by the distance do(v, w) := f [lv — w| A 1dm’ (where m/
is a probability measure on X such that m <« m’ < m), which is also assumed to be
complete.

An L%-normed module .7 is a Hilbert module if for every v, w € .# it holds
v+ wP+v—w? =2 +2w? m-ae.

If this is the case, by polarization, we can define a scalar product (, ) : .# Ox 40—
L% (m) that is symmetric, L°(m)-bilinear and satisfies (v, v) = |v|2, [(v, w)| < |v||w],
m-a.e. for every v, w € .Z°.

Given an L%-normed module . and E a Borel subset of X, we define the localized
module

///|E ={Xgv : ve .}

M 5 inherits naturally a structure of L%-normed module and if ./ is a Hilbert module
then (///|E is Hilbert as well with (., '>‘//[|E =Xgl )u- (///|E can also be seen as the

quotient of .# by the equivalence relation ‘v ~ w if and only if |[v — w| = 0 m-a.e.
in E’. This identification will be used in the rest of the note without further notice.

Definition 2.3 (Tangent module) Suppose that (X, d, m) is an infinitesimally Hilber-
tian m.m.s.. Then there exists a (unique) couple (LY%(TX), V), where LY(TX) is an
L%-normed module and V : W2(X) — LO(T'X), called gradient operator, is a linear
and continuous map such that

|V f| coincides with the minimal weak upper gradient of f
n
Z XEg YV fi {E;}!_, Borel partition of X, {fi}/_; C W1’2(X)}
i=1
is dense in LO(TX).

The gradient operator has the following properties

Locality: Vf =Vg, m-ae.in{f = g},
Leibniz rule: V(fg) = gV f + fVyg, forevery f,g € WH2(X) N L™ (m),
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Chain rule: V(p(f)) = ¢’ (f)V f, forevery f € WH2(X), ¢ € C'(R) NLIP(R).

Finally, we denote by L*(TX) the subset of LO(TX) containing the elements with
square integrable pointwise norm.

2.1.3 Local Sobolev Spaces

Let (X, d, m) be a proper and infinitesimally Hilbertian m.m.s. and let €2 be an open
subset of X. We define

WhA(R) i= {u € LE () |un € W'(X), for every 5 € LIP:(Q)},
which is actually equivalent to ask that for every Borel set ' CC Q there exists
u' € WH2(X) such that u = u’, m-a.e. in .

Foranyu € WIL’CZ (R2), we define its gradient Vu as the unique element of Lo (TX) lo
such that

Vu :=V(gu), m-ae.in {n =1}, Vn € LIP.(2),

which is well defined thanks to the locality property of the gradient. In particular
|Vu| € Lﬁ) (€2). It is straightforward to check that Vu satisfies the expected locality
property, Leibniz rule and chain rule. We only state explicitly a version of the chain
rule that we will need: if u € WIL’CZ (Q) and ¢ € C1(1), with [ open interval, are such
that

u(R') cc I (up to a m-negligible set), for every Q' CC Q, (2.4)

then g(u) € W (Q) and Vo (u) = ¢ (u)Vu.

loc
Observe that, since Vu € LO(TX) lo’ it makes sense to compute the scalar product
(Vu,v) € L2, m), for every v € LO(TX)|Q; moreover, this scalar product also
satisfies |(Vu, v)| < |Vul|v|, m-a.e. in 2 (recall the discussion in Sect. 2.1.2).
We also define the spaces
WhA(Q) = (f e Wl Q) | £,V f| € LAQ)),

loc

W2(x)

Wy (Q) := LIP.(Q) c whX).

We end this subsection with the following technical lemma.

Lemma24 Letu € W&)’CZ(Q) be nonnegative and o € (0, 1) be such that
Xu=0ju® 1\Vu| € LE ().

loc

Then u® € WIL’CZ(SZ) and Vu = o~ '~ Vu®, m-a.e. in Q.
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Proof For the first part, it is enough to show that f := nu® e W2(X) for every
n € LIP.(2) with |n| < 1. Fix ¢ € (0, 1) arbitrary and define f; = n(u + &)*. Then
from the nonnegativity of u, we have f; € wb2(X) and recalling that |Vu| = O m-a.e.
in {u = 0} we have

|V fo| < Lipn Co(u +2) + aXy>ou® 1| Vu|, m-ae..

It follows that the family { f¢}ec(0,1) is bounded in W12(X). Moreover fe — fin
L2, therefore from the lower semicontinuity of the Cheeger energy, it follows that
f € W-2(X). For the second part, we observe that u An = (u® A n)YV% m-ae. in Q
and that (r A n%)'/* e LIP(R). Therefore from the locality and the chain rule for the
gradient

Vu=0o 'u'"*Vu* m-ae. in{u <n)
and we conclude from the arbitrariness of n. O

2.1.4 Laplacian and Divergence Operators

In this section, we assume (X, d, m) to be a proper and infinitesimally Hilbertian
m.m.s.

Definition 2.5 (Measure-valued Laplacian [48]) Let @ C X open. We say that and
u € Wli)’cz (£2) belongs to the domain of the measure-valued Laplacian D(A, Q) if
there exists a Radon measure A| ol in  such that

—/(Vf, Vu)dm:/ fdA | u. 2.5)
Q Q

for every f € LIP.(€2).

Let us remark that in the above definition with the term Radon measure, we denote
a set function u : {Borel sets relatively compact in2} — R which can be written as
w(B) = uT(B) — u™(B), for some positive Radon measures 1™, ™. In particular
we do not require u to be a Borel measure on the whole €2, this weaker assumption
is needed for example in Proposition 2.6 and to write the Laplacian of the distance
function (see also the discussion in [26]).

When no confusion can occur, we will drop the subscript €2 and simply write Au.
Moreover, we will write D(A) in place of D(A, X) and whenever A <« m, we will
use the nonbold notation A.

A function u € D(A, 2) is said to be subharmonic if Au > 0, superharmonic if
Au < 0 and harmonic if Au = 0.

Finally, it easily follows from the definition that the Laplacian operator is linear
and satisfies the following locality property:

ifu,ve D(A,Q)and u = vm-a.e.in U,
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100 Page 10 of 89 N. Gigli, I. Y. Violo

with U open and relatively compact in €2, then Au| v= Av| U

The following existence and comparison result is proven in [48, Prop 4.13].

Proposition 2.6 Letu € WIL’CZ(Q) and suppose that there exists g € Llloc(Q) such that

—/(Vf, Vu)dmz/gfdm, Vf e LIP.(), with f >0,
Q Q

Thenu € D(A, Q) and Au > gmy,.

Remark2.7 Letu € D(A, Q). Suppose that Au < m (resp. Au > gm) with <=4 dA”
Ioc(Q) (resp. g € Lloc(Q)). Then, recalling that in an infinitesimally Hllbertlan

m.m.s. Lipschitz functions are dense in W2(X) (see [7]), by a truncation and cut-off

argument it follows that (2.5) (resp. — f (Vf, Vu)dm > f gfdm) holds also for every

f e Wh2(X) (resp. f € W2(X) N L>®(m), f > 0) with support compact in . O

Definition 2.8 (Measure-valued divergence [53]) Let v € LO(TX)|S2 be such that

lv] € LlOC(Q), we say that v € D(div, 2) if there exists a Radon measure diV|Q(v)
in €2 such that

/(Vf v)d /fdd1V|Q(v) (2.6)
Q

for every f € LIP.(€2).

It is clear from the definition that given u € ng’cz (2), we have V f € D(div, Q) if
and only if u € D(A, 2) and in this case diV|Q(Vu) = A|Qu. As for the Laplacian,
we will often write simply div(v) instead of diV| Q(v).

Remark 2.9 Analogously to the measure-valued Laplacian, we have that if div(v) €
L%OC(Q), then (2.6) holds also for every f € W12(X) with support compact in Q. O

2.2 RCD Spaces

We assume the reader to be familiar with the definition and theory of RCD(K, N)
spaces (see [8, 48]). We limit ourselves to recall some of their main properties that
will be needed.

The Sobolev-to-Lipschitz property holds (the definition we recall comes from [45]
and so does the argument that we adopt to prove the ‘local version’ below - the validity
of this property on RCD(K , 0o) spaces was known from [9]): for every f € W!2(X)
such that | Df| € L°°(m), f has a Lipschitz representative and Lip f < |||Df |||z

The local variant we will actually use is the following:

Proposition 2.10 (Local Sobolev-to-Lipschitz property) Let X be an RCD(K N)
space, K € Rand N € [1, 400) andlet Q2 C X be open. Suppose | € WI (Q) is such
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that |||V flllL=@) < 400, then f has a locally Lipschitz representative. Moreover
for such representative it holds

| f ) = OO = NV flllLe (@) d(x, y), (2.7)
for every x,y € Q such that d(x, y) < d(x, 92).

Proof The factthat f hasalocally Lipschitz representative it follows from the Sobolev-
to-Lipschitz property and a cut-off argument.

For the second part, we observe that it is sufficient to consider the case d(x, y) <
d(x, 02), since the equality case follows by continuity. Hence for some r > 0, we
have d(x, y) < r < d(x, 92) and we can consider f e W2(X) such that f =f
m-a.e. in B, (x). Then for ¢ < (r — d(x, y))/4, we define ,ug = m|BS(x)m(Bs R

y,; =my, (y)m(Bg (y))_l. thanks to the results in [74] and [75] there exists a unique

né € OptGeo(Mg, ,ué) such that e; & < Cm, V¢t € [0, 1], for some constant C
depending on . In particular, ¢ is a test plan. Moreover from the triangle inequality, it
follows that 7 ® is concentrated on curves y with support contained in B, (x). Therefore
from (2.2)

‘/fdui - [ ot

< /|f(yl)—f(yo>|dnﬁ(y>

1
< |||Vf|||Loo<B,<x>>//o ildedn® < 1V £l Wa (el i),

Letting r — O™ from the continuity of f, we obtain (2.7). ]

From Proposition 2.10 it also follows that

if € is connected, u € ngcz(Q) and |Vu| = 0, m-a.e., then u is constant in 2.
(2.8)

The Bishop-Gromov inequality holds (see [81]), i.e.

m(Bg(x)) _ m(B,(x))
vg N(R) T vk N(r)

, forany0) <r < Rand any x € X,

where for the quantities vk n(r) coincides, for N € N, with the volume of the ball
with radius r in the model space of dimension N and Ricci curvature K (see [81] for
the definition of vg_y (r) for arbitrary N € [1, 00)). In particular (X, d, m) is proper
and uniformly locally doubling. We also note that in the case K = 0, this implies that
the limit

L mBW)
AVR(X) := lim ———
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100 Page 12 0f 89 N. Gigli, I. Y. Violo

exists finite and does not depend on the point x € X. We call the quantity AVR(X)
asymptotic volume ratio of X and if AVR(X) > 0 we say that X has Euclidean volume
growth.

We will need the following Laplacian comparison for RCD(0, N) spaces (see [48,
Corollary 5.15]):

d(xo, )% € D(A) and Ad(xo, .)> <2Nm, forevery xg € X, (2.9)
moreover in any RCD(K, N) space with N < +o0 it holds that
[Vd(xp,.)| =1, m-ae. (2.10)

From to the results in [27] and the fact that lipd(xgp,.) = 1 it follows that (2.10)
actually holds in the general setting of doubling m.m.s. satisfying a Poincaré inequality;
however, a more direct proof in the setting of RCD(K, N) spaces is also available (see
for example [55, Prop. 3.1]).

Recall that, since RCD(K, N) spaces are infinitesimally Hilbertian, the heat flow
h; : L>(m) — L*(m), t > 0, defined as the gradient flow of Ch on L?(m) is linear,
continuous, self-adjoint and satisfies #;(f) € D(A) N WwL2(X), moreover the curve
(0,00) >t — h;f € L*(m) is locally absolutely continuous for every f € L?(m)
and

%ht(f) = Ahi(f) € L*(m), forae.r >0,

(see [47] for further details). Moreover /; has the so-called L°°-to Lipschitz regular-
ization property (see [9]), i.e. there exists a constant C(K) > 0 such that for every
f € L® N L*>(m) it holds that |Vh, f| € L*(m) and

C(K)
VA flllLoem) = —tIIfIILw(m>, Vi e (0, 1). (2.11)

7

In an RCD(K, N) space, it can be given also a notion of heat kernel (see [9])
pr : Xx X — [0, +00] which has a locally Holder-continuous representative (see [78,
79]), which satisfies the following pointwise bounds [67], generalizing the classical
estimates of Li and Yau in the smooth case [70]:

1 S RGN
Crm(Ba, V1) T 31

Ct} S pl‘(xv y)

Ci d*(x, y)
Smmpi_ 51 +“}’ 2.12)

Voo < — St gl Fen Ly X
Pr{x, )Ly _ﬁm(B(x,ﬁ))exP 57 c or m-a.e. y ,
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forany x, y € X, forany ¢t > 0 and where c, C| are positive constants depending only
on K, N suchthatc =0if K = 0.
We introduce the algebra of test functions Test(X) [76] defined as

Test(X) :={f € L®m) NLIPX)ND(A) | Af € WH(X)).

It turns out that Test(X) is dense in W"2(X) and (Vf, Vg) € W2(X) for every
f.g e WX,

We recall the notion of Hessian for a test function as constructed in [47]: for any
f € Test(X) there exists Hess(f) : [LY%(TX)]? - L%m), L°-bilinear symmetric
and continuous in the sense that |Hess(f)(v, w)| < |Hess(f)|op|v||w]|, for some
(minimal) function |Hess(f)|op € L*(m). Moreover Hess( f) is characterized by the
identity

Z/hHess(f)(Vfl, V f2)dm

=- /(Vf, Vdiv(hV f1) + V[,V fadiv(hV f2) — div(hV f)(V f1, V f2)dm,

for any choice of &, f1, f € Test(X). The Hessian also induces an LO-linear and
continuous map Hess(f) : LO(TX) — L%(TX) characterized by

(Hess(f)(v), w) = Hess(f)(v, w), m-a.e., Yw € LO(TX)

and which satisfies |Hess(f)(v)| < |Hess(f)|op|v]. We recall also the following
identity, which essentially is contained in [47, Prop. 3.3.22],

2Hess(f)(Vf) = VIVF]2, Vf e Test(X). (2.13)

Combining [56, Theorem 5.1] with the recent [25], we have the following result
(we refer to [47] for the definition of dimension and local base for a normed module).

Theorem 2.11 (Constancy of the dimension) Let X be any RCD(K, N) space with
K € Rand N € [1, 00). Then there exists an integer dim(X) € [1, N] such that the
tangent module LO(TX) has constant dimension equal to dim(X).

A corollary of this result is the existence of a global orthonormal base: {e1, ..., edim(x)}
c L%(TX) such that (ei,ej) = 6; jm-ae.foreveryi, j = 1, ..., dim(X). In particular
for every v € LO(TX) it holds that v = Z?E(X) vie;, where v; := (v, ¢;). Then,
denoted by (H f);, ; the functions Hess(f)(e;, e;) € Lo(m),fori,j e {l, ..., dim(X)},

we can write

Hess(f)(v)= Y (Hf)ijvje, YveL)TX). (2.14)
1<i,j<dim(X)
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Moreover, we define the trace and Hilbert-Schmidt norm trHess( f), [Hess(f)|gs €
L%(m) as

Hess(Hlys =Y, (HN7 ., (2.15)
1<i, j<dim(X)

trHess(f) == Y (Hf)ii. (2.16)
1<i<dim(X)

which are well defined in the sense that they do not depend on the choice of the base,
as can be easily verified by a direct computation. It always holds that |[Hess(f)|op <
|[Hess(f)|ns m-a.e. (see [47, Sect. 3.2]).

In view of the above, we can restate Theorem 3.3 in [63] as follows (see also [14,
441] for the “basic version” of the Bochner inequality.)

Theorem 2.12 (Improved Bochner inequality) Let X be any RCD(K, N) space with
K € Rand N € [1, 00). Then for any f € Test(X), it holds that |V f|*> € D(A) and

2
A (ML5) = (esscrts + KIV SR+ 95,94

(A f — trHess(f))?
N — dim(X) ) s

(2.17)

(A f—trHess(f))?

where ~=5— im0 is taken to be 0 in the case dim(X) = N.

See [73] for a proof of the following result.

Proposition 2.13 (Good cut-off functions) Let X be an RCD(K, N) space, K € R
and N € (1, 00). Then for every 0 < r < R < 400, every compact set P and every
open set U containing P, such that diam(U) < R and d(P,U€) > r, there exists a
function n € Test(X) such that

1. 0<n<I1l,n=1inPandsuppn C U,
2. |Vnl+|An| = C(R,r, N, K),

moreover C does not depend on R in the case K = 0.

We recall that for any N € [1, 0o) the Euclidean N cone over am.m.s. (Z, mgz, dz) is
defined to be the space C(Z) := [0, o0) x Z/({0} x Z) endowed with the following
distance and measure

dezy((t, 2), (s,2)) == Vs2 +12 — 2stcos(dy(z, 2/) A TT),

Mme(z) = N ldr @ mz.
It was proven in [68] that
if the Euclidan Ncone (N > 2) over a m.m.s. Z is an RCD(0, N) space,

2.18
then diam(Z) < 7 and Z is an RCD(N — 2, N — 1) space. ( )
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2.2.1 Localized Bochner Inequality

Along this subsection, 2 is an open subset of X. We define

Testioc (Q) := {u € LIPc(2) N D(A, Q) | Au € WhA(Q)).

loc

This definition is motivated by the following observation:
n € Test(X) with suppn CC 2, u € Testjoc () = nu € Test(X). (2.19)

This follows from the fact that for any f € LIP(X) N D(A), it holds that |V f|? €
W12(Q), which is essentially a consequence of the following inequality (see [47,
Corollary 3.3.9])

/|Hess(f)|,%,5dmg/(Af)zdm—K/Wdem, Vf e TestX.

(2.19) allows us to define for every u € Test|oc(€2) the functions |Hess(u)|xs,
trHess(u) € Lﬁ)c(Q) as

|Hess()| s := |Hess(nu)|gs, m-a.e.in &',

trHess(u) := trHess(nu), m-a.e. in Q’,

for every n € Test(X) with compact support in € and such that n = 1in ' CC Q.
This definition is well posed thanks to the locality property of the Hessian (see [47,
Prop. 3.3.24]). Recall also from Proposition 2.13 that many such functions 7 exist.
The following follows directly from (2.17) and the above definitions.

Proposition 2.14 (Local improved Bochner Inequality) Let u € Testo(S2), then
[Vul?> € D(A, Q) and

(Au — trHess(u))>
N — dim(X)

+(Vu, VAu) + K|W|2> mlo, (2.20)

Al (IVul?) = 2 <|Hess(u)|§,s 1

(Au—trHess(u))?

N—dmx) '8 taken 1o be 0 in the case dim(X) = N.

where

We conclude this subsection observing that
if u € Testioc(), then |Vu| € Wh2(Q2) and V|Vul? = 2|Vu|V|Vu|, (2.21)

indeed from (2.13) it follows that | V|Vu/|?||Vu|~! < 2|Hess(u)|op, m-a.e.in {|Vu| >
0} and the claim follows applying Lemma 2.4 with @ = 1/2 and |Vu/|? in place of u.
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2.2.2 (Sub)harmonic Functions in RCD Spaces

In this subsection,(X, d, m) is an RCD(K, N) m.m.s. with N € [1, 00).

Proposition 2.15 Let Q2 be an open and bounded subset of X and let u € D(A, 2) be
such that Au > 0. Then

e weak maximum principle: if u is upper semicontinuous in <2, then

esssupu < supu,
Q 0

e strong maximum principle:
ifu e C(R), Qis connected and u(x) = supu for some x € 2, then u is constant.
Q

Proof The result is a direct consequence of the maximum principle for harmonic
functions, which holds in more general doubling metric measure spaces supporting a
Poincaré inequality (see [19]). We report here a short justification which uses more
direct arguments available in the RCD from [59].

For the first part suppose by contradiction that ess supg 4 > sup,q . Then there
exists ¢ € R such that sup,yq u < ¢ < ess supg, in particular from the upper semicon-
tinuity and compactness of 92 we have that f — min(f, ¢) € WwL2(X) with compact
support in 2. From this point the proof continue exactly as in [59, Thm. 2.3].

For the second part,we apply the strong maximum principle in [59, Thm. 2.8]
to a ball B.(x) C €, obtaining that u is constantly equal to supgy # in B,(x). In
particular,the set {# = supg u} N 2 is open (and closed in £2) and thus must coincide
with Q. O

Itis known thatin RCD(K, N) spaces harmonic functions are continuous. It follows
for example from the existence of Harnack inequalities (see Appendix B) that they
are locally Holder. It turns out that they are actually locally Lipschitz and that the
following gradient bound, analogous to the one due to Cheng and Yau [34] in the
smooth setting, holds [66, Theorem 1.2]. We state it only in the case N = 0 (see also
[65] for an analogous result).

Theorem 2.16 (Gradient estimate) For every N € [1, 00),there exists a positive con-
stant C = C(N) such that the following holds. Let X be an RCD(0, N) space and let
u € D(A, Byg(x)) be positive and harmonic in Byr(x), then

C
=

=, (2.22)
2Bty R

| Du|
u

Lemma 2.17 Let X be an RCD(0, N) space and let {u;} be a sequence of harmonic
and continuous functions in Q2. Suppose that

sup |u;| < C,
Q
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then there exists a subsequence u;, that converges locally uniformly to a function u
harmonic in Q.

Proof The existence of a (non-relabelled) subsequence u; converging locally uni-
formly to a continuous function u follows from the gradient estimate (2.22) and
Ascoli-Arzela. It remains to prove that u is harmonic in Q. Fix Q" cC £ and
n € Lip.() with n = 1 in Q. Then nu; € W"?(X) converges to un in L*(Q').
Moreover, again by (2.22), we have

sup [[[V (ui)[ll L2(m) < +00.
1

In particular (recall that W12(X) is Hilbert) up to a subsequence u; n—nu in w2(X)
and therefore (from the locality of the gradient) fQ(Vu, Vfydm = 0 for every
f € LIP.(Q) (see also [48, Prop 5.19] for a similar limiting argument). From the
arbitrariness of Q’, we deduce both that u € WILCZ (€2) and that u is harmonic in . O

2.2.3 pmGH-Convergence

We will adopt the following definition of pointed-measure Gromov Hausdorff conver-
gence of pointed metric measure spaces, which is equivalent to the usual one in the
case when suppm, = X, and the measures m,, are uniformly locally doubling. We
refer to [54] for a discussion on the various notions of convergence of p.m.m. spaces
and their relations.

Definition 2.18 (pointed-measure Gromov Hausdorff convergence) We say that
the sequence (X, d,, m,,x,) of p.m.m.s. pointed-measure Gromov Hausdorff-
converges (pmGH-converges in short) to the p.m.m.s. (Xoo, doo, Moo, Xoo), if there
are sequences R, 1 400, &, | 0 and Borel maps f; : X, = Xoo such that

1) fulxp) = X0,

(@) SUD, ey, () 100 (6. ) — doo(fa (). Fn)] < En,

(3) the &,-neighbourhood of f,(Bg,(x,)) contains Bg, s, (Xs0),
(4) for any ¢ € Cpy(Xoo) it holds nli)rréofw o fudm, = [¢dma.

It is proven in [54] that there exists a distance d Gy that metrizes the pmGH-
convergence for the class of RCD(K, N) spaces with K € Rand N < 400 fixed, and
more generally for every family of uniformly locally doubling metric measure spaces.

It will be also useful to recall the so-called extrinsic approach (see [54]) to pmGH-
convergence, valid in the case of uniformly doubling and geodesic m.m.s.: the pmGH-
convergence can be realized by a proper metric space (Y, d) where X;, X are subsets
of Y such that dy|X,-><X,- = d;, dy|Xoo><Xoo = doo, dy (X, Xoo) — 0, m;—my in
duality with Cps(Y) and dZ(B;E" (xn), B?"o (¥o0)) — O for every R > 0.

After the works in [9, 54, 71, 80, 81] and in view of the Gromov compactness
theorem [57, Sect. 5.A], the following fundamental compactness result for RCD spaces
is known.
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Proposition 2.19 Suppose (X, d,, my, x,) are RCD(K,, N) spaces with N €
[1,00), K, — K € R and m(B(x;)) € w1 v] for some v > 1. Then there
exists a subsequence (X, , dy,, My, , Xn,) that pmGH-converges to an RCD(K, N)
space (X oo, doo, Moo, Xoo)-

2.2.4 Stability Results Under pmGH-Convergence

In this subsection, (X;, d;, m;, x;) is a pmGH-converging sequence of RCD(K, N)
spaces, N < 400, and (Y, d) is a proper metric space which realizes such convergence
through the extrinsic approach (see the previous subsection).

Definition 2.20 (Locally uniform / uniform convergence) Let f; : X; — R, fo :
Xoo — R. We say that f; converges locally uniformly to f, if for every y € X, and
every sequence y; € X; such that dy (y;, y) — 0 it holds that lim; f; (y;) = foo(¥).
We say that f; converges uniformly to fo if for every ¢ > O there exists § > 0 such
that | f; (y;) — feo(y)| < & for every i > 8! and every y; such that dy (y;, y) < 8.

We point out that in the case of a fixed proper metric space the two notions of con-
vergence in the above definition coincide, respectively, with the usual locally uniform
and uniform convergence.

The following is a version of the Ascoli-Arzela theorem for varying metric spaces
(see also [83, Prop. 27.20]). The proof can be achieved arguing as in case of a fixed
(proper) metric space and we will skip it.

Proposition 2.21 Let f; : X; — R be equi-Lipschitz, equibounded functions with
supp fi C Bgr(x;), then there exists a subsequence that converges uniformly to a
Lipschitz function f : Xoo — R.

Definition 2.22 (Weak/strong L>-convergence) A sequence of functions f; € L?(m;)
converges weakly in L? to a function f € L?(myo) if fim;— fme in duality with
Cps(Y) and sup; || fill p2(m;) < +00.

A sequence of functions f; € L?(m;) converges strongly in L> to a function
f e L*(my) if it converges weakly in L% to f and lim; I fillL2m) = 111 L2ma)-

In the following proposition we collect some basic facts about strong and weak L>
convergence.

Proposition 2.23 (a) If f; € L?(m;) converge strongly in L* to f € L*(muo) and f;
have uniformly bounded support, then ¢ o f; converge strongly in L*> to g o f, for
every ¢ € C(R) such that ¢(0) = 0 and |¢(t)| < C(1 + |t]) for some positive
constant C > 0.

M) If fi,gi € L?(w;) are uniformly bounded in L*°(m;) and converge strongly in
L2, respectively, to f, g € L*>(mso), then figi converge strongly in L? to fg.

© Iffi : Xi = R, withsupp f; C Bl)é" (x;), converge uniformly to a bounded function
f : Xoo — R then fi converge strongly in L* to f.

Proof (a) follows from the characterization of L2-strong convergence as weak con-
vergence of the graphs (see [8, Sect. 5.2], [54] and also [10, Remark 5.2]). Indeed
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from [54, (6.6)] L2-convergence is equivalent to weak convergence of (id x f;),.m; to
(id X f)sMqo in duality with ¢ € C(Y x R) satisfying [£(y, 1)| < ¥ (y)+ C|t|>. Then
the claim follows observing that: under our assumptions (since ¢(0) = 0), testing
convergence against such ¢’s is equivalent to test against n¢, where n € Cps(Y)
is such that » = 1 in the supports of f;, foo and moreover [n(¥)¢(y, (1)) <
)W (y) + C(1 + |t])?) for every ¢ € C(R) as in the hypotheses.

The proof of (b) can be found in [10, Proposition 3.3].

(c) is a consequence of [12, Prop 3.2]; however, we include an alternative direct
argument. We first observe that from the properness of Y it follows that the functions
fi are equibounded, moreover they have uniform bounded support by hypothesis.
Therefore we can apply the generalized version of Fatou lemma for varying measure
(see e.g. [41, Lemma 2.5]), first to f;¢ and then to — f;¢ to obtain that [ f;j¢ dm; —
[ fedm, where ¢ is an arbitrary function in Cp,(Y). Applying the same lemma also
the functions fiz, — fi2 we deduce that | fi2 dm; — [ f 2 dm, concluding the proof.

O

We will also need the following result about stability of Laplacian and gradient
with respect to strong L? convergence. Here A; (resp. An) represents the Laplacian
operator in X; (resp. Xo0) and V; (resp. V) represents the gradient operator in X;
(resp. Xoo)-

Theorem 2.24 [11, Theorems 2.7, 2.8] Let f; € D(A;) be such that

Sup (1 fill L2(my) + 1A fill L2my) < +00
1

and assume that f; converge strongly in L> to f. Then f € D(Awo), Aif — Aoof
weakly in L* and |V; f;| — |Veo f| strongly in L?.

We conclude this subsection with the following technical result.

Lemma 2.25 [10, Lemma 5.8] Let f; € W'2(X;) be such that sup; [[|V filll 12(m;) <
+00 and converging strongly in L? to f € W'2(Xso), then for any A C Y open it
holds

/|Voof|2dmoo §1im.inf/ |V; £1% dm;.
A ! A

2.3 Regular Lagrangian Flows

In the work of Ambrosio and Trevisan [16],it was extended the theory of flows for
Sobolev vector fields (recall [43] and [2]) to very general metric measure spaces and
in particular for RCD(K, co) spaces.

We restate here, using the language we introduced in the previous sections, their
main results of existence and uniqueness.

Definition 2.26 Let v; : [0, T] — L2(TX) be Borel, we say thatamap F : [0, T] x
X — X is a Regular Lagrangian Flow associated to v; if the following are satisfied:
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1. There exists C > 0 such that
Fiom <Cm, foreveryt e [0, T], (2.23)

2. for m-a.e. x € X the function [0, T] > ¢t +— F;(x) is continuous and satisfies
Fo(x) = x.

3. for every f € Test(X) it holds that for m-a.e. x € X the function (0,7) > ¢ >
f o F;(x) is absolutely continuous and

%f o F,(x) = (Vf,v) o F(x), forae.te0,T). (2.24)

Notice that in (2.24),we are implicitly choosing for every ¢ € (0, T') a Borel repre-
sentative of (V f, v;), however,(2.23) ensures that the validity of item 3 in Definition
2.26 is independent of this choice.

Observe also that in Definition 2.26, we are assuming that the map F is pointwise
defined;however, the definition is stable under modification in a negligible set of
trajectories in the following sense. If F;(x) is a Regular Lagrangian Flow for v; (as in
Definition 2.26) and for m-a.c. x, 17"[ (x) = F;(x) holds for every ¢ € [0, T], for some
map F : [0, T] x X — X then F is also a Regular Lagrangian Flow for v;. In any
case to avoid technical issues, in our discussion we prefer to fix a pointwise defined
representative for the flow map F.

Remark 2.27 1f F; is a regular Lagrangian flow for a vector field v, then for m-a.e.
x it holds that the curve [0, T] > t — F;(x) is absolutely continuous and its metric
speed is given by

|F;(x)| = |v;] o Fy(x), ae.tel0,T].

This follows from [16, Lemmas 7.4 and 9.2]. Observe that this statement is independent
of the chosen representative of |v;|, thanks to (2.23). O

We will see below in Theorem 2.29 that the existence and uniqueness of a Regular

Lagrangian Flow is linked to the existence and uniqueness of a solution to the continuity
equation [50]:
Definition 2.28 Let v, : [0, T] — L2(TX) be Borel and ¢ +—> p, € Z(X), t € [0, T]
be also a Borel map. Suppose also that [[|v¢|[|12¢y) € L'(0,T) and u; < Cm for
every t € [0, T] and some positive constant C. We say that u; is a weak solution of
the continuity equation

d
— g + di =0,
dt“’+ iv(ve )

with initial datum f, if for every f € Lip, (X) the function [0, T] 2 ¢ +— [ fdu,
is absolutely continuous and

%/fduz = /(Vf, v,)du,  fora.e.t € (0, 7).
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We refer to [47, Sect. 3.4] for the definition of the space Wé’Z(TX) and the object
VsymV € L?(T?®X). For our purposes it sufficient to know that for any f € Test(X)
wehave V f € W5 (TX), with Vs, V f = V(V f) = Hess(f)F (see [47, Sect. 3.2]).

Theorem 2.29 [16] Letv, : [0, T] — LZ(TX) be Borel and such that v; € D(div) for
every t € [0, T']. Assume furthermore that |||v¢[ll 2 (ym) € LY(0, T), |div(v) " ||z~ €
L>®(0, T) and | Vyymvill 2 (rs2x) € L'(0, T). Then

1. there exists a unique Regular Lagrangian flow F; associated to vy,
2. for every initial datum py € P (X) with uog < Cm there exists a unique weak
solution w; to the continuity equation and it is given by p; = F;,JL0.

We remark that the uniqueness of the Regular Lagrangian Flow in Theorem 2.29
has to be intended up to modification in a negligible set of trajectories, as discussed
above.

Remark 2.30 Let v; be as in Theorem 2.29 and autonomous, i.e. v; = v for some
v € D(div) N Wé’z(TX) with div(v)™ € L°(m). Then, thanks to the uniqueness
given by Theorem 2.29, the Lagrangian flow F; relative to v can be extended uniquely
(up to a set of negligible trajectories) to a map F : [0, 00) x X — X which satisfies
the following group property

Fso F; = Fgyy, m-ae. (2.25)

for every s, t € [0, 00).

Moreover if also div(v) € L°(m), it can be shown (see for example [58, Lemma
3.18]) that, denoting by F, ¥ the Lagrangian flow relative to —v (which exists unique
for all times ¢ > 0, thanks to Theorem 2.29 and the previous observation)

F7Vo F;=id, m-ae,

foreveryr > 0.Hence setting F_, := F,” " wecanextend F to F : (—o0, +00)x X —
X, for which (2.25) is satisfied for every s, € R. m|

2.3.1 Functions of Bounded Variation

We recall the definition of function of bounded variation on a metric measure space.
For a detailed treatment of this topic see for example [72] and [5].

Definition 2.31 (Functions of bounded variation) We say that function f € L'(m)
belongs to the space BV (X) of functions of bounded variation if there exists a sequence
fn € Lipo(X) such that f;, — f in L'(m) and

lim sup/lipfn dm < 400,

n—+400
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(where lip f,, was defined in (2.1)). By localizing this construction we also define

IDFII(A) == inf{liminf/lipf,, dm : f, € Lipo(A), fu — fin Ll(A)},
n A

for any A C X open. It is proven in [72] (at least for doubling m.m.s.) that this set
function is the restriction to open sets of a finite and positive Borel measure on X that
we call total variation of f and still denote by || Df .

It is proven in [49, Remark 3.5], in the case of proper RCD(K, co) spaces (and thus
also for any RCD(K, N), with N < +00), the equivalence between the total variation
and the weak upper gradient, meaning that if f € BV(X) N Lip;,(X), then

IDfI = [V fm. (2.26)

Definition 2.32 (Sets of finite perimeter) Given a Borel set E C X and any open set
A C X we define the perimeter Per(A, E) as

Per(A, E) := inf {liminf/ lipfpdm : f, € Lippc(A), fn = Xgin L}OC(A)} .
n A

We say that E has finite perimeter if Per(E, X) < +o0. In this case, it can be proved
that the set function Per(E, A) is the restriction to open sets of a finite and positive
Borel measure on X that we still denote by Per(E, .).

We will need the following variant of the coarea formula, which follows from (2.26),
the standard coarea formula for m.m.s. (see [72, Remark 4.3]) and a simple truncation
argument.

Proposition 2.33 (Coarea formula) Let X be an RCD(K, N) m.m.s with N < +00
and let Q C X open. Let u € LIP|oc(2) be positive and such that u="([a, b)) is
compact in 2, for every [a, b] C (0, 1). Then {u < t} has finite perimeter for a.e.
t € (0,1) and for any f : Q — [—o00, +00] Borel and in LIIOC(Q, |Vu|m|Q) it holds
that

/ o) f |Vu|dm = / (p(t)/fdPer({u < t},.)dr,
Q Q
VYo : [0, 1] = R Borel, with suppg C (0, 1). (2.27)

3 Nonparabolic RCD Spaces

In this section, we introduce the notion of nonparabolic RCD(0, N) space: this is the
natural setting to study problem (P), indeed already for smooth manifolds the existence
of a solution to (P) implies that the manifold is nonparabolic (see for example Theorem
2.3 in [6]).

We recall that a (non-compact) Riemannian manifold is said to be nonparabolic
if it admits a positive global Green function. It has been proved by Varopouls [82]
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that in the case Ric > 0 the nonparabolicity is equivalent to (3.1). This motivates the
following.

Definition 3.1 (Nonparabolic RCD space) Let (X, d, m) be an RCD(0, N) space with
N < +oo. We say that X is nonparabolic if

+00 s
————ds < 400, foreveryx € X. 3.1
/1 m(B,(x)) Y

Observe that the above quantity is finite for one x € X if and only if it is finite for all
x e X.

We point out that condition (3.1) in the context of RCD spaces was already introduced
in [25].

Remark 3.2 Tt follows immediately from the Bishop-Gromov inequality that if X is a
nonparabolic RCD(0, N) space then it is non-compact and N > 2. O

In the following two subsections,we develop the two main features of a nonparabolic
RCD space that we will need in this note: the first is the existence of a Green function,
which also provides an explicit solution to (P); the second is that the number of ends
is equal to one (see Definition 3.6).

3.1 The Green Function
It turns out that on a nonparabolic RCD space, it can be given a notion of positive global

Green function. Following [25] we define the Green function G : X x X — [0, +00]
as

G(x,y) 1=/0 pi(x, y)dr.

We also set G, (y) := G(x, y). For any ¢ > 0 we also define the quasi Green function
G®: X x X — [0, +00] as

G*(x,y) :=/ pi(x,y)de (3.2)

and as above we set G%(y) := G®(x, y). It is proved in [25, Lemma 2.5] that G €
LIP(X) N D(A) with AG% = —p.(x, y)m, in particular G¥ is superharmonic in the
whole X.

Proposition 3.3 (Estimates for the Green functions, [25, Prop. 2.3], see also [62]) Let
(X, d, m) be a nonparabolic RCD(0, N) m.m.s. Then there exists a constant C =
C(N) > 1 such that

1 [ s © s
—/ —dst(x,y)fC/ ———ds, Vx,yeX. (3.3)
C Jdx,y) m(Bs(x)) d(x,y) M(Bs(x))
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Proposition 3.4 Let X be a nonparabolic RCD(0, N) m.m.s.. Then Gy is positive,
continuous and harmonic in X \ {x}, for every x € X.

Proof Fix R,§ > 0 with R > § and define As g = Br(x) \ Bg(x). It enough to
prove that G, is harmonic on Aj; g. Recall that G4 € LIP(X) N D(A) with AG =
—pe(x, y)mand that G§ — G, in L|]0 (X). We now observe that from the heat kernel
bounds (2.12) we have sup;(o.1) 1P (x5 ) + [Vpe(x, DlllLooas ) < +00 and that
supg~o 1G5 llL (a5 x) < +00. From this, following the arguments in the proof of [25,
Lemma 2.5], we can prove that the sequence G is Cauchy in w! ’Z(Ag’ R). In particular
G¢ — G, in Wh2(A; g) and, since p;(x,.) — O uniformly in A g, we deduce that
G, is harmonic in A g (cf. with Lemma 4.7).

We pass to the continuity of G, in X \ {x}. We first observe that from (2.12) we
have

2

=8
1V pe (e, Il By < CNE™Pm(B ()~ e =: B2, 6)

and that, thanks to the Bishop-Gromov inequality and the nonparabolicity assumption,
fooo B(t,8)dt < +o0, for every § > 0. Therefore from the continuity of p, and
Proposition 2.10 we deduce that

limsup |Gy (z) — G (y)| = </ B, 8) dt) limsupd(z, y) =0, Vy e X\ Bs(xo),
0

=y =y
from which the claimed continuity follows. O

As anticipated, the Green function provides a solution to (P), in particular we have
the following:

Corollary 3.5 Let X be a nonparabolic RCD(0, N) and let 2 C X be open, unbounded
with 92 bounded. Then for every xo € QF there exists A > 0 such that LG, is a
solution to (P).

Proof From Proposition 3.4,it follows that G, is harmonic and continuous in X\ {xo},
moreover from (3.3), we have that G, (x) — 0 as d(x, xo) — +o0. Therefore, since
92 is bounded and G, is positive, we can simply take A = (minyq Gxo)’l. O

3.2 Number of Ends

Let us introduce the notion of ends for a metric space. The definition is usually given
for manifolds;however, since the definition is purely metric, it carries over verbatim
to metric spaces.

Definition 3.6 (Number of ends of a metric space) Let (X, d) be a metric space and
k € N. We say that X has k ends if both the following are true:

1. for any K compact, X \ K has at most k unbounded (topological) connected
components,
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2. there exists K’ compact such that X \ K’ has exactly k unbounded (topological)
connected components.

Remark 3.7 Recall that in a length metric space, the notions of topological/path/
Lipschitz path connectedness are all equivalent (the standard argument used for man-
ifolds carries over).

The following result generalizes to the nonsmooth setting a well-known result for
Riemannian manifolds.

Proposition 3.8 Suppose (X, d, m) is a noncompact RCD(0, N) space, N € [1, c0).

Then exactly one of the following holds:

(i) X is a cylinder, meaning that X is isomorphic to the product (R xX', dgye X
d, L' @w'), where (X', d’, W) is a compact RCD(0, N — 1) m.m.s. if N > 2 and
a single point if N € [1, 2),

(ii) for every C bounded subset of X, there exists R > 0 such that the following
holds: for every couple of points x, y € X satisfying d(x, C), d(y, C) > R there
exists y € Lip([0, 1], X) such that y(0) = x, y(1) = y, y € X\ C and
Lip(y) < 5d(x, y). In particular X has one end.

Proof We closely follow [6, Prop. 2.10]. Suppose that ii) does not hold, it follows that
there exists a bounded set C, two sequences of points (xi), (yx) C X and geodesics
(vx) between x; and yg such that d(xg, C), d(yx, C) — 400 and y, intersects C for
all k. Since X is proper and C is compact, with a compactness argument (assuming all
the y, parametrized by arc length) we deduce that X contains a line. In particular, begin
X an RCD(0, N) space, by the splitting theorem [45], we infer that X is isomorphic
to the product (R xX', g, x d', £! @ m’), where (X, d’, m’) is an RCD(0, N — 1)
space if N > 2 and a single point if N € [1, 2). It remains to prove that X’ is bounded.

Suppose it is not. We claim that this would imply the validity of (i7) and thus
a contradiction. Indeed suppose that C C X is bounded, then C C Br(p) for some
R > 0and p € X.Itisenough to show that for every couple of points xg, x| € Bar(p)©
there exists y € Lip([0, 1], X) joining them and with image contained in Br(p)¢. In
the case d(xg, x;) < R,we conclude immediately by taking a geodesic between xq
and x1, hence we can suppose that d(xg, x1) > R. Identifying X with R x X’ we have
that p = (t,x"), x; = (t;,x}) i = 0,1, for some 7,79, #; € R and x', x{, x| € X".
Hence I x B’ C Bag(p), where I := [t — R, + R] and B’ := Bg(x’). In particular
xi € (I xB),i=0,1,ie. foreveryi =0, 1 eithert; ¢ I or x; ¢ B’. We claim that
it is sufficient to deal with the case 1o € R \7 and x| € X"\ B’, indeed the other cases
follow from this one by concatenating two paths of this type as follows: if 7y, ] ¢ [
and x(, x; € B’ we choose y’ ¢ B" (which exists since X is unbounded) and we join
(t0, x;) to (fo, y') and then (19, y') to (11, x}); if t0, 11 € I and x(), x| ¢ B’ we pick
s ¢ I and we join (fo, x;) to (s, x) and then (s, x;) to (11, x}).

Hence we can assume that 7o € R\/ and x| € X"\ B’. To build the required path,
consider a geodesic  : [0, 1] — X’ going from x| to x| and define the function
s:[0,1] > Rass(t) =t t+ (1 — 1) typ. Then the curve

_ J(.n@). te€l0,1),

v = (s(t), x}), tell,2],
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is Lipschitz and has image contained in (I x B’)° C Bg(p)‘, hence (up to a
reparametrization) satisfies all the requirements.

To estimate Lip(y) we observe that, up to a reparametrization, we can assume that
Lip(y) = L(y), hence it is sufficient to bound the length of y. In the case #p € R\/
and x| € X'\ B’ it is sufficient to observe that L(y) = d'(x{, x]) + |to — t1] <
2(dguct x d((10, x{), (11, x]))), where y is the curve constructed above. The general
case follows concatenating two paths as described above, where we pick y’ and s so
thatd’(y’, x’) < 2R, |f —s| < 2R. Indeed it can be easily checked these two resulting
paths have,respectively, length not grater than 2R and 2R + d(xp, x1). Since we are
assuming d(xg, x1) > R, this concludes the proof. O

Corollary 3.9 If X is a nonparabolic RCD(0, N) space, then it is not a cylinder and
in particular item (ii) of Proposition 3.8 holds and X has only one end.

Proof Suppose by contradiction X is a cylinder R x X’. Then for any r > 0 and any
(x,1) € X’ x R we have

m(B,((x, 1)) = (L' @) (B, ((x, 1)) < (L' @)X x [t —r, 1 +r]) =m'(X') 2r,

which clearly contradicts the fact that X is nonparabolic. O

4 New Estimates for Harmonic Functions
4.1 Preliminary Calculus Rules

In this subsection,we collect and prove some versions of the chain and Leibniz rule for
the Laplacian and the divergence operator, that will be used in the following subsection.
These results are essentially variants of the ones already contained in [48] and [47].
However, since one of the main obstacles in the proof of Theorem 4.4 and Corollary 4.5
is making the computations rigorous and justifying the derivatives taken, we decided
to state and prove in details the results we need.

In everything that follows €2 is an open subset of a proper and infinitesimally
Hilbertian m.m.s. (X, d, m).

Proposition 4.1 (Leibniz rule for A) Let u € D(A, Q) and let g € LIPoc(2) N
D(A, Q) be such that Ag € L*(2). Then ug € D(A, Q) and

A(ug) = gAu+ulAg +2(Vu, Vg)m.

Proof Let f € LIP.(£2). Then using the Leibniz rule for the gradient

/(V(ug),Vf)dm: /(Vu, V(fg))dm—i—/(Vg, V(uf))dm—Z/f(Vu,Vg)dm.

Since fg € LIP.(Q) and fu € W'2(X) with support compact in £, we conclude
from Remark 2.7. O
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Proposition 4.2 (Leibniz rule for div) Let v € D(div, 2). Then
1. if g € LIP)oc(R), then gv € D(div, Q) and

div(gv) = (Vg,v)m + gdiv(v); “4.1)

(Q) and div(v) € L?

loc

2. ifg e W2

loc

(), then gv € D(div, 2) and (4.1) holds.
Proof Let f € LIP.(£2). Using the Leibniz rule for the gradient, we get

—/(Vf,gv)dm: —/(V(fg),v)dm+/f(Vg, v)dm.

The conclusion follows in the first case observing that fg € LIP.(€2) and in the second
case observing that fg € W!?2(X) with compact support in  and recalling Remark
2.9. o

Proposition 4.3 (Chain rule for A) Let u € D(A, 2) and let ¢ € C%(I), where I is
an open interval such that (2.4) holds. Then

1. ifu € LIP;oc(2) then ¢(u) € D(A, Q) and
Ao () = ¢ WA | qu +¢" @) VuPm . 4.2)

2. if Au > gm|Qf0r some g € Llloc(SZ) then (u) € D(A, 2) and
Al (@) = (¢'(0g +¢" @Vl mp,
Proof Let f € LIP.(€2), then from the chain rule and Leibniz rule for the gradient
—/(V(w(u)), Vf)dm = —/(V(w/(u)f),VM)der/f(Vﬁo/(M),Vu)dm-

In the first case, we conclude from the fact that ¢’(u) f € Lip,(€2). In the second
case,we assume also f > 0 and observe that ¢’ (1) f € WH2(X) N L>(m) is nonneg-
ative with compact support in €2, hence from Remark 2.7, it follows that

—/(V(fp(u)),Vﬂdm > /<p/(u)fgm+/ffp”(u)IVulzdm-
The conclusion follows applying Proposition 2.6. O

4.2 Second-Order Estimates for Harmonic Functions

Before starting the discussion, let us say that this part is independent of all the rest of
the note and we only assume that

X is an RCD(K, N) with N € [2, 400) and 2 an open subset of X.
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The goal of this subsection is to prove the following two results, which can be reinter-
preted as a generalization of the well-known fact that in a Riemannian manifold with
nonnegative Ricci curvature the square norm of the gradient of an harmonic function
is subharmonic.

Theorem 4.4 Let X be an RCD(K, N) space with N € [2, 00), let u be harmonic in
Qand B > N=3. Then |Vu|P/? e ngf(gz), IVulf € D(A, Q) and

B
A(VulP) = Cp v IVIVul2 P my, + 28K [Vulm, 4.3)

where Cg y = ?—3 (,3 - %) Moreover |Vul? € D(A, Q) also for B = % with
(4.3) holding without the term containing Cg .

Corollary 4.5 Let X be an RCD(K, N) space with N € (2, 00). Suppose u is positive
—1

and harmonic in 2, set v = u¥-2 and let B > % Then |Vv|f/? ¢ WIL’S(Q),

u>V|Vu|P2 € D(div, Q) and

B
divw?V|Vol?) = Cp y u?|VIVVI2 [P my, + 28K’ | Vol my, (4.4)

where Cg y = % <,3 — %) Moreover 142V|V1)|ﬁ/2 € D(div, Q) also for B = %

with (4.4) holding without the term containing Cg n.

Let us remark that the results on the rest of this note rely only on Corollary 4.5.
However, we decided to isolate Theorem 4.4, since it contains estimates for general
harmonic functions that appear to be useful and interesting on their own.

The main ingredient for the proof of Theorem 4.4 is the following new Kato-type
inequality. Observe that if dim(X) = N, in which case (from [63]) trHess(u) = Au,
letting # — 0 we recover the standard refined Kato inequality for harmonic functions.

Lemma 4.6 (Generalized refined Kato inequality) Let X be an RCD(K, N)space, with
N € [1, +00), and let n = dim(X). Then for any u € Testjoc(2) (see Sect. 2.2.1) it
holds

_b trH 2
H_—i-n 1IVIVuII2 < |Hess(u)|% + &, Medee. in Q. Vi >0, (4.5)
n_

Proof Observe that it is enough to prove (4.5) for u € Test(X).
We make the following preliminary observation. Let A be any symmetric n X n
real matrix, then the following inequality holds for every r > 0

t+n 2 [v]?(trA)?
t

— AP < +v|A%, YveR", VN>n. (4.6)
t+n—1

where |A| is the Hilbert-Schmidt norm of A. To prove it we can assume that A is
diagonal with diagonal entries A1, ..., A,, Where A,, > A;,i < n and also that |v| < 1.
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Applying twice Cauchy-Schwartz we obtain

Mt A)?
u+)\%+...+)\%_l+)\%
()‘1++)¥n)2 ()"1+"'+)‘4n—1)2
+
t n—1
2

EL ,%Zt—i_—nM' |2
t+n—1 t+n—1

+ 22

n

’

which proves (4.6).

Let e, ...,ep, € LYTX) be a global orthonormal base which exists thanks to
Theorem 2.11. Consider the n x n real matrix A : X — Lo(m)”2 defined by
{Ai,j(x)}i,j = {Hess(u)(e;, ej)(x)};, j. Define also the vector v : X — Lo(m)”
as v; (x) := (Vu, ¢;)(x). From (2.13) and the formula (2.14) we have that

n n
2VulV|Vu| = V|Vul> =233 " A jvjer, in LOTX).
i=1 j=1

Taking the square pointwise norm on both sides we obtain
4Vul!|V|Vu||> = 4|A - v, m-ae..

Since from (2.15) and (2.16) we have that |[Hess(u) |%1S =|A |%1S and trHess(u) = trA,
the conclusion follows combining the above identity with (4.6). O

The second ingredient for the proof is the following simple technical lemma (cf.
with [48, Prop. 4.15])

Lemma4.7 Let X be an RCD(K, N)space, with N < +o0o. Let (u,) C D(A, Q)
and u € Wll)’cz(Q) be such that |Vu, — Vu|2 — 0in Llloc(Q)' Moreover assume that
Au, > g,m for some g, € Llloc(Q) such that [ g, f dm — [gfdm+ [hf dm,

for every f € LIP.(2) with f > 0, for some fixed functions g € L%, m) and
h e Llloc(Q), withg > Om-a.e.. Theng € L} (), u € D(A, Q) and Au > (g+h)m.

loc

Proof The assumptions guarantee that f (Vuy,, Vfidm — f (Vu, V f)dm, for every
f € LIP.(£2), therefore we can pass to the limit on both sides of — f(Vun, Vfydm >
| gnf dm to obtain that

—/(Vu,Vf)dmz /gfdm+/hfdm, Vf e LIP.(Q), with f > 0.

From this it follows that g € Llloc(Q), indeed we can take for any K compact in 2 a

function f € LIP.(€2) such that f > O and f = 1 in K and then bring [ Af dm to the
other side of the inequality. The conclusion then follows applying Proposition 2.6. O
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Proof of Theorem 4.4 The proof is based on a inductive bootstrap argument. We make
the following claim

(), then [VulP’2 € W"2(Q) and (4.3) holds.

loc

N-2
iff > 1is,suchthat|W|ﬂeW"2

loc

Observe that, since we already know that |Vulf e Wli)f (R2) for every > 1 (recall
(2.21)), the first part of the conclusion follows iterating the above statement.
N-2

We pass to the proof of the claim, hence we fix 8 > F=7 such that [Vulf e

Wli)cz (R2). Since u € Test|oc(2), from the local Bochner inequality (2.20) combined
with the Kato inequality (4.5) (with t = N — dim(X) if dim(X) < N and letting
t - 0if N = dim(X), since in the latter case 0 = Au = trHess(u)) we have
[Vu|? € D(A, Q) and

2N
2 2 2
A(Vul?) > (—N_1|V|Vu|| +2K|Vul >m|Q,

Hence from the chain rule for the Laplacian (second version in Proposition 4.3, applied
with ¢ € C*(R) as (1) = (t + £)7) we have that (|Vul* + €)% € D(A, Q) and

—2)|Vul?
AVuP +9)%) = [ﬁ(|w|2+s>§*1|kun2 (N—l (ﬁWQ)LZ' A(ﬂ—2>)
s |Vul?
2K B(|Vul? — 4.7
+ ﬂ(' u| +8)2 |VM|2+8]m|Q’ ( )
for every ¢ > 0. Setting v, := V(|Vu|2 + e)g it is easy to see using dominated

convergence that |v, — V(|Vu|?)|> - 0in L, (Q) as ¢ — 0T. Moreover for every

B > %—j, denoting by gg . € Llloc(Q) the function on the right-hand side of (4.7), we

have that [, gg. fdm — [, ggfdm + 2K B [, |VulP fdm, for every f € Lip,.(R)
with f > 0, where g4 € LY(L2, m) is given by

N-2 B2 2
g =8B - N1 X\ vul>0lVul" =2 VIVul|~.

This can be seen applying dominated convergence for the second term in (4.7) and
using,respectively, dominated convergence in the case 8 > 2 and monotone conver-

gence in the case %—j < B < 2,todeal with the first term. We are therefore in position

to apply Lemma 4.7 and deduce both that gg € Ll () and that |[Vu|? € D(A, Q)

loc

with A(|Vu|f) > (g,3+2Kﬂ|Vu|ﬂ)m|Q.Moreoverthefactthatg,g e L\ (Q)together

loc
with Lemma 2.4 implies that |Vu|f/? € Wlé’cz(Q). This shows the claim and thus con-
cludes the proof of the first part.
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We pass to the case f = . From the previous part, we know that |Vu|? e

| oc (Q) hence we can repeat the above argument and observe thatin this case gg = 0,
from which the conclusions follows. O

Proof of Corollary 4.5 We start observing that from the positivity and local Lips-
chitzianity of u follows that ul e Lip;,c(€2) and thus u® € ng’cz (2) for every
a € R. Moreover, from the chain rule for the Laplacian (first version in Proposition
4.3, applied with # and ¢ (f) = t%, « € R) and by the harmonicity of u, we deduce that
u* € D(A, Q) with A(u%) = a(a — 1)u“‘2|Vu|2m|Q. Hence from the Leibniz rule
for the Laplacian (Proposition 4.1) and Theorem 4.4 we have that | Vu 1Pu* e D(A, Q)
with

A(Vulfu) > (u"‘g,g Fala — Du® 2\ VulP2 4 2001 (V| Vulf, w)) m,
+2K Bu®|Vu|? m|,s
ZOZ every f > % and every o € R, where gg is the same as in the proof of Theorem

Applying the Leibniz rule for the divergence (Proposition 4.2), we deduce that
w?V(|VulPu®) € D(div, Q) with

divw’V (| VulPu®)) > <ua+2g,3 +a(a + Du®|VulP+?

+ 2@ + Duet (V| Vulb, Vu))mm (4.8)
+ 2K Bu®?|Vu|P M,
for every g > and every aeR
We now assume that 8 > =7 2 Since [Vv| = (N — 2)’1u% |Vu| and since from
Theorem 4.4 we have |Vu|/3/2 € Wloc (Q) it follows that |Vv|#/2 W (Q)
To see (4.4),we just take ¢ = — ﬂ N_ in (4.8). Then a direct computatlon gives
that the right-hand side of (4 8) equals the right-hand side of (4.4).
Finally choosing 8 = §—= %, a = —1 in (4.8) and recalling that in this case gg = 0,
shows also the second part of the statement, thus finishing the proof. O

5 The Monotonicity Formula

5.1 Decay Estimates

Throughout this section, (X, d, m) is a nonparabolic RCD(0, N) space (recall from
Remark 3.2 that in this case N > 2), Q2 C X is open, unbounded, with 92 bounded,

xo € Q€ 1is fixed and u is a solution to (P). It follows from the maximum principle that

0<u < |ullpe, in Q.
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Moreover from Corollary 3.9, we must have that Q¢ is bounded.

Proposition 5.1 Set Ry := 3diam(Q2€) + 1, then

Vulx)y _ €

-a.e. B ‘
i S dea)” form-a.e. x € Br,(xo)

where C = C(N) is a positive constant depending only on N.
Proof Immediate from the gradient estimate (2.22) with R = d(x, x¢)/4. O

Proposition 5.2 For every D, M > 0, there exists a positive constant C, =
C>(N, D, M) such that the following holds. Let u, Q2 xo € QF° as above with
diam(2°) < D and ||\ul|p~ < M, then setting § := d(xg, {u < 1/2}) A 1 we have

N-2

+oo
A S deo, N < u( < ¢ / m(B1(x0))

s ds, Vx € Bg,(x0)¢, (5.1)
d(x,x0) m(B;(x0)) 0

where and Ry := 3diam(2°) + 1 and the first inequality actually holds in QN Bs(xo)°€.

Before passing to the proof we notice that from the assumption liminfy_, 50 u(y) > 1
we have d(xg, {u < 1/2}) > 0, in particular the left inequality in (5.1) is nontrivial.

Proof of Proposition 5.2 'We start with the first inequality.

From Laplacian comparison (2.9), we know that dfo € D(A) and Ad)%0 < 2Nm.
Moreover from (2.10) |Vd30 12 = 4d§0. Define now the function 7 = dfo_ N then from
the chain rule for the Laplacian we have that h € D(A, X \ {xo}), and

2-N _y. ., 2-N(2-N s Na
Ah = ==, Adxo—i——(—z —1>4d d

2 X0 X0

= NTzd;ON (2Nm — Ad;) > 0.
Hence £ is subharmonic in X\ {xo}. Moreover we have that Ak < 1/21in Bs(x()¢, where
A= SN’Z/Z. Finally from the assumption d(xg, {# < 1/2}) > §, we have u > Ah in
QN Bs(xo)€. Fix now r > 0 and define the open set Q" := {x € Q : d(x, Q) > r}.
Observe that the function Ah — u is subharmonic in 2". Therefore from the weak
maximum principle (see Proposition 2.15), we deduce that

sup (A —u)< max (Ah—u)Vv max (Ah—u)Vv max (A —u)
Q"N BR(x0)NBs (x0)¢ A "NBs(x0)¢ dBs(xp)NQ" dBR(x0)

<max(1/2 —u) vOV max (Ah —u),
Q" 9BR(x0)
for every R > Rp. Sending R to 400 and r to 0, recalling that both & and u vanish at
infinity (since N > 2) and that liminf,_, 5o u(x) > 1, we conclude that A2 < u in
N Bs(x)€. This proves the first inequality in (5.1).
We now pass to the second inequality in (5.1). We argue by comparison with the
quasi Green function Gl(x) := Gl(xp, x) (recall its definition in (3.2)). Recall that
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G' is superharmonic in X. Moreover, using the upper bound for the Green function
and the estimates of the heat kernel, we deduce that

Xi .Xz
s Gy [t s
| / ——ds <= G (x)<G(x,x0) < cl/ ——ds, (5.2)
1 m(B s5(x0)) d(x,xo) M(By(x0))

for every x € X \ {xo}, for some positive constant ¢; = ¢{(N) > 1. From Bishop-
Gromov inequality and using the change of variable s = rd(xg, x)?, we obtain

d(xo, 2—-N p+oo 7% d(xo, 2—-N
Gl > o1 SE0 0" e . VA e
m(B1(xp)) d(xolx)z i m(Bj(xp))

RY~?

[
we have AG! > M > u in dBR,(xo). Hence, since AGl —uis superharmonic in €2,
from the weak maximum principle it follows that for every R > Ry

for some constant C| depending only on N. Therefore, taking A := Mm(B1(x0))

inf AG' —u) =

= min (AG' —u) > min(0, min (AG' —u)).
BRr(x0)NBR, (x0)¢ 0BR(x0)Ud BR, (x0) 0B )

R (X0

Sending R to +oc and recalling that both G! and u go to 0 at infinity, we conclude
thatu < AG!in B Ry (¥0)¢, which combined with the second bound in (5.2) gives the
second inequality in (5.1). O

5.2 Monotonicity

As in the previous section (X, d, m) is a nonparabolic RCD(0, N) space, 2 C X is
open, unbounded, with 92 bounded and u is a solution to (P).

We start with the following simple remark, which allows to define Ug and will be
needed to justify the many applications of the coarea formula along all this section.

Remark 5.3 Since u is locally Lipschitz (recall Proposition 5.1), satisfies
liminfy_ 50 u(x) > 1 and vanishes at infinity, it follows that u satisfies the hypotheses

needed to apply the coarea formula (2.27) in Q. In particular for every f € LllO (€2)
with fm|Q < |Vu|m|Q we have

1
/ (p(t)/gdPer({u <r}dr
0

= / o(u) fdm < 400, Ve :[0,1] - R Borel, with suppgp C (0, 1),
Q
(5.3)
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d(fm|)
where g is any Borel representative of the function d(ITInLT)' Therefore, by the
Q
arbitrariness of ¢, we also deduce that:
forany f € Llloc(Q) with fmk2
. d(fmj)
< |Vu |m| o and for any Borel representative g of W,
“imMg
5.4
the function (0, 1) > r — /gdPer({u <r})isin L|10C(0, 1)
and (its a.e. equivalence class)
does not depend on the choice of the representative g.
O
Choosing in the above remark f = |Vﬁ“£2 Llloc(Q),withﬂ > —2, and observing

that supp(Per({v < t})) C {u = t},v&?e deduce that, fixed a Borel representative of
|Vu|, the function

Ug(t) := tﬂ%_; / |VulPt dPer({u < t}) € L}, (0, 1), (5.5)
is well defined and independent of the representative chosen for | Vu|. It worth to recall
that after the work of [42] a canonical choice for the representative of |Vu| could be
its quasi-continuous representative (see [42] for the precise definition). An interesting
point would be to investigate the relation between the representative of Ug given by
this canonical choice and the continuous representative of Ug, which exists thanks to
Theorem 5.4. We will not investigate this point in the present paper.
We are ready to state our main result regarding monotonicity.

Theorem 5.4 Let X be a nonparabolic RCD(0, N) space and let @ C X be open,

unbounded, with 92 bounded. Suppose that u is a solution of (P) and let Ug, with
B = N3, be the function defined in (5.5). Then Ug € W5 (0. 1), Uj € BVioc(0, 1)
and

/ C
Ug = 5 PV IVurw |5 2dm, Vi e 0, 1], (5.6)

t2 {u<t}

(recall that |V1,tﬁ |§ € WIIU’CZ(Q)for every 8 > %—:% by Corollary4.5) where Cg y =
% (ﬂ — %) U/;_ is the left continuous representative of U /3 and where the left-hand

side is taken to be 0 if B = % In particular Ug is non-decreasing.

To prove Theorem 5.4, we start computing the first derivative of Ug (which does
not evidently carry a sign).
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Proposition 5.5 With the same assumptions as in Theorem 5.4, the function Ug belongs
1,1
to W

ioc (0, 1) and its derivative is given by

, Vu |Vulf
Up (1) =/< v( >>dPer({u <t}), aete(0,1), (5.7)

[Vul" * \ py=

where the right-hand side has to be intended as in (5.4) with f = (Vu, V < |ﬂvﬁ )).

WP N=2

. B _
Proof Consider the vector field v := V’;‘% € LO(TX)| o forp = %—_% and observe

N=-2
that from the Leibniz rule for the di@ergence (second version in Proposition 4.2)
v € D(div, ) with

u” N-2

. |Vulf 1
div(v) =(Vu,V e > € L1y (),

thanks to the harmonicity of u. In particular div(v)m < |Vu|m, hence recalling (5.3)
and integrating by parts we have

| .
/ / div(v) dPer({u < 1)p(ndr = /div(v)w(u)dm
o [Vu|

\v4 B+2 1
— [V am &2 / Ug(t)g' (1)dt,
0

N-1
uﬁN72

for every ¢ € Ccl. (0, 1), where in the last step we used that supp(Per({u < t},.)) C

. d(div(v)m| )
d . .
|l§(uv|) denoting any Borel representative of W"HHQQ))

sion follows. o

{u = t} and with . The conclu-

To prove that U /g is nonnegative, we need to push our analysis to the second order

and in particular to compute the derivative of U (z)t>. The reason for the term 77 is

that the key vector field with nonnegative divergence of Corollary 4.5 presents a term
2

uc.

Proposition 5.6 With the same assumptions as in Theorem 5.4 , the function U /g (0)1?
belongs to BV 5(0, 1) and

u?|v Vuﬁ % 2
Upn1Y) = Cpn (/ %d%r({u <1t} lel) >0, (5.8)

B N=1
B4 with f = 142|V|Vuﬁ |§ |> when B > %—j (recall also that from Corollary 4.5

|Vuﬁ| € le)’cz(Q)), and identically 0 in the case f = %—j

where Cg y = 4 (,8 — M) and where the right-hand side has to be intended as in
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Proof Consider any nonnegative ¢ € C Cl (0, 1). Applying formula (5.7) and the coarea
formula (5.3)

Vu
/ U0 (1)dt = / / <|W| (' e ’ )><p/(u)dPer({u<t})
u N—Z

Vulf
b /<V<¢(u>), W2V ( | ﬂﬂ )) dm,
u” N-2

observing that ¢ (1) € LIP.(€2) and recalling from Corollary 4.5 that 1>V <|v+”_ﬁl> €
uP N=2
D(div, 2), we obtain

! / 2N 7 |Du|ﬂ
—/ (Uﬁ(t)t Yo' (1)dt = /(p(u)ddlv ~ 1))
0 uﬁN—Z

We now plug in (4.4) and (when 8 > %—j) apply the coarea formula (5.3) (observe

that ||V|Vu =7 | % 2jm < |Vu|m) to obtain
1
- [ W
0

1
. LB
> Cpn / /u2|wr1|V|Vuﬁ|7|2m|gdper({u < the(t)dt
0
>0, (5.9)
. 1B . .
with  4?|Vu|~'|V|Vu?¥|2|?> denoting any Borel representative of

d(u2|V|wﬁ|%|2m|
aVam o) . The proof is concluded observing that (5.9) gives at once

that the distributional derivative of U’(r)z? is a locally finite measure (it is positive)
and that (5.8) holds. O

Justified by Proposition 5.5, from this point onwards, we will identify Upg
with its continuous representative. Moreover Proposition 5.6 guarantees that U /_ﬁ, €

BV ioc(0, 1), thus we will denote by U/;f its representative which is left continuous

in (0, 1] (notice that U,/s_ might take value +oco at + = 1). We observe also that (5.8)
implies that

O,1]>¢t +— U/;_ (t)z‘2 is a nondecreasing function. (5.10)

To prove Theorem 5.4, we aim to integrate (5.8); however,to do so,we still need to
know that Ug is bounded close to 0. In particular,we prove the following:

Proposition 5.7 With the same assumptions as in Theorem 5.4,

Up € L®(0,1/2). (5.11)
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Proof 1t is enough to show that

1
2
/ Ugpdt
0

for some positive constant C independent of ¢.
We start observing that, integrating by parts and applying the coarea formula (5.3),

1

< c/z ol. Vg e ClO,1/2), 5.12)
0

0:/ Amp(u)dm:—/ |Vul?¢' (1) dm
Q Q
1
= —/ /|Vu| dPer({u < r))¢'(r)dr, Vo e CCI(O, 1),
0

in particular f |Vu|dPer({u < r}) = D for a.e. r € (0, 1), for some constant D.
Therefore using again the coarea formula

|
2
/ Ugpdt
0

1-N
< /uﬁmwﬁ“wwdm

1-N
< | Ivuifuf i

/ VP lp(u)ldm

L*({u=1/2})

1
2
Vu|dPer({u < r | dr
L°°({u§1/2})/0 /l | { Dlp(r)]

1
2
/ lol, Yo e CLO,1/2).

L (fu<1/2}) Jo

1-N
(2) H |Vu|’3uﬂm

= D1Vulfu?

1—
Therefore to prove (5.12) it remains to show that H |Vu|/3u'3 e

< +00
L®({u<1/2})
Let Rp be as in Proposition 5.2 and observe that u, being positive and satisfying

liminfy_ 3 u(x) > 1, is bounded away from zero in Bg,(xo) N €2. Moreover again
thanks to liminf,_ 50 u(x) > 1 we have d(02, {u < 1/2}) > 0. Therefore, since
u € LIP ;o (€2), we have

H|W|ﬁuﬂ%

<
L°({u=1/2}NBR, (x0))

Moreover combining Proposition 5.1 and the lower bound in (5.1),we obtain

< +00.
L% (QNBR (x0)°)

C(N) )ﬂ

d(., XO)N_zu

1-N
| VulPub v=2 | oo (@B, (o)) = H(

Combining the two estimates we conclude. O

We are now ready to prove the main monotonicity result.
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Proof of Theorem 5.4 We start observing that, thanks to (5.8), setting p := (Ug ()’ 12y
> (0 we have

1
Uy (017 = Uy ()5% = u(ls. 1) = / /gdPer({u <rhdr
@ / ® (u)dm,
{s<u<t}
N-=2

. 1B
for every 0 < s < ¢ < 1, with ®(u) = Cp yu?|V|VuZ¥|2|> when B > §=%,
N-2 : . d(@@m|s)
®(u) = 0 when 8 = F=7 and where g is a Borel representative of W‘“l))'
Q

Therefore to conclude it is enough to prove that there exists a sequence s, — 07 such
that Uﬁ_(s,,)s,% — 0.

To achieve this, we first prove that U/;_ () > 0 forevery r € (0, 1). We assume by

contradiction that there exists 7 € (0, 1) such that U/;_(T) < 0. From (5.10)

, ' T
Uﬂ_(s) < Uﬂ_(T)S_Z’ Vs < T,

from which integrating with respect to s on the interval (¢, T')

_ ~mr2(l_L
Up(T) — Ug(t) < Uy (T)T <t T).

Sending t — 07 and recalling that UL(T) < 0, we obtain Ug(t) — +ooast — 0t,
which, however, contradicts (5.11).
Since U 5 (t) = 0, we have that Ug is non-decreasing and also nonnegative, hence

it admits a limit as t — 07, In particular U //3_ € Ll(O, %), therefore

27}1
a, = / Uﬁ_(t)dt — 0, asn — +0o0.
2

—(n+1)

Moreover from Markov inequality,we have |{U;9_ > @,2"? N 0D 27y <
%2’("“), thus for every n we can find 5, € (2~®+1 27") such that Uf/f(sn) <
a,2"*t2. Therefore

U/;_(s,,)s,, < a,2" s, < 4a, — 0
and the proof is complete. O
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6 Functional Versions of the Rigidity and Almost Rigidity
6.1 From Outer Functional Cone to Outer Metric Cone

The following result is a variant of the “from volume cone to metric cone” theorem
for RCD spaces (see [40]). The two main differences with the work in [40] are that
here we start from a function satisfying an equation (instead that from a condition
on the measure), from which we deduce a conical structure on the complement of a
bounded set (instead that on a ball). Related to this type of results, we mention also [4,
23] and [24] where functional versions of the splitting theorem in nonsmooth setting
have been obtained. Finally we recall that the almost splitting theorems in the smooth
setting proved in [29] were also based on a functional formulation similar to the one
we are considering here.

Theorem 6.1 Let (X, d, m) be an RCD(0, N) space with N € [2,00) and U C X
be open with U bounded. Suppose there exists a positive and continuous function
u € D(A,U) such that Au = N m-a.e. in U, |V\/E|2 = 1m-ae inU, ug :=
limsup,_, 5y u(x) < 400 and {u > ug} # ¥. Then

(i) there exists unique an RCD(N —2, N —1) space (Z, dz, mz) withdiam(Z) < ©

and a bijective measure preserving local isometry S : {u > ug} — Y \ B,(Oy),
with r := /2uy and where (Y, dy, my) is the Euclidean N cone built over Z
with vertex Oy,

(i) - if Dz :=diam(Z) < m then local isometry of point i) is an isometry between

Y \ B,,(Oy) and {u > r2/2}, where rz :=r(1 —sinDz/2)"" > r,

— ifdiam(Z) = m, then (X, d, m) isomorphic to (Y, dy, my),

(iii) the function u has the following explicit form

u(x) = %dyw(x), Oy)* = %(d(x, dMu > uo)) +/2u0)*, Vx € {u > u},
6.1)

. . 2 Lo .
in particular the level set {u = ’7}, for everyt > uy, is Lipschitz path connected
and isometric (with its induced intrinsic distance) to (Z, tdy).

Remark 6.2 1t might be worth to remark that the hypotheses of Theorem 6.1 are not
stable with respect to taking products with R. This is because dU does not remains
bounded under this operation and (since the natural transformation would be ‘u —

2 . . . .
u(x) + %’) the new function would also not satisfy limsup, _, 5, u(x) < 4o0. This
is particularly relevant to the extra rigidity statement present in ii).

We observe that the uniqueness part of Theorem 6.1 is an immediate consequence
of the rest of the statement. Indeed, from the last part of ii7), we deduce that the metric
space (Z, dz) (and thus (Y, dy)) is uniquely determined up to isometries. Moreover,
since S is measure preserving, the measure my is uniquely determined as well, hence
from the definition of the measure in an N cone,we obtain that also mz is uniquely
determined.
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As already said, the proof of the above Theorem is mainly an adaptation of the
proof in [40]. However, some parts will require new arguments. The first main point
is that in [40],the starting point is the gradient flow of the distance function d, which
is used to deduce analytical information on d. Here instead we start from an analytical
information, i.e. a PDE, and we want to build a flow. This will be done through the
tool of Regular Lagrangian Flows. One of the main tools we need to develop in this
regard is an a-priori estimate of local type, which seems to be missing in literature and
does not follows immediately from the standard global a-priori estimates in [16].

The second main difference is that here the analysis takes place in the complemen-
tary of a bounded set, while in [40] all the work is done inside a fixed ball. Among
other things, this difference will mainly affect the way in which we deduce that the
cone is itself an RCD(0, N) space. Indeed in [40] this follows from the fact that a
whole ball with centre x( is isometric to a ball centred at the tip of the cone, therefore
any blow-up of the space at x( will converge to the said cone. Then from the closedness
of the RCD(0, N) condition,the conclusion follows. However, in our case, the same
argument cannot be applied, indeed our isometry is by nature far from the tip of the
cone. This issue will be overcome noticing that our isometry is almost global, meaning
that the space is isometric to the cone outside a bounded set. This allow us to deduce
that any blow down of the space will converge to the cone, which gives the conclusion
again by the closedness of the RCD(0, N) class.

Since they are interesting on their own and independent of the rest of the proof,
we isolate the two ingredients that we just described in the following two subsections.
The remaining part of the argument will be outlined in Appendix A.

6.1.1 The Blow Down Argument

Proposition 6.3 Ler (X, dx, mx) be a m.m.s. and let V C X be closed and bounded.
Suppose that there exists an Euclidean N cone, (Y,dy, my) over a mm.s. Z, N €
[1, 00), with tip Oy and a bijective local isometry T : V¢ — Y \ Bgr(Oy), for some
R > 0, which is measure preserving, i.e. T*mx|vc = My |g 0y Then for every
xo € X and every sequence r, — +00 it holds that

1 _N pmGH
X,r, dx,r, "mx,x0) — (¥,dy, my, Oy).

In particular if X is an RCD(0, N) space, then Y is an RCD(0, N) space as well.
Finally if X is RCD(0, N) and diam(Z) = w then X is isomorphic to Y as m.m.s..

Remark 6.4 Observe that in Proposition 6.3, the assumptions that V' is bounded and
that 7 is surjective onto the complementary of a bounded set are crucial. Otherwise
we would easily build a counterexample taking the product X x R (cf. with Remark
6.2).

Proof of Proposition 6.3 Fix xo € X and observe that, up to increase R and enlarge V,
it is not restrictive to assume that xog € V.

Set D := diam(V), 8, := éﬁn(D + R) and define X, := (X, r,”'dx, r, Vmx;, x0).
Without loss of generality we will assume that r,, > 1.
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Since Y is an Euclidean N cone,it follows that Y,, := (Y, r;ldy, }’;Nmy) is 1s0-
morphic to (Y, dy, my) via the map i, : ¥, — Y, defined as i, (¢, z) := (t/ry, z) in
polar coordinates, which satisfies i, (Bg (Oy)) = B,-1, Oy forevery R > 0. Observe

. . . N
that in particular i, my = r,' my.

We extend T to the whole X by setting 7'(x) = Oy for every x € V and we denote
this new map again by 7. It is straightforward to check that

ldx (x1,x2) —=dy (T (x1), T(x2))| =2(R+ D), Vxi,x€X. (6.2)

Define now the map 7, : X,, — Y as T, = i, o T. It follows from (6.2) and the
properties of i, that 7, is a §,-isometry. Moreover it can be readily checked that
B};fD(Oy) C T(B%(xo)), for any R > D. In particular it follows that Blg—a,, (Oy) C

T, (Bf?(” (x0)), for every R > D. Finally we let ¢ € C;(Y) be of bounded support,
since T is measure preserving we have

rn_N/(poTndmzrn_N/(poTndm—I-rn_N/ @ oipdmy
v Y\BR(Oy)

:rn_N/(podTn*m—l—/ @dmy.
14 Y\B -1 ,(Or)

Passing to the limit, observing that the first term on the right-hand side vanishes as
rp, — +00, we obtain rn_N f ¢oT,dm — f @dmy as r, — +o00. This concludes the
first part.

The second part follows immediately from the closedness of the RCD(0, N) con-
dition under pmGH-convergence.

Suppose now that X is an RCD(0, N) space and diam(Z) = m. Then Y must contain
aline. Therefore, since from the previous part Y is an RCD(0, N) space, it follows from
the splitting theorem [45, 46] that Y is isomorphic to (R xY’, dg,e x d', L' m},)
for some m.m.s. (Y, d’, my/). In particular Oy = (7, y) forsome 7 € Rand y € Y’
and my (B, (Oy)) = my(B,(s,¥y)), forany r > 0 and any s € R.

Therefore taking s big enough, we have that O’ := (s, y) € Y satisfies O’ €
{dy (., Oy) > R + 1}. Therefore, since T |y is a measure preserving local isometry,
my (B,(0")) = mx(B,(T~'(0"))) holds for every r € (0, 1). Hence

i m(B.(T~'(0") . my(B,(0)
m —— = hm _—
r—0t rN r—07t rN
B, (0O
= tim MO oy =6,
r—07+ r

since Oy is the vertex of Y. On the other hand, since X, := (X, rn’ldx, Ty Ny, x0)

GH
P (v, dy, my, Oy) we have
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. w(B, (T~'(0")) . mx(By, (x0))
lim N = lim —N
rp—>+00 n I'p—> =400 r,

= limmy, (B1(x0)) = my(B1(0y)) = 0.

-1 ’
From Bishop-Gromov inequality,we deduce that MN(O))) =6 forevery r > 0

and from [40, Thm. 1.1] we must have that X is a cone, which must evidently coincide
with Y. O

6.1.2 Local a-Priori Estimate for Regular Lagrangian Flows in RCD Spaces

The following local version of the a-priori estimates in [16, Prop. 4.6] will be crucial
for the argument of Appendix A to work (see Proposition A.6).

Proposition 6.5 Let {v;, it }ie(0,7] be as in Theorem 2.29. Assume additionally that
{1t }ie[0, 11 are all concentrated in a common bounded Borel set B. Then setting p; 1=

dot '+ € 10, T, it holds that

dm’

T . _
sup [lorllzee < llpollpoeelo 14V@D ™ I dr (6.3)
te(0,7T)

for any family {B;};c0,1] of Borel sets such that p; = 0 m-a.e. in Bf and the map
(x,1) = Xp,(x) is Borel.

For the proof of Proposition 6.5,we will need the following :

Lemma 6.6 (Commutator estimate [16, Lemma 5.8]) Let X be an RCD(K , 00) m.m.s.,
then there exists a positive constant C = C(K) > 0 such that the following holds. Let
v e WL (T X) with div(v) € L (m), then

[ () ogam+ [ aivingrooan

<C (||VU||L2(T®2X) + ||diV(U)||L°°) I fz2nraligllz2ngss (6.4)

forevery f, g € L*(m)NL*(m) and everyt > 0. In particular for fixed g, the left-hand

side of (6.4) defines a functional in (L*(m) N L*(m))* = L?>(m) + L* (m), denoted
by €' (g, v), which satisfies

1" (8, VI 12my414 (my < € (IVsymVll 272y + [div() L) gll L2n4- (6.5)

Moreover it holds that
”(gt(g, v)||L2(m)+L4/(m) g O, ast — 0+. (66)

We can now pass to the proof of the local a-priori estimate.
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Proof of Proposition 6.3 We start with the preliminary observation that, combining the
fact that u; = Fy, o with (2.23) and recalling that B is bounded, we have

Sup ”pt”L‘I(m) < +OO, Vq € [17 OO] (67)
1€[0,T]

To conclude it is sufficient to prove that for every p > 1 the function [0, T] > ¢ >
f (pr)Pdm is absolutely continuous and

%/(p,)pdm <@p@-1 /(pt)”div(v,)_dm, fora.e.t € (0,7). (6.8)

Indeed (6.3) would follow first applying Gronwall Lemma (noticing that p; = O m-a.e.
outside B;) and then letting p — +o0.

So we fix p > 1. Pick a sequence s, | 0 and define p;' := hy, p;. From the fact
that p; is a solution of the continuity equation and the selfadjointedness of the heat
flow, we obtain that for every f € LIP;(X), the function ¢ — f fpjtdm is absolutely
continuous and

d
a/f,o,"dmz/(v}zsnf, V) pr dm

= /f[%”s" (pr, v1) — div(p;'v;)]dm, forae.t € (0, T), (6.9)

where ¢*" (p;, v;) is defined as in Lemma 6.4. Set now ' := € (p;, v,) —div(p; v;).
From the Leibniz rule and the L°°-to Lipschitz regularization of the heat flow (2.11)
we have that

Il Pt ll Lo

n

Idiv(ofvoliz < llpell g2 lldiv(v)llzee + c(K) el 22

This bound together with (6.5), (6.7) and the hypotheses on v;, guarantees that n} €
L'((0,T), L*(m) + LY (m)). Denote by V the Banach space L*(m) + LY (m) and
observe that L2 N L* = V*. Then (6.9) can be restated as: for a weakly*-dense set
of ¢ € V* the function [0, T] 5 1 — ¢(p}") is absolutely continuous and %go(pt") =
o). It follows (see e.g. Remark 4.9 in [16]) that p;' is absolutely continuous in
L'((0, T), V) and strongly differentiable a.e. with % o =nt.

Pick a convex function 8 : [0 4+ 0c0) — [0 + oco) such that B(r) = t? for every
t < 2sup,c(,7) llpellLe < 400 and such that B’ is globally bounded. In particular
from the maximum principle for the heat flow we have that S(p]") = (p;")? for every
t and n. Moreover, since p; are uniformly bounded in L7 (m) for every 1 < g < oo,
from the contractivity of the heat flow we have also that p;' are bounded in L9 (m) for
every 1 < g < oo, uniformly in ¢ and n. Finally, observing that g’(¢)/t is globally
bounded, we deduce that 8'(p}') are again bounded in L7 (m) for every 1 < g < oo,
uniformly in ¢ and n.
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Observe now that from the convexity of 8, we have that

/ﬁ(p?)—ﬁ(pﬁ)dmf /ﬁ/(pf)(p," —pg)dm, Vi,s€[0,T]. (6.10)

This in turn gives

/ﬁ(ﬁ;n) - ,B(psn)dm = sup ||ﬂ/(P?)||Lsz4(m) ||;0;1 - P;l”Lz_,_LzV
tel0,T]

t
< sup 180N g / 1212y o dr,
te[0,T] N

for every f,s € [0,T], with s < t. Hence the function f B(p;)dm is absolutely
continuous in [0, 7] and from (6.10),we deduce that

d
I /ﬂ(pf)dm < /ﬁ/(pf)nfdm, forae.t € (0,T).

Then from the definition of » and B and integrating by parts,we obtain

d .
d—t/ﬁ(p,”)dm < —/[ﬁ/(pf)p{’ —ﬂ(p{’)]diV(vt)der/‘K“’(pz, v)B (p)dm

=-D / (pf)Pdiv(v)”dm + p / € (pr v (pf)? ™ dm,

for a.e. t € (0,T). Observe now that combining (6.5) with (6.6), an application of
dominated convergence gives that fOT 167 (or, vl ;2 Y e 0 as s, — 0. Then,
recalling that div(v,)™ € L*°((0, T), L*°(m)) and (6.7), we can let s, — 0 in the
above and obtain at once the absolute continuity of f (p)Pdm together with (6.8). O

6.2 From Almost Outer Functional Cone to Almost Outer Metric Cone

Our aim in this section is to prove the following.

Theorem 6.7 Foreverye € (0,1/3), Rgp > 0, y > %%—j N € [2,00), L > O there
exists 0 < 8§ = 8(e,y, N, Ro, L) such that the following holds. Let (X, d, m, xg)
be a pointed RCD(—8, N) m.m.s. with m(Bi(xg)) € (e,e™ V). Let U C X be
open with U¢ C Bpgy(xo) and v € D(A,U) N C(U) be positive and such that
limsup, ,,yv(x) < I, Av = NIVN2v>, v > 1 + & in Bgy(x0)° # ¥ and
11Vl Ly < L. Suppose furthermore that

1
/ —— [VIVVal | dm <8, 6.11)
Uv

N-2 —

where it is intended that v 1 in the case N = 2.
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Then there exists a pointed RCD(0, N) space (X', d’, m', x') such that
dpmGH((Xa da mv xO), (X/a d/7 m/7 -x/)) <Eé (612)

and (X', d', w', x') is a truncated cone outside a compact set K C Bag,(x'), i.e. there
exists an RCD(0, N) N cone Y, with vertex Oy, over an RCD(N - 2, N — 1) space
Z, and a measure preserving local isometry T : X' \ K — Y \ B,(Oy), for some
r> L1

Remark 6.8 Observe that inequality (6.12) is non-trivial because X’ is a cone outside
a compact set K C Bag,(x") with Ry independent of ¢ > 0. This means that for an
arbitrary large radius R >> Ry, up to choosing ¢ > 0 sufficiently small, we have that
the ball Bg(xg) is as close as we want in the GH-sense to a ball of radius R > 0, which
is a truncated cone up to removing a set of diameter less than 4Ry (which is fixed and
independent of R).

Observe that (6.11) makes sense thanks to Corollary 4.5.

Notice also that the assumption # > 14 ¢ in Bg,(xp)€ is necessary as the function
v = 1 shows. We will also prove another version of the above result, which is Theorem
6.9. Before passing to its statement, we need some definitions and notations.

For any couple of compact metric spaces (X1, d1), (X2, d2),we define their Gromov
Hausdorff distance as

dop (X1, d2), Xz,d2)) :=inf{e > 0:3f : X; — X, suchthat (X)) is e-dense in X,
and [d; (x, y) — d2(f(x), F())] <&, Vx,y € X1}

For a sequence of compact metric spaces (X, d,) converging to (X, d) in the GH-
sense, we say that a sequence of maps f, : X, — X realizes the convergence if
there exists a sequence &, — 0 such that f(X,,) is &,-dense in X and |d,(x, y) —
d(fu(x), fuY)I < &n, ¥x,y € X,.

Moreover we recall the notion of Sturm distance D for compact m.m.s. which was
first introduced in [80] in the case of renormalized spaces (see also [54]):

) my(Xy) - -
D((X1, d2, m2), (X2, d2, my)) := inf |log + Wa (.M, 12,102)
my(X2)
where m; = %, i = 1,2 and the infimum is taken among all the complete and

separable metric spaces (Y, d) and isometric embeddings X; N Y,i =1,2. Observe
that D is well defined since we are assuming that supp(m;) = X;.

It is important to recall that an upper bound on D does not imply in general an upper
bound on dg g, indeed this holds only if we restrict ourselves to a family of uniformly
doubling metric measure spaces. However, we will need to apply ID to spaces which
are not a-priori uniformly doubling, for this reason we will need to work both with
dg g and with .
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Finally, for any (X, d) complete metric space and A C X we define the intrinsic
metric on A to be the distance function d* : A — [0, +o00] defined by

d*(x,y) :=inf L(y), Vx,ye€ A4,
Y

where the infimum is taken among all curves y € AC([0, 1], X) with values in A and
such that y (0) = x, y(1) = y.

If we also assume that A is relatively compact, then for every x, y € A such that
d(x, y) < 400, there exists an absolutely continuous curve y with values in A such
that d* (x, y) = L(y).

We are ready to state the second version of Theorem 6.7, which is more in the spirit
of the ‘volume annulus implies metric annulus’ theorem of Cheeger and Colding,
which is also based on a functional formulation similar to the present one (see [29,
Theorem 4.85]).

Theorem 6.9 For every ¢ € (0,1/3), Rp > 0, y > 38=% N € [2,00), L > 0,

n e (0, 8’1) there exists 0 < 6 = 6(¢, ¥, N, Ro, L, n) such that, given X, U and v as
in Theorem 6.7, there exists an RCD(0, N) N cone (Y, dy, my) with vertex Oy, over
an RCD(N — 2, N — 1) space Z, and a constant A € (0, L) such that the following
holds.

Forevery l +e+1n <t <t < e ! satisfying {Jv < o + 21} C BR,(x0), it
holds

don (1 < Vv <), dy), (I < 2do, <n},dy)) <, (6.13)

where dp, = dy(., Oy) and d;’( and d;], denote the intrinsic metrics on {t| — n <
Vv <t +ntandon {t; —n < Ao, < 12 + n} (see definition above). Moreover,
provided that t| + € < t,

& &
D ((m <V < tz}’dx’m|{t15ﬁ5tz})’ ({1 = rdg, < tz},dy,mY|{tl§m()Y§,2})> <e.
(6.14)

Moreover the cone Y can be taken so that the conclusion of Theorem 6.7 holds (with
the same ¢, Ry and L) with Y and for some RCD(0, N) space X'.

We point out that in general we cannot say anything better than A < L. This is
immediately seen by taking v = L?|x|? in R" and U = R" \ By,1(0).

It is important to notice that the information in (6.13) is not contained in (6.14),
indeed, as said above, it is not clear to us if, fixed €, y, N, Ry, L as in Theorem 6.9, the
metric measure spaces ({/7] < /v < /1), dg(, m|{n§ﬁ§m), for arbitrary v, t1, i
as in the hypotheses, satisfy some uniform doubling condition.

For the proof of Theorem 6.9, we will need the following elementary lemma. The
proof is a direct consequence of the definition of distance in a cone and will be omitted.
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Lemma 6.10 Let (Y, d) be an Euclidean cone of vertex Oy and for any 0 < a < b let
da.p be the intrinsic metric on {a < d(., Oy) < b}. Then for every ) <& <a < b it
holds

a .
da—e,b+s =< da,b =< mda—s,b+sv infa <d(., Oy) < b}.
Moreover for any two sequences (ay), (b,) such that a, — a, b, — b it holds
GH
({an =< d(, OY) < bn}a dan—s,b,,+s) - ({a =< d(., OY) < b}s da—a,b+£)

and the map fu(t,z) = (% +a, z) (in polar coordinates) realizes such
convergence.

Finally for proof of Theorem 6.9,we will need the following result (see below for
the definition of mGH-convergence):

Proposition 6.11 ([54, Prop. 3.30]) Let (X,,, d,,, m,) be compact m.m. spaces mGH-
converging to a compact m.m.s. (Xoo, doo, Meo). Then

D((Xnv dna mn)’ (XOCM dOOa mOO)) i 0

Definition 6.12 (measure Gromov Hausdorff convergence) We say that the sequence
Xy, dp, my,) of m.m.s. measure Gromov Hausdorff-converges (mGH-converges in
short) to a compact m.m.s. (X, doo, Meo), if there are Borel maps f;, : X,, > X
such that

(1) supy yepy, () 190 (x5 ¥) = doo (fu(X), fa()] < €n,
2) fr(Xy) is gy-dense in X0,
3) fnxmu—m in duality with C(X).

Notice thatif (X,,, d,;, m;) = Xoo, doo, Meo) inthe mGH-sense, thendg g ((X,,, dy, ),
(Xoo» doo)) — 0.

Proof of Theorems 6.7 and 6.9 The proof of Theorem 6.7 is essentially the same as
Theorem 6.9, except that it stops earlier. For this reason,we will prove both theorems
together. The reader interested only in the proof of the first result can ignore the second
half of the argument.

Proof of Theorem 6.7:
We argue by contradiction. Suppose that there exist numbers ¢ € (0, 1/3), N €
[2,00), Ry >0,y > %%—j, L > 0, asequence 3, — 0, asequence (X, d,, m,,, x,,)

of RCD(—6,, N) m.m.s., a sequence of open sets U, C X,, with U C Bg,(x,),
functions v, € D(A, Up,) satisfying Av, =2N|V,, /vn|2 such that:

(a) limsup, 5y, va(x) < 1,0, = 1 +&in Bry(x0)° # 4, [IVV/v,llL>w,) < L.
(b) m, (B1(xn)) € (e,67 1),

(c) (6.11) holds (with v, my,, y and 6§ = &),

(d) for every n the conclusion of Theorem 6.7 does not hold.
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We first observe that, since v, > 1 4 ¢ in Bpg,(x0)¢, removing the set {v, < 1}
from U, does not effect neither the hypotheses of the theorems nor their conclusions,
therefore it is not restrictive to assume that v,, > 1 in U,,.

Moreover by compactness, up to passing to a nonrelabelled subsequence, we can
assume that the p.m.m. spaces (X, d,;, m,, x,) pmGH-converge to a to an RCD(0, N)
pointed m.m.s. (X0, doo, Moo, Xoo)-

Passing to the extrinsic approach, we consider a proper metric space (Y, dy) that
realizes such convergence, in particular we identify the metric spaces X, and X, with
the corresponding subsets of Y such that dy (x,, Xoo) — 0, m,;,—m, in duality with
Cps(Y) and d{I(B;E” (xn), ng (¥*0)) — O for every R > 0. In particular for every
x € X0, there exists a sequence y, € X, such thatdy (x, y,) — 0 and conversely for
every R > 0 and every sequence y, € B;f” (xp) there exists a subsequence converging
toapointx € X. These two facts will be used repeatedly in the proof without further
notice.

Define the compact sets K,, = US C X, and observe that, since K,, C Br,(x,),
they are all contained in a common ball in Y centred at x,. Hence from the metric
version of Blaschke’s theorem (see [20, Theorem 7.3.8]), there exists a compact set
K~ C X such that, up to a subsequence, dZ(Koo, K, — 0.

Define the open (in the topology of X)) set Ux, := X« \ Koo and for every
r > 0, define the open sets U,”" = {x € X, : d,(x,K,) <r}and UY = {x €
Xoo @ dool(x, Koo) < r}. Analogously we define the sets U,”", U=", U=" and the
corresponding ones for n = co.

From the assumptions lim sup,_, 5, v,(x) < 1 and || Vv, lllLew,) < L, apply-
ing Proposition 2.10,it follows that

Vo < (1+ RL)*, in Br(xy) NUy, {v, < 1+¢/4}inU¥ NU,, (6.15)

for every R > 0 and for some small constant 0 < p = p(e, L) < ¢, independent of n.

For every n and every k € N with k& > R + 100, thanks to Proposition 2.13,
there exists a cut-off function n; € Test(X), 0 < n! < 1, such that supp nﬁ C
U7 " 0 Biga (), 1% = 1 on U7 N Biy1 (x,) and Lipyk + |Ank| < C, for some
constant C depending only on &, N, L. Observe also that we can choose nﬁ so that
nk = nk*+1in Byyy(x,), for every k.

Define the functions v8 := v,nk, 3% := /v,n% and observe that from (6.15)
and the assumption |||V/v, ||z, < L they are equi-Lipschitz, equibounded in
n and all supported on By2(x,). Hence by Ascoli-Arzela (see Prop. 2.21), up to a
subsequence, as n — +00, they converge uniformly to functions v’go, f)]go € C(Xx)
with support in By 12 (Xoo).

From Proposition 2.23, it follows that v,’i, ﬁ’,ﬁ converge also strongly in L?, respec-
tively, to v&,, 9% . Tt is clear from the construction and the uniform convergence that
vﬁo = v(’;“ Uon By (xo0). Therefore the assignment vag := vgo in By (x) for every k,
well defines a function vy, € C(X). Analogously we can define v € C(Xoo) and
we observe that Uog = /oo in Uz,

We make the following two claims:

(A) Voo < 1 4+6/4in U,
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B) {veo > 1 +¢/4} # 0, voo € D(A) and (up to multiplying v by a positive
constant Cp) it holds that Ave = N, |Vv<>o|2 = 2V00 M-a.e. in {vy > 1 4 €/4}.

We start with claim (A). It is clearly enough prove that
o< 14e/4, inUS?

for any k. Pick any y € UOSO3'O , then there exists a sequence y,, € X,, such that y, — y
in Y and by uniform convergence v’,f () — vf;o (y). Moreover it must hold that
dy (vn, Kn) < 4p if n is big enough. If y,, ¢ U,,, then vﬁ(yn) = 0 by construction. If
instead y, € U, from the second in (6.15) and the fact that nZ < 1 we deduce that
Uf, (yn) < vu(yn) < 1 4 /4. Combining these two observations, we get claim (A).

We pass to the proof of claim (B). It is easy to check, since v, > 1 in U,
(recall the observation made at the beginning of the proof), that sup,, || Av’,f lzoocx,) <
+o00 and sup, ||Af)’,§|| L2(x,) < —+00. Moreover by Bishop-Gromov inequality,we
have sup, m,(Bgr(x,)) < 4oo, for every R > 1. Therefore sup, ||AU,]§||L2(X,,)»
sup,, ||A17,’§||L2(Xn) < +oo and applying Theorem 2.24 we deduce that v’o‘O, f)’go €
D(A), that Avﬁ converges to Av’go weakly in L? and that |Vﬁ,’§| — |V17§o| strongly
in L. The locality of Laplacian follows that vs, € D(A). Additionally, since L’ :=
sup,, |l |Vﬁ,’; [l < 400, applying a) of Proposition 2.23 (with ¢ () = (r A L)%), we
also deduce that |[V9X|* — V3K | strongly in L2, for every & > 0. We make the
intermediate claim that

Avoo = N|Vy/ 20002, m-ae.in U N Bi(xoo). (6.16)

In particular from Corollary 4.5,this implies that |V /vag|” € W2(UZY N Bi(xs0)).

loc

To prove (6.16) pick any ¢ € LIPC(UO>O2'O N Bi(m (Xs0)). Consider also a function
n € LIP(Y) such that n = 1 in supp ¢, dy (supp 71, Keo) > 2p and suppn C B,f(xoo).
Moreover, since d{I(Kn, Koo) — 0, for n big enough, we have {y : dy(y, Koo) >
2p} C{y : dy(y, K,) > p} and analogously, since x,, — x in Y, for n big enough
B,f (X00) C BI{H (x,). Therefore suppn N X, C U, " N Blﬁll (x,) for n big enough.
We now extend ¢ to a function ¢’ € LIP(Y) and define ¢ = n¢’ € LIP,(Y). Since
by the locality of the Laplacian and gradient we have Avk = Av, = N|V/2v,|*> =
2N|Vf)’,§ |> m,-a.e. in supp @, we can compute

/gmvf;odmoo = /@Avf;odmoo =1im/¢Au,’f,dmn =1im/ga2'1v|va,’;|2dmn
n n
= /¢2N|Vﬁ§o|2dmoo = /¢2N|Vﬁm|2dmoo.

This and the locality of the Laplacian prove (6.16).

For every n and every k as above,we consider a cut-off function é,’j e LIP(X,)
analogous to n,’j but with smaller support, more precisely we require that 0 < &' <1,
supp X C U, ” N Biya(xn), K = 1 on UZ% N Byy1(x,) and Lip&* < ¢, for some
constant C’ depending only on ¢, N, L. Up to a subsequence, from Ascoli-Arzela,
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we have that é,’f — Eé‘o uniformly, for some Sé‘o € LIP(X) satisfying éé‘o = 1lin
Uo>02p N B,i(w (X00). In particular the same convergence holds also strongly in L?.

We set wy  := EX|V./0,Y € WH2(X,) and weo i 1= &K IVIE Y € W12 (Xoo)
and observe that by construction and the locality of the gradient w, ; = £X|VoK|
my-a.e.. In particular, since we proved that [ViX|¥ — |V |7 strongly in L? and
recalling sup,, || |Vﬁfl [llL < 400, we have from Proposition 2.23 that wy, y — Weo k
strongly in L?.

Combining (6.11) with the first in (6.15) and Lip&, x < C’ we deduce that
sup, [IVwn klllp2(m,) < —+o0o. We now apply Lemma 2.25 with the open set
A = {dy(Keo,.) > 3p} N B,f (x00) that, combined with the observation that

AN X, C U7 N Bist (xy) for n big enough, gives

/ IVIVEE 712 dmy < liminf/ V|V /Unl”? dm,,
Uz’ NBy(xo0) n

2,
Ui 2’ NByq1 (xn)

(6.15)
< (1+RL)2N—4liminf/ v NIVIV 0, | dm,,
n U,

n

6.11
6.1 0.

Therefore, from the locality of the gradient and the arbitrariness of k,we obtain that
VIV /Vol”| = 0 mgo-a.e. in UO>O3p. Consider now the open set {veo > 1+ £/4} C
UZ>”. Observe that from the assumption v, > 1 + ¢ in BR,(x,)¢ # ¥ and (6.15),we
deduce that for every n there exists y, € X, N Bag,(x,) N U, 4p such that vﬁ (yn) =
v, (yn) > 1 + ¢ for every k, therefore by compactness and uniform convergence we
deduce that {vee > 1 + ¢/4} # (. From (A) it holds 0{vee > 1 + £/4} = {Voo =
1 + /4}, in particular since v'2 ™/? (In(vg’?) if N = 2) is harmonic in UZ>
(recall (6.16)), from the maximum principle,it follows that the connected components
of {veoc > 1 + &/4} are unbounded. Let U’ be one of these components. It follows
that |V, /vs| = C m-a.e. in U’ for some constant C, that must be positive. Indeed if
C = 0, we would have that v, is constant in U’, but since dU’ C {vy = 1 + £/4},
Voo should be constantly equal to 1 + ¢ /4, which contradicts U’ C {vso > 1 + £/4}.
Finally,the assumption v, > 1+ ¢ in Bg, (x,)¢ ensures that Xoo \ U’ C Bag,(¥s0). It
follows that the function (2C%)1va, Iy satisfies the hypotheses of Theorem 6.1 with
U = U’.In particular X, has Euclidean volume growth and from Corollary 3.9,it has
one end, from which we deduce that {vs, > 1+4¢/4} is connected. Therefore repeating
the above argument for U’ = {vo, > 1 + &/4} proves claim (B) with Cg := QcyH~L

Combining (A) and (B), from Theorem 6.1,we deduce the existence of an
RCD(0, N) N cone (Y', dy’, mys) with vertex Oy and a bijective measure preserving
local isometry T : {1 +¢&/4 < v} — {r < dy/(Oyr, .)}, for some r > 0 which also
satisfies (recall (6.1))

Voo (x) = Ady/(Oyr, T(x)), forevery x € {voo > 1+ &/4}, (6.17)
where A = (2Co)~ V2% (Cy being the constant in (B)). We claim that A <
sup,, [[1V/VnlllLoo, which in particular gives that r > 2711 4+ e/4) = L™, Indeed

from (6.17), the fact that Y’ is geodesic and the fact that T is a local isometry we
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deduce that for every x € {voo > 1+¢/4} and every r’ > 0 small enough, there exists
y € B:?"o (x) such that [/veo(X) — v/ Voo (¥)| = Adso(x, y),. The claim now follows
from uniform convergence and the Sobolev-to-Lipschitz property. Since, as observed
above, Xoo \ {14+ 6/4 < v0}¢ C Bap,(Xx0), the conclusion of Theorem 6.7 holds for
every sufficiently large n, which contradicts item d) above. This concludes the proof
of Theorem 6.7.

Proof of Theorem 6.9: We argue by contradiction exactly as above, except that we
substitute the assumption d) with the following:

d’) there exist a number 1 > 0 and two sequences (1]'), (t}) C (1 +¢& 47, e~ 1) with
1] <1}, such that {\/v, <1} +2n} C Bg,(x,) and the conclusion of Theorem
6.9 is false with ¢!, 17, for every n.

Since assumption d) was not used until the very end of the proof of Theorem 6.7
above, we can, and will, repeat all the first part of the proof up to this point together
with all the constructions and objects introduced along the argument.

Up to passing to a subsequence,we can assume that #/' — > € [1 +¢& +n, e~ 1,
i=1,2.

It will be useful later to remark that

S = ﬁllj in{l+e¢/2 </v, <13 +2n}, foreveryk, (6.18)

which follows from the second in (6.15) and the assumption {,/v, < J + 2n} C

BR() (-xn)'
We claim that

a, ‘= sup dZ({\/ﬂ = s}, {V/Voo =s}) > 0, asn— +oo. (6.19)

se(®—n,t5°+n)

(We point out that this does not follows from the uniform convergence, indeed we
need first to prove some regularity of the level sets of ,/v,). The key observation is
that for every &’ > 0,there exists ' > 0 such that for every ¢ € [1 + ¢, 28_1] it holds

BI*() N{Yvo =1} #0, Vxe{Jvo=1},¥ €lt =8 1+ (6.20)

This is an immediate consequence of (6.17), the fact that T is a local isometry and the
fact that, since Y’ is a cone, for every y’ € Y’ there exists a ray emanating from Oy
and passing through y’.

Suppose now that (6.19) does not hold. Then, up to a passing to nonrelabelled
subsequence, there exists a sequence (s,) C (1{° — 1, 15° — 1) and &’ > 0 such that
sp = 5selt® —nt5°+n]C[l +¢,2¢ ] and

d};((v/0n = sn}, (Voo = su)) > €/, Vn.

Therefore, up to passing to a further subsequence, there exists either a sequence y, €
{/v,, = sn} such that dy (y,, {\/Voo = sz}) > &', for all n, or a sequence y, €
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{/Voo = sn} such that dy (yn, {v, = s,}) > &', for all n. In the first case, since
by assumption {\/v,, = s,} C {t] —2n < /v, < 1§ 4+ 2n} C Bg,(x,) for n big
enough, up to passing to a further subsequence we have that y, — y~ € X and by
uniform convergence (recall (6.18)) that ,/Voo (Yoo) = . Inparticular d(yeo, {{{/Voo =
su}}) > €'/2 for every n big enough, which contradicts (6.20). In the second case,
again up to a subsequence and from the continuity of /v, we have that y, — yoo €
{/Voo = 5}. Moreover from (6.20),it follows the existence of a 8’ > 0 such that
there exist y%, y, € B§7f‘ (Yoo) such that /vee ( yéco) =t 4 §'. Finally, from uniform

convergence (recall again (6.18)), for every n big enough there exist y,", y,” € X" such
thatdy (yF, yX) < &’/4 and |v, (yF) — (5+8)| < §'/2. In particular by the continuity
of vy, forevery k big enough, there exists z, which lies on a geodesic connecting y;" and
¥, suchthatz, € {v, = s,}. Fromthe triangle inequality it follows that d(z,,, y,) < ¢’
if n is big enough, which is a contradiction since y, € {{/Voo = Sy}

From (6.19) it follows that dZ({t{’ < Vun L £ Vve £ 1)) — Oas
n — +00. Moreover it is clear that d{,({tl” < Voo S {° < Voo =85°) — 0
as n — oo (recall (6.17)), therefore

by = db ({f] < Jou <), {1° < SUoo <15°)) = 0, asn — +oo.
(6.21)

In particular, since both sets are compact, we can build a Borel map f;, : {t{' < /v, <
15} — {t° < /Voo < t5°} that has b,-dense image and such that dy (x, f,,(x)) < 2b,
forall x € {t{ < /v, <1y}

We claim that

R . . o 0
Frx (m"|{t]"5ﬁ,,§t§'}> m°°|{rf°5 <) in duality with C({t{° < Vv < £5°)).

(6.22)

From the fact that dy (., f,(.)) < 2b, and using dominated convergence, it is enough
to show that

in duality with Cps(Y).

m —m,
i<y, <ty ol < o <oy

To prove the above we first define for every § > 0 the closed set Cs := {y € ¥
dy (v, {{/Veo = 1{°} U {{/Vo = 15°}) < 8} and observe that for every ¢’ > 0 there
exists 8’ such that

Mxo(Cyr) < €. (6.23)

This can be seen using the fact that 7' is a measure preserving local isometry, the
Bishop-Gromov inequality and formula (6.17).
We also define for any § > Othe sets As :={y €Y : dy(y, Xeo \ {tf>O < SV <

15°) = §yand By :={y € ¥ : dy(y, {t{° < Voo < 15°} < 8)}. We claim that
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Bs, \ As, C Cas,+425,, for every 81,82 > 0. To see this let y € Bj, \ As,, which
implies d(y, {f{° < Vo < 5°}) < 81,d(y, X0 \ {{° < Vo < 15°}) < &2.
Taking two points y1, y» € Xo Which realize these two distances we must have that
doo (1, ¥2) = dy(¥1, y2) < &1 + 82. Moreover any geodesics in X, from y; to yo,
by the continuity of veo, must intersects {\/voo = 17°} U {/Voo = £5°}, from which
the claim follows.

We finally fix ¢ € Cps(Y) and &’ > 0 arbitrary. Let ' = §'(¢) be the one given by
(6.23) and pick n € Cp(Y) such that0 <7 < 1, = 1in Ay 4 and supp(n) C Ag/s.
Observe that by uniform convergence (recall also (6.18)), for n big enough we have
that Ay /g Nsupp(e) N X, C {t] < /v, <13} C By 4, therefore

lim sup
n

/ 0 AN iy T / 9 dMoo| o i)

/wndmn—/wndmoo'Jr

+ lim sup [|@lloomu (Bs /4 \ As7a) + 1@ llcoMoo ({177 < Voo < 157} \ Ay /)
n

< lim sup
n

. ©23)
< limsupm,(Cs) + mo(Cy) = 2¢.

n

From the arbitrariness of ¢’ and ¢ € Cjs(Y),the convergence in (6.22) follows.

We now pass to the study of the behaviour of f, with respect to the intrinsic
metrics. More precisely for every 7 > O we set A} = {t{] — 7 < Jv, <t} + 7},
AL = =71 < oo < 57 + 1}, AL, =t — T < Vo < 13 + T} and
denote by d;, di,, di, , the intrinsic metrics on A}, A%, AL, ,, respectively (see the
beginning of this section). It is clear that the metrics d;, dg, d7, , induce on the sets
{1 < Jon =5}, {1]° < Voo < 155°), {1 < /U < 1)} the same topology induced
by the metrics d,;, do.

Notice also that, from (6.17) and since T is a local isometry on {/v,, > 1+ ¢/4},

({s < Vvoo < 1},d50T) is isometric to ({s < Ado,, <1},dy/"),
VT e (0,n),Vt>s5s>14¢+n, (6.24)

where d%;"F and d}f " are the intrinsic metrics,respectively, on {s —7 < /e < t+T}
and on {s — 7 < Adp,, <t + 7}, the isometry being 7 itself, which also measure
preserving. In particular there exists a constant D > 0 such that for every t € (0, 1)
it holds diam({r{° < /voo < 15°},d5) < D.

Observe that from (6.18) we deduce that the functions /v, ,/Voo are equi-Lipschitz
on {tf —n < /v, <ty +n}, {t{° —n < Vo < 17° +n} and we fix M > 2 a bound
on their Lipschitz constant.

Putting ¢, := 2max(b,, a,) (where a,, b, are the ones in (6.19) and (6.21)) it is
not restrictive to assume both that /e, < n/(2M) and that [¢]' — 7°], [t —15°] < &g,
for every n.

Pick any xo, x; € {t]! < /v, < ty}and set y; = f,(x;) € {t{° < Voo < 15°},
i =0, 1, where f,, was defined above and recall that dy (x;, f,,(x;)) < &,.Consider an
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absolutely continuous curve y : [0, 1] — Ai;wl*/a suchthaty (i) = y;,i =0, 1 and
L(y) = dg;ZM“/a(yo, y1) < D.Letting N,, := |2D/. /e, ], thereexist0) =ty < 1] <
- <y, = bsuch that doo(y (%), y (ti+1) = Ly, . ) = L(y)/Ny, for every
i =0, ..., Ny—1.Thanks to (6.19) and the M -Lipschitzianity of , /v, there exist points
xie ATMYE G 1 Ny — 1, such that dy (5, Y (1)) < €nsi = 1,00y Ny — 1,
and in particular |d,, (x;, xi+1) — deo (¥ (#;), ¥ (tix1)| < 26, foreveryi = 0, ..., N,.
Therefore d,, (x;, xi+1) < L(y)/N, + 2¢&, < ./&,, and thus any geodesic (in X,,)
¥; from x; to x; ;1 has image contained in A;l. We define 7 : [0, 1] — A, as the
concatenation of all the geodesics y; (appropriately reparametrized), in particular

d(xo. x1) < L(7) < N, (LIE,V) + 2gn)

n

< dMYE (o). () + 4D o (6.25)

Conversely pick an absolutely continuous curve y : [0, 1] — A_Z such that y (i) = x;,
i=0,1and L(y) = d)(x, y) < 2D, which exists thanks to (6.25). Arguing exactly

. +2M /e
as above we can construct an absolutely continuous curve y : [0, 1] — AZO Ven

such that y (i) = y;,i =0, 1 and

AV (fu ko), fu)) = L(y) = Ao, x1) + 4D

Recalling (6.24),we are in position to apply Lemma 6.10 and deduce that

A MY (f o), fu1) = AL (fulx0), fu(x1)) as n — oo, uniformly in
x0,x1 € {tf < /v, < t7}. Moreover again from Lemma 6.10,we have that the
image of f, is cb,-dense in {1}° < /v, < £°} w.rt. the metric d, for some
constant ¢ independent of n.

Combing this with the above inequalities and (6.22),we obtain

n n mGH
({tf < Von =83).d0 ) = ({17° < Voo < 15°),d, 1too) . (6.26)

with u, = m,,|{ and where, if 17° = 15°, the

ey, zy 100 1T Mol o e
convergence is intended only in the GH-sense. Finally from Lemma 6.10 and recall-

ing (6.24) we have that ({t! < i <}, d%,) & ({6° < e < 5%}, dL),
and that such convergence can be realized by a map g, : {f{ < /v < 1j} —

{t° < Vo < t3°} that (if 1 # 1)) also satisfies gy, <m°°|{t{‘<\/@<tg}> =

()N —(12)N)

Wmo@ | (120 < i <5} In particular

GH
({1 < Voo <51l toon) "= (117° < oso < 5%}, d2, oo) , (6.27)
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with fteo.n = Moo (1< Jim<tt) and where in the case 17° = #;° the convergence is

intended only in the GH-sense.

If 17° = 15°, combining (6.26) with (6.27), and recalling (6.24), we obtain that
(6.13) holds for n big enough. Therefore, since we are assuming d’) (see above), up to
a subsequence, we must have that either (6.14) is false every n big enough or the last
claim about Y in Theorem 6.9 is false. The latter cannot happen, indeed in the first half
of the proof we proved precisely that Theorem 6.7 holds with the same Y and with
the same ¢, L, Rg. Hence we must be n the first case and in particular tfo +e < tfo
and we can apply Proposition 6.11 together with (6.26) and (6.27) and obtain that
(6.14) holds for n big enough, which is a contradiction. This concludes the proof of
Theorem 6.9. O

7 Rigidity and Almost Rigidity from the Monotonicity Formula
7.1 Rigidity

The following rigidity result follows almost immediately combining the explicit lower
bound on the derivative of U /3 in (5.6) and Theorem 6.1 about “from outer functional
cone to outer metric cone”.

Theorem 7.1 Let X, 2, u, Ug, with f > %—j, be as in Theorem 5.4 and suppose

that U;f (to) = 0 for some ty € (0, 1].Then the hypotheses of Theorem 6.1, and in

2
2 =N
particular also its conclusions, are satisfied choosing u = Cu?=~, uy = Ct, N and

U = {u < 1y}, for some constant C > Q.

Proof Suppose U/;f (to) = O for some 1y € (0, 1] and observe that, thanks to (5.6),

since Cg y > 0, we must have that |V|Vuﬁ |#/2] = 0 m-a.e. in {u < 19}. We claim
that {u < fo} is connected. Indeed, if #p < 1, from the continuity of u follows that
ofu < 19} C {u = 1y}, hence from the strong maximum principle we deduce that all the
connected components of {u < o} are unbounded. Moreover d{u < fo} is bounded and
thus from Corollary 3.9,it follows that {u < #y} is connected. If 7o = 1, we conclude
observing that {u < 1} is the union of the sets {u < t} with t < 1. Therefore we

have that |[Vu = |2 = C m-a.e. in {u < to}, for some constant C. We now claim that
N—-1 1
C > 0. Indeed if C = 0 we would have that Vu = —(2 — N)uN-2 Vu2-¥ = () m-a.e.
in {u < to} and therefore u would be constant in {u < ty} (recall (2.8)). However, u
goes to 0 at 400 and {u < fy} is unbounded, therefore u = 0 in {u < f¢}, but this
1

violates the positivity of u. Setting v = u 2=~ , by the chain rule for the Laplacian, the
harmonicity of u and by locality we have

2

v 1 2 N |Vu|?
A—:—A(u27N)=
22

————— =CN, m-ae.in to}.
Q- N 233 n e < to)
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Moreover |Vv2/2|? = v?|Vu|? = 2C%. Therefore the function u = C~1v?/2
satisfies the hypotheses of Theorem 6.1 with U = {u < f9} andug = C _ltg/ @=N) /2.

This concludes the proof. O

7.2 Almost Rigidity
The goal of this subsection is to prove the following.

Theorem 7.2 For all numbers ¢ € (0,1/3), Ry > 0, B > %—:% N € (2, 00) and for
every function f : (1, +00) — R in L(1, 400) there exists 0 < § = (s, B, N, f)
such that the following holds. Let (X, d, m, xo) be a pointed RCD(0, N) m.m.s. such
that m(B1(xg)) < ¢! and m < f(s) fors > ¢~ L. Let u be a solution to

(P) with |lul L) < e~V and such that there exists t € (e, 1] satisfying diam({u >
t —e1)) < Ro, d(xo. {u < 1)) > &, [|Vulllp=(uer) <" and

Ug'(n) <. (7.1)
Then there exists a pointed RCD(0, N) space (X', d’, w', x") such that
dpmGH((Xa d, m, xp), (X/, d, w, x/)) <e& (7.2)

and (X', d’, w', x') is a truncated cone outside a compact set K C Byg,(x'), i.e. there
exists an RCD(0, N) Euclidean N cone Y, with tip Oy, over an RCD(N —2, N — 1)
space Z and a measure preserving local isometry T : X' \ K — Y \ B.(Oy), for
somer > 0.

Remark 7.3 Observe that inequality (7.2) is non-trivial because X' is a cone outside a
compact set K C Bag,(x') with Rg independent of & > 0 (cf. with Remark 6.8).

We will also prove the following alternative version of the above statement (see
Sect. 6.2 for the definition of D, dg g and of intrinsic metric).

Theorem 7.4 For all numbers ¢ € (0,1/3), Ry > 0 > N=2, N € (2,00),
n > 0 and for every function f : (1,400) — RT in LY(1, +00) there exists
0<8=46(,B,N, f,n) suchthat, given X, v and t as in Theorem 6.7, there exists an
RCD(0, N) Euclidean N cone (Y, dy, my), with tip Oy, over an RCD(N —2, N — 1)
space Z and a constant ). > 0 such that the following holds. For every (1 —i—e—i—n)tﬁ <

1
1 <t < e YtTF jr holds

deH (({n <umv <), dy), ({1 < Ado, <1, d'})) <e,
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1
wheredg, :=dy(., Oy) and dg( and d’; denote the intrinsic metrics on {t; —nt =N <

1 1
u>N < tp +nt>N}and on {t; — n < Ado, < tr + n}. Moreover, provided that
Hh+et <,

1
D( ({1 <umV <n),dl, m ). (11 < Ado, < n).d). my ) <e.
( I{[] Suﬁflz} 4 Y |{11§}»d0y§tz}

Before passing to the proof,we explain why the bound on ||| Vu|]| .o ({u <¢}) 1s natural
and often satisfied. The immediate observation is that from the gradient bound for
harmonic functions (2.22) we deduce

C(N
|Vu| < g m-ae. inf{u <1}N{x : d(x,9Q) > ¢}, Ve>0. (7.3)
e

In particular for fixed ¢ > 0, thanks to the assumption lim inf,_, 3 u(x) > 1, for ¢ suf-
ficiently small (but depending on u) the gradient bound |||Vul|l o (u<s)) < C(N el
is always satisfied. An estimate on the value of ¢ can be given in the case B (xg) C 2.
Indeed applying the lower bound for u given by (5.1), it is immediately seen that

N-2
{u <t} Cix :d(x,8§2)>8}forany0<t<%<(ﬁam(8w> .
Something more explicit can be said if we consider u to be an electrostatic potential.
Indeed combining (7.3) with the continuity estimate (8.1) one can easily prove the

following:

Proposition 7.5 For all numbers ¢ € (0,1/3), N € (2, 00) there exists 0 < C =
C(g, N) such that the following holds. Let (X, d, m) be a noncompact RCD(0, N)
m.m.s. and let E C X be open and bounded with uniformly Cap-fat boundary with
parameters (&, €) (see Definition B.3). Let u be the capacitary potential relative to E
(see Theorem 8.4). Then

|[Vu| < C(e, N), m-ae. inf{u <t}, foreveryt € (0,1 —e¢).

We pass to the proof of Theorem 7.2 and Theorem 7.4, which are almost corollaries
of Theorem 6.7 and Theorem 6.9.

Proof of Theorem 7.2 and Theorem 7.4 Observe first that by Bishop-Gromov inequal-
ity

m(B(x0)) > m(B,-1)e™ > N7l f(e™h.

From the second in (5.1) we have that there exist a positive constant C; =
Ci(e, Ry, N), such that

u(x) < Cy /OO f(s)ds, Vx € Bo1,g,(x0)". (7.4)
d

(x,x0)
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In particular, since t > ¢, diam({u < t}¢) < diam({u < ¢}°) < C3, for some constant
C»> depending only on €, Ry, N, f. Therefore, again since ¢t > ¢, up to rescaling u as
ut~! we can assume that r = 1 (observe also that, called 0/3 the function relative to
t=u, it holds that Up(s) = Ug(ts)tP =27~ 5 € (0, 1)).

Define v := uﬁ and set Q" = {u < 1} = {v > 1}. Note also that diam({v <
14+cnel€) < Ro for some constant cy < 1. From (P) we have that Av = N|V\/ﬂ|2,
m-a.e. in Q' and that lim sup,_, 5 v(x) < L.

To apply Theorems 6.7 and 6.9 it still remains to check the bounds on |V4/v].

Observe that from the assumption d(xg, {# < 1}) > & and the first in (5.1) we
deduce that

wn(x) > cd(x,, x)>~V, forevery x € (7.5)

for some positive constant ¢ = ¢(g). Combining (7.5), the assumption ||| Vul| oo (u<1})
< ¢ and the gradient estimate (2.22), it easily follows that

Vol = (N —2) " [Vulu " < Cs,

for some positive constant C3 = C3(¢). Finally from (5.6) and (7.1) we have

/{M} — ‘V|V\/_|/3/2‘ dm < C;4,U;5 (1) < C5 6.

We are therefore in position to apply Theorem 6.7 and conclude the proof of Theorem
7.2.

Theorem 7.4 follows from Theorem 6.9 and observing that {u = s =v } = (Vv =5}
and that, thanks to (7.4), for every ¢ > 0

{V/v <t} C Bg, (x0),

for some Ry = Ry(t, ¢, N, f, Rp). O

8 The Electrostatic Potential

It was already discussed in Sect. 3 that a solution (P) is not granted, in particular already
for Riemannian manifolds, the existence of solutions implies nonparabolicity. We also
showed (see Corollary 3.5) that the Green function solves (P). In this short section,we
provide another example of solution to (P) given by the electrostatic potential. We
recall that this type of solution was crucial in the recent work [6].

Definition 8.1 (Electrostatic potential) Given (X, d, m) an (unbounded) infinitesi-
mally Hilbertian m.m.s. and E C X open and bounded, an electrostatic potential
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for E is a function u € D(A, X\ E) N C(X \ E) solution to

A| _u = O,

X\E

u=1, indkE,

u(x) — 0 asd(x,0E) — +oo0.

Remark 8.2 In an RCD(K, N) space if an electrostatic potential for E exists, then
it is also unique, and this follows immediately from the maximum principle (see
Proposition 2.15).

Remark 8.3 If u is a solution to (P), then the function (1—&)~'u I is immediately

u<l—ce}
seen to be the electrostatic potential for the open set X \ {# < 1 — ¢}.

We pass to our main existence result for the electrostatic potential, which holds
for sets with sufficiently regular boundary, namely with Cap-fat regular boundary. We
refer to Appendix B for the definition of Cap-fat regular boundary and for examples
of sets satisfying this condition.

Theorem 8.4 Let (X, d, m) be a nonparabolic RCD(0, N) m.m.s. and let E C X be
open and bounded with Cap-fat boundary. Then the electrostatic potential u for E
exists. Moreover the following continuity estimate holds: for every x € dE it holds

I —u(y) =d(y,x)*, Vye€ By (x)NE, 8.1

for some positive constant o, = a(ry, cx, N) > 0, where ry, ¢, are the Cap-fatness
parameters of x.
Finally the function

_fu, x\E,
|1, E,

belongs to S2(X) (recall Definition 2.1) and
/ |Dii|*>dm < lim Cap(E, B,(x)), Vx € E. (8.2)
X r— 400

Let us make some comments before passing to proof of this result. We first observe
that the limit in (8.2) does not depend on x € E and that it is actually an inf and
thus finite. It is not true in general that i € W'?(X), indeed it might not be square
integrable, as can be seen taking E to be a ball in R3. Nevertheless, if the measure
satisfies 0 < liminf,_, yoo 7 *m(B,(x)) < limsup,_, |, r*m(B,(x)) < +o0 for
some A > 2, then u € L?(m) for every p > A)\Tz (see for example the upper bound in

(5.1)).

Proof of Theorem 8.4 We will actually build # and then define u to be the restriction
of i to E€. The argument is by compactness. Fix xo € E and set B, := B, (xg) with
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n € Nand n > diam(E) + 100. Theorem B.1 guarantees the existence of a function
Uy € Wol’Z(B,,) N C(B) harmonic in B, \ E, such that 0 < u,, < 1, u, = 1 on E and
Jx |Vuy, |> dm = Cap(E, B,). Moreover from the comparison principle in Proposition
B.9,we must have that u, < u,4+1 in Bj,.

It follows from Lemma 2.17 that, up to a (non-relabelled) subsequence, u,, con-
verges in X \ E uniformly on compact sets to a function & € C(X \ E) harmonic in
X\ E.In particular u,, — u m-a.e.. Moreover, since Cap(E, B, (xgp)) is decreasing in
r, we have that sup,, |[[Vun||2(x) < +00. Therefore from the lower semicontinuity
of weak upper gradients (2.3), we deduce that u € S2(X) and

/|Vﬁ|2dm5hminf/ |Vun|?dm < liminf Cap(E, B,) = lim Cap(E, By (xo)).
X n X n r—+00

The continuity estimate follows directly from the fact that u,, < u < 1 for every n
and from the continuity estimate in Theorem B.1, observing that in the case K = 0
we can drop the dependence on the diameter of E.

It remains to show that u goes to 0 at infinity. We prove it by comparison with the
quasi Green function G Jlfo (recall (3.2)). We have that G Jlfo is Lipschitz and superhar-

monic in X. Moreover G}CO is positive, hence LG }CO > X g for a large enough constant

A > 0. In particular the comparison principle in Theorem B.1 implies that u,, < AG}CO
for every n, which in turn gives u < )\G}CO. Finally from the estimate for the Green
function in (3.3),we have

o S

’

Gl <G, (x) < / - d
0 " d(x,x0) m(B;(x))

in particular G )lco (x) — 0 at infinity. This concludes the proof. O
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A Appendix: From Outer Functional Cone to Outer Metric Cone -
Additional Details

This section is devoted to the proof of Theorem 6.1 given the two results presented in
Section 6.1 (that is Proposition 6.3 and Proposition 6.5).
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Up to Sect. A.4 (included),the proof is in large part the same as [40], hence some
steps will be only outlined; however, there will be differences and new arguments that
will be explained in detail and emphasized along the exposition.

After Sect. A.4 (in particular in Sects. A.5, A.6 and A.7),the argument diverges
from the one in [40], indeed (following a suggestion of an anonymous referee) we
replace the second-order analysis of [40] with a more direct argument which uses the
differentiation formula in [60] and is inspired by [24, Sect. 3.1]. This strategy is in turn
analogous to the one previously employed by Cheeger and Colding [29] to derived
quantitative almost splitting results via Hessian estimates. We remark that these type
of arguments (as for the one used in [24]) were not possible at the time of the writing
of [45] and [40] (which contains, respectively,the first versions of the splitting theorem
and the volume cone to metric cone theorem in RCD spaces), since the differentiation
formula in [60] was not yet available.

We also mention the recent [33] where a similar argument exploiting [60] is used
to prove a version of the (almost) volume annulus to metric annulus in RCD setting.

A.1 The Gradient Flow of u and Its Effect on the Measure

From the chain rule for the Laplacian (4.2), the positivity of u and recalling that
Au = N and |Vu|?> = 2u m-a.e. in U, it follows that

w, ifN>2, o
V= (L N =2 is harmonic in U.
n(ﬁ), 1 =2

In particular the maximum principle and the fact that ug = lim sup,._, 5;; u(x) ensure
that

every connected component of {u > ug} is unbounded. (A.1)

Since by assumption {u > ug} is nonempty we must have that X is unbounded.

For technical reasons,we will work locally, in particular we fix a set V open and
relatively compact in U and consider n € Test(X) such that = 1 in V,0< n <1
and suppn C U, which exists thanks to Proposition 2.13. We then define

u = nu.

Since u € Testjo(U) from (2.19) we deduce that u € Test(X).

We point out that we would like to take right away V to be of the form {#yp < u < Tp};
however, to ensure that this set is relatively compact in U, we need first to know that
u blows up at infinity. This will be proved in Lemma A.2.

We now consider the regular Lagrangian flow F : [0, T] x X — X associated to the
autonomous vector field v = —Vu. Observe that since Au € L°°(m) and u € Test(X)
the assumptions of Theorem 2.29 are satisfied. In particular the flow F' exists unique.
Moreover, again thanks to Au € L°(m) and Remark 2.30 we can extend the map F
to (—o0, +00) x X.
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Proposition A.1 /. For m-a.e. x € X it holds that F;(Fs(x)) = Fs+:(x) for every
s, t €R.

2. For m-a.e. x € U it holds that (—o0, 00) > t +— F;(x) is continuous. Moreover
denoted by (ay, by) the maximal interval such that F;(x) € U forallt € (ay, by)
(which in particular satisfies a, < 0,b, > 0 and possibly ay = —o0 or by =
+00), it holds

u(F;(x)) = eiZ’u(x), Vt € (ay, by) (A.2)
and

d(Fy(x), F;(x)) < le™" — e |V 2u(x), Vi,5 € (ax, bx). (A.3)

Proof The first is just (2.25).
(A.2) follows observing that from (2.24), since |Vu |2 = 2u m-a.e. in U, for m-a.c.
x € U it holds that

%u(Ft(x)) = —2u(F;(x)), fora.e.t e (ay,by).

(A.3) instead can be derived from the fact that, recalling Remark 2.27, form-a.e.x € U
it holds |F; (x)| = ~2u(F;(x)) for a.e. t € (ay, by). O

Recall that, as remarked at the beginning of the section, X is unbounded, hence the
following result makes sense.

LemmaA.2
u(x) - +oo asd(x, U — +oo. (A4)

Proof Suppose (A.4) is false. Then we can find a ball Byg(x) C U such that R >
100/u(x) + 1. We choose 1 € Test(X) such that n = 1 in Br(X),0 < n < 1and
suppn C U, which exists from Proposition 2.13. We define u := un € Test(X) and
consider the regular Lagrangian flow F; relative to —Vu. Then from (A.3) (with the
choice V = Bg(X)), the continuity of u and the choice of R we can find x’ € B; ()
such that the curve F;(x’) is contained in Bg(x) for all ¢ > 0. This together with (A.2)
contradicts the positivity of u. O

From now until the very last part of the proof, we fix 9, Tp € R™ such that uy <
to+1<T <Top—1land To — T > T — 1o, where T is to be chosen later.

Thanks to both (A.4) and up = lim sup,._, 5;; u(x) we have that {fp < u < Tp} is
compactly contained in U. Hence we can pick a cut-off function € Test(X) such
thatn = lin{fp <u < Tp},0 <n < 1, suppn C U and define u := nu € Test(X).
As above we consider F; the flow relative to —Vu, which is defined for all positive
and negative times.

Define for every a, b € [ug, 00), the open set

Agpi=1{a <u < b}.
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From the definition of u, the hypotheses on u and the locality of the gradient and the
Laplacian, we have

Au=N, m-ae.in Ay 7.
2 . (AS)
|Vu|* =2u, wm-ae.in Ay 1.

The following can be proven arguing as in [40, Sect. 3.6.1]; however, we give a shorter
proof, which use the improved Bochner inequality (2.17).

Proposition A.3
Hess(u) =id m-a.e. in Ay 1.
Proof Localizing (2.17) to Ay, 7, and recalling (A.5) we obtain

(N — trHess(«))?

N > |Hess(u)|3;5 + N — dim(X)

m-a.e.in Az 7.
By Cauchy-Swartz and recalling (2.15), (2.16) we observe that |Hess(u)|%{s =

dim(X ss(u)? .
2 1<i, j<dim(x) Hess()(e;, ej)? = Y8 lm( ) Hess(u)(e;, e1)® > % Plugging
this in the above inequality and applymg again Cauchy-Swartz we obtain

- trHess(u)?> (N — trHess(u))?
- N N — dim(X)

> N m-ae.in Ag 7.

Hence all the inequality we used were actually equalities, in particular Hess(u) (e;, €;)
= 0Om-a.e.in Ay 7, foreveryi # jand Hess(u)(e;, ¢;) = 1 m-a.e. in A, 7, forevery
i =1, ..., dim(X), which concludes the proof. O

Proposition A.4 . For m-a.e. x € X it holds that F;(Fs(x)) = Fs4+(x) for every
s,t €R.
2. Form-a.e. x € Ay 1y it holds that F;(x) € Ay, 1, and

u(F(x)) = e > u(x), (A.6)

forevery t € (5 log “;x), 5 log ”(x)) moreover

d(Fs(x), Fr(x)) = le™" —e* |y 2u(x), (A7)

x u(x) u(x)

,llog

for every s,t € (% ), in particular the curve (%

1 5 log ”(x)) 31> Fi(x)is supported on a geodesic.

Proof Everything except for the equality in (A 7) follow Proposition A.1 together with
the observation that in this case a, = & log ) and by = % log %C)
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To show equality in (A.7), it is enough to show it for # = 0 and s > 0. Hence we

fix s € (0, 1 log %‘)). Thanks to (A.3), we only need to show that

d(Fs(x), x) = (1 — e %)/ 2u(x). (A.8)

We make the intermediate claim that
d(x, U > 2u(x) —/2ug, Vx eU. (A.9)

To prove it we first observe that, since u is positive, we have that \/u € Wli)‘cz (U) and
[Vy/2u| = 1 m-a.e.in U.

The properness of the space X ensures that there exists X € dU such that d(x, x) =
d(x, dU). Moreover, since X is geodesic, there exists a sequence x, C U such that
xp — x and d(x, x,;) < d(x, dU). Hence recalling that |[Vs/2u| = 1 m-a.e., we are
in position to apply (2.7) and deduce that

d(x, X) = limd(x, x,) > lim inf v/2u(x) — \/2u(x,) > v2u(x) — /2u,

which proves (A.9).
From (A.3) and by how we chose s, we have that d(F;(x), x) < (1—e™ %)/ 2u(x) <

J2u(x) — /20 < J2u(x) — +/2ug. Hence from (A.9) we deduce d(F;(x), x) <
d(x, aU) and applying again (2.7) combined with (A.6) we obtain (A.8). O

LemmaA.5 Foreveryt € (0, 1 log %) it holds that

(A 7,) = €' M(Ay o217, (A.10)

Proof The argument is essentially the same as in [40, Prop. 3.7] but reversed, indeed
here we start from Au = N and |Vu|? = 2u and deduce information on the measure.
O

The following result has not a direct counterpart in [40]; however, it morally sub-
stitutes the bound (3.1) in [40, Prop. 3.2] (cf. with (A.12) below). We remark that the
proof of the following Proposition relies on the local estimate of Proposition 6.5.

Proposition A.6 For everyt € (0, 4 log f—OO) it holds that

Nt
(F;,m) =F,(m =N . (A.11)
* |At0,e’2’T0 * |A€2tt0,T0 |At0,e’2’T0

m
M By Theorem 2.29
WA 1) :

{Fy.10}se0,1] are all Borel probability measures, absolutely continuous with respect to
m and solve the continuity equation with initial datum wg. Moreover (A.6) implies that

Proof Consider the probability measure g

@ Springer



Monotonicity Formulas for Harmonic Functions in RCD spaces Page 650f89 100

F 10 is concentrated on Ay, 7, for every s € [0, t]. Therefore setting F; o = p;m
we are in position to apply (6.3), that combined with (A.5) gives

1t lloo < m(Ag2gy 1)~ e (A.12)

However, applying now (A.10) and observing that and that F;, ¢ is concentrated in
Ay, o217, again thanks to (A.6), we can compute

—1,Nt —1,Nt
0< / m(Ay, ) € — prdm = m(Ay, 1) € (A ug) —1 =0,
A —2t
1,e To

that gives the second in (A.11).
The first in (A.11) follows directly from (A.6). O

Having at our disposal (A.11) and (A.7), we can argue exactly as in [40, Cor. 3.8] to
obtain the following

Proposition A.7 (Continuous disintegration) We have

N
5—1p1

= 2
u*m|At0‘T0 er £ l(t0. 7o)

m(A .
where ¢ := %ﬁ, forany ti,t» € RY withty <t < to < To. Moreover there
1 )

exists a weakly continuous family of Borel measures (to, To) > r — m, € P(X) such
that

To
/(pdmzc/ /<pdm,rN/2—1dr, Yo € Co(Ay. 1) (A.13)
fo

Finally, for every t € (0, log tT—g) the measures m,. satisfies

Fm, =m,2,, foraere (ezrto, To).

The following result has not a counterpart in [40], since it deals with large scales,
while the analysis in [40] is local.

Corollary A.8 X has Euclidean volume growth, in particular {u > uy} is unbounded,
connected with {u > ug}° bounded.

Proof Combining (A.6) and (A.7), it can be shown that A, 1, C B, JTo+C (xg) for

every Ty > 2t for some fixed constant C > 0 (recall that what we proved so far holds

for an arbitrary Ty > T'). Therefore At &—c)2 C Br(xo) for every R big enough and
o, B=C2

the conclusion follows using (A.13).

Since X has Euclidean volume growth, it is not compact and not a cylinder in
the sense of i) of Proposition 3.8. Now observe that d{u > up} is bounded (as a
consequence of (A.4)), hence compact, and that each connected component of {u >
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ugp} is unbounded (by (A.1)). Hence the conclusion follows from Proposition 3.8 and
the fact that {u > ugp} is not empty. O

LemmaA.9 [40,Lemma3.11]Let f € LP(m)withp < +o00, thenthemapt +— foF;
is continuous in LP (m). Moreover if f € WH2(X) the map t v f o F, is C! in L?
and its derivative is given by

d
E‘f (o} Fl = _<Vf, Vl/l) o Ft.

A.2 Effect on the Dirichlet Energy

Thanks to (A.5) and (A.11), we can repeat almost verbatim the analysis done in [40,
Sect. 3.2]. Indeed all the proofs contained there rely only on the analogous properties
of the function b and Fl;, i.e. “|Db|?> = 2b, Ab = N and Fl,,m = ¢"'m”.

This said, we will only state, adapted to our case and without proof, the final result
in [40, Sect. 3.2] (i.e. Corollary 3.17), since it is the only statement that is needed for
the rest of the argument.

T . .
Theorem A.10 Let ¢ € (0, log t—(‘))), and f € L2(m) with support in Am’e—erO. Then
f e Wh2(X) ifand only if f o F, € WY2(X) and in this case

IV(foF)|=e'|VfloF,m—a.ec.

A.3 Precise Representative of the Flow

The following proposition is the analogous of [40, Thm. 3.18]. We point out that
the proof in [40] contains an oversight in the proof that Fl, has a locally Lipschitz
representative. Indeed it is claimed that this follows from the fact that Fl is Lipschitz in
FI,_1 (B (xg)) for every small enough ball B, (xg). However, since Fl; is not yet proven
to be continuous, we do not know enough information on the sets Fl,~ ! (B (xp)) to
‘patch’ them and obtain the claimed local Lipschitzianity.

For this reason,we will give a complete proof which also fixes the original argument.

Proposition A.11 Let Uy, 1, C R xX be the open set given by

1 ulx) 1 u(x)
uvaTO = {()C, t) X € AlOvTO andt € (E log TO, Elog T)} .

Then the map
F :Z/ltO’TO — 14[0)’]"07

has a continuous representative w.r.t the measure L' @ m. Moreover for such repre-

sentative (which we denote again by F) the map Fy @ A2, 1 — Ay 27, s locally
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e~ !-Lipschitz having F_, as its inverse, which is locally e'-Lipschitz. Also for every

X € Ay, and every s, t € (% log ”%), Llog %‘))

d(F,(x), Fs(x)) = e — ey 2u(x) (A.14)
and
u(F,(x)) = e 2 u(x). (A.15)

Finally for every t € (0, log IT—(‘;) and every curve y with values in A, 1, putting
y := F; oy we have

17 =e'ly,l, forae sel0,1], (A.16)

meaning that one is absolutely continuous if and only if the other is absolutely con-
tinuous, in which case (A.16) holds.

Proof Fix t € [0, log %’). We start claiming that

has a continuous representative that we denote by F; and
_ To (A.17)
Ft(Aez’to,To) - Ato’e—erO.

Fy
|A<’2t1(),

For the first part,it is sufficient to show that for every a, b € R such that ey <a <
b < Ty the map F,| Ao has a continuous representative. Hence we fix such a, b € R

and define the open sets A" := A,-2, 2, and A := A, ,-27,. Observe that the
continuity of # implies d(A’, A°) =: § > 0. Consider now the countable family of
1-Lipschitz functions D C LIP(X) defined as

D = {fux | n, k € N} = {max(min(d(., x,), k —d(., x,)),0) | n, k € N},

where {x,},cn is a dense subset of A. We pick a cut-off function € LIP.(A) such that
0<np<landn=1in A and define the set D C LIP.(A) asnD :={nf | f € D}.
For any f € D itholds

Lip(fn) < Lipnysup|f|+Lipf < Lipndiam(A) + 1 =: L,
A

hence the functions in D are L-Lipschitz. We now make the key observation that

d(x,y) = sup | f(x) — f(y)| = sup [nf(x) —nf()l
feD feD
= sup |f(x) — fFOI, (A.18)

fenD
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for every x, y € A’. Thanks to Corollary (A.10), we know that f o F; € w12(X) for
every f € nDand |D(foF,)| = e !|Df|oF; < e~ 'L m-a.e. Then from the Sobolev-
to-Lipschitz property of X, we deduce that f o F; has an L-Lipschitz representative.
Thus there exists an m-negligible set N C X such that forevery f € nD the restriction
of f o F;to X \ N is L-Lipschitz. Moreover from (A.6) it follows the existence of an
m-negligible set N’ such that F; (A, \ N') C A’. Therefore from (A.18) it follows
that for every x, y € Agp \ (N UN')

d(F;(x), F:(y)) = sup |f(F(x) — f(F:(y»)| < e 'Ld(x, y).

fenD

This proves the first part of (A.17). We now show C of the second part. From (A.6) it
follows the existence of a negligible set N such that for every set U relatively compact
in A, 7, we have that F;(U \ N) is relatively compact in A, ,-27,. Moreover,
since negligible sets have empty interior we deduce that U \ N contains U. Therefore
F(U) C F,(U\N) C F;(U\N) which is contained in A, 7, thanks to the
first observation. We now show D. Again thanks to (A.6) the set N := A, -2 \
Fi (A, 1,) 1s negligible. Pick any set U relatively compact in A, -2, and define

V = F,_I(U \ N) which is relatively compact in A2, 7,. Therefore, since F; is
continuous, the set F,(V) is compact in Ay, and, since negligible sets have
empty interior, contains U. This concludes the proof of (A.17).

For any ¢ € (log ’T—((’), 0),we can now argue exactly as above, to deduce that

F N has a continuous representative that we denote by F; and
06T (A.19)
Ft (At0,62[ TO) = Ae’ZIto,TO .

In particular, since F;(F_;) = id m-a.e., we deduce that F_, is the continuous inverse
of Fy.

Having proved (A.17) and (A.19) we can complete the proof arguing as in [40]
with the obvious modifications. O

From now on we denote by F a representative of F : R xX — X which is
continuous (in space and time) on Uy 7.

A.4 Properties of Level Set {u = T}

In this short subsection,we prove that the level set {u = T'} is Lipschitz path connected
when T is big enough. We remark that the argument will rely on Proposition 3.8 and
is different from the one used in [40] to prove the same property for the “sphere”.

For the following result recall from Sect. A.1 that in our construction,we first choose
T and then we choose 7y and Ty accordingly.

Lemma A.12 There exists T > ug and a constant ¢ > 0 (depending only on T, ty
and u) such that, if Ty is big enough, for every couple of points x,y € {u = T},
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there exists y € LIP([0, 1], X) joining x and y and such that y C Ay41,19—1 and
Lip(y) < 5d(x, y).

Proof From (A.4), we know thatd({u = T}, {u > 1o + 1}°) > +ooas T — +o0.
Moreover {u > fy + 1}¢ is bounded and, as proven in Corollary A.8, X has Euclidean
volume growth and in particular it is not a cylinder (since N > 2). Therefore from
Proposition 3.8, provided T is big enough, we have that for every couple of points
x,y € {u = T} there exists a Lipschitz path y from x to y and such that y C {u >
to + 1} and Lip(y) < 5d(x, y). Therefore, again from (A.4) and since {u = T} is
bounded, if T is big enough then it holds that y C Az41,75—1. 0O

Consider now the closed set S7 := {u = T'} and the projection map Pr : Ay 1, —
St defined as

Pr(x) := F% log # (x).
Note that from Proposition A.11 and (A.14), we have that Pr is well defined and locally

Lipschitz.

Proposition A.13 The set St is Lipschitz path connected, meaning that for every couple
of points x, y € St there exists a Lipschitz curve y taking values in St, joining x and
y. Moreover we can choose y so that Lip(y) < cd(x, y), for some uniform constant
c> 0.

Proof From Proposition A.12, we now that there exists a Lipschitz path connecting
x and y taking values in Ay 41 7,—1, Which is relatively compact in Ay 7,, then we
simply consider the curve

y :=Proy,

which remains a Lipschitz curve, since Pr is locally Lipschitz. The claimed bound on
Lip(y) follows from the bound on Lip(y) given in Proposition A.12 and again by the
local Lipschitzianity of Pr. O

A.5 The Cosine Formula Holds

The goal of this section is to prove the following.
Proposition A.14 (Local cosine formula) For every ¢ > O there exists p = p(e) > 0
such that for every x € Asy4¢ 1y—¢ it holds

_ d(Pr(x), Pr(»)?)

d(x, y)? = 2u(x) + 2u(y) — 4/u(x)u(y) (1 T

> , Vy € By(x).
(A.20)

To prove this statement, we need to construct some objects and prove some preliminary
technical facts.
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Fix any x € Ay4¢19—¢ and § > 0 small and to be chosen. For every r > 0
and y € Bs(x) U Bs(Pr(x)) define the measures u” := (m(B, (Pr(x))))’1m|B Prio))
and v = (m(Br(y)))_lm|B " Let 7 € R be such that F;(Pr(x)) = x (i.e. f =

% log WTX)). Forevery ¢t € [0, 7] (orin [f, 0] if f < 0) we also set u} := Fy,u”. Finally
for everyone of these #’s we also consider the unique W>-geodesic {né’r}xe[o, 1] going

from V" to uf. For the main computations, we will need the following technical fact:

there exists p = p(e) > 0 such that, provided r, § < p,
supp(r)é’r) C Ay, 1, forall s € [0, 1]. (A.21)

Since the measures 75" are concentrated on the support of geodesics going from B, (y)
to F;(B,(x)), to check the above it is sufficient to prove the following.

Proposition A.15 For every x € A+, 1,—s there exists p = p(e) > 0 such that the
Jollowing holds. Let t € R be such that F;(Pr(x)) = x (i.e.t = % log %). Then every
geodesic y going from a point y € B,(Pr(x)) U B,(x) to a point x’ € F;(B,(Pr(x))),
witht € [0,1] (or [t,0]), y is contained in Ay, 1,.

This in turn will follow from the next simpler result, which roughly says that if two

points are sufficiently close, then all the geodesics connecting one of them to the flow
line of the other, are contained in A, 7;.

Lemma A.16 Forevery e > O,there exists p = p(e) > O such that the following holds.
For every x,y € Ayt 1y—e such that d(x, y) < p and every geodesic y going from
yto ClpOil’ll ofthe type z = F[()C) € AIO+E,TO—8) 14 is contained in At(),To-

Proof We first notice that arguing as in the proof of (A.9), we have

d(x, {u = 10}) = v2u(x) — v/210,
d(x, {u=To}) > V2Tp — V2u(x), Vx € Ay 1.

Fix x,y € Agyte.1y—e With d(x, ¥) < p and fix some point z = F;(x) € Ayyte, Ty—c-
We will only consider the case ¢t > 0, since the other one is analogous. Notice that
in this case d(x, z) = «/2u(x) — +/2u(z). Moreover, since u is Lipschitz, |+/2u(y) —
V2u(x)| < C./p for some C depending only on u.

Fix a geodesic y going from y to z. Suppose by contradiction that y exits Ay, 7.
This means that y; € {u = 1o} U {u = Ty} for some ¢ € (0, 1). Since y is a geodesic
we also have

d(z, y) > max{d(y;, z), d(y:, y)}.

Moreover from (A.14) and the triangle inequality we deduce that d(z, y) < +/2u(x) —
V2u(z) + p.

We now have two possibilities: either y; € {u = 1y} or y; € {u = Tp}. In the first
one, combining the above observations we have

V2u(x) = 2u@) + p > d(z, y) = d(yi, y) > 2u(y) — /210
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> V2u(x) — C/p — /210

which gives

V20 + p+ Cyp = V2u(z) = V2010 +e).

that is clearly a contradiction provided p is chosen small enough. In the case that
¥ € {u = Tp} we analogously have

V2(T = &) = 2u@) + p = V2ux) — /2u(2) + p = d(z, y)

which is again a contradiction if p is small enough. O

We can now prove Proposition A.15, which as observed above, proves also (A.21).

Proof of Proposition A.15 Since F; is locally Lipschitz in A, 7, (recall Proposition
A.11), there exists § = §(e) > 0 such that

Fi(Bs(Pr(x)) C Asgre/2.19—e/2

Moreover, since u is monotone along flow lines, we also have F;(Bs(Pr(x)) C
Ajgte/2,19—s)2 for every t € [0,1] U [, 0]. Let now p = p(e/2) be the one given
by Lemma A.16 corresponding to £/2 and note that we can assume that p < §. Then
the conclusion for y € B,(Pr(x)) follows immediately from Lemma A.16.

For the cases in which y is close to x ,we observe that, again by the local Lipschitzian-
ity of F, there exists p(g) € (0, p/2) so that F;(Bz(Pr(x))) C B,/2(x). In particular
forevery y € B;(x) and x’ € F;(B;(Pr(x))),wehaved(y, x") < p/2+4p < p. There-
fore we conclude again by Lemma A.16 that every geodesic from y to F; (B;(Pr(x))),
with 7 € [0, 7] U [z, 0], is contained in Ay, 7. O

Proof of Proposition A.14 1t is sufficient to prove that for every ¢ > 0 there exists
p(e) > 0 such that, for every x € Ay 4¢7,—¢ and every y € B,(x) U B,(Pr(x)) it
holds

d(x, y)? u(x) (d(Pr(x>, »)?

> =u(x)+u(y) + T > —T— u(y)) . (A22)

Then (A.20) follows applying (A.22) first with x = x’ € Ajtey—e and y = y' €
B, (x) (for some p" < p(e) to be chosen) and then with x = y" and y = Pr(x”). The
second application of (A.22) is possible because d(y, Pr(x)) = d(Pr(x), Pr(y’)) <
C.d(x’,y") < Cep’ < p(e) (recall that Pr is locally Lipschitz) if we choose p’(¢)
small enough.

Fix x € Ajy+e.1y—e and let 7 € R be such that F;(Pr(x)) = x. We will assume that
t > 0, since the other case is exactly the same. Let r, § < p(g), where p(¢) is given
by (A.21). Then we also fix y € B,(x) U B,(Pr(x)). Finally we define the measures
WV, nk" as above, for ¢ € [0, 7] and s € [0, 1].
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From Theorem 2.29, we have that the curve of measures [0, 1] > 1 — ] satisfies
the continuity equation with vector field —Vu. Then combining [50, Theorem 3.5] and
[50, Proposition 3.10] we have that the function R > ¢ +— WZZ(M ,v") is absolutely
continuous and

5372 (ny, vy =— /(V(p,, Vu)du;, ae.t, (A.23)

where ¢; are suitable (Lipschitz) Kantorovich potentials from p to v. Moreover from
the second differentiation formula along Wasserstein geodesics [60, Thm. 5.13] we
have that, for every 7, [0, 1] 5 s > [u dn” is C?[0, 1] and

d 1

— [udn}" == [(Vu, Vi) dny", Vs €[0,1],

ds g (A24)
d—2 udnl" = 1 (Hess(u)(Vrg, ¥g)dn", Vs € [0, 1] .
ds? ng = §2 s, We)dng , L],

where 1/ are any choice of Kantorovich potentials from n?r tov”. Wenow fixt € [0, 7]
such that the formula in (A.23) holds. Since ntl’r = uj, we can combine it with the
firstin (A.24) at s = 1 to get

d d 1
ds ls=1 /”d’??r = —@t:lg""f(u{, vh). (A.25)

Our goal is now to derive an explicit expression for & ud 2”. To do so we
g p P s |s=1 n

use the second in (A.24) and the fact that Hess(z) = id on supp(né’r) (which is ensured
by (A.21))

d2 t,r 1 t,r 1 2 t,r
2 udny’ = 7 (Hess(u) (Virs, Ys)dny" = ) IVys|“dng” Vs € [0, 1]

We now apply the metric version of Brenier theorem ( [8], see also [15]) to obtain that
IV 2 dns” = W2(ng", v") forevery s € [0, 1], which combined with the fact that

ny” is a Wa-geodesic from WUy tov" gives
d2

e wdn'" = Wiul,v"), Vs elo,1].

Since s > [udng” is C?[0, 1], we must have [udng” = a + bs + W3 (u}, v’)%
for every s € [0, 1]. Substituting s € {0, 1} we deduce that

W- r ry2
/udng=/udvr+</udu¥—/udvr—%>s

2
W2l v’)%, Vs e [0, 11,
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using which we can finally compute

d Wa (. v")?
£|S:1/”d’7§ =/udutr —/udvr++.

Combining this with (A.25) we obtain that, setting f(¢) := Wa(u}, vr)2/2, t €[0,1],
f is absolutely continuous and

@)= /udv, —/ud,uf — f(t), ae.te(0,1).

Note that the right-hand side is actually a continuous functionin z, hence f € C 1 [0, 1].
Since we know the value of f(0) we can now find f explicitly:

r 2 !
BT =t [Ce ((fuan - [uant) o

Wo (uh, v,)2 _
—i—%eﬁ, Vielo.1].

We now let » — 07 to obtain

d(F (Pr(x)). y)* _

o / e u(y) — u(Fy (Pr(x)))ds
2 0

d(Pr(x), y)? _
A0, ) (;) Wt Vi elo,ql.
Note that to pass the limit inside the integral sign, we can use that | / ud,u§| < [lulo
Fydp” < |lu|| o and the dominated convergence theorem. Plugging in u(F(Pr(x))) =
e BuPr(x)) = e =T (see (A.15)) and choosing ¢ = 7, we obtain

d(x, y)? _ d(F(Pr(x)), »?

2 2
. o -
=u(y)e (e =)+ Te (" = 1)+ we—t _
_ P 2
= u(x) +u(y) +e’ (d(r(# —-T— u(y)) ,

T
ux)*

that is precisely (A.22), since = % log

A.6 Intrinsic Metric on the Level Set

Definition A.17 We put X’ := S7. For x’, y' € Sy we define d'(x', ') as
1
d .y = int [ ljfar,
0
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where the infimum is taken among all Lipschitz path y : [0, 1] — X’ C X joining x’
and y’ and the metric speed is computed w.r.t. the distance d.

LemmaA.18
d(x,y) <d'(x,y) <cd(x,y), foreveryx,yeX, (A.26)

where ¢ > 0 is the constant given in Proposition A.13

Proof The first in (A.26) is immediate from the definition of d’, while the second
follows directly from Proposition A.13. O

Corollary A.19 The topology induced by d' on X’ is the same as the one induced by
the inclusion X' C X.

We now define the measure m’ on X’ as

m = mr,

where my is given in Proposition A.7. Observe that, thanks to Corollary A.19, m’ is

a Borel probability measure on X’.
A straightforward computation, exploiting (A.13), gives also that

/
Pr.m|a,, = cap v,

foreverya, b € Rsuchthatty <a < b < Ty, where ¢, p = cfab rN/2=14r  with ¢ as
in Proposition A.7.

The only step that remains to conclude is to link d’ to the formula for the distance
with separation of variables given by (A.20). To do so we define a new “distance” on
St by:

d(x, y)2
4T

D(x, y) := arccos (1 — ) , VYx,y € St such that d(x, y)2 < 4T,

where we take the range of arccos(.) to be in (— /2, 7/2). We point out that D might

not be a distance on the whole S7; however, we will show that it is so at least locally.

Note also that ¢ ~'d(x, y) < D(x, y) < cd(x, y) for some constant ¢ = ¢(T) > 1.
Our main goal is to prove the following.

Proposition A.20 (D locally coincides with d’) For every p € Sy there exists r > 0
such that

d'(x, y)
V2T

To prove the above proposition we need first to show that D is locally an intrinsic
distance.

=D(x,y), Vx,ye B.(p)NSr.
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Proposition A.21 (D is a locally geodesic distance) For every p € St there exists
8 > 0 such that

i) D(.,.) is a distance when restricted to Bs(p) N St,

ii) there exists a constant » = A(T) < 1 such that for every x,y € B)s(p) NSt there
exists a Lipschitz curve y : [0, 1] —C Bs(p) N St that is a geodesic for D, i.e.
such that yo = x, y1 = y and D(y;, vs) = |t — s|D(yo, y1) for every t,s € [0, 1].

Proof We preliminarily note that for every a, b € [0, /2], there exists A € [0, 1]
such that

VA2 41 = 2xcos(a) + A2+ 1 —2xcos(b) = /2 — 2cos(a + b). (A27)

An immediate geometric proof of this fact is the following: take three points P, O, S
on the unit circle of centre O so that the length of the arcs PQ,0S and PS
is,respectively,a, b and a + b, denote by M the intersection between the segments
PS and QO, then X is precisely the distance from M to the centre O. Alternatively
(A.27) follows also by continuity and the subadditivity of /2 — 2 cos(.) in [0, 7].

Fix now ¢ > 0 small so that T € (9 + ¢, Ty — ¢) and fix p € Sr. Let also
p = p(e) > 0be the one given by Proposition A.14. By continuity of u and F; (recall
(A.14) and (A.15)) there exist § = 8(g, p) > 0,1 = f(g, p) > 0 both small and such
that F;(Bs(p)) C B, 2(p) forallt € [0, 7]. In particular

for every x, y € F;(Bs) and every ¢ € [0, 7], (A.20) holds. (A.28)

Proof of i): We only need to prove that the triangular inequality holds. We argue by
contradiction assuming that there exist x, y, z € Bs(p) N St such that

D(x, z) > D(x, y) + D(y, 2).

We also let A be the one given by (A.27) and corresponding to a = D(x, y),b =
D(y, z). Finally let r > 0 be such that e =27 = A?>T. Note that A — lasa +b — 0,
hence up to decreasing § we can assume that ¢ < . In particular thanks to (A.28) we
can apply (A.20) to x, F;(y) and to F;(y), z, that coupled with (A.27) gives

d(x, F; () + d(F,(y), 2) = /AT — 4T cos (D(x, y) + D(y. 2))
< \/4T — 4T cos (D(x, 2)),

where we have used the strict monotonicity of 4/T — cos(.). However, using again
(A.20) and the definition of D we see that /4T — 4T cos (D(x, z)) = d(x, z), which
is clearly a contradiction. This concludes the proof of 1).
Proof of ii): It is sufficient to show that for every couple of points in Bj/>(p),there
exists a D-midpoint, then the conclusion follows from standard arguments (see,e.g.
[20, Thm. 2.4.16]) and the fact that S7 is closed (with respect to d) and that D is
comparable to d.

Let x,y € St N Bs(p). Take z such that d(z, x) = d(z,y) = 4d(x, z), which
exists because (X, d) is geodesic. We claim that Pr(z) is a D-midpoint for x and y.
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Observe that from (A.28), (A.20) holds for the couple of points x, y; x, z and z, x.
From (A.20) we immediately see that

D(Pr(z), x) = D(Pr(z), y).

Hence it is sufficient to show that D(Pr(z), x) < w. To this aim set/ := D(Pr(z), x)
and [/ := d(x, z) and observe that by (A.20)

2u(x) +2T — 1> “2+1—(/V2T)
Wu@T 2 [1@)

T

cos(l~) =

Moreover, since +/2u is 1-Lipschitz in Bs(p) (provided § is small enough), we see
that %Z) € (1 =1/v2T,1 4+ 1/+/2T) and that [//2T < 1 if § is small enough.

.. . 2 _ 2
Next we observe that for any a € (0, 1) the minimum of the function % +21z 4

t e (1—a,1+a)is+/1—a?, whichis achieved at t = 4/1 — a2. Therefore

for

cos(l) > /1 — (1/2T)?2

and plugging in the identity /> = d(x, y)?/4 = T — T cos(D(x, y)) (obtained from
(A.20)) we reach

= \/T + T cos(D(x,y)) \/1 +cos(D(x, y)) (D(x, y))
cos(l) > = =cos| ——),
2T 2 2

which shows that [ < M and concludes the proof of ii). O
We are now ready to prove that D and d’ coincides inside small balls.

Proof of Proposition A.20 Fix p € St and let § = §(p) > 0, A = A(T) be the ones
given by Proposition A.21. We fix r > 0 small and to be chosen and fix x,y €
B,(p) N St. Since d’ is a geodesic distance there exists a constant speed geodesic
from x to y (for d') {y1}1e0.1] C St. Moreover from (A.26) we have that y C Bs(p),
provided r is chosen small enough. Note also that, since D is comparable with d, y is
a Lipschitz curve with respect to D (which is a metric in Bs(p) N St). Take ¢ € (0, 1)
such that |y, | exists, then since |y;| coincides with the metric speed computed using
d, we have

dWitn, v1) im Y47
h T a0 h

D 9
=\/ﬁlim Ye+n VZ).
h—0 h

d'Cx, y) = |74l = lim V1 —cosDVrth, V1))

. . . . —1
In particular the length of the curve y computed with the metric D is +/27 d'(x, y)
and since the length is always greater or equal than the distance between the two
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endpoints we just proved that

<d(x,y)_

T oVar

On the other hand, from ii) in Proposition A.21, if we choose r < A4, there exists a
curve y : [0, 1] — St N B; that is a geodesic from x to y with respect to D. As above
we have that y is a Lipschitz curve with respect to d’ and that, for any ¢ € (0, 1) such
that the metric speed |y, | (computed with D) exists, we have

D(x, y)

| = 1 lim dVitn, V1)
T T -0 b

In particular the length of the curve y with respect to the metric d’ is +/2TD(x, y),
which shows that

d'(x,y) < V2TD(x, y).

A.7 Building the Cone and Conclusion

V2T’

sure space (Y,dy,my) as the N-euclidean cone over the metric measure space
(Z,dz, mz).
Forevery) <a <b <ooweset Al , ={yeY : dy(y, Oy) € (v2a,~/2b)} =

{((r,2)eY :re(2a,v2b)}CY.

We then define the map 7T : Atlg T > ATy aS

Let us define the (Z,dz, my) as (X’, g m/). We then define the metric mea-

T((r.2) = Fl 21 ).
which is well defined thanks to (A.15), and the map S : A, 7, — AZ) T defined as

S(x) = (v 2u(x), Pr(x)). (A.29)

It is immediate from the definition that S(A, p) = AZ, , and T(Ac); ») = Aq,p forevery
to<a<b<Ty.

Moreover it is clear from the definition of Pr, (A.15) and the fact that F_, = Ffl,
that S and T are one the inverse of the other.

The following result follows from the definitions, Proposition A.14, Proposition
A.20 and Proposition A.7.

Proposition A.22 The maps S : Ayy.1y — AY - and T : AY

10, To to, To - Ato,TO are measure
preserving local isometries.
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We can now give the last details which complete the proof of the main theorem.

Proof of Theorem 6.1 We already know from above, that the maps S and 7 are measure
preserving local isometries from A, 7, to A}; 1, and viceversa.

Pick now any 7, T; € (g, o0) such that t; < 19 < T < Tp < Ty, then we can
repeat all the arguments in the previous sections with t(’), TO’ in place of ty, Ty (but
using the same 7T to define X’ as in subsect. A.4) to obtain amap S’ : Af()’Té — Atl(/’):Té
that is a local isometry, with an inverse 7', which is also a local isometry. The key
observation is that §” agrees with S in Ay, 7. Indeed from (A.29) we deduce that S” on
Ay, 1, depends only on the value of the function «’ and the map Pr’ on Ay, 7;,. From the
construction it is clear that u” agrees with u on Ay, 1,, since both agree with u on this
set. Therefore we need to show that the two projection maps Pr, Pr’' : Ay, 7, — St
agree. Suppose they donot, i.e. there exists x € Ay 7, such that Pr(x) # Pr'(x). Recall
that Pr(x) = F% log 160 (x) and that the curve ytl = F,(x) fort € [0, & log MTx)] is (up
to a reparametrization) a minimizing geodesic joining x to Pr(x) and with values in
Ay, 1> s shown in Proposition A.4. With the same argument we deduce the existence
of a geodesic y2 joining x and Pr’(x) with values in A, 1. Moreover from (A.14) we
have that d(x, Pr(x)) = d(x, Pr'(x)) = ~/2|~/T — +/u(x)|, in particular y ', y? are
geodesics with same length. Since S is a local isometry we have that the curves S (y;' )
are both geodesics in Y with the same length. In particular dy (S(x), S(Pr(x))) =
dy (S(x), S(Pr'(x))) which using the expression for S gives

V2IVT = ux)| = dy ((y2u(x), Pr(x)), (V2T , Pr(x)))
= dy ((2u(x), Pr(x)), (+/2T, Pr'(x))).

However, recalling that Pr(x) # Pr’(x) and from the definition of dy, we easily deduce
that the rightmost term in the above identity is strictly bigger than v/2|v/T — Vu(x)|,
which is a contradiction.

We can now send fo — ug and Ty — 400 and obtainamap S : {u > up} —

Y\ B /34,(Oy) which is a surjective and measure preserving local isometry. Moreover

Y
t0,To

maps S, we obtainamap T : Y \ B 5;-(Oy) — U, which is the inverse of S and a
local isometry as well.

Observe now that, since S and T are a local isometries, they send geodesics to
geodesics. This easily implies that

extending analogously the maps 7 : A — Ay, 15, Which are the inverses of the

d(x, 9{u > up}) = dy(S(x), B 34;(Oy)) = v2u(x) — v/2uo,

from which (6.1) follows.

We are now in position to apply Proposition 6.3 to obtain that Y is an RCD(0, N)
space, which is the unique tangent cone at infinity to X. Moreover from the fact that Y
isan RCD(0, N) and from (2.18) it follows that (Z, dz, mz) isanRCD(N —2, N — 1)
space satisfying diam(Z) < 7.

Suppose now that diam(Z) = =, then again from Proposition 6.3 we obtain that X
is isomorphic to Y.

@ Springer



Monotonicity Formulas for Harmonic Functions in RCD spaces Page 790f89 100

The fact that X has Euclidean volume growth was already proved in Corollary A.8.

It remains to prove the first part of ii). Let r = 4/2ug and 7 as in the statement. It is
enough to show that for every couple of points y;, yo € Y such thatdy(y;, Oy) > rz,
i = 1,2, all the geodesics connecting them are contained in {d(., Oy) > r}. Moreover
we can clearly restrict ourselves to consider points yj, y; of the form y; = (¢, z;), with
zi € Z,i = 1,2 and tr > rz. For such points we have that

dy (1, y2) = 1v/2 — 2cos(d(z1, z2)) < 1/2 — 2 cos(diam(Z))

Let now y be a geodesic between y; and y», then by the triangle inequality

Ay, Oy) > 1 — M oy <l B \/1 — cos(;ham(Z))) — . Vielo.1].

where the last identity follows from the definition of 7. O

B Appendix: Obstacle Problem in RCD
B.1 Relative Capacitary Potential for Sets with Cap-fat boundary

This appendix is devoted to the proof of the existence (and uniqueness) of a relative
capacitary potential in RCD space and we will mainly focus on boundary regularity.
The results contained here are needed only in the proof of Theorem 8.4.

Let us say that we are not proving anything substantially new, since all the results
were essentially already present in [19]. Let us also mention that the results concerning
boundary regularity and Wiener criterion for harmonic functions originally appeared
in [17, 18, 21]. However, the results we needed were spread in many different chapters
of [19] and often the language used there (for example for some type of Sobolev
spaces) does not coincide with the one we use in this note. For this reason we decided
to gather here in a self-contained exposition all the results that we required. Finally let
us say that working in the context of RCD will allow to simplify some of the arguments
in [19].

Along all this appendix (X, d, m) is an RCD(K, N) m.m.s., N < 400. Even if we
will only apply the result below for K = 0, we will consider arbitrary K for generality.
We only remark that every time a constant will depend on some radius (or diameter
of a set), in the case K = 0 this dependence can be dropped. This is a consequence of
the fact that RCD(0, N) spaces are uniformly doubling.

Our main goal is to prove the following (see below for the definition of relative
Capacity).

Theorem B.1 Let E C X be an open set and B be a ball such that E CC B. Suppose
also that E has Cap-fat boundary. Then there exists u € W(}’Z(B) N C(B), superhar-
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monic in B and harmonic in B \ EwithO<u<1l,u=1inE and
Cap(E, B) = / |Vu|? dm.
B

Moreover we have the following continuity estimate: for every x € dE it holds
1 —u(y) < Cd(y, x)*, Vy € B, 2(x)N B,

for some positive constants Cy = Cx(ry,cx, K, N,§) ax = a(ry,cx, K, N,§) > 0,
where ry, ¢y are the Cap-fatness parameters of x and § > 0 is such that d(E, B) > 4.
Finally u satisfies the following comparison principle: for every v € W1-2(B) super-
harmonic and such that v > X g m-a.e. in B, it holds that

u<v, m-ae. inB.

Definition B.2 (Variational 2-Capacity) Let E C X and 2 open containing E. We
define

Cap(E, Q)
= inf {/ |Vu|2 dm : u e WJ’Z(Q) and ¥ > 1m-a.e. in a neighbourhood of E}
Q

Definition B.3 (Cap-fat boundary points) We say that an open set E is Cap-fat at a
point x € JE if there exists r, ¢ > 0 such that

Cap(B;(x) N E, Bys(x))
Cap(Bs(x), Bys(x))  —

c, Vse(0,r).

Moreover we say that E has (uniformly) Cap-fat boundary if it is Cap-fat at every
point x € d E (with global parameters ¢, r > 0).

A geometric condition that is enough to ensure Cap-fatness of the boundary is
the following interior corkscrew condition. This follows essentially from the doubling
property of the measure and the Poincaré inequality (see for example [19, Prop. 6.16]).

Definition B.4 (Corkscrew condition) Let A € (0, 1) andr > 0. We say that E satisfies
the (interior) (A, r)-corkscrew condition at x € JE if for every s € (0, r) there exists
an ball of radius As contained in Bs(x) N E.

It is easily verified that any ball of radius > & satisfies the (interior) (1/4, 8)-
corkscrew condition. Moreover arbitrary unions of sets satisfying the (interior)
(A, r)-corkscrew condition still satisfies the (interior) (A, r)-corkscrew condition. In
particular union of balls with radius uniformly bounded below satisfies the interior
corkscrew condition. It follows that any e-enlargements of a set, i.e. a set of the form
S ={x : d(x,S) < ¢}, with e > 0 and S an arbitrary set, satisfies the interior
corkscrew condition.
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B.2 Preliminaries

We will need the following variational characterization of sub(super)harmonic func-
tions (see [59, Theorem 2.5] and also [48, 53]).

Proposition B.5 Let 2 C X be open. A functionu € W2 () is superharmonic (resp.
subharmonic) in 2 if and only if

/|Vu|2dm5/ IV (u + ¢)|*dm,
Q Q

Jorevery ¢ € LIP.(S2) with g > 0 (resp. ¢ < 0) or equivalently for every ¢ € Wé*z(Q)
with ¢ > 0 (resp. ¢ < 0) m-a.e..

Since, as shown in [74], RCD(K, N) spaces supporta (1,1) Poincare inequality and
they are also (uniformly) locally doubling, a class of Sobolev embeddings can be shown
to hold (see for example [64] and also [19, Chap. 4-5 ]). Therefore a Moser iteration
can be performed to obtain the following Harnack inequalities (see for example [65]
for the case K = 0).

Proposition B.6 For every Ry > O there exists two positive constants C; =
Ci(Ro, K—,N), i = 1,2, such that the following hold for any R < Ry

1. if u is subharmonic function in a ball Bog(x), then

esssupu < C2][ |u|dm,
Br(x) Bog(x)

2. if u is a nonnegative superharmonic function in a ball Byg(x), then

essinfu > C ][ udm.
Br(x) Bag(x)

The above Harnack inequalities imply that harmonic functions have a locally Holder
continuous representative (which is actually locally Lipschitz by [66]) and that super-
harmonic functions have a lower semicontinuous representative (see for example [19,
Theorem 8.22]). From now on we will always tacitly consider these special represen-

tatives.
Lastly, we will need the following technical lemma, whose simple proof is omitted.

LemmaB.7 Letu € Wy*(Q), then ut € Wy* ().
Letv e Wh(RQ), u € Wy*(R) be such that 0 < v < u, then v € Wy'*(R)
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B.3 The Obstacle Problem

Givenaball B C X anda (Borel) set E CC B we consider the following minimization
problem

Obs(E, B) := inf /|Vu|2dm, (0)
B

ME]'—E,B

where Fg p ={u € W(}’z(B) :u > Xg m-ae.in B}.
It is clear that if E is open, then

Obs(E, B) = Cap(E, B).

The proof of the following result is a straightforward application of the direct
method of the calculus of variations, recalling that the embedding W(; ‘Z(B) — L2(X)
is compact (see for example [54, Theorem 6.3]) and from the lower semi continuity
and (strict) convexity of the Cheeger energy.

Proposition B.8 There exists a unique minimizer to (O). Moreover this minimizer is
superharmonic in E.

We now show the two main properties of the minimizers of (O): the first is that u is
harmonic far from the obstacle E and the second says that u is essentially the smallest
superharmonic function which stays above X g.

Proposition B.9 Let u be the minimum of (O) for some E CC B. Then u = 1 m-a.e.
in E and the following hold:

1. u is harmonic in B \ E,
2. comparison principle: for every v € WY2(B) superharmonic and such that v >
X E, m-a.e., it holds that

u<v, m-ae.inB.
Proof We start by showing thatu < 1 m-a.e.in B.Indeedu Al € Fg p and fB [V(un
D> < [51Vul*dm, from which the claim follows. Since u > X g, m-a.e. it also
follows that u = 1 m-a.e. in E.

We pass to the harmonicity. Fix ¢ € LIP.(B \ U). Clearly (u 4+ ¢)* € Fg_ 3,
therefore

/ |V<u+qo>|2dmz/ IV + )P dm
B\E B\E

:/ |V<u+¢>+|2dm—/ IVulzdmz/ VuPdm,
B E B\E

where in the equality step we have used that ¢ = 01in E and the locality of the gradient.
This and Proposition B.5 prove the claimed harmonicity.
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It remains to prove the comparison principle. We start claiming that (u — v)* €
Wé’2(B) and min(u, v) € Fg p. Indeed we have that 0 < (u — v)T <u, m-ae.in B
and X g < min(u, v) < u m-a.e. in B, therefore the claim follows applying Lemma
B.7.

Observe that max(u, v) = v + (u — v)™, hence from the superharmonicity of v,
Proposition B.8, and the locality of the gradient we have

/ |Vu|2dmz/ |Vv|? dm.
{u>v} {u>v}

Therefore from the locality of the gradient it follows that

/|Vmin(u,v)|2dm§/ [Vu|* dm,
B B

that combined with min(u, v) € Fg_p and the uniqueness of the solution to (O) implies
that min(u#, v) = u m-a.e. in B. O

We conclude this part with the following technical result.

LemmaB.10 Let u be the minimum of (O) for some E CC B. Then for every m €
(0, 11, the function - A 1 is the minimum of (O) in B with E = {u > m}.

Proof Set u,, = % A 1 and fix v € Fpsm), . Observe that u,, > X{y>m) and
that u,, € W(}’2(B) by Lemma B.7, hence u,, € F{,>m),p. Define the function
u :=u—+m(v—u,) and observe that u € W(;’Z(E). Moreover u > u > O m-a.e.in B
and, since from Proposition B.9 # = 1 m-a.e. in E, we also have that u = 1 m-a.e. in

E. Therefore u € Fg_p. This and the fact that u = mv m-a.e.in {u <m}andu = u
m-a.e. in {u > m} gives

1
/le|2dmz/ Vol dm > — |Vu|2dm=/ Vit |* dm.
B {u<m} m= Jiu<m) B

Since v € Fu>m),p Was arbitrary we conclude. O

B.4 Proof of Theorem B.1

Proposition B.11 For every ry < 4diam(X) there exists C = C(ro, K, N) > 0 such
that the following holds. Let E C B,(x) be open, r < rg let 2B = By, (x) and let u
be the solution to (O) for E in 2B. Then

Cap(E, 2B)

, -a.e. in B, (x).
u > Cap(B.2B) m-a.e. in B, (x)

Proof Set B’ = B% ,(x) and observe that, since ro < 4diam(X), dB" # #. Define

m = maxyp u, which exists because u is continuous in d B’. We claim that m > 0.
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Indeed if m = 0, from the maximum principle (Proposition 2.15) we would have that
u = 0 in the ball 2B (recall that balls are connected), and thus # = 0 in E, which
contradicts the fact that u = 1 m-a.e. in E with E open. We claim that

u<m, in2B\B. (B.1)

To see this let m’ > m and observe that (u — m’)™ < u™ hence by Lemma B.7
w—mHT e W6’2(2B). Moreover, from the continuity of u and the definition of m,we
have that (u —m’)™ = 0 in a neighbourhood of 8 B’. These two observations together
imply that (u — m')* € Wy'>(2B \ B'). Observe that min(u, m') = u — (u — m’)*
hence from harmonicity of # we deduce that

/ |Vu|2dm§/ |V min(u, m)|* dm,
2B\B’ 2B\B’

which combined with the locality of the gradient gives that |Vu| = 0 m-a.e. in {2B \
B’} N {u > m'}. Therefore again by locality |V (max(u, m))| = 0 m-a.e. in {2B \ B’}
and thus u < m’ in 2B \ B’. Since m’ > m was arbitrary (B.1) follows.

Define the functions uy = % A 1, up = 7751 and observe that uy, uy € Fg 23.

In particular for every ¢ € (0, 1) tu1 + (1 — t)uz € Fg2p and

/ [Vul>dm < 2 dm + (1 — 1)° Dy,
2B

where [; = f2 g |Vu; |> dm. Optimizing in f we obtain that

1 1 1

SN L (B.2)
IZB |[Vu|? dm I I

Observe now that up = Oin {u < myand ur = (1 —m) ' — 1) in {u > m}
, therefore |Vuz| = Xy=my|Vul(l — m)~! m-a.e. in 2B. In particular I, < (1 —
m)~2 [, IVu|* dm, that combined with (B.2) gives

Cap(E,2B) = / IVul>dm < @m — m>) 1, < 2ml;.
2B

This combined with Lemma B.10 gives

Cap(E,2B) < 2m Obs({u > m},2B)
< 2m Obs(B’,2B) = 2mCap(B’, 2B), (B.3)

where in the second inequality we have used (B.1).
From the definition of m, there exists a ball B” = B, />(y) with y € 3B’ such that
supgr u > m. Applying twice the Harnack inequality, recalling that « is harmonic in

@ Springer



Monotonicity Formulas for Harmonic Functions in RCD spaces Page 850f89 100

B” and superharmonic in B, and using the doubling property, we obtain that

m <supu < C(rg, K, N) essBinfu.
B//

The conclusion then follows from (B.3) and recalling that thanks to the doubling
condition and the Poincaré inequality we have Cap(B’,2B) < cCap(B,2B), for
some constant ¢ depending only on rp, K and N (see [19, Prop. 6.16]) O

Theorem B.12 For every ro < 4diam(X) there exists C = C(rg, K, N) > 0 such that
the following holds. Let E C B,(x) be open, r < ro, and set B; := Bji-i.(x) for
i € NU{0}. Let u be the capacitary potential for E in By, then for everyi > 1 it holds
that

i
Cap(ENB;, Bj_
1—u<exp —CZ P i Bi-1)

, m-a.e. in B;.
Cap(Bj, Bj_1)

j=1

Proof Let u; be the solution to (O) for E N B; in B;y; (in particular u = u;) and
define q; := % for i € N. Proposition B.11 ensures that

essinfu; > Ca; > 1 - e Cai, (B.4)

i

Define the functions v; € W&’Q(Bo) inductively as vy = uj and v; = 1 — eCai-1(1 —
vi_1), for i > 2. Observe that, since u; is superharmonic in By, v; is superharmonic
in By for all i > 1. We claim that

v; >0, m-ae.in B;_1. (B.5)

We will actually show the stronger estimate v; > u; m-a.e. in B;_j. We proceed by
induction. By definition v; = u1, now suppose that v; > u; in B;_1. It follows from
(B.4) that vi41 > 1 — e (1 — u;) > 0 m-a.e. in B;. Moreover, since u; = 1 in
E N By, evidently v;+1 = 1 m-a.e. in £ N B;;1. Combining these two observations
we obtain that v; 11 > X gng;,, m-a.e. in B;. Recalling that v; is superharmonic in
B (and thus also on B;) we can apply the comparison principle of Proposition B.9 to
deduce that v; 1| > u;4+1 m-a.e. in B;. This proves the claim. Therefore from (B.5)

l—u=1—v = C@THa-D _y) < Cl@t+ai-1) 1 ge in B,

that concludes the proof. O

Proof of Theorem B.1 Fix x € dF and let c, r be its Cap-fat parameters. Let B’ :=
By, (x) withrg := (§Ar)/4 and let u to be the solution to (O) for E in2B’. Fix y € B’\E
with d(y, x) < r/2. There exists i € Ny such that 27"~ 1ry < d(x, y) < 27iry < r.
Therefore from Theorem B.12 and the continuity of « in B’ \ E we have

1—u(y) < () <27 < @rgHeCd(x, y)©€
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= (88 Ar)~“Cd(x, y)©C. (B.6)

Let now u to be the solution of (O) for E in B (where B is as in the hypotheses). Fix
x € 0F and let u as in the previous part of the proof. Since By, (x) C B, from the
comparison principle of Proposition B.9, we have that # > u m-a.e. in B,,(x) and
since both # and u are continuous in By, (x) \ E we have that (B.6) holds for i and
every y € B\ E with d(y, x) < r/2. This proves that limBrO(x)\an_)x u(y) =1 for
every x € dE (recall that # < 1) and since u is also lower semicontinuous we deduce
thatit = 1in E.

The comparison principle is already contained in Proposition B.9. O

References

1. Almgren, F., Jr.: Q-valued functions minimizing Dirichlet’s integral and the regularity of area mini-
mizing rectifiable currents up to codimension two, preprint
2. Ambrosio, L.: Transport equation and Cauchy problem for BV vector fields. Invent. Math. 158, 227—
236 (2004)
3. Ambrosio, L., Brug, E., Semola, D.: Rigidity of the 1-Bakry—Emery inequality and sets of finite
perimeter in RCD spaces. Geom. Funct. Anal. 29(4), 949-1001 (2019)
4. Antonelli, G., Brug, E., Semola, D.: Volume bounds for the quantitative singular strata of non collapsed
RCD metric measure spaces. Anal. Geom. Metr. Spaces 7(1), 158-178 (2019)
5. Ambrosio, L., Di Marino, S.: Equivalent definitions of BV space and of total variation on metric
measure spaces. J. Funct. Anal. 266(7), 4150-4188 (2014)
6. Agostiniani, V., Fogagnolo, M., Mazzieri, L.: Sharp geometric inequalities for closed hypersurfaces in
manifolds with nonnegative Ricci curvature. Invent. Math. 222(3), 1033-1101 (2020)
7. Ambrosio, L., Gigli, N., Savaré, G.: Density of Lipschitz functions and equivalence of weak gradients
in metric measure spaces. Revi. Ma. Iberoamericana 29(3), 969-996 (2013)
8. Ambrosio, L., Gigli, N., Savaré, G.: Calculus and heat flow in metric measure spaces and applications
to spaces with Ricci bounds from below. Invent. Math. 195(2), 289-391 (2014)
9. Ambrosio, L., Gigli, N., Savaré, G.: Metric measure spaces with Riemannian Ricci curvature bounded
from below. Duke Math. J. 163(7), 1405-1490 (2014)
10. Ambrosio, L., Honda, S.: New Stability Results for Sequences of Metric Measure Spaces with Uniform
Ricci Bounds from Below. Measure Theory in Non-smooth Spaces. Partial Differ. Equ. Meas. Theory,
pp. 1-51. De Gruyter Open, Warsaw (2017)
11. Ambrosio, L., Honda, S.: Local spectral convergence in RCD*(K, N) spaces. Nonlinear Anal. 177,
1-23 (2018). (part A)
12. Ambrosio, L., Honda, S., Tewodrose, D.: Short-time behavior of the heat kernel and Weyl’s law on
RCD*(K, N) spaces. Ann. Glob. Anal. Geom. 53(1), 97-119 (2018)
13. Agostiniani, V., Mazzieri, L.: Monotonicity formulas in potential theory. Calc. Var. Part. Differ. Equ.
59(1), 6 (2020)
14. Ambrosio, L., Mondino, A., Savaré, G.: On the Bakry-Emery condition, the gradient estimates and the
local-to-global property of RCD* (K, N) metric measure spaces. J. Geom. Anal. 26(1), 24-56 (2016)
15. Ambrosio, L., Rajala, T.: Slopes of Kantorovich potentials and existence of optimal transport maps in
metric measure spaces. Ann. Mat. Pura Appl. 2011, 1-17 (2011)
16. Ambrosio, L., Trevisan, D.: Well-posedness of Lagrangian flows and continuity equations in metric
measure spaces. Anal. PDE 7(5), 1179-1234 (2014)
17. Bjorn, J.: Wiener criterion for Cheeger p-harmonic functions on metric spaces. Adv. Stud. Pure Math.
44, 103-115 (2006)
18. Bjorn, J.: Fine continuity on metric spaces. Manuscripta Math. 125, 369-381 (2008)
19. Bjorn, A., Bjorn, J.: Nonlinear potential theory on metric spaces, EMS Tracts in Mathematics, 17,
European Mathematical Society (EMS), Ziirich (2011)
20. Burago, D., Burago, Y., Ivanov, S.: A Course in Metric Geometry. Graduate Studies in Mathematics
33, American Mathematical Society, Providence, RI (2001)

@ Springer



Monotonicity Formulas for Harmonic Functions in RCD spaces Page 87 0f 89 100

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

37.

38.

39.

40.

41.

42.

43.

44.

45.
46.

47.

48.

49.

Bjorn, J., MacManus, P., Shanmugalingam, N.: Fat sets and pointwise boundary estimates for p-
harmonic functions in metric spaces. J. Anal. Math. 85, 339-369 (2001)

Brue, E., Pasqualetto, E., Semola, D.: Rectifiability of the reduced boundary for sets of finite perimeter
over RCD(K, N) spaces, preprint. arXiv:1909.00381

Brue, E., Pasqualetto, E., Semola, D.: Rectifiability of RCD(K, N) spaces via §-splitting maps. Ann.
Fennici Math. 46(1), 465—482 (2021)

Brue, E., Naber, A., Semola, D.: Boundary regularity and stability for spaces with Ricci bounded
below. Invent. Math., to appear

Brue, E., Semola, D.: Constancy of the dimension for RCD(K, N) spaces via regularity of Lagrangian
flows. Commun. Pure Appl. Math. 73(6), 1141-1204 (2020)

Cavalletti, F., Mondino, A.: New formulas for the Laplacian of distance functions and applications.
Anal. PDE 13, 2091-2147 (2020)

Cheeger, J.: Differentiability of Lipschitz functions on metric measure spaces. Geom. Funct. Anal.
GAFA 9, 428-517 (1999)

Cheeger, J.: Quantitative differentiation: a general formulation. Commun. Pure Appl. Math. 65(12),
1641-1670 (2012)

Cheeger, J., Colding, T.: Lower bounds on Ricci curvature and the almost rigidity of warped products.
Ann. Math. (2) 144(1), 189-237 (1996)

Cheeger, J., Colding, T.: On the structure of spaces with Ricci curvature bounded below. I. J. Differ.
Geom. 46(3), 406480 (1997)

Cheeger, J., Naber, A.: Lower bounds on Ricci curvature and quantitative behavior of singular sets.
Invent. Math. 191(2), 321-339 (2013)

Cheeger, J., Naber, A.: Regularity of Einstein manifolds and the codimension 4 conjecture. Ann. Math.
(2) 182(3), 1093-1165 (2015)

Chen, L.: Almost volume cone implies almost metric cone for annuluses centered at a compact set in
RCD(K, N)-spaces, preprint. arXiv:2112.09353

Cheng, S.Y., Yau, S.T.: Differential equations on Riemannian manifolds and their geometric applica-
tions. Commun. Pure Appl. Math. 28(3), 333-354 (1975)

Colding, T.: New monotonicity formulas for Ricci curvature and applications. 1. Acta Math. 209(2),
229-263 (2012)

. Colding, T., Minicozzi, W.P.: Monotonicity and its analytic and geometric implications. Proc. Natl.

Acad. Sci. USA 110(48), 19233-19236 (2013)

Colding, T., Minicozzi, W.P.: Ricci curvature and monotonicity for harmonic functions. Calc. Var. Part.
Differ. Equ. 49(3—4), 1045-1059 (2014)

Colding, T., Minicozzi, W.P.: On uniqueness of tangent cones for Einstein manifolds. Invent. Math.
196(3), 515-588 (2014)

Colding, T., Naber, A.: Characterization of tangent cones of noncollapsed limits with lower Ricci
bounds and applications. Geom. Funct. Anal. 23, 134-148 (2013)

De Philippis, G., Gigli, N.: From volume cone to metric cone in the nonsmooth setting. Geom. Funct.
Anal. 26(6), 1526-1587 (2016)

De Philippis, G., Gigli, N.: Non-collapsed spaces with Ricci curvature bounded from below. J. Ec.
polytech. Math. 5, 613-650 (2018)

Debin, C., Gigli, N., Pasqualetto, E.: Quasi-continuous vector fields on RCD spaces. Potential Anal.
54(1), 183-211 (2021)

DiPerna, R.J., Lions, P.L.: Ordinary differential equations, transport theory and Sobolev spaces. Invent.
Math. 98, 511-547 (1989)

Erbar, M., Kuwada, K., Sturm, K.-T.: On the equivalence of the entropic curvature-dimension condition
and Bochner’s inequality on metric measure spaces. Invent. Math. 201(3), 993-1071 (2015)

Gigli, N.: The splitting theorem in non-smooth context, preprint. arXiv:1302.5555 (2013)

Gigli, N.: An overview of the proof of the splitting theorem in spaces with non-negative Ricci curvature.
Anal. Geom. Metr. Spaces 2(1), 169-213 (2014)

Gigli, N.: Nonsmooth differential geometry- an approach tailored for spaces with Ricci curvature
bounded from below Mem. Am. Math. Soc. 251, 1196 (2018)

Gigli, N.: On the differential structure of metric measure spaces and applications. Mem. Am. Math.
Soc. 236, 1113 (2015)

Gigli, N., Han, B.: Independence on p of weak upper gradients on RCD spaces. J. Funct. Anal. 271(1),
1-11 (2016)

@ Springer


http://arxiv.org/abs/1909.00381
http://arxiv.org/abs/2112.09353
http://arxiv.org/abs/1302.5555

100 Page 88 of 89 N. Gigli, I. Y. Violo

50.

SI.
52.

53.
54.
55.
56.

57.

58.
59.
60.

61.
62.

63.
64.

65.
66.

67.
68.
69.

70.
. Lott, J., Villani, C.: Ricci curvature for metric-measure spaces via optimal transport. Ann. Math. (2)

72.
73.
74.
75.
76.
71.
78.
79.

80.

Gigli, N., Han, B.: The continuity equation on metric measure spaces. Calc. Var. Part. Differ. Equ.
53(1-2), 149-177 (2015)

Gigli, N., Han, B.: Sobolev spaces on warped products. J. Funct. Anal. 275(8), 2059-2095 (2018)
Gigli, N., Kuwada, K., Ohta, S.-1.: Heat flow on Alexandrov spaces. Commun. Pure Appl. Math. 66,
307-331 (2013)

Gigli, N., Mondino, A.: A PDE approach to nonlinear potential theory in metric measure spaces. J.
Math. Pures Appl. 100(4), 505-534 (2013)

Gigli, N., Mondino, A., Savaré, G.: Convergence of pointed non-compact metric measure spaces and
stability of Ricci curvature bounds and heat flows. Proc. Lond. Math. Soc. (3) 11(5), 1071-1129 (2015)
Gigli, N., Pasqualetto, E.: Behaviour of the reference measure on RCD spaces under charts, preprint
arXiv:1607.05188

Gigli, N., Pasqualetto, E.: Equivalence of two different notions of tangent bundle on rectifiable metric
measure spaces, submitted, preprint arXiv:1607.05188

Gromov, M.: Metric structures for Riemannian and non-Riemannian spaces, Modern Birkauser Clas-
sics, Birkauser Boston Inc., Boston, MA, english ed., (2007). Based on the 1981 French original, With
appendices by M. Katz, P. Pansu and S. Semmes, Translated from the French by Sean Michael Bates
Gigli, N., Rigoni, C.: Recognizing the flat torus among RCD* (0, N) spaces via the study of the first
cohomology group. Calc. Var. Part. Differ. Equ. 57(4), 104 (2018)

Gigli, N., Rigoni, C.: A note about the strong maximum principle on RCD spaces. Can. Math. Bull.
62(2), 259-266 (2019)

Gigli, N., Tamanini, L.: Second order differentiation formula on RCD*(K, N) spaces. J. Eur. Math.
Soc. 23, 1727-1795 (2021)

Gigli, N., Violo, L. Y.: In progress

Grigor’yan, A.: Heat kernels on weighted manifolds and applications. Am. Math. Soc. 398, 93-191
(2006)

Han, B.: Ricci tensor on RCD* (K, N) spaces. J. Geom. Anal. 28(2), 1295-1314 (2018)

Hajtasz, P., Koskela, P.: Sobolev meets Poincaré. C. R. Acad. Sci. Paris Sér. I Math. 320(10), 1211-1215
(1995)

Hua, B., Kell, M., Xia, C.: Harmonic functions on metric measure spaces, preprint arXiv:1308.3607
Jiang, R.: Cheeger-harmonic functions in metric measure spaces revisited. J. Funct. Anal. 266(3),
1373-1394 (2014)

Jiang, R., Li, H., Zhang, H.: Heat kernel bounds on metric measure spaces and some applications.
Potential Anal. 44(3), 601-627 (2016)

Ketterer, C.: Cones over metric measure spaces and the maximal diameter theorem. J. Math. Pures
Appl. 103, 1228-1275 (2015)

Kuwada, K., Li, X.-D.: Monotonicity and rigidity of the JV-entropy on RCD(0, N) spaces. Manuscripta
Math. 164(1-2), 119-149 (2021)

Li, P, Yau, S.T.: On the parabolic kernel of the Schrodinger operator. Acta Math. 156, 153-201 (1986)

169, 903-991 (2009)

Miranda, M., Jr.: Functions of bounded variation on “good” metric spaces. J. Math. Pures Appl. 82(8),
975-1004 (2003)

Mondino, A., Naber, A.: Structure theory of metric measure spaces with lower Ricci curvature bounds.
J. Eur. Math. Soc. 21(6), 1809-1854 (2019)

Rajala, T.: Local Poincaré inequalities from stable curvature conditions on metric spaces. Calc. Var.
Part. Differ. Equ. 44(3—-4), 477-494 (2012)

Rajala, T., Sturm, K.-T.: Non-branching geodesics and optimal maps in strong CD(K, co)-spaces.
Calc. Var. Part. Differ. Equ. 50(3—4), 831-846 (2014)

Savaré, G.: Self-improvement of the Bakry-Emery condition and Wasserstein contraction of the heat
flow in RCD(K, 0o) metric measure spaces. Discret. Contin. Dyn. Syst. 34(4), 1641-1661 (2014)
Shanmugalingam, N.: Newtonian spaces: an extension of Sobolev spaces to metric measure spaces.
Rev. Mat. Iberoamericana 16, 243-279 (2000)

Sturm, K.-T.: Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the fundamental
solutions of parabolic equations. Osaka J. Math. 32, 275-312 (1995)

Sturm, K.-T.: Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality. J. Math. Pures
Appl. 75, 273-297 (1996)

Sturm, K.-T.: On the geometry of metric measure spaces. I. Acta Math. 196, 65-131 (2006)

@ Springer


http://arxiv.org/abs/1607.05188
http://arxiv.org/abs/1607.05188
http://arxiv.org/abs/1308.3607

Monotonicity Formulas for Harmonic Functions in RCD spaces Page 89 0f89 100

81. Sturm, K.-T.: On the geometry of metric measure spaces. II. Acta Math. 196, 133—177 (2006)

82. Varopoulos, NTh.: Green’s functions on positively curved manifolds. II. J. Funct. Anal. 49(2), 170-176
(1982)

83. Villani, C.: Optimal Transport: Old and new, Grundlehren der Mathematischen Wissenschaften, vol.
338. Springer-Verlag, Berlin (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Monotonicity Formulas for Harmonic Functions in RCD(0,N) Spaces
	Abstract
	1 Introduction and Main Results
	2 Preliminaries and Notations
	2.1 Calculus Tools
	2.1.1 Sobolev Spaces Via Test Plans
	2.1.2 Tangent Module
	2.1.3 Local Sobolev Spaces
	2.1.4 Laplacian and Divergence Operators

	2.2 RCD Spaces
	2.2.1 Localized Bochner Inequality
	2.2.2 (Sub)harmonic Functions in RCD Spaces
	2.2.3 pmGH-Convergence
	2.2.4 Stability Results Under pmGH-Convergence

	2.3 Regular Lagrangian Flows
	2.3.1 Functions of Bounded Variation

	3 Nonparabolic RCD Spaces
	3.1 The Green Function
	3.2 Number of Ends

	4 New Estimates for Harmonic Functions
	4.1 Preliminary Calculus Rules
	4.2 Second-Order Estimates for Harmonic Functions

	5 The Monotonicity Formula
	5.1 Decay Estimates
	5.2 Monotonicity

	6 Functional Versions of the Rigidity and Almost Rigidity
	6.1 From Outer Functional Cone to Outer Metric Cone
	6.1.1 The Blow Down Argument
	6.1.2 Local a-Priori Estimate for Regular Lagrangian Flows in RCD Spaces

	6.2 From Almost Outer Functional Cone to Almost Outer Metric Cone


	7 Rigidity and Almost Rigidity from the Monotonicity Formula
	7.1 Rigidity
	7.2 Almost Rigidity

	8 The Electrostatic Potential
	A Appendix: From Outer Functional Cone to Outer Metric Cone - Additional Details
	A.1 The Gradient Flow of u and Its Effect on the Measure
	A.2 Effect on the Dirichlet Energy
	A.3 Precise Representative of the Flow
	A.4 Properties of Level Set {u=T}
	A.5 The Cosine Formula Holds
	A.6 Intrinsic Metric on the Level Set
	A.7 Building the Cone and Conclusion

	B Appendix: Obstacle Problem in RCD
	B.1 Relative Capacitary Potential for Sets with Cap-fat boundary
	B.2 Preliminaries
	B.3 The Obstacle Problem
	B.4 Proof of Theorem B.1

	References








