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1 Introduction

The classification of 5d superconformal field theories (SCFTs) has historically rested on two
pillars: the availability of toric models (and their associated (p, q)-web descriptions [1, 2])
and the existence of a weakly-coupled gauge theory regime somewhere on the moduli space.
In this work, we demonstrate that both pillars are optional. We uncover a vast landscape
of 5d SCFTs that are intrinsically non-toric and, more strikingly, possess an exotic type of
matter which, when activated, drives the theory away from the weak-coupling limit. These
theories reside at canonical singularities that defy standard classification schemes, such as
those found in [3–5] among many other works, and are characterized by a novel matter
sector we refer to as Pagoda matter.
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The core of our construction is a non-toric generalization of the conifold known as the
Reid Pagoda [6], defined by the hypersurface uv = z2 − w2k in ℂ4. While the parent Pagoda
describes a rank-zero theory with a single floppable ℙ1, we systematically generate rank-N
theories by taking abelian orbifolds of the form (YPagoda)/H, with YPagoda the Reid Pagoda
singularity. Using the McKay correspondence, we provide the complete BPS quiver and
superpotential for these theories.

The physical “punch-line” of these geometries is a mechanism we call the freezing of
the gauge coupling. In standard 5d SCFTs, the inverse bare coupling m0 corresponds to a
tunable Kähler modulus — the volume of a base curve. In our Pagoda-orbifold constructions,
however, the vacuum expectation values of the “Pagoda matter” sector act as an obstruction.
Specifically, activating these VEVs forces the Kähler modulus to vanish (m0 → 0), effectively
removing the weak-coupling “buffer.” As a result, the theory is intrinsically strongly coupled
at the origin of the Coulomb branch and cannot be continuously deformed to a perturbative
non-Abelian gauge theory.

Finally, we provide a robust physical interpretation of this phenomenon by viewing these
5d SCFTs as deformations of toric orbifolds (such as local 𝔽2) by a non-constant flavor
background. By promoting the global flavor symmetry parameters to position-dependent
Higgs fields Φ(w), we show that the geometry now has only an isolated point-like singularity
supporting a localized sector of fluctuations. We explain how the exotic Pagoda matter is
“trapped” by the geometry and elucidating the observed obstruction of the Kähler moduli.
We bolster our claim by supplying a 3d mirror symmetry analysis of D2-brane probes of
our geometries, based on work in progress [7].

These results open up several new directions for future investigation. Among the most
interesting are the analysis of wall-crossing and the stability of BPS states, aimed at deter-
mining the BPS spectrum of the theories presented here, and the extension of the procedure
developed in this paper to higher-length flops [8], i.e., isolated threefold singularities general-
izing Reid’s Pagoda. In the latter case, preliminary results suggest that infinite families of
higher-rank 5d SCFTs emerge from abelian orbifolds of the Laufer length-two flop.

Before proceeding, we would like to point out some unresolved issues that pertain not
only to our constructions, but to 5d SCFT constructions in general. Namely, the requirement
for a conical metric for the CY in order to have a non-trivial fixed point. To our knowledge,
this is only understood in the context of D3-probe theories, which have four supercharges, in
a large-N holographic setting [9]. Whether this has any pertinence to geometric engineering
on M-theory, with eight supercharges is not obvious to the authors.

In this paper, we will assume that M-theory on a canonical CY threefold singularity
gives rise to a 5d N = 1 SCFT, as has been assumed in most of the literature. In any case,
the Pagoda threefolds are believed not to admit conical metrics, but admit asymptotically
conical metrics according to [10].

Outline. Section 2 reviews the Reid Pagoda and its quiver description. Section 3 develops
the orbifold construction at the level of quivers and superpotentials. Section 4 analyses the
resulting moduli spaces and their compact 4-cycles. Section 5 derives the central physical
result: the freezing of the gauge coupling at infinity. Section 6 offers a physical interpretation
of the construction in terms of a non-constant flavour background, first from the viewpoint
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Figure 1. Abelian Klebanov-Witten quiver.

of D2-branes and then directly in 5d. Finally, section 7 extends the construction to more
general abelian orbifolds, giving explicit BPS quivers with superpotentials for new 5d theories
with rank anywhere from zero to an arbitrary high number. In appendix A we briefly recall
all the necessary information about BPS quivers of 5d geometrically engineered QFTs.

2 The parent theory: Pagoda flops

The first ingredient we need is a construction of threefolds that behave very similarly to
the conifold, usually described as the equation in ℂ4

Xconifold : uv = z2 + w2 , (2.1)

which admits a small resolution X̃conifold, such that the smooth threefold is the total space
of the normal bundle to the flopping curve, i.e.:

X̃conifold ∼= O(−1)⊕O(−1)ℙ1 . (2.2)

This resolved space admits a description as the moduli space of the Abelian Klebanov-Witten
quiver [9] (see figure 1).

For this Abelian case, the superpotential is trivial, and the moduli space is toric. The
quiver (with superpotential) can be physically interpreted either as the d = 4,N = 1 theory
on a probe D3-brane, or as the supersymmetric quantum mechanics of a probe D0-brane. In
this paper, we will always choose the D0-brane interpretation, which will be later generalized
beyond the abelian case through the notion of BPS quivers [11–13]. Therefore, all arrows
appearing in our quivers are to be interpreted as chiral multiplets for d = 1,N = 4 quiver
quantum mechanics. M-theory on the conifold is believed to give rise to a 5d (trivial) SCFT
with a free hypermultiplet, realized by an M2-brane wrapping the exceptional ℙ1. The only
non-vanishing Gopakumar-Vafa invariant is ng=0

d=1 = 1, which matches this expectation.
Our main object of interest will be the class of local Calabi-Yau threefolds known as

Reid’s Pagodas [6], given by

Xk−Pagoda : uv = z2 − w2k . (2.3)

They are an infinite family indexed by an integer k, with the k = 1 case being the conifold.
They too, admit a small resolution that gives rise to a single floppable ℙ1. Much like the
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Figure 2. The D0-brane quiver of the Reid Pagoda.

conifold, we can perform a small resolution of this via the following standard procedure:
We enhance the ambient space from ℂ4 to a product space ℂ4 × ℙ1, and we impose the
following system of constraints:

R ·
(

s1
s2

)
= 0 ⊂ ℂ4

u,v,z,w × ℙ1
[s1:s2] , (2.4)

whereby

R :=
(

u z + wk

z − wk v

)
(2.5)

is a two-by-two matrix whose determinant is the defining equation for the Pagoda hypersurface.
Hence, along the hypersurface rk(R) ≤ 1, and the matrix-valued constraint (2.4) fixes a point
in ℙ1. Whenever R = 0 strictly, then (2.4) is trivially satisfied, and a whole ℙ1 is ‘freed
up’. Similarly to the conifold, this resolution can be described as the moduli space of the
quiver in figure 2, with U(1) × U(1) gauge group.

The theory exhibits a manifest SU(2) flavor symmetry acting on the bifundamental fields.
The pairs (α1, α2) and (β1, β2) each transform as doublets under this symmetry. To write
the superpotential compactly and manifestly invariant, we introduce the SU(2)-invariant
symplectic contraction:

α · β := ϵijαiβj = α1β2 − α2β1 . (2.6)

With this notation, the superpotential takes the form:

W = Tr
[
w1

(
α · β + 1

k + 1wk
1

)
+ w2

(
β ·α− 1

k + 1wk
2

)]
. (2.7)

The sum of the two terms linear in the wi’s give the usual superpotential that would
have led to ℂ2/ℤ2 × ℂ. For k = 1, the higher order terms correspond to the mass terms
used by Klebanov and Witten.

One easily recovers the singular geometry by defining the bilinear invariants. The F-term
equations with respect to w1 and w2 impose:

α · β + wk
1 = 0 and− (β ·α) + wk

2 = 0 . (2.8)

Using the property that β · α = −α · β in the abelian case, this implies:

wk
1 = −(α · β) and wk

2 = β ·α = −(α · β) . (2.9)

– 4 –
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The F-terms of α and β imply that w1 = w2 ≡ w, so we simply write:

α1β2 − α2β1 = −wk . (2.10)

We define the remaining affine coordinates as the symmetric combinations of the fields (with
a factor of 2 for convenience):

u ≡ 2α1β1 , v ≡ 2α2β2 , z ≡ α1β2 + α2β1 . (2.11)

To find the relation between them, we square the z coordinate and use the F-term constraint:

z2 − w2k = (α1β2 + α2β1)2 − (α1β2 − α2β1)2 = 4(α1β2)(α2β1) . (2.12)

Comparing this to the product uv, we see:

uv = (2α1β1)(2α2β2) = 4α1β2α2β1 . (2.13)

Thus, we recover the Reid Pagoda equation exactly:

uv − z2 + w2k = 0 . (2.14)

The key point of interest about the Pagoda is that, despite having a single exceptional
(floppable) ℙ1, its GV invariant is ng=0

d=1 = k. This suggests a flavor symmetry of USp(2)
rather than USp(2k).

The fact that this geometry has only a single ℙ1 has the striking consequence that only
one real mass parameter is available. The corresponding Kähler modulus gives an equal
mass to all k matter fields, without possibility of tuning them independently. The QFT
explanation for such a phenomenon is not known to us. One possible mechanism for this
might be a discrete Sk gauge symmetry acting on the matter fields.

This peculiar matter sector is central to our construction of non-toric 5d SCFTs.

3 The orbifold construction

In the previous subsections, we constructed rank-zero theories. By orbifolding these geometries,
however, four-cycles will inevitably be generated, taking us to rank-one theories. As before, the
geometry will emerge from a quiver, that will be obtained through a powerful mathematical
construction known as the McKay correspondence. These (not necessarily abelian) quivers
are known as BPS quivers, and describe the supersymmetric quantum mechanics on the
worldline of BPS states formed by D0-D2-D4 bound states on the orbifold, see appendix A
for more details.

3.1 Orbifold quivers and the McKay correspondence

We construct the orbifold theory following the logic of the McKay correspondence. One can
think of what we are about to recall as a vast generalization of the original work of Douglas and
Moore [14] describing D-branes probing orbifolds ℂ2/ℤN . In its general formulation [15], the
McKay correspondence is formulated as an equivalence between BPS states on a CY3 Y and
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on the resolution of its orbifold Y/H by a finite group H.1 In practice, this gives an explicit
construction of fractional branes of the theory in terms of irreducible representations of the
orbifold group H . Likewise, the quiver and superpotential will be also derived via group theory.

The total Chan-Paton space Vtotal decomposes into sectors labeled by the irreducible
representations (irreps) ρi of the orbifold group H:

Vtotal ∼=
⊕

i

ρi ⊗ Vi , (3.1)

where Vi
∼= ℂNi denotes the multiplicity space associated with the i-th node of the quiver.

The fields of the original supersymmetric quantum mechanics, denoted by Φ, are promoted
to operators on this total space. Since Φ corresponds to a coordinate in the target space,
it transforms under H in a specific representation rΦ. We can decompose Φ into block
components connecting the different sectors. The number of arrows nji pointing from node
i to node j corresponding to the field Φ is determined by the decomposition of the tensor
product of the source representation and the field representation:

ρi ⊗ rΦ =
⊕

j

njiρj . (3.2)

Thus, a component φji is non-vanishing (an arrow exists) if and only if the representation
ρj appears in the decomposition of ρi ⊗ rΦ.

The matrix formalism. It is extremely convenient to formalize this decomposition using
matrix notation. We view the orbifold fields as block matrices acting on the vector space
of representations. For the H = ℤ2 case with irreps ρ0 (trivial) and ρ1 (sign), any parent
field Φ lifts to a 2 × 2 matrix:

Φ =
(
Φ00 Φ01
Φ10 Φ11

)
. (3.3)

The selection rules in eq. (3.2) translate directly into structural constraints on this matrix:

• Neutral Fields (rΦ = ρ0). These fields map a representation to itself (ρi → ρi).
Consequently, the matrix must be diagonal.

• Charged Fields (rΦ = ρ1). These fields map a representation to its exchange partner
(ρ0 ↔ ρ1). Consequently, the matrix must be off-diagonal.

We can also view this as the statement that the orbifold generator g acts via conjugation
by the Pauli matrix σz:

Φ g−→ σzΦσ−1
z =

(
Φ00 0
0 Φ11

)
−
(

0 Φ01
Φ10 0

)
. (3.4)

1For the mathematically oriented reader, this is an equivalence between the bounded derived category of
compactly supported coherent sheaves on the resolved orbifold, and the equivariant derived category on the
original space, Dc

(
Ŷ/H

)
∼= DH

c (Y ), see [16] for a review and [17–20] for recent developments in the context
of 5d BPS spectra.
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This formalism allows us to translate geometric coordinates directly into quiver invariants.
The generalization to more general abelian orbifolds will be used in section 7 to construct
BPS quivers of infinite families of new geometrically engineered 5d QFTs with Coulomb
branches and flavor groups of arbitrarily high rank.

3.2 Example: The ℂ2/ℤ2 × ℂ orbifold

To illustrate the power of the matrix formalism, we apply it to a well-known test case: the
orbifold of flat space ℂ3 by ℤ2 acting on two coordinates.

We begin with the parent theory, the theory on a stack of D0-branes probing ℂ3. The
relevant supersymmetric quantum mechanics can be obtained via dimensional reduction to
1d of 4d, N = 4 Super Yang-Mills. Its quiver has a single-node quiver with three adjoint
chiral fields X, Y, Z and the superpotential:

W = Tr (Z[X, Y ]) . (3.5)

The geometry corresponds to ℂ3. We act with the orbifold group H = ℤ2 such that X and Y

form the singular ℂ2/ℤ2 fiber, while Z parametrizes the smooth ℂ base. The charge table is:

Z X Y

U(1)gauge 0 0 0
H = ℤ2 0 1 1

(3.6)

Using our matrix dictionary, we immediately determine the field content of the daugh-
ter theory:

1. Neutral Field (Z). Since Z is even (ρZ = ρ0), it maps representations to themselves.
It lifts to a diagonal matrix:

Ẑ =
(

ϕ0 0
0 ϕ1

)
. (3.7)

These correspond to adjoint scalars ϕ0, ϕ1 on the two gauge nodes.

2. Charged Fields (X, Y ). Since X, Y are odd (ρX,Y = ρ1), they map representations
to their exchange partners. They lift to off-diagonal matrices:

X̂ =
(

0 A2
A1 0

)
, Ŷ =

(
0 B2

B1 0

)
. (3.8)

These correspond to bifundamental pairs connecting node 0 and node 1.

To find the superpotential, we substitute these matrices into the parent expression
W = Tr(ZXY − ZY X):

WOrb = Tr
[(

ϕ0 0
0 ϕ1

)((
0 A2

A1 0

)(
0 B2

B1 0

)
−
(

0 B2
B1 0

)(
0 A2

A1 0

))]
(3.9)

= Tr
[(

ϕ0 0
0 ϕ1

)(
A2B1 −B2A1 0

0 A1B2 −B1A2

)]
(3.10)

= Tr (ϕ0(A2B1 −B2A1)) + Tr (ϕ1(A1B2 −B1A2)) . (3.11)

– 7 –
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This is precisely the superpotential for the Â1 affine quiver gauge theory, matching the
standard result for the ℂ2/ℤ2 singularity. The matrix formalism reproduces the correct
bifundamental structure and couplings automatically.

Geometry from nilpotency. The orbifolded BPS quiver we have just constructed contains
information about the geometry of the resolved ℂ2/ℤ2 orbifold. We will now locate the
exceptional ℙ1 directly as a subspace of the moduli space of the abelian quiver with U(1)
gauge group at both nodes, describing the supersymmetric quantum mechanics of a D0 brane
on the resolved orbifold. In original affine coordinates the orbifold singularity is located
at x = y = 0. In our matrix language, one might have naively tried to impose that the
matrices X, Y themselves vanish. However, this is forbidden by stability conditions, i.e.
D-term constraints. However, we can impose the next best thing: That the orbifold invariant
matrices X2, Y 2, X · Y all vanish. This requires the coordinate matrices X and Y to be
nilpotent. Given that they are purely off-diagonal, a priori this means that X and Y must
be either upper triangular or lower triangular independently. But the X · Y = 0 constraint
fixes both to be lower (or upper) triangular, depending on the FI-parameter choice. For
a specific choice, this implies

A2 = B2 = 0 .

The surviving fields A1, B1 then parametrize the exceptional ℙ1 of the A1 resolution. This
confirms that the locus of stable nilpotent matrices correctly identifies the resolution.

3.3 Application: orbifolding the Pagoda

We now apply the same construction to Reid’s Pagoda. A priori we can choose from several
inequivalent ℤ2-actions, however, we have to impose that the superpotential be invariant under
it. If it were simply homogeneous, this would imply that the superspace θ-variables would
have to transform under it, which means that H wouldn’t commute with the supercharges.
Hence, gauging such an H-action would break SUSY. Among the remaining choices, we
will focus on the action defined by the following weights (see however section 7 for quiver
of more general abelian orbifolds):

α1 α2 β1 β2 w1 w2
U(1)gauge 1 1 −1 −1 0 0
H = ℤ2 0 0 1 1 1 1

(3.12)

This is only compatible with Pagodas of odd k. Using our matrix dictionary, we immediately
write down the field content of the orbifolded theory:

1. Neutral Fields (α). Since rα = ρ0, α becomes a diagonal matrix representing arrows
within each sector:

α −→ α̂ =
(

α(00) 0
0 α(11)

)
. (3.13)

2. Charged Fields (β). Since rβ = ρ1, β becomes an off-diagonal matrix connecting the
two sectors:

β −→ β̂ =
(

0 β(01)

β(10) 0

)
. (3.14)

– 8 –
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7→
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α(11)
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w
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1 w

(10)
1 w

(01)
2w

(10)
2

Orbifolded Pagoda

Figure 3. The Quiver diagram transition. Bold symbols denote flavor doublets. Notation: ϕ ≡ (ϕ1, ϕ2)
represents an SU(2) flavor doublet.

3. Charged Adjoints (wi). Similarly, the adjoints wi (i = 1, 2) are charged and become
off-diagonal:

wi −→ ŵi =
(

0 w
(01)
i

w
(10)
i 0

)
. (3.15)

The resulting quiver is shown in figure 3.

3.3.1 Superpotential

The superpotential is determined by the gauge-invariant closed loops. We start with the
parent superpotential:

WPagoda = Tr
(
α · β w1

)
+ Tr

(
β ·α w2

)
+ 1

k + 1Tr
(
wk+1

1 − wk+1
2

)
. (3.16)

The orbifolded superpotential is obtained by substituting the block matrices into eq. (3.16)
and taking the trace. For the polynomial term wk+1, since ŵi are off-diagonal, a non-zero
trace requires an even number of insertions forming an alternating path 0 → 1 → 0 . . . .
The surviving terms are:

WOrb = Tr
(
α̂ · β̂ ŵ1

)
+Tr

(
β̂ · α̂ ŵ2

)
+ 1

k + 1Tr
(
ŵk+1

1

)
− 1

k + 1Tr
(
ŵk+1

2

)
(3.17)

whereby the trace runs over ‘color’ and orbifold indices. Written explicitly in terms of only
a trace over color indices, it would spell as follows:

WOrb = Tr
(
α(00) · β(01) w

(10)
1

)
+ Tr

(
α(11) · β(10) w

(01)
1

)
+ Tr

(
β(10) ·α(00) w

(01)
2

)
+ Tr

(
β(01) ·α(11) w

(10)
2

)
+ 2

k + 1Tr
(
w

(0,1)
1 w

(1,0)
1 . . . w

(1,0)
1︸ ︷︷ ︸

k+1 terms

)

− 2
k + 1Tr

(
w

(0,1)
2 w

(1,0)
2 . . . w

(1,0)
2︸ ︷︷ ︸

k+1 terms

)
.

(3.18)
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4 Geometry of the moduli space

The geometry of the threefold is defined by the vacuum moduli space of the theory. This
corresponds to the set of holomorphic gauge-invariant operators (mesons) subject to the
constraints imposed by the F-term equations.

4.1 The determinantal variety

We define the orbifold geometry by first determining the transformation properties of the
parent coordinates u, v, z, w under the H = ℤ2 action. Recall the charge assignments from
the orbifold construction:

• The base fields α are neutral.

• The fiber fields β and the adjoints w are charged.

Consequently, as it is clear from (2.11), all four affine coordinates of the parent Pagoda
theory are odd under the orbifold action:

(u, v, w, z) −→ (−u,−v,−w,−z). (4.1)

Since the coordinates flip sign, the ring of invariants is generated by all the monomials of
degree two in u, v, z, w. There are ten such generators, which we arrange into a symmetric
4 × 4 matrix M:

M =


u

v

z

w

 ·
(
u v z w

)
=


u2 uv uz uw

vu v2 vz vw

zu zv z2 zw

wu wv wz w2

 . (4.2)

The geometry is defined by two conditions on this matrix:

1. Rank Condition. Since M is constructed from the outer product of the vector
(u, v, z, w), it must have rank one. This implies the vanishing of all 2× 2 minors, which
are the defining equations of the orbifold singularity ℂ4/ℤ2.

2. Dynamical Constraint. The parent Pagoda equation uv − z2 + w2k = 0 imposes the
following constraint on the matrix entries:

M12 −M33 + (M44)k = 0 . (4.3)

The Orbifolded Pagoda is the intersection of these two conditions and it is a determinan-
tal variety.

4.2 Resolution and the hidden surface

We can determine the topology of the compact 4-cycles by resolving the orbifold singularity.
Our threefold will be defined as a hypersurface in the ambient space ℂ4/ℤ2, which is resolved
by a single blowup introducing an exceptional divisor E ∼= ℙ3. In toric language, this

– 10 –



J
H
E
P
0
6
(
2
0
2
6
)
1
2
8

resolution is described by a Gauge Linear Sigma Model (GLSM) with a U(1) gauge field
corresponding to the blow-up parameter λ.2 The charge assignment is:

u v z w λ

ℂ∗ 1 1 1 1 −2 (4.4)

The D-term constraint implies that u, v, z, w cannot simultaneously vanish, defining a ℙ3

base, while λ is a coordinate on the fiber of the line bundle O(−2). The exceptional divisor
is located at λ = 0.

The geometry of the Calabi-Yau is the proper transform of the orbifolded hypersurface.
Under the blowup with scaling parameter λ, the defining equation of homogeneous degree
two is given by

uv − z2 + w2k λk−1 = 0 . (4.5)

The exceptional divisor corresponds to the locus λ = 0:

• For k = 1, the equation is uv − z2 + w2 = 0. This defines a smooth quadric surface in
ℙ3, which is isomorphic to ℙ1 × ℙ1 ∼= 𝔽0.

• For k > 1, the higher-order term vanishes, leaving the equation uv − z2 = 0. This
defines a singular quadric cone in ℙ3. The minimal resolution of this cone yields the
Hirzebruch surface 𝔽2.

Thus, the geometry of the orbifolded Pagoda contains a compact divisor of type 𝔽2.
To see why the singular quadric in ℙ3 corresponds to a partially blown-down 𝔽2, we

describe the latter torically as ℙ (Oℙ1(0)⊕Oℙ1(−2)), which is the same as the following
toric variety:

𝔽2 :
x1 x2 y1 y2

ℂ∗
1 1 1 0 −2

ℂ∗
2 0 0 1 1

(4.6)

We can blow down the Kähler modulus associated to the first ℂ∗-action. This is achieved by
writing its invariants. The resulting space is given by the ambient ℙ3:

u := x2
1y2 v := x2

2y2 z := x1x2y2 w := y1
ℂ∗

2 1 1 1 1
(4.7)

subject to the relation u v = z2. So, this describes an 𝔽2 with its (−2)-curve blown down to
an A1-singularity. This singular surface will be a central character to our story.

The appearance of the compact surface 𝔽2 already indicates the existence of a rank-one
Coulomb branch and, in an appropriate Kähler chamber, a low-energy gauge theory phase.
In particular, when the exceptional divisor is a genuine 𝔽2, there will be an SU(2) gauge
theory phase where the Coulomb parameter will be described by the fiber class, while the
volume of the base (−2)-curve plays the role of the inverse bare coupling. We now turn
to the analysis of this curve.

2Note that the GLSM is describing the toric variety resolving ℂ4/ℤ2, while our nontoric threefold is
described by an algebraic equation in this space.
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4.3 The Pagodina curve

The most critical physics lies in the singularity of this divisor itself, which is also a singularity
of the threefold. To see the local geometry experienced by the BPS states, we analyze the
local neighborhood of the “north pole” of the exceptional ℙ3 (where w ≠ 0). In the affine
patch where we set w = 1, the proper transform equation becomes:

uv − z2 + λk−1 = 0 . (4.8)

Since we are focusing on odd values of k, this is precisely the defining equation of a Reid
Pagoda of order p = (k − 1)/(2). We will affectionately refer to the associated curve as a
Pagodina3 curve. It will be our second main character, as it will host unconventional 5d matter.

This yields a striking structural observation: The ℤ2 orbifold of a Pagoda of order k

contains, within its resolution, a local geometry equivalent to a Pagoda of order (k − 1)/2.
Resolving the Pagodina singularity blows up a ℂℙ1, the Pagodina curve, and turns

the exceptional divisor into a smooth Hirzebruch surface 𝔽2. It is straightforward to see
that the Pagodina curve is precisely the rigid (−2)-curve of 𝔽2 (given by y2 = 0 in (4.6)).
We now do it explicitly.

Let us start from the equation (4.5) in the toric space (4.4) and perform the shift

z = t + wk λ(k−1)/2 . (4.9)

With this redefinition, the hypersurface equation becomes

uv = t
(
t + 2wk λ(k−1)/2

)
. (4.10)

The singular locus is located at u = v = t = λ = 0. We can resolve this space by blowing
up the ideal (u, t). The resulting space is given by the equation

uv = t
(
σ t + 2wk λ(k−1)/2

)
= 0 (4.11)

in the toric space

u v t w λ σ

ℂ∗ 1 1 1 1 −2 0
ℂ∗ 1 0 1 0 0 −1

(4.12)

The divisor λ = 0 in the resolved space is a Hirzebruch surface 𝔽2. The map between this
presentation and the standard toric description of 𝔽2 (see (4.6)) is given by

u = x2
1, v = x2

2y2, t = x1x2, σ = y2 . (4.13)

Under this identification, the Pagodina curve corresponds to the locus y2 = 0 in the standard
toric presentation, which in the present coordinates is given by v = σ = 0.

Instead of resolving the singularity, one may consider deforming it. Working in the
patch w = 1, where the singularity is located, the geometry is described by the Reid pagoda
hypersurface

uv = z2 − λ2p, (4.14)
3Given the composition of the author list, the use of the Italian diminutive was statistically inevitable.
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with p = k−1
2 . This singularity admits 2p−1 versal complex structure deformations. However,

only p of them are 5d dynamical degrees of freedom in M-theory in the sense of refs. [10,
21],4 namely

uv = z2 − λ2p +
p−1∑
i=0

ciλ
i . (4.15)

In the five-dimensional theory obtained from M-theory on this threefold, the dynamical
deformations correspond to giving vacuum expectation values to dynamical hypermultiplets.
The fact that M-theory on the Reid pagoda exhibits a p-dimensional Higgs branch is well
established in the literature [23, 24].5

Let us now return to the full threefold (4.10), restoring the coordinate w. In this case,
the dynamical deformations take the form

uv = t
(
t + 2wkλ(k−1)/2

)
+

(k−3)/2∑
i=0

ci w2i+2λi . (4.16)

Let us consider the k = 3 case first (meaning p = 1). The only dynamical deformation
is the monomial w2. The equation (4.16) becomes

uv = t
(
t + 2w3λ

)
+ c0 w2 . (4.17)

The exceptional divisor at λ = 0 is now a smooth quadric in ℙ3, namely 𝔽0 = ℙ1 × ℙ1.
Although the defining equation is formally similar to the deformation of the local 𝔽2

geometry to the local 𝔽0 considered by [5], the physical interpretation is different. In the
construction of [5], the deformation corresponds to a non-normalizable complex structure
deformation, which geometrically implements a Hanany-Witten transition. In contrast, in
our case the presence of the higher-degree term w6λ2 (equivalently t w3λ in (4.16)) renders
the deformation normalizable in the sense of [10, 21]. This distinction is crucial: while the [5]
deformation encodes a non-dynamical rearrangement of branes, our geometry describes a
genuinely dynamical deformation of the five-dimensional theory.

An even more surprising phenomenon occurs for k ≥ 5.6 In this case, one can deform
the Pagoda singularity of the threefold by switching on all deformations proportional to
λ, while keeping only the w2 deformation turned off. E.g. for k = 5 we can deform the
Pagodina singularity as

uv = t
(
t + 2w5λ2

)
+ c1 w4λ . (4.18)

4Let us review the counting of the dynamical modes: the singularity (4.14) is quasi-homogeneous. Normal-
izing its quasi-homogeneous weights qu, qv, qz, qλ so that the polynomial in (4.14) has weight one, we have
qu = qv = qz = 1

2 , qλ = 1
2p

. Now, define ĉ = 4 − 2(qu + qv + qz + qλ) = p−1
p

, and Qj ≡ jqλ. Following [10, 21],
if Qj ≤ ĉ

2 (or equivalently j ≤ p − 1), the deformation is dynamical in M-theory. Recently, it was argued that
the dynamical deformations must satisfy instead the strict inequality Qj < ĉ

2 [22]. However, this does not
alter our result in any significant way.

5Notice that in the gauge theory regime, the Pagodina curve is blown up and the corresponding Pagoda
matter becomes massive.

6In this case, the Pagodina singularity is a genuine Reid Pagoda, while for k = 3 the pointlike singularity
on the w = 1 patch is a conifold.
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The resulting threefold is completely smooth.7 As a consequence, there is no remaining
singular locus that could support a crepant resolution, and hence no exceptional ℙ1 (notice
that the exceptional divisor at λ = 0 is still singular). In other words, the Kähler modulus is
frozen. Physically this corresponds to freezing the theory at infinite coupling.

Summing up, while the singularity admits a small resolution at the undeformed point,
generic normalizable deformations proportional to λ eliminate any crepant resolution, effec-
tively freezing a Kähler modulus at infinite gauge coupling. The quadratic w2 deformation
is an exception, as it does not lead to such a freezing.

4.4 The matrix dictionary

To rigorously identify the geometric loci, we translate the affine coordinates u, v, w, z of the
parent theory into the operator language of the orbifolded quiver. Under the orbifold map,
the scalar coordinates lift to 2 × 2 matrices.

Using the matrix forms of the fields established in section 3.2, we define the Coordinate
Matrices. The base coordinates Û, V̂, Ẑ are defined exactly as in the parent theory:

Û ≡ 2 α̂1 β̂1 , V̂ ≡ 2 α̂2 β̂2 , Ẑ ≡ α̂1 β̂2 + α̂2 β̂1 . (4.19)

For the deformation coordinate, the quiver contains two adjoints w1, w2, we define two
matrices Ŵi:

Ŵi =
(

0 w
(01)
i

w
(10)
i 0

)
. (4.20)

Note that all the matrices Û, V̂, Ẑ, Ŵi transform in the sign representation of ℤ2 (odd parity),
consistent with their off-diagonal structure.

4.5 Geometric loci via nilpotent quiver representations

We can now identify the exceptional geometry by exploiting via quiver quantum mechanics
the matrix structure of the orbifold coordinates, much like we did in the basic example of
ℂ2/ℤ2 × ℂ, in section 3.2. The singular point of the affine variety is the locus where all
coordinate invariants vanish: u = v = z = w = 0. In our matrix formalism, this translates
to the condition that all coordinate matrices Û, V̂, Ẑ, Ŵi are nilpotent. Stability conditions
prevent us from setting these matrices to zero, however we can set all orbifold invariants
to zero. These invariants are constructed analogously to (4.2), by defining the following
non-Abelian field valued matrix :

M =


Û
V̂
Ẑ
Ŵi

 ·
(
Û V̂ Ẑ Ŵj

)
=


Û2 Û · V̂ Û · Ẑ Û · Ŵj

V̂ · Û V̂2 V̂ · Ẑ V̂ · Ŵj

Ẑ · Û Ẑ · V̂ Ẑ2 Ẑ · Ŵj

Ŵi · Û Ŵi · V̂ Ŵi · Ẑ ŴiŴj

 . (4.21)

7This is manifest from the fact that the deformed hypersurface (4.16) no longer admits a factorized form
that would allow for a small resolution.
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Now, to find the exceptional locus of the resolution, we simply set M = 0. Crucially,
nilpotency does not imply that the matrices themselves vanish. In a resolved phase, the
D-term stability conditions (FI parameters) prevent the fields from vanishing identically.

∑
|Qin|2 −

∑
|Qout|2 = θ > 0 . (4.22)

For our quiver quantum mechanics, we will choose the following FI parameters:

θL0 < θL1 < θR0 < θR1 (4.23)

subject to θL0 + θL1 + θR0 + θR1 = 0.
Seeing that all matrices Û, V̂, Ẑ, Ŵi are of the form

(
0 ∗
∗ 0

)

the diagonal of M tells us that all four must be nilpotent. Then, the fact that their products
are all zero tells us that they are all simultaneously either upper or lower triangular. Our
stability choice is such that they must all be upper triangular. We can now explore the
compact cycles of our geometry.

The 𝔽2 surface. To find the 𝔽2 divisor, we search for a configuration where the coordinate
matrices are nilpotent but non-zero. Repeating the matrices here for convenience:

Û= 2
(

0 α
(00)
1 β

(01)
1

α
(11)
1 β

(10)
1 0

)
, V̂ = 2

(
0 α

(00)
2 β

(01)
2

α
(11)
2 β

(10)
2 0

)
,

Ẑ =
(

0 α
(00)
1 β

(01)
2 +α

(00)
2 β

(01)
1

α
(11)
1 β

(10)
2 +α

(11)
2 β

(10)
1 0

)
, Ŵi =

(
0 w

(01)
i

w
(10)
i 0

)
.

(4.24)
We see that the minimal constraints we must impose to make them all upper triangular are
achieved by setting the “return” arrows to zero, i.e.

𝔽2 : β(10) ≡
(

β
(10)
1

β
(10)
2

)
= 0 and w(10) ≡

(
w

(10)
1

w
(10)
2

)
= 0 . (4.25)

This forces all closed loops to vanish (nilpotency). The stability condition ξ > 0 ensures that
we are on the resolved branch of the vacuum moduli space, meaning the fields parametrizing
the cycle cannot all vanish simultaneously. The surviving fields α(00), α(11), β(01) and w(01)

serve as homogeneous coordinates on the exceptional divisor.
It is easy to see that, upon restricting to this locus, we recover the quiver (see figure 4)

and F-term relations of the NCCR of the 𝔽2 surface [25]. The GLSM related to the quiver
in figure 4 describes the 𝔽2 surface as the moduli space of the abelian quiver with all U(1)
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2111

w
(01)
1 w

(01)
2

α(11)

α(00)

β(01)

Figure 4. Subquiver with 𝔽2 as its moduli space.

gauge groups.8 It is given by

α
(00)
1 α

(00)
2 α

(11)
1 α

(11)
2 β

(01)
1 β

(01)
2 w

(01)
1 w

(01)
2 FI

ℂ∗
1 1 1 0 0 0 0 1 0 ξ1

ℂ∗
2 0 0 1 1 0 0 0 1 ξ2

ℂ∗
3 1 1 1 1 −1 −1 0 0 ξ3

ℂ∗
4 0 0 0 0 1 1 1 1 ξ4

(4.26)

where in the last column we have written the corresponding combinations of the stability
parameters that are positive in the chamber we chose (i.e. θL0 < θL1 < θR0 < θR1):

ξ1 = −θL0 , ξ2 = θR1 , ξ3 = θR0 + θR1 = −θL0 − θL1 , ξ4 = θL1 + θR1 (4.27)

The relations that survive after imposing (4.25) are

A

(
β

(01)
1

β
(01)
2

)
= 0 and

(
w

(01)
2 w

(01)
1

)
A = 0 with A =

(
α

(00)
1 −α

(00)
2

−α
(11)
1 α

(11)
2

)
. (4.28)

The Pagodina via vertical quiver fusion. Having established that the threefold contains
a 𝔽2 divisor, and having isolated it in the quiver moduli space language, we will now show
in quiver language that there is a patch in the moduli space where the threefold looks like
an order (k − 1)/2 Pagoda.

The Pagodina curve is obtained by setting β(01) = 0 in the space defined by (4.26)
and (4.28). From the last row of (4.26), we see that w(01) ̸= (0, 0). Together with the
relations (4.28) and the stability conditions ξ1 > 0 and ξ2 > 0, this implies that both
w

(01)
1 ̸= 0 and w

(01)
2 ̸= 0. We may therefore gauge-fix them to 1 in a neighborhood of

8Equivalently, the quiver representation with dimension vector d⃗ = (1, 1, 1, 1).
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the curve. This gauge-fixing identifies pairs of nodes in the original quiver, yielding the
quiver shown in figure 5. After this identification, the GLSM describing the threefold in
this local region takes the form

α
(00)
1 α

(00)
2 α

(11)
1 α

(11)
2 β

(01)
1 β

(01)
2 β

(10)
1 β

(10)
2 w

(10)
1 w

(10)
2 FI

ℂ∗ 1 1 1 1 −1 −1 −1 −1 0 0 ξ3 > 0
(4.29)

The superpotential is obtained by inserting w
(01)
1 = w

(01)
2 = 1 into (3.18). This produces

several quadratic terms, that allow us to eliminate some variables; in particular they force
β

(10)
i = 1

2β
(01)
i (w(10)

1 − w
(10)
2 ) and α

(00)
i = α

(11)
i . The resulting effective superpotential

governing the remaining degrees of freedom is

Weff = Tr
(
α(11) · β(01) w

(10)
1

)
+ Tr

(
β(01) ·α(11) w

(10)
2

)
+ 1

p
Tr
((

w
(10)
1

)p+1
−
(
w

(10)
2

)p+1
)

,

with the corresponding maps represented in the quiver of figure 5. These are precisely the
quiver and superpotential of the Reid pagoda of order p = k−1

2 .
The geometry in a neighborhood of the Pagodina curve is therefore locally isomorphic

to the Reid pagoda threefold. Shrinking this curve produces a point-like Pagoda singularity
localized on the exceptional divisor. This sharply contrasts with the local 𝔽2 threefold, where
collapsing the (-2)curve gives rise instead to a line of A1 singularities.

We can identify the representation corresponding to a D2-brane wrapping this Pagodina
curve. It would correspond to the Higgsed quiver figure 5 with U(0)×U(1) gauge group. In
terms of quiver representations, this is the (0, 1) representation, and it has a zero-dimensional
moduli space corresponding to a fat point ℂ[w(10)

2 ]/
((

w
(10)
2

)p)
. We can easily find the lift

of this representation to the full orbifold quiver figure 3: the 20 and 21 nodes have U(1)
gauge group each, and the other two are empty, i.e. the representation with dimension vector
(0, 1, 1, 0) (starting from the top left node, moving clockwise). That subquiver has only two
fields, w

(10)
2 and w

(10)
2 , subject to the F-term and D-term conditions with the choice (4.23)(

w
(01)
2

)p (
w

(10)
2

)p
= 0 (4.30)

|w(01)
2 |2 − |w(10)

2 |2 = θR1 − θR0 > 0 . (4.31)

This reduces the moduli space to ℂ[w(10)
2 ]/

((
w

(10)
2

)p)
as expected.

Having established this, we easily deduce that this state is a gauge singlet by noting that
the dimension vector (0, 1, 1, 0) has Dirac pairing zero w.r.t. all other possible representations,
since it sits in the kernel of the antisymmetric part of the adjacency matrix (7.7).

5 Higgsing Pagoda-matter: Coupling frozen at ∞

In this section, we discuss the physical significance of the class of geometries we have
introduced. We claim that these give rise to 5d SCFTs that evade standard classifications,
whether field-theoretic or geometric, such as those found in [3–5], among many more works.9

9Note that the possibility of coupling cDV matter to higher-rank theories was already pointed out in [23],
section 4.3.2, in a different example.
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β
(01)
1 , β
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Figure 5. Quiver after Higgsing.

The root of their peculiar physical properties lies in their inherent non-toricity. The
punch line is the following: We have found geometries yielding theories that, once their
matter fields acquire a VEV, do not admit any weak coupling regime.

These geometries give rise to theories of arbitrarily high rank,10 with an arbitrary
amount of so-called Pagoda-matter fields. We recall that these are states arising from M2-
branes wrapping O(0)⊕O(−2)-curves whose moduli are obstructed at k + 1-th order by a
superpotential. In many respect, they behave as hypermultiplets, because their moduli space
is zero-dimensional [26]. However, BPS quiver analysis identifies them as indecomposable
representations whose moduli spaces are fat points, i.e. ℂ[w]/(wk). These uncharged hypers
have a striking physical effect: their presence allows for a mechanism that freezes the gauge
couplings to infinite value.

To explain this, we revisit the relation between the geometry and the effective field theory.
Although we presented our geometries as ℤ2-orbifolds of the Pagoda, they can equivalently
be viewed as a deformation of the local 𝔽2 Calabi-Yau threefold, whereby the quivers are
the same, but the superpotentials are deformations as follows:

W = Wlocal 𝔽2 + Wk , (5.1)

with the first term being the standard one for the toric variety

Wlocal 𝔽2 = Tr
(
α(00) · β(01) w

(10)
1

)
+ Tr

(
α(11) · β(10) w

(01)
1

)
(5.2)

+ Tr
(
β(10) ·α(00) w

(01)
2

)
+ Tr

(
β(01) ·α(11) w

(10)
2

)
(5.3)

and the second one being the order k + 1 deformation:

Wk = 2
k + 1Tr

(
w

(0,1)
1 w

(1,0)
1 . . . w

(1,0)
1︸ ︷︷ ︸

k+1 terms

)
− 2

k + 1Tr
(
w

(0,1)
2 w

(1,0)
2 . . . w

(1,0)
2︸ ︷︷ ︸

k+1 terms

)
.

The effective gauge coupling of a 5d theory on its Coulomb branch (parametrized by the
scalar VEV ϕ) is given by the second derivative of the prepotential F(ϕ). For the local 𝔽2
theory, the one-loop exact effective coupling is [3, 27]:

1
g2

eff(ϕ)
= ∂2F

∂ϕ2 = 2m0 + 8|ϕ| . (5.4)

10Infinite families of theories with rank r > 1 will be introduced in section 7.
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In a standard local 𝔽2 theory, m0 is a tunable parameter. One can take the weak coupling
limit by making the base curve very large (m0 →∞), which decouples the instanton particles
and recovers a perturbative SU(2) gauge theory. For the local 𝔽2 theory, we identify the
l.h.s. of (5.4) with twice the volume of the curve in 𝔽2 of self-intersection +2. Consequently,
the geometry dictates that the effective volume of the base is shifted by the fiber volume
proportional to the twist n = 2 of the Hirzebruch surface [4]. Here, the two terms have
distinct geometric interpretations:

• 2ϕ is the volume of the fiber ℙ1 of the surface.

• m0 is proportional to the inverse bare coupling squared (m0 = 1
2g2

Y M,0
). Geometrically,

it is the volume of the base (−2)-curve of the 𝔽2 surface.

However, the “Pagoda matter” changes this picture drastically once we activate the
further normalizable deformations corresponding to giving VEVs to these fields. Turning on
these deformations obstructs the Kähler modulus of the 𝔽2 base curve:

m0 −→ 0 . (5.5)

Substituting this back into eq. (5.4), the effective coupling in this Higgsed phase becomes
simply:

1
g2

eff(ϕ)
= 8|ϕ| . (5.6)

This has a profound consequence. In standard theories, one can keep ϕ small (near the SCFT
point) while making geff small by dialing m0 to be large. In the Higgsed Pagoda theories,
this “buffer” is removed. As we approach the origin of the Coulomb branch (ϕ → 0), the
effective coupling geff diverges immediately and unavoidably.

Thus, the activation of Pagoda matter VEVs freezes the bare coupling m0 to zero. This
implies that in this branch of the moduli space, there is no weakly coupled regime: the
theory is intrinsically strongly coupled at the origin, and cannot be continuously deformed
to a perturbative non-Abelian gauge theory.

6 Physical interpretation: non-constant flavor background

In this section, we provide a string-theoretic interpretation of the superpotential deformation
Wk introduced in eq. (3.17). This is a rather speculative section, based on upcoming work [7]
by some of the present authors, building on a progression of ideas written in [8, 28–30]. We
propose that the Pagoda theories should be viewed as deformations of the standard toric
orbifold theories, such as the conifold or ℂ2/ℤ2 × ℂ, or in our main case, local 𝔽2, where
the flavor symmetry parameters are promoted to position-dependent background fields for
the SU(2) global symmetry of the original 5d SCFT.

6.1 The 5d perspective

The M-theory interpretation of this new phenomenon is the following: The toric parent
geometry K𝔽2 , contains a non-compact curve of A1 singularities extending along the w-axis.
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In M-theory, this singular locus supports 7d degrees of freedom (associated with vanishing
2-cycles) propagating along the entire w-line. This is the background SU(2) vector multiplet.

The Pagoda geometry is defined by the deformation uv − z2 = −w2k. Geometrically, this
describes an A1 fiber whose deformation parameter µ varies over the base ℂw as µ(w) ∼ w2k.
For any w ̸= 0, the deformation is non-zero, the A1 singularity is smoothed out, and the
associated 2-cycles have finite volume. Consequently, the M2-branes wrapping these cycles
become massive and non-BPS.

The physical effect of the term w2k is therefore to localize the massless degrees of freedom.
Unlike the toric parent, where states can propagate freely along the w-direction, the Pagoda
geometry generates a “geometric potential” that confines the singular sector to the origin
w = 0. The Pagoda matter consists of these localized states, trapped by the geometry itself.
The background SU(2) vector multiplet contains three real adjoint scalars. We pair two into a
complex field Φ and keep the third, φ3, real. Their VEVs correspond to the geometric moduli:

⟨Φ⟩ ←→ Complex Structure (Smoothing) , (6.1)
⟨φ3⟩ ←→ Kähler Form (Resolution) . (6.2)

The Pagoda geometry is defined by the fixed background profile via the following spectral
equation:

uv = det (𝕀2 · z − ⟨Φ⟩) (6.3)

for the following choice of background:

Φ(w) =
(

wk 0
0 −wk

)
. (6.4)

A background in Φ generates a potential for φ3 of the form

V ∼ |[⟨Φ(w)⟩, φ3]|2

A constant background for φ3 corresponds to a real mass deformation of the 5d SCFT, i.e.
⟨φ2⟩ ∼ m0. For the Pagoda background, we see that there is only one available background

⟨φ3⟩ = m0 ·
(
1 0
0 −1

)
.

Now, following the analysis in [31, 32], we know that Φ for the Pagoda has k 5d dynamical
fluctuations. In an appropriate gauge, they can be written as follows:

δΦ =
(

0 1
Pk−1(w) 0

)
,

where Pk−1(w) is an arbitrary polynomial of degree k− 1, with k coefficients. These complex
structure moduli coefficients are the projection of the full Higgs branch coordinates w.r.t.
their (ℂ∗)k coordinates, which are realized as Wilson lines of the 11d supergravity C3-form.
The consequence of giving a vev to these deformations is that our background becomes:

⟨Φnew(w)⟩ =
(

wk 1
Pk−1(w) −wk

)
(6.5)
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and as a result the spectral equation changes drastically:

uv = det (𝕀2 · z − ⟨Φ⟩) (6.6)
= z2 − w2k + Pk−1(w) . (6.7)

These are precisely the dynamical deformations according to the analysis of [21]. Note now,
that we can no longer find a constant φ3 that commutes with it, i.e.

[⟨Φnew(w)⟩, φ3] ̸= 0 .

Geometrically, this tells us that the small resolution of the CY threefold (which corresponds
to blow-up the base curve of the 𝔽2) is obstructed, as advertised. For our orbifolded Pagodas,
we actually apply this logic to the Pagodina, i.e. the resulting order k−1

2 Pagoda geometry
that results from orbifolding the K𝔽2 . It is in that geometry that the Kähler obstruction
gives rise to an important physical phenomenon.

6.2 The view from D2-branes

We can further clarify the origin of the superpotential deformation Wk by considering the
worldvolume theory of a spacetime-filling D2-brane probing the Calabi-Yau threefold. This
perspective, based on work in progress [7], utilizes 3d N = 4 mirror symmetry to map
geometric deformations to field-theoretic interactions.

The D2-brane probe admits two dual descriptions:

• The Quiver Frame: A D2-brane probing an A1 singularity (uv = z2). The theory is an
affine A1 quiver gauge theory where the SU(2) flavor symmetry is realized via monopole
operators and dual photons.

• The SQED Frame: The mirror dual theory, which is N = 4 SQED with two hypermul-
tiplets (Q, Q̃) coupled to a complex adjoint Φ of the SU(2) flavor symmetry. Physically,
this corresponds to a D2 probing a stack of two D6-branes in flat space. Φ is an adjoint
of that stack.

In this setup, the Pagoda geometry (2.3) is realized by fibering the A1 singularity over
a complex plane ℂw. At the level of the probe D2-brane 3d theory, this corresponds to
make the flavor symmetry background Φ depend on the field w controlling the position
of the D2-brane on ℂw. In the SQED frame, this background enters the superpotential
as a Yukawa-like interaction:

Wint = Tr
(
Q · ⟨Φ(w)⟩ · Q̃

)
, (6.8)

where for the k-Pagoda case, Φ(w) takes the form (6.4).
In the quiver frame, the superpotential term (6.8) becomes a w-dependent complex

FI term [33],

Wint ∼
1

k + 1 wk+1 . (6.9)
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v4

Figure 6. Toric polytope for a threefold with a highlighted SU(3) global symmetry.

Figure 7. Toric diagram local 𝔽2.

This precisely matches the polynomial deformation terms 1
k+1Tr(wk+1) appearing in our BPS

quivers. On the other hand, by analyzing the linearized fluctuations of the background Higgs
field (6.4) using the techniques of [34], one finds that — unlike in the undeformed ℂ2/ℤ2 ×ℂ

background — the theory now supports modes localized at w = 0. These localized degrees
of freedom constitute what we refer to as Pagoda matter. Hence these two observations
are two sides of the same mechanism: the Φ-generated superpotential deformation both
encodes the polynomial terms in the quiver description and is responsible for the appearance
of localized Pagoda matter at w = 0.

We claim that this physical mechanism extends to all toric CY threefolds whose toric
diagram has a side with points along the segment, i.e. anything that has a boundary segment
as in figure 6. For such a theory, one can similarly introduce a position-dependent SU(3)
background, creating localized matter.

Now, we can apply this logic to local 𝔽2, see figure 7. This theory has a global SU(2)
symmetry. By switching on a background Higgs vev (6.4), we claim that we end up with
precisely the theory of the orbifolded Pagoda (5.2). The localized Pagoda-matter multiplets
are fully accounted for by the analysis of linearized fluctuations of this vev.
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7 More general orbifolds

We can apply the same procedure to much more general orbifolds and produce a wide class of
new 5d theories. The ambient space coordinates (u, v, z, w) admit a larger group of symmetries
that preserve the structure of the Pagoda equation (2.3) and its holomorphic volume form.

The matrix formalism of section 3.1 is directly generalized by choosing an appropriate
matrix representation of the orbifold action: fields ϕ± of charge ±1 under an orbifold group
ℤm are promoted to matrices of the form

ϕ̂+ =



0 ϕ
(0,1)
+ 0 . . . 0

0 0 ϕ
(1,2)
+

. . . 0
...

...
. . . . . .

...

0 0
... 0 ϕ

(m−1,1)
+

ϕ
(m,0)
+ 0 · · · 0 0


, ϕ̂− =



0 0 · · · 0 ϕ
(0,m−1)
−

ϕ
(1,0)
− 0 · · · 0 0

0 ϕ
(2,1)
−

. . .
...

...
...

. . . . . . 0 0
0 · · · 0 ϕ

(m−1,m−2)
− 0

 , (7.1)

while neutral (charge zero) fields will be promoted to diagonal matrices. In this notation,
the superpotential for all cases is given by the master trace formula derived in section 3:

WOrb = Tr
(
α̂ · β̂ ŵ1

)
+Tr

(
β̂ · α̂ ŵ2

)
+ 1

k + 1Tr
(
ŵk+1

1

)
− 1

k + 1Tr
(
ŵk+1

2

)
. (7.2)

For general abelian orbifold, the D0-brane supersymmetric quantum mechanics is always
described by the abelian quiver with U(1) gauge group at every node. We highlight three
distinct cases of interest.

7.1 ℤN orbifolds of the Pagoda: generalization of the ℤ2 case

We consider an orbifold group H ∼= ℤN , that generalizes the ℤ2 example of section 3.3. Its
action on the affine coordinates (u, v, z, w) is the following

u v z w

ℤN 1 1 1 −1 (7.3)

where we require that N divides k + 1, i.e. k + 1 = qN .
Like in the ℤ2 case, we can understand the geometry of the orbifolded threefold by

performing a partial resolution. First, we describe the ℂ4/ℤN orbifold of the ambient space
via the GLSM

u v z w λ

ℂ∗ 1 1 1 N − 1 −N
(7.4)

The geometry of the Calabi-Yau is the proper transform of (2.3) under this blowup:

uv − z2 + w2kλ2(k−q) = 0. (7.5)

Setting λ = 0, we again obtain an exceptional divisor isomorphic to a degenerate 𝔽2, in which
the (−2) curve has been shrunk. Moreover, upon restricting to the patch w = 1, we find a
Pagodina singularity of order k − q.11 Resolving the Pagodina curve via a small resolution,

11For N = 2 one has q = k+1
2 , and we recover p = k − q = k−1

2 .
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Figure 8. Antisymmetric BPS quivers for ℤ3 and ℤ4 orbifolds (7.6).

like in (4.11), yields an exceptional divisor isomorphic to the 𝔽2 surface. However, in contrast
with the ℤ2 case, the resulting threefold now develops a ℂ2/ℤN−1 singularity at a point on
the 𝔽2 fiber. This singularity is inherited from the ℤN−1 orbifold singularity of the ambient
space (7.4). Resolving it yields N − 1 ruled surfaces, each fibered over a base isomorphic to
the Pagodina curve. Altogether, the fully resolved geometry contains r = N compact divisors.

We now study the orbifold action on the quiver. The induced action on the quiver
maps follows from (7.4):

α1 α2 β1 β2 w1 w2
ℤN 0 0 1 1 −1 −1 (7.6)

Using the matrix formalism, we can explicitly determine the adjacency matrix Aab of the
resulting BPS quiver.12 From it, one directly reads both the rank r of the Coulomb branch
and the dimension f of the flavour lattice of BPS charges:

Aab =


2, a = b + 1 (mod N),
1, a = b− 1 (mod N),
0, otherwise,

r = N − 1, f = 2 . (7.7)

The matrix representatives α̂ are diagonal, while β̂ and ŵ, that connect nodes i → i ± 1,
have the form (7.1). The corresponding quivers for N = 3, 4 are shown in figure 8.

7.2 ℤm orbifolds leading to conformal matter

We now choose an orbifold that acts on u and v with opposite phases, leaving z and w invariant:

u v z w

ℤm 1 −1 0 0
(7.8)

This action is valid for any order k of the Pagoda.
12Results on the defect group of such theories will appear in [35].
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Figure 9. Symmetric BPS quivers for ℤ3 and ℤ4 orbifolds (7.10).

To understand the geometry, let us first consider the case m = 2. The additional ℂ2/ℤ2
singularity created by the orbifold can be resolved by passing to the hypersurface

u e v = z2 − w2k ⊂ u e v z w

ℂ∗ 1 −2 1 0 0
(7.9)

There are two Pagoda singularities of order k, located at the two poles of the blown-up ℙ1.
For generic m, the situation is analogous: resolving the ambient ℂ2/ℤm singularity yields
m Pagoda singularities, located at the m − 2 intersections of the exceptional ℙ1’s and at
one point on each external ℙ1. There are no exceptional divisors. The resulting 5d theory
can be regarded as a new example of 5d conformal matter [36].

As regards the orbifold action on the Pagoda quiver, we have:

α1 α2 β1 β2 w1 w2
ℤm −1 0 0 1 0 0

(7.10)

The quotient has the following adjacency matrix and values for r and f :

Aab :=



1, a = b mod 2m

1, a = b− 1mod 2m

1, a = b + 1mod 2m

0, otherwise.

r = 0, f = 2m . (7.11)

The matrix fields α̂2, β̂1, and ŵi are diagonal, while α̂1 and β̂2 have the form (7.1). The
quivers for m = 3, 4 are in figure 9.

7.3 The general abelian orbifold ℤm × ℤN

Finally, we combine the actions (7.3) and (7.8):

u v z w

ℤm 1 −1 0 0
ℤN 1 1 1 −1

(7.12)
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Figure 10. BPS quivers for the combined orbifold cases.

The induced weights on the quiver fields are:

α1 α2 β1 β2 w1 w2
ℤm −1 0 0 1 0 0
ℤN 1 0 1 0 −1 −1

(7.13)

In the quotient, we have the 2mN × 2mN adjacency matrix, r and f given by

Aab :=



1, a = b + 2m mod 2mN

1, a = b + 2m− 1mod 2mN

1, a = b + 1mod 2mN

0, otherwise

r = mN − f/2,

f = 2m + N − 2 + GCD[N, 2m] .
(7.14)

We can express the new maps as N ×N block matrices, where each entry is itself an m×m

matrix acting on the secondary orbifold index.
The resulting quivers for N = m = 2 and N = m = 3 are shown in figure 10.

7.4 Orbifold of Reid Pagodas as deformations of toric orbifolds

We conclude this section with a unifying remark. As we have said above, we can view the Reid
Pagoda (2.3) as a deformation of the toric orbifold Ytoric ≡ ℂ× ℂ2/ℤ2 by the term w2k.13

Since all the orbifold actions discussed above preserve Ytoric, we can commute the operations:

X = Deform (Ytoric)
H

= Deform
(

Ytoric
H

)
. (7.15)

13For a discussion of abelian and non-abelian orbifolds of ℂ3 and their BPS quiver we refer to [37].
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The geometry Ytoric
H is a toric Calabi–Yau orbifold. Our final geometries X are non-toric

deformations of these spaces. The deformation terms do not modify the compact divisors;
however, they crucially lift some of the non-compact lines of singularities present in the toric
model, leaving behind discrete “Pagodina” curves that support the exotic matter.

Acknowledgments

The authors thank Andrea Sangiovanni for helpful discussions and relevant comments. The
research of A.C. and M.D.M. is funded through an ARC advanced project, and further
supported by IISN-Belgium (convention 4.4503.15). A.C. is a Senior Research Associate of
the F.R.S.-FNRS (Belgium). M.M. and R.V. acknowledge support by INFN Iniziativa Specifica
ST&FI. The work of F.D.M. was partly supported by the RPG-2021-047 Leverhulme grant
“Extended Riemann-Hilbert Correspondence, Quantum Curves, and Mirror Symmetry “.

A BPS quivers of 5d SCFTs

The abelian quivers described in section 2 are a special instance of a more general object called
BPS quiver, which describe BPS states of supersymmetric theories with eight supercharges,
which for us will be 5d theories obtained by M-theory reduction on a local CY3 X. In this
context, BPS states arise from branes wrapping holomorphic cycles in a resolution X̂. Using
type IIA language, these can be described as bound states of D0-D2-D4 branes (see [13]
for more details), and the conserved charges of the 5d theory can be identified with Chern
classes in the even cohomology with compact support. One has

Γ := H0
cpt(X,ℤ)⊕H2

cpt(X,ℤ)⊕H4
cpt(X,ℤ) ∼= ℤ2r+f . (A.1)

The integers r and f are respectively the rank of the Coulomb branch and the number of
conserved flavour charges including the KK momentum, identified with the D0-brane charge.
In this context, nodes of the quiver are associated to so-called fractional branes [13, 38, 39],
and any D0-D2-D4 bound state can be equivalently seen as a bound state of such objects. The
BPS quiver with superpotential encodes the supersymmetric quantum mechanics describing
the low-energy physics of these BPS states: if the BPS state is a bound state of Ni fractional
branes associated to the i-th node of the quiver, then the gauge group at that node will be
U(Ni).14 A central object is the antisymmetric adjacency matrix B:

Bij = (# arrows i→ j)− (# arrows j → i), (A.2)

which represents the Dirac pairing among BPS charges. Flavour charges have by definition
zero Dirac pairing with everything, so that having the matrix B we can immediately identify
the flavour and Coulomb charges respectively as

Γf = kerB, Γc = Γc = cokerB, (A.3)
14Mathematically, one would consider a quiver without any gauge groups as being associated to a phase

of the 5d theory, and a choice of gauge group for every node would describe a quiver representation, see for
example the physically-oriented review in the book [16]. We will mostly refrain from using the language of
quiver representations in this work.
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i.e.
f = dimkerB, 2r = rkB. (A.4)

Finally, as explained in [37], the defect group of the geometrically engineered QFT can
be computed as

Tor (coker(B)) ∼= 𝔾(1)
e ⊕𝔾(1)

m , (A.5)

with 𝔾
(1)
e the electric one-form symmetry, and 𝔾

(1)
m the 4d KK descendant of 5d magnetic

two-form symmetry. For more details on the subject of defect groups for orbifolds, see
the upcoming work [35].
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