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Abstract. We consider the effect of projective measurements on the quench
dynamics of the bipartite entanglement entropy in one-dimensional free fermi-
onic systems. In our protocol, we consider projective measurements of a U (1)
conserved charge, the particle number, on some large subsystem, and study the
entanglement entropies between the same subsystem and its complement. We
compare the dynamics emanating from two classes of initial states, one which
is an eigenstate of the charge and another which is not. Moreover, we consider
the effects of a single measurement as well as multiple which are periodically
performed. Using the quasiparticle picture, we obtain analytic expressions for
the behaviour of the entanglement, which admit a transparent physical inter-
pretation. In general, we find that measurements introduce two distinct types
of corrections to the entanglement, which can be interpreted separately as clas-
sical and quantum contributions. The classical contribution is independent of
the measurement outcome and scales logarithmically with the variance of the
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charge distribution. In contrast, the quantum contribution depends on the spe-
cific measurement outcome and can be significant for individual realisations;
however, it becomes negligible when averaged over all possible outcomes. Our
expressions reduce to previously known results for symmetry-resolved entangle-
ment and full counting statistics in some relevant limits, and are confirmed by
an exact calculation performed on the Néel initial state.

Keywords: entanglement entropies,
entanglement in extended quantum systems, quantum quenches
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1. Introduction

In recent years, the interplay between unitary evolution and measurements in quantum
mechanical systems has attracted a considerable amount of interest. This is because
an understanding of the combined effect of the two is crucial for the control of com-
plex quantum systems, but also because the observation of measurement-related effects
is now experimentally feasible [1–4]. The significant theoretical effort that ensued has
unveiled an extraordinary richness of phenomena driven by the interplay between unit-
ary dynamics and measurements, including the quantum Zeno effect [5, 6] and an array
of measurement-induced phase transitions [7–9]. These effects show that measurements
can significantly alter the structure of many-body quantum systems [10–20]. One of
the most commonly used probes of many-body quantum systems, and in particular
their unitary dynamics, is the bipartite entanglement entropy between a subsystem
and its complement. The complex correlations of a system are condensed to a much
simpler form that can display universal properties through its scaling with subsystem
size [21–27]. Out of equilibrium, its scaling with time provides insight into the quantum
relaxation of a subsystem towards local equilibrium [28–38]. It has, therefore, been a
natural choice to help understand the impact of measurements upon a system, being
employed widely in the aforementioned studies; see also [39–48].

However, due to the difficulty of treating systems that combine unitary evolution and
measurements, a predominance of early studies investigated the averaged dynamics in
the presence of randomness, either in the system itself or the measurement protocol. The
favoured setting for these studies was brickwork quantum circuits, which are models of
discrete time evolution in which a robust analytical toolkit allows one to obtain several
analytical and numerical results. However, further studies [6, 9, 48–56] also investigated
the effects of local measurements on free fermionic systems, predicting deviations from
the well-known universal behaviour of entanglement dynamics, i.e. linear growth at
small times and saturation to volume law at large times.

Here, we consider a different but related problem concerning the effect of measure-
ments on the otherwise unitary quench dynamics of a many-body quantum system.
Unlike in previous studies, however, we shall be concerned with specific types of meas-
urements; namely, those of a globally conserved quantity inside an extended subsystem.
This resembles in some way the approach of [57–59] (see also the recent work [60]), where
the measurements were performed over extended subsystems. However, the measure-
ments in those works were still of local quantities, such as the single-spin configurations,
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while here we consider global objects, such as the total subsystem charge. In particular,
we shall study the quench dynamics of a free fermion chain from two classes of initial
states, which is perturbed by a number of measurements of the particle number inside
the subsystem. We consider the case of both one and multiple periodically performed
charge measurements. As with previous studies, we investigate this protocol through
the bipartite entanglement entropy and additionally via analytic methods.

Our primary tool in this endeavour is the quasiparticle picture of entanglement
dynamics and, in particular, the recent operatorial formulation proposed in [61].
Originally developed in [28, 29] to describe the evolution of the von Neumann entropy
in critical systems at large spacetime scales, the fundamental idea of the quasiparticle
picture is that the propagation of the correlations after a quench is due to pairs of
entangled quasiparticles that are created at the instant of the quench and travel bal-
listically across the system. From this point of view, the problem of evaluating the
entanglement entropy reduces to understanding the entanglement contribution of each
pair, and then to a counting problem to understand which pairs contribute to the entan-
glement, as depicted schematically in figure 1. This picture describes the most relevant
properties of entanglement evolution at large spacetime scales in massless and free
theories [29, 62, 63], namely its linear growth at short times and subsequent relaxation
to thermodynamic values at long times. It was then extended to interacting integrable
systems, in which the notion of stable quasiparticles can still be applied [64, 65]3 and
to the characterisation of several entanglement-related measures in free and interacting
systems [70–79]. Recently, the quasiparticle picture was given an operatorial formulation
[61], which allows one to access operatorial characterisations of entanglement, such as
the entanglement and negativity Hamiltonians [80, 81]. In this work, we will show that
this picture can also be used quite effectively to approach the measurement problem
at the hydrodynamic scale. We note that there have already been some attempts to
extend the quasiparticle picture to study open systems [82–85] and systems undergoing
continuous measurements [49, 52, 54, 86]. However, these results are still inconclusive on
whether a quasiparticle picture could actually describe the continuous measuring pro-
cess. Although our focus is different, our operatorial approach could shed light on the
problem, as it leads to the quasiparticle picture result for the entropy in a constructive
manner, starting from the operatorial formulation, which is a well-justified ansatz for
the evolution of the density matrix itself.

The structure of the paper is as follows. In section 2 we introduce the specifics of
our setup, including the Hamiltonian, initial states, and measurement protocol. We also
review the operatorial quasiparticle picture. In section 3 we comment on the properties
of entanglement in charge symmetric states and analyse the effect of a single measure-
ment on the entanglement in such systems. In section 4 we extend this analysis to the
case of multiple measurements on symmetric states. In section 5 we move on to initial
states that are not symmetric, and analyse the effect of both a single and multiple
measurement. In section 6 we provide some examples using prototypical initial states,
namely, the Néel, dimer and tilted ferromagnetic states. In section 7 we summarise and

3 The validity of the quasiparticle picture for the evolution of Rényi entropies in interacting systems was contested in [66, 67] on
the basis of results obtained through spacetime duality [67–69]. However, these studies confirmed the validity of the picture for the
von Neumann entropy, and in general for the evaluation of all quantities that do not require a multi-replica evaluation.

https://doi.org/10.1088/1742-5468/ae09a0 4

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

Figure 1. Quasiparticle picture of quench dynamics in free fermions. In the picture,
the quench acts on the initial state by producing pairs of entangled quasiparticles,
therefore relating entanglement propagation to transport. At each instant of time,
the dashed lines correspond to pairs which are not shared between A and A and
therefore do not contribute to the entropy. The solid lines in contrast correspond
to shared pairs, which contribute to the entanglement.

conclude. Details of several calculations and some generalisations are presented in the
appendices.

2. Setup

The standard quantum quench protocol involves initialising a closed quantum system in
a non-equilibrium state, |ψ⟩, and allowing it to undergo unitary time evolution governed
by a system Hamiltonian, |ψ(t)⟩= e−iHt|ψ⟩. We study the scenario in which this pro-
tocol is modified by interspersing the unitary dynamics with projective measurements,
performed within a finite subsystem of a globally conserved quantity. In this section
we introduce the Hamiltonian, initial states, the type of measurement, and our specific
protocol for time evolution.

2.1. Hamiltonian and initial states

Our system consists of a free fermionic chain of L sites whose unitary dynamics are
determined by the tight binding Hamiltonian,

H =−1

2

L∑
x=1

c†i ci+1+ c†i+1ci =
∑
k

εc†kck , (2.1)

where c†x,cx are the fermionic creation and annihilation operators for the site x, and

c†k,ck are their Fourier space counterparts. The dispersion is given by ε=−cos(k) and
we impose periodic boundary conditions. Much of what we say, however, is applicable
more generally to arbitrary free fermion models, with the final results depending only
on the group velocity vk =

∂ε
∂k
. We shall rely on the explicit form of (2.1) and the value

vk = sin(k) only when considering some specific examples later on. The Hamiltonian
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conserves the particle number, Q̂, also referred to as the charge, which is defined as

Q̂=
L∑
x=1

c†xcx =
∑
k

c†kck . (2.2)

In addition, the model has an extensive number of other conserved quantities, such as
the mode occupation c†kck, making it integrable.

We consider two different classes of initial states that have been widely utilised in
studies of free fermion quenches. The first class is given by

|ψ⟩=
∏
k>0

(√
1−n(k)c†k−π +

√
n(k)c†k

)
|0⟩, (2.3)

with |0⟩ being the vacuum containing no fermions. Here, n(k) is the fermion occupation

function, n(k) = ⟨ψ|c†kck|ψ⟩= 1−⟨ψ|c†k−πck−π|ψ⟩, which we leave as an arbitrary func-

tion characterising the initial state. This state is an eigenstate of Q̂ and has two-site
translational symmetry as well as particle–hole symmetry. Consequently, the eigenvalue
of the charge is fixed to be q = L/2, i.e. half filling. In the remainder of the paper we
refer to states within this class as symmetric states. The second class of states is given
by

|ψ⟩=
∏
k>0

(√
1−n(k)+

√
n(k)c†kc

†
−k

)
|0⟩ , (2.4)

where n(k) is again the fermion occupation function, but which now must be an even

function but is otherwise arbitrary. This state is not an eigenstate of Q̂ but has single-
site translational invariance and so the expectation value of the charge on any finite
subsystem is a constant of motion, and we denote the average charge density by q̄. We
refer to states of this type as either squeezed states or non-symmetric states. Despite
their differences, both classes of states are Gaussian and so their quench dynamics can
be treated exactly using free fermionic techniques.

2.2. Protocol

Throughout the time evolution, we shall make a number of projective charge measure-
ments inside a subsystem, A, which we take to be formed of ℓ contiguous sites. The
fermion number restricted to this subsystem is denoted by Q̂A and is given explicitly
by

Q̂A =
∑
x∈A

c†xcx , (2.5)

where we have merely restricted the sum over sites to be inside A. This operator has
integer eigenvalues, taking values in the range q ∈ [0,ℓ], which are the possible outcomes

of the projective measurement. We denote the projector onto the eigenspace of Q̂A with
eigenvalue q by ΠA

q .
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Figure 2. Measurement protocol (2.6). The system undergoes a non-equilibrium
free evolution from a non-equilibrium initial state. After a time step τ , it is projected
within the system A to an eigenstate of the U (1) charge. The unitary evolution
projection is then repeated an arbitrary number of times; after the mth step, at
some time t, the entanglement entropy of the interval A is then computed.

Our particular measurement protocol consists of periodically performed measure-
ments of Q̂A in between unitary dynamics generated by H. More specifically, as depic-
ted in figure 2, we allow our system to undergo unitary time evolution up to a time τ ,
at which point we projectively measure the charge in A, obtaining a certain outcome
that we denote by q1. The system then evolves unitarily until we make another meas-
urement at time 2τ , which returns the value q2. We repeat this until m measurements
are performed, and after the final measurement the system undergoes a further stage
of unitary evolution for a time t−mτ so that the total time for the whole protocol
is t. The sequence of measurement outcomes is collected in the m component vector
{qi}= (q1, . . . ,qm). According to the Born rule, the final state of the full system at time
t is given by

ρ(t|τ ,{qi}) =
e−iH(t−mτ)ΠA

qme
−iHτ . . .ΠA

q1e
−iHτ |ψ⟩⟨ψ|eiτHΠA

q1 . . .e
iHτΠA

qme
iH(t−mτ)

p(τ ,{qi})
(2.6)

where p(τ ,{qi}) is the probability of that particular sequence of measurement outcomes.
This is given by

p(τ ,{qi}) = tr
[
ΠA
qme

−iHτ . . .ΠA
q1e

−iHτ |ψ⟩⟨ψ|eiτHΠA
q1 . . .e

iHτΠA
qm

]
, (2.7)

which ensures that tr[ρ(t|τ ,{qi})] = 1.
Our goal in this paper is to investigate how the measurements affect the relaxation

of the system to local equilibrium. To do this, we compute one of the most widely used
measures of quantum relaxation in quench dynamics: the entanglement entropy between
A and its complement, Ā. To this end, we employ the replica trick and compute the
Rényi entanglement entropies

S
(α)
A (t|τ ,{qi}) =

1

1−α
logtrA [{ρA (t|τ ,{qi})}α] , α ∈ N (2.8)

https://doi.org/10.1088/1742-5468/ae09a0 7
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where ρA(t|τ ,{qi}) = trĀ[ρA(t|τ ,{qi})] is the reduced density matrix of the system at
time t. Upon analytically continuing α to arbitrary values and taking α→ 1 limit we
obtain the von Neumann entanglement entropy

SA (t|τ ,{qi}) =−trA [ρA (t|τ ,{qi}) log{ρA (t|τ ,{qi})}] = lim
α→1

S
(α)
A (t|τ ,{qi}) . (2.9)

In the absence of measurements, the quench dynamics of the entanglement entropy
have been extensively studied, particularly in free fermion models. In addition, for a
symmetric initial state and a single measurement made at the final time, t= τ , m =1,
the problem is closely related to the symmetry resolution of entanglement [87, 88], and
in particular to the characterisation of the charged moments, which was studied in [74,
75]. For non-symmetric initial states, the situation more closely resembles studies of the
entanglement asymmetry [78], which is used to study symmetry breaking at the level
of an extended subsystem. We shall make connections with both of these quantities to
gain insight into the current scenario. To the best of our knowledge the cases of t > τ
and m⩾ 1 have not been considered before.

2.3. Quasiparticle picture

To calculate S
(α)
A (t), and ultimately SA(t), we shall employ the quasiparticle picture

of entanglement dynamics. This semi-classical effective theory has proven to be highly
successful in not only obtaining analytic predictions but also providing an intuitive
understanding. The picture emerges from exact calculations in the ballistic scaling limit
of free systems where we take L, t,ℓ→∞, such that L≫ ℓ, t and the ratio t/ℓ is held
fixed. Alternatively, it can be used as an effective theory from the outset with the final
results checked numerically. This was the approach used in [61], where it was shown
that the reduced density matrix without measurements obeys an operatorial form of
the quasiparticle picture. Here, we briefly review how the theory works in the absence
of the measurements, i.e. under purely unitary dynamics.

The starting point of using the quasiparticle picture as an effective theory is to
divide the system into mesoscopic hydrodynamic cells of size 1≪∆≪ ℓ. The lattice
sites are then indexed as x= x0+κ, where x0 = 1, . . . ,L/∆ labels the fluid cell and κ =
0, . . . ,∆− 1 signifies the position within the cell. After this, we define the quasiparticle
creation operator as

b†x0,k =
1√
∆

∆−1∑
κ=0

e−ikκc†x0+κ , (2.10)

where we have taken the Fourier transform inside the fluid cell. We should note that the
wavevector k in the above expression is quantised according to the fluid cell size rather
than the full system size, as is the case in (2.1). We shall, nevertheless, refer to both of
these wavevectors by the same symbol as. ultimately, we shall take the thermodynamic
limit, in which case their quantisation will not matter. If the correlation length of the
initial state is small compared to ∆, then the initial density matrix for our two classes
of initial states can be expressed as a product over local density matrices inside each
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fluid cell,

ρ(0) =

L/∆∏
x0=1

∏
k>0

ρx0,k , (2.11)

where
∏

k>0ρx0,k is the local state within the fluid cell decomposed into its different
momentum sectors. For the symmetric initial state, the local density matrix is given
by [61, 80]

ρx0,k = n(k) n̂x0 (k)(1− n̂x0 (k−π))+ (1−n(k))(1− n̂x0 (k)) n̂x0 (k−π)

+
√
n(k)(1−n(k))

(
b†x0,kbx0,k−π + b†x0,k−πbx0,k

)
, (2.12)

with n̂x0(k) = b†x0,kbx0,k. For the squeezed state, on the other hand, we have instead

ρx0,k = n(k) n̂x0 (k) n̂x0,−k+(1−n(k))(1− n̂x0 (k))(1− n̂x0 (−k)) (2.13)

+
√
n(k)(1−n(k))

(
b†x0,kb

†
x0,−k+ bx0,−kbx0,k

)
,

whose symmetry-breaking properties are evident in the second line. The above decom-
position, (2.11), means that there are correlations only between quasiparticles that
are from the same fluid cell and have paired momenta, i.e. between the quasiparticles
labelled by x0,k and x0,k−π for the symmetric state or x0,k and x0,−k for the squeezed
state. In either case, one member of the pair has velocity vk and the other −vk.

The quasiparticle picture assumes that the quasiparticles of the system propag-
ate semi-classically and ballistically through the system. In terms of our quasiparticle
creation operators, b†x0,k, this means that we approximate the true quantum evolution

by [61]

b†x0,k(t) = e−iHtb†x0,ke
iHt ≈ b†xt(k),k (2.14)

where

xt (k) = x0+ vkt , (2.15)

and vk =
∂ε
∂k
. This leads to an effective time-dependent density matrix of the form

ρ(t) =
∏
k>0

∏
x0

ρx0,k (t) , (2.16)

where ρx0,k(t) is immediately obtained from the initial state, which can be either of
the form (2.12) or (2.13) by imposing the semi-classical evolution (2.14). This preserves
the structure of correlations that were present in the initial state, i.e. the quasiparticle
that originates at x 0 with momentum k is still only correlated with the one that also
originated at x 0 but which has k−π for the symmetric state or −k for the squeezed
state. The effect of the time evolution is that these two quasiparticles no longer lie inside
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the fluid cell x 0 but have been transported to xt(k) and xt(k−π) (or xt(−k) for the
squeezed state).

At this point, evaluating certain quantities is fairly straightforward. For example,
to compute the Rényi entropies we must trace out the region Ā, which can be carried
out individually for each correlated quasiparticle pair as follows. For the pair indexed
by x0,k, suppose that xt(k) ∈A while xt(k−π) ∈ Ā, i.e. it is shared between A and Ā,
then

trA [ρx0,k (t)] = n(k) n̂xt (k)+ (1−n(k))(1− n̂xt (k)) . (2.17)

If instead, xt(k),xt(k−π) ∈A then trA[ρx0,k(t)] = ρx0,k(t) whereas if xt(k),xt(k−π) ∈ Ā
then trA[ρx0,k(t)] = 1. Since each pair density matrix is pure, the only contributions to the
entropy arise only from the shared pairs, in which the trace of the complement induces
mixing as shown in (2.17). After summing up all pair contributions and then taking the
thermodynamic limit so that

∑
k →
´ π
−π

dk
2π , we obtain the quasiparticle picture result

S
(α)
A (t) =

ˆ
dk

2π
min(2|vk|t,ℓ)s(α) [n(k)] . (2.18)

Here, s(α)[n(k)] = 1
1−α log{[1−n(k)]α+ [n(k)]α} is the pair contribution to the Rényi

entanglement entropy and the function min(2|vk|t,ℓ) counts how many pairs are shared
between A and Ā at time t. In the replica limit, we find

SA (t) =

ˆ
dk

2π
min(2|vk|t,ℓ)s [n(k)] , (2.19)

where now s[n(k)] =−n(k) logn(k)− (1−n(k)) log(1−n(k)), which is equivalent to the
thermodynamic entropy of (2.17). In the next sections we will describe how to incorpor-
ate the effect of the measurements into the quasiparticle picture and how to compute
the resulting entropy.

3. A single measurement on symmetric states

We begin our analysis by considering the dynamics from symmetric initial states (2.3)
and concentrating, in this section, on just a single measurement. Before proceeding to
the quasiparticle picture calculations we make some preliminary remarks concerning
the entanglement entropy in symmetric states.

3.1. Remarks on entanglement in symmetric states

Prior to performing the calculation of SA(t|τ ,q) in our system, it is instructive to recap
some basic properties of the entanglement entropy of symmetric states. In particular, if
we quench a system from a symmetric initial state, such as (2.3), and allow it to evolve
in time according to a symmetric Hamiltonian, for the moment considering the case
without any measurement, the state will remain symmetric at all times. Moreover, the
full state will remain an eigenstate of Q̂ with eigenvalue q = L/2. Furthermore, since
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the charge can be split into a part acting on A and a part acting on Ā, the reduced
state of the subsystem A will also remain symmetric:[

ρA (t) ,Q̂A

]
= 0, ∀t . (3.1)

The state ρA(t) is a mixed state and due to its symmetry admits a decomposition into

the different charge sectors of Q̂A

ρA (t) =
ℓ⊗

q=0

p(t,q)ρA,q (t) (3.2)

where ρA,q(t) is the normalised density matrix obtained by projecting ρA(t) into the

eigenspace of Q̂A with eigenvalue q, and p(t,q) is its normalisation,

ρA,q (t) =
ΠA

q ρA (t)Π
A
q

p(t,q)
(3.3)

p(t,q) = trA
[
ΠA

q ρA (t)
]
. (3.4)

With this, we have trA[ρA,q(t)] = 1. This decomposition has served as the basis for
numerous studies on the symmetry resolution of entanglement [87–89]. These studies
seek to understand how the entanglement entropy between A and Ā decomposes into the
different charge sectors. One of the main results of these studies is that the entanglement
entropy can be expressed as a sum of two distinct terms,

SA (t) = SA,num (t)+SA,conf (t) . (3.5)

The first term, SA,num(t), is called the number entropy,

SA,num (t) =−
ℓ∑

q=0

p(t,q) log{p(t,q)} . (3.6)

It arises from the fluctuations of charge between different charge sectors and coincides
with the classical Shannon entropy of the charge probability distribution of the state.
The second term, SA,conf(t), is the configuration entropy

SA,conf (t) =
ℓ∑

q=0

p(t,q)SA,q (t) , (3.7)

SA,q (t) =−trA [ρA,q (t) log{ρA,q (t)}] . (3.8)

This, instead, arises from considering the entanglement contained within the charge
sectors themselves. The contribution of each charge sector is given by SA,q(t), also
known as the symmetry-resolved entropy, and the total configuration entropy is the
sum of these, weighted by their associated probability distributions.

Several interesting results have been derived concerning the symmetry resolution of
entanglement. First, the symmetry-resolved entropy experiences a time delay; namely
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there exists a time td,q prior to which there is no contribution to entanglement for that
particular charge sector, i.e.

SA,q (t < td,q) = 0, p(t < td,q,q) = 0 . (3.9)

The reason for this is that when quenching from an eigenstate of the charge, there is
a minimum amount of time that one must wait for the subsystem to accrue a charge
q. The further q is from the initial value of the subsystem charge, ℓ/2, the longer the
time delay. For q= ℓ/2 there is no time delay, td,ℓ/2 = 0. Second, in the predominance of
cases studied so far, an equipartition of entanglement between charge sectors has been
observed. This means that, at times beyond the delay time and for charges that are
close to the initial expectation value, the symmetry-resolved entropy does not depend
on q to leading order. That is,

SA,q (t > tq) = SA,ℓ/2 (t)+O
(
∆q2

)
(3.10)

where ∆q= ℓ/2− q. Finally, at long enough times, the charge probability distribution is
approximately normally distributed with a variance, σ2

t , which grows linearly in time. As
a result, we have that the number entropy, being the Shannon entropy of the probability
distribution, has a logarithmic growth in time,

SA,num (t) =
1

2
log
(
2πeσ2

t

)
≃ 1

2
log(t) , (3.11)

where the second equality is valid in the regime t < ℓ/2.
The aforementioned results have been derived in the case when no measurement is

made on the system. However, since we perform a measurement of the charge within
the subsystem, we have that the full state remains an eigenstate of Q̂ regardless of the
outcome of the measurement, and similarly,[

ρA (t|τ ,q) ,Q̂A

]
= 0, ∀t,τ ,q . (3.12)

Thus, all the results quoted above can also be applied to the measured system. This
allows us to make some immediate predictions for our protocol. The most straightfor-
ward is that

p(τ < td,q,q) = 0 , (3.13)

or in other words, it is not possible to measure the value q inside the subsystem prior
to its delay time. Second, since upon measuring the subsystem the state is projected
into a single charge sector, there will be a drop in entropy, which can be written as a
sum of number and configuration pieces. In particular, if τ < ℓ/2, it is expected that
the entropy takes the form

SA (t|τ ,q)≈ SA,conf −
1

2
logτ + · · · (3.14)

where the second term represents precisely the drop in the number entropy that takes
place as the state is projected over a charge sector. Note that this form of the correc-
tion is valid only at small times after the measurements. As time increases, additional
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fluctuations determined by the evolution start playing a role, and this result is expected
to change.

3.2. Quasiparticle approach

We now turn to the analysis of the entanglement dynamics emerging from a symmetric
state with a single measurement, m =1, t⩾ τ , using the quasiparticle picture. We begin
by bringing the expression for ρ(t|τ ,q) to a form more amenable to calculation by the
quasiparticle picture. To do this, we use the Fourier decomposition of the projector ΠA

q

ΠA
q =

ˆ π

−π

dλ

2π
e−iλ(q−Q̂A) . (3.15)

In terms of this, we can then write

trA [{ρA (t|τ ,q)}α] =

´ π
−π

[∏α
j=1

dλjdλ ′
j

4π2 e−iq(λj+λ ′
j)
]
eFα(t,{λj ,λ ′

j})[´ π
−π

dλdλ ′

4π2 e−iq(λ+λ ′)eF1(t,λ,λ ′)
]α (3.16)

where

Fα

(
t,
{
λj,λ

′
j

})
= log

trA

 α∏
j=1

(
trĀ

[
e−iH(t−τ)eiλjQ̂Aρ(τ)eiλ

′
j Q̂AeiH(t−τ)

]) (3.17)

with ρ(τ) being the unmeasured density matrix of the full system at time τ . Therefore,
our task boils down to calculating Fα(t,{λj,λ ′

j}) using the quasiparticle picture. This
can be simplified further by noting that the subsystem charge operator can be decom-
posed into quasiparticle operators as

Q̂A =
∑
x0∈A

∑
k

n̂x0,k . (3.18)

Combining these expressions with the decomposition of the density matrix (2.11) we see
that the evaluation of Fα(t,{λj,λ ′

j}) requires us to first understand how the operator

eiλn̂x0,k modifies the quasiparticle decomposition of ρ(τ). Given this, we can then imple-
ment the semi-classical time evolution for a period t− τ and then perform the trace
over Ā.

There are several different configurations to consider depending on whether one,
both, or no quasiparticles are inside A at time τ . First, we consider the case where
both quasiparticles in a pair are inside A at time τ and remain there at time t, i.e.
xτ (k),xτ (k−π) ∈A, while also xt(k),xt(k−π) ∈A. In this case we find that

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ) = ei(λ+λ

′)ρx0,k (t) . (3.19)

Thus, the pair remain in a pure state inside the subsystem, but acquire a phase. If, on the
other hand, one of the quasiparticles is no longer inside A at time t, i.e. xτ (k),xτ (k−π) ∈
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A and xt(k),∈A but xt(k−π),∈ Ā, we have

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ)

= ei(λ+λ
′) [n(k) n̂xt (k)+ (1−n(k))(1− n̂xt (k))] (3.20)

with a similar expression for the complementary case when xt(k) ∈ Ā but xτ (k−π) ∈A.
Up to the overall phase in front this is the same expression as in the case without
measurements (2.17). Finally, if both quasiparticles exit the subsystem by the time t,
then we simply have

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ) = ei(λ+λ

′) . (3.21)

Thus, when both particles are inside the subsystem at the time of the measurement,
the modification amounts to the inclusion of an overall phase factor ei(λ+λ

′).
More substantial modifications occur, however, when only a single quasiparticle

is inside A at the time of the measurement. We first consider the case where this
quasiparticle remains inside A at time t. Let us take, for example, xτ (k),xt(k) ∈A,
while xτ (k−π),xt(k−π) ∈ Ā, then we find that

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ)

= ei(λ+λ
′)n(k) n̂xt (k)+ (1−n(k))(1− n̂xt (k)) . (3.22)

In the complementary case where xτ (k),xt(k) ∈ Ā while xτ (k−π),xt(k−π) ∈A, an
analogous expression is found. On the other hand, if the quasiparticle subsequently
exits A, we have

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ) = ei(λ+λ

′)n(k)+ 1−n(k) . (3.23)

One could also consider cases where neither member of the pair is inside A at the time
of the measurement. Their contribution will be the same as in the unmeasured case.

We can now combine all these different quasiparticle configurations to find the
expression for Fα(t,{λj,λ ′

j}). Upon taking the thermodynamic limit, we find

Fα(t,
{
λj,λ

′
j

}
) =

ˆ π

−π

dk

2π

(
χ
(1)

AĀ
(t,k)fα

 α∑
j=1

[
λj +λ ′

j

]
,k

+χ
(1)

ĀĀ
(t,k)

α∑
j=1

f1(λj +λ ′
j,k)

+
[
χ
(0)

AĀ
(t,k)+χ

(2)

AĀ
(t,k)

]
fα (0,k)

+
[
χ
(2)
AA(t,k)+χ

(2)

AĀ
(t,k)+χ

(2)

ĀĀ
(t,k)

] α∑
j=1

i
[
λj +λ ′

j

])
(3.24)

where we have introduced the counting functions χ
(x)
BB′(t,k), here B,B ′ =A or Ā and x=

0,1,2, which count the number of quasiparticles in a certain configuration at time t along
with

fα (z,k) = log
{
[1−n(k)]α+n(k)α eiz

}
, (3.25)
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which accounts for their contribution. For the counting functions, the subscript denotes
the configuration of the particles at the time t, i.e. AA means both members of a pair
are inside A, whereas AĀ means one is in A and the other in Ā, etc. The superscript,
instead, denotes how many quasiparticles in the pair were inside A at the time of

the measurement: either 0,1, or 2. For example, χ
(1)

AA
(t,k) counts the number of quasi-

particles that are inside A at the time τ and t and whose partner was in Ā at both τ
and t. It is given by

χ
(1)

AA
(t,k) = min(2|vk|t,ℓ)−min(2|vk|(t− τ) ,ℓ) . (3.26)

The first term above is the standard expression giving the number of quasiparticles that
belong to pairs that are shared between A and Ā. The second term is the number that
become shared pairs between the times τ and t. We give explicit expressions for all these
counting functions in appendix A. The first line in (3.24) contains the contributions of
pairs for which only one member was inside A at the time of the measurement. The
first term in the second line accounts for pairs for which both members were inside Ā
at the time of the measurement and so are unaffected by it. Finally, the second term
of the second line and the last line are the total contributions for pairs that were both
inside A at the time of the measurement.

Plugging (3.24) back into (3.16), one can perform the inverse Fourier transform and
determine the Rényi entropy. In practice, it is rarely possible to perform these integrals
exactly (see section 6.1 for an exception) and so to obtain analytic predictions we can
use a saddle point approximation to arrive at the final result.

3.3. Saddle point approximation

In the ballistic, hydrodynamic regime that we are considering, all relevant quantities,
such as τ , t,ℓ, and q, are taken to be very large, allowing us to perform a saddle point
approximation in the evaluation of the λj,λ

′
j integrals. In this subsection we present the

results of such a calculation, leaving the details of the evaluation for appendix A.
The first point to note is that the saddle point equations

q = i∂λjFα

(
t,
{
λj,λ

′
j

})
, (3.27)

q = i∂λ ′
j
Fα

(
t,
{
λj,λ

′
j

})
, (3.28)

admit a solution only for specific values of measured charge q for a given τ . In particular,
a saddle point solution exists only if

|∆q|⩽ 2τ

π
, ∆q = q− ℓ/2 . (3.29)

This condition encapsulates the time delay anticipated in section 3.1, and was first
obtained in the context of symmetry-resolved entanglement in [75]. To reiterate, it
states that because of the finite velocity of the propagation of charge, it is not possible
to measure values of the charge that deviate too much from the initial value, ℓ/2, if the
time at which the measurement is performed is not large enough. Given the existence
of the solution, we also note that equations (3.27) and (3.28) suggest that all saddle

https://doi.org/10.1088/1742-5468/ae09a0 15

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

points coincide, i.e. λj = λ ′
j := λα(q)/2, and moreover they depend on the value of q as

well as the Rényi index. The fact that the saddle point solution depends on the replica
index is quite unusual for free systems and complicates the analysis. It arises because
the measured value of the charge needs to be the same in each replica. Nevertheless,
in the replica limit, considerable simplification occurs. In particular, for any physically
measurable value of the charge, i.e. one for which (3.29) is satisfied, we find that

SA (t|τ ,q)≈ SA (t)+

ˆ
dk

2π
χ
(1)

AA
(t,k)(s [n∆q (k)]− s [n(k)])+ logN (t) . (3.30)

This expression is the first main result of this paper. It states that the entanglement
entropy after a single measurement can be expressed as the unmeasured value, SA(t),
given in (2.19), perturbed by corrections of two types, only one of which depends on
the measurement outcome as we now explain.

The first correction depends on the difference of entropies evaluated using two occu-
pation functions: the normal one, n(k), and a modified one given by

n∆q (k) =
n(k)eλ(q)

n(k)eλ(q)+1−n(k)
, (3.31)

where −iλ(q) is the solution of the saddle point equations in the replica limit. This
modified occupation function is the one that can be associated with the symmetry-
resolved density matrix, ρA,q. Assuming that the measured value is close to ℓ/2, this
can be approximated as

λ(q)≈ ∆q

σ2
τ

. (3.32)

This correction depends on both the measurement outcome, through n∆q(k), and the

time at which we calculate the entanglement, through χ
(1)

AĀ
(t). We can note, however,

that if the measured value is exactly the initial value, then this term vanishes; i.e. for
∆q = 0 we have n0(k) = n(k). On the other hand, if λ(q)→±∞, meaning that |∆q| is
large, then n∆q(k)→ 0 and the change in the entanglement is most significant. However,
it should be noted that the saddle point approximation will break down for large enough
λ(q), corresponding to a significant deviation from the average of the measured charge.

In addition, if t < ℓ/2 then χ
(1)

AĀ
(t,k) = 2|vk|τ and the t dependence is absent. In light

of (3.14), we can understand this term as being due to the change in configuration
contribution to the entanglement entropy.

The second correction term is instead related to the number entropy of the subsystem
at the time of the measurement, and arises from the contribution of the Hessian matrix
in the saddle point evolution. In fact, as shown in the appendix, for t= τ

logN (τ)≈−SA,num (τ)+O (1) (3.33)

where explicitly,

SA,num (τ) =
1

2
log
[
2πeσ2

τ

]
, (3.34)
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σ2
τ =

ˆ
dk

2π
min(2|vk|τ ,ℓ)n(k) [1−n(k)] . (3.35)

This drop in the entanglement entropy was anticipated earlier (3.14) and arises from
the destruction of charge fluctuations in the measured state. In the two regimes τ < ℓ/2
and τ ≫ ℓ, it contributes factor −1

2 logτ and −1
2 logℓ, respectively. Compared to the

standard evolution of symmetry-resolved entanglement, however, our protocol has an
additional structure, as we consider an extra time evolution; that, is t ̸= τ . In general,
it is not obvious that logN (t) follows (3.33) in general; however, as also shown in the
appendix, in the regime if τ < ℓ/2 it is always true that

logN (t)≈−1

2
logσ2

τ +O (1) ∀t ∈ [τ ,ℓ/2] , (3.36)

where σ2
τ ∝ τ in this regime. On the other hand, for larger values of t, the time evolution

leads to a decreasing of the value of logN (t) as a consequence of the resurgence of
fluctuations as induced by the time evolution. Eventually, for t→∞, the correction
disappears, reflecting the fact that the effect of the measurement is washed away at
long times if the total system is much larger than A. In particular, for t > ℓ/2> τ , it
can be expressed as

logN (t)≈−1

2
log

σ2
τ

σ2
τ +σ2

t−τ −σ2
t

+ · · · (3.37)

which disappears at long times by observing that σ2
t ∼ σ2

t−τ for t→∞. Note that, in all
the above regimes, this correction is independent of the measurement outcome, which
is in contrast to the first correction.

To summarise, we find that a single measurement of the charge inside the subsystem
leads to two corrections, which we attribute to the change in number and configura-
tional entropies. At short times, and to leading order, the number entropy correction
is the classical entropy of the subsystem charge distribution; we thus refer to this as
the classical contribution. In contrast, the other term, which strongly depends on the
measurement outcome, is referred to as the quantum contribution. In section 6 and in
appendix B, we will show that in quenches from the Néel state it is possible to solve
the λ,λ ′ integrals exactly, without making use of the saddle point approximation. This
exact solution correctly reproduces the saddle point expression (3.30) in the limit of
large τ ,ℓ, and t, thus confirming our general result.

3.4. Average entanglement entropy

The change in entropy can differ drastically depending on the outcome of the measure-
ment. While the classical contribution is independent of the outcome, the quantum part
is most prominent if the outcome significantly deviates from ℓ/2. One can expect such
outcomes, however, to be much more unlikely or, in some cases, forbidden due to the
time delay. To investigate this further, in this subsection we calculate the entanglement
entropy averaged over all possible outcomes. Denoting this by ⟨SA(t|τ ,q)⟩, it is given

https://doi.org/10.1088/1742-5468/ae09a0 17

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

by the expression

⟨SA (t|τ ,q)⟩= SA (t)+ logN (t)+

ˆ
dq p(τ ,q)

ˆ
dk

2π
χ
(1)

AA
(t,k)(s [nq (k)]− s [n(k)]) .

(3.38)

To evaluate this, we need the probability distribution p(τ ,q). Referring again to
appendix A, we find that, for sufficiently large τ such that the time delay does not
play a role,

p(τ ,q)≈ 1√
2πσ2

τ

exp−∆q2

2σ2
τ

. (3.39)

Namely, the measurement outcomes are approximately normally distributed about ℓ/2
with variance σ2

τ . To evaluate (3.38), we expand s[nq(k)] for small ∆q/τ and then
perform the Gaussian integral. As might be expected from the equipartition of entan-
glement, the leading order term is ∆q2. Then, using

〈
∆q2

〉
= σ2

τ , we find

⟨SA (t|τ ,q)⟩= SA (t)+ logN (t)−
σ2
t −σ2

t−τ

2σ2
τ

+
1

2σ2
τ

ˆ
dk

2π
χ
(1)

AA
(t,k)n(k) [1−n(k)] [1− 2n(k)] log

(
1−n(k)

n(k)

)
, (3.40)

where σ2
x are the charge variances given by (3.35), evaluated at times x= t,τ , t− τ .

Naturally, the first two terms in (3.40) are unaffected by the average, while to understand
the second two, we consider as a starting point the regime τ , t < ℓ/2. Therein, the
counting function simplifies to the value 2|vk|τ while, additionally, the variance is linear
in τ , σ2

τ = 2τD. Here, D is known as the Drude self-weight, which is related to the
two-point function of the charge current [90]. Using this, we find that the measurement
time drops out of the last two terms

⟨SA (t|τ ,q)⟩= SA (t)+ logN (t)− 1

2
+

1

2D

ˆ
dk

2π
|vk|n(1−n)(1− 2n) log

(
1−n

n

)
,

(3.41)

which implies that the average correction due to the configuration entropy term is of
O(1) in time. We will evaluate such terms for specific states in section 6.

We therefore come to the conclusion that the average change in entropy is dominated
by the contribution from the change in number entropy, i.e. the classical contribution.
This is ultimately a consequence of the fact that the standard deviation of the charge
distribution is very small compared to the measurement time, as στ ∝

√
τ in the short

time regime. In principle, projecting over values of ∆q comparable to τ would lead
to much greater values of s[n∆q(k)]− s[n(k)], and possibly the dominant contribution
coming from the configuration term. Hence, this feature is just a consequence of the
decreased likelihood of measuring charges, which deviate significantly from the expected
value in the type of quenches and initial states we consider.
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4. Multiple measurements on symmetric states

Having seen the effect of a single measurement on the entanglement entropy in symmet-
ric states, we now extend our analysis to the case of multiple measurements, i.e. m > 1,
t > mτ . Note that, despite the more complicated protocol, the state remains symmetric
at all times and in particular always admits a decomposition similar to (3.2). This will
allow us to interpret the resulting expression in terms of contributions from the number
and configurational entropies, as was the case for a single measurement.

4.1. Quasiparticle approach

In the presence of several projective measurements, the essence of the reasoning remains
unaltered, but the technical structure is significantly more complicated. For m meas-
urements performed at times t= lτ , l = 1, . . . ,m with outcomes ql, we have that

trA [{ρA (t|τ ,{qi})}α] =

´ π
−π

[∏m
l=1

∏α
j=1

dλl,jdλ
′
l,j

4π2 eiql(λl,j+λ
′
l,j)
]
eFα(t,{λl,j ,λ ′

l,j})[´ π
−π
∏m

l=1
dλldλ ′

l

4π2 eiql(λl+λ
′
l )eF1(t,λl,λ ′

l )
]α , (4.1)

where the function Fα(t,{λl,j,λ ′
l,j}) is a generalisation of (3.17) to the multiple meas-

urement case and has a complicated yet straightforward expression in terms of the
quasiparticle picture generalising the expression of the single measurement (3.24). We
again proceed via a saddle point approximation in order to evaluate the λl,j,λl,j integ-
rals. We present the full expression for Fα(t,{λl,j,λ ′

l,j}) as well as details of the saddle
point calculation in appendix A.2 and only discuss the results here.

The solution shares some fundamental similarities with the case of a single meas-
urement. In particular, not only is there a time delay for the first measurement, but
also for all subsequent measurements. Each delay time depends on the outcome of the
previous measurement. In particular, we have that the saddle point exists only if

|∆qi|= |qi − qi−1|⩽
2τ

π
, q0 = ℓ/2 . (4.2)

Such a restriction is natural, since after each measurement the state is projected back
to a single charge sector and one must allow a sufficient amount of time between meas-
urements for the charge to build up inside the subsystem in order to measure a certain
value. Furthermore, the saddle points are still dependent on the Rényi index and also
on the measurement outcomes. However, as in the m =1 case, they simplify consider-
ably in the replica limit, α→ 1, and admit a compact expression upon expanding about
|∆qi|/τ being small,

m∑
l=k

λl ≈
∆qk

σ2
kτ −σ2

(k−1)τ

, (4.3)

where the dependence of the saddle points on the charges is left implicit to lighten the
notation. The denominator is the difference in charge variance evaluated at times t=
(k− 1)τ and t= kτ . In the regimemτ < ℓ/2, this simplifies, and σ2

kτ −σ2
(k−1)τ = 2τD ∀k.
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Proceeding as outlined in appendix A.2, and assuming that τ is large enough to
avoid issues of the time delay, i.e. {qi} corresponds to a physically allowable sequence
of measurement outcomes, we arrive at the following expression for the entanglement
entropy:

SA (t|τ ,{ql}) = SA (t)+
m∑
l=1

{
logNl (t)+

ˆ
dk

2π
χ
(1,l)

AA
(t,k)(s [n∆ql (k)]− s [n(k)])

}
. (4.4)

This is the second main result of this paper. It states that, as in the single measurement
case, the entanglement entropy can be expressed as an unmeasured value perturbed by
a series of corrections for each measurement performed, and which take two different
forms. We explain these fully below.

The first correction is due to the drop in number entropy experienced at each meas-
urement. This can be easily understood by analogy with the single measurement case.
Each time a measurement is made, the state is projected onto a single charge sector,
thereby destroying charge fluctuations in the subsystem and reducing the entanglement
by the number entropy term. After the measurement, the ballistic propagation of charge
still takes place within the system, allowing charge fluctuations to build up within A
and specifically, a linear-in-time growth of the subsystem charge variance. When the
next measurement is made, these newly acquired charge fluctuations are destroyed, once
again leading to a reduction of the entanglement through the number entropy. These
contributions all sum up to give a correction ∼−(m/2) log(Dτ) in the regime t < ℓ/2.

The second type of correction depends on both the outcome of the measurements {ql}
as well as the time at which the entropy is computed. It consists of entropy differences
s[n∆ql(k)]− s[n(k)], i.e. entropy differences between the state and the modified state,
defined by

n∆ql (k) =
n(k)e

∑m
s=l λs

n(k)e
∑m

s=l λs +1−n(k)
=

n(k)e

∆ql
σ2
lτ
−σ2

(l−1)τ

n(k)e

∆ql
σ2
lτ
−σ2

(l−1)τ +1−n(k)

. (4.5)

This takes the same form as for the single measurement case (3.31). The differences are

weighted by the counting functions χ
(1,l)

AĀ
(t,k), which count the number of quasiparticles

that were part of shared pairs between A and Ā at the time of the lth measurement
and which remain shared at the time t. By comparing to the single measurement case,
we are naturally led to interpret this term as coming from the change in configuration
entropy of the state after each measurement. We note that if ql = ql−1, ∀l then this
term vanishes and the correction is solely due to the number entropy term. For large
deviations between the measured values, however, the contribution is significant and
will dominate over the number entropy term.

4.2. Average entanglement entropy

We can also calculate the change in the entanglement upon averaging over all meas-
urement outcomes. To do this, we need the probability distribution, which generalises
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straightforwardly from the m =1 case. In particular, within the saddle point approxim-
ation, it simply reduces to the product of Gaussians, such that each is centred on the
outcome of the previous measurement,

p(τ ,{ql})∝ exp

−
m∑
l=1

∆q2l

2
(
σ2
lτ −σ2

(l−1)τ

)
 . (4.6)

In the regime mτ < ℓ/2 reduces to a suggestive form given by a product of Gaussians
of the same variance, dependent only on τ and on the Drude weight,

p(τ ,{ql})∝ exp

{
−
∑

l=1∆q
2
l

4Dτ

}
. (4.7)

Such a product structure of the probability implies that taking averages follows directly
from the n =1 case. In fact, this implies immediately

ˆ ( m∏
s=1

dqs

)
p(τ ,{ql})

m∑
l=1

ˆ
dk

2π
χ
(1,l)

AA
(t,k)(s [n∆ql (k)]− s [n(k)]) (4.8)

=−m
2
+
m

2D

ˆ
dk

2π
|vk|n(k) [1−n(k)] [1− 2n(k)] log

(
1−n(k)

n(k)

)
(4.9)

which is the sum of single measurement terms. Thus, the average correction to the
entropy is dominated by the number entropy term, and the whole correction in the
regime mτ < ℓ/2 is simply a sum of single measurement corrections.

5. Measurements on symmetry-breaking states

Up to now we have investigated the dynamics of states that are eigenstates of the
total charge. We now turn our attention to consider the other class of states that are
not charge-symmetric: the squeezed states (2.13). We proceed by first making some
general remarks on entanglement in non-symmetric states and then consider the single
measurement case. After that, we look at the multiple measurement case.

5.1. Remarks on entanglement in symmetry-breaking states

For symmetric states we were able to decompose the reduced density matrix into the
different eigenspaces of Q̂A. In turn, this led to a decomposition of the entanglement
entropy into a number and configuration part. When the state is not symmetric, this
decomposition of the reduced density matrix is no longer possible. Nevertheless, a use-
ful decomposition of the entanglement entropy exists. Specifically, we can write the
entanglement entropy for any state, symmetric or not, as

SA (t) = SA,num (t)+SA,conf (t)−∆SA (t) . (5.1)

The first two terms are the number and configuration contributions, which are defined
in the same way as previously, through (3.6)–(3.8) using (3.3) and (3.4). We should

https://doi.org/10.1088/1742-5468/ae09a0 21

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

note that although the first two terms are defined as in the symmetric case, their
properties can be different. In particular, for symmetry-breaking states there is, in
general, no delay time. The initial state already contains charge fluctuations and so any
value of the charge can be measured. For typical symmetry-breaking states we have that
SA,num(0)∼ 1

2 log(ℓ), while SA,num(t→∞)∼ 1
2 log(ℓ/2) [91]. The last term in (5.1) is new.

It is called the entanglement asymmetry and is defined as the relative entropy between
ρA(t) and an auxiliary state, ρA,Q(t), which is constructed from ρA(t) by symmetrisation.
Explicitly,

∆SA (t) = S (ρA,Q (t) ||ρA (t)) , ρA,Q (t) =
∑
q

p(t,q)ρA,q (t) , (5.2)

where ρA,q(t) and p(t,q) are given in (3.3) and (3.4), respectively. This quantity was
introduced in [78] (see also [92–95]) as a probe of symmetry breaking in extended sub-
systems of many-body quantum systems. In the present context, however, it measures
the reduction in entanglement of the state due to its symmetry breaking. If the state
is symmetric, ρA,Q(t) = ρA(t), meaning that ∆SA(t) = 0 and the previous expression is
recovered (3.5).

The entanglement asymmetry has since been investigated in a wide range of scen-
arios, both in and out of equilibrium [69, 78, 79, 96–108], with many of its properties
now well understood. Notably, being a relative entropy it is non-negative, ∆SA(t)⩾ 0
and typically for symmetry-breaking states ∆SA(0)∼ 1

2 logℓ, while ∆SA(t→∞)→ 0.
Moreover, for an initial product state, we have that

SA,num (0) = ∆SA (0) (5.3)

although their finite-time dynamics differ, as could be guessed from their aforementioned
long-time behaviour.

From the decomposition (5.1) and the general properties of the associated quantities
we can make some predictions on the behaviour of the entropy in the case of a single
measurement. First, we can expect that due to the absence of a time delay, all possible
eigenvalues of Q̂A can be measured at any time, independently of τ . Second, after the
measurement is made, the subsystem no longer contains charge fluctuations and so
we can expect a drop in the entropy coming from the absence of the number entropy.
However, this can be compensated for by the presence of ∆SA(t), especially for times
that are small compared to ℓ. At long times, however, the asymmetry vanishes while the
number entropy remains finite. Thus, for τ large, we can expect a drop in the entropy
due to destruction of the number fluctuations. Finally, after the first measurement, the
subsystem has no charge fluctuations and so we can expect that a delay time is present
for any subsequent measurements.

5.2. Single measurement

We begin our analysis by considering the case of a single measurement. The philosophy
of the calculation is the same as in the case of the symmetric states, but with some
modifications coming from the structure of the state (2.4). The most notable of these
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arises when both of the quasiparticles in a pair are inside A at the time of the meas-
urement. As an example, we consider the case where both quasiparticles in a pair are
inside A at time τ but only one remains there at time t, i.e. xτ (k),xτ (k−π) ∈A, while
also xt(k) ∈A, xt(k−π) ∈ Ā. In this case we find that

e−iH(t−τ) trĀ

[
eiλn̂x0,kρx0,k (τ)e

iλ ′n̂x0,k
]
eiH(t−τ)

= e2i(λ+λ
′)n(k) n̂xt (k)+ (1−n(k))(1− n̂xt (k)) . (5.4)

This can be contrasted with (3.20), the analogous expression in the symmetric case,
which just contributes a phase. After reconsidering all such possible configurations we
obtain an expression akin to (3.16), where now

Fα(t,
{
λj,λ

′
j

}
) =

ˆ π

−π

dk

2π

(
χ
(1)

AĀ
(t,k)fα

 α∑
j

[
λj +λ ′

j

]
,k

+χ
(1)

ĀĀ
(t,k)

α∑
j=1

f1(λj +λ ′
j,k)

+χ
(0)

AĀ
(t,k)fα (0,k)+χ

(2)

AĀ
(t,k)fα

2
α∑
j

[
λj +λ ′

j

]
,k


+χ

(2)
AA(t,k)

α∑
j=1

f1(2
[
λj +λ ′

j+1

]
,k)+χ

(2)

ĀĀ
(t,k)

α∑
j=1

f1(2
[
λj +λ ′

j

]
,k)
)
.

(5.5)

In this expression, the first line and the first term of the second line are the same as
for the symmetric state (3.24). This means that when either zero or one member of a
quasiparticle pair are inside A at the time of the measurement, there is no difference
between the symmetric and non-symmetric cases. In contrast, when both members of
the pair are present in A at the time of the measurement there is a significant difference,
which is seen in the remainder of the terms. For example, the configuration considered
in (5.4) gives rise to the second term in the second line of (5.5).

Inserting this back into (3.16) we can then proceed, as before, via a saddle
point approximation. In this case, the saddle point equations take the same form as
before (3.27, 3.28); however, their solutions are different owing to the structure of
Fα(t,{λj,λ ′

j}). Similar to the symmetric case, one can verify that, as before, all the
saddle points coincide (λj = λ ′

k, ∀j,k), and moreover that they depend on the rep-
lica index. In the non-symmetric case, however, one can always find a solution to the
equations, meaning that there is no time delay. In the replica limit, the expression
simplifies considerably. For small ∆q = q− q̄, with q̄ being the average charge in the
subsystem, we find

λ(q)≈ ∆q

σ2
τ

, (5.6)
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Schematically, this has the same form as (3.32), although importantly, the expression
for the variance is now given by

σ2
τ =

ˆ
dk

2π
[2ℓ−min(2|vk|τ ,ℓ)]n(k) [1−n(k)] . (5.7)

From this, we see that the variance is finite and extensive in the initial state, saturating
to half its value in the limit t→∞. Thus, the saddle point solution does not diverge as
t→∞ for finite values of ∆q.

Providing details in the appendix A.3, we state the result for the von Neumann
entropy for non-symmetric states:

SA (t|τ ,q) = SA (t)+

ˆ
dk

2π
χ
(1)

AĀ
(t,k)(s [n∆q (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(2)

AĀ
(t,k)(s [n2∆q (k)]− s [n(k)])+ logN (t) . (5.8)

Here we see that there are three terms contributing to the correction. The first of these
is the same as before, coming from a single member of a pair being present at the time
of the measurement. The second term is new to the non-symmetric case and arises from
the fact that the measurement acts non-trivially when both members of a pair are inside
the interval. The last term, logN (t), represents the logarithmic corrections arising from
the Hessian matrix in the saddle point evaluation. As proven in appendix A.3, at time
t= τ it can be expressed in terms of the entanglement asymmetry and the number
entropy as

logN (τ) = ∆SA (τ)−SA,num (τ) (5.9)

as was expected from general considerations, where the entanglement asymmetry can
be approximated at short times as

∆SA (τ) =
1

2
log [2πeXτ ] , (5.10)

Xτ = 2

ˆ
dk

2π
[ℓ−min(2|vk|τ ,ℓ)]n(k) [1−n(k)] . (5.11)

For τ =0, it coincides with SA,num(0), thereby cancelling the number contribution
exactly, and also suppressing it for τ ≪ ℓ. For t > τ , logN (t) will acquire a time depend-
ence that can be controlled in the various relevant limits, which are investigated in A.3.
As mentioned above, the presence of this non-trivial time dependence is expected, since
in our protocol we are adding additional time evolution compared to the standard situ-
ations in which entanglement asymmetry and symmetry resolution are considered; and
this time evolution is at the origin of the revival of fluctuations which are reduced by
the measurement.
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5.3. Multiple measurements

Although symmetry-breaking states are structurally different from symmetric ones,
when performing a measurement they are projected over a symmetry sector. Therefore,
if we consider a protocol in which measurements are repeated periodically with period
τ , the evolution of the system after the first measurement should share some features
with that analysed in section 4. This expectation is confirmed by the saddle point calcu-
lation as detailed in appendix A.3. From there we see that, while the first measurement
carries no restriction, from the second measurement on a time delay appears,

|∆qi|= |qi− qi−1|⩽
2τ

π
∀i > 1. (5.12)

This is the fundamental signature of the state being projected to a sector of definite
charge over A. However, this does not imply that the result for the entropies becomes
equivalent to that of the symmetric case, since squeezed states are collections of pairs
of particles, while symmetric states are collections of particle–hole excitations. As a
consequence, the solution will contain several terms depending on whether pairs or
single particles were contained in A at the time of each measurement. In the case of two
measurements, the solution is therefore

SA (t|τ ,{qi}) = SA (t)+

ˆ
dk

2π
χ
(2,2)

AA
(s [n2λ1+2λ2 (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(2,1)

AA
(s [n2λ1+λ2 (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(1,1)

AA
(s [nλ1+λ2 (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(0,1)

AA
(s [nλ2 (k)]− s [n(k)])+ logN , (5.13)

where the values of the saddle points satisfy more complicated expressions compared to
the symmetric case,

q1− q = λ1σ
2
τ +λ2σ

2
2τ , (5.14)

q2− q1 = λ1
(
2σ2

τ −σ2
∞
)
. (5.15)

This increase in difficulty is again a consequence of the presence of full pairs, which are
affected non-trivially by the measurements.

In general, the final solution for arbitrary t and an arbitrary number of measure-
ments will contain all possible combinations, depending on how many particles of each
pair were inside the interval at the time of each measurement. Compactly, this can be
expressed as

SA (t|τ ,{qi}) = SA (t)+
∑
l⃗

ˆ
dk

2π
χ
(⃗l)
AA

(
s
[
nl⃗·λ⃗ (k)

]
− s [n(k)]

)
+ logN (t)(5.16)

https://doi.org/10.1088/1742-5468/ae09a0 25

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

where l⃗ is a string of values, 0, 1, or 2, which represent the number of particles inside
the interval at the time of each measurement, on the same line of (5.13).

6. Examples

Having laid out the general theory of our time evolution protocol, in this section we
present some explicit examples. For this, we choose two prototypical symmetric initial
states, namely the Néel and dimer states, and a non-symmetric state, namely the tilted
ferromagnet.

6.1. Néel state

Perhaps the simplest initial state that can be considered is the Néel state. In real space,
this takes the form

|ψ⟩=
L/2∏
x=1

c†2x|0⟩ (6.1)

=
∏
k>0

c†k−π + c†k√
2

|0⟩ . (6.2)

In the second line we have switched to Fourier space, from which we see that the mode
occupation function is particularly simple n(k) = 1/2, meaning that

fα (z,k) = log
[
1+ eiz

]
−α log(2) . (6.3)

This lack of k dependence allows one to carry out both the k integral in Fα(t,{λj,λ ′
j})

and the λ integrals without the need for the saddle point approximation. Details of the
exact calculation are given in appendix B. We shall use this to compare to the saddle
point approximation but now proceed with the saddle point calculation as outlined in
previous sections.

Considering a single measurement as a starting point, we have from (3.27) that the
saddle point equations are

∆q =

ˆ
dk

2π

[
χ
(2)
AA (t,k)+χ

(2)

AĀ
(t,k)+χ

(2)

ĀĀ
(t,k)

]
+χ

(1)

AA
(t,k)

eαλα(q)

eαλα(q)+1
. (6.4)

where we have used the fact that all the saddle points should be the same and denoting
this by λα(q) to signify that it depends on both the replica index and the measurement
outcome. These can be easily solved for t < ℓ/2,

∆q =
eαλα(q)

eαλ(q)+1

ˆ
dk

2π
2|vk|τ −

2τ

π
(6.5)

=
2τ

π
tanh(αλα (q)/2) (6.6)

from which we can obtain the exact saddle point as a function of the charge variation,
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Figure 3. SA(t|τ ,q) in the Néel state for several values of ∆q/τ , at fixed τ = ℓ/3,
and varying time. Immediately after the measurement, the entropy is decreased and
the difference with respect to SA(t) remains constant up to t= ℓ/2. Successively, all
curves tend to the same stationary value. Since in (6.8) the entropic contributions
are momentum-independent, the approach to the stationary value is dictated for
any q by the integral of the counting function, implying that the ratios of the
distances between the curves remain constant in time.

λα (q) =
2

α
arctanh

(
π∆q

2τ

)
⇒ λα (q) =

1

α
λ(q) . (6.7)

where λ(q) is the saddle point in the replica limit. Since both s[n(k)] and s[n∆q(k)] are
k -independent,

SA (t|τ ,q) = SA (t)+ (s [n∆q]− log2)

ˆ
dk

2π
χ
(1)

AA
(t,k)+ logN (t) (6.8)

where the logN term will be evaluated shortly. The behaviour of the modified entropy
is shown in figure 3, highlighting that the more the measured value is unlikely, the larger
the variation of the entropy.

The entropic contribution s[n∆q]− log2 can be evaluated exactly from (6.7) after
some algebra,

s [n∆q]− log2 =
π∆q

4τ
log

(
1− 2π∆q

π∆q+2τ

)
− 1

2
log

(
1−

(
π∆q

2τ

)2
)

(6.9)

where we have made use of (6.7). In the limit of small α, this reduces to

s [n∆q]− log2≈−π
2∆q2

8τ 2
+O (∆q/τ)4 (6.10)
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from which, as expected, we obtain equipartition at first order,

SA (t|τ ,q)≈ SA (t)−
π∆q2

2τ
+ logN (t) . (6.11)

The logarithmic correction is evaluated in this time regime by simply substituting the
specifics of the state in the general result (3.36), giving the result

logN (t) =−1

2
log2τ (6.12)

which is also confirmed by the exact evaluation.
In this situation, it is also possible to obtain the probability distribution, owing to

the specific form of the saddle point (6.7), which leads to

p(τ ,q)∝ exp

{(
∆q− 2τ

π

)
log

(
1− π∆q

2τ

)
−
(
∆q+

2τ

π

)
log

(
1+

π∆q

2τ

)}
. (6.13)

Interestingly, this expression for the probability clearly exhibits the reason for the time

delay, which was obtained above on general grounds: the values for which τ < π|∆q|
2

leads to ill-defined logarithms. Hence, the time delay corresponds to the impossibility
to measure certain values of charge, as claimed heuristically above. At the Gaussian
level, this simply reduces to

p(τ ,q)≈ 1√
2τ

exp

{
−π∆q

2

2τ

}
(6.14)

which shows that σ2
τ = τ/π in this regime. Performing the average of the entropy, using

that
〈
∆q2

〉
= τ/π, and exploiting the fact that in this case (3.40) simplifies, since (1−

2n) = 0, the general correction can be expressed as

⟨SA (t|τ ,q)⟩= SA (t)−
σ2
t −σ2

t−τ

2σ2
τ

− 1

2
log2τ (6.15)

= SA (t)− 1/2− 1

2
log(2τ)+O (1/τ) (6.16)

which shows clearly that the classical contribution is the dominant correction. Figure 4
shows that this value reproduces the exact result very accurately, even for relatively
small values of τ . Since all time dependence in this situation is in SA(t), the deviation
δSA(t|τ ,q) = SA(t|τ ,q)−SA(t) has in fact no time dependence.

In the case of several measurements, we would have the same structure (see also
appendix B for the exact solution in the case of several measurements),

⟨SA (t|τ ,{qi})⟩ ≈ SA (t)−m

(
1

2
+

1

2
log2τ

)
. (6.17)

Note that in this particularly simple initial case, it is also possible to evaluate the
Rényi entropies with relative ease, since the various saddle points are all related in a
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Figure 4. Comparison between the exact solution for the average correction to
the entanglement entropy, ⟨δSA(t|τ ,q)⟩= ⟨SA(t|τ ,q)⟩−SA(t) of the Néel state,
obtained from the exact solution discussed in appendix B, and the average of the
quasiparticle/saddle point prediction (6.16). The saddle point result is accurate,
exhibiting a logarithmic correction in the time of the measurement.

rather simple way: λ1 = αλα. In particular,

S
(α)
A (t|τ ,{qi}) = SA (t|τ ,{qi}) (6.18)

which shows that the independence of the Rényi entropies from the Rényi index, which
is a feature of the unitary quench evolution of the Néel state, is also preserved by the
presence of the measurements.

In appendix B we prove that, owing to the momentum independence of the occupa-
tion functions of this state, it is possible to obtain an exact result for the Rényi entropies
in the t < ℓ/2 regime, which takes the form

S
(α)
A (t|q) = SA (t)− log

(
2

4τ
π
Γ
(
2τ
π +∆q+1

)
Γ
(
2τ
π −∆q+1

)
Γ
(
4τ
π +1

) )
, (6.19)

from which it is clear that even in the presence of the measurement there is no depend-
ence on the Rényi index. This result can be expanded using the Stirling formula for
large τ ; postponing the details to the appendix, this gives

S
(α)
A (t|q)≈ S

(α)
A (t)−

(
2τ

π
+∆q

)
log

(
1+

π∆q

2τ

)
−
(
2τ

π
−∆q

)
log

(
1− π∆q

2τ

)
− log

[√
π2

2τ

(
4τ 2

π2
−∆q2

)]
, (6.20)
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which is exactly identical to (6.8) and reproduces the result of [75]. Moreover, it confirms
the claimed value of the classical correction, since

logN (t) =− log

[√
π2

2τ

(
4τ 2

π2
−∆q2

)]
≈−1

2
log2τ +O

(
(∆q/τ)2

)
. (6.21)

Therefore, the saddle point prediction is confirmed to be the large τ expansion of the
exact solution. A similar solution can also be obtained in the case of several measure-
ments, confirming the solution also in that situation.

6.2. Dimer state

The second explicit state we consider is the dimer state, which belongs to the class of
symmetric states of the form (6.22), with occupation functions n(k) = 1−cosk

2 . It therefore
takes the form

|ψ⟩=
L/2∏
x=1

(
c†2x−1− c†2x√

2

)
|0⟩=

∏
k>0

(√
1+ cosk

2
c†k−π +

√
1− cosk

2
c†k

)
|0⟩. (6.22)

In this context, the main advantage of this state, which allows us to obtain analytical
solutions, is the feature dn=−vk

2 dk, which in principle can be used to simplify integrals
in the regime τ < ℓ/2, in which the effective velocity appears explicitly. In fact, focusing
on the regime t < ℓ/2, the saddle point equation in the replica limit is

∆q =

ˆ
dk

2π
2|vk|τ

(
neλ(q)

neλ(q)+(1−n)
− 1

2

)
, (6.23)

which can be solved quite easily by the change of variables k →n,

∆q =
2τ

π

sinhλ(q)−λ(q)

coshλ(q)− 1
≈ 2τ

3π
λ(q)+O

(
λ(q)3

)
⇒ λ(q)≈ 3π

2τ
∆q, (6.24)

which implies σ2
τ =

2τ
3π . The entropy correction can be expressed in a simple form for

τ < ℓ/2 by changing variables,

SA (t|τ ,q) = SA (t)+
4τ

π

ˆ 1

0

dn(s [n∆q]− s [n])+ logN (t) . (6.25)

It is not difficult to convince oneself that the correction is always negative. Therefore,
the effect of the measurements at short times will be that of a sudden decrease in the
entropy, as would be naturally expected. At longer times, however, this is not obvious.
In fact, there is a subtle interplay between the sign of s[n∆q(k)]− s[n(k)], which is not
always positive, and the structure of the counting function, which tends to truncate fast
modes (which correspond to measured particles which exit the interval the quickest, and
which therefore cease to contribute to the entropy). The interplay between these two is
shown in figure 5: while the entropy is initially decreased by the measurement, it then
outgrows the unitary value, and tends to the stationary value from above.
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Figure 5. Behaviour of SA(t|τ ,q) for several values of ∆q/τ , at fixed τ = ℓ/4,
and varying time. We see that immediately after the measurement the entropy is
decreased and the difference with respect to SA(t) remains constant up to t= ℓ/2.
At this point, the structure of the counting function becomes more complex, and
this leads to a faster increase in the entropy of the measured state. In particular,
this surpasses both the unitary value and the asymptotic t→∞ value, which is
then approached from above, as shown in the inset. Note that the deviations from
the unitary value appear quite significant for t < ℓ/2; it is, however, necessary to
consider that the variance of the probability distribution is only σ2 = 2τ

3π ; there-
fore, all values shown in the plot are highly unlikely. In particular, the logarithmic
correction is truly negligible for such values.

Using the value of the variance in the probability distribution, it is then possible to
extract the average behaviour of the entropy correction, which is expressed at leading
order,

⟨SA (t|τ ,q)⟩= SA (t)+ τ

ˆ
dk

2π
|vk|

(n− 1)n(1+ 2(2n− 1)arctanh(1− 2n))

σ2
τ

+ logN (t) . (6.26)

which shows that the τ dependence disappears completely. Solving the integral leads to

⟨SA (t|τ ,q)⟩= SA (t)−
1

4
+ logN (t) (6.27)

which is immediately generalised to the case of several measurements,

⟨SA (t|τ ,{qi})⟩= SA (t)−
m

4
+m logN (t) . (6.28)
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As above, logN has an easy expression for small times, and is dominated by a factor
−1

2 logτ . Therefore, also in this case the logarithmic correction is the dominant one on
average.

6.3. Tilted ferromagnet

An interesting state belonging to the second class of states is the tilted ferromagnet,
which has been studied in several instances as it provides the simplest realisation of the
quantum Mpemba effect [78, 105]. In fermionic language, it can be expressed as

|TFθ⟩=
L∏
x=1

(
sin

θ

2
+ cos

θ

2
c†x

)
|0⟩. (6.29)

From this, one can construct the ‘cat’ version

|TF ⟩= |TFθ⟩− |TF−θ⟩√
2

(6.30)

which can be shown to be the ground state of a free Hamiltonian, and is therefore
Gaussian (see for instance [109, 110] for a discussion on the spin formulation of the state,
which is shown to be the ground state of a specific XY Hamiltonian). In particular, it
is a squeezed state, as it breaks particle number symmetry. The occupation functions
are given by [105]

n(k) =
1− cosΘk

2
, cosΘk =

2cosθ−
(
1+ (cosθ)2

)
cosk

1− 2cosθ cosk+(cosθ)2
. (6.31)

For brevity, we focus on the maximally tilted state, for which θ = π/2. For this value
of the parameter, the occupation functions simplify significantly, as cosΘk = cosk and
therefore n(k) = 1−cosk

2 . Note that the occupation functions are the same as those that
appear in the dimer state, but the structure of the state is different, as it is of the
form (2.4).

Specifying the general expression obtained in the previous sections to such occupa-
tion functions, we see that the saddle point equation for α=1 reduces to

λ(q) =
∆q

σ2
τ

=

{
q−ℓ/2
ℓ/4− 2τ

3π

τ < ℓ/2,
q−ℓ/2
ℓ/8 τ ≫ ℓ.

(6.32)

Note that for τ < ℓ/2, the integrals appearing in the saddle point equation can be solved
exactly, giving

q = ℓ
eλ(q)

eλ (q)+ 1
+2τ

1−λ(q)cothλ(q)

π sinhλ(q)
(6.33)

https://doi.org/10.1088/1742-5468/ae09a0 32

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

which reduces to (6.32) expanding for small λ(q). Focusing on a single measurement,

in the regime t < ℓ/2, we also have that the two relevant counting functions are χ
(2)

AA
=

|vk|(t− τ) and χ
(1)

AA
= 2|vk|τ . The correction to the entropy is therefore given by (5.8)

SA (t|τ ,q) = SA (t)+ 2τ

ˆ
dk

2π
|vk|(s [n∆q (k)]− s [n(k)])

+ (t− τ)

ˆ
dk

2π
|vk|(s [n2∆q (k)]− s [n(k)])+ logN . (6.34)

Substituting the saddle point value and performing the integral leads to the compact
solution

SA (t|τ ,q)≈ SA (t)−
∆q2

6π
(
ℓ/4− 2τ

3π

)2 (2t− τ)+ logN , (6.35)

which has a more interesting time dependence compared to the symmetric case. In
particular, there is an explicit dependence on the time t, arising from the pairs that
were both contained in A at the time of the measurement and get progressively shared
with the complement. However, on average, the effect is still small, since the standard
deviation is also in this case of order the square root of the expectation value of the
measurement. In fact, taking the average simply gives

⟨SA (t|τ ,q)⟩ ≈ SA (t)−
2t− τ

6π
(
ℓ/4− 2τ

3π

) + logN (6.36)

where the first term is O(1) for t < ℓ/2. In this case, the evaluation of the logarithmic
correction is more involved but can still be performed in various relevant limits, as
discussed in the appendix.

7. Conclusions

In this work we have investigated the effect of measurements of a U (1) conserved charge,
performed in an extended subsystem, on a quenched free fermion chain. In particular,
we have computed analytic expressions for the bipartite entanglement entropy between
the measured subsystem and its complement. This was done for two different classes of
initial states, one which is symmetric with respect to the measured charge and another
which is not. We studied the correction to the growth of entanglement for arbitrary
measurement outcomes as well as the averaged entanglement. These results were then
extended to the case of multiple periodically performed measurements and confirmed
by exact analytical calculations on the Néel state.

For initial states, which are eigenstates of the charge and a single measurement, we
find that the entanglement entropy can be written as the standard expression, perturbed
by two distinct corrections. One of these can be attributed to the destruction of charge
fluctuations within the subsystem. It depends on the time at which the measurement
was performed but is independent of the outcome of the measurement. At short times,
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it scales logarithmically with the measurement time. The other term can be attributed
to the change in configurational entropy of the state; this term scales linearly with the
measurement time and depends both on the measurement outcome as well as the time
at which the entropy is computed. For typical outcomes, the first correction dominates,
but for outcomes that deviate sufficiently from the average charge in the subsystem,
the latter term is more significant. If the measured value is exactly the average value,
then only the first correction is present.

For non-symmetric initial states we also find that the entropy can be written in
terms of a number of perturbations of the unitary value. In this case, the configuration
entropy term is also present but at short times the term arising from the destruction
of charge fluctuations is compensated by the entanglement asymmetry of the state.
This means that the drop in entropy coming from the destruction of charge fluctuations
is compensated for the increase in entropy coming from the destruction of coherences
between the different charge sectors. Upon averaging over all measurement outcomes at
short times, we find that the entropy receives a negligible correction. At long times, the
unitary evolution causes the state to become symmetric; as a result, the entanglement
asymmetry vanishes and the number entropy term is present. For both choices of initial
states, it appears that the post-selection of specific measurement results is the only
way to obtain significant deviations from the unperturbed results: taking averages over
measurement outcomes generically leads to negligible corrections. As noted above, this
ultimately results from the strongly peaked charge distributions that characterise the
states under consideration.

To obtain these results we have performed analytic calculations using a hydro-
dynamic framework. In particular, we employed the operator form of the quasiparticle
picture, which has been shown to accurately describe the reduced density matrix in
the ballistic scaling limit. As a special case of our results, we can easily recover previ-
ously known results on full counting statistics and symmetry resolution of entanglement,
which provides a strong confirmation of our results.

Further lines of research include the extension of the discussion to the interacting
regime, which can be performed by merging insights coming from the free case analysed
in this work and from spacetime duality [68, 69]. Moreover, the techniques used in this
work appear promising as a way to systematically approach several different problems
involving quench evolution in free models, considering, for example, dissipative systems
and systems undergoing different measurement protocols.
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Appendix A. Evaluating the saddle point

A.1. Symmetric states—single measurement

In this appendix we perform in detail the evaluation of the integrals in (3.16) by saddle
point. Since the various saddle points required for the different kinds of measurements
considered in the various sections are all rather similar, we perform in detail only the
one for a single measurement on symmetric states.

In this case the exponent of the integrand takes the form (3.24)

Fα

(
t,
{
λj,λ

′
j

})
=

ˆ π

−π

dk

2π

χ(1)

AĀ
(t,k)fα

 α∑
j

[
λj +λ ′

j

]
,k

+χ
(1)

ĀĀ
(t,k)

α∑
j=1

f1
(
λj +λ ′

j,k
)

+
[
χ
(0)

AĀ
(t,k)+χ

(2)

AĀ
(t,k)

]
fα (0,k)

+
[
χ
(2)
AA (t,k)+χ

(2)

AĀ
(t,k)+χ

(2)

ĀĀ
(t,k)

] α∑
j=1

i
[
λj +λ ′

j

] . (A.1)

The counting functions can be obtained by simple physical arguments. In fact, they are
related by the simple expressions

χ
(1)

AĀ
(t,k)+χ

(1)

ĀĀ
(t,k) = min(2|vk|τ ,ℓ)

χ
(1)

AĀ
(t,k)+χ

(0)

AĀ
(t,k)+χ

(2)

AĀ
(t,k) = min(2|vk|t,ℓ)

χ
(2)
AA (t,k)+χ

(2)

AĀ
(t,k)+χ

(2)

ĀĀ
(t,k) = 1

2 [ℓ−min(2|vk|τ ,ℓ)]

(A.2)

where the properties in the first and second lines arise because the sum of the counting
functions represent the total number of pairs that are shared between A and A at times
τ and t, respectively, while the last line counts the total number of full pairs contained
in A at time τ . Also, it is easy to convince oneself that the counting functions relating
to the part that is not influenced by the measurement are obtained by counting the
number of shared pairs, but starting from time τ , and therefore are given by a simple
modification of the usual expression

χ
(0)

AĀ
(t,k)+χ

(2)

AĀ
(t,k) = min(2|vk|(t− τ) ,ℓ) (A.3)

from which for instance the counting function discussed in the main text is
obtained (3.26):

χ
(1)

AA
(t,k) = min(2|vk|t,ℓ)−min(2|vk|(t− τ) ,ℓ) , (A.4)

and all others can be found subsequently.
The value of the saddle point is obtained by differentiating the argument of the

exponential with respect to each λj and λ
′
j. Since the two clearly give the same saddle

point results, we can directly merge the two variables as λ*j = λ*j +(λ ′
j)

*, where the star
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refers to the solution to the saddle point equations, which is

q =

ˆ
dk

2π
χ
(1)

AA
(t,k)∂λi fα

∑
j

λj,k

+

ˆ
dk

2π
χ
(1)

ĀĀ
(t,k)∂λjf1 (λj)

+
1

2

ˆ
dk

2π
(ℓ−min(2|vk|τ ,ℓ)) . (A.5)

From this, it is easy to convince oneself that the saddle point is dependent on the Rényi
index, as

q =

ˆ
dk

2π
χ
(1)

AA
(t,k)

ei
∑

k λ
*
knα

ei
∑

k λ
*
knα+(1−n)α

+

ˆ
dk

2π
χ
(1)

ĀĀ
(t,k)

eiλ
*
jn

eiλ
*
jn+(1−n)

+
1

2

ˆ
dk

2π
(ℓ−min(2|vk|τ ,ℓ)) . (A.6)

Although the solution depends on the Rényi index, at fixed α the equation above leads
to the same saddle point for each λj , which we write as iλ*j := λα(q). Hence, the saddle
point solution reduces to

q =

ˆ
dk

2π
χ
(1)

AA
(t,k)

eαλα(q)nα

eαλα(q)nα+(1−n)α
+

ˆ
dk

2π
χ
(1)

ĀĀ
(t,k)

eλα(q)n

eλα(q)n+(1−n)

+
1

2

ˆ
dk

2π
(ℓ−min(2|vk|τ ,ℓ)) . (A.7)

Introducing ∆q = q− ℓ/2, where ℓ/2 is the charge of the initial state, this simplifies in
the case for α=1, which is needed in order to evaluate the von Neumann entropy,

∆q =

ˆ
dk

2π
min(2|vk|τ ,ℓ)

(
neλ(q)

neλ(q)+(1−n)
− 1

2

)
, (A.8)

where we have used χ
(1)

ĀĀ
(t,k)+χ

(1)

AA
(t,k) = min(2|vk|τ ,ℓ), and defined λ(q) := λ1(q). At

this point, it is important to realise that this saddle point equation does not in general
have a solution for arbitrary ∆q and τ . In fact, restricting to the case t < ℓ/2, the
equation reduces to

∆q = 2τ

ˆ
dk

2π
|vk|

n

n+(1−n)e−λ(q)
− 2τ

π
. (A.9)

Considering for clarity the dimer state, in which n= 1+cosk
2 , and noting that dn=−vk

2 dk,
a change of variables gives

∆q =
4τ

π

ˆ 1

0

dn
n

n+(1−n)e−λ(q)
− 2τ

π
=

4τ

π
I (λ(q))− 2τ

π
=

2τ

π
(2I (λ(q))− 1) . (A.10)
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Since I(λ(q)) is a monotonically increasing function of λ(q), ranging from 0 to 1, the
saddle point will exist only if

τ ⩾ π |∆q|
2

, (A.11)

as was already predicted for the symmetry resolution of entanglement in [75]. This
result has a very simple interpretation: since the initial state has a definite charge
ℓ/2, in the ballistic regime we are considering, the probability to measure a value of
charge that deviates significantly from this is exponentially suppressed if the time of
the measurement is not large enough. Hence, this is simply a signature of the presence
of a finite maximal velocity of propagation of the quasiparticles. Although we have
considered the dimer to simplify the integral, the same conclusion (3.29) applies to any
state, as can be seen by considering the limits α→±∞ of the integral in (A.9) and its
monotonicity.

Once this issue is settled, the saddle point equation can be solved approximately by
expanding for small λ(q),

∆q ≈
ˆ

dk

2π
min(2|vk|τ ,ℓ)

(
n(k)− 1

2

)
+λ(q)

ˆ
dk

2π
min(2|vk|τ ,ℓ)n(k)(1−n(k)) .

(A.12)

The first integral of the second line is zero: in fact, exploiting the property n(k−π) =
1−n(k), which characterises such states (as obvious from (2.12)), one obtains

ˆ
dk

2π
min(2|vk|τ ,ℓ)n(k) =

ˆ
dk

2π
min(2|vk|τ ,ℓ)(1−n(k)) (A.13)

from which immediately
ˆ

dk

2π
min(2|vk|τ ,ℓ)n(k) =

1

2

ˆ
dk

2π
min(2|vk|τ ,ℓ) . (A.14)

The second integral on the other hand simply represents the standard deviation of the
charge distribution, which, for τ < ℓ/2, reduces to the Drude self-weight [90, 111], since
in this regime

2τ

ˆ
dk

2π
|vk|n(k)(1−n(k)) = 2τD. (A.15)

Therefore, the saddle point can be expressed in a particularly neat form as

λ(q)≈ ∆q

σ2
τ

. (A.16)

Notably, this result is constant in time, and only depends on the time of the
measurement.
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The saddle point solution can then be carried on by evaluating the argument of the
integrals in (3.16) with the saddle point (A.16). In particular,

logtrA [{ρA (t|τ ,q)}α] = log

{
e−iqαλα+Fα(t,λα)

e−iqαλ1+αF1(t,λ1)

}
+ log

√
(2π |F ′ ′

1 (t,λ1) |)α

2π |F ′ ′
α (t,λα) |

(A.17)

where we have expressed compactly as |F ′ ′
α (t,λα)| the determinant of the Hessian of

the exponent of the integral, which commonly appears in saddle point evaluations.
In general, in most studies involving the quasiparticle picture, this term contributes
subleading terms, and is therefore fully neglected. Here, on the other hand, this term
is not completely negligible, and we will keep it until the end, referring to it as Nα :=√

(2π |F ′ ′
1 (t,λ1)|)α

2π |F ′ ′
α (t,λα)| .

In general, in the case of an arbitrary Rényi index (A.17) will depend on two separate
saddle points λα(q) and λ1(q). This would lead in general to a complicated solution, in
which the quasiparticle structure would not be manifest. In the case α→ 1, however, the
problem simplifies. In fact, the von Neumann entropy can be obtained via De l’Hopital’s
rule,

SA (t|τ ,q) = lim
α→1

1

1−α
logtrA [{ρA (t|τ ,q)}α] =−∂α logtrA [{ρA (t|τ ,q)}α]

∣∣∣
α=1

. (A.18)

Performing the derivative explicitly and evaluating in α=1 leads to the simplification
of several terms, leading to

SA(t|τ ,q)=−
ˆ

dk

2π
χ
(1)

AA
(t,k)

(
log(1−n+neλ(q))− (1−n) log(1−n)+neλ(q) log(neλ(q))

1−n+neλ(q)

)
−
ˆ

dk

2π
min(2|vk|(t− τ ,ℓ)((1−n) log(1−n)+n logn)+ logN , (A.19)

where we recall that λ(q) = λ1(q), and we have defined logN := limα→1
1

1−α logNα. At
this point, we note that the contribution in the second line is simply the standard pair
contribution to the von Neumann entropy in the absence of measurement,

s [n(k)] =−n(k) logn(k)− (1−n(k)) log(1−n(k)) , (A.20)

while the first line can be written as a similar contribution, namely a pair entropy of
the form (A.20) but evaluated on a modified state

n∆q (k) =
n(k)eλ(q)

n(k)eλ(q)+(1−n)
, (A.21)

which depends on the outcome of the measurement through the saddle point (A.16).
Hence, the entropy can be finally expressed as

SA (t|τ ,q) =
ˆ

dk

2π
χ
(1)

AA
(t,k)s [n∆q (k)]+

ˆ
dk

2π
min(2|vk|(t− τ) ,ℓ)s [n(k)]+ logN
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= SA (t)+

ˆ
dk

2π
χ
(1)

AA
(t,k) [s [n∆q (k)]− s [n(k)]] + logN (A.22)

where in the last line we have used χ
(1)

AA
(t,k)+min(2|vk|(t− τ),ℓ) = min(2|vk|t,ℓ), which

gives rise to the standard quasiparticle entropy SA(t). This is the result claimed in the
main text, in which the normalisation factor coming from the saddle point plays the role
of the number entropy. In order to understand the average effect of the measurement
on the entropy, it is also necessary to evaluate the probability of each outcome in the
saddle point approximation. This is given by

p(t,q) = Tr
[
e−iH(t−τ)Πqρ(τ)Πqe

iH(t−τ)
]
=Tr[Πqρ(τ)Πq] = p(τ ,q) , (A.23)

which is simply given by the α→ 1 limit of expression for the charged moments.
Evaluating by saddle point analogously as above, and using the same saddle point
value λ(q), this reduces to

p(τ ,q) ,≈ 1√
2πσ2

τ

exp

{
−∆q2

2σ2
τ

}
. (A.24)

Hence, the probability is a Gaussian centred about the value of the charge in the initial
state, q0 = ℓ/2, and its width is precisely the variance of the charge distribution. For
τ < ℓ/2, as shown in (A.15), σ2

τ ∝ τ , and therefore the variance of the distribution is
precisely the measurement time, as would be naturally expected.

The final aspect that needs to be investigated is the form of the correction arising
from the term logNα. We distinguish two regimes: the one in which t < ℓ/2 and the one

in which t > ℓ/2. In the first regime, since χ
(1)

ĀĀ
(t,k) is zero, the integral effectively only

depends on
∑

j λj, and hence can be mapped to a one-dimensional integral. Hence, the
Hessian reduces to the absolute value of the second derivative of the exponent,

lim
α→1

1

1−α
log

√
(2π |F ′ ′

1 (λ1) |)α

2π |F ′ ′
α (λα) |

=
1

2
(∂α log |F ′ ′

α (λα) |−log |F ′ ′
1 (λ1) |)α=1− log

√
2π. (A.25)

From the explicit form of F ′ ′, it is simple to convince oneself that the first term on
the right-hand side is O(1), while the second one is −1

2 log2τ +O(1) for any symmetric
initial state. Hence, we see that this correction corresponds precisely to the number
entropy, which was expected to arise in (3.14).

In the regime τ < ℓ/2 and t > ℓ/2, the contributions relative to χ
(1)

ĀĀ
(t,k) are no

longer zero, and therefore the integral does not simplify. The full Hessian matrix is

∂i∂jF (t,{λk}) =−
ˆ

dk

2π
χ
(1)

AA
(t,k)

nα (1−n)α ei
∑

k λk(
(1−n)α+ei

∑
k λknα

)2
− δij

ˆ
dk

2π
χ
(1)

ĀĀ
(t,k)

n(1−n)eλj

((1−n)+ eλjn)
2 , (A.26)

which can be seen as the sum of a matrix with constant entries and a diagonal matrix,
which are the first and second terms of the equation above. The determinant of the

https://doi.org/10.1088/1742-5468/ae09a0 39

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

sum of a diagonal matrix diag(Dii) and a rank 1 matrix S of constant entries s can be
evaluated exactly as

det(D+S) = det(D)

(
1+

∑
i

s

Dii

)
=

(∏
i

Dii

)(
1+

∑
i

s

Dii

)
. (A.27)

Using this property in (A.26) and using the saddle point values iλ*j = λα, the Hessian
at the saddle point is expressed as

|det(∂i∂jF )iλj=αα |=Aα
α+αAα−1

α Bα
α=1
= A1+B1 (A.28)

where Bα =
´

dk
2πχ

(1)

AA
(t,k) nα(1−n)αeαλα

((1−n)α+eαλαnα)2

Aα =
´

dk
2πχ

(1)

ĀĀ
(t,k) n(1−n)eλα

((1−n)+eλαn)2
.

(A.29)

In this case, the form of the corrective term would be

1

1−α
logNα =

1

1−α
log

√
(2π)α−1 (A1+B1)

α

Aα
α+αAα−1

α Bα
. (A.30)

Again, since we are interested in the von Neumann limit we can take the limit α→ 1 to
obtain

lim
α→1

1

1−α
log

√
(A1+B1)

α

Aα
α+αAα−1

α Bα

=
1

2

(
log

[
A1

A1+B1

]
+

B1

A1+B1
+
∂α (Aα+Bα) |α=1

(A1+B1)

)
. (A.31)

Compared to the result for t < ℓ/2, here the correction exhibits a stronger suppression
in all terms, and in particular all relevant terms vanish in the long time limit, since
when t≫ ℓ, Bα → 0, and therefore the correction tends simply to O(1). In particular,
expanding (A.29) at zero order in the saddle point and substituting the expressions for
the counting functions, the correction becomes

logN (t)≈−1

2
log

σ2
τ

σ2
τ +σ2

t−τ −σ2
t

+ · · · (A.32)

which disappears in the long time limit, since

σ2
t ≈ σ2

t−τ for t→∞. (A.33)

From the discussion just performed it is easy to convince oneself that the crucial

aspect in the evaluation depends on whether the term χ
(1)

ĀĀ
is zero or not. In the regime

t < ℓ/2, this is always zero, leading to the easy solution discussed above. On the other
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hand, another simple regime is that for which t= τ , for all values of the ratio t/ℓ. In

this regime the term χ
(1)

ĀĀ
is always absent, and therefore the discussion above can be

repeated, leading to

logN (t= τ)≈−1

2
logσ2

τ +O (1) (A.34)

confirming the identification with the number entropy. Interestingly, as long as t <
ℓ/2, this form is preserved by the time evolution. However, the structure changes as t

increases due to the activation of the χ
(1)

ĀĀ
terms.

A.2. Symmetric states—multiple measurements

Since the main features of the generalisation to several measurements are already clear
considering two measurements, we begin by analysing this situation. If the outcomes of
the two measurements are q1 and q2, respectively, we can express the projectors as

ΠA
qn =

ˆ π

−π

dλn
2π

eiλn(qn−Q̂A) , (A.35)

which leads to

trA [{ρA (t|τ ,q1,q2)}α] =

´ π
−π

[∏2
n=1

∏α
j=1

dλn,jdλ ′
n,j

4π2 eiqn(λn,j+λ
′
n,j)
]
eFα(t,{λn,j ,λ ′

n,j})[´ π
−π
∏2

n=1
dλndλ ′

n

4π2 eiqn(λn+λ ′
n)eF1(t,λn,λ ′

n)
]α . (A.36)

Clearly, Fα(t,{λn,j,λ ′
n,j}) will contain more different classes of contributions compared

to the case of a single measurement. In particular, one has to distinguish between the
pairs in which both measurements have an effect, and those in which only one (either
the first or the second) acts on the state. As for the case considered above, we note that
it is actually possible in general to change the coordinates to λj +λ ′

j, thus reducing the
number of degrees of freedom. With this simplification, Fα can be expressed in terms
of a single set of variables {λn,j}{n=1,2; j=1...α}, as

Fα (t,{λn,j}) =
ˆ

dk

2π

χ(1,1)

AA
fα

∑
j

[λ1,j +λ2,j] ,k


+χ

(0,1)

AA
fα

∑
j

λ2,j,k

+
(
χ
(0)

AA
+χ

(2)

AA

)
fα (0)

+χ
(1,0)

ĀĀ

∑
j

f1 (λ1,j,k)+χ
(1,1)

ĀĀ

∑
j

f1 (λ1,j +λ2,j,k)+χ
(0,1)

ĀĀ

∑
j

f1 (λ2,j,k)

+
i

2
[ℓ−min(2|vk|τ ,ℓ)]

∑
j

λ1,j +
i

2
[ℓ−min(4|vk|τ ,ℓ)]

∑
j

λ2,j

 . (A.37)
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The counting functions are the natural generalisations of those defined for the case of a
single measurement. In particular, two indices represent the number of particles of each
pair, which were affected by the first and second measurement, respectively. They are
related by similar expressions, such as

χ
(1,1)

AA
+χ

(0,1)

AA
+χ

(0)

AA
+χ

(2)

AA
=min(2|vk|t,ℓ)

χ
(1,1)

AA
+χ

(0,1)

AA
+χ

(1,1)

ĀĀ
+χ

(0,1)

ĀĀ
=min(4|vk|τ ,ℓ)

χ
(1,1)

AA
+χ

(1,1)

ĀĀ
+χ

(1,0)

ĀĀ
=min(2|vk|τ ,ℓ)

(A.38)

which, as above, allow us to fix their precise form.
Regarding the saddle point evaluation, restricting to the case 2τ < ℓ/2, the time

delay exhibited by the single measurement solution appears in a similar fashion. In
fact, it is immediate to see that the saddle points are again independent of j, in the
sense that iλ*1,j = λ1 and iλ*2,j = λ2, where we now leave the dependence of the saddle
point values on q1 and q2 implicit. Then the saddle point equations are

q1−
ℓ

2
=

ˆ
dk

2π
2|vk|τ

eλ1+λ2n

eλ1+λ2n+(1−n)
− 2τ

π
(A.39)

q2−
ℓ

2
=

ˆ
dk

2π
2|vk|τ

(
eλ1+λ2n

eλ1+λ2n+(1−n)
+

eλ2n

eλ2n+(1−n)

)
− 4τ

π
. (A.40)

The first line immediately implies τ ⩾ π |∆q1|
2 , where ∆q1 = q1− ℓ/2. But, subtracting the

first equation from the second one, we also obtain that

∆q2 = q2− q1 = 2τ

ˆ
dk

2π
|vk|

eλ2n

eλ2n+(1−n)
− 2τ

π
(A.41)

which also implies that τ ⩾ π|∆q2|
2 . Hence, at each measurement, the saddle point con-

dition has a solution only if the variation from the charge measured in the previous
measurement satisfies the same fixed condition. This clearly generalises to an arbitrary
number of measurements, giving the general relation

|∆qi|= |qi+1− qi|⩽
2τ

π
. (A.42)

The solution of the saddle point equations can then be performed by expanding the
integrals for small λ1 and λ2, giving for arbitrary τ , t{

λ1+λ2 =
∆q1
σ2τ

λ2 =
∆q2

σ22τ−σ2τ
.

(A.43)

The general solution is obtained by noting that when solving for the von Neumann
entropy by saddle point only terms containing f α do not cancel with the normalisation.
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The final result is then of the form

SA (t|q1,q2) =
ˆ

dk

2π
χ
(1,1)

AA
s [nλ1+λ2 (k)]+

ˆ
dk

2π
χ
(0,1)

AA
s [nλ2 (k)]

+

ˆ
dk

2π

(
χ
(0,0)

AA
+χ

(2,2)

AA

)
s [n(k)]+ logN , (A.44)

where, because of the explicit values of the saddle points (A.43), the occupation func-
tions are 

nλ1+λ2 (k) =
neλ1+λ2

neλ1+λ2+(1−n) =
ne∆q1/σ

2
τ

ne∆q1/σ
2
τ+(1−n)

:= n∆q1 (k)

nλ2 (k) =
neλ2

neλ2+(1−n) =
ne

∆q2/(σ22τ−σ2τ)

ne∆q2/(σ
2
2τ−σ2τ )+(1−n)

:= n∆q2 (k) .
(A.45)

Using the fact that by (A.38) the sum of the counting functions appearing is simply
min(2|vk|t,ℓ), since they count the total number of pairs shared at time t, the result can
again be expressed as

SA (t|q1,q2) = SA (t)+

ˆ
dk

2π
χ
(1,1)

AA
[s [n∆q1 (k)]− s(k)]

+

ˆ
dk

2π
χ
(0,1)

AA
[s [n∆q2 (k)]− s(k)]+ logN . (A.46)

At this point, the generalisation to n measurements is straightforwardly obtained.
The saddle points are the natural generalisations of (A.43), in terms of the {λi}i=1,...,n

that label the n different integrals,
λ1+λ2+ · · ·λ=∆q1

σ2τ

λ2+λ3+ · · ·λn = ∆q2
σ22τ−σ2τ

...

λn =
∆qn

σ2mτ−σ2(n−1)τ

(A.47)

and the final result for the entropy is

SA (t|{qi}) = SA (t)+
m∑
l=1

ˆ
dk

2π
χ
(
∑m

i=l)
AA

(t,k)
{
s
[
n∑m

i=l λi
(k)
]
− s [n(k)]

}
+ logN

where s[n∑m
i=k λi

] is evaluated over the state

n∑m
i=l λi

=
ne

∑m
i=l λi

ne
∑m

i=l λi +(1−n)
=

ne
∆ql
2Dτ

ne
∆ql
2Dτ +(1−n)

:= n∆ql (A.48)
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where we have restricted to the case mτ < ℓ/2, for which σ2
kτ −σ2

(k−1)τ = 2Dτ , just for

simplicity of notation. Hence, we reduce to the solution of the main text,

SA (t|{qi}) = SA (t)+
m∑
l=1

ˆ
dk

2π
χ
(1,l)

AA
(t,k){s [n∆ql (k)]− s [n(k)]}+ · · · (A.49)

where the counting functions χ
(1,ℓ)

AA
(t,k) count the number of pairs that underwent l

measurements. In the small time limit t < ℓ/2, they are all identical, and equal to 2|vk|τ .
It is also rather immediate from our discussion to obtain the probability of meas-

uring a string of values {qi}i=1,...,m. In the Gaussian limit, this reduces to a product of
Gaussians, each of which is centred on the outcome of the previous measurement,

p(τ ,{qi})∝ exp

{
−
∑
i

(∆qi)
2

2Dτ

}
, ∆qi = qi − qi−1, (A.50)

where again we have expressed the solution in the regime mτ < ℓ/2. This allows us to
take averages very easily, since the solution for the entropy only depends on ∆q i . Also in
this situation, the logarithmic correction can be found by straightforwardly generalising
the single measurement result. As we will show in the next section in the exact solution
for the Néel state, this correction is simply given by n times the correction of the single
measurements, where n is the number of measurements.

A.3. Symmetry-breaking states

Here we briefly discuss the saddle point evaluation in the symmetry-breaking case. Since
the discussion is not too different from the two situations considered above, we will only
sketch the main ideas. The main difficulty arising in the symmetry-breaking case is the
presence of significantly different contributions arising depending on whether only one
or two particles of each pair are in A at the time of the measurement. The complete
expression is given by (5.5):

Fα(t,
{
λj,λ

′
j

}
) =

ˆ π

−π

dk

2π

(
χ
(1)

AĀ
(t,k)fα(

α∑
j

[
λj +λ ′

j

]
,k)+χ

(1)

ĀĀ
(t,k)

α∑
j=1

f1(λj +λ ′
j,k)

+χ
(0)

AĀ
(t,k)fα (0,k)+χ

(2)

AĀ
(t,k)fα

2
α∑
j

[
λj +λ ′

j

]
,k


+χ

(2)
AA(t,k)

α∑
j=1

f1(2
[
λj +λ ′

j+1

]
,k)+χ

(2)

ĀĀ
(t,k)

α∑
j=1

f1(2
[
λj +λ ′

j

]
,k)

)
(A.51)
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where, as above, the various counting functions can be related by simple expressions
deriving from simple physical motivations, such as

χ
(1)

AĀ
+χ

(1)

ĀĀ
=min(2|vk|τ ,ℓ)

χ
(0)

AĀ
+χ

(1)

AĀ
+χ

(1)

AĀ
+χ

(2)

AĀ
=min(2|vk|t,ℓ)

χ
(2)
AA+χ

(2)

ĀĀ
+χ

(2)

AĀ
= 1

2 [ℓ−min(2|vk|τ ,ℓ)] ,

(A.52)

which as above allow us to fix the specific values. Again, the saddle point equations turn
out to be independent of j and also to be equivalent between the λ and λ ′ coordinates.
With such simplifications the equations reduce to

q =

ˆ
dk

2π

{(
χ
(2)
AA (t,k)+χ

(2)

ĀĀ
(t,k)

) 2ne2iλα(q)

ne2iλα(q)+(1−n)
+χ

(2)

AA

2nαe2iαλα(q)

nαe2iαλα(q)+(1−n)p

+χ
(1)

ĀĀ
(t,k)

neiλα(q)

neiλα(q)+(1−n)
+χ

(1)

AA

nαeiαλα(q)

nαeiαλα(q)+(1−n)p

}
. (A.53)

As for the symmetric states, considering the arbitrary Rényi index, this cannot be fur-
ther simplified. However, in the limit α→ 1, expanding for small λ := λ1 and using (A.52)
gives

q = q+λ(q)σ2
τ ⇒ λ(q) =

∆q

σ2
τ

, (A.54)

where the average charge and variance were defined in section 5. Substituting the saddle
point value in the exponential and evaluating the Rényi entropies leads to an expression
that is similar to the symmetric case. The main difference arises from the presence
in (5.5) of both terms of the form fα(λ) and fα(2λ). Therefore, the final result will
contain both, and in particular

SA (t|τ ,q) = SA (t)+

ˆ
dk

2π
χ
(1)

AA
(t,k) [s [n∆q (k)]− s [n(k)]]

+

ˆ
dk

2π
χ
(2)

AA
(t,k) [s [n2∆q (k)]− s [n(k)]] + logN (A.55)

which reproduces (5.8). To study the evaluation of the logarithmic term, we focus for
simplicity on the case τ =0, namely the case in which the measurement is performed
on the initial state. In this regime the measurement acts only on full pairs, leading to a
simple structure in the t < ℓ/2 regime,

Fα(t,
{
λj,λ

′
j

}
) =

ˆ π

−π

dk

2π

(
χ
(0)

AĀ
(t,k)fα(0,k)+χ

(2)

AĀ
(t,k)fα(2

α∑
j

[
λj +λ ′

j

]
,k)

+χ
(2)
AA(t,k)

α∑
j=1

f1(2
[
λj +λ ′

j+1

]
,k)
)
. (A.56)
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Upon performing a coordinate change λj +λ ′
j+1 → λj, this can then be studied with the

same approach as the symmetric case. In particular, (A.30) and (A.31) are still valid,
with the only difference being the counting functions,

Basym
α =

´
dk
2π4χ

(2)

AA
(t,k) nα(1−n)αe2αλα(q)

((1−n)α+e2αλα(q)nα)
2

Aasym
α =

´
dk
2π4χ

(2)
AA (t,k)

n(1−n)e2λα(q)

((1−n)+e2λα(q)n)
2 .

(A.57)

In particular, this implies that at t =0 the logarithmic part of (A.31) disappears com-

pletely, as was heuristically motivated in the main text, since χ
(2)

AA
(t,k) vanishes.

In the opposite limit t≫ ℓ, the functions are instead simply

Fα

(
t,
{
λj,λ

′
j

})
=

ˆ π

−π

dk

2π

χ(0)

AĀ
(t,k)fα (0,k)+χ

(2)

ĀĀ
(t,k)

α∑
j=1

f1
(
2
[
λj +λ ′

j

]
,k
)

which is even simpler than above, as the Hessian matrix is simply diagonal. Hence, the
determinant is simply

|det(∂i∂jF )iλj=αα |= (Casym
α )α , Casym

α =

ˆ
dk

2π
2ℓ

n(1−n)e2λα

((1−n)+ e2λαn)
2 (A.58)

where we have used that in this regime χ
(2)

ĀĀ
(t,k) = ℓ/2, and hence

1

1−α
logNα =

1

1−α
log

√
(Casym

1 )
α

(Casym
α )

α − log
√
2π. (A.59)

This simplifies in the von Neumann limit,

lim
α→1

1

1−α
logNα =

1

2

∂αC
asym
α |α=1

Casym
1

(A.60)

which contributes just a (suppressed) O(1) term, since all O(ℓ) terms simplify. This is a
further signal that the effect of the measurement is washed away in the long time limit.

A further regime of interest in this evaluation is that in which the time of the
measurement is much larger than the size of the system, namely τ ≫ ℓ. In this regime,
no full pairs remain in the system at the time of the measurement, and therefore

Fα

(
t,
{
λj,λ

′
j

})
=

ˆ π

−π

dk

2π

χ(1)

AĀ
(t,k)fα

 α∑
j

[
λj +λ ′

j

]
,k


+χ

(1)

ĀĀ
(t,k)

α∑
j=1

f1
(
λj +λ ′

j,k
)
+χ

(0)

AĀ
(t,k)fα (0,k)

 (A.61)
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where χ
(1)

AĀ
(t,k)+χ

(1)

ĀĀ
(t,k) = ℓ. For t= τ , repeating the above reasoning leads to a cor-

rection of order logℓ, as would be expected considering that the charge distribution at
the time of the measurement has saturated to variance ℓ. For increasing t, this correction
is further decreased until it vanishes, as in all the situations considered above.

Finally, we consider the case t= τ . In this regime, the two non-zero contributions in

the Hessian are simply the one containing χ
(1)

AĀ
and χ

(2)
AA. The discussion of appendix A.1

generalises straightforwardly, leading to a logarithmic term

logN (t)≈−1

2
log

´
dk
2π

(
χ
(1)

AĀ
+4χ

(2)
AA

)
n(1−n)

4
´

dk
2πχ

(2)
AAn(1−n)

(A.62)

where we have expanded at zero-th order the argument of the integrals, which are of

the form (A.29) (with different counting functions). Using the explicit forms of χ
(1)

AĀ
and

χ
(2)
AA, we see that this becomes

logN (t)≈−1

2

(
logσ2

τ − logXτ

)
=∆SA (τ)−Snum (τ) (A.63)

where we have used the notation of (5.10). This confirms that for t= τ the entanglement
asymmetry appears explicitly in the evaluation. For t > τ , as discussed above, it is rather
difficult to obtain explicit results, except for some specific regimes.

Finally, we can consider the extension to several measurements. As mentioned in the
main text, since the measurement projects the state effectively on a symmetry sector,
it is expected that the effect of all measurements from the second on will have signific-
antly different effects compared to the first measurement. This is already captured by
considering just two measurements. Focusing for simplicity on the regime 2τ ⩽ t < ℓ/2,
we have (performing implicitly the variable change λn,j +λn,j+1 → λn,j)

Fα (t,{λ1,j,λ2,j}) =
ˆ

dk

2π

χ(2,2)
AA

∑
j

f1 (2λ1,j +2λ2,j,k)+χ
(2,2)

AA
fα

∑
j

[2λ1,j +2λ2,j] ,k


+χ

(2,1)

AA
fα

∑
j

[2λ1,j +λ2,j] ,k

+ χ
(1,1)

AA
fα

∑
j

[λ1,j +λ2,j] ,k


+χ

(0,1)

AA
fα

∑
j

λ2,j,k

 ,

where the notation for the counting functions is the same as that used above, with the
two indices referring to the two measurements. The saddle point equations for p→ 1
take the formq1 =

´
dk
2π

(
2
(
χ
(2,2)
AA +χ

(2,2)

AA

)
n2λ1+2λ2 +2χ

(2,1)

AA
n2λ1+λ2 +χ

(1,1)

AA
nλ1+λ2

)
q2 =

´
dk
2π

(
2
(
χ
(2,2)
AA +χ

(2,2)

AA

)
n2λ1+2λ2 +χ

(2,1)

AA
n2λ1+λ2 +χ

(1,1)

AA
nλ1+λ2 +χ

(0,1)

AA
nλ2

) (A.64)
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where λ1 and λ2 are the (j -independent) saddle points for the two variables, and we
have expressed compactly the various measurement-altered occupation functions as

nξ = nξ (k) =
neξ

neξ +1−n
. (A.65)

While the possible values of q1 are not constrained as in the symmetric case, subtracting
the first equation from the second leads to

∆q2 = q2− q1 =

ˆ
dk

2π

(
χ
(0,1)

AA
nλ2 −χ

(2,1)

AA
n2λ1+λ2

)
= τ

ˆ
dk

2π
|vk|(nλ2 −n2λ1+λ2) , (A.66)

where in the second equality we have used the expression of the counting functions in
the small time regime. Noting that the argument of the bracket is bounded as −1⩽
(nλ2 −n2λ1+λ2)⩽ 1, this can be used to bound the variation of the charge

−2τ

π
⩽∆q2 ⩽

2τ

π
(A.67)

which is precisely the same time delay that was predicted for the symmetric case, thus
confirming the natural intuition that after the first measurement the system gains some
features of symmetric states. However, the final result is not of the form (4.4), since the
state is still a collection of pairs of quasiparticles and not a collection of particle–hole
excitations as in the symmetric states. This is already apparent from the evaluation of
the saddle points, which as above can be performed by linearising (A.64), leading to{

∆q1 = q1− q = λ1σ
2
τ +λ2σ

2
2τ ,

∆q2 = q2− q1 = λ1
(
2σ2

τ −σ2
∞
)
.

(A.68)

This solution makes apparent that the main difference with respect to the symmetric
case arises from the presence of the full pairs. In fact, in the limit τ →∞, full pairs
are completely absent at the time of the measurements, and the saddle point equations
reduce to {

λ1+λ2 =
∆q1
σ2∞

,

λ1 =
∆q2
σ2∞

,
(A.69)

which is identical to the symmetric solution.
The final solution will also depend on several different contributions depending on

the number of quasiparticles that experienced each measurement. For instance, in the
case of two measurements,

SA (t|τ ,q1,q2) = SA (t)+

ˆ
dk

2π
χ
(2,2)

AA
(s [n2λ1+2λ2 (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(2,1)

AA
(s [n2λ1+λ2 (k)]− s [n(k)])

https://doi.org/10.1088/1742-5468/ae09a0 48

https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

+

ˆ
dk

2π
χ
(1,1)

AA
(s [nλ1+λ2 (k)]− s [n(k)])

+

ˆ
dk

2π
χ
(0,1)

AA
(s [nλ2 (k)]− s [n(k)])+ logN . (A.70)

In general, the final solution for arbitrary t and an arbitrary number of measurements
will contain all possibilities of combinations,

SA (t|τ ,{qi}) = SA (t)+
∑
l⃗

ˆ
dk

2π
χ
(⃗l)
AA

(
s
[
nl⃗·λ⃗ (k)

]
− s [n(k)]

)
+ logN (t) (A.71)

where l⃗ are the strings which can be constructed of 0, 1, 2, representing how many
particles of each pair were inside the interval at the time of each measurement.

Appendix B. Exact solution of the Néel state

In this appendix we provide an exact solution for the integral (3.16) in the case of the
Néel state (6.2). We will then show that this exact result confirms the saddle point
prediction in the hydrodynamic regime, thus confirming our results. We consider the
case of a single measurement with τ < ℓ/2, in which all counting functions simplify
significantly. Exploiting the momentum independence of the occupation functions, n=

1/2, and the property
´

dk
2πχ

(1)

AA
= 4τ

π in this regime, the full moments can be expressed
as

trA [{ρA (t|τ ,q)}α] =
1

p(τ ,q )α

ˆ
dλ⃗

(2π)α
exp

−i∆q
∑
j

λj

+
4τ

π

(
log
(
ei

∑
j λj +1

)
−α log2

)
+4

t− τ

π
(1−α) log2− i

2τ

π

∑
j

λj

 ,

(B.1)

where we have expressed compactly dλ⃗=
∏

j dλj . From this rewriting we can already see

some structure of the solution arising, since 4t/π (1−α) log2 = (1−α)S(α)(t) at short
times. This leads to the rewriting

S
(α
A (t|q)=S(α)

A (t)+
1

1−α
log


´

dλ⃗
(2π)α exp

(
−i∆q

∑
j λj

)[
cosh

(
i
∑

j
λj
2

)] 4τ
π(´

dα
2π exp(−i∆qα) [cosh(iα/2)]

4τ
π

)α
 .

Note that, since the hyperbolic cosine arises from the exponential of a logarithm of
an exponential, its argument is defined modulo 2π, with the fundamental range of
definition between −π and π. As a check, it is easy to convince oneself that substituting
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the saddle point (6.7) and expanding for small ∆q/τ leads again to (6.8). This can be
further simplified to

S
(α
A (t|q) = S

(α)
A (t)+

1

1−α
log


´

dλ⃗
(2π)α exp

(
−i∆q

∑
j λj

)[
cos
(∑

j
λj
2

)] 4τ
π(´

dα
2π exp(−i∆qα) [cos(α/2)]

4τ
π

)α
 . (B.2)

Noting that the integral in the line above depends only on the sum of all α, we can
change the variables,

S
(α
A (t|q) = S

(α)
A (t)+

1

1−α
log

´ απ−απ
dλ
2π exp(−i∆qλ) [cos(λ/2)]

4τ
π Vα(λ)(´ π

−π
dλ
2π exp(−i∆qλ) [cos(λ/2)]

4τ
π

)α
 (B.3)

where Vα(λ) is a volume factor which integrates out all other variables. This is the
volume of the surface

∑
j λj = λ, which can be expressed in terms of the Irwin–Hall

distribution:

Vα (λ) = ραIH

(
λ+απ

2π

)
, ραIH (λ) =

1

(α− 1)!

⌊λ⌋∑
k=0

(−1)k
(
α
k

)
(λ− k)α−1 . (B.4)

From the structure of the distribution one can convince oneself that it satisfies the
fundamental property{

Vα (λ)+Vα (2π−λ)+Vα (2π+λ)+ · · ·+Vα (απ−λ) = 1 α even

Vα (λ)+Vα (2π−λ)+Vα (2π+λ)+ · · ·Vα ((α− 1)π +λ) = 1 α odd .
(B.5)

This allows by a simple coordinate change to obtain (note that this relation would be
naturally expected from the periodicity of the integrand already in (B.2))

ˆ απ

−απ

dλ

2π
exp(−i∆qλ) [cos(λ/2)]

4τ
π Vα (λ) =

ˆ π

−π

dλ

2π
exp(−i∆qλ) [cos(λ/2)]

4τ
π . (B.6)

This allows for a complete simplification of the Rényi index,

S
(α
A (t|q) = S

(α)
A (t)+ log

(ˆ π

−π

dλ

2π
exp(−i∆qλ) [cos(λ/2)]

4τ
π

)
. (B.7)

The integral can be solved by making use of the Euler beta function [112, 113], as was
already noted in a similar setting in [75]:

ˆ π

−π

dλ

2π
exp(−i∆qλ) [cos(λ/2)]

4τ
π =

2

2xxB
(
x+y+1

2 , x−y+1
2

) (B.8)
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where x= 4τ
π +1, y = 2∆q, and B is the beta function, defined in terms of the standard

gamma function as

B (x,y) =
Γ(x)Γ(y)

Γ(x+ y)
. (B.9)

This leads to the exact solution for all Rényi entropies, which takes the rather simple
form

S
(α)
A (t|τ ,q) = S

(α)
A (t)− log

(
2

4τ
π

(
4τ

π
+1

)
B

(
2τ

π
+∆q+1,

2τ

π
−∆q+1

))
, (B.10)

which can be further simplified exploiting the definition in terms of gamma functions
and their properties,

S
(α)
A (t|τ ,q) = S

(α)
A (t)− log

(
2

4τ
π
Γ
(
2τ
π +∆q+1

)
Γ
(
2τ
π −∆q+1

)
Γ
(
4τ
π +1

) )
. (B.11)

In the ballistic regime, for which all quantities appearing are assumed to be large, this
can be simplified using the Stirling formula,

Γ(z+1)≈
√
2πz (z/e)z z≫ 1, (B.12)

which allows us to directly re-obtain and confirm the saddle point solution:

S
(α)
A (t|τ ,q)≈ S

(α)
A (t)−

(
2τ

π
+∆q

)
log

(
1+

π∆q

2τ

)
−
(
2τ

π
−∆q

)
log

(
1− π∆q

2τ

)
− log

[√
π2

2τ

(
4τ 2

π2
−∆q2

)]
. (B.13)

In the first line we recognise precisely the term s[n∆q(k)]− log2 that appears in (6.9),
while the second term is a logarithmic correction,

δS
(α)
A (t|q) = (s [n∆q (k)]− log2)

ˆ
dk

2π
χ
(1)

AA
(t,k)− log

[√
π2

2τ

(
4τ 2

π2
−∆q2

)]
. (B.14)

The arising of the logτ term can be related to the 1/
√
2πF ′ ′(x) appearing in the saddle

point evaluation. In general, for the αth Rényi entropy, this would be a term arising

from
√

(2πF ′ ′
1 (λ1))α

(2πF ′ ′
α (λα))

. Indeed, since F ′ ′
α (λα) =

4τ
π

eαλα

(eαλα+1)2 , and recalling that λ1 = αλα in the

Néel state, the total corrective term becomes

√
(2πF ′ ′

1 (λ1))
α

(2πF ′ ′
α (λα))

=

√√√√(4τ

π

)α−1

(2π)α−1

(
eλ1

(1+ eλ1)
2

)α−1

(B.15)
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=

√
(8τ)α−1

(
1

4
− π2∆q2

16τ

)α−1

(B.16)

which gives precisely the corrective term appearing in (B.13).
We see that at small times our problem is related closely to the problem of evaluating

the symmetry resolution of the entropies. However, allowing for larger times leads to
differences, which arise especially because of the structures of the counting functions.
For t > ℓ/2, in particular, the integrand would not simply be a function of

∑
j λj, which

was crucial in this derivation. In fact, at arbitrary times, labelling

Jt =

ˆ
dk

2π
min(2|vk|t,ℓ) (B.17)

the moments can be expressed in a way that does not allow for an exact solution,

Tr[{ραA (t|q1,q2)}] =
e(1−α) log2Jt−τ−α log2Jτ

N α

ˆ
dλ⃗

(2π)α
exp

−i
∑
j

λj∆q

(ei∑j λj +1
)Jt−Jt−τ

· exp

−1

2
Jτ
∑
j

λj

∏
j

(
eiλj +1

)Jτ+Jt−τ−Jt
(B.18)

which for τ , t < ℓ/2 reduces to the above. The other limit, which can be easily solved,
is τ fixed and t→∞, in which Jt ≈ Jt−τ . In this regime the integral reduces to α copies
of a one-dimensional integral,

Tr[{ραA (t|q)}] =
e(1−α) log2Jt−τ−α log2Jτ

N α

(ˆ
dλ

(2π)
exp(−iλ∆q)(2cos(λ/2))Jτ

)α
. (B.19)

When evaluating the Rényi entropies, the full integral would be identical to the denom-
inator arising from Tr[ρA,q]

α. Hence, in this regime, we find exactly as expected

S
(α)
A (t≫ ℓ|τ ,q) = S

(α)
A (t≫ ℓ) = J∞ log2 = ℓ log2 (B.20)

which implies that the effect of the measurement is simply washed away at long times,
and the solution saturates to the same value as the unperturbed one.

The exact solution can also be extended to several measurements. Considering two
measurements, (B.1) gets upgraded to

Tr[{ραA (t|q1,q2)}] =
1

N α

ˆ
dλ⃗1
(2π)

α
dλ⃗2
(2π)

α exp

−i

(
q1 −

ℓ

2

)∑
j

λ1,j − i

(
q2 −

ℓ

2

)∑
j

λ2,j

+
4τ

π

(
log
(
ei

∑
j(λ1,j+λ2,j) +1

)
−α log2

)
+

4τ

π

(
log
(
ei

∑
j λ2,j +1

)
−α log2

)
+ 4

t− 2τ

π
(1−α) log2− i

2τ

π

∑
j

λ1,j − i
4τ

π

∑
j

λ2,j

 . (B.21)
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Similar manipulations allow the number of integrals to be reduced:

Tr[{ραA (t|q1,q2)}]

=
e

4t
π
(1−α) log2

N α

ˆ
dλ1
2π

dλ2
2π

e(−i(q1− ℓ
2)λ1−i(q2− ℓ

2)λ2)
[
cos

(
λ2
2

)
cos

(
λ1+λ2

2

)]4τ/π
, (B.22)

which by a simple change of variables simply reduces to a product of beta functions,

Tr[{ραA (t|q1,q2)}] =
e

4t
π
(1−α) log2

N α

ˆ
dγ

2π

dβ

2π
e(−i∆q1γ−i∆q2β)

[
cos

(
β

2

)
cos
(γ
2

)]4τ/π
(B.23)

where we have reintroduced the notation ∆qi = qi− qi−1. The Rényi entropies are then
simply

S
(α)
A (t|q1,q2)(t) = S

(α)
A (t)− log

(
2∏
i=1

2
4τ
π

(
4τ

π
+1

)
B

(
2τ

π
+∆qi +1,

2τ

π
−∆qi +1

))
(B.24)

which generalises immediately to the case of several measurements by extending the
product inside the logarithm. Expanding the beta function as shown for the single
measurement case leads to

S
(α)
A (t|τ ,{qi}) = S

(α)
A (t)+

∑
i

4τ

π
(s [n∆qi (k)]− log2)−

∑
i

log

[√
π2

2τ

(
4τ 2

π2
−∆q2i

)]
.

(B.25)

Note that also in the exact solution the result can be expressed in terms of the successive
variations of charge in the different measurements, ∆q i .

Appendix C. Connection with the full counting statistics

In the main text we commented on the relation of our discussion with previously known
results regarding the full counting statistics of the U (1) charge. In fact, the Fourier
representation of the projectors (3.15) implies a close relation between our measurement
protocol and the evaluation of the full counting statistics, which was performed for
symmetric states in [68] and for the symmetry-breaking states in [69]. In fact, evaluating
the full counting statistics of the charge essentially amounts to the calculation of F1(t,λ)
with the condition t= τ . In this regime, the number of terms appearing in the integral
reduces significantly, giving for the symmetry-breaking state,

Fα

(
τ ,
{
λj,λ

′
j

})
= exp

ˆ
dk

2π

χ(2)
AA

∑
j

f1
(
2λj +2λ ′

j,k
)
+χ

(1)

AA
fα

∑
j

[
λj +λ ′

j

]
,k

 .
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Substituting the explicit values of the counting functions for τ < ℓ/2 leads to

Fα

(
τ ,
{
λj,λ

′
j

})
= exp

ˆ
dk

2π

 ℓ

2

∑
j

f1
(
2λj +2λ ′

j,k
)

+|vk|τ

2fα

∑
j

[
λj +λ ′

j

]
,k

−
∑
j

f1
(
2λj +2λ ′

j,k
) .

Taking the limit α→ 1 and setting λ+λ ′ = β, this leads to the full counting statistics,

F1 (τ ,β) =
ℓ

2

ˆ
dk

2π
log
(
ne2iβ +1−n

)
+

ˆ
dk

2π
|vk|τ log

((
neiβ +(1−n)

)2
ne2iβ +(1−n)

)
(C.1)

which coincides with the result of [69] specialised to the free case: in particular, the
first term represents the initial state contribution and the second term the genuine
contribution arising from the crossed channel in the spacetime duality treatment.

A similar analysis can be performed also in the symmetric case, leading to the
corresponding expression for τ < ℓ/2,

F1 (τ ,β) = i
β

2

ˆ
dk

2π
(ℓ− 2|vk|τ)+ 2τ

ˆ
dk

2π
|vk| log

(
neiβ +(1−n)

)
(C.2)

= iβq0+2τ

ˆ
dk

2π
|vk| log

(
neiβ/2+(1−n)e−iβ/2

)
(C.3)

where, as above, q0 =
ℓ
2 . While very different from the symmetry-breaking case, this is

in agreement with the result of [68, 75] specialised to free theories.

Appendix D. Measurements on different intervals

As should be clear from the discussion in the main text, the simple structure of the
presented formulation of the quasiparticle picture allows us to deal quite easily with
several types of generalisations of the problem that can be considered. The main modi-
fication that has to be applied is on the form of the counting functions, but the structure
of the solution is left unvaried. It is interesting for example to consider the situation in
which the measurement is not performed on the interval A, but on its complement A.
Considering the squeezed state and τ =0, the solution is again

Tr[{ραA (t|q)}] =
1

N p

ˆ
dλ⃗dλ⃗ ′

(2π)2
α e

−i
∑

j(λj+λ ′
j)q exp

ˆ
dk

2π

×

χ̃(2)
AA

∑
j

f1
(
λ ′
j +λj+1,k

)
+ χ̃

(2)

AA
fα

∑
j

[
λj +λ ′

j

]
,k

 + χ̃
(0)

AA
fα (0,k)


(D.1)
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where the role of the counting function is different: since χ̃
(1)

AA
counts the pairs that

originated in the complement and are shared at time t, while χ̃
(2)

AA
counts the pairs that

originated in A and are shared at time t, they are just exchanged with respect to the
case of section 5:{

χ̃
(2)

AA
=min(|vk|t,ℓ)

χ̃
(0)

AA
=max(|vk|t,ℓ)−max(ℓ− |vk|t, |vk|t)

(D.2)

hence their sum is still min(2|vk|t,ℓ). The other term instead counts all pairs that were
created in the complement at t =0 and are not shared at time t, and is simply

χ̃AA =
L− ℓ

2
− χ̃

(1)

AA
(D.3)

where L is the length of the total system. The solution of the saddle point should now
be familiar:

SA (t|0,q) =
ˆ

dk

2π
χ̃
(2)

AA
s [n2∆q (k)]+

ˆ
dk

2π
χ̃
(0)

AA
s [n(k)] (D.4)

= SA (t)+

ˆ
dk

2π
χ̃
(2)

AA
(s [n2∆q (k)]− s [n(k)]) . (D.5)

Contrary to the situations considered in the main text, here χ̃
(2)

AA
does not vanish at

long times, and instead leads precisely to a saturation to a configuration in which the
measurement dominates, as would be expected:

SA (t≫ ℓ|0,q) = ℓ

ˆ
dk

2π
s [n2∆q (k)] . (D.6)

Regarding the evaluation of the saddle point, the situation is exactly analogous to

the case above, with the sole difference that χ̃
(2)

AA
+ χ̃

(2)
AA = L−ℓ

2 , which implies that the

solution will be the same as q→ L/2− q.
Another interesting situation to consider is that in which the measurement is per-

formed on a different interval B, which can be placed at some distance d from the
interval A of which we evaluate the entropy. In order to apply the hydrodynamic frame-
work, it is clear that all quantities involved have to be either large with respect to the
lattice spacing, or zero. Hence, the two regimes that can be studied are that of adjacent
intervals and that of large intervals placed at a distance comparable with their length;
here we focus on the regime of separate intervals. In this situation, since the excitations
have a maximum velocity vmax = 1, there will be a light cone effect, and the effect of
the measurement will be visible on the entropy only after a time t = d. Since (D.1) is

still valid, this effect is simply encoded in the counting functions: χ̃
(1)

AA
now counts pairs

that originated in B and at time t are shared between A and its complement; therefore,

it is clearly zero for t < d. On the other hand, χ̃
(2)

AA
counts pairs that originated outside
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of B and are shared between A and its complement at time t, and therefore for t < d it
is simply given by min(2|vk|t,ℓ). Hence, the solution for t < d is unperturbed:

SA (t < d|0,q) =
ˆ

dk

2π
χ̃
(1)

AA
s [n2∆q (k)]+

ˆ
dk

2π
χ̃
(2)

AA
s [n(k)] = SA (t) . (D.7)

For t∼ d, the effect of the measurement then becomes relevant for a time spike and
goes back to zero as t≫ d,ℓ,ℓB.

We see therefore that the extension of the discussion is extremely natural and allows
us to consider several different situations, all leading to interesting physical phenomena.
For example, even the extension to multipartite geometries could be straightforwardly
considered.
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in the quantum Ising chain: from infinite to zero clicks Phys. Rev. B 103 224210
[46] Turkeshi X, Fazio R and Dalmonte M 2020 Measurement-induced criticality in (2+ 1)-dimensional hybrid

quantum circuits Phys. Rev. B 102 014315
[47] Altland A, Buchhold M, Diehl S and Micklitz T 2022 Dynamics of measured many-body quantum chaotic

systems Phys. Rev. Res. 4 L022066
[48] Murciano S, Sala P, Liu Y, Mong R S K and Alicea J 2023 Measurement-altered Ising quantum criticality

Phys. Rev. X 13 041042

https://doi.org/10.1088/1742-5468/ae09a0 57

https://doi.org/10.22331/q-2022-02-02-638
https://doi.org/10.22331/q-2022-02-02-638
https://doi.org/10.1103/PhysRevLett.128.050602
https://doi.org/10.1103/PhysRevLett.128.050602
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.5555/2011706.2011707
https://doi.org/10.5555/2011706.2011707
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1088/1742-5468/2004/06/P06002
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8121/42/50/500301
https://doi.org/10.1088/1751-8121/42/50/500301
https://doi.org/10.1103/PhysRevLett.96.136801
https://doi.org/10.1103/PhysRevLett.96.136801
https://doi.org/10.1088/1742-5468/2005/04/P04010
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1038/nature06838
https://doi.org/10.1038/nature06838
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1088/0034-4885/79/5/056001
https://doi.org/10.1088/0034-4885/79/5/056001
https://arxiv.org/abs/2507.05946
https://doi.org/10.1088/1742-5468/2014/01/P01009
https://doi.org/10.21468/SciPostPhysLectNotes.20
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevB.101.104302
https://doi.org/10.1103/PhysRevB.101.104302
https://doi.org/10.1103/PhysRevLett.125.030505
https://doi.org/10.1103/PhysRevLett.125.030505
https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevX.11.011030
https://doi.org/10.1103/PhysRevX.11.011030
https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1103/PhysRevB.103.224210
https://doi.org/10.1103/PhysRevB.103.224210
https://doi.org/10.1103/PhysRevB.102.014315
https://doi.org/10.1103/PhysRevB.102.014315
https://doi.org/10.1103/PhysRevResearch.4.L022066
https://doi.org/10.1103/PhysRevResearch.4.L022066
https://doi.org/10.1103/PhysRevX.13.041042
https://doi.org/10.1103/PhysRevX.13.041042
https://doi.org/10.1088/1742-5468/ae09a0


Quench dynamics of entanglement entropy under projective charge measurements: the free fermion case

J.S
tat.M

ech.(2025)
123101

[49] Cao X, Tilloy A and Luca A D 2019 Entanglement in a fermion chain under continuous monitoring SciPost
Phys. 7 024
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