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Abstract
In this paper we prove an abstract result of almost global existence for small
and smooth solutions of some semilinear PDEs on Riemannian manifolds with
globally integrable geodesic flow. Some examples of such manifolds are Lie
groups (including flat tori), homogeneous spaces and rotational invariant sur-
faces. As applications of the abstract result we prove almost global existence
for a nonlinear Schrödinger equation with a convolution potential and for a
nonlinear beam equation. We also proveHs stability of the ground state in NLS
equation. The proof is based on a normal form procedure and the combination
of the arguments used in Bambusi and Langella (2022 arXiv:2202.04505) to
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bound the growth of Sobolev norms in linear systems and a generalization of
the arguments in Bambusi et al (2024 Commun. Math. Phys. 405 253–85).

Keywords: Hamiltonian PDEs, Birkhoff normal form, long time existence,
higher dimensional manufolds

Mathematics Subject Classification: 35B45, 35B35, 37K45

Contents

1. Introduction 3
2. Statement of the abstract theorem 5

2.1. Assumptions on the linear system 5
2.2. Assumption on the nonlinearity and statement 7
2.3. Remark on the abstract theorem 8

3. Applications 9
3.1. Manifolds 9
3.2. Models 10

3.2.1. Schrödinger equation with spectral multiplier 10
3.2.2. Sobolev stability of ground state for NLS equation 11
3.2.3. Beam equation 11

4. Functional setting 12
4.1. Phase space 12
4.2. Hamiltonian structure 13
4.3. Polynomials withlocalized coefficients 14

4.3.1. General properties 17
4.3.2. High and low modes 17

5. The abstract theorem and the normal form lemma 18
5.1. Lie Transform 21
5.2. Solution of the homological equation 23
5.3. Proof of the normal form lemma 26

6. From normal form to almost global existence 30
7. Proof of the results on the applications 33

7.1. Schrödinger equation with convolution potentials 34
7.2. Stability of the ground state of NLS 36
7.3. Beam equation 39

Data availability statement 39
Acknowledgment 40
Appendix A.Estimates on polynomials with localized coefficients 40

A.1. Tame estimates 40
A.2. High and low modes 43
A.3. Poisson brackets 44

Appendix B.Proof of theorem 5.2 49
Appendix C.The clusterization of the lattice. Proof of theorem 2.10. 53
References 55

2



Nonlinearity 38 (2025) 055013 D Bambusi et al

1. Introduction

Given a Hamiltonian PDE on a compact Riemannian manifold, a classical problem is the
determination of the time of existence of its solutions and the possible existence of solutions
enforcing transfer of energy from low to high frequency modes. Here we deal with the problem
of proving that, given an initial datum with s–Sobolev norm of size ε� 1, the corresponding
solution exists for times of order ε−r, ∀r, provided that s is large enough. Furthermore its s–
Sobolev norm remains of order ε over this time scale. Such results are usually known as results
of ‘almost global existence’.

It is known since almost 20 years [Bam03, BG06] how to prove almost global existence in
semilinear Hamiltonian PDEs in space dimension 1 (see also [Gré07, Bam08, FG13, BMP20,
FM23]), and recently also the theory of quasilinear Hamiltonian PDEs in one space dimension
has achieved a satisfactory form [Del12, BD18, BMM24] (see also [FI21]). On the other hand,
in space dimension larger than 1, it is only known how to deal with equations having small
divisors with the same structure as in dimension 1, like on Zoll Manifolds [BDGS07, Del15]
or in the case of the NLS on square tori [BG03, BG06] (see also [FGL13]) and the quantum
harmonic oscillator [GIP09]. Recently some of the results of [BG03, BG06] have been exten-
ded to general tori [BFM24] on which the small divisors have the structure generally expected
in higher dimensional PDEs. Concerning more general manifolds, one can find many partial
results in which existence and smoothness of small solutions are proven for times of order ε−r

with some r> 1, typically smaller or equal than 2 (see [FZ10, Ime16, DI17, IP19, BFGI21,
BFF21, FM22, FIM22, BFP23, FGI23]).

In the present paper we investigate the possibility of extending the result of [BFM24] to
general manifolds: in particular we aim at stepping away from tori and Zoll manifolds. As a
result, we prove almost global existence for some equations on a class of manifolds in which
the Laplacian is a ‘globally integrable quantum system’ [BL22] (see section 2 for a precise
definition). Some concrete examples of these manifolds are flat tori, compact Lie groups,
homogeneous spaces, rotation invariant surfaces and also products of these kinds of mani-
folds. Indeed, we prove an abstract theorem of almost global existence for semilinear PDEs on
these manifolds and subsequently we apply it to some concrete models. Precisely, we prove
almost global existence for NLS with a ‘potential’ which is a spectral multiplier and for the
beam equation. We also apply our abstract theorem to the problem ofHs stability of the ground
state in NLS and prove that it is stable for times of order ε−r ∀r. We emphasize that all these
results were only known for equations on tori [BFM24]. As explained below, in the present
paper we combine some of the key ideas of [BFM24] and of [DS06, BL22] with some other
new ingredients in order to get the result.

A related line of research, parallel to the one pursued here, is the so-called KAM theory
for PDEs, which aims to construct quasiperiodic solutions of the considered equations. As for
almost global existence, KAM theory for PDEs is nowadays quite well understood, for both
semilinear and quasilinear equations, in space dimension 1.Without trying to be exhaustive, we
mention, among others, the seminal works [Kuk87, Kuk93, Way90, Po96, BBM14, BBM16]
for a first reading in this wide field. Concerning the higher dimensional domains, which are our
main focus, only the cases of tori [Bou04, EK10, GXY11, BB13, PP15, EGK16] and compact
Lie groups or homogeneous space [BP11, BCP15] have been completely treated.We think that
techniques similar to the ones developed in this work, combined with the so-called multiscale
analysis [Bou04], could be used to prove KAM-type results for rotation invariant surfaces.
This is left for future developments.

Finally, we recall the results in [Bou96, Bou05, BMP21, BMP23, NG07] and references
therein (see also [BGR24]). In these works some invariant Lagrangian tori filled by almost
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periodic solutions have been constructed for some semilinear PDEs. It would be very interest-
ing to generalize these results to PDEs on manifolds with globally integrable geodesic flow.

Scheme of the proof.As alreadymentioned, the starting point of the present paper is [BFM24].
So we first recall the strategy of [BFM24]. The idea is to look for a canonical transformation
that puts the system in a normal form which is a variant of the classical Birkhoff normal form.
More in detail, the idea of [BFM24] is to split the Fourier modes into low and high frequency
modes, to work in the standard way on the low modes and, concerning the high modes to
exploit a cluster decomposition of Zd (indexes of the Fourier modes) introduced by Bourgain.
Such a decomposition has the property that if k, l ∈ Zd belong to different clusters then

||k|2 − |l|2|+ |k− l|⩾ C
(
|k|δ + |l|δ

)
,

for some C> 0 and δ ∈ (0,1). This property allows to construct a normal form which ensures
that there is no exchange of energy among different clusters of modes of high frequency. In
[BFM24] this was exploited altogether with a nonresonance assumption on the frequencies
which is typically fulfilled in any space dimension, this allows us to show also that the low
modes do not exchange energy among them and with the high modes and to conclude that one
can control the Sobolev norm of the solution up to the considered times.

The main difficulty in generalizing the above idea to general manifolds is that in general
manifolds Fourier series are not available: one has to identify some basis of L2(M) which has
properties similar to the Fourier basis.

Such a basis was identified in [BL22] for some manifolds in which the Laplacian is a ‘glob-
ally integrable quantum system’, namely it is a function of some commuting operators which
play the role of quantum actions. In turn the quantum actions Ij are operators whose spectrum
is of the form {n+κ}n∈Z with some κ ∈ [0,1) (see section 2 for a more precise definition).
Thus the spectrum of the Laplacian turns out to be given by

σ (−∆g) =
{
hL
(
a1, . . .,ad

)
|
(
a1, . . .,ad

)
∈ Λ⊂ Zd

}
,

with hL a function. Correspondingly, the eigenfunctions of the Laplacian are labelled by dis-
crete indexes (a1, . . .,ad) ∈ Λ⊂ Zd. Such eigenfunctions are the objects that substitute the
exponentials of the torus.

Once the basis is identified, one has to study its properties. It is known that themain property
needed to develop perturbation theory is a bilinear estimate involving the expansion of the
product of two eigenfunctions on the basis of the eigenfunctions themselves. The main idea
is that we do not require such an expansion to decay with the difference of the corresponding
eigenvalues, but with the distance of the indexes labeling them! Once one realizes this fact, it
is easy to obtain the wanted estimate by working as in [DS06, Bam08].

After proving the estimate of the product of eigenfunctions, we have to study the compos-
ition properties of the polynomials obtained by expanding the nonlinearity on the eigenfunc-
tions. This is very similar to what is done in [DS06, Bam08]. However, these computations
are technically quite heavy in our setting, since we are dealing with a vectorial labelling of
eigenfunctions instead of a scalar one. All the needed estimates are performed in appendix A.

After this is done one still has to verify a nonresonance condition which is more or less
standard: this is done following the ideas of [DS04]. Finally one concludes the proof as in
[BFM24].

Before closing this section, we remark that at present our method is restricted to systems
whose linear parts have frequencies {ωa}a∈Λ, with ωa ∼ |a|β and β > 1 in the sense that there
are no examples with β ⩽ 1 in which Bourgain partition is known to exist. Thus, the case of the
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wave equation is not covered. Moreover, our techniques apply only to the case of semilinear
equations, namely, perturbations involving derivatives are not allowed by our theory. We think
that this second issue can be overcome by developing some tools of the kind of those used in
[BD18, BL22], while the first requires new ideas.

2. Statement of the abstract theorem

Let (M, g) be a compact Riemannian manifold of dimension n, denote by Ψm(M) the space of
pseudodifferential operators á la Hörmander of order m on M (see [Hö85]).

Let Hs(M) = Hs(M;C), s⩾ 0 be the standard Sobolev spaces on M. We shall study
equations of the form

iu̇= HLu+∇ūP(u, ū) , (2.1)

where HL is a linear selfadjoint operator on which we are going to make several assumptions
and P is a nonlinear functional that we describe below. Here ∇ū is the gradient of P with
respect to the variable ū and the L2 metric.

We remark that the system (2.1) is Hamiltonian with Hamiltonian function

H= H0 +P ,

where

H0 (u) :=
ˆ
M
ūHLudx . (2.2)

2.1. Assumptions on the linear system

We are going to assume that HL is a globally integrable quantum system, as introduced in
[BL22]. Roughly speaking, it is a linear operator which is a function of some first-order
pseudodifferential operators that we will call quantum actions. The precise definitions are
recalled below.

Definition 2.1 (System of Quantum Actions). Let {Ij}j=1,...,d be d selfadjoint pseudo-
differential operators of order 1, fulfilling

i. Ij ∈Ψ1(M), for any j = 1, . . . ,d;
ii. [Ii, Ij] = 0, for any i, j = 1, . . . ,d;

iii. there exists a constant c1 > 0 such that c1
√
1−∆g ⩽

√
1+

∑d
j=1 I

2
j in the sense of quad-

ratic forms;
iv. there exists κ ∈ [0,1)d such that the joint spectrum Λ of the operators I1, . . ., Id fulfills

Λ⊂ Zd+κ . (2.3)

We refer to (I1, . . ., Id) as the quantum actions.

Remark 2.2. By iii., the operator 1+
∑d

j=0 I
2
j has compact inverse, therefore the spectrum

σ(Ij) of each one of the Ij’s is pure point and formed by a sequence of eigenvalues.

5



Nonlinearity 38 (2025) 055013 D Bambusi et al

Remark 2.3. We recall that the joint spectrum Λ of the operators Ij is defined as the set of the
a= (a1, . . . ,ad) ∈ Rd s.t. there exists ψa ∈H with ψa 6= 0 and

Ijψa = ajψa , ∀j = 1, . . .,d . (2.4)

Definition 2.4 (Globally integrable quantum system). A linear selfadjoint operator HL will
be said to be the Hamiltonian of a globally integrable quantum system if there exists a function
hL : Rd → R such that

HL = hL (I1, . . . , Id) ,

where the operator function is spectrally defined.

Remark 2.5. Systems fulfilling definition 2.4 with the further property that the multiplicity
of common eigenvalues (a1, . . .,ad) of the actions is 1 were called toric integrable quantum
systems in [TZ02].

If HL = hL(I1, . . . , Id) is a globally integrable quantum system, then its eigenvalues are

ωa := hL
(
a1, . . .,ad

)
≡ hL (a) , a≡

(
a1, . . .,ad

)
∈ Λ .

We denote by Σ= {ωa}a∈Λ the spectrum of HL; in our setting, it coincides with the set of the
frequencies.

We assume the following Hypotheses on HL:

Hypothesis L.0 (Integrability of HL). HL is a globally integrable quantum system.

Hypothesis L.1 (Asymptotics). There exist positive constants C1,C2 and β s.t.

C1|a|β ⩽ |ωa|⩽ C2|a|β , ∀a ∈ Λ (2.5)

where, for a vector a ∈ Rd, we denote |a| :=
√∑d

j=1(a
j)2 its Euclidean norm.

Let {Σn}n⩾1 be a sequence of closed real intervals with the property that max{x ∈ Σn}<
min{x ∈ Σn+1} for any n and{

ω1/β
a

}
a∈Λ

⊂
⋃
n⩾1

Σn , C3n⩽max{x ∈ Σn}⩽ C4n , (2.6)

with some positive constants C3,C4.
We are now going to assume a nonresonance condition which allows to use normal form

theory in order to eliminate from the Hamiltonian the terms enforcing exchanges of energy
among modes labelled by indexes belonging to different intervals Σn.

First, in order to keep into account that the system depends both on u and ū, we extend the
space of the indexes a ∈ Λ, and consider

Λe := Λ×{±1} 3 (a,σ)≡ A . (2.7)

Then, given a sequence of intervals Σn as above, we define what we mean by set of resonant
indexes.

6
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Definition 2.6. A multi-index A≡ (A1, . . .,Ar) ∈ Λr
e, Aj ≡ (aj,σj) is said to be resonant if r is

even and there exists a permutation τ of (1, . . .,r) and a sequence n1, . . .,nr/2 s.t.

∀j = 1, . . .,r/2, ω1/β
aτ( j)

, ω1/β
aτ( j+r/2)

∈ Σnτ( j)
and στ( j) =−στ( j+r/2) .

In this case, we will write A ∈W.

Hypothesis L.2 (Non-resonance). There exists a sequence of disjoint intervals Σn ful-
filling (2.6) with the following property: for any r⩾ 3, there are constants γ,τ > 0 such that
for any multi-index A= (A1 . . . ,Ar) ∈ Λre \W one has∣∣∣∣∣∣

r∑
j=1

σjωaj

∣∣∣∣∣∣⩾ γ

(maxj=1,...,r |aj|)τ
.

Finally, we assume a clustering property of Bourgain’s type.

Hypothesis L.3 (Bourgain clusters). There exists a partition

Λ =
⋃
α∈A

Ωα

with the following properties.

i. Each Ωα is dyadic, in the sense that there exists a constant C> 1, independent of α, such
that

sup
a∈Ωα

|a|⩽ C inf
a∈Ωα

|a| .

ii. There exist δ,Cδ > 0 such that, if a ∈ Ωα and b ∈ Ωβ with α 6= β, then

|a− b|+ |ωa−ωb|⩾ Cδ
(
|a|δ + |b|δ

)
.

2.2. Assumption on the nonlinearity and statement

Concerning P we assume the following Hypothesis:

Hypothesis P. (1) P has the structure

P(u, ū) =
ˆ
M
F(N(u, ū) ,u(x) , ū(x) ,x)dx , (2.8)

where

N(u, ū) :=
ˆ
M
u(x) ū(x)dx

and F ∈ C∞(U ×U ×U ×M;C) is a smooth function and U ⊂ C is an open neighborhood
of the origin.

(2) if ū is the complex conjugate of u, then F(N,u, ū,x) ∈ R.
(3) P has a zero of order at least three at u= 0.

Our main result is the following:
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Theorem 2.7. Consider the Hamiltonian system (2.1). Assume hypotheses L.0–L.3 and P, then
for any integer r⩾ 3, there exists sr ∈ N such that, for any s⩾ sr, there are constants ε0 > 0,
c> 0 and C for which the following holds: if the initial datum u0 ∈ Hs(M,C) fulfills

ε := ‖u0‖s < ε0 ,

then the Cauchy problem has a unique solution u ∈ C0 ((−Tϵ,Tϵ),Hs(M,C)) with Tϵ > cε−r.
Moreover, one has

‖u(t)‖s ⩽ Cε, ∀t ∈ (−Tϵ,Tϵ) . (2.9)

2.3. Remark on the abstract theorem

We conclude the presentation of our main abstract results with a couple of comments.
The assumptions on HL and P are deeply connected with the specific equation one wants

to consider and with the geometry of the manifold on which the Equation is posed. More
specifically:

• (Assumptions on P) Assumption P on the nonlinearity is not strictly necessary. Actually we
prove the abstract result in a slightly more general setting, where P is a function with ‘local-
ized coefficients’ (according to definition 4.15). This is done in theorem 5.1. Then theorem
5.2 guarantees that nonlinearities fulfilling hypothesis P belong to the class of functions with
localized coefficients, and theorem 2.7 follows as a consequence of theorems 5.1 and 5.2.
Actually, as it will be clear from the proof, theorem 2.7 holds also for more general non-

linearities of the form P(Fu,F ū), with F a real bounded Fourier multiplier and P given
by (2.8). This is relevant in order to deal with equations of second order in time.

• (Assumptions on HL) In section 3.1 we will consider some Riemannian manifolds (M, g)
on which the Laplace–Beltrami operator∆g is a globally integrable quantum system. Then,
for these choices of the manifold M, in section 3.2 we will consider situations where HL

is a (parameter dependent) function of ∆g. To fulfill the nonresonance relation L.2, in HL

in sections 3.2.1–3.2.3 we will suitable tune the parameters. The clustering hypothesis L.3
may follow directly from the spectral properties of ∆g (this is the case for flat tori) or may
follow from a ‘quantum Nekhoroshev theorem’ proved in [BL22], that extends the res-
ults in [BLM22b, BLM22a], according to which, if the function hL (c.f. definition 2.4) is
steep (see definition 2.9 below), then hypothesis L.3 is automatic. We state such a quantum
Nekhoroshev theorem in the rest of this Section.

We first need some definitions:

Definition 2.8. A function hL ∈ C∞(Rd;R) is said to be homogeneous of degree d at infinity
if there exists an open ball Br ∈ Rd, centered at the origin, such that

hL (λa) = λdhL (a) , ∀λ > 1 , a ∈ Rd \Br .

For the sake of completeness, we now recall the definition of steepness [GCB16]. It is
important to note that such a property is generic and it is implied by convexity. Moreover,
steepness can be quite easily verified using the results of [Nie06]. For the examples treated in
section 3.1 it was explicitly proved in [BL22].

Definition 2.9 (Steepness). Let U ⊂ Rd be a bounded connected open set with nonempty
interior. A function hL ∈ C1(U) is said to be steep in U with steepness radius r, steepness

8
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indices α1, . . . ,αd−1 and (strictly positive) steepness coefficients B1, . . . ,Bd−1, if its gradient
w(a) := ∂hL

∂a (a) satisfies the following estimates: inf
a∈U

‖w(a)‖> 0 and for any a ∈ U and for

any s dimensional linear subspace E⊂ Rd orthogonal to w(a), with 1⩽ s⩽ d− 1, one has

max
0⩽η⩽ξ

min
u∈E:∥u∥=1

‖ΠMw(a+ ηu)‖⩾ Bsξαs , ∀ξ ∈ (0,r] ,

where ΠE is the orthogonal projector on E. The quantities u and η are also subject to the
limitation a+ ηu ∈ U .

The following theorem holds:

Theorem 2.10. Let HL = hL(I1, . . . , Id) a globally integrable quantum system. If hL is smooth
and homogeneous at infinity of degree β > 1 (see definition 2.8) and steep (see definition 2.9),
then hypothesis L.3 is satisfied.

We will prove theorem 2.10 in the appendix C, as a Corollary of theorem 8.28 of [BL22].

3. Applications

In this section, we collect various applications which will be a consequence of the abstract
theorem 2.7. As anticipated in the Introduction, we are interested in understanding in which
manifolds one can prove results of almost global existence.We start by presenting in section 3.1
three examples of manifolds for which Hypothesis L.3 holds for the Laplace–Beltrami oper-
ator; then, in section 3.2, we consider some explicit PDEs on these manifolds. For these
Equations, we prove almost global existence.

3.1. Manifolds

We now exhibit three specific examples of compact Riemannian manifolds (M, g) where the
Laplace–Beltrami operator −∆g fulfills hypotheses L.0 and L.3, namely −∆g is a quantum
integrable system with Bourgain clustering of the eigenvalues. In fact, all the examples treated
in this section are globally integrable quantum systems in which HL is a function of the
Laplacian. For simplicity, we will use the notation ∆g =∆.

1. Flat tori. Given a basis u1, . . .,ud ofRd we define a maximal dimensional lattice Γ⊂ Rd by

Γ :=

x=
d∑

j=1

mjuj , mj ∈ Z


and the corresponding maximal dimensional torus TdΓ := Rd/Γ. By using in Rd the basis
uj, one is reduced to the standard torus Td endowed by a flat metric. Then the actions are
given by the operators−i∂j. Bourgain’s clustering property holds for the eigenvalues of the
Laplacian, as proved in [Bou04, BM19].

2. Rotation invariant surfaces. Consider a real analytic function f : R3 → R, invariant by
rotations around the z axis, and assume it is a submersion at f(x,y,z) = 1. Denote by M
the level surface f(x,y,z) = 1, assume it is diffeomorphic to a sphere and endow it by the
metric g induced by the embedding. We need a further assumption that we are now going to
specify. First introduce coordinates in M as follows: let N and S be the north and the south
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poles (intersection of M with the z axis) and denote by θ ∈ [0,L] the curvilinear abscissa
along the geodesic given by the intersection of M with the xz plane; we orient it as going
fromN to S and consider also the cylindrical coordinates (r,φ,z) ofR3, then the coordinates
(θ,φ) ∈ (0,L)× (0,2π) can be used as coordinates on M. Then on M the distance r from
the z axis is a function of θ. We assume that the function r(θ) has only one critical point
θ0 ∈ (0,L). The fact that the Laplacian is a globally integrable quantum system was proved
by Colin de Verdière [CdV80]. The property of Bourgain’s clustering was already proved
by Delort [Del09] (see also [BL22]).

3. Lie Groups and Homogeneous spaces. If M is a compact, simply connected Lie group,
then property L.0 of the Laplacian of M was proved in detail in [BL22]. Property L.3 was
proved in [BP11, BCP15] (see also [BL22]). The extension to homogeneous spaces can be
obtained by using the same tools used in [BL22] for compact Lie groups (see [BFM24]).

From now on we assume that M is such that ∆ on M is a globally integrable quantum
system.

3.2. Models

We now give three concrete examples of equations whereM is one of the previous manifolds,
and HL is a function of the Laplace–Beltrami operator −∆ on M.

3.2.1. Schrödinger equation with spectral multiplier. Our first result concerns a nonlinear
Schrödinger equation with a spectral multiplier. To define it, we start by defining the spectral
projector.

Definition 3.1. For a≡ (a1, . . . ,ad) ∈ Λ,

Πa := Πa1 . . .Πad

where Πaj is the orthogonal projector on the eigenspace of Ij with eigenvalue aj.

Given u ∈ L2(M,C), consider its spectral decomposition,

u=
∑
a∈Λ

Πau ,

and let V= {Va}a∈Λ be a real valued sequence; correspondingly, we define a spectral multi-
plier by

V]u :=
∑
a

VaΠau . (3.1)

In the following, we will assume that V belongs to the space

Vn :=
{
V= {Va}a∈Λ : Va ∈ R , |Va|〈a〉n ∈

[
−1
2
,
1
2

]}
, (3.2)

for some n> d/2, where d is the dimension of M, and we endow Vn by the product measure.
Consider the Cauchy problem{

i∂tψ =−∆ψ +V]ψ + f
(
x, |ψ|2

)
ψ , x ∈M ,

ψ (0) = ψ0
(3.3)

10



Nonlinearity 38 (2025) 055013 D Bambusi et al

where V ∈ Vn and the nonlinearity f is of class C∞(M×U ,R), U ⊂ R being a neighborhood
of the origin, and fulfills f(x,0) = 0.

Theorem 3.2. There exists a set V(res) ⊂ Vn of zero measure, s.t., if V ∈ Vn \V(res) the follow-
ing holds. For any r ∈ N, there exists sr > d/2 such that for any s> sr there is εs > 0 and C> 0
such that if the initial datum for (3.3) belongs to Hs and fulfills ε := |ψ0|s < εs then

‖ψ (t)‖s ⩽ Cε , for all |t|⩽ Cε−r .

3.2.2. Sobolev stability of ground state for NLS equation. Our second result is the long time
Sobolev stability of the ground state solution of the nonlinear Schrödinger equation

iψ̇ =−∆ψ + f
(
|ψ|2

)
ψ , (3.4)

with f ∈ C∞(U ;R), U ⊂ R an open neighborhood of the origin, and f having a zero of order at
least one at the origin. It is well known that for any p0 ∈ U ∩R+ equation (3.4) has a solution
given by a plane wave of the form

ψ∗ (t) =
√
p0e

−iνt ,

provided ν = f(p0). Denote by λ̄ the lowest non vanishing eigenvalue of −∆, then we will
prove the following result.

Theorem 3.3. Assume there exists p̄0 > 0 such that λ̄+ 2f(p0)> 0 for any p0 ∈ (0, p̄0].Then
there exists a zero measure set P ⊂ (0, p̄0] such that if p0 ∈ (0, p̄0] \P then for any r ∈ N there
exists sr for which the following holds. For any s⩾ sr, there exist constants ε0 and C such that
if the initial datum ψ0 fulfills

‖ψ0‖20 = p0, inf
α∈T

∥∥ψ0 −
√
p0e

−iα
∥∥
s
= ε⩽ ε0 ,

then the corresponding solution fulfills

inf
α∈T

∥∥ψ (t)−√
p0e

−iα
∥∥
s
⩽ Cε ∀|t|⩽ Cε−r .

Remark 3.4. Note that if f is a positive function (the so-called defocusing case) there is no
restriction in the L2 norm of the initial datum, since λ+ 2f(p0)> 0 for any p0.

3.2.3. Beam equation. The third result concerns the beam equation

ψtt+∆2ψ+mψ =−∂ψ F(x,ψ) , (3.5)

with F ∈ C∞(M×U), U ⊂ R being a neighbourhood of the origin, and m> 0 a real positive
parameter that we will call mass. We will assume F to have a zero of order at least 3 at ψ= 0.
The precise statement of the main theorem is the following one.

Theorem 3.5. There exists a set of zero measure M(res) ⊂ R+ such that if m ∈ R+ \M(res)

then for all r ∈ N there exist sr > d/2 such that the following holds. For any s> sr there exist
εs,C> 0 such that if the initial datum for (3.5) fulfills

ε :=
∥∥∥(ψ0, ψ̇0

)∥∥∥
s
:= ‖ψ0‖Hs+2 +

∥∥∥ψ̇0

∥∥∥
Hs
< εs ,

11
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then the corresponding solution satisfies∥∥∥(ψ (t) , ψ̇ (t)
)∥∥∥

s
⩽ Cε , for |t|⩽ Cε−r .

Remark 3.6. The result holds also for the case of Hamiltonian nonlinearities which are func-
tions also of the first and second derivatives of ψ.

4. Functional setting

4.1. Phase space

Let M be an arbitrary manifold and assume that there exists a system of quantum actions
(I1, . . ., Id) (see definition 2.1); correspondingly we define the spectral projectors Πa on points
a of their joint spectrum as in definition 3.1.

Definition 4.1. For any s⩾ 0, the space Hs :=Hs(M) is the space of the functions u ∈
L2(M,C) s.t.

‖u‖2s :=
∑
a∈Λ

(1+ |a|)2s ‖Πau‖20 <∞ . (4.1)

For s< 0 Hs is the completion of L2 in the norm (4.1).

Remark 4.2. By (i.) and (iii.) of definition 2.1, for any s the norm (4.1) is equivalent to the
norm ∥∥∥(1−∆)

s
2 u
∥∥∥
L2(M,C)

,

so that the spacesHs of definition 4.1 are equivalent to the standard Sobolev spaces Hs(M,C).

It is also useful to introduce the spaces

H−∞ :=
⋃
s

Hs, H∞ :=
⋂
s

Hs .

In particular we remark that, by Sobolev embedding theorems, H∞ = C∞(M). In the follow-
ing, we will work in the complex extension of the phase space, which amounts to considering
ū as a variable independent of u, where the bar denotes the complex conjugate.

Definition 4.3. For s ∈ R, define Hs
e :=Hs

e(M) :=Hs(M)×Hs(M). For u≡ (u+,u−) ∈Hs
e

we will use the norm

‖u‖2Hs
e(M) ≡ ‖(u+,u−)‖2Hs

e(M) := ‖u+‖2s + ‖u−‖2s .

Correspondingly, for u ∈Hs
e and A≡ (a,σ) ∈ Λe, we define

ΠAu := Π(a,σ) (u+,u−) := Πauσ ,

where Πa is given in definition 3.1. For u ∈Hs
e one has again the spectral decomposition

u=
∑
A∈Λe

ΠAu .

12
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For A ∈ Λe we will denote

|A| ≡ |(a,σ) | := |a| .

Given an element inHs
e, we define theinvolution that we use in order to identify the subspace

of ‘real functions’, on which u+ = u−.

Definition 4.4. Let u≡ (u+,u−) ∈H−∞
e , we define

I(u) := (u−,u+)

with the bar denoting the complex conjugate. If I(u) = u we will say that u is real.

Correspondingly, it is useful to define, for A ∈ Λe,

Ā≡ (a,σ) := (a,−σ) ,

so that one has

ΠA (I(u)) = ΠĀu .

Definition 4.5. We will denote the ball centered at the origin of Hs
e of radius R by

Bs
R :=

{
u ∈Hs

e : ‖u‖s < R
}
.

4.2. Hamiltonian structure

Given a function H ∈ C∞(O,C) with O ⊂Hs
e open for some s, we define the corresponding

Hamiltonian vector field by

u̇+ = i∇u−H, u̇− =−i∇u+H

where∇u± is the L2-gradient with respect to u±. Namely, it is defined by the following identity:

du+Hh+ = 〈∇u+H,h+〉, ∀h+ ∈H∞ (M) ,

and similarly for∇u− . We will denote the vector field associated to H by

XH :=
(
i∇u−H,−i∇u+H

)
. (4.2)

The Poisson brackets of two functions are defined as follows.

Definition 4.6. Given two functions f,g ∈ C∞(O,C), withO as above, we define their Poisson
brackets by

{f,g}(u) := df(u)Xg (u) .

Remark 4.7. In general, the Poisson brackets of two functions can be ill-defined. In the frame-
work developed in the next paragraph, this fact does not happen and Poisson brackets will
always be well defined, as guaranteed by lemma 4.23.

13



Nonlinearity 38 (2025) 055013 D Bambusi et al

4.3. Polynomials withlocalized coefficients

In order to prove the stability result of theorem 2.7, we shall work with nonlinearities P more
general than those allowed by hypothesis P: they belong to a class which is a generalization of
the polynomials with localized coefficients introduced in [DS06, Bam08]. The generalization
rests in the fact that the indexes labeling the components of a polynomial are here vectors a ∈
Λ instead of scalar coefficients. This complicates considerably the proof of the fundamental
lemmas.

First, we recall that given a polynomial function P of degree r there exists a unique r-linear
symmetric function P̃ such that

P(u) = P̃(u, . . .,u) .

In the following, we will measure the size of an index by the size of the corresponding fre-
quency. Precisely we give the following definition.

Definition 4.8. For any a ∈ Λ, we define

〈|a|〉 := ω
1
β
a . (4.3)

Moreover, for A ∈ Λe we define

〈|A|〉= 〈|(a,σ)|〉 := 〈|a|〉 . (4.4)

Remark 4.9. By the asymptotic property of the frequency, there exist C1,C2 > 0 such that, for
any Λ 3 a 6= 0, one has the equivalence

C1|a|⩽ 〈|a|〉⩽ C2|a| .

As a consequence the quantity

‖u‖2s :=
∑
a∈Λ

(1+ 〈|a|〉)2s ‖Πau‖20

controls and is controlled by the sth Sobolev norm.

Remark 4.10. In the following, we often use the notation a≲ b meaning that there exists a
constant C, independent of the relevant parameters, such that a⩽ Cb. Moreover, we will write
a∼ b if a≲ b and b≲ a.

If we need to specify that the constant depends on a parameter, say for example s, we will
write a≲s b.
Definition 4.11. Consider r⩾ 1 and a multi-index a= (a1, . . . ,ar) ∈ Λr.

(i) We denote by τord the permutation of (1, . . .,r) with the property that

〈
∣∣aτord( j)∣∣〉⩾ 〈

∣∣aτord( j+1)

∣∣〉 , ∀j = 1, . . .,r− 1 .

(ii) We define

µ(a) := 〈
∣∣aτord(3)∣∣〉 ,

S(a) := µ(a)+ |aτord(1) − aτord(2)| .

We also set µ(A) := µ(a) and S(A) := S(a).

14
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We are now in the position to state the localization property fulfilled by the nonlinearity.
The following definition will be satisfied in the applications thanks to theorem B.1.

Definition 4.12 (Polynomial with localized coefficients). (i) Let ν ∈ [0,+∞), N⩾ 1. We
denote by Lν,Nr the class of the polynomials F homogeneous of degree r, such that there
exists CN s.t.

∣∣∣F̃(ΠA1u1, . . .,ΠArur)
∣∣∣⩽ CNµ(A)ν+N

S(A)N
‖ΠA1u1‖0 . . .‖ΠArur‖0 , (4.5)

∀u1, . . . ,ur ∈H∞
e , ∀A≡ (A1, . . .,Ar) ∈ Λr

e .

The smallest possible constant CN such that (4.5) holds defines a norm in Lν,Nr , precisely

‖F‖ν,N := sup
∥u1∥0=1,...,∥ur∥0=1

sup
A1,...,Ar

|F̃(ΠA1u1, . . . ,ΠArur) |
S(A)N

µ(A)N+ν
.

(ii) We say that a polynomial F has localized coefficients if there exists ν ∈ [0,+∞) and N0,
such that, for any N⩾ N0 one has F ∈ Lν,Nr . In this case we write F ∈ Lr := ∪N0⩾1 ∪ν⩾0

∩N⩾N0L
ν,N
r .

For non homogeneous polynomials, we use the following notation.

Definition 4.13. Let r, r̄ be s.t. r< r̄, then we define the space

Lν,Nr,̄r :=
r̄⊕
l=r

Lν,Nl .

Definition 4.14. For F ∈ Lν,Nr we define

‖F‖ν,NR := ‖F‖ν,NRr .

For F ∈ Lν,Nr,̄r , so that F=
∑r̄

l=rFl with Fl ∈ L
ν,N
l , we define

‖F‖ν,NR :=
r̄∑
l=r

‖Fl‖ν,NR .

We also need the following definition:

Definition 4.15 (Function with localized coefficients). Let s0 > 0 and consider a function
F ∈ C∞(O;C), with O ⊂Hs0

e an open neighborhood of the origin.
F is said to have localized coefficients if both the following properties hold:

• all the monomials of the Taylor expansion of F at the origin have localized coefficients.
• For any s> 0 large enough there exists an open neighborhood of the origin Os ⊂Hs

e s.t. XF
belongs to C∞(Os,Hs

e).

Definition 4.16. A function F ∈ C∞(O;C), withO ⊂Hs0
e an open neighborhood of the origin

will be said to be real for real u if F(u) ∈ R whenever u= I(u) (see definition 4.4).

15
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In theorem 5.2 we will show that a non-linearity of the form described in hypothesis P is a
function with localized coefficients.

It is also useful to extend the above definition to polynomial maps taking value inHs
e. Given

a polynomial map X of degree r, we still denote with X̃ the unique r-linear symmetric function
such that

X(u) = X̃(u, . . .,u) .

Definition 4.17. Let X :H∞
e →H−∞

e be a polynomial map of degree r and let X̃ be the asso-
ciated multilinear form.

(i) Let ν ∈ [0,+∞) and N⩾ 1. We denote by Mν,N
r the space of r-homogeneous polynomial

maps such that there exists CN > 0 such that

‖ΠBX̃(ΠA1u1, . . .,ΠArur)‖0 ⩽ CN
µ(B,A)ν+N

S(B,A)N
‖ΠA1u1‖0 . . .‖ΠArur‖0 ,

∀u1, . . . ,ur ∈H∞
e , ∀(B,A) ∈ Λe×Λr

e .

Here we denoted by (B,A) the multi-index (B,A1, . . .,Ar).
The smallest possible constant CN defines a seminorm, namely

‖X‖ν,N = sup
∥u1∥0=1,...,∥ur∥0=1

sup
A1,...,Ar,B

∥∥X̃(ΠA1u1, . . . ,ΠArur)
∥∥
0

S(A,B)N

µ(A,B)N+ν
.

We also define

‖X‖ν,NR := ‖X‖ν,NRr .

(ii) We say that a map X has localized coefficients if there is ν ⩾ 0 such that for any N one has
F ∈Mν,N

r , and we write X ∈Mr := ∪ν⩾0 ∩N⩾1Mν,N
r .

The following result is proven in appendix A:

Lemma 4.18. Let F ∈ Lν,Nr+1, then XF ∈Mν,N
r . Furthermore,

‖XF‖ν,N ⩽ r‖F‖ν,N (4.6)

and therefore

‖XF‖ν,NR ⩽ r
R
‖F‖ν,NR .

Remark 4.19. By the very definition of the property of localization of coefficients it is clear
that any (finite) linear combination of functions or maps with localized coefficients has local-
ized coefficients.
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4.3.1. General properties. In this subsection, we state the main properties of polynomials
with localized coefficients introduce in definition 4.12. The proofs of all these results will be
given in appendix A.

Theorem 4.20 (Tame estimate). Let X ∈Mν,N
r and fix s> 3

2d+ ν. If N> d+ s, for any s0 ∈
( 32d+ ν,s) one has

∥∥∥X̃(u1, . . . ,ur)∥∥∥
s
≲s,s0,N ‖X‖ν,N

r∑
j=1

‖uj‖s
∏
k̸=j

‖uk‖s0 ∀u1, . . . ,ur ∈H∞
e . (4.7)

Corollary 4.21. Let F be a polynomial function with localized coefficients, then (4.7) holds for
its Hamiltonian vector field.

Corollary 4.22. Let X ∈Mν,N
r and let s> 3

2d+ ν. If N> d+ s, for any s0 ∈ ( 32d+ ν,s), one
has

sup
∥u∥s⩽R

‖X(u)‖s ≲s,s0,N ‖X‖ν,NR . (4.8)

The following result ensures that the class of polynomials with localized coefficients is
closed with respect to Poisson brackets:

Lemma 4.23 (Poisson brackets). Given F ∈ Lν1,Nr1+1 and X ∈Mν2,N
r2 , we have

dFX ∈ Lν
′,N ′

r1+r2

with N ′ = N− d− 1−max{ν1,ν2} and ν ′ = ν1 + ν2 + d+ 1. Moreover,

‖dFX‖ν
′ N ′
≲ ‖F‖ν1,N ‖X‖ν2,N .

Corollary 4.24. Let F ∈ Lν,Nr1,r2 and G ∈ Lν
′,N ′

r ′1 ,r
′
2
, then one has {F;G} ∈ Lν

′ ′,N ′ ′

r1+r ′1−2,r2+r ′2−2, with

‖{F;G}‖ν
′ ′,N ′ ′

R ≲ 1
R2

‖F‖ν,NR ‖G‖ν
′,N ′

R ,

N ′ ′ =min{N,N ′}− d− 1−max{ν,ν ′}, and ν ′ ′ = ν+ ν ′ + d+ 1.

4.3.2. High and lowmodes. In the definition of the normal formwewill distinguish between
low and high modes. To this end, we fix some large K with the following property:

∀ a,b ∈ Λs.t. 〈|a|〉< Kand 〈|b|〉⩾ K , ωa ∈ Σn ⇒ ωb /∈ Σn (4.9)

∀n ∈ N, where {Σn}n are the intervals of assumption L.2.

Definition 4.25. For K> 1, as above, we define

u⩽ =Π⩽u :=
∑

{A : ⟨|A|⟩⩽K}

ΠAu ,

u⊥ =Π⊥u :=
∑

{A : ⟨|A|⟩>K}

ΠAu .
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Definition 4.26. A polynomial F of degree r is of order k⩽ r in the high modes u⊥ if, ∀λ > 0
one has

F
(
u⩽ +λu⊥

)
= λkF

(
u⩽ + u⊥

)
. (4.10)

Using theorem 4.20 and noticing that∥∥Π⊥u
∥∥
s0
⩽ 1
Ks−s0

∥∥Π⊥u
∥∥
s
,

one has the following result, which is proven in section A.2 of the appendix:

Corollary 4.27. Let F ∈ Lν,Nr+1.

i) If F is of order at least three in u⊥ then, for every s0 ∈
(
3
2d+ ν,s

)
, we have

sup
∥u∥s⩽R

‖XF (u)‖s ≲
‖F‖ν,NR
Ks−s0

1
R
.

ii) If F is at least of order two in u⊥ then, for every s0 ∈
(
3
2d+ ν,s

)
, we have

sup
∥u∥s⩽R

∥∥Π⩽XF (u)
∥∥
s
≲ ‖F‖ν,NR

Ks−s0

1
R
.

We also have the following simple, but important corollary, which is also proven in section A.2
of the appendix:

Corollary 4.28. Let F ∈ LN,νr+1 be of order 2 in u
⊥; assume that

F̃
(
ΠA1u1, . . . ,ΠAr+1ur+1

)
6= 0 =⇒ |aτord(1) − aτord(2) |> Kδ ,

with τord the ordering permutation defined in 4.11. Then, ∀N ′ > N one has

‖F‖ν,N ⩽ ‖F‖ν,N
′

Kδ(N ′−N)
, (4.11)

and therefore, for any s large enough,

sup
∥u∥s⩽R

‖XF (u)‖s ≲
‖F‖ν,N

′

R

Kδ(N ′−N)

1
R
. (4.12)

5. The abstract theorem and the normal form lemma

In the following two Sections we prove the stability theorem 2.7. We shall deduce the result
from the normal form theorem on a class of Hamiltonian functions discussed in section 5. In
section 6 we deduce some dynamical consequences of the normal form and prove the main
abstract result.

In this section, we prove theorem 2.7.We proceed as follows: first, we state an almost global
existence result holding for nonlinearities P with localized coefficients, namely theorem 5.1.
Thenwe prove that all nonlinearitiesP satisfying assumption P have localized coefficients (this
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is theorem 5.2), and as a consequence we deduce the stability theorem 2.7 thanks to theorems
5.1 and 5.2.

Consider a Hamiltonian function of the form

H(u) = H0 (u)+P(u) , (5.1)

H0 (u) =
ˆ
M
u−HLu+dx=

∑
a∈Λ

ωa

ˆ
M
Π(a,+)uΠ(a,−)udx . (5.2)

We have the following:

Theorem 5.1. Consider the Hamiltonian (5.1), assume that ωa fulfill the hypotheses L.1–L.3,
and assume that P is a function with localized coefficients, which is real for real states and that
has a zero of order at least three at the origin, then for any integer r⩾ 3, there exists sr ∈ N
such that, for any s⩾ sr, there are constants ε0 > 0, c> 0 and C for which the following holds:
if the initial datum u0 ∈Hs(M,C) fulfills

ε := ‖u0‖s < ε0 ,

then the Cauchy problem has a unique solution u ∈ C0 ((−Tϵ,Tϵ),Hs(M,C)) with Tϵ > cε−r.
Moreover, one has

‖u(t)‖s ⩽ Cε, ∀t ∈ (−Tϵ,Tϵ) . (5.3)

Theorem 2.7 is a consequence of theorem 5.1, in view of the following:

Theorem 5.2. A nonlinear functional of the form (2.8) fulfilling Hypothesis P is a function
with localized coefficients.

We postpone the proof of theorem 5.2 to appendix B and we now turn to the proof of
theorem 5.1. All the remaining part of the present section, as long as the subsequent section 6,
is devoted to the proof of theorem 5.1. We start with stating and proving the normal form
results (see lemma 5.20 and proposition 5.8), which are the heart of the proof of theorem 5.1.

In order to define what we mean by normal form we first give the following definition.

Definition 5.3 (Support). Given a homogeneous polynomial

Pl (u) =
∑

A=(A1,...,Al)∈Λl
e

P̃(ΠA1u, . . . ,ΠAlu) ,

we define the support of Pl as

supp(Pl) =
{
A= (A1, . . . ,Al) : ∃u1, . . . ,ul s.t. P̃l (ΠA1u1, . . . ,ΠAlul) 6= 0

}
.

If P=
∑r

l=3Pl is a non homogeneous polynomial we define

supp(P) :=
⋃
l

supp(Pl) .

We now define what we mean by normal form.
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Definition 5.4 (K-Block Resonant Normal Form). A non homogeneous polynomial ZBR of
degree r will be said to be in K-Block Resonant Normal Form if

ZBR = Z0 +ZB ,

with Z0 and ZB of order, respectively, 0 and 2 in u⊥ and

i. A ∈ Supp(Z0) implies A ∈W (see definition 2.6);
ii. A ∈ Supp(ZB) implies that there exists a block Ωα such that

aτord(1),aτord(2) ∈ Ωα , and στord(1)στord(2) =−1 ,

where τord is the ordering permutation defined in definition 4.11.

Definition 5.5 (Higher Order Normal Form). A non homogeneous polynomial ZHO of degree
r will be said to be in Higher Order Normal Form if it has the structure

ZHO = Z2 +Z⩾3 ,

with Z⩾3 of order at least three in u⊥ and Z2 of order 2 in u⊥ and s.t.:

A ∈ supp(Z2) =⇒
∣∣aτord(1) − aτord(2)

∣∣> CδK
δ.

The terms in Z0 are resonant in the standard sense of perturbation theory, namely they do
not enforce the exchange of energy between modes pertaining to different sets Σn; the terms
in ZB do not provoke the exchange of energy between modes pertaining to different blocks
Ωα and thus they conserve the total L2 norm of the modes of a block Ωα; finally, according to
corollaries 4.27 and 4.28, terms in Higher Order Normal Form will be shown to have a small
vector field.

Definition 5.6. A polynomial which is the sum of polynomials in normal form according to
definitions 5.4 and 5.5 will be said to be in normal form.

Definition 5.7. Given R and τ we define K(R, τ) as follows: let

n∗ :=min
{
n : min{x ∈ Σn}> R− 1

2τ

}
,

then we put

K(R, τ) :=
max{x ∈ Σn∗−1}+min{x ∈ Σn∗}

2
. (5.4)

The heart of the proof of theorem 5.1 is the following:

Proposition 5.8. For any r⩾ 0, ∃sr and τ > 0 such that, ∀s⩾ sr, ∃Rs,r > 0, with the property
that ∀R< Rs,r and a canonical transformation

T (r) : Bs
R/22r →Bs

R with
[
T (r)

]−1
: Bs

R/42r →Bs
R/22r (5.5)

s.t.

H ◦ T (r) = H0 +Z0 +ZB+R(̄r)
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with Z0 and ZB as in K block-resonant normal form with K= K(R, τ), see definition 5.4, and

‖XR(̄r) (u)‖s ≲ Rr+2, ∀u ∈ Bs
R .

Moreover, we have∥∥Π⩽XZB (u)
∥∥
s
≲ Rr+2 , ∀u ∈ Bs

R . (5.6)

5.1. Lie Transform

The transformation T (r) will be constructed by the composition of Lie transforms, so we start
by studying the properties of the Lie transform.

Given G ∈ C∞(Hs
e,C), we denote by Φt

G the flow generated by the Hamilton equation
u̇= XG(u). From theorem 4.20 one has the following result.

Lemma 5.9. Fir r̄, let 3⩽ r⩽ r̄, ν ∈ [0,+∞), N⩾ 1 and G ∈ Lν,Nr,̄r . ∀s> 3
2d+ ν there is a

constant Cr̄,N,s > 0 such that ∀R> 0 satisfying

‖G‖ν,NR ⩽ R2

Cr̄,N,s
(5.7)

the map Φt
G : Bs

R/2 →Bs
R is well defined for |t|⩽ 1, and moreover

sup
∥u∥s<R/2

‖Φt
G (u)− u‖s ≲s |t|

‖G‖ν,NR
R

.

Definition 5.10. We call ΦG := Φt
G

∣∣
t=1

the Lie transform generated by G.

Lemma 5.11. Let G ∈ Lν,Nr,̄r , 3⩽ r⩽ r̄ and let ΦG be the Lie transform it generates. For any
s> 3

2d+ ν there exists Rs > 0 such that for any F ∈ C∞(BsRs) satisfying

sup
∥u∥s⩽Rs

‖XF (u)‖s <∞ ,

one has

sup
∥u∥s⩽R/2

‖XF◦ΦG (u)‖s ⩽ 2 sup
∥u∥s⩽R

‖XF (u)‖s , ∀R< Rs .

Defining

Ad0G (P) := P and AdkG (P) :=
{
Adk−1

G (P) ,G
}
for k⩾ 1

we have the following standard lemma.

Lemma 5.12 (Lie transform). Let 3⩽ r⩽ r̄ and G ∈ Lν,Nr,̄r . Assume (5.7), then for any P ∈
C∞(Bs

2Rs ,C), we have,

P(ΦG (u)) =
n∑

k=0

1
k!

(
AdkGP

)
(u)+

1
n!

ˆ 1

0
(1− τ)

n (Adn+1
G P

)
(ΦτG (u))dτ (5.8)

for any n ∈ N and ∀u ∈ Bs
R/2.
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From the estimate of Poisson brackets (see lemma 4.23), we deduce the following result.

Lemma 5.13. Let G ∈ Lν,Nr1+2,̄r1+2 and F ∈ Lν,Nr2 ,̄r2 , with r1 ⩽ r̄1 and r2 ⩽ r̄2. ∀k⩾ 0 we have

AdkG(F) ∈ L
νk,Nk
r2+kr1 ,̄r2+k̄r1

and

∥∥AdkG (F)∥∥νk,NkR
≲
(
‖G‖ν,NR
R2

)k

‖F‖ν,NR , (5.9)

with Nk = N− k(d+ ν) and νk = k(d+ 2ν).

Proof. We prove it by induction. For k= 1, the thesis follows from (4.24). Suppose the thesis
is true at step k. Exploiting again (4.24), we get∥∥Adk+1

G (F)
∥∥νk+1,Nk+1

R
=
∥∥{AdkG (F) ,G}∥∥νk+1,Nk+1

R

≲ 1
R2

(
‖G‖ν,NR
R2

)k

‖F‖ν,NR ‖G‖ν,NR =

(
‖G‖ν,NR
R2

)k+1

‖F‖ν,NR .

It is useful for the perturbative iteration to summarize the last results in the following lemma.

Lemma 5.14. Fix r̄, let P ∈ Lν,Nr1 ,̄r1 and G ∈ Lν,Nr2+2,̄r2+2 with r1 < r̄, r2 + 2< r̄. Let

n=
r̄+ 3− r1

r2
, (5.10)

if the r.h.s. is integer, otherwise we define n to be the r.h.s. of (5.10) +1. Let s> 3
2d+ 2 There

exists Cr̄,s,N > 0 such that if R fulfills (5.7), then the Lie transform ΦG : Bs
R/2 →Bs

R is well
defined. Moreover, one has

P ◦ΦG = P+P ′ +RP,G

and ∃ν ′,N ′ s.t., P ′ ∈ Lν
′,N ′

r1+r2 ,̄r1+n̄r2 . Furthermore XRP,G ∈ C∞(Bs
R,Hs

e) and one has

‖P ′‖ν
′,N ′

R ≲ ‖P‖ν,NR
‖G‖ν,NR
R2

(5.11)

sup
∥u∥s⩽R/2

∥∥XRP,G (u)
∥∥
s
≲ ‖P‖ν,NR

(
‖G‖ν,NR
R2

)n+1
1
R
, (5.12)

so that XRP,G has a zero of order at least r̄+ 2 at the origin.

Proof. Define

P ′ :=
n∑

k=1

1
k!
AdkGP

and RP,G be the integral term in (5.8). Then, by lemma 5.13, one has

‖P ′‖ν
′,N ′

R ≲
n∑

k=1

1
k!

(
‖G‖ν,N

R2

)k

‖P‖ν,NR ≲ ‖G‖ν,N

R2
‖P‖ν,NR ,
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provided
(

∥G∥ν,N

R2

)
⩽ 1/2, which is ensured by (5.7). This gives (5.11). To get (5.12) just use

the estimate (5.9), lemmas 4.18 and 5.11.

5.2. Solution of the homological equation

In this subsection, we write and solve the homological equation. We start defining the set of
nonresonant indexes.

Definition 5.15 (Block K non resonant indexes). Let K� 1 as in (4.9). We say that a multi-
indexA= (A1, . . .,Ar) ∈ Λr

e is Block-K-non-resonant, andwewriteA ∈ IK(r), if 〈
∣∣Aτord(3)∣∣〉<

K (namely there are at most two large indexes) and one of the following holds:

• 〈
∣∣Aτord(1)∣∣〉< K (there are no indexes larger than K) and A 6∈W;

• 〈
∣∣Aτord(1)∣∣〉⩾ K and 〈

∣∣Aτord(2)∣∣〉< K (there is exactlyone large index);
• 〈
∣∣Aτord(2)∣∣〉⩾ K and 〈

∣∣Aτord(3)∣∣〉< K (there are exactly two large indexes) and one of the fol-
lowing holds (recall hypothesis L.3):
– ∃α s.t. aτord(1),aτord(2) ∈ Ωα and στord(1)στord(2) =+1,
– ∃α 6= β s.t. aτord(1) ∈ Ωα, aτord(2) ∈ Ωβ and |aτord(1) − aτord(2)|⩽ Kδ .

Remark 5.16. By definitions 5.4 and 5.5, a polynomial supported only on multi-indexes A /∈
IK(r) is in normal form according to definition 5.6

In the following lemma, we show that there are no resonant multi-indexes with just one
large index.

Lemma 5.17. Fix K as in (4.9). If A ∈ Λr
e is s.t.

〈
∣∣Aτord(1)∣∣〉⩾ K and 〈

∣∣Aτord(2)∣∣〉< K , (5.13)

then there exists a constant γ ′
r > 0 such that

∣∣∣ r∑
l=1

σlωal

∣∣∣⩾ γ ′
rK

−τ ,

where τ > 0 is the constant appearing in hypotheses L.2.

Proof. For simplicity, we can suppose that Aτord(1) = A1. We distinguish two cases.

Case 1 If 〈|A1|〉⩾ K1 = 2(r− 1)
1
βK, recalling ωaj = 〈|aj|〉β < Kβ for any j = 2, . . . ,r, we

have that ∣∣∣∣∣
r∑

l=2

σlωal

∣∣∣∣∣⩽ (r− 1)Kβ . (5.14)

Then from (5.14) and 〈|A1|〉⩾ K1 we deduce∣∣∣∣∣
r∑

l=2

σlωal +σ1ωa1

∣∣∣∣∣⩾ Kβ1 − (r− 1)Kβ ≳ 1 ,

that implies the thesis.
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Case 2 If 〈|A1|〉< K1, we prove that A 6∈W. In fact, if by contradiction A ∈W, there
should exist A ′ ∈ A with A1,A ′ ∈ Σn for some n. But then, from (4.9), it would follow that
〈
∣∣Aτord(2)∣∣〉⩾ K. This is in contradiction with (5.13).
Since A 6∈W, from Hypothesis (L.2) it follows that∣∣∣∣∣∣

r∑
j=1

σjωaj

∣∣∣∣∣∣⩾ γ

(maxj=1,...,r |aj|)τ
≳ γ

Kτ1
=
γ ′
r

Kτ
,

with γ ′
r =

γ

2(r−1)
τ
β
.

In the following lemma, we take care of multi-indexes with exactly two indexes with mod-
ulus larger than K.

Lemma 5.18. If A ∈ IK(r) is s.t.

〈
∣∣Aτord(2)∣∣〉⩾ K and 〈

∣∣Aτord(3)∣∣〉< K , (5.15)

then there exist constants γ ′
r and τ

′ such that∣∣∣∣∣
r∑

l=1

σlωal

∣∣∣∣∣⩾ γ ′
r

Kτ ′ .

Proof. For simplicity, suppose that

Aτord(1) = A1 and Aτord(2) = A2 .

Case 1 In the case σ1 = σ2. the proof is a simple variant of the proof of lemma 5.17 and is
omitted.

Case 2 Consider now the case σ1σ2 =−1. It follows by definition of IK(r) that a1 ∈ Ωα,
a2 ∈ Ωβ with α 6= β and moreover |a1 − a2|⩽ Kδ . From hypothesis L.3, it follows that

|ωa1 −ωa2 |⩾ Cδ|a1|δ .

Case 2.i If 〈|a1|〉⩾ K2 := 2C2
(
(r− 2)C−1

δ

) 1
δK

β
δ , with C2 the constant in remark 4.9,

we observe that |a1|⩾ C−1
2 〈|a1|〉⩾ C−1

2 K2 and then, recalling that ωaj = 〈|aj|〉β ⩽ Kβ for
j = 2, . . . ,r, ∣∣∣∣∣

r∑
l=3

σlωal +ωa1 −ωa2

∣∣∣∣∣⩾ Cδ|a1|δ − (r− 2)Kβ⩾ CδC−δ
2 Kδ2 − (r− 2)Kβ ≳ 1 ,

and the thesis follows.
Case 2.ii If 〈|a1|〉< K2, one has that A 6∈W. To see this, remark that |ωa1 −ωa2 |⩾

Cδ|a1|δ > CKδ > 2 but each Σn has a length smaller or equal to 2, so that a1,a2 belong to
different set Σn and then the definition of W cannot be fulfilled. Then recalling hypothesis
(L.2), we conclude that
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∣∣∣∣∣∣
r∑

j=1

σjωaj

∣∣∣∣∣∣⩾ γ

(maxj=1,...,r |aj|)τ
≳ γ

Kτ2
=

γ ′

Kτ ′

with γ ′ = γ

C(r−2)
τ
δ
and τ ′ = β

δ τ .

In the next lemma, we solve the homological equation.

Lemma 5.19 (Homological equation). Let r̄, l be given in such a way that r̄⩾ l⩾ 3, then for
any F ∈ Lν,Nl,̄r there exist G,Z ∈ Lν,Nl,̄r which solve the homological equation

{H0,G}+F= Z. (5.16)

Furthermore there exist τ = τ(r̄) and γ = γ(r̄) s.t.

‖G‖ν,NR ⩽ Kτ

γ
‖F‖ν,NR , (5.17)

Z ∈ Lν,Nl,̄r is in normal form according to definition 5.6 and fulfills the estimate

‖Z‖ν,NR ⩽ ‖F‖ν,NR .

Proof. Writing

F(u) =
r̄∑

l=3

∑
A∈Λl

e

F̃l (ΠA1u, . . . ,ΠAlu) ,

we defineG,Z through their multilinear map. More precisely, recalling definition 5.15, we set,
for 3⩽ l⩽ r̄,

Z̃l (ΠA1u1, . . . ,ΠAlul) :=

{
F̃l (ΠA1u1, . . . ,ΠAlul) if(A1, . . . ,Al) 6∈ IK (l)
0 otherwise

G̃l (ΠA1u1, . . . ,ΠAlul) :=


F̃l (ΠA1u1, . . . ,ΠAlul)∑l

j=1σjωaj
if(A1, . . . ,Al) ∈ IK (l)

0 otherwise .

These polynomials solve the homological equation (5.16) since

{H0,G}(u) =−
r̄∑

l=3

∑
A∈IK(l)

F̃(ΠA1u, . . . ,ΠAlu) .

In particular Z̃ is in normal form (recall remark 5.16). The estimate (5.17) follows from lemmas
5.17 and 5.18.
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5.3. Proof of the normal form lemma

In this subsection, we complete the proof of proposition 5.8.
Fix r̄⩾ 2 and Taylor expand P at order r̄+ 2. Recalling (5.1) and definition 4.15, we have

P= P(0) +RT,0 ,

with P(0) ∈ LN,ν1,̄r+2 for some positive N,ν. FurthermoreRT,0 has a zero of order r̄+ 2 at u= 0.
Moreover, since XRT,0 ∈ C∞(Bs

R,Hs
e), one has, for s large enough and R> 0 small enough

‖XRT (u)‖s ≲ Rr̄+2 , ∀u ∈ Bs
R ,

In the following lemma, we describe the iterative step that proves theorem 5.21.

Lemma 5.20 (Iteration). Fix r̄⩾ 2; for any 0⩽ k⩽ r̄, there is a small constant µk > 0 s.t.,
denoting

µ= µ(R) :=
‖P(0)‖N,νR

R2
Kτ ,

if Rk,K are s.t.

µ(Rk)⩽ µk (5.18)

then there exist Nk,νk > 0 such that, ∀s0 > d/2+ νk the following holds: there exists an invert-
ible canonical transformation T(k) : Bs0

Rk/2k
→Bs0

Rk such that

H(k) = H ◦T(k) = H0 +Z(k) +P(k) +R(k)
T

and, ∃Rk > 0 s.t. one has

• Z(k) ∈ LNk−1,νk−1

3,̄rk−1+2 is in normal form and

∥∥∥Z(k)∥∥∥Nk−1,νk−1

R
≲k ‖P(0)‖N,νR , ∀R< Rk , (5.19)

• P(k) ∈ LNk,νkk+3,̄rk+2 and∥∥∥P(k)
∥∥∥Nk,νk
R
≲k µk‖P(0)‖N,νR , ∀R< Rk , (5.20)

• ∀s⩾ s0 ∃Rs,k s.t. T(k) ∈ C∞
(
Bs

Rs,k
2k

;Hs
e

)
and [T(k)]−1 ∈ C∞

(
Bs

Rs,k
4k

;Hs
e

)

T(k)
(
Bs
R/2k

)
⊂ Bs

R ,
[
T(k)
]−1(

Bs
R/4k

)
⊂ Bs

R/2k , ∀R< Rs,k , (5.21)

• XR(k)
T

∈ C∞(Bs
Rs,k/2k

,Hs
e) and, ∀u ∈ Bs

R, with R< Rs,k/2k one has∥∥∥XR(k)
T
(u)
∥∥∥
s
≲k R2 (KτR)r̄ . (5.22)
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Proof. The result is true for k= 0 with T(0) = Id and N0 = N, ν0 = ν. We prove the inductive
step k⇝ k+ 1.

We determine Gk+1,Zk+1 ∈ LNk,νkk+3,̄rk+1
solving the homological equation.

{H0,Gk+1}+P(k) = Zk+1 . (5.23)

To this end, we remark that the maximal degree homogeneity of P(k) appears when k= r̄− 1
and is smaller than r̄̄r. So we take τ and γ in (5.17) to be τ(r̄̄r) and γ(r̄̄r). Then we write

H(k+1) := H(k) ◦ΦGk+1 .

Exploiting (5.23), the Hamiltonian H(k+1) has the form,

H(k+1) = H0 +Z(k) +Zk+1+

+H ′
0 −{H0,Gk+1}+

(
P(k)

) ′
+
(
Z(k)
) ′

+

+RH0,Gk+1 +RP(k),Gk+1
+RZ(k),Gk+1

+RT,k ◦ΦGk+1 ,

with the primed quantities defined as in lemma 5.14. Collecting the terms above, we define the
following quantities:

Z(k+1) := Z(k) +Zk+1 ,

P(k+1) := H ′
0 −{H0,Gk+1}+

(
P(k)

) ′
+
(
Z(k)
) ′
,

RT,k+1 :=RH0,Gk+1 +RP(k),Gk+1
+RZ(k),Gk+1

+RT,k ◦ΦGk+1 .

First, we check the order of the polynomials, we have (P(k)) ′ ∈ L2k+2,̄rk+n1 r̄k , with a suitable n1.
Similarly one has H ′

0 −{H0,Gk+1} ∈ L2k+2,̄rk+n2 r̄k , and (Z
k) ′ ∈ L3+k+1,̄rk−1+n3 r̄k with suitable

n2,n3. Defining

r̄k+1 :=max{r̄k−1 + n3r̄k ,̄rk+ n2r̄k, r̄k+ n1r̄k}

one gets the result on the order.
We come to the estimates. First we remark that

µ≲ RKτ . (5.24)

From lemma 5.19 and the inductive hypothesis, we get the estimates

‖Gk+1‖Nk,νkR ⩽ Kτ

γ
‖P(k)‖Nk,νkR ≲ Kτ

γ
µk‖P(0)‖N,νR ≲ µk+1R2 ,

‖Zk+1‖Nk,νkR ≲ ‖P(k)‖Nk,νkR ≲ µk‖P(0)‖N,νR .

(5.25)

The estimate (5.19) follows from (5.25).
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For the estimate (5.20), we prove it for H̃ ′
0 −{H0,Gk+1} applying lemma 5.13. Denoting

N ′ = Nk+1 = Nk− n(νk+ d) and ν ′ = νk+1 = n(2νk+ d), and taking profit of (5.23), we have

‖H ′
0 −{H0,Gk+1}‖

Nk,νk
R =

∥∥∥∥∥
n∑
l=1

1
l!
AdlGk+1

({H0,Gk+1})

∥∥∥∥∥
Nk,νk

R

=

∥∥∥∥∥
n∑
l=1

1
l!
AdlGk+1

(
Zk+1 −P(k)

)∥∥∥∥∥
Nk,νk

R

≲
n∑
l=1

1
l!

(
‖Gk+1‖Nk,νkR

R2

)l∥∥∥P(k)
∥∥∥Nk,νk
R
≲ µk

∥∥∥P(0)
∥∥∥N,ν
k

n∑
l=1

1
l!
µ(k+1)l

≲ µk
∥∥∥P(0)

∥∥∥N,ν
R

µk+1
∞∑
l=0

1
l!
µ(k+1)l ≲ µ2k+1

∥∥∥P̂∥∥∥N,ν
R

,

that is (5.20) with k replaced by k+ 1 (also in the case k= 0).
Concerning

(
Z(k)
) ′

we just use (5.11) which gives∥∥∥∥(Z(k)) ′
∥∥∥∥Nk,νk
R

≲
∥∥∥P(0)

∥∥∥N,ν
R

µk+1 .

Similarly one gets the estimate of
(
P(k)

) ′
.

We come to the remainders. Consider first RZ(k),Gk+1
. Here one has Z(k) ∈ L3,̄rk−1 , so that

we apply (5.12) with r1 = k+ 1, r2 = 3, which gives

n+ 1⩾ r̄
k+ 1

,

so that the remainder is estimated by

∥∥∥XR
Z(k),Gk+1

∥∥∥≲ ∥∥Z(k)∥∥Nk,νkR

R

(
µk+1

)n+1 ≲
∥∥P(0)

∥∥Nk,νk
R

R
µr̄ ≲ R2 (RKτ )r̄ .

Proceeding in the same way for the other terms one gets the thesis.

We thus have the following:

Corollary 5.21 (Normal form). Assume hypotheses L.1–L.3 for the Hamiltonian H= H0 +P
of the form (5.1) and that P is a function with localized coefficients according to definition 4.15
and with a zero of order at least 3 at the origin. For any r̄> 3 there exist τ and s̄r ⩾ s0 > d/2
such that for any s⩾ s̄r the following holds. There exist constants Rr̄,s and Cr̄,s such that, if K
and R fulfill

RKτ ⩽ Rr̄,s ,

then there exists an invertible canonical transformation

T(̄r) : Bs
R/2̄r →Bs

R ,
[
T(̄r)
]−1

: Bs
R/4̄r →Bs

R/2̄r
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such that

H(̄r) = H ◦T(̄r) = H0 +Z(̄r) +RT (5.26)

where Z(̄r) ∈ Lν̄r,N̄r3,̄r̄r is in normal form and XRT ∈ C∞(Bs
R/2̄r ,H

s
e). Moreover, for any u ∈ Bs

R, we
have

‖XRT (u)‖s ≲ R2 (KτR)r̄ .

Proof of proposition 5.8. We apply corollary 5.21. Choosing according to definition 5.7

K := K(R, τ) =⇒ RKτ ∼ R
1
2 (5.27)

we have

(RKτ )r̄R2 ' R
r̄+4
2 .

Choosing r̄ := 2r we get

‖XRT (u)‖s ≲ Rr+2 .

From theorem 5.21, definitions 5.4 and 5.5, we can write

Z(̄r) = Z0 +ZB+Z2 +Z⩾3 .

We have to show that Z2 and Z⩾3 can be considered remainder terms of order Rr+1. From
corollary 4.27, we have that, for any u ∈ Bs

R/2̄r ,

∥∥XZ⩾3 (u)
∥∥
s
≲ ‖Z⩾3‖ν,NR

Ks−s0

1
R
≲ R2

Ks−s0
.

Since (5.27) implies K∼ R− 1
2τ , we have

R2

Ks−s0
∼ R2+

s−s0
2τ ≲ Rr+1

if s> sr = s0 + 2τ(r− 1) and so∥∥XZ⩾3 (u)
∥∥
s
≲ Rr+1 .

It remains to consider XZ2 . From lemma 4.28, it follows that, for any u ∈ Bs
R,

‖XZ2 (u)‖s ≲
‖Z2‖ν,N

′

R

Kδ(N ′−N)

1
R
≲ R2

Kδ(N ′−N)
,

for any N ′ > N. Denoting N ′ = N+M1, we have

R2

KδM1
∼ R2+

δM1
2τ ∼ Rr+1

for M1 =
2τ
δ (r− 2). We get the thesis denoting

R(̄r) := Z2 +Z⩾3 +RT.

The estimate (5.6) follows from lemma 4.27.
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6. From normal form to almost global existence

In this section, we conclude the proof of theorem 5.1. In particular, we use proposition 5.8
to study the dynamics corresponding to a smooth, small, real initial datum for the Hamilton
equations of (5.1). Precisely, take some large s and assume that

‖u0‖s =: ε <
R

2 · 42r
, (6.1)

with a small R< Rs,r and Rr,s from proposition 5.8. Denote

z0 :=
(
T(̄r)
)−1

(u0) ,

and we consider the evolution in the z variables. Let z= (z+,z−) ∈Hs×Hs ≡Hs
e and, for K

defined in proposition 5.8, recall that

Π⩽z= z⩽ =
∑

{⟨|A|⟩⩽K}

ΠAz ,

Π⊥z= z⊥ =
∑

{⟨|A|⟩>K}

ΠAz .

Write the Hamilton equations of H(̄r) as a system:{
ż⩽ = XH0

(
z⩽
)
+XZ0

(
z⩽
)
+Π⩽XZB (z)+Π⩽XR(̄r) (z) ,

ż⊥ = XH0

(
z⊥
)
+Π⊥XZB (z)+Π⊥XR(̄r) (z) .

(6.2)

We start considering the dynamics of z⩽. We remark first that Π⩽XZB and Π⩽XR(̄r) are
remainder terms of order Rr+2 (see proposition 5.8). Then, it remains to analyze the role of Z0.

To this end, we define the set of indexes correspondent to each ‘band’ of the spectrum Σn,
the correspondent projector and the correspondent ‘superaction’, namely

En :=
{
a ∈ Λ : ω1/β

a ∈ Σn

}
, Πnz :=

∑
{A=(a,σ):a∈En}

ΠAz ,

Jn (z) :=
∑
a∈En

ˆ
Π(a,+)zΠ(a,−)zdx .

In particular, if z is real (as we assumed)

Jn (z) =
∑
a∈En

∥∥Π(a,+)z
∥∥2
0
=

1
2

∑
a∈En

∥∥Π(a,+)z
∥∥2
0
+
∥∥Π(a,−)z

∥∥2
0
.

In the next lemma, we prove that Jn is preserved under the dynamics associated to Z0.

Lemma 6.1. Let Z a polynomial supported on W, then

{Z,Jn}= 0 .
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Proof. From definition 5.3 follows that Z̃ is the sum of terms of the form

ˆ
M
ΠA1u1 . . .ΠAlul

with A= (A1, . . . ,Al) ∈W. First, note that we have

XJn (u) = i
∑
a∈En

(
Π(a,+)u,−Π(a,−)u

)
= i
∑
(a,σ)

δa∈Σn (δσ,+ − δσ,−)Π(a,σ)u .

Moreover, for any homogeneous polynomial F, one has

dF(u)X= F̃(X,u, . . . ,u)+ F̃(u,X, . . . ,u)+ · · ·+ F̃(u, . . . ,u,X) .

Decompose Z=
∑

lZl in homogeneous polynomials, we have

{Zl,Jn}(u) = dZ(u)XJn (u)

= i
∑

A1,...,Al

Z̃(ΠA1u, . . .,ΠAlu)
n∑

j=1

δaj∈Σn

(
δσj,+ − δσj,−

)
.

We recall that Z is in normal form, which means that the sum can be restricted to multi-
indexes belonging to W. So, fix one of the multi-indexes A ∈W. The definition of W implies
that there exists a permutation τ of 1, . . ., l, and indexes n1, . . .,nl s.t, aτ( j),aτ( j+l/2) ∈ Σnj and
στ( j)στ( j+l/2) =−1. Thus consider the sum

n∑
j=1

δaj∈Σn

(
δσj,+ − δσj,−

)
=

n∑
j=1

δaτ( j)∈Σn

(
δστ( j),+ − δστ( j),−

)
.

If aτ( j) ∈ Σn with a sign, it means that also aτ( j+l/2) ∈ Σn with the opposite sign. Thus the
sum vanishes for any index in W.

Corollary 6.2. There exists a positive constant C1 with the following property: assume
that (6.1) holds and that there exists Te > 0 s.t.

‖z(t)‖s ⩽
R

2 · 22r
, ∀|t|⩽ Te (6.3)

and some R< Rrs, then one has∥∥z⩽ (t)
∥∥2
s
⩽ C1

(∥∥z⩽ (0)
∥∥2
s
+ |t|Rr+3

)
. (6.4)

Proof. Define

an,s := inf
a∈En

(1+ 〈|a|〉)2s

then there exist two constants C3,C4 such that, for any n, one has
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C3 ‖Πnz‖2s ⩽ an,sJn ⩽ C4 ‖Πnz‖2s ,

‖z⩽‖2s '
∑
ns.t.

maxEn⩽K

an,sJn . (6.5)

Then, by proposition 5.8 and lemma 6.1, one has

d
dt

∑
ns.t.

maxEn⩽K

an,sJn ≲
∑
n

an,s
{
Jn,Z2 +R(̄r)

}
≲ Rr+3 , (6.6)

which is valid for |t|⩽ Te. From (6.5) and (6.6) the thesis immediately follows.

Consider the dynamics of the high modes z⊥ given by (6.2). From proposition 5.8),Π⊥XR(r)

is a remainder term of order Rr+2 and ZB is in Block Resonant Normal Form and of order
2 in z⊥.

Recalling the dyadic partition Λ =
⋃
α∈AΩα, we define the correspondent projectors and

the correspondent superactions. Since we are interested in the dynamics of the high modes,
we consider only superactions defined on modes 〈|a|〉⩾ K. This amount to consider a cutoff
of the Bourgain’s blocks, that clearly do not break the dyadicity of the partition,

Παz :=
∑

{A=(a,σ) : a∈Ωα,⟨|a|⟩⩾K}

ΠAz

Jα (z) :=
∑

{a∈Ωα,⟨|a|⟩⩾K}

ˆ
Π(a,+)zΠ(a,−)zdx= ‖Παz‖20 .

By definition of Block Resonant normal form (see definition 5.4)Π⊥XZB is linear in z
⊥. Then,

we show that the L2 norm on each block is conserved along the dynamics associated to the nor-
mal form since ZB is a real polynomial. Namely, the dynamics of the normal form ZB enforces
the exchange of energy only within high modes in the same block Ωα. This is the content of
the following lemma.

Lemma 6.3. For any real z ∈Hs
e, we have that, for any α ∈ A,

{Jα,ZB}(z) = 0 .

Proof. In this proof, we denote again zA := ΠAz. Since ZB is real and recalling definition 5.4,
it is the sum of terms of the form

Z̃β (z) :=
ˆ
z(a,+)z(b,−)zA3 . . .zAl +

ˆ
z(a,−)z(b,+)zA3

. . .zAr

= 2Re

(ˆ
z(a,+)z(b,−)zA3 . . .zAr

)
, ∀z real

(6.7)

with A= ((a,+),(b,−),A3, . . . ,Ar) ∈ Λr
e such that a,b ∈ Ωβ , 〈|a|〉> K and 〈|b|〉> K for

some β. Here, for the sake of simplicity, we are considering multi-indexes for which the two
largest indexes are the first and the second.
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If β 6= α, then {Jα,Zβ}= 0. Otherwise, we have{
Jα, Z̃α

}
(z) = i

ˆ
z(a,−)z(b,+) . . .zĀr − i

ˆ
z(a,+)z(b,−) . . .zAr

+ i
ˆ
z(b,−)z(a,+) . . .zAr − i

ˆ
z(b,+)z(a,−) . . .zĀr = 0 ,

with a,b ∈ Ωα.

The following corollary is proved exactly in the same way as corollary 6.2

Corollary 6.4. There exists a positive constant C1 with the following property: assume there
exists Te > 0 s.t. (6.3) holds for some R< Rrs, then one has∥∥z⊥ (t)

∥∥2
s
⩽ C1

(∥∥z⊥ (0)
∥∥2
s
+ |t|Rr+3

)
. (6.8)

Proof of theorem 5.1. We prove by a bootstrap argument that, if ε is small enough, the escape
time Te fulfills 1/Rr+1 ≲ Te. First we make the canonical transformation T (r) and apply the
estimate (5.5) with R= 2−1ε42r where ε := ‖u0‖, getting that

‖z0‖s ⩽
R

2 · 22r
.

Then we can apply lemmas 6.2 and 6.4, since the assumptions on the initial datum z(0) are
fulfilled. Assume now, by contradiction, that there exists t∗ < Te := R−r−1(2 · 22r)−2 s.t. z(t) ∈
Bs
R′
r
for all |t|< t∗ and z(t∗) ∈ ∂Bs

R′
r
, with R ′

r :=
√
2C1R
2·22r and C1 as in lemmas 6.4 and 6.2. For

|t|⩽ t∗, lemmas 6.2 and 6.4 give that(√
2C1R
2 · 22r

)2

= ‖z(t∗)‖2s ⩽ C1

(
‖z0‖2s +Rr+3|t|

)
⩽ C1

(
R2

22 · 24r
+

R2

22 · 24r

)
,

which is absurd. Going back to the variables u, changing r+ 1 to r and adjusting the name of
the constants one gets the result.

7. Proof of the results on the applications

In this section, we prove the results stated in section 3, concerning applications of theorem 2.7.
We recall that we are considering manifolds in which the Laplacian is a globally integrable
quantum system. In particular, we denote by I1, . . . , Id the quantum actions of the Laplacian
and by hL0 the function such that

−∆= hL0 (I1, . . . , Id) .

Moreover, we denote by {λa}a∈Λ the eigenvalues of −∆, namely

λa = hL0 (a) , ∀a ∈ Λ .

As emphasized in section 3. they fulfill hypotheses L.0, L.1 and L.3.
From Weyl law it is also easy to prove the following lemma
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Lemma 7.1. There exists a sequence of intervals Σ0
n = [cn,dn], n ∈ N,n⩾ 1 with the following

properties:

• n
2 ⩽ cn < dn < cn+1 < 3n;

• σ
(√

(−∆)
)
⊂
⋃
nΣ

0
n;

• |dn− cn| ≡
∣∣Σ0

n

∣∣⩽ 2;
• d(Σ0

n,Σ
0
n+1)≡ cn+1 − dn ≳ n−d/2, where d is the dimension of M.

Such intervals will be the basis for the construction of the intervals Σn.
In the applications, we apply theorem 2.7 to an Hamiltonian with linear part HL that is a relat-
ively compact perturbation of −∆; for each of them we will check that they still fulfill hypo-
theses L.0, L.1 and L.3. We remark that considering small perturbations of the Laplacian is
fundamental in order to verify the nonresonance assumption L.2.

Finally, we remark that all the nonlinear perturbations that we will meet are of the
form (2.8), so they fulfill Hypothesis P. In other words, following theorem 5.2, they are func-
tions with localized coefficients.

7.1. Schrödinger equation with convolution potentials

The nonlinear Schrödinger equation (3.3)

i∂tψ =−∆ψ +V]ψ + f
(
x, |ψ|2

)
ψ , x ∈M, (7.1)

is Hamiltonian with Hamiltonian function

H=

ˆ
M

(
ψ̄ (−∆ψ)+ ψ̄ (V]ψ)+F

(
x, |ψ|2

))
dx

where F is such that f(x,u) = ∂uF(x,u).
The Hamiltonian of equation (7.1) fits the abstract settings (2.2) withHL the globally integrable
quantum system

HL =−∆+V] .

The actions are I1, . . . , Id, namely they are the actions of the Laplacian; the associated function
hL is

Rd 3 ξ 7→ hL0 (ξ)+ v(ξ) ,

where v(ξ) is any C∞ interpolation of V] on the lattice Λ, namely it is a function such that
v(ξ) = Vξ,∀ξ ∈ Λ. Moreover, we remark that the frequencies are given by

ωa := λa+Va .

In order to apply theorem 2.7 and prove theorem 3.2, it remains to verify that hypotheses L.1,
L.3 and L.2 hold.

The intervalsΣn are defined to beΣ0
n for n large, while they can be choosen in any arbitrary

way for n in a bounded set. Due to the fact that n> d/2 they also partition the set
{
ω
1/β
a

}
a∈Λ

.
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Hypotheses L.1 and L.3 clearly hold, since they hold for {λa}a∈Λ and the coefficients Va have
strong decay (see (3.2)). Indeed, for any a,b ∈ Λ,

|a− b|+ |λa−λb|⩾ Cδ
(
|a|δ + |b|δ

)
implies

|a− b|+ |ωa−ωb|⩾ |a− b|+ |λa−λb| − |Va−Vb|
⩾ Cδ

(
|a|δ + |b|δ

)
− 1/2⩾ C ′

δ

(
|a|δ + |b|δ

)
.

(7.2)

We come to prove the non-resonance condition L.2. Actually, we will prove a stronger condi-
tion, namely:

Lemma 7.2. For any r there exists τ and a setV(res) ⊂ Vn of zero measure, s.t., if V ∈ Vn \V(res)

there exists γ > 0 s.t. for all K⩾ 1 one has

|ω · k|⩾ γ

Kτ
,

∀k= (ka1 , . . .,kar) s.t. |aj|⩽ K ∀j = 1, . . .,r , |k|ℓ1 ⩽ r .
(7.3)

First consider, for k fulfilling the second of (7.3),

V (k,γ) := {V ∈ Vn : |ω · k|< γ} .

We have the following lemma.

Lemma 7.3. One has

|V (k,γ)|⩽ 2γKn . (7.4)

Proof. Actually, we prove that the Lemma is true for any arbitrary sequence λa, namely that
the asymptotic behaviour is not important.
First, if V(k,γ) is empty there is nothing to prove. Assume that Ṽ ∈ V(k,γ). Since k 6= 0, there
exists ā such that kā 6= 0 and thus |kā|⩾ 1; so we have∣∣∣∣∂ω · k

∂V̂ā

∣∣∣∣⩾ 1 .

It means that if V(k,γ) is not empty it is contained in the layer∣∣∣∣̂̃Vā ′ − V̂ ′
ā

∣∣∣∣⩽ γ ,
whose measure is γ〈ā〉n ⩽ 2γKn. This implies (7.4).

Proof of lemma 7.2. From lemma 7.3 it follows that the measure of the set

V(res) (γ) :=
⋃
K⩾1

⋃
k

V
(
k,

γ

Kdr+2

)
is estimated by a constant times γ. It follows that the set

V(res) := ∩γ>0V(res) (γ)

has zero measure and with this definition the lemma is proved.
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7.2. Stability of the ground state of NLS

The equation (3.4) is Hamiltonian with Hamiltonian

H
(
ψ,ψ̄

)
=

ˆ
M

(
ψ (−∆ψ)+F

(
|ψ|2

))
dx , (7.5)

where F is such that F ′ =−f. Following [FGL13], we introduce variables in which the ground
state becomes an equilibrium point of a reduced system. To this end, we consider the space

L20 (M;C) :=
{
ϕ ∈ L2 (M;C) :

ˆ
M
ϕ(x)dx= 0

}
of the functions with vanishing average and we denote

N(ϕ) =

ˆ
M
|ϕ|2 dx .

Then we consider the map

L20 (M,C)×R×T→ L2 (M;C)

(ϕ,p,θ) 7→ ψ (ϕ,p,θ) := e−iθ

(√
p−‖ϕ‖2 +ϕ(x)

)
.

(7.6)

Lemma 7.4 (Faou,Lubich,Glouckler [FGL13]). The map (7.6) defines a local coordinate
system close to ϕ= 0. Furthermore, such coordinates are symplectic, namely the Hamilton
Equations of a Hamiltonian function H have the form

θ̇ =
∂H
∂p

, ṗ=−∂H
∂θ

, ż=−i∇̄zH .

Then the Hamiltonian is just (7.5) with ψ given by (7.6). We now fix a value p0 of p (which
is an integral of motion) and expand in power series in ϕ getting (neglecting irrelevant terms
independent of ϕ) a Hamiltonian of the form

H= H0 + P̂

with

H0 (ϕ) =

ˆ
M

[
ϕ̄ (−∆ϕ)+ 2f(p0) ϕ̄ϕ +

f(p0)
2

(
ϕ 2 + ϕ̄ 2

)]
dx

and P̂= P̂(ϕ,ϕ̄) of the form (2.8). Thus we have just to verify the assumptions on the linear
part.

Introducing the spectral decomposition relative to the quantum actions of the Laplacian, we
get

H0 =
∑
a∈Λ

ˆ
M

(
(λa+ 2f(p0))Πaϕ̄Πaϕ +

f(p0)
2

(Πaϕ)
2
+
f(p0)
2

(Πāϕ)
2
)
dx ,

which can be diagonalized through a symplectic change of coordinates of the form(
wa
w̄a

)
= Sa

(
ϕ a

ϕ̄ a

)
,
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where the matrices Sa have norm uniformly bounded with respect to a. Such a change of
coordinates of course does not change the nature of P̂ of having localized coefficients. In the
new coordinates, one gets

H0 (w,w) =
∑
a

ωa

ˆ
M
Πaw̄Πawdx

with

ωa =
√
λ2a+ 2f(p0)λa . (7.7)

Hypotheses L.1 and L.3 hold for {ωa}a∈Λ, since they hold for {λa}a∈Λ and one has

ωa =
√
λ2a+ 2f(p0)λa = λa

(
1+

f(p0)
λa

+ o

(
f(p0)
λa

))
so that

|a− b|+ |λa−λb|⩾ Cδ
(
|a|δ + |b|δ

)
implies

|a− b|+ |ωa−ωb|⩾ C ′
δ

(
|a|δ + |b|δ

)
,

with computations analogous to the ones in (7.2)
We prove now the non-resonance condition L.2.
First we define the intervals Σn working essentially as in [DS06]. Precisely, we consider

the map µ 7→ ν(µ) := (µ4 + 2f(p0)µ2)1/4 and define Σn := ν(Σ0
n). Then we follow the proof

of Theorem 4.7 of [DS04] (see also [DS06]) which deals with the case of the wave equation
on tori and Zoll Manifolds. In particular we apply the following theorem

Theorem 7.5. Theorem 5.1 of [DS04] Let X be a closed ball BR0 in Rp for some R0 > 0 and
by Y a compact interval in R.
Let f : X×Y 7→ R be a continuous subanalytic function, ρ : X 7→ R a real analytic function,

ρ 6≡ 0. Assume

• f is real analytic on {x ∈ X;ρ(x) 6= 0}× Y;
• for all x0 ∈ X with ρ(x0) 6= 0, the equation f(x0,y) = 0 has only finitely many solutions y ∈ Y.

Then there are N0 ∈ N,α0 > 0, δ > 0,C> 0, such that for any α ∈ (0,α0), any N⩾ N0, any
x ∈ X with ρ(x) 6= 0,

meas
{
y ∈ Y : |f(x,y) |⩽ α|ρ(x) |N

}
⩽ Cαδ|ρ(x) |Nδ .

The strategy to deduce the existence of large sets of values p0 corresponding to which
assumption L.2 holds is nontrivial, but in our case, one can reproduce line by line the compu-
tations of section 5.2 of [DS04], just substituting the function f of that paper with the function

f(x,y) :=
l∑

j=1

√
x2j y+ xj−

p∑
j=l+1

√
x2j y+ xj ,
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which has the property that

mf
(
λaj ,

1
m2

)
with m2 = 2f(p0) are exactly the small divisors one has to control. We also define, for l⩾ p/2

ρ(x) :=
∏

τ∈Sp−l

 l∑
j=1

(
x2j − x2τ( j)+l

)2
+

p−l∑
j=l+1

x2τ( j)+l

 , (7.8)

and similarly for l< p/2. Here Sℓ is the group of the permutations of the first ` integers.
The only nontrivial point is to prove that for any fixed value of x ∈ [0,1]p the equation

f(x,y) = 0 has only isolated solutions in y. We just give a detailed proof of this fact.
First, we have to give a selection property for the sequences (x1, . . .,xp): we will say that a

sequence (x1, . . .,xp), given an integer l⩽ p satisfy condition Z, if one of the following holds:

• p is odd
• p is even and l 6= p/2
• p is even, l= p/2 and for any permutation τ of 1, . . .,p/2 exists j s.t. xτ( j) 6= xp/2+j.

Lemma 7.6. For any (x1, . . .,xp) ∈ [0,1]p fulfilling condition Z, the equation f(x,y) = 0 has a
discrete set of solutions.

Proof. Following [DS06] we remark that since f is an analytic function of y, its roots can have
accumulation points only if the function identically vanishes.We compute its Taylor expansion
at y= 0 and show that it can be identically zero only if condition Z is violated. Denote

νj =
√
x2j y+ xj ,

by direct computation, we get

dkνj
dyk

= ck

(
xj
νj

)2k

νj , (7.9)

with suitable constants ck. Thus we have

∂kf

∂yk
= ck

 l∑
j=1

(
xj
ν2j

)2k

νj−
p∑

j=l+1

(
xj
ν2j

)2k

νj

 . (7.10)

Let consider the equivalence relation

xi ∼ xj ⇐⇒ (xi = xjand (i, j⩽ l or i, j > l))

and denote by nj the cardinality of the correspondent equivalence classes. So, we can write the
condition (7.10) = 0 (renaming the indexes j), as

0=
l1∑
j=1

nj

(
xj
νj

)2k

νj−
p1∑

j=l1+1

nj

(
xj
νj

)2k

νj , (7.11)
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and now we have that ∀i 6= j xi 6= xj. Remark that in our computation we have implicitly erased
the terms with a plus sign which have a corresponding term with a minus sign, and that, since
condition Z is fulfilled there must be at least a couple of indexes i, j with i⩽ l and j> l such
that xi 6= xj, so that not all the n ′

j s vanish.
Now, (7.11) is a linear equation in the ‘unknown’ nj: to have nontrivial solutions its determ-

inant must vanish. However the determinant is essentially a Vandermonde determinant that can
be explicitly computed giving

ν1 . . .νp1
∏

1⩽k<l⩽p1

(
x2l
ν2l

− x2k
ν2k

)
6= 0 .

As we anticipated the rest of the proof goes exactly as in [DS06] and is omitted.

7.3. Beam equation

Consider the beam equation introduced in (3.5)

ψtt+∆2
gψ+mψ =−∂ψ P(x,ψ) . (7.12)

Introducing the variableϕ = ψ̇ ≡ ψt, it is well known that (7.12) can be seen as anHamiltonian
system in the variables (ψ,ϕ) with Hamiltonian function

H(ψ,ϕ) :=

ˆ
M

(
ϕ2

2
+
ψ
(
∆2
g+m

)
ψ

2
+P(x,ψ)

)
dx .

To put the system in the form (2.2) introduce the variables

u(x) :=
1√
2

((
∆2
g+m

)1/4
ψ+ i

(
∆2
g+m

)−1/4
ϕ
)
,

u(x) :=
1√
2

((
∆2
g+m

)1/4
ψ− i

(
∆2
g+m

)−1/4
ϕ
)
,

so that the Hamiltonian takes the form

H(u, ū) :=
ˆ
M
ū(HLu)+P(x,u, ū) dx ,

with

HL =
√
−∆2

g+m .

Then the verification of the hypotheses goes as in the previous case (but in a simpler way) and
thus it is omitted.

Data availability statement
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Appendix A. Estimates on polynomials with localized coefficients

In this appendix, we will prove the results stated in section 4.3.
We denote 〈·, ·〉= 〈·, ·〉H0 and 〈·, ·〉e = 〈·, ·〉H0

e
and ‖.‖ := ‖.‖0.

Proof of lemma 4.18. For B ∈ Λe and A= (A1, . . . ,Ar) ∈ Λr
e, we want to bound∥∥∥ΠBX̃F (ΠA1u, . . . ,ΠAru)

∥∥∥
0
.

Suppose for simplicity that B= (b,+), the case B= (b,−) being totally analogous.
We compute, exploiting self-adjointness of ΠB and the definition of the L2-gradient (4.2),∥∥∥ΠBX̃F (ΠA1u1, . . . ,ΠArur)

∥∥∥
0

= sup
h∈H∞,∥h∥=1

∣∣∣〈ΠBX̃F (ΠA1u1, . . . ,ΠArur) ,h〉e
∣∣∣

= sup
h∈H∞,∥h∥=1

∣∣∣〈X̃F (ΠA1u1, . . . ,ΠArur) ,ΠBh〉e
∣∣∣

⩽ r sup
h∈H∞,∥h∥=1

∣∣∣F̃(ΠA1u1, . . . ,ΠArur,ΠBh)
∣∣∣

= r‖F‖ν,Nr+1
µ(A,B)N+ν

S(A,B)N
‖ΠA1u1‖ . . .‖ΠArur‖‖ΠBh‖ .

From that, we deduce (4.6).

A.1. Tame estimates

Lemma A.1. Fix ν > 0. For s> ν+ d
2 , we have∑

A∈Λe

(1+ 〈|a|〉)ν ‖ΠAu‖0 ≲s ‖u‖s . (A.1)
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Proof. We compute

∑
A∈Λe

(1+ 〈|a|〉)ν ‖ΠAu‖0 ⩽
∑
A∈Λe

(1+ 〈|a|〉)s

(1+ 〈|a|〉)s−ν
‖ΠAu‖0

⩽
√∑

A∈Λe

1

(1+ 〈|a|〉)2(s−ν)

√∑
A∈Λe

(1+ 〈|a|〉)2s ‖ΠAu‖0 ≲ Cs ‖u‖s

since the first sum converges for 2(s− ν)> d, that is s> ν+ d
2 .

Remark A.2. In the following computations, we will repeatedly compare |a| and 〈|a|〉, taking
profit of remark 4.9. In particular, we notice that for any constant 0< K2 < 1 small enough
there exists K1 > 0 large enough such that

〈|a|〉⩾ K1〈|b|〉 =⇒ |a− b|⩾ K2〈|a|〉 . (A.2)

In fact we have, defining C1,C2 as in remark 4.9.

|a− b|⩾ |a| − |b|⩾ 1
C2

〈|a|〉− 1
C1

〈|b|〉⩾
(

1
C2

− 1
C1K1

)
〈|a|〉 .

Moreover ∃C such that

〈|a|〉⩾ 〈|b|〉 =⇒ |a− b|⩽ C〈|a|〉 . (A.3)

We are now ready to prove theorem 4.20:

Proof of theorem 4.20. We have

∥∥X̃(u1, . . . ,ur)∥∥2s ⩽∑
B∈Λ

(1+ 〈|B|〉)2s
∥∥∥∥∥∥
∑

A1,...Ar

ΠBX̃(ΠA1u1, . . . ,ΠArur)

∥∥∥∥∥∥
2

0

.

Exploiting the definition of localized coefficients 4.17, the argument of the sum in B of the
equality above is controlled by the square of

‖X‖ν,N
∑

A1,...Ar

(1+ 〈|b|〉)s µ(A,b)
N+ν

S(A,b)N
‖ΠA1u1‖0 . . .‖ΠArur‖0 .

By symmetry, we can consider the case 〈|a1|〉⩾ 〈|a2|〉⩾ · · ·⩾ ‖ar‖. By definition of S and µ,
we have {

〈|b|〉⩾ 〈|a2|〉 =⇒ S(A,b) = |a1 − b|+ 〈|a2|〉⩾ |a1 − b|
〈|b|〉⩽ 〈|a2|〉 =⇒ S(A,b)⩾ |a1 − a2|+ 〈|b|〉 .
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We have, ∀κ > d,∑
B∈Λe

S−κ ⩽
∑

⟨|b|⟩⩾⟨|a2|⟩

S−κ+
∑

⟨|b|⟩<⟨|a2|⟩

S−κ

≲
∑
B∈Λe

1
(|a1 − b|+ 1)κ

+
∑
B∈Λe

1
(|a1 − a2|+ 〈|b|〉)κ

≲
∑
B′∈Λe

1
(|b ′|+ 1)κ

+
∑
B∈Λe

1
(|a1 − a2|+ |b|)κ

<∞

where B ′ = (b ′,σb), with b ′ = b− a1. With a similar calculation, we obtain also∑
A1∈Λe

S−κ <∞ .

By Cauchy–Schwarz inequality, we estimate

∑
A1,...Ar

(1+ 〈|b|〉)s µ(A,b)
N+ν

S(A,b)N
‖ΠA1u1‖0 . . .‖ΠArur‖0 ⩽

⩽

 ∑
A1,...Ar

(1+ 〈|b|〉)2s µ(A,b)
2N+ν−κ

S(A,b)2N−κ
‖ΠA1u1‖

2
0 ‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

·

·

 ∑
A1,...Ar

µ(A,b)ν+κ

S(A,b)κ
‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

.

Exploiting µ(A,b)⩽ 〈|a2|〉, the second term is estimated by ∑
A1,...Ar

µ(A,b)ν+κ

S(A,b)κ
‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

⩽

∑
A1

S(A,b)−κ
∑

A2,...,Ar

〈|a2|〉ν+κ ‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

≲
r∏

l=2

‖ul‖
1
2
s0

for each s0 > ν+ d
2 +κ, where in the last passage we have used lemma A.1.

Consider now the first term (A.1). We claim that

µ(A,b)
S(A,b)

(1+ 〈|b|〉)≲ 1+ 〈|a1|〉 . (A.4)

Indeed, (A.4) is trivial for 1+ 〈|b|〉≲ (1+ 〈|a1|〉) , since µ
S < 1 by definition. On the other

end, if 1+ 〈|b|〉≳ (1+ 〈|a1|〉), we have, from (A.2),

S(A,b)⩾ |b− a1|≳ 〈|b|〉

and then

µ(A,b)
S(A,b)

(1+ 〈|b|〉)≲ µ(A,b)≲ 1+ 〈|a1|〉
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that is (A.4). Then we can control the first term, provided that N> s+κ, with

∑
B

 ∑
A1,...Ar

(1+ 〈|b|〉)2s µ(A,b)
2N+ν−κ

S(A,b)2N−κ
‖ΠA1u1‖

2
0 ‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

≲
∑
B

 ∑
A1,...Ar

(1+ 〈|a1|〉)2s
µ(A,b)κ+ν

S(A,b)κ
‖ΠA1u1‖

2
0 ‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

≲
∑
B

∑
A1

(1+ 〈|a1|〉)2s

S(A,b)κ
‖ΠA1u1‖

2
0

∑
A2,...,Ar

〈|a2|〉ν+κ ‖ΠA2u2‖0 . . .‖ΠArur‖0

 1
2

≲ ‖u1‖s
r∏

l=2

‖ul‖
1
2
s0
,

with s0 ⩾ κ+ ν+ d
2 . Summing over all the possible choices of the biggest index, we obtain

the sum in the thesis.

A.2. High and low modes

Proof of corollary 4.27. Firstly recall the usual high modes estimate∥∥u⊥∥∥2
s0
=

∑
⟨|A|⟩>K

(1+ 〈|a|〉)2s0 ‖ΠAu‖20 ≲
1

K2(s−s0)
‖u‖2s . (A.5)

i) If P is at least of order 3 in u⊥, XP is at least of order two in u⊥. Then

XP (u) = X
(
u⩽ + u⊥

)
= X̃P

(
u⩽ + u⊥, . . . ,u⩽ + u⊥

)
=

r∑
l=2

(
r
l

)
X̃P

(
u⩽, . . . ,u⩽
r−l−times

,u⊥, . . . ,u⊥
l−times

)
.

Applying the tame estimate in lemma 4.20, we get

‖XP (u)‖s ⩽ ‖P‖ν,N
r∑

l=2

(∥∥u⩽∥∥
s

∥∥u⩽∥∥r−l−1

s0

∥∥u⊥∥∥l
s0
+
∥∥u⩽∥∥r−l

s0

∥∥u⊥∥∥l−1

s0

∥∥u⊥∥∥
s

)
(A.5)

≲ ‖P‖ν,N

Ks−s0
‖u‖2s ‖u‖

r−2
s0

.

ii) We reason as in the previous case, since again Π⩽XP is of order two in u⊥.

Proof of Corollary 4.28. Writing N ′ = N−M1, (4.11) amounts to show that

µ(A1, . . . ,Ar)
N+ν

S(A1, . . . ,Ar)
N =

µ(A1, . . . ,Ar)
N′+ν+M1

S(A1, . . . ,Ar)
N′+M1

⩽ µ(A1, . . . ,Ar)
N′+ν+M1

S(A1, . . . ,Ar)
N′

1
|aτord(1) − aτord(2) |M1

⩽ µ(A1, . . . ,Ar)
N′+ν+M1

S(A1, . . . ,Ar)
N′

1
KδM1

.

Then we apply directly lemmas 4.6 and 4.20 and we get (4.12).
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A.3. Poisson brackets

We conclude this section by showing that our class is closed with respect to Poisson brackets.
Before proving the result, we state the following useful lemma.

Lemma A.3. Given a polynomial P and a polynomial map X, we have

dPX(u) = η
[
P̃(u, . . . ,u,X(u))

]
,

where

η
[
P̃(u, . . . ,u,h)

]
:= P̃(h,u, . . . ,u)+ P̃(u,h, . . . ,u)+ · · ·+ P̃(u, . . . ,u,h) .

Moreover if P has degree p+ 1 and X has degree q, the multilinear polynomial associated to
dPX is given by

d̃PX(u1, . . . ,up+q) = η
[
P̃
(
u1, . . . ,up, X̃(up+1, . . . ,up+q)

)]
. (A.6)

Proof of lemma 4.23. Let u1, . . . ,up,up+1, . . . ,up+q ∈H∞
e and A= (A1, . . . ,Ap+q) ∈ Λp+q

e .
By lemma A.3, we have∣∣∣d̃FX(ΠA1u1, . . . ,ΠAp+qup+q

)∣∣∣= ∣∣∣η [F̃(ΠA1u1, . . . ,ΠApup, X̃
(
ΠAp+1up+1, . . . ,ΠAp+qup+q

))]∣∣∣
⩽ (p+ 1)

∑
B∈Λe

∣∣∣F̃(ΠA1u1, . . . ,ΠApup,ΠBX̃
(
ΠAp+1up+1, . . . ,ΠAp+qup+q

))∣∣∣
⩽ (p+ 1)‖F‖ν1,N×

∑
B∈Λe

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap)
N

∥∥∥ΠBX̃
(
ΠAp+1up+1, . . . ,ΠAp+qup+q

)∥∥∥
0

⩽ (p+ 1)‖F‖ν1,N ‖X‖ν2,N×
∑
B∈Λe

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(A1, . . . ,Ap)
N ,

since F,X have localized coefficients. That is, we need to prove the following estimate

∑
B∈Λe

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap,b)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N ≲ µ(A1, . . . ,Ap+q)

N′+ν ′

S(A1, . . . ,Ap+q)
N′ . (A.7)

By symmetry, we can assume the following relations:

〈|a1|〉⩾ · · ·⩾ 〈|ap|〉, 〈|ap+1|〉⩾ · · ·⩾ 〈|ap+q|〉 , 〈|ap+1|〉⩽ 〈|a1|〉 .

Case 1 Assume 〈|a1|〉⩾ 〈|ap+1|〉⩾ 〈|a2|〉.
In this case, we have

µ(A1, . . . ,Ap+q) =max(〈|a2|〉,〈|ap+2|〉) ,
S(A1, . . . ,Ap+q) = |a1 − ap+1|+µ(A1, . . . ,Ap+q) ,

and

µ(A1, . . . ,Ap,b)⩽ µ(A1, . . . ,Ap+q) ,

µ(Ap+1, . . . ,Ap+q,b)⩽ µ(A1, . . . ,Ap+q) .
(A.8)
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Case 1.i For 〈|b|〉>max(〈|a2|〉,〈|ap+2|〉), we have

S(A1, . . . ,Ap,b) = |a1 − b|+ 〈|a2|〉 ,
S(Ap+1, . . . ,Ap+q,b) = |ap+1 − b|+ 〈|ap+2|〉 ,

|a1 − ap+1|= |a1 − b− ap+1 + b|⩽ |a1 − b|+ |ap+1 − b| . (A.9)

From (A.8) and (A.9), we deduce

S(A1, . . . ,Ap+q)
µ(A1, . . . ,Ap+q)

= 1+
|a1 − ap+1|

µ(A1, . . . ,Ap+q)
⩽ 1+

|a1 − b|
µ(A1, . . . ,Ap,b)

+
|ap+1 − b|

µ(Ap+1, . . . ,Ap+q,b)

⩽ S(A1, . . . ,Ap,b)
µ(A1, . . . ,Ap,b)

+
S(Ap+1, . . . ,Ap+q,b)
µ(Ap+1, . . . ,Ap+q,b)

⩽ 2max

{
S(A1, . . . ,Ap,b)
µ(A1, . . . ,Ap,b)

,
S(Ap+1, . . . ,Ap+q,b)
µ(Ap+1, . . . ,Ap+q,b)

}
.

(A.10)

Let us define

L1 =

{
b ∈ Λ : 〈|b|〉>max(〈|a2|〉,〈|ap+2|〉) ,

S(A1, . . . ,Ap,b)
µ(A1, . . . ,Ap,b)

⩾ S(Ap+1, . . . ,Ap+q,b)
µ(Ap+1, . . . ,Ap+q,b)

}
.

Depending on the value of A one could have L1 = ∅, but this is irrelevant for the following. If
b ∈ L1, estimate (A.10) implies

µ(A1, . . . ,Ap,b)
S(A1, . . . ,Ap,b)

⩽ 2
µ(A1, . . . ,Ap+q)
S(A1, . . . ,Ap+q)

. (A.12)

We observe moreover that

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N ⩽ µ(Ap+1, . . . ,Ap+q,b)

ν2 . (A.13)

Then, using (A.8), (A.12) and (A.13), we have

∑
B∈L1

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap,b)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N

(A.8)

≲ µ(A1, . . . ,Ap+q)
ν1+ν2

×
∑
B∈L1

µ(A1, . . . ,Ap,b)
N−d−1

S(A1, . . . ,Ap,b)
N−d−1

µ(A1, . . . ,Ap,b)
d+1

S(A1, . . . ,Ap,b)
d+1

≲ µ(A1, . . . ,Ap+q)
ν1+ν2

∑
b∈L1

µ(A1, . . . ,Ap+q)
N−d−1

S(A1, . . . ,Ap+q)
N−d−1

µ(A1, . . . ,Ap+q)
d+1

S(A1, . . .,Ap,b)
d+1 ,

(A.12),(A.8)

≲ µ(A1, . . . ,Ap+q)
N+ν1+ν2

S(A1, . . . ,Ap+q)
N−d−1

∑
B∈L1

1

(|a1 − b|+ 1)d+1 ,

that is (A.7), with N ′ = N− d− 1 and ν ′ = ν1 + ν2 + d+ 1. The case b ∈ Lc1 is analogous.
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Case 1.ii For 〈|b|〉⩽max(〈|a2|〉,〈|ap+2|〉), we remark that the index of the sum in (A.7) runs
over a set with cardinality controlled by µ(A1, . . . ,Ap+q). That is, it suffices to prove that

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap,b)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N

S(A1, . . . ,Ap+q)
N′

µ(A1, . . . ,Ap+q)
N′+ν ′ (A.14)

is controlled by a constant independent of b.
Take 0< K2 < 1 and let K1 and C be as in (A.2) If 〈|a1|〉⩾ K1max(〈|a2|〉,〈|ap+2|〉), we

get,

(A.14)⩽ max(〈|b|〉,〈|a3|〉)N+ν1

(K2〈|a1|〉)N
max(〈|b|〉,〈|ap+3|〉)ν2

×
(C〈|a1|〉+max(〈|a2|〉,〈|ap+2|〉))N

′

max(〈|a2|〉,〈|ap+2|〉)N
′+ν ′

≲ max(〈|a2|〉,〈|ap+2|〉)N+ν1+ν2

〈|a1|〉N
(〈|a1|〉)N

′

max(〈|a2|〉,〈|ap+2|〉)N
′+ν ′ ≲ 1 ,

(A.15)

choosing N ′ = N and ν ′ = ν1 + ν2.
If 〈|a1|〉⩽ K1max(〈|a2|〉,〈|ap+2|〉), we get instead

(A.14)⩽max(〈|b|〉,〈|a3|〉)ν1 max(〈|b|〉,〈|ap+3|〉)ν2

×
(C〈|a1|〉+max(〈|a2|〉,〈|ap+2|〉)N

′

max(〈|a2|〉,〈|ap+2|〉)N′+ν ′

≲max(〈|a2|〉,〈|ap+2|〉)ν1+ν2
(max(〈|a2|〉,〈|ap+2|〉)N

′

max(〈|a2|〉,〈|ap+2|〉)N′+ν ′ ≲ 1 ,

(A.16)

for ν ′ = ν1 + ν2. This proves the claim in the case 1.ii.
Case 2 Assume 〈|a1|〉⩾ 〈|a2|〉⩾ 〈|ap+1|〉. In this case, we have

µ(A1, . . . ,Ap+q) =max(〈|a3|〉,〈|ap+1|〉) ,
S(A1, . . . ,Ap+q) = |a1 − a2|+max(〈|a3|〉,〈|ap+1|〉) .

Case 2.i Take K2 as in (A.2) and determine the corresponding K1. For 〈|b|〉>
K1max(〈|a3|〉,〈|ap+1|〉), we have

S(A1, . . . ,Ap,b) = |a1 − argmax(〈|a2|〉,〈|b|〉) |+min(〈|a2|〉,〈|b|〉) ,
S(Ap+1, . . . ,Ap+q,b) = |b− ap+1|+ 〈|ap+2|〉 ,

and moreover,

|ap+1 − b|⩾ K2〈|b|〉 .

Let us define

G1 := {b : 〈|b|〉> K1max(〈|a3|〉,〈|ap+1|〉) ,〈|b|〉< 〈|a2|〉} .
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For b ∈ G1 , we estimate

∑
b∈G1

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap,b)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N

=
∑
b∈G1

〈|b|〉N+ν1

(|a1 − a2|+ 〈|b|〉)N
〈|ap+2|〉N+ν2

(|ap+1 − b|+ 〈|ap+2|〉)N

≲
∑
b∈G1

〈|b|〉N+ν1

(|a1 − a2|+ 〈|b|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N

≲
∑

⟨|b|⟩>K1max(⟨|a3|⟩,⟨|ap+1|⟩)

〈|b|〉ν1

(|a1 − a2|+ 〈|b|〉)N
〈|ap+2|〉N+ν2

≲ µ(A1, . . . ,Ap+q)
N+ν2 1

(|a1 − a2|+max(〈|a3|〉,〈|ap+1|〉))N−ν1−d−1

≲ µ(A1, . . . ,Ap+q)
N+ν2

S(A1, . . . ,Ap+q)
N−ν1−d−1 ,

(A.17)

where we are using the inequality

∑
|k|>A

|k|l

(|k|+B)N
⩽
∑
|k|>A

(|k|+B)l

(|k|+B)N
⩽ 1

(A+B)N−l−d−1 .

This is the thesis with N ′ = N− d− ν1 − 1 and ν ′ = ν1 + ν2 + d.
Let G2 := {b : 〈|b|〉> K1max(〈|a3|〉,〈|ap+1|〉) ,〈|b|〉⩾ 〈|a2|〉}, then we have to estimate

∑
b∈G2

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

(|ap+1 − b|+ 〈|ap+2|〉)N
. (A.18)

We observe that there exist two constants K3,K4 such that

〈|b|〉⩽ K4〈|a1|〉 ⇒ |a1 − b|⩾ K3|a1 − a2| . (A.19)

Then we estimate (A.18) by

∑
b∈G2

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2
|ap+1 − b|N

(A.19)

≲
∑

b∈G2,⟨|b|⟩⩽K4⟨|a1|⟩

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N

+
∑

b∈G2,⟨|b|⟩⩾K4⟨|a1|⟩

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N
.

(A.20)

The first term in (A.20) is controlled by
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max(〈|ap+1|〉,〈|a3|〉)N+ν2

(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N−ν1−d−1

∑
b∈G2

〈|a2|〉N+ν1〈|b|〉−N

(|a1 − a2|+ 〈|a2|〉)ν1+d+1

≲ max(〈|ap+1|〉,〈|a3|〉)N+ν2

(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N−ν1−d−1

∑
b∈G2

1
〈|b|〉d+1

≲ µ(A1, . . . ,Ap+q)
N′+ν ′

S(A1, . . . ,Ap+q)
N′ .

For the second term in (A.20) we claim that 〈|b|〉⩾ K4〈|a1|〉 implies

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N
≲ max(〈|ap+1|〉,〈|a3|〉)N

′+ν ′

(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N
′

1
〈|b|〉d+1

,

with N ′ = N− ν1 − d− 1 and ν ′ = ν1 + ν2 + d+ 1. Indeed, we have

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N
(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N

′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ 〈|b|〉d+1

≲ 〈|a2|〉ν1 max(〈|ap+1|〉,〈|a3|〉)N+ν2
1

〈|b|〉N−d−1

〈|a1|〉N
′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

⟨|b|⟩⩾K4⟨|a2|⟩
≲ 〈|a1|〉N

′

〈|b|〉N−d−1−ν1
≲ 〈|a1|〉N

′

〈|a1|〉N−d−1−ν1
≲ 1 ,

for any N ′ ⩽ N− d− 1− ν1. Then, we estimate∑
b∈G2,⟨|b|⟩⩾K4⟨|a1|⟩

〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

〈|b|〉N

≲ max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N
′

∑
b∈G2

1
〈|b|〉d+1

≲ max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N
′ .

Case 2.ii For 〈|b|〉⩽ K1max(〈|ap+1|〉,〈|a3|〉), we argue as in Case 1.ii, and it is sufficient to
bound from above

µ(A1, . . . ,Ap,b)
N+ν1

S(A1, . . . ,Ap,b)
N

µ(Ap+1, . . . ,Ap+q,b)
N+ν2

S(Ap+1, . . . ,Ap+q,b)
N

S(A1, . . . ,Ap+q)
N′

µ(A1, . . . ,Ap+q)
N′+ν ′ (A.21)

with a constant.
If |a1 − a2|⩽ 2max(〈|ap+1|〉,〈|a3|〉), we get

(A.21)⩽max(〈|b|〉,〈|a3|〉)ν1 µ(Ap+1, . . . ,Ap+q,b)
ν2

×
(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N

′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

≲max(〈|ap+1|〉,〈|a3|〉)ν1+ν2
(max(〈|ap+1|〉,〈|a3|〉))N

′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ ≲ 1 ,
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for ν ′ ⩾ ν1 + ν2.
If |a1 − a2|⩾ 2max(〈|ap+1|〉,〈|a3|〉) , we consider separately the case 〈|b|〉⩽ 〈|a2|〉 and the

case 〈|b|〉> 〈|a2|〉.
If 〈|b|〉⩽ 〈|a2|〉 , we have

(A.21)⩽ max(〈|b|〉,〈|a3|〉)N+ν1

|a1 − a2|N
µ(Ap+1, . . . ,Ap+q,b)

ν2

×
(|a1 − a2|+max(〈|ap+1|〉,〈|a3|〉))N

′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

⩽ 2N+ν1+ν2
max(〈|ap+1|〉,〈|a3|〉)N+ν1+ν2

|a1 − a2|N

(
|a1 − a2|+ 1

2 |a1 − a2|
)N′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ ⩽ 3N

′
,

for ν ′ ⩾ ν1 + ν2.
If 〈|b|〉> 〈|a2|〉 and recalling that max(〈|ap+1|〉,〈|a3|〉)⩽ 1

2 |a1 − a2|, we need to bound

(A.21)⩽ 〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
〈|ap+2|〉N+ν2

(|ap+1 − b|+ 〈|ap+2|〉)N

(
3
2 |a1 − a2|

)N′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

≲ 〈|a2|〉N+ν1

(|a1 − b|+ 〈|a2|〉)N
max(〈|ap+1|〉,〈|a3|〉)ν2

(
1
C |a1 − b|+ 〈|b|〉

)N′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ ,

(A.22)

where we are using the following triangular inequality,

|a1 − a2|⩽ |a1 − b|+ |b− a2|⩽ |a1 − b|+C〈|b|〉,

and 〈|a2|〉< 〈|b|〉.
If |a1 − b|⩽ 〈|b|〉 we conclude, recalling that 〈|b|〉⩽ K1max(〈|ap+1|〉,〈|a3|〉), that

(A.22)≲max(〈|ap+1|〉,〈|a3|〉)ν1+ν2
〈|b|〉N′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′

≲ max(〈|ap+1|〉,〈|a3|〉)ν1+ν2+N

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ ≲ 1 ,

for N= N ′ and ν ′ = ν1 + ν2. If instead |a1 − b|⩾ 〈|b|〉, we conclude that

(A.22)≲ max(〈|ap+1|〉,〈|a3|〉)N+ν1+ν2

|a1 − b|N
|a1 − b|N′

max(〈|ap+1|〉,〈|a3|〉)N
′+ν ′ ≲ 1 , (A.23)

for N⩽ N ′ and ν ′ ⩾ ν1 + ν2.

Appendix B. Proof of theorem 5.2

In this section, we prove theorem 5.2.
The main step to prove it is the following.
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Theorem B.1. Let g ∈ C∞(M), then there exists ν > 0, depending on k and the dimension d,
and ∀N ∈ N there exists a constant CN such that, ∀u1, . . . ,uk ∈H∞,

∣∣∣∣ˆ
M
gΠa1u1 . . .Πakuk

∣∣∣∣⩽ CNµ(a1, . . . ,ak)N+νS(a1, . . . ,ak)
N

k∏
l=1

‖Πalul‖0 ,

for any (a1, . . . ,ak) ∈ Λk, where Πai are the projectors defined in (3.1).

The strategy of the proof is very similar to that of the corresponding results in [DS06,
BDGS07, DI17]; the difference being that the indexes run over the setΛ related to the quantum
actions. We just recall the main steps and we write the proof of the new lemmas.
First, given two linear operators P,B define, for any N ∈ N,

AdNP (B) =
[
AdN−1

P (B) ,P
]
, Ad0P (B) = B .

Then we recall the following Lemma from [DS06], (see the proof of proposition 1.2.1).

Lemma B.2. There exists ν s.t. for any P ∈Ψ1(M) and any N ∈ N there exist constants CN =
CN(P)with the property that for any f ∈ C∞(M), denote by f also the operator of multiplication
by f, then one has∥∥AdNP f∥∥B(L2(M))

⩽ CN ‖f‖N+ν .

Given a= (a1, . . . ,ad) ∈ Λ, we denote with l∗(a) the index for which |al| is maximum.
Namely,

l∗ (a) := argmax
l=1,...,d

∣∣al∣∣ . (B.1)

Lemma B.3. Let B ∈ B
(
L2(M)

)
and a,b ∈ Λ. For any N⩾ 0 and u1,u2 ∈H∞ we have

|〈BΠau1,Πbu2〉|⩽ CN

∥∥adNIl∗ (B)∥∥B(L2(M))

|a− b|N
‖Πau1‖0 ‖Πbu2‖0 .

with l∗ = l∗(a− b).

Proof. First we claim that, for any l= 1, . . . ,d,

|〈BΠau1,Πbu2〉|⩽ CN
∥∥adNIl (B)Πau1

∥∥
0

|al− bl|N
‖Πbu2‖0 . (B.2)

For N = 1, recalling that the actions Ij are selfadjoint, we have

〈AdIl (B)Πau1,Πbu2〉= |〈BIlΠau1,Πbu2〉− 〈IlBΠau1,Πbu2〉|
= |〈BIlΠau1,Πbu2〉− 〈BΠau1, IlΠbu2〉|
=
∣∣al〈BΠau1,Πbu2〉− bl〈BΠau1,Πbu2〉

∣∣
=
∣∣al− bl

∣∣ |〈BΠau1,Πbu2〉| .
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Then, by induction on N, and arguing as in the case N= 1 with B replaced by adN−1
Il (B), we

get

〈AdNIl (B)Πau1,Πbu2〉= 〈AdIl
(
AdN−1

Il (B)
)
Πau1,Πbu2〉

= |al− bl|〈AdN−1
Il (B)Πau1,Πbu2〉= |al− bl|N〈BΠau1,Πbu2〉 .

This means that

|〈BΠau1,Πbu2〉|=
|〈adNIl (B)Πau1,Πbu2〉|

|al− bl|N
.

Then claim (B.2) holds by Cauchy-Schwartz inequality. Choosing l= l∗(a− b) defined
in (B.1) and exploiting the trivial inequality

|a|⩽
√
d
∣∣∣al∗∣∣∣ ,

we get the thesis.

Proof of theorem B.1. We first prove the theorem for k= 3. Without loss of generality, we
can assume 〈|a|〉⩾ 〈|b|〉⩾ 〈|c|〉. We distinguish two cases.

Case 1 If 〈|c|〉⩽ 2|a− b|, we apply lemma B.2 with f = gΠcu3 and P= Il∗(a−b) and we get

∥∥AdNIl∗ (gΠcu3)
∥∥
B(L2(M))

≲ ‖gΠcu3‖N+ν ≲ ‖g‖N+ν ‖Πcu3‖N+ν ≲ 〈|c|〉N+ν ‖Πcu3‖0 ,

where the unwritten constant depends on g. In order to get the thesis we apply lemma B.3. We
have ∣∣∣∣ˆ gΠau1Πbu2Πcu3

∣∣∣∣⩽
∥∥AdNIl∗ (gΠcu3)

∥∥
B(L2(M))

|a− b|N
‖Πau1‖0 ‖Πbu2‖0

≲ 〈|c|〉N+ν

|a− b|N
‖Πau1‖0 ‖Πbu2‖0 ‖Πcu3‖0 ,

where the non written constant depends on g, on Il∗ and on N. Finally, we observe that

〈|c|〉N+ν

|a− b|N
⩽ 3N

〈|c|〉N+ν

(〈|c|〉+ |a− b|)N
,

since 〈|c|〉⩽ 2|a− b|.
Case 2 If 〈|c|〉> 2|a− b|, then

2
3
⩽ µ(a,b,c)
S(a,b,c)

⩽ 1 . (B.3)

In this case, we take profit of the Sobolev embedding Hd/2+ ↪→ L∞ and we get∣∣∣∣ˆ gΠau1Πbu2Πcu3

∣∣∣∣⩽ ‖gΠcu3‖L∞ ‖Πau1‖0 ‖Πbu2‖0

⩽ Cs0 ‖g‖L∞ ‖Πcu3‖s0 ‖Πau1‖0 ‖Πbu2‖0
≲ 〈|c|〉s0 ‖Πcu3‖0 ‖Πau1‖0 ‖Πbu2‖0
(B.3)

≲ µ(a,b,c)N+ν

S(a,b,c)N
‖Πau1‖0 ‖Πbu2‖0 ‖Πcu3‖0 ,
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with ν ⩾ s0. The general case follows from lemma 4.23.

Finally, in order to prove theorem 5.2, we need also the following lemma.

Lemma B.4. Let P be a polynomial with localized coefficients, then also

Q(u) := P(u)
ˆ
M
uūdx (B.4)

has localized coefficients.

Proof. Let r be the degree of P, then one has

|Q̃(Πa1u1,Πa2u2,Πb1u3, ....,Πbrur+2) |

= δa1,a2

∣∣∣P̃(Πb1u3, ....,Πbrur+2)
∣∣∣‖Πa1u1‖‖Πa2u2‖ . (B.5)

Therefore, in order to get the thesis it is enough to show that

δa1,a2
µ(b)N+ν

S(b)N
≲ µ(a1,a2,b)

N+ν

S(a1,a2,b)
N . (B.6)

For simplicity, wewill also denote a := a1 = a2 andwe consider, in full generality that 〈|b1|〉⩾
〈|b2|〉⩾ 〈|b3|〉 are the three largest indexes among b1, . . . ,br.

Case 1. If 〈|a|〉⩾ 〈|b1|〉 we have the trivial estimate

µ(b)N+ν

S(b)N
=

〈|b3|〉ν+N

(|b1 − b2|+ 〈|b3|〉)N
⩽ 〈|b3|〉ν

⩽ 〈|b1|〉ν =
〈|b1|〉ν+N

(|a1 − a2|+ 〈|b1|〉)N
=
µ(a1,a2,b)

N+ν

S(a1,a2,b)
N ,

since |a1 − a2|= 0.
Case 2. If 〈|b1|〉> 〈|a|〉> 〈|b2|〉, we need to distinguish two cases.
Case 2.i. Consider first the case 〈|b1|〉> K1〈|b2|〉, with K1 > 0 so large that

|b1 − b2|⩾ K2〈|b1|〉 (B.7)

for a constant 0< K2 < 1; the existence of such constants is established in A.2. Then using
|b1 − a|≲ 〈|b1|〉+ 〈|a|〉≲ 〈|b1|〉, we estimate

〈|b3|〉ν+N

(|b1 − b2|+ 〈|b3|〉)N
⩽ 〈|b3|〉ν+N

(K2〈|b1|〉+ 〈|b3|〉)N
≲ 〈|b3|〉ν+N

(|b1 − a|+ 〈|b3|〉)N
.

Since the function f(x) = xN+ν

(K+x)N is increasing for any N,ν > 0, K⩾ 0 and x⩾ 0, the above
quantity is bounded, up to a constant, by

〈|a|〉ν+N

(|b1 − a|+ 〈|a|〉)N
=
µ(a1,a2,b)

N+ν

S(a1,a2,b)
N .

Case 2.ii. If 〈|b1|〉⩽ K1〈|b2|〉 we observe that

K1C〈|b2|〉⩾ C〈|b1|〉⩾ |b1 − a|
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and we estimate

〈|b3|〉ν+N

(|b1 − b2|+ 〈|b3|〉)N
⩽ 〈|b2|〉ν = (K1C+ 1)N

〈|b2|〉ν+N

(K1C〈|b2|〉+ 〈|b2|〉)N

⩽ (K1C+ 1)N
〈|b2|〉ν+N

(|b1 − a|+ 〈|b2|〉)N
.

(B.8)

Using again the monotonicity of the function f(x) = xN+ν

(K+x)N , we get

(B.8)⩽ (K1C+ 1)N
〈|a|〉ν+N

(|b1 − a|+ 〈|a|〉)N

= (K1C+ 1)N
µ(a1,a2,b)

N+ν

S(a1,a2,b)
N .

Case 3. If 〈|b2|〉⩾ 〈|a|〉> 〈|b3|〉 we get

µ(b)N+ν

S(b)N
=

〈|b3|〉ν+N

(|b1 − b2|+ 〈|b3|〉)N
⩽ 〈|a|〉ν+N

(|b1 − b2|+ 〈|a|〉)N
=
µ(a1,a2,b)

N+ν

S(a1,a2,b)
N .

Case 4. If 〈|a|〉⩽ 〈|b3|〉 the estimates (A.7) is obvious since it does not involve a.
This concludes the proof.

Proof of theorem 5.2. The proof follows directly from lemma B.4 and theorem B.1, and from
the definition of function with localized coefficients 4.15, since the Taylor expansion of a
functional fulfilling Hypothesis P is the sum of terms Pm of the form (B.4).

Appendix C. The clusterization of the lattice. Proof of theorem 2.10.

We are going to deduce theorem 2.10 from theorem C.1 below, which was proved in [BL22].
Actually the following statement is obtained by looking at the construction of the extended
blocks EM,j done for the proof of theorem 7.27 of [BL22]. In this section we will denote by

w(a) :=
∂hL
∂a

(a) (C.1)

the frequencies of the classical Hamiltonian system with Hamiltonian hL.

TheoremC.1. Under the same assumptions of theorem 2.10, there exist ρ∗ > β− 1 andµ∗ > 0
s.t. ∀ρ, µ fulfilling ρ∗ < ρ < β− 1, 0< µ < µ∗ there exists a partition

Λ =
⋃
j⩾0

Ej

with the following properties:

(i) There exists C> 0 such that a ∈ E0 implies |a|< C and furthermore ∀j⩾ 1

sup
a∈Ej

|a|⩽ C inf
a∈Ej

|a| ,
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(ii) Given a,b ∈ Λ,

|w(a) · (b− a)|⩽ |a|ρ |b− a| and |a− b|⩽ |a|µ (C.2)

imply that ∃j s.t. a,b ∈ Ej .

Proof of theorem 2.10. We now modify the partition Ej as follows: fix a large R and define

Ω0 :=
⋃{

Ej | ∃a ∈ Ej s.t.|a|⩽ R
}

Ωj = Ej if |a|⩾ R ∀a ∈ Ej .

The fact that such a new partition fulfills property (i) of hypothesis L.3 is a trivial consequence
of point (i) of theorem C.1. We come to (ii). We are going to show that there exists Cδ > 0
small enough such that, if a,b ∈ Λ are such that (ii) is violated, namely

|a− b|+ |ωa−ωb|< Cδ
(
|a|δ + |b|δ

)
, (C.3)

then a and b belong to the same block.
First we remark that, if both |a|⩽ R and |b|⩽ R, then a and b belong to the same block,

thus let us suppose that |a|⩾ R.
First of all, we observe that, by elementary computations there exists cδ > 0 such that, if

Cδ ⩽ cδ , then (C.3) implies

|a− b|⩽ |a|δ . (C.4)

We proceed now to show that, if (C.3) holds with Cδ small enough, one also has

|w(a) · (b− a) |⩽ |a|ρ|a− b| . (C.5)

Indeed, since hL is an homogeneous function of order β, performing a Taylor development at
order 2 one gets

ωb−ωa = w(a) · (b− a)+ ra,b ,

|ra,b|≲ |a|β−2|b− a|2 .
(C.6)

Then, combining (C.6), (C.3) and (C.4), one obtains for a 6= b

|w(a) · (b− a) |⩽ |ωb−ωa|+ |ra,b|
≲ |a|δ + |b|δ + |a|β−2|b− a|2

≲ |a|δ + |a|β−2+δ|b− a|

≲
(
|a|δ + |a|β−2+δ

)
|b− a|.

This proves (C.5), provided ρ > β− 2+ δ, ρ > δ and taking δ < µ, which is possible since
one can choose δ as small as one wants. But this is exactly (C.2), which implies that a and b
belong to the same set.
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