
17 June 2026

.                                       SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI

                                                                               SISSA Digital Library

How chiral vibrations drive molecular rotation / Pasqua, I., Staffieri, G., Fabrizio, M.. - In: PHYSICAL
REVIEW. B. - ISSN 2469-9950. - 112:9(2025), pp. 1-13. [10.1103/hbq7-9tps]

Original

How chiral vibrations drive molecular rotation

Publisher:

Published
DOI:10.1103/hbq7-9tps

Terms of use:

Publisher copyright

(Article begins on next page)

Testo definito dall’ateneo relativo alle clausole di concessione d’uso

Availability:
This version is available at: 20.500.11767/152151 since: 2026-06-10T07:40:06Z

note finali coverpage



How chiral vibrations drive molecular rotation

Ivan Pasqua,1 Gregorio Staffieri,1, ∗ and Michele Fabrizio1

1International School for Advanced Studies (SISSA), Via Bonomea 265, I-34136 Trieste, Italy

We analyze two simple model planar molecules: an ionic molecule with D3 symmetry and a
covalent molecule with D6 symmetry. Both symmetries allow the existence of chiral molecular
orbitals and normal modes that are coupled to each other in a Jahn-Teller manner, invariant under
U(1) symmetry with generator a pseudo angular momentum. In the ionic molecule, the chiral mode
possesses an electric dipole but lacks physical angular momentum, whereas, in the covalent molecule,
the situation is reversed. In spite of that, we show that in both cases the chiral modes can be excited
by a circularly polarized light and are subsequently able to induce rotational motion of the entire
molecule.

INTRODUCTION

The Einstein-de Haas (EdH) effect [1] and its recipro-
cal, the Barnett effect [2], were discovered over a century
ago, but are currently experiencing a revival of interest
[3–8], especially after the prediction [9–11], and possible
observation [12] that chiral phonons may play the same
role of the electron spins in the original experiments
[1, 2], see [13] for a recent review.
While the ultimate explanation of the EdH effect is the
conservation of total angular momentum, the precise
mechanisms that enable the transfer of the angular
momentum carried by microscopic internal degrees
of freedom to the macroscopic rigid body rotation
are considerably more challenging to elucidate. This
stems primarily from the fact that commonly employed
model Hamiltonians do not explicitly incorporate
global degrees of freedom, such as the sample angle
of rotation. Furthermore, the EdH effect caused by
the excitations of specific phonon modes encounters an
additional challenge. In most cases, these phonons only
carry a pseudo angular momentum [14], and it remains
unclear how the latter can be converted into a physical
angular momentum. It has also been noted [15] that a
faithful description of experiments that detect evidence
of phonon magnetic moments necessitates degenerate
chiral phonons coupled to degenerate electronic orbitals,
thereby realizing a form of Jahn-Teller effect that is
in fact associated with the conservation of a pseudo
angular momentum distinct from the physical one.

Based on these observations, in this work we aim to
clarify these questions by introducing and analyzing two
toy models that describe two distinct types of planar
molecules: an ionic and a covalent one, exemplified by
metal trifluoride MF3 (M=Al, Sc, Y), and by benzene,
C6H6, respectively. These models possess chiral de-
generate normal modes and degenerate molecular or-
bitals, thereby accurately capturing the physical phe-
nomena discussed above. The choice of ionic and covalent
molecules is motivated by their realization of two distinct

∗ Contact author: gstaffie@sissa.it

types of Jahn-Teller coupling.
In the ionic molecule discussed in Sec. I, the Jahn-Teller
effect originates from the dependence on the ion dis-
placement of the crystal field experienced by the elec-
trons, and explicitly involves the global angle of rotation
of the molecule, as shown in Sec. I B. Although this as-
pect is often overlooked, it is crucial for understanding
how the pseudo-angular momentum associated with the
Jahn-Teller effect interacts with the physical angular mo-
mentum. Through this interaction, as demonstrated in
two hypothetical experiments, a circularly polarized light
pulse induces the rotation of the entire molecule, as pre-
sented in Sec. I C.
Conversely, in the covalent case discussed in Sec. II, the
Jahn-Teller effect arises from the atomic displacements
affecting the electron covalent bonding, Sec. II B, and
does not directly involve the molecule’s rotation angle,
as shown in Sec. II C. However, the chiral normal modes
now possess a physical angular momentum, even though,
lacking an electric dipole, they cannot directly couple to
an electromagnetic field. Nonetheless, through the vir-
tual photoexcitation of an optically active particle-hole
pair, that subsequently de-excite via Jahn-Teller cou-
pling, the electromagnetic field can couple to the chiral
modes, making them detectable in the infrared absorp-
tion spectrum, as discussed in sections IID and II E. A
similar phenomenon occurs, for instance, in doped C60

and explains the optical absorption at the frequency of
the T1u modes [16]. In this context, we also propose in
Sec. II E a hypothetical experiment where a circularly po-
larized light in resonance with the chiral normal modes
can induce rotational motion in the molecule.

I. D3 SYMMETRIC IONIC MOLECULE

The first toy model we study refers to an ionic molecule
that exhibits D3 planar symmetry, depicted schemati-
cally in Fig. 1. Even though we do not intend to faith-
fully describe any real molecule, we could nonetheless
imagine that the physics we are going to describe might
be pertinent, e.g., to metal trifluoride MF3 (M=Al, Sc,
Y), which is indeed a planar ionic molecule.
We adopt a reference frame in which the position of the
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FIG. 1: Toy planar molecule with D3 symmetry. The
bonds represent springs with spring constants K, the

blue bonds, and γK, the red ones.

D3 E C3 C′
2

A1 1 1 1

A2 1 1 −1

E 2 −1 0

A1 A2 E

A1 A1 A2 E

A2 A2 A1 E

E E E A1 ⊕ [A2]⊕ E

TABLE I: Character table, left, and product table,
right, of the wallpaper group D3. The antisymmetric
product of two identical irreducible representations is

indicated by square brackets.

central ion, numbered as 3 and with purple color in Fig. 1,
is fixed, but the molecule can freely rotate around that
position, with rotation angle ϕ. The three external ions,
numbered from 0 to 2 and drawn in green, have equal
mass M and are symmetrically located around the cen-
tral one with an equilibrium distance that we take as our
unit of length. From now on, we disregard the out-of-
plane ionic motion. Consequently, the point group is the
two-dimensionalD3 that includes, besides the identity E,
the threefold rotation C3 around atom 3 and the twofold
rotation C ′

2 around the y-axis and its equivalent axes by
C3 symmetry. The character and product tables of the
irreducible representations (irreps) are shown in Table I.
Following the Appendix, we parametrize the positions of
the green atoms, n = 0, 1, 2, as

rn = Rn + xn =
(
1 + αn)Rn + βn z ∧Rn , (1)

with z the unit vector perpendicular to the plane of the
molecule,

Rn = Cn2π/3

(
R0

)
, R0 = (0, 1) , (2)

the equilibrium positions, with Cθ representing the rota-
tion by an angle θ around the central atom, and xn the
n-th ion displacement. We further write, see (A.3),(

αn

βn

)
=

1√
3

1∑
ℓ=−1

eikℓn qℓ , (3)

where kℓ = 2πℓ/3, ℓ = −1, 0,+1. As discussed in the
Appendix, to avoid double counting the variable ϕ that

describes the molecular rotation with respect to a fixed
reference frame, the vector qℓ for ℓ = 0 has only one
component that differs from zero, i.e.,

q0 =

(
qA1

0

)
,

and describes the A1 breathing mode. On the contrary,

qℓ = q∗
−ℓ for ℓ = ±1 have both components finite and

transform as the two-dimensional irrep E. The atomic
Hamiltonian has the general form, see (A.9),

Hat =

(
pϕ − Lvib

)2
2I

+
p2A1

2M

+
1

2M

∑
ℓ ̸=0

pℓ · p−ℓ + V
(
{rn}

)
,

(4)

where pϕ is the momentum conjugate to ϕ and equals the
total angular momentum L, while pA1 is conjugate to qA1

and, for ℓ = ±1, p−ℓ conjugate to qℓ. The operator

Lvib =
∑
ℓ=±1

qℓ ∧ p−ℓ · z , (5)

is the contribution of the vibrational modes to the angu-
lar momentum, sometimes called the spin of the phonons,

and I =M
(√

3 + qA1

)2
the moment of inertia.

The eigenstates of (4) can be classified in terms of the
irreps A1 and E in Table I. In particular, the operator
(5) transforms as A2, which implies that it couples eigen-
states with symmetry E, see the product rules in Table I.

A. Inter atomic potential in the harmonic
approximation

To simplify the analysis, we adopt the harmonic ap-
proximation for the interatomic potential, which is quite
valid in AlF3 [17, 18] as well as in ScF3 and Y3 [19].
Specifically, we assume that the blue and red bonds in
Fig. 1 have, respectively, spring constants K and γ K,
with γ ≫ 1 [17], consistently with the ionic nature of
the red bonds. Therefore, using the parametrization (1),
V
(
{rn}

)
in the harmonic approximation is simply

V
(
{rn}

)
=

γK

2

2∑
n=0

α2
n

+
K

8

2∑
n=0

(√
3
(
αn+1 + αn

)
+
(
βn+1 − βn

))2

.

(6)

The normal modes are obtained by diagonalizing the dy-
namical matrix. This is readily accomplished using (3),
leading to the eigenvalue equations for the dynamical ma-
trix

λ2ℓ uℓ =

(
εℓ +Aℓ iBℓ

−iBℓ εℓ −Aℓ

)
uℓ , (7)
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where λ2ℓ are the eigenvalues in units of K, Bℓ = −B−ℓ =

sin kℓ
√
3/2 and

εℓ =
γ + 2 + cos kℓ

2
, Aℓ =

γ + 1 + 2 cos kℓ
2

.

The eigenvalues are therefore

λ21ℓ = ϵℓ −
√
A2

ℓ +B2
ℓ , λ22ℓ = ϵℓ +

√
A2

ℓ +B2
ℓ , (8)

and the corresponding eigenvectors read

u1ℓ =

(
−i sin θℓ
cos θℓ

)
, u2ℓ =

(
cos θℓ

−i sin θℓ

)
,

where

θℓ = −θ−ℓ =
1

2
tan−1 Bℓ

Aℓ
.

For ℓ = 0, where θ0 = 0, only the mode 2 with eigenvalue
λ220 = λ2A1

= 3 + γ must be considered, and corresponds
to the A1 breathing mode with normal mode coordinate
qA1 . The modes with ℓ = +1 are characterized by

θ1 = θ =
1

2
tan−1 3

2γ
−−−→
γ≫1

3

4γ
≪ 1 ,

λ21+1 = λ21 −−−→
γ≫1

5

4
, λ22+1 = λ22 −−−→

γ≫1
γ +

1

4
,

(9)

and are degenerate with the ℓ = −1 ones that have
θ−1 = −θ. For ℓ = ±1 we introduce the normal mode
coordinates, q1ℓ and q2ℓ, and momenta, p1ℓ and p2ℓ. Cor-
respondingly, the coordinate, qℓ, and momentum, pℓ, op-
erators in (4) and (5) become

qℓ = q1ℓ u1ℓ + q2ℓ u2ℓ , pℓ = p1ℓ u1ℓ + p2ℓ u2ℓ .

We find more convenient to introduce real normal mode
coordinates through the canonical transformation

qa±1 =
1√
2

(
qax ± i qay

)
, a = 1, 2 ,

and similarly for the conjugate momenta. In terms of the
new conjugate operators, Eq. (5) reads

Lvib = − sin 2θ
(
q1 ∧ p1 − q2 ∧ p2

)
− cos 2θ

(
q1 ∧ p2 + q2 ∧ p1

)
,

(10)

where qa, a = 1, 2, is the vector with components qax and
qay. The Hamiltonian (4) in the harmonic approximation
has the simple expression

Hat =
1

2I

(
pϕ − Lvib

)2
+

1

2M

∑
j

p2j

+
K

2

∑
j

λ2j q
2
j ,

(11)

where j = A1, 1x, 1y, 2x, 2y and, we recall,

I =M
(√

3 + qA1

)2
. (12)

The normal modes are shown in Fig. 2 for large γ.

qA1

q1x q1y

q2x q2y

FIG. 2: Sketch of the normal modes of the molecule in
Fig. 1 in the limit γ ≫ 1.

B. Jahn-Teller coupling

The electron molecular orbitals (MOs) can also be clas-
sified based on the irreducible representations in Table I,
or, more precisely, the irreps of the point group D3h.
Let us here consider a MO that transforms like the two-
dimensional irrep E, E′ ∼ (x, y) in D3h, and explore the
Jahn-Teller coupling with the ionic displacements. For
simplicity, we restrict our analysis to the linear order in
the ionic displacement. Later, we will discuss the effects
of the second-order term. The electrons on the E-type
MO feel a crystal field potential

U =

2∑
n=0

U
(
|r− rn|

)
=

2∑
n=0

U
(
|r−Rn|

)
+

2∑
n=0

{
U
(
|r−Rn − xn|

)
− U

(
|r−Rn|

)}
= U0 + UJT ,

(13)

where r is the electron coordinate, U0 the potential due to
the atoms in their equilibrium positions Rn, while UJT is
the correction caused by the atomic displacements, which
starts linear in xn. It follows that U0 is invariant under
D3, and therefore cannot split the MO. On the contrary,
UJT can lift the MO twofold degeneracy by the Jahn-
Teller effect. To find an explicit expression of UJT, we
assume the MO localized on the central atom, 3 in Fig. 1,
so that |r| ≪ |Rn|, and expand UJT up to second order
in r and at first order in the atomic displacements. The
first order correction in r gives no contribution since the
two orbitals have the same odd parity. The calculation
of the second order correction in r = r (cosϕe, sinϕe)
is simple but tedious, therefore we present here just the
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final result

UJT =
3r2

4

{
g1

(
cos 2

(
ϕ− ϕe

)
q1y

+ sin 2
(
ϕ− ϕe

)
q1x

)
+ g2

(
cos 2

(
ϕ− ϕe

)
q2y

+ sin 2
(
ϕ− ϕe

)
q2x

)}
,

(14)

where

g1 = U1 sin θ + U2 cos θ , g2 = U1 cos θ − U2 sin θ ,

and

U1 = − 1

2

(
∂U − ∂2U + ∂3U

)
, U2 = −

(
∂U − ∂2U

)
,

with ∂nU the n-th derivative of U
(
|r −Rn|

)
calculated

at r = 0, thus at |r−Rn| = |Rn| = 1. The potential (14)
projected onto the MO subspace, with orbitals px(r) ∼
ψ(r) cosϕe and py(r) ∼ ψ(r) sinϕe, realizes a standard
e×E Jahn-Teller effect with a peculiar property. Indeed,
the full Hamiltonian, including UJT in (14), preserves the
operator

LTOT = L + Le = −i
(

∂

∂ϕ
+

∂

∂ϕe

)
, (15)

which we can legitimately regard as the total, electrons
plus ions, angular momentum. A posteriori, this result
is in no way surprising, since the total Hamiltonian must
be invariant under global planar rotations. However, this
property is not often emphasized and, as we are going to
show, leads to interesting phenomena.

C. Hypothetical experiments

Here and in Section II E, we explore how a light pulse
circularly polarized in the plane of the molecule can in-
duce molecular rotations. We will consider this possi-
bility in a highly idealized setup: an isolated molecule
struck by the laser pulse. A more realistic scenario could
involve molecules in the gas phase within a cylindrical
vessel that can rotate around its axis, and a light pulse
with circular polarization perpendicular to that axis. In
this case, we must also account for additional complica-
tions, such as intermolecular interactions, the interaction
between the molecules and the vessel wall, and the ther-
mally randomized orientation of the molecule planes rel-
ative to the light polarization. Although such an exper-
iment can be envisioned, we cannot predict whether the
desired resulting rotation of the vessel would be measur-
able. Therefore, we restrict our analysis to the somewhat
unrealistic setup of an isolated molecule.
In the specific case of the molecule in Fig. 1, since γ ≫ 1,

the lowest energy normal mode is the mode q1 with sym-
metry E and frequency ω1 ≡ ω0 ≃

√
5K/4M . It de-

scribes displacements perpendicular to the equilibrium
positions Rn, the q1x and q1y modes of Fig. 2. In what
follows, we neglect all other higher energy modes, so that
the moment of inertia (12) becomes constant, I ≃ 3M .
Since γ ≫ 1 also implies θ ≃ 0, see (9), the contribution
of the normal mode 1 to the angular momentum in (10)
can be neglected. We observe that the off-diagonal term
in (10), which remains finite for θ → 0, can still pro-
vide mode 1 with an angular momentum at second order
perturbation theory. However, such term for γ ≫ 1 is
of the same order as the diagonal one ∝ sin 2θ, and thus
equally negligible. We mention that there are instead cir-
cumstances in which off-diagonal terms in Lvib may play
the major role [11].
Focusing, as before, on an E-type MO, the total Hamil-
tonian, sum of (11) and (14), can therefore be written
as

H ≃ Hat + UJT =
p2ϕ
2I

+
ω0

2

(
p2 + q2

)
− g

∑
σ

{
qx Ψ

†
σ

(
cos 2ϕ τ3 + sin 2ϕ τ1

)
Ψσ

+ qy Ψ
†
σ

(
sin 2ϕ τ3 − cos 2ϕ τ1

)
Ψσ

}
,

(16)

where q and p are dimensionless conjugate variables with
components qa and pa, a = x, y, defined as

qa =
√
Mω0 q1a , pa =

√
1

Mω0
p1a .

The spinor Ψσ in (16) is defined as

Ψσ =

(
cxσ
cyσ

)
,

with components the annihilation operators of the MO
orbitals px and py with spin σ, and τα, α = 1, 2, 3, the
Pauli matrices that act in the orbital space. In this rep-
resentation, the electron angular momentum reads

Le =
∑
σ

Ψ†
σ τ2 Ψσ ,

and LTOT = pϕ +Le is conserved. We apply a π/2 rota-
tion around τ1, so that τ2 → τ3, τ3 → −τ2 and thus

Ψσ →

(
c+1σ

c−1σ

)
, Le →

∑
σ

Ψ†
σ τ3 Ψσ .

Moreover, we define

qx = − i

2

(
a+ − a†+ − a− + a†−

)
,

qy = − 1

2

(
a+ + a†+ + a− + a†−

)
,
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and accordingly px and py, where a± and a†± are bosonic
annihilation and creation operators, respectively, so that

H =
p2ϕ
2I

+ ω0

(
n+ + n− + 1

)
− g

∑
σ

{(
a+ + a†−

)
Ψ†

σ e−i2ϕ τ+ Ψσ

+
(
a†+ + a−

)
Ψ†

σ ei2ϕ τ− Ψ†
σ

}
,

(17)

with n± = a†± a±, which further emphasizes the existence
of another conserved quantity of H, specifically,

J = n+ − n− +
1

2
Le , (18)

which plays the role of a pseudo angular momentum.
We note that J assumes integer values when the number
of electrons on the MO is even, and half-integer values
when the number of electrons is odd, which is the case
we are interested in. The latter property is unique
to a linear Jahn-Teller coupling. In the presence of
a second-order term in the atomic displacement, and
as its coupling strength increases, the pseudo angular
momentum J at odd occupation of the MO quite
abruptly crossovers from being quantized in half-integer
values to being quantized in integer values [20], the 1/2
in (18) simply replaced by 1. Nevertheless, a pseudo
angular momentum can still be defined and differs from
the physical one for the simple fact that the mode 1
carries no angular momentum. Therefore, despite our
focus on the linear order term, which notably simplifies
the calculations, we anticipate no qualitative changes in
the presence of a second-order correction.

Although our primary objective is to demonstrate how
chiral normal modes can be excited by light and subse-
quently induce molecular rotation, we begin by present-
ing a different hypothetical experimental scenario. In
this scenario, light is employed to generate an electronic
excitation, and we show how, through the Jahn-Teller
coupling, this excitation is transformed into a molecule’s
rotation.
We assume that the above E-type MO is empty in the
ground state, which has vanishing total angular momen-
tum. However, we can envision a scenario where, at
t = 0, the molecule is in an excited state characterized
by one electron in that molecular orbital with Le = +1,
yet no excited bosons. This possibility could arise, for
instance, if an ultrafast circularly-polarized light pulse
were to transfer one electron from an occupied MO of
symmetry A1 to the unoccupied MO of symmetry E. It
follows that the initial values of total and pseudo angular
momenta are LTOT = 1 and J = 1/2, and they remain
so under the unitary evolution with Hamiltonian (17).
Along this evolution, Le jumps between +1 and -1 and,
correspondingly, n+ − n− between 0 and +1, so as to
maintain J = 1/2 constant. Therefore, the contribution

of the rigid body rotation to the angular momentum

pϕ = I ϕ̇ = LTOT − Le = 1− Le ,

jumps between 0 and 2, namely the molecule acquires
an angular acceleration after the purely electronic exci-
tation.
To simulate the actual dynamics, we construct the Lanc-
zos chain where the first site ℓ = 1 is the initial state, i.e.,

|1⟩ = c†+1 |0⟩, with |0⟩ the electron and boson vacuum. In
this way we can formally rewrite (17) as

H =
∑
ℓ≥1

tℓ

(
|ℓ+ 1⟩ ⟨ℓ|+ |ℓ⟩ ⟨ℓ+ 1|

)
+
∑
ℓ≥1

ϵℓ |ℓ⟩ ⟨ℓ| ,
(19)

where the parameters can be easily derived and read

tℓ =

{
−g
√
ℓ/2 , ℓ = even ,

−g
√

(ℓ+ 1)/2 , ℓ = odd ,

ϵℓ = ω0 ℓ+

{
2/I , ℓ = even ,

0 , ℓ = odd ,

while the sites of the chain correspond to the wavefunc-
tions

|ℓ = 2n+ 1⟩ = 1√
2π

a†+
n a†−

n

n!
c†+1 |0⟩ ,

|ℓ = 2n+ 2⟩ = e2iϕ√
2π

a†+
n+1 a†−

n√
n! (n+ 1)!

c†−1 |0⟩ ,

with n ≥ 0. In other words, on the odd sites Le = +1
and thus pϕ = 0, while on the even ones Le = −1 and
pϕ = 2. In this representation, the wavefunction at time
t can be written as

|ψ(t)⟩ =
∑
ℓ≥1

ψℓ(t) |ℓ⟩ ,

where the components ψℓ(t) satisfy the equation of mo-
tion

i ψ̇ℓ(t) = ϵℓ ψℓ(t) + tℓ−1 ψℓ−1(t) + tℓ ψℓ+1(t) ,

with boundary conditions ψℓ(0) = δℓ,1 and ψℓ=0(t) = 0.
Therefore, the unitary evolution of the initial state trans-
forms into the propagation of a particle on the Lanczos
chain that starts on the first site at t = 0. It follows that

pϕ(t) = ⟨ψ(t)| pϕ |ψ(t)⟩ = 2
∑
n≥1

∣∣ψ2n(t)
∣∣2 .

In Fig. 3 we plot the angular velocity ϕ̇(t) = pϕ(t)/I.
We observe that, since the dynamics does not account
for the anticipated de-excitation of the electron, ϕ̇(t)
continues to oscillate between zero and a finite positive
value. However, if we considered the finite lifetime of
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0.0 0.1 0.2 0.3 0.4
 t [ps]

0.0

0.5

1.0

1.5

 
(t)

[T
H

z]

(t)
(t)

FIG. 3: Time evolution of the angular velocity
ϕ̇(t) = pϕ(t)/I, and its time-average ⟨ϕ̇(t)⟩, obtained by

integrating the Lanczos chain defined in (19). The
undamped oscillations over time result from the

exchange of angular momentum between the molecule
and the electron in the singly occupied E-type

molecular orbital during the unitary evolution. The
chosen parameters correspond to those of AlF3, with
ω0 = ν4 ≃ 240 cm−1 [17], a moment of inertia I ≃ 36 in
units of ℏ2/ω0. The Jahn-Teller coupling g obtained

through (14) is 1.8ω0.

the electronic excitation, and that were substantially
longer than the time scale 1/ω0, around 0.1 ps for AlF3,
we would expect a behavior similar to the time average
of ϕ̇(t) shown in Fig. 3, which converges to a finite
value. We emphasize that this qualitative behavior
holds irrespective of the harmonic approximation and
the linear Jahn-Teller coupling. Indeed, the absorption
of the circularly polarized light implies that a finite
angular momentum is initially supplied to the electrons.
This angular momentum is subsequently transferred to
the molecular vibrations in the form of a pseudo angular
angular momentum, see (18) with the 1/2 eventually
replaced by 1 if the second order Jahn-Teller coupling
is dominant. However, since the molecular vibration
does not carry any physical angular momentum, this
process must inevitably be accompanied by a transfer
of physical angular momentum to the molecule, which
begins rotating.

Now, we delve into another hypothetical experiment that
is more pertinent to our objectives. We observe that, be-
cause the molecule is ionic, the mode 1 with ℓ = ±1 car-
ries a dipole moment d = d∗ (qx, qy), see Fig. 2, with d∗
the dipole strength, and therefore couples directly to an
electric field. Let us therefore consider a circularly polar-
ized electric field in the reference frame of the molecule,

E(t) = E(t)
(
cos(ωt− ϕ), sin(ωt− ϕ)

)
,

with E(t) an envelope function finite in a time interval
t ∈ [0, τ ]. With all MOs either fully occupied or empty,

0 50 100 150
 t [ps]

0

50

100

 
(t)

[G
H

z]

FIG. 4: Time evolution of ϕ̇(t) induced by a circularly
polarized electric field pulse in resonance with the chiral

mode 1 of Fig. 3. For times longer than the pulse
duration, i.e., t ≳ 100 ps, ϕ̇(t) becomes constant. The
frequency and moment of inertia are the same as in
Fig. 3. We take τ = 33 ps, the electric field maximum
amplitude E0 = 800 kV/cm, and estimate d∗ = 0.1 eÅ.

the Hamiltonian (17) becomes

H(t) =
p2ϕ
2I

+ ω0

(
n+ + n− + 1

)
− i

d∗E(t)

2

{
ei(ωt−ϕ)

(
a†+ + a−

)
− e−i(ωt−ϕ)

(
a+ + a†−

)}
,

(20)

and admits as conserved quantity the pseudo angular mo-
mentum

J = pϕ + n+ − n− . (21)

We apply the time independent unitary transformation

U = e−iϕ(n+−n−) , (22)

after which H(t) → H ′(t) = U†H(t)U , where

H ′(t) =
1

2I

(
pϕ − n+ + n−

)2
+ ω0

(
n+ + n− + 1

)
− i

d∗E(t)

2

{
eiωt

(
a†+ + a−

)
− e−iωt

(
a+ + a†−

)}
.

(23)

We remark that pϕ is in fact the conserved pseudo angu-
lar momentum (21) after the unitary transformation. At
t < 0, before the field is turned on, we assume that the
molecule has no excited boson and has pϕ = 0, which
remains zero along the subsequent time evolution. If



7

0

12

3

4 5

x

y

z

FIG. 5: Toy planar molecule with D6 symmetry.

|ψ(t)⟩ is the time-dependent wavefunction, solution of

the Schrœdinger equation i |ψ̇(t)⟩ = H ′(t) |ψ(t)⟩, then

ϕ̇(t) = −i ⟨ψ(t)|
[
ϕ,H ′(t)

]
|ψ(t)⟩

= − 1

I
⟨ψ(t)|n+ − n− |ψ(t)⟩ ,

which we show in Fig. 4. We take an envelope function

E(t) = E0

(
t

τ

)2

exp

{
1−

(
t

τ

)2
}
,

which describes an electric pulse that reaches a peak am-
plitude E0 at t = τ , and then decays exponentially fast.
When the field is on, 0 < t ≳ τ , ϕ̇(t) increases until a
maximum and then it converges to a lower but finite value
for t ≫ τ , when the field is turned off and the Hamilto-
nian becomes again independent of ϕ. Therefore, the
electric field pulse is able to induce a permanent rotation
of the entire molecule. We remark that the inclusion of
high-energy modes and eventually anharmonic terms will
cause ϕ̇(t) to oscillate even for t≫ τ , potentially leading
to dephasing due to interference between different oscil-
lation frequencies. Nevertheless, we anticipate that the
long-time average of ϕ̇(t) will remain finite as long as
dissipation from the environment can be neglected.

II. D6 SYMMETRIC COVALENT MOLECULE

The next example we consider is the planar molecule
in Fig. 5 that has D6 symmetry. This molecule evidently
reminds benzene, C6H6, with C atoms in green and H
ones in brown. In what follows, we do use such analogy
without pretending to give an accurate description of real
benzene.
As before we use a reference frame in which the centre of
the molecule is fixed, while we define as ϕ the angle that
describes the rotation of the molecule around the z axis,
see Fig. 5. Furthermore, we project out the high-energy

D6 E C6 C3 C2 C′
2 C′′

2

A1 1 1 1 1 1 1

A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 1 −1

B2 1 −1 1 −1 −1 1

E1 2 1 −1 −2 0 0

E2 2 1 −1 2 0 0

A1 A2 B1 B2 E1 E2

A1 A1 A2 B1 B2 E1 E2

A2 A2 A1 B2 B1 E1 E2

B1 B1 B2 A1 A2 E2 E1

B2 B2 B1 A2 A1 E2 E1

E1 E1 E1 E2 E2 A1 ⊕ [A2]⊕ E2 B1 ⊗B2 ⊗ E1

E2 E2 E2 E1 E1 B1 ⊗B2 ⊗ E1 A1 ⊕ [A2]⊕ E2

TABLE II: Character table, top, and product table,
bottom, of the wallpaper group D6. The antisymmetric
product of two identical irreducible representations is

indicated by square brackets.

C-H breathing mode and neglect out-of-plane atomic dis-
placements. Therefore, the point group of the molecule
can be approximated with the two dimensional D6 that
contains the sixfold, C6, threefold, C3, and twofold, C2,
rotations around z, as well as twofold rotations around x,
C ′

2, and y, C
′′
2 . Real benzene, due to its out-of-plane de-

grees of freedom, instead exhibits D6h point group sym-
metry, complemented by the x-y mirror plane. The char-
acter and product tables of the irreducible representa-
tions (irreps) of D6 are shown in Table II. Following the
Appendix, the positions of the green atoms, n = 0, . . . , 5,
in Fig. 5 is parametrized through

rn = Rn + xn =
(
1 + αn

)
Rn + βn z ∧Rn ,

where xn is the displacement with respect to the equilib-
rium positions

Rn = Cϕ+(n−1)π/3

(
R0

)
, R0 = (1, 0) .

We make the change of variables (A.3)(
αn

βn

)
=

1√
N

∑
ℓ

eikℓn qℓ , (24)

now with

kℓ =
2π

6
ℓ , ℓ = −2, . . . , 3 .

As discussed earlier, q0 has only the first component fi-
nite, which corresponds to the A1 breathing mode to
which we associate the coordinate qA1

. The displacement
q+1 = q∗

−1 transforms like the irrep E1, while q+2 = q∗
−2

like the irrep E2. Finally, the first component qB1
of q3
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transforms like B1, while the second component qB2
like

B2, thus the notation. The atomic Hamiltonian (A.9)
reads in this case

Hat =

(
pϕ − Lvib

)2
2I

+
p2A1

2M
+

p2B1

2M
+

p2B2

2M

+
1

2M

∑
ℓ±1,±2

pℓ · p−ℓ + V
(
{rn}

)
,

(25)

where the moment of inertia is

I =M
(√

6 + qA1

)2
, (26)

and the displacement contribution to the angular mo-
mentum has the expression

Lvib = qB1 pB2 − qB2 pB1 +
∑

ℓ±1,±2

qℓ ∧ p−ℓ · z . (27)

We note that the combinations that appear in (27) are
consistent with Lvib transforming like A2 and the product
Table II.

A. Inter atomic potential in the harmonic
approximation

As in the previous case, we discuss the normal modes
assuming the harmonic approximation for the inter
atomic potential V

(
{rn}

)
. We mention that anharmonic

effects in benzene are not significant except for the C-H
stretching modes [21],which we do not take into account
anyway.
We therefore consider the blue bonds in Fig. 5, which we
approximate as springs with stiffness K and equilibrium
length that we take as unit of length. The inter atomic
potential thus reads

V
(
{rn}

)
=

K

8

∑
n

[(
αn+1 + αn

)
+
√
3
(
βn+1 − βn

)]2
.

(28)
In addition to (28), we include a further harmonic poten-
tial δV with spring constant γ K, γ ≪ 1 [22], which is
minimum when the angle between three successive car-
bon atoms is 120◦ and refers to the fact that the energy
is lower when the carbon atoms are in the sp2 configura-
tion. Specifically,

δV
(
{rn}

)
=

γK

8

∑
n

(
αn+1 −

√
3βn+1 + αn−1

+
√
3βn−1 − 2αn

)2
.

(29)

The normal modes of the dynamical matrix solve an
eigenvalue equation similar to (7)

λ2ℓ uℓ =

(
εℓ +Aℓ iBℓ

−iBℓ εℓ −Aℓ

)
uℓ , (30)

where λ2ℓ are the eigenvalues in units of K, and

εℓ =
1

2

(
2− cos kℓ + 3γ − 2γ cos kℓ − γ cos 2kℓ

)
,

Aℓ =
1

2

(
− 1 + 2 cos kℓ − 2γ cos kℓ + 2γ cos 2kℓ

)
,

Bℓ =

√
3

2

(
sin kℓ + 2γ sin kℓ − γ sin 2kℓ

)
.

(31)

Upon defining

θℓ = −θ−ℓ =
1

2
tan−1 Bℓ

Aℓ
,

the eigenvalues of (30) read

λ21ℓ = εℓ −
√
A2

ℓ +B2
ℓ , λ22ℓ = εℓ +

√
A2

ℓ +B2
ℓ ,

with the corresponding eigenmodes

u1ℓ =

(
i sin θℓ
cos θℓ

)
, u2ℓ =

(
cos θℓ
i sin θℓ

)
.

Since γ ≪ 1, λ21ℓ ≪ λ22ℓ for any ℓ. For ℓ = 0, we must
consider only the mode 2 that corresponds to qA1

and
has eigenvalue λ220 = λ2A1

. Conversely, for ℓ = 3 mode 1
corresponds to qB2

and mode 2 to qB1
, with eigenvalues

λ213 = λ2B2
and λ223 = λ2B1

, respectively. Finally, for ℓ =
±1,±2 we introduce the normal mode coordinates q1ℓ
and q2ℓ, as well as the corresponding conjugate momenta
p1ℓ and p2ℓ, so that, as before,

qℓ = q1ℓ u1ℓ + q2ℓ u2ℓ ,

and similarly for pℓ. By symmetry, the modes at ℓ and
−ℓ are degenerate. The atomic Hamiltonian (25) within
the harmonic approximation thus reads

Hat =
1

2I

(
pϕ − Lvib

)2
+

p2A1

2M
+

Kλ2A1

2
q2A1

+
p2B1

2M
+

Kλ2B1

2
q2B1

+
p2B2

2M
+

Kλ2B2

2
q2B2

+
∑
a=1,2

∑
ℓ=±1,±2

(
1

M
paℓ p

†
aℓ +K λ2aℓ qaℓ q

†
aℓ

)
.

(32)

where the contribution of the normal modes to the total
angular momentum is

Lvib =
(
qB1

pB2
− qB2

pB1

)
+

2∑
ℓ=1

{
i sin 2θℓ

(
q1ℓ p1−ℓ − q1−ℓ p1ℓ

− q2ℓ p2−ℓ + q2−ℓ p2ℓ
)

− cos 2θℓ

(
q1ℓ p2−ℓ + q1−ℓ p2ℓ

− q2ℓ p1−ℓ − q2−ℓ p1ℓ

)}
.

(33)
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We observe that the two combinations

L+
1 = cos

( π
4

− θ1

)
q1+1

− i sin
( π

4
− θ1

)
q2+1 ,

L+
2 = i sin

( π
4

− θ1

)
q1−1

+ cos
( π

4
− θ1

)
q2−1 ,

(34)

act like rising operators for Lvib in (33), thus the hermi-
tian conjugates of (34) as lowering ones. One can readily
obtain analogous operators for ℓ = ±2 and for the B
modes.

B. Electron Hamiltonian

We assume that each green atom in Fig. 5 hosts a
pz orbital occupied by one electron. At fixed atomic
positions, the electron Hamiltonian is simply a tight-
binding on a hexagon with nearest, t1, next nearest, t2,
and next to next nearest, t3, hopping amplitudes, with
t1 > t2 > t3 > 0. Therefore, the single-particle eigen-
states have eigenvalues

ϵℓ = −2

3∑
j=1

tj cos kℓj , ℓ = −2, . . . , 3 .

We assume that the hopping amplitudes are such that
ϵ3 > ϵ±2 > ϵ±1 > ϵ0. The state with ℓ = 0 transforms
like the A1 irrep of D6, that with ℓ = 3 like the B1

irrep, while the two doublets with ℓ = ±1 and ℓ = ±2,
respectively, like the two dimensional irreps E1 ∼ Y1,±1

and E2 ∼ Y2,±2.

1. Electronic moment of inertia and magnetic orbital
moment

We suppose that the molecule rotates with constant
angular velocity ω, thus the green atom equilibrium po-
sitions are time-dependent Rn → Rn(t), n = 0, . . . , 5.
The single-electron Hamiltonian in first quantization is
therefore

H(t) =
p2

2m
+

5∑
n=0

U
(
r−Rn(t)

)
,

with m the electron mass, and the Schrödinger equation
reads, accordingly,

i
dψ(r, t)

dt
= H(t)ψ(r, t) .

We use the standard trick and make a change of variable
using the reference frame in which the atoms are at rest,
thus

r → r(t) = cosωt r+ sinωt r× z ,

and assume ψ(r, t) → ϕ(r(t), t) so that

i
dϕ(r(r), t)

dt
= i

∂ϕ(r(r), t)

∂t
− ω r(t)× z · pϕ(r(r), t) .

In this reference frame U(r − Rn(t)) → U(r(t) − Rn).
Since only the explicit time-derivative appears, we can
replace r(t) → r and get the effective Schrödinger equa-
tion

i
∂ϕ(r, t)

∂t
=
{
H + ω r× z · p

}
ϕ(r, t)

= H(ω)ϕ(r, t) ,
(35)

now with time-independent Hamiltonian. The solution
is simply obtained: if ϕa(r) is any eigenstate of H(ω)
with eigenvalue ϵa(ω), then ϕa(r, t) = e−iϵa(ω)t ϕa(r).
As a matter of fact, H(ω) looks like the Hamiltonian
in presence of a fictitious magnetic field generated by a
vector potential

A(r) =
ωmc

e
r× z =

ωmc

e

(
y,−x

)
.

In reality,

p2

2m
+

e

mc
A(r) · p

=
1

2m

(
p+

e

c
A(r)

)2

− mω2

2
r2

≃ 1

2m

(
p+

e

c
A(r)

)2

− mω2

2
,

since the electron coordinates are localized around the
atomic positions, all of which are at unit distance from
the origin.
Assuming the Peierls approximation and, for simplicity,
just the nearest neighbor hopping t1, the fictitious mag-
netic field adds a phase

Φ =

√
3

2
ωm ,

so that the eigenstates of H(ω) are the same ψℓ(r) of the
tight-binding Hamiltonian, but now have eigenvalues

εℓ(ω) = −2 t1 cos
(
kℓ +Φ

)
− mω2

2

= ϵℓ(ω)−
mω2

2
.

I note that, since A(r) ∝ ω,

∂H(ω)

∂ω
=

e

ωmc
A(r) · p ,

so that ∫
drψℓ(r)

∗
(

e

mc
A(r) · p

)
ψℓ(r)

= ω

∫
drψℓ(r)

∗ ∂H(ω)

∂ω
ψℓ(r)

= ω
∂εℓ(ω)

∂ω
= Φ

∂ϵℓ(ω)

∂Φ
−mω2 ,
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because also Φ ∝ ω. The actual value Eℓ(ω) of the en-
ergy of the state ψℓ(r, t) = e−iϵℓ(ω)t ϕℓ(r(t)) expanded at
second order in ω is

Eℓ(ω) = i

∫
drψℓ(r, t)

∗ dψℓ(r, t)

dt

=

∫
drψℓ(r)

∗
(
εℓ(ω)−

e

mc
A(r) · p

)
ψℓ(r)

= ϵℓ(ω)−
mω2

2
− Φ

∂ϵℓ(ω)

∂Φ
+mω2

≃ ϵℓ +
mω2

2
+

3

8
ω2m2 ϵℓ ,

(36)

which implies that the moment of inertia of an electron
in the wavefunction ψℓ(r) is

Iℓ = m

(
1 +

3

4
mϵℓ

)
.

We note that
∑

σ

∑
ℓ Iℓ = 12m, so that, if all levels are

occupied, the electronic contribution to the moment of
inertia is the expected one. On the contrary, in the case
with 6 electrons that we consider, the moment of inertia

Ie =
∑
σ

1∑
ℓ=−1

Iℓ = 6m− 3t1m
2 ,

is reduced with respect to the bare value 6m, a kind of
diamagnetic response to angular rotations.
We can repeat the calculations above assuming that the
molecule is pierced by a real magnetic flux and readily
find that each electron state carries a magnetic orbital
moment Lℓ given by

Lℓ = µB

√
3 mt1 sin

πℓ

3
. (37)

C. Coupling to the normal modes

We assume that the hopping between sites n and n+m
is a decaying function of their distance |rn+m − rn|. It
follows that, for small displacements xn and xn+m, m =
1, 2, 3,

tm
(
|rn+m − rn|

)
≃ tm

{
1− gmcm

(
αn+m + αn

)
− gmsm

(
βn+1 − βn

)}
≡ tm − δtm ,

(38)

where gm is the coupling constant and

cm = cos
π(3−m)

6
, sm = sin

π(3−m)

6
.

It follows that the coupling between the electrons and
the normal modes is

Vel-vib =

3∑
m=1

δtm
∑
nσ

(
c†n+mσ cnσ + c†nσ cn+mσ

)
=

1√
6

∑
m

gm tm
∑
σ

∑
ℓ1ℓ2

c†ℓ1σ cℓ2σ(
e−imkℓ1 + eimkℓ2

)
{
cm aℓ1−ℓ2

(
eimkℓ1−ℓ2 + 1

)
+ sm bℓ1−ℓ2

(
eimkℓ1−ℓ2 − 1

)}
,

(39)

where ℓ2 + ℓ3 or ℓ − ℓ2 are defined modulo 6 with inte-
gers between -2 and 3. It is worth emphasizing that the
momentum conservation in (39) simply reflects the in-
variance of the Hamiltonian with respect to the D3 point
group.
We note that the coupling to the normal modes vanishes
identically whenever e−imkℓ1 +eimkℓ2 = 0, namely, when

m
(
ℓ1 + ℓ2

)
= 3(1 + 2n) , m = 1, 2, 3 .

In particular, the normal mode assisted tunneling be-
tween the electronic states with ℓ = ±1 and those with
ℓ = ±2 only occurs via the next-nearest neighbor hop-
ping t2, an observation that we use later.

D. Coupling to a circularly polarized
electromagnetic field

We assume that a circularly polarized electromagnetic
field (EMF) is applied to the molecule, with

E(t) = E
(
cosωt, sinωt

)
,

and thus vector potential

A(t) =
cE

ω

(
− sinωt, cosωt

)
.

In the reference frame of the molecule, which is rotated
by ϕ,

A(t, ϕ) =
cE

ω

(
sin(ϕ− ωt), cos(ϕ− ωt)

)
.

The bonds that connect atom n with n+m are the vectors
Rn,m, m = 1, 2, 3, given by

Rn,m = Rn+m −Rn

=

(
cos

(2n+ 3 +m)π

6
, sin

(2n+ 3 +m)π

6

)
.
(40)
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It follows that the Peierls phase acquired by the hopping

term c†n+mσ cnσ is

ϕn,m =
e

c
A(t, ϕ) ·Rn,m

=
eE

ω
sin
(
(2n+ 3 +m)π/6− ϕ− ωt

)
= −i eE

2ω

(
ei

π
6 (3+m) ei(ϕ−ωt) einπ/3 − c.c.

)
≡ Qm ei(ϕ−ωt) einπ/3 + c.c. ,

and behaves like the sum of a Bloch wave with momen-
tum k1 and one with k−1. The first order correction in
the EMF to the hopping Hamiltonian thus reads

δT = −i ei(ϕ−ωt)
∑
m

Qm tm
∑
σ

∑
ℓ1ℓ2ℓ3

c†ℓ1σ cℓ2σ(
e−ikℓ1

m − eikℓ2
m

){
δℓ1,ℓ2+1

− gm√
6
cm aℓ1−ℓ2−1

(
eikℓ1−ℓ2−1m + 1

)
− gm√

6
sm bℓ1−ℓ2−1

(
eikℓ1−ℓ2−1m − 1

)}
+H.c. .

(41)

As expected, the circularly polarized light can induce on
its own electronic excitations with ∆ℓ = ±1, or with dif-
ferent ∆ℓ in cooperation with the molecular vibrations.
We also note from (41) that, if the electronic configura-
tion is prepared in a finite current state, i.e., with

J =
∑
m

tm
∑
ℓσ

sin kℓm ⟨ c†ℓσ cℓσ ⟩ ≠ 0 ,

then the light couples directly to the normal modes with
ℓ = ±1, despite the molecule is non-polar and thus the
vibrations are not charged. This is not the sole such
possibility, as we are going to show.

E. Hypothetical experiment

We assume that the molecule contains six electrons
and therefore the electronic ground state has occupied
ℓ = 0,±1 levels. If the EMF frequency ω and the energy
of the normal mode 1 with ℓ = ±1 are close to each other
and much smaller than ϵℓ=±2 − ϵℓ=±1 ≡ ∆, a coupling
between the electromagnetic field and the normal mode
is generated by second order perturbation theory [16].
For simplicity, we only consider in (41) the field induced
excitations from the occupied ℓ = ±1 to the empty ℓ =
±2 without involvement of the molecular vibrations and
limited to the dominant nearest neighbor hopping. In

this case,

δT ≃ − eEt1
ω

∑
σ

{
ei(ϕ−ωt) c†2σ c1σ

+ e−i(ϕ−ωt) c†−2σ c−1σ

}
+H.c.

≡ δT+ + δT− .

(42)

Concerning the coupling between electrons and normal
modes, we just focus on the mode with ℓ = ±1 that
is also able to transfer one electron from ℓ = ±1 to
ℓ = ±2. As previously discussed, the coupling term (39)
vanishes for nearest neighbor hopping. We therefore con-
sider the next-nearest neighbor one, in which case (39)
reads, through (34),

Vel-vib ≃ −i g2 t2
∑
σ

{
c†2σ c1σ L

+
1 + c†−2σ c−1σ L

−
1

}
+H.c. ≡ V +

el-vib + V −
el-vib .

(43)

It follows that, if |n⟩ are the electronic eigenstates with
eigenvalues En, with |0⟩ the ground state, then, by second
order perturbation theory,

VEMF-vib =
∑
n>0

{
⟨0| δT− |n⟩ ⟨n|V +

el-vib |0⟩
En − E0

+
⟨0|V −

el-vib |n⟩ ⟨n| δT
+ |0⟩

En − E0

}

= 2i
eE

ω

g2 t1 t2
∆

{
e−i(ϕ−ωt) L+

1 +H.c.

}
.

(44)

In other words, the virtual excitation of a particle-hole
pair with ∆ℓ = ±1 mediates a coupling between the EMF
and the chargeless normal modes, rendering the latter
observable in the infrared spectrum [16]. We also note
that (44) has a conserved pseudo angular momentum

J = pϕ + Lvib = L + Lvib . (45)

Therefore, the EMF is able not only to excite the normal
modes with ℓ = ±1 but also to change the total angular
momentum L of the molecule.
Since γ ≪ 1, the angle θ1 ≃ π/4, thus L+

1 ≃ q1+1 and

VEMF-vib ≃ 2i
eE

ω

g2 t1 t2
∆{

e−i(ϕ−ωt) q1+1 − ei(ϕ−ωt) q1−1

}
.

(46)

We define dimensionless normal mode coordinates
through

q1±1 →
√
K1 q1±1 , p1±1 → 1√

K1

p1±1 ,

with K1 = 1/Mω0 and ω0 = λ1±1

√
K/M the normal

mode energy. The a = 1 and ℓ = ±1 contribution to Lvib

is therefore

Lvib = i
(
q1+1 p1−1 − q1−1 p1+1

)
. (47)
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FIG. 6: Time evolution of ϕ̇(t) in the benzene-like
molecule induced by a circularly polarized electric field
pulse in resonance with the E1u C-H bending mode.
The qualitative behavior is the same as the one shown
for the D3 molecule in Fig. 4. The C-C bond length is
taken as 1.413 Å [22], while the frequency of the E1u

phonon as ω0 = 1048 cm−1 [23]. The dipole associated
to the phonon is d∗ = 9.5 · 10−4 eÅ [24] and the moment

of inertia in units of ℏ2/ω0 is I ≃ 123. We take
τ = 101 ps and the electric field maximum amplitude

E0 = 10 MV/cm.

We further define

q1+1 =
1√
2

(
a− + a†+

)
, p1−1 =

i√
2

(
a†− − a+

)
,

so that

Lvib = a†+ a+ − a†− a− = n+ − n− . (48)

The simplified Hamiltonian H(t) in presence of the EMF
reads therefore

H(t) =
1

2I

(
pϕ − n+ + n−

)2
+ ω0

(
n+ + n− + 1

)
+ i E(t) γ

{
e−i(ϕ−ωt)

(
a− + a†+

)
− ei(ϕ−ωt)

(
a+ + a†−

)}
,

(49)

where γ is a constant and E(t) an envelope function that
grows from zero at t > 0 and remains finite for a finite
time interval τ . We observe that (49) resembles (20),
except that the normal modes now carry an angular mo-
mentum that enters explicitly in (49). That would make
the molecule rotate even if ϕ did not appeared explicitly.
We plot the time evolution of ϕ̇ in Fig. 6. Unsurpris-
ingly, the dynamical behavior remains qualitatively the
same as that in Fig. 4 of Sec. I C.

III. CONCLUSIONS

We have shown how circularly polarized light can in-
duce angular rotation of molecules that possess coupled
doubly degenerate electronic orbitals and (chiral) normal
modes that realize an e×E Jahn-Teller effect. This cou-
pling is invariant under U(1) rotations with generator
a pseudo angular momentum distinct from the physical
one. In particular, we have considered two exemplary
cases: a D3 symmetric ionic molecule and a D6 symmet-
ric covalent one, inspired, respectively, by metal trifluo-
rides and by benzene. The Jahn-Teller effect originates
from the dependence of the crystal field on the ion dis-
placements within the ionic molecule, and, in the cova-
lent case, of the electron covalent bonding on the atomic
displacements, thereby providing a comprehensive repre-
sentation of all possible physical realizations.
Although our results are specific to two molecular toy
models, certain aspects might be relevant also to bulk
systems. For instance, the interaction between circularly
polarized light and the chiral normal modes of bulk crys-
talline samples can be direct in ionic materials or medi-
ated by virtual particle-hole excitations in covalent sys-
tems. In either case, this coupling depends on the rela-
tive angle ϕ between the sample reference frame and the
laboratory frame. Consequently, the light can drive the
sample into rotation, inducing a finite angular velocity ϕ̇.
Furthermore, if the chiral modes independently con-
tribute to the physical angular momentum, as observed
in the benzene molecule, their coherent excitation, re-
gardless of its realization [10–13], might yield comparable
effects to circularly polarized light.
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Appendix: Derivation of the Hamiltonian

In this Appendix, we derive the expression for the
atomic Hamiltonian of a planar molecule with a regu-
lar N -sided polygon shape and equivalent atoms of mass
M at its vertices. As in the main text, we disregard out-
of-plane displacements. Consequently, the point group
of the molecule is the two-dimensional DN . We also ne-
glect the motion of the center of mass, which coincides
with the center of the polygon, but we account for the
molecule’s rotations around this point. Our objective is
to separate the global molecule rotation from all internal
degrees of freedom, which is straightforward in this reg-
ular geometry.
The atoms at the vertices are at position rn, n =
0, . . . , N − 1, which we parametrize as

rn = Rn + xn =
(
1 + αn

)
Rn + βn z ∧Rn , (A.1)
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where Rn are the equilibrium positions, z the unit vector
perpendicular to the molecule plane, and xn the displace-
ments. By symmetry,

Rn = Cn2π/N

(
R0

)
, n = 0, . . . , N − 1 ,

where Cθ is a rotation by an angle θ around the centre
of the molecule. Hereafter, we set |R0| = 1 our unit of
length.
We denote by ϕ the dynamical rotation angle of the
molecule with respect to a fixed reference frame. Con-
sistently, we must exclude the displacements that also
correspond to a global molecule rotation. With the
parametrization (A.1), this amounts to impose that∑

n

βn =
∑
n

xn · z ∧Rn =
∑
n

rn · z ∧Rn ≡ 0 , (A.2)

which implies that also the time derivatives vanish. To
enforce (A.2), we make the unitary transformation(

αn

βn

)
=

1√
N

∑
ℓ

eikℓn

(
aℓ
bℓ

)

=
1√
N

∑
ℓ

eikℓn qℓ ,

(A.3)

where kℓ = 2πℓ/N , ℓ = −⌈N/2⌉ + 1, . . . , ⌊N/2⌋ are
the wave vectors corresponding to an N -site chain with

periodic boundary conditions, and qℓ = q∗
−ℓ. In this

representation, the constraint (A.2) simply implies that
b0 ≡ 0. Therefore, q0 has only one component a0. An-
other advantage of (A.3) is that qℓ transform automati-
cally as the irreducible representations of the point group.
For instance, a0 represents the A1 breathing mode, and
so we define a0 := qA1 .
With respect to the fixed reference frame, the atomic
positions read

rn(ϕ) = Cϕ

(
rn
)
= cosϕ rn + sinϕ z ∧ rn ,

thus

ṙn(ϕ) = Cϕ

(
ṙn + ϕ̇ z ∧ rn

)
= Cϕ

(
ẋn + ϕ̇ z ∧ rn

)
. (A.4)

Therefore, taking the constraint (A.2) into account and
using (A.3), the angular momentum L has the expression

L =M
∑
n

rn(ϕ) ∧ ṙn(ϕ) · z

=M
∑
n

rn ∧
(
ṙn + ϕ̇ z ∧ rn

)
· z

= ϕ̇M
∑
n

r2n +M
∑
n

xn ∧ ẋn · z

:= ϕ̇ I0 +M
∑
ℓ ̸=0

qℓ ∧ q̇−ℓ · z := ϕ̇ I0 + J ,

(A.5)

where we remark that ℓ = N/2 ≡ −N/2 for even N , and
we can write

J =M
∑
ℓ ̸=0

qℓ ∧ q̇−ℓ · z =M
∑
ℓ ̸=0

q̇ℓ · z ∧ q−ℓ ,

I0 =M
(√
N + qA1

)2
+M

∑
ℓ ̸=0

qℓ · q−ℓ

:= I +M
∑
ℓ ̸=0

qℓ · q−ℓ := I + δI ,

with I the total moment of inertia. Similarly, the kinetic
energy reads

T =
M

2

∑
n

ṙn(ϕ) · ṙn(ϕ)

=
M

2

∑
n

(
ẋn + ϕ̇ z ∧ rn

)
·
(
ẋn + ϕ̇ z ∧ rn

)
=

I0
2
ϕ̇2 + J ϕ̇+

M

2
q̇2A1

+
M

2

∑
ℓ̸=0

q̇ℓ · q̇−ℓ .

(A.6)

By definition, the variables pϕ, pA1 and p−ℓ conjugate to
ϕ, qA1 and qℓ, respectively, are obtained through

pϕ =
∂T

∂ϕ̇
= ϕ̇ I0 + J ≡ L ,

pA1
=

∂T

∂q̇A1

=M q̇A1
,

p−ℓ =
∂T

∂q̇ℓ
=M q̇−ℓ + ϕ̇

∂J

∂q̇ℓ
.

(A.7)

Conversely,

ϕ̇ =
pϕ − J

I0
, q̇A1

=
pA1

M
,

q̇ℓ =
1

M

(
pℓ − ϕ̇

∂J

∂q̇−ℓ

)
.

It follows that

J =
∑
ℓ̸=0

q̇ℓ ·
∂J

∂q̇ℓ

=
∑
ℓ ̸=0

qℓ ∧ p−ℓ · z − ϕ̇

M

∑
ℓ ̸=0

∂J

∂q̇ℓ
· ∂J

∂q̇−ℓ

:= Lvib − ϕ̇M
∑
ℓ ̸=0

qℓ · q−ℓ = Lvib − ϕ̇ δI

= Lvib − δI

I0

(
pϕ − J

)
,

namely,

J =
I0 Lvib − δI pϕ

I
,

and thus

ϕ̇ =
pϕ − Lvib

I
. (A.8)
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Therefore, if V
(
{rn}

)
is the inter atomic potential, min-

imum at rn = Rn and independent of ϕ, the atomic
Hamiltonian is defined through

Hat = pϕ ϕ̇+ pA1
q̇A1

+
∑
ℓ ̸=0

p−ℓ · q̇ℓ − T + V
(
{rn}

)
,

which, using the above results, can be readily expressed
in terms of conjugate variables as

Hat =

(
pϕ − Lvib

)2
2I

+
p2A1

2M

+
1

2M

∑
ℓ ̸=0

pℓ · p−ℓ + V
(
{rn}

)
.

(A.9)

We emphasize that (A.9) is valid regardless of the form
of the interatomic potential and can be straightforwardly
quantized.
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