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Abstract

In this thesis, we consider the set of destabilising subvarieties associated to various geometric
partial differential equations (PDEs) of Monge-Ampeére type arising in complex geometry,
including the J-equation, the deformed Hermitian Yang-Mills equation and certain gener-
alised Monge-Ampeére equations. Each of these PDEs has an associated Nakai-Moishezon
type criterion characterising their solvability in terms of a certain stability condition in-
volving subvarieties. We show that the set of subvarieties that violate this criterion is finite
under certain mild hypotheses of positivity, which are always satisfied on compact Kéahler
surfaces. We use the results to show that the locus of stable (or solvable) PDEs is open in
the locus of all the PDEs, and admits a locally finite wall-chamber structure whose walls
are cut out by equations involving certain rigid subvarieties.
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Introduction

In mathematics, as in other fields of human knowledge, an indication of the merit of an idea
is its being discovered by disparate and seemingly unrelated lines of enquiry. The notion of
stability has proven central to the study of at least two distinct areas of mathematics: the
construction of moduli spaces of geometric objects associated to a smooth projective variety,
and the solvability of many different classes of partial differential equations on compact
Kéhler manifolds arising in geometry. Both of these lines of enquiry have benefited one
from the other and thereby propelled the field forward. From this point of view, the study
of stability conditions for their own sake has emerged as a fruitful and promising endeavor.
This thesis aims to study the destabilising subvarieties in the context of stability conditions
attached to certain geometric PDEs on compact Kédhler manifolds.

The idea that in order to construct moduli spaces one should impose a stability condition
arose in algebraic geometry already in the theory of constructing geometric orbit spaces for
algebraic group actions, that is, geometric invariant theory. From there, the idea was taken
up by geometers into other contexts, most notably in constructing moduli spaces of vector
bundles on algebraic varieties, where the relevant stability condition was identified as slope
stability. If E is a vector bundle on a compact Kéahler manifold X of dimension dim¢c X =n
with fixed Kéhler class «, then FE is said to be slope stable if, for all proper non-zero coherent
subsheaves S C E, we have

_ Jxca(8)-am!
rank(.9)

- fX c1(E) - a1

Ha(5) rank(FE)

< pa(E)

Here, two seemingly distant threads of geometry become entwined in a beautiful cor-
respondence called the Hitchin-Kobayashi correspondence, established by the theorems of
Donaldson and Uhlenbeck-Yau.

Theorem (Donaldson [1], Uhlenbeck-Yau [2]). Suppose E is simple, that is, the space
H°(X,EndE) of global holomorphic endomorphisms of E is isomorphic to C. Then, the
following are equivalent.

1. For any choice of Kdhler form w € «, there exists a Hermitian metric h on E whose
curvature form th satisfies the Hermitian Yang-Mills equation

<ﬁFh> Al = HalE)

Y =" @ 1dp.

2

2. The vector bundle E is slope stable.

Thus, the slope stability of a simple vector bundle is both necessary and sufficient
for it to admit a solution of the Hermitian Yang-Mills equation. Other examples of this
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phenomenon include the important Yau-Tian-Donaldson conjecture. This conjecture, which
has been central to the subject of complex differential geometry, asserts that the existence
of a constant scalar curvature Kaihler (cscK) metric in a given Kahler class is equivalent to
a certain algebro-geometric stability condition called K-polystability.

The cscK equation or the Hermitian Yang-Mills equation are just two examples of a
whole host of partial differential equations (PDEs) that arise in complex differential geom-
etry and whose solvability is conjectured or known to be equivalent to a numerical criterion
defining stability. An important subclass of these equations are those whose associated nu-
merical criterion involves checking that a certain inequality holds for intersection numbers
attached to all proper subvarieties. The most prototypical example of this kind of corre-
spondence is the complex Monge-Ampeére equation. We explain how this correspondence
arises as the result of two important theorems in complex differential geometry. Let X be
a smooth projective variety of dimension n and let a € H!(X,R) be a cohomology class
on X. Let € A™"(X) be a smooth volume form on X such that

|7

Then, Yau’s solution of the Calabi conjecture can be stated as follows.
Theorem (Yau [3]). The following conditions are equivalent.
1. The cohomology class o is a Kdhler class.

2. There exists a unique smooth Kdihler form w € a such that

w" = Q.

On the other hand, if X is smooth and projective, then a theorem of Demailly-Patin
gives us a characterisation of the set of Kéhler classes in terms of a numerical criterion
involving subvarieties.

Theorem (Nakai-Moishezon, Demailly-Patin [4]). The following conditions are equivalent.
1. The cohomology class o is a Kdhler class.

2. For every proper irreducible subvariety V of X of positive dimension, we have

/ adimCV > 0.
14

In this thesis, we shall be interested in equations which admit a similar Nakai-Moishezon
criterion. Among these, we shall focus mostly on the .J-equation, certain cases of the
deformed Hermitian Yang-Mills equation, the Z-critical equations and generalised Monge-
Ampére equations.

These equations arise naturally in complex geometry and their study is central to many
different aspects of the subject. These include, but are not limited to, the constant scalar
curvature equation in Kahler geometry and the associated theory of moduli of K-stable
varieties, the study of mirror symmetry, the theory of Bridgeland stability conditions and
the associated theory of moduli of coherent sheaves. From the point of view of the present
thesis, however, all of these equations fit into the same setup, which we describe now.



ix
Overview

For the purpose of explaining the picture in generality, we deliberately avoid getting too
notationally precise or mathematically specific at this stage.

In each case, the PDE is specified by choosing a particular value 2 from a continuous
family of admissible parameters. What is sought as a solution of the PDE is a smooth form
w € a in a fixed cohomology class o € HY1(X,R), which is often Kihler. Whether or not
we can find the sought-after w is characterised by certain inequalities involving intersection
numbers of cohomology classes ¥),(£2),p = 1,...,n — 1 depending only on {2, say

/Vz?p(Q) >0

for each p-dimensional subvariety V of X. Our primary interest lies in the following question.

Question. Suppose the equation associated to the parameter value €2 cannot be solved.
What are the possible subvarieties V that violate the numerical criterion for solvability,
that is, for which subvarieties V' (which we shall call destabilising subvarieties) do we have

/ 9,(Q) < 07
y

This question is quite well motivated. By understanding the geometric properties of
these subvarieties, we might be able, in certain cases, to rule out the existence of any desta-
bilising subvarieties and therefore conclude that the equation is solvable. By understanding
the cardinality of the set of destabilising subvarieties, we might get more precise informa-
tion about the solvability of the equations and the nature of optimal destabilisers, as we
continuously vary the parameters ) defining the equation.

We shall see that, in all our cases of interest, under certain assumptions on the value of
the parameters €2 and cohomology class a (involving concepts of positivity), the subvarieties
violating the numerical criterion (which we shall call destabilising subvarieties) lie in the
non-Kahler locus of certain big cohomology classes 7,(£2),p = 1,2,...,n — 1 determined
by €. In the case of n = 2, we use the Zariski decomposition of big classes to conclude
that the set of destabilising subvarieties is a finite set of curves of negative self-intersection.
In the case of n = 3, we use similar ideas of positivity to conclude that the union of
the destabilising subvarieties is an analytic subset Vo of X, each one of whose irreducible
components is rigid in a precise sense.

There is another motivation to study the set of all destabilising subvarieties, which
comes from the abstract theory of stability. We now briefly explain this point of view.

The PDEs mentioned above should be understood as the ‘rank one’ case of families of
PDEs coming from stability conditions, that is, we should think of a as the first Chern
class ¢1(L) of a holomorphic line bundle on X, and think of the specific equations as being
the rank one case of a family of equations defined for each holomorphic vector bundle E of
arbitrary rank, or, indeed, any coherent sheaf F on X.

One such family of PDEs, the Z-critical equation, has been introduced by Dervan-
McCarthy-Sektnan [5] as a differential-geometric analogue of the notion of a Bridgeland
stability condition on D’Coh(X). From this point of view, one should expect features of
the theory of Bridgeland stability to arise also in the study of these Z-critical equations.
One such feature is the existence of a locally finite wall-chamber decomposition. We briefly
explain this now.



The set of all stability conditions & has a natural topology which makes § into a smooth
manifold. Then, the locally-finite wall-chamber decomposition is the following phenomenon.
For each stability condition Z € S, there exists an open neighbourhood U of Z together with
finitely many closed submanifolds W; C U of (real) codimension one (the ‘walls’) having
the following property. If U; is any connected component (a ‘chamber’) of the complement
of the union of the W; in U, then the stability of an object E with respect to any element
Z1 € U; is equivalent to the stability of £ with respect to any other element Z5 € Uj.

If something similar occurs for the Z-critical equation, then it is good evidence that the
analogy with Bridgeland stability conditions works well. In this thesis, we find that under
a natural hypothesis, the ‘rank one’ case of some of the equations under consideration have
this property. We deduce this by observing that the analogue of the ‘walls’ are cut out by
the irreducible components of the set Vo, which vary in a finite set when (2 varies in a small
open set.

Statements of results

We now state our main results more carefully in the special case of the J-equation. For the
sake of brevity and readability, we avoid making the analogous statements about all the
other PDEs at this stage, but precise statements will be made and proved in the main body
of the thesis.

Thus, let X be a compact Kéahler manifold of dimension dim¢c X = n. Let o,8 €
HY'(X,R) be Kihler classes on X. Then, for every Kihler form 6 € 3, the J-equation
seeks a smooth Kéhler form w € « such that

nw™ A0 = g pu" (1)

where the J-slope pqog = fta,3(X) is a topological constant, and p, g(V) for any analytic
subvariety V of X is defined to be

adimc V-1, B X [V]
aqdimc V. [V]

pop(V) = (dime V)

The numerical criterion for stability in the case of the J-equation is due to the works of
Gao Chen [6], Datar-Pingali [7], and Song [8], and says that (1) is solvable precisely when
ta,8(V) < pa,g(X) for all proper analytic subvarieties V' of positive dimension. We call V
a destabiliser if p1o (V) > p10,8(X) and an optimal destabiliser if it is a destabiliser and

Hap = Ha,s(V) =10 (a5 — pa,6(2 ) -

The triple (X, o, §) is called J-semistable (respective J-stable) if p10 (V) < 1o, (respec-
tively pqa,8(V) < pa,p). Our results about the cardinality of the set of destabilising subva-
rieties can then be summarised as follows.

Theorem A. Suppose X is a smooth projective variety and o, 3 € HY1(X,R) are Kdhler
classes and 0 € B is a Kdhler form.

1. Suppose dimc X = 2. Then, there are only finitely many destabilising curves, each of
which is a curve of negative self-intersection.
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2. Suppose dimc X = 3 and m(,B) = pape — 20 is a big cohomology class. Then,
there exists a proper analytic subset V,, g such that each irreducible component of V, g
is a destabilising subvariety and all destabilising subvarieties are contained in V, g.
If moreover (X, «, B) is J-semistable, then there exist only finitely many destabilising
subvarieties.

3. Suppose Tp(a,B) = papga — pp is a (p + 1)-modified Kihler class for each p =
1,2,...,dimc X — 1. Then, there exist only finitely many destabilising subvarieties.

Part 1 of Theorem A is the content of Theorem 2.9, Part 2 is Theorems 2.11 and 2.10
and Part 3 is Theorem 2.15.

For each Part of Theorem A, we have an accompanying statement about the rigidity of
the destabilising subvarieties.

Theorem B. Let (X, «, ) and 0 be as in Theorem A.

1. Suppose dimc X = 2. Then, each destabilising curve is the unique effective analytic
cycle representing its homology class.

2. Suppose dimc X = 3 and m(a, B) = pia,p00 — 2 is a big cohomology class. Then, each
irreducible component V' of the set V, g is rigid in the following sense. If V =S is an
irreducible surface, it is the unique effective analytic cycle representing its homology
class. If V.= C 1is a curve, then for each surface S containing C, either C is an
irreducible component of the singular locus of S or (the strict transform of) C is a
curve of negative self-intersection in (any resolution of singularities of) S.

3. Suppose Tp_1(c, f) = popoc — (n—1)B is a big cohomology class. Then, each desta-
bilising divisor is the only effective analytic cycle representing its homology class.

Part 1 of Theorem B is contained in Theorem 2.9, Part 2 is Theorem 2.14, while Part
3 is contained in Proposition 2.16.

Finally, each Part of Theorems A and B have an accompanying statement about the
wall-chamber structure.

Theorem C. Let X be as in Theorem A and let oy, . .., as € HY (X, R) be a finite collection
of Kéihler classes.

1. Ifdimc X =2, let S € HY(X,R) be the set of Kihler classes.

2. If dimc X = 3, let S € HY(X,R) be the set comprising Kéihler classes B such that
Heay,304 — 23 is a big cohomology class for each i =1,...,s.

3. If dim¢ X > 4, let S € HY(X,R) be the set comprising Kihler classes 3 such
that pa, g — pB is a (p + 1)-modified Kihler class for each i = 1,...,s and p =
1,...dime X — 1.

In each case, the open set S C HY'(X,R) enjoys the following property. For each By € S,
there exists an open neighbourhood U containing By and finitely many closed submanifolds
Wi,..., W, of U of codimension one such that for each connected component U; of

U\ Jw
K

and eachi =1,...,s, the triple (X, oy, ) is J-stable for some B € Uj if and only if (X, oy, B)
is J-stable for all B € U;.
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Part 1 of Theorem A is contained in 3.5, Part 2 is Theorem 3.10 while Part 3 follows
from a special case of the more general Theorem 3.12.

We emphasise once again that this thesis contains analogues of Theorems A, B, and
C for the deformed Hermitian Yang-Mills equations, Z-critical equations and generalised
Monge-Ampere equations.

Outlook

A few remarks about the results and techniques of this thesis are in order. The use of
Zariski decompositions (rather than the Siu Decomposition Theorem, as in [9, Proposition
4.5], for example) and non-Kéhler loci of big classes is a novelty. This allows us to control
the destabilising subvarieties while varying the cohomological data of the PDEs and thereby
enables us to deduce results about wall-chamber structure. The results obtained are the
first of their kind on the purely differential geometric side.

Along with obtaining some completely new results, the techniques also allow us to clarify
some previous results. For example, for the case of the J-equation, it was early observed
in the work of Song-Weinkove [9, Theorem 1.4] that on compact Kéhler surfaces, a certain
geometric flow associated to the J-equation develops singularities along a finite union of
certain curves, confirming an expectation of Donaldson [10, Section 4.3]. The same was
observed in subsequent works about geometric flows associated to the deformed Hermitian
Yang-Mills equation on surfaces. In fact, our results show that the destabilising curves
are among this union, and each member of a minimal such union is a curve of negative
self-intersection. This is discussed in [11, Section 6].

The results of the thesis also relate to many open problems in the subject. Here, we
briefly highlight three important problems in complex differential and algebraic geometry
to which our results especially pertain.

The first is the problem of finding singular solutions to these PDEs when no smooth
solutions may exist, generalising the results of Guedj-Eyssidieux-Guedj-Zeriahi [12] for the
complex Monge-Ampeére to a wider class of PDEs. A related problem is to study the
geometric flows associated to some of these equations following [9] or the recent work of
[13]. In both of these related problems, the destabilising subvarieties will likely play an
important role, as evidenced by previous results of these authors.

The second important problem is extending these results to ‘higher rank’, that is, we
should consider the vector bundle analogues of each of the PDEs. Here, the main difficulty is
that destabilising objects may now come in two different forms. In addition to there being
destabilising subvarieties, there might also be destabilising subsheaves of the associated
holomorphic vector bundle. However, some of the same considerations might apply to this
much more complicated setting. A special case of this setup has recently been considered by
Keller-Scarpa [14]. In their work, they term what we call stability as positivity and reserve
the term stability for the higher rank condition involving subsheaves (or conditions that
involve a mixture of both subsheaves and subvarieties). They propose general conjectures
that relate positivity, stability and the existence of solutions of the relevant PDEs.

A related problem to the above is clarifying the relationship of Bridgeland stability
conditions with the solvability of, for example, the deformed Hermitian Yang-Mills equation.
The correspondence here is not expected to be as exact as for the Hermitian Yang-Mills
equation, but there are interesting partial results by Collins-Shi [15], and Collins-Lo-Shi-Yau
[16].

The third important problem is understanding the role played by mirror symmetry.
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The solutions of the deformed Hermitian Yang-Mills equation can be seen as the mirrors of
special Lagrangian submanifolds in symplectic geometry on a Calabi-Yau manifold, under
the mirror map given by the Strominger-Yau-Zaslow [17] vision of mirror symmetry. It
would be interesting to understand if there exists any interpretation of the solutions of
more general PDEs as certain calibrated submanifolds of the mirror Calabi-Yau manifold.

Organisation of the thesis

We briefly explain the layout of the material in the thesis, as well as explain any overlap
with existing or future work, to avoid any potential issues of self-plagiarism.

Chapter 1 is mostly background about concepts of positivity in complex geometry, with
a view toward the case of Kéhler manifolds. In Section 1.1 some important foundational
results are recalled, mostly without proof, but effort has been made to give precise references
to proofs available in the literature. Section 1.2, still mostly background, contains the
statements and gives complete proofs of a few key lemmas, probably all of them well-known
to experts, but for which no reference in the literature is readily available.

Chapter 2 is the heart of the thesis and contains all the main results regarding destabil-
ising subvarieties. Section 2.1 gives a brief overview of the various PDEs which are treated,
and also explains some of their various connections with each other and with important
problems in complex geometry, and recalls the associated Nakai-Moishezon criteria. Sec-
tion 2.2 deals with the important base case of surfaces. In Section 2.3, we treat the case
of the J-equation in higher dimensions. In Section 2.4 we introduce a certain subclass of
PDEs to which all of our considerations in Section 2.3 can be applied.

Chapter 3 is about the important application of the results of Chapter 2 to the problem
of describing wall-chamber structure. Once again, we have decided to present the case of
surfaces separately in Section 3.1. Higher dimensional results are then presented in Section
3.2.

Sections 2.2 and 3.1, have significant overlap with [11], and Sections 2.3, 2.4, 3.2 are
likely to have significant overlap with [18], which is currently in preparation. Although all
original results are joint with Sjostrom Dyrefelt, the exposition of the material is meant to
emphasise the interests and the contribution of the author.
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Chapter 1

Positive currents in complex
geometry

In this Chapter, we recall some basic notions concerning positivity on compact Kéhler
manifolds. Most of the material here is explained in great detail in [19] and [20], as well as
in [21] and the references therein. However, in Section 1.2 we take care to give complete
proofs of certain basic results that we require in our later arguments and for which no direct
statement is easily available in the literature.

1.1 Background on positivity

1.1.1 The sheaf of differential forms

Let X be a complex manifold of (complex) dimension n. Given an open neighbourhood
U C X the space of degree k (complex) smooth differential forms over U is denoted A¥(U).
We have a natural splitting

ANU) = @ AP(U).

pt+q=k

Here AP4(U) is the space of degree (p,q) forms over U, that is, those forms o € A*(U)
which can locally be written as

Zalde[ ANdzZy
1.7

where ay; are complex-valued smooth functions. In the above expression I = {i; < -+ <
ip}, and J = {j1 < --- < j,} are indexing subsets of {1,...,n}, and

dZ]:dZil/\"-/\dZip, de:d?jl/\"-/\dqu,
dz; = dv; + V—=1dy;, dz; = dv; — vV —1dy;,  x; = Re(z;), v = Im(z;)

for any choice z1, - - , z, of holomorphic local coordinates. By expressing

1 1
dzi = 5(dzi +dz),  dyi = Wi /jl(dzi —dz),

we see that there is an injective map
Ak (U) — AR(U)

1



2 CHAPTER 1. POSITIVE CURRENTS IN COMPLEX GEOMETRY

from the space AI]E{(U ) of real-valued degree k smooth differential forms over U. The image
of this map comprises precisely those forms a € A¥(U) that are invariant under the complex
conjugation map given locally by

a = Zaljdzl NdZj— a = ZO&deE] ANdzj.
L,J 1,J

1.1.2 The sheaf of currents

Let U C X be an open subset of a smooth, oriented manifold of real dimension dimg X = n
and K a compact subset of U. Denote by A*(U;K) C A¥(U) the subspace of smooth
differential forms of degree k on U with support contained in K. Moreover, let A¥(U)
denote the union of A¥(U; K) as K ranges over all compact subsets of U. The subspace
AE(U) comprises precisely the smooth forms with compact support. If V C U is an open
coordinate chart with coordinates t = (t1,...,t,), for each compact subset K C V and
a € ARU), set

v,k () = sup sup |og(z)|, where Z ardtr = aly.
zeK |I|=k )=k

Each v i defines a seminorm on A¥(U) and we denote the collection of such seminorms for
all possible ¢t and K by SN(U). Moreover, for each tuple s = (s1,...,$,) of non-negative
integers, let d5a € A*(V) denote the form given by

lslay
o=, DOt .. oty dir.
|I|=k

The following definition is due to de Rham, based on the concept of distributions introduced
by Schwartz.

Definition 1.1. A current of dimension k and degree n — k on U is a linear map T :
A¥(U) — C which is continuous in the following sense. For all compact subsets K C U
and all sequences {a;} belonging to A¥(U; K) if v(0fa;) — 0 for all v € SN(U) and for all
s € Z2,, then we have T'(«;) — 0. If moreover v(9;c;) — 0 for all v € SN(U) and merely
for |s| = s1 + -+ + s, < d already implies T'(a;) — 0, then T is said to be of order d. A
current is of finite order if it is of order d for some d > 0. The set of currents of dimension k
(or degree n — k) is denoted by Dy (U) (or D" *(U)). A current of dimension zero is called

a distribution. A distribution of order zero is called a measure.

Remark 1. If a current T € Dy(U) is of order s, then T' admits a unique extension to
continuous linear functional T : C3(U, A*(T*X ® C) — C where C5(U, A\*(T*X ® C) is the
space of compactly supported k-forms with s-times continuously differentiable coefficients.
In particular, if 7' is a measure, then it is a continuous linear functional on C2(U, C). By the
Riesz representation theorem (see, for example, [22, Theorem 1.38]), for every coordinate
chart V' C U carrying local coordinates t, there exists a unique compler Radon measure
(that is, a set-map in the usual sense of measure theory) on V' such that

f)z/vfdu for f € CO(V,C).

This justifies the term measure for distributions of order 0. Sometimes, the two (closely
corresponding) senses of the word measure are deliberately confused, and one may write
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T(A) for a Borel set A to mean the measure of the set A with respect to the measure
determined by the distribution 7.

Remark 2. As an immediate consequence of the definition, we see that a current is locally
a differential form with distribution coefficients. Indeed, if V' is a coordinate chart and
T € DP(V), then we can write
T =Y Tydx
[|=p

where T7 is determined by T' A dxje = 17 A dxy A dxje with I¢ the set of complementary
indices to I. Now 17 is a current of degree 0 but it can be identified with the distribution
Tr(f) = Tr(fdxy A--- Adxy). Then T is of order s, smooth etc. if and only if 77 is of order
s, smooth etc. for all I and all coordinate open neighbourhoods V.

If U CV C X are open subsets, then it is clear that A¥(U) C A¥(V) in a canonical way.
Thus, if 7" is a current of dimension k defined on V, then its restriction to A¥(U) defines a
current of dimension k on U. By a straightforward argument using partitions of unity with
compact support, one sees that the assignments U — Dy (U) together with the respective
restriction maps define a sheaf on X, denoted Dj or D" *. For each open set U C X,
we equip the space DP(U) with the topology of weak convergence, that is, a sequence of
currents T; € DP(U) converges to T € DP(U) precisely when, for each a € A; F(U), the
sequence of complex numbers T;(«) converges to T'(«), and in this case, we say T; converges
weakly to T.

Since X is assumed oriented, every 8 € A" *(U) (or, more generally, any differential
form 8 whose coefficients are locally integrable functions in each coordinate chart) defines
a current 7 by the formula

T[g(a):/UB/\a for 8 € AX(U).

The map B — T3 defines an injective map of sheaves A" — D". When T = T,, for some
smooth form «, one often says that 7" is smooth. A convenient abuse of notation (which we
shall often employ) will be to denote the current T}, also by a.

There is also a map of sheaves D" ® A* - D" T ® a — T A « given by

(T'ANa)(B) =T(anp)

and this is compatible with the above inclusion. It is also convenient to set a AT =
(—1)"T Aa. We can also extend the exterior differential to currents d : D" — D™+ T+ dT
by the formula

dT (o) = (=1)" "7 (da)

and with this definition, we have
=0, dln=Ti, daAT)=(da) AT+ (-)FanT foraec A¥(U), T € D"(U).

Note that if T is of order d, then dT is of order at most d + 1. We say T is normal if both
T and dT are of order zero. We say T is closed (respectively ezact) if dT' = 0 (respectively
T = dS for some current S). The current T, associated to a smooth form « is always
normal and closed or exact according as « is closed or exact.

Another important example of a normal current is the current of integration along an
oriented, closed submanifold with boundary. Let Y C U be a closed subset that is also an
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oriented submanifold of dimension £ (thus, ¥ may have non empty boundary 9Y’). Let [Y]
denote the assignment given by

[Y1(8) = /Yﬁly for 8 € A¥U).

This defines a current of order zero, and in fact by Stokes’ Theorem, we have d[Y] =
(—1)n_k+1[3Y].

1.1.3 Cohomology of currents

Let X be an oriented, smooth manifold. The exterior derivative defined on currents
makes (D*(X),d) into a co-chain complex. Let us denote the cohomology groups thus
obtained by HE ,(X,C). Observe that there is a map of co-chain complexes (A®*(X),d) —
(D*(X),d), a — Ty, which induces a map H¥,(X,C) — HE (X, C), where H¥.(X,C) de-
notes the usual de Rham cohomology of X, that is, the cohomology of (A®*(X),d). This
map is in fact an isomorphism. This is a consequence of the following Poincaré lemma for
currents.

Theorem 1.2 (Poincaré Lemma). Suppose U is any open subset of X which is diffeomorphic
to a star-shaped open subset of R, and T € Dk(U) s a closed current.

1. If k > 0, then T is exact, that is, T = dS for some S € D*(U). Moreover, S can be
chosen smooth if T is smooth.

2. If k=0, then T =T, is the current associated to a constant function c.

Proof. See, for example, [20, Chapter I, Theorem 1.22 and Section 2.D.4]. O

Indeed, this lemma implies that the sheaf C of locally constant complex valued functions
is resolved by the two different acyclic complexes of sheaves (AF,d) and (D¥,d). This, in
turn, means that the canonical map H¥,(X,C) — HE (X, C) is the composition of the two
isomorphism HQCR(X, C) — H*(X,C) — HZkDR(X’ C). (See, for example, [23, Section 4.4].)

If X is a complex manifold of dimension dim¢ X = m. Corresponding to the decompo-

sition
k _ D,q
Af= P A
pt+a=Fk

on X we get a direct sum decomposition of sheaves

D" = P Dre.

p+q=k

In the same way as above, we can define the maps 9 : DP9 — DPtLe T s 9T and
0 : DP9 s PP+ T s 9T in such a way that 0% = 9 = 0,d = 0+ 0. Just as in the case of
the sheaves AP, the operator 0 makes (DP*(X), ) into a chain complex with cohomology
groups H%Q(X ). The following result, called the Grothendieck-Dolbeault Lemma, is the
analogue of the Poincaré Lemma in this case.

Theorem 1.3 (Grothendieck-Dolbeault Lemma). Supposey is an open subset of X which
is biholomorphic to a polydisc in C* and T € DP4(U) is a O closed current.

1. If ¢ > 0, then there exists a current S € DP9~ Y(U) such that T = 8S. If T is smooth,
then S can be chosen to be smooth.
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2. If ¢ = 0, then T =T, is the current associated to a holomorphic form «, that is,
a € AP(U) and da = 0.

Proof. See, for example, [20, Chapter I, Theorem 3.29]. O

For entirely analogous reasons as for H¥.(X,C) we therefore obtain that H%q(X ) =
Hg’q(X ), the usual Dolbeault cohomology groups, via the obvious map.

Thus, we can (and henceforth do) think of d-closed (respectively d-closed) currents as
representing de Rham (respectively Dolbeault) cohomology classes.

1.1.4 Positive currents on a complex manifold

Let X be a complex manifold and let U C X be an open subset of X. There is a complex
conjugation map Ae ?"P(U) = A P"Y(U),a — @ which induces a conjugate-linear
map of sheaves DP¢ — D4P T + T. We shall say that a current T € DPP(U) is real if
T =T. The following definition is due to Lelong.

Definition 1.4. A current 7' € DPP(U) is called positive if for every choice ai,...,q, €
ALO(U), the distribution

TAGN-lag Aar) A A (V—1ay Aag) € DV™(U)

is a positive distribution, that is, a distribution which assigns real non-negative values to
real-valued non-negative functions with compact support. If this is the case, we write T' > 0
and write 17 > 15 if 77 — 15 > 0. A smooth form « is positive if the associated current T,
is so, and is strongly positive if T' A « is positive for all positive currents T'. A current 7T is
strongly positive if T' A «v is positive for all positive forms a.

Remark 3. Every positive current is necessarily real, and as the terminology suggests,
strongly positive forms and currents are also positive, but not conversely in general, ex-
cept when their degree is (0,0), (1,1),(n—1,n—1) or (n,n). Moreover, with this definition,
volume forms that define the same orientation as the canonical orientation of X as a com-
plex manifold are positive of degree (n,n), and (the (1, 1)-forms associated to) Hermitian
forms are positive of degree (1,1).

Remark 4. Every positive current T' € DPP(U) is necessarily of order 0, that is, what we
have called a measure. To see this, we can assume 7' is a distribution, meaning p = n. Now
observe that if K is any compact subset of U then we can find a compact subset K’ of U
and a real-valued function v with support contained in K’ with the following properties:
firstly, that K lies in the interior of K’, and secondly, that 1) has support contained in K’
with 0 <t <1 on U and ¢(z) = 1 for x € K. Then, it is clear that for any real-valued
smooth function f with support in K, we have f < (sup,cx |f(2)|)¥, and therefore, by the
positivity of T', we have

T(f) < Csup|f(z)], C=T().
zeK
Thus, if {fr} is any sequence of smooth functions with support contained in K which
converges uniformly to zero, then the above shows that the real and imaginary parts of the
sequence {T'(fr)} also converge to zero. This in particular shows that every closed positive
current is normal.
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One of the most important examples of a closed positive current is given by the current
of integration along a closed analytic subset Z C U of dimension p. This is defined by

[Z](a) = / Oé‘Zrcg for o € .Ag’p(U)
zreg

where Z™¢ denotes the smooth locus of Z. This integral is well-defined essentially because
the singularities of Z are of finite type, that is, they can locally be desingularised by a
finite-sheeted branched covering. (This is certainly not the case for arbitrary immersed
submanifolds of U.) This defines [Z] as a current of order 0 and degree (p,p). A straightfor-
ward calculation shows that in fact [Z] is a positive current. Moreover, it is easy to verify
that the restriction of [Z] on U \ Z5"8 is d-closed (where Z518 denotes the singular locus
of Z). Tt is a theorem of Lelong that [Z] is d-closed on all of U. (See, for example [19,
Theorem 1.18].)

Another important example of a closed positive current is the degree (1,1) current
associated to a plurisubharmonic function. We briefly recall the definition.

Definition 1.5. Let U C C™ be a connected open subset. An upper-semicontinuous func-
tion u : U — RU{—o0} is called plurisubharmonic if u is not identically —oco and for all

xzeU,
2m
u(z) < L u(z + eV=100)do
2 0

whenever ¢ € C" \ {0} is such that B(z,|¢|) C U.

A plurisubharmonic function is also subharmonic, that is, it satisfies the mean value
inequality. From this, it follows that that every plurisubharmonic function is in fact locally
integrable with respect to the Lebesgue volume form dA, on U, that is, for every compact
subset K C U, the integral

/K fu(2)|dA, < oo,

Thus, one can define the current T, € D°(U) of order 0 and degree 0 given by

Tu(fd\.) = / W) f()dr,  for f e CR(U,C).
U

Lemma 1.6. Let U C C" be a connected open subset, T € D°(U) a degree zero current on

U. Then, the following are equivalent.

1. /—190T s a positive current.

2. There exists a plurisubharmonic function w on U such that T = T, is the current
associated to u.

Proof. See, for example, [20, Chapter I, Section 5]. O

In fact, the condition of plurisubharmonicity is invariant under holomorphic change of
coordinates, and thus the notion of a plurisubharmonic function makes sense on any complex
manifold. Moreover, the above result, by the help of the Grothendieck-Dolbeault lemma,
immediately implies the following fact about closed positive currents of degree (1,1).

Corollary. Let X be a complex manifold and S € DH(X) be a d-closed positive current.
Then, Ior every x € X there exists an open neighbourhood U containing x such that S|y =
v —1900T, for a plurisubharmonic function u on U.
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1.1.5 Intersection numbers on compact complex manifolds

An important application of closed positive currents is a straightforward definition of in-
tersection numbers on a compact complex manifold X. Given closed analytic subvarieties
Z; of X of (complex) codimension p; the closed positive currents of integration [Z;] define
cohomology classes 7; € Hsg (X, R).

Definition 1.7. The intersection number Z1 - Zg - -+ - - Zs is defined by

Zl'Z2""'Zs:/91/\92/\"'/\93
X

where 0; € A?i(X) are smooth representatives of the cohomology classes 7;.

Remark 5. Note that if >, p; # dimc X in the notation of the above definition, then the
intersection number is by definition zero. Moreover, although it is not manifestly obvious
with this definition, Z;-Z5-- - -+ Z; is in fact geometric, that is, if the intersection of the Z; is
transverse and therefore comprises & isolated points of multiplicity 1, then Z7-Z5----- Zs =
k, and therefore this definition agrees, in the case X is a smooth projective, with the
intersection number as defined using algebraic geometry. In particular, if X is a compact
complex surface, and C, D are distinct irreducible curves in X, then C' - D > 0.

Remark 6. Given cohomology classes «; and a closed analytic subvariety Z, we will often
use the notations

Qp Qg as[Z]:/a1a2as:/01/\92/\/\08
Z Z

where 6; are smooth representatives of the «;.

Remark 7. Suppose Z C X is an analytic subvariety of X, and f : X — X is any bimero-
morphic holomorphic map which admits a partial inverse defined on a Zariski open subset
U of X. If the smooth locus of Z is contained in U, then defining Z to be the closure of
YU N Z) in X, we see directly from the definition that

frfag - f*asz/ o ... Q.
z

These conditions are satisfied in any resolution of singularities of Z. This is a special case
of the projection formula.

1.1.6 Lelong numbers and generic multiplicities

One should think of a closed positive current as a singular analogue of a closed positive
form. In fact, the singularities of a closed positive current should be deemed as an important
feature of this theory, and carry geometric information about X. This is captured by the
concept of Lelong numbers, first introduced by Lelong.

Definition 1.8. Let 7' € DPP(X) be a closed positive current on a complex manifold X and
let x € X. Pick an open coordinate neighbourhood V of z carrying holomorphic coordinates
z = (21,...,2n) centred at x. Let A, denote the Lebesgue measure on V' with respect to
the coordinates z; and o7, denote the positive measure on V' given by

1 V=T, .\"7 1 VI & N\
O’T,z—(iT/\ (28a|2’ ) = (n—p)!T/\< 5 ;dzk/\dzk .

n—p)!
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The Lelong number v(T,x) of T at z is the non-negative real number given by

lim o7, (B (z,1))
r—0+ Ay (By(z,7))

where B,(z,r) is the open ball of radius r around z in V, that is, the set {x € V :
Y law(@)? <r}.

Remark 8. Here, we have abused notation in writing o (B, (z,r)) as explained at the end
of Remark 1. Note that the limit in the above definition always exists because the ratio of
o7 (B(z,7)) and \,(B.(z,r)) is a decreasing function of r.

The following theorem (due to Siu) highlights the intimate connection of closed positive
currents with complex analytic geometry and is foundational.

Theorem 1.9 (Siu). Let X be a complex manifold and T € DPP(X) a d-closed positive
current. Then, the following statements hold.

1. The Lelong number v(T,z) of T' at the point x € X does not depend on the choice of
holomorphic coordinates around x.

2. For every ¢ > 0 the superlevel set E.(T) comprising the points x € X such that
v(T,x) > c is a closed analytic subset of X of codimension at least p.

Remark 9. We will denote by E.(T') the union of all the superlevel sets E.(T) as ¢ > 0.
Thus, by the above Theorem, it follows that £ (T") is a union of at most countably many
distinct irreducible analytic subvarieties of X.

Remark 10. Tt is a result of Lelong (see [19, Theorem 2.8(b)] that if 7' = \/—109u is a closed
positive current of degree (1, 1) associated to a plurisubharmonic function u then v(T, z) is
the supremum of v > 0 such that the function z — u(z) — v log|z — z| remains bounded in a
neighbourhood of x. This in particular shows that v([Z¢], x) = ord,(f) for holomorphic f,
where Z; is the zero locus of f and ord,(f) is the order of vanishing of f at x. Moreover,
v(T,z) = 0 whenever T is smooth in a neighbourhood of z.

Given T' € DPP(X) a closed positive current, let us set

v(T,\V) = xlgé v(T, x)
for V' any analytic subvariety. If V' has codimension smaller than p, then Siu’s Theorem 1.9
of course implies that v(T, V) = 0. If the codimension of V' is exactly p, then it turns that
T>v(T,V)[V]and so T—v(T,V)[V] € DPP(X) is again a closed positive current. One can
therefore ‘subtract off” the p-codimensional components of E. (T). The Siu decomposition
theorem says that this process can be carried out until no components of codimension p
remain.

Theorem 1.10 (Siu Decomposition Theorem). Let T' € DPP(X) be a closed positive cur-
rent. Then, the series
sy = Y uT 2z

v(T,Z)>0

codimZ=p
converges weakly. Moreover, the remainder R(T) = T — S(T) is a closed positive current
such that all the irreducible components of E.(R) for ¢ > 0 have codimension strictly greater
than p.
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1.1.7 The 90-lemma

From now on, assume that X is a compact Kéhler manifold. This is the case in which
we shall be chiefly interested. Thus, the cohomology groups HP?(X,C) are all finite-
dimensional and the Hodge decomposition

Hip(X,C)= @ HEI(X)
pt+q=k

holds. Moreover, the d0-lemma continues to hold for currents. More precisely, we have the
following,.

Lemma 1.11 (09-lemma). Suppose X is a compact Kihler manifold and T € DP4(X) is a
current of pure bidegree (p,q) which is d-exact, that is, T = dS for some S € DPrI—1(X).
Then, there exists a current u € DP9~ Y(X) such that /—100u = T.

Proof. We only recall the proof for a real current T € DY (X) of pure bidegree (1,1). (This
is the only case which will be pertinent to the present thesis.) Let S € D'(X) be such that
T = dS. Then, we also have T = dS, and so we can assume that S is real. Decompose
S = S0 4 501 into its bidegree components. Then, we have (1.0 = §0O1) §5(0.1) —
9519 = 0. By the Grothendieck-Dolbeault lemma for currents, there exists an open cover
U; of X such that on U; we have SO — dv; for some v; € DO(U;). Clearly we then have
(by conjugation) that 0v; = S(1.0) on Uj. Thus, on Uj, we obtain

dS = d(SY + SOV = 4(9w; + duy) = DOV + ddv; = /—100(2Imwy;).

Let us pick a partition of unity p; subordinate to U; and define v = ) pju; where u; =
2Imwv;. Then, on U; we can calculate

T — V/—100u = dS — \/—1900u = \/—laézpk(uj — ug).
k

Let z be a point in U;. Then, if 2 € Uy, we have /—199(u; — uy) = dS — dS = 0. This
means that u; — uy, is a pluriharmonic function on U; N Uy, and therefore py(u; — uy) is
smooth around z. On the other hand, if x & Uy, then p; vanishes in a neighbourhood of
x, and so py(uj — uy) is once again smooth around x. Therefore, >, pr(u; — uy) is in fact
smooth on each Uj, and so the current T'— V/—100u is a smooth form, say a. But then we
have

a=T—/-100u = d(S + vV—10u).

But this implies in fact that o = df for a smooth form S. Indeed, this claim is equivalent
to the injectivity of the natural map H(?R(X, C) — H%R(X, C), but this map is even an
isomorphism. Now, since X is compact and Kéhler, every smooth d-exact form is 00-exact
by the usual d9-lemma for smooth forms. (See, for example, [24, Corollary 3.2.10].) Thus,
a = /—100f for some smooth function f. This means that we finally obtain

T =vV—-100u+ a = v/~190(u + f).
This proves the claim. O

Remark 11. Note that the above proof works for any complex manifold X which satisfies the
following property: if a closed, real form o € AY!(X) satisfies o = df3 for some 3 € A(X),
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then o = v/—100f for some smooth function f. More generally, one can drop the Kihler
hypothesis and work instead throughout with the group Héé (X,R), namely the group of
d-closed real currents of bidegree (1,1) modulo the image under /—109 of the group of
currents of degree zero. However, since most of our considerations in the later Chapters
exclusively involve examining PDEs whose solution is a Kéhler form or whose auxiliary
data include Kéahler forms, we do not sacrifice any generality by imposing this hypothesis.
Many of the results that are stated in this Chapter nevertheless remain true if the group
HY(X,R) is replaced with Hé’é(X, R) throughout.

Let us denote by HPP(X,R) the image of closed, real currents in H5"(X) N Hjﬁ(X, 0).
The above d0-lemma, 1.11 is very convenient from the point of view of parametrising closed
currents in a given cohomology class 7 € H'!(X,R) that possess a very flexible form of
positivity.

Definition 1.12. A real (1,1) current T € DY(X) is called almost positive if T > « for a
smooth, real (1,1) form o € AV (X).

Let 7 € HY'(X,R) be a cohomology class and 6 a smooth representative of 7. Then,
every closed current 7 € 7 can be written as 7' = 6§ + /—190u for some degree 0 current
u € DY(X). Now, if T > « is almost positive, then on each small coordinate chart U with
holomorphic coordinate z = (z1,..., 2z5), there exists some C' > 0 such that, on U, we have

a4 CV=109(|z1)? + -+ |za]?) > 0,

and also § = /—190f for a smooth function f on U. Then, T+ C+/—100|z|?> = /—100(f +
u+C|z]?) > 0. By Lemma 1.6, it follows that u+ f +C/|z|? is a plurisubharmonic function on
U. From this, we conclude that u is in fact locally integrable and can be locally written as
a sum of a smooth function and a plurisubharmonic function. This motivates the following
definition.

Definition 1.13. An almost plurisubharmonic function (or quasi-plurisubharmonic func-
tion) is a locally integrable function which can locally be expressed as the sum of a smooth
function and a plurisubharmonic function. If @ is a smooth representative of 7 € H%! (X, R),
we denote by PSH(X, ) the set comprising those almost plurisubharmonic functions u such
that 6 + /—100u is a closed positive current.

Remark 12. Thus, every almost positive current 7" in the cohomology class 7 € H'!(X,R)
can be written as T = 0 + /—100u, where  is a smooth representative of 7 and u is an
almost plurisubharmonic function on X. If T’ = #'++/—100u’ is another such representation
of T, then u — v’ is a globally defined smooth function on X. This is a consequence of the
(proof of the) @d-lemma 1.11. The almost plurisubharmonic function u is sometimes called
the almost plurisubharmonic potential of T with respect to 6.

Given a closed almost positive current 7" in the cohomology class 7 € HV'(X,R), we
can extend to T the concept of Lelong numbers by setting

v(T,z) = v(v/—100u, r)

where v is any plurisubharmonic function defined on a neighbourhood of = such that T =
V—100(u + f) for some smooth function f on U. Similarly, we can define v(T, Z) for any
analytic subvariety of Z. One checks directly that this definition is independent of any
choices.
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1.1.8 Singularities of currents

The language of almost plurisubharmonic functions is convenient from the point of view of
studying the singularities of almost positive currents. This is made precise by the following
definition.

Definition 1.14. Let X be a compact Kéhler manifold and u1, ug almost plurisubharmonic
functions on X. We say that uy is less singular than uo and write u; =< wuo if there exists
C > Osuch that u1+C > us. Let 11, T5 be closed almost positive currents on X. We say that
T is less singular than Tb and write 77 < T if, whenever we can write Tj = 6; + v/—1900u;
with 6; smooth and closed, and u; almost plurisubharmonic, we have u; < us.

Remark 13. The pre-order relation < on closed almost positive currents in a given coho-
mology class generates an equivalence relation. If 77,75 belong to the same equivalence
class under this relation, we say 77 and 75 have the same singularity class. Two closed
almost positive currents in the same singularity class have identical Lelong numbers. This
is a consequence of a theorem of Siu mentioned in Remark 10.

Given 7 € HY1(X,R) and a real o € AM(X), let us denote by T[] the set of closed
almost positive currents 7" in the cohomology class 7 satisfying T' > «. The utility of the
above Definition 1.14 is in the following lemma.

Lemma 1.15. Let X be a compact Kihler manifold, 7 € HY(X,R) and o € AV (X)
a real, smooth (1,1) form. Then, for any (nonempty) family T;,j € J of closed almost
positive currents in T[a, there exists an almost positive current inf; T; which is an infimum
with respect to the pre-order relation < and satisfies infT; > o. Moreover, the singularity
class of any such infimum is unique and for every x € X we have

v(inf T}, x) = infv (T}, 2).
J J

Proof. See [21, Section 2.8]. O
By taking the family to be all of 7[a], we obtain the following useful corollary.

Corollary. Let X be a compact Kihler manifold, T € H“'(X,R) a cohomology class and
a € AYY(X) a smooth, real form. Then, if T[a] is non-empty, there ewists a current
Thina € T such that Tyina > o and Tying < T for all T € 7[a]. Any other T" satisfying
the same properties as Tinin,o lies in the same singularity class as Tinin,a-

Another useful idea is the concept of analytic singularities.

Definition 1.16. A closed almost positive current 7" is said to have analytic singularities
if, whenever T' = 6+ /—100u with 6 a smooth closed form and u almost plurisubharmonic,
then there exists a ¢ > 0 such that on any sufficiently small open neighbourhood, the
restriction of w lies in the same singularity class as the function

Cc
o 108( Al + ol + -+ 1£]?)

for some local holomorphic functions fi,..., fs. The local functions f; generate an ideal
sheaf 7 called a sheaf of singularities of T', and T is said to have analytic singularities of
type (Z,c).
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1.1.9 Regularisation theorem of Demailly

Here we briefly recall a regularisation result due to Demailly that allows us to approximate
any closed almost positive current by a sequence of almost positive currents in the same
cohomology class whose singularities are much better behaved.

Theorem 1.17 (Demailly Regularisation Theorem). Let X be a compact Kahler manifold
and let w be a Kihler form on X. Suppose, T € DV (X) is a closed almost positive current
in the cohomology class T € H“'(X,R) satisfying the lower bound T > o for some smooth
real form a € AYY(X). Then, the following statements hold.

1. There exists a sequence 0, € AVY(X) of smooth, real forms in the cohomology class T,
and continuous functions A\, on X such that 0y converge weakly to T', \i(x) decrease
to v(T,x) and O > o — CAyw. Here, C > 0 is a constant depending only on the
curvature of (T'x,w) as a Hermitian vector bundle.

2. There exists a sequence of closed currents Ty, in the cohomology class T, and €, > 0
such that Ty converges weakly to T, e decreases to zero, T, > o — expw for each k,
and v(Ty, ) converges uniformly to v(T,e).

1.2 Positive cones in H'!(X R)

In this thesis, we shall be concerned with positivity conditions that require certain coho-
mology classes associated to geometric PDEs to lie in various positive cones in H%!(X,R).
Here, we recall the definitions of all of these cones and prove some basic properties which
will be crucial to our later considerations. Thus, let X, be a compact Kéhler manifold. The
cohomology classes that can be represented by Kéhler forms comprise an open convex cone
called the Kdhler cone, denoted Kx, or simply K when no confusion is likely to occur.

Definition 1.18. Let 7 € H!(X,R) be a cohomology class. We say 7 is

o pseudoeffective if 7 can be represented by a closed positive current;
o nef if for all € > 0, 7 can be represented by a smooth form 6. such that 6. > —cw;

o big if there exists some € > 0 such that 7 can be represented by a closed current T’
with T' > ew. Such a current is called a Kdhler current.

The pseudoeffective, nef and big classes comprise, respectively, the pseudoeffective, nef and
big cones, denoted Ex, Ny and By respectively.

Remark 14. Since any two Kéhler forms mutually commensurate each other, the definitions
above do not depend on the choice of w. This will be true for all the definitions of positive
cones that follow. It also follows easily from the definitions that £ is the closure of the open
cone B and N is the closure of the open cone K.

Definition 1.19. Given a pseudoeffective class 7 € H'(X,R), the minimal multiplicity
v(r,x) of T at x is given by
v(1,2) = sup ¥(Tin,, )
e>0
where Tinin e = Tiin,—ew 18 a closed (1,1) current of minimal singularities in T[—ew]. If V is
any irreducible analytic subvariety of X, we set
v(r,V) = inf v(r,x).

zeV
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Remark 15. Note that 7[—cw] is non-empty for all € > 0 whenever 7 is a pseudoeffective
class. Also, if 0 < ¢ < ¢/, then it is clear that Tine € T[—€'w], 50 Tine’ < Tmine and
therefore v(Tine, ) > V(Tmine, ) by Lemma 1.15. Thus, the supremum in Definition
1.19 is always well-defined and can be replaced with a supremum over any small open
interval with endpoint zero. Moreover, when 7 is big, the supremum can even be replaced
by the formula v(7,x) = v(Tiin, ), where Ty, is any closed positive current of minimal
multiplicity in 7. (See [21, Proposition 3.6].)

The following definition is due to Wu [25] and generalises the notion of a modified nef
class defined by Boucksom in [21].

Definition 1.20. Let X be a compact Kéhler manifold of dimension n. A pseudoeffective
(1,1) class 7 on X is said to be nef in codimension q or (n — q)-modified nef if the minimal
multiplicity v (7, Z) = 0 for any irreducible analytic subvariety of codimension k < q. These
classes comprise a closed cone MIN = M,,_,N, which we shall call the (n— q)-modified nef
cone and its interior MK = M,,_,K the (n — q)-modified Kdihler cone. A class 7 € M,K
is called a p-modified Kihler class.

Remark 16. We have an obvious inclusion of cones
N=MNCMNC...C MN=E

and similarly for M;K. In particular, note that that M, K = B is the big cone. In fact, as
a corollary of a result of Patin (see Lemma 2 in [25]), we also have M" N = MN = N
In [21], the cone M,,_1 N is called the modified nef cone, where it is denoted simply MN.
Note, however, that our terminology of n-modified nef for the pseudoeffective cone contrasts
with the usage of the words ‘modified nef’ (especially in the sense of [21, Proposition 2.3]).
However, whenever convenient, we will call £, respectively B the n-modified nef, respectively
n-modified Kéhler cones.

Definition 1.21. The non-Kdhler locus E,k(7) of a big class 7 is given by
Enx(7) = () E+(T)
Ter

where the intersection ranges over all Kéhler currents 7" representing 7. Here E (7)) is the
set comprising x € X such that v(T,x) > 0.

The following result is contained in [21] and plays a central role in obtaining finiteness
results about the set of destabilising subvarieties.

Theorem 1.22 (Boucksom). Let X be a compact Kéihler manifold and T € HY(X,R) be
a big cohomology class on X. Then, the non-Kdhler locus E,i(T) is an analytic subset of
X and there exists a Kdihler current T € T with analytic singularities such that E.(T) =

E,k(1).

Proof. See [21, Theorem 3.17(ii)]. O

1.2.1 The non-Kihler loci of big classes

A straightforward consequence of standard results and the above definitions that we shall
use is the following result.



14 CHAPTER 1. POSITIVE CURRENTS IN COMPLEX GEOMETRY

Lemma 1.23. Let X be a compact Kahler manifold of dimension n and let 7 € MpK be a
big class on X. Then, T € MpK on X if and only if every irreducible component of Eyk (T)
has dimension strictly less than p.

Proof. Fix a Kahler form w on X. First suppose 7 € M,K. Then, we can find € > 0 so
small that 7 — 2e[w] € MpN. Thus, for any V C X of dimension at least p, we have by
definition

v(T —2ew], V) =0.

In particular, we have

V(Tmin,z-:7 V) =0

where Tinin is a current of minimal singularities in 7 — 2¢(w] satisfying Tiin e > —cw. But
then, the current
T = Tmin’g + 2ew

lies in the class 7 and satisfies 7" > ew. Thus, T is a Kéahler current in 7 and satisfies
v(T,V) =0 for all V C X of dimension at least p. Since E,x(7) C E,(T), we see that no
such V' can be contained in E, k(7).

Conversely, suppose that E,x(7) does not contain any irreducible analytic subset of
dimension greater than or equal to p. Then, because 7 is big, by [21, Theorem 3.17(ii)]
there exists a Kéhler current 7' € 7 such that E,(T) = E,k(7). Because T is a Kéahler
current, we can find £ > 0 so that T > 2:w and 7 — e[w| is a big class. In particular,
v(T —ew,V)=0forall V C X of dimension at least p. Let T}y, be any current of minimal
singularities in 7 — e|w]| satisfying Tinin > 0. Then, by minimality, we have

V(Tin, ) < v(T — ew, x)

for all x € X. Thus, v(Tmin,V) = 0 for all V of dimension at least p. Now, by [21,
Proposition 3.6(ii)], we have v(Tin, ) = v(7 —€[w], z), and so we obtain v(7 —e[w], V) =0
whenever V' is of dimension at least p. Thus, 7 — e[w] € MpN. Since this holds for an
arbitrary Kahler class [w], we obtain that 7 € M,K is a p-modified Kéhler class. O

We shall use Lemma 1.23 in conjunction with the following straightforward consequence
of results of Boucksom and Demailly.

Lemma 1.24. Let 7 be a big cohomology class on a compact Kihler manifold X, and
Wi, w2, ...,wp—1 be smooth Kdihler forms on X. Then, for any p-dimensional subvariety V/
satisfying V- Enk(T), we have

/T-[wl]-[wg]-...-[w,,_l]>o.
1%

Proof. By Boucksom’s Theorem 1.22, there exists a Kéahler current with analytic singular-
ities T' € 7 such that E(T) = E,x (7). By rescaling wy if necessary, we may assume that
T > w;. By the regularisation thorem of Demailly (Theorem 1.17) there exist smooth forms
0 representing 7 and continuous functions A\; : X — R such that 8 converge weakly to T,
O + A\gw1 > wi in the sense of currents and A\g(z) decrease to v(T, z). Since X is compact,
we can find smooth functions pi : X — R such that for all x € X we have

0 < pr(x) — Mp(z) < 27F,
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Then, we obtain
O + prwr > (1+ 2_k)w1-

From this, it follows that
(Gk —i—pkwl) ANwr Ao Awp > (1 +2_k)w% Ao ANwpa

as smooth measures on the regular part of V. Thus, we have

/T-[wl]-...-[wp1]—{—/pkw%/\w2/\.../\wp12(1—{—2_’“)/w%/\w2/\.../\wp1.
\% \% \%

Now pg(z) also converges to (T, x), and thus the sequence py of smooth functions converges
to zero almost everywhere on the regular part of V with respect to the measure w? A wy A
...Awp_1. Thus, taking the limit and applying the bounded convergence theorem, we obtain
that
/ T Jw] o jwp—1] Z/[w1]2'[w2]'...'[wp_1] > 0.
1%

1%
O

We shall also need the following statement, which will be used to establish results related

to wall-chamber decompositions.

Lemma 1.25. Let X be a compact Kihler manifold and 7 a (p + 1)-modified Kihler class
on X. Then, there exists an open neighbourhood U of 7 in H“'(X,R) and a finite set
S = {Vi,...,Vi.} of irreducible p-dimensional subvarieties of X such that for all Kdhler
forms wi,...,wp—1 and all 7" € U whenever we have

|l el <0

then V € S.

Proof. By the openness of the (p + 1)-modified Kahler cone M,11K, we can find 7,..., 7,
such that
7 € U = Int(conv(m,..., 7)) # @.

Here, Int(conv(ry,..., 7)) denotes the interior of the convex hull of the classes 71,..., 7.
Since 7; is (p + 1)-modified Kéhler, E, x(7;) contains no (p + 1)-dimensional irreducible
subvarieties of X. Let S be the union of all the p-dimensional irreducible subvarieties of X
contained in E, i (7;) for i = 1,...,¢. Now, let 7/ € U and w1, ...,wp_1 be Kéhler forms on
X. Suppose that we have

for some p-dimensional irreducible subvariety V' of X. Then, since 7/ € U, we can write

J4
7', = Z a;T;
i=1
where a; > 0 and ), a; = 1. From this, it follows that

/Ti,[wl].....[wp_l]SO,
1%

for some 4, and this in turn implies (by Lemma 1.24) that V lies in E,x(7;), and therefore
Ves. O
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1.2.2 The divisorial Zariski decomposition

A classical theorem of Zariski [26] states that any effective divisor D on a surface can be
uniquely decomposed as a sum of Q-divisors D = Z + N where Z is nef, N has negative-
definite intersection matrix and Z-N = 0. In [21] Boucksom generalised this decomposition
to arbitrary pseudoeffective classes on compact complex manifolds. We briefly go over the
construction.

Definition 1.26. Let 7 € £ be a pseudoeffective class. The negative part of 7 is the closed
positive current given by

where the sum runs over all irreducible divisors (analytic subvarieties of codimension one).
The positive part of T is the cohomology class

Z(r) =7 = [N(7)].
The decomposition 7 = Z(7) + [N(7)] is called the Zariski decomposition of 7.

Remark 17. The negative part N(7) is well-defined, since it is at worst a convergent series,
being dominated by S(Tjnin) (in the notation of the Siu Decomposition Theorem 1.10) where
Thin is any positive current of minimal singularities in 7. What is remarkable, however, is
that this power series is actually a finite sum, and hence (the current of integration along) a
R-divisor. In fact, N(7) is the unique positive current in its cohomology class, and, for this
reason, we will often confuse [N (7)] with N(7), preferring to write the latter even when we
mean the cohomology class [N (7)].

The properties of the Zariski decomposition are summarised as follows. (See [21, Sections

3.2, 3.3])

Theorem 1.27 (Boucksom). Let X be a compact Kaihler manifold of dimension n and
7 € HYY(X,R) a pseudoeffective class. Then, the Zariski decomposition T = Z(7) + N(7)
of T possesses the following properties.

1. The postive part Z(1) € Myp_1Nx is an (n — 1)-modified nef class.
2. The maps Z and N are projections, that is, ZoZ = Z,NoN = N,ZoN = NoZ = 0.

3. The negative part N(T) is equal to the current of integration along an effective R-
divisor, that is,

l
N(7) = ailEj]
=1

for some a; > 0 and E; C X analytic subvarieties of codimension one. The cur-
rent N(7) is the unique closed positive current in its cohomology class. Moreover,
the classes [E;] are linearly independent in HY1(X,R). In particular, { < p(X) <
dimg H"'(X,R).

4. The map T — N(T) is conver.
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1.2.3 Big classes on compact Kahler surfaces

Suppose X is a compact Kahler surface. Then, the nef cone Ny and the modified nef cone
Mas_1Nx coincide. (See, for example, [21, Theorem 4.1].) Moreover, the prime divisors E;
(in this case, curves) appearing in Theorem 1.27 (3) have a negative-definite intersection
matrix and this property characterises the negative parts of pseudoeffective classes on X.
(See [21, Theorem 4.5].)

In fact, the various different notions of positivity are much better behaved on surfaces.
In particular, we have the following theorem of Lamari [27, Theorem 5.3] characterising the
Kahler cone Kx of a compact Kéhler surface.

Theorem 1.28 (Lamari). Suppose X is a compact Kéihler surface and o, 3 € HV'(X,R)
are cohomology classes such that o can be represented by a smooth, closed non-zero form w
with w > 0. Then, B € Kx if and only if the following three conditions are satisfied.

1. fX a-fp>0,
2. [y B*>0.
3. We have fcﬁ > 0 for every irreducible curve C' in X of negative self-intersection.

Moreover, the intersection pairing on H%'(X,R) given by

(@.8)~ [ a5

has signature (1, dimg H!(X,R) — 1). This is a consequence of the Hodge Index Theorem.
(See, for example, [28, Theorem 6.33].) This fact allows one to give a sufficient numerical
criterion for a class a € H%!'(X,R) to be big, which we now recall.

Let Py denote the open set of classes 7 € H' (X, R) such that [, 72 > 0and [, 7o >0
for some Kéhler class a € Kx. It is clear that x C 73;. In fact, the set P;g does not
depend on the choice of a. This is a consequence of the Hodge Index Theorem once again.

Indeed, if 7 satisfies
/72>0, /T-a1>0, /T-aQSO
X X X

for some Kéhler classes a1,z € Kx, then we would have [y 7 (raq + (1 —r)ag) = 0
for some r € [0,1]. This would contradict the fact that the intersection pairing has only
one positive eigenvalue, for then 7 and raj + (1 — r)ay would be two different orthogonal
positive vectors for the intersection pairing. The same argument yields the following.

Lemma 1.29. The open set P C HYY(X,R) is an open convez cone.

Proof. 1t is immediate that if 7 € 79;, then so is r7 for any r > 0. It only remains to prove
that if 7, € P}, then so is 7 + 9. We clearly have

/(71+72)-a>0.
X

/(T1+TQ)2>/ 2711 - Ty
X X

Now
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and we claim that [y 7 - 75 > 0. Indeed, if [} 71 - 75 <0, then we would have,

/7'1-(7“7'2—1—(1—7“)04):0
X

for some r € (0, 1]. But clearly

/ (rro + (1 —7)a)> >0
X

so this contradicts the Hodge Index Theorem once again. O

Thus, we get an inclusion of closed cones
Nx =Kx C 7’7}
and so by duality
(PX) vk
Now it can be verified, by explicit calculation after picking a basis of any vector space with
a pairing of signature (1,dimg V' — 1), that 73; is actually self-dual. On the other hand, it
follows by Lamari’s Theorem 1.28 that Ny = Ex = Bx. (See, for example, [21, proof of

Theorem 4.1].) Thus, we have Py; C Bx and we obtain the following sufficient criterion for
big classes on surfaces.

Lemma 1.30. Let X be a compact Kihler surface and 7 € HM'(X,R) be a cohomology

class satisfying
/ %> 0.
X

Proof. If o is any Kéhler class, then by the Hodge Index Theorem, |- <7 a # 0. Thus,
either 7 € 73;5 or —T € 79;. O

Then, either T € Bx or —7 € Bx.

Remark 18. It should be remarked that the above sufficient criterion for a class 7 to be big
is far from necessary. Indeed, if p : X — P? is the blowup of P? in a point with exceptional
divisor E, the cohomology class 7 of the closed positive current ew + [E] is clearly big for
any Kahler form w on X and any ¢ > 0. However, [ x 72 < 0 for € > 0 small enough,
because E? = —1. On the other hand [y 7 [w] > 0. So +7 & P¥.

We shall make use of the following proposition when studying the set of destabilising
curves on surfaces.

Proposition 1.31. Let X be a compact Kihler surface with 7 € By € HY'(X,R) a big
cohomology class that is not Kihler. Then, there exists a (non-empty) finite set of irreducible
curves {FE1,--- , Ey} such that

/ 7 < 0 precisely when E = E; for somei=1,--- L. (1.1)
E
Moreover, the intersection matriz (E; - E;) of the curves E; is negative-definite and their

classes [E;] € HYY(X,R) are linearly independent. In particular, £ < p(X) < hb1(X) where
p(X) = dimg NS(X)r. Moreover, if X is projective, then £ < p(X) — 1.
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Proof. Let us first assume that we are in the special case whereby the big class 7 is not nef.
The Zariski decomposition of 7 can be written as

T=2Z(1)+ N(7)
where Z(7) is a nef class and

= Z ai[E;)

for a unique non-zero effective R-divisor

D:ZS:(IZE
%

(with prime components E; C X and a; > 0) such that the intersection matrix (E; - Ej)
is negative-definite and the classes [E;] are linearly independent in NS(X)g C H(X,R).
Let E C X be any closed irreducible curve such that |, T < 0. But if £ # E; for any
7 =1,---,s then we have

/7_/ +Za1EE>/EZ()ZO

which contradicts our assumption on E. So we must have that £ = E; for some j =
1,---,s, and since the classes [F;] are linearly independent in NS(X)gr € HY'(X,R), we
also have s < p(X). Moreover, if X is projective, then N.S(X)r contains at least one positive
eigenvector of the intersection form, so in that case £ < p(X) — 1. To summarise, we have
proven that if 7 is not nef, then there exist at most p(X) (and in case X is projective, at
most p(X) — 1) distinct curves E C X such that [, 7 < 0, all of which occur as prime
components of N(7).

Now suppose, in full generality of the proposition, that 7 is not Kéhler. Fix a Ké&hler
form w on X. Then, 7 — e[w] is not nef but still contained in the big cone Bx for any £ > 0
small enough. Now if [, 7 < 0 for some curve E C X, we have [(7 —e[w]) < 0, so the set
of such curves is contained among the prime components of N(7 — ¢[w]), say E1,- -, Fs.
After relabelling if necessary, we may suppose | BT < 0 precisely for j = 1,--- ,£. Then
clearly we have ¢ < s < p(X) (and if X is projective, s < ¢ < p(X) — 1). Finally, the claim
about the intersection matrix follows because any submatrix of a negative-definite matrix
is itself negative-definite. O

Lemma 1.32. Let C be an open convex cone in a finite-dimensional vector space. Then,
any compact subset K C C is contained in the convex hull of finitely many points of C.

Proof. Without loss of generality, assume that K is connected. We may then choose an
open covering of K by means of open cubes C; whose closure is in C. By compactness there
is a finite open subcover

U oa.

i€l |I|<+o0

Taking the convex hull of enough of the (finitely many) vertices of C,,, v € I, this set clearly
contains K. O

As an immediate consequence, we obtain the following fact.
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Lemma 1.33. Let X be a compact Kihler surface and K be any subset of Bx such that K lies
in the positive cone generated by the convex hull of finitely many classes 11,79, ...,Ts € Bx.
Then, there exists a finite set S (depending only on K ) of curves of negative self-intersection
such that for every T € K, if fET <0, then E € S§. The cardinality of S is bounded above
by sp(X) and by sp(X) — s if X is projective.

Proof. Suppose that 7 = 7“2?21 a;7;, a; > 0,7 > 0. Then fCT < 0 implies fC 7; < 0 for
some i. Hence C' is in the set given by 1.31. 0



Chapter 2

Destabilising subvarieties

2.1 Overview of the PDEs

Our aim in this Section is to give a brief overview of the various PDEs that we shall treat, and
to introduce terminology and notation that will be used in the subsequent Sections. To each
PDE is associated, under certain hypotheses, a Nakai-Moishezon type criterion (involving
intersection numbers attached to subvarieties) which characterises when a solution exists.
We state, in each case, this criterion and briefly explain all the necessary hypotheses.

2.1.1 The J-equation

Let X be a compact Kéhler manifold of dimension dim¢c X = n, and «, 8 € Kx be two
Kéhler classes with w € a,0 € 8 fixed smooth Kéhler forms. Let H(w) denote the set of
smooth Kdahler potentials, that is, the set comprising those 1 € PSH(X,w)NC*(X,R) such
that wy = w + V/—100¢ is a Kihler form. Then, the J-equation seeks a smooth function
¥ € H(w) such that

nwzfl ANO = fiq,pwy, (2.1)

where the cohomological constant (i, g is given by

_ar g [X]
Ha,p = o - [X] .

Another formulation of the J-equation, equivalent to the above (2.1), is in terms of the
C*(X, C)-linear endomorphism R, : TH0X — T1OX determined by

wy(Ryu, ) = O(u,v)  for every u,v € C®(X, T X). (2.2)

The endomorphism R, defined by (2.2) is sometimes also denoted %10. It can be checked
easily that Ry is self-conjugate with respect to the Hermitian metric on T9X induced by
wy, and as such, has real eigenvalues at each point. Another way to state (2.1) is then given
by

Tr(Ry) = pra,p- (2.3)

The J-equation is closely linked to one of the main problems in Kéhler geometry: de-
termining which Kéhler classes a € Ky admit a constant scalar curvature Kahler (cscK)
metric, that is, a Kéhler form w € « for which the function S(w) determined by

nRic(w) A w1 = S(w)w” (2.4)

21
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is identically equal to the (cohomological) constant

a0 nep(X) ot [X]
S(a) = o X

We briefly recall this connection of the J-equation with the cscK equation. For our fixed
smooth Kéhler representative w € a, the cscK equation seeks a smooth function ¢ € H(w)
such that R

S(wy) = S(a). (2.5)

A solution 1 of this equation is a critical point of the Mabuchi energy functional M :
H(w) — R, which can be expressed as

M) = Ho () + g (¢)
where H,, J§' : H(w) — R are defined by

n

n—1
w 1 n—k— :ua, n—
Jg(@[)):ag /wai/\w kl/\@—(n_ﬁl)!g /lewfj,/\w k.
k=0 k

=0

The functional H,, is called the entropy and Jg’ is referred to as Donaldson’s J-functional.
Solutions of the J-equation (2.1) are critical points of J'.

If FF: H(w) — R is any functional, we say F' is coercive if there exist 6 > 0 and a
constant C' such that

F(y) > 0J5 () — C for every ¢ € H(w).

One of the major breakthroughs in the study of the cscK equation is the result of Chen-
Cheng [29] which says that (in the case X has a discrete automorphism group) the cscK
equation (2.5) admits a unique solution precisely when the Mabuchi energy M is coercive.
(In fact, they also proved that an adapted version of coercivity still implies the existence of
a cscK metric, even if the automorphism group of X is not discrete.)

It follows that a admits a cscK metric if JfRiC(w) is coercive, since it is easy to see that
for any ¢ € H(w), H,(¢) > 0 in general. (In fact, it can be shown that H, is in fact even
coercive in general.)

On the other hand Collins-Székelyhidi proved [30, Propositions 21, 22] that the solv-
ability of the J-equation (2.1) is equivalent to the coercivity of Jg’. Therefore, whenever
—c1(X) is a Kéhler class, the solvability of the J-equation for the triple (X, a, —c1(X))
implies the existence of a cscK metric in «. This is one way of producing many examples
of compact Kahler manifolds X and Ké&hler classes « such that o admits a cscK metric. In
fact, one can also go further than this, to the case when —c¢p (X) is assumed to be merely nef
(a case of considerable interest in the minimal model programme of birational geometry),
as in the works of Jian-Shi-Song [31] and Sjostrom Dyrefelt [32].

In [6], Gao Chen proved a uniform version of the following Nakai-Moishezon criterion,
first conjectured (and proved in the toric case) by Lejmi-Székelyhidi [33], whose resolution
in general is due to the work of Datar-Pingali [7] (when X is a smooth projective variety)
and Song [8] (in full generality). Before stating this result, we introduce some notation. In
the spirit of slope stability, and following [13], we set

adimCZ—l . ,3 . [Z]

MOL7B(Z) = (dimc¢ Z) qdime Z [Z]
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and call p14,5(Z) the slope (or J-slope) of Z with respect to (X, a, 3). We will abbreviate
(as we have already been doing) fiq,5(X) = pa,g. The triple (X, «, ) is called J-stable
(respectively J-semistable) if for all proper irreducible analytic subvarieties Z of X, we
have

ta,(Z) < pa,p  (respectively fin5(Z) < pap),

and J-unstable if it is not J-semistable. We will often drop the prefix and refer to these
notions as simply stable or semistable.

Remark 19. Note that the term J-stability was first used in the literature for a different
(though not unrelated) notion involving test configurations, as in [33]. What we call J-
stability has been termed J-slope stability by Datar-Mete-Song in [13]. However, for the
sake of consistency with the rest of the thesis and other PDEs, we shall call this notion J-
stability, bearing in mind that it is the correct notion from the point of view of characterising
the solvability of the J-equation, as indicated by the following Theorem.

Theorem 2.1 (Gao Chen, Datar-Pingali, Song). Let X be a compact Kahler manifold of
dimension dime X = n and «, B € Kx Kahler classes on X. Fix Kidhler formsw € a,0 € 5.
Then, the following are equivalent.

1. There ezists a smooth ¥ € H(w), unique up to additive constants, solving the J-
equation

n—1

nwy” A0 = g gwy.

2. The triple (X, «, ) is J-stable.

2.1.2 The deformed Hermitian Yang-Mills equation

Let X be a compact Kéahler manifold as before, with 8 € Kx a Kéhler class and a €
HY(X,R) a cohomology class (not necessarily Kéhler). Fix § € B a Kihler form, and
w € a a smooth real (1,1) form. Then, the deformed Hermitian Yang-Mills (dHYM)
equation seeks a smooth ¢ € C*°(X,R) such that the function F, € C*°(X,C) determined
by

(9 + \/jW¢)n = Fw@n

is nowhere zero and has constant argument. This can only be the case if
Zo(e) = [ (84 v=Tay 20,
X

in which case arg Iy, = ¢g(a) where ¢g(a) = arg Zg(a) is the cohomological angle. The
dHYM equation is usually written in this notation as

Im (e*ﬁ@ﬂ@ 0+ ﬁww)") —0. (2.6)

The dHYM equation was first derived by Leung-Yau-Zaslow in [34] as the counterpart
under mirror symmetry of the special Lagrangian condition on a Calabi-Yau manifold,
using the SYZ formalism of mutually dual torus fibrations. Thus, the dHYM equation is of
special interest to both mathematics and theoretical physics, and has attracted considerable
interest in both fields. (See [35] for a survey.)
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The dHYM equation is also related to the aforementioned J-equation. To explain this,
we reformulate the equation in a different way. Let Ty be the C°°(X, C)-linear endomor-
phism of T10X determined by the condition

O(Typu,v) = wy(u,v) for every u,v € C(X, TLOX),

Then, 7y is self-conjugate with respect to the Hermitian metric induced on T19X by 0 and
as such has real eigenvalues \; at each point. When « is a Kéahler class and wy, is a Kéhler
form, then it is clear that 7, = R;l, where Ry, is as defined by (2.2). An easy calculation
using holomorphic normal coordinates shows that

and so we see that |Fy| > 1, and therefore Fy is in fact nowhere zero in general. Moreover,
it follows that

n
arg Fl, = Zarctan()\i) mod 27.
i=1

Note that the function ®, defined by

o, = Z arctan(\;)
i=1

is a smooth, real-valued function on X taking values in (—nm/2,n7/2). (This is so because

the assignment mapping a conjugate-symmetric matrix A to the sum of the arctangents of

its eigenvalues is a unitary invariant function, and restricts to a smooth symmetric function

on the space of diagonal matrices. See, for example, [36, proof of Theorem 7.13].) When

we wish to emphasise the dependence of Fy,, ®y, etc. on 6, we shall write Fy,(0), @, (6) etc.
It is clear that if ¢ solves (2.6), then we must have

Oy = pg(a) + 27k (2.7)

for some integer k. It is a result of Jacob-Yau [37, Theorem 1.1] that the solutions of the
dHYM equation are unique, and so the quantity ¢g(a) = pg(a) + 21k € (—nw/2,nm/2),
called the lifted angle, is uniquely determined whenever a solution 1) of (2.6) exists. Without
assuming that a solution v exists, we can still define the lifted angle whenever there exists
some smooth function g for which F,, takes values in some open half-plane. If this happens,
the lifted angle is by definition the unique representative ¢g(a) of pg(a) modulo 27 that
lies in the range of .

This always uniquely determines ¢g(a) in the following sense: if ¢,¢" € C*°(X,R) and
6,8 € [ are such that both Fy(6), Fy (0') take values in some (potentially different) half-
planes, then ®,(0) — arg Fyy(0) = ®y(0') — arg Fyy (0') identically on X, so the two lifted
angles agree.

Definition 2.2. The triple (X, «, ) is said to have supercritical phase (respectively, hyper-
critical phase) if the lifted angle ¢ () is defined and lies in the interval ((n — 2)7/2, n1/2)
(respectively, ((n — 1)m,nw/2)).
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Note that if there exists a ¢ € C*°(X,R) such that ®, takes values in the interval
((n—1)w/2,n7/2), then it is clear that (X, «, 8) has hypercritical phase. Moreover, in this
case « is a Kéhler class, and a solution of the dHYM equation (if it exists) will necessarily
be a Kéhler form.

The connection with the J-equation arises as follows. Suppose both « and S are Kéahler
classes, with ¢ a fixed Kdhler form in $ and wy a Kahler form for some smooth w € o and
¢ € C*(X,R). Then, for any € > 0, we have Ty(c0) = e 1T;(0), and so the (positive)
eigenvalues of Ty (ef) all converge uniformly to +oo as ¢ — 0. This means the triple
(X, a,ep) has supercritical phase for € > 0 small enough. Moreover, a simple calculation
shows that for small values of ¢ > 0, the lifted angle ¢.g(«) satisfies

. ~ nm
tig (peste) = (73 —emas)) =0

On the other hand, for € > 0 small enough, we have

Dy () = Z arctan(e 1 )\;)
i=1

3 (5o ()

=2 eTa(Tu0) ) + g;Tr(ﬁ,(Q)_?’) — ..

where we have used the identity arctan(t) = 7/2 — arctan(t~!) and used the power series
expansion of arctan around zero. Recalling that Ty (0) ™1 = R (6), it follows that, uniformly
on X we have

lim & (B (e0) — $o5()) = pra g — Tr(Roy(6):

e—0

Thus, the family of differential operators

b= e (Dy(e0) — opla))

associated to the dHYM equations for the triples (X, «,e/3) converges to the differential
operator

= pag — Tr(Ry(0)

associated to the J-equation for the triple (X, a, ). This is sometimes expressed by saying
that the J-equation is the small volume limit of the dHYM equation. This observation is
due to Collins-Jacob-Yau [38].

We now state the Nakai-Moishezon criterion for the supercritical dHYM equation. For
this, it is convenient to define the complementary lifted angle by dA)g(a) = nn/2 — ¢g(a).
Note that (X, «, 8) has supercritical phase precisely when ¢35 (o) € (0, 7). In this notation,
the deformed Hermitian Yang-Mills equation seeks a smooth 1 such that

Im (e*ﬁéﬂ@ (wy + ﬁe)n) = 0. (2.8)

Under these assumptions, Chu-Lee-Takahashi [39] prove the following numerical criterion
characterising solvability of the dHYM equation.
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Theorem 2.3 (Chu-Lee-Takahashi). Let X be a smooth projective variety, 8 a Kihler class
on X and a a (1,1)-cohomology class. Suppose (X, «, ) has supercritical phase. Then, the
following are equivalent.

1. For every Kdhler form 6 € 3, there exists a smooth v solving the deformed Hermitian
Yang-Mills equation (2.8).

2. For all proper irreducible subvarieties V- C X, we have
/ (Re(a +V/=1p)dme V' _ cot gzgg(a) Im(a + /—13)dime V) > 0.
|4

2.1.3 Z-critical equations

In [5, Section 2.1] Dervan-McCarthy-Sektnan introduced the notion of a Z-critical connec-
tion on a holomorphic vector bundle £ — X on a compact Kéhler manifold X of dimension
n, where Z is a choice of a polynomial central charge, as a differential geometric analogue (in
the case of vector bundles) of the abstract notion of a Bridgeland stability condition (intro-
duced in [40]). In their setup, the choice of a polynomial central charge Z = Zq, is the data
of a triple Q = (3, p,U) where 3 is a Kihler class, p = (po, p1,- -, pn) € C" is a stability
vector such that py/pas1 and py, lie in the upper half-plane, and U € @; H**(X, R) is unipo-
tent cohomology class, that is, a mixed-degree cohomology class whose degree zero part is
equal to 1. With this notation, for a fixed Kéhler form 8 € 8 and a fixed smooth representa-
tive U € U, set Zg(E, h) to be the degree (n,n) part of the complex endomorphism-valued

form
n
(Z pi9d> AU Ach(E,h)
d=0
where h is a Hermitian metric on E and ch(E, h) is the Chern-Weil representative of the
total Chern character ch(E) of E with respect to h. Then, the Z-critical equation is written

Im (e*ﬁﬂE)ZQ(E, h)) ~0 (2.9)

where the metric h is understood as the desired solution. Here, e~V=1e(E) ig the unique
cohomological constant that, modulo 27, satisfies

p(E) = arg </X (ZQ(E>h>>)

and the imaginary part is understood as the anti-self adjoint component of the form with
respect to the metric h. More precisely, there is a map (-) : A»"(End E) — A™"(End E)
that sends any (complex) endomorphism-valued (n,n)-form to its Hermitian conjugate.
Then the imaginary part of a form © is simply

1
C2y—1

As mentioned above, the Z-critical equation is meant to capture, in the context of differential
geometry, the abstract notion of a Bridgeland stability condition on the derived category
of coherent sheaves of a smooth complex projective variety. From this perspective, one
should expect to see features of the theory of Bridgeland stability arise purely in terms
of the differential geometry of the Z-critical equation. One such feature is a locally finite
wall-chamber structure of the manifold parametrising stability data (see, for example [41,
Section 9]). Our main interest in the Z-critical equation is from this point of view.

Im(0) (©— 0.
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2.1.4 Generalised Monge-Ampére equations

Many different examples of PDEs arising in complex geometry (including the J-equation)
can be treated along similar lines in terms of their analytic properties, and admit similar
criteria for solvability. In an attempt to capture this wide class of PDEs, Pingali introduced
the term generalised Monge-Ampére equations. In the present thesis, we shall treat what is
technically only a special case of this fairly general class, which was treated by Datar-Pingali
[7]. The more general case of these equations also has been recently treated by Fang-Ma
[42].

Let X be a compact Kéhler manifold of dimension dim¢ X = n and «, 8 € Kx be Kéhler
classes, with w € «a,0 € 8 be fixed Kéahler forms. Let ¢q,...,¢,_1 > 0 be constants and
f € C*(X,R) be a smooth function. Moreover, assume that the data satisfy cohomological

condition .
a’ « Ck k n—k n
— = —_— . 0". 2.10
L ;(”—k)!/xﬁ e [ 5 210)

Then the generalised Monge-Ampére equation (¢gMA) seeks a smooth function ¢ € H(w)
such that

wn n—1

¢ Ck k n—k n
— = — 0" A 0". 2.11
n! ; (n—k)! wy (2.11)

It is more convenient to express the above equation using slightly different notation. For
any smooth (1, 1) form 7, set

1
exp(n) = Z Eﬁk
k=0

and for any multi-degree form Q, let QF* denote the degree (k, k) part of . Then, the
gMA equation can be reformulated as

exp(wy) " = (exp(wy) A ) (2.12)

where we denote by © the multi-degree form

n—1
O => cb"+ fo".
k=1

In this notation, we will say that (2.12) is the gMA equation associated to the triple
(X,a,0), only implicitly keeping in mind that © actually depends on a choice of ¢, 6
and f.

The gMA equation (2.12) captures a lot of PDEs that arise naturally in complex ge-
ometry. For example, for © = u;’lﬁﬁ, (2.12) reduces to the J-equation, while for © = f0,
f > 0, it reduces to the complex Monge-Ampére equation. If © = k6P for an appropriate
cohomological constant k satisfying (2.10), it reduces to the inverse Hessian equations.

The relevant Nakai-Moishezon criterion in this setting is due to Datar-Pingali [7, The-
orem 1.1] when X is smooth and projective. Recently, Fang-Ma [42, Theorem 1.10] have
obtained a more general result for X any compact Kéhler manifold. Both of these results
hold under the assumption of a certain positivity condition on the data (X, «, ©). A suffi-
cient positivity condition is stated precisely in [7, (1.2)], which we shall not recall explicitly.
However, it is worth remarking that the positivity condition, which is always satisfied if
f > 0in in the expression for ©, is also satisfied in some cases when f(x) < 0 for some
rzeX.
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Theorem 2.4 (Datar-Pingali). Let X be a smooth projective variety of dimension n,
a, B € Kx Kihler classes on X, andw € «, 0 € B fized Kihler forms. Letcg, k=1,...,n—1
and f € C(X,R) be such that (X, «, [B]) satisfies (2.10) and the positivity conditions [7,
(1.2)]. Then, the following are equivalent.

1. There exists a smooth 1 € H(w) that solves the gMA equation

exp(wy )™ = (exp(wy) A ©)M7. (2.13)
2. For any proper subvariety V of X, we have

/ exp(a) - (1 —[06]) > 0.
\%4

2.2 The case of surfaces

In this Section, we state and prove our results in the cases of the dHYM equation, J-
equation and the Z-critical equations on compact Kéahler surfaces. The common theme in
all these cases is that all of these equations reduce to the complex Monge-Ampeére equation,
and we are able to use the divisorial Zariski decomposition, which is very well-behaved for
surfaces. Except for minor changes in notation and terminology, this Section is contained
in [11].

2.2.1 The deformed Hermitian Yang-Mills equation

Let X denote a compact Kihler surface, and a, 3 € HY'(X,R) cohomology classes with
B € Kx a Kéhler class. Fix a Kéhler form 6 € § and a smooth representative w € a. Then,
the cohomological angle pg(«) for the dHYM equation associated with the triple (X, a, )
is given by

o) =ann [ 1+ 710) =one [ 67— 205 [ 003

Clearly, if « = 0, then we can always solve (2.6), so assume « # 0. Let us first note
that if we have [y a -3 = 0, then we can also always solve (2.6) for the triple (X, a, 3).
Indeed, fX a - B = 0 implies, by the Hodge Index Theorem, that fX a’? < 0. But then,
[x(B* = a?) >0, so pg(a) = 0. From this, we see that (2.6) reduces to

2&)#, NG =0
or, equivalently, B
2(V=100¢) N = —2w A 6. (2.14)

Let g € C°°(X,R) be given by 2wAf# = gh%. Then, (2.14) is equivalent to solving Agy) = —g,
which is just the Poisson equation, and can always be solved because

/902:/2(,0/\0:2/04-5:0.
X X X

(See, for example, [43, Theorem 2.12].) Let us therefore assume from now on that [, a3 #
0. Then, the angle ¢g(a) satisfies

_ fx(/82 - a2)

cot pg(a) 2 fa B
b's
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In this case, the dHYM equation (2.6) is equivalent to solving

(wy + (:0‘5((,0/5»(04))19)2 = (1 + Cot(gpg(a))Q) 62.

which is a complex Monge-Ampere equation for the class a + cot(¢g(a))5. Thus, in this
Subsection, we shall write

(e, B) = a + cot(ps(a))B.
Theorem 2.5 ([11]). Let X be a compact Kihler surface and let
K C {(a,ﬁ) € HYY(X,R) x Kx : / a-f ;Ao}
X
be a compact, connected subset. Then, there exists a non-negative integer £ > 0 and curves

of negative self-intersection Ey,--- Ey on X and a sign s = £1 (depending only on K )
such that for all (a, B) € K the following are equivalent.

1. For any choice of Kdahler form 6 € B and any smooth representative w € « there exists
a smooth ¢ € C*(X,R), unique up to the additive constants, which is a solution to
the deformed Hermitian Yang-Mills equation

Im (e_mg"ﬁ(a)w + \/—1w¢)2) = 0.
2. For every curve E C X, we have

S/ET(Q,B) > 0.

3. Fori=1,--- ¢, we have

s/EiT(a,B)>O.

Proof. From the discussion preceding the statement of the Theorem, we see that for any
(a, B) € K, we have

[ @87 = @+ coittesta) [ 52>
X X
Moreover, by the Hodge Index Theorem, we also must then have
[ sz
X
and so £7(a, ) € PE. If —7(a, B) € P, set s = —1, otherwise, set s = 1. Since K

is connected by assumption, s does not depend on the choice of (o, ) € K. Now, the
continuous map

{(a,B)GHl’l(X,R)xICX ; /on-ﬁyé()}, (@, B) > s7(a, )

takes K onto a compact subset K of 73;. Now, by Lemma 1.32, K is contained in the
convex hull of finitely many points of P)Jg and by Lemma 1.33, there exists a non-negative
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integer ¢ > 0 and finitely many curves of negative self-intersection Ey,--- , Ey such that a
class 7 € K is Kéhler if and only
T>0
E;

for ¢ = 1,--- ,£. The proof that these curves satisfy the conclusion of the Theorem now
proceeds via a standard argument. For the sake of completeness, we recall this simple
argument.

Suppose (a, ) € K is such that the dHYM equation (2.6) admits a smooth solution
1 for a choice of Kéhler form 6§ € 8 and smooth representative w. Then, from the above
discussion, we see that

(wy + cot(pp(a)8)? = (1 + cot*(pp(a)))6?.

From this equality of forms, it follows that the (1, 1) form (wy + cot(pg(a))) or its negative
is a Kéhler form. Indeed, the equality obviously implies that w + cot(pg(c))f is non-
degenerate and defines the same orientation as the Kéahler form 6. On a surface, this
condition is equivalent to definiteness. But the topological fact that the class s7(a, ) is in
Py ensures that the form s(w + cot(pg(a)) is positive-definite. This shows that the class
st(a, ) is a Kéhler class, and proves that (1) implies (2).

It is obvious that (2) implies (3). Finally, let there be given any choice of Kéhler form
0 € 5 and a smooth representative w € . Then (3) implies, by our choice of the curves E;,
that the class s7(a, ) is a Kéhler class. By Yau’s solution of the Calabi conjecture [3], this
implies that we can find a smooth ¢ € C°°(X,R), unique up to additive constants, such
that

(w + cot(pg(a)d + vV —100%)* = (1 + cot?(pg(a)))6>.

This shows that (3) implies (1). O

Corollary ([11]). Suppose X is a compact Kihler surface that admits no curves of negative
self-intersection. Then, the deformed Hermitian Yang-Mills equation (2.6) always admits a
solution for any pair (o, B) € HY1 (X, R) x Kx, and any choice of Kihler form 6 € .

Proof. If [ a3 =0, then we have already seen that we can solve the Poisson equation to
which (2.6) is in that case equivalent. Otherwise, take K = {(«, )} in Theorem 2.5 and
observe that we must have ¢ = 0, so the third condition is vacuously satisfied. O

Remark 20. The above Corollary might not be entirely new, as it can already be derived
(with slightly different hypotheses) from [44, Theorem 1.4], although in their work, the
emphasis is more on the study of a dHYM flow. We also remark that the above Theorem
2.5 is a special case of Theorem 2.8 below, but for the sake of clarity of exposition, we have
chosen to present it separately.

The following definition is natural in light of Theorem 2.5.

Definition 2.6. Suppose X is a compact Kéhler surface and «, 8 € H»'(X,R) are coho-
mology class with 8 € Kx a Kéhler class. Assume that fX a- B #0. Set s(a, B) to be the
sign of the non-zero real number [y 7(c, 8) - 8. Then, the triple (X, o, 8) is called (dHYM)
stable (respectively, semistable) if for all irreducible curves C' C X, we have

s(a, B) (tan (arg ( /C (3 + ﬁ@)) + Cot(gpﬁ(a))> >0, (respectively >0). (2.15)

An irreducible curve C' that does not satisfy the strict inequality in (2.15) is called a (dHYM)
destabilising curve for the triple (X, a, 3).
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Remark 21. It is clear from the proof of Theorem 2.5, that (X, «, ) is stable if and only if
(2.6) admits a solution. Sometimes, we shall still call (X, c, ) (dAHYM) stable if [, -8 =0,
even though in this case (2.6) degenerates to the Poisson equation. Since the latter always
admits a solution in our case, this abuse of terminology is relatively harmless in this naive
sense. Moreover, it remains harmless when considering families of dHYM equations. See
Lemma 3.1 below.

Moreover, we obtain the following Corollary.

Corollary ([11]). Suppose X is a compact Kihler surface and o, 3 € HV'(X,R) are coho-
mology class with 8 € Kx a Kdhler class. Assume that fXa B #0. Then, (X,«a,p) has
only finitely many (dHYM) destabilising curves, each of which is a curve of negative self-
intersection. Moreover, the number of these curves is bounded above by p(X), the Picard

rank of X. If X is projective, then the number of destabilising curves is bounded above by
p(X) — 1.

Proof. From the proof of the Theorem, we can see that s(a, 8)7(a, 8) € P C Bx. More-
over, observe that each destabilising curve C' satisfies

/ s(a, B)1(e, B) < 0.
c

Thus, we conclude by applying Proposition 1.31. ]

2.2.2 Z-critical equation

In this Section, our aim is to prove our main result about the Z-critical equation on surfaces.
Before embarking on the proof, we briefly fix some notation. Thus, let Q = (8, p,U) be
the data of a polynomial central charge on a compact Kahler surface. Namely, p = p(t) =
po + pit + pot? is a polynomial with non-zero complex coefficients subject to the constraints

Im@g>0,lm(m>>o,lm(m>>o, (2.16)
P2 P1
and # and U are cohomology classes with 5 € KCx a Kéhler class, and U =1+ U; + Us €
@;H*(X,R) a unipotent cohomology class (with graded components U; € H“(X,R)).
Then, for any holomorphic line bundle L — X, we shall write

Za(L) = /X p(8) U - ch(L)

where ch(L) = 1+ ¢ (L) + ¢1(L)?/2 € @;H*(X,R) denotes the Chern character of L. We
shall moreover always assume that our choice of Q is such that Zo(L) lies in the upper-
half plane for the holomorphic line bundle L under consideration. (In this case, we shall
informally say that Q0 defines a polynomial central charge. This can always be achieved,
for example, by scaling § — t0 for t > 0 very large for any fixed L.) Then, the phase or
Za-phase o(L) = pq(L) of L (with respect to Z = Zg) is given by

o(L) = arg Zq(L).

The Zg-critical equation is specified once a lift Q of Q is fixed. Concretely, this means
that we fix a choice of Kéhler form # € § and smooth representative U; € U;. Then we
define Zo(L,Q2, h) as the degree (2,2) part of the form

p(0) AU A ch(L, h)
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where U = 14 U 4 Uy and ch(L, h) is the Chern-Weil representative of ch(L) with respect
to a Hermitian metric h; namely

ch(L,h) = exp (\/2?

2
v—1 1 /v-1
Fp,)|=14+4—F,+ - Fy,
27 2\ 27

with F}, the curvature (1,1)-form of the Chern connection associated to h. Then the Zq-
critical equation takes the form

Im ((ﬁ%’@)ZQ(L, Q, h)) =0. (2.17)

This is a second order fully non-linear equation for the metric h.

In [5, Section 2.3] the authors derive the notion of a subsolution for the Z-critical
equation. (See [5, Definition 2.33].) They then prove that in our present special case where
X is a smooth projective surface, F = L — X is a line bundle, and the lifted data (6, p, U )
satisfy the so-called volume form hypothesis, the existence of a subsolution is equivalent to
the existence of a solution. More precisely, define the forms 7 = 7(Q, L) and 7 = 5(Q, L)

by the formula
m (&Y Zo(L, b)) = c(x + xn A i+ ) (2.18)

where ¢ € R is a (non-zero) normalisation constant and xj = th is the curvature form
of (the Chern connection associated to) the Hermitian metric h. (This formula implicitly
assumes that ¢(L) # arg(dpg) so the x7 term does not vanish in the expansion. See the
proof of Lemma 2.7.) As the authors observe in [5] after completing the square, the equation

is equivalent to solving
2
BT S
<Xh 277> 2

Then the (lifted) data Q = (0, p,U) are said to satisfy the volume form hypothesis for L if
the (2,2)-form
1

17— € AT(X)

is a volume form on X.

Lemma 2.7. Let Q = (8,p,U) be a choice of stability data defining a polynomial central
charge on a projective surface X, with a fized lift

Q: (97p0+p1t+;02t271+ﬁ1+02)a

and let L — X be a holomorphic line bundle on X such that ¢(L) # arg(£po). Then the
forms 7(Q, L) and 5(2, L) are given by

- 2/ -

(S, L) = @ <60U1 + 619> ; (2.19)

e 2/ - - )

L) = = (COU2 + e AT+ e ) , (2.20)
0

where ¢, = Im(py) cot (L) — Re(pg)-
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Proof. This is a straightforward computation. Writing x;, for the curvature (1,1) form
th, we first note that Zg (L, h), that is, the (2,2) part of the form

(,00 + 10 + p292) Ach(L,h) A (1 + 01 + UQ) ,
is given by

1 - - -
5P0X;QL + (PoU1 + /)1«9) A Xn + poUs + p10 AUy + p26?.

Let us write eV=19(L) = A 4+ /1B where A, B are real numbers. By the hypothesis
that € defines a polynomial central charge, B > 0. Therefore, we can write e~V—le(l) =
B~ 1(cot (L) — v/—1). Now observe that

_ 1 _ - -
Im(e’ﬁ“’(L) a(L,h)) = B! <200x;2l + (coUi + 10) A xp + coUa + c10 AUy + 0292>

where ¢, = Im(px) cot (L) — Re(px). Now, if o(L) # arg(£pg) then ¢y # 0 and the result
follows by comparing with (2.18). O

Let us therefore set
n(Q,L) = 020 (coUr + c18) € HM(X,R), (2.21)
Y(Q, L) = 020 (cols + c1BAUL + e28°) € H**(X,R). (2.22)
Corollary. Let X, L and ) be as in the Lemma. If

V(Q,L):/Xin(Q,L)Q—y(Q,L) >0

then there exists a choice of lift Q that satisfies the volume form hypothesis for L.

Proof. Clearly, if the numerical inequality V (€2, L) > 0 is satisfied, then the class
1
1L =7, L) € HY(X,R)

contains a volume form v. Fix any lift Qy = (0,p,1 +U+ Ug) of Q. Then, by the 90-lemma,
there exists a real valued (1, 1) form ¢ on X such that

1.~ ~ _
v = 177(907 L)? — 3(Qo, L) + vV—190¢.
Setting U] = U; and
. . 1 _
0y = 0, — \/;aag,

we see immediately from (2.19) that if Q = (w, p, 1+ U] + U}) then

77(97 L)2 - :V(Qv L)

v =

> =

is a volume form. O
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We are now in a position to state and prove the main result for Z-critical equations on
surfaces.

Theorem 2.8 ([11]). Let X be a projective surface and L — X a holomorphic line bundle
on X. Suppose K C Kx x (C*)3 x @, H*(X,R) be a compact subset such that each Q € K
defines a polynomial central charge Zq on X. Moreover, assume that for each Q) € K, we
have V(Q, L) > 0 and p(L) # arg(£po). Then, there exists a non-negative integer £ > 0 and
finitely many curves E1,--- , Ep on X, of negative self-intersection, such that the following
are equivalent.

1. For every Q € K and every lift Q@ satisfying the volume form hypothesis at L, the
Zq-critical equation admits a solution.

2. Fori=1,--- ¢, we have

(0, 1) (/E er(L) + ;U(Q,L)> >0

i

where s(Q2, L) is the sign of the non-zero real number

/X <c1(L) + ;U(Q,L)> BeER

Proof. Let a compact subset K C Kx x (C*)? x @, H*(X,R) be given such that each
element 2 = (5, p,U) € K defines a valid polynomial central charge with ¢q(L) # arg(£po)
and such that V(£2,L) > 0. Recall that the topological constant (L) = pq(L) is chosen

precisely so that
/ Im <e*ﬁ%<L>ZQ(L)> ~0.
X

In our notation, this is equivalent to

1 2
0= /X (er(D)? + (L) - B(Q, L) +4(2, L)) = /X (cl(L)+2n(Q,L)) —V(Q,L).

Therefore, the inequality V/(€2, L) > 0 implies that the class o(Q, L) = ¢1(L) + 3n(€2, L) has
positive self-intersection. So, by the Hodge-Index Theorem, either o(£2, L) or its negative
is in the cone Pi. Let s(£2, L) € {£1} be defined by the condition that

72(Q, L) = s(Q, L)7(2, L) € PY.
Clearly, we have

s(Q, L) = sign (/X o(Q, L) .5) .

Thus, the map

Kx x (C)? x @ H"(X,R) » H''(X,R), Q> 75(Q,L)

is continuous and takes K onto a compact subset K = 74 (K) of P}. By Lemma 1.32, K
is contained in the convex hull of finitely many points of P)Jg. Now, by Lemma 1.33, there
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exist finitely many curves Ei, - , E; of negative self-intersection such that for each 7 € K,
7 is Kéhler if and only if
/ T>0
E;

for ¢ = 1,--- ,£. Finally, according to [5, Section 2.3.3] this is equivalent to the existence
of a subsolution for the Zg-critical equation, and by [5, Theorem 2.45], equivalent to the
existence of a solution. This completes the proof. O

Corollary ([11]). Let X and L be as in the Theorem 2.8. Suppose X does not admit any
curves of negative self-intersection. Let €1 be a choice of stability data defining a polynomial
central charge Zg and such that p(L) # arg(£po) and V(, L) > 0. Then, for any lift Q
satisfying the volume form hypothesis, the Zq-critical equation admits a solution on L.

Proof. In Theorem 2.8, take K = {2} and note that necessarily ¢ = 0. Thus, the second of
the two equivalent conditions is vacuously true. O

2.2.3 The J-equation

Much like the dHYM equation, the J-equation also reduces to the complex Monge-Ampeére
equation on surfaces, and we can argue in a very similar way as for the dHYM equation. In
fact, the argument is simpler, since we do not have to worry about any degenerate cases.

Let X be a compact Kéhler surface and let «, 5 € Kx be Kéhler classes, with w € o, 0 €
B fixed Kéahler forms. Then, the J-equation seeks a smooth ¢ € C°°(X,R) such that

2wy A 0 = fiq gw- (2.23)

We recall that for any irreducible curve C of X,

Jo B
Na,ﬁ(c) = )
fc o
is the slope of C' and
_ 2[ya-p
/’LO(,B fX az M

Recall also that C'is called a destabilising curve for (X, o, 8) if p1q 3(C) > pia -
By completing the square in wy, we can re-write (2.23) as

(1o, pwy — 0)* = 6°. (2.24)
In this Subsection, let us therefore define
T(Oé, B) = :u’a,ﬁa - /8

Then, (2.24) is a complex Monge-Ampeére equation for the class 7(a, 3). Moreover, we can
directly verify that

/)(T(a76)2:/)(52>07 /){T(a’ﬁ)'a:/xo"ﬂ>o‘

Thus, 7(a, 8) € P5.
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Theorem 2.9 ([11]). Let X be a compact Kihler surface and let K C Kx x Kx be a
compact subset. Then, there exists a non-negative integer £ > 0 and curves of negative
self-intersection Ey,--- ,Ey on X (depending only on K ) such that for all (o, B) € K the
following are equivalent.

1. For any choice of Kdhler form 6 € B and any smooth representative w € « there
exists a smooth ¥ € H(w), unique up to additive constants, which is a solution to the
J-equation

20 A wy = flo g5 (2.25)

2. For every curve E C X, we have

/Er(a,ﬁ) > 0.

3. Fori=1,--- £, we have

/EiT(a,ﬂ) > 0.

Proof. The discussion preceding the statement of the Theorem shows that the continuous
map

ICXXICX%HLI(XJR): (CK,B)'—)T(OJ,,B)

maps the compact subset K onto a compact subset K of 73;. The rest of the argument is
identical to the proof of Theorem 2.5, except for the claim that the solution v should be in
H(w). But this is obvious from (2.25), as pq g > 0. O

Corollary. Suppose X is a compact Kihler surface that admits no curves of negative self-
intersection. Then, the J-equation (2.25) always admits a solution for any pair (a, ) €
Kx x Kx, and any choice of Kdahler form 6 € (3.

Proof. Take K = {(«, )} in the Theorem. Then, ¢ = 0 and condition 3 is vacuously
satisfied. ]

Remark 22. The above Corollary is not new. In fact, it was already observed by Donaldson
in [10, Section 4.3], who first introduced the J-equation from the point of view of a moment
map. An interesting consequence of this (see [29, Corollary 1.7] is the fact that any compact
Kahler surface X with ¢;1(X) < 0 and no curves of negative self-intersection admits a cscK
metric in every Kéhler class. The interesting problem of classifying surfaces which admit a
cscK metric in every Kéhler class is still open in general.

Corollary ([11]). Suppose X is a compact Kdihler surface and a,f € Kx are Kdhler
classes. Then, (X, a, B) has only finitely many destabilising curves, each of which is a curve
of negative self-intersection. Moreover, the number of these curves is bounded above by
the p(X). If X is projective, then the number of destabilising curves is bounded above by
p(X)—1.

Proof. The proof of Theorem 2.9 shows that 7(«, ) € 77; C Bx. Moreover, a curve C is
destabilising if and only if pq g(C) > a3, but this is equivalent to

/CT(a,B) <0.

The conclusion then follows from Proposition 1.31. O
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Remark 23. Let (X, a, §) be as in the Corollary. An interesting (though trivial) consequence
of these results is that we always have optimal destabilisers, that is, curves C' that achieve
the infimum

Ha,p — Na,ﬁ(c) = iél,f(ﬂa,ﬁ - MQ,B(O,)-

Since both f14,8(C) and pq g are linear in 3, the same C' achieves this infimum if we replace
B by B =tf + (1 — t)a. Moreover, it is a result of Sjostrom-Dyrefelt [45, Theorem 5] that
this infimum computes, under certain hypotheses, the coercivity threshold of Donaldson’s
J-functional. This has some applications for the cscK equation. (See, in particular, [45,
Corollary 3].)

2.3 The J-equation in higher dimensions

Ideally, one would like to prove an analogue of Theorem 2.9 in all dimensions. However,
if dimg X > 3, the J-equation does not reduce to a complex Monge-Ampere equation. Of
course, this in itself is not enough to show that the analogous statement does not hold in
higher dimensions. However, there are examples where the set of destabilising subvarieties
is not finite. Omne such example is given in this Section as Example 2.17. Nevertheless,
we aim to show that under certain positivity conditions, we can still get closely analogous
results about destabilising subvarieties.

2.3.1 Finiteness of destabilisers in three dimensions

Theorem 2.10 ([18]). Let X be a compact Kihler manifold of dimension dimc X = 3 and
let a, B be Kdhler classes on X such that the triple (X, a, ) is J-semistable and the class
Mg — 2[3 is big. Then, there exist at most finitely many irreducible subvarieties Z C X
such that

Na,B(Z) = Ha,B-

Proof. Observe that (X, a, ) is semistable but not stable precisely if there exists an irre-
ducible proper subvariety Z of X satisfies pq g(Z) = fta,g, that is, if

(far g — (dimg Z)B) - atmeZ=1 . (7] = 0.

Because (1o, — 23 (and hence also po ga — () is big, by Lemma 1.24, such a Z necessarily
satisfies Z C Enk (pa,pa — (dime Z)B). Thus, if an irreducible surface S satisfies p1q,(5) =
Ha,3, then S C Ep i (fta,poe — 23) implies necessarily that S must be one of the finitely many
irreducible surface components of E, i (ta g — 2/3).

Similarly, if C' is an irreducible curve satisfying pq g(C) = pia,g, then C C Ep g (p g —
B). If C is not one of the finitely many irreducible components of this analytic set, then
C C S for some irreducible surface in E,k (tq g0 — ). Suppose first that S is a smooth
surface. Then, we have

(Ha3(S)a = B)? - [S] = % [S] > 0,
and
(Has(S)a = B) - [S) = a- 8- [8] > 0.

From this, it follows that the class (1q,(S)a — B)|s is big on S and therefore by the
Proposition 1.31 there exist only finitely many curves C on S such that (pa,g(S)a—3)-[C] <
0. Moreover, by semistability of (X, a, 8) we have py (S) < a8, 80 (Hapa—B)-[C] <0
for only finitely many curves C' C S, as desired.
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In case S is singular, let [ : X — X be any bimeromorphic morphism such that the
proper transform S of S in X is smooth and an isomorphism away from the singular set
of S. (Such a morphism always exists by Hironaka’s Theorems on Resolution of Singular-
ities [46]. More precisely, we need the complex analytic version of Hironaka’s Embedded
Desingularisation Theorem due to Wlodarczyk [47, Theorem 2.0.2].) Then, f.[S] = [S] as
currents and by the projection formula (see Remark 7), we have

2f*(a-B)-[S] _ 2a-B-1S]
fe?) 18 o8]

Uf*a,f*ﬂ(g> = Z/Laﬂ(S).

From this, we obtain (after another application of the projection formula) that
(1fra8(9)fra = f*B)* - [S] = f*(ap(S)a = B)* - [S] = f*6 - [S] = 5% - [S] > 0

Moreover, since « is a Kéahler class, f*a can be represented by a semipositive form on X
(and hence also on S) and we have

(a9 frfa— fB)- ffa-[S] = f(a-B)-[S]=a-B-[S] > 0.

This implies, by Lemma 1.30 that the class f*(1q,3(S)a — 3) is a big class on S. As before,
it follows from semistability of (X, «, §) that

(:“a,ﬁf*a - f*ﬁ) - (Ma,ﬁ(‘g)f*a - f*ﬁ) = (Ma,ﬂ - Ma,ﬂ(s))f*a

is nef on X, therefore also on S, and in particular, the class f*(jiq B — B)|g is a big class
on S. Hence we conclude from the Proposition 1.31 that there are finitely many curves C
in S such that uaﬁ(C) = llq,3- But this implies that if C' C S does not lie entirely in the
singular locus of S, then its proper transform can only be one of the finitely many C in S,
and this implies that there are at most finitely many destabilising curves C C S.

We have therefore proven that the destabilising subvarieties are among the finite list of

1. irreducible curve components C' of E,k (fta,500 — )
2. irreducible surface components S of E, i (tta,gox — 2/3)

3. the irreducible curve components of the singular locus of S as S ranges over the surface
components of Ey, (tta g0 — )

4. for every irreducible surface component S of E,k(ftq,s — ) the curves C' C S not
lying entirely in the singular locus of S whose strict transform, under any resolution
of singularities f : X — X of S as above, occurs as an irreducible component of the
negative part of the Zariski decomposition of the class f*(pq 500 — 3) on S,

This concludes the proof. ]

Remark 24. We note that the choice of resolution f : X — X of the irreducible surface
S C Enk(pa,poe— B) does not affect the set of potential destabilisers described in the proof.
More precisely, let f; : X; — X be two resolutions of S coming from Hironaka’s proof,
that is, the strict transform S; of S; in X; is smooth and f; is a composition of blowing
up repeatedly in points or smooth curves contained in the singular locus of (the strict
transforms of) S. Then, by resolving the indeterminacy of the rational map f2 o f1 we
get a common resolution ¢ : X — X with morphisms ¢; : X — X; with fjo g = g for
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i =1,2. If we denote by S the strict transform of S in X, then by what we said above
about Hironaka’s proof, g; : S — 5; is a composition of blowups in points of the smooth
surface S;. Now the formulas (see [21, Lemma 5.8])

(9:)«N (g7 i (pa,pa — B)) = N(f] (pta,pa — B))

imply that the support of the negative part N(g*(ia,pe0 — 8)) comprises the strict trans-
forms of the irreducible components of N(f*(pa,ge — 3)) plus a possible union of a divisor
supported on the exceptional locus of g;. Since this is true for g; and g¢o, it follows that
for each curve C' C S, if the strict transform C’l C Sl under fi occurs as a component of
N(f{(ptapa — B)), then its strict transform Co C Sy under fa also occurs as a component
of N(f5(pta,pex — 3)), and vice versa.

Away from semistability, it may happen that there are infinitely many destabilising
subvarieties. However, in this case we still have adequate control over the destabilising
subvarieties in the following precise sense:

Theorem 2.11 ([18]). Suppose X is a compact Kihler manifold of dim¢ X = 3 and «, 8
are Kdihler classes on X such that poga — 28 is a big class. Let Vi, g be the union of all

irreducible subvarieties Z of X with o 3(Z) > pa,g. Then, V, g is a proper analytic subset
of X.

Remark 25. In particular, V,, g has finitely many irreducible components.

Proof of Theorem 2.11. If S is any destabilising irreducible surface in X, then we have

/(Ma,ﬁa_2/3> <0
s

so by Lemma 1.24 we have
S C Enk (fapo—20).

Since by assumption ji, g — 23 is big, there are always at most finitely many destabilising
surfaces. Let V5 be the union of all of these.

We must prove that all but finitely many destabilising curves C' are contained in V5.
But a destabilising curve C likewise satisfies C' C E,k (fta,50c — 3). There are only finitely
many irreducible components of E; i (ttq,g0x — ) of dimension one. Assume therefore that
C is not an irreducible component of E, i (pa s — ). Then C lies instead in a surface
S C Enk(fta,por — ). If S C Vi, there is nothing to check. So, suppose S is not contained
in V3, that is, pag(S) < pa,s. Then, by the same argument as in the proof of Theorem
2.10 above, there exist at most finitely many curves C' C S with 1o (C) > pa,g(S) and
therefore also only finitely many curves C' with 1, g(C) > a8 > pa,s(S). This proves the
claim. O

The proof of the theorem in particular yields the following useful corollary:

Corollary ([18]). Let (X,a, ) be as in the Theorem. Then, for each surface S C V, 3
satisfying p1a,3(S) < pa,g there are only finitely many curves C C S such that o 3(C) >

//La7ﬁ‘
Proof. Observe that pin,(S) < piap is all one needs to conclude that the class piq g0 — 3

is big on S. Then, if S is smooth, one applies Proposition 1.31 directly. Otherwise, one
proceeds as in the proof of Theorem 2.11. O
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Lemma 2.12. Let o, 8,1 = 1,2 be Kdhler classes on a compact Kdahler 3-fold X such that
Ha,p;0 — 255 is a big class for i =1,2. Then for any t € [0,1] we have

Vo0 MV © Vaegi+(1-02 © Vo U Vo

Proof. This is an immediate consequence of

HatBr+(1-1)82(Z) = tia,p, (Z) + (1 — t)pa g, (Z). (2.26)
0

Proposition 2.13 ([18]). Let «, 8; be Kdhler classes fori=1,---,s on a compact Kihler
manifold X of dimension dimc X = 3 such that pq g, —203; is a big class for each i. Then
as B ranges over the convex hull conv(p1,...,Bs) of B1,...,Bs, the collection of irreducible
subvarieties of X occurring as irreducible components Vi, g is a finite set.

Proof. By the lemma, we have that

S
Vo € | Vas (2.27)

i=1
as 3 ranges over conv(fy, - ,32). This implies that the irreducible surface components of
Va3 are among the finitely many irreducible surface components of V,, g, for i = 1,--- ,s.

Therefore, we only need to prove that the irreducible curve components of V,, g only take
values in a finite set.

Denote by Si,---,S, the finitely many irreducible surfaces occurring as irreducible
components of all the V,, g, for i = 1,--- s, and let C' be an irreducible curve component
of some V, g for § € conv(fBi,---,Bs). Then, by (2.27) we have C C V, g, for some i.
If C is not contained in any S;, then C' can only be one of the finitely many irreducible
curve components of V,, g,. Thus, all the curves C that occur as irreducible components
of some V,, g not contained in one of the S; are among the finitely many irreducible curve
components of V;, g, for ¢ =1,--- 5. It remains to treat the case of curves lying in some .S;.

For each i = 1,--- ,n, consider the following partition

K:CODV(,Bl,"' 3183> :KY)UKS)’
where
K" ={B €K | tap(Si) < prag}, K ={B €K | ptap(Si) > e}

Then, it is clear that S; occurs as an irreducible component of V,, g for each 8 Kg). On

)

the other hand, § — 114,3(Si) — fta,s is a linear map. Thus, the closed set K{Z is also
the convex hull of finitely many points, say Bfl), cee Bg). Now, if 8 € K}Z) and C is an
irreducible component of V,, 5 lying in S;, then, by definition, we have py g(C) > pq 5. But

then (2.26) implies that
i > i
o, ) (C) > o g0
for some 1 < j < r;. But we also have that I, 5(1‘)(51‘) <mu, 500 and thus, by the Corollary
P Py
to Theorem 2.11, there are only finitely many curves C' in S; such that 50 (€)= n, B0+
Py Py

Therefore, the irreducible components of V,, g for 3 € K are among the following finite list:
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1. the irreducible curve components of Ey, i (pa g, — fi) fori =1,--- ,s.
2. the irreducible surface components Si,-- -, S, of Bk (fta,ga —206;) fori=1,--- s.

1% i > 1% i
a,ﬁ](. )(C) - a,ﬁj(. )

fori=1,---,n,and j=1,--- 7.

2.3.2 Ridigity of destabilisers in three dimensions

Aside from the production of a finite list of subvarieties that destabilise (or optimally
destabilise) the J-equation, it is also desirable to note that they have certain properties in
common. Most notably, we have the following rigidity statement in the case of threefolds.

Theorem 2.14 ([18]). Let (X,a, ) and V, 3 be as in the statement of Theorem 2.11.
Then every irreducible component of Vo, g is rigid. More precisely, every irreducible surface
component of V, g is the unique effective cycle representing its homology class, and every
irreducible curve component C' of V. g satisfies the following: for every irreducible surface
S containing C, either C is an irreducible component of the singular locus of S or the
strict transform of C under any resolution of singularities of S is a curve of negative
self-intersection.

Proof. Let S be a surface component of V;, 3. Then the conclusion about S follows imme-
diately from Boucksom’s Theorem 1.27 noting that S is then an irreducible component of
the negative part of the divisorial Zariski decomposition of ji, g — 23 — €3 for any € > 0
small enough, and hence exceptional. (See the proof of Proposition 2.16 below for this last
claim.) Now let C' be a curve component of V;, 3. Then, by the definition of V,, g, it follows
that if S’ is any irreducible surface that contains C, then i, (5") < papg. Since X is
projective, we can always find some S’ with this property. But then the proof of Theorem
2.11 shows that either C' is contained in the singular locus of S or the proper transform of
(' is an irreducible component in the negative part of the Zariski decomposition of the class
ta,p(S")a— B on any resolution of singularities of S’. Thus, C' has negative self-intersection
as a divisor in any resolution of singularities of S’. O

2.3.3 Finiteness and rigidity in arbitrary dimensions

The same argument as for 3-folds can still be carried out on compact Kéhler manifolds of
arbitrary dimension. However, the price to pay is that we must assume several positivity
conditions at once.

Theorem 2.15 ([18]). Let X be a compact Kidhler manifold and o, B Kdhler classes on X.
Suppose moreover that i goe — pB € Mp1K is (p+ 1)-modified Kihler on X for every
p=12,...,n—1. Then, there exist at most finitely many irreducible subvarieties Z C X
such that

:uoz,ﬁ(Z) > :ua,ﬂ(X) = HUa,B-

Moreover, each divisor D such that piog(D) > ap ts the unique effective analytic cycle
representing its homology class.
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Proof. Let 1 < p < n —1 and Z an irreducible analytic subvariety of X of dimension p.
Note that p1q,8(Z) > fia,p is equivalent to

/(Ma,ﬁa _pﬁ) ' ap—l < 07
Z

which implies, by Lemma 1.24 that Z C E,k(fta,gex — po). But the class pq ga — pB €
My 11K is a (p + 1)-modified Kéhler class. Thus, Z must be one of the finitely many p-
dimensional irreducible components of the proper analytic subset E, i (tq g —pB) because
this set does not contain any irreducible subvarieties of dimension greater than or equal to
p + 1 thanks to Lemma 1.23. O

Finally, we point out the useful fact that in arbitrary dimension, we still have a rigidity
statement about destabilising divisors.

Proposition 2.16. Let X be a compact Kihler manifold and o, 5 € Kx be Kahler classes,
with 0 € B a fived Kdhler form. Suppose that T,—1(o, ) = papoe — (n —1)5 € Bx is a
big class. Then, there are only finitely many destabilising divisors D of (X, a, 3), that is,
divisors D satisfying pia,3(D) > fia 3.

Proof. If D is a divisor such that pa g(D) > fia,s, then D must lie in the non-Kéhler locus
of 7 = Th—1(, ) = papa — (n —1)B. Now, let € > 0 be so small that 7 — ¢f is still a
big class. We claim that v(7 — 8, D) > 0. Indeed, by Remark 15, if Ty, is any closed
positive current of minimal singularities in 7 — ¢/, then we have v(r —ef3, D) = v(Twin, D).
If v(Tin, D) = 0, then also v(Twin + €6, D) = 0 because 6 is a smooth Kéhler form. But
Tmin + €0 is a Kéhler current in 7, and therefore E, k(1) C E4(Tmin +€0), so D cannot be
in the non-Kéhler locus of 7. This is a contradiction. Thus, v(7 — e, D) > 0 and so D is
an irreducible component of the negative part N (7 — ¢f3) of the Zariski decomposition of
7 — ¢f3. The result then follows by Boucksom’s Theorem 1.27. O

Example 2.17. Here, we recall an example (a special case of an example found in [25]) of
a manifold X of dimension n such that on X the cones M,K of p-modified Kahler classes
are all pairwise distinct (except, of course, M1K = MoK = K). To begin with, we proceed
in slightly more generality than we need. Let Y be a smooth projective variety and L a
very ample line bundle on Y. Let E denote the vector bundle

E =0y ® (L®a1)@b1 D P (L®a7‘)@br

on Y, where ag = 0 < a1 < ag < --- < a, is a strictly increasing sequence of positive
integers and each b; is a positive integer. We shall denote by X = P(EY) the projective
bundle of one-dimensional subspaces of the fibres of ¥ — Y and 7 : X — Y the associated
projection map. Then (for r > 1) we have

HY(X,R) =RH @ 7*H"'(Y,R)

where H = Opg)(1) is the dual of the tautological sub-line bundle of 7*E. For i,j =
1,...,r, denote by D;; the divisor associated to the (dual of the) surjection

E— Oy ® (L®a1)€9b1 DD (L@ai) DD (L®a,.)@br'

where (f@TI) means we omit the j-th summand equal to L®%. Note that the class of D;;
is equal to H — a;L (where we denote by L again the pullback 7*L). We can apply [25,
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Proposition 4] to deduce that the class aL 4+ bH is pseudoeffective (respectively nef) on X
if and only if b > 0 and a + a,b > 0 (respectively b > 0 and a > 0). Note that if aL + bH is
pseudoeffective, then we can write

alL +bH = (a+ a,b)L +bD,; for any j =1,...,b,

whence we see (since (a + a,b)L is nef) that the non-nef locus of every pseudoeffective class
of the form aL + bH satisfies

by
Epn(aL +bH) C (1] Dyj.
7=1

In fact, the non-nef loci of pseudoeffective classes are much more constrained on X. Indeed,
whenever a + apb > 0 for any p =0,1,...,r, we can write the decomposition

al +bH = (a+ apb)L +bDy; for any j =1,...,b,.
This shows that v(aL + bH,z) = 0 for « ¢ V,, where

b;
V=1 Dy

12>p j=1

In other words, if a + ayb > 0 and b > 0, the non-nef locus of aL + bH is contained in V,,,
which is a d,-dimensional smooth subvariety of X, with d,, := n+ by +---+b,. This proves
that

Ma,+1K 2 {aL +bH | a+ apb > 0,b > 0}.

On the other hand, let aL 4+ bH be a big class, that is, a + a,b > 0 and b > 0. Then,
according to the proof of [25, Proposition 5] we get that
v(aL +bH,Vpi1) > min{t > 0| 0 € (a+ tlapt1,ar] + (b —1)[0,a,])}.
This implies that if a + apb < 0 then we have
a+ apb

L +bH,V, > —
v(al + p+1) = ar — ap

> 0.

Since dpy1 = dimg Vpy1 > dj, + 1, this shows that aL +bH ¢ My, 1K if a+apb < 0. Thus,
we have shown that for p=1,...,n + r we have

spang (L, H) N MK = {aL +bH | a+as—1b>0,b > 0}

where ¢ is the unique integer satisfying d,—1 < p < dg. It is instructive to examine special
cases of this construction.

1. Let Y be a Riemann surface, » = n — 1, L any line bundle on Y of degree d > 0.
Set by = by = -+ = b,_1 = 1, then X = P(Oy D (L\/)®a1 DD (Lv)®a"_1) is an
n-dimensional projective manifold. We see that the cones M, are given by

MK ={aL +bH | a+ ap—1b>0,b> 0} (2.28)

and hence are all pairwise distinct for all p = 1,--- ,n. Intersection theory on X is
given by the formulas

n—1
H'=d) a, H"'-L=d, H"'-L'=0fori>2 (2.29)
=1
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2. In the above special case, let Y = P! L = Op1(1),r = 2 and a; = 1,a = 3. Then,
X =P(Op1 @ Op1(—1) ® Op1(—3)). Let « = L+ H and f = L+ bH for b > 0. Let
us examine all the possible destabilising subvarieties for the J-equation on (X, «, ).
Denote by S and C respectively the subvarietes

S - P(Oﬂml @OPI(—].)) g X, C - ]P)(Olpl) Q X

Making use of (2.28) and (2.29), one can show that the class jq ga — 2 is big if and
only if b > 1/15. In the notation of Theorem 2.11 we then have

S for 1/15 < b < 5/26
Vo =21 Cfor 5/26 <b<2/9
@ for b > 2/9.

In fact, if we let Dest, g denote the set of destabilisers, we have

{S,C} for 1/15 < b < 5/26
Destq g = ¢ {C} for 5/26 < b <2/9
@ for b > 2/9,

whereas for b < 1/29, Dest, g contains infinitely many curves.

Remark 26. Let Y be a compact Kéhler manifold of dimension n, L an ample line bundle
onY,r=1and by = m+ 1. Then X = P(Oy @ (LY)®"+1) has dimension n + m + 1.
Then, for any big class of the form aL + bH, the non-nef locus is empty if and only if
a+b>0,b>0,and equal to P =P(Oy) C X if and only if a+b < 0,b > 0. Thus, (writing
M,'K = M,K Nspan(H, L)) we have

ME)’C = MIl’C == M%A’C ; M;LIC = M;Hrl’c == M;“Hrm+1K:'

In this situation, Datar-Mete-Song [13, Theorem 1.6] have shown that if « = L + aH,
B8 =L+ bH, for a,b > 0, and wy, 8 are fixed Kéhler forms in «, 8 respectively satisfying a
Calabi-ansatz, then, in the case that (X, a, ) is J-unstable, the J-flow with initial form wy
converges smoothly away from P. It therefore seems natural to ask whether, under suitable
hypotheses, in the setting of Theorems 2.11,2.10 and 2.15 the J-flow should always converge
smoothly away from the union of some collection of destabilising subvarieties.

2.4 Factorisable equations

The nature of the arguments in the previous Section indicates that we should be able to
apply them to many more PDEs whose associated numerical criterion ‘factorises’ in an
appropriate sense, so that we can apply Lemma 1.24. In practice, this actually happens for
many geometric PDEs. Our aim in this Section is to make this notion of ‘factorisability’
precise. In order to proceed in sufficient generality to illustrate the ideas, we choose the
setting of the generalised Monge-Ampére equations.
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2.4.1 Factorisable generalised Monge-Ampeére equations

Suppose X is a smooth projective variety of dimension dim¢c X = n, a, 8 € Kx are Kéhler
classes with 0 € [ a fixed Kédhler form. Let (X, a, ©) define a gMA equation, as explained
in Subsection 2.1.4, with

n—1

0 ="> "+ 0"

k=1
for a fixed Kahler form 6§ € 8 € Kx. In the light of Theorem 2.4 we introduce the following
natural definition.

Definition 2.18. Suppose (X, a, O) satisfy the cohomological constraint (2.10) and the
positivity condition given in [7, (1.2)]. Then, we say that (X, «,®) is (¢gMA) semistable
(resp. stable) if for every proper irreducible analytic subvariety V' C X we have

/ (exp(a) A (1 — [O])EmeVAme V] 5 o (resp > ).
1%

If (X,a,0) is not semistable, we say that it is unstable. If V' violates the above strict
inequality, we say that it (gMA) destabilises the triple (X, a, ©).

In order to apply our techniques, we need to give precise meaning to the notion of
‘factorisability’. To this end, let us define the polynomials

n—1
P(y) =Y oy
k=1

and for p=1,...,dim¢c X — 1,

Qp(,y) = (exp(@)(1 — P(y)))P (2.30)
where by R(z,y)! we mean the degree p homogeneous part of the power series R(x,y). We
note that the polynomials Q,(z,y) only depend on the coefficients ¢y, - -, ¢,—1 and not on

0, f or a.

Definition 2.19. Let (X, «, ©) satisfy the cohomological constraint (2.10) and the positiv-
ity condition given in [7, (1.2)]. We say that the triple (X, a, ©) defines a factorisable gMA
equation if for each p = 1,...,dimc X — 1, the polynomial Q,(z,y) can be factorised as

Qp(z,y) = (z — 1py)Qp(, y)
where
1. the constant r, > 0,
2. the polynomial Qp(x, y) is a polynomial with non-negative real coefficients.

The cohomology class 7,(c, [0]) = o — 1,3 is called the associated factor class at dimension
p (or of degree p).

Example 2.20. For k > 1, let © = k#* where  is the uniquely determined cohomological
constant
ol [yl ant

e

K
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This choice of © defines an inverse Hessian equation. Then, for p < k we have
1 p
QP(;Ua y) = Hw

and for p > k we have

—1
1 K 1 p
Qp(x y) = —af — xpfkyk = <x — /il/ky> ( Hr/k:z:pl’”y’">
7 ! —k)! p | P )
D! (p—k)! P! ;:0:

where £, = plk/(p—k)! > 0. Thus we see that all inverse Hessian equations are factorisable,
with the associated factor class at each dimension p =k, ..., dim¢c X — 1 given by

7o, [0]) = o — 1/ *[6).
When k& = 1 this corresponds to the J-equation.
Example 2.21. Let dim¢ X = 3 and define

O = ch +db* + f6?

where ¢,d > 0 are real constants and f is a smooth function such that the triple (X, «, ©)
satisfies the cohomological constraint (2.10) and the positivity condition given in [7, (1.2)].
Then, we have

Qale,y) = 52 —exy — dy? = S(x + (~e+ Ve + 20)y)((x + (~e — Ve + 2d)y)
and
Qi(z,y) =2 — cy.

Thus, we see that the triple (X, «, ©) always defines a factorisable gMA equation with
associated factor class at dimension two equal to

Ta(a, [0]) = a + (—c — Ve + 2d)[6).

Proposition 2.22 ([18]). Suppose X is a smooth projective variety, o, 5 € Kx are Kdhler
classes with 0 € 5 a fived Kihler form. Let ¢, > 0 and f € C*°(X,R) be such that (X, a, ©)
satisfies the cohomological constraint (3.2) and the positivity condition given in [7, (1.2)].
Then, (X, a,©) defines a factorisable gMA equation.

Proof. We must prove that if Q,(z,y) is defined by (2.30), then it can be factorised as
Qp(,y) = (x — 1) Qp(,y)

where r, > 0 and all the coefficients of Qp(ac, y) are non-negative. It suffices to prove that
if hy(x) = Qp(z, 1), then each hy(z) can be factorised as

hp(2) = (& = 1p)gp()

with r, > 0 and g,(x) is a polynomial with non-negative coefficients, for then the claim will
follow by homogenising h,(x) and g,(x).
Now note that
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It is clear that h,(x) — 400 as © — +o00, and h(e) < 0 for ¢ > 0 small enough, with strict
inequality if some ¢ > 0 for k = 1,...p. Therefore, hy(z) admits a non-negative real root.
Let 7, be the largest non-negative real root of hy,(x). Then, r, = 0 if and only if ¢ = 0 for
all k=1,...,p. Now, we may write

hp(z) = (2 = 1p)gp(2)

where g,(x) is a polynomial with real coefficients. We must prove that all the coefficients
of g,(x) are non-negative. Clearly, if 7, = 0, then all the ¢, =0 for k =1,...,p, so in that
case gp(x) = 2P~1/p! certainly has non-negative coefficients. So we may assume that rp > 0.
Write g,(z) = Py(z) — Np(z), where both P,(z) and Np(z) have non-negative coefficients.
If Ny(z) # 0, then let ko be the smallest integer such that the coefficient of z0 in N, (z) is
strictly positive. Since g,(x) has degree p — 1, kg < p. Then, we have the identity

-1
P e _k
o Z %xk = 2Py(x) + rpNp(x) — (xNp(x) + 1pPp(x)).
k=0

The monomial 20 occurs with non-zero coefficient on the right-hand-side of this identity
only in the terms r,N,(x) (where it has a strictly positive coefficient) and (possibly) in
xP,(x) (where it has a non-negative coefficient). On the other hand, all the coefficients of
z* with k < p have non-positive coefficients on the left-hand-side of this identity. This is a
contradiction. Hence, Np(z) = 0 and gp(z) = Pp(z) has non-negative coefficients. O

Therefore, the factor classes 7,(a, [0]) are always well-defined for any triple (X, a, ©),
and the notion of factorisable gMA equations is not restrictive, at least at the level of
generality allowed by gMA equations of the form (2.11). Another key feature of the factor
classes 7,(a, [f]) is that they are descending in p. More precisely, we have the following
result.

Lemma 2.23 ([18]). Let the triple (X, a,©) define a factorisable gMA equation. Then,
for each p =1,...,n — 2, we have T,(v, [0]) > Tpi1(ev, [0]) with strict inequality whenever

Tpi(e, [0]) # o

Proof. Since (X, «,©) defines a factorisable gMA equation, the polynomials @Q,(x,y) fac-
torise as

Qp(z,y) = (x — rpy)Qp(,y)

where 7, > 0 and Q,(z,y) has non-negative coefficients. Note that this implies that z —
Qp(z,1) has at most one non-negative real root, namely r,. But it is easy to verify by
straightforward computation that

0
%Qp-i-l(x? y) = Qp(x7 y)

If rp41 = 0, or equivalently, 7,41(c, [f]) = «, then the this implies that 7,(c, [f]) = « also,
and so 7p(a, [0]) > Tp1(e, [0]). So, suppose rpy1 > 0. Then, the factorisation of Qp+1(z,y)
above implies that the polynomial function x — @Qp41(x,1) has exactly one zero on the
positive real axis, namely 7,41. But since Qp(z,1) = %Qpﬂ(x, 1) we see immediately
Qp(rp+1,1) > 0. Thus, 1, < rpy1 because x — @Q,(x,1) has at most one non-negative real
root. This shows that 7,(c, [6]) > 741 (e, [0]). O
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Proposition 2.24 ([18]). Let X be a smooth projective variety of dimc X = n. Suppose
(X, a, ©) satisfies the cohomological constraint (2.10) and the positivity hypothesis given in
[7, (1.2)], and defines a factorisable gMA equation whose associated factor classes Ty(cv, [0]) €
MK at dimension p belong to the (p+1)-modified Kihler cone, forp =1,...,dim¢ X —1.
Then, there exist at most finitely many subvarieties that (gMA) destabilise (X, a, ©).

Proof. Any destabiliser V' of dimension p satisfies
| 76 Qyfen o <o,

Since Q,(a, [0]) is a non-negative linear combination of powers of Kihler classes o and [6],
by Lemma 1.24, V must therefore be contained in E,,k (7,(cv, [¢])). This is a proper analytic
subset not containing any (p + 1)-dimensional subvarieties, so V' must be one its finitely
many irreducible components. O

Remark 27. The above theorem applies to a subclass of Z-critical equations, given appro-
priate choice of stability datum. We explain a particular example of this more concretely
(though other examples are also possible), in the notation of Subsection 2.1.3. Let L be a
holomorphic line bundle on a compact Kéhler manifold X of dimension n. Let us consider
unipotent cohomology classes of the form U = exp(A4) where A € HY1(X,R) is any coho-
mology class such that A + ¢;(L) € Kx. Then, for any stability datum Q = (53, p,exp(4))
where the stability vector p = (po, p1,- - -, pn) satisfies

()

= Im <Mpo>

<0, k=12,...,n,

we obtain a gMA equation satisfying the positivity conditions given in [7, (1.2)] for the
Kahler class a = A+ ¢1(L) and

0= zn:bke’“
k=1

for any Kahler form 6 € 3. Here, we have written

Zo(L) = /X Zo(L,h)

for some (hence any) choice of hermitian metric h on L.

We finally also point out that we get a much better result when dim¢ X = 3, just as in
the special case of the J-equation.

Theorem 2.25 ([18]). Suppose X is a compact Kihler manifold of dimension dimg X = 3,
a, B € Cx Kihler classes, with w € «,0 € B Kdihler forms. Let © = c10 + c20? + f03 be
such that (X, o, ©) satisfies the cohomological constraint (2.10) and the positivity condition
given in [7, (1.2)]. Suppose that the factor class T2(c, B) of degree 2 associated to (X, c, ©)
is big, and (X, o, ©) is gMA-semistable. Then, there are finitely many curves and surfaces
that (gMA )-destabilise the triple (X, o, ©).



2.4. FACTORISABLE EQUATIONS 49

Proof. The argument is very similar to the proof of Theorem 2.10. We sketch the parts
that are identical and elaborate on the parts that are different. Let us briefly recall the
notation. The polynomials Q,(x,y) for p = 1,2 are given by

1
Q2(x,y) = 5952 —c1zy — ey, Qu(z,y) = — c1y.

Observe that if ¢; = co = 0, then the equation reduces to the complex Monge-Ampere
equation and there are no destabilisers in this case. So we may assume that ¢; > 0 or ¢ > 0.
When the triple (X, a, 0) is (gMA)-semistable, a destabilising surface S (respectively, a
destabilising curve C) satisfies

/Qg ) =0, (respectively, /Q1 ,B) =0).

By what was said in Example 2.17, we can write

Qa(e,8) = (o —r2) - (ar + 55)

) :cl+\/c%—|—202, s = —Cl‘i‘\/C%‘i‘QCQ.

It is clear that 7o > 0,s > 0. Recall also that mo(a, ) = a — ro8. Now, if S is a (gMA)-
destabilising surface, then by Lemma 1.24 we must have S C E,x(m(a,)), and there
are only finitely many surfaces S which are contained in E, i (72(c, 3)). Suppose C is a
(gMA)-destabilising curve. Then, we have

/Ca—clB:O.

Now av— 18 > a—1af3 (either by direct observation, or by Lemma 2.23), so a — ¢1 3 is a big
class as well. Once again, by Lemma 1.24 this implies that C C E,x (o — ¢13). Thus, C' is
either an irreducible curve component of E, i (a — ¢18) or C is contained in an irreducible
surface component S of E, k(a0 — ¢1). It therefore remains to show that for each of the
finitely many surface components S of E, i (a — ¢13), there are only finitely many curves

C C S such that
/ a—c1p=0.
C
But now we note that

s [ = [ (o2 -ac5+d6) = [ Quas)+ 5+ 20 [ 50

and

where

1

2/3(04—01,8)-(a+85)Z/SQ2(C¥75)+\/M/Sﬁ'(a‘*‘sﬁ)>o

This shows that, if S is smooth, then (a— ¢18)|g is a big class on S. Now we argue exactly
as in the proof of 2.10 to conclude. O

Remark 28. In fact, with exactly the same strategy of proof, one can also obtain the more
general analogues of Theorems 2.11 and 2.14 for the generalised Monge-Ampeére equations
when dim¢ X = 3, making necessary adjustments as in the proof of Theorem 2.25.
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2.4.2 The supercritical deformed Hermitian Yang-Mills equation

Let X be a smooth projective variety of dimension dim¢c X = n and let o, 8 € HV(X,R)
be cohomology classes on with § € Kx a Kéhler class. Fix a Kéhler form 6 € 5.

In view of the Nakai-Moishezon type criterion given by Theorem 2.3, we introduce the
following natural definitions.

Definition 2.26. Suppose (X, a, 3) satisfies the supercritical phase hypothesis. Then we
say that (X, «, 8) is (dHYM-)semistable (resp. stable) if for every closed, proper, irreducible
subvariety V C X we have

/V (Re(a + V=IR)EmEY ot dy(a) Im(a + ﬁﬂ)dimcv) >0 (resp. > 0).

If (X,a, () is not semistable, we say that it is unstable. If V' violates the above strict
inequality, we say that it (dHYM-)destabilises the triple (X, a, ).

From the point of view of the Theorem 2.3, we are naturally led to consider the following
family of polynomials. Fix ¢ € (0,7) and p > 0, and define

Q;I;YM (z,y) = Re(z + iy)? — (cot ¢) Im(z + iy)?.
Lemma 2.27. The polynomials Q;%YM(x,y) admit the factorisation

dHYM _ = q3+ I 5 31
QUM (wy) = I (& —cot [ “5 ) ). (2:31)

=0

Proof. A straightforward calculation shows that Q;I})YM(.T, y) admits p distinct roots given

by
( ((&—Flw) . ((Zg—f-lﬂ))
(xla yl) = | cos , S
p p

forl=0,...,p—1. Now dA) € (0,7) implies that y; > 0 and the result follows. O

The above factorisation allows us to deduce the following analogue of Theorem 2.10.

Theorem 2.28 ([18]). Let X be a smooth projective variety of dimensionn < 4, 5 a Kdhler
class on X and a a real (1,1)-cohomology class. Suppose (X, a, B) has supercritical phase,
that is ¢pg(cr) € (0,m). If dimc X = 4 suppose moreover that ¢pg(a) € (w/2,m). If the classes

TgHYM(a, B) = a — cot (¢B;a)> B

forp=1,...,dimc X — 1 lie in the (p + 1)-modified Kdhler cone, then there exist at most
finitely many (dHYM) destabilising proper irreducible subvarieties V. C X.

Proof. By hypothesis, the class TSHYM(a, B) is (p + 1)-modified Kéhler, and the classes

et (fbﬁ<a>+l>ﬁ
D
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forl =1,...,p—1 are also Kéhler. Indeed, ¢3() € (0,7) implies that cot((dg(a)+m)/2) <
0, and <Z>/3(04) € (m/2, ) implies that

cot (W) <0, cot (W) < 0.

Thus, in view of the factorisation (2.31) and Lemma 1.24, any p-dimensional irreducible
subvariety V such that

/V (Re(a +V/=1B)P — cot ¢p(a) Im(a + ﬁg)p) <o.

must satisfy

V C Enx (75 M (@, 8)),

but the latter set contains at most finitely many irreducible subvarieties of dimension p, since
it does not contain any (p+ 1)-dimensional subvariety and is a proper analytic subset of X.

Thus, V must be one of the finitely many irreducible components of E,, K(TSHYM (o, 8)). O

Just as for the J-equation, we obtain a slightly sharper result in the three dimensional
setting, albeit under the condition that « is a Kéahler class.

Theorem 2.29 ([18]). Let X be a smooth projective variety of dimension dimc X = 3. Let
a, B be Kdahler classes on X such that (X, «, 3) satisfies the supercritical phase hypothesis
and is (dHYM) semistable. Suppose the class TSHYM(a, B) is big. Then, there are only
finitely many (dHYM) destabilising subvarieties of X .

Proof. If S is any destabilising surface in X, then the proof of the above theorem shows
that S C E,x($8HYM(q, 8)) and so there are always at most finitely many destabilising
surfaces.

A destabilising curve C' must satisfy

CC EnK(TldHYM(aa B)) = EnK(a — cot é@(a)ﬁ)
If ¢ = (;Aﬁg(a) € [r/2,7), then 78HYM(q, B) is a Kéhler class, so there are no such curves.

So, suppose ¢E € (0,7/2), i.e. cotqg > 0. Now observe that by semistability, for any surface
S, we have

0< /S (o — cot($/2)8) - (o — cot(J + m)/2)8) = /S (o — cot(3)B)? — (csc(@))? / o B,

S
where we have used the identity cot x = cot 2z + csc 2x. Thus, we have

@@ = @ed [a-5>0. [(@-cot@)s)azcotd) [a5>0

S
Thus, if S is any surface component of E,x(7HYM(q, 8)), and S is smooth, the class
rHYM (o B) restricts to a big class on S and therefore we conclude as in the proof of
Theorem 2.10 above that S contains only finitely many destabilising curves. If S is singular,
we again conclude as in the proof of Theorem 2.10 above. O

Corollary ([18]). Let X be as in the Theorem. Let o, 3 be Kahler classes on X such that
(X,a, B) has supercritical phase. Suppose the class TSHYM (v, B) is big. Then, the union
V(SIEYM of all subvarieties of X that (dHYM) destabilise the triple (X, B, «) is a proper
analytic subset of X.

Proof. This argument is very nearly identical to the proof of Theorem 2.11 above after
making appropriate straightforward changes. O






Chapter 3

Wall-chamber decompositions

One key motivation behind results like Theorem 2.5 and Proposition 2.13 is to understand
the nature of stability (and hence solvability) when we vary the PDEs in continuous families.
This motivation comes from analogous questions in algebraic geometry, where one finds that
if certain numerical invariants are fixed, the space of all stability data admits a locally finite
wall-chamber decomposition, with the notion of stability of any given object being the same
for each element in any given chamber. By analogy, one should therefore expect something
similar to happen in the case of PDEs. In this Chapter, we show that analogous results do
indeed hold in the case of surfaces for the J-equation, dHYM equation, and, under mild
and natural hypotheses, the Z-critical equations. In higher dimensions, we show that under
the positivity conditions described in the previous Chapter, we are still able to get closely
analogous results. These results are the first in the literature of their kind.

3.1 The case of surfaces

As in the previous Chapter, we single out the case of surfaces, both for clarity and because
the results are much cleaner.

3.1.1 The deformed Hermitian Yang-Mills equation

Let X be a compact Kéahler surface and let D denote the ‘degenerate’ locus

D:{(a,ﬁ)eHle(X,R)xICX : Q/a-B:O}
X

where the equation (2.6) for the triples (X, «,3) reduces to the Poisson equation. Let
us recall from the previous Chapter that (2.6) is always solvable in this degenerate case.
We wish to prove that in fact, this remains true in an open neighbourhood U of D in
HYY(X,R) x Kx. In this Subsection, we shall once again write

fx(162 - Oz2)

(o, B) = a + 2fXOé'ﬁ

B

whenever 2 [, - § # 0.

Lemma 3.1. Let X be a compact Kahler surface and D be as defined above. Then, there
exists an open subset U C HY'(X,R) x Kx containing D such that for every (a,B) € U
with 2 [y a- B # 0, the triple (X, o, B) is (dHYM) stable.

53
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Proof. 1t suffices to prove that for each (g, fy) € D, there exists an open subset U contain-
ing (v, fo) with the desired property. Therefore, let (ag, 39) € D be given. Then, because
By is a Kéahler class, there exists M > 0 such that both ag + M By and —aqg + M3y are
Kihler classes. Moreover, by the Hodge Index Theorem, since | x @0 Bo = 0, it follows that
[x @8 <0, so we must also have that

Nz/xwé—a%wo.

/X(a2—ag) /Xa./s‘<ﬁ\;}.

This Uy is clearly an open subset of H'!(X,R) x Kx and contains (ayg, Bp). Now, if (o, 3) €
Up with 2 [ a - 8 # 0 then we have

Let us define

Uo—{m,ﬂ):]/X(ﬁ?—ﬁ%) < <

4’ 4’

/(52—a2)>N>0
« 2

and thence
N

fx(ﬁQ - 052)
Mga-g =M

2[ya-p

Now if we set
U={(a,B) €Uy : (fa+ MpB)eKx}

then U is still an open neighbourhood of (o, 5p) and for any choice of («, 5) € U \ D the

class ) )
f X (B — )

2[ya-p

is either a Kahler class or the negative of a Kéhler class. From the proof of Theorem 2.5,

it follows that the dHYM equation (2.6) is solvable for the triple (X, a, ), or equivalently,
that (X, a, ) is (dAHYM) stable. O

T(a, ) = a+ B

Let S(X,dHYM)St be the subset of HV(X,R) x Kx comprising those pairs (a, 3)
such that for any fixed Kéhler form 6 € 5 and smooth representative w € «, (2.6) admits

a smooth solution 1, unique up to additive constants. Note that D is disjoint from the
boundary dS(X,dHYM)StP and in fact lies in the interior of S(X, dHYM)St2b,

Theorem 3.2 ([11]). The boundary OS(X,dHYM)S%P is a locally finite union of smooth
submanifolds W of H (X, R) x Kx of (real) codimension one, each one of them cut out

by an equation of the form
[ e =0
C

for some curve of negative self-intersection C' in X.

Proof. Let (o, o) € 0S(X,dHYM)S*P be a boundary point. Pick any open neighbourhood
V of (o, Bo) whose closure K is a compact subset of H%!(X,R) x Kx and which does not
meet D. The existence of such a V is guaranteed by Lemma 3.1. Now, we apply Theorem
2.5 to K and obtain a sign s € {1} and finitely many curves Ej,..., Ey of negative self-
intersection such that for every («,) € K, and hence for every («,3) € V, the triple
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(X, a, B) admits a solution of the dHYM equation (2.6) if and only if for every i = 1,...,¢

we have
s/ 7(a, B) > 0.
E;

This shows that V N 0S(X, dHYM)3*?P has boundary in V given by the finitely many loci

Wi:{(a,ﬂ)ev : /EiT(a,ﬁ):O}.

It only remains to prove that any locus W of this kind is a smooth submanifold of V' of real
codimension one. Note that if

W:{(a,B)EV : /ET(a,ﬁ)zo}

for any curve E, then W is the zero set of the function F': V — R given by
Jx(B* = a?)
Fla, 8 :/ <a—|—X,B )
It is easy to verify that
d

dr

F(a,(1+7)B) fXﬁ? /5>0

r=0

because 3 is a Kahler class. Hence zero is a regular value of F', and so W is a smooth
submanifold of codimension one. O

Corollary. Let X be a compact Kahler surface. Then, S(X, dHYM)Stab is an open sub-
manifold of H*'(X,R) x Kx and contains D as a closed submanifold.

Proof. This is an immediate consequence of the Theorem. O

With this Theorem in hand, we can finally state and prove our result about the locally
finite wall-chamber structure associated to the dHYM equations.

Theorem 3.3 ([11]). Let X be a compact Kéihler surface and ai,...,as € HV'(X,R)
be a finite collection of cohomology classes. For each By € Kx, there exists an open
subset U C Kx containing By and finitely many closed submanifolds Wy,..., W, of U of
codimension one such that for each connected component

U U\ Wi
K

and each i =1,...,s, the triple (X, a;, B) is (dHYM) stable for some B € U; if and only if
(X, a4, B) is (dHYM) stable for all B € Uj.

Proof. Let By € Kx be given. If any (as, fy) € 0S(X,dHYM)*2P then there exists an
open neighbourhood V; of (ay, Bp) in H%!'(X,R) x Kx such that (X, a, 3) is either always
dHYM stable or dHYM unstable for each («, ) € V;. Thus, we may discard any such
a; without affecting the conclusion of the Theorem. Assume therefore that each (o, 5o) €
OS(X,dHYM)>b, By applying Theorem 3.2, we obtain open subsets U; C HY (X, R) x Kx
containing (o, o) such that U; N 9S(X, dHYM)S*P has boundary in U; given by finitely
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many walls I/i/ij cut out by curves of negative self-intersection F;;, and such that for each
(o, B) € Uj the triple (X, o, 8) is (dAHYM) stable if and only if

Si/Ei~T(aH8) >0

for all j. Then, we may take U to be the common intersection of the images of the slices
({a;} x Kx) N U; under the projection HY1(X,R) x Kx — Kx. This is an open neigh-
bourhood of By in Kx. The walls W;; are given by the same process: we take the slice
({oy} x Kx) N W;j; and project it to Kx. Then, for 8 € U the stability of (X, ay, 3) is
determined by the signs of continuously varying quantities

5'—>8i/ (i, B)
which are the same on each connected component of U \ UWj;.

It only remains to prove that each W;; is a smooth submanifold of Kx. But this follows
easily from the proof of Theorem 3.2: W;; is the zero locus of the function G : U — R given
by

G(9) = Flaif) = [ r(eip)
where F' is as defined in the proof of Theorem 3.2 and zero is a regular value of G for the
same reason as that for F. O

3.1.2 The J-equation

As we saw in the previous Chapter, the J-equation, being the small volume limit of the
dHYM equation, admits a very similar analysis. For the sake of avoiding repetition, we
shall therefore not give complete arguments, as they are nearly identical to the ones given
in the last Subsection.

Let X be a compact Kihler surface and let S(X,.J)5%P denote the subset of Kx x Kx
comprising («, 8) such that the triple (X, a, ) is J-stable. In this Subsection, we shall once
again write

m(a, B) = papor — B
for o, 8 € Kx.
Theorem 3.4 ([11]). The boundary 0S(X,J)>*?P is a locally finite union of smooth sub-
manifolds W of Kx x Kx of (real) codimension one, each one of them cut out by an equation

of the form
[ e =0
c

for some curve of negative self-intersection C' in X.

Proof. The argument is almost identical to the proof of Theorem 3.2, applying Theorem
2.9 instead of Theorem 2.5. In the last part, we should define F' by

F(a,§) = /E (Hager— B).

Then, a straightforward calculation yields

a
dr

Thus, the loci W are smooth submanifolds of real codimension one. O

F(a,,8+ra):/a>0.

r=0 E
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Corollary. Let X be a compact Kihler surface. Then, S(X,J)5% is an open submanifold
Of ’CX X /Cx.

In the same vein, we obtain the result about the locally finite wall-chamber structure.

Theorem 3.5 ([11]). Let X be a compact Kdhler surface and aq,...,as € Kx be a finite
collection of Kdhler classes. For each By € Kx, there exists an open subset U C Kx
containing Bo and finitely many closed submanifolds Wy,... W, of U of codimension one
such that for each connected component

Ung\UWi

and eachi=1,...,s, the triple (X, oy, ) is J-stable for some 5 € U; if and only if (X, o, B)
is stable for all B € Uj.

Proof. The argument is very nearly identical to the proof of Theorem 3.3. We omit the
details. 0

3.1.3 Z-critical equations

The following result can be seen as a first analogue of a locally finite wall-chamber structure
on the side of differential geometry for a wide family of PDEs associated to central charges
coming from the study of stability. (We draw the reader’s attention to [41, Proposition 9.4],
which gives a closely analogous result in the case of K3 surfaces to Theorem 3.6 below.)

Theorem 3.6 ([11]). Fiz a finite set S of holomorphic line bundles Ly — X (for i =
1,---,k) on a compact Kihler surface X. Let Vs denote the set of triples Q = (5,p,U) in
Kx x (C*)3x @ H*(X,R) such that Zq(L;) lies in the upper half-plane, pq(L;) # arg(£po)
and V(Q,L;) > 0 for each i = 1, -+, k. Let U; denote the subset of Vs comprising those
Q such that for any choice of lift Q) of Q satisfying the volume form hypothesis for L;, the
Z-critical equation (2.17) admits a solution. Then, U; is an open subset of Vs and for
any compact subset K of Vg, the set U; N K is cut out by the finitely many real algebraic
inequalities
WZ(Q):/ Tz(Q,Li)>O, jZl,---,Ei
where E;1,--- , Ey, are the curves appearing in Theorem 2.8. In particular, if C' is any
connected component of
KN\ J{(wi(@) =0}
i,
then for any ig € {1,--- ,k}, we have Q € U,, for some Q € C if and only if Q € U;, for
every Q € C.

Proof. The first claim is immediate from the proof of Theorem 2.8. The only thing that
needs justification is the last sentence. But if C' is a connected component of

KN\ J{(wi(@) =0}
12
then, for each value of 4, j, the continuous assignment Q +— W;;(£2) must be non-zero and
take the same sign for every 2 € C. Now fix a value ¢y for ¢ and note that for the finitely
many values of 4, j, the signs of W;; on C are all positive or not all positive according as the
class 77(£2, L;,) is Kéhler or not, according as 2 € U;, or not, and this proves the claim. [
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Finally, to justify the terminology of ‘wall-chamber’ decomposition that we have used
we explain why the loci

Wii(Q) =0

in the set U; (in the notation of Corollary 3.6) are real codimension one loci. More precisely,
we have the following proposition.

Proposition 3.7 ([11]). Let L be a holomorphic line bundle and let V denote the set
comprising stability data Q = (8,p,U) € Kx x (C*)3 x @ H*(X,R) for which Zo(L) lies
in the upper half-plane, pq(L) # arg(+pg) and V(Q, L) > 0. Let E be any curve on X such

that
/ (L) =0
E

for some Q € V. Then the locus

WE:{QEV : /ETZ(Q,L):()}

s a real codimension one submanifold of V.

Proof. Recall that the class 72(£2, L) is given, up to a sign, by

rz = () + gue.0).
where
WD) = 2 (@l +arf) =2 (Ua i ;ﬁ)

and ¢ = ¢x(Q, L) = Im(pg) cot oo (L) — Re(pg). Recall that ¢y # 0; this is a consequence of
the hyphotesis that g (L) # arg(+po). Fix

Q= (B, po + pit + pat*, U)

such that

/ETZ(Q,L) ~0

for some curve E and consider the family of stability data given by

Q. = <5,p0+p1t+pzt2,U+ i 2ﬁ2)
Jx B

for € € R small. Then, we have

3

Jx 52

Writing a = Re(pg), b = Im(pp), we get that

Zo.(L) = Zo(L) + /X B2 - (po + prf + p2%) - ch(L) = Za(L) + <po.

_almZqo(L) —bReZq(L) co
o coten (D) = (Im Zo(L))? = TImZo(L)

de
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recalling that ¢y = beot pq(L) —a # 0. (Throughout, we write ¢ = ¢, (2, L) for brevity,
reserving the more elaborate notation cg (£, L) for the perturbed constants.) A simple
calculation now shows that

d Cl(QE,L) 1 1 £0
2 S Impr —ciImpy) = - Im [ 22) £0
O lemoco( L)~ eoIm Zo(D) (0t —almpo) =~y o) 7

the last inequality following from our hypotheses and the very definition of a stability datum.
This shows that the function

o) = /E (0 L)

satisfies

1o =g ([awsus 2Ga) - s (%) [0

and hence zero is a regular value of the map

Q- / Tz(Q,L).
E
t

Remark 29. Tt is worth remarking that this wall-chamber decomposition cannot in general
be globally finite. Indeed, there exist Kéhler surfaces which admit infinitely many distinct
curve classes with negative self-intersection. (For example, the blowup of P? in nine points
in general position has infinitely many smooth rational curves of self-intersection —1.) If X
is any such surface, and F is any curve on X with negative self-intersection, then consider
the family of stability data given by

Qr:<ﬁ,£2ﬁ V1214 [E ])

Jeh

where 3 is any Kihler class on X with [ x B2 =1 and r > 0 is a positive constant whose
value we shall vary in the range r € (0,2]. (In particular, we have set Uy = 0.) We wish
to consider the Z-critical equations associated to this family of stability data on the trivial
line bundle L = Ox. One verifies quite easily that

Zo (L) = —14++—1

independently of r and therefore g, (L) = 2F # arg(i%\/—l) = +75. A straightforward
calculation then shows that

2
vio, =202 <7«g6> =0

as r € (0,2]. In other words, all the hypotheses of Theorem 2.8 are satisfied. However,
another straightforward calculation shows that

/ 72(Q, L) = m,
E T
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so the assignment Q, — [ 5 T2(8, L) changes sign as 7 crosses the value 7 = 1. In other
words, the stability data €2, cross the wall

WE:{Q : /ETZ(Q,L)zo}

defined by the curve E. Thus, every curve of negative self-intersection gives rise to a wall
which has non-empty intersection with the space of admissible stability data for the trivial
bundle, and there are therefore infinitely many distinct walls whenever there are infinitely
many distinct curve classes with negative self-intersection.

Example 3.8 ([11]). We wish to present a concrete illustration of the results of this Section
(in particular the wall-and-chamber decomposition of Theorem 3.6) in a simple case. To this
end, we consider the classical example of the blowup 7 : X — P2 of P? in two distinct points
p1,p2 € P2 Let H denote the pullback of a line and E; = 7~ !(p;),i = 1,2 the exceptional
curves of the blowup. Then H'!(X,R) is spanned by (the classes of) H, E1, E5. Moreover,
it is easy to check that X admits precisely three curves of negative self-intersection, namely
FEq, Ey and T, the strict transform of the unique line passing through p; and ps, whose class
in cohomology is equal to H — E; — E». (By the usual abuse of notation, we identify F;
with ¢1(Ox(E;)) etc.) For s a complex number lying in the upper half-plane, let 25 be the
stability datum given by the triple

$2t2
0= (Ut = (30 - B = Ba 11— s+ 2.

This stability datum satisfies all the requirements to define a polynomial central charge,
except perhaps the condition Im(s?) > 0, but this is merely a normalisation condition.
After fixing a choice of Kdhler form w € (3, one checks that solving the Zq_-critical equation
on a line bundle L on X is equivalent to solving the equation

PR (@ —ap)?® BB — (cr(L) — aB)*\*\
(o e+ ety ) = <”< 2 (ex(L) — aB) >>°" 31

for a Hermitian metric h on L. Here a = Re(s), b = Im(s), and xy, is the curvature form

th of the metric h. (We will furthermore require that 5 - (c¢1(L) — af) > 0 for all line
bundles L under consideration.) In particular, we see immediately that the volume form
hypothesis is always satisfied. In fact, the equation (3.1) is equivalent to a dHYM equation
for the class ¢1(L) — a8 with auxiliary Kéhler form bw.

Let Ly = Ox(FE1) and Ly = Ox(T). Then, one checks that for a < %, we have
B (ci(L;) —aB) > 0 for i = 1,2. Moreover, from (3.1) we see that we can solve the
Zgq,-critical equation on L; if and only if

b*B% — (c1(Li) — af)?
28 - (c1(Li) — ap)

is a Kéhler class. (The class 7(L;, Q22) can never be the negative of a Kéhler class, because
for b large and positive, it is clearly Kéahler and s — 7(L;, Q) is a continuous mapping into
the disjoint union iP}.) A straightforward calculation (using the fact that E;, Es and
T are the only curves of negative self-intersection) then shows that for ¢ = 1 this happens
precisely when

7(Li, Q) = c1(Li) — af + B

_TH + 8a

WQS:/TL,QS_ >0
1(9s) El(l )=,
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and for ¢ = 2 precisely when

2 +4(a+1)2 -8
Wal@) = [ rl(la0) = TS

> 0.

This gives us a two-dimensional local slice of the wall-and-chamber decomposition which is
shown in the figure below.

(111)

(IT)
(M) N Wa(0,) =0

=

@
—~

VA
~

T

Figure 3.1: (I): only L; is Zq,-stable. (II): only Ls is Zqg_-stable. (III): both L; and Ly are
Zg,-stable. (IV): neither L nor Lo is Zg, -stable.

One can make many different choices for varying the stability datum €2, and carry out a
more general analysis of the above decomposition without much additional difficulty, as
long as one understands the boundary of the nef cone of X.

3.2 Higher-dimensional results

3.2.1 The J-equation in three dimensions

Let X be a compact Kéhler manifold of dimension dim¢ X = 3 and let o, 5 € Kx be Kéhler
classes. Recall that all our results in three dimensions about the set of destabilising subvari-
eties for the J-equation associated with the triple (X, «, 3) hold under the assumption that
the class o g — 2 be a big class. Under the same assumption, we can prove an analogue
of Theorem 3.2.

Let S (X, J) denote the subset of ICx x Cx comprising those («, ) such that p1n g —20
is a big class. We shall denote by Sy (X,J)%*" C S, (X,J) the subset comprising (c, 3)
such that (X, «, ) is J-stable. Note that S; (X, J) is a non-empty open subset of Kx x Kx.

Theorem 3.9 ([18]). The boundary dS (X, J)5P of S, (X, J)5%P in S, (X, J) is a locally
finite union of closed smooth submanifolds W of Sy(X,J) of (real) codimension one, each
one of them cut out by an equation of the form

/ (:UJoz,Ba - /8) =0
C
or

[ o= 28) -a =0
S
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for some curve C' or some surface S, rigid in the sense of Theorem 2.14.

Proof. Let (ag, fo) € 0S, (X, J)5%P be a point in the boundary. Pick an open neighbour-
hood U C S4(X,J) of (e, o) whose closure K is a compact subset of S4(X,J). By
Proposition 2.13, there exist finitely many irreducible surfaces S; and curves C; such that,
for each (o, ) € K, and hence each (o, 8) € U, each irreducible component of V,, g (in the
notation of Theorem 2.11) is among the finitely many surfaces .S; or curves C;. This shows
that if (X, «, ) is not J-stable, then pq g(Si) > fa,p for some S; or pa g(Cj) > pa,p for
some Cj. Thus, we have

S+(X, J)Stab NU ={(o,8) €U : pap(Si) < pra,gs ta,s(Cj) < tap for every i,j}.

This shows that S; (X, J)%%P is an open submanifold of S;(X,.J). Now note that each
component W of the boundary is the zero locus of a function F': U — R of the form

F@.0) = [ (o = (@ime V)3) -tV
\4
But zero is a regular value of F' in view of the fact

dr

F(a, B+ ra) = (3 —dime V)/ adimeV >

1%
as dimc V =1 or 2, and « is a Kéhler class. This shows that each W is a codimension one
smooth, closed submanifold of U. 0

Corollary ([18]). Let X be a compact Kihler manifold of dimc X = 3. Then, Sy (X, J)5tab
is an open submanifold of S+ (X, J).

Theorem 3.10 ([18]). Let X be a compact Kdihler manifold of dimension dim¢ X = 3
and aq,...,as € Kx be a finite collection of Kdihler classes. For each By € Kx such that
Moy, 800 — 2P0 is a big cohomology class for each i, there exists an open subset U C Kx
containing By and finitely many closed submanifolds Wi,... W, of U of codimension one
such that for each connected component

Uj CU\ UWk
k
and eachi=1,...,s, the triple (X, oy, ) is J-stable for some B € Uj if and only if (X, oy, B)
is stable for all B € Uj.

Proof. Just as in the proof of Theorem 3.5, the argument is very nearly identical to the
proof of Theorem 3.3, and therefore we omit the details. O

3.2.2 Factorisable generalised Monge-Ampeére equations

As a final application of these ideas, we illustrate how our arguments for the J-equation can
be generalised to a wider class of PDEs. As in the previous Chapter, we choose the setting
of generalised Monge-Ampeére equations, all of which satisfy the condition of factorisable
introduced in Definition 2.19.

Let X be a smooth projective variety, with «, 5 € Kx Kéhler classes and 6 € 3 a fixed
Kéhler form. Recall that a gMA equation (2.12) is given by data (X, a, ©) where

n—1
0 => b+ fo"
k=1
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with the ¢, > 0 and f satisfying the cohomological condition (2.10) and the the required
positivity condition given in [7, (1.2)]. Recall moreover that the numerical criterion for
gMA equations says that the equation (2.12) is solvable precisely when

/ exp(a) - (1 [0]) > 0
Vv

for all proper irreducible subvarieties of X.

For the sake of clarity, we make another simplifying assumption. We assume that f = ¢,
is a constant. In this case, the positivity condition [7, (1.2)] simplifies considerably, and is
equivalent to demanding that the ¢; are not all zero. This includes the case of all inverse
Hessian equations.

The space of gMA equations with f = ¢, a constant is in a natural way a codimension
one closed submanifold of Ry [y}, x Kx x Kx where R [y],, denotes the set of degree n non-
zero real polynomials in one variable ¢y with zero constant term and all of whose coefficients
are either zero or strictly positive. (We note that Ri[y], x Kx x Kx is in a natural
way a manifold with corners.) We now explain this correspondence. Let (P(y),«,f) €
R [yln x Kx x Kx satisfy the cohomological condition (2.10) given by

| exple)- (1= P(a) =0
X

This locus of triples (P(y), «, 8) is a smooth submanifold because it is the zero locus of the
function F(P(y),a,B) = [y exp(a)- (1 — P(B)) and we have

d
dr

b B)) = ok gk
) e = oy a0

where k is any positive integer such that the coefficient of y* in P(y) is non-zero. Such a k
always exists by assumption. Then, for any choice of Kéhler forms w € a, 0 € § the triple
(P(y), a, B) corresponds to the gMA equation that seeks a smooth ¢ € H(w) such that

exp(wy) ™™ = (exp(wy) A P(8))7, (3.2)

where P(0) is the multi-degree form given by substituting 6 for y in the polynomial P(y).
Let us denote by S(X, gMA) the set of triples (P(y), «, 8) € Ry [yl, x Kx x Kx that satisfy
the cohomological condition (3.2). Recall that by Proposition 2.22, each triple (P(y), «, 8) €
S(X,gMA) defines a factorisable gMA equation. Let us denote by 7,(c, 8, P(y)) the asso-
ciated factor class of degree p, as given by Definition 2.19. We shall denote by S; (X, gMA)
the subset of those triples (P(y), v, #) such that the associated factor classes 7,(c, 5, P(y))
of degree p are (p + 1)-modified Kéhler classes. Our aim is to prove a wall structure type
statement for the set Sy (X,gMA).

Lemma 3.11. For eachp=1,...,dimc X — 1, the assignment
T:8(X,gMA) — (HN(X,R)", (P(y), e, B) = (p(, B, P(y)))p—]
18 continuous.

Proof. Recall that 7,(a, 8, P(y)) = a — 13, where & — rpy is the linear form given by the
factorisation

Qp(z,y) = (x — 1py)Qp(2, ).
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Here Qp(z,y) is the degree p homogeneous part of the power series exp(x)(1 — P(y)), and
Qp(a:, y) has non-negative coefficients. By the proof of Proposition 2.22, it follows that 7,
is uniquely determined as the largest real root of hy(z) = Qp(x,1). But the roots of a
polynomial depend continuously on the coeflicients. O

Corollary ([18]). The subset S+ (X,gMA) is an open subset of the manifold with corners
S(X,gMA).

Proof. This follows immediately from the Lemma and the fact that M,Kx are open (by
definition) in H%!(X, R). O

Now, let (P(y),, ) € S+(X,gMA) be given. Using Lemma 1.25, we can find open
neighbourhoods U, C M, 11Kx of 7y(c, 3, P(y)) and finite sets S, of p-dimensional irre-
ducible subvarieties of X such that for all 7’ € U, all irreducible p-dimensional subvarieties
V and all Kahler forms wy,...,w,—1 whenever we have

[ @8 P@) ]+ ] <0
|4

then V € S,. Let U = T7}(Uy x Uz X +++ x Up—1). Then U is an open neighbourhood
of (P(y),a, ) in S4(X,gMA). In fact, for any Kéhler form 0 € g, if V is any (gMA)
destabiliser for the triple (X, «, P(#)) then we have

/ exp(a) - (1 - P(B)) = / 0, B, P(y)) - Qpler, B)) < 0,
1%

\%4

but since Qp(a, f) is a non-negative linear combination of products of powers of Kéhler
classes a and 3, we must have

/ Tp(a,ﬂ) o 5r7p71 <0
1%

for some 0 < r < p— 1. But since 7,(c, 3, P(y)) € U, we get immediately that this implies
that V € 5,,.

Let us denote by Sy (X, gMA)3%P the locus of those (P(y), a, 8) such that (X, «, P(6))
is (gMA) stable for any choice of Kéhler form 6 € .

Theorem 3.12 ([18]). The boundary 0S. (X,gMA)>P of S (X, gMA)S*%P in S, (X, gMA)
is a locally finite union of closed submanifolds W of S (X, gMA) of (real) codimension one,
each one of them cut out by an equation of the form

[ expla)- (- P(3) =0,
1%

Proof. The local finiteness follows from the discussion preceding the statement of the
Theorem. The only claim that needs justification is that the boundary loci are sub-
manifolds of codimension one. But they are the zero locus of a function F' of the form
F(P(y),a,B)) = [, exp(a)- (1 —P(B)). One can easily show that zero is a regular value of
this function. O
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