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In the aftermath of a binary black hole merger event, the gravitational wave signal emitted by the
remnant black hole is modeled as a superposition of damped sinusoids known as quasinormal modes.
While the dominant quasinormal modes originating from linear black hole perturbation theory have
been studied extensively in this postmerger “ringdown” phase, more accurate models of ringdown
radiation include the nonlinear modes arising from higher-order perturbations of the remnant black
hole spacetime. We explore the detectability of quadratic quasinormal modes with both ground-
and space-based next-generation detectors. We quantify how predictions of the quadratic mode
detectability depend on the quasinormal mode starting times. We then calculate the signal-to-noise
ratio of quadratic modes for several detectors and binary black hole populations, focusing on the
(220 x 220) mode — i.e., on the quadratic term sourced by the square of the linear (220) mode. For
the events with the loudest quadratic mode signal-to-noise ratios, we additionally compute statistical
errors on the mode parameters in order to further ascertain the distinguishability of the quadratic
mode from the linear quasinormal modes. The astrophysical models used in this paper suggest that
while the quadratic mode may be detectable in at most a few events with ground-based detectors,
the prospects for detection with the Laser Interferometer Space Antenna (LISA) are more optimistic.
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Nonlinear quasinormal mode detectability with next-generation gravitational wave

I. INTRODUCTION

The postmerger signal of a binary black hole (BH)
merger can be accurately modeled by a superposition of
the oscillation modes of a single perturbed BH, known
as quasinormal modes (QNM) [1-3]. The full merger
waveform can be computed in numerical relativity, and the
predictions of linear perturbation theory around a fixed
BH background provide an excellent fit of the “ringdown”
phase of the waveform at late times [4, 5].

In linear perturbation theory, the time-domain wave-
form in the ringdown phase is a sum of damped sinusoids
with discrete frequencies labeled by the angular momen-
tum numbers (¢m) of the spherical harmonics expansion
and by an additional “radial” overtone number, n. These
frequencies can be computed within linear perturbation
theory, and they are intrinsic properties of the BH, de-
pending only on its mass and spin. On the other hand,
the amplitudes of the QNMs excited in specific astro-
physical scenarios depend on the initial conditions of the
perturbation. For a binary BH merger, these amplitudes
depend on the parameters of the progenitor binary, and
they are usually found by fitting either the data or the
numerical simulations (see, e.g., [4-13]). The simplic-
ity of the QNM spectrum in linear perturbation theory
has triggered an observational research program to test

* syi24@jh.edu

the Kerr nature of the merger remnant by performing
“BH spectroscopy” [10, 14-29]. A measurement of more
than one of the complex QNM frequencies could test the
so-called “no-hair theorem” of general relativity (GR), be-
cause all of the frequencies depend only on the mass and
spin of the remnant BH. The large number of events and
the large signal-to-noise ratios (SNRs) expected for next-
generation (XG) gravitational wave interferometers, such
as the Einstein Telescope (ET) [30] in Europe, Cosmic
Explorer (CE) [31] in the US, or LISA [32, 33], suggest
that precision BH spectroscopy may become routine in
the near future.

However, the idea that linear perturbation theory is
sufficient to describe the ringdown phase has recently
been challenged. Einstein’s theory of GR is well known
to be nonlinear, and there could be an imprint of these
nonlinearities in the QNMs. On the theoretical side,
second-order perturbation theory of BH backgrounds is
an active field of research (see e.g. [34-53]). The second-
order perturbations of the metric around a Schwarzschild
BH obey a very similar differential equation to the linear
ones, the main difference being the presence of a term
sourcing the perturbations in the Regge-Wheeler or Zerilli
equations. The nonlinear source term depends on a prod-
uct of two linear modes which can source nonlinear QNMs.
This property implies that at second order there must
be a set of “quadratic modes” in the ringdown waveform,
besides the usual linear QNMs [54-58]. The frequency of
a nonlinear mode is just the sum or difference of the two
linear QNM frequencies (¢1ming X fomansg) entering the
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source term, a typical feature of nonlinear systems. Fur-
thermore, several works [48, 50-52, 54, 55, 58] highlighted
that the amplitudes of the quadratic modes are also an
intrinsic property of the BH, once the amplitudes of linear
QNMs are fixed by the initial conditions. This makes the
observation of quadratic modes a very interesting target
to perform further tests of GR in the nonlinear regime.

On the numerical side, the in-depth study of numeri-
cal relativity simulations has confirmed the existence of
quadratic QNMs and provided fits to their amplitudes as
a function of the progenitor parameters [11-13, 48, 59-62].
These works identify the (220 x 220) mode, generated by
the self-interaction of the (220) mode, as the dominant
quadratic mode in the waveform.

From an observational perspective, however, the de-
tectability of quadratic modes is still an open question.
Being generated at second-order in perturbation theory,
the amplitude of these modes is expected to be smaller
than the amplitude of the linear modes sourcing them,
while their damping time is always shorter [54, 55, 58].
These two properties combine to make the potential de-
tection of quadratic QNMs in data a challenging task,
probably out of reach for current interferometers. How-
ever, the prospects may be more optimistic in the future
with the advent of XG detectors. In this article we investi-
gate the possibility of observing and measuring quadratic
QNMs in XG gravitational wave observatories, both on
the ground and in space.

The paper is organized as follows. In Sec. I we de-
scribe our ringdown waveform model and data analysis
framework. In Sec. III we describe the astrophysical cata-
logs used to estimate the quadratic mode detection rates.
In Sec. IV we discuss the detectability of the quadratic
modes, and in Sec. V the measurability of their parame-
ters. In Sec. VI we present our main conclusions and some
directions for future work. To improve readability, some
technical material (on the effect of the QNM starting time,
the calculation of binary BH merger rates in clusters, and
the calculation of SNRs and parameter estimation errors)
is presented in the appendices. Throughout the paper we
use geometrical units (G = ¢ = 1).

II. WAVEFORM MODELS AND DATA
ANALYSIS FRAMEWORK

A. Ringdown waveform template

We assume that the plus and cross time-domain polar-
izations of the gravitational waveform in the ringdown
stage can be written as [63, 64]

ho(t) = 3 Re [Apyettemn ¥ meiteomsifman] (1)

Imn
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where ¢y, is the QNM phase and wyy,, and 7y, are
the QNM frequencies and damping times, respectively, all
specified by the angular indices /m and by the overtone
number n. Following Ref. [29] we have also introduced
an effective amplitude Agyn = My Apmn /7, where My is
the redshifted mass of the remnant BH, r is the luminos-
ity distance, and Agp,, is the QNM amplitude. In our
analysis we neglect the contribution of the overtones (see
e.g. [10, 65]), and therefore from now on we generally
omit the overtone index n to simplify the notation.

The modes sum in Egs. (1)-(2) includes: (i) the lin-
ear (22), (21), (33), and (44) QNMs and (ii) the loudest
quadratic (44) component, sourced by the square of the
(22) fundamental mode, with frequencies and damping
times waaxoa = 2wag, Toaxae = Ta2/2. We obtain numeri-
cal values for QNM frequencies from Ref. [2] and mode
amplitudes and phases from Ref. [11], as we will discuss
in more detail in Sec. ITC.

The complex functions Y_fmx (¢, ) are defined by

VM (1,0) = e MY (1,0) (3)
where

V™ (1,0) =0 Y (1,0) + (=1)* oY (1,0) ,  (4)
Yfm(b7 0) =2 Yém(bvo) - (_1)€ *QYe_m(Lﬂ 0), (5

and oY ™ (1, ) = ™% _,Y*™(1,0) are the spin-weighted
spherical harmonics.

We map the signal in the Fourier domain following the
Flanagan-Hughes convention [16, 66], such that the two
polarizations read

7 Afm 7 O-fm —1 OOk
h+(f):zw[b+emme +b_emidem Y ],(6)

7 Ae i O4m —1i O 0mx
hx(f)=Z—i\/g [y et Pim — b _emiomylme] (1)
where the superscript * denotes complex conjugation and

by are Breit-Wigner functions:

by — 1/Tgm
* T[W? + (w + wem )?

m

m

, w=2rf. (8)

The full ringdown waveform is then given by

h(f) = Fyhy(f) + Fuhu(f) (9)

where Fy , are the detector pattern functions. For sim-
plicity, we average over the detector angles and over the
source orientation. For L-shaped detectors we make use
of the following identities:

<F+7><>:g , (FyFy)=0. (10)
For LISA, Egs. (10) need to be multiplied by an additional
factor of 3/2 to take into account the triangular shape of
the detector, as discussed in Ref. [67].



The template (9) allows us to compute the SNR p for
a detector with noise power spectral density S, (f)

o [T R(H)RA(S)
P ‘4/m 5.(7)

which we use as a simple metric to determine the de-
tectability of quadratic modes with both ground-based
detectors and the space-based interferometer LISA [32, 33].
We consider a ground-based detector network of two L-
shaped, aligned ET detectors with 15 km armlength [68]
and a 40km CE [69]. The total SNR for the ET network
is simply given by multiplying the single-detector SNR
by a factor of /2. We set fuin = 3 Hz (fmin = 107° Hz)
and fiax = 5000 Hz (fuax = 0.5 Hz) for ground (space)
observations, respectively.

Note that since the waveform (9) contains a combina-
tion of modes with different values of (¢m), the integral
(11) depends both on the SNR of the individual QNMs,
Pem, and on cross-products among them. However, due
to the orthogonality of the spin-weighted spherical har-
monics (see Appendix C) the total SNR of QNMs with
different multipolar indices is simply given by the sum in
quadrature of the individual pgn,’s, i.e.,

df , (11)

o= \/pglml e (12)

B. Fisher analysis

To assess the measurement accuracy of nonlinear modes
by XG detectors we use a Fisher information matrix (FIM)

approach [70]. Given the strain s(t) = h(t,6) + n(t),
where n(t) is the detector’s stationary noise and h(t,6)
the gravitational wave signal, the posterior probability of

the waveform parameters 6 is given by

— —

p(f]s) x p0(9)e_%r”A9’iA‘gf , (13)

where p()(g) corresponds to the prior distribution for 9_:

AG=0— f_: and the vector grefers to the true values of
the parameters. The FIM I';; is then defined as

Oh | Oh
FZ] = an | an )
00; | 00,
where we have introduced the inner product between two
waveforms in the frequency domain,

o [T ha(ORS(F) + By
<mmg—2/m QSJﬂl

(14)

if . (15)

h is given by Eq. (9), and Eq. (14) is evaluated at 6 = €.
Note that each mode contributes to 0 with four parame-
ters (Agm, Gem, Wem, Tem), 1-€., the mode’s (effective) am-
plitude, phase, frequency, and damping time. The values
of wyy, and 7y, only depend on the mass and spin of

the remnant black hole, but in this work we consider all
frequencies as independent parameters in order to assess
QNM detectability with more confidence, in the spirit of
“agnostic” BH spectroscopy [10].
Inverting the FIM yields the covariance matrix
B =T iy (16)
with diagonal (off-diagonal) components corresponding
to the errors on (or correlations coefficients between) the
parameters, i.e.,

o9, = V2i

To avoid numerical errors that can arise in attempting to
invert a Fisher matrix with a very large condition number,
we use the method described in [71], normalizing I';; to
its diagonal components before inverting it.

Due to the orthogonality properties of the spin-weighted
spherical harmonics, the FIM for modes with different
harmonic indices becomes block-diagonal. If n =1,... k
labels the QNMs included in the template, we have

Cij = Zii/(agi(fgj) . (17)

(1)

Fij

r

ij

L = . (18)
(k)
Fij

where I‘E;’Q"‘k) are the Fisher matrices of each individual
QNM [29].

Modes with the same angular dependence require the
calculation of cross terms which contain mixed derivatives.
In our analysis, this only occurs for the (44) and the (22 x
22) quadratic mode. To determine the errors on the pa-
rameters of these modes we need to compute the 8 x 8 FIM
for 6 = (Aua, Paa,waa, Taa, A22x22, P22x22, W22x 225 T22%22)-
The errors on these parameters are unaffected by the FIM
elements related to modes with (¢m) # (44).

C. Quasinormal mode starting time estimates

In order to evaluate the SNR and the statistical errors
on the parameters of the quadratic QNMs, we first need to
estimate the corresponding mode amplitude Ay,,, which
appears in the waveform model of Egs. (6)-(7). The
procedure requires a careful choice of the starting time
to after the peak of the signal. Choosing the value of
to effectively determines the onset of the perturbative
regime, and is key to guaranteeing the validity of the
QNM expansion.

There is no unique, unambiguous way of choosing tg.
Here we follow the approach introduced in Ref. [20], which
makes use of Nollert’s “energy maximized orthogonal pro-
jection” (EMOP) criterion [72]. In this framework, the
time-domain ringdown waveform A is split into compo-
nents “parallel” and “perpendicular” to the QNM. The



energy “parallel” to a QNM is given by

By = il fy, o |? (19)
1™ arZ+w?)

where we omit the angular indices (¢m) to simplify the
notation, w, and w; denote the real and imaginary parts
of the QNM frequency, respectively, and hAnxg is a multi-
polar component of the strain extracted from numerical
relativity simulations. The ringdown starting time ¢ is
then defined as the integration limit for which E)| is max-
imized. The integral above then provides the “EMOP
energy” carried by the fundamental mode for a given mul-
tipole, Ey,. Reference [20] analyzed numerical relativity
catalogs to find semianalytical fits of Fy,, as a function of
the parameters of binary progenitors with aligned spins.
The energy Ejy,, can then be mapped to the QNM
amplitude by introducing the radiation efficiency

1 fmax gg

M fuin

df (20)

where dE/df is the gravitational wave energy spectrum,
which is also related to the SNR p by

2 [Im 1 dE
2=_- ——df . 21
=y s a” )

By comparing Egs. (21) and (11), we can express
dE/df as a function of the waveform parameters
(Agm, My, 7, Gtm, Wem, Tem), and solve for the EMOP-
based amplitudes (hereafter Ay, g) for a given choice
of egrp, as determined by the fits of Ref. [20].

This method allows us to estimate the amplitudes
Agm. g just for a few linear modes. However, the authors
of Ref. [11] recently derived fitting formulas for the am-
plitudes and phases of linear modes (including overtones
and retrograde modes) as well as nonlinear modes. These
fits, which are based on a fitting algorithm applied to over
500 binary BH simulations in the SXS catalog, give the
amplitudes and phases as functions of the progenitor BH
parameters: the binary mass ratio and the projections of
the individual spins along the orbital angular momentum.
We use these amplitude and phase fits for our SNR and
error calculations, and we estimate the starting time ¢
by looking for the time at which the amplitude fits of
Ref. [11] agree well with the EMOP estimate Ay, 5.

Our procedure is as follows. For each linear mode, we
compute the percentage difference between the ampli-
tude fit Agy,,, of Ref. [11] and the EMOP fit Ay, 5 of
Ref. [20] over a four-dimensional space including the three
progenitor binary parameters — mass ratio ¢ = my/ms
in the range [1, 10], plus symmetric and antisymmet-
ric spin combinations x4+ = (¢x1 + x2)/(1 + ¢) and
X- = (g1 — x2)/(1 + ¢) in the range [—0.99, 0.99] —
and values of ¢ in the range [0, 30] M. For each mode,
we then select the points for which the combinations of
these four parameters (g, X+, x—, to) result in a percent-
age difference between fits smaller than 5%. The values
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FIG. 1. Results of our estimates of the optimal starting time
to, based on comparisons between A, g and Agpy,. For each
mode, we fix ¢ and x—, and we plot the values of ¢y for which
the difference between the two amplitude fits is smaller than
5% as a function of x4. Different colors correspond to different
values of ¢. Different point marker shapes (triangles, dots, and
diamonds) correspond to selected values of x_— = 0.81, 0.01,
and —0.89, respectively.

of tg that lead to such small percentage differences for the
(22) and (33) fundamental modes are plotted in Fig. 1
as functions of x4, for various selected values of ¢ and
X—- The plot shows that the values of ¢y, at which the
amplitude fits agree are roughly in the range [10, 15] My,
except at large values of x;. The dark blue-green mark-
ers, corresponding to ¢ = 1, are absent in the bottom
panel because Asz — 0 in the equal-mass limit. While
this is not shown in the figure for brevity, analogous plots
for the linear (21) and (44) modes show that the optimal
values of t( are similarly centered somewhere in the range
[10, 15] M.

Armed with this qualitative understanding, we then
estimate to for each mode by averaging over all the times
which provide an agreement between amplitude fits better
than 5%. These averaged values of ty are summarized
in Table I. Overall, these results suggest that, when ac-
counting for the amplitude dependence on the mass ratio
and on the spin values, the agreement between fits is
maximized around to =~ 12M. This is the value we will
use hereafter for SNR and Fisher calculations.

While this choice is somewhat arbitrary, we can under-
stand if the SNR and the FIM-estimated statistical errors
are sensitive to the choice of starting time by varying ¢
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FIG. 2. SNR of the (22 x 22) quadratic mode as a function of
the starting time to. Different bullet points refer to BHs with
different masses, observed by LISA or ET. All sources assume
nonspinning progenitors, with a mass ratio ¢ = 2. Events
detected by LISA and ET are located at z = 10 and z = 1,
respectively.

around our fiducial value. In Fig. 2 we show the SNR of
the quadratic mode paayx22 as a function of ¢y for a few
selected binary progenitor parameters (see Appendix A
for a more comprehensive analysis).

While the starting time can certainly affect the esti-
mates, from Fig. 2 we see that variations in to /M of order
unity result in variations in SNR (and hence, variations in
parameter estimation errors) of order unity. This can be
understood through the following simple considerations.
To compute the SNR at a given ¢y, we multiply each
mode in the time-domain waveform (2) by e#(wem+i/7em)to,
Absorbing the real and imaginary parts of this time cor-
rection into the QNM phase and amplitude, respectively,
the time-shifted QNM parameters become

-AZm — Alme_tO/Tlm B ¢€m — ¢Zm + meto . (22)
All calculations in the frequency domain can then proceed
along the steps described in Sec. IT A. Typical values of
to/Tem are less than 2, such that the exponential factor
e~t/Tm does not affect the SNR (and the FIM errors)
dramatically.

Let us stress once again that the criterion for determin-
ing the starting time of the quadratic mode laid out in
this section is only a rough estimate. A better motivated
criterion could be to use the earliest time at which the bias

TABLE I. Optimal “averaged” starting time ¢ for QNMs with
different (¢m), evaluated through the procedure outlined in
Sec. ITC.

Mode “Optimal” to
22) 10.62
(21) 12.21
(33) 12.66
(44) 10.94

in the frequency, amplitude and phase of the quadratic
mode is lower than the statistical error of measurement.
Such a criterion is discussed, e.g., in Refs. [11, 73]. In
principle, this can be done on a per-event basis, as fol-
lows: (i) First pick an initial guess of ty, and use a FIM
calculation to estimate the statistical error; (ii) To esti-
mate the systematic bias (due to the fact that we do not
start at sufficiently late times), pick a numerical relativity
simulation with parameters close to the event, fit the
waveform at ¢y, and compare the result with an estimate
of the (unbiased) value obtained from fits performed at a
time at which the frequency, amplitude and phases are
the most stable (see Ref. [11]); (iii) Iteratively tune tg
until the statistical error and the systematic bias are of
similar magnitude. The resulting ¢o would be the optimal
starting time to use for the event in question. Here we
do not apply this procedure because it is prohibitively
expensive, especially for the large astrophysical catalogs
considered below. Given the order-of-magnitude nature
of FIM calculations and the uncertainties in the astro-
physical event rates of binary BH mergers, the simple
EMOP estimates of ¢y used here are sufficiently accurate.

III. ASTROPHYSICAL CATALOGS

To estimate the rates of binary BH merger events with
detectable nonlinear modes, in this section we introduce
astrophysical models of binary BH populations that fall
within the observational window of XG detectors.

In Sec. IIT A we focus on ground-based detectors, such
as CE and ET. In this case we consider populations com-
patible with the third LIGO-Virgo-KAGRA observing
run with two different assumptions on the component
spins (model I and model II, also used in Ref. [29]), as
well as a population of dynamically formed BH binaries
(model III).In Sec.IIIB we introduce a range of plau-
sible massive black hole (MBH) population models that
can produce ringdown events detectable by LISA.

A. Stellar mass binary black hole population models

We consider two astrophysical populations with masses
sampled from the POWER LAW+PEAK model moti-
vated by the third LIGO-Virgo-KAGRA gravitational
wave transient catalog, GWTC-3 [74]. The binaries
are drawn up to redshift z = 10 from a distribution
which follows the Madau-Dickinson cosmic star forma-
tion rate (SFR), with a local binary BH merger rate
Run = 28.3Gpc yr~! [75, 76]. Following Ref. [29], we
consider two possible prescriptions for the spins of the
component BHs, which are always assumed to be either
aligned or antialigned with the orbital angular momen-
tum of the binary. In model I the dimensionless spin
parameters are sampled from a Beta distribution with
(o« = 2, 8 = 5) peaked around 0.2. In model II the



BH spins are sampled from a uniform distribution within
[—1,1] (see Sec. IIE of [29] for further details).

We also consider a third model (hereafter model III)
consisting of merger events simulated using Rapster, a
population synthesis code for binary BH mergers pro-
duced dynamically in globular clusters [77]. The star
cluster formation rate follows the redshift distribution in
Eq. (11) of Ref. [78] in the redshift range z € [0, 10]. The
BH masses are generated from the SEVN code [79], and
the stellar masses of BH progenitors follow the Kroupa
initial mass function. Since the BH mass spectrum de-
pends strongly on the metallicity of the system, given the
redshift of cluster formation, we sample the metallicity
from a lognormal distribution with a mean value given
by Eq. (6) of Ref. [80] and standard deviation of 0.25;
these assumptions are motivated by Ref. [78]. Current
gravitational wave observations constrain the BH spins to
be relatively low [74]. We assume, somewhat arbitrarily,
that the spin magnitudes of first-generation BHs (those
that form from the collapse of massive stars) are uniform
in the range [0,0.2]. Based on observations of young clus-
ters in the local Universe [81], we draw the mass of star
clusters M. ¢ from a Schechter initial mass function with
spectral index —2 and truncation mass scale at 107 M,
in the range [10*,10%] M. The initial half-mass radius
Th,0 (a required input parameter in the Rapster code) is
weakly correlated with M o, and it is sampled from a
lognormal distribution with mean given by Eq. (3) of [82]
and a scatter of 0.7 dex. Finally, the initial galactocentric
radius of clusters is drawn from a Sérsic profile with index
n = 1 and scale radius 1kpc (a typical Milky Way-like
galaxy). All other Rapster input parameters are set to
their default values (see Table 1 of [77]). In Appendix B
we discuss the merger rates estimated with Rapster, along
with the sampling technique we use to draw events from
the binary BH population generated by the code.

B. Massive black hole evolution models

The evolution of MBHs and of their host galaxies is fol-
lowed using the semianalytic model introduced in Ref. [83]
and refined in later studies [84-89]. Galaxies are com-
prised of dark matter halos accreting gas from the in-
tergalactic medium. This chemically primordial gas can
either flow directly to the core of the halo along cold
filaments [90-92] (either at high redshift, or in small ha-
los at low redshift), or it can get shock-heated to the
halo’s virial temperature, before cooling and settling at
the center. By conservation of angular momentum [93],
this cold gas can form disk structures [93], becoming a
site for star formation. When these disks get disrupted
by bar instabilities of major galaxy mergers, star for-
mation bursts occur and spheroidal structures (bulges)
form. The semianalytic model also incorporates smaller
structures such as nuclear star clusters [85, 86], a central
gas reservoir for MBH accretion [94], besides the MBHs
themselves, for which the mass and spin evolution is fol-

lowed through their accretion and merger history. The
models also account for feedback processes on the growth
of structures, namely the impact of active galactic nuclei
(AGNs), which expel/heat up gas from the galactic cen-
ters in high mass systems [95-97], potentially quenching
star formation and MBH accretion, and the damping ef-
fect of supernova (SN) explosions on star formation in
shallow potential wells [98-100]. SN feedback can also
suppress MBH accretion and the gas-driven hardening
of MBH binaries in small systems with escape velocities
< 270 kmm/s [101], lower than the typical speed of SN
winds [102].

The dark-matter merger tree on which the model re-
lies to describe the halo merger history is produced via
an extended Press-Schechter formalism [103], calibrated
against results from N-body simulations [104]. Galaxy
mergers follow halo mergers, but with potentially large
delays. First, one has to account for the initial survival
of the smaller halo within the larger one as a sub-halo
(or satellite), which slowly sinks in by dynamical friction,
while being tidally disrupted and evaporating [105, 106].
Besides this first delay, the baryonic components (the
galaxy proper) are also subject to dynamical friction and
tidal disruption/evaporation [107]. MBH mergers experi-
ence additional delays from the galaxy/halo merger, as
MBH pairs need to travel all the way from separations of
hundreds of pc or even kpc (where they are expected to
be at the coalescence of their host galaxies) down to ~ pc
scales, where they form bound binaries, and eventually
to the sub-pc scales on which gravitational wave emis-
sion alone can drive them to merger. At separations of
hundreds of pc, the main driver of the evolution is again
dynamical friction [108], calibrated to the results of hydro-
dynamic simulations [109], while the evolution from pc
to sub-pc scales is driven by stellar hardening [110, 111],
interactions with gas (if available) [112-118] and/or with
other MBHs from previous galaxy mergers [87, 88, 119—
121]. Upon merger, the model updates the MBH mass
and spin based on semianalytic formulas reproducing the
results of numerical relativity simulations [122, 123] and
includes the impact of gravitational wave recoil [101],
which can lead to the ejection of the merger remnant
from the galaxy.

In addition to the delays between halo/galaxy mergers
and MBH mergers, the model’s predictions for the MBH
binary population are deeply impacted by the unknown
initial BH seed mass function at high redshift. In the
light seed (LS) scenario, MBHs are assumed to originate
from seeds of a few hundred Mg, remnants of Pop III
stars exploding as SNe. Specifically, the model populates
large halos forming from the 3.5¢ peaks of the primordial
density field at z 2 15 with seed BHs, estimating their
mass to be ~ 2/3 of the initial Pop III mass (to account
for mass loss during the SN explosion). The star’s initial
mass distribution is modeled as a lognormal distribution
centered at 300M with a standard deviation of 0.2 dex,
excluding masses between 140 and 260 M, which produce
pair-instability SNe leaving no BH remnant. Our model



also considers a heavy seed (HS) scenario, where MBHs
form with mass already of ~ 10°M. This scenario is
based on the model of Ref. [124], where seeds emerge
from the collapse of protogalactic disks, driven by bar-
instability in high-redshift, low-spin, and low-temperature
halos. The seed masses are determined according to
specific formulas from the same reference. It is of course
conceivable that a combination of both HSs and LSs forms
in nature, a hypothesis that LISA will help clarify [125],
but in this paper we will consider one scenario at a time.

The semianalytic model is calibrated against a number
of galactic/subgalactic scale observables (e.g. galaxy,
MBH baryonic mass functions, star formation rates and
densities, scaling relations for MBHs and nuclear star
clusters, AGN luminosity function, etc.) [83—-89] and also
against the recent observations of a putative stochastic
background of gravitational waves from MBH binaries by
pulsar timing array experiments [126-130]. In more detail,
we will consider here a subset of the models presented
in Refs. [131, 132], where a comparison to pulsar timing
array data is presented. Despite this calibration, the
uncertainty on the predictions of the merger rate of MBH
binaries observable by LISA remains significant.

In this paper, we bracket these uncertainties by focusing
on six models from Refs. [131, 132] predicting rather
different LISA event rates. In particular, we will consider
models “HS-nod-noSN (B+20),” “LS-nod-noSN (B+20),”
“LS-nod-SN (B+20),” “poplIl-d (K416),” “Q3-d (K+16),”
and “Q3-nod (K+16),” where “HS/Q3” (“LS/poplIl”)
indicate models with heavy (light) seeds, respectively;
“nod” indicates models with no delays between galaxy
and MBH mergers (except for the dynamical friction time
— including tidal effects — between halos); “d” indicates
models which include not only the delays between halo
and galaxy mergers, but also for stellar hardening, MBH
triplets and gas-driven migration; and “(K+16)/(B+20)”
refer to the papers where the models were first presented
(Refs. [89, 133]). “SN” and “noSN” refers to whether
the quenching effect of SN winds on MBH accretion is
accounted for or not, respectively. Note that Refs. [131,
132] presented predictions of each of these models at finite
merger tree resolution, and extrapolated predictions to
infinite resolution. As discussed in Refs. [131, 132], the
extrapolated results should be considered as upper limits
to the predicted merger rates, while the finite-resolution
results provide lower limits.

IV. DETECTABILITY OF NONLINEAR MODES

To understand which events in our catalogs are likely to
have a detectable quadratic mode, we begin by computing
the SNR for this mode alone. We will then select the
events with detectable nonlinear modes (i.e., those with
Pazxae > 8) for further analysis.
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FIG. 3. SNR of the (22x22) quadratic mode computed for
model I and model II (POWER LAW+PEAK mass distri-
bution and two different spin distributions). Plot points are
colored by redshift, z. The horizontal red line in each plot
marks our detectability threshold of p22x22 = 8.
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FIG. 4. Quadratic amplitude dependence on spin. This plot
explains why model II has a larger number of events with
detectable quadratic modes, as compared to model I. His-
tograms (left axis): number of events in the model I and
model II catalogs with a given value of x1 (which in the cat-
alogs is assumed to be equal to x2). Teal line (right axis):
quadratic mode amplitude for equal-mass mergers (¢ = 1) as
a function of xi. The qualitative behavior for unequal-mass
binaries (¢ > 1) is similar.

A. Quadratic mode SNR of stellar-mass black hole
binaries as observed by ground-based detectors

We first compute the quadratic mode SNR of 10° bi-
naries at ¢y = 12M after the peak of the waveform for
both CE and ET. We use the same catalogs (model I
and model II) studied in Ref. [29].

The results are shown in Fig. 3, where the color of the
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FIG. 5. SNR of the quadratic mode (22 x 22) calculated for 10°
binary BH mergers simulated by Rapster, including numerous
IMBHs, for both CE (left panel) and ET (right panel). The
horizontal red line marks the detection threshold (p22x22 = 8).
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FIG. 6. The quadratic mode SNR is lower at large values of
g. Results are shown for CE’s noise curve (z = 1) and ma
fixed to 100M, but results are qualitatively similar for other
detectors and secondary mass values.

points corresponds to the redshift of each binary. For each
of the two detectors, the vast majority of the events have
a quadratic mode SNR less than 8, with model II yield-
ing slightly larger SNRs than model I. This is because
model II has more events with large, positive progenitor
spins, for which the quadratic mode amplitude is larger.
This is illustrated in Fig. 4, where we plot the number
of events with a given value of x; (left axis) and the
magnitude of Agayas (right axis) as a function of the
BH spin x; (note that each event in the model I and
model II catalogs has x1 = x2 by assumption). The
quadratic mode amplitude is clearly higher as the indi-
vidual spins approach the extremal limit. The quadratic
mode amplitudes plotted in Fig. 4 refer to equal-mass
binaries (¢ = 1), but we have checked that the behavior is
qualitatively similar as long as ¢ < 3.6, the largest mass
ratio for binaries in the model I and model II catalogs.

Overall, under the conservative assumption that the
mass distribution follows current LIGO-Virgo-KAGRA
observations and that the redshift distribution follows the
star formation rate, we conclude that the quadratic mode
may be observable by XG detectors (in the sense that
P22x22 > 8) for at most a few tens of stellar mass binary
BH merger events per year.

B. Quadratic mode SNR of dynamically formed
black hole binaries as observed by ground-based
detectors

We now investigate whether prospects improve if we
compute the quadratic mode SNR for binaries formed
exclusively in dynamical channels. We simulate dynamical
formation with the Rapster code [77], which allows for
heavy binary mergers with primary masses O(100)Mg.

The amplitude fits that we employ are not accurate for
high mass ratios, so we conservatively exclude all events
in the Rapster catalog with ¢ > 10 (these constitute
less than 0.7% of all events). Since the quadratic mode
amplitude, and the corresponding SNR, is significantly
higher for comparable-mass binaries (see Fig. 6), our
forecasts of quadratic mode detectability are only mildly
affected by the implementation of this mass ratio cutoff.

We take weighted samples of 10 events at a time from
the Rapster catalog of dynamically formed binary BH
events, weighting samples by a realistic merger rate as
a function of redshift (see Appendix B). The quadratic
mode SNRs, again for a 40-km CE and a 15-km ET, are
plotted in Fig. 5. Once again, we find only a few events
with a potentially detectable paoy22. For CE (ET), the
mean quadratic mode SNR for the events shown in Fig. 5
is 0.64 (0.81), with 7 (6) events having paox22 > 8. We
have repeated the analysis several times, taking multiple
weighted samples of 10° events from the total catalog and
computing the quadratic mode SNR for these events, and
in each case we find qualitatively similar results.

Unlike the model III binaries predicted by the
Rapster simulations, which can have total mass M ~
[300, 600] M, the most massive binaries in the model I
and model II catalogs have a total mass of ~ 170 M.
In the particular Rapster universe realization shown in
Fig. 5, all six of the events detectable by ET have masses
Mo ~ [60, 100] M, and redshifts z ~ [0.04, 0.07]. For
CE we find a total of seven detectable sources: three
of them have values of (Mo, 2) comparable to those
observed by ET, while the remaining four have larger
masses (Mot ~ [300, 600] M) and are located at red-
shifts z ~ [1.4, 3]. The improved sensitivity at lower
frequencies allows CE to detect signals from heavier BHs.

This can be seen in Fig. 7, where we plot the quadratic
mode SNR as a function of the primary mass for binary
BHs in the stellar-mass and IMBH ranges (left and right
panels, respectively). While ET is slightly better at de-
tecting the quadratic mode of binaries with individual
masses O(10) Mg, CE performs significantly better in the
IMBH range. These results suggest that binary BHs with
masses somewhat larger than the range covered in the
model I and model II catalogs may be good candidates
for detection of the (22 x 22) quadratic mode with CE.

In Fig. 8 we show the distribution of detectable
quadratic mode SNRs (> 8) for each of the catalogs
discussed thus far over one year of observation. The
astrophysical models used here suggest that we may ex-
pect at most O(10) events with a detectable (22 x 22)
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FIG. 7. SNR of the (22 x 22) quadratic mode calculated for
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indicated in the legend). The left and right panels refer to
systems in the stellar-mass and IMBH range, respectively.
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FIG. 9. SNR distribution of MBH events with a detectable
quadratic mode (p22x22 > 8) over 4 years of LISA observa-
tions. Results are shown for the finite-resolution catalogs;
extrapolated results show a similar distribution of events, but
with rates increased by a factor of a few.

C. Massive black hole observations with LISA

We now compute the quadratic mode SNRs for the six
astrophysical models from Ref. [131] discussed in Sec. IITB.
We use the LISA noise curve [67], and again we take the
starting time of the modes to be ¢y = 12M/ after the
peak of the waveform.

The results for each model are plotted in Fig. 9 for a
single realization of a 4-year LISA observation time using
models with finite merger tree resolution, as described
in Sec. IITB. In Table IT we list the mean and maximum
values of pagoxoo for each model, as well as the number of
events with psaxo0 > 8 expected to be observed in four
years. Alongside each value, we report in parentheses
the corresponding value for models with extrapolated
merger rates (the “infinite resolution” models described in
Sec. ITI B). For context, for each model, we also display the
number of events with fundamental mode SNR pay > 8,
and with full inspiral-merger-ringdown (IMR) SNR > 8.
We again exclude events with ¢ > 10 from both Fig. 9
and Table II. Whereas Fig. 9 shows results for a single
realization of a 4-year observation time, Table I contains
averaged statistics for the entire catalogs described in
Ref. [131], which collectively correspond to 100 years of
MBH data: for instance, to determine the number of
events with a detectable quadratic mode in 4 years, we
divide the total number of events with pasox2o > 8 by 25.

While there is large variation between different as-
trophysical MBH models, the number of events with
a detectable quadratic mode can be several orders of
magnitude larger than what we found for ground-based
observations using models I-III. Although we do not
show all of our results here for brevity, we consistently
find O(10 — 10%) events per 4 years with paoyas > 8 for
all models with heavy seeds (including the other models
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TABLE II. Averaged statistics on the MBH binaries observed by LISA. The first and second columns show the total number of
mergers and the number of events with observable IMR expected in a 4-year mission lifetime for each catalog. The third and
fourth columns show the same quantities when we implement the mass ratio cutoff (¢ < 10). The fifth and sixth columns list the
number of events having SNR above threshold for the dominant (22) linear QNM and for the (22 x 22) quadratic QNM (for the
g < 10 events only). In the last two columns we list the average and maximum SNRs of the (22 x 22) mode (again, for ¢ < 10
events). Numbers without and with parentheses represent values for the finite-resolution and extrapolated models, respectively.

P22x22

Events in Num. with Events in 4 Num. with Num. with Num. with Mean Max
4 yrs PIMR > 8 yrs (¢ < 10) pmvr > 8 (¢ < 10) pao > 8 p22x22 > 8 poox22  P2ax22
HS-nod-noSN (B+20) 16288(39785) 16284(39764) 11978(29383) 11977(29380) 6704(20951) 1098(5623) 3(5) 905(2211)
LS-nod-noSN (B+20) 1313(1672)  224(271) 1193(1529) 132(163) 11(13) 3(4) 0.3(0.3) 1149(1152)
LS-nod-SN (B+20) 1279(1626)  6(7) 1276(1622)  5(6) 0(6) 0(0) 0(0) 94(418)
pop-11I-d(K+16) 689(1430) 206(382) 662(1376) 180(334) 5(15) 2(7) 0.6(0.7) 1725(1024)
Q3-nod (K+16) 470(660) 470(659) 359(516) 359(516) 277(427) 77(139) 8(14)  964(1744)
Q3-d (K+16) 33(74) 33(74) 31(70) 31(70) 28(66) 22(55) 74(93) 2194(3870)
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FIG. 10. Same as Fig. 9, but with the quadratic mode SNR distributions further broken down by redshift range. The plots refer

to the same finite-resolution catalogs shown in Fig. 9.

in Ref. [131], i.e., “HS-nod-SN (B+20)” and “HS-nod
(B12)”). In contrast, prospects for detecting the (22 x 22)
mode are no better (in fact, they are somewhat worse)
for models with light seeds, compared to the stellar mass
and IMBH populations. (See Appendix D for a visualiza-

tion of the comparative number of events with detectable
quadratic mode for heavy seed vs. light seed MBH mod-
els.)

To further understand the conditions under which we
will be more likely to detect the (22 x 22) mode, we also



divide the results plotted in Fig. 9 into subsets of data
spanning different redshift ranges. The results are shown
in Fig. 10. Perhaps counterintuitively, by far the largest
number of MBH events with a detectable quadratic mode
are at a redshift greater than 9. This can be understood
in terms of gravitational redshift (compare e.g. Fig. 1 of
Ref. [22]): MBHs with source-frame masses of O(10% —
109) M, which are the average masses of the “HS” and
“Q3” models, have redshifted masses that fall well within
the LISA noise band.

To conclude, our SNR calculations suggest that MBHs
with source frame masses of ~ 10° — 10Mg and 2 2> 9
will be excellent candidates for detecting the (22 x 22)
nonlinear mode with LISA.

V. PARAMETER ESTIMATION OF
NONLINEAR MODES

The SNR results presented so far are a simple figure of
merit to assess the detectability of nonlinear modes with
future ground-based and space-based detectors. However,
a more complete understanding of our ability to distin-
guish these quadratic QNMs from “ordinary” linear QNMs
requires a parameter estimation analysis, and it should
take into account correlations among the waveform pa-
rameters. Here we assess parameter estimation accuracy
for quadratic modes, as observed by both ground-based
and space-based detectors, through the FIM formalism.
We use the same conventions adopted for the SNR calcu-
lations: in particular, we use a starting time to = 12My,
and we discard all events with mass ratio g > 10.

As highlighted in Sec. II B, for our purposes it is suf-
ficient to compute the 8 x 8 block diagonal elements of
the Fisher matrix including the (44) and the (22 x 22)
QNMs, because these errors are independent from the
errors corresponding to QNMs with (¢m) # (44).

A. Error estimates with ground-based XG detectors

In Fig. 11 we plot histograms of the errors on the (44)
and (22 x 22) amplitude, phase, frequency, and damping
time, focusing on the model I-III events such that the
SNR of the quadratic mode paayxo2 > 8, as observed by
ET (see bottom panel of Fig. 8). The results for CE, not
shown here for brevity, are qualitatively similar.

The posterior distributions on the parameters of the
quadratic mode are all informative. The frequency of the
(22 x 22) QNM is always measured with an accuracy of
order 10% or better, with relative errors clustering around
3% in the most optimistic case (model II). The frequency
of the dominant (44) linear QNM is measured even better.
The quadratic mode damping time is also measured quite
well, with relative errors generally smaller than ~ 30%.
Interestingly, for the majority of the events, the errors
on the parameters of the quadratic (22 x 22) QNM are
comparable to, or sometimes even smaller than, those of

11

the linear (44) QNM. This is because the amplitude of
the quadratic mode is typically larger than the amplitude
of the (44) linear QNM at to = 12M;. In particular, this
explains why the relative error on the damping time of the
(44) linear QNM is slightly worse than the corresponding
error on the damping time of the (22 x 22) QNM. Note
also that the posteriors of the quadratic QNM amplitudes
do not show support for Aszx2z = 0.

Let us summarize our expected ability to measure
quadratic QNM parameters with ground-based detectors
in the most optimistic case.

Focusing on the model with the largest number of
events satisfying paoxaz > 8 (model II, with 50 events
satisfying this criterion), we find 14 events with relative
errors on the quadratic mode amplitude smaller than
50%, as measured with ET. The (22 x 22) mode phases,
frequencies and damping times are measured much better:
all 50 events have A¢posxas/2m < 8%, relative errors on
waox22 smaller than 4%, and relative errors on 7a2x22
smaller than 30%. For CE, we have 4 out of the 10
detectable events with AAgoxos/Asaxas < 50%; again,
all detectable events have relative errors on ¢asx29 < 8%,
relative errors on waoxoo < 4%, and relative errors on
Toox22 < 30%.

In the most pessimistic case, i.e., model I, we find only
2 events with paaxos > 8 as measured by ET, and no
events with a detectable quadratic mode as measured by
CE. The errors for the 2 events measured with ET are
similar to the errors for model II.

B. Error estimates with LISA

In Fig. 12 we plot the estimated errors on the (44)
and (22 x 22) mode parameters for the MBH events with
pPaz2x22 > 8. Many of the trends are similar to those ob-
served in Fig. 11. For example, the (22 x 22) damping
time, amplitude and phase are generally measured some-
what better than the corresponding (44) parameters, and
the real parts of the QNM frequencies are measured quite
well, with typical errors of the order of a few percent.
The major difference, of course, is that the number of
MBH events with such small errors is much larger than
the number of events originating from the stellar mass
and IMBH mergers observable by ground-based detectors.

In the most optimistic case (i.e., for the “HS-nod-noSN
(B+20)” model, with 1098 events satisfying pasx22 > 8),
we find 896 events with relative error on the quadratic
mode amplitude less than 50%. All 1098 events have
relative error on @agyxoo and wosx2o less than 10%, and
relative error on T3y 29 less than 30%. These results refer
to the finite-resolution catalogs, which, as explained in
Sec. III B, provide a lower limit to our predicted detectable
quadratic QNM rates. Note also that the posteriors of the
quadratic QNM amplitudes show no support for Asoyos =
0 for all of the MBH models we consider. In the most
pessimistic case (“LS-nod-SN (B+20)”), we find no events
with a detectable quadratic mode.
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FIG. 11. Histograms of the errors on the QNM parameters (amplitude, phase, frequency and damping time, from top to bottom)
for the subset of model I-III events such that the quadratic mode is observable by ET. Results for CE are qualitatively similar.

VI. CONCLUSIONS the (22 x 22) quadratic mode with XG gravitational wave
detectors. We have estimated the SNR of the quadratic
mode for several binary BH population models that may

In this paper we have built on recent developments in  be observed by ground-based and space-based detectors
the construction of amplitude and phase fits for nonlinear in the upcoming decades. Our main finding is that a
quasinormal modes [11] to forecast the detectability of
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FIG. 12. Histograms of QNM parameter errors for the events in the MBH catalogs with a detectable quadratic mode SNR.

15 km ET could detect up to a few tens of events per year
with an observable quadratic mode, and CE has similar
prospects for observing quadratic modes. In contrast,
the most optimistic astrophysical MBH formation models
allow for the possibility that LISA may observe up to
O(1000) events with a detectable quadratic mode in its

nominal 4-year observation time.

For the subset of events with a detectable (22 x 22)
mode, we used a FIM analysis to estimate fairly small mea-
surement errors on the quadratic mode amplitude, phase,
and frequencies. It will be important to validate these
preliminary findings with Bayesian parameter estimation



codes such as PyRing [134, 135] and Ringdown [9, 136],
or neural posterior estimation methods [137].

In this study, we have only investigated the ability of
future gravitational wave interferometers to detect the
quadratic (22 x 22) mode sourced by the square of the
fundamental (22) mode, simply because this mode is the
easiest to identify in numerical relativity simulations. It
will be interesting to further investigate the detectability
of other nonlinearities in the merger signal, including (but
not limited to) subdominant quadratic QNMs.
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Appendix A: SNR and parameter estimation results
at different QNM starting times

In this appendix, we argue that despite the non-
negligible dependence of the SNR and parameter errors on
the choice of ¢, our use of ty = 12M} for the main results
nevertheless provides a useful estimate of the quadratic
mode detectability with XG observatories.

To this end, we first take a subset of the events plotted
in Figs. 9 and 10 having the “loudest” quadratic mode
SNRs (p22x22 > 50 at tg = 12My), and we recompute
their SNR at tg = 7My and ¢ty = 17M;. The results are
shown in Fig. 13, where the SNR values computed at
to = TMy (to = 17My) are plotted with dashed (dotted)
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FIG. 13. Quadratic mode SNR of the “loudest” MBH events
in the “HS-nod-noSN (B+20)” model, calculated at different
starting times, to. Dashed, solid, and dotted lines correspond
to SNRs calculated at to = 7,12, and 17My, respectively.

lines, and the results at to = 12M; shown in the main
text are plotted as solid lines for reference. For simplicity
we only focus on the loudest events in the “HS-nod-noSN
(B420)” catalog, but we have observed similar trends for
the loudest events in other MBH catalogs.

As expected, the SNRs calculated at earlier (later)
times are larger (smaller) than the SNRs computed at
the fiducial time ¢ty = 12M that we use throughout the
main text. However, the results change by less than one
order of magnitude: the minimum quadratic mode SNR
of all events in Fig. 13 is 24.3 at to = 17M; and 90.9
at to = TMy, and the maximum SNR is 177.9 at ¢ty =
17My and 745.5 at tg = TMy. Therefore, when we can
claim detection of the quadratic mode fairly confidently,
increasing or decreasing tg by ~ 5M} is not usually enough
to withdraw a detection claim.

In Fig. 14 we perform a similar test for the detectable
events in the model II catalog as observed by ET. Here,
we see that since many of the events were only marginally
detectable at to = 12M, increasing tg by 5My will cause
the quadratic mode SNR of some of the events to fall
below our detectability threshold (psax22 = 8, marked
by the vertical red line). On the bright side, if to is
smaller than our fiducial value by a few My, many of the
events with marginally detectable SNRs (very close to
P22x22 = 8) at to = 12Mf are louder.

Finally, in Fig. 15 we plot the errors on the (22 x 22)
mode parameters calculated at different values of ty for
the same “loud” MBH events shown in Fig. 13. While the
errors do increase (decrease) for larger (smaller) values
of tg, we see that the shifts in the distributions are fairly
moderate. In particular, the relative errors on all mode
parameters for these “loudest” events remain smaller than
unity even at a pessimistic value of tg = 17M;.
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Appendix B: Merger rate of binary BHs from star
clusters

In this appendix, we describe how to properly reweigh
the Rapster simulation output and compute the merger
rate from our generated set of events. Our Rapster simu-
lations have been carried out in a fixed comoving volume
AV.. We define the comoving source-frame merger rate
density to be Ry = dNye/(dV,dts). To compute this quan-
tity we count the number of binary BH mergers within
[z, 2z + Az], denoted by ANI[;ZSTIﬁIZI]. Each such event
has been produced by a cluster that formed at a larger

Wy
1
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, () LA
redshift zg) Since we have simulated ANC[IZCS‘ImZIfI‘ a2l
clusters, we need to correct for the true number of clus-
ters that form at 2, that is,

cl

ANED D as

Fa =+ g ED)aviag ), (B1)

where 1] is the comoving source-frame cluster formation
rate density given by Eq. (11) of Ref. [78]. As such, the
true number of mergers in [z, z + Az] becomes

[2,24+Az]

me,simul AN[ZS)VZS)JFAZ]
Az] cl,true
AN[ZVZJF = ,— . B2
me,true —~ [zé?,zi?%»Az] ( )
= cl,simul

Thus, the source-frame merger rate per unit comoving
volume can be approximated as

N

me,simul (2) At (7)
Rs(z) ~ Z K(Z‘E% ) S(Z(é)) : (B3)
S BT a A ()

cl,simul

By rearranging the definition of the observer-frame
volumetric merger rate R, = Rsdt,/dts, where dt,/dts =
(1 + 2), we obtain the cumulative number of mergers
within redshift z per year [see also Eq. (17) from [138]]:

2 d AV
Ro(< 2) —/0 mRS(z)E'

(B4)
Integrating out to a redshift of 10 results in ~ 2 x 10*
globular cluster mergers per year anywhere in the Uni-
verse.

When we sample 2 x 10 events from the Rapster cat-
alog with a probability density given by the integrand of
Eq. (B4), we find no events with paax22 > 8. Neverthe-
less, we have reasons to believe that the actual number
of these mergers per year may be somewhat larger. First,
the Rapster code likely underestimates the merger rate
per cluster by a factor of a few (see Fig. 5 of [77]). More-
over, dynamically formed binary BHs may also originate
from young massive and nuclear star clusters, in addi-
tion to the globular cluster contribution [78]. Even the
number density of globular clusters is uncertain, leading
to a large merger rate uncertainty (see Fig. 3 of [139]),
with an upper limit that is consistent with the currently
inferred value from gravitational wave observations [74].
We roughly estimate these considerations to collectively
increase the number of mergers from dynamical channels
by a factor of a few per year. Altogether, then, to gen-
erate the catalog of model III used for our analysis, we
sample 10° events with a probability density given by the
integrand of Eq. (B4).

Appendix C: SNR and Fisher matrix expressions for
multiple modes in the same angular harmonic

Consider the complex spherical harmonic functions
defined in Eq. (5). The following averaged products



are zero for any combination of modes with (/m) =

(22), (21), (33), (44):
(V{™)?) = (V™)) =0, (C1)
(V)2 =((¥™)?) = 0, (C2)
(VM (FEm) = (V) (V) = 0, (C3)
((VEmEm)y) = (Vi) (V™) = 0. (C4)

(YEm)(vEmey = (V%) (C5)
(V) (V™)) = (V™) (C6)

are not always zero; however, the sum
(V™12 + (V) (C7)

is equal to zero for any two modes with different indices
(¢m), and equal to 1/7 for two modes with the same (¢/m).

These relations have consequences for how we com-
pute the SNR and Fisher matrices for multiple modes.
Specifically, when treating modes within the same (¢m)
harmonic, we cannot simply assume a block-diagonal

J
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Fisher matrix, or that the SNR is given by a sum in
quadrature of the individual mode SNRs.

1. Modifications to the SNR for two modes with the
same (fm)

The frequency-domain ringdown waveform is given by
Egs. (6)-(9). If we want to compute the SNR of a wave-

form with just two modes (i.e., hy(f) = iL(+1) + ﬁf)
and hy(f) = iL(Xl) + B(XQ)), then using (F? ,) = + and
(Fy Fy) =0, we have, after averaging over all angles,

< 1.~ () (D = (1)~ -
(RO () = SR P+ BB + AR 4 [P

7(1 7(1)7(2)* T(L)x7(2 7(2
HRD P+ RORD + R RD + R

(C8)

If the modes have different indices (¢m), then by the
orthogonality of the spherical functions, this reduces to

RN () = g [RDF + PP+ [FOP + 152P]
% ((bs_l))ZJr(b(_l))Q) Jr% ((bf))2+(b(_2))2) ]
(©9)

If the two modes have the same (¢m), we have additional
terms from the following nonzero quantities:

B$’Ef)* _ A A (b(l)b pilo1— ¢2)Y(1)Y(2)*+b(1)b(2) —i(p1—2) ) (C10)
R AlAz by i) Y WP (@ 4 (@) ilo1—62) P (DY ) (C11)
B(XUB(XQ)* b(l)b(Z i(d1— ¢2)Y() (2)*+b(1)b(2) —i(¢1— ¢>2)YX(1 y ) (C12)
RO R@ A12A2 P emi1=02)y D+ y (D) | (D2 ci1-2)y (D, ) (C13)

Adding the first and third lines, and the second and fourth
lines, and recalling that (|Y72 + |Vi™[?) = L for two
modes with the same (¢m), the term we must add to the
SNR for two modes in the same harmonic is

1r- 7 * 7 * 7 7 7 * 7 * 7
: [h(l)h(z) RV 4 RO O hg)}
_ A (B o0 4 i)
107 -
Ards (1)) ior—62) o (D p(2) i(d1—2)
4—1()7”(19+ by ’e +b7be )
AA,

[(b@b@ + 5D cos(¢y — @)} (C14)

5%

(

after we average over the spherical functions.
2. Modifications to FIM expressions for two modes
with the same values of (¢m)

The top left and bottom right 4 x 4 blocks of the total
8 x 8 FIM for two QNMs with identical (¢m) indices are
given by the expressions in Appendix D of [29)].

In addition, we have the following nonzero components
on the off-diagonal blocks of the FIM. We denote the 8
mode parameters by 6= (A1, ¢1,w1, 71, Az, o, wo, T2); in
this paper, we have primarily been considering the indices
1 and 2 to stand for mode indices (44) and (22 x 22).
What we call “ 0p,h (a%. h)*” here corresponds to the
expressions labeled “I'p,¢,” in Appendix D of Ref. [29].
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D4 h(Oh)" = 1(; i<¢2—¢1>b9>b<_2)+ei<¢1—¢2>b$>b<f>} (C15)
4. h (Dg,h)" = 11“3; R AR —ei<¢1*¢2>b$>bfq (C16)
04,0 (Duyh)* = 1“2; 02— (M@ eilor=02)p (D) } (C17)
04,0 (Dr,h)* = % :ei<¢2—¢1>b9>b£2}m+ei<¢1—¢2>b$>bf}ﬁ} (C18)
Do h (O,h)" = —i’ilr { i(#2=¢1) p(1)p(2) —e“@—%)bﬁ)bf)} (C19)
Doy h (D, h)" = “‘ilof:? [ei<¢2‘¢1)b(_1)b(_2)+ —¢2>b$>b§?>} (C:20)
Bp, h (B h)* = 7% [e“@*%)b@b?@—ei<¢1*¢2>b$>b§?’{u2} (C21)
Doy h (B h)* = —% [eiwr%)b(_l)b(f}m —ei<¢r¢2>b$>bf}m} (C22)
Dunh (O 4,h)" = % [ei<¢2—¢1>b(j}w b o ilér- ¢2)b<1> b(?)} (C23)
By h (D h)* = Mi(lTA? [e“@—%)b@wlb@ - ei<¢1—¢2>b$}wlbf>] (C24)
By h (Buh)* = % [0 e0p0) b2, 4 e b ] (C25)
O b (Dryh)* = % [eiwr%)b({alb&% +ei(®1- ¢2>b<1>ulb<f)m} (C26)
0rh (9 4,h)" = 1“‘;—; [ei<¢2*¢1>b(_1}ﬁb<_2)+ei<¢1*¢2>b$>ﬁb( )] (C27)
Or, h (Dp,h)* = i’il)if [e“@—%)b@ﬁb@ - ei<¢1—¢2>b$}nbf)} (C28)
Or h (D, h)* = % [e“%—%)b“}ﬁb@w +ei<¢1—¢2>b<1}nbf>w2} (C29)
O h (D, h)* = “‘iloé?[ ip2=ep) p@)  ei@1=92)p(1) bfﬁ] (C30)

These sixteen expressions provide the FIM elements in
the top right block of the total 8 x 8 matrix. To ob-
tain the bottom left block, one can simply take the com-
plex conjugate of the above expressions (so, for instance,
L, =T a,4,)7)

The similarities with the expressions in Appendix D
of Ref. [29] are immediately evident. An important dis-
tinction lies in phase factors: the QNM phases are in
general different for different modes, so we cannot take
the exponential factors to simply be e = 1.

Appendix D: Relative number of light seed vs. heavy
seed MBH events with detectable quadratic mode

In Fig. 16, we plot the number of MBH events satisfying
various criteria in Table II. From left to right, the pan-
els show the detector frame redshifted total mass, M,

(

and the redshift, z, of (i) all model events in 4 years, (ii)
all model events in 4 years with a detectable IMR SNR
(pmvm), (iii) all model events in 4 years with detectable
pivr and ¢ < 10, (iv) all model events in 4 years with
detectable pa2 and ¢ < 10, and (v) all model events in
4 years with detectable posx22 and ¢ < 10. The color
corresponds to the IMR SNR of the event, and the point
size corresponds to /g of the event, with a few repre-
sentative mass ratio/point size correspondences given in
the legend. From these plots, we see clearly that a much
larger fraction of heavy seed events (“Q3-nod (K+16)”
and “Q3-d (K+16)”) have a detectable ringdown and,
in particular, a detectable quadratic mode, as compared
with the light seed events (“pop-ITI-d (K+16)”). We also
see that implementing the mass ratio cut (i.e., going from
the second to the third panels in each row) in order to
ensure the validity of the amplitude fits does not cause
us to lose too large of a fraction of potentially detectable
events.
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FIG. 16. Plots showing the relatively higher number of events with detectable ringdown and quadratic mode for heavy seed
events, as compared with light seed. This figure also demonstrates that the mass ratio cut we implement only excludes a small

fraction of the events in our catalogs.
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