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The Black Hole Mass Function: From Stellar to Supermassive

by Alexander Sicilia

The overall purpose of this thesis is to establish the black hole (BH) mass
function, from stellar to supermassive. We divide this work into two: 1) the
stellar black hole mass function covering the mass range m, ~ 5 — 150 Mg;
2) the supermassive BH mass function spanning M, ~ 10510 M; the inter-
mediate BH mass function (M, — 103 — 10° M) will be a byproduct of the
continuity equation approach used to track supermassive BH growth and
allow for the stitching together of a complete BH mass function. We incor-
porate a wide range of disciplines including: galaxy evolution, stellar evo-
lution, and black hole evolution. We seek to create a self-contained, self-
consistent, model that spans from the present day to z ~ 10, which can be
used to make estimations of future observational predictions specifically in
regards to gravitational wave instruments (Laser Interferometer Space An-
tenna, Deci-hertz Interferometer, and Einstein Telescope) and electromag-
netic detections (James Webb Space Telescope and Athena).

Regarding the stellar BH mass function, we mainly consider the stan-
dard, and likely dominant, production channel of stellar mass BHs consti-
tuted by isolated single/binary star evolution. Specifically, we exploit the
state-of-the-art stellar and binary evolutionary code SEVN, and couple its
outputs with redshift-dependent galaxy statistics and empirical scaling rela-
tions involving galaxy metallicity, star-formation rate and stellar mass. The
resulting relic mass function d?N/dVdlog m, as a function of the BH mass
m, features a rather flat shape up to m. ~ 50 M and then a log-normal de-
cline for larger masses, while its overall normalisation at a given mass in-
creases with decreasing redshift. We highlight the contribution to the local
mass function from isolated stars evolving into BHs and from binary stellar
systems ending up in single or binary BHs. We also include the distortion
on the mass function induced by binary BH mergers, finding that it has a
minor effect predominantly at the high-mass end. We estimate a local stel-
lar BH relic mass density of p, ~ 5 x 10” My Mpc~3, which exceeds by more
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than two orders of magnitude that in supermassive BHs; this translates into
an energy density parameter Q, ~ 4 x 107*, implying that the total mass in
stellar BHs amounts to < 1% of the local baryonic matter. We show how
our mass function for merging BH binaries compares with the recent esti-
mates from gravitational wave observations by LIGO/Virgo, and discuss the
possible implications for dynamical formation of BH binaries in dense envi-
ronments like star clusters. We highlight that our results can provide a firm
theoretical basis for a physically-motivated light seed distribution at high
redshift, to be implemented in semi-analytic and numerical models of BH
formation and evolution.

In terms of the supermassive BH mass function, we consider two main
mechanisms to grow the central BH, that are expected to cooperate in the
high-redshift star-forming progenitors of local massive galaxies. The first is
the gaseous dynamical friction process, that can cause the migration toward
the nuclear regions of stellar-mass BHs originated during the intense bursts
of star formation in the gas-rich host progenitor galaxy, and the buildup of
a central heavy BH seed M, ~ 10375 M, within short timescales < some 10’
yr. The second mechanism is the standard Eddington-type gas disk accre-
tion onto the heavy BH seed, through which the central BH can become
(super)massive M, ~ 105710 M, within the typical star-formation duration
< 1 Gyr of the host. We validate our semi-empirical approach by repro-
ducing the observed redshift-dependent bolometric AGN luminosity func-
tions and Eddington ratio distributions, and the relationship between the
star-formation and the bolometric luminosity of the accreting central BH.
We then derive the relic (super)massive BH mass function at different red-
shifts via a generalised continuity equation approach, and compare it with
present observational estimates.

Finally, we reconstruct the overall BH mass function from the stellar to
the (super)massive regime, over more than ten orders of magnitudes in BH
mass. Overall we have found that the number of black holes within the
observable Universe (a sphere of diameter around 90 billion light years) at
present time is about 40 billion billions (i.e. about 40 x 10'8).
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Chapter 1

From Nothing to Structure

The night sky and human history are one in the same story, be it through
wayfinding by the ancient Polynesians to ride the waves on star plotted
courses from island to island or the many mythologies which tale the ori-
gin of the scattered stars in the Milky Way to more modern events including
scientific debates as to our position in our solar system and galaxy. The sun,
be it pulled by chariot or orbiting about us, has regulated life on Earth, ris-
ing in the morning and setting in the evening thus defining the day. The very
concept of time, the continual movement forward, is imprinted on all living
things by this periodic motion. Whether you are a pagan worshipper during
the Solstice at Stonehenge or seated in prayer in religious halls, the sky has
impacted your life dramatically.

The advancement of astrophysics and cosmology as a science lay much
by the wayside of history, with observers valiantly trying limited by naked
eye. It was not until the 16th century, during the renaissance when we see
great changes in the ways we imagine the cosmos. Copernicus brought for-
ward the notion that the Earth was not the centre of existence, that in fact
the centre might be the Sun; giving rise to the heliocentric model and the
Copernican Principle. A century later brought us Galileo and the telescope,
no longer were we restricted by the resolution of our biology.

As history etched forward our understanding of the size of the Universe
would extend further, the 20th century commenced with the debate as to
the position of distant nebulae in the sky. Some suggested they resided in-
side our Milky Way, others beyond, but it would be Edwin Hubble, whilst ob-
serving the Andromeda nebula in 1920, who determined that many of these
nebulae were too distant to be housed in our galaxy and were, in fact, galax-
ies in their own right. With this discovery and the new revelations on the
theory of gravity by Einstein, that of General Relativity, the Universe was be-
coming increasingly large and the centre less and less defined. The 1950s
saw another disagreement, the great big bang debate which waged between
George Gamow and Fred Hoyle. Gamow proposed what we now know as the
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big bang model of the Universe, whilst Hoyle argued for the steady-state the-
ory which saw no defined beginning or end. It would be the discovery of the
Cosmic Microwave Background (CMB), in 1964, at Bell Labs, which would
conclude the debate and lead to our modern understanding of the big bang
origin of the Universe.

In this Chapter, we shall discuss the basic principles which allow us to
describe our Universe focusing on the field of cosmology. First addressing
its geometry, through the metric which will be used to determine distances
and the most famous of measurements redshift (Sect. 1.1). In Sect. 1.2 we
introduce dynamics and evolution. Next, we confront the measurable pa-
rameters which define Universe models (Sect. 1.3) before undertaking some
examples of their impact on the epochs that are characterised by different
species domination (Sect. 1.4). We conclude this Chapter by examining how
perturbationsin the early Universe evolve to form the grand scale structures,
haloes, that become homes to galaxies (Sect. 1.5). Discussions more focused
on the field of astrophysics will be deferred to Chapter 2. Novel research can
be found beginning Chapter 3 (though an understanding of Chapter 2, Sect.
2.3.2 is highly encouraged prior to beginning Chapter 4), based primarily on
the papers Sicilia et al. 2022a, 2022b, for all those interested in the findings
of this thesis.

The contents of both Chapters 1 and 2 are possible through the works
of Weinberg 1972, 2008 and Cimatti et al. 2020. In addition, lecture mate-
rial from courses taken at the University of Sussex (given by Antony Lewis,
David Seery, Robert Smith, Peter Thomas, and Stephen Wilkins) and SISSA
(Carlo Baccigalupi, Enrico Barausse, Alessandro Bressan, and Andrea Lapi)
hasbeen used extensively, and, though this material is not publicly available,
it would be remissive to omit their mention.

1.1 Geometry

The following will tackle the fundamentals of describing the geometry of the
Universe, including the cosmological principle (Sect. 1.1.1), the metric (Sect.
1.1.2) and its use in the definition of distances (Sect. 1.1.3). Redshift will be
introduced and established (Sect. 1.1.4) before we conclude with the effect
geometry has on the measurements of distances pertinent to observations
(Sect. 1.1.5).
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1.1.1 The Cosmological Principle

The Copernican Principle, the notion we are not privileged observers, sup-
planted the idea that all orbited about Earth, but its influence did not end
there. The cosmological principle, inspired by Copernicus’ heliocentric the-
ory, states that our Universe is homogeneous and isotropic on large enough
scales. The consequence of such a statement implies that there is a symme-
try in the spatial coordinates, three rotational and three translational. The
principle was given little supporting evidence until the discovery of the CMB
(see Fig. 1.1), which found a highly isotropic image of the radiation emitted
during a period known as recombination that has a maximal photon tem-
perature deviations of 67/T ~ 107°. Furthermore, with the advancements
in computer processing power, simulations of galaxy distributions consis-
tently produced cosmic webs which gave additional credence to the prin-
ciple by reinforcing the notion of homogeneity. The caveat being that large
enough scales must be considered (> 100 Mpc), meaning the inhomogene-
ity of Earth is not a damning counter.

Let us take a short aside. It might be believed that homogeneity begets
isotropy or isotropy begets homogeneity meaning one only needs the CMB
to prove such a principle, this is not the case. Consider electrodynam-
ics briefly, and a constant electric field between infinite planes of opposite
charge. At any point between these two planes the field lines can be consid-
ered homogeneous, there is spatial symmetry, but they cannot be consid-
ered isotropic, as there is a preferred direction towards the negative plate.
Now, instead, consider a point charge, if we position ourselves on the point
charge we would consider the scenario to be isotropic, we have rotational
symmetry, but this situation is not homogeneous due to the radically de-
creasing electric charge density. Placing ourselves anywhere else other than
the point charge will break the isotropy of the scenario as well. It is, therefore,
a naive assumption to say a homogeneous Universe would too be isotropic
or vice-versa, and thus proving both independently is required.

1.1.2 The FLRW Metric

With the foundational notion of the cosmological principle we can move for-
ward toward what is known as a space-time metric, and for our purposes we
wish to produce the Friedmann-Lemaitre-Robertson-Walker (FLRW) met-
ricin spherical coordinates. Due to homogeneity and isotropy we have three
spatial and three rotational symmetry derived from six Killing vectors, such
a space is defined to be maximally symmetric. A consequence of this maxi-
mal symmetryis that all geometries defined as such are unique through their
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FIGURE 1.1: The Cosmic Microwave Background from the 2013 Planck data release.
Credits: https://www.esa.int/ESA_Multimedia/Images/2013/03/Planck_CMB

curvature and eigenvalues (where the latter is often known as a signature).
For the development of the FLRW metric we must begin with a sphere
embedded in a space defined by four spatial dimensions with some radius

x2+y2+zz+w2=b2, (1.1)

where (x, y, z) are our usual Cartesian coordinates, w is our fourth dimen-
sional coordinate, and b is the radius of the sphere. The line element for
such a sphere, in spherical polars, is given by

ds* = g;jdx'dx’ = a®

Tz rdeZ], (1.2)

with the metric g;;, dQ® = d6? + sin 0d¢?, k = |b?|/b?, a is some scaling
component, and x’ indicates a coordinate from our system - in this case
(x1,x%,x3) = (1,0, p).

We can extend this frame further without breaking maximal symmetry by
introducing a fourth temporal component separate from the spatial compo-
nents which has some orthogonal universal time!, where at each given time
t we have a maximally symmetric spatial subspace which does not break the
restrictions laid down by the cosmological principle. We are left with the

A consequence of such implementation is that our spatial coordinates become comov-
ing with time, which will be given definition shortly.
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FLRW space-time metric,
2

ds? = —c2dr? 204 _ar-
S c +a()1_kr2

+ rzdﬂz], (1.3)

where we use a signature of (-, +,+,+). It is also true that we can define a
gauge such that ¢ = 1 without consequence on the form of the metric and
thus we shall from hereafter.

The coefficient a has since become dependant on our new temporal vari-
able ¢ and is known as the scale factor, which in essence describes the scale
evolution of the Universe which we will return to in Sect. 1.2.2 when we ex-
amine in more detail the consequences of Einstein’s field equations. It is
restricted to only evolve in terms of time, since such a development in the
spatial coordinate would violate homogeneity, additionally it must, too, act
equally on all spatial components for the exact same reason.

Remaining is our free variable k, the curvature, which due to its defini-
tion takes only three distinct values

1 for a closed Universe;
k=<0 foraflat Universe; (1.4)
-1 for an open Universe.

There is one final alteration which can be made to the metric, and that is
a change in variables from r — j, such a transformation will resolve one
subtle problem with the metric and that is for k = 1, r = 1 then ds?> — co.
Setting

siny k=1,
sinhy k=-1.
returns the metric
ds? = —dt? + a®(t)[dy® + Se(y)dQ?], (1.6)

where our coordinate system becomes (t, y, 6, ¢) and are all said to be co-
moving coordinates, whose positions do not change with the expansion of
the Universe.

1.1.3 Cosmological Length, Area, and Volume

The line element ds allows us to describe any distance, through a coordinate
system and a metric g;;, where latin symbology extends over the numerals
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{1, 2, 3}. With this in mind we can express any dimensional quantity simply

as
A A o
/ds:/ |gijdx'dx’|2, (1.7)
B B

where we sum over the indices i and j. Due to the Cosmological Principle,
gij = O fori # j thus we can express the three base dimensional definitions
as

dL = ds; = v/|g;;|dx’ (1.8)
dA = ds;ds; = |giigjj|dxidxj (1.9)

dV = ds;ds;ds; = 1/lgl-,-gjjgkk|dx"dxjdxk, (1.10)

being length, area, and volume respectively, with i # j # k.

The length between two points in the FLRW metric can be defined by as-
suming an observer in the centre of our reference frame and following along
aradial geodesic until some point y. Eq. 1.8 can be used, returning the form

X
dp(t) = /|gnldx! = a(t)/ dy’ = a(t)y. (1.11)
0

which is known as the proper distance. It can be seen that the proper length
isascaling of our comoving coordinate y caused by the expansion of the Uni-
verse experienced by the observer. It is also common to write the comoving
distance as d.(t) and express it in terms of the proper distance

dp(t)

(D (1.12)

de(t) = x =

1.1.4 Redshift

Let us consider the dynamics of expansion on the observation of some dis-
tance galaxy emitting light. Imagine a pulse of light emitted at time fem;,
then another pulse emitted by the same galaxy some moment fepmjt + Ofemit
later. An observer will observe such emissions of light at .5 and t,ps + 6typs
respectively. Let us follow these two pulses of light, and arrange our scenario
such that the photons? follow a radial geodesic using our comoving coor-
dinate system with the observer positioned at the centre. With this setup
let us return to Eq. 1.3, the FLRW line element, the radial geodesic means

2Photon always follow null line elements, therefore ds = 0.
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d6 = d¢ = 0 and expressing for an inward travelling photon
dt = -a(t)dy. (1.13)

The two paths are described by

Tobs 0
/ a(t)"'de = —/ dy = Xemit; (1.14)
Temit Xemit
tobs+5tobs 0
/ a(t)_ldt = _/ dy = Xemit- (1.15)
femit*+OTemit Xemit

If we consider 6¢; to be significantly small than we are left with

Otobs _ Aobs a(fobs)

= = =1+z. (1.16)
Otemit  Aemit  @(femit)

We can define our system such that a(z,s) = 1 therefore giving the relation
a(t) =1/(1 + z), which is commonly taken.

Here we have cosmological redshift z, which describes the effects of the
expansion on the wavelength shift of photons as they travel. Objects in the
sky with z > 0 appear redder, or in other words their colour has shifted
towards red hence the name; it is also true that objects can have z < 0
which are said to be blueshifted, with the most famous being the Andromeda
Galaxy (M31). The general terms is redshift, and thus z will be referred to as
redshift from hereafter.

1.1.5 Distance Measures

So far when determining the distance between two points we have forced
our scenarios to operate only on radial geodesics, let us consider a scenario
where our object changes on an angular trajectory. Consider an object with
some length / and sustained angle d6, the distance to the object is therefore

l l
ao = — da = — 1.17
i = da=9p (1.17)
where d, is said to be our angular diameter distance. If we assume dy =
d¢ = 0 then using our proper distance measure with only angular change
we obtain

_a(t)Se(x)do
B de

d
da =a(t)Sk(y) = da = 1+Cz for k=0. (1.18)
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Thus we have the following relationship between the angular diameter dis-
tance of an object and its comoving distance assuming a flat universe.

There is another type of distance that needs to be analysed, it can be
noted thatlight is affect by the geometry of our Universe through redshifting
effects thusitwould be required that we examine howlight describes the dis-
tance between two points. The derivation of such a distance measurement
is more involved, requiring the examination of the number of photons re-
ceived by an observer. The set up is to imagine that a galaxy, emitting a band
of light with luminosity L, is being observed by a telescope some distance
d; away then the flux f sustained by the telescope would follow the basic
equation

L

= —. 1.19
47rdf ( )

f

The conclusion of the derivation gives an equation in a comparative form,

Lpand
_ , 1.20
Joand 4m(1 + 2)%2Sk(x)? (1.20)

which can be related to Eq. 1.19 if the luminosity distance takes the form
di = (1+2)Sk(y) = (1+2)%dy = dp=(1+2)d. for k=0. (1.21)

To summarise, for a flat (k = 0) Universe,

dc = X
dy=(1+2)7ldg
d. = (1 +z)de,

represent the relationships between measured distances.

1.2 Dynamics

There is much we can learn from the geometry of the Universe, and for ob-
servations an accurate understanding is critical, but the Universe needs to
be considered as a moving, flowing system. The dynamical nature will al-
low us to gather more understanding as to the Universe’s development over
time, allowing us to examine the past, present, and predict the future. To
follow will be the introduction of Hubble’s Law (Sect. 1.2.1), probably the
most well-known law in Astrophysics and Cosmology, and the evolution of
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the Universe through the Friedmann Equations (Sect. 1.2.2). We will con-
clude by introducing the density parameters, observational variables critical
to cosmology (Sect. 1.2.3).

1.2.1 Hubble’s Law

The timeline of the discovery of Hubble’s Law is not simply the work of Ed-
win Hubble, but the combination of Observers and Theorists over years.
A Doppler-like shifting effect was first measured by Vesto Slipher (Slipher
1913). Slipher examined the change in spectral emission observed in his
galactic catalogue to those done in a lab and noted their difference, he is
credited with publishing the first known documentation of galactic redshift.
In 1915, Albert Einstein (Einstein 1915) published his field equations which
were then solved seven years later by Alexander Friedmann (Friedmann
1922), whose work we will considered in Sect. 1.2.2. This supported the ex-
pansionist theory of the Universe which would then be given observational
evidence by Georges Lemaitre in 1927. Hubble’s work in 1929, which accred-
ited him with the law, conclusively ended a field-wide debate on the size of
the Universe and reaffirmed Lemaitre’s work on an expansion constant.
The form of Hubble’s Law is considered to be analogous to a Doppler shift

zZ = %r =— v = Hyr. (1.22)
Here we have redshift, z, the speed of light, ¢, the proper distance, r, and,
the introduced factor, Hubble’s Constant, Hy. The value of Hubble’s con-
stant has changed over time as more accurate data has been observed. It
begun with Lemaitre and Hubble’s derivations of 625 kms~'Mpc~! and 500
kms~'Mpc~! respectively (Lemaitre, 1927; Hubble, 1929); to more modern
valuations such as 73.2 + 1.3 kms~'Mpc~! and 67.66 + 0.42 kms~'Mpc~! by
Hubble Space Telescope/Gaia catalogue (Riess et al. 2020) and Planck Mis-
sion (Planck Collaboration 2018) respectively. There is much debate over
what might cause the variation in the results produced by each method (be
it the method itself, equipment, or something else) but currently distance
ladder measurements tend to favour higher values of Hy whilst those relying
on CMB and Baryonic Acoustic Oscillations favour lower.

Though Hubble’s Law is famously a law derived from observations,
posthumously it has been given a theoretical derivation. It begins with con-
sidering the concept of a look-back time, g, this is defined as a time system
that compares time elapsed in reference to the the Big Bang; if the present
day occurs at time fy, the estimated age of the Universe, and a galaxy emitted
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a photon at time ¢ then
hp=1t —t. (1.23)

From this point we would consider the scale factor at time ¢ which can be
converted using Eq. 1.23 and then complete a Taylor expansion about #,
with 13 < fy. The derivation is involved but in the process we can define
from the expansions two important variables. The first is the Hubble pa-
rameter (the time dependent equivalent of the Hubble Constant),
a(t)
H(t) = —, 1.24

(1) ) (1.24)
where the dot indicates a temporal derivative, and the second is the decel-
eration parameter,

a(t)a(t)

a(t)? '’
with the double dot indicating a double temporal derivative. We can equate
the Hubble parameter to the Hubble constant via

q(t) = (1.25)

= Hy. (1.26)

1.2.2 Friedmann Equations

Until nowwe have relied on a few elements to be correct, those being the cos-
mological principle and gravity being a metric theory which are both needed
to form the FLRW metric. We now move to further describe the evolution
of the Universe, and to do so we must introduce Einstein’s Theory of Gen-
eral Relativity, so we can arrive at his Field Equations which have Alexander
Friedmann’s solutions. It is reassuring that none of this background work
would be incorrect if General Relativity where to be disproved tomorrow, if
gravity turned out not to be a metric force, however, then it would be back
to the chalkboard.
Let us begin, here presented is the compact form of the field equations

1 8nG
R,y — zRgW +Aguv = — Ty, (1.27)

P
where R, is the Ricci tensor, R is the Ricci scalar, A is the Cosmological
Constant, and T}, is the stress-energy tensor. The derivation to define the
Friedmann Equations is long, and involves a strong understanding of the
use of summation notation in order to make it more readable, the results,
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however, appear simple. Of important note from the derivation is the re-
quirement to take the stress-energy tensor to be that of a perfect fluid (7}, =
diag(p, P, P, P)). The solutions take the following form, we will drop the time
dependency on the scale factor for visual clarity,

4G 3P 1

i = __’?’) ( + C—Z)a +3Aca, (1.28)
8nG 1

a = %paz + §A02a2 —kc? (1.29)

where a is our scale factor, p is density, P is pressure, and k is the curvature.

There is a third equation, which can be found one of two ways: either
through the combination of the first and second solution or by using the First
Law of Thermodynamics. Regardless of method the final solution takes the
form

p
p+3H(p+—2) =0, (1.30)
c

This final expression is key as it will allow us to examine the evolution of the
density of the Universe.

With Eq. 1.30 we can begin to learn how the density of the Universe
changes in terms of the scale factor, which in turn gives us an understanding
of the relationship between density and redshift. Since we have assumed a
perfect fluid then we have the following relationship between density and
pressure

P, = wpwcz, (1.31)

where w is the constant which governs the equation of state of the fluid. This
constant will take several forms, depending on the fluid we are considering,
but we shall leave that for the end. By substituting this into Eq. 1.30 and sep-
arating variables we can conclude a generic relationship between the den-
sity and scale factor in terms of the constant w,

Pw = pwoa 1), (1.32)

where p,, o is the density at present day.

With the general form we can now probe different possible Universes.
One common example is the Dusty Universe, this is a Universe filled with
cold pressureless particles or dust and best describes a Universe which is
dominated by the presence of matter. The equation of state constant is w =
0, since the scenario is pressureless and thus Py, < pyc?, this leads to

Pm = Pm0d >, (1.33)
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where ‘m’ denotes this matter dominated situation. This result is intuitive, if
you assume density to only be comprised of matter then you have a decreas-
ing density in the three spatial directions like a box growing larger whilst the
gas content remains the same.

The next scenario is a Universe filled with radiation, as opposed to mat-
ter, this is a relativistic Universe and has the following equation of state con-
stant w = 1/3. This ultimately returns

pr = proa”?, (1.34)

where ‘r’ indicates radiation. Once more, we have expansion in the three
spatial directions but we also have an extra scaling factor caused by the red-
shifting of light.

There is one more final case that will be of interesting note, and is in re-
lation to the A term in Eq. 1.27. For a universe dominated by vacuum energy
the field equations become Ag,, « T, this corresponds to a equation of
state relation P = —p, and thus w = —1 implying

PA = PA0, (1.35)

meaning a constant energy density.

The timeline of the Universe follows epochs of component domination.
In the early era radiation is expected to dominate and due to its domination
the evolution of the energy density best follows that described by w = 1/3.
Since radiation defuses by a scale factor faster than matter eventually the
Universe will move to a matter dominated period, and its energy density is
best described by w = 0. Lastly the cosmological constant, or vacuum en-
ergy, will become dominant compared to both matter and radiation and the
evolution of the energy density is then best described by w = —1.

1.2.3 Density Parameters

When considering the geometry of our Universe we introduced a curvature
factor k and appeared to have quickly forgotten its existence, let us now re-
turn to k. Let us introduce a new density known as the Critical Density, rep-
resenting the average density value to ensure a flat universe. To find the form
of this new density, consider Eq. 1.29 when k = 0

@ =28 p0a ~ ke = 2 pnya, (1.36)
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note that the A term has been absorbed by allowing p(t) = pm () + pr(t) + pa
with py = —Ac?/4nG. Rearrange for p the critical density is,

3H?(t)
871G

Perit(t) = (1.37)
With this new density our former representation of densities becomes
slightly redundant as they do not translate any information regarding the
Universe’s fixed geometry that we have imposed. We therefore shall rescale
all our densities in to the density parameters

Pm ()
Qm(t) = ; 1.38
D= pei® (1.38)

pr (1)
Q. (t) = ; 1.39
® Perit (£) ( )

PA

Q = . 1.40
2(f) Perit(£) ( )

Let us not stop here, there is one more density parameter we can define, and
that includes returning to Friedmann once again. Consider now Eq. 1.29
without the assumption that the Universe is flat

) 871G

a® = —5— (pm(8) + pe(t) + pr)a® — k. (1.41)
Dividing through by ¢ we form the density parameters and an additional k
based term

kc?

H2(t)a?’
We can equate the final term to be equivalent to a density parameter, which
shall be called the curvature parameter and takes the form

1= Qum () + Qu(t) + Qa(2) - (1.42)

kc?
Q = 1.4
k(1) 02 (D)2 (1.43)
and all together we have the following relation which is always true
1 =Qm(t) +Qr(f) + Qa(2) + Q(2). (1.44)

Observations seeking to determine the values of these parameter resolve
them at ¢t = ty, much like how observations of the Hubble Constant are de-
terminations of the value of the Hubble parameter at present day. Thus it
is more common to find the density parameters in their present day form,
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Qx,0 = Qx(t = 19).
The first two Friedmann equations can be expressed in terms of these
parameters. The first

4(0) = 50n(1) +0r(1) - 07(0). (1.45

becomes a new expression for the deceleration parameter. By understand-
ing the evolution of these parameters we can answer a fundamental ques-
tion of our Universe, whether or not it is accelerating; the criteria are

. . 1
Accelerating Universe : EQm(t) +Q, () < Qa(2);
1
Decelerating Universe : EQm(t) + Q- (1) > Qp(2).

Current present day estimates of the density parameter fall in line with the
notion that the Universe is accelerating.

The second equation becomes an alternative representation for the Hub-
ble parameter, and uses the present day values of the density parameters

H? = H3(Qmoa™> + Qrpa™ + Qp + Qi ga~2). (1.46)

1.3 Parameterising a Universe

We have so far defined our geometry using the FLRW metric, and the evolu-
tion of the Universe is described by the Friedmann equations. In doing so we
have shown a series of variables which characterise this evolution, and to-
gether they create cosmological models. Here we will briefly overview how
observers determine the values of these new variables.

The most common, and the one used for this work, is the Lambda Cold
Dark Matter (ACDM) model, where a cosmological constant is assumed and
the corresponding dark matter is considered a weakly interacting massive
particle (WIMP) with mass mpyc? > 1 GeV. Dark matter itself is a form of
baryonic matter which is not detectable by the emission or absorption of ra-
diation, whilst WIMPs are those which cease significant interaction early in
the Universe’s history, and are non relativistic which allows them speeds low
enough to form structures.

Other forms of dark matter are hot (mpyc? > 0.2 eV) and warm (mpyc? >
1 keV), though these are ruled out as possibilities due to the scale at which
structures can be form by particles corresponding to these masses. CDM

2
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is no perfect solution, and due to it assumed hierarchical formation pro-
cess (where smaller structures form and merge to create larger structures)
observations do not meet simulation prediction of structure abundance,
with simulations predicting the number of small scale dark matter struc-
tures much higher than observations return. This is dubbed the missing
satellite problem, and is a hurdle which must be considered in all cosmo-
logical models.
The ACDM model has characteristic values corresponding to

6o = {Hy ~ 100h kms™'Mpc™!, Qo =~ 0.3,
Qro ~5x107°,Qp0 ~ 0.7, Qi ~ 0}, (1.47)

where i ~ 0.7 is the dimensionless Hubble parameter, k = 0, and Qo =
Qp,0 + QpMm,o is the density parameters of baryonic and dark matter respec-
tively; these two new variables take the values Qy, o = 0.05 and Qpy o = 0.25.

Let us consider, in brief, methods which can be used to measure these pa-
rameters. This will be very much akin to a whistle stop tour of approaches,
since the in depth details of which are not of major importance for the devel-
opment of this work but are merely mentioned to allow for further apprecia-
tion as to the partnership between theoretical and observational cosmology.

* Type Ia Supernova: The spectacular conclusion of stars with mass <
8Mg, when the white dwarf remnant exceeds its maximum possible
mass and collapses further into a neutron star. Such an event is able
to outshine its host galaxy with peak brightness of absolute magnitude
M = -19. Along with other known standard candles, objects of known
or fixed luminosity such as Cepheid variable stars allowing for more
accurate distance calibration, Type la supernovae are able to use lu-
minosity distance estimations to probe parameters such as Hubble’s
Constant.

* Gravitational Waves: New to the scene of parameter probing, gravita-
tional waves are ripples in space-time that occur when large enough
objects can cause the shrinking of the distance between two points de-
tectable by laser interferometers. Using large mass binary pairs, neu-
tron star-neutron star or greater, one can return their luminosity dis-
tance and, pairing this with methods used to obtained the redshift of
the gravitational wave source, an estimate for Hubble’s Constant.

* Lensing: Gravitational lensing by intermediate object causes the light
from the emitter to warp around the obstruction. This can come in two
forms: weak lensing when light shears and creates a mildly distorted
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image; strong lensing, when the light is completely bent about the ob-
jectcreating whatis called an Einstein ring. Distant measurements can
be highly uncertain, and many lensing images are required to gather
an accurate understanding of the effect within a region of space. Re-
gardless, the link between lensing, geometry, and matter allow for this
approach to be used for determining cosmological parameters.

Cosmic Microwave Background: The CMB, the fingerprint of recombi-
nation, shows the isotropic and homogeneous nature of our Universe
with temperature differentials no more than 6T/T ~ 107°. From this
we can extract a temperature power (and polarization) spectrum (see
Fig. 1.2), with three notable peaks which can tell us much about the
Universe. The first informs us about the curvature, due to its relation
with acoustic oscillations on the size of the horizon at matter-radiation
decoupling and thus its angular distance. The first peak corresponds to
scales which have compressed once, the second are scales which have
rarefracted after compression, and its amplitude drop is connected to
the gravity of baryons thus it provides information on the baryon den-
sity parameter, Q. The third peak represents oscillations which have
compressed again (odd peaks will always signify a compression, even a
rarefraction) and its amplitude is connected to the total matter density
Qm.

Big Bang Nuecleosynthesis: From the initial Big Bang was a Universe
filled with radiation, as temperature cooled leptons began to form,
then came baryons, and finally nucleons once T < 10° K. This for-
mation of hydrogen, deuterium, helium, and lithium is known as big
bang nucleosynthesis and their relative abundance constrains the cos-
mic baryon fraction f;, = Q,/Qn and thus provides insight into these
cosmological parameters.

Baryonic Acoustic Oscillations: Once matter has decoupled from ra-
diation their independent baryonic acoustic oscillations (BAOs) con-
tinue and can be captured in the matter power spectrum. These BAOs
are sensitive to the development of H(z) and da, which in ACDM is de-
termined by the interplay between Qp, and Q4. To use BAOs to probe
cosmological parameters one must break the degeneracy between the
two variables, before one is able to begin recreating the matter power
spectrum.
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FIGURE 1.2: Power spectrum of the CMB temperature fluctuations with best fit and
residuals. Credits: https://www.cosmos.esa.int/web/planck/picture-gallery
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1.4 A Universe in Motion

Earlier it was stated that the Universe, in a simplified history, has gone
through three eras of species domination. During its infant millions of years
the Universe was dominated by radiation, before radiation became sub-
dominant to matter, and eventually the cosmological constant would reign
supreme in our Universe. The question arising is when did the Universe
transition from epoch to epoch.

Matter-radiation equality

First on the envelope is the transition from radiation to matter, for this we
will assume that all other components of the Universe are negligible, i.e.
pa < pm- The point of equality would be when the energy densities of both
are equal and thus we simply have

pr(agqQ) = pm(agqQ). (1.48)

Converting to the present and redefining for observable we can produce the
following equation
Qr0d55 = Qm 0a50- (1.49)

Implying the point of matter-radiation equality can be given by the expres-

sion
QIn,O _

Qr,O

within ACDM, this equates to a redshift value of matter-radiation equality
to be zgq ~ 6000.

25Q = 1, (1.50)

Matter- A equality

If we follow the previous analysis but replace all references to p; with p,, re-
membering pp = pa 0, We acquire

1

Qa0 )§

ZA = : - 1. (1.51)
A (Qm,o

For our model this gives a matter-A equality value of zy ~ 0.33.
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Moment of Acceleration

It should not be immediately assumed that the z, coincides with the mo-
ment when the Universe begins to accelerate, and this can be checked using
our deceleration parameter, q. Beginning with Eq. 1.45letus setg =0

Qm +2Q; = 2Qp (1.52)
We shall put this in terms of the present day density parameter, which for
the matter parameter has a relation as such

2

H
Qm = ) Pmoad > = Qm,oa—S(H—OZ). (1.53)

pm _81G 581G Hy
peric  3HZ"™ T 3pZ\H2

You canrepeat the same process for radiation and the cosmological constant
and receive

H2
Qr = Qroa_4(H_(;),
Hg
QA = QA'O(ﬁ).

Since we are using the present day density parameters we can assume Qo ~
0 compared to the others and therefore

1
2010\ 3
A’O) -1, (1.54)

Zaccel = ( Qo
m,

giving us z,.ce; ~ 0.67. This means that even before A comes to dominate the
Universe the accelerating affects of the component has already begun.

1.5 Structure Formation

So far we have spoken much about the Universe as density epochs, defined
by the relevance of the corresponding density parameter, and how the in-
teractions and influence of these species can be used to examine the overall
evolution. We have not, however, filled our Universe with the very appar-
ent structures we see in the sky, often used to evaluate these parameters.
We, therefore, move onto the evolution of, specifically, matter overdensi-
ties (Sect. 1.5.2) and their role in the formation of dark matter haloes (Sect.
1.5.3). Firstly, however, the Horizon Problem (Sect. 1.5.1).
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1.5.1 The Horizon Problem

To tackle structure formation we must first understand the concept of the
particle horizon. A particle horizon is defined by the physical distance light
could have travelled since the Big Bang. If a particle is at a point, it does not
know of the existence of any particle beyond its horizon. To define a hori-
zon it is best to introduce the concept of conformal time 7, which in our ref-
erence frame is equal to the comoving distance, and defines the maximum
distance a photon could have travelled

"a Ly (1.55)
= — [’, .
7 /0 7 /od(f')

Spaces within a conformal time/distance are considered to be in casual con-
tact. Solving the conformal time for a radiation dominated universe, the
scenario considered in the early Universe, finds a conformal time/distance
300 Mpc, or ~ 1° of the sky. This is not in agree with the CMB, which shows
correlations spanning the complete sky, indicating that the early Universe
must have been in complete casual contact. This is the Horizon Problem,
explaining how the Universe was once entirely in casual contact during the
time of big bang expansion.

A period of rapid inflation is currently the best supported theory, and
states that before radiation domination there was a period where H ~
constant and the scale factor a ~ exp(Ht), indicating exponential growth.
Under such conditions our conformal time takes the form?3

An = (aH)™L. (1.56)

Using a Hubble time H~!, which roughly equates to the age of the Universe,
we have a restriction on how far light can travel, therefore the limit of ca-
sual contact. Since physical scale A,ys expand with the Universe, accord-
ing to the scale factor, and during inflation H ~ constant, then these scales
will drop out of contact when Aphys = H™'. Even the comoving scale A
can lose casual contact with itself, and defines whether something is inside
(A < (aH)™) or outside (A > (aH)™') the horizon.

3Inflation models split the Big Bang into two phases, the inflationary phase and the Hot
Big Bang phase when radiation domination begin. The Hot Big Bang occurs at ¢ = 0, there-
fore the integral in Eq. 1.55 is taken from ¢ — 0.
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1.5.2 Evolution of Matter Perturbations

Structures themselves - galaxies, stars, planets - are much more dense than
the surrounding Universe. For them to form we must consider the evolu-
tion of overdense points as the Universe expands, since it is a reasonable
assumption to make that these overdensities will eventually result in the de-
velopment of the structures in our sky.

To best understand we must consider the conservation of stress-energy,
thisis the conservation of the component in General Relativity which results
in the Friedmann Equations. Beginning with Eq. 1.30 we can convert this to
be in reference of our new conformal time

o' =-3H(p+P), (1.57)

where ’ indicates a derivative in conformal time, H = aH = a’/a. Perturb-
ing this equation with respect to the background creates a complicated ex-
pression which introduces additional factors referencing the peculiar veloc-
ity and relativistic effects all due to the change in motion with respect to the
local flow, similar to those of fluid mechanics. Following conservation laws
a general expression, known as the relativistic Euler equation, is derived

P’ VépP

+ +Vd =0, (1.58)

vV +Hu+ v
p+P p+P

where v is the fluid velocity and V@ is the effects of the gravitational poten-
tial. The equation above applies collectively for total matter, as well as for
any non-interacting component, meaning that each component’s individ-
ual stress-energy tensor is conserved.

It should be of important note that we can define the sound speed as
cs=0P/bp.

Perturbations in Radiation Domination

The first epoch to consider is the radiation dominated era, when the Uni-
verse expanded according to a~4, which had P = p/3 and ¢s = 1/3. The con-
servation laws state

4
A+ §V v =0, (1.59)
, 1
V+-VA=-VD (1.60)

1
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for scales in the sub-horizon regime; the combination of both gives

1 )
A — §V2A = 2HA, (1.61)

where we define A = §p/p and the bar indicates an average. In harmonic
space we can use the wave number, k, in replace of V, giving a much more
workable expression. Let us consider sub-horizon scales such that k > H,
noting that k o« A71, then
k2
A+ ?A =0. (1.62)

This is a harmonic differential equation and therefore has an oscillating so-
lution which can take the form

A = Asin (%+a), (1.63)

where A is the amplitude and « is the angular offset. These acoustic oscilla-
tions, as they are known, correspond to perturbations which are undergoing
collapse that are halted by the pressure caused by radiation allowing them
to expand once again.

Baryonic matter is coupled to radiation up until the point of recombina-
tion (when the interactions between photons and baryons are no longer sig-
nificant and neutral atoms can form), therefore baryonic perturbations fol-
low the perturbation growth of radiation, more specifically at three-quarters
the amplitude, before this event. Photon diffusion between hot and cold re-
gions causes the damping of radiation oscillations and therefore baryonic
oscillations, since both are coupled, which slowly smooths perturbations -
this is Silk damping (Silk 1968). Baryonic matter, however, decouples from
radiation meaning perturbations on scale large enough persist beyond re-
combination allowing for their growth to continue.

Dark matter, however, is influenced only by the effects of the gravitational
potential of the perturbation, which tends towards zero as perturbations ex-
pand in physical size during radiation domination. Examining the perturba-
tion growth of dark matter results in a logarithm growth function, known as
the Mészaros effect (Mészaros 1974), caused by the lack of resisting gravita-
tional potential thus dark matter perturbation do not grow during radiation
domination.
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Perturbations in Matter Domination

Recall now that matter is formed from two components, dark and baryonic
with the former being the more dominant of the pair. When considering
a perturbation in matter we take it to be pressureless, and if we consider
events to be after the Epoch of Recombination then radiation no longer has
influence over matter, they are said to be decoupled. The laws of conserva-
tion state that

AN,+V-v,=0 (1.64)

for matter, and
v+ HUp + V(c2A,y,) = -V (1.65)

as stated in Eq. 1.58. The scene for matter perturbations can become a jum-
ble of different component equations, but boils down to one for the total
matter and another for baryonic matter. Let us consider the results of bary-
onic matter in perturbations at sub horizon scales

3
A} +HA), + k*cZ A — szAm =0 (1.66)

where we are once more in harmonic space. When kch,bAb > (3/2)H?A,,
the pressure of the baryonic perturbation can oppose the influence of grav-
itational collapse. We can, therefore, define the point at which the pressure
can no longer support the perturbation, and in terms of a scale we call this
the Jeans’ length with form

j/]
Ar=al = — 1.67
j=a Cs.b Gp ( )

with k = 27/A and A, ~ A,,. This scale defines the divide between growing
and oscillating perturbations, where those above this scale will continue to
grow. The evolution of the Jeans’ length is critical as it sets a limit on the size
of matter perturbations during each epoch, with Jeans’ length decreasing in
value beyond matter-radiation equality.

For matter as a whole we must look to

3
A+ HA,, — E’HZAm =0 (1.68)

where we can use a « n? in the matter dominated era to resolve this expres-
sion. The solutions to such a differential equation are two-fold, a decaying
solution A o« 173 o« 273/ and a growing solution A « 1> « a. This means per-
turbations which are shorter than the Jeans’ length will grow with the scale
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factor until the Jeans’ length becomes large enough and all matter perturba-
tions collapse.

All together we produce a complete history of the growth of perturba-
tions in the Universe:

1. All perturbations go through some initial phase of growth governed by
the increasing size of the horizon.

2. As the horizon continues to grow more perturbations of differing size
enter, radiation and matter will begin to oscillate due to the conflict be-
tween pressure and gravity whilst dark matter perturbations stagnate
in size.

3. Once matter-radiation equality occurs dark matter perturbation will
begin to grow, whilst matter and radiation are still locked in oscillation.

4. Inthelead up to recombination Silk damping will begin to soften radi-
ation perturbations, ultimately impacting coupled matter.

5. At recombination, matter decouples from radiation and falls into the
potential wells of the still growing dark matter perturbations, leading
to a period of extreme matter perturbation growth.

6. Growth of dark and baryonic matter will continue until it leaves the
linear regime, where the analysis so far ceases to be applicable.

The six stages above are only valid for linear growth, which is defined by a
density contrast of § < 1, meaning that these overdensities are not too dif-
ferent from the background value. The CMB shows that this era had densi-
ties within the linear regime, the average perturbation being § < 10>, and
thus this analysis is compatible with the early Universe. These perturba-
tions, however, are growing their density contrast and eventually will break
this linear limit. This means we must consider how a highly contrasting per-
turbation acts, and this will lead to the development of stable dark matter
haloes.

1.5.3 Dark Matter Haloes

We now know how density perturbations grow through the first two domina-
tion epochs of the Universe, but we have only allowed for low density con-
trasts and not examined what might occur if these perturbations become
too unlike the background. When dark matter, the dominant component
in the matter make up of the Universe, grows it could undergo a number of
possible dynamical changes. The question becomes will these dark matter
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regions collapse and if they do will they continue to a singularity or reach
some stable point.

Formation

To consider the formation of non-relativistic dark matter we restrict our Uni-
verse to be one that is known as Einstein-de Sitter (EdS), which is matter
only (Qy = 1). We must consider some perturbation with density p(r,t) =
p(t)(1+ 6(r,t)), with density contrast

p(r, 1) —p(t)
p(t)

At some early time #; we consider § <« 1, since the Universe is essentially
homogeneous, it will also expand with the Universe, though slower due to
self gravitation. This is linear growth, as has been previously stated. Beyond
the linear regime the overdensity will reach a turn-around time #,, when the
overdensity begins to collapse, which occurs at density p(ta) = 5.550(twa)-
For a homogeneous sphere, collapse will occur at time t.o; = 2f,. It is com-
mon to extrapolate the linear regime to uncover at which density contrast
the perturbation will collapse, if linear expansion were to continue. For EdS
this amounts to J.; ~ 1.686, though assuming ACDM returns a value with
less than 1% derivation, and thus considered equivalent, due to the limited
impact the cosmological parameters have on ... This means that higher
contrasting overdensities collapse first in the early Universe, implying that
the older the system the higher density contrast it first originated from.

This criteria can be made a function of redshift, and when doing so it be-
comes the critical overdensity of collapse 6.(z) with 6.(0) = d.on1 =~ 1.686.
Any overdensity with §(t = #y) = §y > d.(z), will have collapsed, where t is
the time at present day.

Though useful spherical collapse is a simplified model of how dark mat-
ter haloes might form, for starters overdensities are not perfectly spheri-
cal nor uniform in distribution. The benefit of such means that their col-
lapse will eventually halt through relaxation processes that cause virialisa-
tion. Dark matter haloes can undergo two forms of relaxation that lead to a
pseudo-equilibrium state, either by slower phase mixing or more rapid vio-
lent relaxation (Lynden-Bell 1967, Binney & Tremaine 2008). Phasing mixing
of dark matter particles will lead to the phase-space distribution becoming
uniform and thus time-independent, suggesting a stable system. Violent re-
laxation, the faster of the processes, is the rapid broadening of the energy
distribution, normally noted through rapid oscillations in the halo’s size,

o(r, 1) = (1.69)
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caused by a time-dependant gravitational potential which becomes inde-
pendent of time causing the process to stop.

For spherical collapse, the time it takes to complete these processes are
estimated to be t,i; ~ 2ft,, on the same scale as the collapse time, and will
reach a virial radius ryi; ~ ra/2, determined by the virial theorem. This
amounts to a characteristic virial overdensity of p(tir)/p (tir) ~ 1872 ~ 178.
Expanding this simplified model to the ACDM Universe, we instead return

Ac(z) = 1872 + 82y — 39y2, (1.70)

where y = Qn(z) — 1, as the critical overdensity of virialisation. A¢(z) in-
creases rapidly between z = 0 - 2, going from ~ 101 to ~ 171, and plateauing
at ~ 178 for high-z. From this we can define the virial mass (and radius) of a
halo in terms of the A¢(z)

4n
Ma = —Ac(2) prity (1.71)
It is often the case that simulations will consider a fixed value for A., when
defining haloes, the most common value is A; = 200 and the derived values
such as mass and radius are indicated with Moo and .

Evolution

The early Universe leaves us with haloes of extremely low mass, of the order
of the Earth (< Mg, Diemand et al. 2005), but simulations and observations
suggest haloes can grow as large as 10'® M,,. The process is three-fold: accre-
tion, mergers, and the fact the initial collapsing mass of dark matter haloes
increases with decreasing redshift.

Halo accretion is tricky in numerical simulations, since many forming
haloes may seem to be increasing in mass through accretion when the
change in their reference density changing with redshift is causing the in-
crease mass (Prada et al. 2006, Cuesta et al. 2008, Kravtsov & Borgani 2012,
Diemer et al. 2013). It is instead better to analysis the accretion of diffuse
matter into some central region defined at initial collapse of the halo. Here
we define the concentration of the halo, whichis the cy = ra/rs Where ¢ is the
scale radius of the halo, and say c.oy = ¢5(z,,). Doing so shows this pseudo-
evolution effect, where the central region of a halo evolves much slower than
its outer region giving a false speed to dark matter halo accretion.

There are two types of mergers haloes can undergo, either major merg-
ers between haloes of like mass or minor mergers where one halo has a sig-
nificantly different mass. In its lifetime a halo will merge with many other
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haloes, and tracking this history backwards creates a family tree for a much
larger halo in the present day. This analysis cannot be done with telescope
and, like much of dark matter halo analysis, is done through N-body simu-
lations (Sheth & Tormen 1999b, Warren et al. 2006, Tinker et al. 2008, Wat-
son et al. 2013). Dark matter halo simulations will consider a timeline, split
into snapshots, and track trajectories of particles to follow the movement of
haloes, which are given form by some definition, in a cosmological box. The
build up of halo mass through the merging of predominantly smaller haloes
is call hierarchical merging, where some halo early on becomes the domi-
nant candidate for a region and merges with the majority of smaller halos -
which cannot grow because of dwindling supplies.

Mass Function in Theory

A mass function, which in Chapters 3 and 4 will be the focus of this work,
is a fundamental statistical formulation when analysing any structural phe-
nomena in the Universe. Its purpose is to track the number density of an
object per comoving volume, in this instance dark matter haloes, for a given
mass at a given redshift (Castro et al. 2016, Lietal. 2019, Cueli et al. 2021). Its
complete integral at a given redshift is designed such that it will return the
complete number of, in this instance, haloes for that moment in history.

For a halo mass function, it is common to begin estimations using the
Press-Schechter formalism but simulation analysis has adapted this ap-
proach by using extended Press-Schechter formalism to account for sub-
structures within large halos themselves. The approach begins from a ran-
dom Gaussian field defining the density fluctuation field 6x which is itself
related to some overdensity of collapse ., which we have seen previous. The
resulting formalism for determining the number density of haloes between
some mass M and M + dM can be derived to be

[2 6, 52
- — , 1.72
T OK exp ( 202 ( )

K

v _ b
dM M2

dlog o
dlogM

where ok is the variance of the Gaussian field. In the large square brackets
are the elements most likely to change between different formalism, though
this is the basic function originally derived. An example of the halo mass
function can be seen in Figure 1.3, where its analysis can be found in Ba-
rausse et al. 2021 and references therein.
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Halo mass function
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F1Gure 1.3: The Halo Mass Function presented in Barausse etal. 2021. The solid line

corresponds to a halo finder using a spherical overdensity approach, with the dash-

dotted and dashed lines corresponding to fast collapse growth and slow accretion

growth respectively. The dotted line show a comparison with a friends of friends
halo finder.



1.5. Structure Formation 29

Mass Function in Simulations

Haloes followlonglifetimes, and their ultimate outcome cannot be watched,
and it has been made clear that simulations are used to examine haloes as
they merge and grow. These simulations are critical as they can be used
to test not just haloes, but universe models as the final snapshot must be
a recreation of our observed Universe. Simulations are not a unified force
though and many differ significantly from each approach, which is riddled
with their own benefits and drawbacks (Srisawat et al. 2013, Lee et al. 2014).

Dark matter halo analysis through simulations are able to produce the
mass function and merger trees, as well as merger rates and test prescrip-
tions of models. A good example of differences in simulations is the halo
finding method, and there are two common approaches. One is the friends
of friends method, where particles within a certain so called linking length
are gravitationally bound and if particle A and B are bound and particle B
and C are, then particle A and C are too bound. There is also the spherical
overdensity approach, which acts similar to how we define haloes in theo-
retical analysis, where we consider some centrally dense point and expand
a sphere about it such that its size and mass are in accordance with the virial
conditions (where A, = 200 is often taken). Merger trees (Lacey & Cole 1993)
themselves are the most common approach to tracking the merger history
of a halo, whilst merger graphs are an alternative that attempt to take into
account the possibility of halo separation (Thomas et al. 2015, Roper et al.
2020).

The good news, however, is that different approaches manage well to
converge on similar results and provide significantly good tests for the halo
mass function, merger rate, and merger history following the period of per-
turbation growth in the Universe when these halos were significantly less
massive. The unquestionable truth is that regardless of how these haloes
became to be we live in a Universe of galaxies and stars.

So far we have defined a Universe with some geometry, given it a the-
ory of gravity and filled it with species that govern how that geometry grows.
We have then taken some initial conditions and expanded quantum fluctu-
ations to form the minute perturbations which would grow into behemoth
dark matter haloes. In Chapter 2 we continue this Universe, once nothing
and now abundant in structure, and populate it with the spectacular phe-
nomena that excites the night sky.
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Chapter 2

From Structure to the Night Sky

Up until now we have considered much about the inner workings of the Uni-
verse, its properties and geometry, the very fundamentals of Cosmology. Left
to us were haloes of dark matter, filling with baryonic material, it is now time
we consider how that baryonic matter might evolve into what we observe in
the night sky. Itis without question that stars litter what we can observe with
the naked eye, but beyond them is a Universe filled with galaxies of count-
less numbers of stars undergoing a life cycle disconnected from us by all but
its light signature. Let us populate these haloes with galaxies (Sect. 2.1), and
these galaxies with stars (Sect. 2.2) and consider their cycles which will bring
insight towards our final goal, the formation and evolution of black holes
(Sect. 2.3).

2.1 Galactic Objects

In this discussion we will encounter the different morphological forms of
galaxies (Sect. 2.1.1); discuss the two major galaxy types relevant (Sects. 2.1.2
and 2.1.3); the important scaling relations useful for tracking galactic prop-
erties (Sect. 2.1.4); then we conclude with their mass and luminosity func-
tions (Sect. 2.1.5).

This commentary on galaxies is by no means involved, and is intended to
be an overview of galaxies with focus on the relevant elements to the future
of this work. The field itself is highly complex, and the references provided
work as further reading for those interested in the evolving work of galaxy
statistics and evolution.

2.1.1 Morphology

Galaxies come in an eclectic mix of many forms, and finding a classification
for them is no easy feat. Such attempts can be plagued with numerous diffi-
culties caused by observational bias, by the equipment itself or the available
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FIGURE 2.1: The Hubble-De Vaucouleurs classification of galaxies. Credit: Antonio
Ciccolella & M. De Leo

wavelength of observations - these matters are only exacerbated when ex-
tending to high-z galaxies. Further complicating the issues are how two like
galaxies in one classification have the potential to exhibit very different be-
haviours.

Regardless the instinctive natural want to categorise was first completed
by Hubble, and extended by Gérard de Vaucouleurs, using a survey of z ~ 0
galaxies. This system is rather simple in form, and is widely known and used
in astrophysical literature. In Fig. 2.1, we can see a trident representation of
galaxies categorised by their morphology. Beginning from the left we have
the ellipticals, signified by E, extending from class 0 — 7!, which represents
the galaxy’s eccentricity with lower numerals meaning more circular. At the
forking point we see SO galaxies, called lenticulars, where the faint presence
of a central structure can be indicated. The de Vaucouleur revision intro-
duced the splitting of SO galaxies in those of A and B class, where A repre-
sents the galaxy having a central bulge whilst B a central bar. There is also the
combination AB, seen in the intermediate spirals path reserved for galaxies
which show signs of having both features. The lower case a-d denote a de-
creasing prominence of the central feature, and the m indicates an irregular
form of the classification. Im describes irregular galaxies with no defining

IThe number value is the rounding of 10e where € = (a — b)/a and a and b are the semi-
major and -minor axes respectively.



2.1. Galactic Objects 33

central feature, and beyond are dwarf galaxies which are classified as galax-
ies with mass and luminosity an order of magnitude lower than the Milky
Way.

A further simplification to this classification is often adopted, and that is
the use of Early-Type and Late-Type Galaxies (ETGs and LTGs respectively)
for those in the local Universe (z ~ 0). ETGs correspond to the left hand
side of Fig. 2.1, ellipticals and lenticulars, whilst LTGs represent spirals and
irregulars. Since the latter are predominantly found to be star forming they
are often associated with star forming galaxies (SFGs), whilst ETGs are com-
monly seen to be non star forming, said to be passive or quiescent. It should
be stressed that common attributes given to galaxies groups do not indicate
that all galaxies of said classification share such property, therefore an ellip-
tical, or ETG, can be star forming, for example.

2.1.2 Early-Type Galaxies

We begin with ETGs - the ellipticals, lenticulars, and dwarf variants of the
same type. Noted for their limited availability of cold gas, these galaxies are
commonly found with little to no star formation and harbour stellar masses
in the range of 109712 M,,. Their dwarf versions, however, have lower masses
< 109Mp. Due to ETGs having limited star formation, and thus no new stars,
the bluer and lower life expectancy population has died out and therefore
ETGs appear redder than LTGs, where the redder they appear correlating
positively with their stellar mass. This ETG redness constitutes the bulk of
the red sequence in the galaxy colour-magnitude relation.

Spectral energy distribution (SED) analysis is the method by which you
examine the energy emission of a galaxy as a function of the wavelength,
and thus the emissions of the stellar population for a given object. You can
either fit a theoretical spectral continuum, full spectral fitting, or examine
individual absorption lines - with the Lick indices being useful in break-
ing the degeneracy between age and metallicity. Either approach will re-
turn population ages of greater than a few Gyr, and provide a set of scal-
ing relations: age-velocity dispersion, metallicity-velocity dispersion, and
a-element abundance-velocity dispersion; all of which are positively corre-
lated.

Since the velocity dispersion and mass are connected in there own scal-
ing relation, it is common to consider these relations in reference to the
mass of the ETG. The sum total of all three states that a more massive an
ETG the older its population will be (age-mass relation), the higher its metal
enrichment (metallicity-mass relation) and the higher abundance of alpha
elements relative to iron (a-element abundance-mass relation). The most
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FIGURE 2.2: Model of ETG star formation duration categorised by mass, as seen in
Thomas et al. 2010.

massive ETGs have population ages up to roughly the age of the Universe,
metal enrichment ~ 2.5Z, and [a/Fe] ~ 0.3. Thelast of the relations is useful
to further understand the evolution of ETGs, since a elements are produced
during short timescale events, such as type Il supernovae, much heavier el-
ements, critically iron, come from type Ia supernovae. If star formation is
short than it can be assumed that the impact of type Ia supernovae is lim-
ited by the available time scale and thus the alpha abundance much higher,
meaning more massive ETGs much have formed much earlier than those
less massive and with a much shorter episode of star formation. The sugges-
tion, brought about by all three of these relations, is that ETGs, specifically
ellipiticals, undergo a form of down sizing, where more massive ETGs form
earlier than less massive. This is visualised in the sketch in Fig. 2.2. Such a
representation is not exact, and galaxies are thought to have many episodes
of star formation, but the average of the population can be considered to
have one major burst of star formation following the sketch.

The short lived star formation phase of massive ETG progenitors is char-
acterised by a constant star formation rate (SFR) v, where a gas depletion
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time can be given by

tdepl: ” , 2.1)

with Mg,s being the gas mass of the galaxy, after which star formation will
rapidly decrease. The initial episode of star formation for ETG progenitors
typically lasts 1 Gyr, which presents a critical restriction in galactic evolu-
tion modelling and will be address more in Chapter 4. Ultimately, this is a
simplistic model since gas reserves are subject to interactions such as stellar
feedback. Stars create Stromgen spheres (Stromgen 1939) about themselves,
regions of ionised hydrogen or removed gas, through stellar winds and pho-
toionisation, locally restricting the star formation potential. For more mas-
sive stars, O and B class, their Stromgen spheres can have radii as large as
the stellar disk, releasing it from the galaxy. If the removed gas does not have
the escape velocity of the galaxy then it can return to the stellar disk at a later
time and alternate location. In addition inflows from galactic accretion, and
gas recycling from the conclusion of short lived stars can increase the gas
reservoirs. These all are feedback mechanisms which can either be positive
(increase ) or negative (decrease ), impacting the star forming duration
of these galaxies.

The extent of an elliptical, its surface brightness profile, for all forms from
EO to S0 is best described by a Sérsic profile with the form

R 1/n
I(R):Ieexp{—bn[(R—) ]}, (2.2)

where I is the intensity, the luminosity per unit area, »n is the Sérsic index,
and b, ~ 2n — 1/3 + 4/(405n). The Sérsic index takes values 2 < n < 10,
where n increases for increasing mass. In several instances the brightness of
an elliptical deviates from the estimated Sérsic profile within the central re-
gion at some break radius R, ~ 0.01R.. Ellipticals which show a drop in the
profile in the central region are called cored, whilst those that continue to
follow the estimated profile are coreless?. The presence of a core, or lack of,
correlates with other properties of ellipticals such as, but not limited to, stel-
lar age (younger stars tend to be found in coreless ellipticals), shape (cored
are typical triaxial, whilst coreless are oblate spheroids), and @ enhancement
(with cored ellipticals showing signs of enhancement).

For lenticular galaxies, the surface brightness is more similar to a spiral

2There is also the case that ellipticals can show an excess of brightness in the central
region, meaning the Sérsic profile under predicts. In these instance the ellipticals are still
said to be coreless.
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galaxy’s central bulge with an exponentially declining disk. As such a lentic-
ular surface brightness profile is given by a Sérsic profile with n = 2 in the
central region (though some lenticulars can lack this central bulge element),
and n = 1 in the outer disk. The distinct difference between lenticulars and
spiral galaxies is their lack of spiral star forming arms in the outer region.

The limitation in star formation for ETGs can be seen in their gas content,
specifically the temperature found through X-ray emissions. The tempera-
ture of a gas can be estimated through the bremsstrahlung cut off, which for
clouds within ETGs returns temperatures in the region of T ~ 105~7 K which
is inconducive for star formation. Cold gaseous regions are not entirely ab-
sent, leading to the v # 0 in ETGs, and is found in neutral or molecular hy-
drogen clouds, though their abundance is sparse.

2.1.3 Late-Type Galaxies

Moving to the right hand side of the Fig. 2.1, we have the spiral galaxies,
along with irregulars, these are our LTGs or, due to their star forming nature,
SFGs. In contrast to ETGs, these galaxies are less massive (Mg, ~ 1097 11Mj)
and have active star formation (v ~ 0.1 — 30 Mgyr~!), with irregulars occu-
pying the lower bounds of these ranges. Since LTGs are actively star form-
ing young, high mass, stars are present within them - primarily in the outer
regions, such as the spiral arms of spiral galaxies - and thus they are much
bluer in hue compared to ETGs. This means LTGs make up the bulk of the
blue cloud in the colour-magnitude diagram of galaxies.

The physical structure of spiral galaxies consists of spiral arms orbiting
about a central region, which could be in the form of either a stellar bar
(~ 60% of all case), stellar bulge, or pseudo-bulge®. The surface brightness is
two fold, similar to lenticulars, with one Sérsic profile describing the central
region and another the outer disk. Typically the outer disk is well described
by n ~ 1, but the central region is dependent on the nature of the central
structure. Spheroidal bulges have a representation closer to ellipticals, with
anindex 2 < n < 4, pseudo-bulges on the other hand experience flattening
due to rotational effects and more closely resemble the disk, or central re-
gion of a lenticular galaxy, taking values n < 2. The observation of a spiral
galaxy is dependent on their orientation due to their planar shape, meaning
a Sérsic profile best describes a spiral galaxy face-on, face-on being when the
vector of angular momentum is directed towards the observer. The intensity
is therefore a function of the angle of inclination i, I = I, cosi. For edge-
on spirals (i = 90°), where the thickness of the galactic disk can be observed,

3In some rare instances both a bar and a bulge (typically a pseudobulge) can be present,
which is the case for M91.
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the stellar luminosity density can be probed using

Jstar = Jx,0 €XP ( - [}% + %]), (2.3)
where h, is the scaleheight of the disk, j, ¢ is the central stellar emissivity,
and Ry has the relation &, ~ 0.1R4 for a thin disk scenario.

The impressive arms of spirals are not a uniform feature across this family
of galaxies, and they come in many different forms. There are grand design
spirals, those that have few but very distinct sweeping arms; intermediate
spirals where the arms are less coherent but still present; flocculent spirals,
where the arms are near non-existant, leading more to a disc of stars with
vague structure.

All these stellar structures are said to be within the stellar halo of a galaxy.
This halo, itself, extends beyond the disc and includes stars not associated
with the main body, such as isolated star clusters, diffuse stars, and stellar
streams. These structures are still gravitationally bound to their host and are
likely the results from merger events or galactic fly-bys, especially in the case
of stellar streams. The extent of stellar haloes is hard to judge due to their
limited brightness, being formed of diffuse or isolated features, but they do
contain some of the galaxies most metal poor regions and thus metal poor
population.

To accommodate the high SFR the gaseous make up of LTGs is much
cooler than that of ETGs. The interstellar medium (ISM) comes in three
flavours, cold (T < 10?K), warm (103 < T < 10°K), and hot (T > 10°K). The
most abundant element is neutral hydrogen HI, which is observable using
the 21 cm line caused by the forbidden electron flip transition. If a HI region
has a column, line-of-sight, density Ny; < 10?! then self-absorption is not
significant enough to prevent estimates of the HI mass of a galaxy.

These neutral regions are, in fact, not fully neutral and can contain
heavyionised metals, notable are carbon and oxygen which can be observed
through fine structure transition observations caused by collisional interac-
tions. Regions which show signs of these transitions are also known as pho-
todissociation regions, and are notably low in density where ultraviolet (UV)
light can penetrate and heat up carbon monoxide (CO) molecules causing
these transitions to occur. Probing these regions reveals they are cold ISM.

If the incident light is energetic enough it can excite hydrogen atoms
turning them into ionised hydrogen, HI — HII, in a process known as pho-
toionisation and happens around O and B class stars. To observe photoion-
isation the Balmer series for hydrogen is useful, where electrons captured
by hydrogen atoms tumble down the fixed available energy levels emitting
characteristic photons as they do; in any instance when an electron drops
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from some higher energy state straight to the ground energy state of hydro-
genitis known as a Lyman emission, which is a crucial grouping of emissions
for a myriad of high-z studies. Another such emission is the oxygen dou-
blet, present because oxygen has a similar ionisation potential as hydrogen
and its emission comes in the forms of two possible characteristic energies
corresponding to wavelengths of 3726 A and 3729 A. The doublet is the sec-
ond strongest feature of SFGs, behind Ha from the Balmer series (transition
3 — 2). Line emissions lead to temperature estimates which show HII re-
gions to be the warm ISM.

Photoionisation from stars is one process in which the galaxy self-
regulates star formation through feedback. Another method is through su-
pernovae which send shock waves through the ISM, heating the gas and
leading to ionisation. This form of feedback is responsible for the creation
of the hot ISM.

Another key gaseous region for LTGs is that of molecular clouds, formed
of molecular hydrogen. These regions are extremely dense (Ny > 10?1 cm™2)
and cold (T < 40 K), due to the effective cooling mechanisms possible by
the molecules, and are ideal locations for cloud collapse to form stars. Hy,
however, can be photodissociated easily, meaning stars within the vicinity
can cause negative feedback, though due to the dense nature of H; clouds,
in some instances, they are able to undergo the process of self-shielding.
The outermost layer of molecular hydrogen creates a protective barrier, en-
during the brunt of photodissociating photons whilst the internal content is
able to stay cool.

There is a close connection between gas availability and star formation,
and this is shown in the Schmidt-Kennicutt (Schmidt 1959; Kennicutt, 1989)
law which relates the surface density of gas Zg,s to the SFR surface density
>ser. The law is simple in form

2GFR ¢ Zgas, (2.4)

where y is avalue to be determined and is dependant on the galactic popula-
tion being considered. This scaling relation takes a general value of y ~ 1.4,
which covers a wide range of SFG types and is the best fit for a total pop-
ulation. The law, however, is not best suited for metal poor or low surface
brightness galaxies, which show a raising or lowering of the slope respec-
tively.

A brief mention of the SFR of LTGs, from astroarchaeology we know that
the star formation history of SFGs shows an almost constant initial SFR be-
fore collapsing exponentially, taking the form y(t) = exp(-t/t,) with t,, >
6 Gyr.
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2.1.4 Scaling Relations

From LTGs and ETGs comes a series of scaling relations, for the work below
we need only a few and they will be listed. These include the fundamental
metallicity relation, the Magorrian relation (discussion of which will be de-
ferred to Sect. 2.3.1), and the galactic star forming main sequence.

The fundamental metallicity relation (FMR) returns metallicity Z(...),
where the dependent variables can differ butin general include at minimum
M, (Tremonti et al. 2004; Mannucci et al. 2010, 2011; Zahid et al 2010). For
this work we use Mannucci et al. 20114, the relation takes the form

0 8.90 + 0.37 — 0.14s — 0.19m? + 0.12ms — 0.054s> for pg32 > 9.5;
12+log =

H 8.93 + 0.51(#0‘32 - 10) for Mo.32 < 9.5,
(2.5)
where m = log M, — 10, s = log v, and po32 = log M, — 0.32log w. The proxy
12 +log(O/H) is used observationally in place of Z (v, M, ), and the relation
between the two is logZ ~ 12 + log(O/H) — 10.575. The subtracting fac-
tor is the combination of the solar oxygen abundance log(Oy/Hg) and solar
metallicity Z. Fig. 2.3 shows Eq. 2.5.

The galactic star forming main sequence is named such that it is ana-
logue to the main sequence of stars themselves, though the two have little
relation. A fundamental relationship for the semi analytics of galactic evo-
lution, the relation seeks to find v (...), where the dependencies may change
from study-to-study (Speagle et al. 2014; Popesso et al. 2022). Speagle et
al. 2014 provides, in its introduction, a myriad of other studies which have
been involved in probing the free parameters in the generally expression
log v = alog M, + B, where a and g are those free parameters and are unique
for a given redshift. The relationship, itself, is reliable up till z ~ 6. For Spea-
gle et al. 2014, y(M,, t) and takes the form

log v = (0.84 — 0.0261) log M, — (6.51 — 0.11¢), (2.6)

where ¢ represents the elapsed age of the Universe. Fig. 2.4 shows the form
of this relationship for several redshifts.

4Based off of the established work from Mannucci et al. 2010, which used the SDSS-DR7
including ~ 140000 galaxies.
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F1GURE 2.3: From Mannuccietal. 2011. In both panels: The coloured lines represent
the SDSS galaxies used in Mannucci et al. 2010, with colour scaling red to blue for
increasing SFR. The black line is the polynomial fit relation from Mannucci et al.
2010. Red dots represent host galaxies with gamma ray burst detections, blue circles
thelow mass SDSS galaxies. Left panel also includes: black dashed line representing
the relation from Zahid et al. 2010, red line with 1¢ band showing the linear fit for
gamma ray burst galaxies. Right panel includes: a black dotted line representing
the FMR 2nd degree fit extrapolation for SDSS galaxies in Mannucci et al. 2010, and
the red line with 10 band is Eq. 2.5.
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2.1.5 Mass and Luminosity Function
Mass Function

The mass function is a critical formula in the study of astrophysical popula-
tions, this work will consider the black hole mass function, and later we will
consider the stellar initial mass function, but galaxies are no exception when
it comes to the analysis of a mass function.

For galaxies there are many types of mass functions, including the halo
and gas mass function, here we will restrict our discussion only in terms of
the stellar mass, also known as the galaxy stellar mass function (GSMF), de-
rived from near-infrared observations. A double Schechter function is found
to best represent the data discovered taking the form

&N = @y (M) + Do (M,) 2.7)
dM*dV - 1 * 2 *x ) .
with o u
P (M, M,
D;(M,) = M (M,*) exp ( Mi*) (2.8)

where @ is a normalisation constant, a is the exponent defining the power-
law behaviour when M, <« M, and M; is known as the knee mass corre-
sponding approximately to the value when the exponential decline becomes
prominent.

When considering the different galaxy types, that of ETGs and LTGs, we
have often mentioned the difference in their stellar masses, with ETGs being
thelarger. This would thus imply that ETGs would form much the bulk of the
higher mass end of the GSME whilst LTGs the lower; causing the need for a
double Schechter function. Fig. 2.5 shows this relation, where we see how
spheroid dominated galaxies, akin to ETGs, dominate the mass function for
M, > 10930, whilst disk dominated, similar to LTGs, are most prominent
in the lower masses.

From a mass function you can derive the density function of the ob-
ject via the complete mass integral of the function multiplied by the mass in
question, for the GSMF this corresponds to

d’N

Px = / dM, M,
The density can be broken down, and the relative contribution of each type
found; spheroid dominated galaxies constitute ~ 70% of the stellar mass
density, whilst disks make up the remaining ~ 30%.
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FIGURE 2.6: From Davidzon et al. 2017 for 0.2 < z < 4.0, with the left panel corre-
sponding to active galaxies and the right panel passive galaxies.

Lastly, we can consider the GSMF as a function of redshift, which sees
the continuation of the pattern of a double Schechter function best describ-
ing the relationship. Once more you can delve deep and see similar splits in
galaxies which are star-forming (more akin to LTGs) and those not (similar
to ETGs). Fig. 2.6 shows this evolving relationship through redshift, but fur-
ther probes into higher redshifts are hindered by the capacity to accurately
measure meaningful numbers of galaxies for a statistically significant fit; es-
pecially for ETGs, which have naturally low luminosity.

Luminosity Function

Let us now pivot slight to the luminosity function (LF) of galaxies. The rep-
resentation of such a function is much the same as the GSME with a double
Schechter function being used to account for the two forms of the popula-
tion, with the base function for each taking the same form as Eq. 2.7 with
M, > L
d’N
dLdv
where the definition of said variables are much the same. We can examine
Fig. 2.7, where we can see the different contribution from each morphol-
ogy type and how the fit differs significantly in the low luminosity edge of
the spectrum when observational limitations become a dominating factor.
Different from the GSME the LF has a dependency on observed wave-
length and thus there is an individual function for each corresponding wave-
length. The most common LFs are the star forming variants which are ob-
served in the UV and infrared (IR) bands. The relative accuracy of surveys
using these wavelength bands are dependent on sensitivity, with the IR LF

= @ (L) + Da(L), (2.10)
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being well constrained up to z ~ 3, though some approaches do extend as
far as z ~ 6, whilst the UV LF has good form up until z ~ 8. Recent analysis
of observations by the James Webb Space Telescope have extended the UV
luminosity up to z ~ 11 (McLeod et al. 2023) and even z ~ 16 (Harikane et
al. 2023).

We can also form a luminosity density much the same way as Eq. 2.9

d’N
pL:/dLLdeV. (2.11)

2.2 Stellar Objects

We now move onto stellar objects, stars that populate the galaxies we have
discussed in Sect. 2.1. We will take a brief moment to discuss the formation
and evolution (Sect. 2.2.2) of stars, but the intricate details will be left to the
more intrepid reader. In practice we will reserve ourselves mostly to the ob-
servation and classification of stars (Sect. 2.2.1), and more critically the end
of their life cycle and their outcomes (Sect. 2.2.3). We shall conclude with
the stellar initial mass function (Sect. 2.2.4).

2.2.1 Stellar Observation and Classification

At the heart of stellar astrophysics is an observational science possible by
even the most novice of stargazer. If astrophysics were to be supported by
pillars, one strong and central would be stellar observations, encapsulating
all the way from stars themselves to galactic evolution, and even encroach-
ing on cosmology with their importance in distance measuring and age de-
termination.

The magnitude of a star can be used in place of the luminosity (for ab-
solute magnitude) and flux (for apparent magnitude) and defines a quantity
solely dependent on the original variable and the distance. For the apparent
magnitude, replacing flux, we define

m = -2.5log,, (f—*), (2.12)

fref

where mis the apparent magnitude, f is the flux of the star, and f,¢ is the flux
of a well defined reference star in the chosen observational spectral band.
The absolute magnitude can be defined the same, replace f, — L and the
reference luminosity is usually taken to be Vega’s luminosity. It is, however,
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more useful to define the absolute magnitude in terms of the apparent mag-
nitude, which is commonly observed,

d
m M—510g10(10pc), (2.13)
where M is the absolute magnitude and d is the distance to the star in par-
secs. The magnitude scale is often described for the apparent as being the
observational brightness of a star from Earth, whilst the absolute would be
the brightness of the star if it was positioned 10 pc from us. The system orig-
inates from the ancient Greeks, categorising stars visible by the human eye
into six magnitude categories (and hence the peculiar scale of the system);
it was eventually standardised and expanded beyond the original six clas-
sifications. The faintest objects typically observable by the naked eye are
m = 6.5 whilst the Sun sits on the scale at m = —27, where higher values in-
dicate fainter objects.

Stellar colours and temperatures form a classification criteria for stars,
which can be continuously refined to create ever more categories to de-
scribe like groupings. The least defined approach is the letter classification,
OBAFGKM, where O-stars are the most massive and hottest all the way to
the lightest and coolest at M-stars. The system was further refined with the
addition of ten subcategories, defined by the Arabic numerals, where 0 stars
are the most luminous of their letter classifications, and 9 the least. Lastly,
to expand the system beyond the main sequence the introduction of Roman
numerals denotes the star’s stage of life. The Sun is classed as a G2V star,
meaningitisin a temperature bracket of ~ 5300 - 5900 K, is rather luminous
for its class, and is a main sequence star.

2.2.2 Stellar Formation and Evolution

Stars are birthed from the collapse of dense gaseous regions which have cold
temperatures T < 30 Ksustained by effective cooling mechanisms (Wiersma
et al. 2009), which can counteract the heat created during the collapsing
process. Cooler temperatures allow for the production of molecules, due
to reduced photoionisation, including carbon monoxide CO and molecular
hydrogen H,° which themselves are effective coolers (Sternberg et al. 2014;
Bialy & Sternberg 2019). Since the process of collapse itself causes a rise in

SIt should be noted that these are two examples, and that there are many other possible
elements and molecules that can effectively cool a gas cloud. Cooling mechanisms do have
adependency on metallicity (see Sutherland & Dopita 1993 for more on the cooling function
of an astrophysical plasma).
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temperature molecular cycles are important to maintain internal cooling,
allowing for the dissociation and then recreation of molecules, as well as ef-
fective shielding mechanisms to prevent incident UV dissociation from the
local area (van Dischoeck & Black 1988).

The collapse of some gaseous region to form a star is in depth and follows
analysis of the Lame-Emden equation for an isothermal sphere

1 d (. o
) 2.14
def(‘f 5) 14

where ¢ is the dimensionless radius and ¥ is a dimensionless potential. Such
an equation has no analytical solutions but by using boundary conditions of
Y(& =0) =0and V(& = 0) = 0, to avoid divergence at the centre, you find
a proportionality with the density following p « ¢~2 and is said to have the
profile of a Bonnor-Ebert sphere (Ebert 1955; Bonnor 1956); this is treated as
a simplified analogue to the collapse undergone by stars.

Once the collapse has been completed the early life of a star is broken
down into three distinct stages

1. A protostar forms from the collapse of a shell of gas within some dense
region. This collapse, along with interactions involving generated
magnetic fields, triggers stellar jets to burst from the poles of the pro-
tostar, causing a feedback that clears the dusty region about the form-
ing core known as the envelope. These jets will continue as long as gas
continues to accrete and collapse onto the core.

2. The T Tauri phase, where gas is still accreting but most of the envelope
has been evacuated by the core and a perpendicular planetary disc has
formed.

3. Jets cease as the protostar enters its Hayashi track® (Hayashi 1961), the
pre-main sequence phase when hydrogen fusion has not yet begun
and the star may still require additional accretion to allow for stable
fusion in its core. Protostars can be optical visible since their environ-
ment is clear of obstruction, besides the now cooling planetary disc.
This is the slowest growth phrase of the three, and can span the order
of tens of millions of years.

Ultimately the potential of a protostar is determined by the mass it is able to
acquire to allow for internal temperatures to be higher enough to sustain fu-
sion. This threshold is roughly 0.08 M, and any star below becomes a brown

6The luminosity-temperature evolutionary tracks protostars follow before joining the
main-sequence laid out in the Hertzsprung-Russell diagram (see Fig. 2.8).
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dwarf. Once hydrogen fusion has begun the star has entered the zero age
main sequence (ZAMS), the large central diagonal strip in the Hertzsprung-
Russell diagram seen in Fig. 2.8. Within the Figure a funnel of stars can be
seen stretching from the upper left corner of the main sequence towards the
top right corner, this is the red giant evolution track. In the bottom left is the
concentration accounting for white dwarfs, which have a connection to the
red giants through a looping track about the top of the main sequence not
seen in the diagram.

The evolution of a star is dependent on its mass’, which gives an indica-
tion of many properties, but more specifically the potential of fusion within
its core. The higher mass® a star the greater the potential of the core tem-
perature leading to the fusion of heavier elements, even up to iron with the
potential of even heavier elements during the collapsing stages of high mass
stars. Before collapse can occur, the star will undergo hydrogen fusion as its
primary source of energy used to oppose gravitational collapse, until hydro-
genis no longer abundant enough to support the star. Hydrogen fusion does
not cease completely, and now occurs predominately in material shells sur-
rounding the core in a process called hydrogen shell burning. The central
core’s mean molecular mass pcore increases as hydrogen converts to helium,
and the Schonberg-Chandresekhar limit defines the mass required for a core
to begin helium fusion

2
M,
( C‘“e) z0.37(@) , 2.15)
M

Hcore

where Mcore and pcore are the mass and mean molecular mass of the core
respectively, and peny is the mean molecular mass of the surrounding enve-
lope. Stars with cores above this limit will begin helium fusion, and this in-
dicates a leaving of the main sequence. For low mass stars Mzams < 1.8 Mg
the ignition of helium can be violent and cause a burst in their luminosity
called a helium flash. Which size classification of the giant branch the star
enters during helium fusion is determined by its mass with higher mass stars
Mzams = 10 Mg continuing to the red giant branch whilst those below re-
main as subgiants.

After helium fusion, for star with Mzams > 8 Mg, carbon-oxygen fusion is
possible for the red giant mass range and beyond, and the star has entered
the asymptotic giant branch (AGB). This is initiated by the fusion of carbon

“In fact, the tentative Vogt-Russel theorem states that the structure and evolution of a
star can be determined solely from its mass and chemical composition.

8More specifically the mass of concern is the ZAMS mass, the mass with which the star
enters the main sequence.
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FIGURE 2.8: Hertzsprung-Russell Diagram from the Gaia Collaboration DR2 2018.

Shows the position of ~ 4 million stars with respect to their temperature and stellar

classification (top axis), luminosity (right axis), Gaia absolute magnitude (left axis),
and colour (bottom axis).
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FIGURE 2.9: Estimated evolution track of a 5M,, star after exiting the Hertzsprung
Russel Main Sequence from Iben 1966. Numbers markers indicate evolutionary
lifetime markers, with values found in Table 1 of the original paper.

and oxygen in the core, and helium is now left to shell burning. During this
phase rapid helium fusion can be triggered in the helium shells, the energy
released can force rapid hydrogen fusion in their shells which can replenish
lost helium. This flash and replenish process can becomes cyclical, causing
the pulsing of the outer envelope of the star and creates a defining divide
between the AGB phase and the thermal-pulse AGB phase. Observationally
this is seen as a pulsation in the luminosity and surface temperature of the
star. Fig. 2.9 shows the luminosity and effective temperature evolution of a
5 M, star from Iben 1966.

At each of these fusion transition is an event known as dredge up, where
fused material is pulled from the core into the outer envelope. The dilu-
tion of fused material in the outer regions causes a spectra change in the
observed star.

Once all possible fusion routes have been exhausted, determined in part
by Mzawms, the battle between gravity and pressure ends in gravity’s victory.
What is left of stellar evolution is the remnants of catastrophic events during
their death, which can span from vast nebulae of dust, white dwarfs, neutron
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stars, or even black holes.

2.2.3 The Death of Stars
White Dwarfs

For stars with M < 8 Mg, their conclusion is a white dwarf. These dwarfs are
sustained by electron degeneracy pressure, originating from the Pauli exclu-
sion principle which forbids electrons from occupying the same quantum
state. To prevent this occupation electrons exert a form of pressure on each
other when placed too close together, and the crushing pressure of a dense
carbon-oxygen white dwarf is attempting to do exactly that. We can assume
the electrons act relativistically and follow the Pauli Uncertainty Principle
which leads to the pressure of electron degeneracy being

(37[2)1/3 ( ) )4/3
= hc

Pe
4 Hemy

(2.16)

where i = h/2x is the reduced Planck’s constant, and pe ~ 2 for a white
dwarf. If the contracting force of gravity becomes too great than not even
electron pressure can resist the force, and such a mass limit is known as the
Chandrasekhar mass

2.02(3m)'3 (he\* 2 1 \?
Mgy = 20281 7 (he ~ 1.44 M. (2.17)
2 G Hemy

In binary systems, where one star is a white dwarf and develops a com-
mon envelope with its partner star, mass can be transferred from the still
formed star to the remnant and lead to the surpassing of the Chandrasekhar
limit. In this instance the white dwarf will explode at a characteristic lumi-
nosity and is known as the type Ia supernova which we have seen used as a
standard candle estimator in Cosmology. The resulting explosion is likely to
destroy the white dwarf, but in the instances that no explosion occurs and
aremnant remains then accretion induced collapse (AIC) has occurred and
the result is a neutron star (The potential of AIC neutron stars is still an ac-
tive field of debate; for review see Wang & Liu 2020; also see Tauris et al. 2013;
Piro & Thompson 2014; Schwab et al. 2016; Ruiter et al 2019) .

Neutron Stars

Neutron stars are the result of more massive stars collapsing, typically those
above 8 My and below 20 M. They are formed either from mass accretion
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by white dwarfs, potentially, or core collapse supernovae, through type Ib, Ic,
and II. Stars in this mass range persist in their nuclear fusion beyond carbon-
oxygen all the way to iron, where the core is still able to keep the structure of
the star and can support its greater mass through nuclear fusion pressure;
however, once the fusion ceases the star will collapse and form a neutron
star.

A more favourable state for the core, once fusion ceases, is for electrons
and protons to fuse into neutrons leading to the elimination of support by
electron degeneracy seen in white dwarfs. The reaction

pF+e — n® + ve (2.18)
leads to the release of a large sums of neutrinos that cause a pressure wave
to ripple through the burning shells of remaining elements surrounding the
core. This extreme burst of pressure causes the explosion of the remnant
layers away from the neutron rich core and can release energy of the order
10%3 erg s~

The remnant neutron star is now only supported by neutron degeneracy
pressure

Py

312 5/3
ok (SN) ’ 2.19)

" 1mg\ v

where N is the number of states available, and V is the volume of the rem-
nant. Like white dwarfs, neutron stars have an upper limit to their allowed
mass, which requires solutions to a perfect fluid in general relativity, and is
known as the Tolman-Oppenheimer-Volkoff limit (Oppenheimer & Volkoff
1939). Its rough estimate places a limit on neutrons star of about M ~ 3 Mg,
but unlike white dwarfs when neutron stars exceed this limit there is no ex-
plosion; instead they form a black hole.

Stellar Black Holes

Black holes (BHs) are formed when gravity becomes the ultimate winner in
the battle against pressure, once neutron degeneracy pressure has lost there
is nothing more which can prevent the collapse to a singularity. The con-
ceptual formation of BHs is trivial, but the processes undertaken during the
collapse can differ depending predominantly on mass Mzams and metallic-
ity Z.

The outcomes of main sequence stars as a function of their initial mass
is best described by Fig. 2.10, which show the interweaving relationship in-
volving metallicity. Pathways of creation for BHs include: supernova events,
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direct collapse, Pair-Instability Supernova (PISN; Fowler & Hoyle 1964; Fra-
ley 1968), and Pulsational Pair-Instability Supernova (PPISN; Belczynski et
al. 2016b; Woosley 2017).

For stars with M > 40 M, a supernova explosion does not occur (Smartt
2015). The hashed white indicates direct collapse, where the star proceeds
straight to a BH (Fryer 1999; Fryer & Kalogera 2001; Mapelli et al. 2009;
O’Connor & Ott 2011; Fryer et al. 2012; Ertl et al. 2016). This form of di-
rect collapse is not to be confused with the direct collapse of gas clouds into
primordial BHs and the production of intermediate BHs with masses higher
than those produced by stars®.

PISN occurs when energetic gamma rays interact with elements causing
the production of an electron and a positrons, known as pair production.
This lose of gamma ray energies causes a drop in pressure which leads to
arunaway effect starting with rapid nuclear fusion and ends in a supernova
explosion. The unique aspect of this form of process is the core is completely
destroyed, and thus no remnant remains instead leaving behind a heavy el-
ement rich planetary nebula.

PPISN works the same as PISN, when regarding pair production, but the
process does not cause an unstable collapse. Instead PPISN will strip the star
of its mass, this can result in high mass PPISN leading to an uninterrupted
PISN whilst low mass stars will end in an explosion that can leave alow mass
star instead of a stellar remnant.

Last in the legend corresponds to neutrino-driven supernova, where the
star losses roughly ~ 0.1 My, with M;,,; being the baryonic mass of the proto-
compact object (See Timmes, Woosley & Weaver 1996, Fryer et al. 2012)
through the emission of neutrinos. The level of mass loss can determine the
compact remnant’s outcome, either a BH or neutron star. With the expul-
sion of the outer envelope caused by the supernova explosion, material can
be returned to the compact remnant through fallback. From high mass neu-
tron stars this can cause a breach of the Tolman-Oppenheimer-Volkoff limit
(Chan et al. 2018, 2020; Woolsey et al. 2020).

The combination of all these forms of remnant production creates an
ZAMS mass to remnant mass relation, which can be seen in Fig. 2.11, that
is critical to stellar evolution simulations and fundamental for this work to
produce a stellar black hole mass function.

9Direct collapse in this instance is used to help explain extreme mass BHs (M, =~
109710 My) at z ~ 7 (Mortlock et al 2011; Wu et al. 2015). Observations like these lay as a
motivator for this work, and will be addressed more directly in Chapter 4.
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FIGURE 2.10: The outcome scenarios for zero-age main sequence (ZAMS) stars as

defined by their metallicity, as found in Spera & Mapelli2017. The blue region corre-

sponds to neutrino-driven core collapse supernova; green, PPISN; red, PISN; white,

direct collapse to a BH. The vertical black dashed line (Mzams » 19Mg) notes the
split between neutron star (NS) outcomes and BH outcomes.
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FIGURE 2.11: ZAMS mass to remnant mass relation described in Spera & Mapelli

2017 and used in Chapter 3. Metallicities are as shown and indicated via colour co-

ordination, and the region 65M;, to 120M,, is omitted due to zero remnants occur-
ring between said masses.

2.2.4 The Initial Mass Function of Stars

The distribution of stars according to their stellar mass is critical in the un-
derstanding of stellar populations, statistical analysis of galaxy evolution,
and establishing the foundation of stellar simulations. Stars, however, are
not all equal as we have seen and the more massive a star is the shorter its
life expectancy, this means that stars in a galaxy are not representative of
the stellar history. This requires the need for an initial mass function (IMF),
which describes the number density of stars of a given mass for some galaxy
undergoing a period of star formation.

The exact form of the IMF is a hotly debated topic amongst stellar astro-
physicists, but the make up is simple. The most notable are the Salpeter IMF
(Salpeter 1955), characterised by a constant decline in abundance from low
to high masses, and the Kroupa 2001 and Chabrier 2003 IMFs which see a re-
duction in the steepness of the declining abundance as you go toward lower
masses both occurring at M, ~ 1 My. Kroupa01l will be used for the main
body of this work.

The make up of the IMF is set such that

/ $(my)mydm, = 1Mo, (2.20)
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where the total mass formed in stars is equal to 1 M. For the Kroupa01 IMF
the mass function ¢ (m,) is taken to be

m;1®  0.08 < m,/Mg < 0.50;
d(my) = {m;>3  0.50 < my /Mg < 1.00; (2.21)
m?3  1.00 < m,/Mo.

The IMF is determined empirically from observations of the Milky Way'?,
this does imply IMFs are representative of the present day IMF but it is as-
sumed that they can be extended beyond the present with minimal compro-
mise.

2.3 (Super)Massive Black Holes

Lastly we come to BHs, more specifically we will discuss the supermassive
variant and the active galactic nuclei (AGNs) associated with them. We will
begin with a brief overview of AGNs, including prominent relations they
share with their host galaxy and the complications the presence of some
high-z quasars pose to AGN evolution models (Sect. 2.3.1). This will be fol-
lowed with an introduction to gaseous dynamical friction, the methods used
in this work to overcome the high-z quasar problem (Sect. 2.3.2). Finally,
we conclude by showing an overview of the mass and luminosity function
of AGNs, discussing the observational undertaking to constrain their form
(Sect. 2.3.3).

2.3.1 Active Galactic Nuclei

Galaxies have the potential to emit bolometric luminosities of L ~
10%8 erg s71, consisting of UV radiation and X-ray luminosity exceeding Ly >
10*? erg s~! not possible to associate to stellar activity. In addition, there can
be the presence of relativistic jets and high radio activity. All these features
can indicate the presence of an AGN, which in brief are supermassive black
holes (SMBHs; M, ~ 105719 M) accreting from a surrounding disk of gas and
stars (Lynden-Bell 1969), and come in several types: blazars, quasars, radio
galaxy AGNs, Seyfert AGNs!!. The rate of accretion and an AGN’s luminosity

10For the low mass end of the IME, determinations can use the Small and Large Magellanic
Cloud as a potential population field (Kalirai et al. 2013).

HUnder the unified model of AGNs, the classification of an AGN is predominantly as-
sociated with its observed orientation whilst other features, such as rate of accretion, are
secondary factors.
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are related
L ~ nMacc (2.22)

where 7 is the radiative efficiency of the accreting AGN, taken to be between
n ~ 0.1 — 0.3 depending on the accretion scenario considered (thin disk:
Shakura & Sunyaev 1973; slim disk: Abramowicz et al. 1988; rotating Kerr
BH: Thorne 1974), and M, is the accretion rate of the SMBH.

It has been determined that the evolution of both the host galaxy and
its SMBH are intertwined, this amounts to a series of scaling relations. The
most pertinent to this thesis is the Magorrian relation (named for John
Magorrian, Magorrian et al. 1998) and sees a pattern between the stellar
mass of a galaxy and the mass of its central BH. Commonplace now is to call
arelation seeking this connection Magorrian-like (Reines & Volonteri 2015;
Shankar et al. 2016, 2020a). For this work the Shankar debiased relation will
be predominately used

M,
log —* ~ 7.574+1.946log ——=—
Mo 1011 M,

by (2.23)
—0.306log® W - 0.01log’
O}

_ My
1011 M,

which hold for the mass range M, ~ 101°-12 M, (Fig. 2.12).

If we consider galaxies themselves, we also saw in the same section the
main sequence of star forming galaxies (see Fig. 2.4), a M, — vy scaling rela-
tion. Itis no uncertain leap to suggest that through such relations, reliant on
the availability of gas, that there would be the BH accretion rate Macc — v
relation. This relation does exist (Mullaney et al. 2012; Delvecchio et al.
2014; Volonteri et al. 2015; Carraro et al. 2020; Stone et al. 2022) and esti-
mations for it extend to surveys examining X-ray emissions from AGNs up
to z ~ 3.5. The cause for this connection is not unreasonable, with AGNs
expelling large sums of energy into the local environment, along with re-
moval of gas through accretion, the heating of star forming gas can lead to
the quenching of star formation.

The correlations between the central AGN, or SMBH, does not cease at
mass relations, connections have been found between AGNs and nuclear
star clusters (Seth et al. 2008), galaxy velocity dispersion (Gebhardt et al.
2000), bulge luminosity (Giiltekin et al. 2009), and even the dark matter
halo (Ferrarese 2002); all these relations form pieces in a galaxy-SMBH co-
evolution story.

The observation of AGNs has also created complications in our current
models of SMBH, with the numerous discoveries of high-z (z > 7) high mass
(M, > 10° M) quasars (Fan et al. 2006; Mortlock et al. 2011; Venemans et al.
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FIGURE 2.12: From Shankar et al. 2020. Left panel: central BH mass-host galaxy stel-
lar mass relation, with coloured lines associated with different labelled Magorrian
relations (see legend references). Yellow region represents the unbiased M, — M,
relation, and the grey area is the scatter associated with the black dashed line from
Savorgnan et al. 2016. Right panel: the relation between the M, — My,,, formed
from abundance matching using the observed and unbiased M, — M, relation. The
data points are from Powell et al. 2018 (squares); Krumpe et al. 2015, 2018 (triangles
and circles); and Sagittarius A* (star; Ghez et al. 2008, Posti & Helmi 2019).

2017a, 2017b, Banadoes et al. 2018, 2021). These AGNs would have < 1 Gyr
to grow, and would not be possible through standard Eddington accretion.
To overcome this hurdle several solution have been proposed.

The solutions are two-fold: accretion solutions; seed solutions. The for-
mer considers accelerating the rate of accretion beyond the standard limits
to the super-Eddington regime (Madau et al. 2014; Aversa et al. 2015; Lupi
etal. 2016). Eddington accretion is derived through a spherically symmetric
model, since accretion rate and luminosity are connected one can derive a
maximum possible luminosity for a BH of given mass called the Eddington
luminosity Lgqq- The Eddington ratio takes the place of an accretion rate,
A = L/Lgqq and is typically A < 1. The super-Eddingdon regime A > 1 is not
invalid, since BHs are not required to accrete symmetrically, and therefore
allow stellar mass BHs to become supermassive in adequate time.

The latter seed solutions consider the production of heavy seed BHs
which are then grown through gas accretion, these heavy seeds start at much
higher mass than standard stellar BHs produced through stellar evolution.
There are four possible pathways to create a heavy seed BH: massive pop-III
(Z« ~ Ostars), direct collapse of gas clouds, runaway merger of stars and BHs
in globular clusters (Mayar & Bonoli 2019; Volonteri et al. 2021), and gaseous
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dynamical friction in central galactic regions (Boco et al. 2020). These solu-
tions allow accretion to begin at M, ~ 101°~* Mg, and more critically skips
the slower accretion rate at lower masses. The existence of one method does
not prevent the presence of another, and it is more likely that all these meth-
ods function in the development of SMBHs than only one being responsible.

2.3.2 Central black hole growth via Dynamical Friction

For the main body of this thesis, specifically in Chapter 4, we will focus on
the growth of SMBHs through a seed based solution derived in Boco et al.
2020 (B20). Gaseous dynamical friction considers the accretion of mass onto
a central BH through the merger of numerous stellar mass BHs which have
lost orbiting angular momentum through frictional effects caused by dense
regions of gas (see Fig. 2.13; Ruderman & Spiegel 1971; Ostriker 1999; Bernal
& Sanchez-Salcedo 2013; B20).

According to gaseous dynamical friction, under a spherical symmetric
assumption akin to the central bulge of LTGs or compact ETG progenitors,
the low mass accretion hurdle is able to be overcome through the rapid ac-
cretion of stellar mass BHs. The scale of this mechanism is dependent on
the environment about the central BH, but is seen to extend up to 300 pc
where the contribution of stellar mass compact remnants remains constant
before dropping off exponentially beyond this radius. This even contribu-
tion is able to be maintained due to the increased abundance of compact
remnant at further distances counteracting the increased time it takes for
such remnants to spiral inward.

Under the assumption of B20, numerous examples of candidate rem-
nants are found to successful inspiral and contribute their mass (see Ta-
ble 2.1). This has been shown to create heavy seed intermediate mass BHs
(M, ~ 10*-% M) within 107 yr, after which the BH has a mass able to rapidly
accrete from its gas surroundings allowing for SMBHs to comfortably ap-
pear within ~ 1 Gyr. Thus gaseous dynamical friction is able to overcome
the high-z quasar problem present in current observations.

The timescale of dynamical friction is dependent on the local environ-
ment and the dynamics of the compact remnant candidate to be merged,
and takes the form

J r
Je(€)

pr =N me \“(_ Mgs \°( Re \°

DF 100 My} \101 M,/ \1kpc
where N is a normalisation constant, m., j, € are the mass, angular momen-
tum, and energy of the compact remnant respectively; Mg,s and R, are the

Y

re(e) | (2.24)

10 pc
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FIGURE 2.13: Schematic from B20, depicting dynamical friction of stellar mass BHs
towards a central BHs, where gravitational waves are emitted (GW).
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ripc v/o(r), ve/a(r) re/pc  jljc pr/Gyr
me=15Mg me=10Mg me=40My m,=100Mg
5 1,1 30 0.18 - 4.1 1.1 0.46
5 1,0.1 18 0.041 0.75 0.12 0.033 0.014
5 0.1,1 18 0.41 - 4.0 1.0 0.44
5 0.1,0.1 4 0.55 0.75 0.12 0.033 0.014
15 1,1 50 0.31 - - 9.4 3.9
15 1,0.1 33 0.064 6.4 1.0 0.28 0.12
15 1,0.025 33 0.016 0.80 0.13 0.035 0.015
30 1,1 76 0.41 - - - -
30 1,0.1 50 0.080 - 4.1 1.1 0.46
30 1,0.01 50 0.0081 0.79 0.13 0.035 0.015
50 1,1 100 0.49 - - - -
50 1,0.1 70 0.089 - - 3.0 1.2
50 1,0.01 70 0.0090 2.1 0.35 0.093 0.039
50 1, 0.005 70 0.0045 0.75 0.12 0.033 0.014
150 1,1 200 0.65 - - - -
150 1,0.1 150 0.10 - - - 10
150 1,0.01 150 0.010 - 2.8 0.75 0.31
150 1,0.001 150 0.0010 0.55 0.091 0.024 0.010
300 1,0.1 26 0.10 - - - -
300 1,0.01 26 0.010 - - 3.0 1.2
300 1,0.001 26 0.0010 2.0 0.33 0.088 0.037
300 1, 0.0005 26 0.00050 0.72 0.12 0.032 0.013

TaBLE 2.1: Examples of gaseous dynamical friction timescale from B20, where (-)
indicates a timescale longer than 10 Gyr.
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gas mass and half-mass radius of the host galaxy; j. and r. are the angular
momentum and radial distance of the compact remnant if it were to main-
tain a stable circular orbit about the central region, and is a function of the
energy of the remnant. In this work we will adopt the fiducial setup of B20,
namely, a 3D Sersic gas density profile p(r) « r=@e=* (/B with n = 1.5,
a=1-1.188/2n+0.22/4n* ~ 0.6 and half-mass radius R ~ 1 kpc. Then the
values for the parameters in Eq. (2.24) read a ~ —0.95, b ~ 0.45, ¢ ~ —-1.2,
B~ 157 ~25and N ~ 3.4 x 108 yr. The effect of different setups on the
dynamical friction timescale is discussed in B20.

Gaseous dynamical friction requires the creation of compact remnants,
specifically BHs, and thus knowledge of their abundance is pertinent to the
effectiveness of the mechanism. Eq. 20 in B20 gives an expression for the
birthrate of compact remnants

dp
dm.

Rpirtn (Mo, T|Y, 2) = dmy ¢(my) [melmy, Z(z|y,2)]  (2.25)

My min

where v is the SFR, ¢ is the initial stellar mass function, dp/dm. is the proba-
bility distribution of compact remnant reflective of the relation seen in Spera
et al. 2017 (see Fig. 2.11). This equation will be represented in Chapter 4,
Sect. 4.2, Eq. 4.6 in another form where the variables inside the integral can
be described as a stellar BH mass function, to be derived in Chapter 3.

Ultimately the returned accretion rate for gaseous dynamical friction can
be presented as '

M. pF = / dm,m, SN0F, (2.26)
’ dm,

where dNpg/dms, is the merger rate of compact remnants due to this mech-
anism. For this work, this accretion rate will work in unison with standard
Eddington accretion onto the central BH of the galaxy (see Chapter 4, Sect.
4.3, Fig. 4.2 for examples).

2.3.3 Mass and Luminosity Function of AGNs

We shall conclude with a brief mention of the mass and luminosity functions
of AGNs. When considering the mass function of BHs the different mass
regimes must be considered separately when determining observational re-
straints. Stellar mass BH mass function (M, < 10°M,) determinations are
reliant on simulations (Spera et al. 2017) and the gravitational wave emis-
sions from stellar mass BH binaries (Abbott et al. 2021a, 2021b; Baxter et
al. 2021) using the LIGO/Virgo project. The mass function within the super-
massive regime (M, > 10°M,) is closely linked to the observation of AGNs,

~Y
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and can be derived from the luminosity function of AGNs which is deter-
mined from the observation of AGNs using X-ray and radio telescopes, with
Lx > 10*2 erg s~! setting an X-ray luminosity minimum for AGNs. The inter-
mediate regime (103My < M, < 10°M,) is the most uncertain, with obser-
vational restrictions few and far between, instead the accretion of light seed
BHs can generate a semi-analytic approach to allow a channel for the deriva-
tion of an intermediate mass function; as well as considering solutions to
overcome the high-z quasar problem.

Fig. 2.14, from Aversa et al. 2015, shows the determination of the SMBH
mass function for a semi-analytical approach using both the continuity
equation and abundance matching, invoking super-Eddington accretion. In
comparison are the functions from Shankar et al. 2009 using scaling rela-
tions of the M, — M, (Haring & Rix 2004) and M, — o (Tremaine et al. 2002)
for elliptical galaxies and galactic bulges; Shankar et al. 2012 is similar, using
relations from pseudobulges; Vika et al. 2009 uses object-by-object analysis
and the M, — L (McLure & Dunlop 2003) relation.

The AGN bolometric luminosity function is the culmination of obser-
vational surveys across multiple wavelength bands, corrected for their in-
dividual selection effects. In the introduction of Shen et al. 2020, there is a
collective list of the numerous references for each observation band (opti-
cal, UV soft X-ray, hard X-ray, IR) used in the derivation of their quasar lumi-
nosity function, which works as a surrogate for the general AGN luminosity
function at high-z observations, when less luminous objects are difficult to
observe and thus sustain a higher uncertainty.

Fig. 2.15 shows the quasar luminosity function for early (z > 2.4) or
late (z < 2.4) phase observations. The double Schechter form of the func-
tion can be seen for both quasar types, and is apparent across all redshifts.
Due to the connection between luminosity and accretion rate for AGNs, any
model examining the mass evolution of BHs, in particular the derivation of
a SMBH mass function, can use the AGN luminosity function to evaluate
and scrutinise the resulting Eddington ratio and luminosity values obtained.
This means the AGN luminosity function constitutes an important check on
mass function models which do not assume an initial luminosity function,
and will be discussed in Chapter 4 of this work.
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FIGURE 2.14: The SMBH mass function from Aversa et al. 2015. Presented is the
mass function for z ~ 0 (orange), 1 (red), 3 (green), 6 (blue), 10 (cyan); where
the z ~ 10 line corresponds to an extrapolation to high-z. The light and dark grey
shaded areas correspond to Shanker et al. 2012 and 2009 respectively; the yellow
points Vika et al. 2009. The dashed red, green, and blue area are the determinations
of the SMBH mass function by Li et al. 2011 at z ~ 1, Ueda et al. 2014 at z ~ 3, and
Willott et al. 2010b at z ~ 6 respectively. The inset plot shows the BH mass density
function, for the overall mass range (solid line with hatched area) and logarithmic
mass ranges [6,7] (dot-dashed), [7,8] (dashed), [8,9] (dotted), with the grey area giv-
ing the observational constraints for z > 0 mass function by Shankar et al. 2009,

2012 as in the main plot.
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Chapter 3

The Stellar Black Hole Mass
Function and Light Seed
Distribution

With Chapters 1 and 2 concluded, we arrive at the heart of this thesis and
begin the task of building a BH mass function beginning with the stellar mass
regime (m. ~ 5 — 150 Mg). This mass function can stand along, but will be
implemented in Chapter 4 when considering SMBHs. The followingis based
on the work undertaken in Sicilia et al. 2022a.

3.1 Introduction

The formation and evolution of BHs in the Universe is one of the major is-
sues to be addressed by modern research in astrophysics and cosmology. In
the mass range m. ~ 5 — 150 My, BHs are originated from the final, often
dramatic stages in the evolution of massive stars (possibly hosted in binary
systems). These compact remnants can produce luminous X-ray binaries
(e.g., Mapelli et al. 2010; Farr et al. 2011; Inoue et al. 2016), can constitute
powerful sources of gravitational waves for ground-based detectors like the
current LIGO/Virgo facility (e.g., Belczynski et al. 2010; Dominik et al. 2015;
Spera et al. 2017, 2019; Boco et al. 2019; Abbott et al. 2021a,b), can possibly
energise short gamma-ray bursts and associated kilonovas (e.g., Abbott et
al. 2020, 2021c; Ackley et al. 2020; Gompertz et al. 2020), can inject strong
energy inputs in the primeval Universe (e.g., Mirabel et al. 2011; Justham
& Schawinski 2012; Artale et al. 2015; Madau & Fragos 2017; Lehmer et al.
2021), and can provide light seeds for the subsequent growth of more mas-
sive BHs (e.g., Madau et al. 2014; Volonteri et al. 2015; Lupi et al. 2016;
Pacucci et al. 2017; Boco et al. 2020; Das et al. 2021). At the other end, in
the range M, ~ 10° — 10'° M, supermassive BHs grow mainly by gaseous
accretion, that energise the spectacular broadband emission of AGNs. Such
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an activity can have a profound impact on galaxy evolution (e.g., Alexander
& Hickox 2012; Lapi et al. 2014, 2018; Chapter 2, Sect. 2.3.1), as testified by
the strict relationships between the relic BH masses and the physical prop-
erties of the hosts (e.g., Kormendy & Ho 2013; Shankar et al. 2016, 2020; Zhu
etal. 2021). The intermediate mass range m, ~ 103 — 10° M is the most un-
certain. So far, only tentative evidence of these systems has been identified
(see Paynter et al. 2021). However, the chase is open in view of their astro-
physical relevance. Most noticeably, they can provide heavy seeds for quick
(super)massive BH growth (e.g., Mayer & Bonoli 2019; Boco et al. 2020), as
it seems required by the puzzling observations of an increasing numbers
of giant monsters M, > 10° M, when the age of the Universe was shorter
than < 0.8 Gyr (e.g., Mortlock et al. 2011; Venemans et al. 2017; Banados et
al. 2018). Moreover, such intermediate-mass BHs will constitute important
targets for space-based gravitational wave detectors like LISA and DECIGO
(see eLISA Consortium 2013; Kawamura et al. 2021; also Boco et al. 2021a;
Barausse & Lapi 2021).

One of the most fundamental quantity for demographic studies of the
BH population is constituted by the relic mass function, namely the num-
ber density of BHs per comoving volume and unit BH mass, as a function of
redshift. In the supermassive regime, where most of the BH mass is accu-
mulated through gas accretion, this is usually determined from the AGN lu-
minosity function via Soltan (1982)-type or continuity equation arguments
(e.g., Small & Blandford 1992; Salucci 1999; Yu & Lu 2004; Merloni & Heinz
2008; Kelly & Merloni 2012; Aversa et al. 2015; Shankar et al. 2004, 2009,
2013, 2020; Chapter 2, Sect. 2.3.3), or from galaxy statistics and scaling rela-
tions among galactic and BH properties (e.g., Vika et al. 2009; Li et al. 2011;
Mutlu-Pakdil et al. 2016). At the other end, the stellar BH mass function is
largely unknown, and the most promising messenger to constrain it is con-
stituted by the gravitational wave emission from coalescing binary BH sys-
tems (e.g., Kovetz et al. 2017; Perna et al. 2019; Tang et al. 2020; Ding et al.
2020); a first determination of the primary mass distribution for merging bi-
nary BHs has been established by the LIGO/Virgo collaboration (see Abbott
etal. 2021a), although it depends somewhat on some assumptions (see Bax-
ter etal. 2021). Therefore a theoretical grasp on the stellar BH mass function
at different redshifts is of crucial importance.

In this Chapter, we provide an ab-initio computation of the stellar
BH relic mass function across cosmic times, by coupling the state-of-
the-art stellar and binary evolutionary code SEVN to redshift-dependent
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galaxy statistics and empirical scaling relations involving metallicity, star-
formation rate and stellar mass. Note that here we mainly consider the stan-
dard, and likely dominant production channel of stellar-mass BHs consti-
tuted by isolated single/binary star evolution, and defer to future work the
treatment of other formation mechanisms like dynamical effects in dense
star clusters (e.g., Miller & Hamilton 2002; Alexander & Natarajan 2014; An-
tonini et al. 2019), AGN disks (e.g., McKernan et al. 2012; Yang et al. 2019),
hierarchical triples (e.g., Kimpson et al. 2016; Fragione et al. 2019) that are
thought to produce corrections in the high-mass tail of the mass function,
toward the intermediate-mass BH regime.

The plan of the Chapter is straightforward. In Sect. 3.2 we introduce
the theoretical background underlying our computation of the stellar BH
relic mass function; specifically, we highlight the role of quantities related
to galaxy formation (Sect. 3.2.1) and to stellar evolution (Sect. 3.2.2), and
show how to include the effects of binary BH mergers (Sect. 3.2.3). In Sect.
3.3 we present our results concerning the stellar BH cosmic birthrate, the
redshift-dependent stellar BH relic mass function and relic mass density; we
also compare the primary mass distribution for merging BH binaries with
the recent estimates from gravitational wave observations by LIGO/Virgo. In
Sect. 3.4 we critically discuss how our results depend on the adopted binary
stellar evolution code. Moreover, we estimate the effects of binary BH for-
mation in dense environments like (young) star clusters. We also highlight
the relevance of our computations in providing a light seed distributions for
BH growth at high redshift. Finally, in Sect. 3.5 we summarise our findings
and outlook future developments.

Throughout this Chapter, we adopt the standard flat ACDM cosmology
(Planck Collaboration 2020) with rounded parameter values: matter density
Qum = 0.3, dark energy density Q5 = 0.7, baryon density O = 0.05, Hubble
constant Hy = 100 hkkms~! Mpc~! with i = 0.7. AKroupa 2001 IMF in the star
mass range m, ~ 0.1-150 My and a value Z; ~ 0.015 for the solar metallicity
are adopted (see Caffau et al. 2011).

3.2 Theoretical background

We aim at deriving the stellar BH relic mass function, i.e., the number density
of stellar BHs per unit comoving volume V and remnant mass m, accumu-

lated down to redshift z
dZNo 2 .o

©  diy /
walogm ™7 = [ G diog ™) B
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and the related stellar BH relic mass density

2

p.(z):/dlogm.m.m

(me|z) . (3.2)

In the above Eq. (3.1) the quantity ¢, is the cosmic time corresponding to
redshift z and d’>N,/dV dlog m, is the stellar BH cosmic birthrate, i.e. the
production rate of BH of given mass per unit comoving volume. In turn, the

latter can be expressed as
d?N, 2N, d?m

Msgr
(me|2) qv diog

(m.lz)_/dlogZ —~(Zl2) 3.3)

dvdlogm dMggrd log m.

where Z is the metallicity and Mggp is the star formed mass. The first and
second factors in the integrand are usually referred to as the stellar and the
galactic term, respectively (see Chruslinska & Nelemens 2019; Boco et al.
2021b); we will now describe each of them in some detail, starting with the
latter. The main steps toward the computation of the stellar BH relic mass
function are sketched in Fig. 3.1.

3.2.1 The galactic term

The galactic term in Eq. (3.3) represents the cosmic SFR density per unit cos-
mic volume and metallicity; in other words, it constitutes the classic ‘Madau’
plot (see Madau & Dickinson 2014 and reference therein) sliced in metallic-
ity bins, and as such is mainly related to galaxy formation and evolution. It
may be estimated in various ways, starting from different galaxy statistics
and empirical scaling laws. We compute it as

d?®Mspr d’N

dleogZ(le) :/ dlogyy dv dlog w(w’ ?)

(3.4)
dp dp
X / dlog M, m(M*lw, Z) m(ZlM*, ’l,U)
where v is the SFR and M, the stellar mass of a galaxy. Three ingredients
enter into the above expression. The first is constituted by the redshift-
dependent SFR functions d>N/dV dlog v, expressing the number of galax-
ies per unit cosmological volume and SFR bin. For these we adopt the de-
termination by Boco et al. (2021, see Fig. 3.2; for an analytic Schechter fit
see Eq. 2 and Table 1 in Mancuso et al. 2016a) derived from an educated
combination of the dust-corrected UV (e.g., Oesch et al. 2018; Bouwens et
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FIGURE 3.1: Schematics showing the main steps to compute the stellar BH relic mass
function (Eq. 3.1). This is obtained by integration over redshift of the BH cosmic
birthrate (Eq. 3.3), which is in turn determined via the convolution of the galactic
and the stellar terms. The galactic term (Eq. 3.4) is computed by convolving the
galaxy statistics (based on the SFR function) with the metallicity distribution of a
galaxy at given SFR and stellar mass (assumed as a log-normal shape around the
fundamental metallicity relation; see Eq. 3.6) and with the stellar mass distribution
of a galaxy at given SFR and redshift (built from the redshift-dependent main se-
quence of star-forming galaxies; see Eq. 3.5). The stellar term (Eq. 4.5) is computed
from the stellar and binary evolutionary code SEVN by summing up, for a given IME
the probabilities per unit star-formed mass that: (i) a single star evolves into a BH
remnant (single stellar evolution); (ii) a binary stellar system evolves into a single
BH remnant or two BHs no longer bounded (failed binaries); (iii) a binary stellar
system evolves into a binary BH (binaries), that may eventually coealesce into a sin-
gle BH via emission of gravitational waves.
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al. 2020), IR (e.g., Gruppioni et al. 2020; Zavala et al. 2021), and radio (e.g.
Novak 2017; Ocran 2020) luminosity functions, appropriately converted in
SFR (see Kennicutt & Evans 2012).

The second ingredient is the probability distribution of stellar mass at
given SFR and redshift:

dp M, M, < M*,MS(Wy z)
T M log M, —log M. ,2)]%
Thog i, Ml D <Yy e {_[ g M. 2 ng ws (¥ )]} M, > Morts(y.2)
log M,

(3.5)
where M, vs(vw,z) is the observed redshift-dependent galaxy main se-
quence with log-normal scatter ojog), ~ 0.2 dex (we adopt the determi-
nation by Speagle et al. 2014; for an analytic fit, see Eq. 2.6). The main
sequence is a relationship between SFR and stellar mass followed by the
majority of star-forming galaxies, apart from some outliers located above
the average SFR at given stellar mass (see Daddi et al. 2007; Sargent et al.
2012; Rodighiero et al. 2011, 2015; Speagle et al. 2014; Whitaker et al. 2014;
Schreiber et al. 2015; Caputi et al. 2017; Bisigello et al. 2018; Boogaard et al.
2018). The expression in Eq. (3.5) holds for an approximately constant SFR
history, which is indicated both by in-situ galaxy formation scenarios (see
Mancuso et al. 2016b; Pantoni et al. 2019; Lapi et al. 2020) and by observa-
tions of ETG progenitors (that have on average slowly rising star formation
history with typical duration of < 1 Gyr; see Papovich et al. 2011; Smit et
al. 2012; Moustakas et al. 2013; Steinhardt et al. 2014; Cassara et al. 2016;
Citro et al. 2016) and late-type galaxies (that have on average slowly declin-
ing star formation history over long timescale of several Gyrs; e.g., see Chi-
appini et al. 1997; Courteau et al. 2014; Pezzulli & Fraternali 2016; Grisoni
et al. 2017). In this vein, off-main sequence objects can be simply viewed
as galaxies caught in an early evolutionary stage, that are still accumulating
their stellar mass (which grows almost linearly with time for a constant SFR),
and are thus found to be preferentially located above the main sequence or,
better, to the left of it. As time goes by and the stellar mass increases, the
galaxy moves toward the average main sequence relationship, around which
it will spend most of its lifetime before being quenched due to gas exhaus-
tion or feedback processes.

The third ingredient is the probability distribution of metallicity at given
stellar mass and SFR

dp Z|M
dlogZ( My, ) oc exp 4 =

2
2 Olog Z

[log Z — 10g Zpnmr (Ms, w)]z} 5.6
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FIiGURE 3.2: Redshift dependent SFR function, as seen in the left panel of Boco et
al. 2021 Fig 1. Corresponding redshifts: z ~ 0 (blue), 1 (red), 3 (green), 6 (magenta),
8 (cyan). Solid lines represent UV plus FIR/(sub)millimetre/radio data (akin to to-
tal population), dotted lines represent dust-corrected UV data (akin to disk galax-
ies). UV data (open symbols): van der Burg et al 2010 (triangles); Bouwens et al.
2016, 2017 (pentagons); Finkelson et al 2015 (hexagons); Cucciati et al 2012 (in-
verted triangles); Wyder et al 2005 (circles); Oesch et al 2010 (squares); Alavi et al
2016 (stars); Bhatawdeski et al 2018 (diamond). Far-IR/(sub)millimetre data (filled
symbols): Gruppioni et al 2020 (plus); Gruppioni et al. 2015 (circle); Gruppioni et
al. 2013 (triangles); Magnelli et al. 2013 (inverted triangle); Lapi et al. 2011 (stars);
Cooray et al. 2014 (pentagons). Radio data from Novak et al. 2017 (filled squares).



74 Chapter 3. Stellar BHMF and Light Seeds

that is assumed to be log-normal with mean log Zgyr(My, w) and scatter
Ologz = 0.15 dex provided by the observed fundamental metallicity relation
(we adopt the determination by Mannucci et al. 2011; for an analytic fit, see
Eq 2.5). This is a relationship among metallicity, stellar mass and SFR of a
galaxy which is found to be closely independent of redshift at least out to
z < 4 (see Mannucci et al. 2010, 2011; Hunt et al. 2016; Curti et al. 2020;
Sanders et al. 2021). In the aforementioned in-situ galaxy formation scenar-
ios (see Pantoni et al. 2019; Lapi et al. 2020; Boco et al. 2021b), the funda-
mental metallicity relation naturally stems from: an early, rapid increase of
the metallicity with galactic age, which for a roughly constant star forma-
tion history just amounts to the ratio M, /y; a late-time saturation of the
metallicity to a mass-dependent value which is determined by the balance
among metal dilution, astration, removal by feedback, and partial restitu-
tion by stellar evolution processes and galactic fountains (if present).

In Fig. 3.3 we illustrate the galactic term given by Eq. (3.4). Specifically,
we have colour-coded the cosmic SFR density d?Msgr/dV dlog Z per unit
comoving volume as a function of redshift z and metallicity log Z. Most of
the cosmic star formation occurs around redshift z ~ 2 — 3 at rather high
metallicity, close to solar values. The metallicity at which most star forma-
tion takes place decreases with redshift, but very mildly out to z ~ 4 — 5.
However, we note that at any redshift there is a long, pronounced tail of star
formation occurring at low metallicities, down to 0.01 Z. We discuss possi-
ble variations of the prescriptions entering the galactic term in Sect. 3.4.1.

3.2.2 The stellar term

The stellar term in Eq. (3.3) represents the number of BHs formed per unit
of star formed mass and remnant mass; as such, it is related to the evolution
ofisolated or binary stars, and must be evaluated via detailed simulations of
stellar astrophysics. The stellar term can be split in various contributions

dzN. p Z dZN*_). Z
dMgprd log m.\m.| )= dMsprdlog m.(m'l "
dZN**_). dzN**—no
( (
dMsprdlogm.” o i:ZI;Z dMsrrdlogma; 1)
(3.7)

the first comes from the evolution of isolated, massive stars that evolve into
BHs at the end of their life (hereafter referred to as ‘single stellar evolution’);
the second comes from stars that are originally in binary systems but end
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FIGURE 3.3: The galactic term d®M,./dV dlog Z of Eq. (3.4) expressing the amount of

SER (colour-coded) per unit comoving volume as a function of redshift z (on x-axis)

and of metallicity Z (on y-axis). The black horizontal line highlights the solar value
Zo.
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up as an isolated BH because one of the companion has been ejected or de-
stroyed or cannibalized (hereafter ‘failed BH binaries’); the third comes from
stars in binary systems that evolve into a BH binary with primary mass m.
and secondary mass m, > (hereafter ‘binaries’). All these terms are strongly
dependent on metallicity Z, since this quantity affects the efficiency of the
various processes involved in stellar and binary evolution, like mass loss
rates, mass transfers, core-collapse physics, etc. Note that other crucial in-
gredients implicitly entering the above terms are the IMF ¢ (m,), i.e. the dis-
tribution of star masses m, per unit mass formed in stars, and the binary
fraction f,,, i.e. the mass fraction of stars originally born in binary systems;
both are rather uncertain quantities. As areference we adopta universal (i.e.,
equal for every galaxies at any cosmic time) Kroupa 2001 IMF and a binary
mass fraction f,, ~ 0.5 constant with the star mass m,. We discuss the im-
pact of these choices on our results in Sect. 3.4.1.

To compute the stellar term, we exploit the outcomes of the SEVN stellar
and binary evolution code, that provides directly each of the above contri-
butions (see Spera et al. 2019 for details). However, to add some more grasp
on the physics involved, we can provide a handy approximation for the first
term referring to isolated stars; this writes as

dzN*—)o
dMsggrd log m.

(md|Z) = (1 - f**)/dm* (my) (m.|m*,Z) (3.8)

dlog

where f, is the binary fraction, ¢ (m,) is the IME and

(Me|My, Z) oc exp
. 20'1
0g M.

d *—e l o_l *—e *,Z 2
p {_[ogm 0g My e (m )]} 5.9

is an approximately log-normal distribution centred around the metallicity-
dependent relationship m._.(m4, Z) between the remnant mass and the
initial ZAMS star mass, with dispersion gjog,,, ~ 0.15 dex (see Spera et al.
2017; Boco et al. 2019). Unfortunately, for the other contributions of the stel-
lar term related to binary evolution, an analogous analytic approximation is
not viable, so one must trust the outputs of the SEVN code. We discuss the
impact of adopting different prescriptions and codes for the computation
of the stellar term in Sect. 3.4.1.

In Fig. 3.4 we illustrate the stellar term of Eq. (4.5), split in its var-
ious contributions. Specifically, we have colour-coded the distributions
d?N,/dMsgg d log m. per unit star mass formed Msgg and BH remnant mass
m,. The top left panel refers to isolated stars evolving into BHs. It is seen
that a roughly constant number of remnants with masses m, ~ 5 — 30 Mg
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FIGURE 3.4: The stellar term d?N,/dMsgg d log m. of Eq. (4.5) expressing the num-

ber of BHs per unit star-formed mass (colour-coded) as a function of BH mass m.

(on x-axis) and of metallicity Z (on y-axis). Different panels refer to: isolated stars

evolving into single BH (top left); binary stars failing to form a compact binary and

instead originating a single BH (top right); binary stars evolving in binary BHs (bot-
tom left); summation of these contributions (bottom right).

is produced per logarithmic BH mass bin at any metallicity. Then there is
a peak around m., ~ 30 — 60 M, with the larger values applying to metal-
poorer conditions, where stellar winds are not powerful enough to substan-
tially erode the stellar envelope before the final collapse. Finally, the distri-
bution rapidly falls off for larger m. > 50 — 60 M, even at low metallicity’,
due to the presence of pair-instability and pulsational pair-instability super-
novae (see Woosley et al. 2002; Belczynski et al. 2016; Woosley 2017; Spera
etal. 2017).

The top right panel refers to binary stellar systems failing to form a com-
pact binary, and evolving instead into isolated BHs; this may happen be-
cause one of the progenitor stars has been ejected far away or destroyed or
cannibalized during binary stellar evolution. The distribution of failed BH
binaries differs substantially from single stellar evolution, being skewed to-
ward more massive BHs, and with an appreciable number of remnants of

Note that adopting an IMF with an upper star mass limit m, ~ 150 M, avoids dealing
with the formation of high-mass remnants m, > 100 M,, by direct collapse.
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mass m. ~ 50 — 160 M, produced especially at low metallicities. Such mas-
sive BH remnants are mainly formed when two (non-degenerate) compan-
ion stars merge during a common envelope phase, possibly leaving then a
big BH remnant. Finally, note that at high metallicity a non-negligible frac-
tion of BHs in this channel has formed after the low-mass companion star
had been ejected far away or destroyed by stellar winds and/or supernova
explosions (see Spera et al. 2019 for details). The bottom left panel refers to
binary stellar systems evolving into binary BHs; note that the distribution of
primary and secondary BHs in the final configuration have been summed
over. Although the overall number of binary BHs is substantially lower than
the single BHs originated from the other two channels, most of them has a
very similar mass spectrum; these remnants have formed from binary stars
that underwent minor mass transfer episodes. However, at low metallicity
stellar winds are reduced and hence the mass exchanged or lost during bi-
nary evolution may be significantly larger, implying a more extended tail to-
ward masses m, < 100 M, with respect to single stellar evolution. Finally,
the bottomright panelillustrates the sum of all the previous formation chan-
nels.

3.2.3 Binary BH mergers

Tight BH binaries may be able to progressively lose their energy via gravita-
tional wave emission and to merge in a single, more massive BH. The cosmic
merging rate of binary BHs can be computed as

dleogm.l(m°|z) /dtd/dlogZ

A’ NyixSeese p dp d*Msrr
X Digrdiog ma; 1) @12 qudtog z

(Z|21-1,)
(3.10)

where z; is the redshift corresponding to a cosmic time ¢, ¢4 is the time de-
lay between the formation of the progenitor binary and the merger of the
compact binary, and i = 1, 2. The integrand in the expression above is the
product of three terms. The rightmost one is the galactic term that must be
computed at a time ¢ — f4. The middle one represents the probability distri-
bution of delay times, possibly dependent on metallicity. The leftmost one
is the stellar term that represents the number of binary stellar systems first
evolving in a compact binary and then being able to merge within the Hub-
ble time, per unit of formed star mass and compact remnant mass (primary
m,,1 and secondary m, »); this is a fraction of the third term on the right hand
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side of Eq. (4.5). The merger rate is then given by convolution of such a spe-
cific stellar term with the galactic term, weighted by the time delay distribu-
tion.

As a consequence of binary BH mergers, the stellar BH relic mass func-
tion may be somewhat distorted, since anumber of low mass BHs are shifted
to larger masses. This amounts to applying a merging correction to the orig-
inal cosmic birthrate d?N/dV dm., that can be computed as follows?

2x 2N
I 112) = 1)
d%Neese
+1/m . d?N.._.. (mur2) dVdm.,Z(m. M 1]2)
2 Jp dVdme; m g d*Neoere
/0 Maz g : (Ma2|2)
d?Neese
o P m(m. — Me2|2)
+ EA dm.,z m(m.,2|z) B dZN"_).
/ g dm., m(m.,ﬂz)
d%Neese .
2 @,

(3.11)
in the positive terms on the right hand side, the normalisations of the rates
have been chosen so as to ensure mass conservation and self-consistency of
the integrated merger rates.

We caveat that additional distortions of the relic BH mass function may
be induced by dynamical effects and/or hierarchical mergers in dense en-
vironments (see Sect. 3.4.2 for a preliminary discussion), by mass growth
due to accretion in X-ray binaries or in AGN disks, etc.; these processes
are expected to be relevant especially at the high mass end, toward the
intermediate-mass BH regime.

ZFor the sake of simplicity in Eq. (3.11) we are neglecting the small amount of mass lost
as gravitational waves during the coalescence, since we checked that for the purpose of this
computation it is practically irrelevant.
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FIGURE 3.5: The stellar BH cosmic birthrate d>N/dV dlog m, (colour-coded) as a
function of redshift z (on x-axis) and BH mass m, (on y-axis).

3.3 Results

In Fig. 3.5 we illustrate the stellar BH cosmic birthrate of Eq. (3.3) as a func-
tion of redshift z and remnant mass m,. Specifically, we have colour-coded
the birthrate d’N,/dV dlog m, per unit comoving volume V and BH mass
me.. At z ~ 1 — 4 most of the BHs are formed with a rather flat distribu-
tion in log m, for m. ~ 5 — 50 M, though there is a non-negligible tail up to
me < 160 M, due to stellar mergers (see previous section for details). Mov-
ing toward high redshift z = 4 the mass distribution becomes skewed toward
masses me, ~ 30 — 50 M, since these are preferentially produced in the low
metallicity environments, while the tail for m, 2> 50 M, tends to be reduced
because of the decrease in the number density of star-forming galaxies with
appreciable SFR.

In Fig. 3.6 we illustrate the stellar BH relic mass function
d?N,/dv dlogm, of Eq. (3.1) as a function of the remnant mass m, for
different redshifts z ~ 0 — 10. At given redshift, the mass function features
a roughly constant behaviour for m. ~ 5 — 50 My, followed by a quite steep
decline for m, = 50 M. Noticeably, there are bumps at around m, ~ 20 M,

~

me ~ 30 — 50 My and me ~ 120 Mp, that are more pronounced at high



3.3. Results 81

) [Mpc=2 dex]

dZN
dvdlogm.

log(

08 10 12 11 16 13 20 22

logm. [Mg]

FIGURE 3.6: The stellar BH relic mass function d>N/dV dlog m. as a function of the
BH mass m, at different redshifts z ~ 0 (cyan), z ~ 1 (orange), z ~ 2 (green), z ~ 4
(red), z ~ 6 (violet), z ~ 8 (brown) and z ~ 10 (pink).

redshift (where metallicity is smaller) and progressively washed out toward
the local Universe. Such features reflect regions of higher BH numbers that
are evident in the stellar term of Fig. 3.4 (in the form of almost vertical
darker strips). Specifically, the first two originate from the detailed shape of
the metallicity-dependent BH mass spectrum from single stellar evolution,
while the third one mainly depends on binary evolution effects.

The mass function increases for decreasing redshift, quite rapidly down
to z ~ 2 - 3 and then more mildly toward z ~ 0. Smoothing out mi-
nor features, the mass function can be analytically rendered in the range
me ~ 5 — 160 M, via a Schechter+Gaussian shape (Saunders et al. 1990)

EN (T g,
dv dlog m, M.,

1 (3.12)
e—(log me—log M. )*/2 o :

+NG

2
27‘[0G

the Schechter function has normalization N, low-mass power-law index «
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Field, fhelg = 1 Field + Cluster, feq = 0.6
z  logN  logM., a logNg logM.c og logN  log M. a logNg logM.c oG
Mpc™] Mol Mpc™] Mol Mpc™] Mol Mpc™®] Mol

0 5.623 0.607 -3.781 2.413 2.021 0.052 6.078 0.704 -2.717 3.496 1.808 0.1846
1 5.429 0.609 -3.859  2.309 2.023 0.051 5.887 0.709 -2.785 3.304 1.843 0.173
2 5.107 0.612 -3.914 2.064 2.024 0.051 5.592 0.713 -2.823  3.008 1.866 0.165
4 4.344 0.634 -3.902 1.419 2.037 0.049 4.796 0.747 -2.782 2.101 1.952 0.132
6 3.614 0.659 -3.866  0.806 2.054 0.045 4.112 0.785 -2.718 1.359 2.012 0.107
8 2.894 0.676 -3.868 0.197 2.066 0.043 3.457 0.816 -2.660 0.685 2.046 0.091
10  2.305 0.680 -3.884 -0.344 2.072  0.042 2.897 0.831 -2.623 0.113 2.059 0.0841

Note - Fits valid in the range m, ~ 5 — 160 M,,. Typical relative uncertainties on the parameters are < 10%, and typical values of
the reduced y? < 1 are found. The results for f;e1q = 0.6 are based on the simulations by Di Carlo et al. (2019, 2020) for
young open star clusters.

TABLE 3.1: Fits to stellar BH relic mass function via Eq. (3.12).

and characteristic mass M,, while the Gaussian (log-normal) has normal-
ization Mg, mean M, ¢ and dispersion o;. The optimal values of these pa-
rameters have been determined via a Levenberg-Marquardtleast-squares fit
to the numerical mass function for m, ~ 5-160 My; the results for represen-
tative redshifts in the range z ~ 0 — 10 are reported in Table 3.1.

In Fig. 3.7 we highlight the contribution of the different stellar evolution
channels to the stellar BH relic mass function at z ~ 0 and at z ~ 10. In the
range mo, ~ 5 — 50 M, the single stellar evolution and the failed BH binaries
channels are very similar and dominates over BH binaries. For m, 2 50 M,
the single stellar evolution contribution sharply dies (due to the mass gap
from pair-instability supernovae, see Sect. 3.2.2) and the binary BH channel
abruptly decreases (due to mass loss in common envelope phase, see Sect.
3.2.2), while the contribution from failed BH binaries dominates largely.
Such a behaviour in the relative contributions is basically independent of
redshift.

In Fig. 3.8 we illustrate the stellar BH relic mass density p.(z) of Eq. (3.2)
as a function of redshift z. The mass density increases quite steeply to-
ward smaller redshifts, changing from values < 10° My Mpc=3 at z ~ 10 to
10” My Mpc~3 around z ~ 2 - 3 and then saturating for lower redshifts up to
5 x 10" My, Mpc3 at z ~ 0. The evolution with redshift plainly follows that
of the mass density p, = (1 -R) [*dz’ [ dlogy v (d*N/dV dlog ) in stars
within galaxies, that has been computed by integrating the SFR functions
and taking into account the recycling fraction R ~ 0.45; this corresponds to
alocal energy density Q, ~ 5 x 1073, consistent with classic estimates (e.g.,
Fukugita & Peebles 2004). On the gross average, we find a ratio of the mass
densities p./p« ~ 10%; we have checked that this mainly reflects the fraction
of stars in the Kroupa IMF with mass m, 2 20 M, originating BH remnants,
appropriately lowered by mass loss in stellar winds and by binary evolution
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FIGURE 3.7: The stellar BH relic mass function d?N/dV dlog m, as a function of the

BH mass m, at redshift z ~ 0 (blue) and z ~ 10 (green), with highlighted the contri-

bution to the total (solid lines) by single BHs formed from isolated stars (dot-dashed
lines), failed BH binaries (dashed lines), and BH binaries (dotted lines).
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FIGURE 3.8: The relic density p. in stellar mass BHs as a function of redshift z
(solid blue line); contribution from different BH mass ranges are also displayed:
me/Ms < 20 (dotted), 20 < mo/My < 50 (dashed) and m,/M; = 50 (dot-dashed).
For reference, the stellar mass density in galaxies is also illustrated (orange line).
Moreover, the observational estimate of the mass density in supermassive BHs with
M, ~ 108 - 10'° M, at z ~ 0 is shown (Shankar et al. 2020; red shaded area in the

bottom left corner).

effects. The local density in stellar mass BHs is substantially larger than that
in supermassive BHs with masses M, ~ 10% — 10!° M, which amounts to
~1-2x10° My Mpc3 (see Shankar et al 2020; see also Kormendy & Ho 2013;
Aversa et al. 2015), implying that most of the BH mass in the local Universe
is of stellar origin. The ratio of the local mass densities in supermassive to
stellar mass BHs is around ~ 2 x 1073, Finally, we estimate a local BH energy
density Q, ~ 4 x 1074, corresponding to a BH-to-baryon ratio Q,/Q;, < 1072,
i.e. the total mass in stellar BHs amounts to < 1% of the local baryonic mat-
ter.

For the sake of completeness, in Fig. 3.8 we illustrate the contributions
to the BH mass density from different mass ranges: m. < 20 Mg, me ~
20 - 50 My and m. = 50 M. As expected from the shape of the mass func-
tion, most of the mass density is contributed by BHs with mass in the inter-
val me ~ 20 — 50 M. We also note that the mass density of BHs with masses
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me < 20 Mg tends to decline more steeply than the total one toward high-
redshift, because the production of such small mass BHs is disfavoured in
the lower-metallicity environment of high-z galaxies; the opposite holds for
the mass density of BHs with larger masses m. = 50 M.

In Fig. 3.9 we evaluate the impact of binary BH mergers on the relic
mass function. In the top left panel we have colour-coded the stellar term
Yi=1.2 A Nyx—ee—se/dMspr d log m. ; representing the number of binary stel-
lar systems that first evolve in a BH binary and then are able to merge within
the Hubble time, as function of metallicity Z and BH mass m,. The rem-
nants contributing to this term are actually a sub-sample of those in the bi-
nary stellar term of Fig. 3.4 (bottom left panel). It is evident that the number
of merging binary BHs is a small fraction of the total, while its distribution
lacks the high-mass tail. This is because to form a tight compact binary, the
progenitor stars must have undergone a substantial phase of common en-
velope, and an ensuing mass loss/envelope ejection (if not, the two progeni-
tors merge prematurely and a single BH remnant is left). The end-product is
a binary which can be sufficiently tight to merge within an Hubble time, but
typically made of BHs that cannot be more massive than m., < 40 — 50 M,
(see Giacobbo & Mapelli 2018; Spera et al. 2019).

In the top right panel we have colour-coded the cosmic merging rate
Yi=1,2 °Neerse/dV dlog m. ; constituting the destruction term in Eq. (3.10),
as a function of BH mass m, and redshift z. It is seen that most binary BH
mergers occur for redshift z ~ 1 — 5 in the mass ranges m, ~ 15 — 40 M,
and m, ~ 5 — 8 M. In the bottom panel, we show the stellar BH relic mass
function at z ~ 0 with and without the correction for binary BH mergers;
the solid lines is the total mass function, while the dashed lines are the con-
tribution from BH binaries. As expected the main changes are at the high-
mass end, where an appreciable number of BHs in binaries is shifted toward
larger masses by the merging process; however, the net effect on the total
mass function is minor.

The contribution to the stellar BH mass function from merging bi-
nary BHs can be probed via gravitational wave observations. Recently, the
LIGO/Virgo collaborations (Abbott et al. 2021a; see also Baxter et al. 2021)
has estimated the primary mass distribution for BH binaries that coalesce
around z =~ 0; given the quite small cosmological volume probed by the
current gravitational wave detectors, this approximately corresponds to the
merger rate integrated in a narrow redshift interval Az < 0.5. The ex-
pectation from this work is illustrated as a red solid line in Fig. 3.10, and
compared with the estimates by Abbott et al. 2021a (blue shaded area) for
a powerlaw+peak model and by Baxter et al. 2021 (orange shaded area)
for their astrophysically-motivated model (for both determinations the 68%
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FIGURE 3.9: Impact of binary BH mergers on the stellar BH relic mass function. Top
left panel: stellar term 3;_; » d*Nys—ee—e/dMspg dlog m, ; representing the num-
ber of binary stellar systems that first evolve in a BH binary and then are able to
merge within the Hubble time (colour-coded), as function of metallicity Z and BH
mass m,. Top right panel: cosmic mergingrate ,,_; , d°Nee—./dV dlog m. ; (colour-
coded; see Eq. 3.10) as a function of BH mass m, and redshift z. Bottom panel: stel-
lar BH relic mass function d?N, /dV d log m. as a function of BH mass m, at redshift
z ~ 0, without (red lines) and with (green line) correction for binary BH merging ef-
fects; solid lines refer to the total mass function and dashed line to the contribution
from binary BHs.
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FIGURE 3.10: The BH mass function of merging BH binaries as a function of primary

BH mass at z ~ 0. The outcome of this work is illustrated by the red solid line. Esti-

mates from the analysis of gravitational wave observations by Abbott et al. (2021a)

and Baxter et al. (2021) are reported as blue and orange shaded areas, respectively

(for both determinations the 68% and 95% credible intervals are represented with
dark and light shades).

and 95% credible intervals are represented with dark and light shades). Our
result is in remarkable agreement with these estimates up to 40 My. How-
ever, the observed primary mass distribution declines gently for m, = 40 M
out to ms ~ 80 — 100 M, while our model dies off, since stellar evolu-
tion effects hinder the presence of very massive BHs in coalescing bina-
ries. This occurs mainly for two reasons (see also Sect. 3.3): the mass gap
me ~ 50 — 120 M, for the production of BH due to pair-instability and pul-
sational pair-instability supernovae; (ii) the substantial mass loss during
the common-envelope phase needed to produce a hardened compact bi-
nary that can merge within reasonable timescales. We also stress that such
a sharp decline is not dependent on the specific galactic prescriptions nor
scatter in the adopted relations, but it is instead common to any approach
including the production and possible merging of only isolated BH binaries.
A viable solution is explored in the next Section.
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3.4 Discussion

In this Section we discuss three interesting issues that could potentially af-
fect our results: the impact of the adopted modelling prescriptions; the
dynamical formation channel of BH binaries in dense environment such
as star clusters; the implication of our work in the formation of light (su-
per)massive BH seeds at high redshift, where such distribution will be used
in Chapter 4.

3.4.1 Impact of modeling prescriptions

We warn the reader that the stellar BH relic mass function derived in this
Chapter is somewhat dependent on the prescriptions entering the galac-
tic and the stellar terms discussed in Sect. 3.2.1 and 3.2.2. It is beyond the
scope of this thesis to address the issue in detail by exploring the variety of
modelling recipes, numerical approaches, and associated parameter space
present in the literature. However, to provide the reader with a grasp of the
related impact on our main results, we discuss the main source of uncertain-
ties and show their impact on the local BH mass function.

As to the galactic term, the main source of uncertainty is constituted by
the adopted main sequence and fundamental metallicity relationships. To
estimate the related degree of uncertainty, we recomputed the galactic term
by using in turn the main sequence relation by Boogaard et al. 2018 in place
of our reference by Speagle et al. 2014, and the fundamental metallicity re-
lation by Hunt et al. 2016 in place of our reference by Mannucci et al. 2011.
The results are illustrated in Fig. 3.11, and it is seen that the related changes
on the stellar BH relic mass function are minor.

As to the stellar term, the main source of uncertainty is constituted by the
numerical treatment in the SEVN code of stellar winds, of pair-instability and
pulsational pair-instability supernovae, of supernova explosions and natal
kicks, of mass transfers and common-envelope phase in binary systems; all
these physical processes can have profound impact on the formation and
evolution of isolated or binary stellar BHs (see reviews by Postnov & Yungel-
son 2006; Ivanova et al. 2013; Mapelli 2020 and references therein). To esti-
mate the related degree of uncertainty, we recomputed the stellar term for
binaries/failed binaries and the associated relic BH mass function by run-
ning a different binary stellar evolution code. We rely on COSMIC (Breivik et al.
2020) since it constitutes a state-of-the-art, community-developed software
with extensive online documentation on the Github repository (see https:
//cosmic-popsynth.github.io/), that upgrades the classic and widespread
code BSE (Hurley et al. 2002). As for the parameters regulating mass transfer,
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FIGURE 3.11: Impact on the BH mass function of different prescriptions for the

galactic term (see Sect. 3.4.1). Top panels: the galactic term of Eq. (3.4) when as-

suming our reference Speagle 2014 main-sequence and Mannucci et al. 2011 fun-

damental metallicity relation (left), when changing the fundamental metallicity re-

lation to that by Hunt et al. 2016 (middle), and when changing the main sequence

relation to that by Boogaard et al. 2018 (right). Bottom panel: the relic stellar BH
mass function at redshift z ~ 0 for the three cases just described above.
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common envelope, tidal evolution, SN explosion and compact-object birth
kicks, we keep the same choices adopted for SEVN, which are described in
Spera et al. 2019. The results are presented in Fig. 3.12. The top left and
middle panels compare the (total) stellar term from the two codes. It is ap-
parent that the main difference involves the distribution of remnants with
mass m, = 50 — 60 M, that are associated to compact binaries and espe-
cially to failed BH binaries (i.e., binary stars have coalesced before evolv-
ing into two distinct binary BHs; see also Sect. 3.2.2). Specifically, COSMIC
tends to produce less failed BH binaries than SEVN; this is related to the treat-
ment of the common envelope stage, which is indeed one of the most un-
certain processes in the evolution of binary stars. The bottom panel illus-
trates the effects on the relic stellar BH mass function at z ~ 0. All in all, the
differences are minor out to m. ~ 60 M. At larger masses, the mass func-
tion built from the COSMIC stellar term decreases rapidly, to imply paucity of
remnants with masses m, = 100 My; contrariwise, the mass function built
from the SEVN stellar term is decreasing mildly and actually features a bump
around m, ~ 150 My, before a cutoff. Anyway, we stress that the major dif-
ferences occur in a range where the mass function dN/dm, is already de-
creasing much faster than m!.

Among the many parameters entering binary evolution codes, a major
role is played by the common envelope parameter acg, that quantifies the
energy available to unbind the envelope (see Ivanova et al. 2013). Asin Spera
et al. (2019), we have set acg = 5 throughout this thesis and in the above
comparison between SEVN and COSMIC. To have a grasp on the impact of such
a choice, we have also run COSMIC with acg = 1, and show in Fig. 3.12 the re-
sulting stellar term (top right panel) and BH mass function at z = 0 (bottom
panel, dashed lines). The impact of acg is rather limited, and mainly affects
the high-mass tail of the distribution which is dominated by binary stellar
evolution.

Another crucial parameter entering the stellar term is the binary mass
fraction f,, for which we have assumed a constant value 0.5. However, this
is a rather uncertain quantity, that may well depend on the star mass m,, on
the properties of the host galaxy and/or of the local environment, and even
on redshift. In fact, observational constraints (e.g., Raghavan et al. 2010;
Sana et al. 2012; Li et al. 2013; Sota et al. 2014; Dunstall et al. 2015; Luo et
al. 2021) suggest values in the range f,+ ~ 0.3 — 0.7, with a possible increase
toward more massive stars. To bracket the effects of different binary frac-
tions on the stellar term and on the relic BH mass function, in Fig. 3.13 we
compare the results for our reference f,, = 0.5 to the extreme cases f,» = 0
and fi« = 1. Plainly adopting fi. = O (i.e., no stars born in binaries) cuts
the tail of the stellar term and of the BH mass function for m, =~ 50 — 60 M,

~
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FIGURE 3.12: Impact on the BH mass function of different codes and prescriptions
for the computation of the stellar term (see Sect. 3.4.1). Top panels: the (total) stel-
lar term of Eq. (4.5) from the SEVN (left) and the COSMIC (middle) binary stellar evo-
lution codes assuming a common envelope parameter acg = 5 (see Sect. 3.4.1);
results with COSMIC (right) for acg = 1 are also shown. Bottom panel: the relic stellar
BH mass function at redshift z ~ 0 from the SEVN (solid blue line) and the COSMIC
(dotted blue line) with acg = 5, and from COSMIC (dashed blue line) with acg = 1;
the contribution from binaries is also highlighted (green lines).
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that are mostly produced by binary stellar evolution effects; meanwhile, for
smaller masses the mass function is increased by the relatively more numer-
ous single stars. Contrariwise, the other extreme case f,, = 1 (all stars born
in binaries), tend to enhance the high-mass tail of the mass function and re-
duce somewhat the number density of BHs with masses m. < 50 — 60 M.
All in all, it is seen that the differences on the mass function are minor, and
especially so for f,. = 0.5.

A final caveat about the IMF is in order. Throughout the Chapter we have
self-consistently adopted as a reference the Kroupa 2001 IME mainly be-
cause it constitutes a standard both in the galaxy formation and the stellar
evolution communities (together with the Chabrier 2003 IME which anyway
would yield almost indistinguishable results) and because we had prompt
availability of stellar evolution simulations based on that. Other classic
choices like the Salpeter 1955, the Kennicutt 1983 and the Scalo 1986 IMF
differ somewhat for the relative amount of star formation occurring below
and above 1 M; such a difference is exacerbated in bottom-heavy IMFs like
the one proposed to apply in massive ellipticals (e.g., van Dokkum & Con-
roy 2010) or top-heavy IMFs like the one proposed to apply in the early Uni-
verse (e.g., Larson 1998) or in starburst galaxies (e.g., Lacey et al. 2010). It
is important to stress that the IMF enters non-trivially both in the galactic
and in the stellar term. In the galactic term, an IMF is needed to convert the
observed galaxy luminosity functions into a statistics based on an intrinsic
physical quantity such as the SFR or the stellar mass; moreover, the deter-
mination itself of SFR, stellar masses (hence of the main sequence of star-
forming galaxies), star formation history and metallicity via broadband SED
fitting rely on the assumption of a specific IME Typically, at given SFR more
top-heavy IMFs are proportionally richer in massive short-lived stars, and
tend toyield alarger restframe UV luminosity/ionising power, a faster chem-
ical enrichment, and a smaller stellar mass locked in long-lived stars. In the
stellar term, the IMF is plainly an essential ingredient in determining the rel-
ative proportion of compact remnants of different masses (cf. Eq. 3.8). More
top-heavy IMFs tend to produce more massive stars per unit SFR, thus in
principle more massive BH remnants (and a smaller relative amount of neu-
tron stars), though this is not so straightforward due to mass loss and mass
transfers during binary evolution. From the above considerations one could
be led to speculate that precision determinations of the BH mass function in
an extended mass range would constitute a probe for the IMF; however, this
plan, at least presently, struggles against the many and large uncertainties
associated with the treatment of binary evolution effects, and against the
unexplored degeneracies with the bunch of poorly constrained parameters
of galaxy and stellar evolution.
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FIGURE 3.13: Impact of the binary fraction f,, on our results (see Sect. 3.4.1). Top

panels: the (total) stellar term of Eq. (4.5) for f,, = 0 (left; no stars born in binaries),

0.5 (middle; our fiducial case) and 1 (right; all stars born in binaries). Bottom panel:

the relic stellar BH mass function at redshift z ~ 0 for f,, = 0 (dotted line), 0.5 (solid)
and 1 (dashed).



94 Chapter 3. Stellar BHMF and Light Seeds

3.4.2 Dynamical channel

In Fig. 3.10 we highlighted a possible mismatch at m, > 40 M, between
the primary mass distribution for merging BH binaries from isolated binary
evolution and the estimates from gravitational wave observations. A viable
solution could be that such large primary masses are produced in binary sys-
tems formed within the dense environment of young stellar clusters, open
clusters, globular clusters, or nuclear star clusters (e.g., Di Carlo et al. 2019,
2020; Rodriguez et al. 2015, 2021; Antonini & Rasio 2016; Kumamoto et al.
2019; Arca-Sedda et al. 2020; Banerjee 2021; Mapelli et al. 2021; Natarajan
2021). The central density of a star cluster can be so high that the orbits of bi-
nary stars are continuously perturbed by dynamical encounters with other
members. Massive BHs m, = 40 M, in the pair instability mass gap can
then be originated by hardening of BH binaries via dynamical exchanges in
three-body encounters, and via the merging of massive progenitor stars; in
addition, runaway collisions (i.e., a fast sequence of mergers; e.g., Portegies
Zwart et al. 2004; Giersz et al. 2015; Mapelli 2016) in the densest cores of
clusters with low metallicity can even produce intermediate mass BHs with
m. > some 102 M.

To have a grasp on these effects, we proceed as follows. First, we con-
struct the stellar term of Eq. (4.5) from the simulations by Di Carlo et al. 2020,
that include dynamical effects in young star clusters. With respect to iso-
lated conditions, an appreciable number of merging binaries with a primary
mass m. 2, 40 My, is originated via dynamical exchanges, especially at low
metallicities. More in detail, BHs with mass m, ~ 40 — 65 M, can be formed
(even in the field) from the evolution of single stars or stars in loose binaries
that retain a fraction of their envelope up to their final collapse. BHs with
mass m, 2, 65 M, can be originated via collisions of massive stars (eased
in star clusters because dynamical encounters can induce fast merging be-
fore mass transfer episodes peel-off the primary star). If produced in the
field, BHs from both these channels will remain isolated or locked in loose
binaries unable to merge; contrariwise, in a star cluster they can acquire a
new companion via dynamical exchanges and merge by dynamical harden-
ing and gravitational wave emission. Note that, in contrast, repeated merg-
ers of BHs are suppressed in young star clusters, because of their low escape
velocity.

Second, we assume that a fraction fzeq of the star formation occurs in
the field and the complementary fraction 1 — f5¢1q OCccurs in young star clus-
ters (actually most of the stars are formed in young star clusters, but only
a fraction of these may be subject to dynamical effects before exiting from
the cluster or before the star cluster itself dissolves). Observations (see God-
dard et al. 2010; Johnson et al. 2016; Chandar et al. 2017; Adamo et al. 2020)
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and cluster formation models (Kruijssen 2012; Pfeffer et al. 2018; Elmegreen
2018; El-Badry et al. 2019; Grudic et al. 2021) indicate that such a fraction
is highly uncertain and possibly dependent on properties like the SFR spa-
tial density and redshift; in this exploratory computation, we let the fraction
ffiela vary from 0.2 to 1 (which corresponds to isolated binaries only), and we
split the galactic term of Eq. (3.4) accordingly. Finally, we combine the stel-
lar and galactic term so derived to compute the merger rate of Eq. (3.10) and
the expected primary mass distribution.

The outcome is illustrated in the top panel of Fig. 3.14 for different val-
ues of freq in therange 0.2 to 1. As expected, increasing the fraction of SFR in
star clusters (i.e., decreasing fge1q) produces a progressively more extended
tail toward high primary masses, to the point that values fgelq < 0.8 actually
can reconcile the theoretical prediction with the observational estimates.
For completeness, in the bottom panel of Fig. 3.14 we show how the dy-
namical evolution channel affects the relic BH mass function at z ~ 0. The
marked difference with respect to the model with only isolated binaries is
the absence of the drop at around m. ~ 60 M and of the abrupt cutoff for
me ~ 150 M. Instead, the mass function declines smoothly for m, = 60 M.
The analytical fits in terms of Eq. (3.12) for the field+cluster mass function
with fe1q = 0.6 at representative redshifts are reported in Table 3.1.

Two caveats are in order here. First, in the simulations by Di Carlo et
al. 2019, 2020, the treatment of stellar mergers is based on simplified as-
sumptions: no mass-loss and chemical mixing during the merger; instan-
taneous recovery of hydrostatic equilibrium after the merger; rejuvenation
of the merger product according to the simple Hurley et al. 2002 prescrip-
tions. Plainly, these details of the process are quite uncertain, and dedicated
hydrodynamical simulations are required to have a better understanding of
the final outcome. Second, in estimating the impact of the dynamical for-
mation channel we have considered only young star clusters for the sake of
simplicity (and because the prompt availability of in-house dynamical sim-
ulations, that are extremely time-demanding to run from scratch). Globu-
lar clusters and nuclear star clusters could also be effective environments to
build up massive binary BHs, since hierarchical mergers are more efficient
in very rich and compact stellar systems (e.g., Miller & Hamilton 2002; An-
tonini et al. 2019; Mapelli et al. 2021). Hence, including models for globular
and nuclear star clusters could allow to reproduce the observed primary BH
mass function with an even larger value of fge14.
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FIGURE 3.14: Top panel: impact of the dynamical formation channel on the BH pri-
mary mass distribution of merging BH binaries z ~ 0, computed from the simu-
lations for young open star clusters by Di Carlo et al. 2020 (see Section 3.4.2 for
details). Lines refers to different fraction of star formation occurring in the field
feld = 1 (solid; only isolated binaries), 0.8 (dashed), 0.6 (dot-dashed), 0.4 (dot-dot-
dashed) and 0.2 (dotted). Estimates from the analysis of gravitational wave obser-
vations by Abbott et al. 2021a and Baxter et al. 2021 are reported as blue and orange
shaded areas, respectively (for both determination the 68% and 95% credible inter-
vals are represented with dark and light shades). Bottom panel: impact of the dy-
namical formation channel on the relic BH mass function at z ~ 0. Dotted lines refer
to the contribution from star clusters and solid lines to the total (field+star clusters)
BH mass function. Colour-code refers to different fraction of star formation occur-
ring in the field fseq ~ 1 (red), 0.8 (blue), 0.6 (green), 0.4 (purple) and 0.2 (yellow).



3.5. Summary 97

3.4.3 BH seeds at high redshift

We stress that the stellar BH mass function at high redshift z > 6 derived in
this thesis actually provides a light BH seed distribution in primordial galax-
ies, as originated by stellar and binary evolution processes. This is com-
plementary to the seed distributions expected from other classic formation
channels. The mostrelevant are basically three (see review by Volonteri 2010
and references therein): BHs formed by Pop III stars in metal-free environ-
ments like high-redshift minihalos at z 2 20 (e.g., Madau & Rees 2001); run-
away stellar collisions in metal-poor nuclear star clusters (e.g., Devecchi et
al. 2012); direct collapse scenarios (e.g., Lodato & Natarajan 2006).

The light seed distributions from these models (extracted from Fig. 3.15
found in Volonteri 2010) are compared in Fig. 3.16 with the mass function
at z ~ 6 — 10 from stellar BHs presented in this work. Given the appreciable
contribution of the latter for masses m. < 150 M, at redshift z < 10, it will
be extremely relevant to include it in numerical simulations, semi-analytic
and semi-empirical models of BH formation and evolution at high redshift.

3.5 Summary

In this Chapter we have provided an ab-initio computation of the relic stel-
lar BH mass function across cosmic times. To this purpose, we have ex-
ploited the state-of-the-art stellar and binary evolutionary code SEVN, and
have coupled its outputs with redshift-dependent galaxy statistics and em-
pirical scaling relations involving galaxy metallicity, star-formation rate and
stellar mass. Our main findings are summarized below.

e The relic mass function d>N/dVdlog m, as a function of the BH mass
m, features a rather flat shape up to m, ~ 50 M and then a log-normal
decline for larger masses, while its normalization increases with de-
creasing redshift, quite rapidly down to z ~ 2 — 3 and then more mildly
toward z ~ 0, see Fig. 3.6 and Table 3.1. The local stellar BH mass func-
tion could be eventually probed via microlensing observations (see
Paczynski 1986; for a review, Mao 2012).

* The local relic BH mass function for m. < 50 M, is comparably con-
tributed from isolated stars evolving into BH and from binary stellar
systems ending up in single BH (failed BH binaries), while binary BHs
are subdominant; for higher masses m, 2> 50 M, the single stellar evo-
lution and binary BH channels abruptly decrease, while the failed BH
binaries largely dominate. See Fig. 3.7.
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 The local stellar BH relic mass density amounts to p, ~ 5 x 107 Mg

Mpc3, exceeding by more than two orders of magnitude that in su-
permassive BHs; this translates into an energy density parameter Q, ~
5 x 1074, implying that the total mass in stellar BHs amounts to < 1%
of the local baryonic matter. See Fig. 3.8.

The stellar BH relic mass function can be distorted by binary BH merg-
ers, that canredistribute remnants from the low to the high mass range.
However, such a reshaping is found to have a minor effect on the mass
function at the high-mass end. See Fig. 3.9.

The distribution of primary masses for merging BH binaries is found
to be in remarkable agreement with the recent estimates from gravita-
tional wave observations by LIGO/Virgo out to m. < 40 M. For larger
masses, the observed distribution declines gently while the theoretical
one dies off due to a twofold reason: the mass gap from pair-instability
and pulsational pair-instability supernovae; and the substantial mass
loss during the common envelope phase needed to produce a tight BH
binary that can merge within the Hubble time. We have proposed as
a viable solution to consider the dynamical formation of merging BH
binaries in dense environment like (young) star clusters. See Figs. 3.10-
3.14 and Table 3.1.

We have discussed the impact on the mass function of adopting differ-
ent physical prescriptions entering the galactic and the stellar term.
As for the galactic term, minor differences arise when changing the
adopted main sequence of star-forming galaxies and the fundamental
metallicity relationship. As for the stellar term, the main differences
concern the high mass end of the mass function, and are due to the
numerical treatment of binary stellar evolution effects, which are still
considerably uncertain even from a theoretical point of view. See Figs.
3.12and 3.11.

The BH mass function derived here can provide a firm theoretical ba-
sis for a physically-motivated light seed distribution at high redshift; as
expected, for masses m, < 150 M, and redshifts z < 10 it overcomes
complementary light seed formation channels, like Pop-III stars, stel-
lar mergers in nuclear star clusters and direct collapse scenarios that
are aimed to produce larger mass seeds. It will be worth implementing
the light seed distribution from the present work in semi-analytic and
numerical models of (super)massive BH formation and evolution, as
it can be quite relevant for predictions concerning future gravitational
wave observations via Einstein Telescope and LISA. See Fig. 3.16.
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Chapter 4

The (Super)massive Black Hole
Mass Function and Heavy Seed
Distribution

We can now proceed onto the formation of a (super)massive black hole mass
function (BHMF), which will include the intermediate mass range. The stel-
lar BHMF will work as the seed distribution for the dynamical friction mech-
anism seen in Boco et al. 2020 (see Sect. 2.3.2), and work alongside standard
Eddington accretion to overcome the time restriction seen in recent quasar
observations. Have it be noted that the stellar BHMF is derived as a stand
alone function and has been shown to hold rigorously under alteration, with
limited impact under exchanges of relations and base stellar evolutionary
code (see Section 3.4.1), and can be modified to introduce additional path-
ways and further refinements in the future. It is, also, noteworthy to declare
before we begin that our supermassive BHMF is consistent when removing
the dynamical friction channel for mass accretion, which is dependent on
our stellar BHME The following is based on the work undertaken in Sicilia et
al. 2022b.

4.1 Introduction

The formation of (super)massive BHs with masses M, ~ 109719 M, and
their role in galaxy evolution constitute crucial yet longstanding problems
in modern astrophysics and cosmology. These monsters are thought to have
grown mainly by gaseous accretion onto a disk surrounding the BH (e.g.,
Lynden-Bell 1969; Shakura & Sunyaev 1973) that energizes the spectacular
broadband emission of AGNs, and leaves a BH relic ubiquitously found at
the centre of massive galaxies in the local Universe (e.g., Kormendy & Ho
2013; also textbooks by Mo et al. 2010, Cimatti et al. 2020). This paradigm
has recently received an astonishing confirmation by the EHT collaboration
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(2019, 2022) via the imaging of the BH shadow caused by gravitational light
bending and photon capture at the event horizon of M87 and Sgr A*.

Accreting supermassive BHs can have a profound impact on the evolu-
tion of the host galaxies (see review by Alexander & Hickox 2012), as testi-
fied by the observed tight relationships between the relic BH masses and the
physical properties of the hosts, most noticeably the stellar mass or velocity
dispersion of the bulge component (e.g., Magorrian 1998; Ferrarese & Mer-
ritt 2000; Gebhardt et al. 2000; Tremaine et al. 2002; Kormendy & Ho 2013;
McConnell & Ma 2013; Reines & Volonteri 2015; Sahu et al. 2019; Shankar et
al. 2016, 2020a; Zhu et al. 2021; Chapter 2, Sect. 2.3.1). These suggest that
(apart from short-time stochastic fluctuations) the BH and the bulge stel-
lar mass must have co-evolved over comparable timescales, possibly deter-
mined by the energy feedback from the BH itself on the gas/dust content of
the host (see Tinsley 1980; Silk & Rees 1998; Fabian 1999; King 2005; Lapi et
al. 2006, 2014, 2018; for areview, see King & Pounds 2015). In fact, targeted X-
ray observations in the high-redshift star-forming progenitors of local mas-
sive galaxies have started to reveal the early growth of a dust-enshrouded
(super)massive BH in their nuclear regions (e.g., Mullaney et al. 2012; Page
et al. 2012; Delvecchio et al. 2015; Rodighiero et al. 2015, 2019; Fiore et al.
2017; Stanley et al. 2015, 2017; Massardi et al. 2018; Combes et al. 2019;
D’Amato et al. 2020), before it attains a high enough mass and power to man-
ifest as a bright AGN and to eventually reduce/quench star formation and
partly evacuate gas and dust from the host (e.g., Granato et al. 2001, 2004;
Lapi et al. 2014, 2018). Another, albeit more indirect, indication of coevolu-
tion for the bulk of the BH and the host stellar mass comes from the similar-
ity between the activity timescales of central BH to the transition timescale
of (green valley) galaxies from the blue cloud to the red sequence (see Wang
et al. 2017; Lin et al. 2021, 2022; this is true apart from rejuvenations at late
cosmic times, see Martin-Navarro et al. 2021).

However, two recent pieces of evidence may suggest that standard disk
accretion is not the only process at work in growing a BH to the (su-
per)massive regime. The first is the discovery of an increasing number of
active BHs with masses M, > 109 M, at very high redshifts z > 7 (e.g., Mort-
lock etal. 2011; Wu et al. 2015; Venemans et al. 2017; 2018; Reed et al. 2019;
Banados et al. 2018, 2021; Wang et al. 2019, 2021), when the age of the Uni-
verse was shorter than 0.8 Gyr. The second is the robust measurements of
extreme BH masses M, > 109719 M, at the center of early-type galaxies with
stellar mass M, > 10! M, (e.g., McConnell et al. 2011; Ferre-Mateu et al.
2015; Thomas et al. 2016; Mehrgan et al. 2019; Dullo et al. 2021), that have
formed most of their old stellar component during a star-formation episode
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lasting some 108 yr at z > 1, as demonstrated by astro-archeological mea-
surements of their stellar ages and a-enhanced metal content (e.g., Thomas
et al. 2005, 2010; Gallazzi et al. 2006, 2014; Johansson et al. 2012; Maiolino
& Mannucci 2019; Morishita et al. 2019; Saracco et al. 2020; Chapter 2, Sect.
2.1.2). These observations concur to raise the issue of how billion solar mass
BHs may have grown in less than a Gyr. In fact, this is somewhat challenging
if standard disk accretion starts from a light seed ~ 10? M,, of stellar origin
and proceeds with the typical Eddington ratios A < 1 as estimated out to
z ~ 6in active BHs (see Vestergaard & Osmer 2009; Nobuta et al. 2012; Kelly
& Shen 2013; Dai et al. 2014; Kim & Im 2019; Duras et al. 2020; Ananna et
al. 2022), that would require an overall time > 0.8/ Gyr to attain ~ 109 M,
Solutions may invoke mechanisms able to rapidly produce heavy BH seeds
1035 My, so reducing the time required to attain the final masses by stan-
dard disk accretion (see Natarajan 2014, Mayer & Bonoli 2019, Inayoshi et
al. 2020, and Volonteri et al. 2021 for exhaustive reviews). Viable possibil-
ities comprise: direct collapse of gas clouds within a (proto)galaxy, possi-
bly induced by galaxy mergers or enhanced matter inflow along cosmic fil-
aments (e.g., Lodato & Natarajan 2007; Mayer et al. 2010, 2015; Di Matteo et
al. 2012, 2017); merging of stars inside globular or nuclear star clusters (e.g.,
Portegies Zwart et al. 2004; Devecchi et al. 2012; Latif & Ferrara 2016; Kroupa
et al. 2020); migration of stellar BHs towards the nuclear galaxy regions via
dynamical friction against the dense gas-rich environment in strongly star-
forming progenitors of local massive galaxies (e.g., Boco et al. 2020, 2021)!.
Such a complex picture for the overall (super)massive BH growth may
in principle be probed via one of the most fundamental quantities for de-
mographic studies of the BH population, namely the BH mass function,
that expresses the number density of BHs per comoving volume and unit
BH mass as a function of redshift. For (super)massive BHs, where most
of the mass is accumulated through gas disk accretion, this is usually es-
timated (but still subject to systematics) from the AGN luminosity func-
tions via Soltan (1982)-type or continuity equation arguments (e.g., Small
& Blandford 1992; Haehnelt et al. 1998; Salucci et al. 1999; Yu & Tremaine
2002; Yu & Lu 2004, 2008; Merloni & Heinz 2008; Cao 2010; Kelly & Merloni
2012; Aversa et al. 2015; Shankar et al. 2004, 2009, 2013), or from local galaxy
mass/luminosity/velocity dispersion functions and scaling relation among

'When referring to the dynamical friction mechanism, the term ‘seeds’ is used in a
broader sense with respect to the classic meaning in the literature. A seed is usually re-
ferred to as the first compact object on which subsequent disk accretion occurs, eventually
leading to the formation of a supermassive BH. The heavy seeds formed with the dynami-
cal friction mechanism are by-products of multiple mergers of already-existing stellar-mass
BHs (that in turn could be referred as light seeds) forming across a wide redshift range.
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these properties and the BH mass (e.g., Vika et al. 2009; Li et al. 2011; Mutlu-
Pakdil et al. 2016; Shankar et al. 2016, 2020a).

In a future perspective, a precise assessment of the relic BH mass func-
tion is also important to work out detailed predictions for the gravitational
wave emission expected from mergers of (super)massive BHs (see the recent
potential detection by NANOGrav, Gabriella et al. 2023), that will constitute
the primary targets of the upcoming Laser Interferometer Space Antenna
mission (e.g., Sesana et al. 2016; Ricarte & Natarajan 2018; for a review, Ba-
rausse & Lapi 2021 and references therein) and of ongoing and future Pulsar-
Timing Array experiments (e.g., Antoniadis et al. 2022). Thus a theoretical
grasp on the (super)massive BH mass function across cosmic times is of cru-
cial importance.

This Chapter is aimed at modeling the BH mass function, from the stel-
lar to the intermediate and (super)massive regime. In Chapter 3 we have
focused on the stellar mass BH relic mass function, while in this Chapter we
provide an ab-initio computation of the redshift-dependent mass function
for (super)massive BHs. We consider two mechanisms to grow the central
BH, that likely cooperate in the high-redshift star-forming progenitors of lo-
cal massive galaxies. The first one is the gaseous dynamical friction intro-
duced by Boco et al. 2020, which can cause the migration of stellar-mass
BHs originated during the intense bursts of star formation in the gas-rich
central regions of the host progenitor galaxy, and the buildup of heavy BH
seeds < 10° M, within short timescales < some 107 yr. The second mecha-
nism is the standard Eddington-type gas disk accretion onto the heavy seed,
through which the central BH can become (super)massive within the typical
star-formation timescales < 1 Gyr of the host galaxy.

Our approach is semi-empirical, requires minimal modelling and a few
educated assumptions, and is original in at least three respects: (i) we start
from the galaxy SFR functions and derive BH-related statistics by jointly
modelling the evolution of the central BH mass and the stellar mass of the
host; (ii) we explicitly compute (and do not assume a priori) the heavy seed
mass function by exploiting the distribution of stellar mass BHs originated
from star-formation (Chapter 3, Sicilia et al. 2022a) and their migration rates
due to dynamical friction (Boco et al. 2020); (iii) we determine the detailed
shape of the BH growth curve during disk accretion (in particular, we set
the Eddington ratio) by requiring that the final BH and host stellar mass sat-
isfy a Magorrian-like relationship, and that the star-formation timescale of
the galaxy host is set by the main-sequence relation. We validate our ap-
proach by reproducing the observed redshift-dependent bolometric AGN
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luminosity functions and Eddington ratio distributions, and the relation-
ship between the star-formation of the host galaxy and the bolometric lu-
minosity of the accreting central BH. We then derive the relic (super)massive
BH mass function at different redshifts via a generalised continuity equation
approach, and compare it with present observational estimates. At the same
time, we provide a robust theoretical basis for a physically-motivated heavy
seed distribution at high redshifts. Finally, we put together the results de-
rived in Chapter 3 and this Chapter to reconstruct the overall BH mass func-
tion from the stellar to the intermediate to the (super)massive regime, over
more than ten orders of magnitudes in BH mass.

The plan of this Chapter is straightforward: in Section 4.2 we describe
our semi-empirical framework, in Section 4.3 we present and discuss our re-
sults, and in Section 4.4 we summarize our main findings and outline future
perspectives. Throughout this Chapter, we continue to adopt the standard
flat ACDM cosmology (Planck Collaboration 2020) with rounded parameter
values: matter density Qy; = 0.3, dark energy density Q, = 0.7, baryon den-
sity Qp, = 0.05, Hubble constant Hy = 100 1 km s~! Mpc~! with 4 = 0.7, and
mass variance og = 0.8 on a scale of 8 h~! Mpc. A Kroupa (2001) initial mass
function (IMF) in the star mass range m, ~ 0.1 — 150 M, is adopted.

4.2 Theoretical background

We aim to derive the redshift-dependent (super)massive relic BH mass func-
tion d?N/dlog M, dV, i.e., the number density of massive BHs per unit co-
moving volume V and BH mass M,. We rely on two main mechanisms to
grow the central BH mass, which are likely to cooperate in the gas-rich star-
forming progenitors of local massive galaxies (hosting massive relic BHs):
gas disk accretion and stellar BH migration via gaseous dynamical friction.
Both processes will require the joint modelling of the stellar and BH mass
growth history in a galaxy of given SFR and redshift.

4.2.1 Stellar mass growth

As to the stellar mass growth, we assume a simple two-stage star formation
history
M, (1) = (1 -R) v OulT < 1] (4.1)

where v is the SFR, R ~ 0.45 is the IMF-dependent gas fraction restituted
to the ISM during stellar evolution (with the quoted value applying for a
Kroupa IMF), and Oy -] is the Heaviside step function. Basically, this re-
flects a constant SFR, that is then abruptly quenched by the radiative/kinetic
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power associated to supernova explosions/stellar winds and/or the central
BH activity at around the age 1;,. This temporal evolution renders to a good
approximation the behaviour expected from state-of-the-art in-situ galaxy
evolution models (e.g., Pantoni et al. 2019; Lapi et al. 2020), and is also indi-
cated by SED-modelling studies of high-redshift dusty star-forming galaxies
(e.g., Papovich et al. 2011; Smit et al. 2012; Moustakas et al. 2013; Steinhardt
et al. 2014; Cassard et al. 2016; Citro et al. 2016; Gonzalez Delgado et al.
2017; Carnall et al. 2019; Williams et al. 2021; Pantoni et al. 2021), and by
the observed fraction of IR-detected host galaxies in X-ray (e.g., Mullaney et
al. 2012; Page et al. 2012; Rosario et al. 2012; Azadi et al. 2015; Stanley et al.
2015; Carraro et al. 2020) and in IR or optically selected AGNs (e.g., Mor et al.
2012; Wang et al. 2013; Willott et al. 2015; Stanley et al. 2017; Dai et al. 2018;
Bianchini et al. 2019; Nguyen et al. 2020; Wang et al. 2021).
Correspondingly, the stellar mass increases as

(I-R)vt , 1<1
M, (1) = 4.2)
M, (1p) , T> Ty

and hereafter we will indicate for convenience M, relic = My (1) = (1 —
R) v 1. Note, however, that this is the stellar mass just before the quenching
at 1, not the relic stellar mass at z ~ 0; in fact, at late cosmic times this may
be further increased by dry mergers, especially in very massive galaxies (e.g.,
Rodriguez-Gomez et al. 2016; Buitrago et al. 2017; Lapi et al. 2018).

We can estimate the value of the star-formation duration 7, by re-
quiring that, just before the quenching, the SFR y and the stellar mass
M, (1) = M, relic Satisfy the redshift-dependent main sequence relationship
wms(My, z) (see Daddi et al. 2007; Rodighiero et al. 2011, 2015; Sargent et al.
2012; Speagle et al. 2014; Whitaker et al. 2014; Schreiber et al. 2015; Caputi
etal. 2017; Bisigello et al. 2018; Boogaard et al. 2018; Leja et al. 2022; Rinaldi
et al. 2022; Popesso et al. 2022); in other words, the condition

1l’MS(]w*,relic’ zZ)=vy (4.3)

sets the timescale 1, (v, z) for any galaxy with SFR y and redshift z. We adopt
as our reference the main-sequence determination by Speagle et al. (2014)

M M
Yms(M,2) (—6.51+0.11 ) + (0.84 — 0.026 ;) log ﬁ* SN X))

lo
& Mg yr! °

where ¢ is the age of the Universe at redshift z in units of Gyr. We will show
in Sect. 4.3.2 the effect of adopting a different main sequence prescription.
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4.2.2 BH growth due to dynamical friction

Boco et al. 2020, 2021 have pointed out that the central BH can grow, espe-
cially in the early stages, by a continuous rain of stellar mass BHs that are
funnelled toward the nuclear region via dynamical friction against the gas-
rich background of high-redshift star-forming galaxies. The related growth
rate is computed following Boco et al. 2020, to which we refer the interested
reader for details. For consistency, in this Chapter we initialise the compu-
tation basing on the stellar BH mass function and light seed distribution de-
rived in Chapter 3, along the following lines.

First of all, we extract from the stellar and binary evolutionary code SEVN
(see Spera et al. 2019) the so-called stellar term, i.e. the number of BHs orig-
inated per unit of stellar mass formed Mgsgr and BH mass m,:

d?N, _— d?N, .
dMsrndlog m.\ 1% =

dMSFRd log Me
dzN**—)o dZN**_>..
* dMSFRd log Me " izzl,z dMSFRd log Me i '

(4.5)

This includes three different contributions from isolated stars evolving into
BHs (x — o), from stars that are originally in binary systems but end up as an
isolated BH because one of the companions has been ejected or destroyed
or cannibalised (xx — ), and from stars in binary systems that evolve into
binary BHs (xx — ee). All these terms are strongly dependent on metallicity
Z,which affects the efficiency of the various processes involved in stellar and
binary evolution, like mass loss rates, mass transfers, core-collapse physics,
etc. (see Chapter 3 for details).

We then derive the birthrate of stellar BHs with mass m, at time 7 in an
individual galaxy with SFR v at redshift z from the expression

dNblI‘th / ZN’ p
dlogm, Mo TR =v [ dlogZ o e, (el ) w6
X Tlogz 2144 Ma(0)]

The integrand is the product of the stellar term from the previous Eq.
(4.5) and of the metallicity distribution dp/dlog Z. For the latter we adopt
a lognormal shape centred around the fundamental metallicity relation
log Zemr (v, My) by Mannucci et al. 2011 (for a review, see Maiolino & Man-
nucci 2019), with a dispersion of Alog Zpmr = 0.15 dex, and M, (1) given by
Eq. (4.2).
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We then compute the migration rate per unit stellar BH mass due to
gaseous dynamical friction at time 7 inside a galaxy with SFR v at redshift
<

dNDF

dlog m (m.,rlw,z) /dr—(r)/dvg—(vglr)

Py 4.7)
x/dvrdv v|r ) grth (M, T — DF|Y, 2) ;

here dp/dr and dp/dv, g are the probability distributions of initial radii and
velocities and tpg(m., 1, vy, vg) is the dynamical friction timescale against
the gaseous background for a compact remnant of mass m,. All these quan-
tities are detailed in Boco et al. 2020; where the reader can find a full ac-
count of how the dynamical friction timescale depends on such quantities
and on the parameters ruling the gas distribution (this is also covered in brief
in Chapter 2, Sect. 2.3.2).

Finally, the growth rate of the central BH due to the dynamical friction
mechanism is just

M, pe(tly, 2) = On[7 < 1] /dlogm. ma d?]\é (me,T|lw,2),  (4.8)

where the step function O -] specifies that the mechanism is no longer ac-
tive after 1y, since the gaseous medium is expected to have been atleast partly
evacuated from the nuclear regions due to feedback processes.

4.2.3 BH growth due to gas accretion

In parallel, the central BH can grow due to standard gas disk accretion. We
adopt a BH accretion rate curve with shape (e.g., Yu & Lu 2004, 2008; Shen
2009; Li 2012; Lapi et al. 2014; Aversa et al. 2015)

M, (1)

Tef

, TS Tp

Mo,acc(T) = (4.9)

Mo,acc(Tb) e (T7™)/7a , Th<T<Th+{1q

0 , T>Tp+ (19

This describes a growth due to disk accretion in two stages, separated at the
galaxy age 1, where star formation is quenched. The rationale behind the
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above expression is the following: at early epochs (ages t < 1,,) when there
is plenty of material to accrete onto the BH in the nuclear galaxy regions,
a demand-limited, Eddington-type BH accretion rate over a characteristic
e—folding timescale 7. is assumed. At late times (ages 7 2 1,) the BH mass
and radiative/kinetic power may be so large as to quench the star forma-
tion and partly evacuate gas from the host; however, if residual gas mass is
still present in the central regions, it can be accreted in a supply-driven fash-
ion, thus originating the exponentially declining part of the accretion curve
with a characteristic timescale 74. The IR-detected fraction of X-ray selected
AGNs (see Mullaney et al. 2012; Page et al. 2012; Rosario et al. 2012; Azadi
et al. 2015; Stanley et al. 2015; Carraro et al. 2020) suggests 14 ~ 2 Tef, aS
shown by Lapi et al. 2014 and adopted by Aversa et al. 2015 and Mancuso
et al. 2016b, 2017. Eventually, we consider the accretion to stop for ages
T 2 1, + { T with ¢ = 3 (our results are anyway weakly affected by the value
of this latter quantity); this is reasonable since at that point the accretion
rate becomes so small with M, scc 7o/ M. < 1072 as to enter in an ADAF (i.e.,
advection-dominated accretion flow) regime, where the mass growth can
be safely neglected with respect to that accumulated during the slim/thin
disk accretion. We will show in Sect. 4.3.2 the effect of adopting a different,
scale-free declining portion (e.g., Shen 2009) of the BH growth curve, that
also avoids the inclusion of the quantity (.

Provided that L = € M, c? is the accretion luminosity and A = L/Lggqq the
(luminous) Eddington ratio in terms of the Eddington luminosity? Lgqq, the
e—folding time of the early growth reads

€
=— 4.1

where fgqq = M. ¢?/Lgqq ~ 0.45 Gyr is the Eddington timescale and e is the
radiative efficiency. As to the latter, it is worth considering that in the early
stages the demand-limited accretion may be prone to the development of
a slim accretion disk (e.g., Abramowicz et al. 1988), while at late-times the
supply-limited accretion tends to originate a classic thin-disk accretion (e.g.,
Shakura & Sunyaev 1973). To describe both conditions we express the radia-
tive efficiency via the prescription by Aversa et al. 2015 valid for both thin
and slim disks (see also Mineshige et al. 2000; Watarai et al. 2001; Li 2012;

>The Eddington luminosity Lgqq = 47 G pe my c Mo/or = 1.3 x 1038 (M, /M,) erg s~! is
the limiting value for which the continuum radiation force emitted by the accretion disk
balances gravity in isotropic conditions; in the above definition G is the gravitational con-
stant, y,. is the mean molecular weight per electron, m,, is the proton mass, c is the speed of
light, and o7 is the Thomson cross section.
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Madau et al. 2014):
e MZ
€ = €thin M2 _1"
here ey,in, is the efficiency during the thin-disk phase, which may range from
~ 0.057 for a nonrotating BH to ~ 0.32 for a maximally rotating Kerr BH (see
Thorne 1974). We will adopt ey, ~ 0.15 as our fiducial value (see Davis &
Laor 2011; Raimundo et al. 2012; Trakhtenbrot et al. 2017; Shankar et al.
2020b), but will show in Sect. 4.3.2 the effect of adopting a larger efficiency
€min ~ 0.3. Note that in principle €4,;, may even depend on the galactic age
since in the early stages the accretion is likely chaotic and so the spin of the
BH should stay rather small, while in the late stages a coherent accretion is
expected to set in and the spin can rapidly increase to maximal values (see
Lapi et al. 2014); however, we neglect such spin/efficiency evolution in the
present framework.

(4.11)

4.2.4 Overall BH growth

The overall growth of the central BH mass due to both dynamical friction
and gaseous accretion writes

M.(T) = Mo,DF(T) + Mo,acc [M.(7)] . (4.12)

Given Egs. (4.8) and (4.9), the previous equation can be formally integrated
to yield the overall central BH mass growth

T
/ dr’ eT )/ Ter MDF(T/) T< Ty
0

[ T
M.(t|y, z) = { Mo(1,) |1+ T—d (1- e—“—fb)/fd)] T <T<Tph+(7q (4.13)
| ef

M, (1p) 1+E(1—e_()] T>T,+ (14
| Tef

where the value on the last line corresponds to the final, relic BH mass
M, relic(¥, 2) = Mo (1) [1 + (14/Tef) X (1 —€79)].

The dynamical friction process dominates in the initial growth stage for
T < Tep; We will show that it provides, by inducing the migration of stellar
BHs originated from star formation, heavy seeds of order 103-° M, within
some 107 yr, before standard Eddington-type accretion takes over as the
dominant mechanism for BH growth. Remarkably, our modelling above, at
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variance with other approaches in the literature, does not require assump-
tions regarding the seed BH from which to start gas accretion: the light seeds
are provided by star formation and stellar evolution, and the heavy seeds by
the gaseous dynamical friction mechanism, in a consistent way.

As a consequence, for any galaxy with SFR y at redshift z, the evolution
of the BH mass is completely specified by assigning the Eddington factor 1
of the early growth stage, which determines the radiative efficiency e via Eq.
(4.11) and hence the e—folding timescale 7.t. We empirically determine the
Eddington ratio (see Shankar et al. 2020b) by requiring that the relic BH and
stellar mass just after the quenching at 7y, satisfy a Magorrian-like relation
M, Mag(My, z), with a possible redshift dependence. In other words, from
the condition

M, relic(¥) 2) = Mo Mag [ My relic (¥, 2), 2] (4.14)

one can determine A(vy, z) for any galaxy with SFR y and redshift z. We rely
on the debiased determination of the Magorrian relationship by Shankar et
al. 2016, 2020a

Mo,Mag

1 M,,z) ~ 7.574 + 1.946 log —————
> M 3 M '
—0.306 lOg m -0.011 lOg 1011 M@ +n lOg(l + Z)

holding in the range M, ~ 10'7'? M, with an intrinsic scatter ojogp, ., ~
0.32 — 0.1 log(M,/10'2 M) dex. The parameter 7 in the above equation al-
lows for a possible evolution with redshift M, vag(My, 2) o« (1 + 2)7; this is
considerably debated in the literature (e.g., Merloni et al. 2010; Schulze &
Wisotzki 2014; Ding et al. 2020; Suh et al. 2020; Li et al. 2021; Habouzit et
al. 2022), but the latest studies suggest a mild evolution with n ~ 0.2, that
we take as our fiducial value (our results are anyway weakly affected by this
choice). We will show in Sect. 4.3.2 the effect of adopting a different Magor-
rian relationship.

We stress that at least two low-redshift processes, that can in principle
affect the BH mass function, have not been considered in our framework: (i)
relic supermassive BHs can be reactivated by accretion of gas funnelled to-
ward the central regions by galaxy mergers or internal disk instabilities (e.g.,
Di Matteo et al. 2005; Capelo et al. 2015), that can trigger spectacular radio-
mode activity in terms of relativistic jets; (ii) relic supermassive BHs can co-
alesce following, with some delay, a galaxy merger. In fact, the impact of
these processes on the supermassive BH mass function is still somewhat de-
bated: an important role of galaxy mergers in reproducing the massive end
of the mass function has been claimed in semi-analytic models (e.g., Marulli
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etal. 2008; Bonoli et al. 2009), while other semi-empirical and numerical ap-
proaches have instead pointed out a much more limited relevance of merg-
ers on the BH mass function (e.g., Aversa et al. 2015; Steinborn et al. 2018;
McAlpine et al. 2020). The detailed treatment of galaxy and BH mergers is
beyond the main scope of this thesis, and is deferred to future work.

4.2.5 BH growth rate function

Toward a statistical description, we start from the SFR function
d’N/dlogwdV, i.e., the number density of galaxies with given SFR vy
per unit comoving cosmological volume V at redshift z. For this we adopt
the determination by Boco et al. 2021 (see Fig. 3.2; for an analytic Schechter
fit see Eq. 2 and Table 1 in Mancuso et al. 2016a) derived from an educated
combination of the dust-corrected UV (e.g., Oesch et al. 2018; Bouwens et
al. 2021), IR (e.g., Gruppioni et al. 2020; Zavala et al. 2021), and radio (e.g.
Novak 2017; Ocran 2020) luminosity functions, appropriately converted
into SFR (see Kennicutt & Evans 2012) using our assumed Kroupa 2001 IME
We first compute the central BH growth rate function

2N

. d
(Mo;Z):/dlowa ™

d’N

(v, 2) ~ W . 2)
dlog M. dvV V.2 o ) e

— dlog M,
(4.16)

where M, (7|, z) is provided by Eq. (4.13) and dr/d log M, is the related time
spent by the BH in a logarithmic bin of given growth rate; the summation
allows for multiple solutions 7; of the equation M, (z|y, z) = M,, that are typ-
ically two for the growth curve assumed in this work. Note that the SFR de-
pendence in M, (7|v, z) is twofold: on the one hand it is related to the growth
rate of heavy seeds by migration of stellar-mass BHs, whose birthrate ulti-
mately depends on star formation; on the other hand, such a dependence
is encoded in the Eddington ratio A(v, z) derived after Eq. (4.14) and in the
radiative efficiency given by Eq. (4.11). To allow for some scatter induced by
the Magorrian-like relationship, one can write

dTi Th+( 7q . .
Zm/ dr 8p [log M. — log Ma (rly, 2)] =

(4.17)
/wfd ; sech? {[log M. — log M. (tly, 2)1/2 iog M}
T
0

~

4 610g M.
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the first equality follows trivially from the properties of the Dirac ép|-] func-
tion, while in the second we have substituted a log-logistic distribution with
dispersion 6y, y;, > (V3/m) Olog a1, i terms of the standard log-normal dis-
persion oy, ;. The reason for using a log-logistic distribution in place of
the standard log-normal one is that having heavier tails it tends to maintain
intrinsic power-law distributions at the high-mass end, as indicated by the
data relating to the AGN luminosity functions and BH mass function (see
discussion by Ren & Trenti 2021). Agreement with the latter statistics re-
quires to adopt oy, y;, ~ 0.3-0.4 dex, inline with the scatter of the Magorrian.

4.2.6 AGN luminosity functions, Eddington ratios and
mean SFRs

The broadband emission of AGNs is energised by the gas accretion onto the
(super)massive BHs; thus a relevant statistics to validate our semi-empirical
approach is the redshift-dependent bolometric AGNs luminosity function.
This may be computed analogously to Eq. (4.16) as

d’N d’N 1 dr;
Tiom o (e 2) = [ dtogy - cw @) 5 D dlog L Mo
(4.18)
where the times 7; are now determined from the condition Lagn =
€ M, acc ¢%/(1 - €), with the gas accretion curve M, acc(7|v, z) specified by Eq.
(4.9). Notice that the Eddington ratio A and the radiative efficiency € here are
not free parameters but are self-consistently computed, for any SFR ¢ and
redshift z, by Egs. (4.14) and (4.11). We will compare our results with the
bolometric luminosity function determination by Shen et al. 2020, recon-
structed from a large compilation of rest-frame B-band/UV (e.g., Hopkins
et al. 2007; Giallongo et al. 2012; Manti et al. 2017; Kulkarni et al. 2018),
soft/hard X-ray (e.g., Fiore et al. 2012; Ueda et al. 2014; Aird et al. 2015a,
2015b; Miyaji et al. 2015), and IR data (e.g., Assef et al. 2011; Lacy et al. 2015)
collected in the past decades (see Shen et al. 2020 for details concerning
bolometric and obscuration corrections).

Notice that the integrand in Eq. (4.18) constitutes the number density
of galaxies d3N/dlog v dlog Lagy dV per comoving volume in bins of SFR
and AGN luminosity. Thus it may be exploited to build up the so-called
coevolution plane SFR vs. Lagn, and the mean relationship between these
two quantities. Finally, the previous expressions can also be adapted to de-
rive the Eddington-ratio distribution by simply substituting Lygny with A =
LAGN/LEda-



114 Chapter 4. SMBHMF and Heavy Seeds

4.2.7 Relic BH mass function

To derive the relic (super)massive BH mass function d’N/dlog M, dV we
exploit a generalised version of the continuity equation (see Yu & Lu 2004,
2008; Aversa et al. 2015); this is basically a technique to relate the BH growth
functions (or AGN luminosity functions) to the BH mass functions. The out-
come reads

d’N .
d’N © o ldey alogM'dlogM.dV(M"Z)
dlogM.dV(M"z):_/z 4\ 37 dr;
ZimxalogM.logM° o

" rertrg (100

(4.19)
Here the quantity d?N/dlogM, dV is the growth rate function from Eq.
(4.16), all the integrand is computed at the maximum accretion rate for a
given relic BH mass M, = M,/[7e + 74 (1 — e7%)], and the various quanti-
ties implicitly entering there (e.g., A, 7o, 7q) must be referred to a relic BH
mass M, and redshift z. We stress that in our framework, at variance with
many previous approaches based on continuity equation, the input AGN
luminosity functions are not just taken from observations, but are derived
from the galaxy statistics via Eq. (4.18). The related relic (super)massive BH
mass density can be computed as

d’N

Pe(2) = / dlog M, M, (M,, z) , (4.20)

dlog M, dV

where typically the integral is taken over BH masses M, > 10° M,
Fig. 4.1 summarises in an illustrative way all the steps followed to com-
pute the (super)massive BH mass function and described in this Section.

4.3 Results and Discussion

In this Section we will show results of our empirical model concerning the
growth of the central BH mass, AGN luminosity functions and Eddington ra-
tio distribution, relationship of the AGN luminosity with the host SFR, and
BH mass function. We will highlight the role played by the gaseous dynam-
ical friction process in providing a physical mechanism to originate heavy
seeds, so allowing the growth of the central BH to the supermassive regime
at moderate Eddington ratios within the typical star-formation timescale of
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FIGURE 4.1: Schematics showing the main steps to compute the (super)massive
relic BH mass function. The starting point is the stellar term from Chapter 3, repre-
senting the number of BHs originated per unit of star formed mass, and includes
contributions from the evolution of isolated or binary stars into isolated or bi-
nary BHs (light seeds; see Eq. 4.5). This is coupled to the metallicity distribution
(extracted from the fundamental metallicity relation) and with the timescale for
gaseous dynamical friction by Boco et al. 2020 (see Eq. 2.24) to derive the growth
rate of the central BH by migration of stellar remnants (see Egs. 4.7 and 4.8). In par-
allel, galaxy statistics provided by the SFR functions are coupled with model growth
curves of the stellar and BH mass (see Egs. 4.2 and 4.13); the latter includes the
growth by dynamical friction migration and by gaseous Eddington-type accretion.
Crucial parameters of these growth curves, like the star formation duration and the
Eddington factor, are derived by requiring consistency with the main sequence of
star-forming galaxies (see Egs. 4.3 and 4.4) and with the local Magorrian relation-
ship (see Egs. 4.14 and 4.15). The main outcome of this procedure are BH growth
rate functions (see Eq. 4.16), and byproducts are Eddington ratio functions, AGN
luminosity functions (Eq. 4.18) and the coevolution plane SFR vs. Lygn. Finally, a
generalized continuity equation approach allows to convert the growth rate func-
tions into the (super)massive BH mass function (Eq. 4.19).
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the host. We will also discuss the dependence of our basic results on various
assumptions.

4.3.1 Basicresults

To start with, in the top row of Fig. 4.2 we illustrate the time evolution of the
central BH mass (left panels) and BH growth rate (right panels) in a proto-
typical star-forming galaxy with SFR ¢ ~ 300 M,, yr~! at reference redshifts
z ~ 2 (top and middle rows) and z ~ 6 (bottom row). In the top row the final
BH mass is assumed to satisfy the average Magorrian relationship, while in
the middle and bottom rows it is taken as a 3o upper outlier with respect to
the Magorrian; these latter instances are representative of extremely mas-
sive BHs, that are possibly sampled because of observational biases (espe-
cially at high redshifts). The overall growth is illustrated as black solid lines,
and the corresponding Eddington ratio is reported in the first entry of the
legend, while the contribution from migration of stellar BHs via gaseous dy-
namical friction is shown by the blue dot-dashed lines. It is seen that in all
these cases the evolution of the total BH mass at small galactic ages is dom-
inated by the growth due to migration of stellar BHs via gaseous dynamical
friction; such a process can effectively build up a heavy central BH seed of
mass M, ~ 1035 within < 108 yr. Thereafter Eddington-type gas disk ac-
cretion takes over and can grow the central BH to the (super)massive regime
M, > 1089 M. Remarkably, the overall effect of the early growth by dynam-
ical friction is twofold. First, it allows the central BH to attain the final mass
within a rather short timescale of some 108 yr; this can contribute to allevi-
ate, or even to solve, the high-redshift quasar problem, i.e. the buildup of
billion-solar-mass BHs in quasar hosts at z = 6, when the age of the uni-
verse < 1 Gyr constitutes a demanding constraint. Second, such a growth
can be obtained with reasonable values of the Eddington ratios A ~ 0.3,
that are in sound agreement with the observational determinations (see be-
low); even in the extreme instance of an upper 3o outlier of the Magorrian
at z ~ 6 (bottom panels), the growth can be achieved with sub-Eddington
conditions A < 1.

In addition, in Fig. 4.2 we also illustrate what happens in the absence of
the dynamical friction process, hence enforcing a BH growth by pure disk
accretion. In particular, the orange dashed lines depict the evolution of a
central BH with the same final mass as the solid lines but starting from a stel-
lar mass seed ~ 10? My; such a case is seen to imply an appreciably higher
Eddington ratio (reported in the last entry of the legend). In other words,
growing the BH from light seeds of stellar origin to the supermassive regime
would require a time = 0.8/A Gyr. Thus especially at high redshifts and/or
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FIGURE 4.2: Time evolution of the central BH mass (left panels) and BH growth rate
(right panels) in a star-forming galaxy with SFR ¢ ~ 300 Mg, yr~! at z ~ 2 (top and
middle rows) and z ~ 6 (bottom row); in the top row the final BH mass is on the av-
erage Magorrian relationship, in the middle and bottom rows it is a 3¢ upper outlier
of the Magorrian relationship. The overall growth of the central (super)massive BH
is illustrated by black solid line (and the corresponding Eddington ratio A is indi-
cated in the first entry of the legend) while the contribution from migration of stellar
BHs via gaseous dynamical friction is shown by the blue dot-dashed line. The red
dotted line represents the evolution of a central BH growing by pure disk accretion
(i.e., without dynamical friction) with the same final mass and with the same A as
the solid line, implying that the initial seed must be > 10* M. Finally, the orange
dashed line shows the evolution of a central BH growing by pure disk accretion (i.e.,
without dynamical friction) with the same final mass as the solid line from a stellar
mass seed ~ 100 M, implying an appreciably higher Eddington ratios (indicated in
the last entry of the legend).
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for upper outliers of the Magorrian relationship (i.e., BHs with billion solar
masses), the growth of the central BH should proceed at appreciably high
values of A, and possibly in super-Eddington conditions (as in the bottom
panels). Though this instance can be partially justified theoretically (e.g., Li
2012; Madau et al. 2014) and there are hints of a few cases at z > 6 (e.g., Fu-
jimoto et al. 2022), it struggles somewhat against the bulk of present obser-
vational estimates at z < 6 (see references below and Fig. 4.5). On the other
hand, the red dotted lines refer to the evolution of a central BH growing to
the same final mass and with the same Eddington ratio A as the solid lines;
such a case is seen to imply that the initial seeds must be > 10* M. There-
fore a specific mechanism, alternative to dynamical friction, must be in any
case envisaged to obtain such massive seeds (e.g., Volonteri et al. 2021; see
also Sect. 4.1).

In Fig. 4.3 we illustrate the growth rate function of the central BH at dif-
ferent redshifts z ~ 1 -8 (colour-coded). As it can be seen from Eq. (4.16), its
shape as a function of M, is determined by a combination of galaxy statistics
(i.e., the SFR functions) and the time spent by the central BH in a given bin of
growth rate. The latter is in turn determined by the shape of the BH growth
rate as a function of galactic age plotted in Fig. 4.2: at early times the BH
rate grows almost linearly due to dynamical friction, at intermediate times
it raises almost exponentially over the timescale 7. due to disk accretion,
and at late times it diminishes exponentially over the timescale 74. The red-
shift evolution mirrors that of galaxy statistics, with the knee of the function
first increasing toward larger M, outto z ~ 2 and then receding at higher red-
shifts. The turnover of the function at z < 1 atlow accretion rates reflects the
progressive inefficiency of the dynamical friction process (in turn mirroring
the decreased efficiency of star-formation and stellar mass BH generation)
toward late cosmic times.

In Fig. 4.4 we show the bolometric AGN luminosity functions at differ-
ent redshifts z ~ 1, 2, 4 and 6, computed from Eq. (4.18). The results from
our approach are compared with the observational estimates collected by
Shen etal. 2020 (see full list of references therein) from selections in the rest-
frame B-band/UV (e.g., Hopkins et al. 2007; Giallongo et al. 2012; Manti et
al. 2017; Kulkarni et al. 2018), soft/hard X-ray (e.g., Fiore et al. 2012; Ueda et
al. 2014; Aird et al. 2015a, 2015b; Miyaji et al. 2015), and IR (e.g., Assef et al.
2011; Lacy et al. 2015), converted using appropriate bolometric corrections
(see Table 1 and Section 3 in Shen et al. 2020). The agreement is pretty good,
both in terms of shape and redshift evolution. Itis worth mentioning that the
number density for AGNs with bright luminosities (especially toward high
redshifts) may be overestimated in the data due to the uncertainties in the
bolometric corrections. Note that we do not attempt a comparison with the
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FIGURE 4.3: The BH growth rate function (see Eq. 4.16) at different redshifts z ~ 1

(orange), 2 (green), 4 (red), 6 (magenta), and 8 (brown).
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FIGURE4.4: The bolometric AGN luminosity functions (see Eq. 4.18) at different red-

shifts z ~ 1 (top left panel), 2 (top right), 4 (bottom left) and 6 (bottom right). Solid

lines illustrate the result of our approach, which are compared with the data compi-

lation by Shen et al. 2020 (circles) from selections in the UV 1450 A (cyan), B—band

(blue), mid-IR (green), soft X-rays (orange), and hard X-rays (red). For comparison,

dashed lines show the results when the gaseous dynamical friction mechanism is
switched off (see comment in main text).

observed AGN luminosity functions at z < 1 since our framework does not
include BH reactivations from late-time mergers and disk-instabilities (see
Sect. 4.2); the latter are known to be a fundamental ingredient in determin-
ing the low-z AGN luminosity functions, especially at the faint end, though
reproducing these observables has demonstrated to be a highly non-trivial
task even for detailed models incorporating the aforementioned processes
(see Griffin et al. 2019; Izquierdo-Villalba et al. 2020).

In Fig. 4.5 we illustrate the Eddington ratio distribution d?N/dV dlogA
and the average Eddington ratio (log A) with its dispersion as a function of
redshift. This is compared with observational estimates from different sam-
ples (see Duras et al. 2020; Kim & Im 2019; Vignali et al. 2018; Dai et al. 2014;
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Nobuta et al. 2012; Vestergaard & Osmer 2009). In our fiducial framework,
the average Eddington ratio slowly increases from values A ~ 0.1 atz ~ 1 to
values A ~ 0.6 at z 2 4. The Eddington ratio distribution is quite broad, with
a 1o dispersion of 0.4 dex almost independent of the redshift. The outcome
from our approach is in good agreement with the observational estimates,
although the latter, being mainly based on single-epoch estimators, are still
subject to considerable uncertainties, especially toward high redshift. Note
thatrecentlyin the literature alot of attention has been paid to observational
estimates of the Eddington ratio distribution as a function of host galactic
properties, most noticeably stellar mass and specific SFR (e.g., Bongiorno
et al. 2016; Georgakakis et al. 2017; Aird et al. 2018, 2022; Yang et al. 2019;
Ananna et al. 2022; Carraro et al. 2020, 2022); however, the estimates are still
subject to considerable uncertainties, especially at z = 0.5 and for massive
galaxies. The comparison with, and the interpretation of such distributions
is beyond the scope of this thesis, and we defer it to a future work.

In the above Figs. 4.4 and 4.5 we also illustrate (dashed lines) the ex-
pected luminosity functions and average Eddington ratio when the dynam-
ical friction mechanism is switched off and light BH seeds ~ 102 M, are as-
sumed (a value taken as representative for the most massive seeds of stellar
origin). The results on the luminosity functions are almost indistinguishable
from our fiducial case, since by construction our approach imposes that,
with or without dynamical friction, the final BH masses must adhere to the
same Magorrian relationship and are obtained within the same timescales
set by the main sequence; in turn, this implies that the peak AGN luminosi-
ties are very close to each other. However, without dynamical friction, this
is at the cost of increasing somewhat the average Eddington ratio, because
the growth starts from a lighter seed. Albeit in a statistical sense these higher
values of 1 are still within the large dispersion of the observational data, the
problem may be exacerbated for the very massive BHs M, > 10° M, and es-
pecially so at high z > 6 whose formation would require 1 ~ a few (see Fig.
4.2 and related discussion above).

In Fig. 4.6 we illustrate the coevolution plane at a reference redshift z ~ 2;
this represents the number density of objects in the SFR y vs. AGN bolomet-
ricluminosity Lygy diagram (grey-scale colour-coded); the average relation-
ship and its 1 — 2¢ scatter (solid line and shaded areas) are computed from
such a distribution, taking into account the typical SFR detection threshold
of present observations, around v ~ 150 M yr~!. The distribution of objects
in the coevolution plane is again determined mainly by the number density
of galaxies with a given value of the SFR, implying that galaxies with higher
SFRs are rarer, and by the time a galaxy spends in different AGN luminosity
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F1Gure 4.5: The Eddington ratio distribution and average Eddington ratio as a func-
tion of redshift z. The intensity of the black and white background illustrates the
Eddington ratio distribution, while the black solid line is the average relationship
expected from our approach (dark and light grey shades represents the 1o and 2o
dispersion). In addition, the dashed line is the average Eddington ratio when the
gaseous dynamical friction mechanism is switched off, and the dotted line is the
average Eddington ratio adopted on an empirical basis by Aversa et al. 2015. Data
are from Duras et al. 2020 (red diamonds), Kim & Im 2019 (navy stars), Vignali et al.
2018 (cyan inverted triangles), Dai et al. 2014 (green squares), Nobuta et al. 2012
(orange triangles), and Vestergaard & Osmer 2009 (blue circles).
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bins. The average SFR and its scatter, computed taking into account the typ-
ical SFR detection threshold mentioned above, stays roughly constant with
AGN luminosity out to Lygy ~ 10% erg s=! and then slowly increases. Such
a rise occurs just because, statistically, to achieve a higher AGN luminosity,
the BH must reside in a more massive galaxy with a higher initial SFR. For
comparison, in Fig. 4.6 we report various observational determinations (see
Page et al. 2012; Netzer et al. 2015; Stanley et al. 2015, 2017; Fan et al. 2016;
Bianchini et al. 2019; Rodighiero et al. 2019) concerning different primary
AGN selections in the optical, X-ray, IR or mixed (colour-coded); detections
are highlighted with full symbols and stacked data with open symbols. Our
findings are remarkably consistent with observations, with the detections
being distributed around the average relationship within its scatter, and the
stacked measurements settling at the margin of the expected 2o dispersion.

In Fig. 4.7 we illustrate the (super)massive relic BH mass function as de-
rived from the continuity equation Eq. (4.19) at different redshifts z ~ 0 — 8
(colour-coded). The redshift evolution is quite strong down to z ~ 2, with
the knee (characteristic BH mass) strongly increasing from M, < 107 M, at
z > 8upto M, > 10° M, for z < 2; the evolution slows down considerably,
especially at the high mass end, for z < 2, such that essentially below z ~ 1
the mass function undergoes only a minor evolution.

In Fig. 4.8 we show the related BH mass density computed after Eq.
(4.20). It increases quite steeply from p, < 103 My Mpc3 atz > 6 up to
some p, > 10° My Mpc=3 at z < 1. The local BH mass density amounts to
ps = 6x10° My Mpc3, in sound agreement with the available observational
determinations (see Shankar et al. 2004, 2009: Hopkins et al. 2007; Mar-
coni et al. 2004; Graham et al. 2007; Yu & Lu 2008). Fig. 4.8 also displays the
contribution to the mass density from different BH mass ranges, to highlight
that at z < 6 and for M, < 10° Mg, more massive BHs tend to accumulate
their mass faster, displaying a kind of downsizing behaviour.

In Fig. 4.9 we present the local BH mass function, and compare it with
theoretical and observational estimates. In particular, the green shaded area
refers to the uncertainty region in the current estimates of the BH mass func-
tion (see Shankar et al. 2016, 2020a), obtained when combining the local
stellar mass/velocity dispersion functions with various literature relation-
ships linking BH mass to stellar mass/velocity dispersion of the host. We
also report for comparison the classic estimates by Marconi et al. 2004 (see
also Shankar et al. 2009) via a simplified continuity equation approach, and
by Vika et al. 2009 via an object-by-object analysis of the BH mass-host lu-
minosity relationship. Our mass function is in agreement with most deter-
minations for BH masses M, < some 108 M. At the high-mass end it lies
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FIGURE 4.6: The coevolution plane, namely the relationship between SFR of the host
galaxy and the bolometric AGN luminosity Lygy at a reference redshift z ~ 2. The
intensity of the black and white background illustrates the number density of galax-
ies expected in the different portions of the diagram, and the solid line is the average
relationship from our approach (dark and light grey shades represents the 1¢ and
20 dispersion). For reference, the dotted line represents the locus where the bolo-
metric luminosity from the AGN and from the star formation in the host are equal.
Data are from Netzer et al. 2015 (squares), Xu et al. 2015 (triangles), Stanley et al.
2015, 2017 (circles), Fan et al. 2016 (inverted triangles), Page et al. 2012 (diamonds),
Bianchini et al. 2019 (stars), Rodighiero et al. 2019 (pentagons). Symbol colours
refer to observational selection in the optical (blue), X-ray (orange), IR (green), or
mixed (magenta); moreover, filled symbols refer to detections, while empty sym-
bols refer to stacking estimates.
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FIGURE 4.7: The relic (super)massive BH mass function (see Eq. 4.19; solid lines) at
different redshifts z ~ 0 (cyan), 1 (orange), 2 (green), 4 (red), 6 (violet), 8 (brown).
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FIGURE 4.8: The (super)massive relic BH mass density (see Eq. 4.20) as a function of
redshift z. The overall mass density is illustrated (solid) together with the contribu-
tions from the mass ranges 10 M, < M, < 107 M, (dotted), 10’ My < M, < 108 M,
(triple-dot-dashed) and 108 My < M, < 10° M, (dot-dashed) and 10° My < M, <
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FIGURE 4.9: The (super)massive BH mass function at z ~ 0. The solid line illus-
trates the outcome of our framework, while the dotted line is the mass function
originated when coupling the observed AGN luminosity functions with the average
Eddington ratio adopted by Aversa et al. 2015. Observational estimates are from
Marconi et al. 2004 (blue circles), Vika et al. 2009 (red diamonds), and Shankar et
al. 2009, 2016, 2020 (green shaded area); the latter reflects the overall uncertainty
region when determining the BH mass function from the local stellar mass/velocity
dispersion functions combined with various relationships of these observables with
the BH mass.

well within the Shankar et al. 2020a uncertainty region, but it declines sub-
stantially slower with respect to the classic estimates by Marconi et al. 2004
and Vika et al. 2009.

We stress that to obtain a BH mass function with a steep behaviour at the
high mass end is a non-trivial task. Specifically, in our framework we deter-
mine A from the empirical Magorrian relation and main sequence timescale,
obtaining values A < 1 that are in good agreement with the observed Ed-
dington ratios; we also predict AGN luminosity functions closely matching
the data. However, when inserted into the continuity equation these low A
values originate a rather flat BH mass function at the high mass end since
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large BH masses correspond to moderate peak AGN luminosities (approxi-
mately Lagn « A M, holds) falling in the rather flat portion of the luminos-
ity function. Even the slightly higher A values we obtain when switching off
dynamical friction (see dashed line in Fig. 4.5) are not sufficient to appre-
ciably steepen the BH mass function, which features a high mass end simi-
lar to our fiducial case. Contrariwise, in other literature studies (e.g., Aversa
et al. 2015; Shen et al. 2020) a steep behaviour of the mass function is en-
forced by starting from the observed AGN luminosity functions (not self-
consistently predicting them, as in this work) and by assuming values 1 2 1
designed on purpose. For example, the redshift-dependent parameterisa-
tion A(z) ~ 4 {1 — 0.5 x erfc[(z — 2)/3]} proposed by Aversa et al. 2015 works
quite well in producing a steep BH mass function, but at the price of assum-
ing A values somewhat in tension with the observed average Eddington ra-
tios (see dotted lines in Figs. 4.5 and 4.9). Insisting on such high A values in a
self-consistent approach while maintaining a good prediction of the AGN lu-
minosity functions is still possible, but requires BH growth timescales < 100
Myr, much shorter than derived via the main sequence prescription.

4.3.2 Robustness of results against main assumptions

In Fig. 4.10 we highlight the dependence of our results concerning the
AGN luminosity function, redshift evolution of the average Eddington
ratio, and local (super)massive BH mass function on various assump-
tions/relationships used in our reference framework.

First, we vary the main sequence relationship, switching from Speagle et
al. 2014 to the recent determination by Popesso et al. 2022. In analogy with
Eq. (4.4), this can be rendered as

WMS(M*: Z)

~ (-27.58+0.26t;)
Mg yr!

log
M (4.21)
4.95 - 0.041,) log —* - 0.2 log” —* .
+(4.95-0.041,) OgM@ 0.2 log Mo
With respect to the almost linear relation by Speagle et al. 2014, the above
is characterised by a steepening toward the lower stellar masses and a pro-
gressive flattening toward higher stellar masses, that have some relevance in
galaxy formation since they may be interpreted as the effects of stellar feed-
back and mass quenching, respectively (e.g., Lapi et al. 2018; Daddi et al.
2022).
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FIGURE 4.10: Dependence of our results concerning AGN luminosity function at
z ~ 2 (top left) and z ~ 6 (top right), average Eddington ratio as a function of red-
shift (middle), and local supermassive BH mass function (bottom) to various as-
sumptions/relationships employed in this work. In all panels solid lines refer to our
fiducial assumptions, dashed lines to our results when the main sequence relation
by Popesso et al. 2022 is used in place of Speagle et al. 2014, dot-dashed line to our
results when the BH accretion rate curves is characterised by a powerlaw decline
instead of an exponential one, dotted lines to our results when the Magorrian rela-
tion by Reines & Volonteri 2015 for AGNs is employed in place of the one by Shankar
et al. 2016, 20204, and triple-dot-dashed line to our results when the thin disk effi-
ciency ey ~ 0.3 is adopted instead of our fiducial value ey,;, ~ 0.15. See Sect. 4.3.2
for details.
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Second, we vary the shape of the declining portion of the accretion rate
curve in Eq. (4.9). In particular, we switch from an exponential to a scale-
free, powerlaw shape M, acc(T) = Ms acc(1) (7/75) "¢ for v > 13,. Here w > 1
rules the steepness of the decline, and we set w ~ 2.5 as in Shen 2009. Cor-
respondingly, the overall BH growth at late times (cf. Eq. 4.12) follows

1+—

M.ty 2) = Ma(m) |1+ 22— %
€

T> T (4.22)

T 1- (r/rb>1-w]

and the relic mass for v > 1, reads M, relic (¥, 2) = Mo [1+75/(w—1) T¢]. Such
a powerlaw behaviour is often adopted in empirical BH evolution models
and generically ascribed to a residual accretion related to viscosity in a thin
accretion disk (e.g., Yu & Lu 2008; Shen 2009); it has also been claimed to
be consistent with a few numerical simulations present in the literature (see
discussion by Habouzit et al. 2022).

Third, we vary the adopted Magorrian relationship (cf. Eq. 4.15) from
the debiased determination by Shankar et al. 2016, 2020a based on dy-
namical BH masses to that by Reines & Volonteri 2015 based on single-
epoch virial estimators for locally active BHs (calibrated on a subsample of
reverberation-mapped AGNs):

M, M
M38 (A, 2) ~ 7.45 + 1.05 log ——*

lo
YA 101 M,

+nlog(l+z), (4.23)

where for consistency we retain the same redshift dependence adopted in
Eq. (4.15).

Finally, we vary the radiative efficiency e, of the thin disk regime (see
Eq. 4.11) from our fiducial value 0.15 to 0.3; the latter is close to the limit
applying for maximally spinning BHs. In fact, some theoretical works (e.g.,
Volonteri et al. 2013; Sesana et al. 2014; Griffin et al. 2019; Izquierdo-Villalba
et al. 2020) have pointed out that the population of high-z BHs might be
maximally spinning, so it is interesting to check the effect of this assumption
especially on the AGN luminosity function at high redshift z 2> 6.

Fig. 4.10 shows that the most critical assumptions are, not surprisingly,
the adopted main sequence and Magorrian relationships, that clearly affect
the timescale of BH growth and the final BH masses, hence the resulting
AGN luminosity function and BH mass function. As for the Popesso main
sequence, it causes both a reduced number density of galaxies with high
SFR, and a smaller stellar mass at a given SFR. This yields smaller BH masses
hence a lower and steeper BH mass function. At the same time, with the
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Popesso main sequence shorter timescales are available for BH growth, im-
plying minor variations in the Eddington ratio and correspondingly lower
luminosities. As for the Magorrian relation by Reines & Volonteri 2015, it is
flatter than our reference case and tends to yield lower BH masses for stel-
lar masses M, > a few 10'° M, and vice versa. Overall, this naturally origi-
nates an AGN luminosity function and a local BH mass function pumped at
the faint end and depressed at the bright one, while the change in the aver-
age Eddington ratio is minor. Adopting a power-law shape of the declining
portion in the BH accretion rate curve affects somewhat the AGN luminos-
ity functions, while the impact on the Eddington ratio distribution and on
the BH mass function is limited. Finally, we also highlight that adopting a
high value ey;, ~ 0.3 of the thin disk radiative efficiency implies higher Ed-
dington ratio A. This is seen by combining Egs. (4.10) and (4.11) given that
Tef Stays put since it is determined for a final BH mass by the Magorrian re-
lation and the main sequence timescale. In the end this originates higher
AGN luminosity functions, which better agree with observational estimates
for z > 6; this is particularly interesting since, as mentioned above, higher
efficiencies associated to quickly spinning BHs are mostly expected toward
such high redshifts.

4.3.3 The Overall BH mass function

In Fig. 4.11 we illustrate the overall black hole mass function, from the stel-
lar to the (super)massive regime, over more than ten orders of magnitude in
BH mass. The stellar regime for M, < 10 M, is taken from Chapter 3 and
strictly associated to the star formation process in galaxies. In our frame-
work, the intermediate mass regime M, ~ 10%~° is mainly associated to the
formation of heavy BH seeds by migration of stellar BHs via gaseous dynam-
ical friction at the centre of star-forming galaxies; the migrating stellar mass
BHs are a very tiny fraction of the total number, so that the number density
of these intermediate BHs is substantially lower than the stellar one. Finally,
the (super)massive regime M, ~ 105719 M, is mainly populated by the BHs
that have grown to large masses (from heavy seeds) via Eddington-type gas
disk accretion. Most of such massive BHs are active at high redshifts z > 6,
so that the BH mass function in the intermediate and (super)massive regime
is continuously connected. On the other hand, moving toward lower red-
shifts the mass function in the (super)massive range increases because relic
BHs grown by disk accretion accumulate, while the number of intermedi-
ate mass BHs diminishes since the dynamical friction process becomes less
efficient and the overall production of stellar mass BHs also lowers (follow-
ing the progressive decline in the amount of star-formation within galaxies).
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FIGURE 4.11: The overall BH mass function from our semi-empirical framework,

from the stellar to the intermediate to the (super)massive regime, at different red-

shifts z ~ 0 (cyan), 1 (orange), 2 (green), 4 (red), 6 (purple), and 8 (brown). The

coloured boxes illustrate the mass and density ranges from other seed formation

channels (see Volonteri et al. 2021): remnants of the first massive pop-III stars (red

box), direct collapse of primordial gas clouds (green box), and runaway stellar or BH
mergers in compact primeval star clusters (yellow box).

This is at the origin of the discontinuity (or gap; see Trinca et al. 2022 and
Spinoso et al. 2022 for a similar behaviour) between the intermediate and
(super)massive mass function around M, < 108 Mj; it is pleasing that this
transition occurs at around the typical value usually considered to separate
intermediate from supermassive BHs.

For reference, in Fig. 4.11 we have also illustrated as coloured boxes
the mass and density ranges expected from other classic seed formation
channels (taken from Volonteri et al. 2021, see Fig. 4.12): remnants
of the first massive pop-III stars (red box), direct collapse of primordial
gas clouds (green box), and runaway stellar or BH mergers in compact
primeval star clusters (yellow box). These distributions mainly originates
in (proto)galaxies at z > 10, and are then progressively eroded (but not
substantially refurnished) at lower redshifts, when the seeds merge together
or accrete gas and become more massive BHs (e.g., Mayer & Bonoli 2019;
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FIGURE 4.12: From Volonteri et al. 2021. Cartoon of the general shape of stel-

lar BHMFs (blue shaded area) and supermassive BHMF (light and dark grey area).

Shaded red, yellow, and green boxes show the number density of possible origins

of BHs for first star Pop-III remnants, runaway and hierarchical mergers and direct
collapse of gas clouds respectively.

Volonteri et al. 2021; Trinca et al. 2022; Spinoso et al. 2022). This is at vari-
ance with our framework, where heavy seeds are continuously produced
across cosmic times by the migration and merging of stellar-mass BHs as-
sociated to star formation in galaxies. In view of the above, if present, such
classic seed formation channels are expected to enhance somewhat the BH
mass function in the range M, ~ 10>~° M, especially at redshifts z > 8. At
later cosmic times, classic formation channels will feature a substantially
eroded distribution in the intermediate mass range, so that their impact on
our BH mass function should be minor. However, in a future work it would
be interesting to perform a detailed investigation of the cooperative action
of all these seed formation mechanisms across cosmic history.
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4.4 Summary and Outlook

In this Chapter we have provided an ab-initio computation of the (su-
per)massive BH mass function across cosmic times (see Fig. 4.1). To this
purpose, we have started from the redshift-dependent galaxy statistics (con-
stituted by the SFR functions) and have modelled the joint evolution of the
central BH mass and the stellar mass of the host (see Fig. 4.2). We have con-
sidered two mechanisms to grow the central BH, that are expected to coop-
erate in the high-redshift star-forming progenitors of local massive galaxies.
One is the gaseous dynamical friction envisaged by Boco et al. 2020, that
can cause the migration of stellar-mass BHs originated during the intense
bursts of star formation toward the gas-rich central regions of the host pro-
genitor galaxies; this leads to the buildup of an heavy BH seeds < 10° M,
within short timescales < a few 107 yr. The second mechanism is the stan-
dard Eddington-type gas disk accretion onto the heavy seed, through which
the central BH can become (super)massive within the typical star-formation
timescales < 1 Gyr of the host galaxy, as set by the galaxy main sequence. We
have self-consistently combined these mechanisms to compute the overall
growth rate functions of the central (super)massive BHs (see Fig. 4.3).

We have validated our approach by consistently reproducing the ob-
served redshift-dependent bolometric AGN luminosity functions (Fig. 4.4),
the observed Eddington ratio distributions (Fig. 4.5), and the observed re-
lationship between the star-formation of the host galaxy and the bolomet-
ric luminosity of the accreting central BH (Fig. 4.6). We have then derived
the relic (super)massive BH mass function (Fig. 4.7) and BH mass density
(Fig. 4.8) via a generalised continuity equation approach, finding a pleasing
agreement with the most recent observational estimates at z ~ 0 (Fig. 4.9).
All in all, we have found that the present (super)massive BH mass density
amounts to p, ~ 6 x 10° My Mpc3, in accord with available estimates.

We have stressed that in the absence of the dynamical friction process,
statistical observables like the AGN luminosity functions are not substan-
tially affected, since most of the BH mass is accumulated in the gas disk ac-
cretion phase. However, to attain BH masses > 10° M, within the typical
star-formation duration < 1 Gyr of the host galaxy without such dynamical
friction process is challenging, especially at high redshifts z = 6 or for over-
massive BHs that are upper outliers of the average Magorrian relationship.
In such a case, the BH growth must proceed at appreciably high Eddington
ratios A > 1and/or starting from heavy BH seeds M, ~ 103% M. The firstin-
stance can be partially justified theoretically but struggles somewhat against
present observational estimates, the second would require a specific mech-
anism, alternative to gaseous dynamical friction, designed to obtain such
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massive seeds.

Finally, putting together the results from Chapters 3 and 4, we have
reconstructed the overall BH mass function from the stellar to the (su-
per)massive regime over more than ten orders of magnitude in BH mass. At
the same time, we have provided a robust theoretical basis for a physically-
motivated heavy seed distribution as a function of redshift. At variance with
classic seed production channels, in our framework the heavy seed distri-
bution is time-dependent: heavy seeds are continuously produced by the
merging of light seeds originated from star formation via the gaseous dy-
namical friction mechanism; but they also grow via standard Eddington-
type accretion, and soon leave the intermediate mass regime to become (su-
per)massive. It would be extremely interesting to implement such a time-
dependent seed distribution in analytic and numerical models of BH for-
mation and evolution.
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Chapter 5

Conclusions, Secondments, and
Future Prospects

Below will be a summary of all which had been discussed throughout this
thesis, highlighting the main elements and results from Chapters 3 and 4
and laying out avenues of future development which could be undertaken.

5.1 Summary

The foundational idea of this thesis has been to derive the complete black
hole mass function from stellar to supermassive. We have taken a statistical
approach, seeking to recreate observational restraints, by taking as an in-
put basic empirical relations and simulation outcomes with added minimal
modelling. This approach has worked to the model’s strength, allowing it to
be modular in it construction and able to test alternative scaling relations
and stellar evolution simulations, where in the instances of replacement of
said elements of the foundations we have seen the model remains consis-
tent.

Due to the breath of the task, a requirement to understand a full range of
astrophysical fields is necessary. Our stellar black hole mass function stands
at the end of stellar evolution, whilst the supermassive variant require the
knowledge of accretion models necessary to overcome the observational re-
straints of the high-z quasar problem. Chapters 1 and 2 have, therefore, been
expansive, requiring a working understanding of many disciplines tangen-
tial to the main body of this work. This vast net does, however, provides our
model with multiple observational checks to ensure it remains consistent
with current understanding. We, therefore, appreciate the wide reaching
nature of deriving a complete black hole mass function, and the challenges
self-consistency has presented to ensure the results of this work are robust.

In Chapter 3, we consider the results of the stellar evolution code SEVN to
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analysis three pathways - single stellar evolution, failed binaries, and bina-
ries - allowing for the formation of stellar mass black holes. Using galactic
statistics we were able to expand this further into the formation of a stel-
lar black hole mass function. The model remained robust when using alter-
nate scalingrelations, alternative stellar evolution codes revealed the critical
impact of our model’s pathways, and the implementation of the mergers of
binaries allowed for comparisons to LIGO/Virgo observations and consid-
eration of (young) star clusters, whose addition had limited impact on the
overall stellar mass function whilst increasing our merger binary distribu-
tion.

We completed our total mass function in Chapter 4 through the deriva-
tion of the supermassive black hole mass function via gaseous dynamical
friction and standard Eddington accretion through the use of the continuity
equation. Our stellar black hole mass function provided the distribution for
stellar mass black holes that would inspiral towards a central black hole al-
lowing for it to rapidly grow through its lower mass phase (M, < 108~ M),
when accretion is much slower. The combination allowed for the overcom-
ing of the high-z quasar problem, and analysis via the creation of a lumi-
nosity function through the tracking of Eddington ratios. Additionally, we
found our method to show good agreement with other determinations of
the supermassive black hole mass function.

5.1.1 Conclusions

The derivation of our stellar black hole mass function concluded with the
following:

* Through the use of galaxy distribution statistic, parameterised via star
formation rate, stellar mass, and metallicity, along with the compact
remnant distribution calculated through the use of stellar evolutionary
codes, a stellar black hole mass function can be derived. See Sect. 3.2
and Figs. 4.1.

* Such a function consists of a flat shape up until m, < 50 Mg, pre-
dominantly made up of black holes birthed from single stellar evolu-
tion when assuming a binary fraction of f,, = 0.5; A rapidly declining
high mass tail obtained through binary and failed binary star systems,
where mass exchange is able to push remnants to higher masses cul-
minating in a peak at m. ~ 10>!M,. See Fig. 3.7.

* Binaries provide a limited contribution to the mass function, but serve
as ainvaluable tool for comparison to observational data through their
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possible mergers (see Fig. 3.10). Overall the implementations of merg-
ers in the mass function provides a limited transfer of mass from low
to high masses (see Sect. 3.2.3 and Fig. 3.9).

* The distribution of primary masses for black hole binaries agree re-
markable with LIGO/Virgo gravitational wave data for m. < 40 Mg.
Whilst the mass gap caused by both pulsational and non pulsational
pair instability supernovae, as well as the mass loss due to the common
envelope of tight black hole binaries, caused a rapid drop at higher
masses. The possible solution of high merger environments, such as
(young) star clusters, can be implemented with limited cost to the over-
all stellar mass function. See Sect. 3.4.2 and Fig. 3.14.

* The mass function remains of consistent form when undergoing
changes in key fundamental relations, such as the star forming main
sequence of galaxies and the fundamental metallicity relation. The
most dramatic changes occur when shifting the stellar evolutionary
code, though further investigation into additional algorithms would
be required to determine the exact cause of these changes. Numeri-
cal simulations of stellar evolution are subject to large uncertainties in
parameterising factors, such as the common envelope parameter, and
further work could be completed regarding the interactions with this
model and the underlying numerical simulations. See Sect. 3.4.1 and
Fig. 3.12.

* The local stellar black hole relic mass density amounts to p. ~ 5 X
107 My Mpc3, exceeding by more than two orders of magnitude that
in supermassive black holes; this translates into an energy density pa-
rameter Q. ~ 5x1074, implying that the total mass in stellar black holes
amounts to < 1% of the local baryonic matter. See Fig. 3.8.

* This stellar black mass function will be able to serve as a light seed dis-
tribution at high-z. We see good comparison between our model and
alternate channels - such as Pop-III stars, direct collapse of gas clouds,
and mergers in nuclear star clusters - for the formation of high mass
(me = 150 My,) stellar mass black holes at z ~ 10. See. Sect. 3.4.3 and
Fig. 3.16. It is note worthy that this light seed distribution could be im-
plemented in the prediction of future gravitational wave observatories,
in particular those of the Einstein Telescope and LISA.

Regarding the supermassive black hole mass function our key takeaways:
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e Supermassive black holes can grow in a reasonable time through the
implementation of a twofold accretion model. Beginning with ini-
tial growth via gaseous dynamical friction, through the migration and
merging of stellar mass black holes, allows for the rapid overcoming of
the low mass accretion hurdle. After which standard Eddington gas ac-
cretion becomes the dominant channel of mass growth. The resulting
supermassive black holes are concordant with observational restraints
set out by the discovery of high mass (M, > 10°M;) quasar at z > 7. See
Sect. 4.2 and Fig. 4.1.

* Our model is able to recreate the observed luminosity function of
AGNs, and is in good agreement with other estimation of the super-
massive black hole mass function. Though our approach does not in-
clude arapid decline at higher masses, this is due to our choice of stan-
dard (not super) Eddington accretion, which does not compromise our
AGN luminosity function. See Sect. 4.2.6 and Fig. 4.4.

e Both our Eddington ratio distribution and co-evolution plane (Lagn—w
relation) are in remarkable agreement with observed data. See Sect.
4.2.6 and Figs. 4.5 and 4.6.

e The model does not rely on gaseous dynamical friction, though the act
of turning off the mechanism forces Eddington ratios A 2> 1, particular
for z 2 6 candidates, so that seeds can arrive at masses in agreement
with the extreme end of our Magorrian relation. Such rates of accre-
tion are not theoretically restricted, but constitute a challenge when
compared to observational restrictions; the formation of a heavy seed
through an alternate channel could alleviate this tension but presents
challenges of justification through detection. See, in particular, the
comparison between the solid and dashed line in Fig. 4.4 and Fig. 4.2.

* Once more we have tested our model through the exchanging of fun-
damental relations. We find the most variation in the derived AGN lu-
minosity function, thatin most instances is recovered in the Eddington
ratio distribution and supermassive black hole mass function showing
a robustness to change. We believe our original assumptions are the
most applicable under current observational restraints. See Sect. 4.3.2
and Fig. 4.10.

* We find a present supermassive black hole mass density of p. ~ 6 x
10° M, Mpc ™2, in accordance with available estimates. See Fig. 4.8.

Separately, our conclusion for the total black hole mass function:
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» The ultimate goal of this thesis has been to produce a self-contained,
self-consistent black hole mass function from stellar to supermassive
spanning ten orders of magnitude of mass. See Fig. 4.11.

* We have allowed the growth of black holes to supermassive masses, via
gaseous dynamical friction and kept track of their movement through
redshift using the continuity equation. This approach allows us to
track the formation of intermediate mass black holes as they become
supermassive, meaning we are able to connect our stellar and super-
massive black hole mass functions; as well as serving as a heavy seed
distribution.

e Our time dependent complete black hole mass function could find ser-
vice in numerical simulations and semi-analytical models, and the use
of it would be of keen interest; such as TOPSEM (Boco et al. 2023).

* Lastly, the integration of our total black hole mass function returns a
staggering prediction for the number of black holes in the observable
Universe, 40 x 108, with the overwhelming majority coming from stel-
lar mass black holes.

5.2 Additional Work During ITN Secondments

Tangential to this thesis, time was spent undertaking secondments work-
ing with observational catalogues of AGNs to produce their Eddington ratio
distributions. In particular, we examined IR and X-ray catalogues since this
data would capture different phases of a supermassive black hole’s growth.
Sadly, this work is highly preliminary, thus these results will be presented
without explanation and are to show additional avenues taken during the
course of this thesis.

The IR work was undertaken, during a secondmentin Durham, using the
same catalogue as seen in Andonie et al. 2022. Analysing IR data is of cru-
cial importance, because the dusty atmosphere of the host galaxy absorbs
optical/UV light and reemits it in the Far-IR band. Since we expect the main
growing phase of a central supermassive black hole to occur during the main
star forming period of the host galaxy, the IR luminosity Lig of AGNs allows
for the probing of this period (this is the rise towards the peak seen in Fig.
4.2). This is reflected in the top panel of Fig. 5.1 where you can see typical
Eddington values clustering around A ~ 0.3.

The X-ray work was undertaken, during a secondment in Athens, using
the catalogue of Georgakakis et al. 2017. X-ray observations of AGNs cover
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FIGURE 5.1: Top panel: Eddington ratio distribution for IR sources using the cat-

alogue from Andonie et al. 2022. The blue histogram shows sources with z de-

termined using spectroscopy methods, whilst the orange those using photome-

try. Bottom panel: Eddington ratio distribution for X-ray sources using the cata-

logue from Georgakakis et al 2017. Sources are divided into z bins spanning ranges
0.5 <z < 1.0 (blue), 1.0 < z < 1.5 (orange), 1.5 < z < 2.0 (green).
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the complete spectrum of black hole growth phases, including both the very
early phase as well as the later decline. As a consequence the derived Ed-
dington ratio distribution is very broad with a prominent tail towards low A,
centred around A ~ 1.8. See the bottom panel of Fig. 5.1

The goal of this supplementary work was to begin a series of comparisons
between the outputs of our model and the wider observational community.
In particular, we see that IR and X-ray data will provide us an opportunity to
scrutinise further the complete model. It should be stressed that the time
possible for secondment work allowed for the ignition of ideas that have
led to potential projects that could improve the model beyond its current
form, and that we enjoy the prospect of spending more time working with
the teams developing these catalogues to greater understand the benefits of
our mutual aspirations.

5.3 Future Prospects

It would be interesting to exploit the galactic and stellar evolution prescrip-
tions adopted here to populate a N-body simulation via subhalo clustering
abundance matching technique (e.g., Ronconi et al. 2020) in order to derive
a mock catalogue encapsulating the three-dimensional spatial distribution
of stellar-mass BHs and of their galactic hosts. Another development could
be a more detailed comparison of the properties of (super)massive BHs and
host star forming galaxies, for example in terms of Eddington distributions
as a function of BH environment and host galaxy properties (SFR, stellar
mass, nuclear obscuration, etc.; e.g., Aird et al. 2018; Ananna et al. 2022).
Moreover, we plan to work out predictions for upcoming or future ob-
servations via space instruments like the James Webb Space Telescope and
Athena. Specifically, young BHs lying at the centre or wandering in the nu-
clear regions of dusty starforming hosts may be detectable, even in the early
stages of growth, via their X-ray and/or strongly extincted UV emissions; the
latter could constitute a probe for the existence and abundance of interme-
diate mass BHs and could provide a characterisation of their main growth
mechanisms. Finally, we aim to exploit the BH mass function derived here to
estimate the rate of (super)massive BH mergers. Although their effect on the
overall mass function is expected to be mild and confined at the very mas-
sive end and late cosmic times, these events can constitute powerful sources
of gravitational waves (e.g., Barausse & Lapi 2021). Thus we will provide de-
tailed forecasts for their detectability by the Laser Interferometer Space An-
tenna mission and by present and future Pulsar-Timing Array experiments.
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