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ables novel non-equilibrium phenomena with no counterpart in conventional quantum
systems with local interactions. Much of the theory work in this area either focussed
on the impact of variable-range interaction tails on the physics of local interactions or
relied on mean-field-like descriptions based on the opposite limit of all-to-all infinite-
range interactions. In this Report, we present a systematic and organic review of recent
advances in the field. Working with prototypical interacting quantum spin lattices
without disorder, our presentation hinges upon a versatile theoretical formalism that
interpolates between the few-body mean-field physics and the many-body physics of
quasi-local interactions. Such a formalism allows us to connect these two regimes,
providing both a formal quantitative tool and basic physical intuition. We leverage
this unifying framework to review several findings of the last decade, including the
peculiar non-ballistic spreading of quantum correlations, counter-intuitive slowdown
of entanglement dynamics, suppression of thermalization and equilibration, anomalous
scaling of defects upon traversing criticality, dynamical phase transitions, and genuinely
non-equilibrium phases stabilized by periodic driving. The style of this Report is on the
pedagogical side, which makes it accessible to readers without previous experience in
the subject matter.
© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

Contents

1. INETOAUCTION. c.ceuitiiereereeteesteetetteesteesse st et eseet e e ste e sesessesessesessestesensesssensssessssesaesensesessens 3
2. Equilibrium properties of long-range interacting quantum SPiN SYSTEIMS .....cceceevereerereerererrereeresseesseessessesessesenens 4
2.1.  Variable-range qUantum XY MOGE] .....cecueoeereiirreeieeeieeeteieteiesteeteestesesassestesssessesessesesssesesassessesensesassssessesessesssensesensssensessnsanes 4

2.2.  Equilibrium phase diagram in @ NUESHEIL .....cccoueeieeeieeeeeeeteestecte ettt ste e et se s se st e et e s e s e esse s e et e e se e sansssansesensanen 5

2.3. Low-energy spectrum with infinite-range interactions (@ = 0)..cccceeeererertrureeererertreneeserteeeseeeststeseseeseststeeeesesessesesenenes 6
2.3.1.  Mean-field theory as an eXact classiCal HIMI ....coeoeceererueerenerirereeestetreeete ettt et e eessenens 6

2.3.2.  Collective quantum fluctuations and eXCItAtiONS ........ceeueuerererererreeresererieetrtete ettt e esesesse e se et sesseessesssenens 8

2.3.3.  “SPIN-WAVE” EXCITATIONS .uerverrrrerreersrresrerersessssesseressesessessssessssessesessesessessssessssestssessesessssessessssestesessesessesessesassessosassesessens 10

2.4.  Finite-range iNteraCtions (( > 0).iccevecererererrereresesresteressesessesessestssessesessesessesessestssestosessesessesessessssestesessssessesessessssessossssssessssesseses 11

* Corresponding author.
E-mail addresses: ndefenu@phys.ethz.ch (N. Defenu), alessio.lerose@unige.ch (A. Lerose), pappalardi@thp.uni-koeln.de (S. Pappalardi).

https://doi.org/10.1016/j.physrep.2024.04.005
0370-1573/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).


https://doi.org/10.1016/j.physrep.2024.04.005
https://www.elsevier.com/locate/physrep
http://www.elsevier.com/locate/physrep
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physrep.2024.04.005&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:ndefenu@phys.ethz.ch
mailto:alessio.lerose@unige.ch
mailto:pappalardi@thp.uni-koeln.de
https://doi.org/10.1016/j.physrep.2024.04.005
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

2.4.1.  Perturbation to mean-field........
2.4.2. Quantum paramagnetic phase..
2.4.3.  Quantum ferromagnetic phase.
2.5.  Structure of the spectrum beyond linear spin-wave themy ........
3. Low-energy dynamics......
3.1.  Spreading of correlations.....
3.1.1.  Weak long-range regime (o > d)
3.1.2.  Strong long-range regime (0 < a < d).........
3.1.3.  Other directions.......
3.2.  Metastability......... .
3.2.1.  State of the art......
3.2.2.  Quasi-stationary states and spectral properties
3.2.3.  Equilibration in presence of disorder .........
3.3. Kibble-Zurek mechanism.......
3.3.1. State of the art......
3.3.2.  Quasi-static dynamics for « = 0
3.3.3.  Adiabaticity breaking
3.3.4. Full counting statistics of defects
3.4. Dynamical quantum phase transitions — Loschmidt echo.............
3.4.1.  Spherical spin-wave theory ......
3.4.2. Step approximation. .
3.4.3. Strong long-range regime..........
4. Dynamics in highly excited states..... .
4.1.  Quench dynamics of fully-connected spm systems (a =0) .......
4.1.1.  Mean-field classical limit
4.1.2. Dynamical phase transitions — Order parameter ............
4.1.3.  Semiclassical dynamics of quantum fluctuations
4.1.4. Scrambling dynamics
4.1.5. Entanglement dynamics
4.2. Quench dynamics of long-range interacting spin systems (o > 0)
4.2.1. Dynamics of quantum fluctuations with finite interaction range.....
42.2. Prethermal freezing of spin-wave excitations
4.2.3. Impact of finite-range interactions on dynamical phase transmons
4.2.4. Scrambling dynamics with variable-range interactions .
42.5. Entanglement entropy dynamics: Spin-squeezing vs qua51part1cle plcture .........
5. Dynamical phases induced by periodic driving..
5.1.  Kapitza phases.... .
5.1.1.  Fully-connected llmlt a = 0: Non-equilibrium phases by driving ...
5.1.2. Quantum many-body Kapitza phases for « > 0
5.1.3.  Prethermalization and heating ...
5.2. Discrete time crystals
5.2.1. Mean-field DTC ......
5.2.2.  Finite-size and finite-range effects
5.2.3.  Order parameter....
6. Conclusions and perspectives ............ .
CRediT authorship contribution statement.........
Declaration of competing interest.....
Acknowledgments...........
Appendix A. Semiclassical spectrum
Appendix B. Semiclassical description of fully- connected systems .........
B.1.  Semiclassical approach...........
B.2.  Classical limit of permutationally 1nvar1ant systems .
B.3. Beyond global permutational symmetry.
Appendix C. Asymptotic estimates for fi(«).........
C.1.  Strong long-range regime (0 < o < d)...
C.2. Weak long-range regime (« > d) .
Appendix D. Exact solution of quasi-static drive for a smgle mode .......
D.1.  Fidelity and defect density....
D.2.  Slow quench to the critical point
D.3.  Full ramp
Appendix E. Entanglement dynamics in other long-range interacting models...........
E.1.  Quantum Ising chain in a tilted field......
E.2. Short-range perturbations to collective spin models
Appendix F. Floquet Hamiltonian and high-frequency expansion

2



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

RETEIEIICES ..vuveverrrrereerteintiieteestestesesteesssaessesessesassesessessssessasessesassestsessssestesessesessestesessesessesestesesssstesessssessssestesessesessesestesesseseesensesessesessoses 75

1. Introduction

An increasing interest in quantum many-body physics with long-range interactions is being driven by growing
experimental capabilities in controlling and manipulating atomic, molecular, and optical systems (AMO). Currently, various
platforms such as Rydberg atoms, dipolar quantum gases, polar molecules, quantum gases in optical cavities, and trapped
ions, have native two-body long-range interactions which can be modeled as algebraically decaying J/(Ar)* with the
distance Ar[1-6]. The exponent « can in some cases be experimentally tuned — e.g. through off-resonant coupling of
internal levels of trapped ions to motional degrees of freedom|[1,7], or trapping neutral atoms in photonic modes of a
cavity [8,9]. Additionally, the effective interaction range can be efficiently tuned in systems of Rydberg atoms in one- and
two-dimensional arrays[10,11] or by Rydberg dressing [12,13].

The versatility of the aforementioned AMO platforms spurred intense theoretical and experimental explorations. These
studies established that long-range interactions provide clear routes to circumventing the constraints imposed by either
conventional thermalization [14] or conventional bounds on information spreading [15]. Accordingly, the prominent
collective character of systems with long-range interactions can lead to a kaleidoscope of novel phenomena which cannot
be observed in systems with local interactions. Major examples include: the observation of “super-luminal” correlation
and entanglement spreading[3,16,17] (to be contrasted with the conventional light-cone behavior in presence of local
interactions[18]); dynamical phase transitions in low dimensions[19-25]; exotic defect scaling[26,27]; self-organized
criticality [28]; time-translation symmetry breaking [29-31]; quantum many-body chaos [32-34]. As such, control of long-
range interacting assemblies stands out as a promising ingredient for future quantum-technological applications, including
quantum metrology and quantum computation.

While this great diversity of platforms and research directions largely contributes to generate widespread excitement
about long-range interactions, it has at the same time certain drawbacks. The backgrounds and interests of the numerous
research groups active in this area span a very wide spectrum. On one hand, experimental interpretations are often based
on a few-body, mean-field-like way of thinking[8,9,35,36]. Albeit remarkably simple and powerful, this perspective may
fail to fully capture the complexity of non-equilibrium phenomena with long-range interactions. On the other hand,
theoretical investigations have often prioritized mathematically rigorous efforts aimed at characterizing the departure
from known properties of locally-interacting systems [37-45]. Albeit sometimes in synergy with experiments [7], this per-
spective may obscure the construction of an intuitive physical picture applicable to the broad range of out-of-equilibrium
phenomena mentioned above. Despite recent attempts to recompose the corresponding mosaic in equilibrium [46], this
complementarity of perspectives on similar phenomena still struggle to come together and cement a unified research
field and community. As a consequence, the current understanding of the out-of-equilibrium dynamics of long-range
interacting quantum many-body systems still seems to lack a systematic organization comparable to that of quantum
locally interacting [14] or classical long-range interacting[47] systems.

The purpose of this Report is to provide a systematic and intuitive theoretical approach to non-equilibrium phenomena
arising from non-random long-range interactions in quantum many-body systems. Our effort aims at bridging the various
complementary views in this wide research area and creating a unifying framework. We will review a selection of
significant findings in the field, emphasizing how they can be encompassed within a common basic theoretical language
and formalism. The approach reviewed in this Report is suited to bridge the simple mean-field description — which applies
to infinite-range interactions, i.e. « = 0 — to the description of systems with quasi-local interactions, i.e. « > d (where d
is the dimension of the system), which allow a well-defined notion of locality in spite of non-local interaction tails. The
strong long-range regime in between, i.e. 0 < a < d, will be the focus of this Report; we will frequently emphasize the
leitmotiv that the physics in this regime interpolates between conventional few-body and conventional many-body physics. The
reach of this unifying framework will be illustrated using prototypical models of interacting quantum spin lattices. This
choice does not only serve the purpose of directly relating our results to paradigmatic locally-interacting systems [48,49],
but it is also allows us to make direct connections with the major AMO experimental platforms recalled above.

This Report is organized as follows:

e Our journey will start in Section 2 with a review of equilibrium properties of ferromagnetic quantum spin systems
exemplified by a variable-range quantum XY model Section 2.1, including a discussion of the equilibrium phase
diagram upon varying parameters and interaction range (via «) Section 2.2 and a critical examination of the mean-
field limit Section 2.3. Hence, in Section 2.4 we will review the low-energy description in terms of bosonic excitations
(spin waves) across the phase diagram, with emphasis on spectral properties arising from a long interaction range.
Finally in Section 2.5 we will discuss spectral properties beyond linear spin-wave theory.

e The low-energy description reviewed in Section 2 can be used to investigate near-equilibrium dynamics. This
setup allows to study the peculiar properties of spatial propagation of quantum correlation in presence of long-
range interactions[50,51] as well as their unusual equilibration dynamics[52], reviewed in Sections 3.1 and 3.2
respectively. Both these phenomena can be studied in quantum quenches lying within the supercritical phase and,
therefore, only represent a small departure from equilibrium. More surprisingly, we are going to show that the
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low-energy description is also capable of addressing dynamical scaling phenomena arising after quenches across the
critical point. This is the case of the universal defect formation following a quasi-static sweep across the quantum
critical point [53,54], see Section 3.3 and the rise of dynamical quantum phase transitions [55], which we will treat
in Section 3.4 (the latter, however, will require to modify the simple low-energy description employed before).

e Section 4 is devoted to the study of dynamics far away from equilibrium, induced by quantum quenches. We will first
consider in Section 4.1 the fully-connected model with all-to-all uniform interactions, and examine the simplest
instances of dynamical phenomena in this limit, which can be understood in terms of few-body semiclassical
dynamics. For finite-range interactions, however, the motion of semiclassical collective degrees of freedom is coupled
to many quantum-fluctuation modes with various wavelengths. In Section 4.2 we review a systematic approach to
the resulting complex many-body problem, originally developed in Refs. [56,57]. As a first implication stemming from
this approach we will review lower bounds on thermalization time scales associated with long-range interactions,
establishing the genuinely non-equilibrium nature of dynamical phenomena in these systems. Hence, we will
examine the impact of many-body quantum fluctuations on dynamical criticality and quantum information spreading
far away from equilibrium upon tuning the interaction range. Throughout, we will highlight the role of long-range
interactions in generating novel phenomena.

e In Section 5 we will employ the methodology of Section 4 to describe coherent dynamics subject to periodic driving.
Here we will review how long-range interactions allow to stabilize genuinely non-equilibrium phases, without an
equilibrium counterpart, in low-dimensional quantum systems of the kind routinely realized in AMO experiments.
This will include phases that may be viewed as quantum many-body realizations of the celebrated Kapitza pendulum
(Section 5.1) as well as discrete-time crystals, which spontaneously break time-translation symmetry (Section 5.2).

e Finally, in the conclusive Section, we spell out the topics which are not covered in this Report: from effects of
inhomogeneities, to frustrated, random, or noisy interactions, to dissipative and monitored dynamics.

Throughout the presentation, our goal is to provide both physical intuition and systematic theoretical understanding
of experimentally relevant phenomena. We kept the style of the Report on the pedagogical side, as we hope this work
will also be useful to readers who are interested in taking their first dive into the realm of quantum dynamics in presence
of long-range interactions.

2. Equilibrium properties of long-range interacting quantum spin systems

In this Section we summarize and discuss basic equilibrium properties of quantum spin lattices with variable interaction
range, which will prove to be useful in the rest of this Report. For definiteness we will focus on a class of ferromagnetic
XY quantum spin models, introduced in Section 2.1, and review its equilibrium phase diagram in Section 2.2. We will
then work out its low-energy description in terms of bosonic excitations (“spin waves”) both in the fully-connected limit
(Section 2.3) and with finite-range interactions (Section 2.4), with emphasis on the peculiar features of the quasiparticle
spectrum such as discreteness [52,58], divergent group velocity [50,59-61], and dressing effects. Finally, in Section 2.5 we
will discuss finer low-energy properties beyond spin-wave theory, including domain-wall (de)confinement [62,63].

In this Section we will keep the model parameters fully general. In the rest of the Report we will frequently restrict
the model for simplicity, but all the results can always be straightforwardly extended, drawing on the general setup
introduced here and in Section 4.2.1 below.

2.1. Variable-range quantum XY model

Throughout this work we will consider a prototypical model implemented in AMO platforms, a quantum XY spin
model with tunable interaction range. We take a d-dimensional square lattice of N = L¢ quantum spins-s, i.e. with

A

(8) 4+ (9)% + (8%)? = s(s + 1)1, described by a Hamiltonian of the form

1+y .0 1-— yAA
. e ( a6+ 12V H)—hZ (1)

r,r

In this equation 6} = 8/ /s are operators corresponding to the normalized spin components in the u = x, y, z direction,
acting on site r = (rq, ..., rq) denote the sites of the square lattice r1,...,1rg = 1, ..., L. This represents a generalization
of the standard spin-1/2 case, where 6 reduce to the standard Pauli matrices. Such a normalization allows us to keep
track of the role of quantum fluctuations, which are suppressed in the classical limit s — oo. The quantity y parametrizes
the XY anisotropy. In this Report we will consider anisotropic spin systems, i.e. y # 0; for definiteness we assume y > 0
(negative values equivalent upon rotating the spins around the z-axis by 77 /2), and we will frequently set y = 1 (quantum
Ising model). We will occasionally comment on the isotropic limit y — 0 when relevant. The quantity h represents the
transverse magnetic field strength, which we assume h > 0 (negative values are equivalent upon rotating the spins around
the x-axis by ). Throughout this report we will always use units such that Planck’s constant is i = 1.

4



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

The ferromagnetic couplings J; v (o) = Jar(r) depend on the distance Ar = ||r — r’|| between the two involved sites,
and we will be interested in tuning their spatial range through the parameter «. Specifically, we consider interactions
algebraically decaying with the distance,’

J

Jrr(a) = e forr #£1'. 2)

To impose periodic boundary conditions, various equivalent choices of distance function are possible; we take ||r —r'|| =

\/Zﬁ;l[min(lru — r/gl, L—|r, — r"Ll)]Z. The overall constant J > 0 is chosen in such a way to fairly compare the models
with different «, i.e. to make the mean-field interaction strength J, independent of «:

Jo 1 1
= s Nyl == _ . 3
1= =2 2 lIr —r/[| 2

r

This prescription — known as Kac normalization [64] — is necessary to make the thermodynamic limit well defined for
a < d, where the divergence N, ; ~ L~ with the system size ensures that energy scales extensively. For « > d the Kac
rescaling factor saturates to a finite value in the thermodynamic limit A, ; — A,. Note that for ferromagnetic interactions,
the specific choice of the lattice does not alter the qualitative properties discussed in this review, as we will further
comment below.

Summary: We consider a d-dimensional quantum XY spin model with non-random ferromagnetic interactions that
decay algebraically with exponent «. The interaction strength is rescaled to make the ground-state energy density
independent of «.

2.2. Equilibrium phase diagram in a nutshell

For y # 0 and for ferromagnetic interactions J; v > 0 the system has an equilibrium zero-temperature phase transition
for small enough |h|, associated with the spontaneous breaking of its Z, spin-inversion symmetry of the x-component.
The longitudinal magnetization (6)) undergoes an abrupt change from (6;) = 0 in the unique paramagnetic ground state
for |h| > he to (6))+ = £m(h) # 0 in the two degenerate ferromagnetic ground states for |h| < he. When interactions
are local, the universality class of this quantum phase transition is the same as that of the (d + 1)-dimensional classical
Ising model [48].

The possible emergence of an ordered phase at finite temperature T > 0, i.e. of long-range ordered excited states at
finite energy density, depends on the dimensionality d and on the decay exponent « of the interactions. For strictly
finite range, finite-temperature order is stable only for d > 2; in this case, the universal properties of the thermal
phase transition are the same as that of the corresponding d-dimensional classical Ising model [48,65]. Increasing the
interaction range, however, enhances the effective lattice connectivity, somewhat similarly to the effect of increasing the
lattice dimensionality [66-68]. While frustration prevents antiferromagnetic interactions from creating collective ordering,
ferromagnetic interactions do cooperate to suppress the effect of spatial fluctuations, generally resulting in a qualitative
enhancement of the system’s ability to order as the interaction range increases [69].

The analogy between integer-dimension long-range systems and local systems in lower fractional dimensions has
been quantitatively tested in multiple studies in recent years, both in classical [68,72-74] and quantum [70,75] long-range
systems. Leading-order perturbation theory results support the exact correspondence between the universal behavior of
long-range interacting systems with dimension d and decay exponent « and locally-interacting system with dimension
dest = 2(d+2z)/(—d), where z is the dynamical critical scaling exponent [75-77]. Advanced renormalization group studies
highlighted deviations from this correspondence, which only occur beyond the leading order and hence remain small[70].
Therefore, it is possible to employ the effective-dimension relation above to get the qualitative shape of the phase diagram:
For o < %d the universal scaling behavior is captured by mean-field theory, while for %d < a < a, the system displays
correlated critical behavior influenced by the presence of long-range interactions. Finally, for « > «, the interaction tails
become irrelevant and the critical exponents coincide with the ones of the model with local interactions[70].

The location of «, was subject to multiple controversies, but the result o, = d+2 — 4 [68,72], with 7, the anomalous
dimension of the model with local interactions, appears now to be established [70] in agreement with extensive numerical
simulations in classical models[73]. Due to the dependence of «, on the universal equilibrium properties of the local
model, this boundary does depend on the particular model. For the model considered in this Report, the phase diagram
of the equilibrium critical problem is displayed in Fig. 1: in Fig. 1(a) we report the universality properties for different
dimension [70], while in Fig. 1(b) we show the phase diagram for finite temperature of the one-dimensional model [71].
Decreasing the decay exponent below the dimension of the system, i.e. « < d, does not produce any major implications
in the equilibrium critical scaling, but it does modify the thermodynamic properties. In the regime o < d the boundary

1 Note that for spins-1/2 the terms r = r’ produce an inconsequential additive constant E = ) _Ji /2, as Pauli matrices square to 1. Diagonal
terms may be important for higher-spin Hamiltonians. As a rule we will set J, = 0. We will occasionally comment on interesting phenomena
associated with spin self-interactions further below.
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(a) Ising Model (b) Finite temperature

Fig. 1. Phase diagram of long-range interacting quantum Ising model. Panel (a) draws the phase diagram of the Hamiltonian in Eq. (1) with y # 0.
There, mean-field theory properly describes the universal scaling behavior in the cyan shaded region. The white background with the red LR label
represents the region in the phase diagram where the universal behavior is correlated and influenced by the presence of relevant long-range
couplings. The boundary of the LR region is simply « = d + 2 in mean-field theory (vertical shaded line), but gets displaced to o, = d + 2 — n
by two-loop corrections (red line). Finally, the white area on the right of the red line signals the region of irrelevant long-range couplings where
the universal behavior is controlled by the local part of the interactions. Figure reproduced from Ref.[70]. (b) Finite temperature phase-diagram
of the one-dimensional Ising model, in the transverse field h, interaction exponent «, and temperature T space, in the units of J (without Kac
normalization). For o < 1, the system is in the mean-field regime (striped region), for « < 5/3 the mean-field universality is exact, while for o > 3
the model is in the same universality class of the short-range Ising model (dark gray). Figure adapted from Ref. [71].

contribution to thermodynamic quantities cannot be neglected (a property referred to as non-additive), leading to the
violation of several established equilibrium properties including the equivalence of thermodynamic ensembles[78].

Given this scenario, long-range interacting systems can be classified in the following way [46]: for « < d they are
in the so-called strong long-range regime, for d < a < «* they are in the weak long-range regime, while for ¢ > o*
one retrieves short-range properties.? In this Report we will mainly focus on quantum spin systems around the strong
long-range regime, i.e. 0 < « < d, and we aim at providing a cohesive picture for their distinctive dynamics.

In the light of the above discussion, the role of the spatial dimension is diminished in systems with variable-range
interactions, as the relevant parameter in equilibrium is the effective dimension des. Yet, the one-dimensional case is
particularly interesting: In presence of local interactions, d = 1 systems cannot exhibit ordering at finite temperature,
because isolated topological defects of a ferromagnetically ordered pattern (domain-wall-like excitations) cost a finite
energy [69]; a longer range of ferromagnetic interactions induces binding between domain walls, and hence a tendency
to stabilize ferromagnetic order. The effect of long-range interactions is thus most dramatic for d = 1: The algebraically
decaying interactions in Eq. (1) allow to stabilize ferromagnetic order in the thermodynamic limit upon decreasing «
below 2. This happens as the interaction potential between two domain walls becomes confining at large distances, such
that free isolated domain walls cost an infinite energy.

Summary: In equilibrium, the universal critical properties with J/(Ar)*-interactions are close to those of the locally
interacting version of the system (¢ = o0) in a higher effective dimension degs = 2(d+2)/(e —d). Ford = 1 and y # 0,
finite-temperature ordering becomes possible for o < 2.

2.3. Low-energy spectrum with infinite-range interactions (a = 0)

Let us start by discussing the exactly solvable infinite-range limit « — 0. This will be the starting point to analyze
the behavior for a > 0.

2.3.1. Mean-field theory as an exact classical limit

Increasing the range of interactions, by decreasing the exponent &« — 0, weakens spatial fluctuations, leading the
system toward its mean-field limit — similarly to the effect of increasing the system dimensionality d — oo. This can be
seen explicitly by rewriting the Hamiltonian (1) in terms of the collective spin components

N
=38 n=xyz, (4)
i=1

2 We warn the readers that the nomenclature we adopt here is far from being universally established in the vast literature on long-range
interactions.
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which gives the expression

~ Jo 1+y a0 1=V a0 h .

Hyeg = —— | —(&* —(&)y ) - -5, 5
0= (5B + () (5)

where we used | = Jo/(N — 1) & Jo/N. This expression highlights that the « = 0 Hamiltonian is a function of a single

degree of freedom: the collective spin. All other non-collective spin modes are frozen and do not participate in dynamics.

The collective spin magnitude $2 = (§%)2 +(5¥)2 +(5?) = S(S + 1) with S = Ns, Ns—1,Ns—2, ..., 0 or 1/2 is conserved,

[52, ﬁazo] =0. (6)

The Hilbert space sector Hs2_g(541) associated with the quantum number S contains gy s copies of a spin-S representation
of SU(2), where gy s = dim Hg,_; —dim Hg,_ This combinatorial number depends implicitly on s; in the simplest case
s = 1/2 we have

(N N 2541/ N+1 ,
g”’5_<N/2—s)_(N/2—5—1>_N+1<N/2—s>‘ @

In each such (2S + 1)-dimensional space, the Hamiltonian acts as Eq. (5) and it effectively describes a single spin of size
S.

For all states with large S growing with N, the thermodynamic limit N — oo is equivalent to a semiclassical limit for
the collective spin: The rescaled spin satisfies commutation relations of the form

YO i Y
?’? =§€Mup?§ (8)

and the Hamiltonian can be rewritten in terms of the rescaled spin as

. 1 SN2 1y /52 §z
Ha:oz(sm{—m [?(5) +Ty<§) }—hs}, 9)

where p = S/(Ns) is a constant depending on the collective spin sector, with 0 < p < 1. Thus, the system manifestly has
an effective Planck constant fief = 1/S. Keeping in mind that a meaningful thermodynamic limit requires to take Jop as
a constant independent of N, we conclude that the limit N — oo realizes a classical limit with a continuous spin

S+1°

S) 2
AN 10
S (10)
of (conserved) length 1 governed by the classical Hamiltonian I:Iazo/(S/s) ~ Hel,
= 1+ 1—
Ha(8) = —plo (Ty(s"f + Ty(sy)z) — hs?, (11)

Canonical variables can be taken as, e.g., S* = cos 6 and arctany(S*, &) = ¢.
The absolute ground state minimizes energy across all sectors; for ferromagnetic interactions the ground state is
realized for maximal collective spin polarization, S = Ns, i.e. for p = 1. A rigorous implication of the classical limit [79] is

~

that, as N — oo, the ground state expectation values (S)gs/S of the collective spin components converge to the minimum
point S* of the classical Hamiltonian 7 on the unit sphere. For later purpose it is convenient to define a rotated reference
frame (X, Y, Z) adapted to the ground state polarization, i.e., such that Z = S§*. Using spherical coordinates we can
parametrize

cos 6 cos ¢ —sing sin & cos ¢
X=|cosfsing |, Y=| cos¢ |, Z=|sinfsing |. (12)
—sin6 0 cos@

Crucially, the quantum uncertainty ((§X )2)<(§Y)2> associated with spin fluctuations in the transverse directions X and Y

spans a phase-space area of order he;; = 27 /S, which is vanishingly small as N — oo.>

The discussion above is valid for generic infinite-range Hamiltonians. For our model in Eq. (5), minimization of #y on
the unit sphere gives the ground-state polarization $* = (& sin8*, 0, cos 6*), with
0 forh > hg = plo(1+y)
0" = arccos (h) for0 <h < hg = pJo(1+y) (13)
plo(1+y)

3 This point will be further discussed at length in Section 4.1.3.
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The ferromagnetic phase transition at h = he, is associated with the bifurcation of the minimum. The ferromagnetic energy
£ = Ha(S*) = —pJo(1 4+ y)/2 — h?/[pJo(1 + )] is extremal for p = 1, in agreement with the claim anticipated above
and with intuition. See plots in Figs. 2(a) and 2(b).

Summary: The fully-connected Hamiltonian with @« = 0 is a function of collective spin variables only. The
thermodynamic limit realizes a semiclassical limit for the collective spin with an effective Planck constant scaling
as heg o< 1/N.

2.3.2. Collective quantum fluctuations and excitations

It is important to stress that, in spite of the exact classical limit, the ground-state wavefunction is not a product state of
N spins pointing in the direction S*: Collective interactions generate global (multipartite) quantum entanglement among
all spins. Such quantum correlations stem from quantum fluctuations of the collective spin around the average direction
S*. Such effects can be understood via semiclassical analysis to leading order in fe.

Let us first compute the low-energy spectrum of the infinite-range Hamiltonian (5) thought as a single-spin Hamil-
tonian, with S growing with N. The collective spin moves in an energy landscape whose depth grows with N. The
ground state wavefunction is localized around its global minimum (or minima). Expansion of #, around the minimum
gives access to the ground-state fluctuations and low-lying harmonic excitations. This can be conveniently done via a
Holstein-Primakoff transformation [80]: Recalling SE =S+,

§t =125 —bib b, (14)
§7=S5—b'h.

These equations represent an exact embedding of a quantum spin into a bosonic mode.

This procedure is simplest in the paramagnetic phase. For large h > h,, the ground state approaches the uncorrelated
state fully polarized along z, and the elementary excitations approach the tower of spin lowering excitations. For finite
h > h the collective spin fluctuates along the transverse directions — more prominently along the “soft” direction x and
more weakly along the “stiff” direction y.* Such fluctuations can be described by mapping S* and S to canonical bosonic
operators via Eq. (14),

x5,
¥~ Sp, (15)
szzs_A():s_qZ*pz_l
2
Using [q, p] = i one can check that for large S the spin commutation relations are satisfied by the right-hand sides

of Egs. (15) to leading order. In a classical phase-space description, the approximation given by the above truncated
Holstein-Primakoff transformation corresponds to replacing the surface of the sphere by its tangent plane at the North
pole.

Using Eq. (15), the Hamiltonian (5) can be approximated by neglecting terms of order 1/S, and hence easily
diagonalized. We find:

N hq -1 1 1-—
Bl ~ —Np h+77q aal p—ﬁ’(—+ya2+—yf»2> (16a)
2 S 2 2
] > T (>0) 1 A
= —Nph+ 7<7a) L ) +-o. fi, (16b)
S 2 S
where
w- =+/[h—plo(1—Ylh—plo(1+y), @ =h. (17)

The first term in the last line of Eq. (16b) represents the classical energy, and the second one is the variation of the
zero-point energy due to quantum fluctuations around the classical configuration. In the last term, 1 is the harmonic
excitation quanta of energy w- (not to be confused with the “bare” spin-lowering excitation quanta fi).

For h > h, the number (fp) = (§*> + p?> — 1)/2 of bare collective spin excitations in the ground state is finite, and it
diverges as h \{ h, signaling a critical phenomenon (see Fig. 2(d)). Indeed the energy gap w- /s closes at h = h;, with a
mean-field critical exponent 1/2 (see Fig. 2(c)). For h < h; the frequency w. becomes imaginary, which signals instability
of the paramagnetic state.

4 Recall that we assumed y > 0 for definiteness.
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Fig. 2. Equilibrium properties of the fully-connected quantum Ising model across the phase diagram. All quantities are computed for the
Hamiltonian (5) with y = 1, and display singularities at the phase transition h = 2J, with mean-field critical exponents. (The behavior of the
corresponding quantities for a general anisotropic XY model y # 0 is analogous.) Panel (a): The order parameter is determined by Eq. (13). Panel
(b): The ground-state energy density is the minimum of the classical energy (11) on the unit sphere. Panel (c): The dark-blue curve corresponds to
w. in Eq. (22) and w- in Eq. (17), respectively below and above the phase transition; the light-blue curve corresponds to wsy, cf. Eq. (24). Panel
(d): The number of collective spin excitations is computed by diagonalizing Eqs. (20) and (16a), respectively below and above the phase transition.
Panel (e): The bipartite (half-system) entanglement entropy in fully-connected spin models is a function of (fg) only, see Section 4.1.5 below; in
the quantum ferromagnetic phase, the finite-size ground state approaches a symmetric superposition of two symmetry-breaking ground states for
large N, which yields an extra bit of entropy; the divergence at criticality is logarithmic in system size, see Refs. [82,83].

In order to determine the ground state and the elementary excitations in the broken-symmetry phase, let us start
from some general considerations. For h < h; the classical landscape presents two symmetric minima, as discussed above.
Below the energy Eqyn = Ha(6 = 0) of the classical phase-space separatrix, two symmetric families of classical trajectories
fill the two energy wells. In the thermodynamic limit, this corresponds to two towers of pairwise degenerate energy
levels, associated with wavefunctions localized in the two wells. At finite size N, however, the energy eigenstates below
the critical energy are nondegenerate and alternately even and odd with respect to the Z, symmetry of the Hamiltonian.
For large N, they approach even and odd superpositions of the localized wavefunctions. The energy splitting between each
pair of quasidegenerate eigenstates is proportional to the quantum tunneling amplitude across the energy barrier, which
is exponentially small in the height of the barrier [81], and hence exponentially small in N. Accordingly, tunneling between
the two broken-symmetry sectors is practically suppressed even for moderate system sizes, and it is extremely fragile to
tiny symmetry-breaking perturbations. For these reasons it makes sense to consider the two towers of symmetry-breaking
states independently of each other.

To compute the spectrum explicitly, it is convenient to introduce a procedure which will lend itself to powerful
generalizations in the rest of this Report. We rewrite the components of the collective spin in a rotated frame (X, Y, Z),
cf. Eq. (12), by angle 6 in the xz-plane, i.e.,

S¥ = cos 6 §X +sin0 $7, =3, S = —sin0SX + cosH 5% . (18)
Performing a Holstein-Primakoff transformation with rotated quantization axis Z and neglecting terms of order 1/S,
X~ S,
Y .
82 52
o R -1
Zos—pp=s— LT
2
we get
N 1
Hyeo ~—N (h,o cos @ —I—]()%pz sin? 9)
N A
—@sin@(h—pjo(l—i-y)cose)q (20)
n2 + f)Z _ ~2

N

+ 1|:(p]0(1+y)sin29+hc059) d LEpIRe +y)c0529q5—pjo(1 ~7) ]

9
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In order for the bosonic variables to describe quantum fluctuations it is necessary to align the frame with the classical
configuration, in such a way that linear terms in the second line vanish. This condition leads to 6* as in Eq. (13). The
resulting quadratic Hamiltonian can then be readily diagonalized:

A N (14 7)) + - ws = o (21)
o~ — | — )+ -w-1,
T\ TP )T 2 s
where
_ 212(1 2 _ K2 2y 0) _ 1 22
wo=[[pe1+7) ]]ﬂ/, 0@ = plo(14y). (22)

Analogously to Eq. (16), the first term on the right-hand side of Eq. (21) represents the classical energy, the second one
expresses the shift in the zero-point energy due to quantum fluctuations around the classical minimum configuration,
while the last one [arising from diagonalization of Eq. (20)] is the energy of the harmonic excitations, withn =0, 1,2, ....

In Fig. 2 we plotted the exact ground state energy density £ [panel (b)], the energy gap of collective spin excitations
@~ - (dark-blue curve) [panel (c)], and the number of “bare” collective spin excitations (fip) [panel (d)], of the infinite-
range quantum Ising model (y = 1) in the thermodynamic limit N — oo, as a function of the ratio h/Jy. The results (16)
and (21) are asymptotically exact for n/N — 0, and fully nonperturbative in the Hamiltonian parameters h, Jo, y.
Systematic improvements in powers of n/N can be worked out with a more refined analysis[84]. This is particularly
relevant to understand the finite-size scaling w ~ N~1/3 of the energy gap at criticality h = h.: see Appendix A for an
elementary semiclassical derivation.

(For completeness, Fig. 2(e) also reports the ground-state bipartite entanglement entropy across the phase diagram.
This quantity can be computed numerically for large N [82] and compared with analytical calculations in the large-N limit
based on semiclassical fluctuations [83]. This analytical procedure can be deduced as particular case of the more general
discussion on entanglement dynamics in Section 4.1.5 below; for this reason, we do not discuss this here.)

Summary: The collective spin low-energy spectrum is described by bosonic excitations, obtained by a
Holstein-Primakoff expansion around the classical ground state.

2.3.3. “Spin-wave” excitations

The analysis above concerns collective spin quantum fluctuations and excitations within a fixed sector with collective
spin length S — and we are ultimately interested in the ground state sector with maximal S = Ns. Different families of spin
excitations lower the collective spin length to S = Ns — ng,, with ng,, = 0, 1, 2, .. .. (For reasons that will become clear
below, we will refer to the quantum number ng,, as the total occupation of spin-wave modes with non-vanishing momenta.)
Their spectrum can also be straightforwardly obtained from semiclassical arguments: Recalling the definition p = S/(Ns)
above, we have

=1-—. 23

o Ns (23)

Substituting into Eqgs. (16) and (21) and consistently neglecting terms of higher order in 1/N, we obtain the complete
spectrum of low-lying excitations above the ground state to leading order in n/N and ng,/N:

w. — o

2s

Ho o~ N h? 1 w. — a)(<0) 1 . 1 N
a=0 ¥ =2 ((1 T + Jo( +y)> +—a S(w<n+( + o fisw).
valid for h > (14 y)Jp and h < (1+ y)Jo, respectively. (Here w’s are taken at p = 1.) In Fig. 2(c) we additionally reported
the “spin-wave” excitation gap wsy, = h or Jo(1 + y) in the two phases. Note that the Hilbert space sector dimension
grows exponentially with ng, [cf. the exact expression in Eq. (7)]; however, because of permutational invariance, these
energy levels are exactly degenerate.

As discussed so far, the properties of infinite-range spin Hamiltonians can be efficiently computed either analytically
(via a large-N asymptotic expansion) or numerically (via exact diagonalization of the single-spin problem for S < N/2 ~
10%). In closing this Subsection it is worth to briefly mention that the Hamiltonian (5) is equivalent to the Lipkin-
Meshkov-Glick model of nuclear physics [85-87], which is actually Bethe-ansatz solvable [88]; however, this solution
is not practically useful for large N, and semiclassical or numerical techniques give much easier access to the relevant
information.

1
Hy,—o ~ —Nh + + g(w> i+ hitgy),

(24)

Summary: “Spin-wave” excitations — lowering the collective spin length — remain gapped and dispersionless
throughout the phase diagram for « = 0.

10
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2.4. Finite-range interactions («¢ > 0)

The tendency of long-range interactions to form collective spin alignment and to preserve it even in excited states
becomes increasingly prominent as « is decreased. To quantify this aspect, it is convenient to view a long-range interacting
system with finite exponent « as a “perturbation” of the infinite-range interacting system with all-to-all interactions
(¢ =0).

2.4.1. Perturbation to mean-field
This viewpoint can be made explicit by rewriting the Hamiltonian in momentum space. To this aim, we Fourier
transform the spin operators st for u = x, y, z

§l/:, — Z eilcrgﬁf , (25)
r
with
K=k =278/L, €=(Ly,....0q), €a=0,41,42, ..  +|L/2] (26)
(for L even ¢, = +L/2 coincide). We also define S = S¥ = iS}.. Note that
Skco=S=) & (27)
r

is the system’s collective spin. It is straightforward to separate the variable-range quantum XY Hamiltonian (1) into the
a-independent collective part — given by the k = 0 terms — and the “perturbation” controlled by «:

I:Ioz = Aot:O + ‘70! (28)
with?
. Jo
Vo = =29N ka(a)[ S STk 55 + v (S St + 5055 )] >
k#0

In Eq. (29) we defined the function

cos (k-r 1
30
fd@)= 2 g /Zonrna (30

r;ﬁo

which depends implicitly on the dimensionality d of the lattice, By construction, fy—o(a) = 1.

When a — 0 the couplings fio(cr) turn off [Eq. (33)], and H,, reduces to a Hamiltonian describing a single collective
degree of freedom. The effect of spatially modulated interactions @ # 0 is then to couple the collective spin to all
finite-wavelength modes describing spatially non-trivial spin fluctuations, resulting in complex interacting many-body
dynamics. The form of this coupling is dictated by the function fi(«). While the specific choice of the lattice may influence
the detailed form of fi(«), the physics of long-range interacting systems is only affected by the asymptotic behavior at
small k: In Appendix C we derive

Ale) B(a)
Sicezo() = fezzo(a) 0o e T @R

fizo(r) o 1—Ae)|k|* ¢ — Bla) k> fora >d. (32)

for0 <a <d; (31)

The sharp changes in behavior are summarized in Fig. 3, where we plot fi(«) for a range of values of @ and d = 1. Its
shape shrinks from fi(a — 00) = cosk to

Sl = 0) = ko (33)

becoming increasingly singular at k = 0 as « is decreased:

i, (@) = fol@) ~ c(a)|e| 717 fora < 1; (34a)
fila) ~ 1= c(a)|k|*! forl <a < 3; (34b)
fila) ~ 1= c(a)k? for & > 3. (34c)

For long-range interactions 0 < « < 1, the values of fi(«) progressively squeeze onto the vertical axis as L — oo; upon
zooming near k = 0 one finds a sequence of discrete finite values, see the right panel of Fig. 3 [52,58]. This phenomenon

5 Note that in this expression the various k-modes are not dynamically decoupled, since [5,’: 55] = ie““@l’}ﬂ.
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Fig. 3. Plots of the function f, x (30) for d = 1. (Left panel): fy(«) is shown for several values of «, for N = L = 500. The function squeezes towards
k=0for0<a <1 For 1 <a <2, fy(e) becomes a finite function with a cusp behavior for small k, while for « > 2 it is a cosine-like function.
(Central panel): fy(«) is shown for & = 0.7 and increasing values of N. Qualitatively similar behavior occurs for 0 < o < 1. Squeezing towards a
delta function as N — oo occurs with a speed N~ for @ < 1 and 1/InN for o = 1. (Right panel): a “zoom” of the plot in the bottom left panel
is shown, for larger values of N. The rescaled function in the vicinity of k = 0 converges to a finite limiting curve as N — oo. This discrete structure
approaches a continuum as « ' 1.

can be physically interpreted as follows: interactions decay so slowly with the spatial distance that the system behaves as
a permutationally invariant system over finite length scales, hence observables are unable to resolve finite wavelengths.
Only modes with extensive wavelengths k, o« 1/L may impact the physical properties. As « is increased to values larger
than d, all modes k # 0 get eventually activated.

Despite its simplicity, the result in Eq. (31) has significant physical implications: As we will show below, the low-
energy spectrum of a quantum system with long-range interactions remains discrete in the thermodynamic limit. In this
precise sense we may say that long-range interacting systems with 0 < a < d interpolate between few-body and many-body
physics.

At the same time, Eq. (32) showcases another fundamental properties of long-range interacting systems: the singularity
at small momenta gives rise to a divergent velocity of propagation of quantum information across the system for o < d+1,
violating the famous Lieb-Robinson light-cone bound of short-range interacting systems [15]. This property is actually
completely general, as it does not rely on any low-energy description. We will further discuss its consequences in
Section 3.1.1.

Summary: Finite-range interactions can be seen as a perturbation to the fully-connected Hamiltonian. Physically, this
perturbation couples the collective spin to spin fluctuation modes at non-vanishing momentum. Long-range interactions
preferentially generate coupling to long-wavelength modes only.

2.4.2. Quantum paramagnetic phase
We are now ready to compute the low-energy spectrum and properties of the variable-range quantum XY model (1).
For large h and arbitrary « the paramagnetic ground state is the spin-coherent eigenstate of S?,

|GShzoo) = 1) = X114 (35)

For finite h/Jy the ground state is a («¢-dependent) distortion of this state dressed by spin-lowering excitations. A
convenient approach to describe spin fluctuations in |GS,_..) is by mapping them to bosonic modes using the Holstein—
Primakoff transformation [80].

Unlike our discussion in Section 2.3.2, we now have to keep track of spatially-resolved fluctuating spin modes, which
we can conveniently do by working at the level of individual microscopic spins. Recalling the standard definitions
§;—“ =5+ is/, we can bosonize individual spin fluctuations around the positive z axis by setting

§ +> bi\/2s — biby, §F > /25— bib; by, § +> s — blby, (36)
where B,, BI are canonical bosonic annihilation and creation operators. Performing the substitutions (36) in Eq. (1) we
obtain an exact representation of the variable-range XY quantum spin model as a non-linear bosonic Hamiltonian, where
the state |} ) in Eq. (35) corresponds to the Fock space vacuum |#).

The mapping (36) should be understood as an embedding of the two-dimensional Hilbert space of a spin-1/2 in the
infinite-dimensional Hilbert space of a bosonic mode. The states |1 ) and || ) are mapped onto |0) = |#) and |1) = b'|?).

12



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

The operators on the right-hand sides of Egs. (36) act non-trivially on the full bosonic space; however, they are block-
diagonal, as their matrix elements between the physical spin subspace and its orthogonal complement are vanishing;
their action on the physical spin subspace coincides with the operators on the left-hand sides.

It is convenient to write the bosonic Hamiltonian directly in momentum space. To this aim, we define the Fourier-
transformed bosonic modes®

- 1 or s
bi = Wi Xr:e’ Thi . (37)
We now formally expand the Holstein-Primakoff mapping (36) in 1/s and Fourier-transform term by term:
a 5 £
Sic ~ (2Ns)"/2 by — 2(2Ns )1/2 Z 104, bay +ao -
- - 1 - .
+ 1/2 T
Sk ~ (2NS) b_k — W Z bq1+q2+kbql qu, (38)
q1.92
5= Ns o — B b
q
It is worth to stress here the connection with the previously introduced expansion. First of all, we immediately recognize
that the bosonic mode with k = 0 coincides with the previously introduced collective bosonic mode in Eq. (19).
Furthermore, by expanding S? using Eqgs. (38), one can check that fig_g = blT(:obkzo cancels to leading order [80]:
fisw =Ns —S = biby. (39)
Kks£0

This equation asserts that the total occupation of non-zero momentum spin-wave modes represents the collective spin
depletion, explaining the notations in Eq. (23).
Making the substitutions (38) into Eq. (28) we obtain an expression of the form

N 1 ~ N
Hy = |:(N5)150 + (Ns)°Hy + (Ns)"'Ha + - -- ] (40)
where:
& = H(z) = —h (41)
is the classical (mean-field) energy density of the paramagnetic state;
e~ BkBT + BT B,k BkB,k + BT ET
_ t k —k —k“k
Hy = §hbkbk - Ek:]ofk(“) ( > +y > (42)

describes semiclassical (Gaussian) spin fluctuations;

A=25 fe)

k.q1,92
T nt -
[(b a1, Das Pas Bl + B B, Bicta-+ap Boic + Dby B, Bty -rqp + B bk+ql+q2bq]bq2>
+ V<b k+q1+q bCh b(Izb Kkt bkbk+q1+q2b‘hbfh + b bq qzb k+qi+q T bqlqubk+Q1+Q2 b;r() :I (43)

represents the 2-body non-linear interactions between spin fluctuations. One can similarly derive (Ns)‘zl:le etc.
While the full exact bosonic representation is cumbersome, its usefulness rests on the approximability of highly
polarized spin states with bosonic states. To this aim we introduce the number of bosons

firor = Mg + Algw = Ns — §Z (44)

and we approximate well-polarized states with ny: << Ns with dilute Fock states with n, boson. In such corner of the
Hilbert space, the bosonic modes turn out to provide an accurate description of spin states and operators. Intuitively, by
inspecting Eqs. (38), one recognizes that the action of the non-linear terms (second on the right-hand side) on a dilute
Fock state is suppressed by a density factor nmt /N compared to the action of the leading terms. Thus, up to an error of
order O[(ny:/N)?], we may identify S bk, Sk o b_ix. We now show that the ground state of long-range interacting
spin models lives exactly in this corner of the spin space.

6 Note that we take a unitary Fourier transformation on the bosonic modes, while the convention for spins in Eq. (25) was such that §gf =Sz
(collective spin projections).

13



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

An approximate solution of the bosonic Hamiltonian (40) can be found by neglecting the terms with Hy and higher
order — an approximation usually termed linear spin-wave (LSW) theory. The quality of the result heavily depends on the
parameters and in particular on «. Our purpose is to show that the LSW description of low-energy properties becomes
exact for ¢ < d, and quantify its accuracy for o > d. _

The quadratic spin-wave Hamiltonian can be diagonalized via a standard Bogoliubov transformation, by = cosh 6y Sy +
sinh 6" ., with

vlofu(a)
h(20) = —————. 45
G = b e )
The result is
Ns&o+Hy =Ns& + Y o~ (or) B » (46)
K
where we identify the excitation spectrum
w-(@) = [n = Jof@)]* = v? @] = \/[h = Jfie)(1 = )] [h —Jafe)1 + »)]. (47)
and the ground-state energy
1
Ns&z = Ns&o + ;[wk.qa) — o] (48)

where 0% = h [cf. Eq. (17)].
Within LSW theory, the ground-state wavefunction is given by

|GS,) = Hexp[ (bib_x — b\ k~k)1| |2) o Hexp( )/J:}(k( b b bT> @) (49)
where
€k = 2h — 2Jofi(a) — wi> () = 0. (50)
The meaningfulness of the LSW solution is determined by wg - being real. This requires h > h.,, where
her = Jo(1+ ). (51)

The minimum of wy - is attained as k — 0. To expand around this limit we write fx(«) = 1 — ox(«). Calculation gives
o> (@) ~ 2hy/a+bow(@), (52)

with dimensionless coefficients a and b.” For h > h one has a > 0 and thus Wk, > o 2h./a+h(b/+/a)oy. For short-range
k—

interactions o > d + 2 the gapped dispersion relation is parabolic, O [~ |k|?; for longer range d < o < d + 2 it behaves
as o ~ |k|*™%; for o < d the spectrum becomes discrete, oy, = oy. 8 At the critical point h = h;, one has a = 0 and
hence wy - o 2h+/boy, signaling closure of the spectral gap at k = 0. However, for « < d, the spectrum of spin-wave

k—
excitations with k # 0 is discrete.
To assess the accuracy of LSW theory we evaluate the depletion of spin polarization, i.e.

(fitor) = Ns — (§%) = ) _(GS|bjb[GS). (53)
k
Approximating the ground-state |GS) by the LSW theory ground-state |GS,) in Eq. (49) we obtain the explicit expression

1
(o) = = > —% (54)

2 W
K k,>

This quantity depends on h, & and y; in particular, it is suppressed as h — oo or « — 0 or y — 0.

In Fig. 4 we plot the depletion per spin (fiy,;) /N given by Eq. (54) at fixed y = 1 (quantum Ising model) and for d = 1.
As is evident, the effect of spin fluctuations is enhanced as the interactions become short-ranged, i.e. « — o0, or as the
critical point he = 2Jp is approached. All the qualitative aspects of this plot can be understood analytically. Specifically,
for h > h¢, we have

(o) 1 (he )2 1 2 he)> 1 s
Ns _E<7> IVSXk:fk(a)‘f'O((h) Nst:fk(a)) (55)

7 Explicitly, a =1 - 2Jo/h + (1 = y*)(Jo/h)?> and b = 2(Jo/m)[1 — (1 = y*)(o/h)].
8 1t is interesting to note that the LSW description of the ground state is meaningful even for large «, where LSW theory completely fails to
capture the possible topological nature of excitations.
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Fig. 4. Ground-state spin depletion density (fi,,r)/N in the quantum paramagnetic phase, cf. Eq. (54), for y = 1 and d = 1 (variable-range quantum
Ising chain).

The behavior of the right-hand side as N — oo depends qualitatively on «: For o > d the limit is a finite number,
1 5 4 T odky...dkq ,
_ 2 : ~ — 56
N k fk (a) [ﬂ [ﬂ (27[ )d fk (a) ( )

(cf. left panel of Fig. 3). As @ Y\ d the function fi(«) squeezes on the vertical axis (cf. Fig. 3), suppressing the value of the
integral. This means that the spin depletion becomes subextensive for « < d: using fo(ct) ~ ||~ [cf. Eq. (34)], one
finds

O(1) for0<aw <d/2,
(fiot) ~ Y Wfel@)? ~ { logL for o =d/2, (57)
lel<L/2 12 ford/2 <o <d.
On the other hand, for h = h.;, we have

(o) 1 (Hw(a)_l) (58)
Ns — 4Ns 4 owl(a) '

Here the behavior of the right-hand side as L — oo depends even more strongly on «, in particular for one-dimensional
systems d = 1: For & > 3 the sum is divergent, + >, ——— ~ [” 2. — oo This divergence witnesses the inadequacy

e o

of LSW theory to describe critical behavior of one-dimensional systems with short-range interactions. Contrarily, for
1 < o < 3 one has oy(a) ~ |k|*"!, and the integral is convergent. As « \ 1 the depletion per spin is suppressed, making
LSW theory increasingly accurate. Finally, for « < 1, one finds the same subextensive scaling as in Eq. (57). Note, however,
that the collective spin mode k = 0 yields an additional divergent (but still subextensive) contribution (fig) ~ N/ to
(M) at the critical point, which can be shown by semiclassical analysis (see Appendix A); such a contribution is thus
dominant for 0 < o < 2d and subleading for o > 2d.

The bottom line of this Section is that the Holstein-Primakoff description of spin fluctuations is exact in the
thermodynamic limit for 0 < @ < d, and otherwise an increasingly accurate approximation as « is decreased towards
d. Importantly, this result is true regardless of the value of s, down to s = 1/2. Accuracy for low s may be surprising
at first sight, considering Eq. (36). Its origin can be traced back to the observation that the truncated Holstein-Primakoff
mapping gives exact matrix elements within the subspace with at most one boson on each site, for arbitrary s. Thus, what
really controls the quality of the approximation is the ground-state spin-wave density: For 0 < o < d the probability of
finding two or more bosons in a given site in |GS;) is vanishingly small in the thermodynamic limit, and it is finite but
parametrically small for o > d.

Summary: The paramagnetic ground state can be determined via linear spin-wave theory, which becomes exact as
the strong long-range regime is approached.

2.4.3. Quantum ferromagnetic phase
To derive the low-energy spectrum in the quantum ferromagnetic phase for « > 0, we promote the frame rotation
in Eq. (18) from the level of the collective spin to the level of individual spins:

¥ =cosOSf +sinhs, =5, F=—sinh8 +cosh. (59)
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Hence we perform a Holstein-Primakoff expansion of individual spins with quantization axis Z and Fourier-transform,

o
$X & (Ns)'/2 bt bk ,
2
b b k

Sy A (Ns)'/2 X —% (60)

V2i
8% = Ns o — b uba

q

and substitute into the Hamiltonian (28). As in Eq. (40) we obtain a formal series in inverse powers of Ns, including the
classical energy (Ns)!#(Z), the quadratic bosonic Hamiltonian

By = (hcos +Jo(1+ y)sin?6) > by

K
1+ 1—y)\ bub] +b' by
—JoXk:fk(oz)[< zycosze—i- 2)/) k 5 L
1 1=\ bkb_x +b' bl
+( —;ycosze— 2)/) K kz kk], (61)

as well as quartic and higher-order interactions involving an even number of bosons. However, unlike in Eq. (40), we also
get an additional term (Ns)1/2H1 linear in Qy—o = (bk o+ bk_o)/ﬁ — cf. the first line of Eq. (20) — as well as other odd
terms (Ns)~1/2H; and so on.

The rotation angle 0* must be determined by imposing that the expectation value of {x—¢ vanishes. To lowest order
this gives the mean-field solution in Eq. (13). Paralleling the derivation in the previous Section we can then solve the LSW
Hamiltonian H,(# = 6*), which yields the spectrum

oy <(o) = \/[13(1 +)? = hfi(a)] [1 —fk(a): J_r )):] (62)

as well as the zero-point energy shift % > ok <(a) — (0)) where «? _]0( + y) [cf. Eq. (22)].

The analysis of spectral properties and of the spin depletion in the quantum paramagnetic phase can be repeated for
the quantum ferromagnetic phase, with qualitatively similar conclusions. The mean-field description of local observables
is exact for 0 < @ < d in the thermodynamic limit. For « > d finite corrections to the mean-field results arise. Such
corrections can be evaluated within the bosonic formalism[57,89]. In particular, the downward shift of the quantum
critical point her o = herg—0 — Sher,o due to quantum fluctuations amounts to [57,89]

Sher g y 2 —|—3)/ dk dk
< - Sl R e O 63

hcr,a:O

The right-hand side is in fact vamshmg for 0 < o < d and grows finite for « > d. Note that effects of quantum fluctuations
are suppressed as s — oo.

For completeness, let us mention that for « < d, the ground state shares the same basic properties of the fully-
connected limit [90]. Long-range interactions however can induce unexpected entanglement properties. For instance,
ford < a < d + 1, the ground state entanglement entropy the long-range Dyson Hierarchical model obeys an area
law at criticality [91], due to its special Tree Tensor Network structure [92]. On the other hand, numerical studies for
antiferromagnetic long-range systems have shown violations of area-law scaling also in the gapped phase [93-96].

Summary: The ferromagnetic ground state can be determined via linear spin-wave theory in a rotated frame. This
approach is exact in the strong long-range regime and it determines corrections to the location of quantum critical
point.

2.5. Structure of the spectrum beyond linear spin-wave theory

In this final Subsection we comment on the structure of the many-body low-energy spectrum beyond LSW theory. To
grasp such effects we will make use of degenerate perturbation theory — i.e., of the Schrieffer-Wolff transformation —
around points in the two phases where H, becomes diagonal.

Quite generally, spin waves provide a rather complete description of low energy properties in the quantum paramag-
netic phase, even beyond LSW theory. This is best understood in the regime of large external field h, where the ground
state is |GS) = |1) and excited states can be described as a set of individual spin lowering excitations. The degeneracy of
blocks with multiple spin excitations is split by the interactions. The effective block Hamiltonian for large h is obtained
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by projecting out interaction terms that do not conserve S, i.e. the part of H, proportional to y.2 The Holstein-Primakoff
transformation maps this effective XX quantum spin model to a model of lattice bosons with variable-range hopping
o 1/(Ar)*. Non-linearity of the mapplng is associated with the suppression of matrix elements for hopping processes
from/to multiply occupied sites.!? Such unconventional multi-boson interactions [cf. the second line of Eq. (43)] produce a
scattering phase shift for quantized spin-wave excitations, which can be determined by solving the few-body problem.
A quahtatlvely similar scenario is expected for ﬁmte but large enough h/Jo, upon rotating the bare Holstein-Primakoff
bosons by, b to the dressed spin-wave basis B, ﬂk in H

On the other hand, the phenomenology is drastically different in the quantum ferromagnetic phase, due to the strong
binding tendency of local spin excitations. This is most easily understood starting from the “classical” Ising model,
i.e. Eq. (1) withy =1, h =0:

- Z]llr—r’ll(a) Gr G . (64)

r.r’

This Hamiltonian is diagonal in the x-basis. It has two degenerate ground states |GS.) = |<) and |GS_) = |=) with
energy Ecs = —JoN, and excited states can be described as a set of spin-changing excitations with respect to either
ground state. Here the unperturbed energy levels depend on the details of the spin configuration: The lowest elementary
excitations are individual isolated spin excitations,

E(S);:S 1, SR#r—S)—EGS-i‘J*O (65)
the subspace with two spin excitations has a configuration-dependent energy,

E(Si =s—1, sy =51, Spp = S) = Egs + 21;0 - J”S'ga) : (66)

E(s’r‘ =52, Spur = s) = Egs + 2];0 (for s > 1/2 only). (67)
This implies an attractive potential between spin excitations,'?

Jrr(a) Jo 1
Vepla)= —= =— . 68
@)= 29Ny [T — [ (68)

Similarly one can compute the unperturbed energy of more complex spin configurations with three or more spin
excitations.

Such excited states acquire a non-trivial dispersion relation upon turning on h # 0 or y # 1. Using lowest-order
degenerate perturbation theory, it is straightforward to check that processes generated by 1 — y # 0 induce a variable-
range hopping of individual spin excitations, whereas processes generated by h # 0 do not induce any resonant transitions
to lowest order. We thus retrieve a dispersion relation ~ ]?0 [1—fx(a)(1—y)/2] for individual spin excitations, in agreement
with Eq. (62) from LSW theory. The number N, of stable spin-wave bound states depends on the relative magnitude of
“classical potential well depths”, controlled by «, and “quantum hopping amplitudes”, controlled by 1 — y and h. This
number grows unbounded upon reducing the quantum fluctuations. Estimating N, as well as the lifetime of unstable
bound states depending on the interaction range and in one or higher dimensions is in general a challenging problem
which, to the best of our knowledge, has not been discussed extensively; see however Refs. [62,98].

All the observations above carry over to short-range interacting systems o = oo, provided the system dimensionality
is large enough (d > 2).

In one dimension LSW is still a meaningful description of the paramagnetic spectrum (asymptotically exact for large
external field). In the quantum ferromagnetic phase, however, LSW theory completely misses the relevant degrees of
freedom, i.e. topological domain-wall-like excitations. In the simplest case s = 1/2 these fractionalized spin excitations can
be described as fermions, as the exact solution of the XY quantum spin chain [99] makes manifest. The qualitative effect
of longer-range interactions is then to create an effective attractive potential v,,(«) between domain walls at a distance
Ar (not to be confused with the attractive potential V,.(«) between individual spin excitations introduced above). Taking
for simplicity the classical Ising limit y = 1, h = 0 as a reference, one can straightforwardly compute the excess energy
of a spin configuration with two domain walls separated by Ar sites: Assuming « > 1,

2% (<L 1 > 1
UA,(a)=§(—O‘;)(er—a+Ar > Tw)' (69)

r=1 r=Ar+1

9 E.g., it can be checked that y drops out from the LSW spectrum wy - («) in Eq. (47) to lowest order in 1/h.
10 1 particular, transition amplitudes to states with more than 2s bosons at any site are strictly vanishing.
11 e note that for local systems in one dimension, the exact phase-shifts fully determine the many-body eigenstates via Bethe-Ansatz [97].

12 Note that spin excitations on the same site (relevant for s > 1/2 only) do not feel any attraction or repulsion, unless the Hamiltonian features
self-interaction terms.

13 For 0 < & < 1 we have var(a) = 2JoAr in the thermodynamic limit, in agreement with naive LSW theory. In this case, however, the spatial
configuration of the Ar flipped spins becomes immaterial. Thus, it is not meaningful to speak about “domain-wall confinement”.
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This potential grows from vr—1(a) = 2Jp t0 Var—oo(®) = 2Jo¢ (o — 1)/¢ () for @ > 2, or to oo for @ < 2. The asymptotic
behavior of v.() at large distance Ar is

A 2—a
_ar forl<a <2,
2]0 2—-—a)a—-1)
var(a) x { logAr fora = 2, (70)
Araoo ¢(a) Ar—(@=2)
-1 — A 2.
{(a—=1) @21 or o >

For @ > 2 finitely many bound states coexist with unbound deconfined domain walls. As anticipated above, the cost of
having a deconfined domain wall blows up as o \ 2, which witnesses the stabilization of long-range order by long-range
interactions in 1d. Upon decreasing o the lowest excitation in the spectrum — the tightest bound state between two
domain walls — is increasingly well described by LSW theory.

We finally note that while long-range interacting quantum spin chains do not naturally map to local lattice gauge
theories [100], except in special cases[101], the spatial confinement, the spatial confinement of domain walls bears
qualitative resemblance with quark confinement in high energy physics [102]. This bridge led to insights on the anomalous
non-equilibrium dynamics of these systems|[62,63,103]. Furthermore, although domain-wall deconfinement prevents
finite-temperature ordering for « > 2, it has been shown that the existence of low-lying bound states is associated
with a drastic suppression of the dynamical melting rate of the order parameter after shallow quantum quenches [104].

Summary: The low-energy spectrum in the quantum ferromagnetic phase hosts a rich structure of spin-wave bound
states for d > 2, or for d = 1 provided « is low enough. In d = 1 deconfined domain-wall-like excitations appear for
«a > 2 along with confined spin-wave-like bound states.

3. Low-energy dynamics

The previous Section shows how the main impact of long-range interactions on low-energy equilibrium properties of
the Hamiltonian in Eq. (1) can be traced back to the quasi-particle spectrum, in turn determined by the function fi(«),
see Fig. 3. Interestingly, the same is true for several types of non-equilibrium phenomena at low energies. In the present
Section, we focus on dynamics following weak perturbations of the ground state, which is captured by the quadratic
quasi-particle Hamiltonian (such as Eq. (42)). This allows us to capture the dynamics of quantum correlations at low
energies [42,50,51,105], see Section 3.1, the appearance of long-live metastable state [43,52], i.e. the quasi-stationary states
(QSSs), see Section 3.2, the universal defect formation upon slowly traversing criticality [53,54,106-108], see Section 3.3,
and the appearance of dynamical quantum phase transitions in the Loschmidt echo (DQPTs)[109,110], see Section 3.4.
Since Sections 3.1 and 3.2 focus on super-critical quenches, the dynamics occurs in the near equilibrium regime, where
the spin-wave expansion around the equilibrium state remains applicable. On the other hand, universal defect scaling
and DQPTs are observed for quenches across the critical point, making the applicability of the low-energy theory a priori
questionable. Nevertheless, we are going to show how the salient features of those critical quenches actually arise from
a low density of excitations above the ground state.

3.1. Spreading of correlations

In systems governed by local Hamiltonians, out-of-equilibrium quantum correlations are known to spread within a
“light cone”: The propagation of information in non-relativistic quantum lattice systems with bounded local Hilbert space
obeys a speed limit given by the Lieb-Robinson theorem [111]. This states that the support of an operator A, initially
localized in a finite region around site r and evolving in the Heisenberg representation with a local Hamiltonian H, spreads
in space with a finite (model-dependent) velocity vig. Formally, for any locally interacting lattice system there exist
positive constants &, i and vir such that the commutator between two locally supported operators Ar and B,/ separated
by a distance Ar = |r' — r| obeys

ITAL(t), Be (011 < &llAc] [|By || e~ max(@-Ar—uirD) (71)

where || - || is the operator norm. Namely, the weight of the time-evolved operator outside the “light-cone” region
t > Ar /ug is exponentially suppressed with Ar — vjgt — oco. In other words, it takes at least a time proportional to the
distance t oc Ar to send information at a distance Ar. Such light-cone propagation of information is by now theoretically
well understood in short-range interacting systems, and it goes hand-in-hand with a linear dynamical increase of bipartite
entanglement out of equilibrium [112-115]. Experimental observation of linear light-cone propagation[18,116] has been
accompanied by abundant numerical confirmations[117-120].

In presence of long-range interactions, the standard behavior of locally interacting systems changes substantially: the
bounds on the group velocity may not hold anymore, and the spreading of correlations and information scrambling,
defined as the loosing of local information into many-body quantum entanglement[121], may be drastically boosted.
The study of the impact of algebraically decaying interactions on correlation spreading has been addressed as a function
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Fig. 5. Spatial spreading of correlations in systems with power-law interactions. (a) Connected correlation function in a long-range trapped ion
platform following a global quench with « ~ 0.64. Image adapted from Ref. [3]. (b) Violation of the Lieb-Robinson bound in Eq. (71) for long-range
interacting systems with power-law interactions for o > d.

Source: Image adapted from Ref. [122].

of the different values of the power-law exponent «. Part of the current understanding is based on assessing the behavior
of the spatial spreading of connected correlations, e.g.

Gap(r, £) = (62,(0)67(0)) — (62, () (S (0)), (72)

in paradigmatic quantum spin chains or tight-binding models; the expectation value is taken over some initial state |1)
and o, B =X, Y, z.

Generalized bounds have been derived for long-range systems|[123,124], see Ref. [125] for a recent comprehensive
review. The related experiments and numerical investigations have, however, led to conflicting pictures[3,17,50,59,60,126,
127]. For instance, experiments on ion chains [3] and numerical simulations within truncated Wigner approximation [ 128]
for the one-dimensional long-range XY model point towards bounded, super-ballistic, propagation for all values of
«. In contrast, experiments on the long-range transverse Ising model reported ballistic propagation of correlation
maxima with, however, observable leaks that increase when « decreases[17]. Moreover, time-dependent density matrix
renormalization group (t-DMRG) and variational Monte-Carlo (t-VMC) numerical simulations indicate the existence of
three distinct regimes, namely instantaneous, sub-ballistic, and ballistic, for increasing values of the exponent «, see
Ref.[50,59,60,126,127,129].

In the following, we will see how these difficulties can be overcome in the restricted setting of near-equilibrium
dynamics, by studying correlation spreading within linear spin-wave theory.

Summary: The Lieb-Robinson bound forbids super-ballistic spreading of quantum correlations in locally interacting
systems. Long-range interactions allow to circumvent this constraint.

3.1.1. Weak long-range regime (¢ > d)

Let us first consider the case of the Ising Hamiltonian, i.e. Eq. (1) with y = 1, but restrict our study to the spin-wave
representation in Eq. (46). In this Section, we aim at characterizing the universal scaling of correlations following Ref.[51].
Let us simplify the spin-wave dispersion relation in Eq. (47) by considering its low-momentum asymptotic expression,

o > o = A+ ckf, (73)
where the gap A = /h (h + 2Jofo(@)) is finite, c = /W}o afgs{“), and

;_{a—d if d<a<d+2,

74
2 if o>d+2. (74)

As long as @ > d the quasi-particle energy remains finite, while the group velocity diverges for d < o« < d + 1. For

any @ > d + 2 one has ¢ = 2 and the conventional picture of nearest neighbor interactions is recovered. The system is

prepared in its ground state and the coupling is suddenly quenched from J; — ](f) = Jp at the initial time t = 0. When

considering longitudinal spin correlations, i.e. Eq. (72) with « = 8 = x one can employ the formula

dk ei(k-r+2wkt) +ei(k~r72wkr)

d
Gur (1 1) = (1) — /B i ! , (75)
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Fig. 6. Spreading of connected spin-spin correlation function. Panel (a) displays Gy(r, t) for the quantum Ising chain with « = 1.7 for a sudden
quench for the quench in the paramagnetic phase from h/_][iJ =50 to h/Jo = 1. The green line is the correlation front which scales sub-ballistically
(white dashed line represents ballistic propagation). The dashed black line are the analytic scaling r¢ obtained in Eq. (80). Panel (b) reports G (r, t)
for the quantum XY model with « = 3 in d = 2 for a quench starting from the fully polarized state along x and evolved with the Hamiltonian in
Eq. (1) with y = h = 0 (i.e. a quench from y = 1 to y = 0). The dashed black lines show the scaling of the maxima which is linear in the axis r®,
Source: Panel (a) is adapted from Ref.[51] and panel (b) from Ref.[105].

where the integral spans the first Brillouin zone 3. In the following we are going to ignore the time-independent function
g(r) and focus on the time evolution of the correlations, which can be readily obtained

2h (Jo —Jo) fic (o)

[+ 205 @)] |/ [1 + 2Jif @]

The amplitude of the quench is directly proportional to the difference between the initial ]f) and final ](f, couplings.
Both these values are chosen to maintain the system within the paramagnetic phase h > h. The time-dependent
correlation function Gy(r, t) of the long-range Ising model obtained by Eq. (75) is displayed in Fig. 6(a) for « = 1.7.
The front of the correlation is highlighted by a green line. Its scaling is not linear but algebraic as expected for long-range
interactions [ 123,124]. Nevertheless, the front propagation does not saturate the conventional super-ballistic bounds [ 130],
rather it displays a sub-ballistic scaling, i.e. t ~ rffont with Brone > 1, which is represented as a solid green line. Inside
the correlation front the scaling changes and for the Ising model the correlation maxima (light yellow areas) propagate
ballistically with t ~ r.

It is interesting to use the stationary phase approximation in order to evaluate Eq. (75) in the large size and long-time
limit. Indeed, for t, r — oo the integral in Eq. (75) is dominated by the configurations with

F(k) = (76)

Viwp =1/t (77)

where the group velocity diverges as k!~ in the k — 0 limit. Thus, quasi-particles with momentum ksp = (2|c|§t/r)1/“‘5)
fulfill Eq. (77) at any given point (t, r) in space-time. The leading contribution to the correlation front propagation comes
from the low-energy divergence of quasi-particle group velocity. In order to evaluate the leading contribution to the
correlation function we assume that the amplitude function obeys limy_,o (k) ~ k", leading to

G Ly A i 11[ —_ ZA — 8
r,t) o« — cos t+ , 7
xx( ) > e " 1 ( )

¢
—

¢. It follows from Eq. (78) that the correlation front obeys

with y = 122,y = P02, and A, = 2(c|(1 - )(2cl¢)
the relation t” ~ r* and

t rﬁfm"t, Btront = X/V - (79)

Interestingly, the propagation of the wave-front does not depend only on the universal scaling exponent ¢ but also on the
specific correlation function under consideration, since the exponent n, which describes the low energy scaling of F (k) in
Eq. (78), enters in the determination of the ratio x/y. As the local limit is approached, the quasi-particle velocity ceases
to diverge { — 1 and linear spreading of the wave-front is recovered so that Eq. (78) reproduces the Lieb-Robinson
expectation [15]. The relation x = y + d/2 yields Bgont > 1 and imposes sub-ballistic wave-front propagation.

The quench protocol under consideration stays within the paramagnetic phase, which is characterized by a gapped
dispersion relation, see Eq. (73). This, in turns, leads to lim_,o F(k) ~ O(1) and the scaling exponent of the correlation
function vanishes, i.e. n = 0. Thus, only the exponent ¢ determines the front propagation scaling Bgon: = 2 + d — . The
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theoretical prediction for « = 1.7 and d = 1 produces Bgone = 1.3, which is in perfect agreement with the one observed
in the numerical computation displayed in Fig. 6(a). The formula Bfont = 2 +d — « also matches the exact result obtained
in Ref.[60] for d = 1 and & = 3/2, also confirmed by t-VMC calculations.

Within the causal region delimited by the wave-front, the local maxima are determined by the maxima of the cosine
function in Eq. (78). Thus, the correlation maxima occur at the time t,.x, whose value does not depend on the shape of
F(k), but only on the value of the ¢ exponent, yielding

tmax X 5, (80)

at least for a gapless dispersion relation. According to this analysis, the maxima of the correlations, located at the time
tmax spread super-ballistically for weak long-range interactions. This has to be contrasted with the sub-ballistic scaling
obtained in Eq. (79) for the front propagation.

The result in Eq. (80) is consistent with the experimental observation on trapped ions[3] as well as with the
truncated Wigner approximation analysis[128,131]. However, for the long-range Ising model the dynamical protocol
under consideration remains within the paramagnetic phase, leading to a finite gap A # 0. Therefore, the argument
of the cosine function in Eq. (78) is insensitive to the non-analytic scaling of the dispersion relation in the low-energy
limit, becoming constant in the large t and r limit with t/r ~ const. Thus, Eq. (80) has to be substituted with tya.x o r
for a gapped dispersion relations. It follows that the local maxima are always ballistic, Bmax = 1 for quenches within
gapped phases, see Fig. 6(a). The ballistic motion of local maxima has also been observed with a trapped ion quantum
simulator[17].

Based on the above discussion, it can be deduced that the correlations spreading reflect the low-energy properties of
the long-range model. It is evident that the scaling of correlations is universal in long-range systems, in the sense that it
reflects the low-energy properties of the model. Then, a very different picture is obtained by studying a quantum quench
within a gapless phase. In order to investigate this dependence we prepare the system in the state fully polarized along
the direction x and evolve it with the Hamiltonian in Eq. (1) with y = h = 0, i.e. the long-range XY Hamiltonian, which
has U(1) symmetry. Following Ref.[105] we consider the case d = 2. The dispersion relation can be obtained by Eq. (62)
by setting y =h =0

o = Joy/ 1= fila). (81)

As expected, changing the symmetry of the final Hamiltonian modifies the low-energy dispersion relation, which now
scales as @™ oc k& with

; _{(a—d)/Z if d<a<d+2

= 2
1 if a>d+2 (82)

leading to a diverging quasi-particle group velocity in the k — 0 limit for d < o < d + 2. A straightforward computation
for the long-range XY model [51,105] produces n = ¢ leading to Bgont = 1+d(2+d—«a)/(2a). On the other hand, Eq. (80)
remains unchanged and it yields Bmax = Cxy, as it is visible in Fig. 6(b) and verified by DMRG calculations in Ref.[105].

Summary: In the weak long-range regime, the correlations front spreads non-linearly, with exponents that depend
on the details of the underlying low-energy dispersion.

3.1.2. Strong long-range regime (0 < a < d)

We now consider the Hamiltonian (1) in the strong long-range regime 0 < o < d. Following Ref. [50], in this Subsection
the interactions are not Kac-normalized, i.e. we set ] = J, in Eq. (3). This leads us to discuss the effect of a divergent
quasi-particle energy for k — 0 onto the correlation spreading. [Note that this is different from the rest of the Report
where we focus on the discrete spectrum in Eq. (34) at low k!] Within this framework, we approximate the low-energy
dispersion relation with the expression

€o

g ~ kTv (83)

where ey = «/2hJp and y = "‘T"‘ Including the modified dispersion relation into the Eq. (75) one gets

Gu(T, t) ~ f s / dk k4147 k<o 11 — cos (2e0tk™7)] (84)
0] /L

where the factor k¥ comes from the low energy limit of the amplitude function in Eq. (76), i.e. F(k) ~ k¥. Due to the
divergent nature of the quasi-particle spectrum, one can introduce a low-energy cutoff ~ 1/L in the momentum integral
in Eq. (84). After expanding the exponential term Eq. (84) in powers of the distance r, the integration is performed term
by term [50]. Then, after discarding finite term in the system size one finds

R
sin (LY dQe'T O
Gxx(r» t) ~ Lhm ( T) / L2y+D
— 00 T

where is the dimensionless time variable T = 2egt.

, (85)
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Due to the algebraic divergence of the quasi-particles spectrum the time scale for signal spreading in the system
vanishes in the thermodynamic limit. Accordingly, the vanishing of the signal spreading time displays the same scaling
exponent y as the divergence of the quasi-particle energy, which for the Ising model reads y = d’T“ This analytic
derivation has been also corroborated by numerical analysis of the spin-wave dynamics in Ref.[50]. It is worth noting
that the same scaling has been derived within a generalized Lieb-Robinson bound in long-range fermionic systems [42].

Summary: In the strong long range regime without Kac normalization, the divergent quasi-particle energy leads to
instantaneous correlation spreading in the thermodynamic limit.

3.1.3. Other directions

The present Subsection has been devoted to the study of correlation spreading within linear spin-wave theory [50,
51,60,105]. This approximation proved capable to capture the salient features of several numerical simulations [59,126,
128,129,132]. In particular, in the case of the quantum Ising chain [Eq. (1) with d = 1], numerical matrix-product state
calculations have shown that the emergence of a short-range-like light-cone behavior for « > 2[129] as confirmed by
the study in Section 3.1.1. On the other hand, for 1 < « < 2, the model displays clear light cone but with an infinite
propagation speed of almost all excitations. This is linked to the divergence of the maximum group velocity, which leads
to a scenario of multispeed prethermalization [105], see again Section 3.1.1. For @ < 1, all studies report a clear nonlocal
regime, with instantaneous transmission of correlations between distant sites, in agreement with the study reported in
Section 3.1.2.

Despite the successes of linear spin-wave theory, it would be interesting to reconsider these results using the time-
dependent framework that we will present in Section 4.2.1. One may compute G(r, t) by expressing spin operators in
a time-dependent frame and expanding them using Holstein-Primakoff bosons. This very analysis has been performed
in a related model in Ref. [57] in connection with dynamical phase transitions; see also the analogous calculation for
scrambling dynamics in Eq. (149).

Finally, a very successful research direction based on rigorous mathematical investigations was pursued to generalize
the Lieb-Robinson bound for power-law decaying interactions [125]. In a seminal work of 2006, Hastings and Koma [123]
showed that it takes a time t > logr to propagate information at distance r for all « > d. However this bound is far from
tight, since it does not recover the linear light-cone in Eq. (71) for large «. Several efforts in the past years have led to
a greatly improved picture [37,39,42,124,133-141]. Firstly, it was proved the existence of the linear light-cone t > r for
o > 2d 4+ 1 [41,142]. Secondly, it was shown that this result becomes t > r™n®=2d1) for ¢ > 2d [122,141]. On the
other hand, in the strong long-range regime 0 < o < d, correlations between distant degrees of freedom can propagate
instantaneously, since the bounds on the light-cone time-scale can vanish with the system size [40,42,139]. So far, the
best estimate for interacting systems is t > N%/¢=TlogN, that can be made tighter t > N%/9=1/2 for free models with
«a < d/2 [40]. Notably, the violations of Lieb-Robinson bound have been experimentally probed on trapped ions quantum
simulators for 0.6 < « < 1.2 in Refs. [3,17].

Summary: In addition to low-energy approximations, the spreading of correlations has been tackled with various
approaches ranging from numerical simulations to mathematically rigorous bounds. The current established scenario
is rather complete and satisfactory.

3.2. Metastability

In the following, we are going to show that metastability in quantum strong long-range systems may be traced back
to their discrete quasi-particle spectrum, which hinders the applicability of the kinematical chaos hypothesis[143].

3.2.1. State of the art

Long-range interactions are traditionally connected with the appearance with long-lived metastable states in the
out-of-equilibrium dynamics. These states, referred to as quasi-stationary states (QSSs), display long lifetimes, which
diverge increasing the system size. QSSs are widespread within the classical long-range physics world [144,145], but
multiple theoretical observation occurred also in the quantum realm[43,146]. Long-lived pre-thermalization is also
expected to occur in cold atom clouds confined into optical resonators [ 147], where semi-classical analysis of the Fokker—
Planck equation directly connects to the Hamiltonian mean-field model [ 148,149], the workhorse of classical long-range
physics [150]. Recent studies have directly linked the absence of equilibration in strong long-range quantum systems
to the discreteness of the quasi-particle spectrum, see Eq. (34a). This results in a violation of Boltzmann’s H-theorem
and leads to the emergence of finite Poincaré recurrence times in the thermodynamic limit[52]. This section discusses
the appearance of diverging equilibration times for quantum long-range systems in the thermodynamic limit. This is
consistent with the properties discussed in Section 2.4, which are common to both large long-range systems and finite
local ones. Examples include the inability to completely disregard boundary effects over bulk phenomena[151,152], the
existence of concave entropy regions[153], and the presence of a macroscopic energy gap between the ground state and
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the first excited state[154,155]. It is worth noting that our description mostly pertains isolated quantum systems, while
multiple theoretical and experimental observations in cavity systems evidenced a substantial role of dissipation[156,157].

The crucial aspect is that the excitation spectrum of non-interacting systems does not become continuous in the
thermodynamic limit. The eigenvalues of a long-range coupling matrix have been shown to remain discrete even in
the infinite components limit, forming a pure point spectrum|[158] similar to that observed in strongly disordered
systems [159-162]. A discussion on the spectral discreteness of long-range couplings in the thermodynamic limit has
been presented in Ref.[52] for a few quadratic models and used to explain the observation of diverging equilibration
times in a long-range Ising model, quenched across its quantum critical point[43]. We refer the readers to Section 2.4
and Appendix C.

3.2.2. Quasi-stationary states and spectral properties

The first evidence of QSSs in quantum systems was described in the prototypical example of the long-range quantum
Ising chain [see Eq. (1)]. QSS were shown to appear for quenches starting well inside the paramagnetic phase in the
h — oo limit and ending deep in the ferromagnetic phase at h = 0. Here, the system is prepared in the transversally
polarized ground state and evolved according to the classical ferromagnetic Hamiltonian in Eq. (1) in the absence of the
transverse field h = 0. As a result, the expectation of the global operator m, = (), 0/)/N evolves from the initial value
lim;_,og m, = 1 to the equilibrium expectation lim;_, .. m, = 0, if the system actually equilibrates. These observations have
been extended to any choice of the initial and final magnetic fields h;, hy using the Jordan-Wigner representation of the
Ising model.

The appearance of the QSS has been frequently linked to the scaling of equilibration times of critical observables, such
as the magnetization [47,145,163]. However, persistent time fluctuations have also been found in generic thermodynamic
observables of classical systems, such as the evolution of internal energy in systems of particles with attractive power-law
pair interactions [95]. Similar phenomena can be observed in our system, by considering just the leading order low-
energy theory. In order to simplify the study we restrict our analysis to the paramagnetic quantum Ising chain, whose
quasi-particle dispersion is

w = v/h(h — 2Jofi()) , (86)

cf. Eq. (47). It is worth noting that the present spin-wave approximation corresponds to the time-dependent Hartree-Fock
approximation of the Ising and O(N) rotor models. Accordingly, several phenomena occurring in the out-of-equilibrium
low-energy dynamics of the Ising Hamiltonian can be also observed in the large-N limit of O(N) models[164,165], in-
cluding prethermalization[166,167], defect formation [ 168], dynamical phase transitions[110]. In particular, the dynamics
induced by a sudden quench leads to universal relaxation properties[110,165,169].

In this regime, equilibration does not occur in the non-additive regime due to the discrete quasi-particle spectrum
fi(). In order to demonstrate this fact let us consider a sudden magnetic field quench h' — hf in the Hamiltonian (46).
The quench occurs within the normal phase h > h. so that no magnetization occurs. Nevertheless, a finite spin-wave
density will arise due to the sudden quench and will contribute to the evolution of any internal observable of the system.
In order to make a direct parallel with the classical case described in Ref.[170] we consider the evolution of the spin-wave
kinetic energy

2
k()= Y (Bh/2N = =2 <(ﬂ,i ~B) > : (87)
k

where B, and /3,]: diagonalize the quadratic Hamiltonian in Eq. (42). The calculation is rather straightforward, since the
system is assumed to lie in the ground-state before the sudden quench. After the quench, each spin-wave occupies a
squeezed state, so that the system lies in the quantum state IT;Sk(¢)|0), where |0) is the vacuum and the squeezing
operator Si(¢)|0) reads[171]

C*(B)? — ¢(BIP
( )
2

The squeezing parameter r is defined by rewriting ¢ in polar coordinates ¢ = re'®. Then, it is rather straightforward to
rewrite the squeezing parameter in terms of the effective oscillator length £(t)

2 .
1 £t
(2sk(r)2 “”‘) T he

—,
1 &t
2507 +“)’<) T q?

S(¢) = exp (88)

tanhr, =

(89)

To obtain the spin-wave dynamics is then sufficient to solve the Ermakov equation, which describes the evolution of
the effective length[172]
" 1

E(t) + wp(0)&(t) = PYOER (90)
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Fig. 7. Equilibration of long-range spherical model. Panel (a) displays the dynamical evolution of the kinetic energy following the sudden quench
h; — hy. After a steady decay during the initial dynamics ¢t < 10%, dynamical oscillations set to a finite value that remain steady in the long-time
regime. The amplitude of dynamical fluctuations for the kinetic energy after a time T is quantified by the quantity Qx(T) see Eq. (91) displayed in
panel (b).

The solution of the sudden quench dynamics is readily obtained by introducing w(t) = 0(—t) wy i +06(t) wi r in Eq. (90).
The resulting dynamical evolution for the spin-wave kinetic energy is displayed in Fig. 7 for « € [0.15, 0.35, 0.65, 0.95].
In analogy with the classical case the observable K(t) displays persistent dynamical oscillations, which do not wash out
in the thermodynamic limit. The smaller the « the wider the amplitude of those fluctuations.

A simple explanation of this phenomenon is found in the fully connected limit (@ — 0), where the function fi(«)
separates between two distinct energy levels in the thermodynamic limit: a non-degenerate ground-state with energy —J
and a N — 1 degenerate excited states with zero energy.

In presence of any given set of boundary conditions, the degeneracy is split and the system behaves at finite size
as a set of harmonic oscillators with discrete energies. As the size increases, the spectrum accumulates at high energy
where the eigenvalues fi(«) of the coupling matrix become all identical, making the system equivalent to a single
quenched harmonic oscillator. To characterize equilibration, we introduce the characteristic function of any observable
A, i.e. xa(t) = A(t) — A. This quantity captures the dynamical fluctuations around the average value of the observable.
Equilibration of the observable A(t) in closed quantum systems occurs when the long-time Cesaro’s average of the squared
fluctuation vanishes [173-175]:

T—o0

1 T
lim Q4(T) = lim (Ixa()?)r = Jim f/ Ixa(t)?dt =0, (91)
—00 — 00 0

while metastability shall be associated with a finite value limr_, o, Q4(T) # 0. The equilibration of the kinetic energy
K in Eq. (87) — or other physical observables — follows a similar argument as the fidelity of a quantum system in the
context of the spectrum of long-range systems[52]. In weak-long range interacting systems with translational invariance,
the spectrum becomes absolutely continuous in the thermodynamic limit. This implies that lim;_, ., xx(t) — 0 outside
of the Cesaro’s average due to the Riemann-Lebesgue lemma. For quantum systems with initial states having no overlap
with pure point portions of the spectrum, equilibration as defined in Eq. (91) is ensured by Wiener's theorem [158].
Considering the thermodynamic limit of a strong long-range interacting system, where the system size N increases, the
eigenmodes fi(a) of the Hamiltonian tend to accumulate at high energy, near Orln; ~ 2hs. In fact, in the case of flat
interactions (« = 0), the spectrum consists of a single infinite degenerate eigenstate, resulting in dynamics that precisely
correspond to a single harmonic oscillator.

Summary: In the strong long-range regime, the discrete low-energy spectrum yields quasi-stationary states. These
manifest in persistent oscillations of time-dependent observables, such as the kinetic energy, with an amplitude that
increases as the interaction becomes longer ranged o — 0.

3.2.3. Equilibration in presence of disorder

We would like to comment on the relation between these results and the metastability that arises in disordered
systems. From the perspective of spectral discreteness, the metastability observed for quantum systems in the strong
long-range regime is fundamentally different. Indeed, disordered couplings tend to lift spectral degeneracy and lead to
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Fig. 8. Equilibration of the disordered « = 0 Ising model within spin-wave approximation. Panel (a): Dynamical fluctuations decay as a function of
the disorder strength for the kinetic energy K, see Eq. (87). As the disorder strength is decreased the decay rate also decreases until it vanishes in the
zero disorder limit (upper blue curve), where dynamical fluctuations persist at all times and equilibration never occurs. Panel (b): the equilibration
time of the kinetic energy observable obtained by fitting the curves in panel (a) via the exponential form in Eq. (93). The divergence in the clean
case (2w — 0) is evident.

Source: Figures reproduced from Ref.[52].

continuous spectra. A simple example is obtained by perturbing flat interactions (o« = 0) with Gaussian distributed weak
couplings u;;, namely ]f‘:, = Jrrr + ujj with

P(uy) o< exp (—N uj/2w?) (92)

whose width 2w represents the disorder strength. The disordered couplings lift the infinite (~ N — 1) degeneracy of the
excited state at zero energy and the spectrum becomes continuous apart from the single non-degenerate ground-state
at energy Jo, where Jo > w is the strength of the flat homogeneous interactions[176-178]. The density of states of the
continuous spectrum follows the celebrated Wigner semicircle law [179]. In analogy with the non disordered case, we
initialize the dynamics at equilibrium for h = 2.2h, at t < 0; then, at t > 0 the magnetic field suddenly switches at
hs = 1.1h¢. The continuum nature of the spectrum leads the spin-wave kinetic energy K(t) to exponentially equilibrate,
see Fig. 8(a). Indeed, the amplitude of dynamical fluctuations in disordered systems decays exponentially, allowing for
the introduction of the equilibration time Teq:

Qu(T) ~ e /™ | (93)

Numerical analysis shows that the equilibration time 7., monotonically decreases with increasing disorder strength J,
as expected (see Fig. 8(b)). The exponential decay of dynamical fluctuations and the definition of the equilibration time
provide insights into the equilibration dynamics of disordered systems. Interestingly, the results obtained in Fig. 8 for
quantum systems show remarkable similarities to those obtained for classical spherical models with disordered couplings,
as shown in Chapter 4 of Ref. [180]. There, the Langevin dynamics of the disordered classical spherical model it is shown
not to exhibit metastability, as long as the initial state is not magnetized.

The analysis presented here focuses on characterizing the long-time equilibration dynamics of many-body quantum
systems, where the thermodynamic limit is generally taken before the long-time limit. However, similar conclusions can
be obtained by considering the long-time limit of dynamical fluctuations in finite systems, which yields [173-175]:

. 1
TILDQO QK ( T) x Nmodes

(94)

Here, Nmodes roughly represents the number of modes participating in the dynamics. In the case of finite systems, where
the entire spectrum is discrete and only a finite number of modes exist, Nmoges Captures this finite nature. As the
thermodynamic limit is approached and the spectrum becomes continuous, eigenvalues become dense in arbitrarily small
energy ranges. In the continuous limit, Mpedes — 00 for dynamics involving initial states in the continuous spectrum.
However, for long-range systems with « < d, where d is the dimension of the system, a continuous theory cannot be
defined. This is because the only dense region in the spectrum occurs around the energy maximum, where infinitely many
degenerate eigenvalues emerge. This violates the assumption of non-degenerate energy gaps underlying Eq. (94)[181].
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Summary: Metastability for strong long-range systems is fundamentally different from the disordered one in that
only a finite number of effective degrees of freedom participate in the dynamics.

3.3. Kibble-Zurek mechanism

Within the realm of quantum systems, the Landau-Zener problem provides the earliest, and possibly simplest, example
of defect formation during a quasi-static drive [81,182,183]. The problem describes a two-level system slowly driven across
an avoided level crossing. Although initialized in the ground state at the initial time t; < 0, the system gradually populates
the excited state, whose energy separation slowly decreases during the dynamics. The energy gap starts from a minimum
at t = 0 and increases back until the time reaches the endpoint of the dynamics t; > 0. The dynamical evolution is
controlled by the rate parameter §, i.e. H(t) = H(8 - t), so that the quasi-static limit is reached as § — 0. A straightforward
criterion to establish whether a quasi-static transformation remains adiabatic is to ensure that the rate of change of the
instantaneous minimal gap A = |Ey — E{| remains smaller than the square gap itself

A(t) < AX(t). (95)

The above criterion only involves equilibrium quantities since E,(t) represents the spectrum of the instantaneous
Hamiltonian at the time t.

While Eq. (95) has been obtained by heuristic arguments a more rigorous derivation of an adiabatic criterion and a
discussion of how it compares with Eq. (95) can be found in Ref.[184]. Eq. (95) has been introduced for the Landau-
Zener problem, but the argument in Ref.[184] applies to generic quantum systems. In general, as long as Eq. (95) is
satisfied, the excited state population of a quasi-statically driven quantum system decreases with the drive rate and the
hypothesis for the quantum adiabatic theorem are satisfied [185]. However, as the drive approaches a quantum critical
point the correlation length of a quantum system diverges and the instantaneous gap vanishes A — 0. As a result, the
dynamical scaling of the observables close to the quantum phase transition is reminiscent of the thermodynamic scaling
at equilibrium. Yet, in order for such scaling to be displayed, the drive has to be slow enough that the dynamical evolution
actually occurs in the vicinity of the equilibrium critical point.

Let us focus on the concrete case of the Hamiltonian in Eq. (1) whose internal control parameter is defined as
A = h(t) — he, such that the ferromagnetic quantum critical point occurs at A, = 0. For a moment, let us imagine
that the system is finite, so that the spectrum remains gapped also at criticality. Then, the hypothesis of the quantum
adiabatic theorem[185] remains fulfilled and any slow enough drive of internal parameters A(t) ~ St only generates
adiabatic corrections ~ 8% to the observables expectations with respect to the equilibrium value, as it can be deduced
by simple thermodynamic arguments [186]. However, in the thermodynamic limit, crossing the equilibrium critical point
breaks down the conventional adiabatic picture and the residual energy (heat) generated by the drive displays non-analytic
behavior E..s ~ 8 with & < 2[187]. Our task within the present section is the determination of the universal scaling
index 0 for quantum long-range systems.

3.3.1. State of the art

The Kibble-Zurek mechanism allows to relate the value of the non-analytic exponent 6 with the equilibrium critical
exponents of the model. This ingenious theory relies on the adiabatic-impulse approximation, which assumes that the
dynamical evolution of a system starting in its ground-state at t = —oo adiabatically follows the drive until the freezing
time —f. Beyond the freezing time, the equilibration rate of the system becomes too small with respect to the drive
velocity, violating the adiabatic condition in Eq. (95). Then, the freezing time satisfies the condition

A/ AG? = 1. (96)

Due to the critical scaling of the instantaneous gap A o A?”, Eq. (96) leads to the freezing time inheriting the equilibrium
critical scaling £ oc 8'/(1+2"), The state dynamics is assumed to remain frozen for the entire interval t € [—f, f] until the
unfreezing time f, where adiabaticity is restored (for simplicity we have assumed a symmetric gap).

Once the system has unfrozen the state evolution will resume on the opposite side of the transition, where the
Hamiltonian ground-state is supposed to break the Hamiltonian symmetry. Then, the dynamics will induce a transition
between the symmetric and a symmetry-broken state. However, this transition will occur at finite correlation length &,
since the process can only start at the time ¢t > f well within the symmetric phase of the model. The dynamics has
thus modified the character of the continuous phase transition, making it rather similar to a first-order one, and the
system will likely form topological defects, whose size would be roughly proportional to the (finite) correlation volume
£9 as long as the correlation length is well defined, i.e. for & > d. Therefore, the total defect density scales according to
Nexe o £ o §4/0+2v) [183].

Several verifications of the Kibble-Zurek scaling exist in local systems, both via numerical simulations, exact theoretical
studies and experiments[189]. In particular, first studies of defect formation in quantum systems have been pursued on
the Hamiltonian in Eq. (1) in the & — oo limit, i.e. the nearest neighbor Ising model, where finite size scaling arguments
led to the prediction

NES ~ 8% (97)
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and the superscript fss stands for finite size scaling. Eq. (97) produces Nexc &~ +/8 in agreement with the Kibble-Zurek
prediction Ney oc 84V/042") since z = v = 1 in this case [190]. Soon after this seminal investigation, an exact solution to the
universal slow dynamics of the Ising model has been provided by mapping it to a infinite sum of Landau-Zener problems,
each representing the dynamics of a single fermionic quasi-particle [191]. This exact solution provides a different scaling
theory for the defect density of the Ising model, which is given by

1
/ Nexc(K)dk ~ §%4 (98)

where we have defined z, from the scaling of the dynamical gap. The result in Eq. (98) has been also employed to prove
validity of the Kibble-Zurek argument in Kitaev chains with long-range pairing terms[192] where z, = z, as well as in
the perfect local case & = oo [191].

Apart for the aforementioned results, which explicitly refer to quadratic Fermi systems, the application of adiabatic
perturbation theory to slow quenches close to quantum critical points predicts the scaling of the defect density to be in
agreement with the classical Kibble-Zurek prediction

/ N2 (k) dk ~ 57557, (99)

which also leads to the scaling exponent 6 = zv/(1 + zv) for the residual energy[193]. Such prediction comes from the
assumption that the scaling form of the critical propagator reproduces the equilibrium critical exponents. Since for Fermi
systems in d = 1 one has zv = 1, the perturbative argument yields dv/(zv + 1) = 1/2z in agreement with the finite
size scaling argument in Eq. (97). Interestingly, long-range anisotropic interactions with different ranges depending on
the type of coupling are known to violate the perturbative assumption[194] even in the finite range case[188,195,196].

In summary, the applicability of the Kibble-Zurek result in quantum systems is supported by two main arguments.
The finite size scaling argument reported in Eq. (97) and the perturbative argument, which reproduces the traditional
Kibble-Zurek scaling in Eq. (99). Both arguments coincide for local quantum many-body systems where the fermionic
quasi-particle description applies. This is the case of the Ising Hamiltonian in Eq. (1) with « > d + 3 as confirmed by the
exact solution obtained at o = oc.

First indications that the scaling of the defect density in the « = 0 Ising model did not follow the Kibble-Zurek
prediction appeared in Ref.[197]. However, later investigations showed that the residual energy of the « = 0 Ising model
obeys the Kibble-Zurek mechanism, at least for slow ramps terminating at the critical point, i.e. t € [—1/4, 0][107]. This
apparent inconsistencies triggered more intensive numerical studies, which unveiled a complicated landscape where the
adiabatic crossing of the equilibrium quantum critical point does not display any scaling with the ramp rate §, but rather
featured a novel form of dynamical universality as a function of the scaled variable A = N §[106].

Summary: In locally-interacting systems the Kibble-Zurek mechanism is supported by finite-size scaling and
perturbative arguments, which however break down in presence of long-range interactions.

3.3.2. Quasi-static dynamics for « =0

The mosaic can be easily recomposed by the study of the slow drive dynamics within the linear spin-wave theory in
Eq. (46). This strategy coincides with the one employed in Section 3.2, but with two important differences: first, since
we are considering a quasi-static drive, the dynamical evolution remain close to the instantaneous equilibrium state and
the only relevant source of deviations from adiabaticity originates from the lowest energy mode. Therefore, we can safely
limit ourselves to the case « = 0, where just a single spin-wave exist. Secondly, and more importantly, we are going
to consider a time dependent magnetic field of the form h(t) = hy 4+ 8t for t € [—hy /8, he /8], so that the dynamics
initiates in the ferromagnetic state before crossing the critical point. A full treatment of the ferromagnetic state dynamics
shall also include the motion of the classical magnetization, whose coupling with the quantum modes is suppressed by a
factor 1/N in the thermodynamic limit. In the following, we are going to discard the contribution of the classical mode
to the dynamics, since a classical variable in a bounded (singular) potential generates a correction which scales at most
as ~ 82[198], and is, therefore, negligible with respect to the contribution of the quantum mode[81].

Within the aforementioned assumptions, the quasi-static dynamics of the « = 0 Ising model reduces to the evolution
of a single spin-wave. As for the sudden quench case, see Section 3.2, the dynamics initialized in the ground state remains
in a squeezed state at all times[199-201]. Then, the dynamics generates any two particle states as follows from Eq. (88).
We focus on a cyclic transformation where the system is initially in the ground state of the equilibrium Hamiltonian, thus,
it is convenient to rewrite the single spin-wave state as

% X2 i o(t)
Yo(x, t) = ( ) e WG o155 (100)

1
2mEx(t)

with the effective time dependent frequency W(t) = —izg and the influential phase ¢(t) = f ! 252 3 . Thus, even
in the linear ramp case the entire dynamics is descrlbed by the élfferentlal Eq. (90).

E()
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In order to determine the excitation density and the ground state fidelity with respect to the instantaneous equilibrium
solution of the problem, we define the adiabatic basis 1/f§d(x, t), which is obtained taking the equilibrium spin-wave
eigenstates and replacing the constant frequency with the time- dependent 0ne[172]. Accordingly, one can expand the

exact time-dependent state in terms of the adiabatic basis ¥(x, t) = > cu(t X, t), leading to the following results for
the excitation density
: 2
. E(0)? 1 40
Nexc(t) = () = 2= —— — ot =) |, 101
exc(t) = (A) T;mmcn 200 | \ze — ) + i (101)
and the adiabatic ground-state fidelity
1 2w(t)
fity=lecol* = — : (102)

£(t) 1 2 (in)?
(28(02 +“’(”> + (%>
Interestingly, one can relate the former expressions to the squeezing parameter in Eq. (89) by the simple relation
tanh(r) = /Nexc(t)f (£)*.
An analytic solution can be found for a linear ramp across the quantum critical point with the resonant spin-wave
having the dynamical frequency

w(t)? = 4h(t)(h(t) — 2Jo) ~ 88]t| (103)

where the last expression on the r.h.s. has been obtained substituting h(t) = h, — 8t and expanding for small §t. The
linear scaling of w(t)? is the consequence of the gap scaling zv = 1/2 of the equilibrium problem, see Eq. (47). Eq. (104)
represents the perfect crossing of the quantum critical point, since the instantaneous spin-wave frequency perfectly
vanishes at t = 0. In order to effectively incorporate finite size effects, we shall introduce a small deviation from perfect
degeneracy and rewrite Eq. (104) as

w(t)? = 88|t| + A%, (104)

where Ay is the minimal gap of the finite size system. Obviously, limy_ . Ay — 0 and the system attains perfect
criticality in the thermodynamic limit. Moreover, due to universality, the minimal gap exhibits power-law scaling of the
form A,z\, A~ N~1/" with v, = 3/2 as predicted by finite size scaling theory [202] and confirmed by exact studies on the
fully-connected quantum Ising model and related flat interacting models [84,203-205].

The model in Eq. (104) describes a cyclic transformation of the single Hamiltonian mode and, in the limit § — 0, it
can be used to describe a quasi-static cycle in quantum systems with infinitely degenerate spectrum. According to the
behavior of the fidelity and excitation density in the quasi-static limit § — 0 the system presents three stages

1. Perturbative regime (N < oo).
2. Kibble-Zurek regime (N — oo and t € [—h/§, 0]).
3. Non-adiabatic regime (N — oo and t € [—h(/§, he/8]).

Regime (1) occurs for a finite minimal gap Ay > 0: there adiabatic perturbation is applicable and the dynamics remains
adiabatic, i.e. Nexe o 8%[206]. Regime (2) is realized for a thermodynamic system (Ay — 0) whose dynamics terminates
exactly at the quantum critical point t = A, = 0, where non-analytic corrections of the form 8° appear in the residual
energy. As we are gonna see in the following this regime is properly described by the Kibble-Zurek argument. An actual
crossing of the quantum critical point only occurs in regime (3) and the system enters the non-adiabatic regime, where
the residual energy and the fidelity acquire dynamical correction which do not depend on the drive rate.

The latter result can be easily shown rephrasing Eq. (90) in a rate independent form via the transformations

t =63 £=08%F (105)
which reduce Eq. (90) to the § = 1 case. The expressions in Eqs.(101) and (102) are invariant under the transformations in
Eq. (105) in such a way that the fidelity and excitation density at real times can be obtained by &, (f) = lims_, { &;(t). The
subscript A has been introduced to explicit the dependence on A of the solution of Eq. (90) In the new variables, the only
dependence of the dynamics on the rate § remains in Ay = Ay /81/3. While the transformations (105) have been reported
for the case of a linear quench, they can be easily generalized to any non-linear drive A(t) = (§|t|)", obtaining results
analogous to the one described in the present section[54]. Thus, the invariance of Eq. (90) with respect to the rescaling
1n Eq. (105) is enough to demonstrate that the dynamical evolution of the system only depends on the combined variable

=N = AN as first evidenced by the numerical study in Ref.[106].

Summary: For a quasi-static drive terminating at the critical point Kibble-Zurek scaling is observed, while for
dynamical protocols crossing the critical point the amount of defects is independent of the quench rate.
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3.3.3. Adiabaticity breaking

However, in order to provide estimates for the defect density and fidelity in the quasi-static limit one has to solve
Eq. (90) exactly. In the following we are going to drop all the ~ superscripts over the rescaled variables, in order to ease
the notation. The crucial condition of adiabatic dynamics is for the system to start in the ground-state at the beginning
of the dynamics, i.e. lim;_, _, ¥ (t) = gd(t), leading to the boundary conditions

. 2 _ 1 . i SE)2 —
Jim 60 = 5o lim £ = 0. (106)

First, it is instructive to consider the case of the quasi-static dynamics terminating at the critical point, i.e. t € [—h¢/§, 0].
As anticipated, the solution only depends on the combination A = N4§ and, then, the corrections observed in the dynamics
dramatically depend on what limit is taken first, see Appendix D. If one considers the quasi-static limit (§ — 0) at finite
size, the rescaled gap Ay diverges and adiabatic corrections arise in all dynamical quantities

lim Nexe(to) = 0 (67): lim f(to) = 1—0 (%) . (107)

More interestingly, if the thermodynamic limit is taken first, the rescaled instantaneous gap vanishes limy_, . Ay = 0.
However, this is not the case for the effective gap 1/&(t)? nor for its derivative, which attain the finite values

_ rp)rp+1)

S g2

A0y = = o (108)
. 1

lim 2£(0)6(0) = — , 109

Jim 26(0)5(0) = — (109)

where p = 1/3. The finiteness of the results in Eqs.(109) and (D.23) corresponds to a vanishing fidelity in Eq. (102).
Consequently, the defect density diverges, see Eq. (101), but the excess energy remains finite
lim  Eres(0) = lim w(t)Nexc(t) o 83. (110)
N—00,6—0 t—0

Eq. (110) defines regime (2) and is consistent with the outcome of the Kibble-Zurek mechanism[188,206] as well as with
the numerical result in Ref.[107].

Regime (3) is obtained considering directly the thermodynamic limit case Ay = 0 and taking the dynamics in
t = het/8 =~ oo limit, which yields the §-independent results

Jim Nexe(t) = % (111)
Jim f(6) = ? , (112)

which characterize the non-adiabatic dynamics as they remain finite in the § — 0 limit. The analytical results in Eqs.(111)
and (112) are universal in the traditional of Kibble-Zurek mechanism result. So, they faithfully reproduce the slow drive
limit § — 0 of any dynamical protocol which crosses the critical point. The universality phenomenon is analyzed in
details in Ref.[53]. It can be numerically verified that the analytic solution in Appendix D.3 accurately describes any drive
o/(t,) such that |o/(f) — a)(f)l2 <« 1, where w(t) is given in Eq. (104)[54]. It is worth noting that the non-adiabatic regime
described by Eq. (111) and (112) is profoundly different from the one described in Ref.[207] for low-dimensional systems.
There, the spin-wave description is applied to the case @ — oo. Then, differently from our case one has to integrate over
the continuous spin-wave spectrum and non-adiabaticity may arise also for a quench to the critical point due to the flat
density of states of 2d systems.

In summary, dynamical corrections to a quasi-static drive solely depend on the universal variable A = N§. Indeed, the
instantaneous minimal gap of a finite system scales as Ay o A~'/3, it follows that the thermodynamic limit (N — oo) and
the adiabatic one (6 — 0) do not commute. Accordingly, the observable expectations are universal when displayed as a
function of the universal variable A, see Fig. 10(b). This is in perfect agreement with the numerical findings of Ref. [53,106].

Summary: Non-adiabatic corrections depend only on the product of the system size and the ramp velocity 8. This
leads to a novel form of universality, where no Kibble-Zurek scaling is observed in the thermodynamic limit.

3.3.4. Full counting statistics of defects

Recently, interest has raised around the universality of the higher cumulants of the defect statistics following a quasi-
static ramp. In general, the process of defect formation in finite local systems has been argued to follow a Binomial
distribution [208], making the process of defect formation across a conventional quantum phase transition akin to the
classical process of a coin toss [209]. Approaching the thermodynamic limit the probability to generate n defects becomes
normal and reads

1 (n—(m)y

Pl = o= (2(1 —p)<n>> ’ (1)

29



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

T T T T T T T T T T T 17T
2aaaERag
6zv/(1+zv)
2 L
10 O, "8a
N 0, By
(0]
\ (0] AA
(0]
- Y A
w . Oo A
104+ < 0 AA b
8§21 OO A
N 0 A
\ 0
\ [0]
106 X Oo )
N 0
| IR IR ST BN A 105
10" 10° 10" 102 10° 10¢ 105 ' -0 5 7§ 5n
5 N5t
(a) Slow quench to the quantum critical point (b) Slow quench across the quantum critical point

Fig. 9. Defect formation in the o = 0 Ising model during a slow quench: Panel (a): Residual energy as a function of the drive rate § for different
values of the final gap for a slow dynamics terminating exactly at the critical point. Panel (b): Residual energy after a full ramp across the quantum
critical point for two different system sizes and three different values of the universal scaling variable A = N§ = 15, 3.75, 0.94 from top to bottom.

107! 10!

— A=15.00
10°

107!

E, Tes

N7E,(t)

1073

1074

1076

102 10° 1 1077 ~10 -5 0
1/6 N5t

(a) Half ramp (b) Full ramp

Fig. 10. Kibble-Zurek mechanism in the fully-connected model. Panel (a) shows the residual energy as a function of the ramp speed in the case of a
half ramp t € [—h /8, 0] for A = {10°,3-107, 10%, 3-10%, 103, 3- 10, 1} from top to bottom. The crossover between the Kibble-Zurek scaling (black
dashed line) at large A and the analytic scaling (gray dashed line) at small A is evident. Panel (b) displays the residual energy after a quasi-static
drive obtained by spin-wave theory. The result is obtained within regime (3) and perfectly reproduces the slow-drive universality numerically found
in Ref.[106]. Each color represents a different value of A = N§ with N = 2° and N = 2'! (dashed and solid lines in panel b), i.e. the same values
displayed for the exact numerical study in Fig. 9(b). The curves at different sizes perfectly collapse when drawn as a function of the scaling variables.
Moreover, the agreement between the spin-wave theory and the numerical study for the different values of A is rather remarkable.

where the average number of defects follows Kibble-Zurek scaling (n) o 6% and p is the probability for the formation
of a single defect. The above theory can be exactly verified in the nearest neighbor transverse field Ising model, whose

full counting statistics can be calculated exactly. While for a finite quench rate § all moments of the distributions remain

finite in the slow drive limit one recovers Eq. (113) with (1 — p) = 3/7? and (n) = % /ﬁ. These findings have been

also demonstrated on different quantum computing platforms[210,211].

The phenomenology of local systems is certainly rich, but does not present any peculiar features due to quantum
fluctuations. Indeed, the same theoretical framework can be applied to describe the statistics of the defects generated
across a classical and a quantum phase transition[208]. As we have already argued in previous section, long-range
interaction radically alter this picture as they suppress the defect contribution arising from semi-classical critical dynamics
and promote the single quantum model as the leading source of non-adiabatic corrections. Interestingly, using the same
methodology employed to derive Eq. (111), one can obtain the full counting defect statistics. Indeed, the probability to
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generate n defects in our problem is just given by the |c,|? coefficient in Eq. (101)[212]. As shown in the appendix, see

Eq. (D.7), the probability to generate n defects reads
k—1
Pux(n) (” " )sech(r)z" tanh(r)", (114)
n

which is a negative binomial distribution of k successes and n failures. The parameter tanh(r) defines the squeezing
parameter, see Eq. (89) of the single spin-wave of the system. In the present case, n is the number of defects generated
and k = 1/2.

In light of Eq. (114) the parallel between the local and long-range full counting statistics becomes rather striking. The
negative binomial distribution described the probability to obtain n failures before a given (non-deterministic) number k of
successes occurs. So, the probability for a defect (actually a pair since n € 2Z) to arise in the quantum long-range system
coincides with the probability to observe n failures before the kth success. However, k = 1/2 in the present problem,
see the explicit derivation of Eq. (114), and the equivalence to the classical Binomial process is lost. Negative binomials
of fractional k are often dubbed Polya distributions and they do not have any equivalent in classical processes but they
naturally emerge in the defect formation of quantum long-range systems due to the quantum nature of the problem. This
has to be contrasted with the case of local critical theories where defect formation is a purely classical process [209]. The
implications of these findings to the quantum thermodynamics of the systems are discussed in Ref.[212,213].

Summary: Long-range interactions suppress the creation of defect, leading to a negative binomial defects distribution,
without a classical counterpart.

3.4, Dynamical quantum phase transitions — Loschmidt echo

Up to this point, our discussion focused on the most traditional examples of dynamical critical phenomena, but,
recently, experimental advancements in quantum simulations with cold atoms[25,214-219] and trapped ions[7] raised
the interest on novel form of dynamical criticality [ 14]. This is the case of dynamical phase transitions. On one side, the
name referred to the study of the out-of-equilibrium behavior of order parameters [220-225], which we refer to dynamical
phase transition (DPT) in the order parameter and that will be discussed in details in Section 4.1.2. On the other, a novel
form of dynamical criticality was discussed, where nonanalytic cusps in the Loschmidt echo rate function appear after a
quantum quench [55,226,227]. We refer to the latter here as dynamical quantum phase transitions (DQPT) in the Loschmidt
echo.

During a quench, the system initially prepared in an initial state |¥,) is evolved through a time independent final
Hamiltonian H, i.e. |¥(t)) = exp(—iHt)|¥). The Loschmidt amplitude describes the amplitude of the system returning in
its initial state at time t and reads

G(t) = (Yl (1)) = (¥l exp(—iHt)|¥o) (115)
whose expression closely resembles the classical finite-temperature partition function Z(8) = Trexp(—gH). The
Loschmidt echo is simply obtained by squaring the amplitude in Eq. (116) yielding

£(t) = |g(t)*. (116)

The Loschmidt amplitude and Loschmidt echo play central roles in the theory of DQPTs and appear in various contexts
in quantum many-body theory[228-233]. They exhibit a functional dependence on the system size N, and in the
limit of large N, they can be described by rate functions that capture their scaling behavior[226,234]. DQPTs are
defined as nonanalytic behaviors of the Loschmidt amplitude or Loschmidt echo as a function of time. They can be
considered as phase transitions in time, analogous to equilibrium phase transitions associated with nonanalytic structures
of the free energy[226,235]. A DQPT is characterized by a sudden qualitative change in the dynamics of the system,
typically accompanied by a kink or nonanalyticity in the rate function of the Loschmidt amplitude or Loschmidt echo.
This nonanalytic behavior can vary depending on the system and dimensionality, including power-law singularities,
logarithmic singularities, and other forms[226,236,237].

Theoretical evidences of DQPTs in the Loschmidt echo return rate was found in numerous quantum systems[226,
227,236,238-244] and connected with the behavior of different local observables[245], including different definitions of
the order parameter [246,247]. Given the many successful experimental realizations of this kind of DQPTSs, especially in
trapped ion systems with long-range interactions[24,248], it is not surprising that long-range interacting models were
also a privileged tool for the theoretical characterization of DQPTs [192,236,246,247,249-254].

Summary: Dynamical quantum phase transitions (DQPTs) in the Loschmidt echo are defined by non-analytic behavior
of this quantity as a function of time.
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3.4.1. Spherical spin-wave theory

In the following, we are going to show how the emergence of DQPTs in the long-range Ising model can be captured
by the study of the harmonic Hamiltonian in Eq. (46). However, most DQPTs occur when a parameter of the Hamiltonian
is quenched across an underlying equilibrium phase transition and the equilibrium spin-wave theory is not capable to
capture both side of the transition within the same formalism. It is worth noting that there are cases where DQPTs can
arise independently of conventional phase transitions[239,240,249,255,256].

In order to capture a sudden quench across the dynamical critical point we are going to consider the spherical model
Hamiltonian

1 A 1 n o
H= 3 ;Pkp—k + 3 ;wixkx—k (117)

where the X, and p, are canonically conjugate hermitian operators, such that [Xy, pr] = i, and the dispersion relation
reads

wp = v/ h(p + 2Jofi(e)). (118)

The Hamiltonian in Eq. (117) corresponds to the spin-wave Hamiltonian in Eq. (46) once one introduces the annihila-
tion/creation operators

B = \/? (ik + Lﬁk) (119)
(93

St ()3 N i,
== | Xk — — . 120
Bl.=\3 ( (= ob ) (120)
In fact, the spectrum in Eq. (118) roughly corresponds with the spin-wave spectrum in Eq. (47) with y = 1. However,
while Eq. (47) only depends on the magnetic field and the coupling, the spherical model’s dispersion relation, i.e. Eq. (118),
contains an additional parameter w. In the spherical model, the parameter u has to be calculated self-consistently by
imposing a constraint on the spin-wave potential energy, namely

2
<<ﬂ,j + ﬂk) > N
Y r—"t=—. (121)
k Zhwk 4
The spherical constraint in Eq. (121) may induce a quantum critical point in the quadratic model at a field value heeh
depending on the features of the function f,(«). Below the critical field strength hi'r’h the constraint condition in Eq. (121)
causes the spin-wave to form a condensate state at k = 0. In its classical version, the spherical model has been introduced

to mimic the finite temperature free-energy of O(n)-symmetric spin systems in the n — oo limit[257].

Summary: The spherical model corresponds to the low-energy spin-wave HamiltonianEq. (46) equipped with an
additional parameter u, determined by the self-consistent relation in Eq.(121). The model allows to extend the
spin-wave description across the critical point.

3.4.2. Step approximation

The DQPT occurs in the spherical model following a sudden quench. Thus, we have to consider the average in Eq. (121)
over a time dependent state |¥(t)) = [],|¥ko(t)), where |y o(t)) is the single-spin wave state given by Eq. (D.2) with
n = 0. The explicit calculation leads to the dynamical constraint equation

h &)
N Xk: =1/4, (122)

2

where Skz(t) is the solution of the Ermakov Eq. (90). Similarly to Section 3.1, we are going to consider a sudden quench
of the ferromagnetic coupling J, — jg, but now the final coupling value ]g shall drive the system across the quantum
phase boundary. In this case, a solution of the differential Eq. (90) together with the dynamical constraint in Eq. (122) is
rather complicated and, up to our knowledge, has not been attempted yet. On the other hand, a convenient simplifying
assumption consists in assuming that, as the ferromagnetic coupling Jo is quenched, the parameter 1 also undergoes a
discontinues jump between two constant values i at t < 0 and uy for t > 0. This procedure goes under the name of
step approximation and has been introduced in Refs.[165,169]. In order for this approximation to be sensible, one should
choose the final value uf in order to reproduce its expected long-time (equilibrated) value. As long as & > d the system
can be safely assumed to equilibrate at long time as shown in Ref.[110,169],

Within the framework of the step-approximation, the frequency suddenly change from their initial value wy; to a final
value wy s, leading to the following sudden quench solution for the effective length of each spin-wave

. 2
) = [ oD (123)
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with the quench parameter ¢, = % — 1. In the thermodynamic limit N — oo the sum in Eq. (122) can be turned

into an integral. Then, taking into account the explicit solution in Eq. (123) one obtains

dk h [ek
2
This equation cannot be fulfilled at all times due to the oscillatory cos 2wy ¢t term. Yet, in the limit ¢ — oo the dephasing

between the different modes washes away the time dependence in Eq. (124), making the solution in Eq. (123) exact also
for the constraint problem as long as the final value of w is chosen in order to satisfy the following expression

1— cos2 t]=0. 124
o [0 s (124)

dk €k

2 wy i

=0. (125)

This implicit equation determines the long-time asymptotic value of us through the u dependence of wy ;. The consistency
of the equilibration assumption and, overall, of the step approximation can be verified by the inspection of the numerical
solution of the exact problem, see Ref.[110].

Eq. (125) can be used to determine the dynamical critical coupling J," at which the dynamical excitation become
gapless and the constraint parameter ys in Eq. (125) approaches its cr1t1ca1 value u. Using these definitions, Eq. (125)
can be rewritten as

—\/E/ dk \/2M0+2]0fk

27 20 + 25V fila)’

where pi is the equilibrium critical value. The existence of a finite value J;" satisfying Eq. (126) depends both on the
parameters h, @y and on the value of ¢. The dynamical phase diagram of the model is reported in Ref.[110]. In the present
section, for the sake of simplicity, we are going to assume that ]é lies above its equilibrium critical value ]3 > Jg, ie. in
the condensate phase, and consider the case o < d + 2.

Given the quadratic nature of the spherical model, the overlap function can be calculated analytically

—-1/2
a(t) =1_[{(8wk,,-)]/4€iwk(t)(zwk’iék(t) + ﬁ - iZék(t)) } , (127)

k

c,dyn

(126)

c,dyn

where the dynamical phase ¢(t) is defined below Eq. (90). The Loschmidt echo rate function is obtained by taking the
logarithm of the squared overlap, yielding

1 di
r(t) = — lim — log|G(t)]> = —log2 + / & log|Xk(t)|, (128)
N—oo N 2

1

m<2wk,z€k( )+ g(t) — i2§(t )) (129)

As long as wy; is gapped, the expression in Eq. (129) remains smooth and no cusp appears at finite time for the rate
function defined in Eq. (128). The non-analytic cusps characterizing DQPTs will only appear for a sudden quench from
the broken phase where £2;; is gapless. This result demonstrates how one can observe and characterize DQPTs by just
analyzing the quasi- particle spectrum. Therefore, as already mentioned, we are going to consider a sudden quench of
the coupling Ji — Jf, with the initial coupling within the ferromagnetic phase and the final one above the dynamical
critical threshold ]fdyn Since the dynamics is initiated in the broken phase, a complete treatment of the problem shall
also include the evolutlon of the classical mode representing the condensate fraction of spin-waves as it was done in
Ref.[242]. However, in the present description we have discarded this contribution as it is not necessary to observe the
DQPTs.

The signature of DQPT in the Loschmidt echo dynamics is reported in Fig. 11, the Loschmidt echo is shown for a quench
from ]0 =2J§ to ]0 = J§/2 for different values of o. The rate function clearly shows non-analyticities at the critical times:

=" meN (130)
W f

which appear due to logarithmic divergences in the integrand in Eq. (128). Since the critical time scale is set by the
post-quench gap, we do not expect to see nonanalytic cusps in the Loschmidt echo for a quench into the gapless phase,

as previously mentioned.
Upon differentiating Eq. (128) with respect to time n times, we encounter terms that are proportional to 1/wy; when
t = t*. These terms diverge as k=%~ 42 However, since the integration over k still has to be performed, the nth derivative
of the rate function only diverges if n(e — d)/2 > 1, or equivalently, n(e — d) > 2. Thus, the smaller « the larger the
order of the derivative for which the cusps are expected. This analysis holds true throughout the entire region where
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Fig. 11. DPT in the spherical model. The Loschmidt echo rate function of the spin-wave theory (in presence of the spherical constraint) after a
sudden quench of the ferromagnetic coupling ]{] =2J§ to ]’; =J§/2. The cusps in the rate function are clearly evident and the second derivative is
divergent since the dynamics considered is for « = 2.5 and d = 1, see the discussion in the text.

Source: Figure adapted from Ref.[110].

d < a < d+ 2. On the other hand, it does not apply when « > d + 2 since there is no gapless phase to initiate the
calculation. The discussion presented above offers further evidence that the emergence of nonanalytic cusps is not solely
a feature of the step approximation. Instead, it is a consequence of the initial conditions, specifically starting in the gapless
phase, as well as the specific form of the function &—o(t) and its time derivatives, which remain unchanged in the exact
calculation. Furthermore, the structure of these cusps remains unaltered even in the long-time limit when wu(t) reaches
equilibrium and the step approximation becomes exact.

Summary: Loschmidt echo DQPTs in the spherical model appear for quenches from the broken phase, as results from
the exact solution.

3.4.3. Strong long-range regime

The aforementioned analysis cannot be extended to the regime @ < d as the system does not equilibrate and the
assumptions at the root of the step approximation outlined in Section 3.4.2 fail. Moreover, due to the gapped nature of the
spectrum the importance of the order-parameter motion of the system at « < d is more prominent and cannot be easily
discarded. Several numerical simulations and analytical arguments have been used to show the existence of the DQPT in
the Loschmidt echo also for the actual Ising Hamiltonian for different values of « [238,251,252,258]. In particular, extensive
numerical studies have been devoted to investigate the connection between the DQPTs occurring in the Loschmidt echo
and the DPTs defined via the dynamical scaling of the order parameter [246,250], see also Section 4.1.2. Also, the relation
between the two different notions and the quasi-particle properties of the model have been largely investigated, but
mostly close to the local limit[247,253,254]. In the next section, we are going to introduce the dynamical Holstein-
Primakoff transformation, which represents the proper formalism to describe the motion of spin-wave coupled to the
classical order parameter and their feedback effect. However, we are only going to use it to describe DPTs in the order
parameter leaving aside further comments on singularities of the Loschmidt echo.

Summary: In the strong long-range regime, the leading effect in the Loschmidt echo DQPT comes from the dynamics
of the order parameter, and it can be related to other forms of dynamical criticality.

4. Dynamics in highly excited states

In this Section we will discuss the treatment of out-of-equilibrium dynamics involving arbitrarily high energy initial
states, as in standard quantum quench protocols.

We will begin in Section 4.1 by reviewing mean-field dynamical phenomena for o = 0. In Section 2.3 we showed that
the fully connected limit of quantum spin systems reduces to the physics of a single collective degree of freedom. In this
Subsection, we will discuss how this statement applies to non-equilibrium dynamics as well.

Secondly, in Section 4.2, we will discuss how finite-range interactions with @ > 0 affect mean-field dynamical phe-
nomena. Long-range interacting system can be formally viewed as a perturbation of the mean-field limit, as reviewed in
Section 2.4. The perturbation term couples the collective degree of freedom to many spin-fluctuation modes with various
wavelengths, resulting in a genuine many-body problem, which can be addressed via the non-equilibrium spin-wave
formalism developed in Refs. [56,57]. The coupling strength to mode k strongly depends on the interaction range governed
by the exponent «, as encoded by the function fi(«). As a result of this tunable decoupling, long-range interactions give rise
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to non-equilibrium many-body phenomena distinct from the generically expected thermalization: Collective spin ordering
is remarkably resilient out of equilibrium, generating long pre-thermal stages of dynamics characterized by long-lived
oscillating collective spin polarization. This behavior was observed in numerical simulations performed with a range of
techniques [127,129,246] and theoretically understood via the aforementioned approach [56,57]. This analysis shows that
the duration of the prethermal stage increases as « is decreased, and diverges with the system size when « < d [58,259].

4.1. Quench dynamics of fully-connected spin systems (a« = 0)

This Section is devoted to the non-equilibrium dynamics of fully connected spin systems. We study the time-evolution
starting from ground states [y) of a pre-quench Hamiltonian H(ho) evolving with a different post-quench Hamiltonian
H(hy). For the sake of definiteness, we will mostly consider the Ising model, Eq. (1) with y = 1, and quenches in the
transverse field from hq to hy. As described in Section 2.3.2, ground states of long-range Hamiltonians as (1) are generically
close to spin-coherent states. Their dynamical behavior is determined by a classical mean-field description emerging in the
thermodynamic limit when initialized in fully polarized states, as described in Section 4.1.1. The resulting dynamics of
collective observables can give rise to new forms of dynamical criticality, such as dynamical phase transitions, discussed
in Section 4.1.2. The semiclassical framework also allows us to describe the growth of quantum fluctuations, which
coincides with the flow of linearized shifts around classical trajectories and is thus related to the standard quantifiers
of classical chaos, reviewed in Section 4.1.3. When the quantum fluctuations become comparable to the typical length
of the phase space, this description breaks down, defining an Ehrenfest time that diverges with N for this class of
systems. Remarkably, such semiclassical framework grasps crucial aspects of quantum dynamics, such as the dynamics
of scrambling or entanglement as reviewed in Sections 4.1.4 and 4.1.5 respectively.

4.1.1. Mean-field classical limit

The dynamics of a system with unbroken full permutational symmetry take place in the totally-symmetric subspace
(TSS) of the many-body Hilbert space simultaneously invariant under all permutations. Such dynamics is amenable to
an exact representation in terms of few collective degrees of freedom, characterized by an effective Planck constant
fefr ~ 1/N suppressed with system size [223,260]. We refer to Appendix B for a general discussion.

For systems of interacting quantum spins the limiting semiclassical description may be formulated more directly
and intuitively in terms of states with maximal collective spin S = Ns — the so-called Dicke manifold. As discussed in
Section 2.3.1, the collective spin approaches a classical limit for large N.1# For the infinite-range XY Hamiltonian in Eq. (5)
the classical limit H,—o/N — H, is given by Eq. (11) in Section 2.3.1, where we discussed equilibrium properties. In this
Section, we will use the same approach to discuss out-of-equilibrium properties. For definiteness, throughout this Section,
we will set y = 1 (quantum Ising model).

The non-equilibrium evolution (§(t)) /N generated by a sudden change (“quench”) of a Hamiltonian parameter is
described by a classical trajectory S(t) on the unit sphere governed by #,, i.e.,

5= {8 Ha} . (131)
with the canonical Poisson brackets {S*,S"} = ¢,,,5”, where ¢,,, is the totally antisymmetric Levi-Civita tensor.
Evolution can be recast in terms of the spherical angles 6(t), ¢(t). In the case of the Hamiltonian (5), the non-linear
precession of the collective spin is described by the classical equations of motion'?

:é = 2Josin@ cos g sing ,

. 132
¢ = —h+2Jycosh cos? ¢ . (132)

As the Hamiltonian governs a single degree of freedom, the classical limit is trivially integrable and characterized by
regular periodic trajectories in phase space. Such behavior corresponds to persistent spin oscillations after a quench,
whose period depends on the initial state. For |h| < 2Jp, the phase-space also features a separatrix with a diverging
classical period, terminating at the saddle point & = 0 and characterized by an exponential instability rate

A= /h(2Jo — h) (133)

(i.e. the eigenvalue of the stability matrix at the saddle point).

While such fully-connected spin models generically exhibit periodic orbits, semiclassical chaotic behavior can occur
in a number of relevant situations. A standard example comes from introducing time-dependent driving, thus breaking
energy conservation: The quantum kicked top [261,262], corresponding to a step-wise driving protocol applied to the
model above, gives a paradigmatic regular-to-chaotic crossover as a function of the driving parameters. Another source
of chaoticity comes from coupling the spins to other degrees of freedom, such as a cavity mode, which gives rise to the

14 pors = 1/2, the TSS coincides with the Dicke manifold. For larger s there are more permutationally invariant states with lower S, that is outside
the Dicke manifold (dimTSS ~ N% for large N). However, for Hamiltonians without spin self-interactions, one may always consider dynamics within
the Dicke manifold.

15 por convenience, we rescale time by a factor s.
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textbook Dicke model [263,264]. Finally, chaotic behavior can arise from self-interactions of higher spins s > 1/2, which
are generally described by n = 2s > 1 collective degrees of freedom, e.g. Ref. [265], or more general collective models,
e.g. Ref. [266]: In the absence of additional symmetries, self-interactions will break classical integrability. These extended
possibilities can be addressed with the method summarized in Appendix B. In the rest of this Section, we will refer to
them when discussing the impact of chaos on the quantum dynamics of fully-connected systems.

Summary: In the thermodynamic limit the quench dynamics of fully connected spin systems are described by classical
trajectories of a single collective degree of freedom.

4.1.2. Dynamical phase transitions — Order parameter

The non-equilibrium evolution described above may or may not result in collective spin ordering at long times,
i.e. finite order parameter. An abrupt change of dynamical ordering properties as a function of driving control parameters
is referred to as a dynamical phase transition (DPT) [222,223,225,249,252,260,267-273]. In particular, when a system
is quenched from a symmetric state across the equilibrium critical point, dynamical scaling properties associated with
aging or coarsening may appear [166,169,274,275]. Conversely, when a system undergoes a sudden quench from a
broken-symmetry state, the resulting out-of-equilibrium dynamics may display two different phases. One can define a
non-equilibrium order parameter by time-averaging the corresponding equilibrium order parameter. This quantity may be
vanishing or not depending on whether the symmetry is dynamically restored after the quench. The associated dynamical
critical point is believed to have a universal character. A special interest was placed on systems that fail to rapidly approach
thermal equilibrium after the quench, as their dynamical universality may have no equilibrium counterpart [260,268].

Fully-connected spin systems provide the simplest instance of genuinely dynamical phase transitions. To illustrate this
we consider the infinite-range quantum Ising model [Eq. (5) with y = 1]. The character of non-equilibrium dynamics is
encoded in the classical trajectories of the collective spin, which may have paramagnetic or ferromagnetic character. Here
one studies quenches in the transverse field hp — hy for which DPTs have been extensively studied [223,249,252,276].
The two non-equilibrium phases are distinguished by the time average of the equilibrium order parameter,

T ox
F = lim 1/ ASIO) (134)
o Ns

which serves a non-equilibrium order parameter: It is finite S* # 0 for shallow quenches in the dynamical ferromagnetic
phase and it vanishes abruptly S¥ = 0 at the dynamical critical point hqe = (hg + Jo)/2, associated with the critical
trajectory corresponding to the phase-space separatrix; for deeper quenches hf > hq the system lies in the dynamical
paramagnetic phase. See Fig. 12(a-b) for an illustration. This kind of DPT has been realized experimentally with cold atoms
in optical cavities [25] or in a superconducting quantum simulator [277].

The spectral counterparts of these DPTs are given by excited-state quantum phase transitions (ESQPT) [278-284]. This
corresponds to singularities of the density of states at some finite energy density which distinguishes eigenstates with
ferromagnetic nature from those with paramagnetic nature: See Ref. [285] for a recent review.

The notion of DPT discussed here is in general distinct from that of DQPT discussed in Section 3.4, and therefore
they may even not occur concomitantly in the same model. However, a connection has been pointed out whenever
both phenomena are present[246] (see also Refs.[57,242,243]). Below, in Section 4.2.3, we will discuss how this
out-of-equilibrium phenomenon is affected by decreasing the interaction range.

Let us mention that, due to the intrinsic semiclassical nature of dynamics in this class of models, observables can be
efficiently simulated using phase-space numerical techniques [286-288], such as the Truncated Wigner Approximation
(TWA) [287,289,290] or its discrete [131,291] or clustered [292] versions. These methods have been intensively used also
to explore dynamics with finite « interactions, which we discuss in the next section [128,131,293-301].

Summary: The asymptotic state after quantum quenches from the ordered phase may or may not display ordering.
These dynamical phase transitions are associated with a separatrix in the classical phase-space.

4.1.3. Semiclassical dynamics of quantum fluctuations

The classical description of dynamics outlined above is exact in the thermodynamic limit N — oo. In finite systems,
however, it has a limited time scale Tg,(N) of validity, known as Ehrenfest time scale: At long times t > Tgn(N), quantum
fluctuations will dominate the behavior of time-dependent local observables and entanglement quantifiers. Tg can be
estimated as the time at which the size of quantum fluctuations becomes comparable with a characteristic phase-space
scale. This time scale depends on the initial state and on the nature of the underlying classical dynamics. In this Subsection,
we discuss the semiclassical dynamics of quantum fluctuations.
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Fig. 12. Equilibrium configurations and possible instances of non-equilibrium dynamics in the fully-connected quantum Ising model. (a-c) Pictorial
representation on the Bloch sphere of the collective spin for the post-quench Hamiltonian. (a-b) For hy < |J|, the energy possesses two minima
characterized by non-vanishing, opposite magnetizations along x. (c) For hy > |J|, the system is paramagnetic with a single equilibrium configuration
in the direction of the field. Initial fully polarized states at t = 0 are pictured as a point on the Bloch sphere, surrounded by a small gray circle
representing their transverse quantum fluctuations. Labels (a1-3)* represent possible instances of such initial conditions. (a1-a3) Semiclassical phase
portrait of the ferromagnetic post-quench Hamiltonian, where the initial states move along a nontrivial nonequilibrium trajectory, corresponding to
the initial conditions (a1-3)* respectively. (a4-a5) Associated dynamics of the classical magnetization. Labels (a) refer to initial ferromagnetic initial
states hp < |J|. Their time-evolution is characterized by ferromagnetic periodic (green) trajectories [see (al) and (a4)] or paramagnetic (blue) ones
[see (a3) and (a6)] with S,(t) # 0 and S,(t) = 0, respectively. These are separated by the unstable (red) trajectory occurring at hqe [see (a2) and
(a5)]. Labels (b-c) refer to an initial paramagnetic state hg = oo evolved with two different Hamiltonians: (b) quench performed to a ferromagnetic
Hamiltonian h; < |J|, the initial state lies on the unstable trajectory, (c) quench performed to a different hy > |J| paramagnetic configuration.
Source: Images adapted from Ref. [57,58].

To compute the evolution of quantum spin fluctuations it is convenient to generalize the Holstein-Primakoff approach
introduced in Section 2.4, above, to the non-equilibrium context [56,57]. When the system is driven out of equilibrium,
the direction of the collective spin configuration [parametrized by 6(t) and ¢(t)] moves along the corresponding classical
trajectory on the unit sphere. We thus let the adapted frame of reference (X, Y, Z) in Eq. (12) vary in time, in such a
way that the Z-axis follows the evolution of (S(t)) o< Z(t). This way, the collective spin components along X and Y are
associated with quantum fluctuations and will be mapped to canonical bosonic variables.

The time-dependent spin rotation described above is implemented by the time-dependent unitary operator

V(O(t), p(1) = e 05 g 0O (135)

where the time-dependence of the angles is for the moment unspecified. The Heisenberg equations for spin components
S* with u = X, Y, Z in the mobile frame will then read
d A d 1., ~ - A A A N
pr r= pr vshvt = Z[S# H],  where H(t)=VHV'+ivvt. (136)
i

The effective time-dependent Hamiltonian H (t) includes inertial forces arising from the time dependence of V. A direct
calculation shows

iVt = —a(r)-5  with @(t) = (—sin@ .4, cos ). (137)

The time-dependent Hamiltonian I:I(r) is then transformed to a bosonic Hamiltonian via the Holstein-Primakoff
transformation, cf. Eq. (19). This yields an expression of the form'®

16 Here we rescaled time by a factor s for convenience.
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H(t) ~ + (Ns)' £ (6(¢t), ¢
+ (Ns)!/2 (fz“ )i + RS )
P
2

+(Ns )(h”(r)— +h() = + Gt >

n (’J((Ns)’”z).

Compared to the “static” rotated-frame Hamiltonian (obtained by just rotating the Spll’lS and mapping to bosons) [see
e.g. Eq. (20)], the additional inertial Hamiltonian modifies the linear terms as h )(t) = h ( (t), ¢(t)) + sinO(t) ¢(t) and
h(t) = h l)( 0(t). ¢(t)) — 6(t), while quadratic ones are modified as h3) ,(t) = iy PP( (£), ¢(t)) — cos6(t) ¢(t) and
h“ 2(0) = h(0(0), $(1)).

The evolutlon of A(t) and ¢(t) is fixed by the vanishing of the linear terms (), ensuring (§X(t)) = (§Y(t)) = 0. This
yields the classical mean-field equations of motion governed by H, i.e. Eq (132) for our model.

On the other hand, the number of collective excitations fig = (§*> + p 1)/2 [see e.g. Eq. (19)] non-trivially evolves

in time. Its dynamics are governed by the time-dependent quadratic Hamlltoman parametrized by h®(t) above. In order
to evaluate them, one computes the Heisenberg equations of motion

{ h%) Q+ h&i( £)
(1)

ap +ﬁ?1> (138)

fz , (139)
p

with solution ggg = U(t)(
n

)
)
exponential of the matrix defi by the right-hand side of Eq. (139). One can collect the dynamical fluctuations (or
“correlations”) G (t) = (§%(t)), GP(t) = (p*(t)) and G¥(t) = w in the 2 x 2 correlation matrix

QQ QP
6(t) = (f;qp((,f)) f;pp((g) — V(O Gt = 0 UT(1). (140)

, where the 2 x 2 propagator U(t) can be formally written as the time-ordered

The number of dynamically generated excitations can be expressed as

CR()+GP() -1 1 [ 1]

(fg(t)) = > iT G(t) — 5

Note that det G(t) = 1/4, which is an exact property of pure Gaussian states preserved by Hamiltonian evolution. For our
fully-connected Ising model, the equations of motion for the correlation matrix read
G = 2Jy cos 6 sin ¢ cos ¢ G2 + 2Jo (cos? ¢ — sin? ¢) G¥
GPP = —2Jo cos 6 sin ¢ cos ¢ GPP — 2J, cos? ¢ sin?  G'2 . (142)
G" = —Jo cos? ¢ sin” 0 G2 + J (cos? ¢ — sin® ¢) G™

(141)

Crucially, because we obtained these equations by expanding the Hamiltonian in powers of fi.;r and because classical
and quantum evolution generated by quadratic Hamiltonians coincide, the semiclassical dynamics of quantum fluctuations
— characterized by the time-dependent correlation matrix G(t) — obeys the same equation of motion as the linearized flow
of displacements from the classical trajectories. This statement actually applies to arbitrary semiclassical systems with n
degrees of freedom, where the correlation matrix G(t) of the quantum fluctuations becomes a 2n x 2n matrix. We refer
to Ref. [302] or Appendix B for a complete discussion. The correlation matrix G(t) is equivalent to the monodromy matrix
whose eigenvalues define the finite-time classical Lyapunov spectrum {A(t)} [303].

When the classical dynamics is integrable, nearby initial conditions generically separate linearly in time, as it becomes
manifest via action-angle variables [58]. Thus, the temporal growth of the quantum correlations is polynomial, (fg(t)) ~
t? . Isolated unstable trajectories like the separatrix discussed in Section 4.1.2 are characterized by exponential sensitivity,
and hence (ny(t)) ~ e***, where A is the largest eigenvalue of the saddle point that controls the instability. The asymptotic
growth also depends on the initial conditions for systems with a mixed regular-chaotic phase space, e.g. resulting
from integrability breaking within a Kolmogorov-Arnold-Moser scenario [303]. On the other hand, in systems with
fully developed chaos in phase space, the Lyapunov spectrum is uniform and nonvanishing. This implies an asymptotic
exponential growth of quantum fluctuations, (fig(t)) ~ e*** . The classification is concluded by the case of stable
equilibrium configurations, the linearized dynamics of which are equivalent to that of coupled harmonic oscillators.
Accordingly, all the quantities of interest perform bounded (periodic or quasiperiodic) oscillations. This classification is
summarized in the first row of Table 1.

The formalism outlined in this Section is quantitatively accurate as long as the number of collective excitations does
not grow too large (fg) <« N compared to the system size. As shown in Section 2.3 this assumption is generically valid
for ground states, even at the quantum critical points [84,304]. Out of equilibrium, this condition defines the Ehrenfest
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Table 1

Summary of the dynamical behavior of entanglement and chaos quantifiers
of N-particle collective systems in the semiclassical regime. The growth of
the entanglement quantifiers and the square commutator depends on the
nature of the limiting classical trajectory in the 2n-dimensional phase space
(stable configuration, regular or chaotic), up to the Ehrenfest time. Here,
A = Aq is the maximum finite time Lyapunov exponent, and Agx = iil Ak
is the sum of the 2K largest Lyapunov exponents, where K is the number of
degrees of freedom associated with the considered subsystem. For K = n/2,
one has the classical Kolmogorov-Sinai entropy rate Ags = » ., Ak-

Classical trajectory Stable Regular Chaotic
(Unstable)
Collective fluctuations oscillations t? e
Ehrenfest time scale o(v/N) o(v/N) o(InN)
entanglement entropy oscillations Int Ag t
square commutator oscillations t? et
time scale, given by
(Ro(Tenr)) ~ N . (143)

On this time scale the quadratic truncation of the bosonic representation loses accuracy. The non-linear corrections
generally lead to saturation of the growth of quantum fluctuations and to revivals on much longer times. Putting
everything together, we have

regular trajectories (fo(t)) ~ t2 Tene ~ h;f;/z ~ /N

fl
3 : H ~ 2At -1/2 . (144)
unstable (chaotic) trajectories (fp(t)) ~ e Tene ~ Inhg'™ ~ InN

The dynamical growth of collective quantum fluctuations goes hand in hand with the scrambling of quantum
information and the dynamics of quantum entanglement. As we will discuss in the next two sections, the approach
described here allows us to derive an exact relation between (f(t)), scrambling, and entanglement.

Summary: Collective quantum fluctuations evolve as the linearized flow of displacements around the classical
trajectory before the Ehrenfest time scale. The latter is defined as the time for which the amount of quantum fluctuations
becomes comparable with the system size. Consequently, this time scale depends on the classical phase-space.

4.1.4. Scrambling dynamics

Scrambling has been recently proposed as a pathway to characterize chaos in many-body dynamics. Generically
identified as the delocalization of quantum information, scrambling is commonly quantified by the dynamics of the
square-commutator

N ~ |2
e(t) = (|thc), B1|) (145)

of two observables A(t) and B at different times, where the expectation value is defined as the average over a quantum
state p, i.e., () = Tr(-p). Alternatively, scrambling can be studied via the closely related out-of-time order correlators
(OTOC) (A(t)BA(t)B). The square commutator was originally introduced by Larkin and Ovchinnikov [305] to semi-
classically describe the exponential sensitivity to initial conditions.!” Thus, whenever the underlying classical limit is
chaotic, c(t) is expected to grow exponentially in time as

ot) = hZ e (147)

with a rate . which may be related to the classical Lyapunov exponent (but it is in principle distinct). This holds at
intermediate times before the Ehrenfest scale t < Tgpy ~ In he_ffl, in this context also referred to as scrambling time. Interest
in the square-commutator was revived after Kitaev’'s proposal to use it to characterize many-body dynamics [306]. In this
context, it was shown that for a system at thermal equilibrium the rate  is upper bounded by quantum effects as A < %
where T is the temperature [307], as a consequence of the quantum fluctuation-dissipation theorem [308,309]. This

17 The heuristics goes as follows: for A=3%and B= p in the limit i — 0, upon canonical quantization one has
ax(t) I*
ax(0)

Hence, c(t) encodes the square of the derivatives of the classical trajectory with respect to the initial conditions.

c(t) ~ W {x(t), p(0)}35 =~ M (146)
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constraint — now known as “the bound to chaos” — is saturated by models of black holes, including the Sachdev-Ye-Kitaev
model (SYK) [306,310], a system of fully interacting disordered Majorana fermions where heg ~ InN.

In the present case of fully-connected systems with a classical limit (Section 4.1.1), scrambling before the Ehrenfest
time thus directly probes the sensitivity of the classical trajectories to infinitesimal perturbations. One can study the
square commutator in Eq. (145) by taking the expectation value in pure quasiclassical initial states and by looking at the
square commutator between two collective spin projections, namely

1\? A 2
Cap(t) = —<£> (Yol [Sa(t), 55(0)] [¥o) , (148)

where o, 8 = x,y, z and |y) is a fully polarized spin-coherent initial state. Using the expansion of the quantum fluctua-
tions elaborated in Section 4.1.3, we can compute the semiclassical evolution of the out-of-time-order square commutator.
By plugging the expansion of the rotated spin operators (19) into the definition (148), one then substitutes the formal
solution for the spin fluctuations at time ¢, i.e., Q(t) = Ugq(t) Q(0) + Ugy(t) P(0) and P(t) = Upy(t) Q(0) 4 Upp(t) P(0). The
initial fluctuations for coherent states are (Q(O)z) = (132(0)) = 1/2 and (Q(O)ﬁ(o)) = (13(0)@(0)) = 0. The resulting
out-of-time square commutator in Eq. (148) thus reads

2
Cup(t) = [XalO)(Uga() Y4(0) = Ugp(6) X5(0)) + Yal) (Upa(€) Y5(0) — Upp(6)X5(0)) |
+ O(hefr) -

This expresses a quantitative relation between the square-commutator and the formal evolution U(t) [cf, below Eq. (139)]
of the quantum fluctuations, which encodes the of the evolution of linearized displacements and the finite time Lyapunov
exponent spectrum {\y(t)}, as described in Section 4.1.3. Hence, when the classical limit is integrable, the square-
commutator will grow as c(t) 2~ t2, within the Ehrenfest time scale Tgp,. On the other hand in the presence of exponential
sensitivity associated with a phase-space separatrix (cf. Section 4.1.1 above) or with chaos, the square-commutator
c(t) ~ e**1t grows exponentially before T, with A1 = A¢(t) the maximal finite-time Lyapunov exponent of the underlying
semiclassical trajectory. The different scenarios are summarized in Table 1.

Results for the fully-connected quantum Ising model are shown in Fig. 13, where we consider c,,(t) and compare
analytical result (black full line) with numerical exact diagonalization results for finite system sizes. Parameters are
specified in the caption. The plot highlights the relation between entanglement entropy (discussed below) and scrambling
before the Ehrenfest time. As the considered model has an integrable classical limit, the square-commutator only grows
exponentially c,(t) ~ e?*! for quenches at the dynamical critical point hgc, associated with a classical separatrix with
instability rate A given in Eq. (133).

The exponential sensitivity of the square-commutator in the presence of the underlying separatrix has been explored in
a number of fully connected mean-field models [297,311-313] and recently probed experimentally [314]. When the initial
state in Eq. (145) is a random permutationally invariant state, the growth rate of the square-commutator corresponds
to the average of the finite-time Lyapunov over the whole phase-space. In the presence of an instability, this leads
to a modified exponential growth c(t) ~ e (rather than e?*!) [315]. As we discussed above, fully-connected spin
systems may exhibit classically chaotic evolution when driven periodically (e.g. quantum kicked top), coupled to other
degrees of freedom (e.g. Dicke models), or for larger individual spins s > 1/2. Analysis as above predicts exponential
growth of the square-commutator for underlying classical chaos, as reported in the literature for the quantum kicked
top [297,302,312,316-318,318-322], the Dicke model [323-326] and other spin models [319,327]. Recently, it has been
pointed out that scrambling may become super-exponential in fully connected models when the average in Eq. (145) is
done over at infinite temperature state [328].

(149)

Summary: In fully-connected models, the square-commutator growth is quantitatively determined by the semiclassical
phase space before the Ehrenfest time. Hence it encodes finite times Lyapunov exponents.

A similar statement also applies to other quantifiers of quantum information spreading, in particular to entanglement
entropy, which we turn to analyze in the next Subsection.

4.1.5. Entanglement dynamics

It is by now well established that a large body of information about many-body dynamics, their thermalization
properties, and the complexity of their numerical simulations, can be inferred from the evolution of bipartite entanglement
entropies. For a composite system with Hilbert space H = H4 ® Hp in a pure state p = |¢¥)(y|, the bipartite
entanglement between subsystems A and B is encoded in the reduced density matrix 54 = Trg 0.8 The system is entangled
with respect to the bipartition (A, B) if o4 (equivalently, pg) is not pure. The amount of bipartite entanglement can be
quantified by the Renyi entropies

1
Si=— InTr o7 , 150
A 1—n Pa (150)

18 The nonvanishing eigenvalues of pg = Try p are equal to those of pj.
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Fig. 13. Entanglement and scrambling dynamics after a quench of the transverse field in the fully-connected Ising model, from hg = 0 to hy > 0.
The analytical prediction (black lines) is compared with exact numerical results (colors) at finite N = 50, 200, 800. We study the growth of the
entanglement entropy (151)(top panel) and the square commutator (148) (bottom panel) quenching above, below, and at the dynamical phase
transition (DPT) at hy = hge, as pictorially shown in Fig. 12(a). (al-b1) Quench above the DPT: hy = 2]y > hqcr. (a2-b2) Quench below the DPT:
hf = 0.2]p < hger. (a3-b3) Quench at the DPT: hy = Jo/2 = hyc. Time is measured in units of Jo.

Source: Plots adapted from Ref. [329].

parametrized by n > 1. The von Neumann entropy is obtained as their limit for n — 1, i.e,,
Sp = —Tr(paln py) . (151)

As far as local Hamiltonians are concerned, the baseline features of entanglement entropy growth of pure states
out-of-equilibrium are well understood. In thermalizing local systems, the entanglement entropy Sa(t) grows linearly in
time before saturating to a value proportional to its volume [113,114,330]. This can be viewed as a broad consequence
of the light-cone spreading of quantum correlations (see discussion in Section 3.1). The underlying mechanism is well
understood in integrable systems, where it has been explained via a semiclassical picture based on quasi-particle
pairs propagation [331]. Analytical insights in chaotic many-body systems came from the study of random unitary
circuits [115]. On the other hand, the presence of localized integrals of motion (exact or approximate) causes a slowdown
of entanglement growth, with a distinguished logarithmic increase for systems exhibiting many-body localization [332].
Neither of these scenarios is adequate for long-range interacting systems, where numerical results exhibited slow
logarithmic entanglement growth even in the absence of quenched disorder [127,129,297].

A successful picture to capture entanglement growth in fully-connected systems was only achieved more recently [58,
302]. The semiclassical growth of quantum fluctuations (described in the section above) allows one to analytically relate
the dynamics of the entanglement entropy Sx(t) to the quantifiers of chaos, leading to a general unifying picture. This
formalism yields a clean prediction of logarithmic growth in the absence of semiclassical chaos. This constitutes the origin
of the slowdown of entanglement growth, which was first observed in numerical simulations of dynamics in long-range
interacting quantum spin chains [127,129,297]: We will complete this discussion in Section 4.2.5 below. We will illustrate
how S4(t) asymptotically coincides with the logarithm of the phase space volume spanned by the quantum fluctuations of the
subsystem degrees of freedom, as originally identified in a seminal work by Zurek and Paz [333]; see Refs. [58,302,334-336]
for more recent literature.

In the case of fully-connected N-particle systems considered here, one considers a bipartition between any two
sets of spins, where the only relevant parameter is the number Ny = f4N of Partlcles in subsystem A (with Np =

N — N4 = fgN).!° The collective spin S can be correspondingly decomposed as S = SA + SB (see Fig. 14). Within the
semiclassical description, the bipartite system can be represented by bosonic operators (Gs, pa) and (qg, pg), associated
with the quantum fluctuations of the two spins SA and SB, respectively, via Holstein-Primakoff mapping. These quantum
fluctuations are characterized by the correlation matrix G(t) defined in Eq. (140). It is convenient to define the subsystem’s
reduced correlation matrix Ga(t) as the 2 x 2 matrix of quantum fluctuations built out of the variables of subsystem A alone,
ie.,

A2 (@aPa+Pada) qada qAPA
(@) ; _ (G G ) (152)

G = (erﬁAfM) (p2) GIAPA  GPAPA
2 P

In the semiclassical regime of small fieg, the reduced density matrix pa(t) is asymptotically Gaussian to leading order, and
thus fully determined by G(t). The entanglement properties can thus be computed via standard techniques [334], see

19 Dye to permutational symmetry, spatial bipartitions have no meaning.
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Fig. 14. Entanglement dynamics in infinite range spin-chains. (a) The system is partitioned into two blocks of N4 and N spins1/2, initially fully
polarized. (b) Collective spins of the two blocks. (c) Collective spin in the factorized initial state, represented on the Bloch sphere. The shaded
area represents the quantum uncertainty of transverse components. (d) Nonlinear interactions determine spin squeezing, which makes the two
blocks increasingly correlated (entangled). The rate of squeezing is governed by the separation of nearby semiclassical trajectories, and by Eq. (2) it
determines the rate of growth of entanglement entropy. Right panels: (e) For generic (noncritical) quenches, nearby trajectories separate linearly in
time, leading to a polynomially fast squeezing. (f) For a critical quench, the collective spin lies on the stable manifold of an unstable fixed point in
phase space. In this case, nearby trajectories separate exponentially fast in time at a rate A set by the eigenvalue of the linearized flow.

also Refs. [335,336]. The Von Neumann and the second Renyi entropies of a single boson (g4, pa) in such a Gaussian state
can be expressed in terms of the determinant of G4 as [337]

1 1
Sa = 24/det Gaarccoth (2 det GA) + 3 log (detG - Z) , (153a)

sty = %ln det(2Ga(t)) . (153b)

On the other hand, the matrix G4 can be directly related to the correlation matrix G of collective excitations (§, p).2° The
explicit computation shows that the determinant can be expressed as

det Gy = % + fafs (o) (155)

where fig = (§* 4+ p*> — 1)/2 represents the number of bosonic excitations of the collective spin [cf. Eq. (141)]. While the
global evolution preserves the total volume, i.e., det(ZG(t)) = 1, the information loss generated by projecting the collective
quantum fluctuations onto a subsystem yields an increase of entropy. By Eq. (153b), this increase may be visualized as an
enhancement of the projected volume spanned by the reduced quantum fluctuations within the subsystem phase space,
due to the progressive stretching of the phase-space volume spanned by the quantum fluctuations, see Fig. 14. The growth
of entanglement entropy out of equilibrium is thus completely determined by the dynamical generation of the collective
excitations (fg(t)) = %Tr [G(t) — %] As discussed in Section 4.1.3, G(t) describes the flow of linearized displacements
around the classical trajectories. This connection highlights that the entanglement growth in the semiclassical regime is
determined by the chaoticity properties of the underlying classical phase space. In fact, the qualitative time-dependence
of {fig(t)) depends on the nature of the classical trajectories. See Table 1 for a summary.

The classical dynamics of fully-connected spin-1/2 systems are generically integrable (as discussed in Section 4.1.1).

Hence the temporal growth of the quantum correlations is at most polynomial, (ne(t)) ~ t? [see Fig. 5(e)], leading to

Sa(t) ~ SP(t) ~1Int . (156)
t>1

In the (non-generic) case of quenches to dynamical critical points (see discussion in Section 4.1.2), the collective spin
moves along an isolated unstable trajectory called separatrix [see Fig. 5(f)]. Out-of-equilibrium generation of collective
excitations is thus exponentially fast in such critical quenches, (flexc(t)) ~ €, leading to a linear growth of entanglement
entropy with a predicted slope

Sa(t) ~ SP(t) ~at . (157)
t>1

20 One can perform a linear canonical transformation to the collective (g, p) and relative (8g, §p) fluctuation modes:

G=+Vhan+Fs s D =4/faba+ Tz bs (154)
Sg=—Vlaa+Vats |b=—Vlba+Vabs

Since the Hamiltonian is a function of the collective spin only, the latter bosonic mode is frozen in the vacuum.
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This phenomenology fully describes the entanglement entropy dynamics of the fully-connected quantum Ising model.
This is shown in Fig. 13, where S4(t) is studied for quenches in the transverse field from hy = 0 to different hy below
above and at the dynamical critical point hqc, discussed in Section 4.1.2.

This analysis can be extended to general fully-connected systems whose classical limit has n > 1 degrees of
freedom [302] and may exhibit chaos. In this case, quantum fluctuations grow as (flexc(t)) ~ e?*!, and the growth of
the entanglement entropy Sa(t) is generically linear in time with a rate set by the sum of the largest 2n, Lyapunov
exponents [302,335,338]:

2ny
Sa(t) ~ SP(t) ~ Ant = (Z Ak>t. (158)
k=1

t>1

For n4 = n/2, this rate coincides with the classical Kolmogorov-Sinai entropy rate Ags = ZM<:M<>0 Ak [303]. A linear
growth of entanglement entropy thus occurs in chaotic fully-connected spin systems, such as the quantum kicked
top [297,339-351], the Dicke model [302,324,344,352-360], and larger-s fully-connected systems.

The classification above is concluded by the case of near-equilibrium dynamics around stable equilibrium configura-
tions. In this case, the linearized dynamics are equivalent to that of coupled harmonic oscillators, leading to persistent
oscillations in entanglement dynamics. See Table 1 for a summary.

It is worth noting that the stretching of collective quantum fluctuations in phase space, which lies at the origin of
bipartite entanglement growth, is very explicitly connected with important witnesses of multipartite quantum entangle-
ment, such as spin squeezing [361] and the Quantum Fisher Information [362]. A popular quantifier of spin-squeezing is
defined by the minimal transverse variance of collective quantum spin fluctuations [363,364]:

((-57)
&= min —1. (159)
u=1ulz N/4
The squeezing parameter &2 is equal to one 1 for coherent (separable) states, while it is smaller for squeezed states £2 < 1.
It has long been known [365,366] that collective spin squeezing is a witness of many-body quantum entanglement, which
can be generated by fully connected interactions [363,364]. Indeed, over the timescale t << Tgny, £(t), squeezing is explicitly
related to (ng(t)) in Eq. (155) as

E2(6) = 14 2{fio(t)) — 2v/{Fio(E))({Fio(t)) + 1). (160)

Equations ((153a), (155)) and (160) express the quantitative link — pictorially illustrated in Fig. 14 — between the
entanglement entropy S, and the spin squeezing parameter &, in collective spin models in the semiclassical regime in and
out of equilibrium. Following this relation, we will refer to the mechanism of dynamical entanglement entropy growth
outlined here as spin-squeezing picture [58]. For definiteness in this Report, we focus on bipartite entanglement entropies;
we refer the readers to Ref. [302] for further details on the dynamics of multipartite entanglement.

In conclusion, we recall that the analysis presented above is valid before the Ehrenfest time scale defined in Eq. (143).
Over longer times entanglement entropies saturate, S° o< log Na.

Summary: In fully connected systems, entanglement dynamics is captured by a semiclassical picture (before Ehrenfest
time), which relates it to the squeezing of quantum fluctuations in phase space. This relation generically predicts a
logarithmic entanglement growth, in the absence of semiclassical chaos.

4.2. Quench dynamics of long-range interacting spin systems (o« > 0)

As soon as the interaction range is finite, the full permutational symmetry of the problem is broken and, in principle,
the system could thermalize. The purpose of this Section is to describe the persistent collective character of dynamics
in systems with 0 < a < d. By formulating a non-equilibrium spin-wave theory (Section 4.2.1), we will be able to
develop a physical picture in terms of a semiclassical collective degree of freedom coupled with excitations with finite
wavelengths [56,57],. Analysis of the resulting non-linear coupled equations allows one to demonstrate the freezing
of finite-wavelength modes for long times, resulting in lower bounds to thermalization time scales (Section 4.2.2).
This scenario affects DPTs (Section 4.2.3), scrambling dynamics (Section 4.2.4), and the characteristic slow growth of
entanglement entropy (Section 4.2.5).

4.2.1. Dynamics of quantum fluctuations with finite interaction range

To study the impact of finite range interactions on the mean-field dynamics, we resort to a non-equilibrium spin-
wave theory developed in Refs. [56,57]. The goal is to refine the time-dependent formalism of Section 4.1.3 to the full
momentum-space representation of the finite-range spin Hamiltonian, Egs. (28) and (29). Similarly to the discussion of
equilibrium properties in Section 2.4, one can single out a collective «-independent part of the Hamiltonian involving
k = 0 spin operators only, and an «-dependent perturbation which activates spin fluctuation modes at k # 0.
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One can expand the individual spins as bosonic fluctuations around a yet unspecified time-dependent quantization
axis Z_— which we will later self-consistently require to coincide with the instantaneous direction of the collective

spin (§(t)) o Z(t). To achieve this, one performs the time-dependent rotation generated by \7(t) in Eq. (135). The
spin components in this time-dependent frame are governed by the inertial Hamiltonian H(t) = VA VT + iVV1 | as

in Section 4.1.3. One then applies Holstein-Primakoff transformations to the individual rotating spins, as in Eq. (60). The
resulting transformed Hamiltonian can be organized in the usual form

H(t) = 1[(1\13)150(0 + (Ns)'2H;(t) + (Ns)°Ha(t) 4+ (Ns)~2Hs(t) + (Ns) ™ 'Ha(t) + - - - ] ) (161)

As we already observed in the discussion of equilibrium properties, comparison to the expansion for « = 0 shows that
4 = Qu=0 , D = Px=o , o = fix—g, and that the total occupation number of spin-wave excitations fis, is given by the sum
of bosonic occupation numbers of all the other spin-wave modes at finite wavelength, cf. Eq. (39)

qrd—x + pp-k — 1

S (162)

Ngw = Z Mg, with fig=
K£0

The individual occupation numbers quantities fix.zo are exactly conserved by the collective part of the Hamiltonian I:Iazo(t),
which only depends on k # 0 bosons through the collective spin length [i.e. through figy]. A

__The equations of motion of the classical angles 6(t), ¢(t) is once again found by imposing the condition that (SX(t)) =
(SY(t)) = 0[56,57], namely that the collective bosonic mode describes fluctuations around the instantaneous average
spin polarization. This amount to setting the coefficients of gx—¢ and px—o equal to zero. Taking into account the leading
term Hq(t) only, one retrieves the usual classical mean-field equations of motion (132).

However, in the presence of finite-range interactions, the collective spin trajectory gets modified by quantum
fluctuations. This effect is the non-equilibrium counterpart of the corrections to the equilibrium spin polarization arising
from a finite spin-wave density in the quantum ferromagnetic phase, cf. Section 2.4.3. The corrections arise from the
terms in Hs(t) involving a bosonic operator with k = 0 (such that the remaining two operators have momenta +k). In
physical terms, these interactions describe the scattering of a collective spin excitation into a pair of spin waves with
opposite finite momenta and vice versa. Taking into account this “feedback” from quantum fluctuations, one obtains a
pair of modified equations for the angles 6(t), ¢(t) [56,57]:

d
EQ =+ 2Jo(1 — €)sin 6 cos ¢ sin ¢

— 2]0( ka pkp K ) sin 6 cos ¢ sin ¢ (163a)

J’_

+2]0< ka m(pkpl(ql())cosesinecoszQ
d 2
a¢=—h+2]o(l—e)c056cos ®

( > " fide) (nd- l(>C059C052¢ (163b)

k£0

4 2]0< ka LIkP kT qu k>) sin¢ cos @,

k0
where we introduced the time-dependent spin-wave density

(o(t)) 1 3 (@id-1) + (PrP—1) —

t =
«0=—5 Ns 2

(164)

As usual, we observe that the impact of quantum fluctuations on the classical trajectory is suppressed in the classical
limit s — o0, and grows with « at fixed s. Similarly to what we found in equilibrium (Section 2.4), the properties of fi(a)
imply that all the quantum backreaction terms in the right-hand sides of the above equations of motion are vanishingly
small in the thermodynamic limit for 0 < « < d and finite for @ > d but vanishing as « Y\ d. In the latter case, we can
make the usual replacement (1/N)) ", +> f dk/(27) in the thermodynamic limit. However, in finite systems, those
corrections could be expected to play a role for arbitrary « at sufficiently long times. ~

In turn, the evolution of quantum fluctuations is regulated by the spin-wave Hamiltonian H,(t) to the same order of
approximation as above. It is instructive to report its explicit expression for the considered variable-range quantum Ising

model:
=—2o ) _fila) x
k
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<C052 0 cos” ¢ % + sin’ ¢ % — cos 6 sin ¢ cos ¢ w>
FAcostd )T (165)

k

This Hamiltonian is equivalent to a set of externally driven quantum harmonic oscillators, labeled by the momentum Kk,
where the driving is given by the motion of 6(t) and ¢(t) and controlled by the couplings fi(c).
To close the system of equations of motion it is convenient to define the momentum-resolved correlation functions

Gie() = (@d()F-1(1)),  G(8) = (P(Op-k(t)), (166a)
GP(0) = 5 (@(Op (0 + PO (D) (166b)
Starting from the Heisenberg equations %(]k = i[Hy(t), §x] and d%f)k = i[Hy(t), Px] we compute
G = 4Jofi(a) cos b cos ¢ sinp GI 4 4J, (cos? ¢ — fia) sin® ¢) G,

—4Jo (cos? ¢ — fi() cos? 6 cos? ) Gy — 4Jofic() cosb cos psing Gy, (167)
GP = —2Jo (cos? ¢ — filer) cos? 6 cos? ¢) G + 2Jo (cos? ¢ — fi(ax) sin’ @) G} .

Like Egs. (142), these equations are also not independent due to the relation 4(Gi')? = 4 G G} — 1, which is an
exact property of Gaussian pure states, and which is then satisfied at all times and for all K’s to the considered level of
approximation.

The general physical picture is now clear:

Q.
3
Il

e To lowest order the collective spin follows the classical mean-field trajectory;

e This collective spin motion acts as an external drive for the spin-wave excitations, whereby the couplings fi(o)
control the driving amplitude;

e The dynamically populated non-equilibrium spin-wave “bath” may in turn back-react to modify the collective spin
dynamics.

To quadratic order of approximation in the spin waves, the quantum many-body dynamics of the system is described by
the closed set of coupled non-linear evolution Eqs. (163) and (167), together with suitable initial conditions (which may
be a ground or thermal state of a pre-quench Hamiltonian — see the discussion on equilibrium states in Section 2.4). This
effective decoupling between the dominant zero mode and the finite k-suppressed spin waves has recently been exploited
in Refs. [367,368]. There, the quadratic zero mode is replaced by a (fully quantum) rotor, while the k spin waves are kept
at the quadratic level. This approach allows to reproduce the dynamics of quantum fluctuations beyond Ehrenfest time.

The formalism derived above is expected to provide an accurate description of the time-evolving many-body wave
function whenever the dynamically generated spin-wave density ¢(t) (see Eq. (164)) remains small, i.e. €(t) <« 1. This
diluteness condition allows us to theoretically describe the many-body dynamics as a self-consistent driven weakly-
interacting bosonic gas. The neglected higher-order terms account for the non-linear scattering among spin waves, which
is expected to contribute to the dynamics only over time scales parametrically long in 1/¢. Physically, the diluteness
condition above corresponds to the requirement that the time-evolving collective spin magnitude S remains close to its
maximal value Ns, as showcased by Eq. (39). The quality of this approximation is significantly impacted by the interaction
range via fy(a).

Below we will use the formalism outlined above to review how the finite-range of interactions impacts the mean-field
DPT, scrambling, and entanglement dynamics.

Summary: Finite-wavelength fluctuations can be modeled as a set of driven bosonic modes, where the drive is given
by the collective spin motion. The quantum fluctuations, in turn, affect the collective spin dynamics. The full dynamics
is thus described by a set of coupled non-linear evolution equations.

4.2.2. Prethermal freezing of spin-wave excitations

The dynamical generation of spin-wave excitations with non-vanishing momenta for « > 0 is responsible for
modifications to the mean-field dynamics. As is manifest in Eqs. (163), the impact of the quantum backreaction is
controlled by the finite-range perturbation via fy.o(a). In turn, the same ~quarltities fro(a) bound the rate itself of
dynamical generation of spin waves: From Eq. (165) it is clear that [ﬁk#,, H(t)] o fizo(a), consistently with the sum
of the first two equations in (167).

To formulate a more precise bound we can proceed as follows: First, we can eliminate the free spin-wave precession,
i.e. the last term in Eq. (165), by switching to the “interaction picture”: g +> cos @ (t)qx+sin @(t)px, Px —> — sin @(t)Gx+
cos @(t)px, where &(t) = fot ds 2o cos? ¢(s).2! Such a “gauge” transformation does not change the dynamical population

21 While the axis Z is fixed by a self-consistency requirement, the orientation of the transverse axes X, Y is a “gauge freedom” within the formalism.
The transformation above amounts to performing a time-dependent rotation of the transverse spin components by angle @(t). With this choice of
co-moving frame, the spin-wave Hamiltonian fully vanishes for « = 0: spin fluctuations look frozen.
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of spin waves. All terms of the right-hand side of the modified Eq. (167) are now proportional to fi.zo(c). We can then apply
Gronwall’s lemma [369] to this linear system of differential equations to bound the growth of the Gi(t)’s: In particular,

1 1
(Au(0) = 5 (G + G20 = 1) < 5 [exp(clfdeliot) = 1] . (168)

where c is a constant related to the norm of the monodromy matrix on the right-hand side of Eq. (167). Thus, spin-wave
excitations at momentum k can only be dynamically generated over time scales Jot > 1/fi(«).

Of course, the bound in Eq. (168) is only useful for o < d. As discussed in Section 2.4 and in Appendix C, the couplings
freo(a) are suppressed in the thermodynamic limit N — oo when 0 < o < d and are finite for o > d; see Fig. 3 for an
illustration. This straightforwardly provides us with a bound on the rate of growth of the population of bosonic excitations
for 0 < a < d (see Appendix C):

const . .
lfil)| < (KLP with B =min(d —a, (d + 1)/2). (169)
Therefore, there exists a long time scale
Tow ~ NP/ s (170)

during which the dynamical excitation of spin waves with finite wavelengths is suppressed.22

the total density of spin-wave excitations at finite times:

We can further easily bound

1 1 Jot
SE; [exp(clidetiot) = 1] ~ 2= 2t (a71)
For 0 < o < d we have [recall k = k, = 27£/L, with £ = ({4, ..., £4) integers]
Jot 1 Jot
«0)=Tg > AT (172)
[€]<L/2

This bound proves that the spin-wave formalism described here is asymptotically exact in this regime and that the mean-
field description of the collective spin polarization dynamics becomes exact in the thermodynamic limit. (We stress that
this conclusion requires that N — oo must be taken before t — o0.)

It must be noted that the bound (168) above is far from being tight, as it considers exponential instability for all
the bosonic modes (and with the worst possible rates). In reality, our system can be approximately viewed as a set of
quantum harmonic oscillators subject to periodic parametric drive at a frequency given by the classical collective spin
precession. Such driven oscillators may or may not meet a resonance; for a given quench, resonances can be detected by
performing a stability analysis of the stroboscopic (Floquet) evolution operator for each spin-wave mode [58]:

qi(to + Ta) x(to)

(ﬁk(to + Tcl)) = UTa)- (im(m)) (173)
over the period Ty of the motion of the angles 6(t), ¢(t). The eigenvalues e**« of the 2 x 2 matrix Uy(Ty) directly give
information on the Floquet quasi-frequency Ay (see, e.g., Refs. [81,370]) of the driven oscillator, which may be purely real
(resonance at mode k) or purely imaginary Ax = iwk (non-resonance). In the latter case, the mode population performs
bounded quasiperiodic oscillations, whereas in the former case, it blows up exponentially. The real parts of the Floquet
quasi-frequencies play the role of finite-time Lyapunov exponents for our system. To quantify the global stability of the
system’s dynamics for a given quantum quench, one can compute the sum of all positive Lyapunov exponents, which

gives the Kolmogorov-Sinai entropy rate Ags. It is convenient to inspect this quantity on varying the fully polarized
initial configurations, parametrized by spherical angles:

Axs(6o, d0) = ) Relhu(bo, po)] - (174)

k:ig>0

This quantity detects whether resonances are present for the considered quench, and quantifies the actual (initial)
instability. While the stability analysis described here can be done for arbitrary «, it is only really meaningful for o < d,
as for larger « the density of spin-waves becomes finite in a finite time, and non-linear effects in the full many-body
dynamics cannot be neglected. For 0 < o < d the spin waves effectively reduce to a discrete set of periodically driven
quantum oscillators associated with long-wavelength modes with k oc 1/L, cf. the discussion in Section 2.4.

The stability the analysis described above was performed for a long-range quantum Ising chain with 0 < o < 1
in Ref. [58]. For a large set of initial conditions, spin waves are found to be stable (i.e. non-resonant), and consequently,
their population remains bounded in time. While there is no simple rule to predict the existence of resonances, numerical
exploration suggests that quenches near dynamical criticality typically give rise to resonant excitation of long-wavelength
spin waves. In other words, the classical separatrix of the mean-field dynamics for « = 0 typically broadens to a finite layer

22 Note that this further a posteriori justifies the Holstein-Primakoff approach, as the density of spin waves remains small over a long time window.
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Fig. 15. Time-dependent k-resolved spin-wave population for & = 0.7 (right panel) after a quench from hy = 0 to hy = 2J. The blue color gradient
for the spin-wave populations in Fourier modes follows the quasimomentum |k| from the darkest (k = £27 /L) down to smaller-wavelength modes
with larger |k| (only the first 20 modes out of N = 500 are shown). (Right) Density plot of the Kolmogorov-Sinai entropy rate As(6p, ¢) for different
initial conditions (6y, ¢o) on the Bloch sphere for « = 0.7, h = 0.5]. The picture is converged with respect to refining the k-space discretization
(here N = 100).

Source: Plots adapted from Ref. [58].

of instability (chaoticity) for & > 0. In the left panel of Fig. 15 we report the k-resolved spin-wave dynamical population
for « = 0.7, obtained by numerically solving Eq. (167). The occurrence of resonances is systematically illustrated in the
right panel of Fig. 15, which displays the value of Ags(6o, ¢¢) as a function of the initial configuration. These results show
that, at least in this case, only quenches near dynamical criticality give rise to resonant excitation of spin waves.

For quenches that do exhibit resonances at certain non-vanishing momenta, the bound (168) captures the qualitative
time-dependence of the population of the corresponding modes (the actual rate Xy is, however, generally lower). Thus,
the rapidly growing population of excitations is expected to generate non-linear effects in the full many-body dynamics
over comparatively short time scales of order

Tene ~ logN . (175)

As anticipated above such resonances involve selected modes with small momenta k o 1/L, as finite-momentum modes
are driven very weakly. While all the other modes remain weakly excited (at least) for much longer times Ty, the
long-wavelength resonant modes form, together with the collective spin, a full-fledged non-linear dynamical system
for intermediate time scales Tgp, < t < Tsw, Which will generally feature semiclassical chaotic behavior. As the target
temporal window lies beyond the Ehrenfest time scale, the self-consistent approximation expounded here is not expected
to provide a quantitatively accurate description of dynamics in this regime, and one must resort to numerical simulations
to probe this conjectured chaotic behavior.

A closely related prethermal regime was discussed by Mori in Ref. [296] from the point of view of the quasi-
conservation of permutation (swap) operators. Even though permutational symmetry is dynamically broken for « > 0,
Ref. [296] proves the following bound for long-range interacting quantum Ising chains:

Jot
lea

where IA’U- is the swap operator between spins at sites i, j of the chain and c, is a N-independent constant. [This result can
be easily generalized to arbitrary long-range interacting quantum systems.] As a result, starting from a permutationally-
invariant state with (P;(0)) = 1 (e.g. fully polarized along a given direction), one deduces that the symmetry under
permuting spins at a finite distance is approximately conserved, i.e. (ﬁg(t)) ~ 1, up to time scales ~ N'~¢, This time
scale coincides with Ty, defined above upon setting d = 1. The underlying physical reason is that permutation at finite
distances probe finite-wavelength fluctuations, which are consistently frozen over the same time scale. On the other hand,
long-wavelength fluctuations are associated with permutations of spins over distances proportional to the length L of the
spin chain, for which no long-time quasi-conservation can be guaranteed. Indeed, a severe breakdown of permutational
symmetry may occur over a comparatively short time Tgp, ~ log N over such large length scales [cf. the discussion on
resonances above]. For the quench considered in Ref. [296], it can be shown that spin-wave resonances exist [58]. This
observation points to the onset of a chaotic semiclassical regime over a time scale Tg,, ~ InN, in agreement with the
detection of semiclassical chaotic behavior within the numerical simulations of prethermal dynamics in Ref. [296].
Finally, it is important to remark that for finite systems, the full self-consistent system of Eqs. (163) and (167)
allows us to investigate non-linear effects arising from dynamical changes in the driving frequency triggered by the
quantum backreaction. Long-time numerical computations suggest that the stability diagram based on the resonance
picture outlined above is stable to the inclusion of the quantum backreaction. It is an open problem to characterize
conditions for long-time stability in long-range interacting spin systems — both within and beyond the spin-wave
approximation discussed here. An exciting possibility would be to show Kolmogorov-Arnold-Moser-type stability for this
class of systems, which would provide a kind of interpolation between scenarios in few-body and many-body physics.

(Py(£)) — (Pj(O) | < li —jl ca (176)
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Fig. 16. Dynamical phase transition with finite « in the Ising Hamiltonian (1) with y = 1. (a—c) Asymptotic value of the order parameter in Eq. (134)
for different values of the post-quench field hs/J for quenches from hy = — with (a) @ = 0.1 (b) @ = 1.5 and (c) « = 3. Panels adapted from

Ref. [246]. (d-f) Experimental data of the spin-magnetization (§"(t)) dynamics on a trapped ion quantum simulator. Data with L = 16 and « ~ 0.8
and transverse field h;/] = B,/Jo = 0.6, 0., 1.6 in (d,e,d) respectively. Panels adapted from Ref. [24].

Summary: In the strong long-range regime, there exists a long timescale during which the finite wavelength excitations
are suppressed. A stability analysis shows that they are stable for generic quenches, while instabilities for finite o can
appear in the proximity of quenches to dynamical critical points.

4.2.3. Impact of finite-range interactions on dynamical phase transitions

In the last Subsection, we established that for quenches sufficiently far away from dynamical critical points the
dynamical generation of spin-wave excitations is non-resonant. This observation leads to a long time window 0 < t <
Tow ~ NP/4 (at least) where the spin-wave population remains low, and the collective spin evolution remains close to the
unperturbed (mean-field) persistent oscillations. In this scenario, the fate of the « = 0 dynamical phase transitions (DPT,
discussed above in Section 4.1.2) for finite & stands out as a naturally prominent question.

This issue has been largely studied as a function of the interaction range parameter « using various numerical
approaches [238,243,246,298,299,371]. For the standard long-range quantum Ising chain, a DPT is found in the ther-
modynamic limit for 0 < « < 2, while it is absent for « > 2, in qualitative agreement with the equilibrium phase
diagram. This was shown using matrix-product state dynamical simulations in Ref. [246] [see Fig. 16(a-c)], where the
relation between these DPTs and the singularities in the time-dependence of the Loschmidt echo (DQPTs) has been
elucidated, see also Ref. [238,243]. This transition has been studied via the semiclassical truncated Wigner approximation
in Ref. [298], where it was found that the critical exponents for « < 0.5 are the same as the mean-field DPT. These
DPTs have been experimentally observed with trapped-ion quantum simulators, which realize dynamics described by the
long-range quantum Ising chain [24,277,372,373].

Finite-range perturbations can also have a strong impact of the qualitative aspect of the mean-field dynamical
phase diagram by inducing new exotic dynamical phases. Refs. [56,57] studied the impact of short-range interactions
on top of the fully-connected Ising model, showing the emergence of a chaotic dynamical phase within which the
asymptotic magnetic ordering is characterized by strong sensitivity to the parameters and initial conditions. It is found
that nonequilibrium fluctuations can significantly affect the critical dynamics, resulting in a pseudo-aleatory collective
evolution, reminiscent of a particle moving in a multiple-well potential, with a large initial energy, and subject to friction.
The nonequilibrium phase diagram universally acquires the basic characteristics of a “coin toss” experiment. This result
is confirmed by matrix-product-state numerical simulations away from the perturbative regime [56,57], and a similar
scenario was observed in the Dicke model [374].

Summary: Consistent with the prethermal scenario discussed above, dynamical phases on the two sides of a DPT
persist for 0 < « < 2, as demonstrated by numerical results. Semiclassical chaos appears in correspondence of the
dynamical critical point.

4.2.4. Scrambling dynamics with variable-range interactions
Let us briefly discuss how a finite value of « > 0 impacts the scrambling of quantum information and in particular the
OTOC (145) dynamics, introduced in Section 4.1.4. We recall that the square-commutator has been initially put forward
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due to its exponential growth, i.e.
A A 2
C(t) = (IIA(t), BO)|") =~ hZg €™,

valid before the Ehrenfest or scrambling time t <« Tgy ~ In 1*16}1 ~ InN for systems with a semiclassical chaotic
limit. This kind of behavior characterizes as well large-N all-to-all disordered interacting models [375-380], despite
the absence of an obvious semiclassical limit, including the SYK which saturates the bound to chaos [307]. However,
such exponential growth — also known as fast scrambling [381] — is challenged by finite-range interactions. The square-
commutator C(t) was proved to grow at most polynomially in locally interacting systems [382] and in long-range
interacting systems with « > d [383]. This led to several proposals suggesting fully-connected interactions as an ingredient
for fast scrambling [384-387].

Finite-range interactions lead to a well-defined spatial structure, which allows investigating the space-dependent
square commutator

A A 2
C(T, t) = < [Ax(t)a BXo(t)] ) ’ (177)

where r = |X — Xo| is the distance between the location of the two considered operators. For locally interacting systems
the square commutator C(r, t) becomes appreciable at times t ~ x/vg [388,389], where vg, referred to as the butterfly
velocity [390], is generally smaller than the Lieb-Robison one vg < v [cf. (71)]. By contrast, long-range interactions
are found to induce a non-linear light-cone effect, whereby information can spread super-ballistically. This occurrence
has been studied numerically in quantum spin chains with variable range interactions [297,391-393] and established via
effective hydrodynamics descriptions in disordered models [394-396]. All these studies indicate the absence of ballistic
spreading of C(r, t) for o < d. For quantum spin systems with sufficiently small «, one may use the non-equilibrium spin-
wave theory reviewed in Section 4.2.1 above to study the dynamics of the space-resolved square commutator C(r, t). In
agreement with the onset of semiclassical chaos for near-critical quantum quenches, discussed above in Section 4.2.2, one
may expect a concomitant exponential growth of the square commutator in that regime.

Summary: Strong long-range interactions lead to violations of the ballistic growth of the square-commutator and, in
addition, have been proposed as an ingredient for fast (exponential) scrambling.

4.2.5. Entanglement entropy dynamics: Spin-squeezing vs quasiparticle picture

Long-range interacting systems exhibit a conceptually different dynamics of the entanglement entropy (153a) with
respect to locally interacting systems [113-115,330,331]. On one side, their non-local interactions allow quantum
correlations between distant degrees of freedom to build up very quickly. As discussed above, this leads to violations
of the Lieb-Robinson bound (71) and nonlinear light-cone spreading of quantum correlations, see Sections 3.1 and 4.2.4.
On the other hand, the bipartite entanglement entropy growth after a quench with the Hamiltonian (1) was found to
exhibit a counterintuitive dramatic slowdown as the range of interactions is increased: It becomes logarithmically slow
for algebraically-decaying couplings with « smaller than the spatial dimensionality d [58,127,129,297], see also Fig. 17.
Such numerical results can be rationalized using the semiclassical techniques introduced above, which leads to a complete
picture of entanglement growth for long-range interacting systems [58]. Reviewing this framework is the goal of the
present Subsection. For completeness, we mention in passing that multipartite entanglement associated with algebraically
decaying interactions has been studied in depth, e.g. in the form of dynamical spin-squeezing [397-402] or via its relation
to dynamical susceptibilities in equilibrium [403].

In the fully-connected limit o = 0, the growth of entanglement is determined by the squeezing of the collective fluc-
tuations stemming from the underlying classical trajectory, see Fig. 5. The general framework illustrated in Section 4.1.5
predicts 2lg))garithmic growth in the absence of semiclassical chaos (Table 1), which is generic in fully-connected spin
systems.

For finite @ the behavior of S4(t) can be understood at intermediate times by accounting for spin-wave excitations
with non-vanishing momentum Kk [cf. Eq. (166)] on top of the entanglement dynamics arising from collective spin
excitations (or spin squeezing), discussed in Section 4.1.5 above. As described in Section 4.2.1, the time-evolving state
of the spin-wave excitations is encoded in the correlations in Eq. (166), i.e. (G (t), Gi'(t), Gy (t)) defined by G.”(t) =

%<&k(t)ﬁ_k(t) + ﬁk(t)&_k(t)> for o, B = q, p. Within the linear spin-wave analysis, the state of a subsystem composed of

M = faN < N spins contained in a region A of the lattice is a Gaussian bosonic state determined by the instantaneous
correlations

{ Gfﬁ’(t) = (ar(t)ﬁr’(t) + ﬁr(t)al"(t» } r.r'eA (178)

a.f=q.p

23 \without self-interactions if s > 1/2.
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Fig. 17. Logarithmic growth of the entanglement entropy after a quench with the Ising Hamiltonian (1) with y = 1, d = 1. (a) Exponential of Sx(t)
as a function of dimensionless time, for different transverse fields h = 0.7/, 1/, 1.3]. For each h, the results for L = 30, 40,50 and « = 0.8,0.9, 1
are plotted. (b) Sa(t) in logarithmic scale for different initial states |y) = |11 ... 1) and the ones generated by applying single site Pauli operators.
Simulation with L =50, « = 0.5 and h =].

Source: Image adapted from Refs. [127,129] for (a), (b) respectively.

within A, which can be expressed in terms of ézﬁ (t) via inverse Fourier transform. This set of correlations uniquely
identifies the reduced density matrix pa(t). The von Neumann entropy of this Gaussian bosonic state can be computed
via standard techniques [336], namely

M vi+ 1

. v+ 1 vi— 1
Sy = Z S(v), with S(v;) = In -
— 2 2 2

Vi — 1
In , 179
5 (179)

where v; are the symplectic eigenvalues of the correlation matrix.

For long-range interactions with 0 < « < d, the growth of S,(t) turns out to be determined by the stability of
the discrete set of long-wavelength excitations, expressed by the Floquet quasi-frequencies Ay with |k| o< 1/L: see
the dedicated discussion in Section 4.2.2 and Fig. 15. In particular, one can apply the general semiclassical description
entanglement discussed in Section 4.1.5 and summarized in Table 1. If all the modes are stable (i.e., non-resonant),
then Si(t) ~ Int exhibits a slow growth dominated by the collective spin fluctuations with k = 0 only. This is
indeed the case for typical quenches away from dynamical criticality, as discussed in Section 4.2.2. This observation
underlies and rationalizes the previous numerical findings of logarithmic growth of the von Neumann entanglement
entropy [127,129,297], reported at the beginning of this Subsection. On the other hand, if some mode is unstable
(i.e., resonant), then Su(t) ~ Agst exhibits a fast growth dominated by the instabilities, with As in Eq. (174). This is
what may happen for quenches in the proximity of dynamical critical points, discussed in Section 4.1.2.

The physical picture for the long-range entanglement dynamics is now clear before the Ehrenfest time:

e The leading contribution comes from the semi-classical squeezing of the collective spin, which grows logarithmically
in the absence of classical chaos;

o In the strong long-range regime, the suppressed long-wavelength spin waves provide a subleading contribution to
the entanglement growth.

The above analysis shows that slow logarithmic growth of the entanglement entropy should be generally expected in
quench dynamics of spin systems with strong long-range interactions starting from a state with large spin polarization.?*

One can solve the spin-wave equation of motion in Eqs (167) and compute the resulting time-dependent entanglement
entropy via Eq. (179). The results for a typical quench in the long-range quantum Ising chain in a transverse field [cf.
Eq. (1) with y = 1, d = 1] are shown in Fig. 18, where the exact numerical S4(t) for finite system size is compared with
fully-connected “spin-squeezing” contribution and with the result obtained with the inclusion of spin waves. This analysis
applies to a wide variety of spin models and quenches, as shown in Appendix E.1 where we study the long-range Ising
Hamiltonian with transverse and longitudinal field for a quench near the critical point.

We remark that the underlying mechanism crucially relies on the discreteness of the set of excitation modes (the long-
wavelength spin waves) which result in a bounded, subleading contribution to entanglement growth. This property is
characteristic of strong long-range interactions (¢ < d) and generically does not occur for other types of perturbations. If,
for instance, a finite-range perturbation is added on top of a fully-connected model, one can still have stable excitations.
However, the presence of the continuous spectrum of excitations results in light-cone spreading of quantum correlations
and linear growth of entanglement according to a standard quasiparticle picture [112], see e.g. [57] and Appendix E.2 for

24 Subject to the usual caveat of the absence of individual spin self-interactions for s > 1/2.
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Fig. 18. Entanglement dynamics after a quench from the ferromagnetic ground state hp = 0 with a long-range Ising Hamiltonian (1) with y =1
and hy = 2. Comparison between finite-size MPS-TDVP numerical data (light-to-dark blue curves for increasing N), the spin-squeezing contribution
(gray) and full spin-wave entanglement (black), for @ = 0.1 (left panel) and 0.7 (right panel), for the quench hg = 0 — hy = 2], with N = 500.
Source: Figure adapted from Ref. [58].

an example. In the weak long-range regime d < @ < d+ 2, the growth of entanglement has been related to the nonlinear
dispersion relation of quasiparticles [105].

We finally reiterate that the picture of entanglement dynamics for long-range interacting spin systems reviewed here,
based on the semiclassical dynamics of quantum spin fluctuations, covers setups not encompassed by other theoretical
pictures such as quasi-particles [112], spacetime membranes [115] or local integrals of motion [404].

Summary: For 0 < a < d, a semi-classical picture predicts that the entanglement growth is dominated by the
collective spin squeezing (logarithmic for generic quenches).

5. Dynamical phases induced by periodic driving

In this Section we will expand our analysis to non-autonomous, coherently driven systems. We will show how the
previously introduced ideas allow to characterize nonequilibrium phases of spin systems with novel kinds of collective
order dynamically stabilized by a periodic drive, which would not be possible in equilibrium [405]. Here, long-range
interactions play the twofold role of protecting long-range order in highly excited states and hindering heating. We explain
how this basic mechanism also protects spatiotemporal order such as time-crystalline behavior [29,406,407].

5.1. Kapitza phases

As realized by Kapitza long ago, a rigid pendulum can be stabilized upside down by periodically driving its suspension
point with tuned amplitude and frequency. While this dynamical stabilization is feasible in a variety of instances in
systems with few degrees of freedom, it is natural to search for generalizations to multi-particle systems. In particular, a
fundamental question is whether, by periodically driving a single parameter in a many-body system, one can stabilize an
otherwise unstable phase of matter against all possible fluctuations of its microscopic degrees of freedom.

Following Ref. [89], we report here on such a stabilization in experimentally realizable quantum many-body systems:
a periodic modulation of a transverse magnetic field can make ferromagnetic spin systems with long-range interactions
stably trapped around unstable paramagnetic configurations as well as in other unconventional dynamical phases with
no equilibrium counterparts.

Specifically, we will study the variable-range quantum Ising chain

Ho(t) = =) Jij(@) 676} —h(t) Y 67 (180)
ij i

i.e,, the Hamiltonian (1) withd = 1, y = 1, s = 1/2 (all such unnecessary restrictions are just chosen for the sake of
definiteness and connection with trapped-ion experiments). Periodic driving is implemented as a cyclic modulation of the
magnetic field h(t). Starting from the fully-connected limit « — 0 — akin to the classical Kapitza pendulum — we employ
the non-equilibrium spin-wave theory reviewed above in Section 4.2.1 to establish conditions under which dynamical
stabilization extends to the quantum many-body domain.

We conclude by discussing the long (or infinite) lifetime of such quantum many-body Kapitza phases. Elucidating
the nature of quantum many-body dynamics in the strong long-range regime — where no meaningful Lieb-Robinson
bounds can be formulated — these results complement the body of work on Floquet prethermalization in short- and
weak long-range interacting spin systems, for which we refer the readers to the original works, see e.g. Refs. [408-410].
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5.1.1. Fully-connected limit o = 0: Non-equilibrium phases by driving
We first consider the nonequilibrium dynamics of fully-connected spin systems subject to an external periodic drive:
We start from the infinite-range quantum Ising Hamiltonian

Hy—o(t) = —JN" Z& &7 Z (181)

subject to a monochromatic drive in the transverse field,
h(t) = hg + 8hcos(£2t), (182)

with amplitude 8h and frequency £2.
As discussed Section 4.1.1, in the thermodynamic limit N — oo the nonequilibrium dynamics are governed by the
classical limit H¢(t) of the rescaled Hamiltonian H/S,

Halt) = —Jo (8%) — h(t)s. (183)

The quench dynamics in presence of a static field h(t) = hy has been discussed in Section 4.1.2. For 0 < hy < 2J, the system
supports the ferromagnetic state indicated by the arrow in Fig. 19(a), S(t) follows one of the trajectories represented
on the Bloch sphere in panel (a), selected by the initial condition S(0). Two families of them are characterized by a
ferromagnetic-like, symmetry-breaking periodic evolution with opposite signs of the nonvanishing time-averaged order
parameter S*. A trajectory (red) passing through the unstable paramagnetic point (red star) separates these two families
from the paramagnetic-like orbits with S¥ = 0. See Section 4.1.2 for more details.

Turning on the modulation in Eq. (189), representative samples of discrete stroboscopic trajectories {§(t,1)}, where
ty =2nn/2,n=0,1,2,..., of the collective spin are reported in Fig. 19(b), (c), and (d). For small modulation §h [see
panel (b)], the two ferromagnetic ground states leave room to two periodic trajectories of the collective spin within the
corresponding ferromagnetic sectors, synchronized with the drive — hence, appearing as a single point under stroboscopic
observations. Conversely, initial states in a neighborhood of the unstable paramagnetic point [red star in panel (a)] display
chaotic motion as soon as §h # 0 [411,412]. As &h increases, this chaotic region invades an increasingly large portion of
the sphere [411]. This behavior can be understood on the basis of classical Kolmogorov-Arnold-Moser theory [413,414].
Related phenomena have been experimentally observed with Bose-Einstein condensates [415].

Upon further increasing the modulation [see panel (c)], a region in the parameter space emerges where dynamical
stabilization of the unstable paramagnetic point occurs, thereby opening up a stability region around it. This phenomenon
is analogous to the stabilization of the inverted pendulum discovered by Kapitza [81,416]. In addition to this Kapitza-
like stabilization, as §h increases with hy & Jy [see panel (d)], another unconventional regime appears, characterized by
dynamical ferromagnetic ordering in the yz-plane orthogonal to the direction x of the actual ferromagnetic interactions.

The origin of the numerical phenomenology described above may be analytically understood by studying the regime
of fast-driving limit £2 — oo as a function of the rescaled amplitude

¢ =8h/$2. (184)

In this limit one can easily compute the effective static Hamiltonian governing the stroboscopic evolution, usually termed
Floquet Hamiltonian: see Appendix F. When the system is driven rapidly enough at finite driving amplitude, the effective
evolution is just governed by the time-averaged Hamiltonian: In physical terms, the system has no time to react to
variations of external parameters much faster than its characteristic dynamical time scales. However, if the modulation
amplitude §h is simultaneously increased with the frequency, keeping a finite ratio ¢ = §h/$2, the effective dynamics may
become qualitatively different from those governed by the static Hamiltonian. Such qualitative changes involve a partial
resummation of the high-frequency expansion (F.3) of the Floquet Hamiltonian [405], which is in general an intractable
problem.

Analytic solutions in closed form may be obtained in some cases by performing a convenient time-periodic canonical
transformation [405]. In our case, this strategy is implemented by moving to a time-dependent frame in order to effectively
eliminate the oscillating magnetic field:

¥ cos(2¢ sin($2t))6;* + sin(2¢ sm(.Qt))é
= | —sin(2¢ sin(£21))6;* + cos(2¢ sin(£2t))6;” | - (185)

l

>

T

A

The transformation is chosen in such a way that the inertial term in the transformed generator I:I(t) exactly cancels the
driving term. Thus H(t) is given by the static part of the Hamiltonian alone [i.e. h(t) — ho] with 6;'6;* replaced by

cos?(2¢ sin(£21))6/*6/* + sin® (2¢ sin(£2t))6;” a”

+ cos(2¢ sin(£2t)) sm(Z{ sin(21)) (6,6 + 6'y 6.
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Fig. 19. Collective spin dynamics in the infinite-range Ising ferromagnet. (a) Classical phase-space trajectories of the static Hamiltonian with
h/Jo = 1.2. (b), (c), (d): Stroboscopic trajectories {S(t,)}, with t, = 27n/£2, n =0,1,2,... of the collective spin subject to a driving of frequency
§2/Jo =5 and amplitudes 8h/Jo = 0.01 (b), 3.3 (c), and 5 (d), with ho/Jo = 1.2. Panel (b) shows the presence of a possible ferromagnetic dynamical
ordering, corresponding to the evolution occurring within a single ferromagnetic sector S* > 0, with a special synchronized trajectory (appearing as
a single point under stroboscopic observations), together with the onset of chaotic behavior around the unstable paramagnetic point [411]. Panel (c)
shows the appearance of a dynamically stabilized phase, akin to the well-known stabilization of the inverted driven Kapitza pendulum [81,416]. Panel
(d) shows that for larger driving frequencies, an unconventional dynamical ferromagnetic ordering appears, where the direction of the magnetization
is orthogonal to the direction x of the actual ferromagnetic interactions. “Islands” with stable stroboscopic trajectories are indicated by the arrows.
Source: Figure taken from Ref. [89].

()
o
D

Fig. 20. Plot of the anisotropy y in the effective fast-driving Floquet Hamiltonian #.g, as a function of the rescaled driving amplitude ¢, given by
Eq. (188).

Crucially, the modulation §h enters I:I(t) via the finite combination ¢ only, which allows us to perform a standard high-
frequency expansion for large §2. The effective static Hamiltonian Heg to lowest order is given by time-averaging: Upon
taking the classical limit, this reads

1+ 1-—
Hett = —Jo (#(s")z + #(sﬁz) —hy s, (187)
i.e., a fully-connected XY-model with a “Floquet-engineered” anisotropy parameter
y =y(¢) = Jo(45), (188)

where 7 is the standard Bessel function of the first kind.

Eq. (187) shows that the net effect of the driving is to redistribute the ferromagnetic coupling strength along the
directions x and y. The behavior of the effective anisotropy y as a function of the rescaled driving strength ¢ is shown
in Fig. 20. As ¢ increases from zero, the effective ferromagnetic interaction along x weakens, which makes it possible
to dynamically stabilize the paramagnetic configuration. The exact boundary hy = h(¢) = Jo(1 + |Jo(4¢)|) of the
Kapitza phase K is reported in Fig. 21. Note that this region is continuously connected with the paramagnetic one P
in the phase diagram, see Fig. 21 — similarly to the region of dynamical stabilization of the classical Kapitza pendulum,
which is continuously connected with the parameter region with a reversed direction of gravity, in which stability is
trivial [81].

As ¢ increases further, intervals with a negative anisotropy y appear, favoring ferromagnetic ordering along the direc-
tion y. The mechanism is thus elucidated for the occurrence of the unconventional dynamical phases with ferromagnetic
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Fig. 21. Left: Fast-driving nonequilibrium phase diagram of the periodically driven infinite-range Ising model defined by Eqs. (181) and (189),
taken from Ref. [89]. Upon varying the average magnetic field hy and the rescaled modulation amplitude ¢ = §h/£2, a dynamical paramagnetic
phase P, a dynamically stabilized Kapitza paramagnetic phase K, a conventional dynamical ferromagnetic phase F; and an unconventional dynamical
ferromagnetic phase F, with orthogonal magnetization emerge. The line ¢ = 0 is the equilibrium phase diagram of the model. Within the shaded
region on the left, a second Kapitza phase coexists with F . (Note that the dashed line separating K and P does not correspond to an actual
phase transition.) Right: Schematic phase-space portraits of the effective high-frequency Hamiltonians governing the evolution of the collective spin,
highlighting the various phases.

Fig. 22. Schematic phase-space portraits of the effective Hamiltonian #g in Eq. (187) on the sphere, with parameters belonging to the shaded region
of the nonequilibrium phase diagram in Fig. 21, corresponding to the coexistence of a dynamically stabilized Kapitza phase and the ferromagnetic
phase F [(a), shaded blue in Fig. 21], or F, [(b), shaded orange in Fig. 21]. We emphasize that the paramagnetic configuration is here associated
with a maximum of Hegr.

Source: Figure taken from Ref. [89].

ordering in the yz-plane, orthogonal to the direction x of the actual ferromagnetic interaction, which builds up whenever
y <0, hg < Jo(1— y), i.e., within the regions denoted by F, in Fig. 21.

The numerical simulations in Fig. 19 show that these nonequilibrium phases persist at finite driving frequencies,
comparable to the characteristic energy scale Jo of the system. When the driving frequency §2 is large but finite, the
effective Floquet Hamiltonian (187) receives perturbative corrections in an expansion in inverse powers of §2, which cause
small quantitative modifications of the boundaries in Fig. 21. (For explicit expressions we refer to the original work [89].)

A second Kapitza phase coexists with F | for hy < Jo (1—|7(4¢)|), i.e., within the shaded region in Fig. 21. In this case
the effective Hamiltonian (187) has a maximum at the paramagnetic point in addition to the two ferromagnetic minima
in the xz- or yz-plane, depending on y being positive or negative, respectively. The corresponding phase-space portraits
are shown in Fig. 22. In particular, in correspondence of the values ¢, ¢», ... such that y = 0 (related to the zeros of the
Bessel function [Jp), the effective Hamiltonian has continuous O(2) symmetry. In this case, stable trajectories exist around
the direction of both the ferromagnetic minima and the paramagnetic configuration, which would be unstable in absence
of the drive.

Summary: Periodic driving the fully-connected model can lead to dynamical stabilization and Kapitza phases. These
can be analytically understood in the fast driving limit in terms of an emergent XY model with Floquet-engineered
anisotropy parameter.

5.1.2. Quantum many-body Kapitza phases for a« > 0
The dynamically stabilized collective Kapitza phases discussed in Section 5.1.1 represent a semiclassical realization of
the classical Kapitza pendulum with collectively interacting spins. However, it is a priori unclear whether such a Kapitza
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dynamical stabilization may occur in general quantum many-body systems with finite-range interactions, which give rise
to fluctuations at all length scales: While dynamical stabilization of a collective degree of freedom is possible, the presence
of many fluctuating degrees of freedom may be expected to give room to heating and destabilize orderly structures. The
existence of dynamically stabilized many-body Kapitza phases was pointed out for a general class of quantum spin systems
with long-range interactions in Ref. [89]; we will here review this phenomenon.

We turn to discuss the full interacting Hamiltonian (180) with o > 0. As in Section 5.1.1, we shall consider a periodic
modulation of the magnetic field,

h(t) = ho + 8h cos(£2t). (189)

The goal of this Subsection is to demonstrate that (most of) the dynamically stabilized phases persist at least over a
parametrically large time scale for 0 < o < 2, where the many-body dynamics cannot be reduced to those of a single
collective degree of freedom.?>

When o > 0, both the collective spin S and the spin excitations with non-vanishing momenta non-trivially
participate in non-equilibrium dynamics. The non-equilibrium spin-wave theory introduced in Refs. [56,57] and reviewed
in Section 4.2.1 provides a controlled methodological approach as well as an intuitive physical picture of non-equilibrium
dynamics in terms of the coupled evolution of the collective spin and dynamically generated spin waves. This formalism
can be straightforwardly extended to systems subject to arbitrary driving protocols, by replacing h with h(t) in Egs. (163).
To make the Section more self-contained we report here the expression of the variable-range Hamiltonian H(t) (180)
expanded to quadratic order in the spin-wave operators:

ﬁ0 + ﬁsw)

A(t) = —Nh(t)(l cos O(t)

A o 2
—No [(1 - M%) sin 6(t) cos ¢(t)]

DkDP—k
2

— 4o ;fk(a) ( cos? O(t) cos? ¢(t) @ + sin? ¢(t)

— cosO(t)cos p(t)sin(t)

GrD—i + PrG—k ) (190)

2
where we use the same notations as in the rest of the Report.
A many-body Kapitza phase consists of a simultaneous dynamical stabilization of the whole spectrum of quantum
excitations around an unstable configuration. Intuition on this phenomenon can be obtained at the level of linear stability

by expanding I:I(t) to quadratic order in the quantum fluctuations, as in Eq. (190), around the paramagnetic configuration
with 6 = 0:

A() = €a(t)+ 23 | (1) — 2afie) BT 4 n(e) PP (191)
p 2 2
where £q(t) = —2Nh(t). In the absence of modulation in the ferromagnetic phase [i.e., h(t) = hy < 2Jp], an extended

interval [—k*, k*] around k = 0 in the spin-wave band is associated with unstable modes, as their corresponding frequency
wx = /ho (hg — 2Jofk(a)) becomes imaginary for small enough k. However, upon introducing the modulation h(t) as in
Eq. (189) with §h # 0, the effective dispersion relation wy ¢ is modified. For a suitable choice of the driving parameters,
the frequencies wy, may become real for all values of k. The occurrence of this nontrivial stabilization of an otherwise
unstable phase of matter against all possible fluctuations of its degrees of freedom is illustrated in Fig. 23 and it represents
a generalization of the Kapitza pendulum to a genuine many-body system.

In order to understand how all the degrees of freedom can get dynamically and simultaneously stabilized by driving
a single modulated global field h(t), we consider the fast-driving limit 2 — oo as a function of the rescaled driving
amplitude ¢, which can be studied analytically also for & # 0. In this regime the stroboscopic evolution of the system at
times t, = 27n/2 withn =10, 1,2,... is governed by an effective static Hamiltonian Hes obtained via a high-frequency
expansion (see Appendix F). The computation of He, discussed in Section 5.1.1 for the infinite-range limit, is actually
independent of the particular of the interaction range. Consequently, it can be implemented following exactly the same
steps, leading to an effective long-range XY spin chain:

N N

N 1+ N 1-— AV A A

=25 —jjna [ yer zym“"yafy] o2 e
i#f i

where the anisotropy parameter y(¢) = Jo(4¢) is the same as in Eq. (187) and is plotted in Fig. 20. Eq. (192) allows
us to discuss the modification of the nonequilibrium phase diagram in Fig. 21 for « > 0 and large £2/Jy — oc. The

25 These phases are actually more stable in higher-dimensional [2,11] and/or higher-spin [417] systems (without spin self-interactions), where
fluctuations are less effective.
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Fig. 23. Stabilization of many-body Kapitza phases. In the presence of suitable periodic driving, the otherwise unstable spectrum of quantum
excitations around the paramagnetic configuration gets simultaneously dynamically stabilized for all values of k. Here « = 1.5, N = 400, and
ho/Jo = 1.35. In absence of driving §h = 0 the system is in the ferromagnetic phase. The red points represent the (squared) frequency spectrum
wﬁ = ho (ho — 2Jofi(a)) of the spin-wave excitations, labeled by their wavevector k. An extended interval of long-wavelength modes are unstable
(i.e., a),f < 0 for k near 0). As the driving is turned on with a strength Sh in a suitable range of values, not only the collective spin mode with
k = 0 discussed in Section 5.1.1, but also the whole set of modes with k # 0 become stable (i.e., w? > 0 for all k). The blue points show the exact
effective dispersion relation wf = (ho — Jofi(@))? in the presence of a high-frequency driving 2 — oo with ¢ = 5h/£2 = 0.6014 (corresponding to
y = 0 in the effective Hamiltonian, see the text). When Jy < £2 < oo, this effective dispersion relation receives perturbative corrections in inverse
powers of £2, and no qualitative changes occur during the prethermal stage (see Section 5.1.3 and references therein).

Source: Figure taken from Ref. [89].

driven dynamics at stroboscopic times is equivalent to the quench dynamics governed by the effective static Hamiltonian
Hes. As we reviewed in Section 4.2.2 above concerning dynamical phase transitions, dynamical ordered phases arising
from quench dynamics exist as long as the (post-quench) Hamiltonian supports long-range order at finite energy density
above the ground state. In the present case, such dynamical ordering can be interpreted as dynamically stabilized non-
equilibrium ordering and is dictated by the phase structure of Heg: Initializing the system in a state with a well-defined
average polarization close enough to that characterizing an equilibrium state of Heg, its dynamical (stroboscopic) order
parameter will be stable in the course of time-evolution. As we reviewed in Section 2, for one-dimensional systems
ordering at finite energy density requires o < 2 [69,75,418]. The character of the dynamical magnetic ordering of the
system depends upon the driving amplitude ¢: When the effective anisotropy parameter y(¢) is small or large enough
and negative, there appear dynamically stabilized unconventional ferromagnetic phases with paramagnetic character or
with magnetization in the yz-plane orthogonal to the direction of actual ferromagnetic interactions, respectively. The
latter phase in particular has no equilibrium counterpart in the Ising model.

Upon increasing « up to the value 2, quantum fluctuations modify the phase boundaries in the nonequilibrium phase
diagram in Fig. 21 as shown by the white arrows in Fig. 24. The shift of the phase boundary can be quantitatively computed
using (equilibrium) spin-wave theory, which is exact for « < 1 and approximate for 1 < a < 2, see Eq. (63).

Quantum fluctuations have a further, dramatic effect of the nonequilibrium phase diagram. In fact, the second Kapitza
phase which coexists with the ferromagnetic phases at mean-field level, indicated by the shaded region in Fig. 21, turns
out to be unstable to many-body fluctuations at finite wavelength. Although the driving can stabilize the collective spin,
there appears an extended interval of unstable spin modes in the Brillouin zone with finite wavelength k #~ 0, which are
expected to prevent dynamical stabilization. In fact, within a linear stability analysis, the effective spectrum of excitations
is given by

w = [ho = (1 = y(ED)Jof@)][ho — (1 + y(£))Jofi(e)], (193)

as obtained by expanding Eq. (192) in spin-wave operators around the paramagnetic configuration & = 0. The effective
dispersion relation features a finite interval in the Brillouin zone characterized by with imaginary frequencies within the
range of parameter values hy < Jo [l — |y(;)|] under consideration, see Fig. 25. The amplitude of this interval shrinks
to zero when the anisotropy y = J(4¢) approaches 0, i.e., when the driving strength ¢ equals one of the zeros ¢,
withn = 1,2,... of the Bessel function. Away from this discrete set of values, the Kapitza phase coexisting with the
ferromagnetic phases turns out to be destabilized by these finite-wavelength fluctuations, at least at the level of linear
stability, in spite of the stabilization of the collective k = 0 mode.

We remark that when ¢ is tuned to an isotropic point ¢,, the many-body Kapitza phase discussed above becomes
stable in the high-frequency limit £2 — oo. The reason behind such stability may be easily traced back to the stroboscopic
conservation of the collective spin projection S* along the field direction, due to the emergent O(2) rotational symmetry.
Indeed, if the system is initialized in a fully polarized state with a small displacement 6y away from the z-axis, the
collective spin has to remain trapped in a neighborhood of the fully polarized configuration & = 0, because S*(t;) ~
1 — 62/2 cannot decrease.
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Fig. 24. Fast-driving nonequilibrium phase diagram of the periodically driven long-range Ising chain defined by Eq. (180) and (189), for « > 0.
Compared to Fig. 21, the shaded region of coexistence of phase K with F; ; has disappeared, and the left boundary of region K moves leftwards
upon increasing «, as indicated by the white arrows. This displacement is vanishingly small in the thermodynamic limit for 0 < « < 1, and finite
for « > 1. The amount indicated by the arrows corresponds to o = 1.5 (it is magnified by a factor 2 for ease of visualization).

Source: Figure taken from Ref. [89].
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Fig. 25. Effective spectrum of the quantum spin-wave excitations around the unstable paramagnetic configuration for « = 1.5, hy/Jo = 0.35, in
the presence of a high-frequency drive with §h/$2 = 0 (red), 0.4023 (blue) and 0.6014 (green), corresponding to effective anisotropy parameters
y = 1, 045, and 0, respectively, in the effective Hamiltonian Heg in Eq. (192). The blue and green points correspond to parameters within the
shaded region in Fig. 21, in which coexistence of Kapitza and ferromagnetic phases occurs in the infinite-range model. Although the collective k = 0
mode is dynamically stabilized, for « > 0 an extended interval in the Brillouin zone appears with modes characterized by imaginary frequencies
w? < 0, as shown, e.g., by the blue points. As shown by the green points, this instability disappears only at isolated points {1, &, ... for which
y = 0 [corresponding to the zeros of the Bessel function, see after Eq. (187)], i.e,, characterized by an emergent O(2) rotational symmetry.

Source: Figure taken from Ref. [89].

Let us finally briefly comment on what happens for « > 2. For « = oo the long-range quantum Ising chain (180)
reduces to the standard quantum Ising chain with nearest-neighbor interactions (which has been studied in Refs. [419-
421]). In this case, the effective high-frequency Hamiltonian (192) describes the XY quantum spin chain, which is exactly
solvable in terms of free fermions [99]. From the exact solution, we see that the quantum critical point h = Jp is
independent of y, and thus of the driving strength ¢. Accordingly, it is natural to conjecture that the left boundary of
the Kapitza phase moves leftwards as « exceeds 1, as shown in Fig. 24, and eventually approaches the straight vertical
line he(¢) = Jo when o — oco. However, ferromagnetic ordering in not stable at finite energy density for « > 2. In the
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Fig. 26. Persistence of the dynamically stabilized phases at finite driving frequency. Left in each panel: Stroboscopic time-evolution S(t,) of the
collective spin of the long-range Ising chains in Eq. (180) with o # 0, subject to the modulated magnetic field in Eq. (189). S(t,) is obtained by
nonequilibrium spin-wave theory and, for simplicity of visualization, is projected onto the unit sphere. In all simulations, the static field is ho/Jo = 1.2,
as in Fig. 19, the driving frequency is £2/Jo = 8, and we used N = 100. The system is initialized in fully polarized states in the xz [panels (a),
(b), (c)] and yz [panel (d)] planes. Right in each panel: relative departure €(t) of the total spin from its maximal length N/2, due to the dynamical
generation of quantum spin-wave excitations, corresponding to the largest trajectory in each panel. In particular: (a) Dynamical ferromagnetic phase,
with @ = 1 and §h/Jy = 0.05. (b) Fast heating in the chaotic dynamical regime, with « = 0.8, 5h/Jy = 0.2. (c) Dynamically stabilized Kapitza phase,
with & = 1, 8h/Jo = 5.33. (d) Dynamically stabilized ferromagnetic phase with magnetization in the yz-plane orthogonal to the direction x of the
actual ferromagnetic interactions, with o = 1, 8h/Jo = 8. Panels (a), (c), and (d) demonstrate that the dynamical phases Fy, K, F, (see Fig. 21),
respectively, continue to exist at finite driving frequency. The amount of excitations generated remains small and the total energy remains bounded
across many cycles, qualifying these phases as prethermal. In panel (b), instead, heating is witnessed by the growth of €(t) (notice the different
vertical scale in the plot). The heating rate in this case increases upon increasing «.

Source: Figure taken from Ref. [89].

nonequilibrium dynamics starting from a polarized state, domain-wall excitations melt the original magnetic ordering.
In this case the equilibrium (ground-state) phase diagram [420,421] of the effective Hamiltonian does not allow an
interpretation in terms of dynamically stabilized many-body Kapitza phases.

Summary: Kapitza phases can survive many-body long-range interactions with 0 < a < 2.

5.1.3. Prethermalization and heating

We address the footprint of the fast-driving nonequilibrium phase diagram on the finite-frequency dynamics upon
reducing £2 down to a scale comparable with the single-particle energy scale Jy of the system. In this case, one should
expect the system to eventually absorb an ever-increasing amount of energy from the drive [422]. In order to address
this point, we initialize the system in various fully polarized states parametrized by angles (6y, ¢9) on the Bloch sphere,
and study the driven evolution for various values of « > 0 and driving parameters hg, §h, £2 by numerically integrating
the non-equilibrium spin-wave theory evolution equations. In this formalism, heating can be monitored by studying the
energy variation rate (H), or simply through the depletion €(t) of the collective spin polarization from its maximal value,
cf. Eq. (164): In fact, heating to infinite temperature must be accompanied by deterioration of magnetic ordering, since
entropy is maximized by states with low total spin, i.e. large e.

Results are reported in Fig. 26. Whenever the system is initialized in a stable or dynamically stabilized regime P/K
or Fy 1, and the frequency £2 is off-resonant with the spin-wave band, i.e., £2 > 4Jo, as shown in Fig. 26(a),(c),(d) the
evolution presents a long time interval during which the absorption of energy from the drive, as well as the amount of
spin-wave excitations, is bounded. In this regime, heating is suppressed, consistent with a Floquet pre-thermal scenario.
On the other hand, whenever the system is initialized in a chaotic dynamical regime as in Fig. 26(b), irrespective of the
value of 2 and of o > 0, the density €(t) of dynamically generated spin-wave excitations, as well as the energy (H(t)),
increase at a finite rate. These observables witness heating, which is expected to be the generic response of a many-body
system to external periodic drive in the absence of dissipative mechanisms [423] In the dynamical regimes F; | of panels
(a) and (d), the synchronized trajectories of the collective spin S( ) act as an “internal” periodic driving at frequency §2 on
the quantum oscillators (g, px)'s through the last interaction terms in the spin-wave Hamiltonian (190). As long as £2 is
off-resonant (see above), the spin waves behave as a periodically driven system of non-interacting bosons, which relaxes
to a periodic quasi-stationary state described by a stroboscopic generalized Gibbs ensemble [419,424]. As we discussed
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at length in the context of quench dynamics, for 0 < @ < d the quantum backreaction on the collective spin dynamics is
suppressed with system size. The prethermal stage is thus characterized by long-lived oscillations, the duration of which
diverges in the thermodynamic limit. For « > d, on the other hand, the description of prethermal dynamics is more
complicated due to nonlinear interactions between the collective spin and the bosonic “bath”; however, relaxation to a
quasi-stationary state is typically very slow or absent. The neglected nonlinear spin-wave interactions are finally expected
to ultimately lead to the decay of this prethermal quasi-stationary state [109,255,425-428]. The fastest heating processes
are associated with the absorption of a quantum of energy ~ £2 from the drive through a high-order resonant transition
involving £2/J, elementary local transitions. According to by now standard theoretical arguments [408-410,429], the
associated heating time scale is expected to scale exponentially as T ~ exp( const x £2/Jo).

In conclusion, we note that several numerical studies of quench dynamics in long-range interacting chains with 2 <
o K oo suggested that magnetic ordering survives for surprisingly long times in the prethermal regime [62,238,249,430].
This occurrence has been recently analytically understood in terms of a suppressed rate of formation of unbound domain
walls [104]. Furthermore, the expected functional form of the lifetime of such dynamical long-range ordering as a function
of the driving protocol and of « has been determined, predicting the possibility of having extremely long-lived order even
at finite driving frequency [104]. When conditions for this phenomenon are met, signatures of dynamically stabilized
ordered phases are expected to emerge even for o > 2.

Summary: Due to the suppression of spin-wave populations in ordered phases, strong long-range interactions prevent
heating and rather lead to prethermal regimes. In periodically driven systems, the occurrence of heating for « > 0
depends on the nature of phase-space trajectories in the classical limit « = 0: For regular dynamics, the system
exhibits a Floquet-prethermal regime with suppressed heating, whereas, for chaotic trajectories, the system displays
heating with fast absorption of energy.

5.2. Discrete time crystals

The concept of spontaneous breaking of (continuous) time-translational invariance in quantum many body systems
has been brought to widespread attention in Ref. [431]. Soon after, these non-equilibrium phases were proven impossible
at equilibrium[432,433]. Yet, discrete time translational invariance, realized in periodically driven systems, can be
spontaneously broken[434-436]. Thus, the term “discrete time crystals” (DTC) refers to systems where the discrete
time-translation symmetry, encoded in the periodically driven Hamiltonian H(t) = H(t + T), is spontaneously broken.
Expectation values of relevant observables exhibit oscillations with a period that is an integer multiple of T. Several
experimental observation of DTC have been discussed in the last decade[29-31,218]. For a general overview of these
research efforts, we refer the readers to recent reviews [437-439].

Following Ref.[406] we say that a DTC phase exists if, for a class of states |¥) with short-ranged connected
correlations [435], there always exists an observable O such that the time-evolved expectation value in the thermodynamic
limit N — oo, satisfies the following conditions:

N

1. Time-translation symmetry breaking: (O(t +T)) # (6(t)>, even though PAI(t) = I:I(H-T), so that long-range correlated
Floquet eigenstates of the propagator Ur = U(t + T, t) exist[435].

2. Rigidity: the periodic oscillations of (O(t)), with a period t, shall persist in a whole finite and connected region of
the Hamiltonian parameter space. R

3. Persistence: the periodic oscillations of (O(t)) become stable at long time in the thermodynamic limit N — oo.

These conditions cannot be fulfilled by a local many-body quantum system due to the presence of external driving, which
would lead to relaxation towards an infinite-temperature state, thereby preventing long-lived oscillations. To protect
ordering against relaxation, a mechanism is required to control the impact of dynamically generated excitations.

Pre-thermal stability can be achieved through long-range interactions, which are known to generate metastable states
with lifetimes that grow as the system approaches the thermodynamic limit, see Sections 3.2 and 4.2.1. Then, it is natural
that the investigation of DTCs in clean systems has been primarily focused on long-range interacting models where the
robustness of collective oscillations in presence of periodic drive is guaranteed. Accordingly, stable DTC phases can only
be found for o < d[301,406,440,441], while for « > d, the lifetime of oscillations is expected to be finite in the N — oo
limit[104,410,442]. The @ = 0 Ising model is a privileged playground for time-translational symmetry breaking, since it
features a kaleidoscope of different DTCs. Indeed, the presence of p-order DTC phases (with a period of pT, where p is
an integer) which were first witnessed in specifically designed Z,-connected states [406,440] has recently been detected
as well in the standard Z, symmetric Ising model [301,443], where p can be fractional and signatures of this behavior
persist for finite « and in the classical limit [444-446].

5.2.1. Mean-field DTC

In the mean-field limit « = 0 it is possible to obtain an analytic solution for the periodic dynamics and establish the
simplest instance of DTC [406]. We consider a step-wise drive of the magnetic field in Eq. (181) of the form

h(t):lpZ(S(t—nT), (194)
n=1
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of amplitude v, and we focus on the evolution of the order parameter m(t) = ﬁzj(&j‘]) (where a = x,y,z), i.e. the
components of the magnetization of the system.
First, we observe that the Floquet operator (see Appendix F) can be expressed as the product of two distinct operators:

O = e 2052 gloTSE/N (195)

where we used the global spin operators notation defined in Eq. (4). The term exp(—2i¢§z) in Eq. (195), which acts
as a rotation around the z-axis, represents the effect of the kick term on the observable m. The other term describes
the evolution of m induced by the second term on the right-hand side of Eq. (195) over one period T. The Heisenberg
equations of motion corresponding to this evolution for the operators S, are:

d

450, (196)
d - A A A A

asy :JNO (stz +5; x) s (197)
d Jo /2 A A A

5= -2 (sxsy + sysx) . (198)

As usual, due to the mean field nature of the problem we can neglect the spin-spin correlations in the thermodynamic
limit [447]. Taking averages on both sides of Eq. (196) and using the decoupling relations (S,Sp) =~ (Sq)(Sp) one obtains
the closed set of equations for the magnetization:

=0, my =Jomym, , 1, = —Jomymy. (199)

As a consequence, after a time interval T, m undergoes a clockwise rotation around the x-axis by an angle of JoTm,(t). The
Z, symmetry of the model is encoded in the dynamical symmetry v — v + /2 and m, — R,(wn) - m, in Eq. (199).
Integrating out the equation of motions in Eq. (195), the evolution of the observable m is given by

ﬁ7n+1 =f(ﬁ7n) = R,(2¢) - Rl(—=JoTmy, ) - ﬁ1na (200)

Due to the periodic nature of the drive, the map in Eq. (200) displays an Hamiltonian structure and its action preserves
the area of the region on the sphere ||> = 1 span by the dynamics. Accordingly, one can employ polar coordinates along
the z-axis, m = (sin 6 cos ¢, cos 6 cos ¢, cos @) in order to express an area element as dS = d cos fd¢. Then, the coordinates
¢ and I = cos 6 serve as natural canonical conjugate variables for our system. Following the discussion in Ref.[447] the
action I can be regarded as the z-component of the angular momentum and ¢ as the rotation angle around the same axis.

Them, in the small period limit T — 0 the map can be rewritten as

In+1 =1, (201)
Pni1 = In + 2V, (202)

with initial conditions Iy = 0 and ¢y = /2. This corresponds to the Poincaré map obtained by taking stroboscopic
section of the integrable dynamics. In other terms the motion of the order parameter m, at vanishing drive periods
is quasi-periodic with a period 7 /. Slightly increasing the strength of the kicking period T the map in Eq. (201) is
perturbed and the fate of the system follows the Kolmogorov-Arnold-Moser theorem [448-450]. The theorem states that
small perturbations in the form of Eq. (194) only slightly deform the torus I = const at least as long as the drive frequency
is not resonant. Thus, the motion remains quasi-periodic for drive strength v far enough from a rational multiple of 7.
However, as soon as a resonance is approached and ¢ ~ v, = rz with r = g/p and p and q are coprime integers, pairs
of elliptic and unstable fixed points emerge in the dynamics due to the Poincare-Birkhoff theorem[451].

Then, distinct regions in the phase space (I, ¢) can be distinguished depending on the action of the p-iterated map
fP(m), which also correspond to different m, evolutions. Quasi-periodic behavior persists for initial conditions (Iy, ¢) far
enough from the fixed points, where a rotation dynamics occurs with ¢ periodically spanning the interval [0, 27]. On
the other hand, as the initial conditions (Iy, ¢9) approach the fixed points, a libration dynamics arises and ¢ continuously
oscillates around a finite value. As a result, successive map iterations do not substantial alter the magnetization value
ffintp A M, and a DTC phase appears. Finally, the boundary between the DTC and the quasi-periodic regimes are occupied
by chaotic regions, which grow and eventually take over the regular ones at large T.

Summary: The classical limit of the fully-connected model displays periodic motion in the T — O limit. Close
to resonances, quasi-periodicity is broken but the Poincare-Birkhoff theorem leads to time-crystalline behavior,
characterized by time-translational symmetry breaking of the magnetization, stable to small perturbations in the kicking
strength.
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Fig. 27. Eigenstate structure. The eigenstate structure radically changes between the three different phases of the system: while no recognizable
pattern is present in the chaotic phase, panel (b), in the quasi-periodic phase the eigenstate is localized in a connected region of the (I, ¢) space
(panel (b), curves (a) and (c)), while in the p = 4 DTC phase it appears localized around four, Z, symmetric, points (panel (a): curve (b)).

Source: Image adapted from Ref.[453].

5.2.2. Finite-size and finite-range effects

The discussion above has been based on the semiclassical analysis which becomes exact in the thermodynamic limit.
Yet, it is interesting to perform some numerical simulations at finite N to validate the large-N picture. At each finite
size the modulus of the total spin S of the system is conserved restricting the dynamics to the subspace of constant
S2 = S(S + 1), with S = N/2. Then, it is relatively straightforward to perform exact diagonalization up to large sizes
(N = 800)[205,406]. To visualize the eigenstates in this subspace, we introduce the spin coherent states [452]

. (203)

where |{}) is the eigenstate corresponding to the maximum projection of the spin along the z direction and i1 =
(sin 6 cos ¢, sin 6 sin ¢, cos ). The overlap between different coherent states remains finite at finite N and reads

vl

12(6, ¢)) = e™™

A0 ) 2S
(20, §)|2(0 + 40, ¢ + Ap)) = (sin 7e—m¢) , (204)

which vanishes in the N — oo limit due to the exponent S. However, for any finite N the states in Eq. (203) form
an overcomplete basis for the Hilbert space. Then, one can characterize the dynamics by estimating the projection
1(£2(0, ¢)Inm)|? for various different Floquet eigenstates |1;,).

The overlap |(§2(8, ¢)|nm)|? for different values of m are shown in Fig. 27. The Floquet eigenstates in the p = 4 DTC
phase appear clearly localized around four Z, symmetric points, see Fig. 27(a), while this is no longer the case in the
quasi-periodic phase, see Fig. 27(b). This behavior can be explained semi-classically: close to a resonance, the Floquet
evolution can be interpreted as a hopping between p adjacent wells in the classical phase space [443], so that the Floquet
eigenstates have the form of tight-binding Bloch wavefunctions. A similar behavior for the p = 2 case (around ¢ = 7 /2)
has been observed in Ref.[406]. Let us notice that, given the initial condition chosen in the present study, in the N — oo
limit, the only eigenstate which contributes to the dynamics, will be the one with a non-zero overlap with the point
6 =0, ¢ = 0, which in turn can correspond to each of the three phases.

The current picture is not substantially altered by the inclusion of quantum fluctuations due to a finite value of « or
by additional local couplings. Indeed, the structure of the low-T DTC regions with p = 2 is generally resilient to quantum
fluctuations. On the other hand, sufficiently high values of o enhance the chaotic phase, leading to the disruption of the
DTC phases with p > 2 for large enough values of the drive period T, see Ref.[453] and Fig. 28(b).

Summary: The exact eigenstates for finite system size reflect the time crystalline behavior of the mean-field result.
Their phase-space representation shows localization around symmetric points in the time-crystal phase, while they are
delocalized in the chaotic one.

5.2.3. Order parameter

The dynamical phase diagram of different high-order DTC phases exhibits intricate self-similar and fractal structures,
where the regular phases are intertwined with the chaotic and quasi-periodic regions. The characterization of the entire
dynamical phase diagram has long remained a difficult challenge. But the introduction of a novel order parameter enabled
a comprehensive characterization of DTC phases, irrespective of their order[453].
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Fig. 28. Phase diagram. Panel (a): Color plot of the order parameter ¢ as a function of the amplitude i and the period T of the drive, saturated at
the value ¢ = /2/3, with np.x = 300 and 8 = 1.6 - 107>, Panel (b): same as (a) but for & = 0.5.
Source: Image adapted from Ref.[453].

The key to introduce a useful order parameter is to consider different values of the amplitude, ¥, ¥ + 8y, which
amounts to consider two nearby initial conditions in the phase space. Then, we introduce the definition

1 NMmax
&= 3 (Manl¥ +59) — mea))’ (205)
max n=0

Both in the DTC phase and in the quasi-periodic one the evolution is not chaotic, so that the two nearby trajectories
my. (¥ + 8v) and my ,(y) diverge polynomially in time. Expanding the latter equation for small deviations 5 yields

1 Nmax ) Nmax
%= " Z (mx,n(l// +38y) — mx,n(‘ﬂ))z ~o ZcSwZnZ ~ (8P Nmax)? (206)
max max o

where £ depends on the average distance between two randomly chosen points of the two nearby trajectories

The value of nyax has to be large enough so that the rightmost term in Eq. (206) remains O(1), i.e. npax — 00 as
8¢ — 0. However, the value of ¢ jumps discontinuously between the libration regime (corresponding to a DTC phase)
and the rotation one (corresponding to a quasi-periodic phase). Indeed, close to the fixed point of the iterated map the
micro-motion becomes negligible and ¢ — 0, signaling the emergence of the pure time-crystalline regime. The value ¢
in the two phases is not universal and depends on the value of (nnx8%) ~ O(1). The jump in the value of £ results in
a discontinuity in ¢, which may be observed in the numerical distribution of ¢. Indeed, the order parameter in the DTC
is sharply peaked around ¢ = 0, but becomes negligible for ¢ > 0.2. The quasi-periodic phase is signaled by a peak at
¢ ~ 0.36, which appears disconnected from the DTC peak at ¢ = 0. The exponential divergence of trajectories in the
chaotic phase leads to the memory loss of initial conditions on a time-scale npn.x ~ —log(8), making the values my ,(¥)
and my ,(¥ + §¥) to become two equally distributed random variables with zero mean. Then, due to the central limit
theorem, ¢? is distributed as a Gaussian in the chaotic phase

(¢%) = 2(m3) (207)
and variance O(n,,L ). For an isotropic system one can easily derive the peak value for the distribution, since |m|* = 1 one
has

1 1
2 =2
my) = =(m|”) = -, 208
(my) 3 (Im|”) 3 (208)

so that (¢2) = 2/3.

Thus, the order parameter ¢ can be used to detect higher-order DTC phases in clean long-range systems, by exploiting
the connection between DTC and Poincaré-Birkhoff theorem[451,454], which rigorously holds in the mean-field « = 0
limit. Indeed, the phase diagram obtained by the numerical characterization of the order parameter, see Fig. 28 reproduces
and expand the known properties of the DTC phases in the « = 0 limit. [406,444]

The symmetry of the phase diagram around the v = m/4 axis arises from the dynamical Z, symmetry, which is
a notable feature that would have remained undetectable with a p-dependent order parameter. At low values of T, the
quasi-periodic phase dominates (pink area ¢ ~ 0.4), while small islands of the DTC phases emerge around specific values
of v, corresponding to rational multiples of & (black areas ¢ =~ 0). Initially, the size of these islands increases with
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increasing T, and as they approach each other, chaos begins to emerge along their boundaries (yellow area, { ~ /2/3.
Ultimately, all islands associated with DTC of order p > 2 are engulfed by the chaotic phase, with the largest (central) one
corresponding to p = 4 surviving the longest. Interestingly, at certain values of the driving period, we observe a revival of
the higher-order DTC phases, particularly pronounced for p = 4 (small, arrow shaped, black area at high T for  ~ 7 /4
in Fig. 28(a)).

The boundary between the chaotic and DTC phases is not smooth; instead, it exhibits self-similar patterns that repeat at
increasingly smaller scales. The emergence of this fractal scaling in the boundaries of time-crystalline phases draws a direct
analogy with similar phenomena observed in traditional critical systems, particularly percolation, self-avoiding random
walks, and the Potts model [455,456], where a rigorous connection between conformal invariance and stochastic evolution
has been established [457,458]. As previously noted in Ref. [441], the formation of DTC islands can be comprehended
within the framework of area-preserving maps[459], specifically linked to the existence of Arnold tongues[303,460].

We conclude this Subsection with the remark that, similarly to the Kapitza phases discussed in Section 5.1, one can
straightforwardly extend the analysis to the variable-range model with & > 0 using the non-equilibrium spin-wave theory
of Refs. [56,57,89] reviewed above in Section 4.2.1, see e.g. Fig. 28(b). For details, we refer the reader to Refs. [444,453].

Summary: Higher-order time-crystals can be detected via an order parameter which accounts for the distance between
nearby trajectories. The resulting phase-space displays a fractal pattern.

6. Conclusions and perspectives

Let us first summarize the salient features that we discussed in this Report; hence, we will mention aspects which
have not been covered here; finally, we will point out pending problems that it would be interesting to explore.

What we discussed. In this Report, we provided a comprehensive pedagogical overview of non-equilibrium phenom-
ena arising in the dynamics of non-random long-range interacting systems. For the sake of definiteness and connection
with the theoretical and experimental literature, we took the XY quantum spin model with power-law decaying
interactions with exponent «. Our primary focus was on the strong long-range interactions regime 0 < « < d, intermediate
between the mean-field limit « = 0 and the quasilocal regime « >> d. It is in this regime that the most surprising and
unusual features of out-of-equilibrium dynamics appear. Our discussion was divided into three primary setups: Dynamics
at low energies; Quantum quenches far away from equilibrium; Periodic driving.

Section 2 — Equilibrium: we started by providing a concise but rather exhaustive summary of equilibrium properties
exhibited by variable-range ferromagnetic spin Hamiltonians. This encompassed a discussion on the equilibrium phase
diagram, the mean-field solution, the expansion in quantum fluctuations, and unusual spectral properties such as
discreteness and divergent propagation velocity.

Section 3 — Low-energy dynamics: we delved into near-equilibrium dynamics in a variety of setups. Here, the discrete
spectrum of the strong long-range regime induces unusual equilibration dynamics, universal defect formation, and the
emergence of non-analytic behavior in the fidelity.

Section 4 — Quantum quench dynamics: we introduced a formalism to treat the coupled dynamics of semiclassical
collective observables and the dynamics of quantum fluctuations. This allowed us to describe dynamical criticality,
quantum information scrambling, and to formulate a squeezing-induced picture for the growth of entanglement.

Section 5 — Periodic driving: Finally, we described how strong long-range interactions prevent periodic driving
from heating the system or inducing thermalization. Instead, they allow dynamical stabilization of novel phases and
time-crystalline behavior.

What we did not discuss. The present memoir covers only a small portion of the varied and lively field of quantum
dynamics with long-range interactions. Let us mention (in a non-exhaustive manner) some complementary studies which
have not been discussed here.

A large bulk of literature addresses mathematically and via quantum-information approaches the impact of long-
range interactions onto the spreading of correlations[38,41,42,122-124,126,129,130,141,461-468]. Interestingly, several
of these results pointed out how long-range interactions may not enhance correlation spreading, but remain “shielded”
in dynamical evolution[60,138,142,391,469-471], as partly discussed in Section 3.1.

While our Report concerns spin systems, a lot of work aims at understanding the dynamics in the presence of fermionic
long-range Hamiltonians. These studies have been initiated at equilibrium [44,94,472-477] but soon moved into the out-
of-equilibrium regime [194,247,478-483]. Studies on bosonic systems with long-range interactions have a much longer
tradition which dates back to the characterization of the thermodynamic and finite-size scaling exponents both in the
weak[67,70,75,484] and strong[203,304,485] long-range regions. In this perspective, the critical properties of long-range
interacting spin-systems have often been obtained through a bosonic theory analogue, especially in the case of spin
systems with continuous symmetries[167,486-488]. We have been making use of this analogy, see Section 3.4, where
we employed the spherical model to describe dynamical phase transitions[110,242], but the correspondence extends
also to the study of correlation spreading[50], prethermalization [147-149] and defect formation [169,489,490].

Our choice to focus on ferromagnetic long-range couplings was mainly motivated by the necessity to evidence
those phenomena which are unique to algebraically decaying interactions. On the other hand, antiferromagnetic long-
range interactions enable phenomena such as structure formation[491] or frustration [492], which are also found in
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systems with finite range interactions. Yet, antiferromagnetic couplings and structural phase formation are common
to many experimental platforms, such as trapped ions[98,493-498], dipolar gases[499-504] and cold atoms into cav-
ities [505-507]. In these experimental platforms, structure formation phenomena get reshaped by the interplay between
long-range interactions, local effects and dissipation, leading to dynamical self-organization[22,494,495,501,508-512],
Mott-insulating phases[505,506,513,514], supersolids [16,515-520], dynamical phase transitions[20,23,510,521,522], lo-
calization and glass physics[507,513,523-525], prethermal ordering in presence of driving [526]. Some properties on
antiferromagnetic long-range interactions may be obtained by their ferromagnetic counterparts, but at a different
« [527-529].

A significant part of the research on quantum long-range interactions focuses on disordered systems. These studies
range from the effect of long-range interactions on many-body localization [196,525,530-541] (explored experimen-
tally [542-544]), or features of glassiness in bosonic quantum systems [545], e.g. in the quantum Sherrington-Kirkpatrick
(SK) model — and chaotic and holographic properties of fully-connected disordered fermionic systems, a la Sachdev-Ye-
Kitaev (SYK) [546]. Another class of disordered systems are random quantum circuits, which make it possible to study the
dynamics through exact or hydrodynamic solutions [547]. This is true also in the case of long-range interactions [548,549],
where several rigorous results have been obtained on Brownian all-to-all circuits [394,462,550-556].

Many studies have investigated long-range models in open quantum systems, where interaction with the surrounding
environment induces dissipative effects. For all-to-all interactions, the man-field approach is correct for systems with
collective jump operators [557-569]. In these settings, quantum correlations have been studied with methods similar as
the ones discussed in Section 4.1.5 in Refs.[563,570-572] or via Keldysh techniques [573-575]. The impact of finite range
interactions has been recently addressed in Refs.[576-578], while in Refs.[579-581] it was tackled via a generalization
of the non-equilibrium spin-wave approach discussed in Section 4.2.1.

Other studies in the field include hydrodynamics and transport with long-range interactions [582-587], or hybrid
models stemming for instance from the interplay between short-range and long-range interactions. The interplay between
long-range interactions and non-homogeneity has also been studied in quasi-periodic systems[588-591], where the
topological properties of the system are altered by the long-range couplings [592] as it has also been shown in topological
superconductors [593-596].

To conclude, very recently, a lot of attention in quantum dynamics has been given to measurement induced phase-
transitions, a new dynamical phenomenon which results from the interplay between unitary (entangling) evolution and
(disentangling) measurements[547]. In this context, Refs.[548,597-605] have discussed how long-range interactions
affect the non-equilibrium phase diagram, which has been probed experimentally in a trapped ion simulator [606].

What shall be done. Quantum dynamics with long-range interactions is an exciting field of research with challenging
open problems that go beyond the ones addressed here. We are pleased to conclude with a brief overview of the open
questions.

First of all, the methods considered in this Report may be extended to address a series of pending problems about long-
range interacting spin systems. As mentioned in Section 2.3.1, the spatial spreading of correlations could be characterized
using the non-equilibrium spin-wave theory [56,57] illustrated in Section 4.2.1. Related approaches could be used to
explore quantum information scrambling, where it would be interesting to elucidate how the established exponential
growth of the square-commutator (145) at dynamical critical points for « = 0 is influenced by spatial fluctuations for a >
0. A fundamental question concerns thermalization in this class of systems. Even though permutational symmetry is broken
for & # 0, anomalous dynamics compatible with a prethermal scenario appear, for long — yet finite — time scales [58,259]
(see Section 4.2). It is a challenging open problem to understand whether and how some form of non-thermal behavior
persists at infinite time. This difficult subject has been addressed in a few numerical explorations of either spectral
properties [607-610] or finite-time quench dynamics [62,104,246,250,371]. However, due to the challenging finite-size
effects, the general question — especially near the strong long-range regime — is far from settled. See the recent progress
in Ref. [611].

Finally, several broader open questions go far beyond what is discussed here. This is the case of long-range antifer-
romagnetic interaction, which characterizes several experimental platforms [493-497,499-507] as mentioned above. It is
well known that in equilibrium, the competition between anti-ferromagnetism and long-range interactions can result in
frustration and phenomena such as spin liquids. It would therefore be important to develop methods to tackle dynamics
out of equilibrium.

Concurrently, many remarkable physical phenomena stem from the simultaneous presence of long-range interactions
and quenched disorder, from glassiness in the SK to fast scrambling in the SYK model. Although these models may be
analytically solvable with a mean-field ansatz, their classical limit and the impact of quantum fluctuations remains a
challenging problem in general. It would be highly desirable to have a comprehensive framework to understand the
quantum dynamics with o > 0 in this class of models. In this regard, we note that the non-equilibrium spin-wave theory
of Refs. [56,57] has been extended to disordered spin models as well, see Ref. [612].

To conclude, we remark that in nature long-range interactions always represent an instantaneous approximation
for retarded interactions mediated by a field (e.g. the electromagnetic field). Retardation may give rise to outstanding
physical phenomena in certain conditions: For example, finite-frequency long-wavelength modes may non-trivially
hybridize with the mediating-field excitations, as happens e.g. for optical phonons and light in ionic crystals (phonon-
polaritons) [613,614]. Exploration of the full range of dynamical phenomena induced by retarded long-range interactions
in AMO platforms stands out as an intriguing direction.
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Appendix A. Semiclassical spectrum

For a system with a single degree of freedom, the spectrum obtained via the semiclassical quantization rule consists
of classical trajectories with energy E, such as to enclose an area Sq(E;) in phase space equal to an integer multiple of
Planck’s constant h, i.e.,

Sa(E;) = nh, n integer, (A.1)

where S (E) corresponds to the classical action. This quantization rule, together with the well-known relation between
the action S and the classical period of a trajectory (see, e.g., Ref. [615])

dSq(E) 27
=Tq(E) = A2
&E a(E) 2u(E) (A2)
yields the semiclassical level spacing
dE
Eny1 —En ~ T; = h Qq(E,). (A3)

This equation may be seen as a generalization of the relation valid for the spectrum of a harmonic oscillator to nonlinear
dynamics, in which the oscillations are not isochronous and thus the quantum energy spectrum is not equispaced. The
semiclassical density of states p(E) is given by the inverse level spacing.

We can use the above semiclassical relation to elucidate the spectral properties of the fully-connected quantum Ising
model, cf. Section 2.3. For h > hg, taking the low-energy limit (n finite and N — o00) of Eq. (A.3), one recovers the
harmonic tower of excitations of Eq. (16), with £24(E;) ~N—oo @~ /S. At the quantum critical point h = h¢;, the energy
gap of the elementary excitations above the ground state vanishes in the thermodynamic limit. The classical counterpart
of this phenomenon is the vanishing of the classical frequency of small oscillations, which occurs because the minimum
of H at criticality is quartic rather than quadratic. The critical scaling of the energy gap as N — oo may be extracted via
semiclassical considerations: Retaining the quartic terms of order 1/N neglected in Eq. (16), and applying the semiclassical
quantization rule in Eq. (A.1), one finds the low-energy asymptotics of quantized energy levels as

n/3
E, — Eg o~ c NI (A4)
N—>oo

which shows that the critical gap above the ground state for h = h,, scales as N~!/3 for large N. Along these lines, one
also finds (fig) ~ N'/3, For a more systematic analysis see e.g. Ref. [83].

Appendix B. Semiclassical description of fully-connected systems

In this Appendix we review the semi-classical descriptions of quantum dynamics, which applies beyond the example
of fully-connected spin systems discussed in Sections 4.1.1 and 4.1.3.
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B.1. Semiclassical approach

We focus on quantum systems characterized by a small parameter fiegr, which controls the impact of the quantum fluc-
tuations. A system in this class is described by n degrees of freedom, identified by 2n operators §=(qy, . . ., Gn, P1, - - - » Pn)-
These satisfy the standard canonical commutation relations [§;, ;] = ifiefr 85, 0 more compactly [&, &] = ifieJ, where J is
the symplectic unit.26 The system is such that allows a re-scaling of the Hamiltonian

A = hy Ha(®) | (B.1)
that leads to the following the Heisenberg equation of motion?’

E=1T0Ha(E) . (B2)
One could equivalently define a classical system described by 2n classical phase-space variables §,=(q1, ..., qn, P1, . - -, Pn)s

obeying the canonical Poisson brackets {q;, pj} = d; and whose dynamics is given by the Hamilton-Jacobi equation of
motion gcl = {gcls HCI} =] 8Hcl(gcl)- R

The full quantum evolution for the expectation value of the operator &(t) evaluated on the generic quantum state |v/p)
reads

d . .
a(’s’(f)) =J (0Ha(&(t))) . (B.3)

This is exactly what stated by the Ehrenfest theorem [616], which describes the exact quantum evolutions of operators at
time t, without approximations. Even if this relation is reminiscent of the Hamilton’s equations for the classical variable
&, in principle one has (dHq(&)) # dHa((§)). However, whenever quantum fluctuations are small one can look at the
replacements?®

(0Ha(8)) — dHa((§)) - (B.4)

This substitution is equivalent closing the cumulants at second order, namely to take (§ é") = (é )(é/). We consider the
case in which the initial state |{) corresponds to a narrow Gaussian wave-packet, centered around a point with a small
variance A? of quantum fluctuations of order A2 ~ O(he). A large number of relevant initial states lie in this class. For
instance, consider coherent states or pure nonentangled ones, such as uncorrelated product states, routinely prepared in
cold-atom experiments via standard techniques. Weakly entangled initial states may be treated on equal footing.
Therefore, by virtue of Eq. (B.4), the average (&(t)) moves along the classical trajectory to the leading order in heg,

d ~

@0 =3 0% (E0)) + Olher) (85)
that is

(E(£)) = £q(t) + O(herr) - (B.6)

According to the standard semiclassical theory [287,288,617], quantum fluctuations around the classical trajectory &(t)
will remain approximately Gaussian for a diverging time scale as hi.f — 0 during the evolution, the so-called Ehrenfest
time scale Tgny = Tgnr(fefr). At Tgpr quantum interference effects become dominant and the semiclassical description
breaks down. The Ehrenfest time can be defined as the time scale for which the gaussian approximation breaks down
and quantum fluctuations become of the order of one, i.e. A?(Tg,,) = O(1). This depends on how quantum fluctuations
evolve in time that, in turn, is determined by the regularity properties of the classical trajectories, as summarized in
Table 1.

This semiclassical description is not restricted to phase-space or coherent variables, but it describes the dynamics
of several interesting models. In particular, Sciolla and Biroli [223] formulated a general theory for systems with full
permutational invariance in states belonging to the totally-symmetric sector.

B.2. Classical limit of permutationally invariant systems

We recall how the permutational symmetries allow for exactly mapping collective quantum models to systems of few
degrees of freedom characterized by a vanishingly small effective Planck constant in the thermodynamic limit [223].

We consider a Hamiltonian H characterizing a uniform all-to-all interaction of N elementary constituents, such as spins
or particles. The symmetry under permutations of the degrees of freedom makes the mean-field treatment of the quantum
dynamics exact for large N. To show how the semiclassical description emerges, we consider an ensemble of N identical

26 On  1n

—1n Op
27 subtleties related to the ordering of the operators are not relevant in the following discussion.
28 Notice that this is always exact the case of quadratic Hamiltonians.

The symplectic matrix J is given by the 2n x 2n antisymmetric matrix J = ( ) which satisfies J? = —1,.
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g-level quantum systems. A basis of the many-body Hilbert space can be constructed as the tensor product of identical
single-unit bases {|«)} with @ = 1, ..., q. Binary permutation operators are unitary transformations that exchange a pair
of units in the system. Their action is defined by

Pilog, ... i, o, o aN) =g, ., QL O, L QN (B.7)

for all pairs i > j. A system has full permutational invariance if its Hamiltonian H commutes with all permutation
operators. The totally-symmetric subspace (TSS) of the many-body Hilbert space is simultaneously invariant under all
permutations.>® A basis of the TSS can be obtained by symmetrizing the many-body configurations o, ..., ay) with
respect to all permutations. It can be labeled by the numbers Ny, ..., Ny of units occupying each level with 22:1 N, = N.
The dimension of the TSS,

N+4+qg—1 N1

q— 1 N—oo (q — 1)' ’
is only polynomially large in N, which allows for the exact numerical analysis of large systems. Due to the symmetry of
H, the time-evolution of totally symmetric initial states never leaves the TSS. Typically, such initial states may be simple
products of identical single-body states, or ground states, like the ones prepared in experiments.

It was shown by Sciolla and Biroli in Ref. [223] that the dynamics of symmetric observables within the TSS is classical
in the thermodynamic limit. To show this, observe that possible off-diagonal transitions governed by H are uniquely
identified by a set of integers mq, ..., mq

dim TSS = ( (B.8)

|N1,...,Nq)—>|N1+m1,...,Nq+mq). (Bg)
For convenience, we turn the occupation numbers N, into fractions x, = N, /N, with 0 < x, < 1 and Zg:] X, = 1, and
denote basis states by |x), where X = (x4, ..., X;). Hence, we write the matrix elements of H as30
Hyx = (XIAX) = V)8 = Y Tm(X)Sxxmyn» (B.10)
m#0
with m = (my,...,mg) € Z9. Terms in the Hamiltonian A involving up to k bodies yield “local” transitions in the TSS

basis, characterized by |[m| = ) |m,| < 2k. By the extensivity of the Hamiltonian A, both V(x) and Ty(X) are extensive,
V(x) ~ N v(x), Tin(X) ~ N tm(X). (B.11)

Crucially, the densities v and t are smooth functions of X, as they generally result from combinatoric factors of the
occupation numbers which are insensitive to small changes N, — N, £ 1,2, ... to leading order in the thermodynamic
limit [223]. This result is based on the smoothness of the matrix elements of H between two TSS states concerning small
changes in the occupation numbers N, — N, = 1, +2, .... These properties allow to rewrite the Schrodinger equation
in the TSS as

10 m o
—yx0)=|vx)— Y tm(x)cosh(——x) (X, t). (B.12)

N at
0=<|m|=<2k

Eq. (B.12) shows that the dynamics of wave-functions in the TTS is governed by the effective Hamiltonian

Ha(G, B) = v(@) — Y _ tm(X) cosh (m - p) (B.13)

A

expressed in terms of the conjugated canonical operators é =(q,p)
N, N

I S A B.14
N oN, p (B.14)
with an effective Planck constant
1
Nefr = N (h = 1 in our units) , (B.15)

that approaches zero in the thermodynamic limit. Thus, the quantum system of the original system of all-to-all interacting
g-level units is mapped to n = q — 1 collective degrees of freedom.?! As outlined in the previous section, its quantum
dynamics is equivalent, in the thermodynamic limit, to the one governed by the Hamilton equations generated by #.

29 Unless permutational symmetry is spontaneously broken or fragmentation phenomena take place [83].
30 For simplicity, we assume time-reversal invariance, which results in real matrix elements Tp(X) € R.
31 Notice that the exact constraint > » X« =1 can be solved explicitly, eliminating one degree of freedom.
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B.3. Beyond global permutational symmetry

The semiclassical approach reviewed in the previous Appendix B.2 and Section 4.1.1 applies to a much wider class of
states and models than discussed therein.

One natural extension consists of a composite system of M collective subsystems, possibly composed of different kinds
of degrees of freedom. This is possible if interactions couple the various subsystems uniformly in their elementary units,
i.e., via collective operators only. Thus, the global system has a semiclassical description. When each subsystem is large,
the global system will be described by Z%zl(qm — 1) semiclassical collective degrees of freedom, where ¢, is the number
of levels for the mth degree of freedom. For example, the Dicke model, where N spins interact collectively with a cavity
mode [263], can be viewed as an example of two classical degrees of freedom, one for the collective spin and one for the
cavity mode. The same holds for the two-species kicked top [340].

A second, closely related generalization, is represented by non-symmetric states which partially break the full permuta-
tional symmetry. Such states may be obtained by bringing together a number M « N of initially separated subsystems.
In this case, the full permutational symmetry breaks down into the product of smaller permutational symmetries acting
separately on each subsystem. While the full system evolves outside of its totally symmetric subspace (TSS), the restricted
symmetry allows a description of the dynamics within the product of the TSSs of the M individual subsystems. The
semiclassical theory can thereby be applied in the thermodynamic limit, and one ends up with a few-body semiclassical
system described by M x (q — 1) collective degrees of freedom. In this case, the Hamiltonian depends on these variables
only via the g — 1 global collective combinations, leaving all the (M — 1) x (¢ — 1) remaining coordinates frozen in
their initial values. A simple example is given by a permutationally invariant system of N spins-1/2 initially in a random
product state |--- /7 7/ /7 ...) of spins pointing up or down along a given axis. Such a state is far away from
the Dicke manifold of maximal total spin length N /2. Grouping together the spins pointing in the same direction into two
subsystems A and B, with N, and Np spins respectively, the global system may be viewed as two interacting collective

spins S, Sg, of length N,/2 and Ng/2 respectively, initially pointing in opposite directions. In agreement with the above
observation, the motion of the two spins is not independent: the Hamiltonian generates a nonlinear collective precession,

and the angle between §A and §3 is a constant of motion.

Appendix C. Asymptotic estimates for fi.(a)

Here we review the properties of the Fourier transform of J/||r||* on a periodic d-dimensional lattice of V = L¢ sites,
which we denote fi («

—lkr
fde) Z ||r||°‘/Z [|r|] (C.1)

The properties derived below only rely on the asymptotic decay of interactions J; ~ 1/||r — '||* — neither on the details
of J.  at short distances nor on the specific lattice.

C.1. Strong long-range regime (0 < o < d)

For 0 < o < d the leading behavior is captured by approximating sums with integrals in Eq. (C.1). As we are interested
in the scaling with L only, we do not keep track of prefactors. Following the standard procedure for Fourier transforming
a radial function, we switch to spherical coordinates and integrate over all the angles:

L
de1—a Jd2—1(IKlp)
[, ot e 2

where 7,(x) is the standard Bessel function of order v.
For finite |K| the right-hand side always vanishes in the limit L — oo. A finite value of fi.o is only obtained when
|k| o< 1/L. Recalling the definition k = k, = 27 n/L, we make the substitution p = Ls and take L — oo:

Jrzo(ar) ~

[d—a

1
Siazo(@) = fazolar) ~ /0 dssd—1— 4@/;:&;/'?_'?
Thus, for 0 < o < d, fi, 0 is actually a function of the discrete index n. For large |n| we obtain the asymptotic estimate
Ala) B(a)
W |n| (d+1)/2 °

The first [second] term governs the asymptotic decay of the discrete coefficients fazo(a) for (d—1)/2 < o < d [respectively
0<a<(d-1)/2]

(C.3)
(C.4)

Jozo(a) ~
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C.2. Weak long-range regime (a > d)

For o > d the function fi(«) attains a finite limit for all k as L — oo. For small k, this function has a singular behavior.
In this “large-scale” limit it is again legitimate to replace the sum by the corresponding integral. Proceeding similarly to
Egs. (C.2), we find

o0
—a Jd2-1(K|p) w
fk¢0(a)~v/; dp p?! |l/(2|,old/2 ] d ot g, (C.5)

where C; = 2-(/2-1/°(d/2). Here the short-distance part gives a regular contribution O(|k|?) and the long-distance part
gives a singular contribution O(|k|*~9):

ficzola) ~ 1 — A(e)|K|“™ — B(ar) K[ (C6)

The first [second] term governs the asymptotic low-momentum behavior of fi.e(cr) for d < a < d + 2 [respectively
oa>d+2]

Appendix D. Exact solution of quasi-static drive for a single mode

D.1. Fidelity and defect density

The dynamics of a single spin-wave corresponds to the one of a single Harmonic oscillator and can be solved
exactly [199-201] for any time dependent frequency. Any dynamical state ¥ (x, t) in the representation of the coordinate
x can be expressed as

)= an¥alx, t), (D.1)
where o, are time independent constants and the dynamical eigenstates are given by
1
1 1T \* yo2 X —i(n+3)a0)
1//(x,t)=(> eW(”ZH( )e 2)%0, (D.2)
" V2t \ 2 E2(t) "\Vaze(n)

the expression for the effective frequency W(t) and the (in-influential) phase &(t) are given in the main text. If the initial
state is a pure state of the basis (D.2), specifically the ground state in our case, then one has o, = 0, Vn > 0 and we
recover the single squeezed state generated by the operator in Eq. (88). This state describe the dynamics at all times, and
thus in the exact dynamical basis (D.2) no excited states will be generated. However, at each finite time t > —h/§ the
squeezed state o(x, t) will have a finite overlap with all states in the adiabatic basis w,id(x, t), which is defined as

Y(x, t) = \/% (?)4 205 (x\/.Q(t)) . (D.3)

It is convenient to write the expression of the defect density as [172]

Nexe(t) = ) nlea(t)P, (D.4)

ne2N

where the coefficients

+o00
() = f dx v (x Ol t) (D5)

oo

are the transition amplitudes between the dynamical state and the instantaneous equilibrium basis. It is rather straight-
forward to get an exact expression for these coefficients

+o00 1 0 % +o00 ~ 2
)= [ e epate, ) = m(zsz((%) |20k (Vo). (D6)

Performing a change of variable the integral can be cast into the form

+o0 . ) ~ +o0 Q) T
/ dxe(P(O+SOK Hn< w(t)x):([z(t))_ / e( >+)2H (s) ds.

o0 o0

Nl—

Next we employ the generating function for Hermite polynomials in the integral,

+00 20t) 1) 2 dan +00 &(0) o dn _[ZM
—| 5= +1) 5 . 1 .
e <9(‘>+ ) 2 H, (s)ds = lim — e ( an* ) g lim—e (20+20)
—0 t—o0 dt" J_

Q(t) t—0 dt"
(55 +1)
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n/2
;) for n € 27,

= (D.7)
forn e 2Z + 1.
Thus the probability of having n excitations in the evolved state at the time t is given by
, (=1 2800 26— 2]
leno(0)? = — = = , (D8)
nlt E(0)]2(0) + 200)] | 2(6) + 2(t)

which leads to Eqgs.(101) and (102) in the main text.
D.2. Slow quench to the critical point

Here we consider the half ramp with t € [—h/3, 0]. After the rescaling, this problem coincides to solving the
Ermakov-Milne equation

. 1

2 —
§(t) + L2(6)6(t) = 20 (D.9)
with the rescaled frequency
Q(t)? =t +(N§)™23 (D.10)

with the simplified extended time interval t € [—oo, 0]. The solution of Eq. (D.9) can be constructed from that of the
associated classical harmonic oscillator

X(t) 4+ Q(ty*x(t) = 0. (D.11)
This equation admits the two independent solutions
x1(t) = Ai (—2%(1)),  xo(t) = Bi (—2%(1)) (D.12)
in terms of the Airy functions Ai and Bi. The two functions x;(t) and x,(t) have the constant and finite Wronskian
1
Wr(xq, x3) = —. (D.13)
b4

It is convenient to rewrite the solutions of Eq. (D.9) as a pair of complex conjugate solutions w and w* with
w = ax(t) + bxy(t), (D.14)

where a € C and b € R are constants. Since Eq. (D.11) is homogeneous one can rescale the two solution by a constant
factor and subsequently, without loss of generality, impose b = 1. The function

£(t) = Vww* (D.15)
is a solution of the Ermakov-Milne Eq. (90) if
Wr(w, w*) = 2ilm(a)Wr(xq, X) = i, (D.16)

which uniquely fixes the imaginary part of a. To completely define the solution, it is required to find the appropriate value
of Re(b) which satisfies the boundary conditions

. 1 L

These conditions are consistent with the system being in the adiabatic ground state at large |t|. In the t — oo limit, £2°
diverges and one must use the asymptotic expansion for the Airy functions

cos(202° - 1) sin (223 - Z)

Jim (o)~ —Z2o i lim () ~ — oot (D.18)
In order to satisfy (D.17), the oscillatory terms in the expression for & must cancel for large s, implying

Re(a) = 0, Im(a) = b. (D.19)
Moreover one has to impose the condition

Wr(w, w*) = 2ilm(a)bWr(x1, x,) = i, (D.20)
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which fully determines the coefficients in Eq. (D.14),

Im(a) = b = % (D21)

The resulting expression for the scale factor is
807 = ZAi (—2(07)" + 2B (-20?)". (D22)

and the number of defects is given by Eq. (101). The number of defects at the final point of the ramp (which is the
critical point) is obtained by evaluating Eq. (101) at t = 0. At this instant the rescaled frequency is given by its finite-size
correction £2(0) = A~'/3 = (N§)~'/3, and the scale factor reads

T, _ . _
§(0F = ZAi (-4 23)? 4 ZBi(-4 23 (D.23)

Let us consider the thermodynamic limit A — oo first. In this case the argument of the Airy functions goes to zero and
the terms in the square brackets of Eq. (101) read

1 33y £(0)\  3*°r(2/3y
2607 = tox? <f:(0>) = Trase (024
leading to
7 A3
Nexc(0) = m7 (D.25)

where we restricted to the leading term in the A — oo limit. Therefore the result for the number of excitations diverges

in the thermodynamic limit with a power N'/3, However the residual heat is finite since it is obtained by multiplying the

divergent defect density with the vanishing oscillator frequency E;es(0) = A(0)nexc(0), leading to
w813

323r(1/3)%°

which agrees with the KZ scaling of Ref. [107]. For a finite-size system N < oo, the slow ramp limit § — 0 coincides with

the A — 0 limit of Eq. (101) evaluated at t = 0. The leading term in this case is generated by the velocity correction to
the effective frequency

§0) _ 5 o

Eres = (D.26)

lim — = —— , (D.27)
A-0 £(0) 24
which, substituted into Eq. (101) evaluated at t = 0, gives
25
Nexc(0) = m/ﬁ x 82, (D.28)

which leads to the expected adiabatic correction for the residual energy E.; o 82 in a finite-size system [186].
D.3. Full ramp

Along previous sections we have depicted the analytic solution of a semi-infinite ramp with frequency w(t)?> = |t|
starting at t = —oo and terminating at t = 0. Now, we are gonna extend such treatment to the entire interval
t € (—o0, 400). It is worth noting that in the case of a full ramp t € (—o0, +00), we do not consider the case of a
finite Ay, since its calculation do not present any relevant difference from the half-ramp case. Taking the thermodynamic
limit first N — oo, we consider a general solution in the form of Eq. (D.14) satisfying the boundary conditions

r(p)r(p+1)

. 2 _
0= (029
lir(1)1+2é(t)§-‘(t) = cot(pr) (D.30)

in order to ensure continuity with the solution with the t < 0 case discussed in Appendix D.2. Interestingly, this result is
accomplished by the coefficients choice

3
a= a+ = 7 (DB])
Re(b) = by = 0 (D.32)
Im(b) = b, = b, = % (D.33)

71



N. Defenu, A. Lerose and S. Pappalardi Physics Reports 1074 (2024) 1-92

which automatically satisfies the Wronskian condition in Eq. (D.20).
The defect density in the large time limit t &~ +o00 can be obtained by the asymptotic behavior of the scale &£(t), which
reads

__ tY2(1 + cos(r /3)* + 2 cos(rr /3) sin(2¢))

Jim §()° ~ 2sin(z /32 (b:34)
. 3 2
Tim E(0E(0) ~ %)fg;m (D.35)

where ¢ = §t3/2. Once these expressions are plugged into Eqs.(101) and (102), one obtains the two results in Eqs.(111)
and (112), which prove that the fidelity of a quantum harmonic oscillator driven across its quantum critical point remains
finite even in the § — O limit.

Appendix E. Entanglement dynamics in other long-range interacting models

E.1. Quantum Ising chain in a tilted field

We further discuss the quenches in long-range quantum Ising chains in a tilted magnetic field, described by the
following Hamiltonian

] N OA,xa,x N N

n_ Jo i% nz Ax

A= NaNZ“_ﬂa hzza,. thai, (E.1)
N i i

i<j

where now h; and hy are respectively the transverse and longitudinal field and N, y is the Kac normalization (3). This
model has been considered by T. Mori in Ref. [296] . There, it is argued that the non-equilibrium dynamics of a long-
range quantum Ising chain (with 0 < o« < 1 and with transverse field h, = 0.32] and longitudinal field h, = 0.26])
shows signatures of many-body chaos. The dynamics are studied by starting from the paramagnetic state with spins fully
polarized along the z axis, i.e., from h; o = co. (Note that x <> z have been exchanged in our conventions.)

We apply here the non-equilibrium spin-wave theory and the theory of entanglement dynamics developed in the
present chapter. Upon adding a longitudinal field, the classical equation of motion of the collective spin [cf. Eq. (132) of
Section 4.1.1] now reads

6 = 2Jo sin 6 cos ¢ sin ¢ + 2h, sin ¢
y 2 cosf (E.2)
¢ = —2h; + 2y cos 6 cos” ¢ + 2h, 57 cos P .
and the evolution equations for the spin-wave correlations, (]k = ]J;,k) are

. ~ ~ cos ~ ~

GM =4Ji cosO cos¢psing Gi! + 4 (]0 cos® ¢ + h,‘ﬁ — Ji sin? ¢) GP,

. cos ~ ~ ~ -

GP=—4 (]0 cos® ¢ + hy sin? —Ji cos? 6 cos? ¢> GPP — 4Ji cos0 cos ¢ sing G ) (E.3)

~pq 2 5 2 2 .\ Fag 2 cos¢ - .5\

Gy =—2<]0cos ¢ — Jx cos” 0 cos qb)Gk + 2| Jocos d>+hxm —Jk sin“ ¢ | Gy

We first study the mean-field case « = 0, verifying that the growth of entanglement entropy is logarithmic for the
considered quench, see Fig. E.29, as follows from our predictions. However, due to the closeness to a nearby dynamical
critical point, the short-time dynamics of entanglement is fast, and the universal logarithmic behavior emerges only over
longer times. In agreement with our theory, larger system sizes are required to observe the asymptotic behavior, as
confirmed by the ED numerical results. Because of these strong finite-size effects, we did not attempt for « > 0 numerical
investigations with MPS-TDVP, limited to N < 100, but directly studied the limiting behavior in the thermodynamic limit
via a full spin-wave calculation of entanglement dynamics. The results are shown in Fig. E.30, left panel, for increasing
values of «, and they confirm that the growth of entanglement entropy is linear for « > 0, as suggested by the results of
Ref. [296] in view of the interpretation provided by the theory presented here.

To fully corroborate this picture, we presented a similar analysis to that outlined above for the Ising chain in a
transverse field. In Fig. E.31, we report the time evolution of the k-resolved spin-wave population for the same quench. The
dynamical production of long-wavelength spin-wave excitations is unstable, i.e., exponentially growing. This occurrence
hints at the fact that the quench considered in Ref. [296] falls into a layer of instability of the many-body semiclassical
dynamics, characterized by a positive Kolmogorov-Sinai entropy rate (174) and hence a linear growth of entanglement
entropy in time. This is confirmed by the spherical plot in Fig. E.30, right panel, of the Kolmogorov-Sinai entropy rate As
as a function of the initial configuration on the Bloch sphere (174). The considered quench falls inside the instability layer
which opens up around the classical separatrix upon increasing o > 0. However, we emphasize that a large set of initial
configurations show a stable generation of spin waves, and hence slow logarithmic growth of entanglement entropy, even
for this Hamiltonian (the black region in the spherical plot).
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Fig. E.29. Comparison between entanglement entropy growth computed

Jt

numerically (ED) and analytically (semiclassical formula) for « = 0, for the

quenches in Ref. [296] [Eq. (E.1) with h, = 0.32], hy = 0.26)p, initial state polarized along z]. The growth is logarithmic, but finite-size effects are

strong due to closeness to a mean-field dynamical critical point.

30
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Fig. E.30. Left panel: Comparison between entanglement entropy growth obtained via the full spin-wave computation with N = 500, for increasing
a = 0, 0.3 and 0.5, for the quenches in Ref. [296] [Eq. (E.1) with h, = 0.32J, hy = 0.26Jp, initial state polarized along z]. While the growth is

logarithmic in the integrable case « = 0, the breaking of integrability i

nduced by a finite range triggers a linear growth of S(t), due to unstable

excitation of long-wavelength spin waves: see the text and Fig. E.31. Right panel: Spherical plot of the Kolmogorov-Sinai entropy rate hys(6o, ¢o)

versus the initial spin-polarized configuration, for « = 0.7.
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Fig. E.31. Time-dependent k-resolved spin-wave population for the quenches in Ref. [296] [Eq. (E.1) with h, = 0.32)y, hy = 0.26),, initial state

polarized along z]. Collective quantum fluctuations with k = 0 grow pol

ynomially, whereas the long-wavelength modes k = +27 /L (left, « = 0.3)

and k = £27 /L, 47 /L, 67 /L (right, « = 0.5), diverge exponentially fast in time. Here we have set N = 500.
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Fig. E.32. Entanglement entropy growth obtained via the full spin-wave analysis, for quenches hyp = 0 — hy = 0.7/ in the Hamiltonian (E.4). We
compare the effects of the two kinds of perturbations to the fully-connected quantum Ising model with « =0, A = 0: (i) « = 0.7, A =0, i.e, a
slow spatial decay of interactions (left); (ii) « = 0, A = 0.2], i.e., additional weak nearest-neighbor interactions (right). In both plots, the black lines
represent the behavior of the fully-connected quantum Ising model with @ = 0, A = 0, for comparison. It is apparent that the former «-perturbation
(top) provides only bounded corrections to the logarithmic growth of the permutationally-invariant limit, whereas the latter A-perturbation clearly
exhibits the onset of a linear-in-time growth (with a small slope) which can be appreciated at long times. The insets report the same data on a
logarithmic time scale, highlighting the different behavior. In this computation N = 500.

E.2. Short-range perturbations to collective spin models

The above analysis shows that slow logarithmic growth of the entanglement entropy can be expected in the quench
dynamics of spin-1/2 systems with long-range interactions. The underlying mechanism involves the existence of a discrete
set of excitation modes (the long-wavelength spin waves) which yield a bounded, subleading contribution to entanglement
when non-resonantly driven by the collective spin dynamics. However, this is an intrinsic property of slowly-decaying
interactions, which generically fails for other types of perturbations. To explicitly show this, we consider additional finite-
range interactions as perturbations to an integrable system with collective interactions. To be specific, we consider a
Hamiltonian of the form

I:Ilr+sr = If’a —A Z 6',X 6',');1 ’ (E4)
i

where I:Ia is the long-range quantum Ising chain in Eq. (1) (d = 1). In Refs. [56,57], it has been shown that the
nonequilibrium spin-wave approach adequately describes the dynamics of this Hamiltonian when A < J. We show that
the two kinds of perturbations, corresponding to raising o or A from 0, respectively, lead to a radically different scenario
of entanglement growth, in accordance with the theory developed above. N

For the spin-wave analysis of the Hamiltonian Hy . in Eq. (E.4), it is actually sufficient to substitute Jy.o = Jofu.x +
Acosk in Egs. (167). In the case « = 0, . # 0, the spin-wave Hamiltonian features two fundamental differences:
firstly, it is equivalent to a system of quantum oscillators with short-range interactions, hence described by a continuous
dispersion relation with a finite bandwidth (apart from the singular k = 0 mode); secondly, all excitations with k # 0
now live on a widely separated energy scale & < J with respect to the classical drive. Therefore, away from fine-tuned
resonances, the system typically behaves as a standard model of free bosonic excitations, where the fast, non-resonant
drive amounts to modifying their effective dispersion relation. Such a system is expected to exhibit light-cone spreading of
quantum correlations and linear growth of entanglement entropy, according to the standard Calabrese-Cardy quasiparticle
picture [618], in stark contrast to the perturbation with & > 0, A = 0 discussed above.

To be fair, it should be noted that the A-perturbed model features a coexistence of two mechanisms, namely the spin
squeezing associated with the singular k = 0 mode and the traveling quasiparticles associated with the all the remaining
k # 0 modes. Although the second mechanism is clearly dominant [linear over logarithmic S(t)], for tiny perturbations
A < J, along time is required to appreciate this distinction. In practice, for small sizes, short times, weak quenches, and/or
weak perturbations, one will always observe a crossover from initial logarithmic growth to an asymptotic linear growth.

We verified the predictions above explicitly: see the comparison between the two perturbations in Fig. E.32. We
conclude that, as expected based on the present analysis, the nature of the integrability-breaking perturbation is crucial,
and the slow growth of entanglement analyzed is a characteristic property of long-range interactions.

Appendix F. Floquet Hamiltonian and high-frequency expansion

Whenever the time-dependent Hamiltonian of a system has a period T, ie, I:I(t 4+ T) = I:I(t), the resulting
time-evolution operator U(t;, t1) satisfies
0(t0+nT, ty) = [0(t0+T,t0)]n (F.1)
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for any integer n. Accordingly, it is convenient to define an effective static Hamiltonian Hesr [370,405],
to+T

Ur = Uty +T. to =7e o IHO) Z o AE, .
U U( T ) t dr H(t) iTHeff (F 2)

usually referred to as the Floquet Hamiltonian. Its spectrum is defined up to integer multiples of the frequency 27 /T and
it is independent of the choice of the reference time to. The state of the system at stroboscopic times t, = to + nT is
therefore entirely and unambiguously determined by the Floquet Hamiltonian Heff A series expansion of Heff in powers
of the period T, known as the Magnus expansion, can be written as

o]
I:Ieff = Z I:Ié,f“f) (F.3)

with Heff proportional to T". Explicitly, the first terms read

R to+T dT] R
Hgf)f) =f TH(‘H), (F4)
to
R T /t(’” dry [T dry . N
(1) 1 2
Hy == — —- |H(n1), H(%2)|, (F.5)
eff 2 [0 T to T [ ]

with the higher order terms involving a increasing number of nested commutators of H at different times. This expansion
is convergent when T is smaller than the inverse maximal extension of the spectrum of H(t) [370].
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