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1 Introduction

Our current cosmological model is based on a simple framework: a background isotropic and
homogeneous spacetime, filled with matter, radiation and vacuum energy, evolving according
to the laws of General Relativity. In its standard form, most matter is assumed to be cold dark
matter (CDM), and vacuum energy is modeled as a cosmological constant Λ, to originate the
ΛCDM model [1]. In this description the Universe underwent radiation and matter-dominated
phases with decelerated expansion, followed by late-time acceleration driven by Λ. Despite
its success in describing large-scale phenomena, ΛCDM faces challenges across many fronts.

Evolving the equations of General Relativity backward in time leads to a spacetime
singularity, where physical quantities diverge. At such high energies, a quantum theory
of gravity is expected to replace classical gravity and resolve the singularity, though no
current proposal has provided experimentally falsifiable predictions [2]. Observations indicate
that vacuum energy (or dark energy, DE) constitutes roughly 69% of the total energy of
the Universe [3, 4], but its theoretical value differs by over 120 orders of magnitude from
Quantum Field Theory predictions. About 84% of matter is thought to be CDM, consisting
of massive particles that interact gravitationally and possibly very weakly via other forces,
but its properties exclude them from being part of the Standard Model [5]. While alternatives
to both DE [2, 6] and CDM [7] have been proposed, in the case of CDM the overwhelming
evidence strongly supports its existence [8–11]. The ΛCDM model is also seriously challenged
by precision cosmology. In particular, the values of the Hubble parameter H0 and the
matter clustering parameter S8 inferred from early-Universe data are in tension with those
from model-independent late-time observations [12], while the interpretation of DE as a
cosmological constant has been questioned by recent Baryon Acoustic Oscillation analyses [13].

Finally, the ΛCDM scenario faces two major fine-tuning issues: the flatness and horizon
problems. The flatness problem refers to the near spatial flatness of the Universe today,
which requires the early total energy density to be fine-tuned to within one part in 1060. The
horizon problem arises from the observed isotropy of the Cosmic Microwave Background
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(CMB), despite the regions emitting it not having been in causal contact [14], requiring then
extremely uniform initial conditions. To resolve these issues, the model is typically extended
with a period of accelerated expansion before radiation domination. This is generally achieved
through inflation: a phase of nearly exponential expansion driven by a new, unknown scalar
field slowly rolling down a flat potential [15, 16]. Inflation ends when the field reaches the
potential minimum and decays into standard particles via reheating, a process still not
fully understood [17]. Inflation also helps to dilute exotic relics from beyond the Standard
Model theories (e.g., magnetic monopoles), making those theories consistent with their
non-observation.

The non-minimally coupled dark matter (NMC-DM) model considered in this paper is not
intended to fully resolve the known issues of ΛCDM, but rather to investigate possible effects
that arise when open problems in different sectors, such as dark matter, dark energy and
General Relativity, are considered together. In particular, we take advantage of the elusive
nature of dark matter to probe potential deviations from the standard gravitational theory.
Models of dark matter range from ultralight scalar particles, such as axions or axion-like
particles (ALPs) [18–20], to massive compact halo objects (MACHOs), such as primordial
black holes [21, 22], with a particle mass range spanning nearly 80 orders of magnitude. Yet,
experimental efforts to detect dark matter through potential interactions with other Standard
Model forces, in particular via the weak force in weakly interacting particles (WIMPs) dark
matter models [5, 23], have only succeeded in placing an upper limit on their cross-section
at σ ∼ 10−47cm2 [24–26]. This leaves open the possibility that the first relevant interaction
between dark matter particles occurs through a modified gravitational coupling.

Non-minimal couplings between matter fields and curvature are commonly introduced
when considering quantum fields in curved spacetimes, as they emerge from the renormalization
group flow [27], or in inflationary models as they naturally give rise to effective potentials
for the scalar field [28]. In other words, non-minimal couplings are the expected deviations
from the classical gravitational interaction of matter at high energies. Nonetheless, in this
paper we consider a model in which the non-minimal coupling acts on dark matter at the
fluid level, rather than at the field level, in order to avoid assuming a specific dark matter
model and, at the same time, to account for the possibility of the NMC being an emergent
phenomenon [29]. This idea has been developed in recent years, and the general properties of
a NMC-DM fluid [30–32], along with the consequences of its Newtonian limit on cosmological
and galactic scales [33–35], have been investigated.

In a recent paper, we presented a fully relativistic realization of this model in the context
of static and spherically symmetric configurations [36]. The non-minimal interaction can
be interpreted as an effective stress-energy tensor for dark matter, allowing a fluid modeled
as collisionless dust to develop an effective pressure capable of supporting self-gravitating
dark matter configurations. These configurations exhibit very high mass-to-radius ratios
and develop light ring structures; hence, they have been named non-minimally coupled
ultra-compact objects (NMC UCOs). The scales of these solutions are fully determined by a
single parameter, which has been fixed by assuming a cross section smaller than any found in
the Standard Model [37, 38]. This choice leaves open the possibility that the non-minimal
coupling is not exclusive to dark matter, but may be a property shared by all known particles.
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To link the cross section of the interaction with the macroscopic properties of NMC UCOs,
we considered a threshold density at which the mean free path of particles λmfp = mχ/ρχσχχ

coincides with the curvature radius of the solution Rc = c(8πGρχ)−1/2:

ρth = 8πG

c2

(
σχχ

mχ

)−2

; (1.1)

with a particle mass mχ ∼ 100 GeV and a cross section σχχ ∼ 10−37cm2, this gives a threshold
density of ρth ∼ 104g/cm3 and UCO masses of the order of M ∼ 105M⊙, compatible with
the ones expected for a supermassive black hole seed [39]. In general, deviations from GR are
expected to scale with the ratio ρDM/ρth. This corresponds to deviations of order 10−28 in
the Solar System, and 10−20 at the Galactic center, assuming that DM follows a NFW profile.
The NMC under consideration is therefore not expected to have significant consequences
at these scales and should satisfy all current constraints.

While the required densities are much smaller than those of other compact and ultra-
compact objects, they may still be difficult to achieve through the collapse of collisionless dark
matter in the late universe. For this reason, it is sensible to investigate the role of NMC-DM in
a cosmological context, as a possible environment for the formation of UCOs. In addition, it is
necessary to examine this cosmological model to determine whether the non-minimal coupling
contradicts observational data, which would render the model unphysical. As we will show in
the following sections, cosmology with an NMC-DM fluid actually moves in the direction of
addressing some of the problems of the ΛCDM model, naturally providing an inflationary
phase and the possibility of avoiding the Big Bang singularity through a cosmological bounce.

2 Non-minimally coupled dark matter

As stated in the introduction, non-minimal couplings are usually introduced either as high-
energy corrections, motivated by quantum field theory arguments [27, 28], or as emergent
phenomena related to the role of spacetime curvature at scales where DM can be described
as a fluid [30, 32], for example when DM is modeled as a Bose-Einstein condensate with a
sufficiently large healing length [29]. In this paper we do not assume a specific mechanism
generating the non-minimal coupling, but simply that its effects can extend up to scales where
DM behaves as pressureless dust. Such a phenomenological approach reduces, at the practical
level, to considering a non-minimally coupled DM fluid [32]. Including the Lagrangian of
other minimally coupled forms of matter, the total action of the theory reads

SNMC = SMC + Sint =
∫

M
d4x

√
−g

[
c4

16π G
R + Lmat + LDM

]
+
∫

M
d4x

√
−g ϵL2Gµν T µν

DM,

(2.1)
where Lmat denotes the Lagrangian for all non-DM components, and in the interaction
term T µν

DM is taken to be T µν
DM = ρ c2 uµ uν , with ρ the DM mass-energy density and uµ its

four-velocity. We stress that the choice of our NMC term is not guided by a standard EFT
argument, but rather by the (weak) equivalence principle. A detailed reasoning can be found
in section 2 of [30] and is based on the findings of Bekenstein in [40]. In particular, the
specific interaction we adopt is motivated by previous work on BEC dark matter, where the
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condensation mechanism provides a long range coherence length which allows to construct
the Horndeski type NMC term we need [41]. With such a coupling, the equations of motion
in the spherically symmetric case can still be recast as two first-order equations [36], and
also in the cosmological case the differential order of the equations is not modified, as we
will show in the next section.

The interaction Lagrangian features a characteristic length scale L, required for the
correct dimensionality, and a dimensionless ‘polarity’ parameter ϵ = ±1. These parameters
can be seen as the macroscopic manifestation of the microphysics of the coupling between dark
matter and curvature, of whose origin we remain agnostic in this work. In [36] we have found
that, in the context of NMC UCOs, only the choice ϵ = −1 leads to regular configurations,
while the opposite choice ϵ = +1 always results in singular or non-asymptotically flat solutions.
We also found that the mass of the solutions is proportional to L, while the central density
scales as L−2; moreover, there exists a minimum density below which no non-trivial solution
can be found. By equating this minimum density with the threshold density in (1.1), we
determined a value of L ≃ 3.7 × 1011 cm, corresponding to masses of the order of 105 M⊙ for
NMC-UCOs. To maintain consistency with our previous work, we adopt L ≃ 3.7 × 1011 cm
as the fiducial value, set ϵ = −1 and c = 1.

The gravitational field equations of the model are derived by varying the action (2.1)
with respect to the metric. In doing so one has to recall the variation of the Einstein tensor
and of the stress-energy tensor of a perfect fluid as reported in [42],

δGµν = ∇α∇(µ δgν)α − 1
2□ δgµν − 1

2gαβ∇(µ∇ν) δgαβ − 1
2R δgµν+

− 1
2 gµν (Rαβ + gαβ □ − ∇α ∇β) δgαβ , (2.2)

δT µν
DM = 1

2T µν
DM (uαuβ − gαβ) δgαβ . (2.3)

Then the field equations for the gravitational field sourced by the non-minimally coupled
DM fluid read

1
8π G

Gµν = T µν
mat + T µν

DM − L2
[
(Gµν + gµν □ − ∇(µ∇ν)) TDM − □T µν

DM + 2 ∇α ∇(µ T ν)
α

−gµν∇α ∇β T αβ
DM − R

2 ( T µν
DM − gµν TDM) − T µν

DM
TDM

Rαβ T αβ
DM

]
. (2.4)

Although this procedure is relatively simple, it nonetheless ensures that the constraints on
the fluid dynamics required for the perfect fluid approximation, namely particle number
conservation and absence of entropy exchanges between flow lines, are satisfied [32].

The presence of the non-minimal coupling indicates a deviation from the pressureless
fluid approximation within a perturbative framework, where the fluid can in principle develop
pressure, stresses, and energy fluxes whenever its density or the spacetime curvature become
sufficiently large. Similar effects appear in effective theories of fluids [43–45], where higher
derivatives of the fluid degrees of freedom are included as high-energy corrections to the perfect
fluid approximation. These corrections can mimic modified-gravity behaviors [46, 47], thus
bridging DM and modified gravity theories, as we do in our model. While exploring possible
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links with generalized fluid dynamics would be of great interest in the future, our framework
already captures a wide range of processes, from fundamental modifications of gravitational
interactions to alternative fluid descriptions in curved spacetimes, while also taking into
account possible self-interactions through the specific coupling with the Einstein tensor.

2.1 Effective stress-energy tensor and modified gravity

By looking at equation (2.4) one can see that in the context of the present model, gravity
is generated not only by the DM energy density, but also by its time and space variations,
implying that the minimally-coupled DM stress-energy tensor T µν

DM is no longer conserved.
This can be seen explicitly by taking the covariant divergence of equation (2.4) and using
the Bianchi identities

∇µT µν
mat + ∇µT µν

DM + L2
{

Rµν∇µ TDM + ∇νRµλ T µλ
DM − 2∇µ(Rν

λ T λµ
DM)

+∇µ

[
R

2 (T µν
DM − gµν TDM) + T µν

DM
TDM

Rαβ T αβ
DM

]}
= 0 . (2.5)

While the stress-energy tensor of ordinary matter can be separately conserved ∇µT µν
mat = 0,

if we assume that there are no direct interactions with DM, one can see that the DM
stress-energy tensor satisfies a more involved expression.

However, we can interpret equation (2.4) as the Einstein field equations of General
Relativity sourced by an effective, or non-minimally coupled, DM stress-energy tensor
Gµν = 8πG(T µν

mat + T µν
DM,eff) [31, 32]. Then equation (2.5) expresses the conservation of the

effective stress-energy tensor, while the NMC with gravity prevents the minimally-coupled
T µν

DM to be separately conserved. The effective energy density and pressures associated to
T µν

DM,eff have a dynamical nature, meaning that they emerge as the result of the non-minimal
coupling of the original DM fluid with the gravitational field; as such, they depend on the
particular form of the metric solution of the field equations. Once a metric has been specified,
the values of the energy density and pressures can be found by comparison of (2.4) with
Einstein equations. In particular, in [36] we have shown that the emergence of a radial effective
pressure allows the collisionless DM fluid to settle in spherically symmetric, ultra-compact
hydrostatic equilibrium configurations.

However, while in the context of NMC UCOs, where only dark matter is present, the
interpretation of equation (2.4) in terms of an effective stress-energy tensor is straightforward,
this interpretation becomes less trivial in a cosmological context, where baryons, radiation, and
dark energy are also present. Since the effective stress-energy tensor is metric-dependent, and
the evolution of the metric depends on the total matter content of the universe, equation (2.5)
implies an indirect interaction between dark matter and the other energy components through
gravity. It is therefore possible to move the NMC term in equation (2.4) to the left-hand
side and interpret it as a modification to gravity. Our NMC-DM model is designed precisely
to bridge the gap between dark matter models and modified gravity theories, and it is thus
natural that both interpretations are applicable. In the next section, we will show that
this interpretation is particularly well suited in a cosmological context, as the conservation
equation for dark matter remains unchanged, while the Friedmann equations are modified.
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3 Non-minimally coupled cosmology

To look for implications of the non-minimal coupling in a cosmological context, we model
the spacetime with a Friedmann-Lemaître-Robertson-Walker (FRLW) metric

ds2 = −dt2 + a2(t)
(

dr2

1 − k r2 + r2dΩ2
)

; (3.1)

here t is the cosmic time measured by comoving observers, a(t) is the scale factor, and
k = 0, ±R−2

0 is the Gaussian curvature of space at present time. The matter content of
the model comprises four comoving and homogeneous perfect fluids: baryons, cold dark
matter, radiation (photons and neutrinos), and dark energy (in the form of a cosmological
constant Λ). The equations of state for these cosmic fluids have the form pi(t) = wiρi(t),
with wb = wDM = 0, wr = 1/3, wΛ = −1.

The only two non-vanishing components of the field equations (2.4) with the ansatz (3.1)
are the time-time component and a combination of the latter with the trace

H2 = 8πG

3
ρDM + ρb + ρr + ρΛ

1 + 8πGL2ρDM
− k

a2
1 − 8πGL2ρDM
1 + 8πGL2ρDM

, (3.2a)

Ḣ + H2 = −4πG

3

(
1 − 9L2

(
H2 − k

a2

))
ρDM + ρb + 2ρr − 2ρΛ

1 + 8πGL2ρDM
. (3.2b)

Equation (3.2a) is called the Friedmann equation, while (3.2b) is the Raychaudhuri equation.
The time component of (2.5) yields instead the continuity equation[

1 + 3L2
(

H2 + k

a2

)]
(ρ̇DM + 3HρDM) + ρ̇b + 3Hρb + ρ̇r + 4Hρr + ρ̇Λ = 0. (3.3)

If there are no energy transfers between different components of the cosmic fluid, then
equation (3.3) splits into the four conditions ρ̇i + 3H(1 + wi)ρi = 0, one for each component,
with solution ρi(t) = ρi,0 a(t)−3(1+wi). Here the subscript “0” refers to a quantity evaluated
at the present time, and a0 has been set equal to one. Note that with the FLRW ansatz
for the metric the additional terms due to the non-minimal coupling with gravity factorize,
so that DM behaves like dust.

In the context of cosmology it is customary to express the evolution of quantities in term
of redshift 1 + z = a−1, and to define the dimensionless density parameters

Ωi ≡ 8πG

3H2 ρi,

Ωk ≡ − k

a2H2 ,

(3.4)

related to their present values by

Ωi = (H0/H)2 Ωi,0 (1 + z)3(1+wi),

Ωk = (H0/H)2 Ωk,0 (1 + z)2.
(3.5)

Note that the evolution of Ωk suggests the analogy with a fluid with an equation of state
parameter wk = −1/3. To keep track of the relevance of the non-minimal coupling during
the evolution of the Universe, we also define the quantity

χ ≡ 8πGL2ρDM = 3L2H2ΩDM, (3.6)
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evolving as χ = χ0 (1 + z)3. We would like to underline that ρDM = 1/8πGL2, i.e. χ = 1,
corresponds precisely to the critical density at which NMC UCOs develop a central singularity.
However, in the cosmological context there is no divergence in the curvature invariants at
this value, and the evolution is regular at any finite redshift. We also stress that a singularity
would indeed appear at χ = 1 if we had chosen the polarity parameter ϵ = +1, which would
reverse the sign of all terms multiplied by L2. This supports our decision to avoid ϵ = +1, as
it leads to singular configurations in both cosmological and astrophysical contexts.

With the above notation, equation (3.2a) can be written as a constraint involving the
sum of the density parameters

Ωm + Ωr + ΩΛ + Ωk (1 − χ) = 1 + χ, (3.7)

where Ωm ≡ ΩDM + Ωb denotes the total matter density parameter. Taking into account (3.5),
we can further write equation (3.2a) explicitly as a function of redshift(

H

H0

)2
=

Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + ΩΛ,0 + Ωk,0(1 + z)2 (1 − χ0(1 + z)3)
1 + χ0(1 + z)3 . (3.8)

In the calculations presented in the next subsections we use values of the density parameters
and of the Hubble constant today from the Planck collaboration [10], and χ0 = 5.85 × 10−34

given by our fiducial value of L.

3.1 Cosmic evolution

A first grasp of the evolution of the Universe within this model can be attained by looking at
equation (3.8) at different epochs, starting from the present time and going towards higher
redshifts. First of all, one notes that the non-minimal coupling of DM with gravity affects the
evolution of the Universe only at early times when χ ≥ 1, while it can be completely neglected
at later times (at least at the background level) when the expansion of the Universe causes
χ to drop significantly below one. Thus, the late time evolution will be indistinguishable
from the one in the standard ΛCDM paradigm(

H

H0

)2
= Ωm,0(1 + z)3 + Ωr,0(1 + z)4 + ΩΛ,0 + Ωk,0(1 + z)2, (3.9)

with a DE dominated phase extending to redshift log(1 + z) ≃ 0.11, a matter dominated
epoch in the range 0.11 ≤ log(1 + z) ≤ 3.54, and radiation domination at higher redshifts.
As the DM density increases with redshift, a point will be reached when χ ≃ 1 and at earlier
times, even though radiation is still the dominant component, the NMC of DM with gravity
causes the evolution to depart from the ΛCDM scenario. The relevant redshift is given by

log (1 + zNMC) ≡ −1
3 log (3 ΩDM,0) − 2

3 log (H0 L) ≃ 11.08. (3.10)

We note that the chosen value of L ensures that the NMC becomes irrelevant before neutrino
decoupling, and thus earlier than any observable phenomenon.

We can get an intuition about the evolution in the NMC-dominated era by looking
at equation (3.8) in the deep limit χ ≫ 1, and neglecting matter and DE, since they are

– 7 –
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subdominant at such high redshifts(
H

H0

)2
= Ωr,0

χ0
(1 + z) − Ωk,0(1 + z)2. (3.11)

For a spatial curvature parameter close to its limiting value |Ωk,0| ∼ 10−3, the first term
on the right hand side of (3.11) dominates until a redshift

log (1 + zk) ≡ log
(

Ωr,0
3 |Ωk,0| ΩDM,0

)
− 2 log (H0 L) ≃ 32.20, (3.12)

leading to an almost quadratic evolution of the scale factor during this period

a(t) = a(tk)
(

1 + H0
2

√
Ωr,0

a(tk)χ0
(t − tk)

)2

. (3.13)

At even higher redshifts z ≫ zk, the evolution of the Universe strongly depends on the
sign of the spatial curvature. In the case of a vanishing curvature Ωk = 0, the Universe
is dominated by radiation and follows the evolution in equation (3.13) at all times. On
the other hand, even if a small positive curvature (corresponding to Ωk < 0) is present,
at very early time it would be the dominant component, yelding a linear expansion of the
Universe (a(t) ∝

√
kt). One can thus conclude that both a positive or vanishing curvature

imply the existence of a singularity in the remote past, although attained at different rates,
quadratic in the first case, linear in the second. The most interesting case however, is that
of a negative spatial curvature (Ωk > 0). Looking at equation (3.11), we see that in this
scenario the expansion rate vanishes at zk signaling the presence of a cosmological bounce.
It is interesting to note that, for the chosen value of L and the limiting value of spatial
curvature |Ωk,0| ∼ 10−3, the bounce would have occurred when the radiation temperature
was extremely close to the Planck temperature TP ∼ 1032K.

Figure 1 shows the evolution of the density parameters (3.4) as a function of redshift.
Solid lines represent the NMC solution, while the dotted lines show the corresponding solution
in the ΛCDM model. The vertical dotted grey lines represent matter-radiation equality
at log (1 + zeq) ≃ 3.54, the onset of the NMC at redshift log (1 + zNMC) ≃ 11.08, and the
beginning of the curvature era (or the redshift of the bounce), at redshift log (1 + zk) ≃ 32.20.
The green lines indicate the quantity Ωk

1−χ
1+χ with k ⋚ 0. From this plot it is clear that radiation

remains the dominant component of the cosmic fluid even during the NMC-dominated phase,
while at the same time the dynamics doe not follow any longer the standard Friedmann
equation, as the constraint equation (3.7) does not longer enforces the density parameters
to sum to one.

To keep track of the roles played by the different fluid components during the evolution
of the Universe, it is useful to define a dynamical state parameter

w ≡ −
(

1 + 2
3

Ḣ

H2

)
, (3.14)

so that at any time in which w is almost constant, the scale factor evolves as

a(t) ≃
(

t

t0

) 2
3(1+w)

. (3.15)
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Figure 1. Evolution of the density parameters as a function of redshift 1 + z ≡ a−1. Solid lines
represent the solution in the present non-minimal coupling model, while the dotted lines show the
corresponding ones in the ΛCDM model. The vertical dotted grey lines represent matter-radiation
equality at log (1 + zeq) ≃ 3.54, the onset of the NMC at redshift log (1 + zNMC) ≃ 11.08, and the
beginning of the curvature era (or the redshift of the bounce), at redshift log (1 + zk) ≃ 32.20.

In the absence of NMC, when a fluid component dominates the energy content of the
Universe, (3.14) coincides with the state parameter of that component. In the presence
of the NMC between DM and gravity this correspondence is more involved. Substituting
equation (3.2) in (3.14), we find

w = Ωm + 2 Ωr − 2 ΩΛ − 3 χ (1 + Ωk)
3 (1 + χ) − 1

3 . (3.16)

When χ ≪ 1 one has the familiar values w = −1, w = 0, w = 1/3 during DE, matter and
radiation domination respectively. In the deep NMC regime χ ≫ 1, even if radiation is
still the dominant component, the constraint (3.7) requires Ωr ≃ χ, leading to w = −2/3,
and to an accelerated quadratic expansion. At very high redshift, in the case of a positive
curvature Ωk,0 < 0, the curvature dominates the energy density and the effective parameter
increases to w = −1/3. The evolution of the dynamical state parameter as a function of
redshift is shown in figure 2. The solid, dashed and dot-dashed lines are the behavior in the
presence of NMC with negative, null, or positive curvature respectively, while the dotted
line is the one in ΛCDM. As mentioned, this plot has two peculiar features. First, one sees
a steep decrease of the state parameter at the onset of NMC, when χ ≃ 1, leading to an
accelerated phase of expansion at higher redshifts. We want to stress that during this epoch
radiation is still the dominant energy component, meaning that ρr ≫ ρm ≫ ρDE, but the
dynamical state parameter departures from the value of wr = 1/3, characteristic of radiation,
because of the non-trivial coupling between DM and gravity. Furthermore, if a curvature is
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Figure 2. The dynamical state parameter w as a function of redshift. The solid, dashed and
dotted-dashed lines are the behavior in the presence of NMC with negative, null, or positive curvature
respectively, while the dotted line is the one in ΛCDM. The vertical dotted grey lines represent matter-
radiation equality at log (1 + zeq) ≃ 3.54, the onset of the NMC at redshift log (1 + zNMC) ≃ 11.08,
and the beginning of the curvature era (or the redshift of the bounce), at redshift log (1 + zk) ≃ 32.20.

present, at redshift zk, it becomes the dominant component, and either the state parameter
increases to wk = −1/3, characterizing curvature domination, or the Universe has a bounce
and the state parameter is no longer well defined.

3.2 NMC-driven inflation and bounce

As opposed to standard inflationary scenarios, which require the introduction of an unknown
scalar field, the NMC model features an accelerated epoch that emerges naturally from the
non-minimal coupling between dark matter and gravity, once χ ≥ 1. This accelerated phase,
during which the comoving Hubble horizon decreases with time, offers the possibility of solving
the horizon and flatness problems without introducing new components to the energy content
of the Universe. Figure 3 shows the evolution of the comoving Hubble horizon, defined as

dH(z) = 1
a(z)H(z) , (3.17)

as a function of redshift. In order to solve the horizon problem, this phase of accelerated
expansion must last long enough for the comoving Hubble horizon to grow from its minimum
value at the onset of radiation domination to the value it has at recombination, around
redshift zCMB ≃ 1100. The flatness problem is commonly described in terms of a critical total
energy density that would make the Universe spatially flat. In General Relativity, one has that

ρc = 3H2

8πG
, =⇒ ρm + ρr + ρΛ

ρc
− 1 = k

a2H2 = −Ωk = d2
Hk, (3.18)
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Figure 3. The comoving Hubble horizon as a function of redshift. The solid, dashed and dotted-dashed
lines are the behavior in the presence of NMC with negative, null, or positive curvature respectively,
while the dotted line is the one in ΛCDM. The vertical dotted grey lines represent matter-radiation
equality at log (1 + zeq) ≃ 3.54, the onset of the NMC at redshift log (1 + zNMC) ≃ 11.08, and the
beginning of the curvature era (or the redshift of the bounce), at redshift log (1 + zk) ≃ 32.20. The
horizontal dashed line shows the value of the horizon at the epoch of recombination at log (1 + zCMB) ≃
3.04. The line further intersects the horizon at log (1 + zend) ≃ 26.36.

implying that to ensure |Ωk| < 10−3 today, the total energy density in the early Universe
must have satisfied ρ ∼ ρc(1 ± 10−60), which is extremely fine-tuned. In the NMC model,
however, equation (3.18) is modified as follows:

ρc = 3H2(1 + χ)
8πG

, =⇒ ρm + ρr + ρΛ
ρc

− 1 = k

a2H2
1 − χ

1 + χ
= d2

Hk
1 − χ

1 + χ
; (3.19)

that is, the deviation from flatness is now proportional to d2
Hk 1−χ

1+χ instead of d2
Hk. Nonetheless,

it is evident that solving the horizon problem also alleviates the flatness problem, since the
deviation from the critical density remains proportional to d2

H , except during the short period
where χ ∼ 1, which, however, does not significantly affect the overall evolution. In figure 3
the horizontal dotted line shows the value of the comoving Hubble horizon at recombination.
The line further intersects the horizon at log (1 + zend) ≃ 26.54, and therefore to solve the
horizon problem the accelerated expansion had to start before zend, and then to last a
minimum of log (1 + zend) − log (1 + zNMC) ≃ 15.46. Considering zk as the beginning of the
accelerated phase, we thus find

log (1 + zk) − log (1 + zNMC) = log
(

Ωr,0

|Ωk,0| (3 ΩDM,0)2/3

)
− 4

3 log(H0 L) ≳ 15.46, (3.20)
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which implies

|Ωk,0| ≲ Ωr,0
(3ΩDM,0H2

0 L2)2/3 10−15.46 = Ωr,0χ
−2/3
0 10−15.46 ≃ 4.56 × 102, (3.21)

that is clearly well guaranteed by the Planck collaboration constraint |Ωk,0| < 1.2 × 10−3.
Thus, as it is evident from figure 3, the epoch of accelerated expansion provided by the NMC
between DM and gravity is sufficient to solve the horizon problem. In particular, with the
parameters considered we find log (1 + zk) − log (1 + zNMC) ≃ 21.12, which would correspond
to approximately N = 48.62 e-folding.

As for the beginning of the Universe, we would like to review the possibility of a
cosmological bounce at redshift zk with negative spatial curvature. It is clear from the
structure of equation (3.11) that, for positive Ωk,0, higher redshift values are not permitted.
However, the absence of divergences in the curvature invariants indicates that the spacetime
can be extended, implying that the scale factor must begin to increase again. Equation (3.11)
can indeed be integrated for positive Ωk,0, and is solved by

a(t) = χ0Ωk,0
Ωr,0

+ H2
0 Ωr,0
4χ0

(t − tk)2, (3.22)

which clearly shows that the scale factor reached a minimum at tk, meaning the universe
had undergone a cosmic bounce. It is a peculiar feature of this model, however, that the
bouncing solution is found in the case of negative spatial curvature. Bounce models commonly
found in the literature generally require positive spatial curvature in order to avoid violations
of the energy conditions for matter components [48]. In other words, the negative energy
contribution of positive spatial curvature (for which, we recall, Ωk < 0) is what reverses
the attractive nature of gravity. In our case, however, the non-minimal coupling drastically
changes the role of spatial curvature: whenever the non-minimal coupling is relevant, it is
negative spatial curvature that contributes repulsively to gravity, allowing a contracting
universe to bounce. We note that a bouncing universe with positive spatial curvature could
be found if the non-minimally coupled dark matter were a relativistic fluid. Nonetheless, we
leave this case to appendix A, as it requires unnatural changes to the parameters of the theory.

While the natural emergence of an accelerated expansion phase and a cosmological
bounce is appealing, these phenomena come with important caveats. In particular, the
presence of derivatives of the energy density in the effective stress-energy tensor suggests
that high-frequency perturbations could be amplified relative to low-frequency ones, thus
distorting the nearly scale-invariant power spectrum of cosmological perturbations. A detailed
analysis of perturbations is therefore necessary before this accelerated expansion phase can
be regarded as a viable inflationary epoch, and such an analysis will be presented in a sequel
to this work. Furthermore, the extreme energies at which the bounce occurs suggest that
the fluid approximation may break down, requiring a more fundamental description of DM.
Nonetheless, modified Friedmann equations can arise as effective descriptions of gravity even
in purely quantum gravity regimes, leading to bouncing cosmologies [49, 50]. Moreover, one
can argue that a fluid description is appropriate when the mean free path is smaller than the
characteristic length scale of the system, a condition that holds even more robustly in the
high-density regime. Our results indicate that, in general, non-minimally coupled DM tends
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to interact with spatial curvature, potentially making it the dominant component in the very
early Universe and leading to a cosmological bounce due to the gravitationally repulsive effect
it can produce (since curvature is not constrained by energy conditions and can naturally take
both positive and negative values). A bounce might then be a generic feature of non-minimally
coupled models, and could provide an alternative to inflation as a mechanism for generating
a nearly scale-invariant power spectrum of cosmological perturbations [51].

4 Conclusions

In this paper, we described the impact of a non-minimal coupling between dark matter and
gravity on the background cosmological evolution. The coupling was considered at the fluid
level to remain agnostic about its fundamental origin or the nature of dark matter, and
was constructed in a perturbative-inspired manner by coupling a pressureless stress-energy
tensor to the Einstein curvature tensor. The resulting action requires the introduction of
a new length scale, which was fixed by requiring that the interaction cross-section remains
subdominant compared to Standard Model interactions. In a previous paper, we showed that
this value of the length scale gives rise to self-gravitating dark matter configurations with
masses compatible with those of supermassive black hole seeds.

The Friedmann and Raychaudhuri equations are modified by the non-minimal coupling,
while the conservation equations remain unchanged. It is thus possible to infer the cosmic
expansion directly from the evolution of the energy densities. We found that the non-
minimal coupling drives a phase of accelerated expansion in the early universe, which, for the
chosen value of the length scale, ends just before neutrino decoupling. We verified that this
accelerated phase lasts long enough to solve the horizon problem, and could therefore serve
as an inflationary epoch that does not require the introduction of additional fields.

Within this model the origin of the Universe depends strongly on spatial curvature. While
positive or zero curvature always leads to an initial singularity, negative spatial curvature
allows for the possibility of a cosmological bounce. The non-minimal coupling to spatial
curvature makes it the dominant component in the very early Universe and causes it to
reverse its usual effect: negative curvature reduces the expansion rate, while positive curvature
increases it, opposite to what happens in standard cosmology. The scale factor at which
the bounce occurs depends on the chosen length scale and the current value of spatial
curvature. For a curvature value close to current observational bounds, the bounce take
place precisely at the Planck epoch.

Since models of the early universe are now severely constrained by precision CMB
measurements, it becomes necessary to predict the primordial power spectrum of linear
perturbations. However, the power-law behavior of the background prevents the use of slow-
roll approximations. We are therefore conducting a full analysis of cosmological perturbations,
which will be presented in a sequel to this paper.
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A Cosmology with a non-minimally coupled relativistic fluid

For the sake of completeness, we consider the case in which dark matter is modeled as a
relativistic fluid rather than as dust. This approach accounts for the possibility that the
non-minimal coupling becomes relevant at sufficiently early times, when dark matter particles
have relativistic velocities. The Friedmann equation (3.8) in this case becomes(

H

H0

)2
=

Ωb,0(1 + z)3 + Ωrel,0(1 + z)4 + ΩΛ,0 + Ωk,0(1 + z)2 (1 + ϵχ̄0(1 + z)4)
1 + ϵχ̄0(1 + z)4 , (A.1)

where χ̄0 = 16
3 πGL2ρDM, Ωrel,0 = Ωr,0 + ΩDM,0, and we leave the polarity parameter ϵ

unspecified. Three major differences appear from equation (A.1):

– to avoid a curvature singularity at a finite value of z, we must set ϵ = +1;

– the end of the NMC phase is delayed, with log(1 + z̄NMC) = 3
4 log(1 + zNMC);

– curvature is non-minimally coupled as Ωk(1 + χ̄) rather than Ωk(1 − χ).

The first two points pose serious challenges to the model. The first suggests that the non-
minimal coupling term in the action would need to change sign as the equation of state
parameter transitions from w = 0 to w = 1/3, yet there is no natural way to implement
such a change. The second indicates that the end of the non-minimal coupling-driven phase
occurs much later in cosmic history, potentially spoiling standard cosmological predictions
and contradicting its own assumptions, since dark matter is expected to be non-relativistic
at later times. The only possible workaround is to assume that the length scale L decreases
by several orders of magnitude as w changes from 0 to 1/3, but again, no natural mechanism
exists to justify this transition.
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Nonetheless, if we assume that such mechanisms exist, the resulting evolution is quite
intriguing. When the non-minimal coupling is significant, i.e. when χ̄ ≫ 1, equation (A.1)
becomes (

H

H0

)2
= Ωrel,0

χ̄0
+ Ωk,0(1 + z)2. (A.2)

Whenever Ωk,0(1 + z)2 ≪ 1, the universe undergoes a phase of exponential expansion, as
predicted by standard inflationary models. Moreover, the cosmological bounce occurs with
positive spatial curvature k > 0 (and Ωk < 0), like in conventional cosmological bounce
scenarios [48, 52].
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