
Scuola Internazionale Superiore di Studi Avanzati

The impact of stellar envelopes on the

formation of merging compact-object

binaries

Supervisor(s):

Mario Spera and ,

Alessandro Bressan

Candidate:

Natalia Nazarova

Astrophysics and Cosmology

2021–2022



Contents

1 Introduction 2

1.1 Gravitational waves - theoretical background . . . . . . . . . . . . . . . . . . 2

1.2 Gravitational waves - Instruments . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Ground-based detectors . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.2 Space-based interferometers . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.3 Pulsar timing arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Gravitational waves - Astrophysics . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 The common envelope phase . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4.1 Roche lobe overflow and stability of mass transfer . . . . . . . . . . . 17

1.4.2 Modeling the common envelope phase . . . . . . . . . . . . . . . . . . 21

2 Methodology 26

3 Results 33

3.1 Impact of different core-envelope criteria . . . . . . . . . . . . . . . . . . . . 33

3.2 Binding energy parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2.1 Hydrogen stars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2.2 Helium stars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Merger time formula with CE phase . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 Comparison of λ values with other authors . . . . . . . . . . . . . . . . . . . 43

3.4.1 Comparison for helium stars . . . . . . . . . . . . . . . . . . . . . . . 52

i



3.5 Fits and data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Binary population synthesis and optimization of the SEVN code 59

4.0.1 Computer Architectures . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1 Time and memory constrains . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2 Adaptive data loading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3 Parallelization with OpenMP . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.4 Parallelization with MPI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.5 Hybrid Parallelization - MPI + OpenMP . . . . . . . . . . . . . . . . . . . . 74

5 Conclusions 78

Data Availability 84

List of abbreviations 85

List of Figures 88

List of Tables 90

A Optimization of the SEVN code 91

A.1 OpenMP implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

A.2 MPI implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Bibliography 96

ii



Abstract

The common envelope (CE) phase play a key role in the formation of many astrophysical

systems, including merging compact-object binaries. In a tight binary system, the CE phase

happens when one star overfills its Roche lobe and initiates a process of dynamically unstable

mass transfer. In this scenario, the mass transfer rate increases with time, the secondary

star cannot accrete all the incoming material, and the latter surrounds the entire binary.

The gas surrounding the binary star is known as CE.

During the CE phase, the binary system rotates at a different rate than the CE. The

orbital energy decreases due to the friction between the binary system and the CE. Due to

orbital energy loss, the core of the donor and the companion star spiral toward one another

within the CE (spiral-in phase). The orbital semi-major axis of binary systems can shrink

by orders of magnitude during the spiral-in phase. The lost fraction of orbital energy is

transferred to the envelope, which heats up and expands. The CE phase can end with two

different outcomes. In the first scenario, the envelope is ejected, leaving the binary system

with quite small semi-major axes. In the other scenario, during the spiral-in phase, the two

stars merge and become an (evolved) massive star.

Self-consistent hydrodynamical simulations of CE are very complex and computationally

expensive. In fast population-synthesis studies, the CE phase is simulated via the (α,λ)-

formalism, where α parameterizes the fraction of orbital energy transferred to the envelope,

and λ is the envelope’s binding-energy parameter.

The time required for a binary system to merge is highly dependent on the α and λ
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parameters, so their values have a crucial impact on the interpretation of many astrophysical

systems, including merging compact-object binaries. While constraining the α parameter

is challenging, we can calculate the λ values and consider λ as a physical quantity instead

of a parameter. In this thesis, we present new results on self-consistent calculations of the

binding energy parameter for a large set of hydrogen and helium stars, using the up-to-

date tracks from the PARSEC stellar evolution code. We demonstrate how the definition

of the core-envelope boundary, the nature of the energy sources, metallicity, stellar mass,

and evolutionary stage influence the value of λ parameters. We show that the new λ values

are up to one order of magnitude lower than those obtained in previous studies and we

discuss the associated implication for the formation of merging compact-object binaries. We

present fitting formulas for the new binding energy parameters for hydrogen and helium

stars obtained in this work, and we evaluate their accuracy with respect to self-consistent

data.

The SEVN population-synthesis code is the ground for implementing the new binding-

energy prescriptions obtained in this thesis and for an up-to-date astrophysical interpretation

of present and forthcoming gravitational-wave sources. Since the SEVN code is based on the

star tracks of the PARSEC stellar evolution code, it will be self-consistent to test our new

CE prescriptions and study their impact on the evolutionary pathways of binary systems. In

this thesis, we focus mainly on introducing several technical improvements in the SEVN code

(e.g., adaptive data loading, single and multi-node parallelization), which is the preparatory

work that will be crucial to perform efficient simulations of large populations of binary stars

and testing the new binding-energy prescriptions.
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Chapter 1

Introduction

1.1 Gravitational waves - theoretical background

Albert Einstein predicted gravitational waves (GWs) [1, 2] on the basis of his theory of

general relativity (GR) [3, 4]. In Einstein’s theory, GWs are wave solutions of linearized

weak-field equations. More precisely, GWs were defined as transverse waves of spatial strain

that travel at the speed of light, generated by time variations of the mass quadrupole moment

of a source. It was an exotic suggestion that many viewed with doubt [5, 6], even Einstein

himself was skeptical about the possibility of direct detection of a GW and even about the

latter’s existence [7, 8].

GWs are caused by an accelerated mass whose motion is neither spherically nor ro-

tationally symmetric. Therefore, they can be produced by the non-spherically symmetric

contraction or expansion of a sphere or by a spinning disk or sphere. For instance, binary

systems composed of either two black holes (BHs), two Neutron Stars (NSs), or an NS and a

BH, are supposed to be loud sources of GWs. Similar to electromagnetic waves, GWs carry

away energy and angular momentum from the source, thus the orbit of binary system tends

to shrink through GW emission and the two members get closer and closer to each other.

While this thesis focuses on such kind of GW sources, there are many other astrophysical
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systems that emit GWs. For example, rapidly rotating NSs [9, 10, 11, 12, 13, 14, 15, 16, 17],

core-collapse supernovae (SNe) [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33],

in the early universe during (p)reheating [34, 35, 36, 37, 38, 39, 40, 41], phase transitions

[42, 43, 44, 45, 46, 47], cosmic defects [48, 38, 49, 50], or even the merging of primordial BHs

[51, 52, 53, 54, 55, 56].

As a GW passes through an observer, the latter will find spacetime distorted by the

effects of strain. Thorne [57] estimated the strain h of a GW as

h =
2G

c4
ϵEkin

r
(1.1)

where r is the distance between the observer and the source, G is the universal gravitational

constant and c is the speed of light, ϵEkin is the fraction of kinetic energy associated with

the non-spherical motion of the source with ϵ ∈ [0, 1].

Because of the nature of gravitational interaction, massive compact objects that move

at relativistic speeds can emit GWs with a large strain. If we use the definition of the

Schwarzschild radius [58, 59] of a BH with mass M

RS =
2GM

c2
(1.2)

and insert it into equation 1.1 and write the kinetic energy [60, 61] as

Ekin =
M v2

2
(1.3)

we get the following expression for the strain

h =
ϵ

2

RS

r

v2

c2
(1.4)

where v2/c2 is basically a measurement of the absolute strength of gravity. Strain approaches
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unity (h → 1) in the proximity of a BH that moves at the speed of light. The further away

the GW is from its source, the less spacetime distortion it will cause (the 1/r term in formula

1.4 for h). Thus, even waves from extreme systems like merging binary black holes (BBHs)

die out to very small strains by the time they reach Earth. Some GWs passing the Earth

may have a strain as large as h ∼ 10−20, but the latter is generally smaller [62].

While emitting GWs, binary systems evolve through two main phases: the inspiral and

the ring-down phase. During the inspiral phase, the members of the binary continue to

orbit each other and they get closer and closer to each other because of GW emission. In

contrast, during the merger phase, the two objects coalesce into a single entity. During the

final phase (ring down), the newly born compact object settles down. As we mentioned,

during the inspiral phase, the binary star’s orbit decays. PGW is the power emitted via GWs

or the rate at which orbital energy is carried away by GWS during the in-spiral. PGW can

be expressed [63] as

PGW = −dE

dt
= −G

M1M2

2a

da

dt
(1.5)

where M1 is the mass of the most massive object in the binary and M2 is the other binary

member. The rate at which the semi-major axis a of a binary system decreases because of

GW emission can be written as

ȧ = −64G3

5 c5
M1M2 (M1 +M2)

a (1− e)7/2
(1.6)

which is a first-order approximation valid for small eccentricity e [64].

The time required for a system to merge is proportional to the total integrated GW

luminosity during the coalescence phase:

τGW =
1

4

a

|ȧ|
=

5

256

c5

G3

a4

M1M2 (M1 +M2)
(1− e2)7/2 (1.7)

Equation 1.7 demonstrates that the time required for a binary system to reach coalescence
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Figure 1.1: Maximum semi-major axis (a) of a binary detectable through GWs by the LIGO-
Virgo interferometers at 100 Hz as a function of the cosmic distance of the binary system, with
assumed minimum detectable strain h = 10−21. Blue (red) solid line: binary members with mass
M1 = M2 = 10M⊙ (M1 = M2 = 100M⊙). Dashed blue (red) line is the typical 10M⊙ (100M⊙)-
star radius at the beginning of the Main Sequence (RMS).

is highly dependent on the semi-major axis, the eccentricity of the orbit, and the masses of

the two compact objects:

τGW ∼ a4M−3 (1− e2)7/2 (1.8)

By replacing kinetic energy with orbital energy in equation 1.1

ϵEkin = Eorb =
M1 ω

2
orbM2 a

2

M1 +M2

(1.9)

and replacing the masses with the reduced one

µ =
M1M2

M1 +M2

(1.10)

we can find that strain depends on the orbital frequency of the system as

h =
4G

c4
µω2

orb a
2

r
(1.11)
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The LIGO-Virgo interferometers at the onset of the third observational run (O3) had,

approximately, strain sensitivity down to h ∼ 10−23 at 100 Hz frequency [65]. Using formula

1.11, we can estimate the semi-major axes of various binary systems that create a GW that

the LIGO-Virgo interferometers will be capable to register and separate from the detectors

noise. To do this, we assume that binary systems will create a GW with a strain h = 10−21 at

a frequency of 100 Hz. Figure 1.1 shows the maximum binary semi-major axis for a LIGO-

Virgo detection, in solar radii, as a function of the distance between the binary and observer

for equal-mass systems with M1 = M2 = 10M⊙ and M1 = M2 = 100M⊙. From Fig. 1.1 it is

apparent that the semi-major axes for all stellar-mass binaries must be, optimistically, less

than ∼ 10R⊙ to have the chance for a detection. The figure also show the radius of 10 and

100 M⊙ stars at the beginning of the Main Sequence (RMS). Radius RMS is the minimum

radius for a star before the SN explosion because, during the evolution, stars may expand

by a few orders of magnitude. At the beginning of the Main Sequence, it is evident that the

radius of a star with a mass of 10 M⊙ is approximately 300 R⊙, while a star with a mass

of 100 M⊙ has a radius of 103 R⊙. The minimum radius of the stars exceeds the values

of the maximum semi-major axes needed for a GW detection by more than an order of

magnitude. Therefore, only compact objects such as NSs or BHs can be members of a close

binary system capable of producing GWs detectable by the LIGO-Virgo interferometers at

∼ 100 Hz.

According to formula 1.7, the time required for a binary system to merge depends on

the orbit’s eccentricity. Suppose that the binary’s eccentricity equals zero, i.e., the binary

has a circular orbit. In that case, we can estimate the merger time of binaries with different

initial masses and the semi-major axis.

Figure 1.2 shows the time required for a binary system to merge via GW emission in

units of the Hubble time (tH) for different initial masses and semi-major axes, in the case

of circular orbits (e = 0). From figure 1.2 it is apparent that, to merge in a Hubble time

and produce detectable sources of GWs, compact objects must have quite small initial semi-
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Figure 1.2: The time needed for a binary system to merge via GW emission as a function of a
star’s masses (M1 = M2). Time is shown in the units of Hubble time (tH) for systems with different
semi-major axes a. The time is calculated using formula 1.7 for binary systems with circular orbits
(e = 0).

major axes. For example, two objects with mass 5 M⊙ merge within tH provided that the

semi-major axis is below 10 R⊙. Two objects with masses of 80 M⊙ merge within the Hubble

time if a ≲ 100R⊙.

1.2 Gravitational waves - Instruments

From the observational point of view, current and next-generation GW interferometers

promise to detect many GW sources over a wide range of frequencies, leading to signifi-

cant breakthroughs in many branches of physics and astronomy. Similar to electromagnetic

observations of the Universe, various classes of astrophysical sources emit GWs over a very

wide range of possible frequencies, and different instruments are sensitive to different ranges

of frequency.

1.2.1 Ground-based detectors

All ground-based interferometers measure the phase and amplitude of GWs using enhanced

Michelson interferometry [66, 67, 68] with suspended mirrors. To detect audio-band GWs,
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the isolation of the mirrors from local forces and disturbances must meet stringent require-

ments. Current ground-based interferometers examine the high-frequency portion of the GW

spectrum between 10 Hz and 10 kHz. Stellar-mass compact sources like coalescing BBHs

and binary neutron stars (BNSs), are loud sources of GWs at this range of frequencies. The

two Advanced LIGO detectors [69] have arm lengths of 4 km, while the Advanced Virgo [70]

and the Japanese-based KAGRA [71, 72] have arm lengths of 3 km.

A network of globally dispersed interferometers operating as a unified detector is crucial

for an in-depth characterization of the detected GW signals. Starting in 2015, the Advanced

LIGO and Advanced Virgo detectors have actively searched the GW sky in a highly coordi-

nated campaign involving a series of observing runs. The KAGRA detector will join LIGO

and Virgo in O4 (expected for March 2023) to form the LIGO-Virgo-KAGRA network. The

LIGO-India [73] interferometer will join later in this decade, significantly enhancing the

network’s ability to detect and localize GW events [74].

The Einstein Telescope (ET, [75]) and Cosmic Explorer (CE, [76]) are the next generation

of ground-based GW detectors slated for the 2030s. They will observe merging BHs and

NSs when the Universe was still in its infancy.

LIGO Voyager [77], a major upgrade being considered for the current LIGO observatories

in the late 2020s. Voyager could test some of the key technologies required for ET and CE

while providing a significant increase in detector sensitivity over the current generation.

LIGO Voyager will increase the range of sensitivity by a factor of 4–5 over aLIGO, and the

event rate by approximately 100 times, reaching roughly one detection per hour [77].

1.2.2 Space-based interferometers

The Laser Interferometer Space Antenna (LISA) [78, 79] will be launched in the middle of

the 2030s and will comprise three spacecraft flying in a triangular formation behind the

Earth as our planet orbits the Sun. The separation of free-floating reference surfaces in each

satellite is measured precisely using laser interferometry over the 2.5 million km long “arms”
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to detect and measure minuscule variations caused by a passing GW. LISA will investigate

a significant portion of the GW Universe within 100 µHz to 100 mHz. LISA’s all-sky field

of view ensures observation in its frequency window of every GW source. Its coherent

observation mode allows for resolving and distinguishing overlapping signals and locating

them in the sky. LISA can achieve 10−21 strain resolution by measuring displacements of

the order of fractions of a picometer. Its observations in the quiet space environment will

not be disturbed by seismic and gravity-gradient noise.

LISA will be able to detect the first seed BHs formed out to redshifts z sim20 or higher

[80], as well as intermediate-mass and super-massive coalescing BH [81] systems in the

102− 107M⊙ range. Furthermore, LISA could detect stellar-mass BBH systems years before

ground-based detectors could [81, 82, 83, 84] and provide exact sky localization of such

events for electromagnetic follow-up.

1.2.3 Pulsar timing arrays

Pulsars are rotating NSs that act as cosmic lighthouses, manifesting periodic pulsating radio

sources. Since pulsars have rotational stabilities comparable to the most accurate atomic

clocks, they are ideal timing sources. The arrival times of pulses can be precisely modeled

and predicted to fractions of a microsecond for decades into the future [85]. GWs cause the

time of arrival of the pulses to vary, and we can measure such resulting variations.

Thus pulsars can be used as a huge cosmic interferometer. Such pulsar timing arrays

(PTAs) [86, 87, 88, 89] investigate the nanohertz 10−9 to 106 Hz range of the GW spectrum.

A PTA measures the arrival times of radio-frequency pulses from an array of millisecond

pulsars [90, 91]. The main goal of PTA is to measure the amplitude of background GWs

caused by a history of supermassive BH mergers, which are the main source of GW waves

at nanohertz frequency.

There are currently three major PTAs: the Parkes PTA [92, 93, 94, 95] in Australia, the

European PTA Consortium [96, 97, 98], and the NANOGrav [99, 100, 101, 102] consortium
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in North America. These arrays routinely achieve sub-microsecond timing on more than

one hundred millisecond pulsars (MSPs), collectively comprising the International Pulsar

Timing Array (IPTA) [103].

1.3 Gravitational waves - Astrophysics

On September 14, 2015, the LIGO-Virgo collaboration discovered the first direct evidence

of merging compact-object binaries. The two ground-based interferometers of the LIGO 1

measured the effect of a passing GW, identified as GW150914. The signal was associated

with the merger of two BHs with masses M1 = 36+5
−4M⊙ and M2 = 29+4

−4M⊙ [104, 67].

The event had numerous scientific implications and laid the groundwork for a new way to

investigate the Universe. GW150914 detection confirmed the existence of BHs binaries that

can merge within the Hubble time and revealed stellar BHs with masses ≳ 30M⊙.

GW150914 marked the beginning of a new chapter in astrophysics. It gave an unprece-

dented boost to the development of new theoretical models to investigate the formation and

evolution of compact-object binaries and their progenitor stars, with the new objective of

providing an astrophysical interpretation of GW sources.

The first run, O12, reported the first 3 detections, all BBH mergers. The second run, O23,

detected 7 BBH mergers and the first BNS merger [105]. The third run, O3, splitted into

O3a4 and O3b5 made the first detection of the merger of a NS with a BH. The most recent

catalog of GWs that was compiled by the LIGO-Virgo-KAGRA collaboration contains 93

compact-binary coalescences, the vast majority of which are BBH [106, 107, 108, 109]. The

catalog already contains numerous merging compact-object binaries that challenge even the

most recent theoretical models. For example, GW190814 is an event with very asymmetric

masses, a merger that most theoretical models find difficult to explain [110]. Furthermore,

1At the time of the event, the Virgo detector was offline and undergoing a major upgrade.
2O1 run from 12 September 2015 to 19 January 2016
3O2 run from 30 November 2016 to 25 August 2017
4O3a run from 1 April to 30 September 2019
5O3b run from 1 November 2019 until it was suspended on 27 March 2020 due to COVID-19
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the lightest member is a compact mystery object with an uncertain nature: it can be the

heaviest NS or the lightest BH ever observed, and its mass falls right into the lower mass

gap. GW190521 is the event with the heaviest BHs, with at least one of the two falling in

the upper mass gap [111, 112]. Its merger product, a BH with mass 148+28
−16M⊙, is the first

confirmation of the existence of intermediate-mass BHs. Almost all merger events obtained

by the LIGO-Virgo-KAGRA collaboration are consistent with eccentricity equal to zero.

The main subject of the debate is GW190521. Some work show that the binary system that

produced GW190521 might be consistent with a non-zero eccentricity merger [113, 114, 115].

The scientific insights uncovered by these detections have already revolutionized multiple

areas of physics and astrophysics. For example, GW170817 is an event associated with

a merger of two NSs. It is the only event observed through GWs and throughout the

electromagnetic spectrum, a crucial milestone for multi-messenger astronomy [116].

From a theoretical perspective, astrophysical interpretations of the detected GW sources

are highly uncertain, although the number of GWs will increase significantly over the fol-

lowing years due to upcoming next-generation GW detectors (see 1.2.1), 1.2.2), 1.2.3). The

processes that can shrink a binary system so that it can merge within Hubble time via GWs

(e.g., shrinking to tens of solar radii, see Sec. 1.1 and Fig. 1.2) are highly uncertain, as well

as the mass spectrum of stellar BHs.

As the latter aspect, the nature and final mass of a stellar remnant depend crucially on

the final properties of stellar cores, which, in turn, depend on the amount of mass a star has

lost during its life. Stellar winds have a central role in this concept since they drive mass

loss over the lifetime of a star. Stellar winds, especially for massive stars, are uncertain, but

their strength depends crucially on metallicity (e.g., [117]).

Figure 1.3 shows the typical impact of different metallicity values on the stars’ final mass,

prior to the SN explosion. Stars at low Z retain significantly more mass than stars at higher

Z. Thus the former can collapse and form significantly heavier BHs. Stars with the same

initial mass but different amounts of metals will form a remnant whose mass differs by one
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Figure 1.3: Final mass of the stars as a function of their initial mass, for different values of
metallicity. The dashed line at 45 degrees corresponds to the no-wind limit (i.e., final mass =
initial mass). The plot has been obtained using the SEVN code [118, 119, 120] couples with the
PARSEC [121], [122], [123], [124], [125], [126] tracks and it is presented in detail in [117].

order of magnitude.

As a first approximation, the star’s initial mass indicates which remnant the star will leave

at the end of its life. Very low-mass stars (MZAMS ≲ 0.26M⊙) do not reach the threshold

temperature for helium ignition, and after their long Main Sequence phase, they become

helium white dwarfs (WDs) [127]. Stars with 0.26M⊙ ≲ MZAMS ≲ 8M⊙ ignite helium

and form a carbon-oxygen (CO) core but do not reach temperatures high enough to ignite

CO. After the formation of a CO-core, nuclear reactions in the core stops. Stars with initial

masses above 8M⊙ can reach iron elements, and their life will end with a SN, possibly leaving

behind a NS (8M⊙ ≲ MZAMS ≲ 20M⊙) or a BH (MZAMS ≳ 20M⊙). The limits of these mass

ranges are also quite uncertain and depend on rotation, chemical composition, convection,

dredge-up, wind mass loss, and nuclear reaction rates [128, 129, 130, 131, 132, 133].

The SN process, and so the link between progenitor stars and BHs, is also complex

and very uncertain. The SN explosion starts with the collapse of the stellar structure,
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which is not sustained anymore by either the core’s nuclear reactions or electron degener-

acy pressure. The mechanism that triggers the explosion is still a matter of debate, but

neutrinos and convection instability are thought to play a crucial role in the explodability

of stars. State-of-the-art, three-dimensional hydrodynamical simulations of neutrino-driven

SNe predict booming explosions for stars up to 25 − 30M⊙. However, such sophisticated

multi-dimensional simulations are subject to significant uncertainties, and they are compu-

tationally intensive (e.g., [134, 135, 136])

Electromagnetic observations and modeling of systems containing BHs have led to spec-

ulation about potential “gaps” in the BH mass spectrum. Both gaps may be probed using

data from current ground-based GW interferometers and have been the target of a number

of studies.

The observations of X-ray binaries combined with Bayesian population modeling [137,

138, 139] suggest a dearth of compact objects with masses between 2.5 M⊙ and 5 M⊙

[140, 141, 142, 143]. The existence and nature of this gap is still to be determined [144].

GW observations can either limit the size of the lower mass gap or disprove its existence

[145, 146, 147, 148].

Some 1D SN explosion models predict the existence of such a low-mass gap (e.g. the

rapid model presented in Fryer et al. [149]), but 1D models cannot capture the complexity

of the explosion mechanism and their results must be taken as provisional.

If the low-mass gap exists, the possible detection of BHs in the gap might be explained

by the merger of NS binary stars and not by the collapse of stars into a BH [150].

On the high end of the BH mass spectrum, models of late stellar evolution phases predict

the presence of another gap, generally referred to as the upper mass gap. Very massive stars

reach a stage where either pair-instability (PISNe) or pulsational pair-instability (PPISNe)

occur [151, 152, 153, 120, 154]. Evolved stars with a helium core mass > 30M⊙ become

unstable because efficient pair production softens their equation of state (EOS). For helium

core mass ∼ 30− 64M⊙, the star undergoes a sequence of pulsations, losing mass until sta-
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Figure 1.4: Mass of the BH as a function of the initial mass of its progenitor star, for different
values of metallicity Z ∈ 2[10−4; 2× 10−2]. The shaded cyan area shows the location of the upper
mass gap. The two black points set the lower edge (∼ 55.9M⊙) and the upper edge (∼ 123M⊙) of
the gap. The plot is presented and described in detail in [117].

bility is re-established [155] and it is called PPISN. The enhanced mass loss during PPISNe

is expected to significantly affect the final BH mass. The fate of a star with helium core

mass ∼ 64 − 135M⊙ is more dramatic: the entire star is disrupted by a PISNe, leaving no

remnant [156, 157, 158]. From the combination of PPISNe and PISNe, it is expected that

stars should leave no BH with masses between ∼ 50 − 150M⊙ because the progenitor star

is partially or entirely disrupted by the explosion. Figure 1.4 shows a typical BH mass spec-

trum expected from state-of-the-art theoretical models when including the effect of PPISNe

and PISNe.

While there are many uncertainties about the evolution of isolated stars and their rem-

nants, the number of uncertainties increases even more when we try to investigate the for-

mation and evolution of binaries and how the latter evolution may end up forming merging

compact-object systems.

So far, two main formation channels have been proposed to explain the formation of

merging compact-object binaries. The first of these is the dynamical scenario. In this
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channel, two compact objects approach after a single or a series of gravitational interactions

with other stars or compact objects in dense stellar environments, such as globular and

young dense star clusters [159, 160, 161, 162, 163], nuclear star clusters [164, 165], or disks

of active galactic nuclei [166, 167, 168].Dynamical interactions in triple [169] or quadruple

[170] stellar systems can also contribute to the shrinkage of orbital distances and facilitate

mergers of compact objects.

The second channel for the formation of merging compact objects is the isolated channel.

In the isolated binary scenario, two progenitor stars are bound since their formation. They

evolve, become compact objects, and merge without experiencing any external perturbations

[171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184]. The processes of single

and binary stellar evolution drive this scenario.

In reality, the two formation pathways might have a strong interplay in star clusters,

because single, binary evolution, and stellar dynamics are all active at the same time, and

binaries might form in dense environments and merge outside them because of dynamical

kicks. Such kind of hybrid scenarios blur the line between the dynamical and the isolated

binary channel, and they have already been investigated by various authors [185, 186, 187,

188].

In the context of the isolated channel, chemical homogeneous evolution (CHE) might

be one of the key processes that can bring two compact objects very close to each other

so they can merge via GWs within the Hubble time. [189, 190, 191]. CHE assumes that

the stellar evolution in a very close stellar binary differs from that of a single star due to

strong tidal forces. The burning of chemical elements occurs homogeneously, thus the star’s

outer layers do not expand significantly and they can stay very close to each other without

merging during their life. Therefore, the close star systems can survive the phase of stellar

expansion and form a merging compact-object binary.

The common envelope (CE) phase is another process that can play a crucial role in the

evolution of merging binary systems [192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202,

15



203, 204, 205, 206, 207]. In a tight binary system, the CE phase happens when one star

overfills its Roche lobe and initiates a process of dynamically unstable mass transfer. In this

scenario, the mass transfer rate increases with time, the secondary star cannot accrete all

the incoming material, and the latter surrounds the entire binary. The gas surrounding the

binary star is known as CE.

During the CE phase, the binary system rotates at a different rate than the CE. The

orbital energy decreases due to the friction between the binary system and the CE. More

massive and bound envelopes result in stronger friction forces and enhanced loss of orbital

energy. Due to orbital energy loss, the core of the donor and the companion star spiral

toward one another within the CE (spiral-in phase). The orbital semi-major axis of binary

systems can shrink by orders of magnitude during the spiral-in phase.

The lost fraction of orbital energy is transferred to the envelope, which heats up and

expands. The CE phase can end with two different outcomes. In the first scenario, the

envelope is ejected, leaving the binary system with quite small semi-major axes. In the

other scenario, during the spiral-in phase, the two stars merge and become an (evolved)

massive star.

If the envelope is completely ejected we have

Ebind ≤ ∆Eorb (1.12)

otherwise, if the stars merge before the envelope is ejected,

Ebind ≥ ∆Eorb (1.13)

where Ebind is the total binding energy of the envelope and ∆Eorb is the change in orbital

energy that has been transferred from the orbit to the envelope.

In particular, the amount of energy removed from the orbit and transferred to the en-

velope (efficiency of the CE evolution) and the envelope’s binding energy, which roughly

16



corresponds to the maximum amount of energy that can be removed from the orbit, deter-

mine the occurence of the two scenarios. The details of the overall energy balance during

the CE phase are highly uncertain from both the observational and theoretical points of

view. This aspect hampers us from having detailed constraints on the outcomes of the CE

evolution.

1.4 The common envelope phase

CE is thought to play a key role in the formation of many astrophysical systems, including

merging compact-object binaries [192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203,

204, 205, 206, 207], cataclysmic variables ([172], [208], [209], [210]), low mass X-ray binaries

([211], [212], [213], [214]), double white dwarf systems that are supposed to be the progenitors

of Type I supernovae ([215], [216], [217], [175], [218], [219], [220]), and tight neutron stars

binaries (BNSs) ([221], [222], [223],[224]).

1.4.1 Roche lobe overflow and stability of mass transfer

In a binary stellar system, the Roche limit is the distance from a star above which the latter’s

external layers are possibly stripped out by the combination of gravity of the companion star

and the centrifugal force of the binary motion. Roche discussed the Roche lobe for the first

time when he calculated the maximum size of a comet’s atmosphere before being disrupted

by the Sun [225], [226], [227], [228].

In the formulation of the restricted three-body problem (first star, second star, and

unbound material with negligible mass), the first closed equipotential surface is shaped like

two tear-drops that surround both stars, with two (Roche) lobes connected by a saddle point

at the center (also known as the first Lagrangian point, L1). Figure 1.5, obtained by Tauris

and Heuvel [229], shows the Roche lobes and the first Lagrange point for a binary stellar

system.
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Figure 1.5: A cross-section in the equatorial plane of the critical equipotential surfaces in a
binary. The thick curve crossing through L1 is the Roche-lobe. Tauris and Heuvel [229] obtained
and presented this figure in [229].

The study of the geometry of the Roche lobe has been improved and refined over the

years. Kopal [230] and Plavec and Kratochvil [231] presented distance tables for several

points on the equipotential surfaces that pass through the Lagrange points L1 and L2 to

approximate the Roche lobe radius. The effective radius of the Roche lobe rL was deter-

mined as the radius of a sphere with a volume equal to the volume of the Roche lobe and

approximated in [232]. The latter is known as Pacyński’s approximation:

rL = max

[
0.46224

(
q

1 + q

)1/3

, 0.38 + 0.2 log10 q

]
(1.14)

where q is the mass ratio M1/M2 and the separation of the two stellar centers is unity.

Formula 1.14 agrees with the tables of Kopal [230] and Plavec and Kratochvil [231] to within

∼2%. However, its derivative is discontinuous at q ≈ 0.523, where the two arguments in

the equation 1.14 are equal. This causes the function to be non-smooth when numerically
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tracking a semi-separated or contact system‘s evolution near this mass ratio.

Eggleton [233] presented a simple fitting formula for the Roche lobe radius as a function

of mass ratio q, which agreed with the two tables above within 1% and it is not singular for

any values of q. This fitting formula is widely used and is known as Eggleton’s formula:

rL,1 =
0.49

0.6 + q−2/3 ln(1 + q1/3)
(1.15)

rL,1 is in units of semi-major axis.

When two stars are isolated, gravitationally bound, and separated by significant dis-

tances, such as thousands of solar radii, they are in hydrostatic equilibrium and within their

Roche lobes. Because of stellar evolution processes, the more massive star (primary) typ-

ically expands first and if the orbital distance in the system is small enough, the star can

fill its Roche lobe. When a star completely fills its Roche lobe, it comes into contact with

the system’s first Lagrange point L1. At that moment, hydrostatic equilibrium is no longer

possible in proximity of L1. The matter must flow through the nozzle around L1 and into

the Roche lobe of its companion. Roche-lobe overflow (RLO) is the term used to describe

this phenomenon.

Below, we will refer to a star that fills its Roche lobe and initiates mass transfer through

the internal Lagrange point as a “donor” (M1 = Md). We use “accretor” to refer to the

companion, which can potentially accrete part of the incoming material (M2 = Ma).

Mass transfer is a crucial process for the evolution of binary systems and has a key impact

on many binary physical properties. During mass transfer, the mass ratio changes, and the

variation of q leads to a continuous change in the radii of the Roche lobes of both stars rL,d

and rL,a (see Equation 1.15). Furthermore, the donor radius Rd changes in response to the

loss of the envelope’s outer layers, and it might either contract or expand, depending on

the envelope’s internal structure and on the mass transfer rate. Generally speaking, various

authors suggest that stars with radiative envelopes tend to contract rapidly due to mass
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loss, whereas stars with convective envelopes expand [234, 235]. Similarly to the donor, also

the accretor’s radius Ra changes because of mass transfer. Accretion onto a star can cause it

to either contract or expand. When accretion rates are sufficiently high, this also results in

a significant expansion of the star’s radius relative to its main-sequence radius. As a result,

the accretor may fill its own Roche lobe, resulting in the formation of a contact binary.

Estimating the response of both stars to mass transfer is challenging, especially when

mass transfer is proceeding on very short time scales. However, constraining the relative

changes of the RL and the donor’s radius is crucial to predict the following evolution of a

binary system and the stability of mass transfer [236, 237, 238, 239, 240, 241, 242, 243, 244,

245, 246].

If mass transfer is unstable, the binary system experiences a runaway situation, with

increasingly high mass-transfer rates. The mass transfer accelerates to a timescale between

the donor’s thermal and dynamic timescale. The accelerated mass transfer dramatically

affects the evolution of the binary, leading to a CE.

The CE can form not only because of the unstable runaway mass outflow from the donor

star. Another path to the CE stage involves a tidal instability [247], [248], [249], [250], [251],

[252], [253], which occurs when a system reaches a minimum of the total angular momentum

for a synchronized close binary system [254]

Lmin = 4

(
1

27
G

M3
1 M

3
2

M1 +M2

(I1 + I2)

)1/4

(1.16)

where I1 and I2 are moments of inertia of first and second star. If the system’s total angular

momentum is less than Lmin, the binary cannot remain in the synchronized rotation, leading

to orbital decay and a CE phase. Angular momentum loss or tidal dissipation may occur

due to many reasons [255]. For example, turbulent viscosity, where the shearing of tidally

driven fluid oscillations in the convective envelope is dissipated as heat [256, 257, 258, 259].

The other is radiative dissipation in the stellar interior [260, 261].
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A CE phase involving a star and a compact object can also start if mass transfer proceeds

at so high rates, such as the super-Eddington rate [262, 263, 264], so that the compact object

cannot accrete all of it.

1.4.2 Modeling the common envelope phase

We have already mentioned that the CE evolution is very uncertain from both the observa-

tional and theoretical points of view. This happens because (i) the CE phase is supposed

to be very short (∼ 104 years), so it is very difficult to observe, (ii) the details of energy

balancing considerations are difficult to constrain, and (iii) we have major uncertainties in

stellar evolution calculations especially when rapid mass losses are involved.

Accurate three-dimensional hydrodynamic simulations might provide a comprehensive

view of the processes within the overall envelope, however such simulations are very complex

because the involve a very wide range of time and spatial scales [265, 266, 267, 268, 269,

270, 271, 272, 273, 274, 275, 276, 277, 265, 278, 279, 280, 281, 279, 282].

For fast population-synthesis calculations, the CE process is modeled using approximate

approaches. The (α,λ)-formalism is one of the most used among the scientific community.

This is based on simplified considerations on energy exchanges between the orbit and the

envelope where α parameterizes the fraction of orbital energy transferred to the envelope,

and λ is the envelope’s binding-energy parameter.

The αCE parameter parametrizes all sinks or sources of energy, such as radiative losses

and, possibly, recombination energy. In this formalism, the condition for envelope ejection

becomes

Ebind ≤ αCE∆Eorb (1.17)

and, respectively, the condition for a merger is

Ebind ≥ αCE∆Eorb (1.18)
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.

The λ parameter is generally referred to as the envelope shape factor and it constraints

the envelope energy reservoir for a specific binary star system.

A parameter λ was introduced by de Kool [283] as a numerical factor to simplify the

computationally expensive calculation of the binding energy of the stellar envelope:

Ebind = −G
MdMenv

λ ai rL
(1.19)

where Menv is the mass of the donor’s envelope.

A proper binding energy estimation is required to accurate prediction of a binary system’s

fate.

For many years, the λ parameter was used as a constant for all stars, independently

of their initial mass MZAMS
6, chemical composition, metallicity Z, and, more importantly,

stellar evolution phase. This is a rough approximation since the main stellar evolution

parameters and evolutionary stage all have a crucial impact on the stellar envelopes’ binding

energies.

Using the (α,λ)-formalism, assuming that envelope is completely ejected, we can write

the change of orbital energy as

∆Eorb = G

(
Mcore Ma

2af
− MdMa

2ai

)
(1.20)

By combining equation 1.20 with the energy balance equation Ebind = αCE∆Eorb, we

can find the ratio between the final and the initial orbital semi-major axis:

af
ai

=
McoreMa

Md

(
Ma +

2Menv

αCE λ rL

)−1

(1.21)

6A star’s initial mass is the star’s mass at the beginning of the main sequence. Such mass is called the
Zero-Age Main Sequence (ZAMS) mass.
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By substituting equation 1.21 into equation 1.7, we obtain the following:

τGW+CE =
5

256

c5

G3

a4i M3
core M

3
a

M4
d (Mcore +Ma)

(
Ma +

2Menv

αCE λ rL

)−4

(1− e2)7/2 (1.22)

The time required for the coalescence of a binary system that evolves through a CE phase

scales as

τGW+CE ∝ α4
CE λ4 (1.23)

The time required for a binary system to merge is highly dependent on the α and λ

parameters, so their values have a crucial impact on the interpretation of many astrophysical

systems, including merging compact-object binaries. While constraining the α parameter is

challenging [284, 285, 286, 287], we can calculate the λ values and consider λ as a physical

quantity instead of a parameter.

Many authors have already investigated the same problem for various stars at different

evolutionary stages:

• Kruckow et al. [198] used the Bonn Evolutionary Code (BEC) [288, 289, 290, 291] to

calculate λ parameters for two values of metallicity (Z = Z⊙/50
7 and Z = Z⊙/2) and

for 5 initial masses of stars between 4 and 115 M⊙,

• Klencki et al. [197] calculated λ parameters using the Modules for Experiments in

Stellar Astrophysics (MESA) code [292, 293] for stars with initial masses MZAMS from

10 M⊙ to 80 M⊙, and for 6 values of metallicities,

• Xu and Li [195] calculated λ parameters adopting stellar evolution tracks from the EV

code [294, 295] and considered initial masses MZAMS between 1 M⊙ and 20 M⊙ and

two values of metallicity Z = 0.02 and Z = 0.001,

• Wang et al. [196] calculated λ parameters using the MESA code for stars with initial

masses MZAMS between 1 M⊙ and 60 M⊙ at metallicity Z = 0.02.

7Z⊙ = 0.0196± 0.0014 is metallicity of the Sun.
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Despite the existence of self-consistent λ parameter calculations, a comprehensive and

detailed analysis of λ parameters for all stellar stages at all possible metallicities and for a

broad range of stellar masses is still missing, as well as studying the implications of self-

consistent calculations of λ on large populations of binary stars and how up-to-date λ values

can affect the formation of loud GW sources.

This thesis aims to perform self-consistent λ-parameter calculations for a large set of

stars and metallicity using up-to-date stellar evolution tracks through the PARSEC code

and study how new prescriptions of CEE affect the formation of loud GW sources with the

use of the up-to-date population-synthesis code - SEVN.

Section 2 describes the methods and approximations we used to calculate the self-

consistent binding energy parameters. Moreover, we describe the stellar evolution code used

to obtain the stellar tracks. We also present the set of initial parameters of stars that we used

in our calculations. In addition, we discuss the uncertainty in determining the boundary

between the core and envelope of a star and describe how we evaluate the impact of this

uncertainty on the obtained results.

Chapter 3 contains the main obtained results for CEE prescription and we show how

various assumptions affect the calculation of binding energies.

We also show the results we obtained using a dedicated set of pure helium stars, where

the stellar envelope is mainly composed of helium and the core of carbon and oxygen. We

also compare the obtained binding energy parameters with the results of other authors (e.g.,

Wang et al. [196], Klencki et al. [197], Kruckow et al. [198], Claeys et al. [296], Giacobbo et al.

[297]), and we analyze the sources of disagreement in the results and qualitatively evaluate

the influence of the discrepancy on the interpretation of merging binary systems. Finally,

we present fitting formulas for the new binding energy parameters for hydrogen and helium

stars obtained in this work, and we evaluate their accuracy with respect to self-consistent

data.

Chapter 4 focuses on population-synthesis codes and simulations. We have focused on
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the SEVN code, which is based on the star tracks of the PARSEC stellar evolution code.

Since our binding energies are obtained using the stellar tracks from the PARSEC code, it

will be self-consistent to use the SEVN code to test our new prescriptions and study their

impact on the evolutionary pathways of binary systems.

In this thesis, we focus mainly on introducing several technical improvements in the

SEVN code (e.g., single and multi-node parallelization), which is the preparatory work that

will be crucial to perform efficient simulations of large populations of binary stars and testing

the new binding-energy prescriptions.

In section 5, we highlight all the main conclusions about the binding energy parameter

and the influence of different physical parameters on its value. We also briefly emphasize

all the main results obtained from the optimization of the SEVN population-synthesis code.

We also present many follow-up projects that will be developed after the end of the PhD.

Finally, in section 5 we provide a link to an online repository with tables containing the

binding energy parameters for all stars, evolutionary stages and metallicities. The tables

contain fitting coefficients for both hydrogen stars and helium stars.
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Chapter 2

Methodology

To calculate the binding energy parameter for stellar envelopes we used different approx-

imations. In the zero-level approximation, we assumed that the envelope contains only

gravitational energy. In this case, the formula for calculating the λg parameter is

Ebind =

Md∫
Mcore

−G
M(r)

r
dm = −G

MdMenv

λg ai rL
(2.1)

where G is gravitational constant, ai is initial semi-major axes, Md is the mass of the donor,

rL is the radius of the Roche lobe 1.15, Mcore is the mass of the stellar core and Menv is the

mass of the stellar envelope. Thus, the λg parameter from equation 2.1 is

λg = −G
MdMenv

Rd

Md∫
Mcore

−G
M(r)

r
dm

(2.2)

The values that define the integration interval in formula 2.1 are the first source of

uncertainty. Mcore depends on the criterion adopted to distinguish between the core and the

envelope of an evolved star, which is not unique.

A better approximation of the λ parameter with respect to the previous one takes into
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account both the gravitational and the thermodynamic energy of the envelope. The formula

for calculating the λb parameter is

Ebind =

Md∫
Mcore

[
−G

M(r)

r
+ U

]
dm = −G

MdMenv

λb ai rL
(2.3)

where U is the thermodynamic energy of the envelope. Explicitly,

λb = −−G
MdMenv

Rd

Md∫
Mcore

[
−G

M(r)

r
+ U

]
dm

(2.4)

Many distinct energy sources and sinks of the envelope complicate the computation of

the thermal binding energy parameter, among which, the calculation of the thermal energy

of the stellar matter, the radiation energy, and ionization energies.

Furthermore, Ivanova and Chaichenets [193], Ivanova et al. [192] proposed to consider

enthalpy as a “new energy source”. While enthalpy is not a real energy source, it plays

a significant role in energy redistribution and causes quasi-steady outflows from envelopes.

That is, enthalpy can significantly contribute to the envelope’s outward acceleration, thus

reducing, in practice, the total amount of energy reservoir that the envelope can subtract to

the binary orbit before dissolving into space.

The critical aspect for considering enthalpy is the timescale of quasi-steady outflows.

Ivanova and Chaichenets [193] stated that the timescale for these outflows is when the

envelope redistributes the dumped heat, i.e., the thermal timescale (about a few hundred

years). These time frames are consistent with the Podsiadlowski [298] results, according

to which the self-regulating spiral-in stage can last up to 1000 years. Klencki et al. [197]

questioned this suggestion because radiative losses in CE require a longer timescale for the

CE ejection (more than 105 yr).
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Taking into account enthalpy, the formula for λh is:

Ebind =

Md∫
Mcore

[
−G

M(r)

r
+ U +

P

ρ

]
dm = −G

Md Menv

λh ai rL
(2.5)

where P is the local pressure, and ρ is the density of the stellar layer. We can also write

λh = −G
MdMenv

Rd

Md∫
Mcore

[
−G

M(r)

r
+ U +

P

ρ

]
dm

(2.6)

From equations 2.2, 2.4 and 2.6, it is apparent that to calculate the binding energy

parameters for a single star, we need to know, at each stellar evolution stage, the following

quantities of the donor:

• total mass Md,

• the mass of the core Mcore,

• total radius Rd,

• the thermodynamic energy U(r),

• pressure P (r),

• density ρ(r)

• and mass M(r) distribution inside the star.

To compute these physical quantities, for this thesis, we used the PAdova and TRieste

Stellar Evolution Code (PARSEC, [121], [122], [123], [124], [125], [126], [299], [123] ). We

calculated them for a large set of stars with different initial masses MZAMS and metallicities

Z.

During the simulation of a star’s evolution, the PARSEC code records detailed data about

the internal structure of the star. Each record contains information about approximately

40 shells inside the star, and they include the following local information that are relevant
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for this work: local mass, radius, temperature, pressure, density, luminosity, gravitational

energy, thermal energy, enthalpy, the local fraction of hydrogen, helium, carbon, nitrogen,

and oxygen. The 40 shells are not distributed uniformly inside the star, as they are more

dense where the star’s internal structure is rapidly varying with the mass coordinate. Overall,

during each simulation, the PARSEC code produces few thousand of such records.

We used the PARSEC code to calculate λg, λb, and λh for non-rotating hydrogen stars

with metallicities Z =0.0001, 0.0005, 0.001, 0.002, 0.004, 0.006, 0.008, 0.014, 0.017, 0.02 and

48 values of initial masses, equally spaced in a logarithmic scale in the range between 2.0

M⊙ and 600.0 M⊙.

We also considered the possibility that pure-helium stars can act as donors during the CE

phase. Helium stars are stars that have completely lost all hydrogen through either stellar

winds or mass transfer in binaries. We used the PARSEC code to simulate the evolution of

non-rotating helium stars with varying metallicities Z =0.0001, 0.0002, 0.0005, 0.001, 0.002,

0.004, 0.006, 0.008, 0.01, 0.02, 0.03, 0.05 and for 78 log-spaced values of initial masses in

the range between 2.0 M⊙ and 350.0 M⊙. Claeys et al. [296], in the context of the Binary

Stellar Evolution (BSE) code [300, 301, 178, 178, 302, 183], also considered the possibility

of having a naked helium star as a donor for the CE phase, but they assumed λb = 0.5 for

all pure-helium stars, independently of mass, metallicity, and stellar evolution phase. We

compare results for helium-naked stars obtained using the PARSEC code with their constant

value of λb in section 3.4.1.

Overall, we calculated binding energies for 1416 stellar evolution tracks, and for more

than 100 points over each single track.

Throughout this work we will refer to the following stellar evolutionary phases:

• The Main Sequence (MS),

• The Terminal-Age Main Sequence (TAMS),

• Hydrogen-shell burning,

• Core-helium burning,
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• Terminal Core-helium burning,

• Helium-shell burning.

We use xcen, ycen, xccen to refer to the central fractions of hydrogen, helium, and carbon,

respectively. We use lx, ly, lc to refer to the fraction of core luminosity that comes from

hydrogen, helium, and carbon burning, respectively.

We identify the MS as the stellar evolution phase such that:

xcen(t) < xcen(0) · 0.99, xcen(t) > 10−3 and lx(t) > 0.6 (2.7)

In contrast, the TAMS phase starts when:

ly(t) < 0.2 and xcen(t) < 10−3 and xcen(t) > 10−8 (2.8)

The Hydrogen-shell burning phase starts when:

xcen(t) < 10−8 and ly(t) < 0.2 (2.9)

The core-helium burning stage starts when:

ly(t) > 0.2 and xcen(t) < 10−8 and ycen(t) > 10−3 (2.10)

We identify the Terminal Core-helium burning stage such that:

ly(t) > 0.2, 10−8 < ycen(t) < 10−3 and xcen(t) < 10−8 (2.11)

The Helium-shell burning stage stars when:

xccen(t) > 0 and ycen(t) < 10−8 (2.12)
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All the PARSEC stellar tracks stop at carbon ignition, that is when

xccen(t) > 10−8, ycen(t) < 10−8andlc(t) > 0.5 (2.13)

The boundary between the core and the envelope is one of the integration limits in the

equations 2.2, 2.4, and 2.6. The criterion to define the separation between the outer edge of

the core and the inner edge of the envelope of an evolved star is not unique. There are, at

least, two main possible selection criteria.

• The first one is to consider the pure core of the star, i.e. the hydrogen-exhausted region

in the star’s center. The exhausted core can be identified through considerations on

the local chemical composition. The helium core of a star is the inner region of a star

that contains a very low fraction of hydrogen, for example, 15% ([195]) or 10% ([194])

of hydrogen or less. However, there are no unique threshold values for such a fraction

of hydrogen, and this value is still actively debated.

• The second one is to consider the star’s separation points, i.e., the boundaries between

the radiative and convective layers of the hydrogen envelope. This method relies on

the idea that the mass transfer might stop when the radiative layers are met, because

the latter tend to respond to mass loss by shrinking while convective layers tend to

expand. While the details depend also on the mass ratio of a binary, radiative layers

are less prone to runaway mass-transfer scenarios (e.g., CE phase) since they allow

stars to shrink faster than their Roche-lobe radius. This means that the actual core to

consider during a CE evolution is the whole star minus its lost outermost convective

layers (envelope).

Generally speaking, understanding what is the actual fraction of a star that is lost and

forms the common envelope and the fraction that will remain bound to the donor as a “core”

is challenging and it is closely associated to the response of the donor star to mass transfer.

The stability of a lobe-filling star in close binary systems against mass loss on a dynamical
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time scale is determined by the adiabatic response of that star to mass loss [241]. The

donor’s reaction is mainly a function of whether the envelope is convective or radiative. The

ability of a star with a deep radiative envelope to contract rapidly in response to mass loss is

intimately connected with the steep entropy gradient in its outer envelope [234, 235]. A star

with a convective envelope has a nearly constant entropy profile and, therefore, expands

upon the loss of the outer portion of the envelope [235]. Thus, a careful CE simulation

requires following the detailed step-by-step response of the donor star.

Pre-determining the edge of the core using either of the two criteria mentioned above

significantly simply the CEE, because they are supposed to be predictive of the following

mass transfer stability, thus the CEE can be performed in only one step.

In our work, we considered the core as a hydrogen-exhausted region in the star’s center,

so we adopted the first of the two presented criteria. While simplified, the second crite-

rion requires a more in-depth analysis of the layers within each stellar track, thus we will

investigate its impact on λ calculations in a follow-up project.

To determine the boundary between the helium and carbon cores, we need to know the

distribution of the hydrogen and helium fractions inside the star. We get these physical

parameters from the PARSEC tracks. We found the mass and radius of the stellar core

using the information about the star’s chemical composition.

We tried different threshold values of hydrogen fraction and investigated how they affect

the calculation of the binding energies with respect to adopting different criteria for defining

the core-envelope boundary. We used the following criteria XH =0.2, 10−2, 10−3, 10−5, 10−7,

10−9 of hydrogen fraction to identify the helium core, and XHe =0.2, 10−2, 10−3, 10−5, 10−7,

10−9 of helium fraction XHe to identify the carbon-oxygen core.
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Chapter 3

Results

3.1 Impact of different core-envelope criteria

Figure 3.1 shows the evolution of binding energy, mass, and radius of a star with mass 5

M⊙ and metallicity Z = 0.002 as a function of time. The figure has been obtained using

the stellar track models of the PARSEC code. From figure 3.1 it is apparent the impact

of using different criteria for the helium core-hydrogen envelope boundary. When we use

the criterion XH < 0.2, the helium core is formed before the hydrogen-shell burning phase,

i.e. when the star is still on the MS. Specifically, the core emerges ∼ 80 million years after

the beginning of the MS. When we use XH < 10−9, the helium core is identified during the

hydrogen-shell burning phase, i.e. ∼ 88 million years after the beginning of the MS. As the

carbon-oxygen core, when we use XHe < 0.2, the core emerges when helium is still burning

in the core, about 95 million years after the beginning of the MS. When we use XHe < 10−9,

the carbon-oxygen core is identified later, ∼ 200 hundred years after the beginning of the

helium-shell burning phase.

From figure 3.1 it is apparent that different core-envelope boundary criteria do not sig-

nificantly affect the value of the envelope’s binding energy. The maximum uncertainty on

the latter is always less than a factor of 2. Different criteria have also a mild impact on the
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Figure 3.1: Evolution of various physical parameters of a 5 M⊙ star at metallicity Z = 0.002,
from MS to carbon ignition. The dashed (dotted) line shows the time evolution of the envelope’s
binding energy - top row, the radius of the core - middle row, and the mass of the core - bottom row,
when using Xi < 0.2 (Xi < 10−9) as core-envelope boundary criterion. The subscript i is hydrogen
for young stars (i.e., helium core - shaded blue area), and helium for evolved stars (i.e., carbon-
oxygen core - shaded orange area). The green solid line in the middle (bottom) row represents the
evolution of the star’s total radius (mass). The hatched region in the top row shows the binding
energy of the hydrogen convective envelope. The right-hatched (left-hatched) region in the middle
and bottom rows shows the radius and mass of the first (second) convective zones, respectively.
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radius of the star at the moment of core identification. The latter is R = 35.1R⊙ if we use

XH < 0.2, and it is R = 99.4R⊙ if using XH < 10−9. The latter aspect might still have

an impact on the CE evolution and merging compact-object binaries; if we use the criterion

XH < 0.2 we expect to have slightly more stars that survive the beginning of the CE phase

without merging with the companion, that is stars that initiate an unstable mass transfer

phase with a well-identified core.

Figure 3.1 shows also two first convective zones inside the star, in terms of binding

energy, mass, and radial coordinate (grey hatched areas). The 5 M⊙-star develops quite

deep convective zones during most of its evolutionary history but at the end of the TAMS.

Specifically, we define the convective envelope as the first convective zone that is no further

from the surface of a star by more than 3% of the total stellar radius. Figure 3.1 shows that

the convective envelope exists non-continuously during the evolution of the considered star.

It is formed during hydrogen-shell burning phase and exists for ∼ 3 million years, and then

for ∼ 0.5 million years during helium-shell burning. Instead of chemical-composition-based

criteria, these convective regions might be used to define an effective core to be used during

the CE evolution (see the discussion on the importance of convective layers in chapter 2). A

detailed analysis of convective zones and the applicability of convection-based, core-envelope

boundary criteria is beyond the scope of the thesis and it will be done in a follow-up project.

Figure 3.2 is very similar to figure 3.1 and shows the evolution of binding energy, mass,

and radius of a star with an initial mass 60 M⊙ and metallicity Z = 0.002, as a function of

time. The impact of using different core-envelope criteria for 60 M⊙ star is similar to that

discussed for the 5 M⊙-mass star in Fig. 3.1. The main differences are apparent in terms

of convective zones. The star is fully convective at the beginning of MS. Then, very tiny

convective zones appear during the helium-core burning stage, and during the helium-shell

stage, the star becomes fully convective. For simplicity, we did not consider the third and

fourth convective zones on figures 3.1 and 3.2. However, they exist for the star with an

initial mass of 60 M⊙ during helium-shell burning (at the star’s age ∼4.2 million years).
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Figure 3.2: Same as Fig. 3.1 but for a 60-M⊙ star.

Figure 3.3 shows the binding energy profiles and HR diagrams for stars with different

initial masses at metallicity Z = 0.001.

Specifically, the width of the vertical shaded areas shows the uncertainty on the core’s

mass when using XH < 10−9 (left boundary, vertical dashed line) and XH < 0.2 (right

boundary, vertical dotted line), in units of solar mass. The figure shows that at the beginning

of the hydrogen-shell burning phase (green solid line), the uncertainty in the mass of the

core is significant (green shaded area). Specifically, for a star with an initial mass of 35

M⊙, the uncertainty on the helium core mass is about 8 M⊙ , which is about 25% of the

star’s total mass. This happens because during this stellar evolution phase, the shell where

hydrogen is burning is rapidly moving outwards and the helium core is quickly growing,

thus the hydrogen fraction XH is rapidly evolving. This uncertainty might have important

implications for the CE evolution because, the hydrogen-shell burning phase is precisely when

stars expand significantly and are likely to fill their Roche lobe, possibly evolving towards a
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Figure 3.3: Left column: internal binding energy profile as a function of the mass coordinate
for stars with masses 3 M⊙ (top panel), 35 M⊙ (middle panel), and 90 M⊙ (bottom panel), at
metallicity Z = 0.001. Different colored lines represent the binding energy profile at the beginning
of various stellar evolution stages. Green: beginning of hydrogen-shell burning, red: beginning of
he-core burning, yellow: beginning of he-shell burning, and blue: final snapshot of the PARSEC
code, i.e. carbon ignition. The vertical shaded areas show the uncertainty on the core’s mass when
using XH < 10−9 (left boundary, vertical dashed line) and XH < 0.2 (right boundary, vertical
dotted line), at the beginning of various stellar evolution phases (same colors as solid lines). Right
column: HR diagram evolution of the considered stars. Different colors represent different stellar
evolution phases. The crosses mark the beginning of the different phases.
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CE phase. The impact of using different values of XH to identify the core-envelope boundary

decreases significantly during the following stellar evolution phases (e.g., helium core and

helium-shell burning).

Figure 3.3 also shows that the binding energy profiles behave very smoothly at the

boundary of the helium core at the beginning of the early evolutionary stages. However, at

the helium-shell burning stage, the energy profile strongly bends at the helium core boundary

(blue lines). The bending in the binding energy profile is about two orders of magnitude

or even more for star with initial mass 90 M⊙. This means that even small variations on

the criterion used to distinguish core and envelope might result in big differences in the

calculation of the envelope’s binding energy.

3.2 Binding energy parameters

3.2.1 Hydrogen stars

Figure 3.4 shows the binding energy parameters as a function of stellar radius for stars

with different initial masses and metallicities. The binding energy parameters vary by a

few orders of magnitude during the lifetime of most stars. Thus, depending on the stellar

evolution phase, the outcome of a potential CE evolution can be significantly different.

The λg parameter significantly increases in the late evolutionary stages (i.e., helium-shell

burning stage) for a star with initial mass 5 M⊙ because the helium core’s radius grows by

two orders of magnitude (see figure 3.1). In contrast, the radius of the helium core of more

massive stars remains almost constant (see figure 3.2), and the binding energy parameters

for those stars tend to decrease.

The λb parameter for the star with initial mass 5 M⊙ differs by three orders of magnitude

compared to more massive stars in the late evolutionary stages. For example, the λb param-

eter for a low-mass star with a mass of 5 M⊙ in the late evolutionary stage is equal to ∼ 1.

In comparison, the λb parameter for a massive star with a mass of 70 M⊙ equals λb ∼ 10−2.
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Figure 3.4: The λg (upper lines), λb (middle lines) and λh (bottom lines) parameters versus
radius R/R⊙ for stars with initial masses of 3 M⊙ (first row), 35 M⊙ (second row), and 80 M⊙
(and third row), and metallicities Z = 0.0005 (left column), Z = 0.001 (middle column), and
Z = 0.02 (right column). The colors of the lines indicate the evolutionary stage of stars: purple for
MS (ms), blue for TAMS (tams), green for the hydrogen-shell burning (h shell), red for the core-
helium burning (he burn), magenta for the terminal core-helium burning (t he burn), and yellow
for the helium-shell burning (he shell). The thickness of the lines represents the uncertainty of
using different core-envelope boundary criteria, i.e. XH < 10−9 and XH < 0.2

39



That happens because of the expansion of the helium core and the effective temperature of

low-mass stars rises during the helium-shell burning stage while the radius of the helium

core of more massive stars remains constant, and the effective temperature decreases for

massive stars during helium-shell burning (see figure 3.3). The temperature value directly

affects the value of the internal energy of the star’s envelope and, consequently, affects the

λb parameter (see formula 2.3 and 2.4).

The thickness of the lines in figure 3.4 represents the impact of using different criteria

to identify the core-envelope boundary on the values of λg, λb, and λh. Choosing different

criteria for the core-envelope separation does not play a major role in the values of the

lambda parameters. The maximum uncertainty on the λ parameter is less than a factor 1.5

for all stellar evolutionary stages and rarely reach a maximum of a factor of 3.

We can conclude that the binding energy parameters depend significantly on the evolu-

tionary stage of the star and the star’s initial mass. Additionally, we find that metallicity

has little effect on the values of the λg, λb and λh parameters.

Fig. 3.4 shows the importance of determining the onset of mass transfer. Specifically,

let us consider a star with a mass of 5 M⊙ that initiates mass transfer at the end of the

core-helium burning stage t1 and the end of the helium-shell burning stage t2. According to

formulas 1.22 and 1.23, we get the following ratio of merger times via GW emission:

τ(t1, 5M⊙)

τ(t2, 5M⊙)
∼
(
7× 10−1

7× 10−2

)4

∼ 104 (3.1)

Suppose that a star with a mass of 80 M⊙ initiates mass transfer at the beginning of the

core-helium burning stage (t1) and the end of the core-helium burning stage (t2). Then, we

obtain the following ratio of merger times:

τ (t1, 80M⊙)

τ (t2, 80M⊙)
∼
(
5× 10−2

5× 10−3

)4

∼ 10−4 (3.2)

The merger time can differ by four orders of magnitude over relatively short evolutionary
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stages for the same star. At the same time, a star with a low mass tightens the binary

system less effectively with time, while a more massive star tightens the binary system more

effectively with time.

3.2.2 Helium stars

Figure 3.5 shows the binding energy parameters for pure-helium stars with different initial

masses, metallicities, and using various core-envelope boundary criteria. The binding energy

parameter varies considerably for low-mass helium-naked stars (M ≲ 8M⊙). For example,

the λb parameter changes more than two orders of magnitude during lifetime of star with

initial mass 2.2M⊙ and metallicity Z = 0.02, but less than order of magnitude for Z =

0.0005.

Binding energy parameters are roughly constant for helium stars with masses M ≳ 8M⊙.

From figure 3.5 it is apparent that the λ parameters obtained for helium stars depend

significantly on metallicity, but only for low-mass stars.

We compared the values of the λ parameters obtained for helium stars with the values

obtained by other authors in section 3.4.1.

3.3 Merger time formula with CE phase

We can estimate semi-analytically the merger time of a binary system that has evolved

through a CE phase. Our semi-analytical approach is based on a very rough assumption:

we assume that all considered stellar binary systems initiate an unstable mass transfer

phase, which leads to the formation of a CE that will be ejected from the system. We are

neglecting the possible effect of SN explosions, further episodes of mass transfer, and any

further orbit modification. Self-consistent population synthesis simulations are needed to

take into account all the mentioned effects, so here we just discuss a qualitative estimation.

To do semi-analytically estimation, we substitute the final semi-major axis from formula
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Figure 3.5: The log10 λg (red line), log10 λb (blue line) and log10 λh (green line) parameters for
helium stars with initial masses of 2.2 M⊙ (first row), 7.2 M⊙ (second row), 36.0 M⊙ (third row),
and 100.0 M⊙ (fourth row) and metallicities Z = 0.0005 (left column), Z = 0.001 (middle column),
and Z = 0.02 (right column), as a function of stellar radius. The solid and dashed lines show the
values of the λ parameters calculated using the criterion XC < 0.2 and XC < 10−7, respectively
(see section 3.1).
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1.21 as the initial semi-major axis in formula 1.7. Also, instead of the mass of a first star, we

take the mass of the donor’s helium core because we assume that the donor lost the entire

hydrogen envelope to produce the CE. Furthermore, for the mass of a second star, we take

the total mass of the accretor at the beginning of the mass transfer phase. Thus, we get the

following formulas for the time of the merger of a binary system:

τGW+CE =
5

256

c5

G3

a4f
Mcore Ma (Mcore +Ma)

(1− e2)7/2 (3.3)

where

af = ai
McoreMa

Md

(
Ma +

2Menv

αCE λ rL

)−1

(3.4)

Now we substitute the radius of the Roche lobe 1.15 into formula 3.5:

af = ai
McoreMa

Md

(
Ma +

2Menv

(
0.6 + q−2/3 ln(1 + q1/3)

)
0.49 αCE λ

)−1

(3.5)

where q = Md/Ma.

By replacing af in equation 3.3 with equation 3.5, we conclude that the timescale for

a binary that evolved through the CE phase and will merge via the emission of GWs de-

pends strongly on the value of the binding energy parameter. Thus, adopting self-consistent

calculations of the λ parameters in complex population-synthesis simulations is crucial to

obtain reliable results on the population of merging compact-object binaries. Specifically,

fitting formulas obtained by other authors using different stellar evolution tracks should be

adopted with care (see section 3.4).

3.4 Comparison of λ values with other authors

Wang et al. [196] calculated λg, λb and λh for stars with Z = 0.02 for 18 different values of

masses in the rangeM ∈ [1M⊙, 60M⊙]. Wang et al. [196] adopted two different prescriptions

for the wind mass loss rates, i.e. “Wind1” and “Wind2” models. The first one, denoted
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as “Wind1”, is the same as in [303, 304] The second one, denoted as “Wind2”, takes the

maximum value of the above loss rates in all the evolutionary stages, to be consistent with

[305, 306].

Wang et al. [196] adopted the Modules for Experiments in Stellar Astrophysics (MESA)

[292, 293] to calculate stellar evolution and to obtain the binding energy parameters. Wang

et al. [196] applied polynomial formulas previously developed by Xu and Li [195]. The

formulas for λg, λb and λh are the following:

λg = a0 + a1 x+ a2 x
2 + a3 x

3 + a4 x
4 + a5 x

5 + a6 x
6 (3.6)

λb = a0 + a1 x+ a2 x
2 + a3 x

3 + a4 x
4 + a5 x

5 + a6 x
6 (3.7)

λh = a0 + a1 x+ a2 x
2 + a3 x

3 + a4 x
4 + a5 x

5 + a6 x
6 (3.8)

where x is R/R⊙. a i are fitting coefficients that can be found in Table 1 of [196]. For

low-mass stars, Wang et al. [196] split stellar evolution into three stages and obtained the

set of coefficients for three stages. “Stage 1” begins at the exhaustion of central hydrogen

and ends when the star starts to shrink (i.e., near the ignition of helium in the core). “Stage

2” is the following shrinking phase, and in “Stage 3” the star expands again, until the end

of the evolution.

We compared the λ parameters obtained using the fitting polynomials 3.6, 3.7, 3.8 with

the coefficients reported in Table 1 of [196], with the results obtained in this thesis using

the PARSEC stellar tracks.

Figure 3.6 compares our binding energy parameters with those obtained by Wang et al.

[196], at metallicity Z = 0.02 and for stars with different initial masses. In the early

stages of stellar evolution, the average difference between the values of the binding energy

parameters is slightly less than an order of magnitude and decreases as the star evolves.

At the end of the helium-shell burning phase, the discrepancy between the values of the λ

parameters approaches zero. The discrepancy between the results for a star with mass of 18
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Figure 3.6: Comparison of our binding energy parameters with those from Wang et al. [196]. λg

(top row), λb (middle row) and λh (bottom row) are shown for stars with 18.0M⊙ (left column),
35.0M⊙ (middle column), and 50.0M⊙ (right column), at metallicity Z = 0.02. The red lines show
the results calculated with the use of PARSEC tracks for hydrogen stars using a core-envelope
boundary criterion XH < 0.1. The black lines show the results of [196] for two different stellar
wind models, “Wind1” - solid lines, “Wind2” - dashed lines.
The blue lines show the values of the binding energy parameter from the PARSEC code, obtained
without integrating the binding energy from the core’s outer boundary to the star’s surface, but
only when taking into account the energy of one layer of the star above the surface of the helium
core (to be consistent with the methodology of [196]).
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M⊙ increases with the contribution of new energy sources to the λ parameter’s value. That

is, the difference between the λg parameters is less than that for the λb parameters, and the

difference between the λb parameters is less than that obtained for the λh parameters. If

the mass transfer occurs in early evolutionary stages, according to formula 1.23, we get the

following discrepancy in merger time:

τb, Wang&Li

τb, Nazarova

∼
λ4
b, Wang&Li

λ4
b, Nazarova

∼ (7.5)4 ∼ 3× 103 (3.9)

Variations in stellar evolution processes, wind models, and other factors may contribute

to the explain the differences between our and their results. Wang et al. [196] also comment

in [196] that the stellar tracks [195] obtained using the EV [294, 295] and MESA codes differ

significantly in the early stages of evolution for stars with the same initial parameters.

An important aspect that is worth noting is that, as discussed in Section 2, the PARSEC

code records the physical parameters for about 40 inner layers of the star during the simula-

tions. In formulas 2.2, 2.4 and 2.6, the energies are integrated from the layer above the core

to the surface (the outermost layer). In contrast, Wang et al. [196] take into account only

one layer of the hydrogen envelope, i.e., the layer above the surface of the core. Therefore,

to be consistent with Wang et al. [196], we need to ignore the energy contribution of many

layers in the PARSEC stellar models. Taking into account only part of the stellar layers to

calculate the envelope’s binding energy produces results significantly more consistent with

Wang et al. [196] (see Fig. 3.6, solid blue curve), but this has a crucial impact on the overall

energy reservoir for a possible CE evolution.

Klencki et al. [197] obtained stellar tracks for rotating stars with an initial rotation rate

of 40% of the critical value using the MESA stellar evolution code. Klencki et al. [197]

provided fitting formulas of the binding energy parameters as a function of the radius of the
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Figure 3.7: Comparison of the thermal binding energy parameters λb are shown for hydrogen
stars with initial masses 10.0 M⊙ (on the left), 20.0 M⊙ (in the middle) and 40.0 M⊙ (on the
right). The colorful (red, blue and green) thin dashed lines shows the binding energy parameters
λb presented in paper [197] on Fig.A.1 for metallicity Z/Z⊙ ≈ 0.2. The colorful (red, blue, and
green) thin solid lines show λb, calculated with the use of PARSEC tracks for hydrogen stars for
metallicity Z = 0.008.

donor star using third-order polynomials (formula A.1 in [197]):

log10(λ) = ai log10

(
R

R⊙

)3

+ bi log10

(
R

R⊙

)2

+ ci log10

(
R

R⊙

)
+ di (3.10)

Fig. A.1 in [197] shows the λb parameters obtained for stars with initial masses 10 M⊙,

20 M⊙, 40 M⊙ and metallicity Z/Z⊙ = 0.2.

Figure 3.7 shows the result of the comparison of the thermal binding energy parameters

with the results of Klencki et al. [197], for hydrogen stars with different initial masses. The

difference in the results is about a factor of 5 for almost the entire evolution of the stars.

According to formula 1.23, the average discrepancy in merger time is:

τb, Klencki

τb, Nazarova

∼
λ4
b, Klencki

λ4
b, Nazarova

∼ 54 = 625 (3.11)

One important difference that can partly justify the observed discrepancies is that Klencki

et al. [197] considered rotating stars, while our set contains only non rotating stars. It means

that the stellar physical properties of stars, including envelopes’ binding energies, might differ
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Figure 3.8: Comparison of the thermal binding energy parameters λb for hydrogen envelopes for
stars with initial masses 8.0 M⊙ (top left), 16.0 M⊙ (top right), 25.0 M⊙ (bottom left), and 40.0
M⊙ (bottom right). as a function of stellar radius. Colored lines (blue, red, yellow, and green)
show the binding energy parameters λb presented in Kruckow et al. [198] in their Fig.1. The black
lines show the λb values calculated with the PARSEC code. Thin solid and thin dashed lines shows
the result for Z = 0.0005 ≈ Z⊙/50, and Z = 0.008 ≈ Z⊙/2, respectively.

at the same stellar evolution stage depending on stellar rotation. Furthermore, we considered

the envelope of hydrogen surrounding a star as a source of CE, while Klencki et al. [197]

considered convective envelopes. Klencki et al. [197] established such initial parameters for

simulations of stellar tracks to create stars with the largest possible convective envelope.

Kruckow et al. [198] used the Bonn Evolutionary Code (BEC) [288, 289, 290, 291] to

obtain stellar tracks for stars at two different metallicities Z = ZMilkyWay ⋍ Z⊙/2 and

Z = Z⊙/50
1 and with initial masses between 4 and 115 M⊙).

Based on the obtained tracks, Kruckow et al. [198] calculated λb and Ebind and presented

the obtained values in their Fig. 1. Kruckow et al. [198] applied the XH = 0.10 criterion for

the core-envelop boundary.

1Z⊙ = 0.0196± 0.0014 is the solar metallicity adopted in Kruckow et al. [198]
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Figure 3.8 compares our results of binding energy parameters with Kruckow et al. [198]

results. The difference in the values of λ at the end of the MS is about one order of magnitude

and gradually decreases with the time for every considered star. If the mass transfer occurs

at the end of the MS, according to formula 1.23, the average discrepancy in merger time via

GW emission is:

τb, Kruckow

τb, Nazarova

∼
λ4
b, Kruckow

λ4
b, Nazarova

∼ 104 (3.12)

The “Binary Star Evolution” (BSE) code [178, 178, 302, 183] is one of the first population-

synthesis codes used to study the evolution of massive binaries and their impact on the

demography of BH binaries. Stellar evolution is implemented in BSE through polynomial

fitting formulas, making this code significantly fast. In addition to all aspects of single-star

evolution, features such as mass transfer, mass accretion, CEE, collisions, supernova kicks,

and angular momentum loss mechanisms are also included.

The Massive Objects in Binary Stellar Evolution (MOBSE) code [307, 297] is a cus-

tomized version of BSE. With respect to BSE, MOBSE is a population-synthesis code that

includes some important upgrades for the evolution of massive stars for both single stars

and binary systems [308, 309, 310, 311]:

• new treatment for the natal kicks velocities,

• up-to-date equations for metal-dependent stellar winds including the dependence on

the Eddington factor,

• recent models for core-collapse and electron-capture SNe,

• prescriptions for PISNe and PPISNe,

• updated formulas to compute the core radii,

• maximum initial mass up to 150 M⊙.

As BSE, MOBSE uses Claeys et al. [296] fitting formulas to calculate the λ parameters

to use during the CE phase.
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Claeys et al. [296] calculated λ parameters for stars with deep convective envelopes

using detailed stellar models obtained with the STARS stellar evolution code [312, 313]. To

obtain λ parameters, Claeys et al. [296] developed a complex fitting formula that depends

on multiple physical parameters: the star’s radius at the beginning of MS, the mass of the

convective envelope, total mass, total radius, and luminosity during stellar evolution. Also,

Claeys et al. [296] formula depends on the evolutionary stage of the star. For example, the

formula changes at the beginning of the hertzsprung gap (HG), giant branch (GB), core-

helium Burning (CHeB), and asymptotic giant branch (AGB). Claeys et al. [296] described

the formula in detail in their Appendix A.

We modified the MOBSE code by adding the values of the λ parameters as output values

during runtime. Thus, we obtained the values of λ based on [296] formula and the stellar

evolution prescriptions implemented in the MOBSE code.

Furthermore, we used the [296] formula substituting the necessary parameters (RZAMS,

Menv, M , R, and L as extracted from the PARSEC stellar tracks.

Figure 3.9 shows the thermal binding energy parameter as a function of the star’s radius

during stellar evolution for stars with different initial masses and metallicities. The shown

values have been obtained using:

• formula 2.4 and stellar tracks of the PARSEC code (solid line),

• MOBSE code (semi-transparent line),

• Claeys fitting formula used with the stellar physical parameters from the PARSEC

tracks (dashed line).

The shaded areas on the figures highlight that part of the stellar evolution where the stars

have a convective envelope according to the PARSEC stellar tracks.

There is substantial agreement between the λ parameters developed with the MOBSE

code and those obtained with laeys formula + the PARSEC stellar tracks for all stars

under consideration. This good match is because the MOBSE code uses Claeys’ formula

to calculate the binding energy parameters. The difference in the stellar tracks used in
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Figure 3.9: The thermal binding energy parameters λb versus radius of the star R/R⊙ during
stellar evolution for stars with initial masses 5M⊙ (first row), 20M⊙ (second row), and 60M⊙ (and
third row) and metallicities Z = 0.0001 (left column), Z = 0.002 (middle column) and Z = 0.02
(right column). The colors of the lines indicate the evolutionary stage of stars: purple for MS (ms),
blue for TAMS (tams), green for hydrogen-shell burning (h shell), red for core-helium burning
(he burn), magenta for terminal core-helium burning(t he burn), yellow for helium-shell burning
(he shell). Binding energy parameters λb are calculated with the use of different codes: MOBSE
code (thick transparent blue line), PARSEC code (colored thin line), and Claeys formula from
Appendix A in [296] with a PARSEC code stellar evolution tracks (colored dashed line). The
hatched areas on plots highlight R/R⊙ values where stars have a convective envelope according to
the PARSEC stellar tracks.
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the calculations may explain the discrepancy between the MOBSE and Clayes+PARSEC

results.

More importantly, the λb parameters obtained with Claeys’ formula ( through both

MOBSE and PARSEC+Claeys approach) and self-consistent calculations using the PARSEC

of stellar tracks show significant differences. The difference between the results throughout

the entire stellar evolution is about one order of magnitude, where the λ values from self-

consistent calculation are systematically lower. However, the shape of the λb curve as a

function of the stellar radius is very similar, especially for low-mass stars. For stars with a

mass of 60.0 M⊙ and a high metallicity value, the λb-parameter’s behavior strongly diverges

when the star becomes aWolf-Rayet star. According to formula 1.23, the average discrepancy

in merger time is:

τb, MOBSE/Claeys

τb, Nazarova

∼
λ4
b, MOBSE/Claeys

λ4
b, Nazarova

∼ 104 (3.13)

Due to different stellar evolution processes, there is a large discrepancy between the λ

parameters (see figures 3.6, 3.7, 3.8 and 3.9). Even minor differences in the physics of stellar

evolution may significantly affect the binding energy parameters. For example, differences

in stellar rotation (comparison with Klencki et al. [197]), different stellar winds models

(comparison with Wang et al. [196]), criteria of core definition (comparison with Claeys

et al. [296]), and many others. More importantly, Fig. 3.9 shows that is crucial to calculate

the values of λ self-consistently, and using fitting formulas developed using other stellar

evolution tracks might have a large impact on envelope’s binding energies.

3.4.1 Comparison for helium stars

A value of λb = 0.5 was a widely used constant in the existing literature for pure-helium

stars, for example, by [314, 315, 316, 213]. Specifically, BSE and MOBSE code use a constant

λb = 0.5.

In our case, we can approximate the λ parameter value for helium stars with masses
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≳ 8M⊙ as a constant λb = 0.15 (see figure 3.5).

Following formulas 1.22 and 1.23, we get the following discrepancy in the merger time:

τNazarova

τClayes

=
λ4
b, Nazarova

λ4
b, Clayes

≃ 0.34 ≈ 8.1× 10−3 (3.14)

This means that similar star systems with the binding energy parameters obtained by us

will merge a hundred times faster.

3.5 Fits and data

In this section, we provide fitting formulas that approximate our new λ values. Such fits

might be useful to easily implement our new λ values in population-synthesis codes, espe-

cially those that are based on the PARSEC stellar evolution tracks (e.g., the SEVN code).

Here we present fitting formulas for the thermal binding energy parameter, which is

chosen as fiducial model for the calculated λ values.

Due to the complexity of the variation of the lambda parameters, we chose functions

that depend on two physical parameters. The function’s first parameter is the star’s radius

during stellar evolution because such a parameter is common in fitting formulas and gives

an accurate result for massive stars. We also chose the star’s luminosity as a parameter,

similarly to the fitting formulas of Claeys et al. [296].

We divide a star’s evolution into two phases to obtain accurate fitting formulas. The

reason for such a division is to separate the stages of stellar evolution when the structure of

the hydrogen envelope is significantly different. As a criterion for separating the evolution

of a star into two stages, we selected the star’s minimum surface luminosity during helium

shell burning. For simplicity, we refer to the stage from MS to the moment of minimum

surface luminosity during helium-shell burning as “Stage 1”. In contrast, “Stage 2” is the

phase that goes from the minimum surface luminosity during helium-shell burning till the

beginning of core-carbon burning or till the star becomes a Wolf-Rayet. We refer to a star
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as a Wolf-Rayet star when its total mass of hydrogen falls below 3%. We excluded Wolf-

Rayet stars because we have separate stellar tracks for such stars, thus we obtain the fits

for pure-helium stars independently.

The fitting formula for a single hydrogen star with an any initial mass MZAMS at any

metallicity value Z for the “Stage 1” is:

log10 λb = b1 log10

(
R

R⊙

)
+ b2 log10

(
R

R⊙

)2

+ b3 (3.15)

The fitting formula for the “Stage 2” is:

log10

(
1

λb

)
= b4 log10

Leff

Leff,0

+ b5 (3.16)

We have obtained b1, b2, b3, b4 and b5 coefficients for a wide range of initial masses of

hydrogen stars (2.0M⊙ ≤ MZAMS ≤ 600M⊙) and different metallicities (0.0001 ≤ Z ≤ 0.02)

and uploaded them to the Binding Energy Parameters Online website. Also, the tables

contain mean squared error (MSE) with respect to the real λ values, for each obtained

fitting formula.

Instead of look-up tables, we have also obtained fitting formulas for the coefficients, which

depend on the initial mass of the hydrogen stars. Such fits for coefficients can be applied

to stars with any mass value but within a specific range of masses. The fitting formulas for

the b coefficients are:

b1 = a1 log10MZAMS + a2 (3.17)

b2 = a3 log10MZAMS + a4 (3.18)

b3 = a5 log10MZAMS + a6 (3.19)

b4 = a7 log10MZAMS + a8 (log10MZAMS)
2 + a9 (3.20)

b5 = a10 log10MZAMS + a11 (log10MZAMS)
2 + a12 (3.21)
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We have obtained a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, a10 and a12 coefficients and MSE for

the following initial mass ranges MZAMS of hydrogen stars:

• 2.0− 7.5 M⊙

• 8.0− 20.0 M⊙

• 25.0− 50.0 M⊙

• 60.0− 90.0 M⊙

• 100− 600 M⊙

and uploaded them to the Binding Energy Parameters Online website. Figure 3.10 shows the

results of the fitting formulas for the thermal binding energy parameters as a function of the

star’s radius. The figure also shows the comparison between fitting formulas and real values

of λb, including the estimation of maximum relative error as a function radius (small bottom

panels). The results are shown for stars with different initial masses and metallicities. From

figure 3.10 it is apparent that the derived fitting formulas is fairly accurate and the average

relative error with respect to the real λb values is approximately 10−2 − 10−1.

Also, we obtained the fitting formulas for binding energy parameters of helium-naked

stars. The fitting functions of helium stars’ binding energy parameters depend on one phys-

ical parameter: the star’s total radius. The fitting functions for helium stars are more

straightforward because the λ parameter’s time dependence is less complex than in hydro-

gen stars. We produced the fitting formula for a single helium star with an initial mass

MZAMS and metallicity Z from the beginning of carbon-oxygen core production till the end

of PARSEC tracks:

log10 λb = b1 log10

(
R

R⊙

)
+ b2 (3.22)

We obtained b1 and b2 coefficients and MSE for helium stars with every considered value

of initial mass (2.0M⊙ ≤ MZAMS ≤ 350.0M⊙) and metallicity (0.0001 ≤ Z ≤ 0.05) and

uploaded them to the Binding Energy Parameters Online website.
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Figure 3.10: The λb parameters for hydrogen stars as a function of stellar radius for stars with
initial masses 5.0M⊙ (first row), 14.0M⊙ (second row) and 25.0M⊙ (third row), and for metallicities
Z = 0.0001 (left column), Z = 0.001 (second column), Z = 0.006 (third column) and Z = 0.02
(fourth column). The purple line shows the “Stage 1” phase (i.e., MS to minimum luminosity
during helium-shell burning), while green refers to “Stage 2” (from the end of Stage 1 until carbon
ignition). Solid lines refer to the real values of the λ parameters. Dashed lines show the results of
fitting formulas in Eqs. 3.15 and 3.16. Thick transparent lines show the λ values as obtained from
the fitting formulas that include fits for coefficients, i.e. Eqs. 3.17, 3.18, 3.19, 3.20 and 3.21.
The subplots at the bottom of each row show the relative errors of fitting formulas with respect to
real λ values.
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We have also obtained fitting formulas for the coefficients b1 and b2:

b1 = a1 log10MZAMS + a2 (log10MZAMS)
2 + a3 (3.23)

b2 = a4 log10MZAMS + a5 (log10MZAMS)
2 + a6 (3.24)

We obtained a1, a2, a3, a4, a5 and a6 coefficients and MSE for the following initial mass

ranges of helium stars:

• 2.0− 7.0 M⊙

• 7.2− 22.0 M⊙

• 24.0− 70.0 M⊙

• 75.0− 350.0 M⊙

and uploaded them to the Binding Energy Parameters Online website. These mass ranges

were chosen to obtain the lowest possible median value of the MSE.

Figure 3.11 shows the results of fitted thermal binding energy parameters as a function

of star’s radius and comparison with the real values of λb for helium stars with different

initial masses and metallicities. In most cases, the relative error is of the order of 10−2.
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Figure 3.11: The thermal binding energy parameters λb for different helium stars during the
latter stellar evolution. The initial masses are 0.48M⊙ (first row), 2.2M⊙ (second row), 6.0M⊙
(third row), 15.0M⊙ (fourth row), 22.0M⊙ (fifth row), at metallicity Z = 0.0005 (left column),
Z = 0.001 (second column), and Z = 0.02 (third column). Thin solid (XC < 0.2) and thin
dashed (XC < 10−7) blue lines show λb values obtained from PARSEC helium star tracks using
the different core-envelope boundary criteria (see section 3.1). Thick transparent blue lines show
values of the λb parameter with relative errors, fitted by formulas 3.22. Thin black solid lines show
values of the λb parameter with relative errors, fitted by formulas 3.23 and 3.24.
The subplots at the bottom of each row show the relative errors of fitting formulas with respect to
real λ values.
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Chapter 4

Binary population synthesis and

optimization of the SEVN code

The work presented in the previous chapters was related to single, isolated stars. To in-

vestigate the impact of the results presented in the previous chapters on the CE evolution

and, consequently, on populations of merging compact-object binaries, we need to include

our prescriptions in a population-synthesis code, which can (quickly) evolve a statistically

significant number of binaries starting from early stellar evolution stages until the formation

of compact objects.

Binary population synthesis (BPS) codes can provide valuable insights into the expected

rate and distribution of the target population’s properties, the different evolutionary path-

ways that lead to the formation of merging compact object binaries, and the effect that

different physical processes and parameters have on their evolution.

In general, there are essentially three different approaches to implement stellar evolution

in BPS codes:

• the most common method to quickly evolve the fundamental stellar parameters (e.g.,

luminosity, radius, mass, temperature, and chemical composition) far a large number of

either single or binary stars as a function of time, is using polynomial fitting formulas.
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Population-synthesis codes based on fitting formulas are computationally very fast,

but updating fitting formulas with new prescriptions might be challenging. Some

examples of BPSs based on fitting formulas are the “Single Star Evolution” (SSE,

[317]), the “Binary Stellar Evolution” (BSE, [178]), the SEBA [318], the BRUSSELS

CODE [319], the BINARYC [320], the STARTRACK [245], the “Compact Object

Mergers: Population Astrophysics Statistics” (COMPAS, [321, 182]), the “Massive

Objects in Binary Stellar Evolution” (MOBSE, [307, 297]), and the “Compact Object

Synthesis and Monte Carlo Investigation Code” (COSMIC, [322, 323]).

• The second option is to utilize look-up tables instead of fitting formulas [324]. These

tables include grids of pre-evolved stellar evolution models for single stars that are

dynamically read and interpolated on the fly by BPS codes, for example by “Stellar

Evolution for N-body” (SEVN, [118, 119, 120]) and COMBINE [325]. For binary

stellar evolution such codes also use analytical prescriptions. This method is both

computationally efficient and flexible. The main advantage is also that we can update

stellar models by simply changing the look-up tables, without the need of modifying

directly the code.

• Hybrid methods typically use population synthesis codes combined with detailed sim-

ulations of stellar and binary evolution [326, 327, 328, 329, 330, 331, 332, 333, 334]

These studies show that including more detailed modeling of binary interactions may

reveal details that are missed using simpler approaches. The “Binary Population and

Spectral Synthesis code” (BPASS, [203]) and POSYDON [335, 336] use a hybrid ap-

proach to study the effect of detailed modeling of stellar and binary physics on compact

object mergers.

In this thesis, we focus on the SEVN population-synthesis code, which is based on the

look-up tables approach. This will allow us to easily implement the new λ descriptions

developed in this thesis in the form of a new look-up table that SEVN can interpolate
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on the fly. SEVN interpolates stellar evolution from look-up tables (the default tables

being derived from PARSEC, [337, 338], includes five different models for core-collapse SNe,

contains prescriptions for PPISNe and PISNe and has been updated to implement also

binary evolution processes (wind mass transfer, Roche lobe overflow, CE, stellar mergers,

tidal evolution, GW decay and magnetic braking).

Since SEVN is already based on PARSEC tracks, the obtained binding energy parameters

will be fully self-consistent with the code.

The attributes for each object that we want to evolve can be set in the SEVN input file.

If the object is a “single star”, the input file needs to contain the following initial attributes:

• initial mass,

• metallicity,

• spin,

• stage of stellar evolution of each star.

If the type of the object to evolve is a “binary star”, we need to specify the following initial

physical quantities:

• initial mass of each star,

• metallicity of each star,

• spin of each star,

• stage of stellar evolution of each star,

• initial orbital distance,

• eccentricity of binary system.

Before implementing the new λ prescriptions, the SEVN code must be first optimized,

especially in terms of performance, so that we can quickly simulate large population of binary

stars (tens of millions, at least), that is an enough number to get statistically significant result

on the population of merging compact-object binaries.
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Parallel computing can accomplish this goal. The strategy to enable an effective paral-

lelization of the SEVN code would be to divide the total number of objects to evolve into

smaller groups and run their simulations simultaneously using different processing units

(central processing units - CPUs or even graphics processing units - GPUs).

Supercomputers, workstations, and even personal laptops with multiple CPUs can exe-

cute parallel tasks. Workstations offer higher performance than mainstream personal com-

puters, especially in CPU, graphics, memory, and multitasking. Distributed systems with

many nodes, such as supercomputers, allow for massive parallelism.

We will achieve our main goal to speed-up the SEVN code by completing the following

tasks:

• implementing the parallelization on a single computing node,

• doing the same for multi-node supercomputers,

• evaluating potential bottlenecks, including input-output operations and/or memory

pressure, to understand how to further improve performance in the next future,

• evaluating a possible porting on GPUs.

4.0.1 Computer Architectures

We develop and test the parallel version of the SEVN code on the “Mizar” workstation (single

node) and on the Ulysses Compute Cluster in SISSA (multi node). Mizar and Ulysses are

both Linux-based systems. Mizar is a workstation, which contains 6 cores - 12 threads. In

contrast, each node on the regular2 partition of Ulysses contains:

• 2 sockets,

• 16 cores per socket.

• 2 CPUs per core,

• The maximum number of threads is 2 per core or 64 per node.

• Max available memory is 63500 MB.
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Figure 4.1: Symmetric multiprocessing or shared-memory multiprocessing design.

The detailed information about Mizar and Ulysses (regular2 partition) is presented in

table 4.1. We chose the regular2 partition of Ulysses because all nodes have the same

configuration and available memory.

.

Ulysses has then been extended and a new infrastructure was made available during late

2019. This new infrastructure consists of additional nodes, an upgraded software stack and

a new job scheduler, SLURM (Simple Linux Utility for Resource Management). After the

upgrade the old nodes are used in partitions regular1, long1, wide1 and gpu1, while the

new nodes are available as regular2, long2, wide2 and gpu2 (datailed information on the

Ulysses webcite).

Computer Architecture is very important for parallel computing. Total amount of CPUs,

their type and amount of available memory constrain the total speed up and scaling of

paralellization.

On Ulysses we used the following modules and compilers:

• cmake/3.15.4 CMake is a cross-platform build system generator. Projects specify
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Computer/property Mizar Ulysses, regular2
Architecture: x86 64 x86 64

CPU op-mode(s): 32-bit, 64-bit 32-bit, 64-bit
Byte Order: Little Endian Little Endian

Address sizes: 46 bits physical, 48 bits virtual
CPU(s): 12 64

On-line CPU(s) list: 0-11 0-63
Thread(s) per core: 2 2

Max Threads per Node 64
Core(s) per socket: 6 16

Socket(s): 1 2
NUMA node(s): 1 2

Max Memory per Node (MB) 15500 MB 63500 MB
Vendor ID: GenuineIntel GenuineIntel

CPU family: 6 6
Model: 62 79

Model name: Intel(R) Core(TM) Intel(R) Xeon(R)
i7-4930K CPU @ 3.40GHz CPU E5-2683 v4 @ 2.10GHz

Stepping: 4 1
CPU MHz: 1253.196 1200.000

CPU max MHz: 3900.0000 2100.0000
CPU min MHz: 1200.0000 1200.0000

BogoMIPS: 6800.40 4190.39
Virtualization: VT-x VT-x

L1d cache: 192 KiB 32K
L1i cache: 192 KiB 32K
L2 cache: 1,5 MiB 256K
L3 cache: 12 MiB 40960K

NUMA node0 CPU(s): 0-11 0-15,32-47
NUMA node1 CPU(s): 16-31,48-63

Table 4.1: The table displays information about the architecture of Mizar workstation and Ulysses,
regular2 partition.
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Figure 4.2: Left panel shows the computational time of SEVN for different numbers of binaries.
The left vertical axis displays the total computational time for SEVN in seconds, while the right
vertical axis displays the time in weeks. Right panel is the memory usage of SEVN for different
numbers of binaries. The vertical axes represents the percentage of total available memory on
the regular2 partition during the execution of SEVN code. The dashed purple horizontal line
represents the maximum memory available on the Mizar workstation.

their build process with platform-independent CMake listfiles included in each direc-

tory of a source tree with the name CMakeLists.txt. Users build a project by using

CMake to generate a build system for a native tool on their platform.

• gnu8/8.3.0 GNU module provides C++ compilers. The variant 3.15.4 supporting

OpenMP and OpenACC offload is available. GCC 8.3 February 22, 2019

https://gcc.gnu.org/gcc-8/changes.html

• openmpi3/3.1.4

• C++14

4.1 Time and memory constrains

Currently, the SEVN code is not parallel and sequentially evolves a population of binary

systems. Figure 4.2 shows the calculation time and the memory consumption of the serial

SEVN code for different numbers of input binaries. Consumed memory is shown in units

of available memory on each Ulysses regular2 nodes, i.e. 64.0 GB. From Fig. 4.2 it is
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apparent that the time needed to evolve 1 million binaries is approximately a week, which

is a very large amount of time considering that, to have a statistically significant sample of

merging compact-object binaries at all metallicities, we will need to evolve at least tens of

thousands of binaries.

Also, it is apparent that the serial version of SEVN is a high memory-consumption code.

Due to memory constraints, we can evolve up to one million binaries on Ulysses’s regular2

partition while only 500 thousand on Mizar’s workstation. The memory consumption of

SEVN is surely one of the aspects that must be improved, thus just speeding up the code’s

execution is not enough to guarantee sustainable performance on multiple architectures.

Specifically, the serial version of the SEVN code will complete the evolution of one set of

billion objects over 1000 weeks or 19 years (see Figure 4.2). In addition, such calculations

require an enormous amount of memory (more than 50 thousand GB) Thus, we need to

modify the SEVN code to both (i) speed up the calculations, and (ii) avoid the high pressure

on memory. To evaluate the performance of our parallelized code, we will evaluate the speed-

up as:

Sp =
execution time using one process

execution time using p processes
=

t1
tp

(4.1)

4.2 Adaptive data loading

Device capabilities and size of the Random-Access Memory (RAM) vary a lot. Occasionally,

the amount of data loaded during calculations may exceed the device’s capabilities. To

mitigate the issue of memory consumption of the SEVN code when evolving a very large

number of binaries, we implement the following automatic strategy. The SEVN code splits

the set of stars into chunks that fit into the available memory of the actual device. We call

this method adaptive data loading.

We use some pre-load strategies to find the ideal adaptive chunk size for the device the

SEVN code is running on. To find what is the maximum possible amount of binaries the
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SEVN code can load without filling the hardware memory resources, we use the following

proportional formula.

Adaptive chunk = Memory Target Max × Test Chunk

Memory Consumed
(4.2)

where “Test Chunk” is a test-reference sample of any size which we run with the SEVN

code (for example, 1000 binary stars), and “Memory Consumed” is the memory consumption

associated with the evolution of the test chunk. “Maximum Target Memory” is the maximum

fraction of total Available Memory that we want to SEVN code to allocate during the

simulation:

Memory Target Max = Avail Memory×Mem Perc Max (4.3)

The SEVN code reads the total available memory from file /proc/meminfo on the fly. To

estimate the memory consumed by the test chunk during the run, we use the difference

between the amount of allocated virtual memory before and after the code lines that run

the test sample. The file /proc/self/status contains the information about the current

SEVN run, including information about the allocated virtual memory, i.e., Virtual Memory

Resident Set Size (VmRSS). The SEVN code reads VmRSS from file /proc/self/status on-

the-fly during its run and we can estimate

Memory consumed = ∆VmRSS = VmRSS2 − VmRSS1 (4.4)

where VmRSS2 and and VmRSS1 are the amount of allocated virtual memory after and before

the code run the test sample.

Users need to manually set the maximum percentage of memory “Mem Perc Max” the

code can use during the run. In all our calculations, we use 80 % of the available memory

on the devices. It is crucial to avoid the usage of all the available memory so to avoid filling

up the resources of any system without control.
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The formula 4.2 for calculating the adaptive chunk size assumes that the consumed

memory scales linearly with the number of binaries. Figure 4.2 shows that this is a reasonable

assumption.

4.3 Parallelization with OpenMP

After implementing the adaptive loading method, our next goal is to parallelize the SEVN

code on a single computing node. We can accomplish the goal through the Open Multi-

Processing (OpenMP) directives.

OpenMP is an Application Programming Interface (API) that supports multi-platform

shared-memory multiprocessing programming. Multithreading, in which a single thread (a

sequence of instructions executed in order) splits off into a number of parallel “sub-threads,”

is implemented in OpenMP. The threads are then scheduled to execute simultaneously, with

the runtime environment distributing them across the available CPU cores.

The beginning of a parallel section in the code is identified through a compiler directive

that initiates thread creation before the code is executed. Once the parallelized code has

completed running, all created threads will merge back into the main thread, which continues

the execution until the end of the run.

Each thread operates autonomously on its own copy of the parallelized code, by default.

Using work-sharing constructs, it is possible to delegate specific portions of a task’s execution

to individual threads. OpenMP allows to accomplish task parallelism and data parallelism

in this way.

Threads are distributed to processors by the runtime environment based on factors such

as usage, machine load, and other conditions. The number of threads can be determined

either by the runtime environment using environment variables or by the code using thread

assignment functions. In C/C++, the “omp.h” header file contains the OpenMP directives.

In the SEVN code, all the objects to evolve can be either single or binary stars and their
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initial conditions are stored into a C++ standard-template-library vector. In the following,

we will only refer to binaries, though the parallelization and the presented results are the

same for single stars. In our parallelization strategy, each OpenMP thread takes care of the

evolution of only its part of binaries (Bin Per Thread), simultaneously to other threads:

Bin Per Thread = std::ceil

(
Total Number of Binaries

Total Number of Threads

)
(4.5)

The adaptive chunk loading modulates the total number of binaries:

Total Number of Binaries = min( Total Number of Binaries, Adaptive chunk ) (4.6)

Function std::ceil(x) returns the smallest integer that is greater than or equal to x, so only

the last OpenMP thread will evolve less binaries in case the total amount of binaries and

adopted number of threads are not exact multiple of each other. Then each set of binaries

evolves simultaneously within the parallel loop construct. The initial (Omp Start) and

final (Omp End) binary that each thread must evolve within the parallel loop are then

Omp Start = Bin Per Thread × Thread ID (4.7)

and

Omp End = min ( Bin Per Thread× (Thread ID + 1) , Total Number of Binaries ))

(4.8)

The main part of the code with OpenMP implementation is shown in the Appendix

A.1. This shows only the core of the OpenMP implementation. The results of our OpenMP

implementation are presented together with MPI results, in the next section (Sec. 4.4).
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4.4 Parallelization with MPI

Message Passing Interface (MPI) is a standardized and portable message-passing standard

designed to function on parallel computing architectures. MPI does not depend on its

underlying programming language.

MPI and OpenMP enable parallel programming, but they have an important difference.

MPI is used in distributed memory architectures. Unlike shared memory described above,

distributed memory uses a collection of independent memory units that synchronize using a

network, primarily found in supercomputers. It means that each core or node has a memory

space of its own and does not require locks like shared memory.

However, synchronization is still required to distribute the computation and collect re-

sults, and that is done through message passing. OpenMPI provides API calls such as

MPI Send and MPI Recv to allow communication between computation nodes. Unlike

OpenMP, each computational unit has to send its results to a master and manually compile

and aggregate the final result.

Global communication primitives are carried out on all processes belonging to the same

communication group. By default, once MPI got initialized, all processes belong to the same

group of communication called MPI COMM WORLD.

Typically, for maximum performance, to each CPU core will be assigned just a single

MPI process.

To perform MPI parallelization, we divided the input binaries in the SEVN code into

partitions, similarly to what we did for OpenMP, but now considering the total number of

MPI processes:

Bin Per MPI =
Total number of binaries

Number of MPI procs
(4.9)

Then the number of binaries is compared with the size of the adaptive chunk.

Bin to do = min (Bin Per MPI− Bin Done,Adaptive Chunk) (4.10)
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Figure 4.3: The relative size of a chunk (on the left) and the percentage of memory consumed
during the run of SEVN (on the right) as the function of the maximum available memory. We
obtained dependencies for 1 (blue lines) and 4 (orange lines) MPI processes.

An important aspect that it is worth noting is that here the adaptive chunk method must

constrain the binaries to evolve per MPI process (“Bin per MPI”) because, as already men-

tioned, each MPI process has its own memory copy of the binaries. Thus, if the number of

binaries per MPI process requires more memory than is available on the device, then the

evolution of objects by each MPI process happens in a loop. Specifically, depending on the

available memory, increasing the number of MPI processes results in a decreased chunk size

and, consequently, in a decreased speed-up (e.g., too few binaries per MPI process, see figure

4.3).

The main part of the code with MPI implementation is in the Appendix A.2.

Figure 4.3 shows the relative size of a chunk and the percentage of memory consumed in

the process of calculations as the function of the maximum available memory. We obtained

dependencies for 1 (blue lines) and 4 (orange lines) MPI processes. The figure shows that as

the number of available memory increases, the adaptive chunk size grows linearly for 1 and

4 MPI processes. The size of an adaptive chunk for 4 MPI processes is approximately two

times smaller than that for 1 MPI process. It happens because 4 MPI processes use more

available memory to store in the memory vector with objects and more virtual memory per

test chunk construct (see formula 4.2).
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Figure 4.4: CPU efficiency (on the left) and memory consumption (on the right) for 1 million of
input binaries for different amount of processors units (CPUs), used during the run.

The right side of Fig. 4.3 shows that the amount of physical RAM used for calculations

differs from the maximum value of memory specified. For threshold values below 60%,

the actual memory consumption is roughly 10% higher. This occurs because the SEVN

code, initial data, and libraries take up about 10% of total RAM. The simulation’s memory

consumption stabilizes at approximately 70% at a threshold value greater than 60%. We

assume this to be the case since the SEVN code data load is based on the interpolation of

used virtual memory, not physical memory (see formula 4.2). During any program execution,

virtual memory consumption is always greater than physical memory consumption.

Successful parallelization of code requires efficient use of both processing power (CPUs)

and memory. Figure 4.2 shows that simulations of a million binary systems with serial SEVN

code use all the available node memory on the Ulysses, regular2 partition. We performed

calculations using the parallelized SEVN code to check whether we had reached our mission.

In Figure 4.4, we show the CPU efficiency and the memory consumption for one million

input binaries. We can see that CPU efficiency grows almost linear with the number of

threads or MPI processes. This outcome is consistent with our expectations, as we utilize

more available CPUs while increasing the number of MPI processes or threads.

Memory consumption increases when using only the MPI interface, while for OpenMP, it

remains constant. It happens for obvious reasons: With the OpenMP interfaces, processes
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Figure 4.5: SEVN calculation time (on the top) and speed-up (on the bottom) for the different
numbers used processors (CPUs) for 100 thousand and 1 million binaries. Calculations performed
on Ulysses, regular2 partition. The solid orange lines show the results with the use of the OpenMP
interface, and the solid blue line with the use of the MPI interface. The dashed grey line is perfect
speed up.

share memory and access an array of binary systems. With the MPI interface, all processes

copy and allocate memory for the entire array of binary systems. Memory usage grows

linearly without the adaptive chunk implementation. For a larger number of systems or

employed CPUs, all available memory will be used for calculations.

Figure 4.5 shows the calculation time, and speed-up of the parallelized version of the

SEVN code on a single node of the Ulysses computing cluster at SISSA (see Table 4.1), as a

function of the adopted CPUs and for different total numbers of evolved binaries. We show

the results of both the OpenMP and the MPI parallelizations.

We see that the code calculation time decreases by one order of magnitude when using
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only the OpenMP interface and by a factor 25 when using only the MPI version of the code.

The speed-up of the SEVN code when using MPI is quite close to the values of perfect

speed-up. When using OpenMP, the speed-up saturates at 16 used CPUs and it gives a

maximum speed-up of 10x on a single node.

The reason why the OpenMP version of the SEVN code stops scaling for a number of

threads larger than 16 might be ascribed to false-sharing. Most high-performance processors

insert a cache buffer between slow memory and the high-speed registers of the CPU. Access-

ing a memory location causes a slice of actual memory (a cache line) containing the memory

location requested to be copied into the cache. Each update of an individual element of a

cache line coming from different threads marks the line as invalid, and threads are forced to

fetch a more recent copy of the line from memory, even though the element accessed has not

been modified. As a result, there will be an increase in interconnect traffic and overhead.

Also, while the cache-line update is in progress, access to the elements in the line is inhib-

ited. If this occurs frequently, the performance and scalability of an OpenMP application

will suffer significantly. This probably happens in our code since all the OpenMP threads

access simultaneously the same C++ vector, which is shared among the threads.

If the issue is false-sharing, then the code needs to be restructured, especially when it

comes to storing and accessing data. As a follow-up project, we will investigate whether it

is worth restructuring the code for better OpenMP performance, or simply do a complete

porting on, for example, GPUs, though the latter is beyond the scope of this thesis.

4.5 Hybrid Parallelization - MPI + OpenMP

We have many possible implementations of hybrid parallelization. To choose the best com-

bination, we need to consider all the advantages and pitfalls of using OpenMP and MPI

interfaces.

OpenMP: The advantage of using only the OpenMP interface is the ease of use, and the
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data is not replicated as the number of threads increases. The latter is a major benefit for

the SEVN code, which has high memory pressure. The major disadvantages are the reduced

speed-up on a single node and the inability to perform parallelization on multiple nodes.

MPI: The main advantage of using MPI is increased performance, if a single process is

assigned to a single CPU core, and the possibility to scale on multi-node computing clusters.

Also, MPI is a good candidate for perfectly load-balanced applications. The main problem

of MPI is memory consumption because each MPI process replicates the data. Specifically,

if we start increasing the number of MPI processes, at some point, the adaptive data loading

mechanism will force the chunk of binaries to a very small value, resulting in a compromised

speed-up (see also Fig. 4.3)

Thus, with a hybrid parallelization strategy we might try to take full advantage of both

OpenMP and MPI implementations. The hybrid approach will take the main advantage

of MPI in terms of scaling performance across multiple nodes and the main advantage of

OpenMP in terms of reducing memory pressure.

The optimal implementation of hybrid parallelization on a single node is an outer loop

with an MPI interface and an inner loop with OpenMP. It is necessary to understand how

to choose the optimal number of OpenMP threads per MPI process and the number of MPI

processes per node.

So we tried the following combinations:

• 1 MPI process per socket, i.e. 2 MPI processes per node on Ulysses,

• 2 MPI process per socket, i.e. 4 MPI processes per node on Ulysses,

• 4 MPI processes per socket, i.e. 8 MPI processes per node on Ulysses.

We varied the number of threads for each combination from one to the maximum possible

number. Figure 4.6 shows the calculation time and speed up depending on the number of

CPUs used on a single node of the Ulysses cluster using 100 thousand binary star systems.

We get the slowest calculations when using 2 MPI processes per node. When using 4 and 8

MPI processes per node, we get approximately the same calculation time/speed-up. Given
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Figure 4.6: The calculation time (on the left) and speed-up (on the right) depending on the
number of processors (CPUs) used. We obtained the results for 100 thousand binary star systems.
During the calculation, we used 2, 4, and 8 MPI processes and a different number of threads. The
dashed grey line is perfect speed up.

that 4 MPI processes use half as much memory as 8 MPI, we get the following optimal

configuration of processes for the current version of the SEVN code on Ulysses: 2 MPI

process per socket (i.e., 4 per node) and 16 OpenMP threads, i.e. total of 64 “processors”, as

in the x-axis of Fig. 4.6. Such a combination of MPI and OpenMP processes is favorable for

large statistical sample simulations. As we stated above, a smaller number of MPI processes

significantly softens the memory requirements and increases the size of the adaptive chunk.

Figure 4.7 shows the calculation time and speed-up of the SEVN code when using multiple

nodes on the Ulysses cluster. We run the parallelized SEVN code on up to four compute

nodes. The speed-up of the SEVN code with only MPI on one node (up to 64 CPUs) is

about 25x. The speed-up on multi-nodes does not deviate significantly from a straight line:

Speed-upp ∼ Speed-up1 × p (4.11)

where p is a number of the node. On four Ulysses compute nodes, with pure MPI, we get a

speed-up of about 100x.

Hybrid parallelization gives approximately the same computation time and acceleration

as pure MPI on a single node, but it uses significantly less memory. Therefore, despite a
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Figure 4.7: The calculation time (on the left) and speed-up (on the right) depending on the
number of processors (CPUs) used. The solid blue lines show the results using the MPI interface
on multiple nodes. The solid orange lines show the results using hybrid parallelization ( both the
OpenMP and MPI interface). We used 16 OpenMP threads and 4 MPI processes per node for
hybrid parallelization. The dashed grey line is perfect speed up.

slightly lower speed-up on multi-nodes, hybrid parallelization has a more promising potential

for very large statistical population samples, which will be run in the next months.
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Chapter 5

Conclusions

Common envelope is a key binary stellar evolution process that is likely to play a crucial

role in the formation and evolution of very tight binaries. Such systems have the potential

to merge during the life of the Universe, and current and next-generation interferometers

can detect gravitational waves from their mergers.

Despite its importance, our knowledge of the common envelope phase is hampered by the

uncertainties we have in the details of stellar evolution and on the physics of the interaction

between the stars and the (common) envelope. Self-consistent hydrodynamical simulations

of CE are very complex and require powerful computation resources, thus state-of-the-art

simulations performed through binary population-synthesis codes use approximate method-

ologies to treat this phase. The (α,λ)-formalism, where α is the efficiency of CE ejection

and parametrizes the fraction of binary orbital energy transferred to the envelope, and λ is

the envelope’s binding-energy parameter

Both parameters play a vital role in predicting the fate of a binary system that evolves

through CE and, consequently, on the astrophysical interpretation of gravitational wave

sources.

For many years, the λ parameter was used as a constant for all stars. In the last decade,

Wang et al. [196], Dewi and Tauris [194], Klencki et al. [197], Kruckow et al. [198], Kruckow
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et al. [199] self-consistently calculated the λ parameter and demonstrated that it varies by

two orders of magnitude during the life of stars. They also established that the parameter

depends on the star’s initial mass, metallicity, stellar wind model, and many other physical

parameters.

Despite the availability of self-consistent calculations for the λ parameters, a comprehen-

sive and detailed analysis of λ parameters across all stellar stages, metallicities, and stellar

masses, is still missing. Furthermore, their impact in the formation and evolution of loud

gravitational-wave sources in large populations of binary stars remains to be investigated.

In this thesis, we performed self-consistent calculations of the λ parameter for a large

set of stars, at different metallicities, through an up-to-date version of the PARSEC stellar

evolution code. We calculated the values of λ for non-rotating hydrogen stars with metal-

licities Z =0.0001, 0.0005, 0.001, 0.002, 0.004, 0.006, 0.008, 0.014, 0.017, 0.02 and 48 values

of initial masses in the range between 2.0 M⊙ and 600.0 M⊙ (equally spaced in logarithmic

scale). Furthermore, we also considered pure-helium stars as potential donors in the CE

phase, and we performed self-consistent λ-parameter calculations for a large set of helium

stars, at metallicity Z =0.0001, 0.0002, 0.0005, 0.001, 0.002, 0.004, 0.006, 0.008, 0.01, 0.02,

0.03, 0.05, and for 78 log-spaced values of initial masses in the range between 2.0 M⊙ and

350.0 M⊙.

We showed that the criterion for defining the separation between the outer edge of an

evolved star’s core and the inner edge of its envelope is not unique. However, identifying the

stellar envelope-core boundary and the time of core production can affect the calculation of

envelope’s binding energies and the outcome of a possible common envelope phase.

We used a chemical composition method to determine the outer edge of the core: the

helium (carbon) core is the inner region of a star with a hydrogen (helium) ratio below the

threshold value. We investigated the effect of using different threshold values on our results:

XH or He =0.2, 10−2, 10−3, 10−5, 10−7, 10−9.

Similarly to Wang et al. [196], Dewi and Tauris [194], Klencki et al. [197], Kruckow et al.
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[198], Kruckow et al. [199], we found that λ parameters vary about two orders of magnitude

during a star’s lifetime ( see figure 3.4). The λ parameters depend significantly on the initial

mass of the star. For example, on figure 3.4 the λb parameter differs by three orders of

magnitude for low-mass (5 M⊙) and massive (70 M⊙) stars. We did not find a significant

impact of metallicity value on the value of the λ parameter, which agrees with findings of

Dewi and Tauris [194], Wang et al. [196], Kruckow et al. [198], Klencki et al. [197]. The

various criteria we have considered for determining the outer edge of the core do not make

a significant contribution to the value of the λ parameters (see figure 3.4), though they can

still have an impact on the number of binary systems that will survive a possible common

envelope phase.

We also compared our results for hydrogen stars with those from other authors (see

section 3.4 and figures 3.6, 3.7, 3.8 and 3.9). The main result we obtained is that our

thermal binding energy parameter is about one order of magnitude less than Wang et al.

[196], Klencki et al. [197], Kruckow et al. [198], Claeys et al. [296] results.

We also showed the binding energy parameters obtained for helium stars. We found

that the λ parameters can vary significantly during the stellar evolution of low-mass stars.

For example, λ parameters for star with initial mass 2.2M⊙ and Z = 0.02 vary more

than two orders of magnitude during stellar evolution (see figure3.5). For massive helium

stars (> 8M⊙), the λ parameters are approximately constant (λb = 0.15). Since self-

consistent calculations for the λ parameter of helium-free stars were not performed, Claeys

et al. [296], the BSE and MOBSE codes use a constant λb = 0.5 for helium stars. The

PARSEC code yields λ parameter values for massive helium stars that differ by a factor

of three from the generally accepted constant. The binding energy parameters for massive

helium stars also do not depend on the metallicity value and the criteria for determining

the core-envelope boundary. However, the λ parameters of low-mass helium stars depend

significantly on metallicity. For example, the λ parameters for the star with initial mass

2.2M⊙ and Z = 0.0005 vary by less than the order of magnitude, while the star with mass
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2.2M⊙ and Z = 0.02 vary 2.5 times during stellar evolution.

The main result is that differences in the details of stellar evolution calculations, such

as stellar rotation, stellar winds models, criteria of core definition, and overshooting, can

have a crucial impact on the calculation of the λ parameters for both non-naked and naked-

helium stars. Thus, having self-consistent calculations for the envelopes’ binding energies is a

crucial step that must be performed before studying populations of merging compact-object

binaries via population-synthesis codes.

In Sec. 3.5 we also provide fitting formulas for our values of λ for both non-naked and

naked-helium stars. The fits coefficients and λ tables can be downloaded from the website

github.com/NataNazar/Binding energy parameters.

As next steps, we will soon implement a new look-up table in the SEVN code containing

the new set of λ parameters and we will run many population-synthesis simulations of

binary systems, with different initial conditions, and we will study the impact of the new

self-consistent λ calculations on the formation and evolution of merging compact-object

binaries and their imlications for the astrophysical interpretation of present and forthcoming

gravitational-wave sources.

In this thesis, we have already started the process of implementing the new λ values on

the SEVN population-synthesis code, but we had to focus on a preliminary optimization

of the SEVN code which is preparatory for the implementation of our new prescriptions.

We found that the SEVN code requires significant optimization to evolve large samples of

objects with different initial parameters since such simulations require a significant amount

of memory and time (see figure 4.2).

Thus, we optimized SEVN to run very large samples of binary systems in a reasonable

amount of time and with low memory consumption. To do that, we parallelized the SEVN

code on both single computing nodes (through OpenMP) and multi-node supercomputers

(through MPI).

In order to mitigate the memory requirements of the computing device, we implemented

81

https://github.com/NataNazar/Binding_energy_parameters


a new method which we refer to as adaptive data loading. Adaptive loading divides the

entire initial set of objects into chunks of sufficient size to avoid filling the system’s available

memory.

We also tested our parallel implementations on the Ulysses supercomputing cluster at

SISSA. We used the OpenMP interface to speed up and optimize simulations on a single node

and achieved a maximum speed-up of 10x. We used the MPI interface to scale computations

across multiple compute nodes and improve the speed-up. On a single node, we got a speed-

up of 30x with only MPI.

However, a large number of MPI processes on one node significantly increase memory

requirements. Therefore, we used hybrid parallelization to take full advantage of OpenMP

and MPI parallelization. As a result, we found that, on the Ulysses supercomputing cluster,

the best hybrid combination for one node is 2 MPI processes per socket, and the number of

threads is equal to the number of cores on one socket. This combination provides approx-

imately 25x speed-up per compute node and minimal memory usage. We also performed

MPI, and hybrid parallelization on multiple compute nodes. On 4 Ulysses compute nodes,

with pure MPI, we get a speed-up of about 100x. With hybrid parallelization, we get a

speed-up of about 75x.

Our main task of parallelization and code optimization is to evolve with SEVN large

statistical samples of binaries, which may contain up to 109 objects. However, in this case,

we will likely meet another issue related to loading the input files containing all the initial

conditions of all stars. The problem is that such files will be heavy and require a large

amount of memory. Figure 5.1 shows the dependence of the size of files with initial data

depending on the number of binary systems. From figure it is apparent that the regular2

partition on Ulysses will not have enough memory to simulate all binaries, even using just

one MPI process. Thus, in the future, we will need to modify the SEVN data-loading method

to take into account this aspect.

A future optimization of the SEVN code will also be to port the code, or part of it,
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Figure 5.1: The dependence of the size of files with initial data depending on the number of binary
systems. The solid blue line shows the amount of memory needed for a single MPI process, while
the orange solid line shows the amount of memory needed for 16 MPI processes. The horizontal
dashed green line shows the maximum available memory on the regular1 partition (or long1,
etc.). The horizontal dashed red line shows the maximum available memory on the regular2.

on (multiple) graphics processing units (GPUs). The strategy might be very advantageous

when SEVN is used in combination of massively GPU-parallel stellar dynamics codes (e.g.,

ISTEDDAS [339]), but it requires a profound restructuring of the SEVN code and the GPU-

porting must be carefully investigated.
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Data Availability

We have provided all the obtained binding energy parameters for hydrogen and helium stars

for public use in the form of look-up tables. Tables containing the following data: the mass

(Mi, in grams), radius (Ri, in centimeters), effective temperature (Teff, in Kelvin), luminosity

(L, in watts), the λg, λb and λh parameter of the star during stellar evolution.

We have also provided a detailed description of the fitting functions and their coefficients

for public use. For each function, we pointed out the value of mean squared errors. The

data available on the website github.com/NataNazar/Binding energy parameters
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Appendix A

Optimization of the SEVN code

A.1 OpenMP implementation

int evolve_list(..., std::vector<std::unique_ptr<System>>& systems, ..., int

Nevolve=-1){

if (Nevolve==-1) Nevolve=systems.size();

unsigned Nfailed=0;

#pragma omp parallel num_threads(sevnio.nthreads) reduction(+: Nfailed)

{

long int omp_start = sevnomp->get_start(Nevolve);

long int omp_end = sevnomp->get_end(Nevolve);

for (long int i = omp_start; i < omp_end; i++) {

T_BEGIN("Binary")

/****** EVOLVE ******/

if((*evolve_function)(systems[i])==EXIT_FAILURE)

Nfailed++;

T_END("Binary")
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}

sevnomp->set_completed();

}

return Nfailed;

}

class treads_class{

public:

unsigned int threads_tot;

treads_class(int num_threads) : threads_tot(num_threads){}

long int get_start(int Nevolve);

long int get_end(int Nevolve);

};

long int treads_class::get_start(int Nevolve) {

long int bin_per_thread = (long int) (std::ceil(Nevolve/(double)

threads_tot));

return(omp_get_thread_num()*bin_per_thread);

}

long int treads_class::get_end(int Nevolve) {

long int bin_per_thread = (long int) (std::ceil(Nevolve/(double)

threads_tot));

return(std::min(bin_per_thread*(omp_get_thread_num() + 1), (long int)

Nevolve));

}
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A.2 MPI implementation

MPI_Init(&argc, &argv); // Initialization of MPI

/*

...

*/

long Nchunk = adapt_evolve_chunk<T>(&sevnio); // Calculate the adaptive chunk

size that fits perfectly into the available memory of the actual device.

int numprocs;

MPI_Comm_size(MPI_COMM_WORLD, &numprocs); // Get the number of processes in

MPI_COMM_WORLD

int procid;

MPI_Comm_rank(MPI_COMM_WORLD, &procid); // Get the rank of this process in

MPI_COMM_WORLD

Nchunk = Nchunk/numprocs;

std::vector<std::unique_ptr<System>> systems; // Preliminary assignment

long Ntot = sevnio.STARS_MATRIX.size(); // Max size

long Tot_binaries = Ntot;

systems.reserve(Nchunk); //Reserve space for systems

unsigned int Ndone=0;

size_t current_idx=0;

int Ntodo=0;

int Nfailed=0;

unsigned int partition =std::ceil((double) Ntot /(double) numprocs);

// Calculation size of partition

Ntot = partition; // Redefining the Ntot for each MPI

process

93



current_idx = procid*partition;

Ntot = current_idx + Ntot > Tot_binaries ? Tot_binaries - current_idx: Ntot;

while (Ndone<Ntot){

//Assign Ntodo

Ntodo = current_idx + Ntodo > Tot_binaries ? Tot_binaries - current_idx :

Ntot-Ndone;

Ntodo = std::min(Ntot-Ndone, Nchunk);

sevnomp.set_offset(current_idx); //Fill vector

T_BEGIN("EmplaceBack")

for (size_t i = 0; i < (size_t) Ntodo; i++) {

try{

systems.emplace_back(new T(&sevnio, sevnio.STARS_MATRIX[current_idx],

current_idx));

}

catch(sevnstd::sevnio_error& e){ //sevnio error contains initialisation

errors

sevnio.print_failed_initilisation_summary(current_idx);

sevnlog.error("Failed initilisation for System with

ID="+utilities::n2s(current_idx,__FILE__,__LINE__)+

" with

message:\n"+e.what(),__FILE__,__LINE__,sevnio.svpar.get_bool("initerror_stop"));

}

current_idx++;

}

T_END("EmplaceBack")

//Evolve and update Nfailed
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Nfailed+=evolve_list(evolve_function, systems, sevnio, &sevnomp, Ntodo);

//Clear

systems.clear();

//Update Ndone

Ndone+=Ntodo;

}

/*

...

*/

MPI_Finalize();
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[138] F. Özel, D. Psaltis et al., “The black hole mass distribution in the galaxy,” The

Astrophysical Journal, vol. 725, no. 2, p. 1918, dec 2010.

[Online]. Available: https://dx.doi.org/10.1088/0004-637X/725/2/1918

[139] W. M. Farr, N. Sravan et al., “The mass distribution of stellar-mass black holes,”

The Astrophysical Journal, vol. 741, no. 2, p. 103, oct 2011.

[Online]. Available: https://dx.doi.org/10.1088/0004-637X/741/2/103

[140] B. P. Abbott, R. Abbott et al., “Binary black hole population properties inferred

from the first and second observing runs of advanced LIGO and advanced virgo,”

The Astrophysical Journal, vol. 882, no. 2, p. L24, sep 2019.

[Online]. Available: https://doi.org/10.3847%2F2041-8213%2Fab3800
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Académie des sciences de Montpellier: Mémoires de la section des sciences, 1851.

[228] ——, “Recherches sur les atmosph‘eres des com‘ete,” Annales de l’Observatoire

imperial de Paris, 1859.

[229] T. M. Tauris and E. v. d. Heuvel, “Formation and evolution of compact stellar x-ray

sources,” 2003.

[Online]. Available: https://arxiv.org/abs/astro-ph/0303456

[230] Z. Kopal, Dynamics of close binary systems. Springer Science & Business Media,

2012, vol. 68.

[231] M. Plavec and P. Kratochvil, “Tables for the Roche model of close binaries,” Bulletin

of the Astronomical Institutes of Czechoslovakia, vol. 15, p. 165, Jan. 1964.
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