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The classical and continuum limit of a quantum gravitational setting could lead, at mesoscopic
regimes, to a very different notion of geometry w.r.t. the pseudo-Riemannian one of special and
general relativity. A possible way to characterize this modified space-time notion is by a momentum
dependent metric, in such a way that particles with different energies could probe different spacetimes. Indeed, doubly special relativity theories, deforming the special relativistic kinematics while
maintaining a relativity principle, have been understood within a geometrical context, by considering a curved momentum space. The extension of these momentum spaces to curved spacetimes
and its possible phenomenological implications have been recently investigated. Following this line
of research, we address here the first two laws of black holes thermodynamics in the context of a
cotangent bundle metric, depending on both momentum and space-time coordinates, compatible
with the relativistic deformed kinematics of doubly special relativity.

I.

INTRODUCTION

The quest for a quantum gravity theory (QGT) able to conjugate the two pillars of modern physics, quantum field
theory (QFT) and general relativity (GR), has been the object of intense scrutiny for several decades by now. Indeed,
while QFT and GR have been proved to describe respectively the interaction of elementary particles and astrophysical
objects with extraordinary accuracy, we still need a QGT in order to have predictability in extreme situations, like
the very early universe or the interior of black holes. However such a theory, e.g. something able to describe the
interaction and propagation high-energetic small particles on a quantum spacetime, is still missing.
Nonetheless, in the past decades important advancements towards this aim have been accomplished leading to the
construction of remarkable theoretical frameworks such as string theory [1–3], loop quantum gravity [4, 5], causal
dynamical triangulations [6] or causal set theory [7–9]. In most of these theories, a minimum length appears [10–
12], normally associated with the Planck length ℓP ∼ 1.6 × 10−33 cm (corresponding to the energy scale MP ∼
1.22 × 1019 GeV). This length is supposed to separate somehow the classical and “quantum” regimes of spacetime, a
transition that might lead to novel scenarios and possible observable implications.
Unfortunately, the aforementioned theories are not yet able to provide definitive predictions concerning the phenomenology associated to this transition (albeit several proposal in this sense are present in the extant literature).
Given this state of affairs, in recent times it has been considered an alternative approach: instead of considering a
top-down investigation based on some candidate QGT, one can take a complementary bottom-up procedure based
on postulating different kind of modifications of the space-time geometry at mesoscopic regimes, i.e., between the
observed scales and the Planck one. Such departures from the standard structure of a classical/continuum spacetime
can be on one side related to different quantum gravity scenarios, on the other side they are often amenable to phenomenological testing/constraining, so they can potentially provide important clues about the features that a QGT
should have in order to be compatible with present observations at energies below the Planck scale.
A very commonly considered scenario is the one in which some local space-time symmetries, such as Poincaré
invariance, are modified at very high energies. In particular, a large body of research has been dedicated to the
possible phenomenology associated to departures from local Lorentz invariance, focusing mostly on modifications
of the dispersion relations for elementary particles of the form E 2 = p2 + m2 + f (E, p, MP ). Most interestingly,
using current experiments and observations, several significant constraints can be put on the strength of the above
introduced Lorentz violating term f (E, p, MP ) (see e.g. [13, 14]).
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Let us stress here that such dispersion relations can be associated alternatively to broken or deformed local Lorentz
invariance. The first scenario, in which Lorentz symmetry (more precisely the relativity principle at its base) is broken,
can be considered by studying for example extensions of the standard model of particle physics including terms allowing
for Lorentz invariance violation (LIV) [13–16]. Similar studies can be carried on also in the gravitational sector by
introducing a suitable dynamical aether vector field, see e.g. [14, 17, 18]. Alternatively, one can contemplate different
scenarios in which the relativity principle is preserved but its implementation is deformed in the sense that the action
of the boosts generator on momenta is modified, so to leave invariant some form of the aforementioned modified
dispersion relation. This approach takes the name of doubly special relativity (DSR) [19].
An important characteristic of DSR theories is that, besides a possible deformation of the dispersion relation, a
deformed (non-additive) composition law for momenta is necessary. While the first ingredient (the dispersion relation)
can be even unmodified, i.e., have the same expression of SR 1 , the last one must be always deformed, being then the
crucial difference with respect to SR kinematics.
It was “a posteriori” recognized that also in this framework a geometrical interpretation of the deformed symmetries
is possible through the introduction of a velocity or momentum dependent spacetime. The most common examples
of this kind of geometries are Finsler and Hamilton geometries respectively [21], and indeed within these frameworks,
the aforementioned departures from standard SR have been considered [22–24] 2 . Similarly, momentum dependent
geometries in this DSR framework have also been considered in [30–32].
An open problem common to the above mentioned approaches is related to the apparent impossibility to properly
take into account the role of the momenta composition law. Nonetheless, in a parallel stream of research it was shown
in [33] that all the ingredients of a relativistic deformed kinematics (modified dispersion relation and composition
law) can be obtained from a maximally symmetric momentum space. In particular, κ-Poincaré kinematics can be
obtained identifying the isometries (translations and Lorentz isometries) and the squared distance of the metric with
the deformed composition law, deformed Lorentz transformations and deformed dispersion relation respectively (the
last two facts were previously contemplated in Refs. [34, 35]).
In [36–40] the proposal of [33] was generalized so allowing the metric to describe a curved spacetime, so leading to
a geometry in the cotangent bundle depending on all the phase-space variables. This scheme is a generalization of the
aforementioned Hamilton structures, the so-called generalized Hamilton spaces [21]. Given the above progresses, it
is nowadays possible to attempt some investigations about the phenomenological and theoretical implications of this
framework. Attempts in this direction can for example be found in [36–38].
In this sense, it is quite clear that black holes are particularly interesting objects as their evaporation appears to be
a first example of mixing of QFT and GR. However, they are also a source of apparent contradiction between these
established theories. One of the most noticeable examples is the so-called information loss problem associated to
quantum black hole evaporation [41]. In the GR framework, it seems to imply an non-unitary evolution of quantum
states, so violating a basic tenet of QFT. On the other hand, requiring unitarity seems to imply a breakdown of
the equivalence principle, the base of GR, at the event horizon of the black hole (see e.g. the so-called firewall
paradigm proposed in [42]). Therefore, it is natural and pressing to further understand black holes in the above
discussed alternative scenarios, where Lorentz invariance can be broken or deformed, to see if these issues survive or
are resolved somehow.
In the LIV framework, black holes have been considered in [43–46], showing that particles with different energies
see different horizons. This is problematic, gievn that his feature can in principle be used to violate the second law of
thermodynamics already at the classical level, as well as via particle dependent Hawking radiation (see e.g. [43]), hence
pointing towards a basic inconsistency of the LIV scenarios. However, there is evidence that the dynamical realization
of such violations of the second law might be practically precluded (see e.g. [47]) or that the UV completion of LIV
theories could remedy at this problem by introducing further geometrical structure to the black hole, the so-called
Universal Horizon [45]. The latter appears to fix a universal temperature and restore black hole thermodynamics [48]
(see however also [49]).
In the DSR context, the temperature of black holes has been explored in [50–58]. The main outcome of these
investigations is the realization that the the black hole cannot fully evaporate, so ending in a remnant of finite mass.
However, in these scenarios the adopted geometrical setting does not include the composition law associated to the
deformed kinematics in a clear way, leaving open the question of the compatibility of black hole thermodynamics with
momentum dependent geometrical setups fully accounting for the deformed/doubly special relativistic kinematics.
Fortunately, the aforementioned construction of a cotangent bundle metric can be carried on for a Schwarzschild
black hole. In this case, a first remarkable result is that, in spite of the particle-dependent modified dispersion relations,
there is still a common horizon for all particles, independently of their energy [36]. However, the usual alternative and
1
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This happens in the so-called “classical basis” of κ-Poincaré [20]
Albeit, it is perhaps worth stressing that also LIV scenarios can sometime be described via the same kind of momentum/velocity
dependent geometries, see e.g. [25–29].
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equivalent definitions of surface gravity [59] adopted in GR turn out to not coincide anymore, albeit they can do so in
a very particular momentum basis [40]. This opens the question if the laws of black hole mechanics/thermodynamics
can be generically extended in this context and in which way.
Following this line of research, in this paper we will hence investigate the first two laws of black hole thermodynamics
for a cotangent bundle metric compatible with DSR kinematics. We start by introducing cotangent bundle geometries
and recalling some previous results in Sec. II. In Sec. III and IV we describe the zero and first laws, respectively,
recovering (albeit in a subtle way) the same results of GR. Finally, we discuss the open issue and perspectives in
Sec. V.

II.

THE COTANGENT BUNDLE GEOMETRIES FRAMEWORK FOR DSR

Let us start by laying down the basic building blocks for our analysis. We shall start by introducing the main
geometrical ingredients in the cotangent bundle, show their connection to DSR, and finally review our main results
from previous papers about their generalization to curved spacetimes.

A.

Cotangent bundle geometries in a nutshell

In [21] a line element in the cotangent bundle is defined as
G = gµν (x, k)dxµ dxν + g µν (x, k)δkµ δkν ,

(1)

δkµ = dkµ − Nνµ (x, k) dxν ,

(2)

where

being Nνµ (x, k) the nonlinear connection coefficients.
In [21] it is shown that a horizontal curve is determined by the geodesic motion in spacetime given by
d2 xµ
dxν dxσ
µ
+
H
(x,
k)
= 0,
νσ
dτ 2
dτ dτ

(3)

and the change of momentum obtained from
dkλ
dxσ
δkλ
=
− Nσλ (x, k)
= 0,
dτ
dτ
dτ

(4)

where
1
H µν (x, k) = g ρσ (x, k)
2
ρ



δgσν (x, k) δgσµ (x, k) δgµν (x, k)
+
−
δxµ
δxν
δxσ



,

(5)

is the affine connection of spacetime, and
δ . ∂
∂
=
+ Nνµ (x, k)
.
δxµ
∂xµ
∂kν

(6)

Here, τ plays the role of the proper time or the affine parametrization depending if one is considering a massive or a
massless particle, respectively.
The choice of the nonlinear connection coefficients Nνµ (x, k) is not unique but, as it is shown in [21], there is
one and only one choice of nonlinear connection coefficients that leads to a space-time affine connection which is
metric compatible and torsion free. When the space-time affine connection is momentum independent, which does
not necessarily implies that the momentum metric must also show such behavior, the coefficients of the nonlinear
connection are given by
Nµν (x, k) = kρ Γρ µν (x) ,

(7)

where Γρµν (x) is the GR affine connection. From here it is easy to see that, when the metric does not depend on the
space-time coordinates, these coefficients vanish.
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In [21] the covariant derivatives in space-time were defined as
...αr
Tβα11...β
(x, k) =
s ;µ

...αr
δTβα11...β
(x, k)
s

2 ...αr
+ Tβλα
(x, k)H α1 λµ (x, k) + · · · +
1 ...βs
δxµ
...λ
α1 ...αr
...αr
(x, k)H αr λµ (x, k) − Tλβ
Tβα11...β
(x, k)H λ β1 µ (x, k) − · · · − Tβα11...λ
(x, k)H λ βs µ (x, k) .
s
2 ...βs

(8)

Also, it can be shown [21] that, given a metric, there is always a symmetric non-linear connection leading to metric
compatible affine connections in spacetime so that gµν;ρ (x, k) = 0.
In order to study the thermodynamics of black holes, we need to know how the Lie derivative is deformed in this
context. In [31, 36] the modified Killing equation for a metric in the cotangent bundle was derived
∂χα
∂χα
∂gµν (x, k) α ∂gµν (x, k) ∂χγ
χ
−
k
+
g
(x,
k)
+
g
(x,
k)
= 0,
γ
αν
αµ
∂xα
∂kα
∂xα
∂xµ
∂xν

(9)

where χα = χα (x) is momentum independent. In GR, where the metric does not depend on the momentum, the
previous condition can be written as
χµ ;ν + χν ;µ = 0 .

(10)

In [36] it was shown that the Killing equation (9) can be written as (for the particular case in which the affine
connection and the nonlinear coefficients are related as in Eq. (7))
χµ ;ν + χν ;µ −
B.

∂gµν ρ
χ kρ = 0 .
∂kσ ;σ

(11)

Deformed relativistic kinematics in curves spacetimes

We summarize here our previous results about supplementing a deformed relativistic kinematics within a curved
spacetime.
The deformed kinematics of DSR are usually obtained from Hopf algebras [60], being the κ-Poincaré kinematics [61]
the most studied example of this kind of construction. This kinematics has been understood from a geometrical point
of view in [33]. Given a de Sitter momentum metric g̃, translations can be used to define the associative deformed
composition law, the Lorentz isometries lead to the Lorentz transformations, and the (squared of the) distance in
momentum space is identified with the deformed Casimir.
In [36, 39], we extended [33] in order to consider in the same framework a deformed kinematics and a curved
spacetime. For that aim, it is mandatory to consider the cotangent bundle geometry above discussed. The metric
tensor gµν (x, k) in the cotangent bundle depending on space-time coordinates was constructed via the space-time
tetrad and the metric in momentum space, g̃, so that
β
gµν (x, k) = eα
µ (x)g̃αβ (k̄)eν (x) ,

(12)

where k̄α = ēνα (x)kν , and ē denotes the inverse of the space-time tetrad.
In [37] it was also proved that this Hamiltonian can be identified with the square of the minimal geometric distance
of a momentum k from the origin of momentum space, relating the Casimir and the metric in the following way [36]
C(x, k) =

1 ∂C(x, k)
∂C(x, k)
gµν (x, k)
.
4 ∂kµ
∂kν

(13)

It is also possible to choose any function of such Casimir as a new Casimir, which tantamount to make a redefinition
of the mass [33].
A very important relation satisfied by the Casimir is that its delta derivative (6) is zero, i.e.
δC(x, k)
= 0.
δxµ

(14)

This is a necessary condition derived from the fact the Hamilton equations of motions are horizontal curves [37].
In [39] we showed that the most general form of the metric, in which the construction of a deformed kinematics in
a curved space-time background is allowed, is a momentum basis whose Lorentz isometries are linear transformations
in momenta, i.e., a metric of the form
g̃µν (k) = ηµν f1 (k 2 ) +

kµ kν
f2 (k 2 ) ,
Λ2

(15)
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where Λ is the high-energy scale parametrizing the momentum deformation of the metric and kinematics, ηµν is the
Minkowski metric, and k 2 = kµ η µν kν . It is also important to note that, in order to have a smooth limit to SR,
f1 (0) = 1 ,

f2 (0) = const .

(16)

From Eq. (12) one obtains the following metric in the cotangent bundle when a curvature in spacetime is present
gαβ (x, k) = aαβ (x)f1 (k̄ 2 ) +

kα kβ
f2 (k̄ 2 ) ,
Λ2

(17)

µν
β
2
µν
where aµν (x) = eα
µ (x)ηαβ eν (x) is the GR metric, and k̄ = k̄µ η k̄ν = kµ a (x)kν . Therefore, one can use the
definition of the space-time affine connection (5) to show that this connection is momentum independent, being then
ρ
Hµν
(x, k) = Γρµν (x), the same one of GR [39].
Since we want the momentum metric (15) to be a de Sitter space (allowing us to define a deformed relativistic
kinematics), a relationship between the functions f1 and f2 must hold. In particular, in [37] it was shown that, in
order to be conserved the Einstein’s tensor, as defined in [21] (which is the same expression of GR), the metric (17)
must be conformally flat. Then, taking f2 = 0 and imposing a momentum de Sitter space, one obtains from Eq. (17)
2

k̄ 2
.
(18)
gµν (x, k) = aµν (x) 1 −
4Λ2

C.

Black holes in the cotangent bundle

Following the above definitions, it is easy to see that the deformed Kerr metric in the Boyer-Lindquist coordinates
reads

 
4M ar sin2 θ
2M r
dv 2 + 2dv dr − 2a sin2 θ dr dψ −
dv dψ
ds2 = f1 (k̄ 2 ) − 1 − 2
ρ
ρ2
(19)

Σ
f2 (k̄ 2 )
2
2
2
2
2
+ 2 sin θ dψ + ρ dθ +
(kv dv + kr dr + kθ dθ + kψ dψ) ,
ρ
Λ2
where
Σ = r 2 + a2

2

− a2 ∆ sin2 θ ,

∆ = r2 − 2M r − a2 ,

ρ2 = r2 + a2 cos2 θ .

(20)

In [40] it was found that only for the basis leading to Eq. (18) the diverse possible notions of surface gravity coincide.
While this is always true in GR when there is a Killing horizon [59], this is not longer true in these generic cotangent
bundle manifolds. However, for the basis of Eq. (18), in contrast with any other momentum coordinates, the Killing
equation can be written as in GR, i.e., Eq. (10), allowing for the usual derivation of surface gravity definition to go
trough.
In spite of this, we shall try to keep our analysis as general as possible, and hence, in what follows, we will use the
general form Eq. (17), with generic functions f1 and f2 .
III.

ZERO LAW

As we saw in [40], the surface gravity obtained from the inaffinity of null geodesics is the same of the one of GR for
a generic metric of the form of (17), i.e., independently of the choice of f1 and f2 . Here we show that, for any choice
of these functions, the surface gravity is a constant, as in GR, when considering massless particles. For that aim,
we start by showing that the Killing energy is still a conserved quantity. From the aforementioned definition of the
surface gravity we are able to prove that the “generator” surface gravity [59], another common (and useful) notion, is
the same one of GR, and hence coincides with κinaffinity , independently again on the functions f1 and f2 . Given that,
it is easy to prove that the zero law is still valid in this scheme.
A.

Conserved Killing energy

We start by considering the derivative of the Killing energy with respect the affine parameter τ
d(uα χα )
= (uα χα );µ uµ ,
dτ

(21)
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where uα is the velocity vector. As showed in [37], the derivative with respect to τ can be expressed also in this
cotangent bundle framework as a covariant derivative contracted with the velocity. For our case study we will consider
only massless particles, so u2 = 0. This also means that, due to the linear Lorentz covariant form of the metric (17),
the same relation between momentum and velocity of GR holds in this scheme (kµ = aµν uν ), and therefore
kµ g µν kν = kµ aµν kν = kµ uµ = 0 ,

(22)

2

since k̄ = 0.
We can now expand Eq. (21) as
µ
α µ
uα
;µ u χα + u u χα;µ =

∂uα µ ρ
1 ∂gµα ρ
χ;σ kρ uα uµ = −gµα
u χ ;σ kρ = 0 ,
2 ∂kσ
∂kσ

(23)

where in the second step we have used the geodesic equation and the Killing equation (11), in the third one the fact
that u2 = 0, and in the last one the fact that the four-velocity for massless particles does not depend on k, since they
probe a momentum independent geometry as it can be seen by contracting (17) twice with the momentum k µ . With
this we show that, for massless particles, there is a conserved quantity along a geodesic, which is the usual Killing
energy, and that the following relation holds
uα uµ χα;µ = 0 ,

(24)

which will be useful in the following.
B.

Generator surface gravity

It was shown in [40] that the surface gravity, defined as the inaffinity of the generators of the horizon, is the same
as in GR for a black hole metric of the from (17), i.e.
χν χµ ;ν = κinaffinity χµ .

(25)

This is due to the fact that, if the Killing vector is a constant in the GR metric, it will be still constant also in our
framework. This can be understood just by looking at Eq. (9). Therefore, the surface gravity defined in Eq. (25) will
be the same one of GR, since the affine connection is also momentum independent.
We now follow the procedure given in [62], using the Frobenius’ theorem [63], which states that if a congruence of
geodesics has a vanishing rotation tensor, the Killing vector field χα satisfies
(26)

χ[α;β χγ] = 0 ,

where the brackets denote indexes antisymmetrization. Using the Killing equation (11) we can write the previous
expression as


∂gαγ
∂gβγ
∂gαβ
ǫ
(27)
χγ +
χβ +
χα .
2 (χα;β χγ + χγ;α χβ + χβ;γ χα ) = χ ;δ kǫ
∂kδ
∂kδ
∂kδ
Multiplying the previous equation by χα;β we find
2 χα;β χ

α;β

2

χγ + 2κ χγ



= χ

ǫ

;δ kǫ



∂gαβ
∂gαγ α
χγ χα;β + 2κ
χ
∂kδ
∂kδ



,

(28)

where we have used again (11). In order to find a simple relation between the surface gravity and the Killing vector,
we can see the explicit form of the derivative of the metric (17) with respect the momentum



f2
kα kβ ∂f2
∂gαβ
∂f1
kρ aρδ
+ 2 kα δβδ + kβ δαδ .
aαβ 2 +
= 2 2
(29)
∂kδ
Λ
Λ2 ∂ k̄ 2
Λ
∂ k̄

Using Eq. (24) we can see that, when substituting the previous equation into Eq. (28), the first term of Eq. (29)
vanishes. Therefore, we focus on the terms of the right hand side of Eq. (28) when substituting the second term
of (29). Indeed we find



f2
∂gαβ
∂gαγ α
= kǫ 2 kα χγ χǫ ;δ χα;δ + χδ;α
χγ χα;β + 2κ
χ
χǫ ;δ kǫ
∂kδ
∂kδ
Λ


f2
∂g αδ σ
(30)
+2κ kγ χδ χǫ ;δ + kα χα χǫ ;γ = kǫ 2 kα χγ χǫ ;δ
χ ;ρ kσ
Λ
kρ


f2
+2κ kγ κχǫ + kα χα χǫ ;γ = 2κ 2 kǫ kγ κχǫ + kα χα χǫ ;γ ,
Λ
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where we have used Eqs. (11) and (25), and in the last one Eq. (24). Hence, we can now write Eq. (28) as
2 χα;β χα;β χγ + 2κ2 χγ



= 2κ


f2
kǫ kγ κχǫ + kα χα χǫ ;γ .
2
Λ

(31)

When multiplying the previous equation by k γ we find that the right hand side vanishes by virtue of Eqs. (22) and
(24), so we recover
1
κ2 = − χα;β χα;β .
2

(32)

In conclusion, we have proved that for a generic metric of the form (17), the surface gravity defined from the horizon’s
null generators, can be written as in GR.
Actually, we can also show that this is the very same expression of GR. We start by writing the inverse of the
metric (17)
g αβ (x, k) = aαβ (x)

f2 (k̄ 2 )
1
δα
γβ
.
−
a
(x)a
(x)k
k
δ
γ
f1 (k̄ 2 )
f1 (k̄ 2 ) f1 (k̄ 2 )Λ2 + f2 (k̄ 2 )k̄ 2

Now we can use the metric (17) and its inverse (33) to rewrite the right hand side of Eq. (32) as

f2
α
γ
βδ
α
γ
χ ;β χ ;δ gαγ g = χ ;β χ ;δ aαγ aδβ +
kα kγ aβδ
f1 Λ2
!
f2
f22
δσ ρβ
δσ ρβ
 .
−aαγ a a kσ kρ
− a a kσ kρ kα kγ
f1 Λ2 + f2 k̄ 2
f1 f1 Λ2 + f2 k̄ 2

(33)

(34)

The last term vanishes by virtue of Eq. (24). Moreover, when considering massless particles, k̄ 2 = 0, so the coefficients
of the second and third terms are the same. By taking into account Eq. (10), which is valid for the GR metric aµν ,
one can finally obtain
1
κ2 = − χα ;β χγ ;δ aαγ aβδ ,
2

(35)

which is exactly the same momentum independent GR expression, which we already know to be equivalent to κinaffinity .
C.

Uniformity of the surface gravity on the horizon

Strong of the above results, it is now trivial to prove that the surface gravity is uniform on the event horizon even
in our cotangent bundle setting. Since we have seen that the surface gravity defined from null generators (35) is
momentum independent, we can follow the usual GR procedure. As showed in [62], from Eq. (10) one can obtain
χα ;µ;ν = Rα µνσ (x)χσ ,

(36)

where Rσ αµν (x) is the Riemann’s tensor 3 . Using this expression, we can see from Eq. (35)
χσ κ2;σ = 2κχσ κ;σ = −χα ;β aαγ aβδ Rγ δρσ χρ χσ = 0 ,

(37)

due to the symmetry of the Riemann’s tensor. Similarly one can also prove that along a transverse direction the
surface gravity is a conserved quantity, as in [62].
Therefore, in this section we have proved that the zero law of black hole thermodynamics is also valid in this scheme,
independently of the choice of the function f1 and f2 defining the momentum metric.

3

Note that, while in a generic cotangent bundle metric the Riemann tensor, defined from the commutator of two covariant derivatives,
depends also on the momentum, this is not the case for our particular metric (17), since the affine connection is the same one of GR.
Moreover, since the Killing vector is momentum independent, there are not extra (momentum dependent) terms that should be taken
into account in (36) [21]
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IV.

SMARR’S FORMULA AND FIRST LAW

In this section we discuss the Smarr’s formula and the first law of black hole thermodynamics, which can be derived
from the former. In particular we show that, by taking into account that the physical distance measured by the
particle probing the spacetime is momentum dependent, one finds no modification with respect to the GR scenario.
A.

Smarr’s formula

We start by regarding the space-time line element from Eq. (1), which is
ds2 = dxµ gµν (x, k)dxν .

(38)

In order to take into account the momentum dependent effects when regarding this line element, we must substitute
momenta as a function of the space-time coordinates 4 . Therefore, the line element becomes
ds2 = dxµ gµν (x, k(x))dxν .

(39)

Since we are interested in this section in computing the area as an integral, using the space-time line element, we can
define new effective space-time coordinates, x̃µ [38], in such a way that the previous line element can be written as
ds2 = dx̃µ aµν (x̃)dx̃ν ,

(40)

which is the same line element of GR but in these new tilde coordinates. In this way we are assuming that the physical
distance traveled by a particle, through a momentum dependent geometry, is also momentum dependent.
Note that this change of variables cannot be made in general since the metric is not invariant under change of
momentum coordinates [37]. However, since we are only interested in the measure on spacetime, we can freely use
this definition. In particular, if the momentum metric can be written as a function of a tetrad,
β
g̃µν (k̄) = ϕα
µ (k̄)ηαβ ϕν (k̄) ,

(41)

the new tilde coordinates can be expressed through the following relationship
µ β
α
dx̃µ eα
µ (x̃) = dx eµ (x)ϕβ (k̄) .

(42)

This allows us to rederive the Smarr’s formula in a simple and direct way. We start by considering the area of the
horizon of a black hole. We use the following coordinates of the Kerr’s black hole [63]


4M ar̃ sin2 θ̃
2M r̃
dṽ 2 + 2dṽ dr̃ − 2a sin2 θ̃ dr̃ dψ̃ −
ds2 = − 1 − 2
dṽ dψ̃
ρ̃
ρ̃2
(43)
Σ̃
2
2
2
2
+ 2 sin θ̃ dψ + ρ dθ̃ ,
ρ̃
where,
Σ̃ = r̃2 + a2
The area is defined as

2

˜ sin2 θ̃ ,
− a2 ∆

˜ = r̃2 − 2M r̃ − a2 ,
∆

A =

I √
σ̃d2 θ̃ ,

ρ̃2 = r̃2 + a2 cos2 θ̃ .

(44)

(45)

H

√
where H is a two-dimensional cross section of the event horizon, for ṽ constant, r̃ = r̃+ = r+ = M + M 2 − a2 ,
0 ≤ θ̃ ≤ π, and 0 ≤ ψ̃ < 2π. The equality r̃+ = r+ holds because the event horizon is the same for all massless

4

Through a space-time geodesic (horizontal curve) momenta satisfy Eq. (4), being then a function of the velocity and the space-time
coordinates. In particular, there is a very simple way to find this dependence: since the velocity can be obtained as a function of
the coordinates by solving the geodesic equation (3) (remember that in our framework the space-time affine connection is momentum
independent), momenta can be written as the same function times the GR metric, due to the fact that in this scenario, kµ = aµν (x)vν
for massless particles.
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particles, independently of their energy [36]. This can be easily understood from the fact that the geodesics of massless
particles are undeformed for the metric (17), as explained previously.
Using (43) one finds
p
√
(46)
σ̃ = Σ̃ sin2 θ̃ ,

so one obtains from Eq. (45)


2
A = 4π r+
+ a2 .

In order to derive the Smarr’s formula we start by multiplying the area by the surface gravity κ =
and dividing it by 4π, obtaining
√
p
 M 2 − a2
κA
2
2
= M 2 − a2 .
= r+ + a
2
2
4π
r+ + a

(47)
√

2
M 2 − a2 / r+
+ a2 5 ,
(48)

2
Now, we can multiply the angular velocity of the black hole, which is ΩH = a/(r+
+ a2 ), by J = M a, the angular
momentum of the black hole, finding the following expression

2ΩJ =

2a2 M
2 + a2 .
r+

Adding Eqs. (48) and (49), and using that the explicit value of the event horizon radius, r+ = M +
can finally obtain the well-known result
M = 2ΩH J +

κA
,
4π

(49)
√
M 2 − a2 , one
(50)

which is the same GR expression of the Smarr’s formula.
B.

First law

From Eq. (50) one is able to derive the first law of black hole thermodynamics [63]. Let us consider a black hole
with mass M and angular momentum J that is perturbed, so these parameters become M + δM and J + δJ. We can
see that both variations are related by deriving Eq. (47)
δA
= r+ δr+ + aδa .
8π

(51)

By taking into account the relationship between r+ and the mass and spin of the black hole we find
(r+ − M ) δr+ = r+ δM − aδa ,

(52)

κ
δA = δM − ΩH δJ ,
8π

(53)

and from here it is easy to verify that

holds, exactly as in GR.
V.

CONCLUSION

In this paper we have addressed, for the first time, the first two black hole laws of thermodynamics in a cotangent
bundle geometry associated to the deformed kinematics of doubly special relativity. We have found that these laws

5

Remember that in the previous section we have shown that the same GR surface gravity is also obtained in this cotangent bundle
framework from the inaffinity and generator definition.
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are unmodified with respect to the general relativistic setting for the most general metric in the cotangent bundle
compatible with a consistent lift of the deformed symmetries on curved spacetimes, Eq. (17).
The zeroth law implies the conservation of the surface gravity, being it a constant for an stationary black hole. In
a previous work [40] we have seen that not every notion of surface gravity is equivalent in this scheme, being all of
them equal for a particular choice of the momentum metric Eq. (18). Combining the results of that paper with the
ones presented here, we see that both notions related to inaffinity of geodesics, peeling of null geodesics, and generator
of null horizon, coincide for any metric of the form Eq. (17), being them the same one of general relativity. These
definitions seems to be more fundamental in our framework as they are valid and equivalent even for the most general
metric (17), while the other definitions only agree for the metric displayed in (18).
Regarding the first law, we have seen that, taking into account that the physical distance measured by particles is
momentum dependent, it leads also to the same result of general relativity. This implies that the same relationship
between mass, angular momentum, and area of a black hole, is independent on the particle probing spacetime.
The extension of the remaining two laws of black hole mechanics is far from trivial given that the second law would
require a more detailed understanding of the field equations, while the third one would require an in dept analysis of
trapped surfaces in our framework. Let us also stress that the recovery of these two laws of black hole mechanics in
their usual GR form strongly suggests that the surface gravity will determine the quantum black hole temperature in
our framework, as in the usual case. However, a confirmation of this conjecture can only be achieved by a suitable
extension of the standard derivation of Hawking radiation based on QFT in curved spacetime to the full cotangent
bundle geometry. We hope to be able to address these open issues in future works.
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