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Large Scale Response of Gapless 1d and
Quasi-1d Systems

Marcello Porta and Harman Preet Singh

Abstract. We consider the transport properties of non-interacting, gap-
less one-dimensional quantum systems and of the edge modes of two-
dimensional topological insulators, in the presence of time-dependent per-
turbations. We prove the validity of Kubo formula, in the zero tempera-
ture and infinite volume limit, for a class of perturbations that are weak
and slowly varying in space and in time, in an Euler-like scaling. The proof
relies on the representation of the real-time Duhamel series in imaginary
time, which allows to prove its convergence uniformly in the scaling pa-
rameter and in the size of system, at low temperatures. Furthermore, it
allows to exploit a suitable cancellation for the scaling limit of the model,
related to the emergent anomalous chiral gauge symmetry of relativistic
one-dimensional fermions. The cancellation implies that as the tempera-
ture and the scaling parameter are sent to zero, the linear response is the
only contribution to the full response of the system. The explicit form of
the leading contribution to the response function is determined by lattice
conservation laws. In particular, the method allows to prove the quantiza-
tion of the edge conductance of 2d quantum Hall systems from quantum
dynamics.

Contents

1. Introduction
2. Lattice Fermions

2.1. Hamiltonian and Gibbs State
2.2. Dynamics and Linear Response

3. Large-Scale Response of 1d Systems
4. Proof of Theorem 3.1

4.1. Auxiliary Dynamics
4.2. Duhamel Series of the Auxiliary Dynamics

http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-025-01600-z&domain=pdf


M. Porta and H. P. Singh Ann. Henri Poincaré
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1. Introduction

The linear response approximation is a widely used tool in condensed matter
physics, allowing to determine the response of systems initially at equilibrium
after introducing a weak and time-dependent perturbation. Let us informally
describe the setting. We consider lattice fermions, on a lattice ΓL ⊂ Z

d with
side length L, in the grand-canonical picture. Let H be the Fock space Hamil-
tonian of the system, and let ρβ,μ,L be the associated equilibrium Gibbs state,
at inverse temperature β and chemical potential μ:

ρβ,μ,L =
e−β(H−μN)

Tr e−β(H−μN)
, (1.1)

with N the number operator. We will always suppose that the Hamiltonian
H is local, i.e. it is given by the sum of monomials in the fermionic creation
and annihilation operators that only involve subsets X of ΓL with diameter
bounded uniformly in L. Suppose that, far in the past, the system is exposed to
an external, local perturbation P, that is turned on slowly in time; we describe
this setting by introducing the time-dependent Hamiltonian:

H(ηt) = H + εeηtP , t ≤ 0 . (1.2)

The parameter η > 0 is called the adiabatic parameter, and it describes the
rate of variation of the perturbation in time, while the parameter ε describes
the strength of the perturbation. In what follows, we will be interested in the
regime in which β and L are large, and eventually will be taken to infinity. We
will always suppose that ε and η are small, uniformly in β, L.

The evolution of the state is defined by the Schrödinger–von Neumann
equation:

i∂tρ(t) = [H(ηt), ρ(t)] , ρ(−∞) = ρβ,μ,L, (1.3)

and we will be interested in the variation of physical observables computed on
the solution of (1.3):

TrOXρ(t) − TrOXρ(−∞) , (1.4)

with OX a lattice observable spatially supported on X ⊂ ΓL. In order to
understand the effect of the perturbation on (1.4), it is natural to try to set up
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a perturbative expansion, for ε small. By Duhamel iteration one has, neglecting
higher-order terms in ε:

TrOXρ(0)−TrOXρ(−∞) = −iε

∫ 0

−∞
dt eηt Tr

[
OX , eiHtPe−iHt

]
ρβ,μ,L+h.o.t.

(1.5)
The explicit term in the right-hand side of (1.5) is called Kubo formula [41],
and it describes the linear response of the system at time t = 0.

The first natural problem to address is about the evaluation of Kubo
formula, for specific models, and for interesting perturbations P. This is the
starting point of the theory of the integer quantum Hall effect (IQHE), where
Kubo formula is used to describe the variation of the current after introducing
a weak external electric field, for two-dimensional gapped fermionic models
at zero temperature. Already proving that Kubo formula gives a finite result
as η → 0 is non-trivial: in the case of the IQHE, this is ultimately due to
the presence of a spectral gap, which makes the time integral convergent uni-
formly in η, thanks to oscillations. One can actually prove much more than
just finiteness of Kubo formula: the transverse conductivity of the system, at
zero temperature and for L → ∞, is quantized in multiples of 1/2π (in units
such that e2 = � = 1, with e the electric charge and � the reduced Planck’s
constant), provided the chemical potential μ is chosen in a spectral gap of H.
The mathematically rigorous literature on the subject is by now very large,
and covers a large class of models, see e.g. [1,33] for mathematical reviews.
Recently, the proof of quantization of the Hall conductivity has been extended
to gapped many-body systems, [6,29,35], see [52] for a recent review.

More generally, Kubo formula is widely used to predict the behaviour of
semi-metallic and metallic systems as well, where no spectral gap is available.
This is the case of graphene, for instance, where the longitudinal conductiv-
ity defined from Kubo formula is equal to 1/4. This remarkable phenomenon
has been observed in [50]. A first explanation starting from a non-interacting
model has been given in [53]; more recently, the universality of the longitu-
dinal conductivity of graphene has been proved in [28], starting from weakly
interacting fermions on the honeycomb lattice. In recent times, rigorous results
concerning the Kubo formula for a wide class of interacting gapless systems
have been obtained; specifically, one-dimensional metals [10,13,16,45], two-
dimensional Hall systems at criticality [30,31] and edge modes of 2d systems
[2,44,46]; three-dimensional Weyl semimetals [32]. See [52] for an overview.

The next natural question is about the validity of Kubo formula, in the
sense of rigorously proving that higher-order terms in (1.5) are indeed sub-
leading, uniformly in β and in L. For gapped systems at zero temperature, the
validity of Kubo formula can be explained using the adiabatic theorem. This
has been done in [5] for non-interacting systems on the lattice, in [22] for the
Landau Hamiltonian and more recently in [7,49,54] for interacting lattice mod-
els. See [36] for a review and further references. In the case of the quantum Hall
effect, one can actually show that linear response is exact, for non-interacting
[40,42] and also for interacting system [8]: all power-law corrections after the
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linear response vanish. Recently, the derivation of Kubo formula for the quan-
tum Hall effect has been extended to the case of 2d disordered, non-interacting
systems, where the spectral gap is replaced by a mobility gap [20]. A differ-
ent proof of the validity of Kubo formula, which also applies to small positive
temperatures, has been given in [34], for weakly interacting fermions, using
cluster expansion methods. There, the higher-order terms in the Duhamel ex-
pansion are controlled using an extension of the argument behind the stability
of KMS states [15]; thanks to a suitable complex deformation argument, all
terms in the Duhamel expansion can be represented in terms of imaginary time
correlations, whose good decay properties for gapped systems can be proven
using cluster expansion techniques. This method can also be used to prove the
validity of the many-body adiabatic theorem [34].

It is an open problem to understand the validity of Kubo formula in a
metallic phase starting from a microscopic model. This is of obvious physical
relevance, in view of the ubiquitous applications of linear response in cases
in which no spectral gap is present. In the case of a finite system coupled
to external leads at thermal equilibrium, the related problem of proving con-
vergence to a non-equilibrium steady state (and proving the validity of Kubo
formula) has been widely studied in the literature. Rigorous results have been
obtained under suitable spectral assumptions, for non-interacting [3,4,51] and
also interacting [18,26,39,48] systems.

In this paper we shall address the validity of Kubo formula for closed,
extensive systems, in the presence of time-dependent perturbations. In order
to prove the validity of Kubo formula for metallic systems, one has to face two
main technical problems: the first is about the control of the time integration,
that for gapped systems was ultimately possible thanks to the oscillations
introduced by the spectral gap; the second is about the slow space decay
of correlations, needed in order to control expressions of the type, setting
τt(P) := eiHtPe−iHt:

∑
{Xi}

Tr
[[

· · ·
[[
OX , τt1

(
PX1

)]
, τt2

(
PX2

)]
, · · ·

]
, τtn

(
PXn

)]
ρβ,μ,L, (1.6)

which appear naturally in the Duhamel expansion of (1.5), after representing
the perturbation P as a sum of local terms, P =

∑
Y PY . Due to the absence

of a spectral gap, one cannot expect the correlation functions of the system to
be integrable uniformly in t, β, L.

In this paper we focus on the simplest, yet non-trivial, gapless cases
relevant for condensed matter applications. We shall consider non-interacting
Fermi gases in one dimension, and edge modes for two-dimensional topological
insulators, that can be viewed as quasi-1d metallic systems. For the sake of
the introduction, let us focus on one-dimensional systems. We shall denote by
ΓL a one-dimensional lattice with length L and periodic boundary conditions.
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The Hamiltonian H has the form:

H =
∑

x,y∈ΓL

M∑
ρ,ρ′=1

a∗
x,ρHρρ′(x; y)ay,ρ′ , (1.7)

where ρ = 1, . . . , M labels internal degrees of freedom, a∗
x,ρ, ax,ρ are the

fermionic creation and annihilation operators, and H is a single-particle Hamil-
tonian, which we assume to be translation-invariant: Hρρ′(x; y) ≡ Hρρ′(x−y).
This allows to introduce the Bloch Hamiltonian Ĥ(k), k ∈ T, an M × M
Hermitian matrix, whose eigenvalues as a function of k describe the energy
bands. We will suppose that the energy bands cross the Fermi level μ at N
distinct points, called the Fermi points, kω

F , ω = 1, . . . , N . We will assume
that the intersections are transversal, which is generically true; this allows to
approximate the dispersion relation in proximity of the Fermi level μ by an
asymptotically linear law, with slope vω, also called the Fermi velocity.

Let us now describe the class of perturbations we will consider. Let μ(x)
be a smooth and fast-decaying function. We shall consider the following type
of perturbations:

εeηtP = θeηt
∑

x∈ΓL

M∑
ρ=1

μ(θx)a∗
x,ρax,ρ (1.8)

where 0 < θ � 1 and 0 < η � 1, independent of β, L. From (1.8), we see
that the perturbation lives in a spatial region with diameter of order 1/θ, and
its strength is θ. We will be interested in the following order of limits: first
L → ∞; then β → ∞; and then η, θ → 0. More precisely, we will consider an
Euler-like scaling, in which θ = aη, with a ≤ |log η|. This leaves room to have
η 	 θ or η � θ; the two regimes will give rise to different outcomes, as we
will see. The Euler scaling is the natural regime in which one expects that the
long-time behaviour of large class of integrable systems is effectively described
by hydrodynamic models, see [21,23] for recent reviews. Proving that this is
indeed the case is a hard mathematical problem, which partially motivates the
present work.

In order to clarify the picture, let us give some heuristics on the large-
scale properties of the model. Let us consider the Euclidean two-point function,
defined as:

〈T γx0(ax,ρ)γy0(a
∗
y,ρ′)〉β,L, (1.9)

with 0 ≤ x0, y0 < β, γt(A) = et(H−μN)Ae−t(H−μN) the imaginary time
evolution, and T the fermionic time-ordering (defined below in (2.42)). Let
x = (x0, x) and y = (y0, y). Then, for |x − y| = O(1/θ) and θ � 1, the zero
temperature and infinite volume two-point function is given by, up to faster
decaying terms:

〈T γx0(ax,ρ)γy0(a
∗
y,ρ′)〉∞ �

N∑
ω=1

eikω
F (x−y)Pω

ρρ′

∫ dq

(2π)2
eiq·(x−y)

iq0 + vωq1
χ(|q|/θ) ,

(1.10)
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where Pω is the Bloch projector associated with the energy band crossing
the Fermi level at kω

F , and χ(·) is a smooth cutoff function, equal to 1 if the
argument is less than 1 and equal to zero if the argument is larger than 2.
That is, the two-point function is a superposition of ultraviolet-regularized
two-point functions of 1 + 1-dimensional chiral fermions, with propagators
given by (∂0 − ivω∂1)−1.

Thus, it makes sense to define X = θx and Y = θy. In terms of these
rescaled variables,

〈T γX0/θ(aX/θ,ρ)γY0/θ(a∗
Y/θ,ρ′)〉∞

� θ

N∑
ω=1

eikω
F (X−Y )/θPω

ρρ′

∫ dq

(2π)2
eiq·(X−Y )

iq0 + vωq1
χ(|q|) ; (1.11)

that is, up to a fast oscillating phase, the two-point function decays as θ ×
|X − Y |−1. Concerning the perturbation (1.8), it can be rewritten as, defining
T = θt, and recalling that η = (1/a)θ:

εeηtP = θe(1/a)T
∑

X∈θΓL

M∑
ρ=1

μ(X)a∗
X/θ,ρaX/θ,ρ ; (1.12)

hence, defining ρ̃(T ) := ρ(T/θ) with ρ(·) the solution of (1.3), we get:

i∂T ρ̃(T ) =
[
H̃((1/a)T ), ρ̃(T )

]
, (1.13)

where:

H̃((1/a)T ) =
∑
X,Y

∑
ρ,ρ′

a∗
X/θ,ρH̃ρρ′(X − Y )aY/θ,ρ′

+e(1/a)T
∑

X∈θΓL

∑
ρ

μ(X)a∗
X/θ,ρaX/θ,ρ (1.14)

and H̃(X − Y ) = (1/θ)H((X − Y )/θ). The leading behaviour of the two-
point function of the rescaled, unperturbed Hamiltonian in (1.14), computed
at imaginary times X0, Y0, is given by (1.11). Thus, in order to understand the
contribution of the different chiralities to the solution of (1.13), as θ → 0, one is
tempted to consider the dynamics of the following time-dependent, continuum
model:

Hω((1/a)T ) =
∫
R

dX Ψ∗
Xvωi∂XΨX + e(1/a)T

∫
R

dX μ(X)Ψ∗
XΨX , (1.15)

where ΨX is now a fermionic field, understood as an operator-valued distri-
bution. It is reasonable to expect that, as θ → 0, the leading contribution to
the transport properties associated with (1.13) can be represented as a super-
position of terms that evolve according to the dynamics generated by (1.15).
Equation (1.15) can be viewed as describing an adiabatic perturbation of rel-
ativistic 1 + 1-dimensional chiral fermions. Of course, the expression (1.15)
is formal, in view of the unboundedness from above and from below of the
dispersion relation. Also, observe that, since we are making no assumption on
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the size of μ(·), after rescaling time no small parameter is left in front of the
perturbation.

Putting aside the issue of mathematical rigour, the advantage of this
representation is that the model (1.15) can be studied via bosonization: the
density operator Ψ∗

XΨX is known to behave like a free bosonic field, see e.g.
[24,27,47]. Since the Duhamel series associated with (1.15) is expressed in
terms of correlation function of density operators, this observation is expected
to introduce a drastic simplification in the perturbation theory for the lat-
tice model: for quasi-free bosonic systems, all connected correlation functions
of order higher than two are zero. This property is expected to hold also in
presence of weak density-density interactions, and it is an instance of the in-
tegrability of the emergent QFT. In the last years, there has been enormous
interest in the application of methods from the theory of integrable systems to
study non-equilibrium quantum dynamics, starting from [14,17]. This led to
the derivation of generalized hydrodynamic models for the long-time dynamics
of quantum systems; see e.g. [21,23] for reviews.

In this paper, we will rigorously study the transport properties of the
family of lattice models described after (1.7), for perturbations in the Euler-
like scaling regime, recall (1.8). Concerning the observable OX in (1.4), we
will restrict the attention to the density operator and to the current density
operator. They are related by a lattice continuity equation, and this will play a
crucial role in our analysis. Due to the absence of a spectral gap, the validity of
Kubo formula cannot be inferred from the adiabatic theorem, since the latter
is not available in a quantitative form suitable for our purposes. Instead, our
method relies on the application of [34] to the case of gapless systems. This
approach, based on a complex deformation argument in time, allows us to
obtain an exact representation for the real-time Duhamel series in terms of
Euclidean correlation functions, where the real-time evolution is replaced by an
imaginary time dynamics, as in (1.9). This allows to translate the oscillations
introduced by the real time dynamics into (slow) decay properties of Euclidean
correlations, which can be studied in a much more efficient way.

Furthermore, this representation is particularly convenient for comparing
the perturbation theory of the original lattice model with the perturbation
theory of the effective continuum model (1.15), in the presence of a suitable
ultraviolet cutoff. This allows in particular to detect a cancellation in the
perturbation theory for the lattice model, at every order, which is related to
the bosonic behaviour of the density operators of the effective model. The
proof of this cancellation, however, does not rely on bosonization, but rather
on a careful analysis of the regularized loop integrals arising in the perturbation
theory of the lattice model. This type of cancellation is well known in the QFT
literature, see [25]. It can also be viewed as a consequence of the emergent,
anomalous gauge symmetry of the 1+1-dimensional relativistic chiral fermions.
In our framework, this cancellation is used up to a high, θ-dependent order;
to control the higher orders, we show that the Duhamel series is actually
convergent, and this allows to show that very high orders do not matter as
θ → 0. All together, we show that the linear response term dominates, up to
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terms that are subleading as θ → 0: that is, in the scaling limit the linear
response is exact. Concerning the linear response term, it can be computed
explicitly in terms of the Fermi velocities, following the strategy already used
in [2,10,13,45,46], based on lattice conservation laws.

Then, we adapt the strategy to study edge transport for 2d topological
insulators. The complementary question of understanding bulk transport in
presence of a bulk spectral gap has been studied in [37], where the validity of a
many-body (super-)adiabatic theorem has been established. More recently, the
validity of Kubo formula for many-body system under a local gap assumption
has been proved in [38]. Here, we focus on the edge transport properties,
which are effectively described by a massless quasi-1d system, and we prove
the validity of Kubo formula for the edge current and for the edge density. This
expression is the starting point of the analyses of [2,46], which also considered
interacting systems. In particular, the explicit computation of the edge linear
response, combined with the subleading estimate for the sum of all the higher-
order terms, allows us to prove the quantization of the edge conductance from
quantum dynamics.

In perspective, we believe that the strategy introduced in the present pa-
per could be extended to consider non-integrable, weakly interacting gapless
systems on the lattice. To do so, the analysis of Euclidean correlation functions
performed in the present paper has to be carried out using rigorous renormal-
ization group methods. In the last years, these methods allowed to put on
rigorous grounds several predictions based on formal bosonization arguments
for 1d and quasi-1d systems; see e.g. [2,9,11,12,43,46]. We plan to come back
to this interesting extension in the near future.

The paper is organized as follows. In Sect. 2 we introduce the setting for
one-dimensional fermions; we introduce the class of models we consider, we
define the current and density operators, and we recall the rigorous Wick ro-
tation of [34]. In Sect. 3 we state our main result for one-dimensional fermions,
Theorem 3.1, that gives an explicit expression for the full response of the den-
sity and of the current operator on large scales. In Sect. 4 we discuss the proof
of Theorem 3.1. Finally, in Sect. 5 we discuss the extension of Theorem 3.1 to
the case of edge transport in two-dimensional topological insulators. Our main
result here is Theorem 5.3, that gives the explicit expression of the large-scale
response of the system, and in particular proves the quantization of the edge
conductance.

2. Lattice Fermions

2.1. Hamiltonian and Gibbs State

Let L ∈ 2N + 1. We consider fermions on a one-dimensional lattice

ΓL =
[
−
⌊

L

2

⌋
,

⌊
L

2

⌋]
∩ Z

endowed with periodic boundary conditions. We shall allow for internal degrees
of freedom, e.g. the spin, and we shall denote by SM = {1, . . . , M} the set of
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their labels. We shall use the notation ΛL = ΓL ×SM , which we can view as a
decorated 1d lattice. Given x ∈ ΓL and ρ ∈ SM , we shall denote by x = (x, ρ)
the corresponding point in ΛL. We will use the following distance on ΓL:

|x − y|2L = min
n∈Z

|x − y + nL|2 . (2.1)

Let H be a single-particle Hamiltonian on ΛL. That is, H is a self-adjoint
matrix, with entries given by H(x;y) ≡ Hρρ′(x; y). We shall suppose that the
Hamiltonian is finite-ranged. Also, we shall assume that the Hamiltonian H is
the periodization of an Hamiltonian H∞ defined over 
2(Z × SM ):

Hρρ′(x; y) =
∑
n∈Z

H∞
ρρ′(x + nL; y) . (2.2)

Furthermore, we assume that H∞, and hence H, are translation-invariant:

H∞
ρρ′(x; y) = H∞

ρρ′(x + z; y + z) for all z ∈ Z. (2.3)

A natural example is the lattice Laplacian, for spinless fermions (M = 1):

(H∞ψ)(x) = t(ψx−1 + ψx+1 − 2ψx) , (2.4)

with t ∈ R the hopping parameter.
Translation-invariance allows to conveniently express the Hamiltonian

in momentum space. To this end, let us introduce the set of allowed quasi-
momenta:

BL =
{

k =
2π

L
n
∣∣∣ 0 ≤ n ≤ L − 1

}
. (2.5)

The set BL is the (discretized) Brillouin zone. Given a function f on ΓL, we
define its Bloch transform as:

f̂(k) =
∑

x∈ΓL

e−ikxf(x) for all k ∈ BL. (2.6)

This relation can be inverted, as:

f(x) =
1
L

∑
k∈BL

eikxf̂(k) . (2.7)

We will always consider functions that satisfy periodic boundary conditions on
BL. Thus, it is natural to introduce the following norm in momentum space:

|k|T = min
n∈Z

|k + 2πn| for all k ∈ BL. (2.8)

Next, we define the Bloch Hamiltonian Ĥ(k) as the matrix with entries:

Ĥρρ′(k) =
∑

x∈ΓL

e−ikxHρρ′(x; 0) . (2.9)

That is, Ĥ(k) is an M × M Hermitian matrix. By (2.3), it is given by the
restriction of Ĥ∞(k), defined on the circle T of length 2π, to BL. We shall
make the following assumptions on the spectrum of the Bloch Hamiltonian
and on the chemical potential μ ∈ R.

Assumption 2.1 (Low energy spectrum). There exists Δ > 0 such that the
following is true.
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(i) There exists N ∈ N, disjoint sets Iω ⊂ T labelled by ω = 1, . . . , N , and
strictly monotone, smooth functions eω : Iω → R such that:

σ(H∞) ∩ (μ − Δ, μ + Δ) =
N⋃

ω=1

Ran(eω) . (2.10)

(ii) We introduce the ω-Fermi point kω
F ∈ Iω and the ω-Fermi velocity vω as

eω(kω
F ) = μ , vω = ∂keω(kω

F ) . (2.11)

Notice that vω �= 0, by the strict monotonicity of eω.
(iii) For any ω = 1, . . . , N , and k ∈ Iω, eω(k) is a non-degenerate eigenvalue

of Ĥ∞(k).

Remark 2.2. (i) The simplest example of Hamiltonian that fits the setting
is the Laplacian on Z, whose energy band is:

ε(k) = 2t(cos(k) − 1) , (2.12)

and where N = 2.
(ii) In general, it is a well-known fact that, for short-ranged one-dimensional

lattice models, the number of Fermi points N has to be even, with net
chirality equal to zero:

∑N
ω=1 vω/|vω| = 0.

(iii) The above setting is generic, and it covers a large class of translation-
invariant, 1d quantum systems. We are, however, ruling out Fermi points
with zero velocity, and degenerate Fermi points. We believe that the latter
restriction could be avoided, by a technical but straightforward extension
of the analysis carried out in the present paper. Instead, we think that
the presence of Fermi points with zero velocity would have a dramatic
effect in our analysis, and we do not know whether our results would
extend to that case.

We will describe the many-particle system in a grand-canonical setting,
in the fermionic Fock space. The fermionic Fock space associated with the
model on a finite lattice is:

F = C ⊕
⊕
n≥1


2a(Λ
n
L) , (2.13)

with 
2a(Λ
n
L) the set of antisymmetric, square summable functions on ΛL. We

shall use the notation x = (x, ρ) for points in ΛL, with x ∈ ΓL and ρ ∈ SM ,
and we shall denote by a∗

x, ax the usual fermionic creation and annihilation
operators, satisfying the canonical anticommutation relations:

{ax, a∗
y} = δx,y , {ax, ay} = {a∗

x, a∗
y} = 0 . (2.14)

In terms of these objects, we shall lift the Hamiltonian H to the Fock space
as:

H =
∑

x,y∈ΛL

a∗
xH(x;y)ay . (2.15)



Large-Scale Response

In the following, it will also be convenient to rewrite the Hamiltonian in mo-
mentum space. For any k ∈ BL, we define the Bloch transform of the fermionic
operators as:

â(k,ρ) =
∑

x∈ΓL

a(x,ρ)e
−ikx , â∗

(k,ρ) =
∑

x∈ΓL

a∗
(x,ρ)e

ikx , (2.16)

and we shall also set â�
k ≡ â�

(k,ρ) with k = (k, ρ). Equation (2.16) can be
inverted as, for x ∈ ΓL:

a(x,ρ) =
1
L

∑
k∈BL

eikxâ(k,ρ) , a∗
(x,ρ) =

1
L

∑
k∈BL

e−ikxâ∗
(k,ρ) . (2.17)

In terms of the momentum-space operators, the Hamiltonian can be rewritten
as:

H =
1
L

∑
k∈BL

∑
ρ,ρ′∈SM

â∗
(k,ρ)Ĥρρ′(k)â(k,ρ′) . (2.18)

Finally, the Gibbs state of the system at inverse temperature β > 0 is:

〈O〉β,L = TrOρβ,μ,L , ρβ,μ,L =
e−β(H−μN)

Tr e−β(H−μN)
, (2.19)

with μ ∈ R the chemical potential and N the number operator. We shall
assume that Assumption 2.1 holds, for our choice of the chemical potential μ.

2.2. Dynamics and Linear Response

Perturbing the System. We will be interested in the response properties of the
system, after exposing it to a time-dependent and slowly varying perturbation.
We shall consider time-dependent Hamiltonians of the form:

H(ηt) = H + eηtP , (2.20)

for η > 0 and t ≤ 0. We shall consider finite-ranged perturbations:

P =
∑

X⊆ΛL

ΦX (2.21)

with ΦX = 0 if |X| > R, with R > 0 independent of L. Later, we will make a
more specific choice of the perturbation. The time variation of the perturbation
is the usual adiabatic switching, with the explicit choice of the exponential
switch function, widely used in applications.

Let t, s ≤ 0, and let U(t; s) be the two-parameter unitary group generated
by H(ηt):

i∂tU(t; s) = H(ηt)U(t; s), U(s; s) = 1 . (2.22)
Let us consider the evolution of the Gibbs state ρβ,μ,L,

ρ(t) = lim
T→+∞

U(t;−T )ρβ,μ,LU(t;−T )∗. (2.23)

We will be interested in the variation of physical observables,

TrOρ(t) − TrOρβ,μ,L , (2.24)

and on the dependence on the external perturbation. We will be interested in
the following order of limits: first L → ∞, then β → ∞ and then η → 0+.
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For small perturbations, the dynamics of the system can be studied via the
Duhamel series around the initial equilibrium state.

Proposition 2.3 (Duhamel series). Let τt(A) be the Heisenberg evolution of the
observable A:

τt(A) = eiHtAe−iHt . (2.25)

The following identity holds true:

TrOρ(t) − 〈O〉β,L =
∞∑

n=1

(−i)n

∫
−∞≤sn≤...≤s1≤t

ds eη(s1+...+sn)

·〈[· · · [[τt(O), τs1(P)], τs2(P)] · · · τsn
(P)]〉β,L . (2.26)

For η > 0, the sum in the right-hand side is absolutely convergent.

Proof. The proof is standard. We refer the reader to e.g. [34]. �

The linear response approximation amounts to the truncation to first
order of the Duhamel series for the non-autonomous dynamics generated by
H(ηt). We have:

TrOρ(t) − TrOρβ,μ,L = −i

∫ t

−∞
ds eηs Tr

[
τt(O), τs(P)

]
ρβ,μ,L + h.o.t. (2.27)

In many applications it is tacitly assumed that the linear response approx-
imation is valid; this is very often motivated by the quantitative agreement
with experimental observations. From a mathematically rigorous viewpoint,
however, proving that indeed linear response dominates the expansion is a
non-trivial task, particularly so in gapless cases as the one considered here.

We shall consider perturbations of the following type:

P = θ
∑
x∈ΛL

μ(θx)a∗
xax ; (2.28)

that is, we shall consider the second-quantization of a time-dependent local
potential (see Fig. 1), slowly varying in space, on a length scale 1/θ, for 0 <
θ � 1. Concerning the function μ(θx), we assume it is the periodization of a
smooth, compactly supported function μ∞(θx) on R:

μ(θx) =
∑
a∈Z

μ∞(θ(x + aL)) . (2.29)

In particular, we can rewrite the function μ(θx) in terms of the Fourier trans-
form of μ∞ as:

μ(θx) =
1
L

∑
p∈BL

eipxμ̂θ(p) , μ̂θ(p) =
∑
n∈Z

μ̂∞((p + 2πn)/θ) . (2.30)

Density and Current Operators. Let:

nx = a∗
xax , nx =

∑
ρ∈SM

n(x,ρ) . (2.31)
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Figure 1. Qualitative representation of the rescaled local po-
tential entering the definition of P, Eq. (2.28)

In order to introduce the current operator, let us consider the time-variation
of the density operator:

∂tτt(nx) = iτt

(
[H, nx]

)
=

∑
y∈ΛL

τt(ia∗
yH(y;x)ax − ia∗

xH(x;y)ay)

≡
∑
y∈ΛL

τt(jy,x) ,

(2.32)

where jy,x = ia∗
yH(y;x)ax − ia∗

xH(x;y)ay is the bond current between x and
y. Let us derive the conservation law for nx. To this end, in (2.32) we sum
over the internal label ρ in x = (x, ρ), and we introduce the discrete derivative
dx as (dxf)(x) = f(x) − f(x − 1) to obtain the continuity equation

∂tτt(nx) = −dxτt(jx) , (2.33)

where we introduced the lattice current jx, determined by

dxjx :=
∑

y∈ΓL

∑
ρ,ρ′∈SM

j(x,ρ),(y,ρ′) . (2.34)

The simple identity (2.33) will have far reaching consequences in our analysis.
Let jν,x, ν = 0, 1, be defined as j0,x = nx, j1,x = jx, then we may characterize
them in momentum-space as:

jν,x =
1
L

∑
p∈BL

eipxĵν,p ĵν,p =
1
L

∑
k∈BL

(a∗
k−p, Ĵν(k, p)ak) , (2.35)

where we used the shorthand notation (a∗, Ja) =
∑

ρ,ρ′ a∗
ρJρρ′aρ′ . We have

Ĵ0(k, p) = 1 , Ĵ1(k, p) = i
Ĥ(k) − Ĥ(k − p)

1 − e−ip
. (2.36)

Remark 2.4. If the Hamiltonian H has range 1, then j1,x takes a particularly
simple form, given by the bond current between sites x and x + 1:

j1,x ≡ jx =
∑

ρ,ρ′∈SM

j(x,ρ),(x+1,ρ′) . (2.37)

Finally, we shall define a smeared version of the density and of the current
operators as

jν(μθ) =
∑

x∈ΓL

jν,xθμ(θx) . (2.38)
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Imaginary Time Evolution. For t ∈ R, we define the imaginary time evolution
of an observable O as:

γt(O) := et(H−μN)Oe−t(H−μN) . (2.39)

Observe that if [O,N] = 0, the following identity holds:

γt(O) = τ−it(O) . (2.40)

An important consequence of the definition of the imaginary time dynamics
(2.39) is the Kubo–Martin–Schwinger (KMS) identity, for all t, s ∈ R:

〈γt(A)γs(B)〉β,L = 〈γs+β(B)γt(A)〉β,L . (2.41)

In our finite-dimensional setting, the KMS identity is a simple consequence
of the definitions, and of the cyclicity of the trace. Nevertheless, it will have
far-reaching consequences. In order to discuss them, we need to introduce the
notion of time-ordering and of Euclidean correlation functions.

Let 0 ≤ ti < β, for i = 1, 2, . . . , n, such that ti �= tj for i �= j. We define
the time-ordering of γt1(a

�1
x1

), . . . , γtn
(a�n

xn
) as:

Tγt1(a
�1
x1

) · · · γtn
(a�n

xn
) = (−1)πγtπ(1)(a

�π(1)
xπ(1)) · · · (a�π(1)

xπ(1)) · · · γtπ(n)(a
�π(n)
xπ(n)) ,

(2.42)

where π is the permutation needed in order to bring the times in a decreasing
order, from the left, with sign (−1)π. In case two or more times are equal,
the definition (2.42) is extended via normal ordering. Other extensions are of
course possible; it is worth anticipating that in our applications this arbitrari-
ness will play no role, ultimately because it involves a zero measure set of
times, and because the algebra of fermionic operators on a finite lattice con-
sists of bounded operators. The above definition extends to all operators on
the fermionic Fock space by linearity. In particular, for O1, . . . ,On even in the
number of creation and annihilation operators, we have:

Tγt1(O1) · · ·γtn
(On) = γtπ(1)(Oπ(1)) · · · γtπ(n)(Oπ(n)). (2.43)

Euclidean Correlation Functions and Wick Rotation. Let ti ∈ [0, β), for i =
1, . . . , n. Given operators O1, . . . ,On, we define the time-ordered Euclidean
correlation function as:

〈Tγt1(O1) · · · γtn
(On)〉β,L. (2.44)

From the definition of fermionic time-ordering, and from the KMS identity, it
is not difficult to check that:

〈Tγt1(O1) · · · γβ(Ok) · · · γtn
(On)〉β,L

= (±1)〈Tγt1(O1) · · · γ0(Ok) · · · γtn
(On)〉β,L;

(2.45)

in the special case in which the operators involve an even number of creation
and annihilation operators, which will be particularly relevant for our analysis,
the overall sign is +1. The property (2.45) allows to extend in a periodic
(sign +1) or antiperiodic (sign −1) way the correlation functions to all times
ti ∈ R. From now on, when discussing time-ordered correlations we shall always
assume that this extension has been taken, unless otherwise specified.
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An important example of Euclidean correlation function is the two-point
function,

〈Tγt(ax)a∗
y〉β,L. (2.46)

By the properties of the fermionic time-ordering, the two point function ex-
tends to a β-antiperiodic function in the imaginary time variables. Let k0 =
(2π/β)(n + 1/2) be the frequencies relevant for β-antiperiodic functions, also
called fermionic Matsubara frequencies, and let k ∈ BL be a point in the
Brillouin zone. We define the Fourier transform of the two-point function as:

(g(k))ρρ′ :=
∫ β

0

dt e−ik0t
∑

x∈ΛL

e−ikx〈Tγt(a(x,ρ))a∗
(0,ρ′)〉β,L. (2.47)

For a non-interacting model, the two-point function can be computed explicitly
in terms of the Bloch Hamiltonian. We have:

g(k) =
1

ik0 + Ĥ(k) − μ
. (2.48)

The two-point function completely characterizes the Gibbs state of system:
being the Hamiltonian quadratic in the fermionic creation and annihilation
operators, all Euclidean correlation function can be computed via the fermionic
Wick’s rule.

Next, we define the connected time-ordered Euclidean correlation func-
tions, or time-ordered Euclidean cumulants, as:

〈Tγt1(O1); · · · ; γtn
(On)〉β,L

:=
∂n

∂λ1 · · · ∂λn
log

⎧⎨
⎩1 +

∑
I⊆{1,2,...,n}

λ(I)〈TO(I)〉β,L

⎫⎬
⎭
∣∣∣
λi=0

(2.49)

where I is a non-empty ordered subset of {1, 2, . . . , n}, λ(I) =
∏

i∈I λi and
O(I) =

∏
i∈I γti

(Oi). For n = 1, this definition reduces to 〈Tγt1(O1)〉 ≡
〈γt1(O1)〉 = 〈O1〉, while for n = 2 one gets 〈Tγt1(O1); γt2(O2)〉 = 〈Tγt1(O1)γt2

(O2)〉−〈Tγt1(O1)〉〈Tγt2(O2)〉. The following relation between correlation func-
tions and connected correlation function holds true:

〈Tγt1(O1) · · · γtn
(On)〉β,L =

∑
P

∏
J∈P

〈Tγtj1
(Oj1); · · · ; γtj|J|

(Oj|J|)〉β,L,

where P is the set of all partitions of {1, 2, . . . , n} into ordered subsets and J
is an element of the partition P , J = {j1, . . . , j|J|}.

The next proposition establishes the connection between the real time
perturbation theory generated by the Duhamel series of Proposition 2.3 and
the Euclidean correlation functions, for special choices of the adiabatic param-
eter η.
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Proposition 2.5 (Wick rotation). Let ηβ ∈ 2π
β N. Let O be such that [O,N] = 0.

Then, the following identity holds true:
∫

−∞≤sn≤...≤s1≤t

ds eηβ(s1+...+sn)〈[· · · [[τt(O), τs1(P)], τs2(P)] · · · τsn(P)]〉β,L

=
(−i)nenηβt

n!

∫
[0,β)n

ds e−iηβ(s1+...+sn)〈Tγs1(P); γs2(P); · · · ; γsn(P);O〉β,L .

(2.50)

We refer the reader to [34] for the proof of this identity, which holds
for general lattice models in d dimensions. Equation (2.50) introduces a very
useful representation of the Duhamel series. In particular, for non-interacting
models, all contributions to the Duhamel series can be computed starting from
the two-point function (2.48) via Wick’s rule. Following [34], for general choices
of η > 0 we will use an approximation argument to replace η with its best
approximant ηβ ≥ η, based on Lieb–Robinson bounds for non-autonomous
dynamics.

3. Large-Scale Response of 1d Systems

Let us define the full response as:

χβ,L
ν (x; η, θ) :=

1
θ

(
Tr jν,xρ(0) − Tr jν,xρβ,μ,L

)
ν = 0, 1. (3.1)

The quantity χβ,L
0 is called the susceptibility, while the quantity χβ,L

1 is called
the conductance. The next theorem gives precise information about these ob-
jects.

Theorem 3.1 (Response of one-dimensional systems). Let θ = aη. There exist
constants w, γ, η0 > 0 such that, for all 0 ≤ η < η0 and a ≤ w |log η|, and for
β, L large enough:

χβ,L
ν (x; η, θ) = −

N∑
ω=1

vν
ω

2π|vω|
∫
R

μ̂∞(q)eiqθx vωq

−i/a + vωq

dq
2π

+ O(ηγ)

+ O
( 1

η3β

) (3.2)

where vν
ω = δν,0 + vωδν,1.

Corollary 3.2. In particular, we can isolate three regimes.

1. Suppose that a → 0 as η → 0+. Then,

χν(x, η, θ) = O(a) + O(ηγ) + O
( 1

η3β

)
. (3.3)
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2. Suppose that a is constant in η. Then:

χβ,L
ν (x; η, θ)

= −
N∑

ω=1

vν
ω

2π|vω|
∫
R

μ∞(θx − y)
[
δ(y) − 1

a|vω|e
−y/avωΘ(y/vω)

]
dy

+O(ηγ) + O
( 1

η3β

)
, (3.4)

where Θ is the Heaviside step function.
3. Finally, suppose that a → ∞ as η → 0+. Then:

χβ,L
ν (x; η, θ) = −μ∞(θx)

N∑
ω=1

vν
ω

2π|vω| + O(ηγ) + O
( 1

η3β

)
. (3.5)

In particular,

lim
η→0+

lim
β→∞

lim
L→∞

χβ,L
1 (x; η, θ) = −μ∞(0)

N∑
ω=1

sgn(vω)
2π

= 0 (3.6)

since the number of left chiral fermionic modes equals the number of right
chiral modes, for short-ranged one-dimensional systems.

Remark 3.3. (i) The above theorem justifies the validity of linear response
for non-interacting one-dimensional systems in the absence of a spec-
tral gap, in the zero temperature limit and in the thermodynamic limit.
Remarkably, the leading contribution to transport only depends on the
Fermi velocities vω; all the higher-order contributions in the perturbation
are taken into account by the O(ηγ) corrections.

(ii) The parameter a = θ/η defines the relative magnitude between the vari-
ations in time and in space of the perturbation. The regime a � 1 corre-
sponds to the situation in which the system is effectively exposed to the
perturbation for a shorter time, while a 	 1 corresponds to a longer time.
The choice a = 1 defines a natural transition between the two regimes. It
coincides with the Euler scaling, which, as mentioned in the introduction,
is the starting point for hydrodynamic effective models. This framework
can also be used to derive a linear response theory, see e.g. [19] and
references therein.

(iii) As the proof will show, due to the absence of a spectral gap all terms in the
Duhamel expansion of the full response (3.1) are apparently of the same
order in θ, and in particular of the same order of the linear response. If
so, this would not allow to prove that the linear term gives the dominant
contribution to (3.1), since we are not making any assumption on the
size of μ(θx). The validity of linear response arises thanks to a crucial
cancellation taking place at higher orders in the Duhamel expansion. This
cancellation allows to prove that all terms after the linear response, up
to a large θ-dependent order n(θ), are suppressed by an extra factor ηγ

with γ > 0, and hence they vanish as η → 0; this is ultimately due to a
cancellation taking place in the scaling limit of the model, often called
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“loop cancellation” in quantum field theory, related to bosonization [25].
Concerning the orders n larger that n(θ), we will prove that they give a
small contribution, thanks to improved estimates on the Duhamel series,
that allow to prove its summability.

4. Proof of Theorem 3.1

4.1. Auxiliary Dynamics

Let ηβ be the smallest number in (2π/β)N such that ηβ ≥ η. We define:

Hβ,η(t) = H + θeηβt
∑
x∈ΛL

μα(θx)a∗
xax , (4.1)

where μα(θx) is obtained from μ(θx) after cutting off large momenta, in a
smooth way:

μα(θx) =
1
L

∑
p∈BL

eipxμ̂α,θ(p) , μ̂α,θ(p) = μ̂θ(p)χ(θα−1|p|T) , (4.2)

with α ∈ (0, 1) and χ(·) : R
+ → [0; 1] a smooth cutoff function such that:

χ(t) =

{
1 t ≤ 1
0 t ≥ 2.

(4.3)

With respect to the original perturbation, in the definition of the function
μα(θx) we are cutting off all momenta p of norm greater than 2θ1−α. By the
smoothness of the function μ(·), this regularization will have a minor effect.

Let us denote by Ũ(t; s) the two-parameter unitary group generated by
Hβ,η(t),

i∂tŨ(t; s) = Hβ,η(t)Ũ(t; s) , Ũ(s; s) = 1 . (4.4)
The next result allows to control the error introduced by replacing the dynam-
ics generated by H(ηt) with the dynamics generated by Hβ,η(t).

Proposition 4.1. (Approximation by the auxiliary dynamics) Under the same
assumptions of Theorem 3.1, it follows that, for any m ∈ N:
∥∥∥Ũ(t;−∞)∗OXŨ(t;−∞) − U(t;−∞)∗OXU(t;−∞)

∥∥∥ ≤ Cm
θ1+α(m−1)

η2
+

Cθ

η3β
.

(4.5)

Remark 4.2. Let us briefly comment on the reason for introducing the auxiliary
dynamics. Let A be such that [A,N] = 0, and let τ̃t(A) = eηtτt(A), which we
can view as a (non-unitary) regularization of the original dynamics, damped
in the past. Then, if η ∈ 2π

β N, we observe that τ̃t(·) satisfies the KMS identity:

〈τ̃t(A)B〉β,L = 〈Bτ̃t+iβ(A)〉β,L , (4.6)

where we used the trivial but crucial identity eηt = eη(t+iβ). The KMS identity
for the regularized dynamics (4.6) plays a key role in the mapping of the real-
time Duhamel series into an imaginary time expansion, which can be efficiently
studied [34]. See Proposition 2.5. Due to the fact that the difference between
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any η > 0 and its best approximation ηβ ∈ 2π
β N vanishes as β → ∞, this

approach is suitable to study zero or low temperature systems (lower than
some η-dependent value).

Concerning the momentum-space regularization of the perturbation, this
will be used to rule out the scattering of different Fermi points, at orders in
the expansion that are less than some θ-dependent (high) order.

Proof of Proposition 4.1. The proof of this proposition is a standard argu-
ment, based on Lieb–Robinson bounds. It is a slight generalization of an anal-
ogous result in [34]. We reproduce it for completeness. We start by writing:

∥∥∥Ũ(t;−∞)∗OXŨ(t;−∞) − U(t;−∞)∗OXU(t;−∞)
∥∥∥

=
∥∥∥OX − UI(t;−∞)∗OXUI(t;−∞)

∥∥∥ ,
(4.7)

where UI(t; s) = U(t; s)Ũ(t; s)∗. Then, since:

i∂sUI(t; s) = −UI(t; s)Ũ(t; s)
(
H(ηs) − Hη,β(s)

)
Ũ(t; s)∗ (4.8)

we have:

OX − UI(t;−∞)∗OXUI(t;−∞)

=
∫ t

−∞
ds

d
ds

UI(t; s)∗OXUI(t; s)

= i

∫ t

−∞
dsUI(t; s)∗

[
OX , Ũ(t; s)

(
H(ηs) − Hη,β(s)

)
Ũ(t; s)∗

]
UI(t; s) ,

(4.9)

which implies:

∥∥∥OX − UI(t; −∞)∗OXUI(t; −∞)
∥∥∥

≤
∫ t

−∞
ds

∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),

(
H(ηs) − Hη,β(s)

)]∥∥∥

≤
∫ t

−∞
ds

(∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q1(s)

]∥∥∥ +
∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q2(s)

]∥∥∥
)

,

(4.10)
where:

Q1(s) = θ(eηs − eηβs)
∑
x∈ΛL

μ(θx)a∗
xax

Q2(s) = θeηβs
∑
x∈ΛL

(μ(θx) − μα(θx))a∗
xax .

(4.11)
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Consider the second term. We have:∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q2(s)

]∥∥∥
≤ θeηβs

∑
x∈ΛL

∣∣μ(θx) − μα(θx)
∣∣∥∥∥
[
Ũ(t; s)∗OXŨ(t; s), nx

]∥∥∥

≤ θeηβs‖μ − μα‖∞
∑
x∈ΛL

∥∥∥
[
Ũ(t; s)∗OXŨ(t; s), nx

]∥∥∥ . (4.12)

By the Lieb–Robinson bound, we can further estimate:∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q2(s)

]∥∥∥ ≤ CXθeηβs(1 + |t − s|)‖μ − μα‖∞ . (4.13)

The norm can be bounded as:

‖μ − μα‖∞ ≤ 1
L

∑
p∈BL

∣∣μθ(p)
∣∣[1 − χ(θα−1|p|T)

]
. (4.14)

Next, by the smoothness of μ(x), we have (1 + |q|m
T

)|μ̂(q)| ≤ Cm, which easily
gives:

1
L

∑
p∈BL

∣∣μθ(p)
∣∣[1 − χ(θα−1|p|T)

] ≤ Kmθα(m−1) , ∀m ∈ N . (4.15)

Plugging this bound in (4.13), we obtain:∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q2(s)

]∥∥∥ ≤ CXKmθeηβs(1 + |t − s|)θα(m−1) , (4.16)

which allows to estimate the corresponding contribution to (4.10) as:∫ t

−∞
ds

∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q2(s)

]∥∥∥ ≤ Cm
θ1+α(m−1)

η2
. (4.17)

Consider now the contribution due to Q1(s) in the right-hand side of (4.10).
This term can be estimated as in [34, Proposition 4.1], we omit the details.
The result is: ∫ t

−∞
ds

∥∥∥
[
Ũ(t; s)∗OXŨ(t; s),Q1(s)

]∥∥∥ ≤ Cθ

η3β
. (4.18)

Combining (4.7), (4.10), (4.17), (4.18), the final result (4.5) follows. �

Therefore, by Proposition 4.1 we have:

Tr jν,xρ(t) = Tr jν,xρ̃(t) + Eβ,L
ν (x, t; η, θ) , (4.19)

where ρ̃(t) = Ũ(t;−∞)ρβ,μ,LŨ(t;−∞)∗ and, by Proposition 4.1:

|Eβ,L
ν (x, t; η, θ)| ≤ Cm

θ1+α(m−1)

η2
+

Cθ

η3β
. (4.20)

We require that this error term is subleading once divided by θ = aη, recall
(3.1). To this end, it is sufficient to consider:

a = o
(
η

2
α(m−1)−1

)
. (4.21)
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In order to leave room for taking a → ∞ as η → 0+, we will choose α ∈ (0, 1)
and we will pick m ∈ N so that α(m− 1) > 2. Later, we will have to introduce
stronger constraints on a.

4.2. Duhamel Series of the Auxiliary Dynamics

Consider the main term in the right-hand side of (4.19). By Proposition 2.5:

Tr jν,xρ̃(t) − Tr jν,xρβ,μ,L

=
∑
n≥1

(−1)nenηβt

n!

∫
[0,β)n

ds e−iηβ(s1+...+sn)〈Tγs1(P̃); · · · ; γsn
(P̃); jν,x〉β,L .

(4.22)
It is convenient to rewrite the nth-order contribution to the expansion in
Fourier space. Recalling the definition (2.38) and the form of the perturba-
tion (2.28),∫

[0,β)n

ds e−iηβ(s1+...+sn)〈Tγs1(P̃); · · · ; γsn
(P̃); jν,x〉β,L

=
∫

[0,β)n

ds e−iηβ(s1+...+sn)〈Tγs1(j0(μα,θ)); · · · ; γsn
(j0(μα,θ)); jν,x〉β,L .

(4.23)
Next, using that:

j0(μα,θ) =
θ

L

∑
p∈BL

μ̂α,θ(−p)ĵν,p , ĵν,p =
∑
x∈ΛL

e−ipxĵν,x , (4.24)

and writing, for p = (p0, p1) with p1 = p and p0 = ηβ ,

n̂p :=
∫ β

0

ds e−iηβsγs(n̂p) , (4.25)

we can rewrite the right-hand side of (4.23) as:∫
[0,β)n

ds e−iηβ(s1+...+sn)〈Tγs1(j0(μα,θ)); · · · ; γsn
(j0(μα,θ)); jν,x〉β,L

=
θn

Ln

∑
{pi}∈Bn

L

[ n∏
i=1

μ̂α,θ(−pi)
]
eipn+1x 1

βL
〈T n̂p

1
; · · · ; n̂p

n
; ĵν,p

n+1
〉β,L ,

(4.26)
where p

n+1
= −p

1
− . . .−p

n
. In order to derive (4.26), we used the space-time

translation invariance of the Gibbs state. Next, by Wick’s rule:

1
βL

〈T n̂p
1

; · · · ; n̂p
n

; ĵν,p
n+1

〉β,L

= − 1
βL

∑
π∈Sn

∑
k∈Mβ×BL

Tr
[
Ĵν(k, pn+1)

n+1∏
i=1

g
(
k +

∑
j<i

p
π(j)

)]
(4.27)

where Sn is the set of permutations π of {1, . . . , n}; Mβ = (2π/β)(Z + 1/2) is
the set of the fermionic Matsubara frequencies, and g(k) is given by (2.48).
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In the following, it will be convenient to decompose the fermionic prop-
agator in a singular plus a regular part. Let χ(·) be a smooth cutoff function
as in (4.3). We write:

g(k) = g(k)χ(|Ĥ(k) − μ|/Δ) + g(k)(1 − χ(|Ĥ(k) − μ|/Δ))

= ga(k) + gb(k) ;
(4.28)

the propagator gb satisfies the estimate:

‖dn0
k0

dn1
k1

gb(k)‖ ≤ Cn0,n1

1 + |k0|n0+1
uniformly in k. (4.29)

Consider now the first term in (4.28). It is:

ga(k) =
N∑

ω=1

χ(|eω(k) − μ|/Δ)
ik0 + eω(k) − μ

Pω(k) , (4.30)

with Pω(k) a rank-one projector,

Pω(k) := |ξω(k)〉〈ξω(k)| Ĥ(k)ξω(k) = eω(k)ξω(k) . (4.31)

We can further rewrite ga(k), as follows. By assumption, the Fermi point kω
F is

not a critical point for eω, that is vω = e′
ω(kω

F ) �= 0. Thus, setting k := (k0, k1)
and kω

F := (0, kω
F ),

N∑
ω=1

χ(|eω(k) − μ|/Δ)
ik0 + eω(k) − μ

Pω(k)

=
N∑

ω=1

χω
δ (k)

Dω(k)
Pω(k) +

N∑
ω=1

(χ(|eω(k) − μ|/Δ)
ik0 + eω(k) − μ

− χω
δ (k)

Dω(k)

)
Pω(k)

(4.32)

where: χω
δ (k) := χ(‖k − kω

F ‖ω /δ), ‖q‖2
ω := q2

0 + v2
ω|q|2

T
and Dω(kω

F + q) :=
iq0 + vωq. The parameter δ is chosen so that δ � infω 
=ω′ |kω

F − kω′
F |T and

|eω(k)−μ| ≤ Δ ∀k ∈ Bω
2δ(k

ω
F ) := {k ∈ [0, 2π] : |k−kω

F |T < 2δ/|vω|} (4.33)

for all ω. Therefore, we can rewrite:

g(k) = gs(k) + gr(k) with

gs(k) :=
N∑

ω=1

χω
δ (k)

Dω(k)
Pω(k)

gr(k) := gb(k) +
N∑

ω=1

(χ(|eω(k) − μ|/Δ)
ik0 + eω(k) − μ

− χω
δ (k)

Dω(k)

)
Pω(k) .

(4.34)

It is not difficult to see that:

‖gr(k)‖ ≤ C

1 + |k0| ,
∥∥dkα

gr(k)
∥∥ ≤

N∑
ω=1

C

1 + |k0|
1

‖k − kω
F ‖ . (4.35)
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Using the above splitting we can decompose the left-hand side of (4.27) as:

1
βL

〈T n̂p
1
; · · · ; n̂p

n
; ĵν,p

n+1
〉β,L = S̃β,L

n;ν (p
1
, . . . , p

n
) + R̃β,L

n;ν (p
1
, . . . , p

n
) (4.36)

where S̃β,L
n;ν (p

1
, . . . , p

n
) collects the contribution due only to the singular prop-

agators gs,

S̃β,L
n;ν (p

1
, . . . , p

n
) := − 1

βL

∑
k∈Mβ×BL

∑
π∈Sn

Tr

[
Ĵν(k, pn+1)

n+1∏
i=1

gs

(
k +

∑
j<i

p
π(j)

)]
,

(4.37)
while R̃β,L

n;ν (p
1
, . . . , p

n
) contains at least one bounded propagator gr. The next

lemma allows to rewrite S̃β,L
n;ν in a more explicit way, up to subleading terms.

In the following, we shall use the notation:
∫

β,L

dk

(2π)2
[· · · ] :=

1
βL

∑
k∈Mβ×BL

[· · · ] ; (4.38)

in fact, as β, L → ∞, the sum converges to an integral over k ∈ R × T.

Lemma 4.3. (Structure of the singular part) Let v0
ω = 1 and v1

ω = vω. Then
for any p1, . . . , pn in the support of μ̂α,θ,

S̃β,L
n;ν (p

1
, . . . , p

n
) = Sβ,L

n;ν (p
1
, . . . , p

n
) + T β,L

n;ν (p
1
, . . . , p

n
) (4.39)

where, for gω(k) = χω
δ (k)/Dω(k),

Sβ,L
n;ν (p

1
, . . . , p

n
) = −

N∑
ω=1

vν
ω

∫
β,L

dk

(2π)2
∑

π∈Sn

n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

)

T β,L
n;ν (p

1
, . . . , p

n
) = −

N∑
ω=1

∫
β,L

dk

(2π)2
∑

π∈Sn

fν
n,ω(k; pπ(1), . . . , pπ(n))

·
n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

)
,

(4.40)

where:

|fν
n,ω(k; p1, . . . , pn)| ≤ Cδ

(
δν,1|k − kω

F |T + n

n∑
i=1

|pi|T
)
. (4.41)

Proof. We start with the following remark. Since all external momenta {pj}
are in the support of μ̂α,θ, we have that |pj |T ≤ θ1−α. Furthermore, gω and
gω′ have disjoint support for ω �= ω′, recall the discussion after (4.33). Thus,
for θ small enough, and for all i = 1, . . . , n:

gω(k +
∑

j<i p
j
)gω′(k +

∑
j<i+1 p

j
) = 0 if ω′ �= ω. (4.42)
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Hence, S̃β,L
n;ν reduces to

S̃β,L
n;ν (p

1
, . . . , p

n
) = −

N∑
ω=1

∑
π∈Sn

∫
β,L

dk

(2π)2
[ n+1∏

i=1

gω

(
k +

∑
j<i

p
π(j)

)]

· tνω(k; pπ(1), . . . , pπ(n)) (4.43)

with

tνω(k; pπ(1), . . . , pπ(n)) := Tr
[
Ĵν(k, pn+1)

n+1∏
i=1

Pω

(
k +

∑
j<i

pπ(j)

)]
. (4.44)

Noticing that t0ω(k; 0, . . . , 0) ≡ 1 and t1ω(k; 0, . . . , 0) = e′
ω(k), we Taylor expand

tνω(k; ·) around (0, . . . , 0), and e′
ω around kω

F , obtaining

tνω(k; p1, . . . , pn) = vν
ω + fν

n,ω(k; p1, . . . , pn) ; (4.45)

the bound (4.41) easily follows from the smoothness of Ĵν(k, p) and of Pω(k).
�

Remark 4.4. This decomposition allows to isolate, at order n, the most singu-
lar contribution from the nth-order term in the Duhamel expansion. Indeed,
for θ ∝ η, a rescaling shows that each summand appearing in θn−1Sβ,L

n;ν is
O(1), whereas the summands in θn−1T β,L

n;ν and θn−1R̃β,L
n;ν are O(θ). We will see

that the smallness of θn−1Sβ,L
n;ν will be guaranteed by a crucial cancellation.

Let Rβ,L
n;ν := R̃β,L

n;ν + T β,L
n;ν . We obtained the following representation for

the Duhamel expansion of the response functions, recall (4.22)–(4.26),

χβ,L
ν (x; η, θ) = −

∞∑
n=1

(−θ)n−1

n!
1

Ln

∑
{pi}∈Bn

L

[ n∏
j=1

μ̂α,θ(−pj)
]
eipn+1x

·[Sβ,L
n;ν (p

1
, . . . , p

n
) + Rβ,L

n;ν (p
1
, . . . , p

n
)] + Eβ,L

ν (x; η, θ) ,

(4.46)

where: p
i
:= (ηβ , pi) and p

n+1
:= −∑n

i=1 p
i
; the term Sβ,L

n;ν is given by the first
of (4.40); the term Rβ,L

n;ν (p
1
, . . . , p

n
) will be proven to be subleading as θ → 0;

and, recall (4.20):

|Eβ,L
ν (x; η, θ)| ≤ Cθα(m−1)

η2
+

C

η3β
. (4.47)

Our next task will be to evaluate explicitly the linear response, and to bound
the higher-order terms, starting from the identity (4.46).

4.3. Evaluation of the Linear Response

In this subsection we will evaluate the main term in the expression for the
response function, Eq. (3.2), as β, L → ∞. The analysis is based on lattice
conservation laws, regularity of correlations, and explicit computation of the
scaling limit contribution. It has been already used to determine the linear
response of 1d and quasi-1d systems, [2,10,13,45,46], in a setting that also
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allow to include many-body interactions. For completeness, we shall reproduce
all the steps here, for general 1d non-interacting systems.

Let Sn;ν = limβ,L→∞ Sβ,L
n;ν and Rn;ν = limβ,L→∞ Rβ,L

n;ν . In this limit, the
n = 1 term in (4.46) reads, setting p = θq, with q = (a−1, q),

χlin
ν (x; η, θ) = −

∫
Tθ−1

dq

2π
μ̂α(−q)e−iθqx

[
S1;ν(θq) + R1;ν(θq)

]
, (4.48)

with μ̂α(q) = μ̂(q)χ(θα|q|), and Tθ−1 is the torus T rescaled by a factor 1/θ.
Let us start by discussing the R1;ν term.

Lemma 4.5 (Continuity of the remainder). For α ∈ (0, 1), there exists Cα > 0
such that:

|R1;ν(0)| ≤ C, |R1;ν(p) − R1;ν(0)| ≤ Cα‖p‖α . (4.49)

Proof. We have:

R̃1;ν(p) =
∫
R×T

dk

(2π)2
Tr

(
Ĵν(k,−p)(gr(k)gs(k + p)

+gs(k)gr(k + p) + gr(k)gr(k + p))
)

. (4.50)

By the estimate (4.35), R̃1;ν(0) is finite. Furthermore, by the smoothness of
Ĵν(k, p) and using the bound, with 0 < α < 1,

∥∥gr(k + p) − gr(k)
∥∥ ≤ C

∑
ω

1
1 + |k0|α

‖p‖α

‖k − kω
F ‖α

(4.51)

which follows from the second of (4.35), we easily get:∣∣∣R̃1;ν(p) − R̃1;ν(0)
∣∣∣ ≤ Cα‖p‖α . (4.52)

Consider now the term T1;ν . From the estimate (4.41), and recalling that
gω(k) = χω

δ (k)/Dω(k), we have:

∣∣∣T1;ν(p)
∣∣∣ ≤ C

N∑
ω=1

∫
dk

∣∣fν
1,ω(k; p)

∣∣|gω(k + p)||gω(k)|

≤ K

N∑
ω=1

∫
dk (|k − kω

F |T + |p|T)|gω(k + p)||gω(k)|

≤ K̃(1 + ‖p‖∣∣ log ‖p‖∣∣) . (4.53)

Similarly,

∣∣∣T1;ν(p) − T1;ν(0)
∣∣∣ ≤ K

N∑
ω=1

∫
dk |k − kω

F |T|(gω(k + p) − gω(k)
)||gω(k)|

+K

N∑
ω=1

∫
dk |p|T|gω(k + p)||gω(k)| ; (4.54)
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the second term is bounded proportionally to ‖p‖ ∣∣log ‖p‖∣∣. Consider the first
term. Using that, for 0 < α < 1:

|gω(k + p) − gω(k)| ≤ C

(
χω(k)

‖k − kω
F ‖1−α

+
χω(k + p)

‖k − kω
F + p‖1−α

)

· ‖p‖α

‖k − kω
F + p‖α‖k − kω

F ‖α
(4.55)

we obtain:∫
dk |k − kω

F ||(gω(k + p) − gω(k)
)||gω(k)|

≤ C

∫
dk

(
χω(k)

‖k − kω
F ‖1−α

+
χω(k + p)

‖k − kω
F + p‖1−α

) ‖p‖α

‖k − kω
F + p‖α‖k − kω

F ‖α

≤ C̃α‖p‖α.

(4.56)
Thus, we found: ∣∣∣T1;ν(p) − T1;ν(0)

∣∣∣ ≤ Cα‖p‖α . (4.57)

This concludes the proof of (4.49). �

Next, we shall consider the singular term S1;ν in (4.48), whose explicit
form is

S1;ν(θq) = −
N∑

ω=1

vν
ω

∫
R×T

gω(k)gω(k + θq)
dk

(2π)2

≡
N∑

ω=1

vν
ωB

ω
δ (θq) ,

(4.58)

where Bω
δ is the relativistic bubble diagram:

Bω
δ (θq) := −

∫
R2

χω
δ (k)χω

δ (k + θq)
Dω(k)Dω(k + θq)

dk

(2π)2
. (4.59)

The next proposition allows to compute it. The result is well known, and we
reproduce it here for completeness.

Proposition 4.6 (The relativistic bubble diagram). Let α ∈ (0, 1). For any
q = (q0, q) �= 0 such that ‖q‖ ≤ θ−α, we have:

Bω
δ (θq) =

1
4π|vω|

−iq0 + vωq

iq0 + vωq
+ O(θ1−α) . (4.60)

Proof. First of all, by performing the change of coordinates k → θk we obtain

Bω
δ (θq) = Bω

δ/θ(q) . (4.61)
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Then, we rewrite:

Bω
δ/θ(q) = −

∫
R2

χω
δ/θ(k)χω

δ/θ(k + q)

Dω(k)Dω(k + q)
dk

(2π)2

= − 1
Dω(q)

∫
R2

χω
δ/θ(k)χω

δ/θ(k + q)
(

1
Dω(k)

− 1
Dω(k + q)

)
dk

(2π)2

= − 1
Dω(q)

∫
R2

χω
δ/θ(k)χω

δ/θ(k + q) − χω
δ/θ(k − q)χω

δ/θ(k)

Dω(k)
dk

(2π)2
.

(4.62)
Observing that:

χω
δ/θ(k + q) − χω

δ/θ(k − q) = 2q · ∇kχω
δ/θ(k) + rω(k, q) (4.63)

with |rω(k, q)| ≤ Cδθ
2‖q‖2, we see that, for ‖q‖ ≤ θ−α, using that rω(k, q) is

supported for ‖k‖ ∼ (δ/θ):∣∣∣∣∣
1

Dω(q)

∫
R2

χω
δ/θ(k)rω(k, q)

Dω(k)
dk

(2π)2

∣∣∣∣∣ ≤ Cδθ
−α+1 (4.64)

which vanishes for θ → 0. Consider now the main term,

− 2
Dω(q)

∫
R2

χω
δ/θ(k)q · ∇kχω

δ/θ(k)

Dω(k)
dk

(2π)2

= − 2q0

Dω(q)

∫
R2

χω
δ/θ(k)∂0χ

ω
δ/θ(k)

Dω(k)
dk

(2π)2

− 2q1

Dω(q)

∫
R2

χω
δ/θ(k)∂1χ

ω
δ/θ(k)

Dω(k)
dk

(2π)2
.

(4.65)

After a rescaling and a change of variable in the k1 variable, we get;

− 2
Dω(q)

∫
R2

χω
δ/θ(k)q · ∇kχω

δ/θ(k)

Dω(k)
dk

(2π)2

= − 2q0

Dω(q)
1

|vω|
∫
R2

χ(k)∂0χ(k)
ik0 + k1

dk

(2π)2
− 2q1

Dω(q)
vω

|vω|
∫
R2

χ(k)∂1χ(k)
ik0 + k1

dk

(2π)2
,

(4.66)
where χ(k) ≡ χ(‖k‖), see Eq. (4.3). Then, one observes that this expression
can be further rewritten as:

− 2
Dω(q)

∫
R2

χω
δ/θ(k)q · ∇kχω

δ/θ(k)

Dω(k)
dk

(2π)2

= −2(q0 + ivωq1)
Dω(q)|vω|

∫
R2

χ(k)∂0χ(k)
ik0 + k1

dk

(2π)2

= −2(q0 + ivωq1)
Dω(q)|vω|

∫
R2

k0

‖k‖
χ(‖k‖)χ′(‖k‖)

ik0 + k1

dk

(2π)2

= −q0 + ivωq1

Dω(q)|vω|
∫
R2

k0

‖k‖
(χ2(‖k‖))′

ik0 + k1

dk

(2π)2
. (4.67)
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The last integral can be computed switching to polar coordinates, and one
finds:

− 2
Dω(q)

∫
R2

χω
δ/θ(k)q · ∇kχω

δ/θ(k)

Dω(k)
dk

(2π)2
=

q0 + ivωq1

Dω(q)|vω|
−i

4π
(4.68)

which reproduces the main term in (4.60). �

The evaluation of the relativistic bubble diagram, combined with lattice
conservation laws, allow to compute (4.48).

Proposition 4.7 (Evaluation of the linear response). We have:

χlin
ν (x; η, θ) = −

N∑
ω=1

χν,ω

∫
R

μ̂∞(q)eiqθx vωq

−i/a + vωq

dq

2π
+ O(θ1−α) , (4.69)

with χν,ω = vν
ω/2π|vω|. Let θ = aη. We can distinguish three regimes.

(i) Suppose that a → 0 as η → 0+. Then χlin
ν (x; η, θ) = O(a).

(ii) Suppose that a is constant in η. Then:

χlin
ν (x; η, θ) = −

N∑
ω=1

χν,ω

∫
R

μ∞(θx − y)

·
[
δ(y) − 1

a|vω|e
−y/avωΘ(y/vω)

]
dy + O(η1−α) . (4.70)

(iii) Suppose that a → ∞ as η → 0+, so that aη → 0. Then:

χlin
ν (x; η, θ) = −μ∞(θx)

N∑
ω=1

χν,ω + O(θ1−α) . (4.71)

Proof. By (4.58), we rewrite the linear response (4.48) as:

χlin
ν (x, η, θ) = −

∫
Tθ−1

dq

2π
μ̂α(−q)e−iθqx

[
S1;ν(θq) + R1;ν(θq)

]

= −
∫
R

dq

2π
μ̂∞(−q)e−iθqx

[
N∑

ω=1

vν
ωB

ω
δ (θq) + R1;ν(0)

]

+ Eν;1(x; η, θ) ,

(4.72)

where, by (4.49), and by the regularity properties of the function μ∞(x):
∣∣∣Eν;1(x; η, θ)

∣∣∣ ≤ Kθ . (4.73)

Next, by (4.60), (4.61), Bω
δ (θq) = Bω

∞(q) + O(θ1−α), with:

Bω
∞(q) =

1
4π|vω|

−iq0 + vωq

iq0 + vωq
; (4.74)
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thus, recalling that q = (a−1, q) and performing the change of variables q →
−q,

χlin
ν (x; η, θ) = −

∫
R

dq

2π
μ̂∞(q)eiθqx

·
[

N∑
ω=1

vν
ω

1
4π|vω|

i/a + vωq

−i/a + vωq
+ R1;ν(0)

]
+

∑
i=1,2

Eν;i(x; η, θ)

(4.75)
where:

|Eν;2(x; η, θ)| ≤ Cθ1−α . (4.76)

Let us now determine R1;ν(0). We shall compute it by exploiting lattice con-
servation laws. Thanks to the continuity equation (2.33), the following equality
holds:

i∂x0〈Tnx; jν,y〉β,L + dx〈Tjx; jν,y〉β,L = iδ(x0 − y0)〈[nx, jν,y]〉β,L , (4.77)

where Ox := γx0(Ox1). The contact term on the right-hand side arises due to
the definition of time-ordering. Taking the Fourier transform of left-hand side
and right-hand side, we obtain:

p0
1

βL
〈Tn̂p; ĵν,−p〉β,L+(1−e−ip)

1
βL

〈Tĵp; ĵν,−p〉β,L = i
∑
x∈Z

e−ipx〈[nx, jν,0]〉β,L .

(4.78)
Let p = (p0, 0). Using that [

∑
x∈Z

nx, jν,0] = 0, we obtain 〈Tn̂p; ĵν,−p〉β,L = 0.
Hence, recalling that (1/βL)〈Tn̂p; ĵν,−p〉β,L = Sβ,L

1;ν (p) + Rβ,L
1;ν (p), we obtain,

in the β, L → ∞ limit, and by the continuity of R1;ν(p) at p = 0:

S1;ν((p0, 0)) + R1;ν((p0, 0)) = 0 =⇒

R1;ν(0) = − lim
p0→0

S1;ν((p0, 0)) =
N∑

ω=1

vν
ω

4π|vω| . (4.79)

Plugging this identity in (4.75), we obtain:

χlin
ν (x; η, θ) = −

N∑
ω=1

vν
ω

2π|vω|
∫
R

dq

2π
μ̂∞(q)eiqθx vωq

−i/a + vωq
+

∑
i=1,2

Eν;i(x; η, θ)

(4.80)
which proves (4.69). Let us further analyse the integral. From (4.80), it is clear
that if a → 0, the integral is vanishing. More generally, we can rewrite (4.80)
as:

χlin
ν (x; η, θ) = −

N∑
ω=1

χν,ω

[
μ∞(θx) +

i

a

∫
R

dq

2π

μ̂∞(q)eiqθx

−i/a + vωq

]
+

∑
i=1,2

Eν;i(x; η, θ) .

(4.81)
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To compute the integral, we employ the good decay properties of μ̂∞(q) to
rewrite it as:

∫
R

μ̂∞(q)eiqθx

−i/a + vωq

dq

2π
= lim

Q→∞

∫
|q|≤Q

μ̂∞(q)eiqθx

−i/a + vωq

dq

2π

= lim
Q→∞

∫
dy μ∞(y)

∫
|q|≤Q

e−iqyeiqθx

−i/a + vωq

dq

2π

= lim
Q→∞

∫
dz μ∞(z + θx)

∫
|q|≤Q

e−iqz

−i/a + vωq

dq

2π
.

(4.82)

Let z > 0. By Cauchy theorem for holomorphic functions:
∫

|q|≤Q

e−iqz

−i/a + vωq

dq

2π
=

1
2πvω

∫
|q|≤Q

e−iqz

−i/(avω) + q
dq

= − 1
2πvω

(2πi)ez/(avω)1(vω < 0) + g+
Q(z)

(4.83)

where g+
Q(z) is bounded uniformly in z and limQ→∞ g+

Q(z) = 0. Similarly, if
z < 0:

∫
|q|≤Q

e−iqz

−i/a + vωq

dq

2π
=

1
2πvω

(2πi)ez/(avω)1(vω > 0) + g−
Q(z) (4.84)

with g−
Q(z) is bounded uniformly in z and limQ→∞ g−

Q(z) = 0. All in all, for
z �= 0:

lim
Q→∞

∫
|q|≤Q

e−iqz

−i/a + vωq

dq

2π
=

i

|vω|e
z/(avω)1((z/vω) < 0). (4.85)

Plugging this in (4.82), we obtain, performing a change of variable z → −z:
∫
R

μ̂∞(q)eiqθx

−i/a + vωq

dq

2π
=

i

|vω|
∫

dz μ∞(θx − z)e−z/(avω)Θ(z/vω) (4.86)

with Θ(·) the Heaviside step function, equal to 1 for positive argument and
zero otherwise. Inserting this formula in (4.81), we get:

χlin
ν (x; η, θ) = −

N∑
ω=1

χν,ω

[
μ∞(θx) − 1

a|vω|
∫

dz μ∞(θx − z)e−z/(avω)Θ(z/vω)
]

+
∑

i=1,2

Eν;i(x; η, θ) (4.87)

which proves (4.70). Finally, the last claim (4.71) follows after taking the
a → ∞ limit, and using that μ is integrable. This concludes the proof of
Proposition 4.7. �
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4.4. Estimates for the Higher-Order Corrections

Let:

Bω
n+1(p1

, . . . , p
n
) := −

∫
R2

n+1∏
i=1

gω

(
k +

∑
j<i

p
j

) dk

(2π)2
, (4.88)

with the understanding that p
n+1

= −∑n
j=1 p

j
. Thus, from (4.40), in the

β, L → ∞ limit:

Sn;ν(p
1
, . . . , p

n
) =

N∑
ω=1

vν
ω

∑
π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

) . (4.89)

Our main goal will be to show that there are non-trivial cancellations in the
sum over permutations. These cancellations are ultimately implied by the iden-
tity:

gω(k)gω(k + p) =
1

Dω(p)

(
gω(k) − gω(k + p)

)
+ Fω

δ (k; p) (4.90)

where:

Fω
δ (k; p) :=

χω
δ (k)[χω

δ (k + p) − 1]
Dω(k)Dω(k + p)

+
χω

δ (k + p) − χω
δ (k)

Dω(p)Dω(k + p)
. (4.91)

This identity is a tree-level Ward identity, for the vertex function. It can be
viewed as generated by the invariance of the relativistic 1+1-dimensional model
under chiral gauge transformations. The term Fω

δ (k; p) in the right-hand side
introduces an anomaly in the usual Ward identity, due to the presence of the
momentum cut-off. The starting point is the following proposition. A similar
cancellation, for chiral fermions in the absence of UV cutoff, has been discussed
in [25].

Proposition 4.8 (Loop cancellation.). For any ω = 1, . . . , N , the following
holds:∑

π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

)

= − 1
n + 1

∑
π∈Sn+1

∫
Fω

δ (k; p
π(1)

)
n+1∏
i=3

gω

(
k +

∑
j<i

p
π(j)

) dk

(2π)2
.

(4.92)

Proof To begin, we define:

Bω
n+1(p1

, . . . , p
n
, p

n+1
) := Bω

n+1(p1
, . . . , p

n
) . (4.93)

Observe that Bω
n+1(p1

, . . . , p
n
, p

n+1
) is invariant under the abelian subgroup

of maximal cycles σ in {1, 2, . . . , n + 1},

Bω
n+1(p1

, . . . , p
n+1

) = Bω
n+1(pσ(1)

, . . . , p
σ(n)

, p
σ(n+1)

) . (4.94)

In fact, let us consider the integrand in (4.88):

gω(k)gω(k + p
1
)gω(k + p

1
+ p

2
) · · · gω(k + p

1
+ . . . + p

n
) . (4.95)
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Using that p
n+1

= −p
1

− . . . − p
n

we can rewrite it as:

gω(k+p
1
+ . . .+p

n+1
)gω(k+p

1
)gω(k+p

1
+p

2
) · · · gω(k+p

1
+ . . .+p

n
) . (4.96)

Now, perform the change of variables k+p
1

→ k in the integral in the definition
(4.88). We get:

gω(k + p
2

+ . . . + p
n+1

)gω(k)gω(k + p
2
) · · · gω(k + p

2
+ . . . + p

n
) , (4.97)

which we can also rewrite as, after a rearrangement of the factors:

gω(k+p
1
+ . . .+p

n+1
)gω(k+p

2
) · · · gω(k+p

2
+ . . .+p

n
)gω(k+p

2
+ . . .+p

n+1
)

(4.98)
which is precisely what one obtains from (4.96) replacing the ordered se-
quence of external momenta {p

1
, p

2
, . . . , p

n
, p

n+1
} with {p

2
, p

3
, . . . , p

n+1
, p

1
}.

This proves (4.94).
Next, we rewrite the left-hand side of (4.92) as∑

π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

, p
n+1

) =
∑

π∈Sn
π(n+1)=n+1

Bω
n+1(pπ(1)

, . . . , p
π(n+1)

) ;

(4.99)
using the aforementioned cyclicity property, we can also rewrite:∑

π∈Sn
π(n+1)=n+1

Bω
n+1(pπ(1)

, . . . , p
π(n+1)

)

=
1

n + 1

n+1∑
i=1

∑
π∈Sn+1

π(i)=n+1

Bω
n+1(pπ(1)

, . . . , p
π(n+1)

) , (4.100)

where we used the invariance under maximal cyclic permutations. Thus,
∑

π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

, p
n+1

) =
1

n + 1

∑
π∈Sn+1

Bω
n+1(pπ(1)

, . . . , p
π(n+1)

) .

(4.101)
We further rewrite:
∑

π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

, p
n+1

) =
1

n + 1

n+1∑
i=1

∑
π∈Sn+1
π(1)=i

Bω
n+1(pi

, . . . , p
π(n+1)

) ;

(4.102)
applying the Ward identity (4.90) to gω(k + p

i
)gω(k) we get:

Bω
n+1(pi

, . . . , p
π(n+1)

)

=
Bω

n(p
π(2)

+ p
i
, . . . , p

π(n+1)
) − Bω

n(p
π(2)

, . . . , p
π(n+1)

+ p
i
)

Dω(p
i
)

−
∫

dk

(2π)2
Fω

δ (k; p
i
)

n+1∏
m=3

gω

(
k +

∑
j<m

p
π(j)

)
.

(4.103)
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Let us plug the first term in the right-hand side of (4.103) in the rightmost
sum in (4.102). We get:

∑
π∈Sn+1
π(1)=i

Bω
n+1(pi

, . . . , p
π(n+1)

)

=
1

Dω(p
i
)

∑
π∈Sn+1
π(1)=i

(
Bω

n(p
π(2)

+ p
i
, . . . , p

π(n+1)
) − Bω

n(p
π(2)

, . . . , p
π(n+1)

+ p
i
)
)

=
1

Dω(p
i
)

∑
π∈Sn+1
π(1)=i

(
Bω

n(p
π(2)

+ p
i
, pπ(3), . . . , pπ(n+1)

)

− Bω
n(p

π(n+1)
+ p

i
, p

π(2)
, . . . , p

π(n)
)
)

= 0 ,

(4.104)
where the last identity follows from the fact that given a permutation π such
that π(1) = i, we can define the new permutation π̃ such that π̃(1) = i and
π̃(2) = π(n + 1), π̃(3) = π(2), . . . , π̃(n + 1) = π(n), a relation that defines a
one-to-one map between permutations. Hence, (4.92) follows. �

The cancellation highlighted in the previous proposition implies an im-
proved estimate for the n-th-order contribution to the full response.

Proposition 4.9 (Loop estimates: relativistic contributions). Let p1, . . . , pn such
that μ̂α,θ(−pi) �= 0. Suppose that 2 ≤ n < (1/4)θα−1. Then, for β, L large
enough:

θn−1

n!
|Sβ,L

n;ν (p
1
, . . . , p

n
)| ≤ Cnθn−1. (4.105)

Suppose instead that n ≥ (1/4)θα−1, then:

θn−1

n!
|Sβ,L

n;ν (p
1
, . . . , p

n
)| ≤ Cn an−1

n!
|log η| . (4.106)

Proof Let us prove (4.105). Let 2 ≤ n < (1/4)θα−1. It will be enough to
prove the bound (4.105) for the β, L → ∞ limit. We start from the following
rewriting, consequence of (4.8) and of (4.89):

Sn;ν(p
1
, . . . , p

n
) =

N∑
ω=1

vν
ω

∑
π∈Sn

Bω
n+1(pπ(1)

, . . . , p
π(n)

, p
n+1

)

= − 1
n + 1

N∑
ω=1

vν
ω

∑
π∈Sn+1

∫
dk

(2π)2
Fω

δ (k; p
π(1)

)

·
n+1∏
i=3

gω

(
k +

∑
j<i

p
π(l)

)
. (4.107)
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The proof of (4.105) is based on the support properties of the function Fω
δ .

For all ‖p‖ω < (1/4)δ, we write:

χω
δ (k + p) = χω

δ (k) +
1
δ

∫ 1

0

χ′(‖k − kω
F + tp‖ω/δ)

〈k − kω
F + tp, p〉ω

‖k − kω
F + tp‖ω

dt (4.108)

where 〈a, b〉ω := a0b0 + v2
ωab is the scalar product associated with the norm

‖·‖ω. Thus, from the definition (4.91), we have:

|Fω
δ (k; p)|

≤ χω
δ (k)[1 − χω

δ (k)]
‖k − kω

F ‖ω‖k − kω
F + p‖ω

+
∫ 1

0

|χ′(‖k − kω
F + tp‖ω/δ)|

δ‖k − kω
F + p‖ω

[ ‖p‖ω

‖k − kω
F ‖ω

χω
δ (k) + 1

]
dt. (4.109)

Since supp(χ′) ⊆ [1, 2], we can estimate, for some Cλ > 0:

|Fω
δ (k; p)| ≤

{
Cλ/δ2 ‖k − kω

F ‖ω ∈ [(3/4)δ, (9/4)δ]
0 otherwise.

(4.110)

Let us use this bound to estimate (4.107). Observe that, since p
i

is such
that μ̂α,θ(pi) �= 0, we have |pi| ≤ θ1−α; hence we can assume that ‖p

i
‖ ≤

θ1−α + θ/a ≤ (1/4)δ for θ small enough, and we can use the bound (4.110).
In particular, this estimate allows to show that, if the order n is not too large,
all the propagators are bounded uniformly in their arguments. In fact, from
(4.110), and for n < (1/4)θα−1:

‖k − kω
F +

∑
j≤i p

π(j)
‖ω ≥ ‖k − kω

F ‖ω − ‖∑j≤i p
π(j)

‖ω

≥ ‖k − kω
F ‖ω − n(θ1−α + aθ) ≥ δ/2 .

(4.111)

Thus, integration over k gives:
∫

dk

(2π)2
∣∣Fω

δ (k; p
π(1)

)
∣∣ n+1∏

i=3

∣∣∣∣∣
χω

δ (k +
∑

j<i p
π(j)

)

Dω(k +
∑

j<i p
π(j)

)

∣∣∣∣∣ ≤ (K/δ)n−1; (4.112)

this bound, combined with (4.107), implies:

|Sn;ν(p
1
, . . . , p

n
)| ≤ Cnn! , (4.113)

which proves Eq. (4.105). Since Sβ,L
n;ν at nonzero external momenta converges

to a limit for β, L → ∞, an analogous estimate (4.113) holds for β, L large
enough and n ≤ (1/4)θα−1.

Next, let us prove (4.106). Suppose that n ≥ (1/4)θα−1. For these large
values of n, we cannot use the previous argument, because the condition (4.111)
might fail. Here we shall use that, thanks to the fact that the temporal part of
the external momenta is pi,0 = η for all i = 1, . . . , n, there is no accumulation
of singularities in the loop integral. Starting from (4.40), we estimate:

∣∣Sβ,L
n;ν (p

1
, . . . , p

n
)
∣∣ ≤ C

N∑
ω=1

∫
β,L

dk

(2π)2
∑

π∈Sn

n+1∏
i=1

∣∣∣gω

(
k +

∑
j<i

p
π(j)

)∣∣∣ (4.114)
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and:
∫

β,L

dk

(2π)2

∣∣∣∣
n+1∏
i=1

gω

(
k +

∑
j<i

p
j

)∣∣∣∣ ≤
∫

β,L

dk

(2π)2

n+1∏
i=1

χω
δ (k +

∑
j<i p

j
)

|Dω(k +
∑

j<i p
j
)| .

(4.115)
By the support properties of the cutoff function, the domain of summation
over k is contained in Bω

2δ = {k | ‖k − kω
F ‖ω ≤ 2δ}; in particular, |k0| ≤ 2δ.

We further split the Matsubara frequencies as:

{k0 ∈ Mβ | |k0| ≤ 2δ} = A ∪ Ac , (4.116)

with, for n̄ = min{n, �2δ/η�}:

A :=
n̄⋃

j=1

Aj

Aj :=
{

k0 ∈ Mβ | k0 ∈ η

[
−j − 1

2
,−j +

1
2

]}
.

(4.117)

Observe that, for k0 ∈ Aj and i �= j:

|Dω(k +
∑

l≤i p
l
)| ≥ |k0 + ηi| ≥ η[|i − j| − 1/2] ≥ η|i − j|/2 . (4.118)

Therefore, for k0 ∈ Aj :

n∏
i=0

1
|Dω(k +

∑
l≤i p

l
)| ≤ (2/η)n

‖k − kω
F +

∑
l≤j p

l
‖ω

n∏
i=0
i
=j

1
|i − j|

=
1
n!

(
n

j

)
(2/η)n

‖k − kω
F +

∑
l≤j p

l
‖ω

.

(4.119)

Hence:
∫

β,L

1(k0 ∈ Aj)
n∏

i=0

χω
δ (k +

∑
j≤i p

j
)

|Dω(k +
∑

j≤i p
j
)|

dk

(2π)2

≤ (2/η)n

n!

n̄∑
j=0

(
n
j

)∫
β,L

1(k0 ∈ Aj)
χω

δ (k − kω
F +

∑
l≤j p

l
)

‖k − kω
F +

∑
l≤j p

l
‖ω

dk

≤ Cnη1−n

n!
|log η|

n̄∑
j=1

(
n
j

)

≤ (2C)nη1−n

n!
|log η| ,

(4.120)

since n̄ ≤ n. Consider now the contribution of the region Ac. Here, we shall
use that:

|Dω(k +
∑

l≤i q
l
)| ≥ |k0 + ηi| ≥

{
(i + 1)η/2 if k0 ≥ 1/2
(n − i + 1)η/2 if k0 ≤ −n − 1/2,

(4.121)
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where the second case is needed only if n̄ = n, i.e. n < �2δ/η�. In both cases,
we can extract the inverse of a factorial, as before. We have:

∫
β,L

1(k0 ∈ Ac)
n∏

i=0

χω
δ (k +

∑
j≤i p

j
)

|Dω(k +
∑

j≤i p
j
)| dk

≤ (C/η)n−1

(n − 1)!

∫
β,L

1(k0 ∈ Ac)
χω

δ (k)χω
δ (k + p

1
)

|Dω(k)Dω(k + p
1
)| dk

≤ (K/η)n−1

(n − 1)!
|log η| . (4.122)

Putting together the above estimates we obtained:
∫

β,L

dk

(2π)2

n+1∏
i=1

∣∣∣gω

(
k +

∑
j<i

p
π(j)

)∣∣∣ ≤ Cn

n!
|log η|
ηn−1

; (4.123)

this implies, from (4.114):

|Sβ,L
n;ν (p

1
, . . . , p

n
)| ≤ Cn |log η|

ηn−1
, (4.124)

which proves (4.106). This concludes the proof of Proposition 4.9. �

We shall now estimate the contribution of the terms Rβ,L
n;ν (p

1
, . . . , p

n
) in

(4.46). To this end, let us recall the splitting:

Rβ,L
n;ν (p

1
, . . . , p

n
) = R̃β,L

n;ν (p
1
, . . . , p

n
) + T β,L

n;ν (p
1
, . . . , p

n
) , (4.125)

with:

R̃β,L
n;ν (p

1
, . . . , p

n
)

= −
∑

π∈Sn

∑
f∈{r,s}n+1

f 
≡s

∫
β,L

Tr
[
Ĵν(k, pn+1)

n+1∏
i=1

gf(i)

(
k +

∑
j<i

p
π(j)

)] dk

(2π)2
,

(4.126)

and:

T β,L
n;ν (p

1
, . . . , p

n
) = −

N∑
ω=1

∑
π∈Sn

∫
β,L

fν
n,ω(k; pπ(1), . . . , pπ(n))

·
n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

) dk

(2π)2
, (4.127)

where:

|fν
n,ω(k; p1, . . . , pn)| ≤ Cδ

(
|k − kω

F |Tδν,1 + n

n∑
i=1

|pi|T
)

. (4.128)
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Proposition 4.10 (Loop estimates: remainder terms). There exists C > 0 such
that for all n ≥ 2:

θn−1

n!
|Rβ,L

n;ν (p
1
, . . . , p

n
)| ≤ Cnan−1 |log η|

n−1∑
j=1

ηj + δj,1

∑n
i=1 |pi|T

(n − j)!
(4.129)

for all p
i
= (ηβ , pi), i = 1, . . . , n, such that μ̂α,θ(−pi) �= 0.

Proof With reference to (4.125), let us start by proving an estimate for
R̃β,L

n;ν (p
1
, . . . , p

n
). To this end, it is convenient to introduce:

R̃β,L
ν;n,j(p1

, . . . , p
n
)

:= −
∑

π∈Sn

∑
f∈{r,s}n+1

|f−1(r)|=j

∫
β,L

Tr
[
Ĵν(k, pn+1)

n+1∏
i=1

gf(i)

(
k +

∑
l<i

p
π(l)

)] dk

(2π)2
;

(4.130)

that is, R̃β,L
ν;n,j collects the contribution coming from the loops with exactly j

bounded propagators gr. Then, we can estimate:

|R̃β,L
ν;n,j(p1

, . . . , p
n
)|

≤ Cj
∑

π∈Sn

∑
I⊆{1,...,n+1}

|I|=j

∑
Ω∈{1,...,N}Ic

∫
β,L

∏
i∈Ic

∣∣∣gΩ(i)

(
k +

∑
l<i

p
π(l)

)∣∣∣ dk,

(4.131)

where the last sum runs over chiralities Ω(i) with i ∈ Ic, and the constant Cj

takes into account the estimate for the bounded propagators. For the moment,
we suppose that j ≤ n−1, so that in the integral we have at least two relativis-
tic propagators. Let us label the elements of Ic as Ic = {m0,m1, . . . ,mn−j}
in increasing order. Performing the change of variables k +

∑
i≤m0

p
i
→ k, we

can estimate:
∫

β,L

∏
i∈Ic

∣∣∣gΩ(i)

(
k +

∑
l<i

p
π(l)

)∣∣∣ dk ≤
∫

β,L

n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk .

(4.132)
Next, we proceed as after (4.115). We write:

∫
β,L

n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

=
∫

β,L

1(k0 ∈ Ac)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

+
n̄∑

�=1

∫
β,L

1(k0 ∈ A�)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk .

(4.133)
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Consider the argument of the sum with 
 = ms − m0 for ms ∈ Ic. Proceeding
as in (4.120):

∫
β,L

1(k0 ∈ A�)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

≤ (C/η)n−j(η |log η|)
n−j∏
i=0

|mi−ms|>0

1
|mi − ms| .

(4.134)

Using that |mi − ms| ≥ |i − s|, we have:

n−j∑
s=0

∫
β,L

1(k0 ∈ Ams−m0)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

≤ (K/η)n−j(η |log η|) 1
(n − j)!

n−j∑
s=0

(
n − j

s

)

≤ (C/η)n−j(η |log η|) 1
(n − j)!

. (4.135)

Instead, the contribution of all 
 such that 
 + m0 /∈ Ic is:

∑
�:�+m0 /∈Ic

∫
β,L

1(k0 ∈ A�)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

≤ (C/η)n−j η

(n − j)!
. (4.136)

Consider now the contribution due to the region Ac. Also here, none of the
propagators in the product is singular. Therefore, proceeding as in (4.122):

∫
β,L

1(k0 ∈ Ac)
n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk

≤ (C/η)n−j+1 1
(n − j − 1)!

|log η| . (4.137)

All in all, from (4.132), (4.135)–(4.137) we obtained (with a different C):
∫

β,L

n−j∏
i=0

χ
Ω(mi)
δ (k +

∑mi

l>m0
p

l
)∣∣DΩ(mi)(k +

∑mi

l>m0
p

l
)
∣∣ dk ≤ (C/η)n−j(η |log η|) 1

(n − j)!
. (4.138)

Plugging this bound in (4.131), we get:

|R̃β,L
ν;n,j(p1

, . . . , p
n
)| ≤ Cnn!ηj−n(η |log η|) 1

(n − j)!
. (4.139)

Suppose that that j = n or j = n + 1. If j = n + 1, we use two propagators gr

to sum over k. The final estimate is:

|R̃β,L
ν;n,n+1(p1

, . . . , p
n
)| ≤ Cnn! . (4.140)
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If j = n, we sum over k with the relativistic propagator and with one propa-
gator gr. Also in this case, the final estimate is:

|R̃β,L
ν;n,n(p

1
, . . . , p

n
)| ≤ Cnn! . (4.141)

Therefore, we obtained:

θn−1

n!

∑
j

|R̃β,L
ν;n,j(p1

, . . . , p
n
)| ≤ Cnθn−1 + Cnan−1η |log η|

n−1∑
j=1

ηj−1

(n − j)!
.

(4.142)
Finally, consider the error term (4.127). The estimate for this term is per-
formed as in the j = 0 version of the argument above, keeping into account a
factor (|k − kω

F |T + n
∑n

i=1 |pi|T) arising from the estimate (4.128). Since the
combination |k − kω

F |gω(k) is bounded, we have:

θn−1

n!
|T β,L

n;ν (p
1
, . . . , p

n
)| ≤ Cnan−1

n!
|log η|

(
η +

∑
i

|pi|T
)

, (4.143)

we omit the details. Putting together (4.142) and (4.143), Eq. (4.129) follows.

�

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1 Recall the expression (4.46) for the full response of the
system. We are interested in proving an estimate for the sum of all contribu-
tions with n ≥ 2, which is subleading with respect to the linear response as
η → 0+. Let n(θ) = (1/4)θα−1. We have, from Propositions 4.9 and 4.10, for
β, L large enough:

∞∑
n=2

θn−1

n!
1

Ln

∑
{pi}∈Bn

L

[ n∏
j=1

|μ̂α,θ(−pj)|
](

|Sβ,L
n;ν (p

1
, . . . , p

n
)| + |Rβ,L

n;ν (p
1
, . . . , p

n
)|
)

≤
n(θ)∑
n=2

Cn‖μ̂α,θ‖n
1 θn−1 +

∑
n>n(θ)

Cn‖μ̂α,θ‖n
1

an−1

n!
|log η|

+
∑
n≥2

Cnan−1(η + θ) |log η|
n−1∑
j=1

ηj−1

(n − j)!
.

(4.144)
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The first term in the right-hand side comes from (4.105); the second term from
(4.106); the last term from (4.129). In particular, the factor θ in the third term
comes from ‖μ̂α,θ(pi)|pi|T‖1 ≤ Cθ. We estimate the last sum as:

(η + θ) |log η|
∑
n≥2

Cnan−1
n−1∑
j=1

ηj−1

(n − j)!

≤ C̃(η + θ) |log η|
∑
n≥0

(Ka)n
n∑

j=0

ηj

(n − j)!

≤ C̃(η + θ) |log η|
∑
j≥0

(Kaη)j
∑
n≥j

(Ka)n−j

(n − j)!

= C̃(η + θ) |log η| eKa

1 − Kaη
. (4.145)

We choose a ≤ a(η), so that right-hand side of (4.145) vanishes as η → 0. This
holds true if a(η) = w |log η| with w > 0 small enough. Therefore, putting
together (4.144), (4.145), (4.46) we get, for γ > 0, and β, L large enough:∣∣∣χβ,L

ν (x; η, θ) − χlin
ν (x; η, θ)

∣∣∣ ≤ Cηγ (4.146)

with χlin
ν (x; η, θ) given by (4.69). This concludes the proof of Theorem 3.1.

�

5. Large-Scale Response of Edge Modes of 2d Systems

In this section we will adapt the previous analysis to study the response of
edge currents and edge densities at the boundary of 2d topological insulators.

5.1. Lattice Fermions on the Cylinder

Hamiltonian and Gibbs State. Give L ∈ 2N + 1, we consider fermions on the
two-dimensional lattice

ΓL =
{

x ∈ Z
2
∣∣∣ −

⌊
L

2

⌋
≤ x1 ≤

⌊
L

2

⌋
, 0 ≤ x2 ≤ L − 1

}
, (5.1)

endowed with periodic boundary conditions in the x1 coordinate and Dirichlet
boundary condition in the x2 coordinate:

f(x1, x2) = f(x1 + L, x2) and f(x1, 0) = f(x1, L − 1) = 0 for all x ∈ ΓL .
(5.2)

We shall introduce the following distance on ΓL:

|x − y|2L = min
n∈Z

|x1 − y1 + nL|2 + |x2 − y2|2 . (5.3)

As for the one-dimensional case, we will allow for the presence of internal
degrees of freedom; the resulting decorated lattice is ΛL = ΓL × SM , and we
denote by x = (x, σ) with x ∈ ΓL and σ ∈ SM the points on ΛL.
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We shall suppose that the Hamiltonian H on 
2(ΛL) is the periodization
of a Hamiltonian H∞ on 
2((Z × [0, L − 1] ∩ Z) × SM ):

H((x, ρ); (y, ρ′)) =
∑
a∈N

H∞((x + aL, ρ); (y, ρ′)) . (5.4)

We assume that the Hamiltonian H∞ is finite-ranged and translation-invariant.
Without loss of generality we can assume that the range is

√
2, up to increas-

ing the number of internal degrees of freedom. As for the one-dimensional
case, translation-invariance implies that the Hamiltonian H can be fibered
in momentum space. Let k ∈ BL, with BL as in (2.5). We define the Bloch
Hamiltonian as:

Ĥρρ′(k;x2, y2) =
∑

x

e−ikxHρρ′((x, x2); (0, y2)) . (5.5)

The operator Ĥ(k) is self-adjoint on 
2 (([0, L − 1] ∩ Z) × SM ). By (2.3), it is
given by the restriction to BL of the Bloch Hamiltonian Ĥ∞(k) associated
with H∞, which is defined for k ∈ T. We shall make the following assumptions
on the spectrum of the Bloch Hamiltonian and on the chemical potential μ.

Assumption 5.1 (Low-energy spectrum). There exists Δ > 0 such that the
following is true.

(i) There exists N ∈ N, disjoint sets Iω ⊂ T labelled by ω = 1, . . . , N , and
strictly monotone, smooth functions eω : Iω → R, such that

σ(H∞) ∩ (μ − Δ, μ + Δ) =
N⋃

ω=1

Ran(eω) . (5.6)

(ii) We introduce the ω-Fermi point kω
F ∈ Iω and the ω-Fermi velocity vω as

eω(kω
F ) = μ , vω = ∂keω(kω

F ) . (5.7)

Notice that vω �= 0, by the strict monotonicity of eω.
(iii) For any ω = 1, . . . , N , and k ∈ Iω, eω(k) is a non-degenerate eigenvalue

of Ĥ∞(k). Let ξω(k) be the corresponding eigenfunction,

Ĥ∞(k)ξω(k) = eω(k)ξω(k) . (5.8)

We assume that ξω(k) is exponentially localised near one of the bound-
aries of the cylinder:

|∂n
k ξω;ρ(k;x2)| ≤ Cne−cx2 or |∂n

k ξω;ρ(k;x2)| ≤ Cne−c(L−x2) , (5.9)

for all n ∈ N.

Remark 5.2 For short, we shall write |∂n
k ξω;ρ(k;x2)| ≤ Cne−c|x2|ω , with the

notation:

|x2|ω = x2 or |x2|ω = L − x2 , for all x2. (5.10)

The second-quantized grand-canonical Hamiltonian is

H =
∑

x,y∈ΛL

a∗
xH(x;y)ay (5.11)
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Figure 2. Typical form for the spectrum of H. The purple
region corresponds to the “bulk spectrum”. The red curves are
the edge modes localized at x2 = 0, while the dotted curves
are the edge modes localized at x2 = L − 1. (color figure
online)

with ax and a∗
x the usual fermionic creation/annihilation operators, compatible

with the boundary conditions on ΓL. Similarly to (2.16), (2.17) we define, for
all k ∈ BL:

â(k,x2,ρ) =
∑

x1∈ΓL

a(x,ρ)e
−ikx1 , â∗

(k,x2,ρ) =
∑

x1∈ΓL

a∗
(x,ρ)e

ikx1 , (5.12)

which can be inverted as:

a(x,ρ) =
1
L

∑
k∈BL

eikx1 â(k,x2,ρ), a∗
(x,ρ) =

1
L

∑
k∈BL

e−ikx1 â∗
(k,x2,ρ) . (5.13)

In terms of the momentum-space operators, the Hamiltonian reads:

H =
1
L

∑
k∈BL

L−1∑
x2,y2=0

∑
ρ,ρ′∈SM

â∗
(k,x2,ρ)Ĥρρ′(k;x2, y2)â(k,y2,ρ′) . (5.14)

The grand-canonical Gibbs state of the system at inverse temperature β > 0
is:

〈O〉β,L = TrOρβ,μ,L , ρβ,μ,L =
e−β(H−μN)

Tr e−β(H−μN)
, (5.15)

with μ ∈ R the chemical potential and N the number operator. We will suppose
that μ is chosen so that Assumption 5.1 holds.

Perturbing the System. Similarly to the one-dimensional case, we expose our
system to a time-dependent and slowly varying perturbation, by introducing
the Hamiltonian:

H(ηt) = H + eηtP η > 0, t ≤ 0 , (5.16)

where the perturbation P is given by

P = θ
∑
x∈ΛL

μ(θx)a∗
xax ; (5.17)
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given μ∞ ∈ C∞
c (R × R

+) supported near the boundary x2 = 0, the function
μ(θx) is its periodization:

μ(θx) =
∑
n∈Z

μ∞(θ(x + nLe1)) . (5.18)

We can further write:

μ(θx) =
1
L

∑
p∈BL

eipx1 μ̂θ(p, x2) ,

μ̂θ(p, x2) =
∑
m∈Z

1
θ
μ̂∞((p + 2πm)/θ, θx2) for all p ∈ BL.

(5.19)

Let U(t; s) be the two-parameter unitary group generated by H(ηt):

i∂tU(t; s) = H(ηt)U(t; s) , U(s; s) = 1 . (5.20)

The evolution of the Gibbs state ρβ,μ,L is given as:

ρ(t) = lim
T→+∞

U(t;−T )ρβ,μ,LU(t;−T )∗ . (5.21)

As in the one-dimensional case, we will be interested in the variation of physical
observables,

TrOρ(t) − TrOρβ,μ,L, (5.22)
for O given by the density and by the current operator, defined below.

Density and Current Operators. Similarly to Sect. 2, we set:

nx = a∗
xax , nx =

∑
ρ∈SM

n(x,ρ). (5.23)

Proceeding as after Eq. (2.32), we obtain the lattice continuity equation:

∂tτt(nx) = −divxτt(�jx) ≡ −d1j1,x − d2j2,x , (5.24)

where difx = f(x) − f(x − ei) and with the current densities:

j1,x = j(x,x+e1) +
1
2
[
j(x,x+e1−e2) + j(x,x+e1+e2) + j(x−e2,x+e1) + j(x+e2,x+e1)

]

j2,x = j(x,x+e2) +
1
2
[
j(x,x+e2−e1) + j(x,x+e2+e1) + j(x−e1,x+e2) + j(x+e1,x+e2)

]
.

(5.25)
Setting j0,x = nx, we define the smeared current and density operators as:

jν(μθ) =
∑

x∈ΓL

jν,xθμ(θx) . (5.26)

Also, we introduce the current and the density operators associated with a
strip of length 
 in proximity of the x2 = 0 boundary as:

j�
ν,x1

:=
�−1∑

x2=0

jν,(x1,x2) . (5.27)

We shall call j�
0,x1

the edge density and j�
1,x1

the edge current, corre-
sponding to the point x1 at the edge x2 = 0. Finally, in what follows it will
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Figure 3. Representation of the lattice ΓL: the red semi-
circle is the typical support of the perturbation θμ(θx),
whereas 1 � 
 � 1/θ is the length of the fiducial line en-
tering the definition of the edge 2-current j�

ν,x. (color figure
online)

also be convenient to consider the total current across the fiducial line at x1,
jL
ν,x1

≡ jν,x1 . In Fourier space, for ν = 0, 1:

ĵν,p =
∑
x1

e−ipx1jν,x1

=
1
L

∑
k∈BL

L−1∑
y,y′=0

(
a∗
(k−p,y), Ĵν(k, p; y, y′)a(k,y′)

) (5.28)

where the brackets denote summation over the internal degrees of freedom, as
in (2.35), and:

Ĵ0(k, p) = 1 Ĵ1(k, p) = i
Ĥ(k) − Ĥ(k − p)

1 − e−ip
. (5.29)

In terms of these operators, the current (5.27) can be expressed in momentum
space as:

ĵ�
ν,p =

1
L

∑
k∈BL

L−1∑
y,y′=0

(
a∗
(k−p,y), Ĵ

�
ν(k, p; y, y′)a(k,y′)

)
(5.30)

where Ĵ�
ν(k, p; y, y′) is a bounded and smooth kernel such that:

Ĵ�
ν(k, p; y, y′) = 0 if y > 
 or y′ > 
,

Ĵ�
ν(k, p; y, y′) = Ĵν(k, p; y, y′) if y < 
 − 1 and y′ < 
 − 1.

(5.31)

5.2. Validity of Edge Linear Response

In analogy with the one-dimensional case, let us define:

χβ,L,�
ν (x; η, θ) :=

1
θ

(
Tr j�

ν,xρ(0) − Tr j�
ν,xρβ,μ,L

)
ν = 0, 1 . (5.32)

The quantity χβ,L,�
ν describes the edge response of the system, after introducing

a time-dependent perturbation in proximity of the edge, as in (5.17). We are
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interested in studying this quantity in the following order of limits: first L →
∞; then β → ∞; then η, θ → 0; and then 
 → ∞.

Theorem 5.3 (Edge response of two-dimensional systems) Let θ = aη. There
exist constants w, γ, η0 > 0 such that, for all 0 ≤ η < η0 and a ≤ w |log η|, for
β, L large enough:

χβ,L,�
ν (x; η, θ) = −

∗∑
ω

vν
ω

2π|vω|
∫
R

μ̂∞(q, 0)eiqθx vωq

−i/a + vωq

dq
2π

+ O(
ηγ) + O(e−c�) + O

(



η4β

) (5.33)

where the asterisk denotes summation over the edge modes localised near the
lower edge, recall (5.9), and where vν

ω = δν,0 + vωδν,1.

Corollary 5.4 In particular, we can isolate three regimes.
1. Suppose that a → 0 as η → 0+. Then,

χβ,L,�
ν (x, η, θ) = O(a) + O(
ηγ) + O(e−c�) + O

( 


η4β

)
. (5.34)

2. Suppose that a is constant in η. Then, calling Θ the Heaviside step func-
tion:

χβ,L,�
ν (x; η, θ) = −

∗∑
ω

vν
ω

2π|vω|
∫
R

μ∞(θx − y, 0)
[
δ(y) − 1

a|vω|e
−y/avω Θ(y/vω)

]
dy

+ O(
ηγ) + O(e−c�) + O
( 


η4β

)
.

(5.35)
3. Finally, suppose that a → ∞ as η → 0+. Then:

χβ,L,�
ν (x; η, θ) = −μ∞(θx, 0)

∗∑
ω

vν
ω

2π|vω| + O(1/a)

+ O(
ηγ) + O(e−c�) + O
( 


η4β

)
; (5.36)

in particular,

lim
�→∞

lim
η→0+

lim
β→∞

lim
L→∞

χβ,L,�
1 (x; η, θ) = −μ∞(0, 0)

∗∑
ω

sgn(vω)
2π

. (5.37)

Remark 5.5 (i) Theorem 5.3 and Corollary 5.4 extend Theorem 3.1 and
Corollary 3.2 to the case of edge currents of 2d quantum systems. In
contrast to the 1d case, the edge conductance (5.37) might be nonzero.
Whenever that is the case, by the bulk-edge duality the system is in a
non-trivial topological phase.

(ii) The proof of Theorem 5.3 is an adaptation of the proof of Theorem 3.1,
discussed below. It relies on the emergent one-dimensional nature of the
edge modes, and on the loop cancellation for chiral relativistic fermions,
Proposition 4.8.
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5.3. Proof of Theorem 5.3

Auxiliary Dynamics. Let:

Hβ,η(t) = H + θeηβt
∑
x∈ΛL

μα(θx)a∗
xax , (5.38)

with:

μα(θx) :=
1
L

∑
p∈BL

eipxμ̂α,θ(p, x2) , μ̂α,θ(p, x2) := μ̂θ(p, x2)χ(θα−1|p|T) ,

(5.39)
where α ∈ (0, 1). As in the 1d case, we are cutting off all momenta p of norm
greater than 2θ1−α. Let Ũ(t; s) the two-parameter unitary group generated by
Hβ,η(t). Then, the following holds.
Proposition 5.6 (Approximation by the auxiliary dynamics.) Under the same
assumptions of Theorem 5.3, it follows that, for any m ∈ N:
∥∥∥Ũ(t;−∞)∗j�

ν,xŨ(t;−∞) −U(t;−∞)∗j�
ν,xU(t;−∞)

∥∥∥ ≤ Cm
θ1+α(m−1)


η3
+

Cθ


η4β
.

(5.40)
Proof The proof is obtained by straightforwardly adapting the Proof of Propo-
sition 4.1 to this two-dimensional setting, with the following differences. The
first is that the Lieb-Robinson ball has volume proportional to |t−s|2 (instead
of |t−s|), and this produces errors proportional to η−4 bound (instead of η−3);
the second is the presence of the factor 
 in the estimate, due to ‖j�

ν‖ ≤ C
.
�

Thanks to Proposition 5.6 we can write

Tr j�
ν,xρ(t) = Tr j�

ν,xρ̃(t) + Eβ,L,�
ν (x, t; η, θ) , (5.41)

where ρ̃(t) = Ũ(t;−∞)ρβ,μ,LŨ(t;−∞)∗ and the error term Eβ,L,�
ν (x, t; η, θ)

takes into account the approximation by the auxiliary dynamics:

|Eβ,L,�
ν (x, t; η, θ)| ≤ Cm

θ1+α(m−1)


η3
+

Cθ


η4β
. (5.42)

We require that this error term, once divided by θ = aη (recall the definition
(5.32)), vanishes as η → 0+. This forces to choose the parameter a such that:

a = o
(
η

3
α(m−1)−1

)
. (5.43)

To allow for a divergent a as η → 0+, we choose m ∈ N such that α(m−1) > 3.
Later, we will have to introduce stronger constraints on a.

Analysis of the Duhamel Series. By Proposition 2.5, we can represent the
Duhamel series as:

Tr j�
ν,xρ̃(0) − Tr j�

ν,xρβ,μ,L

=
∞∑

n=1

(−1)n

n!

∫
[0,β)n

ds e−iηβ(s1+...+sn)

· 〈Tγs1(j0(μα,θ)); · · · ; γsn
(j0(μα,θ)); j�

ν,x〉β,L .

(5.44)
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Proceeding as in (4.24)–(4.25), one obtains

Tr j�
ν,xρ̃(0) − Tr j�

ν,xρβ,μ,L

=
∞∑

n=1

(−θ)n

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[
n∏

i=1

μ̂α,θ(−pi, yi)

]
e−ipn+1x

· 1
βL

〈T n̂p
1
,y1 ; · · · ; n̂p

n
,yn

; ĵ�
ν,p

n+1
〉β,L ,

(5.45)

with the usual conventions p
i

= (ηβ , pi), p
n+1

= −∑n
i=1 p

i
. The proof of

Theorem 5.3 is based on a detailed analysis of the cumulant expansion in
(5.45). By Wick’s rule:

1
βL

〈T n̂p
1
,y1 ; · · · ; n̂p

n
,yn

; ĵ�
ν,p

n+1
〉β,L

= −
∑

π∈Sn

∫
β,L

dk

(2π)2
∑
z,z′

∑
{yi}

Tr
[
Ĵ�

ν(k, pn+1; z, z′)

·
n+1∏
i=1

g
(
k +

∑
j<i

p
π(j)

; yπ(i−1), yπ(i)

)]
(5.46)

where the trace is over the internal degrees of freedom, we set yπ(0) ≡ z′ and
yπ(n+1) ≡ z, and where the propagator g is given by

g(k) =
1

ik0 + Ĥ(k) − μ
. (5.47)

As done after (2.48), we decompose the propagator in a singular plus a more
regular part:

g(k) = ga(k) + gb(k) , (5.48)

where:

gb(k) = g(k)[1 − χ(|Ĥ(k) − μ|/Δ)] (5.49)

with μ,Δ as in Assumption 5.1. The propagator gb(k) satisfies, by a Combes–
Thomas argument (see e.g. [16, Appendix A] for more details):

∣∣∣dn0
k0

dn1
k1

gb;ρ,ρ′(k; y, z)
∣∣∣ ≤ Cn0,n1

1 + |k0|e
−c|x2−y2| . (5.50)

Instead, the propagator ga(k) is given by:

ga(k) =
N∑

ω=1

χ(|eω(k) − μ|/Δ)
ik0 + eω(k) − μ

Pω(k) (5.51)

where eω is the dispersion relation of the ω edge mode, and Pω is the rank-1
projector onto the edge mode ξω. Next, proceeding as after (4.32), we extract
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from ga(k) its relativistic part, up to remainder term which is more regular.
All in all, we have:

g(k) = gs(k) + gr(k)

gs(k) =
N∑

ω=1

χω
δ (k)

Dω(k)
Pω(k) ,

∥∥∥dn
kα

gr(k; y, z)
∥∥∥ ≤

N∑
ω=1

Cn

1 + |k0|
e−c|y−z|

‖k − kω
F ‖n

,

(5.52)
with χω

δ (k) and Dω(k) as in (4.32). We omit the details.
Proceeding as in (4.36), we rewrite the correlation function in (5.46) as:

1
βL

〈T n̂p
1
,y1 ; · · · ; n̂p

n
,yn

; ĵ�
ν,p

n+1
〉β,L

= S̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn) + R̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn) ,

(5.53)

where:

S̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn)

= −
∑

π∈Sn

∫
β,L

dk

(2π)2
∑
z,z′

Tr
[
Ĵ�

ν(k, pn+1; z, z′)

·
n+1∏
i=1

gs

(
k +

∑
j<i

p
π(j)

; yπ(i−1), yπ(i)

)]
,

(5.54)

and where the error term R̃β,L,�
n;ν contains at least one propagator gr. The next

lemma is the analogue of Lemma 4.3.

Lemma 5.7 (Structure of the singular part). For any p1, . . . , pn in the support
of μ̂α,θ,

S̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn) = Sβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn) + T β,L,�
n;ν (p

1
, y1, . . . , pn

, yn)
(5.55)

where: for gω(k) = χω
δ (k)/Dω(k),

Sβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn) = −
N∑

ω=1

vν,�
ω

n∏
i=1

‖ξω(kω
F; yi)‖2

·
∫

β,L

dk

(2π)2
∑

π∈Sn

n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

) (5.56)

and
T β,L,�

n;ν (p
1
, y1, . . . , pn

, yn)

= −
N∑

ω=1

∫
β,L

dk

(2π)2
∑

π∈Sn

fν,�
n,ω(k; pπ(1), yπ(1), . . . , pπ(n), yπ(n))

·
n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

)
,

(5.57)
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with vν,�
ω such that:∣∣vν,�

ω − δν,0 − δν,1vω

∣∣ ≤ Ce−c� if the edge mode ω is localized at x2 = 0∣∣vν,�
ω

∣∣≤Ce−c(L−�) if the edge mode ω is localized at x2 =L−1 ,

(5.58)
and ‖ξω(kω

F ; yi)‖2 =
∑M

ρ=1 |ξω;ρ(kω
F ; yi)|2. Furthermore,

|fν,�
n,ω(k; p1, y1, . . . , pn, yn)| ≤ C

(
|k − kω

F |Tδν,1 + n

n∑
i=1

|pi|T
)

e−c
∑n

i=1 |yi|ω .

(5.59)

Proof Let us write gs(k) =
∑

ω gω(k)Pω(k) in (5.54). As in the one-dimensional
case, for η, |pi| small enough, in the loop integral no jump between different
chiralities is allowed. Thus, we have:

S̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn)

= −
∑

π∈Sn

N∑
ω=1

∫
β,L

dk

(2π)2
∑
z,z′

Tr
[
Ĵ�

ν(k, pn+1; z, z′)

·
n+1∏
i=1

Pω

(
k +

∑
j<i

pπ(j); yπ(i−1), yπ(i)

)]

·
n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

)
. (5.60)

Consider the trace in (5.60). We rewrite it as:

∑
z,z′

Tr
[
Ĵ�

ν(k, pn+1; z, z′)
n+1∏
i=1

Pω

(
k +

∑
j<i

pπ(j); yπ(i−1), yπ(i)

)]

=
∑
z,z′

Tr
[
Ĵ�

ν(k, 0; z, z′)
n+1∏
i=1

Pω

(
k; yπ(i−1), yπ(i)

)]

+Eν
n;ω;1(k, p1, . . . , pn; y1, . . . , yn) ; (5.61)

using the decay estimates of the edge modes (5.9) and the smoothness of the
kernel of Ĵν(k, p), the error term can be estimated as:

|Eν
n;ω;1(k, p1, . . . , pn; y1, . . . , yn)| ≤ Cne−c

∑n
i=1 |yi|ω

∑
i

|pi|T . (5.62)

Consider now the main term in (5.61). Let:∑
z,z′

∑
ρ,ρ′

ξω,ρ(k; z)Ĵ�
ν;ρ,ρ′(k, 0; z, z′)ξω,ρ′(k; z′) =: vν,�

ω (k) ; (5.63)

if ω labels an edge mode localized at x2 = L − 1, then |vν,�
ω (k)| ≤ Ce−c(L−�)

by the exponential decay of the edge modes. Instead, if ω labels an edge mode
localized at x2 = 0,

v0,L
ω (k) = 1 , v1,L

ω (k) = ∂keω(k) , (5.64)
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where the last identity follows from the Feynman–Hellmann argument. Also,
by the decay and the regularity of the edge modes,∣∣∣vν,�

ω (k) − vν,L
ω (k)

∣∣∣ ≤ Ce−c|�|ω ,
∣∣∣vν,�

ω (k) − vν,�
ω (kω

F )
∣∣∣ ≤ C|k − kω

F |T . (5.65)

We then write:
∑
z,z′

Tr
[
Ĵ�

ν(k, 0; z, z′)
n+1∏
i=1

Pω

(
k; yπ(i), yπ(i−1)

)]
= vν,�

ω (k)
n∏

i=1

‖ξω(k; yi)‖2 .

(5.66)
Combining (5.60)–(5.66), we obtain the leading term in (5.55), using once
more the regularity properties (5.9) of the edge modes. The bound for the
error term (5.59) follows putting together all the estimates for the error terms
accumulated. We omit the details. �

Let:

Rβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn) = T β,L,�
n;ν (p

1
, y1, . . . , pn

, yn)+R̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn) .

(5.67)
Recalling the definition (5.32) of the response χβ,L,�

ν (x; η, θ), and the expansion
(5.45), we have:

χβ,L,�
ν (x; η, θ) = −

∞∑
n=1

(−θ)n

n!Ln

∑
{pi}∈Bn

L

∑
{yi}

[ n∏
i=1

μ̂α,θ(−pi, yi)
]
eipn+1x

· [Sβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn) + Rβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn)]

+
1
θ
Eβ,L,�

ν (x; η, θ) ,

(5.68)
with the error Eβ,L,�

ν satisfying (5.42).

Evaluation of the Linear Response. Let us consider the β, L → ∞ contribution
to the linear response,

χ�,lin
ν (x; η, θ) = −

∫
T

dp

2π

∞∑
y=0

μ̂α,θ(−p, y)e−ipx[S�
1;ν(p, y) + R�

1;ν(p, y)] . (5.69)

The next proposition is the analogue of Proposition 4.7.

Proposition 5.8 (Evaluation of the Linear Response). We have:

χ�,lin
ν (x, η, θ) = −

∗∑
ω

χν,ω

∫
R

dq

2π
μ̂∞(q, 0)eiqθx vωq

−i/a + vωq
+O(
θα)+O(e−c�) ,

(5.70)
with χν,ω = vν

ω/(2π|vω|), and where the sum runs only over the edge modes
localised at x2 = 0.

Proof By the smoothness of the test function, recall (5.19):
∣∣μ̂α,θ(p, y) − μ̂α,θ(p, 0)

∣∣ ≤ Cry

1 + |p/θ|r
Tθ−1

for all r ∈ N. (5.71)
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Using the exponential decay of the edge modes and the estimates on the prop-
agator, see discussion after (5.48), we have:

χ�,lin
ν (x; η, θ) = −

∫
T

dp

2π

∞∑
y=1

μ̂α,θ(−p, 0)e−ipx[S�
1;ν(p, y) + R�

1;ν(p, y)] + O(
θ) .

(5.72)
The same estimates also allow to show, for α > 0:

∞∑
y=0

|R�
1;ν(p, y) − R�

1;ν(0, y)| ≤ C
‖p‖α + Ce−c� . (5.73)

Consider the contribution of S�
1;ν to the linear response. Recalling the equation

(4.59) defining the relativistic bubble diagram Bω
δ , we have:

∞∑
y=0

S�
1;ν(p, y) = −

∞∑
y=0

∗∑
ω

vν,�
ω ‖ξω(kω

F ; y)‖2

∫
dk

(2π)2
gω(k)gω(k + p)

=
∗∑
ω

vν,�
ω Bω

δ (p) ,

(5.74)

where the sum is restricted to the edge modes localized at y = 0. Therefore:

χ�,lin
ν (x; η, θ) = −

∫
T

dp

2π

∞∑
y=0

μ̂α,θ(−p, 0)e−ipx[S�
1;ν(p, y) + R�

1;ν(p, y)] + O(
θ)

= −
∫
T

dp

2π
μ̂θ(−p, 0)e−ipx

[ ∗∑
ω

vν,�
ω Bω

δ (p) +
∞∑

y=0

R�
1;ν(0, y)

]

+ O(
θα) + O(e−c�) ,

(5.75)
where the error terms take into account (5.73) and the replacement of μ̂α,θ(p, 0)
with μ̂θ(p, 0). Next, we fix the second term in the integral using the lattice
continuity equation. Let us introduce the shorthand Ox,x2 = γx0(O(x1,x2));
then, Eq. (5.24) implies:

i∂x0〈Tnx,x2 ; j
�
ν,x′〉β,L + dx1〈Tj1,x,x2 ; j

�
ν,x′〉β,L +dx2〈Tj2,x,x2 ; j

�
ν,x′〉β,L

= iδ(x0 − x′
0)〈[n(x,x2), j

�
ν,x′ ]〉β,L .

(5.76)
Taking the Fourier transform, summing over x2, and using the Dirichlet bound-
ary conditions:

p0
1

βL
〈Tn̂L

p ; ĵ�
ν,−p〉β,L+(1−e−ip)

1
βL

〈TĵL
1,p; ĵ

�
ν,−p〉β,L = i

∑
x∈ΓL

eipx1〈[nx, j�
ν,0]〉L .

(5.77)
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Choosing p = (ηβ , 0) �= 0, the right-hand side vanishes because
∑

x∈ΓL
nx = N

is the number operator, which commutes with j�
ν,0. Thus:

L−1∑
x2=0

〈Tn̂(η,0),x2 ; ĵ
�
ν,(−η,0)〉β,L = 0

=⇒
L−1∑
y=0

Rβ,L,�
ν;1 ((ηβ , 0), y) = −

L−1∑
y=0

Sβ,L,�
ν;1 ((ηβ , 0), y). (5.78)

Taking the limit β, L → ∞, and using the continuity in p of R�
ν;1(p, y), we

can determine the second term in the integral in (5.75) in terms of (5.74). We
ultimately get:

χ�,lin
ν (x, η, θ) = −

∗∑
ω

vν,�
ω

2π|vω|
∫
T

dp

(2π)
μ̂θ(p, 0)eipx vωp

−iη + vωp
+O(
θα)+O(e−c�) .

(5.79)
The final claim (5.70) follows recalling the definition of μ̂θ(p, 0) in terms of
μ̂∞(p/θ, 0), Eq. (5.19), using the fast decay of μ̂∞(p), performing the change
of variables p/θ = q, and recalling that |vν,�

ω − vν
ω| ≤ Ce−c�. �

We are now ready to prove the main result of this section, Theorem 5.3.

Proof of Theorem 5.3 The starting point is the identity (5.68). The explicit
form of the linear response term, Eq. (5.35), is obtained proceeding as in
Proposition 4.7. Let us now consider the higher-order terms,

−
∞∑

n=2

(−θ)n−1

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

μ̂α,θ(−pi, yi)
]
eipn+1x

·
[
Sβ,L,�

n;ν (p
1
, y1, . . . , pn

, yn) + Rβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn)
]

.

(5.80)

We claim that, for some γ > 0:

|(5.80)| ≤ C
ηγ . (5.81)

This estimate, combined with the evaluation of the linear response, Propo-
sition 5.8, and with the bound (5.42) for the error terms produced by the
comparison with the auxiliary dynamics, implies the claim of Theorem 5.3,
Eq. (5.42).

Let us prove (5.81). Consider the contribution associated with Sβ,L,�
n;ν . By

(5.56), (5.57)

−
∞∑

n=2

(−θ)n−1

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

μ̂α,θ(−pi, yi)
]

· eipn+1xSβ,L,�
n;ν (p

1
, y1, . . . , pn

, yn)

= −
∞∑

n=2

(−θ)n−1

n!Ln

∑
{pi}∈Bn

L

N∑
ω=1

[ n∏
i=1

μ̃α,θ;ω(−pi)
]
eipn+1xSβ,L,�

n;ν;ω(p
1
. . . , p

n
)

(5.82)
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where:

μ̃α,θ;ω(pi) =
L−1∑
yi=0

μ̂α,θ(pi, yi)‖ξω(kω
F ; yi)‖2 , (5.83)

and:

Sβ,L,�
n;ν;ω(p

1
. . . , p

n
) = −vν,�

ω

∫
β,L

dk

(2π)2
∑

π∈Sn

n+1∏
i=1

gω

(
k +

∑
j<i

p
π(j)

)
. (5.84)

The right-hand side of Eq. (5.82) is the same type of contribution that has
been studied for one-dimensional systems. By Proposition 4.9, and proceeding
as in the proof of Theorem 3.1, we have, for γ > 0:

∞∑
n=2

θn−1

n!Ln

∑
{pi}∈Bn

L

N∑
ω=1

[ n∏
i=1

∣∣μ̃α,θ,ω(−pi)
∣∣]∣∣∣Sβ,L,�

n;ν;ω(p
1
. . . , p

n
)
∣∣∣ ≤ Cηγ . (5.85)

Let us now discuss the error terms Rβ,L,�
n;ν in (5.68). Consider the term T β,L,�

n;ν

in (5.67). We have:
∞∑

n=2

θn−1

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

∣∣μ̂α,θ(−pi, yi)
∣∣]|T β,L,�

n;ν (p
1
, . . . , p

n
)|

≤
∞∑

n=2

θn−1

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

∣∣μ̂α,θ(−pi, yi)
∣∣]

·
N∑

ω=1

∫
β,L

dk

(2π)2
∑

π∈Sn

∣∣fν,�
n,ω(k; pπ(1), yπ(1), . . . , pπ(n), yπ(n))

∣∣

·
n+1∏
i=1

∣∣∣gω

(
k +

∑
j<i

p
π(j)

)∣∣∣ ; (5.86)

using (5.59):

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

∣∣μ̂α,θ(−pi, yi)
∣∣]∣∣fν,�

n,ω(k; p1, y1, . . . , pn, yn)
∣∣

≤
∑
{yi}

[ n∏
i=1

∣∣μ̂α,θ(−pi, yi)
∣∣]Cn

(
|k − kω

F |T +
n∑

i=1

|pi|T
)
e−c

∑n
i=1 |yi|ω

≡ Cn
(
|k − kω

F |T +
n∑

i=1

|pi|T
)[ n∏

i=1

|μ̄α,θ,ω(−pi)|
]

. (5.87)

Plugging (5.87) into (5.86), we obtain an expression completely analogous to
the one-dimensional case. Proceeding as for (4.143):

(5.86) ≤
∑
n≥2

Cnan−1

n!
|log η| (η + nθ)

≤ (1 + na)eCa |log η| η .

(5.88)
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To conclude, let us estimate the terms R̃β,L,�
n;ν in (5.67). Recall the representa-

tion:

R̃β,L,�
n;ν (p

1
, y1, . . . , pn

, yn)

=
∑

π∈Sn

∑
f∈{r,s}n+1

f 
≡s

∑
z,z′

∫
β,L

dk

(2π)2
Tr

[
Ĵ�

ν(k, pn+1; z, z′)

·
n+1∏
i=1

gf(i)

(
k +

∑
l<i

p
π(l)

; yπ(i−1), yπ(i)

)]
.

(5.89)

Let R̃β,L,�
n;ν,j be the contribution to R̃β,L,�

n;ν with j propagators labelled by r. Let

g̃r(k; yi, yj) = (1 + |k0|)gr(k; yi, yj) (5.90)

and recall:

gs(k; yi, yj) =
∑
ω

gω(k)Pω(k; yi, yj) . (5.91)

Let m0,m1, . . . ,mn−j be the labels such that f(mk) = s, in increasing order.
Denoting by I the set of labels associated with the gr propagators, we can
rewrite the trace in (5.89) as:

Tr
[
Ĵ�

ν(k, pn+1; z, z′)
n+1∏
i=1

gf(i)

(
k +

∑
l<i

p
π(l)

; yπ(i−1), yπ(i)

)]

=
∑

{ωmi
}

[ n−j∏
i=0

gωmi

(
k +

∑
l<mi

p
π(l)

)]
·
∏
q∈I

1
|k0 + qη| + 1

· Tr
[
Ĵ�

ν(k, pn+1; z, z′)
n+1∏
i=1

Af(i)

(
k +

∑
l<i

p
π(l)

; yπ(i−1), yπ(i)

)]
,

(5.92)

where the sum is over the labels ωm0 , . . . , ωmn−j
, and:

Af(i)(k) =
{

Pωi
(k) if i ∈ Ic

g̃r(k) if i ∈ I.
(5.93)

Using the exponential decay of the edge modes and the exponential decay in
|yi − yj | of g̃r(k; yi, yj), we easily get:

∑
z,z′

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

∣∣∣μ̂α,θ(−pi, yi)
∣∣∣
]

·
∣∣∣Tr

[
Ĵ�

ν(k, pn+1; z, z′)
n+1∏
i=1

Af(i)

(
k +

∑
l<i

p
π(l)

; yπ(i−1), yπ(i)

)]∣∣∣

≤ Cn

[ n∏

i=1

∣∣να,θ(pi)
∣∣] (5.94)
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for:

να,θ(p) :=
1
θ

χ(θα−1|p|)
1 + |p/θ|2

Tθ−1

. (5.95)

Thus, the contribution associated with (5.92) to (5.89) summed over the {yi}
variables is bounded as:

Cn

∑

π∈Sn

∫
β,L

dk

(2π)2
∑

{ωmi
}

∣∣∣gωm0

(
k +

∑
l<m0

p
π(l)

)
· · · gωmn−j

(
k +

∑
l<mn−j

p
π(l)

)∣∣∣

·
[∏

q∈I

1
|k0 + qη| + 1

]
·
[ n∏

i=1

|να,θ(pi)|
]

; (5.96)

from now on, the discussion proceeds exactly as in the one-dimensional case,
see the discussion after (4.130). In fact, the functions in the product over q ∈ I
in Eq. (5.96) play the role of the bounded propagators in the one-dimensional
case. Therefore, recalling (4.144), choosing a ≤ w |log η| for w small enough,
and for some γ > 0, the final result is:

∞∑
n=2

θn−1

n!Ln

∑
{pi}∈Bn

L

∑
{yi}∈{0,...,L−1}n

[ n∏
i=1

∣∣μ̂α,θ(pi, yi)
∣∣]

·∣∣R̃β,L,�
ν;n (p

1
, y1, . . . , pn

, yn)
∣∣ ≤ C
ηγ . (5.97)

Eqs. (5.88), (5.97) prove (5.81), and conclude the proof of Theorem 5.3. �
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