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Recent work has shown that the entanglement of finite-temperature eigenstates in chaotic quantum
many-body local Hamiltonians can be accurately described by an ensemble of random states with an
internal U(1) symmetry. We build upon this result to investigate the universal symmetry-breaking
properties of such eigenstates. As a probe of symmetry breaking, we employ the entanglement asym-
metry, a quantum information observable that quantifies the extent to which symmetry is broken
in a subsystem. This measure enables us to explore the finer structure of finite-temperature eigen-
states in terms of the U(1)-symmetric random state ensemble; in particular, the relation between
the Hamiltonian and the effective conserved charge in the ensemble. Our analysis is supported by
analytical calculations for the symmetric random states, as well as exact numerical results for the
Mixed-Field Ising spin-1/2 chain, a paradigmatic model of quantum chaoticity.

Introduction.— Recently, there has been a growing
interest in characterizing typical eigenstates of generic
many-body quantum Hamiltonians. This interest is mo-
tivated by various long-standing puzzles in statistical
quantum mechanics, such as the emergence of chaos and
the thermalization of isolated many-body quantum sys-
tems [1-6]. At the heart of these questions lies random
matrix theory, as in the Eigenstate Thermalization Hy-
pothesis (ETH) [3, 7]. The universal statistical properties
of the eigenstates of chaotic many-body Hamiltonians are
usually well described by ensembles of random matrices.
For example, a defining feature of quantum chaos is the
emergence of the Wigner-Dyson statistics for the energy
level spacings [8-10]. The entanglement entropy [11-23]
and the spectral form factor [24-27] also follow random
matrix predictions.

However, the application of random matrix theory is
generally limited to mid-spectrum eigenstates — those
with maximal entropy that correspond to infinite tem-
perature in the thermodynamic limit. The identifica-
tion of random matrix ensembles that account for finite-
temperature eigenstates is an open active problem [28—
30]. In the novel paper [31] (see also [32-34]), it is shown
that the entanglement entropy statistics of the finite-
temperature eigenstates of local chaotic spin chains can
be accurately described by pure random states that are
endowed with a U(1) local conserved charge. The crucial
point is that energy conservation combined with the lo-
cality of interactions induces an approximate conserved
charge in the eigenstates. In this case, the charge den-
sity of the random state ensemble is related to the energy
density in the spin chain.

In this work, using the setup of Ref. [32], we show
that the same U(1)-symmetric random state ensemble
further describes the symmetry-breaking properties of
finite-temperature eigenstates. To this end, we employ
the entanglement asymmetry, a new observable based on
entanglement entropy that measures how much a symme-
try is broken in a subsystem. The entanglement asymme-
try is a useful tool to monitor the time evolution of (bro-

ken) symmetries after quantum quenches and observing
the quantum Mpemba effect [35-51], including random
circuits [52-57] and experiments [58]. It has also been
studied in field theories [59-67], Haar random states [68—
70], and, from a different perspective, in quantum infor-
mation resource theory [71-73].

The entanglement asymmetry neatly detects the effec-
tive conserved U(1) charge induced in the energy eigen-
states by the locality of interactions. This allows us to
determine the charge that generates the U(1) symme-
try of the ensemble. Moreover, we study the symmetry-
breaking for other U(1) local charges and compare with
the prediction of the symmetric random states. Fig. 1
summarizes our main results. The symbols are the entan-
glement asymmetry of all the eigenstates of the chaotic
Mixed-Field Ising spin-1/2 chain for a non-conserved
charge orthogonal (in the sense later specified) to the
one that is effectively conserved. Their asymmetry is
calculated numerically in a chain of L = 16 spins for two
different subsystems of £4 = 4 and 11 contiguous spins.
The average of this asymmetry in the U(1)-symmetric
random state ensemble can be calculated analytically and
its prediction is represented by the continuous curves in
Fig. 1. We find a remarkable agreement. In contrast, the
prediction (dashed lines) using the standard Haar ran-
dom state ensemble, which does not have any symmetry,
only captures the behavior of mid-spectrum eigenstates.

In the rest of the paper, we first briefly review the
main ideas and setup of Ref. [32], then introduce the en-
tanglement asymmetry, and finally study it in both the
U(1)-symmetric random state ensemble and the Hamil-
tonian system, comparing the two.

Eigenstates of local chaotic Hamiltonians.— Let us
consider a one-dimensional many-body quantum system
that can be divided into two spatial regions A and B. The
system is described by a locally interacting Hamiltonian
H, i.e. it can be partitioned as H = Ha + Hg + Hap,
where Hy (Hp) only acts on A (B) and Hup contains
all of the terms coupling A and B. Any eigenstate
|¥g) of H with energy E then admits the decomposition
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FIG. 1. Rényi—2 asymmetry for the charge @, of the eigen-
states of the mixed-field Ising Hamiltonian (2) with L = 16
sites in the chaotic point g = 1.1, h = 0.35 for a subsystem of
length £4 = 4 (blue points) and £4 = 11 (green points). The
energy density € of the eigenstates is rescaled by €* = 1.54.
The black continuous lines are the analytical prediction (7)
obtained using the ensemble of U(1)-symmetric Haar random
states, with conserved charge orthogonal to Q. The blue and
green shaded regions correspond to the confidence interval
IE[ASI(f)] + 30, where the variance o2 is estimated numerically
by sampling the ensemble of U(1)-symmetric random states.
The grey dashed lines are the prediction (8) of the standard
Haar unitary ensemble, which is expected to be valid only for
e~0.

lvE) = Zij Cij |[YE) 4 ® WEJ‘>B’ where |¢Ei>A(B) Is an
eigenstate of H,(py with energy E;. A key observation,
first analyzed in [1], is that the locality of the interac-
tion Hyp makes the matrix c¢;; banded; that is, ¢;; is
non-zero only for energies E; + E; € [E —6/2,E +6/2],
where § is set by the interaction term H4p. The locality
of the interactions implies that § ~ O(1). More rigor-
ously, Ref. [74] proved that c¢;; are upper bounded by
a decreasing exponential in F; + E; — E. Refs. [13, 14]
used this idea to construct states consistent with the sub-
system ETH [75] and that describe universal properties
of finite-temperature eigenstates of chaotic Hamiltoni-
ans. A further approximation assumed in Refs. [31, 32]
is the coarse-graining of the spectrum of H gy with the
scale by assigning to all the eigenstates in the win-
dow e — /2 < E; < e + /2 the same energy e;. This
identification effectively discretizes the spectrum and cre-
ates degenerate energy subspaces H 4(p)(ex). As a result,
the typical eigenstates can be approximately written as
[VE) & 3k Cop [the, ) with [¢e,) € Ha(er) ® Hp(E — ex),
akin the structure of states with a global U(1) symmetry.
Based on this approximation, Refs. [31, 32] conjecture
that the properties of typical eigenstates of local chaotic
Hamiltonians are captured by random states subject to
this symmetry constraint.

As shown in [31], this U(1)-symmetric random state
ensemble not only gives a better prediction than the Haar

ensemble of the entanglement entropy at zero energy den-
sity but it is also able to capture the universal entangle-
ment properties of finite-temperature eigenstates. These
eigenstates have typically less entanglement entropy than
the infinite-temperature one. This effect can be modeled
by changing in the ensemble the sector of the total con-
served charge. After introducing this U(1)-symmetric
ensemble, we describe this correspondence in detail.
U(1)-symmetric random state ensemble.— The ensem-
ble of U(1)-symmetric random states employed in [31, 32]
was initially studied in [16, 18]. A complete characteriza-
tion of the first two moments of the entanglement entropy
has been given in [15] and of its symmetry-resolution
in [76-78]. To define it, we need to consider a charge op-
erator () that generates a global U (1) group. The Hilbert
space of the full system can be then decomposed as the
direct sum of each charge sector, H = @y H(M), where
M is an eigenvalue of Q. If the total charge is the sum
of the contributions of A and B, Q = Q4 + @, then the
subspace H(M) of fixed total charge M decomposes as

H(M) = P Halg) @ Hp(M - q). (1)

Thus, the U(1)-symmetric states |U(M)) € H(M), i.e.
those satisfying Q |¥(M)) = M|V (M)), can be writ-
ten as |U(M)) = 3=, \/Pqlthg), where |1hg) € Halq) @
Hp(M — q). The corresponding reduced density ma-
trix that describes the subsystem A is of the form ps =
> 4 PaP 4(q). Here p, is the probability of finding a charge
g in A. In Ref. [15], it is proved that the uniform mea-
sure over H (M) subject to the symmetry constraint (1)
is equal to the product of the uniform measure in each
subspace Ha(q) ® Hp(M — q), which is the usual Haar
unitary measure, times the probability measure over the
coefficients {p,}, which is given by the Dirichlet distri-
bution with parameters d, = da,qdp,q, Where d; is the
dimension of the space Ha(q) @ Hp (M — g) for each pos-
sible q.

Model.— As a concrete example, we consider the one-
dimensional Mixed-Field Ising Model (MFIM), a paradig-
matic model of quantum chaos [5, 9, 81]. This is a spin-
1/2 chain with Hamiltonian:

H =3 (050501 + 905 +hoy) )
J

where o5¥* are the Pauli matrices on the j-th site. We

take a chain with L sites and open boundary conditions.
Following Ref. [31, 32], we include two boundary fields
hiof, hpoj to break the inversion symmetry under the
spatial reflection of the chain. In this way, the Hamil-
tonian does not possess any symmetry, and when the
couplings are both O(1), the model is far enough away
from any possible integrability regime. More specifically,
we set g = 1.1 and h = 0.35. These values belong to a
commonly used range of parameters to study quantum
chaos [79-81] and they correspond to the most chaotic
point of the model (2) in the sense discussed in [32].
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FIG. 2. Left panel. The symbols are the average full system Rényi-2 asymmetry for the charge Qg in a window of mid-spectrum
eigenvectors of the Hamiltonian (2) centered at ¢ = 0 (we take 46,68,100,200 states for L = 8,10,12, 14, respectively) as a
function of the angle 6. This family of charges are represented by the red arc in the inset sphere. The errorbars are the standard
deviation of the asymmetry over the chosen sample of eigenstates. Independently on L, the asymmetry shows a minimum at a
value of 0 very close to 6 = arctan(g/h), as highlighted by the red dashed line. The black dash-dotted lines are the analytical
prediction (7) for ]E[AS,(-JQ)] for a charge orthogonal to the one conserved in the U(1)-symmetric random state ensemble in the
sector M = L/2. Right panel. Same analysis but for charges belonging to the arc connecting Q= and @y (red curve in the
sphere inset). The maximum is reached at ¢ ~ 7/2 and is again compatible with the prediction (7) with M = L/2.

We now make explicit the connection between the en-
ergy of the eigenstates and the charge of U(1)-symmetric
random states. The only requirement of the charge @
that generates the symmetry is to satisfy Q = Q4 + @ 5.
Under this assumption, we can consider, without loss of
generality, a charge that takes values 0 or 1 at each spin.
In that case, the charge density s = M/L, defined in the
interval 0 < s < 1, can be identified with the energy
density e = FE/L of the eigenstates of H by [31]

gfe* =25 —1, (3)

such that the charge sector with largest degeneracy, s =
1/2, corresponds to the zero energy density, ¢ = 0. The
rescaling factor * is determined by the scale of the energy
fluctuations, ¢* = /(H?)/L. At finite-size, Ref. [82]
showed that the density of states peaks around an energy
E, # 0 that tends to zero when L — oo. For this reason,
we estimate E, and ¢* by fitting the density of states
obtained by exactly diagonalizing (2). We then consider
as rescaled energy density ¢/¢* = (E — E,)/(L¢e").
However, we have not provided a specific expression for
the conserved charge in the ensemble of U(1)-symmetric
random states. In our particular example, it should cor-
respond to the approximate global U(1)-symmetry in-
duced by energy conservation and the locality of the in-
teractions in the eigenstates of the Hamiltonian (2). To
further understand and identify the explicit form of the
charge that generates this effective symmetry, a conve-
nient tool is the entanglement asymmetry.
Entanglement asymmetry.— The entanglement asym-
metry quantifies the extent to which a symmetry trans-
formation generated by a charge Q4 is broken within

a subsystem A. Its definition requires the introduc-
tion of the symmetrized reduced density matrix pa. g =
> Ugpally, where II, is projector on the eigenspace of
Q4 corresponding to the eigenvalue q. The Rényi-n en-
tanglement asymmetry is then defined as the difference
between the Rényi-n entropies Sy, (p) = 12— log Tr[p"] of
pa,g and pga,

ASY) = S, (paq) — Sulpa). (4)

This quantity is non-negative AS,(An) >0 and AS,(AH) =0
if and only if [pa, Q4] = 0. Here, we restrict us ton = 2,
although we expect the same qualitative behavior for any
n.

Analytical results.— Since the effective conserved
charge must be local, we restrict ourselves to the fam-
ily of U(1)-charges Q4 = >, 1aQa, Where Q. = Zj o,
with a = z,y, z and 7 € R3 satisfying || = 1. Let us as-
sume that, for a specific * € R?, Q4+ is the charge that
generates the U(1)-symmetry in the ensemble of random
states. In that case, the asymmetry of the random states
is ASS)|ﬁ* = 0, while, for any other n, we will typi-
cally have ASff)h#ﬁ* # 0. In particular, we consider a
charge Q1 = @5, orthogonal to Q4~, in the sense that
ny -n* = 0. For this charge, the average asymmetry
IE[ASEf”QL] over the ensemble of U(1)-symmetric ran-
dom states in the sector M has the following analytic
expression. The ratio R = E[Tr[p% , ]]/E[Tr[p%]] can
be exactly computed using Weingarten calculus [83-86]



(see derivation in [87]) and reads

— ¢
2724 (¥A) Y dp jd? ; + X(L,La, M)
Zj dB,jd?q,j + Zj dQBJdA,j ’

where da j = (‘;), dp; = (57%),

R =

M—j
X(L,la, M) =
LA —2m 2
_ 272m(2m)! (L —2m\* [ {4
—9—ta L,M)?
2 iy (") (o) 7m0

(6)

and F(m, L, M) is the hypergeometric function o F with
parameters F(m, L, M) = oF1(—2m,—M,1 —2m + L —
M;-1).

We now further assume the self-averaging approxima-
tion Eflog Tr[p% ] = log E[Tr[p? ,]]. This property can
be proven for the Haar ensemble [70, 88] when L — co.
For the U(1) ensemble under consideration, we lack of
an analytical proof, although the numerical analysis per-
formed in [87] supports it, even at finite L. Applying the
self-averaging property, we obtain

E[ASY]q.] ~ —log R. (7)

A numerical check of this result is presented in [87].
Eq. (7) has a non-trivial dependence on ¢4 and the total
conserved charge M of the random states. This makes it
drastically different from the result for the ordinary Haar
ensemble of states, calculated in Refs. [68, 70]. In that
case, any symmetry is broken and, for any charge Q;,
the average asymmetry is

E[AST]a] = —log {QMA_lL — <1 +27F gi‘;;)] .

Unfortunately, the analytical analysis of the higher cu-

mulants of ASS), and in particular the variance, is much
more complicated and we are not able to obtain an ana-
lytical prediction. For this reason, the variance displayed
in Fig. 1 is obtained numerically.

In what follows, we will show that Eq. (7) captures the
symmetry-breaking properties of the eigenstates of the
chaotic Hamiltonian (2).

Numerical results.— Let us first focus on the Rényi-2
asymmetry of the full system ({4 = L) at zero mean
energy density (¢ = 0). We consider a statistically
significant number of mid-spectrum eigenstates centered
around zero energy and compute numerically its average
asymmetry. We denote the average over eigenstates by
(-), while we keep the notation E[-] for the expectation
value over the random states. In the left panel of Fig. 2,
we show the results, taking Qy = cos 8 Q,+sinf @, as the
charge in Eq. (4), for various systems sizes L. We observe

that <ASf)|Q9> is smooth in 6§ and shows a minimum
close to 0* = arctan(g/h), while it reaches a maximum

for the orthogonal charge Qg+ /2. The dashed horizon-
tal lines represent the values predicted by Eq. (7) for the
asymmetry of a charge orthogonal to the conserved one
in the random ensemble in the sector M = L/2 (which
corresponds to ¢ = 0 Eq. (3)).

The same analysis can be repeated for a charge @,
obtained rotating Qg by an angle ¢ around the direc-
tion orthogonal to it in the z — z plane (see the inset of
Fig. 2 right). There is a minimum at ¢ = 0, which cor-
responds to Qg+, and a maximum at the orthogonal di-
rection. The maximum is again well-captured by Eq. (7)
taking M = L/2 and ¢4 = L. From both plots in Fig. 2,
we conclude that the approximate conserved charge in
the model (2) corresponding to the U(1)-symmetry of
the random states is Qg = 9@, + hQ; these are the on-
site terms of the Hamiltonian (2). Of course, the value
of the minimum is not comparable to zero for any value
of L analyzed. This is not surprising, as we know that
H does not have exact symmetries. However, the ex-
istence of a well-defined single minimum supports the
description of the infinite-temperature eigenstates of (2)
in terms of U(1)-symmetric random states in the sec-
tor M = L/2. Moreover, the asymmetry of these states
with respect to an orthogonal charge is well captured by
the U(1)-ensemble. According to the correspondence (3),
Eq. (7) should also describe finite-temperature eigen-
states (¢ # 0) when taking M < L/2, as shown in Fig. 1.
We observe that, although the agreement is generally
good, the numerical data are slightly not even in e con-
trary to our theoretical prediction. It would be interest-
ing to characterize and understand this small subleading
correction.

In Fig. 3, we further analyze the results in Fig. 1.
Here the symbols are the average eigenstate entangle-
ment asymmetry for @, over energy windows with dif-
ferent mean rescaled energy density e/e.. For suffi-
ciently small window and statistically significant num-
ber of eigenstates inside the window, this average is an
estimate of the microcanonical expectation value of the
entanglement asymmetry at finite temperature. The re-
sults in Fig. 3 are in good agreement with the analyti-
cal prediction in Eq. (7) (coloured dashed lines), which
clearly captures the dependence on the subsystem size.
However, when moving away from the mid-spectrum, i.e.
when |e/e*| — 1, the deviations evidence the presence
of a non-universal O(1) correction which is beyond the
scope of our random matrix description. The black dash-
dotted line is the prediction (8) for a standard Haar
random state, with no symmetries. As already noted
in Ref. [32] for the entanglement entropy, Eq. (7) with
M = L/2 provides a more accurate description of the
mid-spectrum.

Conclusions.— In this paper, we demonstrated the
power of entanglement asymmetry in understanding the
universal properties of finite-temperature eigenstates of
local chaotic many-body Hamiltonians. Using the asym-
metry, we determined the effective conserved charge in
the energy eigenstates resulting from the locality of in-



2y 5
i‘/"/
1.6 |- X7 N
///;7
) 7
Ay
3 1.2 - J /ﬁ/’ N
DR , ,’;
Z]) 0.8 A L v gfe*=0
~ A s =1)2
-3 //f.' N 8/6*:0.2
%1 g
0.4} X A - 5=3/5
PR o /et =04
0.0 *‘/’_f_:i‘::—t;’:-/’(/“ |- s= 3/10
0.0 0.2 0.4 0.6 0.8 1.0
La/L

FIG. 3. Average Rényi-2 asymmetry over a window of eigen-
states of the Hamiltonian (2) with L = 16 centered around dif-
ferent rescaled energies £/¢* as a function of £4. We consider
energy windows Ae of 0.002¢*,0.0025¢*,0.006e* for the mean
ratios e/e* = 0,0.2, —0.4, respectively, to encompass in all the
cases ~ 200 eigenstates. The error bars are the standard de-
viation of the asymmetry in each energy window. The crosses
joined by a dashed line are the prediction of Eq. (7) for the
U(1) random state ensemble (the line is a visual guide). The
relation between the energy density € and the sector s = M/L
is reported in Eq. (3). The black dash-dotted line is the pre-
diction (8) for the standard non-symmetric Haar ensemble.

teractions. As we showed, this charge generates the U(1)
symmetry in the ensemble of random states that de-
scribes the statistical behavior of the finite-temperature
eigenstates. We found that it corresponds to the on-site

part of the chaotic Hamiltonian. The explicit form of
this charge is essential for extracting predictions from the
U(1)-symmetric random state ensemble. For instance,
it allows us to calculate the asymmetry with respect to
other non-conserved U(1) charges, as illustrated in this
work. The ensemble of random states endowed with this
conserved charge well captures the entanglement asym-
metry over the whole range of energy density of the spec-
trum.

Our results only rely on the locality of the Hamilto-
nian interactions. Therefore, we expect that they are
universal for chaotic local spin Hamiltonians. In [87], we
present some numerical results supporting this conjec-
ture for other Hamiltonians with the same on-site terms
as (2), but different interactions.

Interesting avenues for future research include the
analysis of the universal properties of asymmetry in
chaotic models where the appropriate reference ran-
dom state ensemble contains multiple commuting U (1)
charges, as in Ref. [33], or in systems with non-Abelian
symmetries [22, 89, 90]. It would also be compelling to
explore other applications of our results for the U(1)-
symmetric random state ensemble, such as in the char-
acterization of the stationary state of highly chaotic dy-
namics [34].
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Supplemental Material for
“Symmetry breaking in chaotic many-body quantum systems at finite temperature”

Here we report some useful information complementing the main text. In particular,
- In Sec. I, we show in detail the derivation of Eq. (5).

- In Sec. II, we provide a numerical check of the analytical results and some further numerical results.

I. ANALYTICAL DERIVATION OF EQ. (5)

Equation (5) is the average entanglement asymmetry of the U(1)-symmetric Haar random ensemble with respect
to a charge orthogonal to the conserved charge that generates the symmetry of this ensemble. For simplicity, we take
here as conserved charge @, = Zle o; and as orthogonal charge Q, = Z]L_l oj. Since by construction any state
in the ensemble commutes with @, which is the charge generating the rotations along the z—axis, we have that the
asymmetry for @, is the same as that for Q. Therefore, we also have that, on average, E[AS(2)|QI] =E[ASP)|q,].

From now on, and for simplicity, we consider as conserved charge Q’, = %(Qz + L) such that the eigenvalues are
integers ¢’ = 0,1,2,..., L. This will not modify our final result: the asymmetry is invariant under this change since
the projectors in the eigenspaces of @/, and @, are the same. Let us take a state |U(M)) belonging to the ensemble
of U(1)-symmetric Haar random states with fixed total charge Q’, |U(M)) = M |¥(M)). We divide the full system
in a subsystem A of ¢4 sites and the complement B with L — £4 sites. To compute the asymmetry of the reduced
density matrix pa = Tr(|¥(M)) (¥(M)|) with respect to Q.., we need to calculate its symmetrization,

PAG. = ZH tpall?, (sn-1)

where H((Ia) is the projector onto the eigenspace of with eigenvalue g of @, 4, i.e. the restriction to A of Q.. To
enlighten the notation, we omit in the projectors the subscript A indicating that they act on the Hilbert space H 4.

To exploit the symmetry properties of p4, we find convenient to write the projectors ng) in terms of the projectors
ng) of the conserved charge. Due to the algebra of Pauli matrices, they are simply related by

n™ = utnPuy, (3M-2)
where U = exp(imQy,4/4). Combining Egs. (SM-1) and (sSM-2), the second moment of the symmetrized density matrix
is then
Trlp% 0.] = 3 Tl T Up s T U p o). (sM-3)
k

)

The next step is to write the operator Z/ITH;Z U in the basis of the eigenstates {|gm)} of Q' , as follows

Z/[TH(Z U= Z Ak mm lgm) (¢'m’]. (sM-4)

qq
mm/

The state |gm) satisfies Q' 4 [gm) = q|gm) and m labels the degenerate states in the eigenspace with eigenvalue g.
The coefficients A(k )ml" are defined as
AkYgr" = {qm| I g/m') (s3-5)

Applying Eq. (SM-2) and H(z) >, [kp) (kpl,

A(kR)m = (qm|UT U |g'm’) Z cmrPem P, (SM-6)

qq

where Cg;f"/ is the matrix element C;’f],m, = (gm|U' |¢'m’). Plugging (sM-4) into (SM-3), we obtain

Trlph q.] Z Z Z A(k) g ARz (a'm’| paldi) (@) pa lgm) . (SM-7)



We use now the symmetry property of the density matrix, which by construction can be decomposed as pa =
Zi’; 0 Pqra(q) where we are now summing over the eigenvalues ¢ of Q’Z 4. Using this block decomposition, the matrix
elements appearing in Eq. (SM-7) simplify as follows

(@m'| paldm) =D pj (a'm/| pa(G) |am) =Y pidqi0iz pa(d)mm. (sM-8)
i J
Applying this result in Eq. (SM-7), we finally obtain for Tr[piQm]
Trlphaul = D223 2 pipy AW AR 0@ pa( o (sM-9)
ko 3.3" mm!
This expression can be rewritten in the form
Trlpha.) =D ZPJPJ’TT k)jripa(i)AK) i pa ()], (sM-10)
kg’

where the trace is implied to be taken in the subspace H 4(j’), i.e. the eigenspace of @', 4 with eigenvalue j'.
We are now ready to compute the expectation value over the ensemble of U(1)-symmetric Haar random states.
Taking into account that p, and pa(q) are independent stochastic variables, their joint expectation value factorizes as

E[Trpl o, = D> Y Elpipy E[Te[A(k) ;1504 (1)A(K)j5pa(5")]] (sM-11)

k4.3’

The p, are described by the Dirichlet distribution, defined by the measure

1 ({pq}q) < 6 (qu - 1) [17d " dp,. (sM-12)

Using it, we can compute the average E[p;p;],

didj + 0;4d;
E 737 -1
where d; = da jdp; = (Zj‘f‘) (ﬁ;f;‘) and dy = EjA 0 (ZA) (51 Z?) = (}). Inserting it in Eq. (SM-11), we have
didjy + 6;5d; . .
E[Trp% o] ZZ S S BT AR) o (1) A(K) jirpa (5] (sm-14)

~ dp(dar + 1)
3s3’
What remains to be computed in the expression above Finally, E[Tr[A(k);;pa(j)A(k),i7pa(5")]] is the expectation
value of a functional of the fully asymmetric Haar random states {pa(j)};. To obtain it, we can use the known results
about the Haar average of a tensor product of unitary matrices, which can be obtained via Weingarten calculus. In
particular, we need to use the two following identities [83, 84]:

1
Elpa(q)as] = H(Sabv (sMm-15)
sq

and

1

0adObe +AB.g 0apled)- SM-16
dA,q(dA,qu,q n 1)( dOb B,q b d) ( )

E[pa(q)abpa(q)ea] =

Moreover, Haar random states in different charge sectors are independent, ie. Elpa(q)appa(q)ed] =
E[pa(q)ab) Elpa(q')ea]. Applying the previous results and after some straightforward algebra, we find

Tr[A(k) 5 A(K);] i#J

. . da jda d Ji 791

E(Tr[A(R)ypa()AR)15PaU )] = 4 (@ A, P+ TAW s AGD . _ (sM-17)
da,jdp,j(da,jdB,j+1) =1
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To keep the discussion clearer, we now only give the explicit expression of the traces Tr[A(k);;] and Tr[A(k),;» A(k);;]
appearing in Eq. (SM-17) and postpone their derivation to Sec. TA. They read

24Tr[A(k);5] = dajda g, (sM-18)

and

22 AT [A(K) ;50 AK) 5] = dak jg (7];) (iA__n{f)

min(2(k—m),j) min(2(k—m),5’)

S 7 Cape (2(1@; m)) (2(/@; m)) (EA —j2(kn— m)) (zA —'/251@”_/ m)) 1)

n=0 n’=0 J

To obtain the final result for the Rényi-2 entanglement asymmetry, E[AS&?HQI] = E[AS?\Qy] o~

—log(E[Trp? o, ]/E[Trp%]), we also need the average purity E[Trp%]. Using the same techniques applied before,
we have

LA
E[Trp%] = > E[pi] E[Tr[pa(9)’] (sm-20)
q=0
and applying Eqs. (sM-13) and (sM-16),
1 &

E[Trp3d] = ————— Y da,dg.(d dg.,). 21
[ pA} dM(dM+1) q;) A,q B,q( A’q—"_ B,q) (SM )

Putting all the pieces together, we obtain

E[Trlod o)l 277 (U)X, doadhy + 0 X,y ds.ide.y TIAK) ;0 Ak) ]

R= = . (sM-22)
]E[Trpi] Zj dBJdA,j + Zj dzB,jdA,j
Plugging Eq. (SM-19) in the latter equation we can further simplify the triple sum
X(LyLa, M ZZ dp jdp,; Tr[A(k) 5 A(K) 5] ($M-23)
k3.5
appearing in the numerator as follows. Inserting Eq. (SM-19) and performing explicitly the sums in j and j,
04—k [ 2k —m)\ (L —2(k-m)\ ]
Lla, M)=2"24%"¢ AT N o : -24
(L. M ZMz<)(k )| = e e (sw1-24)
The sum over n can be rewritten as an ordinary hypergeometric function o Fi (a, b, ¢; z),
X(L, ba, M) =
O — K\ (L—2(k—m)\>
27 2a Fi(=2(k —m),—M,1—2(k — L— M;—1)2 -2
ZdAkZ< >(k m)( u 2F1(=2(k —m), —M, (k—m)+ ;—1)7 (sM-25)
Performing the change of variable m’ = k — m,
kN (fa—k\ (L —2m"\?
20 A . 2
X(LagAa =274 ZdA k Z <m/> ( m’ > ( M > 2F1(72m,7 7Ma 1- Qm/ + L - Ma 71) . (SM_26)

m’=0

Exchanging the order of the sums in k and m/’,

L( M) = —20 4 &l L—2m' 2F ’ M / L M- 2 a ZA k KA—I{/’
X(L,£a, M) =2 > iy oFy(=2m/, =M, 1—2m/+ L— M;-1)* Y U] (w2

m’=0 k=m/'
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Finally, using the identity

()G () I,

k=m

we get

ta 9—2m 1T —
X(ngA;M) :2_&4 Z 2((')2277]‘)(1/ ]\fm) (2€A>2F1( 2ma_M71_2m+L_M;_1)27 (SM_29)
m:

which is precisely the result stated in Eq. (6) of the main text.

m=0

A. Determination of Eqgs. (SM-18)-(sM-19)

Let us now obtain Eqs. (SM-18) and (SM-19). As a first step, we rewrite the matrix elements C’;ZT”/ as follows

C}I’;zﬂ’ = (gm|e” i5Qy.a l¢'m’) = 25 /2 |® < ) lg'm’) . (sM-30)

The elements of the basis {|gm)} can be explicitly written as the product states |gm) = |by ---be,) where b; = 0,1
and > ;bj = g. Note that m just labels all the possible arrangements of ¢ spins in the state |1) in a subsystem of £4
sites. Using this basis we have

2lal20mim’ = (b, b44|®( )'b/ ta) =

£a
=1 (b0 = (=1)%6,1) = (sM-31)
=1
La
=TT
i=1

where we have defined 0 = 1 and 1 = 0. In this representation, obtaining the value of Tr[A(k);;] is immediate; in fact,

mm/ ~mm/ x 1 b 1 1
TI‘[ o ZZO C _ % Z (_1)251;1, b; _ QTA Z = %dAvjdAvk' (SM—32)

m  m’ m,m’ m,m’

In the same way, we can express Tr[A(k);;- A(k), ;] as

£a 7/ 7 7 7/
QAT A(K) e A(R) jrj) = D [ (1) %00 oraa it 05, a bt 5, 0B (sM-33)
c i=1

where by . we mean the sum over all possible configurations of {b;, ], b;, B;}Zzl 04 with the constraints ), b; =
Dobi=k >, bi=7,> b =73 The terms appearing in the exponent can be factorised as follows

22 ATr[A(k); 50 A(k ZH 1) Geia 05, )OG5, (sM-34)
C i=1

We can use the following graphical notation to characterize each configuration. For the i-th qubit, we have four bits

{b;,b},b;,b;}. We assign to these four bits the following diagram

SN o

o
STN ST

— (sM-35)

@‘\I
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where E =1 and D = 0. Each configuration C can then be thought as a 4 x ¢4 array of boxes filled with balls
with the constraint that the sum of balls along the first and the second row is k, along the third row j and along the
fourth j’. _

The crucial point in the computation of Eq. (SM-34) is the parity of the value (8,1 + 551_71)(5; + b) for each
diagram (sm-35). If the parity is odd, then the diagram contributes with a —1 to the product in (SM-34), otherwise
its contribution is a factor 1. Hence we need to determine only the configurations with an odd contribution. These
are given by the following set of four diagrams, which we denote as F,

F= : ; ; : (sM-36)

The contribution to the sum in (SM-34) of each configuration is one if the number of columns belonging to F is even
or minus one if the number of columns belonging to F is odd. Let N, (N,) be the number of configurations with an
even (odd) number of F—columns, Eq. (SM-34) can then be rewritten as

2ATr[A(K) 0 A(k)j5] = Ne — No

) (sM-37)
- dA,k:dAJ'dA,j/ - 2N0

In the second equality, we took into account that the total number of configurations is N, + IV, = di,kd A,jday =

(%)2(@;‘) (Zf,‘) We can then eliminate N, in Eq. (SM-37) and only N, remains unknown. Its computation boils down
to solving the combinatorial problem of determining in how many ways we can arrange 2k + j + j' balls in a 4 X £4
array of boxes with the constraints that the first two rows contain k balls each, the third j and the fourth j’ and such
that the number of columns belonging to the set F' in Eq. (SM-36) is odd.

The value N, is, by definition, invariant under any permutation of the columns of the 4 x ¢4 array, hence, we can
fix the arrangement of the k balls in the first row and multiply by d4 ; the remaining counting. We then sum over
the possible arrangements of the k balls in the second row by ordering the sum based on the number of m balls that
share the same column. We make this choice as it will simplify the problem of counting the remaining configurations.
At this point, we have

k
B K\ (la—k -
N, =day mgzo <m> (k: - m) “N(k,m,j,5"), (sM-38)

where N (k,m, 7, ;') is the number of configurations with odd F—columns but with a fixed arrangement for the first
two rows such that m columns contain two balls in the first two boxes. To determine N (k,n, j,j’), we notice that
an F'—column can be created only among those columns in which one of the two first rows is occupied but not both.
There are 2(k — m) of these columns. Observe now that, if we distribute n and n’ balls in the third and fourth rows
only among the 2(k — m) columns, then the number of F'—columns is given by n + n’ (the possibility of having an
overlap between third and fourth column does not change the parity). For this reason, N'(k, n, j,7’) is given by

N(k)n7j)j/) =

min(2(k—m),5) min(2(k—m),j’)

= > S b (2(k - m)) (2(16; m)) (eA —2(k - m>> (eA —./2£kn—/ m))’ (5M-39)

j —n
n=0 n’=0 J J

with p € Z. Inserting this result into (SM-38), we obtain the expression for N,. If we write the Kronecker delta as
(1 — (=1)"*"")/2, then it is easy to see that the sum without alternating sign and the term d% pda jda j mutually
cancel in Eq. (SM-37) and we finally arrive at the result in Eq. (SM-19).

II. ADDITIONAL NUMERICAL RESULTS

In this section, we first numerically check Eq. (7) in the main text. To this end, we sample random states belonging
to the ensemble of U(1)-symmetric Haar random states in the same charge sector M. We then numerically compute
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FIG. sM-1. Check of the analytical result (7) for the average Rényi-2 entanglement asymmetry IE[ASI(L‘Q) |g, ] for a charge Q.
orthogonal to the conserved one. The prediction of Eq. (7) is is represented as crosses joint by a dashed line which is only
meant to guide the eye. We plot E[ASEL‘Q) |o, ] as a function of the ratio £4/L for different charge sector M of the full Hilbert
space and total system sizes L = 10 (left panel) and 12 (right panel). The symbols are the exact average asymmetry over a
set of ~ 200 states sampled from the ensemble of U(1)-symmetric Haar random states in the charge sector M. These data
were calculated without using the self-averaging approximation, in contrast to the analytical result (7). The number of random
states considered is enough to make the statistical error on the mean smaller than the marker size.

their entanglement asymmetry and average over the finite sample of results. What we obtain is an estimate of the
expectation value E[ASS) lo,]- In Fig. SM-1, we compare the numerical results with Eq. (7), finding an excellent agree-
ment. Moreover, note that this further validates the self-averaging approximation E[log Tr[p?% o]] ~ log E[Tr[p% ]|
applied to derive Eq. (7) from Eq. (5).

As a complement to the results of the main text, we have studied the entanglement asymmetry in other chaotic local
interacting spin-1/2 Hamiltonians and verified the universality of our predictions using the U(1)-symmetric random
states and the expected form of the associated conserved charge. We consider the following two Hamiltonians,

L—1

1 z _z 1 z _z - .
Jj=1 j
L-1
L T 5T Yy z .z T 2
HQ:Z (Ujaj-f-l +Ujaj+1+AUjUj+1)+Z(ng+h0'j)- (sM-41)
Jj=1 j

In the Hamiltonian in Eq. (SM-40), we have added a next-to-nearest neighbor interaction compared to Eq. (2). In
Eq. (SM-41), the interacting part is the integrable XXZ spin-1/2 chain, but the external magnetic fields along the 2 and
z axis break integrability. In both cases, we introduce the boundary fields hiof, hpof with hy = 1/4, hy, = —1/4.
Each model has thus no symmetry except for energy conservation and we expect that, for generic values of the
couplings g, h of order O(1), they are chaotic. We choose again g = 1.1 and h = 0.35. Fig. sM-2 is identical to Fig. 1
in the main text but plotting the asymmetry of the eigenstates of (SM-40) (left panel) and (sM-41) with respect to
the charge @,. The solid curves are the average asymmetry (7) of the random state ensemble with a U(1) symmetry
generated by the charge ¢Q, + h(Q).. The total charge M of the random states is related to the eigenstate energy
density e through the identity in Eq. (3). We remark that, in this case, the parameters g and h (and A for the model
sM-41) do not necessarily correspond to the maximally chaotic point (at least in the sense of Ref. [32]). Nonetheless,
we find a reasonable agreement between the numerics and the analytical formula (7). We observe a modulation in
the numerics in the right panel of Fig. sM-2. A similar modulation occurs in the density of states. This effect likely
indicates that, for the parameters chosen, the model is not far enough from an integrable point [82].



1.6 -

- - - Haar
——U(1) Haar

0.4

0.0 le=zzzoos TEE- .

14

16|

——U(1) Haar

- - - Haar

(Y] SRR poooo e

K]
~
0’;[: 0.8 -
4
04+
—1

FIG. sm-2. The symbols are the Rényi—2 entanglement asymmetry for the charge @, of each eigenstate of the Hamilto-
nian (SM-40) (left panel) and (SM-41) (right panel), with L = 14 sites and parameters g = 1.1, h = 0.35 and A = 2. We study
two different subsystems with length £4 = 4 (blue points) and £4 = 9 (green points). The energy density of the eigenstates &
has been rescaled with ¢* = 1.35 (left panel) and ¢* = 1.33 (right panel), as explained in the main text. The black full line
is the analytical prediction (7) obtained for the ensemble of U(1)-symmetric random states with conserved charge orthogonal
to Qy. The blue and green shaded regions correspond to the confidence interval E[AS’f)] =+ 30, where the variance o has been
estimated numerically by sampling the ensemble of random states. The grey dashed line is the prediction (8) of the standard
Haar unitary ensemble, which should give an approximate prediction for only the mid-spectrum eigenstates.
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