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Abstract

We compute the leading asymptotics for the maximum of the (centered) logarithm of the absolute
value of the characteristic polynomial, denoted ¥ 5, of the Ginibre ensemble as the dimension of the
random matrix N tends to +oco0. The method relies on the log-correlated structure of the field ¥ 5y and
we obtain the lower—bound for the maximum by constructing a family of Gaussian multiplicative
chaos measures associated with certain regularization of ¥ at small mesoscopic scales. We also
obtain the leading asymptotics for the dimensions of the sets of thick points and verify that they are
consistent with the predictions coming from the Gaussian Free Field. A key technical input is the
approach from [4] to derive the necessary asymptotics, as well as the results from [60].

1 Introduction and main results

The Ginibre ensemble is the canonical example of a non—normal random matrix. It consists of a N X N matrix
filled with independent complex Gaussian random variables of variance 1/N, [31]. It is well-known that the
eigenvalues (4, ..., Ap) of a Ginibre matrix are asymptotically uniformly distributed inside the unit disk D =
{z € C : |z| < 1} in the complex plane — this is known as the circular law [10, 16]. The Ginibre eigenvalues
have the same law as the particles in a one component two—dimensional Coulomb gas confined by the potential
O(x) = |x|? /2 at a specific temperature, see [56]. That is, the joint law of the eigenvalues is given by dP  «
e Hw (")Hj.vzl d?x ; Where the energy of a configuration x € CNis

Hy(x) i= ) loglx; —x /™' +2N )1 O(x)), (1.1
jk=1,...N j=1,....N
#k

and d®x denotes the Lebesgue measure on C. Moreover, these eigenvalues form a determinantal point process
on C with a correlation kernel

Kn(x,2) = L)% sz NIH NN, (1.2)

This means that all the correlation functions (or marginals IP 5 ,,) of this point process are given by

2
-.d;‘", forn=1,....N, (1.3)

Py ,[dx, -+, dx,] = —— det [Ky(x;,x))]}

(N) e

where (N), = N(N —1)--(N — n+ 1). We refer to [33, Chapter 4] for an introduction to determinantal
processes and to [33, Theorem 4.3.10] for a derivation of the Ginibre correlation kernel.

In this article we are interested in the asymptotics of the modulus of the characteristic polynomial z € C
Hf:l |z — ;]| of the Ginibre ensemble and in particular on the maximum size of its fluctuations. Before stating
our main result, we need to review some basic properties of the Ginibre eigenvalues process.
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First, it follows from a classical result in potential theory that the equilibrium measure which describes the
limit of the empirical measure % ZJA; 10 A is indeed the circular law: o(dx) = llr]l]Ddzx, see [56, Section 3.2].
Let (x), = x v 0 for x € R. This can be deduced from the fact that the logarithmic potential of the circular law

(1 -z,

> , 1.4)

o(2) := /1og|z — x|o(dx) = (log|z]), —
satisfies the condition
@(z)=0(z)—-1/2 for all z € D. (1.5)

Then, Rider—Virag [53] showed that the fluctuations of the empirical measure of the Ginibre eigenvalues
around the circular law are described by a Gaussian noise. This result was generalized to other ensembles of
random matrices in [3, 4], as well as to two—dimensional Coulomb gases at an arbitrary positive temperature in
[9, 46]. Let us define

X(dx) := ¥V . 5, — No(dx). (1.6)

=174
This measure describes the fluctuations of the Ginibre eigenvalues and, by [53, Theorem 1.1], for any function
f € €*(C) with at most exponential growth, we have as N — 400,

X() =X, fG)-N / F@o(dx) = (0.52(1). (17

If £ has compact support inside the support of the equilibrium measure, then the asymptotic variance is given
by

() = /5f(X)0f(X)6(dX)- (1.8)

The object that we study in this article is the centered logarithm of the Ginibre characteristic polynomial:

¥ (z2) := log <H§V=1|z—/1j|)—N(p(z). (1.9)

See Figure 1 below for a sample of the random function ¥ (z). Note that it follows from the convergence of
the empirical measure to the circular law that for any z € C, we have in probability as N — +oo,

1
W lo8 (Hfillz - /1,-I> = @(2),

so that the second term on the RHS of (1.9) is necessary to have the field ¥, asymptotically centered. In fact, it
follows from the result of Webb—Wong [60] that IE 5 [¥ 5 (z)] = 1/4forall z € D as N — +o00. Moreover, if we
interpret W as a random generalized function, then the central limit theorem (1.7) implies that ¥, converges
in distribution to the Gaussian free field (GFF)! on D with free boundary conditions, see [53, Corollary 1.2] and
also [4, 58] for further details. Even though the GFF is a random distribution, it can be though of as a random
surface which corresponds to the two—dimensional analogue of Brownian motion, [57]. The convergence result
of Rider—Virag indicates that we can think of the field ¥ 5y as an approximation of the GFF in D. The main feature
of the GFF is that it is a log-correlated Gaussian process on C. This log-correlated structure is already visible
for the absolute value of the Ginibre characteristic polynomial as it is possible to show that for any z, x € D,

Ey [¥y(@%y ()] = %10g(ﬁA|x—z|_1>+O(l), (1.10)

as N — +oco. By analogy with the GFF and other log-correlated fields, we can make the following prediction
regarding the maximum of the field ¥,,. We have as N — +o0,

logN 3loglog N

.
vz oooava

(1.11)

¥ =
max ~n(2)

We briefly review the definition of the GFF in Section 2.1.



where the random variable &, is expected to converge in distribution. Analogous predictions have been made
for other log-correlated fields associated with normal random matrices. For instance, Fyodorov—Keating [28]
first conjectured the asymptotics of the maximum of the logarithm of the absolute value of the characteristic
polynomial of the circular unitary ensemble” (CUE), including the distribution of the error term and Fyodorov—
Simm [30] made analogous prediction for the Gaussian Unitary Ensemble’ (GUE) .

The main goal of this article is to verify the leading order in the asymptotic expansion (1.11). More precisely,
we prove the following result:

Theorem 1.1. Forany 0 <r < 1 and any € > 0, it holds

lim Py 1_elogNSmax‘PN(z)s l+e
N—+oo \/5 |z|<r 2

logN| =1.

It is worth pointing out that like many other asymptotic properties of the eigenvalues of random matrices,
we expect the results of Theorem 1.1, as well as the prediction (1.11) modulo the limiting distribution of &,
and Theorem 1.3 below to be universal. This means that these results should hold for other random normal
matrix ensembles with a different confining potential Q as well as for other non—-Hermitian Wigner ensembles
under reasonable assumptions on the entries of the random matrix. In the remainder of this section, we review
the context and most relevant results related to Theorem 1.1, and we provide several motivations to study the
characteristic polynomial of the Ginibre ensemble.

1.1 Comments on Theorem 1.1 and further results

The study of characteristic polynomials for different ensembles of random matrices is an interesting and active
topic because of its connections to several problems in diverse areas of mathematics. In particular, there are the
analogy between the logarithm of the absolute value of the characteristic polynomial of the CUE and the Riemann
¢-function [38], as well as the connections with Toeplitz or Hankel determinant with Fisher—Hartwig symbols,
e.g. [41,24, 18, 19]. Of essential importance is also the connection between characteristic polynomial of random
matrices, log-correlated fields and the theory of Gaussian multiplicative chaos [35, 28]. This connection has been
used in several recent works to compute the asymptotics of the maximum of the logarithm of the characteristic
polynomial for various ensembles of random matrices. For the CUE, a result analogous to Theorem 1.1 was
first obtained by Arguin-Belius—Bourgade [5]. Then, the correction term was computed by Paquette—Zeitouni
[49] and the counterpart of the conjecture (1.11) was established for the circular f-ensembles for general f > 0
by Chhaibi-Madaule—Najnudel* [20]. For the characteristic polynomial of the GUE, as well as other Hermitian
unitary invariant ensembles, the law of large numbers for the maximum of the absolute value of the characteristic
polynomial was obtained in [43]. Cook and Zeitouni [23] also obtained a law of large numbers for the maximum
of the characteristic polynomial of a random permutation matrix, in which case their result does not match with
the prediction from Gaussian log-correlated field because of arithmetic effects. These results rely on the log-
correlated structure of characteristic polynomials and proceed by analogy with the case of branching random
walk using a modified second moment method, [39]. This method has also been successful to compute the
asymptotics of the Riemann {-function in a random interval of the critical line, see [55, 47, 6, 32]. Further recent
results on the deep connections between log-correlated fields, Gaussian multiplicative chaos and characteristic
polynomials of f-ensembles can be found in [22, 21, 44] In particular, we prove in [22] the counterpart of
Theorem 1.1 for the imaginary part of the characteristic polynomial of a large class of Hermitian unitary invariant
ensembles and show that this implies optimal rigidity bounds for the eigenvalues. Likewise, by adapting the proof
of the upper—bound in Theorem 1.1, we can obtain precise rigidity estimates for linear statistics of the Ginibre
ensemble in the spirit of [8, Theorem 1.2] and [46, Theorem 2].

2A random N X N matrix sampled from the Haar measure on the unitary group.

3A random N x N Hermitian matrix with independent Gaussian entries suitably normalized.

4They obtain tightness of the appropriately centered maximum for both real and imaginary part of the logarithm of the characteristic
polynomial. See also [42] for the asymptotics of the measures of thick points by a different approach.



Theorem 1.2. Forany 0 < r < 1 and k > 0, define

Py o= {f e C%(C) : Af(z)=0 forallz € C\ D, and mélxlAfl < N’(}. (1.12)

For any n > 0 (possibly depending on N with n < % ), there exists a constant C, > 0 such that

2
Py [sup{IX(f)I 1 f€e ﬁr,;c and / |Af(z)|g < 1} > nlog N + 1] < CrN5/4+x—;1_
D T

We believe that Theorem 1.2 is of independent interest since it covers any smooth mesoscopic linear statistic
at arbitrary small scales in a uniform way. This is to be compared to the local law of [17, Theorem 2.2] which is
valid for general Wigner ensembles, but not with the (optimal) logarithmic bound for the fluctuations and without
such uniformity in f. The proof of Theorem 1.2 is given in Section 3.2 and it relies on the basic observation
that in the sense of distribution, the Laplacian of the field ¥ is related to the empirical measure of the Ginibre

ensemble suitably centered: AY =2z N (% Z,I\i X3 4~ ’lr]l]D).

The proof of Theorem 1.1 consists of an upper—bound® which is based on the subharmonicity of the logarithm
of the absolute value of the Ginibre characteristic polynomial and the moments asymptotics from Webb—Wong
[60] and of a lower—bound which exploits the log-correlated structure of the field ¥,. More precisely, by
relying on the robust approach from [45], we obtain the lower—bound in Theorem 1.1 by constructing a family of
subcritical Gaussian multiplicative chaos measures associated with certain mesoscopic regularization of the field
Y — see Theorem 2.2 below for further details. Gaussian multiplicative chaos (GMC) is a theory which goes
back to Kahane [37] and it aims at encoding geometric features of a log-correlated field by means of a family of
random measures. These GMC measures are defined by taking the exponential of a log-correlated field through a
renormalization procedure. We refer the readers to Section 2.1 for a brief overview of the theory and to the review
of Rhodes—Vargas [51] or the elegant and short article of Berestycki [11] for more comprehensive presentations.
It is well-known that in the subcritical phase, these GMC measures /ive on the sets of so—called thick points6
of the underlying field, [S1, Section 4]. By exploiting this connection, we obtain from our analysis the leading
order of the measure of the sets of thick points of the characteristic polynomial for large N.

Theorem 1.3. Let us define the set of f-thick points of the Ginibre characteristic polynomial:
Tl :={xeD, : ¥y(x) > flog N} (1.13)
and let |315(r)| be its Lebesgue measure. Forany0 <r < 1,any0 < f < 1/\/5 and any small € > 0, we have

Jim Py [N—2ﬂ2—5 <1700 < N‘2ﬁ2+5] ~ 1. (1.14)

The proof of Theorem 1.3 will be given in Section 4 and the result has the following interpretation. By (1.9),
the field =¥ 5 corresponds to the (electrostatic) potential energy generated by the random charges (4, ..., Ax)
and the negative uniform background ¢. One may view —%¥ ; as a complex energy landscape and the asymptotics
(1.14) describe the multi—fractal spectrum of the level sets near the extreme local minima of this landscape.
Moreover, as a consequence of Theorems 1.1 and 1.3, we obtain the leading order of the corresponding free
energy, i.e. the logarithm of the partition function of the Gibbs measure /¥~ for # > 0. Namely, by adapting
the proof of [5, Corollary 1.4], it holds for any 0 < r < 1, in probability,

1 B
2 -+ =, 0,v8
Nlim 11 Nlog(/ eﬂlPN(z)g> = max {l+y—%y2}= ﬁ+8 pel \/—]. (1.15)
—+o0 flog D, z rel0.1/v2] p p 1/\/5, > \/§

5See Theorem 1.4 below.
6 The concept of thick points is crucial to describe the geometric properties of log-correlated fields. Informally, these points corresponds
to the extremal values of the field.



. . maxp ¥y . .. . .
The fact that the free energy is constant and equal to Nllm —2r N in the supercritical regime p > \/g is

—+4o00 10gN
called freezing. This property is typical for Gaussian log-correlated fields and our results rigorously establish

that the Ginibre characteristic polynomial behave according to the Gaussian predictions which is a well-known
heuristic in random matrix theory. Moreover, this freezing scenario is instrumental to predict the full asymptotic
behavior (1.11) of the maximum of the field ¥y, including the law of the error term, see e.g. [27]. For an
illustration of level sets of the random function and in particular of the geometry of thick points, see Figure 2.

Let us return to the connections between our results and the theory of Gaussian multiplicative chaos. The
family of GMC measures associated to the GFF are called Liouville measures and they play a fundamental role in
recent probabilistic constructions in the context of quantum gravity, imaginary geometries, as well as conformal
field theory. We refer to the reviews [7, 52] for further references on these aspects of the theory. Thus, motivated
by the result of Rider—Virag, it is expected that a random measure whose density is given by a small’ power of
the characteristic polynomial (see Figure 3 below) converges when suitably normalized:

N
[ 2= 41" @2, e’tN@ 2z law
Lz 2 (1.16)

Ey [Hj\lzl |z — /11-|7’] T Eyle¥v®] 7

where Mé is a Liouville measure with parameter 0 < y < \/g Hence, this provides an interesting connection
between the Ginibre ensemble of random matrices and random geometry. As we observed in [22, Section 3], this
convergence result in the subcritical phase implies the lower—bound in Theorem 1.1. An important observation

. . . . . YW (2)
that we make in this paper is that it suffices to establish the convergence of ]Ee[y—lz,,\,m]
N |€

for a suitable regularization y, of the field ¥, in order to capture the correct leading order asymptotics of its
maximum and thick points. The main issues are to work with a regularization at an optimal mesoscopic scale
N~1/2%@ for arbitrary small @ > 0 and to be able to obtain the convergence in the whole subcritical phase. In
particular, our result on GMC, Theorem 2.2, provides strong evidence that the prediction (1.16) holds.

2
% to a GMC measure

It is an important and challenging problem to obtain (1.16) already in the subcritical phase. In particular,
this requires to derive the asymptotics of joint moments of the characteristic polynomials. For a single z € D,,
such asymptotics are obtained by Webb—Wong in [60] using Riemann—Hilbert techniques. Let us recall their
main result which is also a key input in our method.

Theorem 1.4 ([60], Theorem 1.1). For any fixed 0 < r < 1, we have

Qmy/* 2

Byl = 1+ o) P

(1.17)

where the error term is uniform for y in compact sets of {y € C : Ry > -2} and z € D,.

Remark 1.5. The asymptotics of the joint exponential moments of ¥, remain conjectural, see e.g. [60, Sec-
tion 1.2], except for even moments for which there are explicit formulae, see [1, 29, 26]. These formulae rely on
the determinantal structure of the Ginibre ensemble: for any n € N, we have for any z,, ..., z, € C such that

2 # £ 2,

n N+n-1 'd K
N % Hk:N k etan[ N+n(zi’zj)] n 12
IEN I:H,r'lzl Hj=1|Zi - /1j|2:| = wt D) > eNEl=1 ] , (118)
NN Hlst<;5n|zi—zj|

where K, is the Ginibre kernel as in (1.2). Using the off-diagonal (Gaussian) decay of the Ginibre kernel,
we can show that

Szlgrt,[KNH(zi’ 21 = [Tie Knan(z 20 (1 +ONTH)

TThat is in the subcritical phase — the critical value being y, = \/g as in (1.15) or in Theorem 2.2 below.



uniformly for all inf; |z; — z;| > ¢4/ % if ¢ > 0 is a sufficiently large constant. If |z;| < ¢4/ IOIgVN, we also

have Ky, ,(z;,2;) = % (1 + O(N‘l)). Thus, by (1.5) and (1.9) we obtain that for any given z,...,z, € D,
such that z; # -+ # z,,,

n
By [T, e2¥¥@)] = (\/27;1\1) A Gy 22 (14 ONTY) (1.19)
which matches exactly with the Fisher—Hartwig predictions from [60, Section 1.2] withy; ==y, =2.

Figure 1: Sample of the logarithm of the absolute value of the Ginibre characteristic polynomial ¥ (z) for z € D for a
random matrix of dimension N = 3000.
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Figure 2: Level sets of the logarithm of the absolute value of the Ginibre characteristic polynomial ¥ (z) for a random
matrix of dimension N = 5000.

1

0.8
0.6
0.4

.
0.2

02 [,

0.4

0.6

0.8




I, 1z-41
Ey(IT}, 1z=4;1
N =3000. This is an approximation of the Liouville measure u{, with (subcritical) parameter y = 1.

Figure 3: Sample of the (normalized) Ginibre characteristic polynomial for a random matrix of dimension

250

1.2 Outline of the article

The remainder of this article is devoted to the proof of Theorem 1.1. The result follows directly by combining
the upper—bound of Proposition 3.1 and the lower—bound from Proposition 2.1. As we already emphasized the
proof of the lower-bound follows from the connection with GMC theory and the details of the argument are
reviewed in Section 2. In particular, it is important to obtain Gaussian asymptotics for the exponential moments
of a mesoscopic regularization of the field ¥, see Proposition 2.3. These asymptotics are obtained by using
the method developed by Ameur—Hedenmalm—Makarov [4] which relies on Ward identity, also known as loop
equation, and the determinantal structure of the Ginibre ensemble. Compared with the proof of the central limit
theorem in [4], we face two significant extra technical challenges: we must consider a mesoscopic linear statistic
coming from a test function which develops logarithmic singularities as N — +oco. This implies that we need
a more precise approximation for the correlation kernel of the biased determinantal process. For these reasons,
we give a detailed proof of Proposition 2.3 in Section 5 and Section 6. Our proof for the upper—bound is given in
Section 3 and it relies on the subharmonicity of the logarithm of the absolute value of the Ginibre characteristic
polynomial and the asymptotics from Theorem 1.4. In Section 3.2, we discuss an application to linear statistics
of the Ginibre eigenvalues and give the proof of Theorem 1.2.
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2 Proof of the lower-bound

Recall that ¥, denotes the centered logarithm of the absolute value of the Ginibre characteristic polynomial,
(1.9). The goal of this section is to obtained the following result:

Proposition 2.1. For any r > 0 and any 6 > 0, we have

1-96

lim Py |mlax‘I’N(x)Z logN | =1.
x|<r

N—-+o00



Our strategy to prove Proposition 2.1 is to obtain an analogous lower—bound for a mesoscopic regularization
of ¥ which is also compactly supported inside ID. Note that it is also enough to consider the maximum in a disk
D, ={x € C : |x| < €} for a small ¢, > 0. To construct such a regularization, let us fix 0 < ¢; < 1/4 and a
mollifier ¢ € ‘5:"(]])%) which is radial®. For any 0 < e < 1, we denote ¢.(-) = ¢(-/ €)e~2 and to approximate
the logarithm of the characteristic polynomial, we consider the test function

w.(z) 1= /log |z — x|¢.(x)d*x. @2.1)

We also denote y = . For technical reason, it is simpler to work with test function compactly supported
inside D — which is not the case for y,.. However, this can be fixed by making the following modification: for
any z € ]DEO, we define

gv(X) 1=y (x —2) —y(x - 2), x e C. 2.2)
It is easy” to see that the function g} 1s smooth and compactly supported inside ID(z, €). Since we are interested
in the regime where e(N) — 0 as N — +oo, we emphasize that g3, depends on the dimension N € N of the

matrix. Then, the random field z — X(g7) is related to the logarithm of the Ginibre characteristic polynomial
as follows:

X(g%) = / ¥y (). (z + x)d*x — / ¥\ (X)(z + x)d>x. (2.3)

In particular, z — X(gfv) is still an approximate log-correlated field. Indeed, according to (1.7), (1.8) and
formula (2.8) below, we expect that as N — +oo

By [X(g5)X(e3)] = 5 log (W) Alx = 271) + 0D,

This should be compared with formula (1.10).

2.1 Gaussian multiplicative chaos

Let G be the Gaussian free field (GFF) on ID with free boundary conditions. That is, G is a Gaussian process
taking values in the space of Schwartz distributions with covariance kernel:

E [G(x)G(z)] = % log |z — x|\ (2.4)

Up to a factor of 1/, the RHS of (2.4) is the Green’s function!® for the Laplace operator —A on C. Because
of the singularity of the kernel (2.4) on the diagonal, G is called a log-correlated field and it cannot be defined
pointwise. In general, G is interpreted as a random distribution valued in a Sobolev space H ~*(D) for any a > O,
[7]. In particular, for any mollifier ¢ as above and any € > 0, we view

G.(z) := / G(x)p,(z + x)dx 2.5)

as a regularization of G.

The theory of Gaussian multiplicative chaos aims at defining the exponential of a log-correlated field. Since
such a field is merely a random distribution, this is a non trivial problem. However, in the so-called subcritical
phase, this can be done by a quite simple renormalization procedure. Namely, for y > 0, we define yé =:¢7C:
as

7Ge(x)
,ué(dx) := lim —

i o 2.6)

8This means that ¢(x) is a smooth probability density function which only depends on |x| with compact support in the disk IDeu. Note
that we can work with any such mollifier.

9This follows from the fact that since the mollifier ¢ is radial and compactly supported, . (z) = log |z| for all |z] > € and for any € > 0.

10We chose this unusual normalization in order to match with formula (1.10).



It turns out that this limit exists almost surely as a random measure on D and that it does not depend on the
mollifier ¢p within a reasonable class. Moreover, in the case of the GFF normalized as in (2.4), it is a non
trivial measure if and only if the parameter 0 < y < \/§ — this is called the subcritical phase, [54, 11, 7].
For general log-correlated field, the theory of GMC goes back to the work of Kahane [37] and in the case of the
GFF, the construction yé was re-discovered by Duplantier—Sheffield [25] and Rhodes—Vargas [50] from different
perspectives. In a sense, the random measure ué encodes the geometry of the GFF. For instance, the support of
,ué is a fractal set which is closely related to the concept of thick points, [34]. We will not discuss these issues
here and refer instead to [7, 22] for further details. Let us just point out that the relationship between Theorem 2.2
and Corollary 2.4 below is based on such arguments.

For log-correlated fields which are only asymptotically Gaussian, especially those coming from random
matrix theory such as the logarithm of the Ginibre characteristic polynomial ¥ 5, the theory of Gaussian mul-
tiplicative chaos has been developed in [59, 45]. The construction in [45] is inspired from the approach of
Berestycki [11] and it has been recently applied to unitary random matrices in [48], as well as to Hermitian uni-
tary invariant random matrices in [12, 22]. In this paper, we construct subcritical GMC measures coming from
the regularization X(g3,), (2.3), of the logarithm of the Ginibre characteristic polynomial at a scale e = N —1/2+4a
for any small @ > 0. This mesoscopic regularization makes it simpler to compute the leading asymptotics of the
exponential moments of the field X(g3,) — see Proposition 2.3 below. Then, using the main results from [45],

it allows us to prove that the limit of the renormalized exponential yﬁ'v =:"X@): exists for all y > 0 in the
subcritical phase and that it is absolutely continuous with respect to the GMC measure ,ué.

Theorem 2.2. Recall that 0 < €y < 1/4 is fixed. Let y > 0 and gfv be as in (2.2) with e = e(N) = N~/ for
afixed 0 < a < 1/2. Let us define the random measure '“3/\1 on ]DeO by

exp (rX(g3))
Y (dz) := (d2).
IV e (@

ForanyO0 <y <y, = \/g, the measure y?v converges in law as N — +oo with respect to the weak topology
toward a random measure u’, which has the same law, up to a deterministic constant, as erG1() ,ué (dx), where

G, is the smooth Gaussian process obtained from G as in (2.5) with e = 1 and ,ué is the GMC measure (2.6).
In particular, our convergence covers the whole subcritical phase.

The proof of Theorem 2.2 follows from applying [45, Theorem 2.6]. Let us check that the correct assumptions
hold. First, we can deduce [45, Assumption 2.1, Assumption 2.2] from the CLT of Rider—Virag (1.7). Indeed,
for any fixed € > 0, as y, is a smooth function, the process (z,€) — X(we(- - z)) converges in the sense of
finite dimensional distributions to a mean—zero Gaussian process whose covariance is given by (1.8)!!. Namely,
letting %(-; ) be the quadratic form associated with X(-), we have for any z;,z, € D, and 0 < €y, €, < €,

dim By [X (we, = 20) X (v, = zz))] = 2 (= 20w~ 2)
= _% // log |x1 = x51¢be, (X] = 21)e, (x5 = 29)d”x1dx,
= E[G,, ()G, (22)] @7
=3 // log |2, = 23 + €1y — ey | by play)dPuuy Py

=%log(|z1 —nl AT A + O, (2.8)

€1,€2—>0

" This formula for the limiting covariance in the Rider—Virag CLT holds for test functions which are harmonic outside of ID, [53]. In
particular, it can be applied to (2.1) if z € ID and € > 0 is small enough. Then, one deduces the counterpart of (2.7)—(2.8) holds for the field
(2.3) which is supported in ]DZeo by linearity.



where the error term is uniform. In particular, (2.7) shows that the process (z,€) +— X(l[/e(~ — z)) converges
in the sense of finite dimensional distributions to (z,€) = G.(z) as in (2.5), which comes from mollifying a
GFF. In this case, the [45, Assumption 2.3] follows e.g. from [11, Theorem 1.1]. So, the only important input
to deduce Theorem 2.2 is to verify [45, Assumption 2.4] which consists in obtaining Gaussian asymptotics for
the joint exponential moments of the field X(g7 ). Namely, we need the following asymptotics:

Proposition 2.3. Fix0 < a < 1/2, R > Oandlete = e¢(N) = N~'/?** Foranyn € N, y,,...7, € R,
Zy,..., 2, € C, we denote

& o= Tl (we -2 —wx—z).  xeC, 29)

with parameters e(N) < €)(N) < -+ < €,(N) < 1. We have
By [exp (X(&5))] =ew (32D + o) ), 2.10)
N -+

where X is given by (1.8) and the error term is uniform for all Z € IDZO" andy € [-R, R]".

The proof of Proposition 2.3 is the most technical part of this paper and it is postponed to Section 5. It relies
on adapting in a non-trivial way the arguments of Ameur—-Hedenmalm—Makarov from [4]. In particular, our
proofs relies heavily on the determinantal structure of the Ginibre eigenvalues and we need local asymptotics
for the correlation kernel of the ensemble obtained after making a small perturbation of the Ginibre potential —
see Section 5.1. It turns out that these asymptotics are universal and can be derived using techniques inspired
from the works of Berman [13, 14] which have also been applied to study the fluctuations of the eigenvalues of
normal random matrices in [2, 3, 4].

As an important consequence of Theorem 2.2, we obtain the following corollary:
Corollary 2.4. Fix0 < a < 1/2, lete = e(N) = N~'/2*% and let y, be as in (2.1). If y, = \/g then for any
6> 0andany 0 < €y < 1/4, we have
. r -1 _
lim Py maxX(we(-—z)) > (1 —6)?loge =1.

N—+4o0 |z]<eg

The proof of Corollary 2.4 follows from [22, Theorem 3.4] with a few non trivial modifications, the details
are given in Section 2.3.

2.2 Proof of Proposition 2.1.

We are now ready to complete the proof of Proposition 2.1. Observe that by (1.9) and (2.1), we have for z € C
and0<e <1,

X (w(-—2) = /‘PN(z + X)) (x)d%x.
In particular since supp(¢,) € D, for any 0 < e < 1, this implies that we have a deterministic bound for any

zeC(C,
X (1//6(- — z)) < max Yy(x).

x€D(z,ep)
Then
X - - < ¥
max X (we(: =2) < max ¥ ()

and by Corollary 2.4 with a = 6, we obtain

. 1-36
1 P ¥ >
WP | e P02 =

logN| =1.
Since 0 < ¢y < 1/4 and 0 < 6 < 1/2 are arbitrary, this yields the claim.
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2.3 Proof of Corollary 2.4

This corollary follows from the results on the behavior of extreme values for general log-correlated fields which
are asymptotically Gaussian developed in [22, Section 3]. Let us fix 0 < ¢, < 1/4. First of all, we verify that it
follows from Proposition 2.3 and formula (2.8) that for any y € R, as N — +o0

2
Ey [exp (rX(g5))] = exp (5 logeV)™ +0(1)),

uniformly for all z € D, . These asymptotics show that the field z — X(g3,) satisfies [22, Assumptions 3.1]
on the disk D, . Moreover, by Theorem 2.2, M?V(]DEO) - ygo(]DeO) in distribution as N — 400 where 0 <
/420(]1)60) < 400 almost surely. This follows from the fact that the random measure ,ugo(dx) x e?G1®) ﬂé(dx), G,
is a smooth Gaussian process on D, IDe0 is a continuity set for the GMC measure Mé and 0 < yé(IDeo) < 400

almost surely. Thus, [22, Assumptions 3.3] holds and we can apply12 [22, Theorem 3.4] to obtain a lower—bound
for the maximum of the field z — X(g3,). This shows that for any 0 < ¢; < 1 /4 and any 6 > 0,

. 0\ 7Y —1
lim P, [|Izr|lgé)x(g’zv) > (1 - E) E*loge(N) ] =1. 2.11)

N—+o0

Let us point out that heuristically, the lower-bound (2.11) follows from the facts that the random measure ,u?v

from Theorem 2.2 has most of its mass in the set 1 z € D, : X(g5) = v(1 - 5)22(glz\7)} for large N and that 4/},

is a non-trivial measure if and only if y < y,. Moreover, by [22, Proposition 3.8], we also obtain a lower—bound

for the measure of the sets where the field z — X(g3,) takes extreme values. Namely, under the assumptions of

Proposition 2.2, we have for any 0 < y < 2= and any small 6 > 0,

V2

lim P
N-+0 N

{z €D, : X(gi) 2 L log e(N)~! }' > e(N)(”z_‘S)/z] —1. 2.12)

In Section 4, we use these asymptotics to compute the leading order of the measure of the sets of thick points of
the Ginibre characteristic polynomial, hence proving Theorem 1.3.

Let us return to the proof of Corollary 2.4 and recall that gjzv =y (-—2)—w(-—z) withe = e(N). So, in
order to obtain the lower—bound, we must show that the random variable max, .y |X (y (- — z))| remains small
€0

compared to log e(N)~! for large N € N. To prove this claim, we rely on the following general bound.

Lemma 2.5. Let .7, be as in (1.12). For any 0 < r < 1, there exists a constant C, > 0 such that
IEN[( max X)) )2] <c, (1 +log ﬁ) . (2.13)
Proof. It follows from the estimate (3.1) below that we have uniformly for all y € [-1,1] and all z € D,,
Ey [e1"¥@]] < % NT/8. (2.14)
In particular, by Markov’s inequality, this implies that for any A4 > 0,
Py [[¥n(2)] 2 2] < ZENSe?, (2.15)

Observe that according to (1.6), we have for any test function f € €2(0),

X(f) = i /C AFP y (0)dx. (2.16)

12Note that our normalization does not match with the standard convention for log-correlated fields used in [22, Section 3]. Actually, we
apply [22, Theorem 3.4] to the field X(z) = \/EX(gJZV) — this explains why the critical value is y* = \/g as well as the factor % in (2.11).
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In particular, this implies that for all f € .7, ),

1 2
Xl £ o /|x|9|\PN(x)|d x.

Then, by Jensen’s inequality,

IX(N)I* < ﬁ/ll ¥ (x)|2d2x.

Therefore, it holds that

1
Ex[(max IX(I)] < /mg Ey [I¥y0l] d*x

= d4n

Hence, to obtain the bound (2.13), it suffices to show that for all x € D,,

Ey [[¥y)*] < C.(log VN +1). (2.17)

Letusfixz€eD,and £ = %1og V/ N. Using (2.14) with y = 1/¢;, we obtain for any 0 < 4 < £,
Pyll¥y(2)] > 4] < Crersz/Z—M = Cre—/lz/MN_
Then, by integrating this estimate, we obtain
fN
/ APy [¥n(2)] 2 4] dA < Cly. (2.18)

0

Moreover, using the bound (2.15), we also have

+00 +oo
/ APy (PN ()] > 4] dA < Cer/S/ Ae*di=C. N8y +1)e™N
‘N ‘N

(2.19)
< Cr(fN + 1),
because N!/8¢=¢n = N~1/8, By combining the estimates (2.18) and (2.19), we obtain for any N € N,
+0o0
Ey [¥y@)I?] = 2/ APy [Wn(2)] 2 4] dA <2C.2¢ 5 +1).
0
This proves the inequality (2.17) and it completes the proof. O

We are now ready to complete the proof of Corollary 2.4.

Proof of Corollary 2.4. Let us recall that we let € = e(N) = N~1/2+ for 0 < a < 1/2. Moreover, by (2.1),
we have Ay = ¢ € ‘56“’(]])60) with 0 < ¢y < 1/4. Then, for any z € ]DSO, the function x — w(x — 2)/||d|l
belongs to .7, /2,0- By Lemma 2.5 and Chebyshev’s inequality, this implies that for any 6 > 0,

] < 2C1/2||¢||§o 2+1log N

P .
N 52 (loge~')2

(2.20)

o -1
Xw(-— |
ng]%i; X (w(—2)| > 5 loge
In particular, the RHS of (2.20) converges to 0 as N — +o00. Moreover, since X(y,.(-—z)) = X(glzv)+X(y/(- -2))
and y* > 1, we have

Py [max X(l]/e(- —z)) >(1 —6)% loge_l] >Py [I | >

|z <€y

0\ 7+« —1
zZy > _ 0\ 7%
s X = (1-5) Shoee”|

— Py | max | X(y(-—2)| > éloge_1 .
zeD 2

€0

12



By (2.11) and (2.20), this implies that

lim Py maxX(x//E(-—z))2(1—5)%10ge_1 =1,

N-—+o00 |z|<eq

which completes the proof. O

3 Proof of the upper-bound

The goal of this section is to prove the upper-bound in Theorem 1.1. Then, in Section 3.2, we adapt the proof
in order to prove Theorem 1.2.

Proposition 3.1. For any fixed 0 < r < 1 and € > 0, we have

1+e¢

lim P max ¥y <
N>+ N n N

logN| =1

In order to prove Proposition 3.1, we need the following consequence of Theorem 1.4: for any 0 < r < 1,
there exists a constant C, > O such that for any y € [—1,4],
r¥n@7) < S Nr/8
Ey[e”*V¥] < ”N . 3.

In fact, we do not need the precise asymptotics (1.17) and the upper—bound (3.1) for the Laplace transform of
the field ¥ suffices for our applications. For instance, it is straightforward to deduce the following bounds.

Lemma 3.2. Fix 0 < r < 1 and recall the definition (1.13) of the set 315 of PB-thick points. We have for any
p€l0,1],
Yy
Ex[l701] < C.N77".

Proof. By Markov’s inequality, we have for any f > 0,

EN[LZ\I;” =/]D P[¥y (x) > flog N1d>x

r

<N / E [er¥~v®™] d?x.
D

r

Taking y = 4f and using the estimate (3.1), this implies the claim. O

For the proof of Proposition 3.1, we also need the following simple Lemma.

Lemma 3.3. Recall that (44, ..., Ay) denotes the eigenvalues of a Ginibre random matrix. For any 6 € [0, 1]
(possibly depending on N), we have for all N > 3,

P Al>1+46| <6V Ne NE/4,
N [jrg[%\)f(]l iz ] - ¢

Proof. Let us recall that Kostlan’s Theorem [40] states that the random variables { N|4,]?, ..., N|iy|?} have

the same law as {yl, Y N} where y, are independent random variables with distribution Py, > ] =
ﬁ ft+°° sk=le=sds for k = 1,..., N. By a union bound and a change of variable, this implies that

Pylmax |4;] 2] < NP[yy > Ni]
JEIN]

NN+ ree GNo-Nsds
= T(N) J, s
N+1,-N +oo
SN e NHO) g s
=T TNy,
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where ¢(s) = s —log s — 1. Since ¢ is strictly convex on [0, +co) with ¢(f) = 1 — 1/1, this implies that
N+1,-N-N¢() [+ |
P [ max |,1j| >1 < Ne—/ e NU=7)s 46
JEIN] [(N)t 0
< VYN -Now.
\V2r(t—1)
Using that ¢(1 + &) > 12/4 for all § € [—1, 1], this completes the proof. O

We are now ready to give the Proof of Proposition 3.1.

3.1 Proof of Proposition 3.1

Fix 0 < r < 1 and a small € > 0 such that ¥/ = r + 2\/5 <1.Forz e C,let Py(z) := Hj’illz — 4;| and recall
that the logarithmic potential of the circular law is @, (1.4). Conditionally on the event {max jervy 1451 < %},

we have the a—priori bound: max_ [Py (2)] < (%)N. Since W =log Py —N@ and —¢ < 1/2,by Lemma 3.3,
this shows that

Py [max‘l‘N >3N <2/ Ne N/16, (3.2)
D

<Py [max |4; |>

The function ¥ is upper—semicontinuous on C, so that it attains it maximum on ﬁ, Letx, € ﬁr such that
II‘N(X*) = max II‘N

Since the function z — log Py(z) is subharmonic on C, we have for any 6 > 0,

1
¥y (x,) < —2/ log Py(z) d>z — No(x,). (3.3)
76% JD(x,.6)
Observe that as @(z) = Bl forz € D, if D(x,,6) C D, then
L go(x)d2x = o)+ — ! / Vo(x ydu+ — ! V2qo(x yu d%u
782 Jp(x, 5) 0 ns? * 2762
Ap(x,) 20
= @(x,)+ du
o(x,) i I I
52
= (P(?Qy) + 7
By (3.3), this implies that
1 5, N&?
Yy(x,) < — ¥Yy(2)dz+ —. (3.4
762 JD(x,.5) 2

Choosing 6 = 4/ € lngVN in (3.4), we obtain

‘I’N(x*)s%/ ¥ (2)d2z + log N.
6% JD(x,,6) 2

1+e

e

On the event {max ¥y > log N }, this implies that

— Yy(z)dz>—+=)]logN. 3.5
pr IS 5+ )los (35)
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On the other—hand, by (1.13) with § = 1/+/2,

1 2 log N 1 / )
— Yy(z)dz < + — Y.\ (2)dz. 3.6
pr ) IS Ny R (3.6)

Combining (3.5) and (3.6), this implies

2 log N)?
/ ‘I‘N(z)dzzzilogNzw.
ylg(r/) 2 2N

Hence, we conclude that for any # € [0, 1], on the event{ te log N < maxg- ‘PN < maxg~ ‘I’N —(log N)1+'7},

s
i o (og N)!
| TR 2 =

By Lemma 3.2 applied with g = 1/ \/E, this implies that

log N)! 7
Py [ZElog N < max Wy < max ¥y < —(logN)H" <Py [|,715(r')| > M]
\/_ D, D,/ N
N B Cy
< E [ s ] < . (37
Qog Nyl N |75 ()] (Tog N)17 (3.7

By a similar argument as (3.4), with 6§ = €4/ % and choosing x, € ]D such that ¥y (x,) = maxg— ‘P N>
it holds conditionally on the event { maxgy— ‘I’ NN 52}

N&> g2 ! 1 / ’
== (ogN)'"" < — Y. (z)dz.
7 =zl 752 D(,C*’(S)N()

_ 2 1
Let .o/ = {z €D,y : Py(z) > W} with ¥ = ¥/ + ¢ < 1. Conditionally on the event {%(log N1 <

Yy <maxp¥y < 3N}, this gives

N|of 2(log N)!+1
Nler] | elog M) L/ ¥y (2)d2z,
62 8 762 JD(x,.5)

D,

so that with n = 1/2,
4 3
e*(log N)
A > ——. 3.8
12— (3.8)
A variation of the proof of Lemma 3.2 using the estimate (3.1) with0 < " < 1 andy = 4 shows thatE , [|.</|] <

C,//Ne_gz(]og N2, By (3.8), we conclude that

2 log N 3
Py é(logN)He <max¥y <max¥y <3N | <Py [I%I > eog N)°
2 ]D_r/ D 8N2
<16e™*N2Ey, [|/]]
< 16674Cy N3 Uoe N)72/2, 3.9)

In order to complete the proof, it remains to observe that by combining the estimates (3.7), (3.9) and (3.2), we
have proved that if € > 0 is sufficiently small, then

lim Py |2 log N < v, | =0
i Py | Soe s | <0
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3.2 Concentration for linear statistics: Proof of Theorem 1.2
In order to prove Theorem 1.2, we need the following bounds as well as Lemma 3.3.

Lemma 3.4. Fixn > 0and 0 < r < 1. There exists a universal constant A > 0 such that conditionally on the

.....

is harmonic in C\ D,,

2
[X(NHI < r/logN/ |Af(z)|—d 2+CN |gn|max|Af|, (3.10)
D 2w C

where &, = {z eD, : |¥Yx(2)| > nlog N} (with n > 0 possibly depending on N € N)and C > 0. Moreover,
there exists a constant C,. > 0 such that for any k > 0,

P [|9,] > N™| < C,N*+1/8, (3.11)

Proof. Observe that for any f € €(C) which is harmonic in C \ ]D_r, by definition of &, we have

‘ / Af(2)¥y(2) d*z
C

snlogN/ |Af(z)|dzz+rr]]1)ax|Af|/ ¥y (2)]d?z. (3.12)
D, r R

Then, by the Cauchy—Schwartz inequality,

/ |‘PN<z>|d2zs\/|%| / Wy (2)[2d?z
<, D

and by (1.9), it holds conditionally on the event %,
212 N 25, N? 242 42
/|‘I’N(z)| d zgz/ (zj:110g|z—,1j|) d z+—/(1—|z| Yd2z
D D 2 Jp

§N<2/ 2,111 (loglz—ﬂj|)2d22+?—’5[N)
D

< C2N?,

where C = \/ 2 sup / (log |z — xl)2 d2z + ?—75[ is a numerical constant. This shows that
D

[x|<2

/ ¥y (2)|d*z < CN4 /19, .
g’?

Then, according to formula (2.16) and (3.12), we obtain (3.10). In order to estimate the size of the set 64,7, let us
observe that combining (2.14) with y = 1 and Markov’s inequality, we obtain

Ey [19,]] = /|x|<r]P [I¥ 5 ()| > nlog N| d*x

SN_"/ E[el‘PN(X)I]d2x
|x|<r
<C,N'/8n

By Markov’s inequality, this yields the estimate (3.11). O

16



Proof of Theorem 1.2. By Lemma 3.4, for any test function f € .7, ., it holds conditionally on the event % =
{max;_; n|4;] <2} that for any small n > 0

2
XU <niogN [ 187 @ISE +CN1 /9]

T

Hence, this implies that if N € N is sufficiently large,

2
Py [sup { IX(/)| : f € Z,, and / Ar@ILE < 1} > nlog N+1| <Py [|9,] > N/ *]+Py [2°].
D T

By Lemma 3.3 with 6 = 1 and (3.11), we have shown that Py [%#] < VNe ™ and Py [|¥,| > N=/8%] <
C,N>/4x=1_By combining these estimates, this completes the proof. O

4 Thick points: Proof of Theorem 1.3

Like the proof of Theorem 1.1, the proof of Theorem 1.3 consists of a separate upper—bound (4.1) and lower—
bound (Proposition 4.1 below) and it relies on similar techniques. In particular, the upper—bound follows directly
from Lemma 3.2. Namely, by Markov’s inequality, we have for any g € [0, 1] and 6 > 0,

Cr
Py [Ifﬁ(r)l < N—2ﬂ2+5] >1- -5 4.1

Then, to obtain the lower-bound, we rely the fact that the field ¥ can be well approximated by X (w€(~ - z))
for e = N~1/2+@ with a small scale @ > 0 and use the estimate (2.12).

Proposition 4.1. Forany0<r<1,any0<f < 1/\/5 and any 6 > 0, we have

- [INES —2ﬂ2—5]=
Jim Py [|§N(r)| >N 1.

Proof. We fix parameters r € (0, 1), g € [0, 1/ \/E) and we abbreviate 915 = ng(r). Recall that ¢p € ‘56”(]1)60)
is a mollifier and that for any z € C,

X (w(-—2) = / ¥y ()b, (z — x)d>x, 4.2)

where € = e(N) = N~!/2+¢ _the scale 0 < @ < 1/2 will be chosen later in the proof depending on f and 6.
Throughout the proof, we assume that e is small compared to €, < 1/4, we let ¢ = sup, ¢ ¢(x) and for a small
6 €(0,1/2],

Y/ = {z €D, : X(y,(--2) =B+ g)logN}.
We also define the event (of large probability):
o = { meix‘PN(x) < logN}.
<r

[x]

Since gfv =y, (- —z) —y(- — z) by (2.2), we have for any y > 0,

Py

{z €D, : X(gi) > % loge™ }' > e72/2‘35/4] <Py ng%x X (w(—2)| > 2% log 6‘1]
€0

+Py

{Z €D, : X(V’g(‘ - Z)) > %log ¢! }' > 672/2—36/4] .
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Then, using the estimates (2.12) and (2.20), we obtain that for any 0 < y < L=,

V2

lim P
N -+ N

{z eD,, : X(y.(-2)2 sz/zloge'l} >

€y2/2—36/4] -1

Hence, choosing the scale a = with y = \/gﬂ, this implies that forany 0 < g < 1/ \/5,

S
8V2(r+6/2)

tim Py [Y4 12 N0 =1, 4.
Wl P |12 “3)
By formula (4.2) and the definition of #-thick points, we have conditionally on 7, for any z € De,

X (ye(-—2)) = / ¥y (x)p.(x — z)d>x + / ¥y (x)p.(x — z)d>x
DA\TY 7% (4.4)

5ﬂ10gN+c|<71€n]D(z,§ e2logN,

where we used that ¢ (x — z) < ce‘2]l| x—z|<e/4 at the last step. Now, let us tile the disk D with squares of
area 2. To be specific, let M = [¢~!] and O;; = lie, (i + Del X [je, (j + D)e] for all integers i, j € [-M, M].
Note that since z —» X (1//6(- - z)) is a continuous process, for any i, j € Z N [-M, M], we can choose

z;; = argmax {X (llle(' - Z)) FZE Di,/‘}'

The point of this construction is that we have the deterministic bound

B 2
< e ) yext 4.5)
i,jeZN[-M,M]
Moreover if z;; € Y/;V, (4.4) shows that conditionally on <7,
s £
|74 N DGz, )| > 80

By (4.5), this implies that
vi 8c
|YN|S3 Z ., eYﬂ|7 N D(z;

i,j€ZN[-M,M]

i,j° 4)

Since the squares []; ; are disjoint (except for their sides) and z; ; € [J; ;, we further have the deterministic
bound
|74 n D

B
)| <4770,
i jEZN-M,M]

i,j°

Hence, we conclude that conditionally on <7, for0 < g < 1/ \/E and 6 > 0 sufficiently small (but independent
of N),

|70 > =118 .

12 55
Finally, according to Proposition 3.1, we have P y[.2/] — 1 as N — +o0, so that by combining the previous
estimate with (4.3), this completes the proof. O
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S Gaussian approximation

In this section, we turn to the proof of our main asymptotic result: Proposition 2.3. Its proof relies on the so-called
Ward’s identity or loop equation which have already been used in [4] as well as [8, 9] to study the fluctuations
of linear statistics of eigenvalues of random normal matrices and two—dimensional Coulomb gases respectively.
For completeness, we provide a detailed proof of the loop equation that we use in Section 5.2. Then, to show
that the error terms in this equation are small, we rely on the determinantal structure of the ensemble obtained
after making a small perturbation of the potential O and on a local approximation of its correlation kernel (see
Proposition 5.3 below). This approximation is justified in Section 6 based on the method from [4] and we use it
to prove that the error terms are indeed negligible as N — +oo in Sections 5.4-5.7. Finally, we finish the proof
of Proposition 2.3 in Section 5.8 by using a classical argument introduced by Johansson [36] to prove a CLT for
linear statistics of f-ensembles on R. Before starting our analysis, we need to introduce further notations.

5.1 Notation

For any N € N, we let

& = {analytic polynomials of degree < N }. G.D
Let us recall that by Cauchy’s formula, if f is smooth and compactly supported inside D, we have
of ()
f(z)= / p—— o(dx), (5.2)

where o(dx) = %]l]Ddzx denotes the circular law. Throughout Section 5, we fixn € N,7 € [-R,R]",Z € ]D?O”

and we let g, = gjy\}Z be as in formula (2.9). We recall that as Z € ]D?O" varies, the functions x — g%z(x) remain
smooth and compactly supported inside D, for all N € N. Let us define for 7 > 0,

apr = g 53

N T EN[e,X(gN)] N-* ( . )

The biased measure P, corresponds to an ensemble of the type (1.1) with a perturbed potential 0* := Q — ;g—;\\,’~

Therefore, under P, 4 = (4;, ... Ay) also forms a determinantal point process on € with a correlation kernel:

ki (x,2) i= Yo pr(0pi(2), (5.4)

where (p;, ey p*j'v_l) is an orthonormal basis of & with respect to the inner product inherited from L2(e™2NQ%)
such that deg(pz) =kfork=0,..., N —1. We denote

K3 (x,2) 1= ki (x, 2)e N O-NC@ (5.5)

and we define the perturbed one-point function: u3,(x) := K3, (x,x) > 0. By definitions, we record that for any
N e Nandall x € C,

/ i (x,2)d*z = u¥;(x)  and / i (2)d*z = N. (5.6)
C C

* —_—

v — 0. so that for any smooth function f : C — C, we have

Finally, we setuy, :=u

E3 [X(/)] = / FQT (x)dx, (5.7)

Conventions 5.1. As in proposition 2.3, we fix a scale 0 < a < 1/2 and let € = ¢(N) = N~'/2*% We also fix
B> 1landlet s = 6(N) = \/(log N)?/N as in Proposition 5.3 below. Throughout Section 5, we assume that
the dimension N € N is sufficiently large so that 8 /e < 1/4 and (6 /€)° < N~! for a fixed ¢ € N —e.g. we can
pick¢ = |2/a|. Moreover, C, Ny > 0 are positive constant which may change from line to line and depend only
on the mollifier ¢, the parameters R, a, f,eq > 0, n, € Nand t € [0, 1] above. Then, we write Ay = O(By)
if there exists such a constant C > 0 such that 0 < Ay < CBy.
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5.2 Ward’s identity

Formula (5.8) below is usually called Ward’s equation or loop equation and the terms EZ']‘V for k = 1,2, 3 should

be treated as corrections because of the factor 1/ N in front of them. This equation is the key input of a method
pioneered by Johansson [36] to establish that linear statistics of f-ensembles are asymptotically Gaussian. In
the following, we follow the approach of Ameur—-Hedenmalm—Makarov [4, Section 2] who applied Johansson’s
method to study the fluctuations of the eigenvalues of random normal matrices, including the Ginibre ensemble.

Proposition 5.2. If g € CKCZ(ID), we have for any N € Nandt € (0, 1],

By [X(9)] = Z(g:gn) + 1 (Th (@) + () - T3 (@) (5.8)

where 2(-; -) denotes the quadratic form associated with (1.8),

9
(@ i= [ (Be00en e+ 06w iy, Bt o= | EO @ oz

3(g) 1= // igT(xz)|K;(x,z)|2d2xd2z.

Proof. An integration by parts gives for any A € €’!(C) with compact support:

and

h(x;
Ey lZ PR Z oh(x;) - Z h(x;) (2N0Q —tagy ) (x; )] (5.9)

j#k

Observe that with 4 = Eg, by (5.7) and (5.2), it holds

Ey [X(9)] = / 8(2) iy (2)d%z = // ——o(dx) Uy (2)d’z. (5.10)

On the one-hand, using the determinantal formula for the second correlation function of the ensemble P*%_, we

have
h
Ejvl C) ] // hx) N(x)uN(z)dzzdz // hx) - h(z) ‘K;,(x z)| Pzdx, (5.1
j#kx —xk

where the second term is equal to ‘,va(g) and the first term on the RHS satisfies

< // ) ot ()P 2Px = N // hx )a(d) (dx) + // ~o(2 ()
(5.12)

h
+ // . (_x)z o(dx)i (2)d*z + N‘E?V(g).

On the other—hand by (1.5), 00(x) = dp(x) = % f x—iza(dz) for all x € D and as= supp(h) C D, we also have

E, lz h(xj)aQ(x,-)] =N / h(x)0Q(x)o(dx) + / h(x)9Q(x) T, (x)dx
J

e

o(dz)o(dx) + = /— (dz) Wy (x)dx. (5.13)
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Combining formulae (5.11), (5.12) and (5.13), we obtain

e x. —x

h(x ) h
E, H;{ - J —ZZh(xj)aQ(xj)] = // x(_’cl(r(dx)ﬁ}(z)dzﬂﬁ(S?V(g>—‘53N(g))-
J J

By formula (5.10), this implies that

« |1 h(x;) _ e 1 o2 3
E%, lﬁ ; x 2 ; h(x,)aQ(xp] = —Ey [X@]+ + (Tx(®) - T (@) - (5.14)

Combining formulae (5.9) and (5.14) with A = F) f, this shows that
1 - 1 1
E}, [X(@)] = Ej lz (1950x))0gn (x)) + ZAg(xj))] 5 (B@-T@). 619
J

where we used that 05g = A—lLAg. Finally using that g € <562(]1)), / Ag(x)o(dx) = 0 and by (1.8), we conclude
that

1., = 1 1 = 1 .
~EN lZ (98(xp0g (x) + Fe(x ,))l = 1X(gign)+ / (Be(10gy (0 + TA8( )Ty (9. (5.16)
J
Combining formulae (5.15) and (5.16), this completes the proof. O

5.3 Kernel approximation

Recall that the probability measure IP”]‘\, induces a determinantal process on CV with correlation kernel K]’t], (5.5).
In order to control the RHS of (5.8), we need the asymptotics of the this kernel as the dimension N — +oo0.
In general, this is a challenging problem, however it is expected that K5, decays quickly off diagonal and its
asymptotics near the diagonal are universal in the sense that they are similar to that of the Ginibre correlation
kernel K . In Section 6, using the method from Ameur-Hedenmalm—Makarov [2, 4] which relies on Hérman-
der’s inequality and the properties of reproducing kernels, we compute the asymptotics of K, near the diagonal.

Recall that g5 = g?\’,z as in (2.9) and our Conventions 5.1. Let us also define the approximate Bergman kernel:
I (x, w) = N Nodiw =1 (xm). x,w e C. (5.17)
T

where Y'Y (u) := E,—fzo ’l_‘—;()igN(w). We also let

K# (x,w) 1= K (x,w)e VO O-NCW -y e C. (5.18)
Let us state our main approximation result for the perturbed kernels which corresponds to [3, Lemma A.1]

in the case where the test function g, depends on N € N and develops logarithmic singularities as N — 4oo.
Because of these significant differences, we adapt the proof in Section 6.3.

Proposition 5.3. Ler 9y :=1p + Y, _, ng]ln)(zk,ek) and 5 = §(N) 1= 1/(log N)? /N for p > 1. There exist
constants L, Ny > 0 such that for all N > N, we have for any z € D|_,5 and all w € D(z, 5),

| K, 2) = K&y, 2)] < LIy (2)
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Remark 5.4. We emphasize again that the constants L, Ny > 0 donot depend ony € [-R, R]", Z € ]D?O", nor

t € [0, 1]. Consequently, the estimates of Sections 5.4-5.7 bear the same uniformity even though this will not
be emphasized to lighten the presentation. In fact, since the parameter ¢ € (0, 1] is not relevant for our analysis,
we will also assume that ¢ = 1 to simplify notation — this amounts to changing the parameters ¥ to #7. [ ]

In the remainder of this section and in Section 5.4, we discuss some consequences of the approximation
of Proposition 5.3. Then, in Sections 5.5-5.7, we control the error terms S’I‘V(g n) for k = 1,2,3 in order to
complete the proof of Proposition 2.3 in Section 5.8.

By definitions, with # = 1, we have for any z € C,

K (z.2) = XeNizP-sv@2v0'e) - N
T T

Then according to (5.7) and by taking w = z in Proposition 5.3, this implies that for any z € ID|_,;,
[uy(2)] < LIN(2), (5.19)
where we used that the circular density o(z) = 1 /7 if z € D.

Lemma 5.5. It holds as N — +oo,
/ |5, (x)|d%x = O(N&).
C

Proof. First, let us observe that since ¢ is a probability measure supported on D, we have by (5.6),
/ |, (x)]d%x = / wi (x)d*x = N — / i (x)d?x. (5.20)
C\D C\D D

Moreover, by (5.19) and using that / 9 N(x)d2x = (n+ 1)z, we also have
D

/ |, (x)|d%x = O(1). (5.21)
|x|<1-26
Since Ej‘\, = u;’v — o and / o(dx)=(1 - 26)2, the previous estimate shows that
|x|<1-26
/ Wi (x)d%x > / i (x)d*x > N — O(N§). (5.22)
D |x|<1-26

Combining (5.22) with formula (5.20), we conclude that as N — +oo,
/ |, (x)|d%x = O(N§). (5.23)
C\D

Moreover, using the uniform bound from Lemma 6.2 below, there exists C > 0 such that |ﬂ’;v(x)| < CN for all
x € C which implies that

/ |, (x)|d%x = O(N§). (5.24)
1-26<|x|<1
Combining the estimates (5.21), (5.23) and (5.24), this completes the proof. ]
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5.4 Technical estimates

N _ 2
N ,~Nlul
v

We denote the Gaussian density with variance 2/ N by @ (u) := . Since for any x, z € C,

s &N —gn(2)

NQO*(z) + NO*(x) - NR{zx} + gy(x) = glz—xl + > (5.25)
we deduce from formulae (5.17)—(5.18) with ¢t = 1 that
14 (z—x)i i
|KE(Z, x)|2 — %(DN(X _ Z)egN(Z)—gN(x)—ZER{ =10 gN(x)}' (5.26)

We should view the last factor of (5.26) as a correction. Indeed on small scales, i.e. if |[x — z| < 6, then

—gno-2m{ 37 &y . o
egN(z) () { =1 O8N (x)} =14 O(n) where n = /e goes to 0 as N — +o0. In particular, this implies

that for N is sufficiently large, it holds for all x, z € C such that |x — z| < 6,
|K% (x,2)] < N. (5.27)

Actually, formula (5.26) shows that on microscopic scales, |Kﬁj(z, x)|? is well approximated by the Gaussian

kernel ® 5 (x — z). As in [4, Lemma 3.3], we use this fact to prove the following Lemmal3.

Lemma 5.6. It holds uniformly for all x € D, as N - +oo,
/ |K# (z,0)|*d*z = No(x) + O(9y ()
[x—z|<6
where 9 is as in Proposition 5.3.

Proof. Throughout this proof, let us fix x € . Since g, is a smooth function, by Taylor’s Theorem up to order
2¢, there exists a matrix M € RZX¢ (with positive entries) such that for all u € Dy,

_ =
enx+u) = gy() = o0l M, w09 gy () + O ({IV¥ gy lle0d™ }) -
0<i+j<2¢

-1 M, N . - i=j iy i
Let i) 1= 375 Sl algy(x) and Alw) 1= $27) M, ul 00 gy (x) - 2R {zle‘lf—!a gN(x)} for

0<i4j<2C,i#j
u € C. Recall that by assumptions, ||ngN||<>o < Ce ™k for all integer k € [1,27] and 7 = & /e, so that with the
previous notation:

i o —j
gn(x+u)—gyx)—2R {Zil ’;_!a’gN(x)} = Zf}.lei’juluJ 0'0 gn(x) + On*).

Using the condition n° < N~!, by (5.26), the previous expansion shows that for all z € D(x, ),
|KE (2.0 = Ly (x — 2)ets GRG0, (5.28)

Importantly, note that for |u| < 6,
Y @, [ALw)| = 0@, (5.29)

and that both @, and Yi are radial functions, so that it holds for any k € N,

Al @) exp (YLw)) @y (du) = 0. (5.30)
| ( X X N

u|<é6

13Note that our approximations are more precise than in [4].
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Hence, using (5.28)—(5.30), this implies that for any x € D,

/I |K% (z,%)|?d*z = N AW | (du) + ONT)

x—z|<6 T Jul<s

=N [ w0 (du) + ON,
T Jul<s
where we used that @ is a probability measure. Moreover, we verify by (2.9) and (2.1) that |AK+lg N@)| <
Ce™2k9\(x) for all integer k € [0, 7], so we can bound a0 = 1 4 O(|ul*9y(x)) uniformly for all |u| < 6,
Since for any integer j > 0,

/ u|¥ @ (du) = N~/ (j! + O(e_N52)>, (5.31)
lul<s
we conclude that for all x € D,
/ |K% (z, %)% d%z = N, O(9y())
|x—z|<5 r
with uniform errors. Since o(x) = 1 /7 for x € D, this completes the proof. O

We can use Proposition 5.3 and Lemma 5.6 to estimate a similar integral for the correlation kernel K;,. This
corresponds to the counterpart of [4, Corollary 3.4].

Lemma 5.7. It holds for any x € D|_55, as N = 40
/ |K3 (z,0)*d?z = O (N6 9y (%)) -
|x—w|>6
Proof. First of all, let us bound

/| |K;,(z,x)|2c12z—/I K}, (2, %) dz

x—w|<Lé x—w|<Lé

< 2/ | K (20l | K (20 — Kby (20| dz
[x—z|<6

* # 2 2
+ |KN(z,x)—KN(z,x)| dz.
[x—z|<é
According to Proposition 5.3, it holds for any x € D _,5,
, 2
/ |Kn (20 = Kf 20| 2= 0 (8295 (0?), (5.32)
|x—z|<68
Similarly, using the estimate (5.27),

/ |K% (2, %) |K;,(z, x) - K¥ (z, x)| d’z < rLN8*9 (). (5.33)
[x—z|<6
As 8y < (n+ 1)e™% < N, this shows that for any x € D,_,;,
/ |Ky (z.0d*z =/ |K¥ (2, 0122z + O (N6%9y) .
[x—w|<6 [x—w|<6

Using the reproducing property (5.6) and Lemma 5.6, we conclude that for any x € D _,5,

/| |K% (2, )2 d%z = ul, (x) - /| |K% (z,%)*d*z + O (N5*9y)

x—w|>8 x—w|<é
=(x)+ 0O (N&*9y).
Using the estimate |’E[*Z‘V(x)| < LIn(x), see (5.19), this yields the claim. O
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Finally, we need a last Lemma which relies on the anisotropy of the approximate Bergman kernel Kﬁ] that
we can already see from formula (5.26).

Lemma 5.8. It holds as N — +oo,

dgn ()~
//XEI/ZMIK?AX’ Pz = (D).

X—2Z
|z—x|<6

Proof. The proof if analogous to that of Lemma 5.6. Since g, is a smooth function, by Taylor Theorem up to
order 2¢ € N, it holds for any x € ]D1/2 and z € D(x, §),

0gn(x) —0gn(2)  or
- zlj =0
0<i+j<2¢

— M i— l—jal gN(x) +0 ({llv2(f+l) 52/})

whereu = (z—x) # 0. Let Y2(u) := ¥/ == Mits 127 A+l gy (x) and A2(u) <= T MUl 7o+19 " gy (x)
0<i+j<27¢,i#j+1

foru € C. Since ||V2¢*+Dg || 6% < Cy?’ e < CN~! because we choose # € N in such a way #° < N~!

with # = 6 /e, this shows that uniformly for all x € ]D1/2 and z € D(x, §),

dgn(x) — dgn(2)

=Y2(x - 2)+ A2(x —2) + O(N ).
X—2Z

By Lemma 5.6, we immediately see that ﬂ- x|<] /2

|z—x|<é

i,(x, z)|2d2zd2x = % + O(1) and the previous expansion
implies that

3y = |x|51/zM|K (x, 2)|?d2zd?x = ﬂxlsl/z(Yi(x —2)+ A2(x — 2)) K (x, 2)Pd2zd?x+0(1).

|z—x|<6 |z—x|<6

Using formula (5.28), (5.29) and the estimates |Y! ()|, |AL(u)| = O(¢™?) which are uniform for x,u € C, we
obtain by a change of variable,

//x|<1 1 (Y20 + A2w) MO0 (dud’x + 02N,
lu|<s

The error term will be negligible. If we proceed exactly as in the proof of Lemma 5.6, see (5.30), then only the
radial parts contributes:

S //x|<1/2 Y2 exp (Yiw) @y (dwd*ud®x + O(e N7,
[u|<é

Moreover, using that |[A¥*1g, (x)| < Ce™?k8, (x) for all integer k € [0, £], we can develop for all |u| < &
Y)Zc(u) exp (Y;(u)) = Agn(x)+0@ N(x)|u|2) uniformly forall x € D, /2 —here we used again that the parameter
n < 1/4 to control the error term. Hence, by (5.31), we conclude that

3y = N Agn(x)d>x + 0(/ SN(X)d2X> +0O(e N,
Ix|<1/2

Ix|<1/2

Since the first integral on the RHS vanishes and the second integral is O(1), this completes the proof. O
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5.5 Error of type T},

In Sections 5.5-5.7, we use the estimates from Sections 5.3 and 5.4 to bound the error terms when we apply
Proposition 5.2 to the function gy = g};” given by (2.9). Let us abbreviate

T =3(gy) = \/ / 0g N (x)0g y (x)o(dx). (5.34)

Proposition 5.9. We have |T (gN)| = O (2%e72), uniformly for all t € (0,1], as N — +oo.

Proof. A trivial consequence of the estimate (5.19) is that |u* yolrsc e~ for all |x| < 1/2. Since supp(gy) €
D, /», this implies that

’ / Agy (x) T (x)d*x| < Ce™? / |Agy(x)|d>x = O™2),

where we used that Agy(x) = ZZ=13’k (qﬁek(x —zp) — p(x — zk)) so that / |Agy (x)|d2x < ZZL] l7,| since

¢ is a probability density function on C. Similarly, we have

‘ / 0y (x)0gy (x) Wiy (x)d?x| < Ce™? / dg N (x)Igy ()d*x = O (Z2e7?),

since dgN = agN so that 0gN(x)0gN(x) 0 for all x € C and the previous integral is equal to 7X2. By
definition of ¥ ‘3’1 — see Proposition 5.2 — this proves the claim. O

5.6 Error of type T3,

Proposition 5.10. Recall that n = 6/e. It holds as N — +oo, |S%V(gN)| = 0O ((XNn).

Proof. Fix a small parameter 0 < ¥ < 1/4 independent of N € N and let us split

22 (gy) = // afN(z)ﬂ*N(z)ﬁ*N(x)dzxdzz - // afN(z)a*N(z)a*,-v(x)dedzz (5.35)
- |z—x|>Kk -
where
2
3 :=//|z » f{(z) @ (2T, (x)d2xd?z. (5.36)

Since supp(gy) € D, /2 by Lemma 5.5, the second term on the RHS of (5.35) satisfies

0gn(x) -,
//Iz —x|2x xli Ty ()i (x)d*xd*z| =

Moreover, using Cauchy—Schwartz inequality and (5.19), this implies that

/ |0g N ()i (x)|d*x < L / |0gn (x)|2d2x / 92 (x)d2x.
Ixl<1/2 Ix|<1/2

According to the notation of Proposition 5.3, we verify / 19?\,(x)d2x < g + 27 Z;’ ket €5
Ix|<1/2 |

=0 <N5 / |0g x (x)ﬁ’;,(x)ld2x> ) (5.37)
|x|<1/2

2,202 2
€ (e, + ej) <
Ce™2, so that by (5.34),
/ |0g N (O (x)|d%x = O(Ze™). (5.38)
|x|<1/2
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The estimates (5.37) and (5.38) show that with n = § /e,

dgn(x) -,
“/‘/|Z—X|ZK x]iz iy (z )uN(x)dZXd2Z

Let ¥y = UZ=1 D(zy, €;). In order to control the integral (5.36), we split it into n + 1 parts and use (5.19)
which is valid for all x € supp(g, ), then we obtain

2
<L —2/ / </ i d—w) ) d’x. 5.40
|3N| <Z |x—z; | <€y ﬁ’EYN> [w| <K IMN(X+W)| |w| 198N ()ld"x ¢ )

On the one hand, it follows from (5.19) that for any x € D(z,, €),

2 n 2 )
/ |a}(x+w)|d—wSLZe;2/ d_w+L/ . dw
lwl<x |wl j=1 weD(z;—x.€;) [l lwlsk |

(x+w)¢sN

n
SLZE‘;Z/ d—w+27rKL
j=1 w

= O(NZp). (5.39)

€D(z;—z.€;+€;) [wl
§L7r(1+zj 1€ +€k)>

On the other hand, as [u} (z)| < nLe™ for all |z| < 3/4, it also holds for all x € Dy,

2

~4 d-w -2
lu'y (x + w)|— = O(e™).
/|w|§/c N |w|

Combining these two bounds with (5.40), we conclude that

n
|3n| < L? Z e;zej_z(ej +€;) |0gn(X)|d*x + O (6‘_2/ |0gN(x)|d2x>

k.j=1 |x—2z | <€

By the Cauchy—Schwartz inequality and (5.34), this implies that

1Bn] S @LYZ Y e'e (e + €) + Oe?E).

k,j=1
Since our parameters €y, ..., €, > €, we have )} =1k e (e + €,) < 2n*e~2. Hence, we have proved that
|3n| = O(e™2D). (5.41)

Since e > 6 > N~1/2, by combining the estimates (5.39) and (5.41) with (5.35), this completes the proof. [J

5.7 Error of type T,

Proposition 5.11. We have | (g N)| =0O(Nn)as N - +co.

<5 / 3gn (0l < / K% (x, 9Pz )
|z—x|>6

<CN$§ / |0g x (X)]9 5 (x)d2x.

Proof. First, let us observe that by Lemma 5.7,

F]
// gn(x ) K% (x, 2)2d%xd?z
lz—x|>6 X — 2
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Since ||[Vgylle = O(e™!) and / 19N(x)d2x < (n+ 1)z, this shows that
Ix|<1/2

‘/ agN(x)lK;[(x’ Z)|2d2xd2z = O(Np). (542)
[z=x|>

EgN(X) _EgN(Z)
X—2z

dgy(x) — dgn(2) agy(x) — dgn(2)
‘ e I IR

Second, since < ||V2gN||oo = O(e7?) for all x, z € C, we have

X—2Z X—2Z
|z—x|<é |z—x|<é

—2 # * # 2492 * # 212
//x|<1/2|1< (z,%)| |K (z.x) - KA (2, x)|d zd x+//|<1/2|1< (z.x) - KA (2, x)| d?zd2x
|z—x|<6 |z—x|<é
If we integrate the estimate (5.32), respectively (5.33), over the set |x| < 1/2, we obtain
2
# 2, 2 _ 2
//m A Knz0 = K 20| 2zdx = 00,
|z—x| <8

and

ﬂx|<1/2|K# (z, )| |K* (z,%) — K& (z, x)‘ d?z = O(N&?).

|z—x|<6

Here we used again that / 9 N(x)dzx < (n+ 1)z. These bounds imply that

|x[<1/2
gy (x) — Ign(2) dgn(x) — 0gy(2)
‘//x|<1/2 N - N |Ky(x, 2)|?d?zd*x — //xlq/z%ll(ﬁf(x, 2)|?2d%zd*x| = O(N#?).
lz—x|<6 |z—x|<5 543
By symmetry, since supp(gy) € Dy ,,
98N () |K* (x, 2)|*d>xd?z| < 9gn () ~ 9gn(2) =N P IKE (x, 2)|2d?zdx
w x—z N |x|<1/2 X—z N
|z=x|< |z-xI<6
Then, using the estimate (5.43) and Lemma 5.8, we obtain
F)
‘ //I . fN ©), K% (x, 2)2d2xd?z| = O(N ). (5.44)
z—x|<é -
Finally, it remains to combine the estimates (5.42) and (5.44) to complete the proof. O

5.8 Proof of Proposition 2.3

We are now ready to give the proof of Proposition 2.3. Recall that we use the notation of Section 5.1. When we
combine Propositions 5.9, 5.10 and 5.11, we obtain that as N — +co,

T (en) + Ta(en) — Ty (En)| = O (NnZgn)(1 +nZ(gy)
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where, by Remark 5.4, the error term is uniform for all Z € ]D?O" ,allt € (0,1] and all ¥ € [—R, R]" for a

fixed R > 0. Since ZZ(gN) = O(log N) according to the asymptotics (2.8) and = 6 /¢ = (log N)YP/ZN= this
implies that as N — 40

1

— (2L (en) + T2 (gn) — T3 ( =0(d NﬁziN‘a 5.45
N < nvEN =~ NE&N ~NgN)|— (log N) ) (5.45)

The main idea of the proof, which originates from [36] is to observe that for any ¢ > 0,

%logEN [exp (1X(gn))] = By [X(gn)] -

Hence, by Proposition 5.2 applied to the function g5 = gi}z, using the estimate (5.45), we conclude that

d Y S P &4 B —a
ElogEN exp (1X(gy) || =127(gy )+ O((logN) 2 N , (5.46)

where the error term is uniform for all ¢ € [0, 1], all ¥ in compact subsets of R” and all Z € ]Djo". Then, if we
integrate the asymptotics (5.46) for ¢ € [0, 1], we obtain (2.10).

6 Kernel asymptotics

In this section, we obtain the asymptotics for the correlation kernel induced by the biased measure (5.3) that we
need in Section 5 in order to control the error term in Ward’s equation. Let us introduce

Il = /@ | £ (0)7e 2N OW @y, 6.1)

and similarly for the norm || - [|p«. Recall that Q(x) = |x|?/2 is the Ginibre potential and Q* = Q — i—x

is a potential which is perturbed by the function g5 = gf\’lz € ¢ (D, /2) given by (2.9) with Z € ]D:O” and
7y € [-R, R]" for some fixed » € N and R > 0. We rely on the Conventions 5.1 and we choose Ny € N
sufficiently large so that 7 < 1/4 and ||Agy |l < N forall N > N,

6.1 Uniform estimates for the 1—-point function

In this section, we collect some simple estimates on the 1-point function v, which we need. We skip the details
since the argument is the same as in [2, Section 3] only adapted to our situation.

Lemma 6.1. There exists a universal constant C > 0 such that if N > N, for any function f which is analytic

in D(z;2/+/ N) for some z € C,
|/ (2)Pe N @ < CNIf I,

Proof. If N > N, we have AQ* < 3 and by [2, Lemma 3.1], we obtain

— * _ * _ 12
|f(@)Pe N E <N o PN o (dx).
|z—x|<N—

This immediately yields the claim. O
Lemma 6.2. With the same C > 0 as in Lemma 6.1, it holds for all N > Ny and all z € C,
uy(z) <CN.
Proof. Fix z € C and let us apply Lemma 6.1 to the polynomial k%, (-, z), we obtain
|y (w, 2)| 22N < CN Ky (2, 2),

since [|k7, (-, DA, = k’\(z, z) because of the reproducing property of the kernel k%,. Taking w = z in the

previous bound and using that u“]‘v(z) = k’;‘v(z, z)e 2N 02 we obtain the claim. O
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6.2 Preliminary Lemmas

Recall that we let Y’ (u) = Zl 0 —'d’ gn(w) and that we defined the approximate Bergman kernel k* by

K (X, w) = eNx W= Yy (x—w0), x,w € C.
T

We note that this kernel is not Hermitian but it is analytic in x € C and we define the corresponding operator:
K} [flw) = / K (xw)f (e N0 Oy, wed, 6.2)
C

forany f € L2(e7 2N Q*). According to (5.4), we make a similar definition for K]*\,[ f]. Our next Lemma is the
counterpart of [4, Lemma A.2] and it relies on the analytic properties of the function Y'. Since the test function
gy develops logarithmic singularities for large N, we need to adapt the proof accordingly.

Assumptions 6.3. Let y € 6° (]])25) be a radial function such that 0 < y <1, y = 1 on Dy, and ||V x|l <
Cé7! for a C > 0 independent of N € N. In the following for any z € C, we let y, = y(- — z).

Lemma 6.4. There exists a constant C > 0 (which depends only on R > 0, the mollifier ¢ and n,¢ € N) such
that for any z € C and any function f € L*(e 2NQ") which is analytic in D(z,25),

— _ 2 *
F@) = K LS 12| < C(NT295(2) + N /2) N OO 1)
where 8 is as in Proposition 5.3.
Proof. We fix z € C and by definitions,

K [r:f1(2) = g / eSNITYNE=D) 4 () F(x)eN EId2x

- / NN (1) £(x) (eN(z—xﬁ) _L dx

Z—X T

By formula (5.2), since y,(z) = 1 and Y?V(O) = gn(2) € R, we obtain

oz 1 d?
KL 1(2) = £(2) - / (v TR 1 s ) Ve L L
Since f is analytic in ID(z, 26) = supp(y.), this implies that
f(@) = K Lf1(2) = 3w + / VOITR D) (x_z)f(X)alz(x) " onow & 6.3)
- X T

where we let

N(z x)x 42
3 :=/0<egN(x) YL G— Z)>)(Z(x)f(X) d_
-x =
6.4)
z —_
_ _/ dgn(x) — Y5 (x — 2) gN(x)—YfV(x—z))(Z(x)f(x)esze—2NQ(x)dz_x.
|x—z|<28 X—=2z T
Using the Assumptions 6.3, the second term on the RHS of (6.3) satisfies
/egN(x) -YE (x-2) Z)f(x)a)(z(x) —2NQ(x)d X| <5 / 1) legN(x)—va(x—z)leNiR{zE}e—2NQ(x)dz_x'
-Xx z 6<|x—z|<26 7
6.5)
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Recall || V¥gy |l < Ce™® for k = 1,...,# and we assume that # = §/e < 1/4. Then, by Taylor’s formula, if
|x — z| <26,
egN(x)—va(x—z) — egN(x)/Z—gN(z)/Ze—iS'{dgN(z)(x—z)}+(9(n2)‘ (66)

This shows that on the RHS of (6.5), |e®V (x)_va(x_z)l < CedN™/2=en(2)/2 Moreover, by rearranging (5.25),

gn(x) — gn(2) - N . .
S S N(20(0) = R{2X)) =~ |z = xP - NO'(2) - NO*(x), ©6.7)
which shows that
/ NN 03 (0 E 2N e EX | o2 e / fle N 2 verw X,
2z —x b |x—z|>6 z

By Cauchy—Schwartz inequality and (6.1), we conclude that the second term on the RHS of (6.3) is bounded by

’ / NG (15 () L N0 LX | coNO G pyp NP2, 6.8)
z— T
Here we used that 52 < N and that for any r > 0,
2
/ Nz EX N1 N (6.9)
|x—z|>r T

The RHS of (6.8) will be negligible and it remains to control 3. Using again formulae (6.6)—(6.7) and
taking the | - | inside the integral (6.4), we obtain

Z
13| < CeNO'@ / 0g N (x) — 0Y3 (x — 2)

|x—z|<26 X—2z

2
‘If(x)Ie‘N'Z‘x'z/ze‘NQ“x)d—x, (6.10)
T

where we used that || .||, < 1. Since the function g, is smooth, by Taylor’s Theorem up to order 27, it holds
for any |u| < 26,

dgn(z +u) — Y5, (u) = zfzozleMi, w0 gy () + O <|u| 5y {lle+2gN||0°5k}> ,
<k<

where the coefficients M; ; > 0. Let us recall that IVEgnll < Ce* for any integer k € [1,2¢], n = 6/¢ is

small and we fixed # € N in such a way that the parameter 77 < N~!. In particular, we have constructed Y3, in
such a way that we deduce from the previous expansion that for any x € D(z, 26),

g (x) — Y3 (u) = ngzozj;g M, '@ 00 (Agy)(z) + O(uIN™2%),  whereu=x -z

and we have used that dggN = }‘AgN. Using (2.9), (2.1) and the definition of 9, it is straightforward to

verify that for any integer k € [0,2¢] and uniformly for all z € C, |Vk(AgN)(z)| < Ce k9 ~(2). Hence, these
estimates imply that uniformly for all x € D(z, 26),

dgn(x) — oY% (x — 2)

X—2Z

< CIN(D)+O(NT2). (6.11)

Note that the error term is 0 if z & D since g, has compact support in ]DSO. Therefore, by combining (6.10) and
(6.11), we conclude that .
1351 < CNT295(2)eNC D flg-, (6.12)

where we have used the Cauchy—Schwartz inequality and (6.9) with r = 0. Finally, by combining the estimates
(6.8) and (6.12) with formula (6.3), this completes the proof. O
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Our next Lemma is the counterpart of [4, (4.12)]. The proof needs again to be carefully adapted but the
general strategy remains the same as in [4] and relies on Hérmander’s inequality and the fact that (5.4) is the
reproducing kernel of the Hilbert space &y N L2(e72NC").

Lemma 6.5. For any integer k > 0, there exists N, € N (which depends only on R > 0, the mollifier ¢ and
n,¢ € N) such that if N > N,, we have for all z € D|_,5 and all w € D(z, 6),

|"§*v<w, 2) = Ky L2k (L 2)l(w)| < NN @NOTw),

Proof. In this proof, we fix N and z € D;_,5. Welet f := )(Zk?\,(-, z) where y, is as in Assumptions 6.3 and
W (x) := N(@(x)+ 1/2) +logy/1 + |x|> where ¢ is as in equations (1.4)—(1.5). Let also V' be the minimal
solution in L2(e=2") of the problem 0V = 0/ and recall that Hormander’s inequality, e.g. [2, formula (4.5)],

for the 5—equati0n states that
e 2W ()

Vo, <2 [ freof S

Here we used that W is strictly subharmonic!4. By (1.5), since W (x) > NQ(x) and AW (x) > NAQ(x) =
for all x € D, this implies that

i3 < N7'oflig.

L2(e 2W)

Moreover, by (1.4), there exists a universal constant ¢ > 0 such that W (x) < NQ(x) + c. Therefore, we obtain
2 2e N =1113 £112
IVig <eN~laflly- (6.13)

Recall that 0* = Q — 5—1’:]] where the perturbation gy is given by (2.9) and satisfies ||gy|l, < Cloge™!
This implies that L?(e=2N9") = L2(e=2N?) with for any function h € L2(e=2N9):

¢“Plhlig- < llhllg < e llhllge.
By (6.13), this equivalence of norms shows that if N € N is sufficiently large,
2 C-1\3 7112
VI3, < NSRS I3 (6.14)

Observe that by (1.4), W(x) = (N + 1)log|x| + o(1) as |x| — 400, hence the Bergman space A%(e=2")
coincide with &7, and we must have V' — f € &, see (5.1).

Now, we let U to be the minimal solution in L2(e=2¥2") of the problem U — f € & Since U has minimal
norm, (6.14) implies that
U115, < NCHaf1,.. (6.15)

Since ki’\,(-, z) is analytic, see (5.17), 5f = k’;v(-, z)g;(z and according to the Assumptions 6.3,

I9£12, < 5™ / K (x, 2)Pe 2N O g2y

6<|x—z|<26

Recall that y = §/e < 1/4 and ||Vigy|| < Ce~ foralli = 1,...,#. Then by (5.17) with t = 1, it holds for all
z € Cand |x — z| <26, Y}’“v(x —z) = gn(2) + O(n) so that

|k#j\, (x, z)|2 < Ce 28N (DH2NR(xZ}

14Note that we have A (log V1+ |x|2) m > 0forx € C.
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By (6.7) and using that |gx (x) — gn(2)| = O(n), this shows that

8 022N < CANC M,
Then by (6.9) and using that 5~2 < N, we obtain

2
13712 < C6-2e2N0°@ / o~ Nlx—zP2 d=x
Q 5<|x—z|<26 T
< CezNQ*(z)e—N52_
Combining the previous estimate with (6.15), we conclude that

U2, < CNCT12NQ @e=Ne*, (6.16)

We may now turn (6.16) into a pointwise estimate using Lemma 6.1. Note that both f and U are analytic'” in
D(z; 6), this implies that for any w € D(z; 6)

|U (w)|2e2NQ W) < O NC2NQ (2)=N&*, 6.17)

Since k’]"v is the reproducing kernel of the Hilbert space &y N L2(e72NQ%) see (5.4), it is well known that
minimal solution U is given by

U=f-Kylfl
Conseqgently, as f = ;(Zk*;v(-, z) and y, = 1 on D(z; 6), by (6.17), we conclude that for any w € D(z; ),
K, 2) = K Ltk (- 2)J(w)| < CNC/ANO @RNC =N/,

N&

Since V¥ grows faster than any power of N € N, this completes the proof. O

We are now ready to give the proof of our main approximation for the correlation kernel K%,, see (5.5).
6.3 Proof of Proposition 5.3
We apply Lemma 6.4 to the function f(x) = k”]‘v (x, w) which is analytic for x € C with norm
115 = Ky (w, w) = wly (w)e*N ),

by the reproducing property. Hence, we obtain for any z € D and w € C,

* * *( ) * %
’kN(z’ w) — Kﬁ[;{sz(-,w)](z)’ < CIn(2) %eNQ (D+NQ*(w)_

By Lemma 6.2, this shows that

K (z,w) — K& Ly ko G z)](w)’ < CIN(2)eNQ@+NO" W), (6.18)

Recall that by (6.2), we have

KE Lk Cow)(2) = / KR (x, 2) 1 (0K (x, w)e 2N Wy,

I5Here we used that x. = 1 onD(z;6) so that 5}’ = 0 and that 5f = U since U — f € &y by definition of U.
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so that

KE 2.k, (w0)l(2) = / I (5, 2) 2,0 G, w)e 2N O = KX [y ek (-, 2)](ww).

Then, since the kernel k;‘v is Hermitian, it follows from the bound (6.18) that for any z,w € D,

ki (w, z) = K5 Lok G z)](w)| < CYp(2)eNQ @NO™ W) (6.19)

Finally, by Lemma 6.5, we conclude that for any z € ID;_,5 and all w € D(z, 6),

K (w, 2) — K, (w, z)| < CIy(2)eNL DN W),
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